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ABSTRACT

Each year railway network organisations concern themselves with the complete
specification of a commercial timetable. Once a timetable is established for a region
and a limited number of locomotives of different types are allocated to the region, the
stock diagramming exercise commences. The problem is to schedule locomotives to
work the timetabled trains such that every train is worked on a daily basis and no
more than the available locomotives are used. The stock diagramming problem can
therefore be characterized as a scheduling problem. The objective is to minimize the
light-run time incurred by locomotives having to perform uriproductive runs, i.e. not

working a train, between stations in the region.

The proposed solution procedure uses a column generation technique. The
problem is decomposed into two parts, the master problem and the subproblems. The
master problem, formulated as a set-partitioning problem, selects a subset of
locomotive schedules from a set of known feasible schedules. The subproblems
generate the feasible schedules. The linear programming relaxation of the master
problem is solved and a constraint branching technique used to locate an integer

solution.

Due to the size of the problems encountered in practice, the solution
methodology is essentially a heuristic. At the branch and bound stage, an optimal
solution is not pursued. Instead, a ‘good’ integer solution, strongly based on the
optimal solution to the linear programming relaxation of the set-partitioning problem,

1s found.

The computational results presented refer to problems drawn from real data.
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Chapter one: Introduction

CHAPTER ONE

INTRODUCTION

1,1  Qutline of the Problem

An effective distribution or transportation system is based on decision
problems at all levels of operations, from decisions about the levels of capital
investment to the day-to-day planning of the movements of vehicles and crews. Given
the growth of such sectors the potential for large scale savings at every level of this
planning process is widely recognized. An organisation such as British Rail concerns
itself every year with these decisions when specifying the commercial timetable. The
final timetable results from the processes, in order of development, of: train timing;
stock diagramming; crew diagramming; and, local area scrutiny. It is the problem of

stock diagramming which is considered in this thesis.

The output of the train timing exercise is a train timetable specifying trains
which must travel at fixed times between fixed locations. The stock diagramming
problem involves the scheduling of a heterogeneous set of locomotives to work the
trains. The timetable must be covered at minimum cost using no more than the
available locomotives. The costs involved are the costs of locomotives making
unproductive journeys from the end location of one train to the start location of
another. As the locomotives are of different types, it must also be ensured that the
locomotive assigned to a train is compatible with that train. The information on the
locomotive types permitted to work a train is supplied in the timetable. The output
from the stock diagramming exercise is a set of schedules. Each schedule describes
the order in which the trains in the schedule are to be worked and has an associated
locomotive type compatible with all trains in the schedule. The purpose of this thesis
is to devise a method for finding optimal or near-optimal solutions to British Rail’s

stock diagramming problem.
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1.2 Structure of the Thesis

Chapter two gives a detailed description of the stock diagramming problem.

Chapter three reviews solution approaches to the stock diagramming problem.
This problem is a member of a broader class of routing and scheduling problems.
Therefore, the discussion in this chapter extends to a consideration of solution

methods for such problems.

Chapter four discusses the initial solution methods attempted in this thesis. The
chapter concludes by proposing that a mathematical programming approach which

uses a column generation technique is adopted.

Chapter five introduces the theory of the column generation technique and in
chapters six, seven and eight a description of how the column generation technique
is applied to the stock diagramming problem is given. Chapters six and seven
describe the method used to obtain optimal solutions to the linear programming
formulation of the stock diagramming problem. Chapter eight describes a branching

strategy used to resolve any fractionalities occurring in these solutions.

Chapter nine summarizes the final method proposed and presents the results

of applying the method to a number of real world stock diagramming problems.

In chapter ten some concluding remarks are made and suggestions for further

research into this problem are given.
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CHAPTER TWO

PROBLEM OUTLINE

2.1  Problem Description

Before outlining the stock diagramming problem it is necessary to introduce
some basic terminology. The output from the train timing exercise is a train timetable
which provides the starting point for the stock diagramming process. It is usually the
case that within British Rail there is a weekday timetable for Tuesday through to
Friday and separate timetables for Saturday, Sunday and Monday. However, in this
thesis, it is assumed that the same trains are timetabled every day and the solutions
found for the stock diagramming problem represent schedules which can be repeated
day after day. In practice this is how British Rail proceed with the problem. Once a
set of repeatable schedules have been found they then make adjustments to tackle the
changes which occur at the weekends. A typical train timetable covers trains which
have a start time within a one-day period. Each line of the timetable represents a job
or task which has to be executed on a daily basis. The tasks are referred to as
‘trains’. Each train has associated characteristics as follows: a start-time; an end-time;
a start location; an end location; and a set of allowed locomotive types. The
‘locomotives’ are the vehicles used to pull the trains, and only a subset of the types
of locomotives available are compatible with a particular train. An example of such

a timetable is given in table 2.1.i. The key to the table is:

‘HEAD CODFE’ - this is a four character identification code for the train.

‘DEPART’ - this is the depérture time for the train.

‘FROM’ - this is a four character code used to indicate the station
from which the train departs.

‘TO’ - this is a four character code used to indicate the station

at which the train arrives.

10
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‘ARRIVE’ - this is the arrival time for the train.

‘TYPE’ - the different locomotive types are distinguished by a
number. This column indicates which locomotives are
compatible with the train. '

HEAD CODE DEPART FROM TO ARRIVE TYPE

5TO02 00.20 LDSC LDSC 01.05 1
1D18 02.40 LDSC HULL 11.56 12
1M16 05.48 DONC SHEM 13.22 12

I 9T03 12.11 HULL SHEM 08.50 2

I 2M68 14.40 HULL HULL 15.15 12
3T50 14.56 DONC LDSC 23.30 2
7F44 16.55 HULL LDSC 22.20 1
8M62 17.11 SHEM SHEM 18.00 12
3H45 20.32 DONC SHEM 13.46 2
4D10 23.13 LDSC HULL 02.25 1

Table 2.1.i

The start time of a train (‘DEPART’ in the above table) includes an allowance for the

preparation of the train, e.g. the time taken to attach the train to the locomotive.

Similarly, the end time of a train (‘ARRIVAL’ in the above table) includes an

allowance for the disposal of the train , e.g. detaching the train from the locomotive,

and a performance time which caters for probable late running of the train. So, the

start time of the train is the time at which a locomotive must be available and the end

time is the earliest time at which the locomotive is free.

In addition to the train timetable, information on the types and number of

locomotives of each type available is supplied. An example of this data is given at

11
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table 2.1.ii. The key to the table is:

“TYPE’ - a number indicating the locomotive type.
‘AVAILABLE’ - the number of locomotives of the specified type
available.

TYPE AVAILABLE
1 12
2 6

Table 2.1.ii

The only constraints pertaining to the locomotives are the type and number available.
There are no conditions requiring a locomotive to return to a pre-specified depot, nor

are there any driver related restrictions.

The stock diagramming problem requires that two decisions are made for each
train:
1) which type of locomotive should work the train;

and, 2) after this train which train should the chosen locomotive work next?

Consider a simple problem consisting of three trains and two locomotive types, types
1 and 2. In this problem train 1 is compatible with locomotive types 1 and 2, train
2 is compatible with locomotive types 1 and 2, and train 3 is compatible with
locomotive type 1 only. A representation of these options for train 1 is given at figure
2.1.i. In this figure the solid lines represent the train arcs and the dashed lines

represent the light-run arcs. ‘Tn’ indicates train n.

12
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2.2  Problem Formulation

Armed with a set of constraints and a declared objective it is now possible to

formulate the problem mathematically.

Let the set of trains be 7={i | i is the i® train in the timetable}. Let the set
of locomotives be A={k| k is the number of a locomotive type}. Then, define P(k)
to be the set where P(k)={i | train i is compatible with locomotive type k}

SD
MIN I Tie Ties € Xi*
s.t.

Tierw X = ¥ ViEPKk), kKEA SD1

Zierp Xi = Y& ViEPKk), kKEA SD2

Tea V=1 ViEr SD3

Lie. D, (m; y£ + M; x) < Uy vkEA SD4

x* € {0,1} v i,jEPKk), kEA SD5

y¥ € {0,1} v iEP(X), kKEA SD6

where the zero-one variables are:

X - 1 if train j follows train i on locomotive l‘type k,
- 0 otherwise. |

y - 1 if train i is worked by locomotive type k,
- 0 otherwise.

15
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Chapter two: Problem Outline

Constraints SD1 and SD2 ensure a conservation of flow and constraint SD3
ensures that a train is worked exactly once. These constraints are straightforward, but
constraint SD4 warrants some further explanation. As the schedules take the form of
cycles the number of locomotives required to work a timetable of a one-day period
can be calculated by counting the number of times a locomotive crosses midnight.
Referring back to the example in figure 2.1.ii, m; = 0, m, = 0, m; = 0, M;; = 0,
M,; = 1 and M;, = 1, and so (m;+m,+m;+M,,+My;+M;,)=2, showing that two
locomotives are required to work the schedule shown in this example. Constraint SD4
checks that the number of locomotives of each type used in a solution does not exceed
the number available by counting the number of times the schedules worked by a

particular locomotive type cross midnight.

2.3 Extensions to the basic Stock Diagramming Problem

As with most practical problems the statement of the problem can over-
simplify the reality of the situation. Actually, British Rail divides the total area in
which trains have start and end locations into regions. The effect of this is that,
although the problem is solved on a region-wise basis, trains will cross-over from one
region to another. The details of this facet of the problem are discussed later in

chapter four.
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