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Abstract

This thesis deals with certain problems in nonparametric estimation and testing.

In the first part of the thesis, we propose a method to improve nonparametric regression
estimates of regression functions with a similar shape. This is achieved by first estimating
the unknown parameters in the parametric relationship between the regression functions, and
subsequently using the estimated transformation to pool the two data sets.

The second part is concerned with nonparametric tests for serial independence. We extend
an idea by Robinson (1991a) to use the Kullback-Leibler information criterion to measure the
distance between the joint and marginal densities of consecutive observations in a stationary time
series, and we also propose an entirely new test in which the joint and marginal characteristic

functions of afore-mentioned observations are used.
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Chapter 1

Introduction

1.1 Outline

This thesis is concerned with estimation and testing in a non- or semiparametric context.
Broadly speaking, two fairly distinct topics are discussed, and we have therefore split the thesis
into two parts.

The first part of this thesis deals with ways of improving nonparametric regression estimates
by means of pooling them with nonparametric estimates of other regression functions, that have
a similar shape, and in the second part two different nonparametric tests for serial independence
are proposed.

In the remainder of the current chapter, we explain our notation, and we discuss nonpara-
metric estimation methods, in particular kernel estimation. In Chapter 2, we describe how we
can estimate the (parametric) relationship between two unknown regression functions, and how
these parameter estimates can then be used to find an optimal way of pooling the nonparametric

regression estimates; the sense in which the pooling method is optimal is discussed in Chapter
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2, also.

Chapter 3 provides a general overview of the serial independence testing literature, both
parametric and nonparametric, and discusses in some detail the issues at hand. In Chapter
4, we extend Robinson’s (1991a) test for serial independence based on the Kullback-Leibler
Information Criterion [cf. Kullback (1959)] in various ways, and in Chapter 5 we propose a new
serial independence test based on characteristic functions.

Chapter 6, finally, summarises our achievements in this thesis.

1.2 Notation

The notation used in this thesis is fairly standard. We use capital letters for random variables,
sets, and sometimes also for constants. If a caret is added to a symbol, it is an estimate of the
corresponding quantity. We sometimes suppress subscripts and superscripts when this can be
done without affecting clarity. P, E,V are reserved for probability, expectation and variance,
respectively, where E[X]? = EX?, and E*[X] = (EX)>.

The number N is reserved for the number of observations, and after the current chapter, k&
is always a kernel used in nonparametric estimation; kernels are explained later in this chapter.
A superscript T is used for transposition.

Convergence in probability is denoted by —I:, and convergence in distribution by 4. When
a convergence result holds uniformly across values of a certain variable, this is stated explicitly.

We use a combination of methods to denote derivatives. Let m : ®/ — R, for some finite
positive integer J. If J = 1, m/ denotes the first derivative with respect to its argument, m” its
second, etcetera. Further, m() is m’s i-th derivative.

In the general case, the first partial derivative of m with respect to its j-th argument is

12



denoted by gT":'h.- or as Djm,. Similarly, for any i, j,

am
m 05a;

3zjaz,~ Iz = B:L‘; |z

= D_,'D.-m|,, = D.'Djml,,.

Higher order variations are also used.

1.3 Nonparametric Estimation

There are various nonparametric methods to estimate densities or regression functions. We only
use the kernel method, not because none of the other methods would be appropriate or relevant,
but because it seemed most convenient. Indeed, we did not have any a priori information
pertaining to which estimate would give us the best results, and it may well be of interest to
study the same problems using other nonparametric estimation methods for a comparison.

In Subsection 1.3.1, we discuss some of the issues relating to kernel density estimation, and
in Subsection 1.3.2 kernel regression estimates are discussed. Finally, in Subsection 1.3.3, we

briefly review some other nonparametric estimates.

1.3.1 Kernel Density Estimation

Suppose we wish to know the distribution of a series of i.i.d. random variables {X;} with dis-
tribution function F. A logical estimate of F is the empirical distribution function F(z) =
&3 I(Xi < z), with N the number of observations and I the indicator function, taking a
value of 1 if its argument is true, and a value of 0, otherwise. Suppose now that the distribution
is continuous, and we wish to estimate the density f of X;. Simply differentiating ¥ does not
work, as it is a simple step function with N “steps”. However, I(X; < z) is equal to I (%‘4 >0)
for any h > 0. If h, which is called the bandwidth, is a sequence of numbers that tends to zero,

as N — oo, we can replace I by any everywhere differentiable distribution function K, because
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K(25X) -0, if z < X;, and K(25X1) — 1, if £ > X;, as h — 0, and because P[X; = z] = 0,
for any continuously distributed random variable. Because K is differentiable, so is our new
F(z) = £ 3, K(%5%i). We can thus construct an estimate of the density at z, by differentiat-
ing F' with respect to z, which leads to f(z) = 5 i kn(z — X;), with ky(z) = k(z/h), and k
the first derivative of K. f(z) is called the kernel density estimate at z.

Another way of looking at f (z) is as a sum of weights. Suppose for the moment that k is
even, increasing for ¢ < 0, and decreasing for > 0. Then, if X; is close to z, ks(z — X;) will be
large, and if X; is far away, it will be small. Thus, if there are many observations close to z, the
density estimate at z will be relatively large, which is in line with what one would intuitively
expect. However, as the number of observations increases, the kernel density estimate will put
increasing emphasis on observations that are very close to z, making the estimate more precise.

There is a substantial degree of arbitrariness in the choice of both k and h. The combination
of these choices determines the weight each observation gets in the density estimate at a certain
point. Indeed, the choices are not separable in that there is not one single best choice of h
irrespective of the choice of k. If, for instance, k*(z) = ck(cz), ¢ > 0, then k* is also a kernel,
and the combination k*, ch, will lead to the same estimates as k, h.

There has however been found little variation in performance due to the shape of k, provided
that k is even and unimodal. Hardle (1990), page 138, ranks a number kernels in terms of their
efficiency, and found the Epanechnikov kernel k(u) = 2(1 — u?)I(Ju] < 1) [cf. Epanechnikov
(1969)] to be the best polynomial kernel of degree 2 on [~1,1] in terms of the mean squared
error. This kernel is not everywhere differentiable, however, and it can therefore not be used in
all circumstances. Indeed, in many places in this thesis we require the existence of derivatives
of the kernel.

Kernel estimates are very sensitive to the bandwidth, however, or to the constant ¢ in the

14



above example, for that matter. We only required h to tend to zero, if the number of observations
tended to oo, but that is hardly an adequate guide line for the choice of h in a finite sample.
Choosing h large, will result in too many observations getting some weight making the density
look overly smooth. Choosing h too small, however, would result in a very ragged shape of the
density estimate. In more formal terms, the greater h, the larger the bias, but the smaller the
variance. In fact, for the above type of kernel, the bias is of order A2, which is easily deduced
using a second order Taylor expansion, whilst the variance is of order N~1A~1,

We could try to use the mean squared error, E[f(z) — f(z)]* = E2[f(z) — f(z)]+ Vf(z), to
determine the bandwidth. There are however too many unknowns in its formula to derive an
exact expression for the optimal k. As follows from the previous paragraph, the squared bias is
of order h* and the variance of order N~1h~!, such that for increasing N, the optimal k should
tend to zero at a rate of N~%. For the practitioner, this is of no use, as he is faced with choosing
h for one single sample of size N.

A method that does give a specific choice of h is cross validation. The optimal h is chosen
to be that value of h for which

Lo 2 (255 | o

iR

is maximised. The expression whose logarithm is taken is the kernel density estimate at X;,
based on all observations except X; itself. The rationale is similar to that for maximum likelihood
estimation. In maximum likelihood estimation, we would maximise ), log fs(X;), with respect
to a finite parameter vector 6, where f is known up to 6. In the nonparametric case, f itself is
not known, but we do have a proxy, namely f, where the unknown parameter is now A rather
than 6. Maximising ), log f(X:) would lead to h = 0, because X; itself is used in the creation of
f; it is therefore omitted in (1.1). It has been found that the method of cross validation generally

leads to a bandwidth that is too large, with the effect that the density estimate is overly smooth.
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It is moreover more complicated to derive properties for data-dependent bandwidths, such as
those selected by the cross validation method, than it is for bandwidths that depend solely on
the sample size. Data-dependent bandwidths have been used in various articles, however, e.g.
in Robinson (1991c) and Hardle, Hall and Ichimura (1993).

It is possible to reduce the bias of the kernel density estimate. If [k(z)z'dz = 0, for
i=0,...,1—1, we say that k£ is an [-th order kernel. This would require k to be negative in
some places, but the argument at the beginning of the present section can be easily accomodated
to allow for such kernels, provided they integrate to one. It can be shown, and we prove this for
instance in Lemma 4.2, that, if the density is sufficiently smooth, the bias is of order A%, whilst
the variance remains of order N='hA~!, implying an optimal rate for h of N - a, Although
the order of the bias is reduced, and the order of the variance remains the same, the variance
nonetheless increases with an increase in the order of the kernel employed. In small and moderate
samples, it is often found that choosing a higher order kernel renders the estimates no more

accurate than estimates using kernels of a lower order.

1.3.2 Kernel Regression Estimation

Suppose, as earlier on in this chapter, that we wish to estimate a regression function m on the
basis of the regressands {Y;} and regressors {X;}. We shall for the sake of simplicity restrict
our attention to univariate X;’s. So we have Y; = m(X;) + ¢;, for all i, with {;} a series of
disturbances independent of the regressors.

If Y; is generally large for X; close to x, where z is the point at which we wish to estimate
m, then it makes sense to presume that m is large at z, also, provided of course that m is
continuous. One may thus consider a weighted average of the Y;’s, giving greater weight to

the ones that have X; that are close to z. Nadaraya (1964) and Watson (1964) proposed to
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define n(z) as the ratio of #(z) upon f(z), with #(z) = & 3°; ka(z — Xi)Y;, and f(z) defined
as before. The denominator term is needed, because #(z) estimates r(z) = m(z)f(z) rather
than m(z) itself. #(z) is generally a consistent estimate of r(z), such that 7(z) is a consistent
estimate of m(z).

A problem with kernel regression estimates is the denominator, which may be very close to
zero, or even equal to or less than zero, when higher order kernels are employed. The regression
estimate does therefore not always exist. At the very least, the random denominator makes

statistical treatment often rather cumbersome.

1.3.3 Other Nonparametric Estimates

As noted earlier, there are many other ways to estimate densities or regression functions in a
nonparametric fashion. Indeed, many standard texts [e.g. Prakasa Rao (1983), Silverman (1985),
Hardle (1990)] cover a wide variety of such estimates as do survey articles, such as Buja, Hastie,
and Tibshirani (1989).

It would be well beyond the scope of this thesis to discuss every such estimate in detail, and
we limit ourselves to give a short description of some of them. We moreover only examine the

case of regression estimation.

1.3.3.1 k Nearest Neighbours

In contrast to the kernel estimate, the k& nearest neighbour estimate does not weigh each ob-
servation as a function of their Euclidean distance to the point of interest, say z, but rather
assigns weights according to their relative position in relation to z. The k points that lie closest

to z are all assigned weights different from zero, and various weighting schemes have been used.
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Essentially, the k-nearest neighbour regression estimate is

mlc—nn(x) = Z 'w,-(:c)Y,-,

where w;(z) is equal to zero, when observation ¢ is not among the k closest to z, and takes a
value other than zero, otherwise. The most popular weights are the uniform weights for which
w;(z) = k™!, when X; is among the k closest to z. As sample size increases, the number of
nearest neighbours k should increase, also, but at a slower rate than N. There are many other
weighting schemes [cf. e.g. Stone (1977)], and an exhaustive list is well beyond the scope of this

thesis. It is generally possible to use higher order weights for other weighting schemes, also.

1.3.3.2 Orthogonal Series

It is well-known that any Hilbert space has a complete orthonormal basis. If the space is also
separable, then any complete orthonormal basis consists of countably many elements [cf. e.g.
Dudley (1989)]. If u denotes the Lebesgue measure on a compact set, then L2(u) is separable,
such that any function m € L?(u) can be written as m(z) = z;‘;l ajej(z), where {e;} is some
complete orthonormal basis of L?(u), and a; = [ e;j(z)m(z)du(z).

Indeed, when m is a density, o; = Fe;j(X}), for all j, which can be estimated by &; =
4 3";ej(X;). In that case, a logical estimate of f at z is flz)= 3i_1€i(X;), where g is some
sample size dependent sequence that tends to co as N, but more slowly than N.

In the case in which m is a regression function, one has

q 0
Yi= ) aie(X)+ Y ajei(X) +ei,
j=1 j=q+1

for all 2. For given sample size N, we can estimate a;, ..., aq by least squares, where ¢ is once

again a cut off sequence that tends to co at a slower rate than N.
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1.3.3.3 Further Remarks

Other examples of nonparametric regression estimates are histogram estimates, running mean
smoothers, bin smoothers, regression splines, running line smoothers, and series estimates other
than orthogonal series estimates. Prakasa Rao (1983) and Hardle (1990) discuss the pros and

cons of various (but not all) nonparametric density and regression estimates.
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Chapter 2

Pooling Nonparametric
Estimates of Regression

Functions with a Similar Shape

2.1 Objective

Given two nonparametric estimates for the same regression function based on different samples,
intuitively one expects that combining, or pooling, the two estimates will — by virtue of the
larger number of observations used — lead to a gain in preéision. In this chapter we wish to
establish that this is indeed the case, not only for regression functions that are identical but
also for those that are just similar in shape. We will also give a procedure on how to optimally
combine the two kernel regression estimates.

When we say ‘similar in shape’ (or when we speak of ‘shape-invariant modelling’) we mean

20



that we know two transformations (one for the argument and one for the function value), up to
a finite number of parameters, which transform one regression function into the other. If the
parameters were known, one could simply transform one of the kernel estimates, such that we
have two estimates of the same regression function. If the parameters are unkqown, but can
be estimated suitably efficiently, we show that the resulting pooled nonparametric regression
estimate is asymptotically as efficient as employing known parameter values.

The related literature is not very extensive and generally has a somewhat different goal. It is
in general not concerned with the improvement of the nonparametric estimates but rather with
the estimation of the above parameters. It further generally assumes deterministic regressors,
in particular ones with support on the unit interval and which depend on N, the number
of observations, in order for the asymptotic theory to go throﬁgh; the applications envisaged
are mostly in physical and biometric experiments. An obvious application can be found in the
estimation of human growth curves. All humans (of the same sex) have the same growth pattern,
but the exact location of peaks and such may vary.

Largo et al. (1978) used smoothing splines to estimate the height growth velocity curves
for boys and girls aged 4.5 to 17.75 years. Stiitzle et al. (1980) used an iterative approach, in
which they first imposed a structural form, then estimated the transformation (and some other)
parameters, which they employed to update the structural form, using B-splines, etcetera. Their
approach is similar to that of Lawton et al. (1972), who modelled the air expelled from human
lungs over time. Gasser et al. (1984) use kernel regression estimates to estimate individual growth
curves, but are not really concerned with finding suitable parametric transformations. Kneip and
Gasser (1988) use an iterative least squares procedure to estimate transformation parameters
and functional form. Their result is very general in that the class of functional forms allowed

is restricted, but not specified. Their paper is mathematically rigorous, in contrast to the other
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authors mentioned above, and they obtain a uniform consistency result for their procedure. An
entirely parametric application of growth curves can be found in Rao (1977).

In other disciplines, for instance in economics, the argument for deterministic regressors is
much less convincing. Shape-invariant modelling is however also relevant in these disciplines; for
instance in the estimation of so-called ‘Engle-curves’, i.e. curves that represent the relationship
between income and food expenditure. Another interesting setting in which shape-invariant
modelling can be of interest is panel data. If, for instance, we have observed a panel with
a large number of ‘individuals’ but over a limited number of time periods, say two, it makes
sense to assume that the relationship to be estimated in both periods is similar in shape, and
hence shape-invariant modelling may be of interest. In effect, practitioners usually prescribe a
linear relationship between the regressand and regressors in both time periods. If the number of
regressors is the same in both equations, this would imply shape invariance. If one knows that
the relationship between regressands and regressors is linear, however, nonparametric regression
estimates are inefficient, indeed they converge at a slower rate, and in such a setting this chapter
would be of little relevance. If, on the other hand, one is uncertain about linearity, nonparametric
regression estimation may be the only way to appropriately explain the relationship between
the above variables. In practice, the present approach seems most useful when the regression
functions of interest are identical up to scale and location parameter. To be particularly relevant
in an econometric context, the results in this chapter may need to be extended to allow for more
regressors. It is important to point out, though, that the precision of nonparametric estimates
deteriorates rather quickly with an increase in the number of regressors.

We will use scalar random regressors and will consider two main cases, which we shall label
C; and C;. In C; all regressors and disturbances are mutually independent and all regressors are

identically distributed. Further, the conditional expectation of any disturbance conditional on
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any regressor is zero. The regressors in both samples are also assumed to admit the same density.
In C; the regressors in one sample may be differently distributed from those in the other and we
will allow for limited dependencies between regressors in different samples. In Section 2.2, we
show that parameter estimates are v/N-consistent and asymptotically normal in case of C;, that
they converge at a rate faster than that of the nonparametric regression estimates in case of C;
and that whether we know or estimate the true parameters makes no difference for the pooling
procedure, at least asymptotically. In Section 2.3 we demonstrate and justify optimal pooling
of two kernel regression estimates for the same regression function. Section 2.4 provides some
afterthoughts. Finally, in Section 2.5, we present some simulation results. The nonparametric
regression methods used are kernel-based, and some useful but standard asymptotic properties

of the kernel estimates, which we employ, are presented in the appendix.

2.2 Parameter Estimation

2.2.1 Models

In this subsection we will give a general outline of the models we wish to estimate. We will leave
a full description of the regularity conditions to the next subsection.
We are concerned with the estimation of the following regression models:
Y, = m(X)+Ui, i=1,...,N,
Zi = ma(Wi)+ Vi, i=1,...,N,,
where X;,Y;, W;, Z; are scalar observables and m and m, are nonparametric functions, with
E[Ui|X;] = E[Vi|W;] = 0, almost surely for all i, j. We assume that two transformations S and

T exist such that for all z
m(z) = S(éo, ma(T (0, ¢))),
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and that these transformations are known except for the column parameter vector 6y =
[{g’,,ug' T Later on we will estimate 8 by 6 = [€7, AT)T. In Section 2.4, we briefly discuss the
impact of incorrectly specifying the above parametric transformation.

Hardle and Marron (1991) suggest estimating 6y by minimising the following function with

respect to ¢:

j [a(z) — S(E, e (T, 2)))Pw(e)de,

where w is a bounded function that is positive on the interior of a compact interval and zero
elsewhere and 7 = #/f and 1h, = 74/ f, are Nadaraya-Watson kernel estimates for m = r/f and
mg = 74/ fa, respectively (where f and f, are the densities of X; and Wi, respectively). When
deterministic regressors are involved this approach is satisfactory, but with random regressors it
is rather cumbersome, because the kernel regression estimate is then a ratio of random variables
and taking expectations is awkward; indeed, they may not exist. We will only examine the most
important case, namely when S is linear in both arguments, in contrast to Hardle and Marron

(1991). Then we can write
m(z) = €o1 + Eoama(T(,2))
= FalT(tio, 2))r(2) = Eur (&) fa (T (o, 2)) + 025(@)ra(T(tio, ),
for all z. We thus define @ as the value of # that minimises the loss function
Ln(0) = [ 83tz 0u(e)dz,
where
An(2,0) = 2T (1, 2))F(2) — & F(&) ol T (s 2)) - E2f(2)FalT(1,2)).

We require w to be also twice boundedly differentiable (besides being positive only on the interior

of a compact interval and zero elsewhere), to allow for a second order Taylor expansion.
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There is evidently any number of ways to get estimates of the unknown parameters, and
the above choice of loss function is only one possible way. It allows us to limit the area over
which numerical integration has to be performed and it allows us to exclude the tails in which
nonparametric density and regression estimates are notoriously poor.

In C; we will show that # is v/N-consistent for 6, and asymptotically normal, and in C;
that § — 6y = op(N '%). We have chosen this specific rate because the optimal kernel regression
estimate that does not use higher order kernels converges at rate N~% and we only need to
show that the parameter estimates converge faster. If higher order kernels were employed, we
would need to show that  converges to f at a rate faster than the convergence rate of higher
order kernel regression estimates. However, in the estimation of 8, we have thus far not used
higher order kernels, either. Indeed, the convergence rate of § could generally be improved upon

if higher order kernels were employed in its estimation. It should be noted, though, that higher

order kernels are often less precise in moderate samples, despite their higher convergence rate.

2.2.2 Assumptions

In this subsection we will state the assumptions required for the results of the present section
to go through. Throughout, a superscript (j) denotes the j-th derivative, but we will also —
when we feel it improves clarity — use the usual (" is third derivative) notation.

First, we define two useful function classes.
Definition 2.1 The class G; comprises all funclions g that are l times boundedly differentiable.

The functions g that we have in mind are all multiples of a function of interest and a

probability density, so many cases in which the function of interest is unbounded are included.

Definition 2.2 The class K; comprises all l times boundedly differentiable functions k that are
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even, integrate to one and satisfy
/Ik(")(u)lzdu <00, i=0,...,l1, /Ik(u)luzdu < oo.
¥@) = [aweed,
for all z, where
/|u‘¢k(u)|du <o0,i=0,...,1I

Assumption 2.A [t is assumed that all (U;,V;) pairs are mutually independent, and that U;
and V; both have finite second moments. We assume E[U;|X;] = E[V;|W;] = 0 for all i,j.
We require that the X;’s are i.i.d. with density f € G, and that the W;’s are i.i.d. with density
fa € Ga. We also assume that r € G3, r4 € G2, ¢ := m%f € Gy and ¢, := m2f, € Gy. Further,
an unknown vector 8y = [€o,u0]T € O, with © a bounded and open set, and two functions S
and T ezist such that for all z, m(z) = S(€o, ma(T (b0, ))). We assume that S is linear in both
arguments. We also assume that N, and N increase at the same rate. In C; and Cy respeclively

we require:

1. f = fa and T(po,z) = z, for all z € E, where E is defined in assumption 2.B below and

{X:}, {W:} are mutually independent.

2. X; may depend on W; but (X;,W;) is independent of (Xj, W;) for i # j, X1 and W)
may have different densities but the transformation T is twice boundedly differentiable on
© x E. Moreover, a function T~ ezists such that for all z: z = T=}(u,T(p,z)). It is
also assumed that T3, the partial derivative of T with respect to its second argument, is

bounded away from zero on © x E.

The conditions in Assumption 2.A are imposed for the following reasons. That r, r, are twice

boundedly differentiable allows us to carry out a second order expansion to the loss function.
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The condition on gq, g4 is needed to obtain a desirable convergence rate for the variance of 7, f,.
In C;, the conditions are stronger and therefore convergence of 6 to 8o is faster than in C,.
Indeed, in the former case, we need not expand T, as T(go, z) = z.

To simplify notation we assume N; = N, but all results go through when N, and N are

related only in the way described in the assumption.

Assumption 2.B The twice boundedly differentiable weight function w, is non-negative and
positive only on the interior of a compact interval =. For all points z € = we have that f(z) > 0
and for all (8,z) € © x E that fo(T(u,z)) > 0. No parameter vector 8 # 6y ezists such that

m(z) = S(&, ma(T(ps, z))) for almost all z € E.

Evidently, Z should be a subset of the support of X;. The condition that w is twice boundedly
differentiable on Z is again imposed to apply an expansion to the loss function. The last condition
in Assumption 2.B ensures identifiability of 8.

There is a variety of ways to choose w and E. One way is to choose w to be polynomial on
=, such that w and w' are zero at the boundaries of their support. We have chosen to limit
Z to be compact, which makes the proofs somewhat easier. If one is willing to impose certain
additional conditions on w, it is likely that a similar result could be obtained for = = R. In
practice, as noted earlier, one will usually prefer to numerically integrate over a bounded area,
though. One could dispense with numerical integration altogether by using either regressor
density, instead of w. Indeed, in such a situation, one would try to estimate EA%(X;,6), with
A(z,0) = fo(T(p, 2))r(z) — &1 f(2) fa(T (1, 2)) — E2f (2)ra(T(ps, 2)). Such an estimate could take
the form Lyg(6) = & X {fa(T(#, X))(X:) — & f(Xi) fa(T (1, Xi)) = €2 (Xi) fa(T(n, X:’))}zy
in which case § would be defined as the value of 6, for which Lyg(6) is minimised. The obvious
advantage is the ease of computation. There is however no reason why f should be a better

weight function than other allowed choices of w. Indeed, one might choose w to be some other
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density, and draw random numbers from that distribution. Obviously, there is any number of

possibilities.
Assumption 2.C We assume that both estimates employ the same kernel k € Ko
An example of such a kernel is the Gaussian density, k(z) = (27)~ % exp(—22/2).

Assumption 2.D We assume that both estimates employ the same bandwidth h, where

Nh® 5 00, Nh®—0, as N — oo, forC,

Nh® — 00, Nh® =0, as N - oo, forC,.
2.2.3 Convergence of Parameter Estimates

In the theorem below, we need first and second order partial derivatives of Ly with brespect to

6. The partial derivative of Ly with respect to 0 is

OLNn

—é-o—-lo =/AN(z,0)AN(z,9)w(x)dz, (2.1)

where (omitting arguments)
Ffa
AN = -2 fra , (2.2)
(G ffy+&fiy — fifTy

where T} denotes the partial derivative of T with respect to its first argument. The Hessian of
Ly(8) is given by

L R

-ﬁffla = /,\N,\,va— 2/AN 0 0 f# w, (2.3)

flm T Ay |

where Ay = (&1£f) +&fft — FURYTLTT + (61 fs + 27, — fi#)T1, with Tiy = 82T/ (9udpT).
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Theorem 2.1 Under Assumptions 2.A-2.D
N¥(@-0,) 5 N(O,T), in Cy,
for some finite variance matriz X, and

N3 -00) 50, inC,.

2.2.4 Parameters can be Replaced by their Estimates

In this subsection we will show that it makes no difference asymptotically whether one uses the
true parameter values or their estimates. Suppose we have obtained an estimate 6 for 8y on
the basis of the procedure described in Subsections 2.2.1 to 2.2.3. By Theorem 2.1, we have
6— 6, = op(N —#). The kernel estimates used to obtain § need not use the same bandwidth as
the kernel estimates we will use in Section 2.3 to obtain our pooled estimate. Therefore, the
kernel estimates used in this section are not subject to Assumption 2.D. Indeed, we will allow

# and f to use a bandwidth different from the one used by #; and f.,.
Assumption 2.E h and h, converge at the same rate, Nh® — oo and h — 0, as N — oo.

Assumption 2.E ensures that #, and f, converge to r, and f, respectively, uniformly in

6 € © and for all z € E, by Lemmas 2.1 and 2.2; this follows from an argument similar to that

the one applying to expression (2.12).

Theorem 2.2 Let Assumptions 2.A-2.C,2.E hold. If § — 8y = 0p(N~%), and if m(z,0) =

& + &arng(T(u, 2)), for all z,8, then
(s, 6) — m(z,80) = op (N~ ),

forallz € E.
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2.3 Pooling Kernel Estimates

2.3.1 Setting

In the present setting we will show that pooling kernel regression estimates leads to a smaller
asymptotic mean squared error. The formula for the asymptotic mean squared error of a kernel

regression estimate, not involving a higher order kernel, is [cf. Mack (1981)]

ek {m"(2) f(z) + 2m' () (2)}]° . [e20%(2)
27(z) ] [Nhf(w) (24)

where ¢1 = [ k(u)u?du, c; = [ k%(u)du and o%(z) = E[UZ| X, = z]. After renorming, the first

Bias? + Variance = [

term in (2.4) is the squared expectation of the asymptotic distribution of #  —m, and the second
term the variance. The bias-term is based on a Taylor expansion, where all the terms of smaller
order of probability are dropped. Obviously, if NA®> — 0, the first term in (2.4) is of lower order
than the second, and as a consequence, the expectation of the asymptotic distribution is zero.
By the same token, if Nh® — oo, the asymptotic distribution will be degenerate, because its
variance is zero.

There are reasons for using the asymptotic mean squared error rather than for instance the
asymptotic variance or the (normal) mean squared error (E[(z) — m(z))?). Because f, the
denominator of 71, can be arbitraily .close to, or even equal to, zero the expectation E[m(z) —
m(z)])? need not exist for any finite N. This makes the mean squared error undesirable as a
tool in the present setting, as we wish to keep the class of allowed kernel regression estimates as
large as possible. The asymptotic variance is, as we have seen above, only suitable if NA® — 0.
This restriction on the bandwidth may not always be desirable. Indeed, for the infeasible choice
of bandwidth that rninimisés the asymptotic mean squared error, for instance, we have that
Nh® — ¢, for some ¢ with 0 < ¢ < co. There may also be other reasons to have the bandwidth

converge at a slower rate, depending on the implementation of the kernel estimates in question.
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If Nh5 44 0, however, we will need extra restrictions on the model for our results to go through,
as will become evident, further below.

Evidently, if measures other than the asymptotic mean squared error are used, the optimally
pooled estimate will be different. Indeed, estimates that are optimally pooled according to the
asymptotic mean squared error criterion may well not be optimal according to other optimality
criteria. Moreover, instead of applying the optimality criterion at each point separately, one
could consider applying one across the whole support.

Because of Theorem 2.2 we can act as if the parameter vector 6y is fully known. Thus, if
Y = (Y — €01)/€o2, X! = T(po, Xi) and U} = U; /o2, then we can write

Yy = md(XH)+Ur i=1,... N

Zi = m(W))+V; i=1,...,N,.
We define
. 7u(z)
my(z) = ——=,
¢ fu(z)

where

2 1 . 1 *
f.(Z) = m’Zkh(z - X;), r..(z) = -}V’—; ’Zkh(x —Xl' )Yi"
Let z be the point at which we wish to estimate m,. We will require that Assumptions 2.A (for

C;) and 2.C hold. We also need the following two assumptions.

Assumption 2.F Let f.(u) = f(T " (uo,u)), for all u. The joint density of (X}, W1) is not

degenerate and both f and f, are strictly positive at x.

Assumption 2.F is to ensure that Cov(rii},m,) is of lower order than both Vi and Vir,. Let

hg denote the bandwidth used by 77, and h that used by ;.

Assumption 2.G We require that Assumptions 2.C and 2.E hold. Further, at least one of the

following three conditions holds.
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Ca: At the point z at which we wisk to estimate m,, we have that either bothh ~ hy as N — oo

and fl(z)/fe(z) — fi(z)/fa(z) = 0, or that m](z) is known.
Cy: NB5 =0, as N — oo.
Cs: Nh® — 00, as N — oo and m!! satisfies a Lipschitz condition of degree one at .

The three conditions in Assumption 2.G will be used in Theorem 2.3.

2.3.2 Results

In Theorem 2.3 below, we derive the optimal (in terms of the asymptotic mean squared error)
linear combination of 1, and /mj. In case f,(z) = f.(x), almost everywhere, one might also
consider 7ig4(z) = {di17.(z) + dafs(2)}/{d1fs(2) + d2fa(z)}, with dy + d» = 1. This will not
generally lead to an improvement of the asymptotic mean squared error. In the special case that
N, = N, and mq(z) = m(z), V[Z;|W; = z] = V[Ui|X; = z], and all regressors are independent,
within and across samples, the squared asymptotic bias will in both cases be equal to the first
term on the right hand side in (2.4), and the asymptotic variance to the second, divided by two,
because 74 is, under the present circumstances, just a kernel regression estimate based on twice

the number of observations, whilst V[{rh.(z) + (z)}/2] = V[m(z)]/2.

Theorem 2.3 Under Assumptions 2.F and 2.G the linear combination of m} and , that

minimises (2.4) is given by
Thp,00 (2) = Q*1ing(2) + (1 — Q%)rha(2),

where

V- B8, - B) (2.5)

Q=
(B.—B)2+V, +V’
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where V = Vig(z) = ca0i(z)/(Nhfa(z)), Vo = Vii(z) = c20i(z)/(Nhf.(z)), B =
Etng(z) — ma(z) = e1h®{mg(2) fa(2) + 2me(2)fa(2)}/ (2fa(2)) and B, = Erng(z) — ma(z) =
crh {m!!(z) fu(z) + 2m/ (z)fi(z)}/(2f.(z)), where f. is the densily of X} and o2 the variance

of Ul given X{ ==z.

It may seem surprising that the optimal weights can be less than zero or greater than one.
However, weights of less than zero or greater than one are found in other settings, also [cf. e.g.
Samuel-Cahn (1994)]. It is not a situation that is likely to arise very often in practice, though.
The asymptotic variances and biases used in Theorem 2.3 are unknown, but we may estimate

them.

Theorem 2.4 Under the conditions of the previous subsection, the weight Q* defined in The-
orem 2.9 can be consistently estimated (by Q, say) and the feasible pooled estimate, m, a(z) =
Qri(z) + (1 — Q)ria(z), is as efficient — in terms of the asymptotic mean squared error, as

given by (2.4) — as the infeasible pooled estimate 1y g+ (z).

There is one important question that remains, namely: How precise must Q be to improve,
in the sense of leading to a reduction of the asymptotic mean squared error, on not doing any
pooling at all? Or in other words, just how robust is our gain against poor estimation? We
will get some insight in this from the Corollary to the Theorem below. In the Theorem, we
derive, for given Qg, the interval, in every Q of which the asymptotic mean squared error of
the pooled estimate, M,(R), is less than or equal to M,(€). In the Corollary, we establish
the circumstances under which the pooled estimate is better than both “marginal” estimates,
and also better than their naive average, 1, (z) = (a(z) + m3(z))/2. We wish to point out
that the asymptotic mean squared error ignores the impact of the estimation of 6. It is thus

hazardous to make strong assertions on the basis of the below Theorem or its Corollary.
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Theorem 2.5 Given Qq, the set T(Q), consisting of all values of @ € R such that My (Q) <

My(Qo), is given by T() = [Qo, 29* — Qo], when Q* > Qq, and by [2Q* — Qo, Vo], otherwise.

Corollary 2.1 The pooled regression estimate reduces to either marginal kernel regression es-
timate, when Q@ = 0, or Q = 1, and it is the naive pooled eslimate My,,, when Q = % For
Q* € (0,1), it has an asymptotic mean squared error no higher than that of both the marginal
estimates, when Q € T(0) N T(1) = [2Q* — 1,2Q*], and for any Q* € R 1t is at least as good as

My, if and only if Q € T(%)

In the next subsection we will examine ways to estimate the conditional variance of V; given

Wi.

2.3.3 Variance Estimation

In Theorem 2.4 we, temporarily, ignored the issue of how to estimate 02 and o2. We will now
present ways to estimate o?(z) = E[UZ|X1], where 02(z) and o2(z) can be estimated in the
same fashion.

A standard estimate is

kn(z — X:)(Y; — m(z))?
Zi kn(z — Xi) -

A disadvantage of the estimate in (2.6) is that it is rather sensitive to changes in the scale of

6’2(1:) - Zi

(2.6)

m. This can be most easily seen when we write (omitting arguments) 6% = Y kxU2/ > kn +
S kn{(m — m)? + 2(m — m)U}/ Y kn. The latter term in the above expansion is a nuisance
term and is the obvious cause of the afore-mentioned sensitivity to changes in scale of m.

For homoskedastic disturbances a procedure of Hall and Titterington (1986) for nonstochastic

regressors can be modified to the stochastic regressor case, as follows.
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Theorem 2.6 Denote by Np the number of X; lying in a given interval [a,b] in the support
of X1. Denote by X1y,...,X(np), the order statistics of the X; within [a,b] and denote by

Y), UGy, the Y and U corresponding to X(;y. Then

2 2
22 _ _“ “_V.. 2
= ;(Ym Yii-1)™. 2.7)

is a consistent estimate of o2.

2.4 Other Issues

An issue we have completely ignored so far, is that when the true transformation is not of the
form envisaged, the resulting pooled estimates will not be consistent. One thus needs to be fairly
confident of the existence of the imposed relationship between the two regression functions. It
is possible to test whether the two regression functions do have the shape similarity expected.
When there is shape-invariance, L(f) = 0. The converse is not generally true, although if w is
positive on a sufficiently wide interval, a small value of L N(é) would be very reassuring.
Indeed, if one would extend Theorem 2.1 to include the case E = R, for certain w, a consistent
test could be created, i.e. a test that always rejects asymptotically whenever the null hypothesis
does not hold, and always accepts when it does. For, in such a case L(fp) = 0 if and only if there
is shape invariance of the specified form, and Ly (§) would be a consistent estimate of L(6p) if

the above extension were feasible.

2.5 Simulations

There is an unlimited number of ways to choose m and m,, and the procedure will not work

equally well for all methods chosen.
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The procedure seems particularly appealing when the number of observations is small, be-
cause the (marginal) nonparametric estimates will then be imprecise. On the other hand, when
N is small, the parameter vector ¢ will be estimated inaccurately, also, and the pooled estimate
may thus well be less accurate than either marginal estimate. When the number of observations
is large, an improvement in precision is likely, but less important than in the case the number
of observations were small. It is certainly true, however, that the larger the number of similarly
shaped regression functions to be estimated, the more precise the pooled estimate will be. By
the same token, the larger the number of parameters to be estimated, the smaller the gains will
be.

The experiments are fairly modest in size. The combination of numerical integration, numer-
ical optimisation, and nonparametric estimates rendered experiments on a large scale impossible.
We have only considered the case with two regression functions to be estimated, and we have
set the vector g to 0, such that m(z) = &1 + £o2ma(z), at all z. The interval over which m and
m, were compared was close to [—1, 1], and the integrals to be evaluated, were approximated
numerically.

We have tried a variety of different parameter combinations, and have used sample sizes of
100 and 500 observations. The U;’s and V;’s were Gaussian, and generated by means of the
Box-Miiller method, and so were the X;’s and W;’s. In the first step, § was estimated. Then
was transformed, and the naive and optimal pooled estimates determined. This procedure was
replicated 2500 times for each data set, and the average mean squared error recorded for each
of the four estimates of m,.

For 100 observations, # was always estimated rather inaccurately for at least a fraction of
the samples, resulting in enormous average mean squared errors for all but /m,. We have tried

letting the variances of U; and V; get very small, but that resulted in all estimates doing well,
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and there not being much difference between the performance of individual estimates.

For 500 observations, the results were rather different. We estimated three different functions,
ma(z) = 2exp{—2z?} + 3, ms(z) = 2cos(0.57z) + 3, ma(z) = 2sin(0.57z) + 3, at all z, and
set o1 = —0.5, o2 = 0.5. We set the standard deviations of U; and Vj either to 0.5 and 2.0,
or to 0.5 and 0.2, respectively. These choices and functional forms are arbitrary, and different
functional forms will lead to different, quite possibly worse results.

Figures 1 to 6 in Appendix B.1 represent the changing average mean squared error we
computed over our 2500 replications for the, for all estimates, ‘optimal’ bandwidth; optimal in
the sense that for each the average mean squared error was minimal. Indeed, we computed
AMSE(z) = = Z?iolo{rhaﬂ(x) — mg(z)}?, at all knot points used in the computation of the
integrals, with 7n,;i(z) is the [ = 1,2, 3, 4-th estimate of m, in replication j at z.

Figures 1 to 3 correspond to models in which the variances of U; and Vi are 0.25 and 4,
respectively. When NA® — 0, as N — oo, the the variance terms in (2.5) tend to zero at a
slower rate than the squared asymptotic bias terms. We have assumed this is indeed the case,
which admittedly is arbitrary in view of our fixed sample size, and ignored the bias terms in
(2.5). We thus estimated Q* by
P A W—
VVi + VU, /&,

where the variances were estimated by the method described in Section 2.3.3. So we should
expect estimates of Q* of around W =0.8.

By far the worst performer in the results represented in Figure 1 is the transformed estimate
of m. The performance of the naive pooled estimate is also poor, and the optimal pooled
estimate does slightly better than 7i,. This seems somewhat surprising if the values of {) are

close to 0.8, as this would imply the performance of the optimal pooled estimate to be between

the naive pooled estimate and the transformed estimate of m. A possible explanation is that
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some of the estimates of £p2 are much less than 0.5. Indeed, when fgz < 0.25, and the variances
of U; and V; are estimated accurately, {2 will be less than 0.5, and the optimal pooled estimates
will be between the naive pooled estimate and ;. When éoz is so far away from the true value
of €92, however, the transformed estimate of m is likely to be very imprecise, also. Although
in this case, the impact of a poorly estimated foz is not so serious, the above effect may, in a
different situation, work to the optimal pooled estimate’s disadvantage, also.

The results depicted in Figure 2 indicate that pooling may indeed be a good idea. For
negative z’s, the transformed estimate of m performs poorly, whereas for positive z’s, this is the
case for m,’s direct estimate. For z-values close to -1, the optimal pooled estimate’s performance
is not as éood as the naive pooled estimate, but it performs marginally better everywhere else.
A possible explanation is that the optimal pooled estimate will be more strongly influenced by
the poor performance of the transformed estimate of m, than the naive pooled estimate.

In Figure 3, the transformed estimate of m performs very poorly for large values of |z|, but
does quite well for small values. Overall, the performance of the naive pooled estimate seems to
be best.

In Figures 4 to 6, the functional forms were the same as in Figures 1 to 3, but the standard
deviations of Uy, V) were set to 0.5 and 0.2, respectively. We should now expect values of Q to
lie around 0.22(0.52 - 0.5=2 + 0.22)~! ~ 0.04, and consequently, the optimal pooled estimate to
be close to m,.

This is indeed the case in Figures 4 and 5. In Figure 4, m transformed is beyond a doubt
the least accurate of the four. The mean squared error curves for 7ii, and the optimal pooled
estimate almost coincide, and seem to be somewhat better than that of the naive pooled estimate.
Roughly the same pattern can be found in Figure 5.

In Figure 6, the naive pooled estimate seems to be doing best, overall. Both marginal
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estimates are performing rather poorly over at least part of the domain.

It seems that on the basis of the limited number of experiments that we have carried out,
there may be a basis for pooling the nonparametric estimates in sufficiently large samples, but
we did not find evidence that the optimal pooled estimate performs significantly better than
the naive pooled estimate. It seems certainly the case that the more precise the estimates of
€01, €02, the more accurate the transformed estimate, and hence the more accurate the pooled

estimates will be.

2.6 Summary

In this chapter, we have derived a way of estimating shape invariance parameters in the pres-
ence of random regressors. We have moreover shown that the convergence of the estimates is
sufficiently fast to allow us to obtain a pooled nonparametric regression estimate that minimises
the asymptotic mean squared error.

We have considered two basic cases, one in which the regressor densities are identical and
there are no dependencies, and one in which regressor densities may differ and limited depen-
dencies are allowed for. In the former case, we establish that the parameter estimates are
v/N-consistent with a Normal asymptotic distribution, whereas in the latter case the parame-
ter estimates are shown to converge faster than the nonparametric regression estimates. This
enabled us to substitute the estimates for the true parameter values without asymptotic sig-
nificance, enabling us to use data from both data sets to estimate both regression equations
simultaneously. We have also examined which was the most efficient (in terms of the asymp-
totic mean squared error) way of pooling the two data sets, and have pointed out under which
circumstances, the (asymptotically) optimal pooled estimate is better than both “marginal”

nonparametric regression estimates, and than a naive pooled estimate (i.e. their unweighted
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average). We have also provided a more robust way of estimating conditional variances in a
nonparametric regression setting, and have given some guide lines how a test for the correctness
of the parametric specification of the transformations could be created.

Finally, we carried out some Monte Carlo experiments to find out how useful our method
may be in practice. The results seemed to suggest that pooling may be a good idea in sufficiently
large data sets, but that the case for using the optimal pooling rule rather than the simpler naive

pooling rule is harder to establish.
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Appendix

2.A Proofs of Theorems

Proof of Theorem 2.1

Applying the Mean Value Theorem to the first order partial derivative of L at g we get
LN _ 6LN 6?[7N

90 19 = g 1%+ ggggr (¢ —%):

where the tilde indicates that each of the rows of 02Ly/(08067T) is evaluated at a (possibly
different) point in (é, o). The quantity on the left hand side in the last displayed equation is
zero by the definition of § and hence

i — b, [62LN]_ OLn

o~ 5656T| a0 1o

provided that the inverse exists. Thus, the theorem is proved if we can establish the following

six properties.
1. An open and bounded set © exists to which 8y belongs.

2. Ly is a measurable function in the observations for all @ € ©. Further, Ly /08 (see (2.1))

exists and is continuous on ©.

3. Ln(0) converges to a non-stochastic function L(6) in probability uniformly in § € © and

L(0) attains a strict global minimum at 6.
4. The Hessian of Ly, which is given in (2.3), exists and is continuous on ©.

5. The above Hessian evaluated at Oy converges to a non-singular matrix

6
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in probability for any sequence 6 that converges in probability to 8,.

a_alau _C_) N(0$ B(ao)), in Cy,

where

8Ly oL
B(6o) = lim NE==X X |a,,

and

0LN

NE
o6

6o = 0, in Cy.
If all the above conditions are satisfied, then as N — oo
N%(6 — o) — N (0, A~1(80)B(80) A~ (60)), in C1,
and
N3 —00) 20, inCp.
We will establish the above seven properties step by step:

1. This is assumed in Assumption 2.A.

2. The partial derivative, (0Ln/80)|s), is continuous if k£ and T are continuously differen-

tiable which was assumed in Assumptions 2.C and 2.A respectively.

3. Define

L(6) = / A%z, b)w(z)dz,
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in probability for any sequence 8y that converges in probability to 6o.

NEOLN £ N0, B(8,)), in G,

where

o OLN OLN
B(Oo) = thE—aﬂ_ 307' Iﬂo,

and
NZ%)LTN-]% LR 0, in Cy

If all the above conditions are satisfied, then as N — oo
N%(6 — 6g) — N(0, A~*(80)B(80)A~*(6o)), in C1,
and
NE(@-6,) 50, inC,.
We will establish the above seven properties step by step:

1. This is assumed in Assumption 2.A.
2. The partial derivative, (0Ln/08)|), is continuous if k and T are continuously differen-

tiable which was assumed in Assumptions 2.C and 2.A respectively.

3. Define

L(#) = /Az(z,e)w(:c)dz,
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where
A(z,0) = r(2) fa(T (1, 2)) — &1£(2) fa(T (1, 2)) — Eara(T(p, 2))f (2)-
We will first show that
Ln(0) — L(8) = o,(1), (28)
uniformly in & over any bounded interval. We have
Ln(8) — L(8) = / {A%(z,8) — A*(z,0)} w(z)dz.
Now, A% — A2 = (Ax — A)? + 2(An — A)A, so for (2.8) it suffices to show that
sup sup IAN(z,0) — A(=,0)| = 0p(1). (2.9)

Because © is bounded, so are §; and & in the expansions of Ay and A and these therefore

play no role of importance. We write
AN = A = (*fa = rfa) —&1(f fa — ffa) — &2(ffa — fra). (2.10)
We will now show that

""uf"' rof| = op(l)r (2.11)

sup sup
€O z€=

where the other terms in (2.10) can be dealt with in a similar manner. We can rewrite

(2.11) as

= 0,(1). (2.12)

sup sup |(fa — ra}(f — f) + (fa — ra)f + (F = f)ra
€O z€=

8 appears only in the argument of r, and #, in (2.12) and because Lemmas 2.1 and 2.2

(all lemmas as stated and proved in the appendix) hold uniformly on ®, (2.12) holds also.
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That L attains a strict global minimum at 6 is implied by L(6y) = 0 < L(0) for all @,
Assumption 2.B and the obvious fact that L(8) can only be zero if m(z) = S(§, a(T' (1, ))),

for almost all z € E.

. Existence and continuity are implied by existence and continuity of the second order

derivatives of T" and k and the compactness of E.

. We will show that the matrix A(f) is given by
A(6o) = / Az, 60)A(z, o)  w(z)dz,

where

A(z,0) :== -2 fra

&ffs+&fr, — for)h |

It is sufficient to show that
/ {An(z,08)2% (z,08) — A(z, 08 )T (z, 8n) }w(z)dz = 0p(1), (213)
/ Mz, 03X (2, 0) — Az, 80)AT (2, 60) }w(z)dz = 0,(1), 2.19)
and if we call the matrix under the second integral in (2.3) My,
/ {(An(z, 08) M (z,08) — A(z, On) EMp (2, 6x) }w(2)dz = 0,(1), (2.15)
/ Az, 0n) EMn (2, 0x )w(z)dz = op(1). (2.16)

We will prove (2.13) through (2.16) by demonstrating that the results hold for every

element in the matrices. For (2.13) we need to show that [(f2f2 — f2f2)w = o,(1),
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[(f2 fafa=F2fara)w = 0p(1),. ., S{(F2)2r2=(f1)*r? YT T w = 0,(1). All these conditions
can be established in similar fashion. Because convergence of derivative estimates is slower
than of estimates of the original function, we will show convergence of a term which
includes a derivative estimate. Consider Q := [ (fi‘f,’, — frfirl)Tiw. Because we know
the convergence properties of the separate estimates, we will split @ up using the basic

algebraic property

3-iy—iz—13

4 1 1 1 ‘ . |
'1:[ [I v z_: Z 2 > IID5(Dy - Day)' .

14=0 i
We know from Lemma 2.3 and Assumption 2.D that sup, |f — f| +sup, |f —r| = O,(h? +

~$h~1) = 0,(1). We also know that f,r, f.,r, are all bounded. It is therefore sufficient

to show that

JUa= £ = v+ (e = 22+ G = r0)C = 0,0,

for any bounded function {. By the inequality of Cauchy-Schwarz we only need to show

that

[ gyc =0, [ -y = o).

We will only show that the last of these two conditions holds. Taking the expectation

leads to
[ Bt = e = [ (Vi1 + (Bl - ) ¢ = 00 + N17S),

by Lemmas 2.1 and 2.4.

Condition (2.14) follows from Slutsky’s Theorem, from the fact that [ AATw is continuous

in 0 and from @5 — 6y = 0,(1). To show (2.15) note that

ANMN—~AEMy = (AN —A)(My —EMN)+A(MN —EMN)+EMN(AN—A).(2.17)
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We will restrict ourselves to showing convergence of the second term on the right hand side
in (2.17), arguably the hardest part. The other terms follow by a similar argument. We
will prove convergence of each element in My separately. Because second order derivatives
converge slowest, we will just show convergence for an element involving a second order
derivative; the rest of the elements can be handled in identical fashion. We will thus
show that f(fﬁ;’ —E'[fi-",’])Aw = 0p(1). By Lemma 2.6 it suffices to show that: f(ff'f,' -
EfE#)Aw = 0,(1) because E[f#!]— Ef E#"! = O(N~1h=3) = o(1). Because sup, |f(z)—

Ef(z)| = 0p(1), by Lemma 2.2 and Assumption 2.D, we need to show that

/ (7! — EF)EfAw = op(1). (2.18)
Because 7 = w4z 3 ki (T(un, z) — Wi)Z;, we are interested in

[ Hi @2 - WoAew, 2)Ef(@pu(e)dz = [ ki~ Wiw)du, (219)

where the equality follows from the substitution of © = T'(un,z), and the fact that T3 is

assumed bounded away from zero on © x E, defining {(u) by

¢(w) = A@N, T~ (pun, W) EA(T " (pn, w))w (T~ (o, w))
- Ty(T-(un, u) '

Because w (and hence w') is zero outside Z, ¢ and {’ are zero outside T(un, Z). We rewrite

(2.19) as (using partial integration twice)
—h{k, (1 — Wa) ()]s + B[k — W) ()] 2, + B2 / (= Wi)C" (u)du. (2.20)

As noted before ¢ and ¢’ are zero outside the integration area, so the first two terms in

(2.20) are zero. Substitution of v = (u — W;)/h in the last term in (2.20) gives
B [ Ku)C" (Wi = by = B5p(We),
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which implicitly defines p. By the boundedness of (", p(W;) is bounded. The left hand

side in (2.18) now reads
- ky (T W;)A(z, On)Efi dzZ,
w5 2 | HT(un,z) = Wo)A(z, 08) Ef(@)u(z)dz 2;

- F I_V% Z/ g(T(#N’ z) - VV;)A(Z, 9N)Ef(w)w(z)dzz,-]

= %ZP(W:')Z.' — E[p(W1)Z1] = Op(N~}),

because the p(W;)Z; are i.i.d. with finite variance. So (2.18) holds and so does (2.15).
All that is left is (2.16). By Lemma 2.1, E7#) = O(1) uniformly in z and hence so is EMn.

So all we really need to do is to show that

/ Az, On)w(z)dz — f Az, Bo)w(z)dz = op(L), (2.21)

noting that A(z,6p) = 0 for all z. But because [ A(z,#)w(z)dz is a continuous function

and because 8 — 8o = 0, (1) Slutsky’s Theorem gives (2.21).

6. For C, we need to prove that:
/ An(z, 80)Aw(z, Bo)w(z)dz = op(N~1) (2.22)

We shall do this by proving the following three conditions that are together sufficient for

(2.22).
/AN(:::,OO){/\N(::, 6o) — A(z,0) }w(z)dz = op(N"%), (2.23)
E / An(z, 80)A(z, o) w(z)dz = o(N~#), (2.24)

/AN(z,ﬂo)A(z, Op)w(z)dz — E [ An(z,00)M(z, Bo)w(z)d:c] = op(N"%). (2.25)
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We first consider (2.23). We define Dy = [rnf,fIT, D2 = [fa,fa T,

dl = [11—5011—602]T) D3 = [f,f,f,f,T]T, D4 = [fa)ra)f(,nr:p.ﬂ;]T: d? =

(-2, =2, alIT1 ) €o2l|T1l], =|IT1[[}T, so that we can write

3
Y d1j(D1; Daj = Dy; D),

ji=1

An—-A
AN—=A =
~ -~ A~ ~ 5 ~ ~
d21(D31 D4y — DayDay), da2(Daz Dz — D3z Dy2), E d2;(Ds;j Daj — D3; Dy4j)
j=3

Thus,

] / AnQw - A)w!
[ V& =BV Tw = AP

IN

IA

C/\j {(Dl: D1j)2(Daj = D3)? + D¥;(Dnj — Ds;)? + D%;(Dy; - Dlj)z}

X

\' {(Da: — D3j)*(Dsj ~ Daj)? + D3;(Ds; —~ Ds;)? + D3;(Dsj — Dy )2}"'
j=1

for some large C' > 0. Because sup, ; |Dy; — Dyj]+sup, ; |Da; — Daj|+sup, y |Dsj — D3|+
sup, ; |Daj — Daj| = 05(1), (Dsj — D15)*(Daj — Do) and (D3 — Ds;)*(Daj — Daj)? are of
lower order than D} (Dz‘1 Dy; )2+D :(D1j—Dy;)? and Dj; (Daj—Da; )*+D3; (Dsj—Dsj)?

respectively. So we only need to look at

C./\] {DIJ(D2] D3;)? + D} (ﬁlj—Dlj)z}

\l Z{D4,(Da, Ds;)? + D3;(Dsj - D4,)2}w (2.26)
j=1

By Lemmas 2.1 and 2.4 we know that

sup E[ﬁlj - D”‘]2 + sup E[f)zj - D-zj]2 = 0(/14 + (Nh)'l),
z,3 z,)

sup E[ﬁsj - D;;,']2 + sup E[D4j - D4j]2 O(hz + N-lh_s),
tlJ z'J
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and hence the expectation of (2.26) is of order O(h3 + N=1h~2) = o(N~%). Now consider
(2.24). Lemma 2.6 implies that we can proceed as if the kernel estimates are all based
on completely independent samples. Using again A(z,8) = 0 for all z we write (using

Lemma 2.6)
EAN—A = EFEfy—rfa—E01(EfE fa—ffa)~E02( Ef Efa— fra)+O(N A1), (2.27)

uniformly in z. We will deal with each of the terms in (2.27) separately. We will just
demonstrate the procedure for the first term, where the proof for the other terms follows

trivially. We write
EFEfy — vfo = (Ef — ) (Efs — fo) + 1(Efa — fa) + fa(EF — 7). (2.28)

By Lemma 2.1, (2.28) is O(h?), uniformly in z, which with Assumption 2.D implies that
(2.28) is o( N~ %). So (2.24) holds. Expression (2.25) is fairly straightforward to deal with.

We will limit ourselves to proving

[{#@):T00,2) - BF@ (T, N} A bo)ule)da = 0,4, (229)

where the result for the other terms can be obtained in the same fashion. Lemma 2.6

states that E[ff,] — EFEf, = O(N~'h~1). Further,
#fo — EFEf, = (F — EF)(fa — Ef.) + (fa — Ef.)Ef + (7 — EF)Ef,. (2.30)

The first term on the right hand side in (2.30) is of lower order as seen when verifying
(2.23). We will now deal with the last term on the right hand side in (2.30) where the

middle term can be dealt with in the very same way.

Note that for any bounded function ¢,
/ kn(z — Xi)((2)dz = h / k(u)C(X;: + hu)du = hp(X:),
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which implicitly defines p. We define ¢ by ¢(z) = A(z, fo)w(z) E fa(T(0, z)). Hence

[ (@) ~ BB (T (0, D)z bo)u(2)dz
= [t@) - Br@K @)
= ﬁ Z / kn(z — X;)¢(z)dzY; — E [-A}—h E / kn(z - X;)((z)d:z:Y,-]
= 3 XY~ B[p(X0)¥i] = O,(N~H). (2:31)
This procedure can be applied in turn to all terms in the expansion of the left hand side
of (2.25) and so (2.25) holds. This concludes the proof of (2.22). The proof for C; is not

very different. We have to show that the left hand sides in (2.23) and (2.24) are o(N~%)

and that the left hand side in (2.25) times v/N converges to a normal distribution.

The proof of the first of these three conditions is simple; just apply the bandwidth re-
strictions of C; to the proof of (2.23) for case C;. The second is not hard either. Note

that
N 1 1 . R
Ef = i ’ZE[kh(z - X)) = XE[kh(z — X1){6o1 + fo2ma(X1)}] = €01 Ef + €02 B,
and hence
EAN(z,00) = EFEfo ~ € EfEfs — s EfEq = 0.

For the third we again refer to the proof for C;. From (2.31) and the discussion preceding
it, it follows that the left hand side of (2.25) times v/N can be written
1 J
i Z {Z_; (o3 (X:) - Ep,-(xl))} (2:32)
where J is some finite positive integer. By the Lindeberg-Levy Central Limit Theorem,

(2.32) is asymptotically normal with a finite variance.

50



Q.E.D.

Proof of Theorem 2.2
Because © is an open set and § is a consistent estimate of 8y € ©, § will (for sufficiently large N)
liein © a.s.. So we can assume that § € © and that no 8 ¢ © exists such that ||§ — ]| < ||6—60]|.

Because S, T, h, are all differentiable we use the Mean Value Theorem to obtain

m(z, ) — m(z,80) = (6 — 60)T S1& e (TG, 2))) ,  (2.33)

Ti(p*, z) w5 (T (p*, 2))S2(€%, a(T(1*, 7))

where subscripts indicate to which argument the partial derivative was taken and #* — which
may depend on z — lies between 6 and 6, and hence in ©. As a result of the argument just
preceding this Theorem and of Slutsky’s Theorem, the second factor on the right hand side in
(2.33) is bounded in probability. As assumed, the first factor is o,(N~#).

Q.E.D.

Proof of Theorem 2.3
The asymptotic mean squared error, as defined in (2.4), of the pooled estimate, as a function of

Q reads

M,y(Q) B2(Q) + V,(Q)

= [QB. + (1 -Q)B]% + Q*V, + (1 — Q)Y + 29Q(1 — Q)AsCov (i}, 1ig).
The asymptotic covariance in the last displayed equation is of lower order than the two variances,
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which are O(N~1h~!); we will not prove this, but a heuristic argument is easy to give. The
principal reason that the above statement is true, is that E[kZ(z — X1)] = O(k) and Efkn(z -
X1)kn(z — W1)] = O(h?), unless the density of (X1, W) is degenerate. Thus ignoring the last

term, expanding the last displayed equation leads to
M,y(Q) = [Vu +V + (B, — B)?]Q? + 2[B(B, — B) — VIQ + [B? + V] (2.34)

Minimising M,(Q) with respect to Q gives (2.5).

Q.E.D.

Proof of Theorem 2.4

Note first that } and V, can be consistently estimated if f,, fu, o2 and 02 can, where o2 and o2
correspond to o2 in (2.4). f. and f, can be consistently estimated, as follows from Lemma 2.5.
The estimation of o2 and o2 is discussed in subsection 2.3.3. In case C3, (B, — B) = 0, and hence
Q* is a function of V, and V only, which are estimable. In case C4, h* tends to zero faster than
(Nh)~! and hence the squared bias terms are of lower order than the variance terms and again 2*
depends (for large N) only on the variances. In case Cs, fa, fa, fo'sTas Thy Ty Fos for Fsmes ma, T
can all be estimated consistently in view of Lemma 2.5 and hence so can m,, m), m., m! and
thence B, B.,V, V..

It remains to be shown that a consistent estimate for Q* automatically leads to the same

efficiency. We have

{Q(z) - 9 (2) I (2) + (D (2) = z)}rha(2) + 15,00 (2)

ﬁlp’ﬁ(:c)

{Q(=z) - O (2)Hr} (2) ~ 1ha(2)} + 1hp,0+(2)

g, a0 (2) + 0p (Mg (2) — ma()| + Ia(2) — ma(2)]),
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because M}, and i, converge at the same rate to m, and 2 is consistent for Q*.

Q.E.D.

Proof of Theorem 2.5
Because M, (defined as in (2.34)) is quadratic in 2, there are two (possibly coinciding) solutions
to Mp(2) = Mp(£0), one of them being Q = o, where we shall call the other one Q.. Thus,

Mp(Q2) — Mp(S%) = 0 is equivalent to

Ve +V +(B. - B*HQ2 - Q%) + 2{B(B., ~ B) - V}{Q — Q} =0

& {V.+V+(B. - B2HQ— Q{2+ Do} + 2{B(B. — B) — V}{ — Qo} = 0,

such that Q, = 2Q* — Qo. If Q* > (L) N, 2Q* — Qo > (L) o, and because Q* € [, 22* — Q)
(Q* € [2Q* — Q0,Q0]), Mp(R) is less than Mp(§2), in all points on the afore-mentioned inter-

val.

Q.E.D.

Proof of Theorem 2.6

Expanding (2.7), we have

2 2 <= 2
o = =2 AmX@) - m(Xe-1)}

1=1
4 Y2
+ 5= 2 {m(Xw) — m(X-1)HU - Ug-n}
D =1
9 No
+ 3= 206 - Us-n} (2.35)

i=1
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By E[U;|X;] = 0, for all 4, j, and independence across U;, the last term in (2.35) is 02 +0p(1), as
N — 00. On the other hand, by the Mean Value Theorem, the first term on the right of (2.35)
is

Np
o (N—lp Z(X(.') - X(i-l))z) = 0p(Np ),

i=1

and if f is positive on [a, 8] this is Op(N~!). From these properties and the Cauchy inequality,
the intermediary term in (2.35) is O,(Np, %). It follows that

2 2

.2 P
0° > 0° as N — o0.

Q.E.D.

2.B Technical Lemmas

The lemmas in this appendix are fairly standard. The assumptions made in the main body of
this article, in so far as they concern r, k and f and the conditions on the various variables and
the way they are related apply here as well. In this section E should just be read as any compact

set on which f is bounded away from zero.
Lemma 2.1 We have
sup |[EF(z) — r(z)| = O(R2Y), 1=0,1,2.
TER

Proof:

We write

-[;li-—lE [kg‘) (z — X1)m(X, )] —r(z)

sup |EFD(z) — rD(z)] = sup
z

z
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ﬁli-_l / kg)(z — uw)r(u)du — r(z)

sup
z
For I > 0 the partial integration rule can be applied to obtain

1

= . (2.36)

T e —ur ()], + / ED (o — w)rD(u)du — rO(z)

sup
x
Because r € G, r is bounded and because k integrates to one, kj(—00) = kx(o0) = 0. Therefore,

the first term in (2.36) is zero. For I = 2 this step can be repeated. This leaves

. (2.37)

/ k() [rO(z = hv) = rO(z)] dv

sup % / ki (z — w)r®W(u)du — r(z)| = sup
z z

If | = 2 the boundedness of r/ implies that the above expression is O(1). For I = 0 we get by a

first order Taylor expansion

sup /k(v)[hvr’(z) + h%v%r"(z — hv; z)]dv
z
where (z — hv; z) is some number between z — hv and z. Because k € K3, [ k(v)vdv = 0 and

thus by k € K2 and r € G, the last displayed expression is O(h?). For I = 1 we write using the

Mean Value Theorem

hsgp /k(u)[vr"(z— hv; z))dv|.

Again, by the assumed boundedness of r” the last displayed expression is O(k).

Q.E.D.

A remark that should be made is that if r is first order Lipschitz-continuous, (2.37) is O(h),
and therefore so is E#"(z) — r''(z).
Obviously, the above lemma can just as well be applied to f. This also holds for the following

uniform convergence result:
Lemma 2.2 We have

o #010) BH00| =0, (47413, 10,1 =
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Proof:

We write the left hand side of (2.38) as

sup # > [kf.') (z-X;)Y; - E (kg) (z - XJ)Y:')]
J

z

Using k(z) = [ ¢&(u)e'**, we obtain

1 , z=X,; . @-Xgs
SUp | ST / w' e (u) {e"‘_’-“"Yj -E (e'"—r‘y,-)}du : (2.39)
j
After substitution of v = u/h, (2.39) can be bounded by
; 1 v X s v X
/ 'vl¢k(h‘v)|S\;p G NZ{e""XJYj — E (e7*%iY;) }| dv. (2.40)
j

The expression in (2.40) is non-negative, so it suffices to show that its expectation is

O(N-%h="-1) or

1 - i —ivX; - =1-
NZ{e vXiY; — E (e~ %Y;) }|dv = O(N—3h71-1). (2.41)

7

/ |v'¢k(hv)| sup Ie""’l E
z

But sup, Ie‘""l =1 and

/ |’U’¢k(h‘v)|dv = Fii-—l'/ I“I¢k(u)| du = O(h—l-l),

by the assumption that k& € K3, so we only need to show that the expectation in (2.41) is

O(N “5‘) uniformly in v. Thus, by the inequality of Cauchy-Schwarz

1 ioxs X
sup & NJZ{C wXiY; — E (%)}
2
< sup |E %Z{e“"x"Yj-E(e"“x"Yj)}
i
= O(N"%).
Q.E.D.

56



Lemma 2.3 We have:
522 f-(')(x) — r(l)(z)| = OP (N—%h—l—l + hz—l) i
reo

Proof:

Is a trivial combination of Lemmas 2.1 and 2.2.

Q.E.D.

Lemma 2.4 We have
sup vilh(z) = O (N~h=2-1), sup ViO(z) = O (N-*h-2-1)
re= T€E

Proof:

(We will only show the first result). We have
vill(z) = E[FD(z)? - E*#D(z)
= — L S ERO G- x) (mx:) + U]
= o 2 | B [0z - X (m(X:) + U]
— B [k{(z - Xo) (m(X:) + U3)] } (2.42)

The last expectation on the right hand side in the above equation is by Lemma 2.1, O(h?).

Because E[U1]X;1] =0, (2.42) is
le',ﬁ {E [(kfj)(z - Xl))2 m?(Xy )] +E [(kg')(z - xl)) ? E[Uﬂx,]] } + O(N-1h=2y.

Expanding the first expectation in the above expression we obtain (using the conditions on ¢

and k)

JE @ - P )dn = b [BO @]z - hu)du = O(h).
Q.E.D.
Lemma 2.5 We have at any point z € E

#0(z) — rD(z) = O, (N'*h""% + hz_x)
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and if ¥ is first order Lipschitz-continuous, #?)(z) — r(®)(z) = O,(N -sh-%4 h).
Proof:

Follows immediately from Lemmas 2.1 (and the remark immediately after it) and 2.4.

Q.E.D.
Of course Lemma 2.5 holds also for f with respect to f.

Lemma 2.6 Suppose we have for all z that #,(z) = #“)(z)7#“3)(z), where wy,wy < 2. Let

W=w)+ws+2. Lelr€Gy and let the kernel be k € K3. Then
E#,(z) - EF@)(z)E7Wa)(z) = O(N~1h!-9),

for all z.

Proof:
E [f)(2))(z)] - E#1)(2) B#2)(z)

= Nthw Y Y {E [0 - X)¥k@ - %)% | - B [K) @ - X)w)] E [ - X,);
i

N2p@
= O(N~'A-9).

= = 3 Cov (K2 - XY, Kz = X)T:)

Q.E.D.
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Part 11

Serial Independence Testing
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Chapter 3

Serial Independence Testing

3.1 Principles

This chapter serves as an introduction to Chapters 4 and 5, in which we extend one serial
independence test, and put forward another.

In this chapter, depending on the context, we shall either be discussing tests for independence
or for serial independence. We shall give a detailed explanation of these concepts in Subsection
3.1.1. In the first case, we assume to have observed an i.i.d. sequence {(X1¢, X2:)}, and we wish

to test whether X;; and X5; are dependent upon one another. Thus, we wish to test

Ho : Xi1 is independent of Xa;,
versus

H; : X, is not independent of X5;. (3.1)

In the case of serial independence testing against serial dependence of order J — 1, we test for

a stationary series {X;}, i.e. a series for which the distribution of (Xt4,,,. .., Xt+s,) for any
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s1 <---< 8y; J >0 does not depend on t, whether

Ho : {Xi}areiid,,
versus

H; : Xi,...,X7 are not all independent of one another. (3.2)

There are two considerations in selecting an independence test, or any other test for that

matter. These are consistency and efficiency.

Definition 3.1 A test is called consistent against a certain alternative if the probability that the
test rejects the null if the alternative is correct tends to one, when the number of observations

tends 1o oo.

A test that is not consistent against a certain alternative, may still have power greater than the

significance level against that alternative, but the power will not tend to one, asymptotically.
The efficiency of a consistent test against a certain alternative is related to how fast the

power tends to one, as the sample size increases, if the alternative hypothesis holds. The faster

power increases as sample size increases, the more efficient the test is.

Definition 3.2 We call an independence test parametric, if under the alternative, the relation-
ship between the two variables whose independence is to be tested can be ezpressed in a finile
number of parameters; il is called nonparametric if such a relationship would require an infinite

number of parameters.

Parametric correlation tests, for instance, are related to linear alternatives, whilst a (first or-
der) Autoregressive Conditional Heteroskedasticity (ARCH) alternative takes the form X; =

€q/1+ 0X2 ,, with 0 < 8 < 1 and {e:} white noise, the latter example being relevant only in

a time series context. Parametric tests will generally be consistent against a much wider range
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of alternatives than the parametrised alternative mentioned above, but they will generally not
be consistent against quite as wide a class of alternatives as nonparametric tests. However,
nonparametric tests are generally not as efficient as parametric tests with respect to alternatives
against which the latter type is consistent.

Nonparametric tests generally require some additional regularity conditions, mostly related
to the dependence structure under the alternative hypothesis. Mixing conditions are particularly
relevant in this context; they are discussed in Section 3.1.2.

In Section 3.2, we discuss some parametric tests, whilst nonparametric tests are reviewed
in Section 3.3. Section 3.4 discusses some specification tests and the relevance of nuisance

parameters. Finally, Section 3.5 discusses the choice of test in a particular situation.

3.1.1 Independence versus Uncorrelatedness

In Chapters 4 and 5, independence and uncorrelatedness play an important role. We therefore

discuss them in the current subsection.

Definition 3.3 The random variables X; and X, are called independent if for all (Borel-)

measurable sets A and B, P[X; € A, X, € B] = P[X; € A]P[X; € B].

A generally more practical yet equivalent definition is that the joint distribution function Fi; of
(X1, X32) is everywhere equal to the product of F; and F3, their marginal distribution functions.
We relax this restriction to Fj; being almost everywhere equal to F} x F,. The difference is
obviously irrelevant in practice. For continuous distributions, independence also implies that
the joint density fi3 of (X, X2) is equal to the product of the marginal densities of X; and X5,

f1 and f, for almost all values of the argument.

Definition 3.4 Let EX2+EX3 < co. The random variables X1 and X, are called uncorrelated

when E[(Xl - EXI)(Xz - EXz)] =0.
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If X; and X5 have finite second moments, independence implies uncorrelatedness, but not vice
versa. If second moments do not exist, uncorrelatedness loses its meaning. This is particularly
relevant in finance, as many financial time series have been found to have fat-tailed distributions.

An example in which X; and X, are uncorrelated but not independent, is the case where
Xz = e\/1+ 6XZ, for some 8 > 0, with € some arbitrarily distributed random variable with zero
mean and finite variance, that is independent of X;. Indeed, E[X2{X1 — EX,1}] = E[e]E[{X1 -
EXI}\/W] = 0. However, if X; and X are jointly Gaussian, their uncorrelatedness does
imply their independence.

In time series analysis, we are often interested in serial independence and serial uncorrelat-

edness.

Definition 3.5 A stationary time series {X:} is called serially independent of order J — 1, if

X1,...,Xy are mutually independent.

Definition 3.6 Let p; = Cov[Xi, X14;]/V X1, for all j, ezxist for all j. A covariance stationary

time series {X,} is called serially uncorrelated of order J — 1, ifp; =0, forallj=1,...,J—1.

Again, if second moments exist, serial independence of order J —1 implies serial uncorrelatedness
of order J — 1, but not vice versa. Obviously, serial independence of order J — 1 does not imply
serial independence of order J, although the converse is true. An i.i.d. series is thus serially
independent of infinite order.

We shall call random variables dependent (correlated) when they are not independent (un-
correlated). This may sometimes be a bit awkward as X; = 0.X;_, + €;, with {e:} white noise,

is not only serially dependent of order two, but also of any order greater than two.
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3.1.2 Mixing Conditions

The conditions described in the current subsection relate to the way dependence between two
elements in a stationary time series decreases as the elements are farther apart, time-wise. We
begin with the discussion of some standard mixing conditions.

2

Definition 3.7 A stationary series {X:} is called strong mixing, if a sequence of ‘mizing

numbers a(t), with a(t) — 0, as t — oo, ezists, such that for allt,s > 0

sup  |P[AB] - P[A]P[B]| < a(s), (3.3)

AEM BEMT,

where M} is the o-algebra generated by {X;} in periods t to s.

As two events A and B are independent when P[AB] = P[A)P[B], |P[AB] — P[A]P[B]| may be
viewed as a measure of their dependence. If s in (3.3) is large, A and B are events related to
(combinations of) elements that are far apart in time. The greater s, the less dependent events
A and B are allowed to be, and when s tends to oo, dependence should disappear altogether.
Strong mixing is originally due to Rosenblatt (1956); an extensive discussion of both strong
mixing and uniform mixing, which is introduced further below, can be found in Ibragimov and
Linnik (1971). Rosenblatt (1956) showed that strong mixing series allow a central limit theorem.
Davydov (1968) obtained the following very useful result for strong mixing processes, which can

in a different guise also be found in Ibragimov and Linnik (1971), Lemma 1.

Lemma 3.1 (Davydov’s Inequality) Let {X;} be strong mizing with mizing numbers {a(t)},
and let Yy and Yy be measurable with respect to M§ and Mg3,, respectively. Assume thatap> 1

and a 0 < C < oo ezist such that E|Y1|P < oo, and |Y3] < C a.s.. Then
|E[Y1Ya] - EY:EY3| < 6E¥|YiPa’™F (s). (3.4)

Proof:

See Davydov (1968).
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There are however relevant cases for which the strong mixing condition does not hold. Borges
(1991) (page 7) showed that a series {X;} defined by X; = €,+ 3,2, s~ %€;—,, for 0 € (3,1), with
{e:} white noise, is not strong mixing. Another example, in this case for a discrete autoregressive
process of finite order was given by Andrews (1984). Another example of a non-strong mixing
process can be found in Rosenblatt (1961). It has long been known that stationary and invertible
Gaussian Autoregressive Moving Average (ARMA) models are strong mixing with exponentially
decaying mixing numbers {a(t)} [cf. e.g. Ibragimov and Rozanov (1978)].

Another condition that is frequently applied is absolute regularity.

Definition 3.8 A stationary series {X:} is called absolutely regular with mizing numbers

{8@®)}, if

supE[ sup |P[B|Mj —P[B]I] < B(s),
t BeMSS

142

where B(s) — 0, as s — oo.

Absolute regularity is apparently due to Kolmogorov. Volkonskii and Rozanov (1961) were the
first to study the properties of processes satisfying the conditions of Definition 3.8, however.
Absolute regularity is somewhat stronger than strong mixing. It is frequently used to obtain
asymptotic results for U- or V-statistics (see also Subsection 3.1.3). As absolute regularity is
stronger than strong mixing, the same counter examples apply. Pham and Tran (1985) discuss
conditions under which Gaussian autoregressive moving average (ARMA) type processes of finite
order are absolutely regular.

Yoshihara (1976), Lemma 1, [cf. also Denker and Keller (1983), Lemma 6] proved a very im-
portant result for absolutely regular processes, which we reproduce in an adapted and simplified

form below.
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Lemma 3.2 For any absolutely regular series {X,} with mizing numbers B(t), and any combi-

nation of function g and 6 > 0, for which all expectations below ezist,

IEg(Xt) XJ) - EIg(Xfy XG)I

< 4 [max{Elg(Xe, X,)|"*, Erlg(Xe, X, )+ }] ™ g (Jt — o),

where Er denoles the expectation under independence of X; and X,.

Proof:

See Yoshihara (1976), or Denker and Keller (1983).

Lemma 3.2 establishes a relationship between the rate at which E[g(X.,X,)] for absolutely
regular {X;} converges to the same expectation for i.i.d.A {X:}, and the rate at which the
mixing numbers tend to zero. Indeed, if we set t to zero, Lemma 3.2 implies that a sequence
{C(s)} exists, such that |Eg(Xo,X,) — Erg9(Xo,X,)| < C(s) « ﬂ'l"i"(s), for s > 0, where
o« means ‘is proportional to’. If ¢ were bounded, one could let § — oo, thus implying that
|Eg(Xo, X,) — Erg(Xo, X,)| is bounded by a quantity which is proportional to the s-th mixing
number.

A mixing condition much stronger than absolute regularity is uniform mizing. Indeed, Ibrag-
imov and Linnik (1971), Theorem 17.3.2, show that if a Gaussian series is uniform mixing, de-
pendence can only be of finite order, in the sense that some s* exists, such that X; does not
depend on X;_,, for any s > s*, and any ¢ (this additional explanation is needed in view of our

definition of serial dependence of certain order at the end of Section 3.1.1).

Definition 3.9 A stationary series {X;} is uniform mizing if and only if a sequence of mizing

numbers {$(t)} ezists, such that
sup |P[B|A] - P[B]| < &(s),
t,AEM}, BEMy,

for all s.
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Another condition we shall use is one we have coined “trigonometric mixing”.

Definition 3.10 A stationary series {X;} is called trigonometric mixing with mizing numbers
a(t), if
sup{| Cov{cos(uX1), cos(vX145)}| + | Cov{sin(uX1), sin(vX14,)}|} < a(s), (3.5)
u,v
with a(s) — 0, as s — o0.

Trigonometric mixing is closely linked to strong mixing, and we have therefore used the same
symbol for its mixing number sequence. Strong mixing implies trigonometric mixing. This is
an immediate result of Lemma 3.1.

To show that strong mixing implies trigonometric mixing it suffices to show that for any
strong mixing series, (3.5) holds for a certain sequence of (trigonometric) mixing numbers.
Applying Lemma 3.1 to the sines and cosines in (3.5) is adequate for this purpose.

We have no evidence indicating how often a series is trigonometric mixing, but not strong
mixing. We are not even sure any such series exist. Moreover, many authors have used strong
mixing, where a weaker assumption would have sufficed. As trigonometric mixing is at least as
weak as strong mixing, we shall nevertheless assume trigonometric mixing rather than strong
mixing in Chapters 4 and 5.

Another mixing condition was used by Robinson (1991b). Robinson left his mixing condition

nameless. As it is defined in terms of characteristic functions we shall call it CF-mixing.

Definition 3.11 A stationary series {X;} is called CF-mixing, with mizing numbers v(t), if

forallt >0
[ 1Be=Xun — |peeX iy < o), (3.6)

where v(t) — 0, as t — oo.
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Definition 3.11 is likely to be weaker than the other mixing conditions discussed in this subsec-
tion. Definition 3.11 restricts an average rather than the supremum of the absolute difference

of the two characteristic functions, as Definition 3.10 does.

3.1.3 U- and V-statistics

U-statistics are originally due to Hoeffding (1948), and are very popular in the nonparametric

estimation and testing literature.

Definition 3.12 A U-statistic is a statistic of the form
-1

N
U= Zz > 9 Xuyse. s Xey) (3.7)

J th ta>ty  ty>tsoy
Here, g is called the U-statistic kernel and is often assumed to be symmeiric in ils arguments.
Let g1(z) = Er[g(z,X3,...,Xs)]. Then g is called degenerate (for the distribution used in the
afore ezpectation and the hereafier used variance) if Vg1(X1) = 0. A V-statistic is a statistic of

the form

V=NTY > g(Xe, .0 Xe,)-
t1 ty

An example of a degenerate kernel is g(z, z2) = z1z2, which is degenerate for all distributions
with £X; = 0. The restriction that g be symmetric is not important, as if g is not symmetric,
we may replace g(X,,...,Xs,)in (3.7) by F{g(Xe,,..., Xe,)+9(Xeys ... s Xes_0y Xey, Xeyo,) +
et 9(Xay, .., X0}

Of course, U- and V-statistics are very similar, and are usually treated simultaneously. The
following theorem is due to Hoeffding (1948), and can also be found in Serfling (1980), Theorem

A on page 192.
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Theorem 3.1 If {X;} are i.i.d., Eg*(Xi,...,Xj) < 00, and Vg;1(X1) > 0, then

@{U — Bg(Xy,...,X1)} 5 N(0,Vgi1(X1)).
Proof:

See Hoeffding (1948).

A simple example is the U-statistic with g(z,y) = (z — y)?. Because g1(z) = E[g9(z, X1)] =
2?2 — 2zEX; + EX2, Theorem 3.1 implies that VN(U — E[X1 — X2]?) S N(0, 4ua — 16p3p; +
32uop? — 4p} — 16ut), where pu; = EX?, provided that EX# < oo.

A similar result is available for absolutely regular processes (Definition 3.8). The following

is due to Denker and Keller (1983), Theorem 1 (c).

Theorem 3.2 Let g be a non-degenerate kernel. Let {X;} be absolutely regular with
mizing numbers B(t) such that a § > 1 ezists for which Z,ﬁl‘i?(t) < oo, and
SUDy, ctrccty BI9(Xtys oo 1 Xe, )1 < 00, Let 02 = Vgi(X1) + 23,5, Cov{X1, X} # 0.
Then

vN

U - Eilo(Xs,..., X5)} £ N(0,0%).

Proof:

See Denker and Keller (1983).

3.2 Parametric Tests

As indicated in Subsection 3.1.1, we present some parametric independence tests. In Subsection
3.2.1, we discuss some parametric tests for uncorrelatedness and in Subsection 3.2.2 we examine

the Lagrange Multiplier test, the Likelihood Ratio test, and the Wald test.
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3.2.1 Tests of Uncorrelatedness

The first correlation test dates back to the end of the last century. The basis for the first serial
correlation test, or rather serial uncorrelatedness test, we know of, was laid by von Neuman
(1941). His idea was based on the mean square successive difference of von Neuman et al.
(1941), which is given by Tvl—_l >_¢(Xit41 — X:)?%. Von Neuman et al. were particularly interested
in Gaussian series, for which they wished to determine the presence of trends. They noted
that half the mean square difference estimates the population variance, if the elements in the
series are identically distributed and uncorrelated, which for Gaussian series is equivalent to
them being i.i.d., as we noted in Subsection 3.1.1. However, if the observations are identically
distributed but have non-zero first order autocorrelations, then half the mean square successive
difference does not estimate the variance, and the ratio of mean square successive difference to
variance may thus well serve as a basis for testing for uncorrelatedness.

Von Neuman (1941) obtained expressions for the distribution of the afore-mentioned ratio
for Gaussian series. We are interested in testing for uncorrelatedness (Hy) against first order
serial correlation (H1). We assume throughout that {X:} is stationary and ergodic and that X,
has an arbitrary distribution with £EX; = 0 and 0 < VX; < co. Von Neuman’s ratio is under

these conditions given by

P Yoi( X1 — Xi)?
> XE

Under the above conditions, 7vn Foa- 201, where p; = E[X1X3]/EX?, which follows imme-

diately with the ergodic theorem.

Strictly speaking, the stationarity condition is stronger than required; we could obtain a re-
sult for non-stationary martingale differences, which are defined below, under certain additional
conditions. Two of these conditions are that {X;X;41} is a martingale difference sequence, and

that V[X;X3] = V2X;, both under the null.

70



Definition 3.13 {X;} is a sequence of martingale differences if E[X;|M} '] =0.

{X:X:41} are martingale differences if {X;} are martingale differences with P[X; = 0] = 0, for
all t, as B[ X Xe41|Xe-1Xy,..., X1 X2] =

E[Xi E{ X141 X, Xt-1X4, ..., X1 X2}| Xi-1X4, . .., X1X2] = 0, because the inner expectation is
equal to E[X¢41|Xt,...,X1), as P[X; = 0] =0, for all £.

McLeish’s (1974) central limit theorem for martingale difference sequences implies that
N3, XeXep LA N(0,V[X1X2]). As we assumed that V2X; = V[X;X;), in the paragraph
preceding Definition 3.13, N=¥ 3, X; X141 ﬁv N(0,V2X1), and hence VN(fvn —2) 4 N(0,1).

The condition V[X;X;] = V2X, is necessary to get asymptotically valid test results. This
condition does not hold for all {X,} that are serially uncorrelated, however. Indeed, if {X;}
is Autoregressive Conditionally Heteroskedastic (ARCH), i.e. X¢41 = €1411/1 + 0X7, with {e;}
white noise and 0 < 8 < 1, then E[X?X3) = Ee2E[(1+0X?)X?] # V%X, although E[X) X;] =
Ee1E[\/1+6X2X;] =0.

Durbin and Watson (1950, 1951, 1971) applied Von Neuman’s statistic to the residuals of
linear models, as we shall see in Section 3.4. Box and Pierce (1970) and Ljung and Box (1978)
were also primarily interested in the problem studied by Durbin and Watson, and their efforts
are therefore also discussed there.

It should be noted that tests for uncorrelatedness are particularly powerful against linear
alternatives. Nevertheless, there are many other alternatives against which they are also consis-
tent, but the class is more limited than that of nonparametric tests. It is important to notice,
that in order for uncorrelatedness tests to make sense, V. X; must exist. Particularly in financial
data, one often encounters leptokurtic distributions. In settings like these, one should therefore

be very careful with applying an uncorrelatedness test.
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3.2.2 The Lagrange Multiplier Test, the Likelihood Ratio Test, and

the Wald Test

We now turn to test for serial independence against a certain parametric alternative.

The three tests in the title of this subsection are all defined in the context of maximum
likelihood estimation, although the Lagrange multiplier principle can easily be extended to
models in which parameters are estimated by other extremum estimates, and the Wald test
can be generalised to cover a still wider variety of situations. However, when parameters are
estimated by maximum likelihood estimation, all three tests are efficient, provided that the

distribution specified is correct.

3.2.2.1 Wald Test

If the restriction to be tested is a(fp) = 0, with 6y the true parameter vector, then the Wald
(1943) test examines a(f), where 6 is the unconstrained maximum likelihood estimate of .
When § is not a maximum likelihood estimate, the test is not necessarily efficient, but, as we
show below, provided that N (§ — ;) 5N (0,V), with V some positive definite and finite
variance matrix, and that a is totally differentiable at 8y, we still have N ¥a(6) AN (0,v*), for
a positive definite and finite matrix V*.

By Slutsky’s theorem, a(f) £ a(fo), whenever a is continuous. Indeed, if a is totally differ-
entiable, and N¥(6 — 65) 5 N(0,V), then N*{a(6) — a(60)} 5 N (0, 216,V 22ls,), such that,

under the null,

. 5 [ O da, \7' -
w = NaT0) (grlaVggln) o) 5, (39)

where s is the number of restrictions in a. A simple example would be to test whether 6y = 0
in X;41 = 00X; + €141, assuming —1 < 83 < 1. The maximum likelihood estimate for o

is under Gaussianity asymptotically equivalent to the least squares estimate, which is § =
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¥, Xt Xt41/ Yo, X2. Under the null, N=% 37, X; X141 LA N(0,E%X?), and the AR specification
could then simply be tested by Y, X¢ X¢41/ 3, XZ, which is the basis for the Box Pierce (1970)
test, discussed in Section 3.4.

Although the Wald test is very simple, it is often criticised for the degree of arbitrariness,
resulting from the specification of a. Indeed, testing 6y = 0, is equivalent to testing 82 = 0, but

the test statistic will attain different values [cf. e.g. Lafontaine and White (1986)].

3.2.2.2 Likelihood Ratio Test

The likelihood ratio test compares the values of the loglikelihood under the null and that of
the loglikelihood when no restrictions are applied. If L(f) denotes the likelihood at 8, then the

likelihood ratio test statistic is defined as

LR = 2log EEZ.;,

where @ is the unrestricted maximum likelihood estimate of the true parameter vector &g, and
§ is that under the restrictions applying under the null hypothesis. ¥z is always greater than
or equal to zero, because L(é) > L(é). Indeed, under the null hypothesis, 7rr A x3, provided
that certain additional regularity conditions are satisfied [cf. Godfrey (1988), Section 1.4].

A disadvantage of the likelihood ratio test is that one needs to know the distribution of X}
to be able to specify the likelihood equation. The Lagrange multiplier test may, in principle,
also be applied in settings other than those involving maximum likelihood estimation, and it

does not require the actual maximum likelihood estimates to be computed.

3.2.2.3 Lagrange Multiplier Test

The Lagrange multiplier test is conceptually more difficult, but generally easier to implement,

than the likelihood ratio test. It is applied to models, in which the parameters are estimated
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by means of maximum likelihood, but one could easily extend this to other settings. Indeed,
any model with parameter estimates that can be defined as optimising an objective function
is in principle suitable, although certain regularity conditions are required. We shall however
examine the test in the original format, where the objective function is the loglikelihood.

We shall not list all the regularity conditions required for the Lagrange multiplier test to
apply, but refer to Godfrey (1988), page 6-7, for the interested reader. One very important con-
dition, however, is that the loglikelihood be strictly concave (convex for minimisation problems)
near fg.

Let f denote the density of X;. Then the loglikelihood function, for a time series model, is
given by Ly(0) = Ef;l log f(thMf,'l;H), where, as before, Mf,"l denotes the sigma algebra
in periods 0 through ¢t — 1. As before, we wish to test the restriction a(6y) = 0. Godfrey’s (1988)
regularity conditions only apply to linear a, but nonlinear a are in principle also possible.

If the null hypothesis holds, imposing the restriction a(d) = 0, will asymptotically have no
effect, provided that @ is consistent for 6, which is ensured by the afore-mentioned regularity

conditions. Hence, under the null, we could also estimate 6y by
6= argmax, {Ln(0) — Aa(8)}.

The first order conditions are

0Ly Oa  « _
20 i " Tt = 0
a(d) = 0.

In a linear regression context one usually lets a(f) = Ry — r, for some matrix of constants R,

and some vector of constants r.
If a(f) = 6 — 6*, with 6 and 6* scalars, then A is just the first derivative of the loglikelihood

at 6*. Because in this case 8o = 6* under the null, A should then converge to zero, in probability.
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If the test is defined in terms of the value of A, one has the proper Lagrange multiplier
form suggested by Aitchinson and Silvey (1958,1960). Closely related is the score test, which is
often also referred to as the Lagrange multiplier test. Originally due to Rao (1948), it examines
the behaviour of ;\T%—S|5~ The score test is equivalent to the Lagrange multiplier test, but it is

usually easier to obtain, particularly if @ contains more than one restriction.

The first derivative of the loglikelihood at ¢ is
of - -
Ly(8) = - ‘a'gl(x.w;-‘;a)f HX MG ).

Under the null, and under suitable regularity conditions [cf. Godfrey (1988), page 6-7, for those
for linear aj, %,—Ljv(é), where § is again the restricted maximum likelihood estimate, converges
in probability to 0, and N~ L, (6) AN (0,—E[limy—co N~1LY (6*)]). If we call the variance
matrix of the limiting normal distribution V,

laﬂ

1 £

. 70 -
LM = ,\ngh;v

where 1 < s < 0o is the number of restrictions in a.

Many tests have been based on the Lagrange multiplier test, and many that were not, origi-
nally, can also be written in that form. Suppose for instance that f(X¢4+1|M3;00) ~ N(80 Xz, 0?),
—1 < 8y < 1, which corresponds to a first order AR specification, X¢41 = 6oX; + €141 with
{et} Gaussian white noise with Ve; = a%(1 — 65)?. We want to test o = 0, such that a(8) = 6.
Now, if ¢ = logv/2m, then Ly(6o) = —Nc — Nlogo — 3, (Xt+1 — 80X:)?/(20?), such that
Liy(0) = %Y, XiXi41, and LY (0) = =5 3, X2. Under the null, N-3L(0) 4 N(0,1),
as expected, and indeed N-1{L};(0)}? 5 x2. o2 is not observed, but can be estimated by
# ¢ X2, leading to

Y XX\ ¢
N( s ) X
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which is, as we have seen earlier, the basis for the Box Pierce (1970) test, discussed in Section
34.

Many other tests for parametric hypotheses have been based on the Lagrange multiplier
principle, amongst others Engle’s (1982) ARCH test. Indeed, most parametric tests are based

on the Lagrange multiplier principle.

3.2.2.4 Concluding Remarks

It is a well-known fact [cf. e.g. Godfrey (1988), page 17] that the Wald test, the likelihood ratio
test, and the Lagrange multiplier test are all asymptotically efficient, against the parametrised
alternative. If all three are defined, always 7w > TLr > 7Lm, where the inequality obviously
disappears, asymptotically. None of these tests is consistent against as wide a class of alterna-
tives as most nonparametric tests, but they generally do have power against other alternatives
than the specified one. It should also be noted that all three are used in the context of maxi-
mum likelihood estimation, which requires knowledge about the distribution of X;. Indeed, an

incorrect specification of this distribution may lead to incorrect results.

3.3 Nonparametric Tests

As mentioned above, nonparametric tests neither require distributional assumptions, and are
usually consistent against a very wide range of alternatives. Parametric tests, on the other
hand, are commonly based upon a specified parametric alternative, and require distributional
assumptions, at least to be efficient.

There are many ways to test for independence, nonparametrically. The first type of non-
parametric independence tests were rank tests, which are discussed in Subsection 3.3.4. One

may also compare the joint distribution function to the product of the marginal distribution
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functions; such tests are discussed in Subsection 3.3.1. If the distributions in question are con-
tinuous, one may alternatively compare the joint density to the product of the marginal density,
as the tests that are discussed in Subsection 3.3.2 do. The tests in Subsection 3.3.3 compare
the characteristic function of the joint distribution to the product of the characteristic functions
of the marginal distributions. Brock, Dechert, and Scheinkman’s (1987) correlation dimension
test, which is discussed in Subsection 3.3.5, is based upon the correlation dimension, which is
also discussed in that subsection. Finally, there exist some nonparametric tests that have a null
hypothesis under which each of the X,’s is a (possibly infinite) linear combination of i.i.d. white
noise, whereas under the alternative the relationship may be nonlinear, also. One test of this

type is discussed in Subsection 3.3.6.

3.3.1 Distribution Function Based Tests

Distribution function based tests are the oldest nonparametric independence tests. The first to

propose such a test was Hoeffding (1948). He examined the quantity

/ {(Fia(z,9) - Fi(2)Fa(9)}?dFia(z, 9), (3.10)

which is zero, if F12(z,y) = Fi(z)Fa(y), almost everywhere, and is greater than zero, otherwise.

(3.10) can be estimated by

2
o= 3 [% > 1(X < Xu) {I(Xzs < Xa) = 3 Y (Xau < Xz:)}] SENEREY

which is an asymmetric V-statistic. However, its kernel (when symmetrised) is degenerate, such
that Theorem 3.1 can not be applied. The theory for degenerate kernels [cf. Serfling (1980),
Theorem B, page 193] implies that N7yo is asymptotically distributed as }_, 3, As; Ass, Where
the A¢,’s are mutually independent x?-random variables. The J;,’s are obtainable and are, for

continuous distributions, not dependent on the distribution, and the asymptotic distribution
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can therefore be tabulated. Hoeffding (1948) only obtained the characteristic function of the
asymptotic distribution; Blum, Kiefer, and Rosenblatt (1961) suggested the above representa-

tion.
Blum, Kiefer, and Rosenblatt (1961) extended Hoeffding’s idea, and also suggested (3.10)
could be replaced by a measure of the form
sup | F12(z,y) — Fi(z) F2(y)l, (3.12)
z,y
which could be estimated by
1 1
i Z:I(Xn <z) {I(th V-5 ;I(xza < y)}

Using the Kolmogorov-Smirnov representation of (3.12) and (3.13) instead of the Cramér-von

fBKR = sup . (3.13)

z,y

Mises one used in (3.10) and (3.11), would not alter the mathematical treatment very much.
However, in practical terms, fyo may perhaps be preferred over #sxr, because it is easier to
compute.

Skaug and Tjgstheim (1992b) extended the work of Hoeffding (1948) and Blum, Kiefer
and Rosenblatt (1961) to the framework of serial independence testing. They showed that
[ {Fi2(z,y)—F(z)F(y)}*dF12(z, y), the equivalent of (3.10) in the context of serial independence

testing, can be estimated by

Fsp = %2 [%ZI(Xs < Xi) {I(Xa+1 < Xiy1) — %ZI(XIHI < Xt+1)}] )

and showed N7gp to have an asymptotic distribution of the same type as that of Hoeffding
(1948), and Blum, Kiefer and Rosenblatt (1961). They also obtained expressions for the A¢,’s,

and suggested a test for serial independence against serial dependence of order J — 1, that uses

J-1
. 1 1 1
#r=3 TV-Z [WEI(Xc < Xi) {I(X.9+J' < Xeyj) - NZI(X.,.H- < Xt+j)}] '
j=1 t s u
which they showed to have an asymptotic distribution of the afore type, albeit with the A;,’s

mutually independent x3_;.

78



Delgado (1993), in an effort independent of that of Skaug and Tjgstheim (1992b), obtained
the same result as Skaug and Tjgstheim for the case of testing against serial dependence of order
one, but chose an approach that is somewhat closer to the original one, for testing against higher

order alternatives. He suggested to examine

)
J-1 J-1
1 1
= ﬁz ['ﬁ Y o I(Xsy < X2) { IT 1ots < Xai) = 3 > [T 10X, < Xt+j)}] :
t 50 j=1 $1 §J-1 j=1

He obtained an expression for the asymptotic distribution of N ?1(,'2, and also suggested a boot-

strapping method to improve the rate of convergence of his statistic.

3.3.2 Density Function Based Tests

All tests in this subsection are based on distance measures, that take the value zero, when
frz(z,y) = f1(z) f2(y), almost everywhere, and a positive value, if this is not the case. The four
measures that have been used are the Li-distance, the L;-distance, the Kullback-Leibler (1961)
[see also Kullback (1959)] information criterion, and the expected difference, which are (in the

present setting)

i, = [{fules) - Ale)fa) dsdy (3.14)
i = [lfu(e) - A@hded, (3.15)
Txe = [ fulzv)iog fale,) - log (=) ~ log (w)}dady, (3.16)
Zir = [ fulz0){fule) - (@) @)dsdy. (3.17)

Evidently, (3.14) to (3.17) could be used to test a variety of hypotheses other than (serial)
independence. It is obvious that both Zr, and 7y, are zero under the null, and greater than

zero, otherwise. Skaug and Tjostheim (1992a) showed that this is not necessarily the case for
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Z%p. It is true, however, for Tz, which is not obvious. Kullback (1959) provided the following

lemma [Kullback (1959), Theorem 3.1].

Lemma 3.3 For any two bounded densities f and f* that have the same support,
J f(z)log{f(z)/f*(z)}dz > 0, and there is equality if and only if f(z) = f*(z), almost ev-
erywhere.

Proof:

Let g(z) = f(z)/f*(z), for all z, for which f*(z) > 0. Then, by the mean value theorem,

JEQITS =) 4 = [ @@ osa(e)iz

7@
= o Lot -1y 4 0@ =1
= [rofue -1+ B2 ez

as the first term in the last displayed equation is zero, and because 0 < {g(z); 1} < oo, the second
is non-negative, and zero only if g(z) = 1, in almost all z, which is equivalent to f(z) = f*(z),
in almost all z.

Q.E.D.

Rosenblatt (1975) replaced the densities in (3.14) with kernel density estimates. Wahlen
(1991) extends this idea in his Ph.D. thesis [published in reduced form as Rosenblatt and Wahlen
(1992)], in that no longer the bandwidth necessarily needs to converge to zero at a rate of N~3.

They showed that

taw = N0 [{fu(e9) - @ h@)Yd,
where the f’s are kernel density estimates, and A a bandwidth, behaves asymptotically as a
N(A; — hAj,, h?0?)-distributed random variable, where Ay, Az,0% > 0, or, differently stated,
that A=)(7aw — A1 + hA) 5 N(0,02) [see Rosenblatt and Wahlen (1992), Theorem]. The
mean A; — hA, is not directly estimable, and one may therefore need to use simulated critical

values.
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A problem associated with all nonparametric density estimation techniques is the need for the
choice of a sample-size-dependent bandwidth parameter. The bandwidth usually has a strong
impact on performance. See Subsection 1.3.1 for a short discussion of bandwidth selection
procedures. Kernel estimates moreover require the choice of a kernel, and this issue is also
discussed in Subsection 1.3.1. It is probably feasible to generalise the work of Rosenblatt and
Wabhlen to serial independence testing.

Chan and Tran (1992) estimated Zz, in (3.15) using histogram density estimates [cf. e.g.
Prakasa Rao (1983), page 93 ff.]. For densities limited to a bounded support, they showed that

their test based on

for = j \Fia(z, %) ~ f(z)F(v)ldzdy,

where the f’s are histogram based density estimates, is consistent against all departures from
the null of serial independence against serial dependence of order one. For densities with infinite
support, their statistic will reject any alternatives for which the integral in (3.15), taken over a
bounded and practitioner-chosen interval, is not equal to zero. If the histogram density estimates
are replaced by kernel density estimates, it is, under certain smoothness conditions, probably
possible to prove that tests based on 7o are generally consistent against all serial dependence of
order alternatives, for densities with infinite support, also. They failed to obtain a convergence
rate or indeed a limiting distribution for their statistic, relying on a resampling scheme to provide
the critical values for their test.

The Kullback-Leibler (1961) information criterion has been used by various authors.
When testing for serial independence against serial dependence of order one, one may use
[ fra(z, y){log fia(z,y) — 21og f(z)}dzdy, or a statistic based on * Y {log fiz2(Xe, Xi41) —
2log f(X:)}. Robinson (1991a) examined the latter type, but found that if the f’s were chosen

to be kernel density estimates, its asymptotic distribution was intractable. He therefore chose
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to introduce a weighting sequence {c;}, with ¢; = 1 + y{1 — 2I(t even)}, for some v > 0. His
statistic,

R L ) ci{log fra(Xe, Xegr) — 21og £(X2)}, (3.18)

1\/2NV log £(X1) €5

where Vlog f(X1) = ¥ 2t log? f(X:) — {(+>, log £(X:)}?, has an asymptotic N(0,1) distri-

bution, under the null hypothesis, provided that f and fi2 have compact support. The set
S in (3.18) serves to trim out observations for which fi2(X:, Xi41) or f(X;) is less than, or
equal to, zero. The choice of ¥ is quite important: choosing v large will lead to a good normal
approximation with reduced power, whilst choosing vy small will result in the power being large
but the normal approximation being poor. The reason is that

~ 1 _
= AV & o 08 (Xew) —log S(X0))

will for any positive ¥ approximate the asymptotic N (0, 1), reasonably well, but that #rg — #rr

is relatively large for small v, and indeed small for large v, although asymptotically this term
will vanish altogether. Drost and Werker (1993) used a large scale Monte Carlo study to show
that for the categorical data equivalent of 7g, this is indeed a serious problem. One may set

¥ = 0, replacing 7r by

= 3 _{log fra(Xe, Xeq1) - log £(Xe)}-
tes

One would obviously have to use simulated critical values to draw conclusions on the basis of
Tk, as its distribution is intractable, even (after proper rescaling) asymptotically.

Robinson’s (1991a) proofs had a minor flaw in that they did not take into account any
boundary effects regarding the kernel density estimates. His results are none the less valid, if the
densities have infinite support, restricting the comparison of f12(z, y) and f(z)f(y) to a compact

set. This would imply that the consistency against all departures from serial independence
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against serial dependence of order one were lost, but for an appropriately chosen compact set,
this should in practice not make any difference.

Guerre (1991) generalised Robinson’s idea to densities with infinite support. He needed a
special kernel, which only takes rational values and has a large number of discontinuity points,
and technical and fairly strong conditions on f and f;;. His paper is, however, particularly
concerned with the estimation of entropies, i.e. quantities of the form [ g(z)log g(z)dz, under
weak dependence conditions.

In Chapter 4 we generalise Robinson’s (1991a) test to densities with infinite support, and we
obtain also a nuisance parameter result (see Section 3.4).

Skaug and Tjgstheim (1992a) estimated Z3, by

7 = 2 StfualXe, Xenr) = FOXF (X))

where the fs are all kernel estimates. They showed VN 7sp to have an asymptotic normal
distribution. The same remarks regarding the choice of a bandwidth sequence apply as for
other kernel density estimate based statistics, and the test statistic is again only available for
series whose elements are continuously distributed. Skaug and Tjgstheim (1992a) argued, using
Taylor series approximations, that their statistic’s behaviour was likely to be similar to that of
Robinson’s (1991a), for ¥ = 0, against most alternatives.

A disadvantage of the present test, is that it is not consistent against all departures from
the null against a serial dependence of order one alternative. Indeed, as noted earlier in this
subsection, T3, may be less than or equal to zero, under the alternative hypothesis, and a
test based on 7§ may thus not be consistent against all departures from fi2(z,y) = f(z)f(y),
almost everywhere. An advantage is its limiting N (0, 02), 0 < 02 < oo, distribution without the

need for weights of the kind Robinson’s (1991a) test requires to achieve it.
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3.3.3 Characteristic Function Based Tests

It is widely known that two distributions are identical, if and only if their characteristic functions .
are the same [cf. e.g. Lukacs (1970), Theorem 3.1.1]. One may therefore base a test on the joint
and the product of the marginal characteristic functions of (X1, X3).

Csorgo (1985) proposed a test based on

tes = (4, 9)E (4, 9)P(g, 9), (3.19)
where ¥(u,v) = A3 eiuXutvXa) _ L5 eiuXu L 57 eivX2 and (4,9) is an estimate of the
point at which ¥(u,v) = Eef(8Xu+vXa) _ peiuXu BeivXat jg most variable, and 3 is just a
weighting matrix to ensure that 7cs has an asymptotic x? distribution. Evidently, J(u,v)
is the difference between the joint and marginal empirical characteristic functions of (X1, X2)
at (u,v), and estimates ¥(u,v), the difference between the joint and marginal characteristic
functions. Under independence, ¥(u,v) = 0, at all u, v, whilst under dependence, ¥(u,v) # 0,
at some (u,v). Hence, under independence f¢s is expected to attain relatively small values,
whilst under dependence 7¢gs is unbounded in probability.

We were not aware of Csorgé’s (1985) test, when work on Chapter 5 began. There are
however many differences between Csorgé’s (1985) work and the test in Chapter 5. First, the
test we propose tests a serial independence hypothesis, whilst Csérgo’s test does not. However,
it is probably feasible to generalise his test to a time series framework. Another difference is, that
we do not make explicit use of the empirical characteristic function, and we integrate over the
squared difference of the characteristic functions, rather than taking a supremum. Moreover,
we actually use a measure that is bounded from below by the afore-mentioned integral, for
performance reasons. We also require, at least for distributions with characteristic functions
that are not square integrable, that a weighting function g be specified, whose choice is arbitrary.

l

The statistic put forward in Chapter 5 also has a limiting x? distribution under the null.
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There is, as far as we are aware, no evidence on the performance of Csdorgé’s test, nor do
we know of any empirical applications. One may also need to establish ways to determine the

supremum in (3.19).

3.3.4 Rank Tests

Rank based tests have frequently been used to test for independence. An example of such a
rank-based test is Spearman’s rank correlation test, dating from the beginning of this century.
Let there be two i.i.d. samples of equal length, both ordered in ascending order, and let the
values in the original samples are replaced by their ranks. Then, the correlation between the
rank numbers in both samples gives some indication of the dependence of corresponding elements
in the original series. Indeed, if high ranks in one sample correspond to high ranks in the other,
the correlation will be greater than zero, and it will be less than zero, if the converse is true. If
the ranking in one sample is unrelated with that in the other, the correlation will be close to
zero.

This is however not equivalent to corresponding elements in the sample being independent.
The following example may seem somewhat contrived, but there are undoubtedly many cases
in which Spearman’s (or any other rank test, for that matter) will not reject any departures
from the null hypothesis. Suppose that the X5;’s have an even density with compact support
[-M, M]. Suppose further that

{M — | Xat|}sgn(X2t), |X2¢| £ Qo.7s

{1 X2t — M|}sgn(Xat), |X2e| > Qo.7s
where sgn(z) = 2I(z > 0) — 1, and Qo.75 is the third quartile of X3;’s distribution. Certainly,
X1 is not independent of X5;. However, as one can easily establish, Spearman’s rank correlation

test will not reject this alternative.
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An interesting example of a rank test for serial independence, was given by Dufour (1981).
Assuming the distributions of all X;’s are even and continuous (they need indeed not be iden-
tically distributed), his test rejects any alternative for which Med(X;.X2) # 0. Under the nuil
hypothesis, Med(X1X3) = 0, because P[X;X; < 0] = P[X; < 0,X; > 0]+ P[X; > 0,X; <
0] = 2P[X; < 0)P[X1 > 0] = §. If rn(|X:X¢41]) is the relative rank |X;X:41| has when the
first N elements of {|X:X:+1|} are sorted in ascending order, then Dufour’s test statistic takes

the form

Tpy = Z I(XtXH.l > O)Q("N(lXtXH-ll))»
4

where {2 is some non-negative and increasing score function. Let us, for the sake of the argument
assume that Q(z) = z, such that 7py = 3, I(Xi X141)r N (| Xe X141]). If positive X;X;41's tend
to be greater in absolute value than negative ones, ¥py will be large, whereas it will be small
if the converse is true. Dufour (1981) derives an expression for the characteristic function of
7pv under the null, which of course depends on 2, but does not depend on the distribution of
X, irrespective of the sample size. This is a major advantage of rank based tests, as for most
tests this is only the case, asymptotically, or is a direct result of certain parametric conditions.
Moreover, as mentioned before, the X;’s need not necessarily be identically distributed under
the null, as long as each of their distributions has a median that is equal to zero.

Other references in this area are Bartels (1982), Hallin, Ingenbleek and Puri (1985), Hallin

and Mélard (1989), Hallin and Puri (1989), and Knoke (1977).

3.3.5 Correlation Dimension Test

A test that is widely used in finance to test for non-linearities is the correlation dimension test
of Brock, Dechert and Scheinkman (1987) [cf. also Brock, Dechert, Scheinkman and LeBaron

(1987)]. It has its origins in the chaos literature, and is based on the correlation dimension,
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which is (for J = 2)
PlIX; = V1| <A, 1X; = Yo S A - PP[IX, - 11| < A, (3.20)

for some practitioner-chosen A > 0, where {Y;} is an independent replication of {X;}. It is easy
to see that (3.20) can also be written as Cov[I(]X; —Y;] < A), I(|X2 —Y2| < A)]. Brock, Dechert

and Scheinkman (1987) suggested to estimate (3.20) by

A 24
P = N(N-DN —2)(N -3) 2222

t >tudsvdu

I(1Xe — Xs| < M{I(IXe41 — Xog1| £ A) = I(|1 X — Xo| £ A)},

and showed v/N#cp to have a limiting normal distribution under serial independence, which is
actually a direct consequence of Theorem 3.2. They made an attempt at obtaining a nuisance
parameter result in Brock, Dechert, Scheinkman and LeBaron (1987), but were not quite able
to prove it.

Under serial independence, (3.20) equals zero, but this may also be the case under serial
dependence of order one, even if trivial choices of A, such as A = 0, or a A for which F*()/2) —
F*(—A/2) = 1, where F* is the distribution function of X;, are excluded. Indeed, suppose that
Fy2 and F are the distribution functions of (X; — Y3, X2 — ¥2) and (X; — Y}), respectively.
The corresponding distributions need necessarily be symmetric. Then, F(—z) = 1 — F(z),
Fia(—z,—y) = 1+ Fiz(z,y) — F(z) — F(y), and Fy(z,—y) = Fiz2(—=,y), where = and y
should be greater than or equal to zero. Thus, P[|X; — Yi| < A, | X2 — Y2| < A] = Fi2(A, Q) +
Fia(—=), =) — Fi2(X, =) — Fi2(—A, A), which is 2+ 2Fy3(), A) — 4F()) — 2F12(A, —A). Under
independence, the last expression is 2 4+ 2F2?(\) — 4F()) — 2F (A){1 = F(A)} = 4F?(X) — 6F()),

such that the correlation dimension is zero, if and only if

Fi2(\, ) — Fia(A, =X) = 2F%()) — F()), (3.21)
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which may happen for many combinations of Fi; and F. Indeed, suppose that Fy(z,y) =
1{A(z)A(y)+ B(2)B(y)}, where A and B are distribution functions corresponding to symmetric
distributions, such that F(z) = 1{A(z)+ B(z)}. Suppose also that A(A) = B(). Clearly, there
is any number of possibilities to choose A and B satisfying this condition. We also require that
Fia(z,y) # F(z,y) holds in a subset of %2 of positive measure.

Suppose, for instance, that A is any distribution function corresponding to a symmetric
distribution. Let A have been selected such that 1 < A(A) < 1. Let B be the double-exponential
distribution function with parameter 8, i.e. B(z) = 1{e’*I(z < 0)+ (2—e~%%)I(z > 0)}, for all
z. Set 8 = —log{2 — 2A(A)}/A, such that

B(z) = H2-240))"%, =<0,

- %{2 -2A(N}E, z>0.
Clearly, B(A) = A()). Therefore, F13(A, A)—Fi2(A, —A)—2F%(A\)+ F()) = 3{2A4%(\)+2B%()) -
A(X) = B(A)} — 3[{A(X) + B(A)}? — A(X) — B(A\)} = 0. One would still have to verify that
Fi3, F could indeed be the joint distribution and marginal distribution of (X; — Y1, X2 — Y3)
and X; — Y, respectively, but it seems highly unlikely, that no combination of A and B exists
for which this is the case. Although somewhat beyond the scope of this thesis, one would
need to verify that the characteristic function of (X; — Y3, X2 — Y2), say 912(u,v) could be
written as ¥;2(u,v) = ¥(u, v)¥(—u, ~v), where ¢ is again a characteristic function, indeed

the characteristic function of (Xj,X3). Various methods to verify whether a function is a

characteristic function can be found in Lukacs (1970), Chapter 4.

3.3.6 Tests for Linearity of Processes

Hinich (1982) was interested in verifying whether

o0
Xe=) 061, (3.22)

s=0
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for all t, with {¢;} white noise. Both moving average and autoregressive processes can be written
in the above form, and hence (3.22) is essentially a test for linearity of the process {X;}.

If the €;’s are Gaussian, so are the X;’s. If they are not, the X;’s will not be Gaussian, either.
Similarly, when the above process is nonlinear, the X;’s will be non-Gaussian, even if the &;’s
are. Further, when the £;’s are mean zero Gaussian, they all have Ec? = 0, and then the third
order cumulants E[X;X¢4,;Xt4+4] are equal to 0, for all ¢,s,u, also. So when the third order
cumulants are not all equal to zero, either the ¢;’s are non-Gaussian or the process is nonlinear.

Hinich (1982) thus proposes a test for Gaussianity using the bispectrum assuming linearity,
and a test for linearity assuming that the &;’s are Gaussian, or rather: a test for symmetry

assuming linearity, and a test for linearity assuming symmetry.

3.4 Specification Testing and Nuisance Parameters

Suppose we have formulated a model
A = 9(Z1; 60) + Xz, (3.23)

for all t, where the vector of regressors Z; may include past values of A. There are many ways
to test whether (3.23) is the correct specification.

One usually examines the structure of {X;}. Indeed, if {X;} is i.i.d., there is little reason to
suspect that the model is misspecified. If the X,’s are dependent, however, it is quite likely that a
lagged dependent variable has been omitted, and if the X;’s prove to be heteroskedastic, one may
well wish to model the form of the heteroskedasticity. Indeed, ordinary least squares depends
on homoskedasticity for its efficiency properties, and there are tests that are not asymptotically

valid under heteroskedasticity.
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However, disturbances are not observed, except in trivial cases like the random walk model.
One may sometimes use the residuals {Y;}, with Y¥; = A; — g(Z;; §), with 6 a consistent estimate
of 8o, instead, however. Indeed, one can in certain circumstances prove that applying a test to
the residuals will asymptotically lead to the same result as if the test had been applied to the
disturbances. Problems of this type are called nuisance parameter problems, and 8y is called the
nuisance parameter.

Durbin and Watson (1950, 1951, 1971) proposed to used von Neuman’s (1941) mean square
successive difference to variance ratio to test whether the disturbances of a standard linear
regression model without lagged regressands are serially independent, where the alternative is
serial correlation of order one.

The Box-Pierce test (1970) uses the Lagrange multiplier test against autoregressive alterna-
tives obtained in Subsubsection 3.2.2.3, and uses

L =1 vy, i 2

or =N 3 (53)
which is asymptotically x%_,_;, with { the dimension of 6y in (3.23), if the X’s are i.id.. If
(3.23) is a finite order invertible AR model, its results are asymptotically still valid. The model
needs to be linear, however.

Originally suggested by Box and Pierce (1970), who apparently preferred the simpler form
of #gp, the Ljung-Box (1978) test appeared in practice more effective than the Box-Pierce test,

particularly against ARMA alternatives [cf. Box and Pierce (1970)]. It is given by

J-1 2
. 1 YiYey;
fip = N(N +2) ————(-———- )

,-S;:’ N-j\¥. Y

which has the same asymptotic distribution as #gp.
Engle (1982) showed that the Lagrange multiplier principle implies that the sum of squared
errors of the regression of ;2 on Y;2,,...,Y2 ., is asymptotically x3_,, under Gaussianity.

Again, g needs to be linear.
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We show for both the entropy based test of Chapter 4, and the characteristic function based
test of Chapter 5, one may, under certain conditions, use the {Y;} and still obtain asymptotically
reliable results regarding the {X:}. It should be noted that in both these tests, the alternative
is serial dependence subject to certain regularity conditions, instead of a specific parametric
alternative as is the case for the other tests discussed in this subsection. There are very few
nonparametric serial independence tests for which nuisance parameter results have been ob-
tained. Brock, Dechert and Scheinkman (1987) made an attempt, but did not quite manage to
prove it to hold for their correlation dimension test. An advantage of the results we obtain over
those discussed earlier in this subsection, is that they are still valid under a variety of nonlinear
model specifications.

It should be noted that there are various other ways to test the specification of a model other
than by examining the residuals of the model. It would be well beyond the scope of this chapter,
indeed this thesis, however, to discuss such tests in detail, and we therefore refrain from doing

S0O.

3.5 Which Test to Choose

In this chapter, we discussed a wide variety of tests for independence. Faced with a particular
data set, the choice of the most suitable test is difficult, if not impossible.

From a practical perspective, independence tests are most useful when applied to the residuals
of a time series or regression model. In case only linear dependence, i.e. correlation, is of
importance, correlation tests such as the Durbin-Watson (1950, 1951, 1971) test, the Box-Pierce
test (1970) or the Ljung-Box test (1978) are most appropriate, provided the model itself is linear
and existence of second moments can be assumed. In other cases, nonparametric tests are more

appropriate. There are however few nonparametric tests that allow for the presence of nuisance
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parameters. The tests proposed in the next two chapters are consistent against any nonlinear

dependence structure and can moreover be applied to the residuals of nonlinear models.
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Chapter 4

Entropy Based Testing Revisited

4.1 Introduction

A considerable number of independence tests was described in the previous chapter. In the
current chapter, we extend a result of Robinson (1991a) using the Kullback-Leibler information
criterion (3.16) as the basis for a serial independence test. We extend Robinson’s (1991a) test
in three directions: we allow for unbounded support, we allow for alternatives of any fixed and
finite order, and we provide a nuisance parameter result.

As noted in Chapter 3, Robinson’s (1991a) test does not allow for unbounded support. It
is possible to alter his set up slightly, such that equivalence of joint and marginal densities,
that have infinite support, is verified over a compact set. Indeed, such an extension would be
quite straightforward. If the compact set chosen covers a sufficiently large part of the support of
the afore-mentioned densities, the probability that the joint and marginal densities only differ
outside this compact set is small. However, as we show in this chapter, it is possible to test the

equality of joint and marginal densities, almost everywhere.
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Robinson concentrated on testing serial independence against serial dependence of order
one. He did suggest a test statistic for serial independence against serial dependence of any
finite order, but he did not prove its consistency or its asymptotic normality. We consider the
more general case of higher order alternatives throughout.

As we have seen in Chapter 3, in many situations in which serial independence tests are
of interest, nuisance parameters are present. To deal with this situation, we have proved that,
under certain additional conditions, the proposed test is still consistent against serial dependence
of fixed order and is also still asymptotically normal under the null, when nuisance parameters
are present.

The outline of this chapter is as follows. In Section 4.2 we introduce notation and put forward
our test statistic. Section 4.3 discusses the conditions required and also contains the results for
the case without nuisance parameters. Section 4.4 has the same form as Section 4.3, but covers
the case with nuisance parameters. In Section 4.5, we present some results regarding the size
properties of our test statistic (without nuisance parameters) under the null hypothesis; a power
comparison under the alternative is contained in Section 5.5 of Chapter 5. Finally, Section 4.6

summarises the results of this chapter.

4.2 Test

In this section, we introduce notation, and we describe our test statistic. Formal assumptions
and results are postponed until Sections 4.3 and 4.4, for the cases with and without nuisance
parameters, respectively.

We observe a stationary time series {X¢}. We denote the density of X; by f, and that of
X711 =(X1,...,X7)T by fs.. Notation thus slightly deviates from that used in Chapter 3.

The null hypothesis is serial independence, whilst the alternative is serial dependence of

94



order 1 < J —1 < oo, where J > 2 is chosen by the practitioner. Under serial independence,

J
f1.(z) = H f(z;), at almost all z € R7. (4.1)

j=1
Condition (4.1) does itself not imply serial independence. Indeed, for a process with X; =
0X:_7 + &4, for every t, with {¢;} white noise and |0] < 1, (4.1) will hold. It does however imply
the absence of serial dependence of order J — 1. The test proposed in this chapter is consistent
against all departures from (4.1) subject to certain regularity conditions.

Our test statistic is, like Robinson’s (1991a), based on the Kullback-Leibler information

criterion [cf. also (3.16)], given by

Tz = / fo(2)log 12—, (4.2)

which is zero if and only if (4.1) holds; otherwise it is greater than zero. We could substitute

nonparametric density estimates for all densities in (4.2), but, as Robinson, we prefer to rewrite

(4-2) as Elog f7.(X11) — E? log f(X1), and estimate it by
i = fjJ - (711 (43)

where U; = £ 3, csca log fr¢, and Uy = A D ies c1t Z;.’;Ol log fi4j. The set S C {1,...,N}
serves to trim out certain observations; a more detailed explanation follows in Section 4.3. The
restrictions on the weight sequences {c;:} and {c1:} will also be explained in Section 4.3; their
function is explained further below in this section. Weight sequences were also used by Robinson
(1991a), although he used a different set of weights. The density estimates in the definitions of
U; and U; were chosen to be kernel density estimates, which were introduced in Chapter 1.

To prove I A1 kL, we shall, like Robinson, make use of an intermediary quantity, Z, defined

by

I=U;-Uy, | (4.4)

95



with Uy = & Yyescaelog fir, and Uy = & Y5 e10 X7 20 10g fus-

In Section 4.3, we show that itz KL, Where T was defined in (4.2). As noted before,
Ik is zero if and only if (4.1) holds, and is otherwise greater than zero. It is therefore natural
to base our test on 7. Let V = & 3, slog? fi — (& 3¢5 10g f:)? be an estimate of the variance

of log f1 (in the proof to Theorem 4.1, we show that V LA Vlog f1). Let

F=y / L.I‘, (4.5)
2JV*

where V* = Efio'l E}’;ol EZ,_J-_,\}, with & = cj; — ¢14, for all £.

Under the null hypothesis, f;; = Z:;f fi4j, for all t, such that = 1—},—2,6 g Ctlog fre.
Hence, if c;; and cy; are identical at all ¢, Z = 0, and the limiting distribution is determined
by the nonparametric approximation of Z, which is rather hard to obtain. Of course, one could
still use a bootstrap procedure, but this is evidently more involved than using the quantiles of
a known distribution.

Aside from arbitrariness, the introduction of weights has disadvantages in other respects,
also. The introduction of weights makes the test less efficient. Indeed, the reason that we can
not find an asymptotic distribution for Z when all weights are set to one, is that Z’s convergence
to Z is slower than that of Z to Zx. In other words, in that case the slowest converging part is
the nonparametric approximation of Z. The weights in effect slow down the convergence of Z to
Ik to make that the slowest converging part. Another problem with choosing weights different
from one is that they imply a greater degree of arbitrariness; different weights lead to different
results.

In Section 4.3, we restrict the choice of weights, and these restrictions do not allow for the
weights to all be equal to one. However, the proofs of the theorems in Section 4.3 imply that in
the case all weights are equal to one, 7 = op(N ‘%), when {X;} arei.i.d.. Indeed, the convergence

rate can be made much greater still, depending on the smoothness of f.
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If the weights are chosen under the restrictions of Section 4.3, and the other conditions made
therein are also satisfied, we show (in Theorem 4.2) that # AN (0,1). Our test can then be

formulated as:
“Reject serial independence if and only if + > C”,

where C is a critical value based upon the quantiles of the standard normal distribution.

4.3 Standard Case

In this section, we establish conditions under which the proposed test is consistent against
departures from (4.1), and also establish its asymptotic validity. Most conditions could be
relaxed if others were strengthened, and we have tried to find conditions that are relatively easy

to express.

Assumption 4.A The stationary and ergodic series {X:} is irigonometric mizing with

summable mizing numbers {a(t)}.

Trigonometric mixing was extensively discussed in Chapter 3. It is imposed in addition to serial

dependence of order J — 1, and is required for certain convergence results.

Definition 4.1 G,, p > —1, is the class of functions g satisfying: g is¢ times partially differen-
tiable for¢ < p < <+1; for some py > 0, supes,, |19(2)~9(y) = Qe (z, )I/llz~yl*+ < &g (v)
for all y, where the neighbourhood Sy,, is defined by Sy,, = {z: 0 < ||z —y|| < pg}; Qg is the

¢-th order Taylor ezpansion of g, and &y is bounded.

Definition 4.1 is a slightly modified version of a definition used by Robinson (1988) and Hidalgo
(1993). It enables us to deal with Taylor series expansions in a more straightforward manner.

We only apply Definition 4.1 to densities, for which it is implied by the density being ¢ + 1
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times boundedly differentiable. Let g : ® — R be some function in G;. Then ¢ = u = 1,
such that g is twice boundedly differentiable, and Q¢(z,y) = (= — y)¢'(y). As a consequence,
9(z) — 9(¥) — Quc(z,y) = (z — y)?g"(z;y)/2, where (z;y) is some number between z and y.
As g" is twice boundedly differentiable, |g(z) — g(¥) — Qqc(, ¥)I/Iz — yI% < 19" (z; ¥)/2| < oo,

provided z # y.

Assumption 4.B For some integer r > 0 and some w € (0,1), the density f of X1 is in
Gryw, and f1., the density of X1, is in Gryw. Elog f(X1), Elog® f(X1) and Elog f7.(X11)

exist, and there are two sequences L and B that both tend to oo as N — oo, for which

Sllp”z””SB l/fJ(Z) < L.

The existence of Elog f(X1) and Elog f7.(Xs1) ensures that Zxy, in (4.2) exists. The numbers
r and w in Assumption 4.B relate to the smoothness of the densities. Assumption 4.B does itself
not impose any conditions on r and w, and hence it does not impose any smoothness conditions
on f and f;., either. However, » and w are restricted further below. The rationale for separating
r+w into an integer and a remainder part is that »+ 1 is the order of the kernels employed (cf.
Assumption 4.C, below).

Kernel density estimates may be close to or equal to zero. If higher order kernels are em-
ployed, as in Assumption 4.C, they may even take negative values. As indicated in the previous
section, we are particularly interested in the logarithms of the densities. It is most natural to
estimate these by the logarithms of the estimated densities. However, if the estimated densities
can take zero or even negative values, their logarithms will not be defined. We therefore restrict
the density estimates used to those with arguments lying in a certain interval. This interval is
controlled by the sequence B, which is chosen by the practitioner. As implied by Assumption
4.B, the interval grows with sample size, such that asymptotically the equivalence of joint and

marginal densities is verified everywhere. The sequence L then represents the rate at which the
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inverse of the joint density of (Xi,...,Xs) tends to oo for a given choice of B. For a finite
number of observations and some choice of B, the positiveness of all density estimates is not
implied. However, the probability of any of the density estirnates, that are employed in the
construction of Z, being non-positive decreases rapidly with sample size under the conditions
imposed below.

In practice, one knows neither the density of (X;,..., X7) nor that of X;. In the conditions
imposed in this and subsequent sections, it is assumed that the practitioner has some knowledge
about the thickness of the tails of the afore-mentioned densities. The conditions are constructed
for densities with infinite support, although the conditions can probably be altered for the case
of densities with finite support. It is not necessary to know the exact rate at which the density
at z tends to zero as |z| — oo, but it is necessary to assume a bound. If the conditions below
necessitate L ~ N9, for any ¢ > 0, for instance, and the tails of f and f;. resemble that of a

Gaussian density, B ~ /log N will satisfy the relevant conditions of Assumption 4.B.

Assumption 4.C For r and w used in Assumption 4.B, the univariate kernel k € G4, is an
r+1-th order kernel, i.e. [ k(z)dz =1, [k(z)z'dz=0,1=1,...,r, [k(z)z " dz # 0. k can be
written as k(z) = [ ¢r(u)e’*®du, for all z, with [ [$r(u)|du < co. Further [ |k(z)z|++*dz <
0o. The multivariate kernels k;.(z) are defined as H;-’=1 k(z;), for any z € R?, and can thus be
written as kj.(z) = f¢;k(u)e""r’du, for all z, with ¢ () = H;.I:l ¢x(z;). Finally, |K(z)— 1|

and |K(—z)| are both decreasing at any sufficiently large z, where K(z) = [°__ k(y)dy.

We employ kernel density estimates as f and f7., and they require both the choice of a kernel
and of a bandwidth. The kernels are restricted in Assumption 4.C above; restrictions on the
bandwidth are imposed in Assumptions 4.D and 4.F. Unlike Robinson (1991a), we use the same
bandwidth in both univariate and multivariate density estimates. The advantage is that there

is one less input parameter to choose, the disadvantage that there is less flexibility.
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Because the kernel can be chosen by the practitioner, any conditions imposed on it are not as
serious as those on the density, for instance. Most of the conditions in Assumption 4.C are fairly
standard. An exception is that [K(z) — 1| and |K(—z)| both be decreasing at any sufficiently
large . This is a technical (yet mild) condition that is imposed to facilitate the asymptotic
validity proof.

It is a well-known fact that kernels of any order can be constructed, but accuracy in practice
does not tend to improve much with increasing kernel order in finite samples. The reason is
that, although bias is reduced, the variance increases with the kernel order chosen. Further, the
g"reater r, the smoother f and f;. need be.

Let A = |K(B) — 1|+ |K(—=B)| + 1 - F(B) + F(—B). X is a technical number that is used
in some of the assumptions and proofs, but that has no direct meaning to the practitioner, in
the sense that he/she does not have to choose it. A tends to zero, because B — oo, F is a
distribution function, and Assumption 4.C.

The a = 1, J-variate kernel density estimate at z is defined as fa.(:c) = F}:—" s kan(z—Xas),
and fag = # ZseD. kah(Xat—Xas), where kgp(z) = ko.(z/h), and D; = {t—a+1,...,¢,...,t+
a —1}. The set D; is introduced to avoid noise due to overlapping terms, e.g. when J = 2, X,
and X341 overlap, and certain terms should thus be excluded; D; = {t — 1,¢,t + 1} performs

this task.

Assumption 4.D As N — oo,

NR¥Y L2 o oo,

RTHL 0,

If f and f;. are sufficiently smooth, Assumption 4.D can be easily satisfied by choosing r large,

provided that L increases at a rate no faster than N %", for some ¢ > 0. Indeed, choose
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(r+w) > J{(2¢)" — 1}, and let h ~ N3GEG+Y), Because, by the choice of (r + w),
ﬂl;_z‘:j < £, h7! = o(N7¥), and hence N™1h=2/[? = o(N~-1+2e+1-2¢) = (1), as N — oo,
which implies NA2/L=2 — 0o, as N — co. Similarly, h = o(N 7?'5%7), such that A("+9)L =
O(N§(26—1+1—-2€)) = o(1).

A final issue we should discuss before stating the first theorem, is that of the choice of
weights. The structure we impose now is more restrictive than necessary for Theorem 4.1,
but to improve readability, we discuss all conditions imposed on the ¢4:’s now. The weights are
bounded, centred around one, and take finitely many different values. The number of repetitions
of each of these values increases at the same rate as N, the number of observations. Finally, we
require Zfil €4t = 0, for all I € R. An example of such a weight sequence is ¢;; = 1, for all ¢,
cre=1+v,t=204+341=0,2J,...,5=1,...,J,and ey =1—-v,t =244, 1= J,3J,..., for

any 7 > 0, such that for any l € R, Zfil Cipt = Z:gil (¢t — 1) = 0.

Theorem 4.1 Let Assumptions 4.A, 4.B, 4.C, and {.D hold. Then the test based on 7 proposed

in the previous seclion is consislent against all departures from (4.1).

In the remainder of this section, we investigate the behaviour of our test under the null

hypothesis: serial independence. Qur first assumption, Assumption 4.E, is an obvious one.
Assumption 4.E The series {X;} is i.i.d..
We require stronger conditions on the bandwidth sequence.
Assumption 4.F As N — oo,
NR2+[2 g,
NR¥Y L™t & .

Assumption 4.F is stronger than Assumption 4.D. If f is very smooth (which now implies that

f1. is very smooth as the X;’s are i.i.d.), r can be chosen large. As long as L does not tend to
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oo faster than N%—¢, for some ¢ > 0, both an r and a rate for h can be found that satisfy the

conditions of Assumption 4.F, provided that the smoothness of f allows for the choice of a large

r.
To give an example, let (r +w) > 2552, and let h ~ N"HF*ES. Then

h = o(N~ 431:-::'5), such that NR2+9)[2 = o(N1-(3-2+4-2¢) = o(1), as N — oo. Also
h=1 = o(N¥), such that N=1h=27 [* = o(N~1+4c+(1-49)) = 4(1), as N — oo, which implies

Nh¥ L% o 0.
Theorem 4.2 Lel Assumplions 4.B, 4.C, 4.E, and 4.F hold. Then 7 LA N(0,1).

Theorem 4.2 implies that the test “Reject serial independence when # > C” will be asymp-
totically valid, i.e. that asymptotically the probability of rejection of the null hypothesis, when
it is correct, will be equal to ®(—C), where ® is the distribution function of the standard normal

distribution, irrespective of the value of C.

4.4 Nuisance Parameters

When nuisance parameters are present, the residuals, say {Yn}, are not trigonometric mixing,
nor are they i.i.d. under the null. Moreover, they often do not even have a density. The series
of interest {X;} does have these properties and, as we shall see, if the two series are sufficiently
close and a number of additional regularity conditions are satisfied, we may replace {X;} by
{Yn:} in the test described in Section 4.2, where the test results will remain valid with respect
to {X:}, also.

Let Sy = {t : ||YNJt|lle < B}, and rename the set S, deﬁned in Section 4.2, to Sx to
avoid confusion. fY (z) = h5 s ka(z — Yias) is, for any a < J, the a-variate kernel density

estimate based on {Yn:} at z. However, when its argument is a random variable with suffix ¢, its
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definition changes, e.g. f}', (YNnat) = W}l—, > s€D: kn(Ynat — Ynas). The reason we do not employ

the notation fz, in analogy to f, of the previous sections, is that it would not always be clear
. A I

whether its argument were Yigt or Xg;. We define UY = ﬁ dtesy Clt Zj=1 log f¥ (Ynt45)s

UY = % Yies, crelog f¥.(Ynst). T defined in (4.3) is replaced by
¥ =0y -0Y. (4.6)

Let Vy = & Ties, 1087 £ (Yave) = (& Ties, log /¥ (Ya))?, and Vy = S0 12063, i

replace V and V*, respectively, such that our test statistic # in (4.5) can be replaced by

o [N gy (4.7)
2JV}

The proposed test under nuisance parameters thus becomes

“Reject serial independence if and only if #¥ > C”,

where C is a critical value based upon the quantiles of the standard normal distribution. The
conditions described below ensure that the above test is consistent against é,ll departures from
(4.1) for which these conditions hold, and also that under the null, #¥ AN (0,1).

In order to achieve the result described in the previous paragraph, we need to describe the

relationship between {Yy:} and {X:} in more detail.

Assumption 4.G Some function m, some vector series {Z;}, and two vectors 6 and 0y ezist

such that Yy, and X; can be writlten as Yy = m(Zg;é) and X; = m(Z;;00), respectively.

An example of a model satisfying Assumption 4.G is any parametric (non)linear regression
or time series model. The assumptions below will restrict the class of models allowed. The
vector fo in Assumption 4.G is the vector of nuisance parameters, and f is an estimate
thereof. Consider the AR(1) (first order autoregressive model) A = fpA;—1 + X, where {X;}

is trigonometric mixing and |fp] < 1. Then X; = A; — fpA;—1, and Yy = A; — 4,4,
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such that m(Z:;0) = A; — 0A;—q, for all t,0, where Z; = (A;, At—1)T. Similarly, in an
ARCH(1) model, A; = X;4/1+ 6o A2_,, with {X;} trigonometric mixing and 6y sufficiently

small, X; = Ay(1+ 00A?_,)~% = m(Z; o).
Assumption 4.H The series {(X;, Z;)} is stationary and ergodic.

Assumption 4.H disallows linear trends amongst the Z;. If the practitioner has formulated a

model without trends, then Assumption 4.H will usually not be prohibitive.

Assumption 4.I The parameter vector 8, and its estimate § lie in a parameter space ©. 6 —

0o = N-%¢, where ¢ = 0,(1) is some random vector.

Assumption 4.I requires that the vector of nuisance parameters can be estimated v N-
consistently, which is true for most parametric models. The separation of § — 6§, is made for
notational convenience in the proofs to the theorems below. In the AR(1) model above, if 6

were estimated by ordinary least squares,

—f0g=N —Tf-r’
N tt=—1

and ¢ is hence the fraction on the right hand side in (4.8). If X; is uncorrelated with A,_;,

(4.8)

Y XiAi—1 = Op(N?%), and if EA? | exist, 3", A?_; = O,(N). Under those conditions, evi-
dently ¢ = Op(1).

Assumption 4.J m defined in Assumption 4.G is twice differentiable, E|m'(Z;;600)¢| < oo,
and sup;gee ||m"(2:50)|le = Op(G), for some sequence G which may increase with sample
size, where || - |loo applied to a matriz means the largest element in absolute value, where the
derivatives are taken with respect to 8, and where G is a sequence of numbers that may increase

with sample size, possibly to co.

The assumption that m be twice differentiable is not overly restrictive. Indeed, most parametric

models satisfy this condition, as we will demonstrate in our example below. The condition that
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E|m'(Z,;80)¢| be finite all but implies that f should have existing first moments, which may
not hold for distributions with very thick tails. In our AR(1) example, m/(Z;;0) = —A;-,, and
m'(Z:;0) = 0, such that Assumption 4.J is not overly restrictive in this case. For the ARCH(1)
example, it is easily seen that m"/(Z;;0) = %A§_1A¢(1+0A3_1)'§. For non-negative 0, m" (Z;; 6)
is thus in absolute value bounded by A}_,|A4;]. Thus, the last restriction in Assumption 4.J
requires that sup, |JA}_, A:] = Op(G), where the supremum runs from 1 to N. Later on, we
restrict the rate at which G can increase, but it can always be chosen to increase at a rate no
less than N3, which seems adequate for most purposes. In the proofs we use a more compact
notation for m and its derivatives than is employed here. We shall write m; = m(Z;;6p),
m} = m}(6o) = m'(Z;00), and my (0) = m"(Z:;0).

In the previous section, we introduced the sequence A. We alter its definition somewhat,
and now use A = |K(B) ~ 1|+ |K(-B)|+1—- F(B)+ F(—-B) + 1 — F;.(B;) + JF(B), where

By = [B,...,B]T eR’.

Assumption 4. K As N — oo,

AlogL — 0, (4.9)
AL — 0, (4.10)
NR¥Y L2 o oo, (4.11)
NR'L'G™! —» oo (4.12)

Assumption 4.K is somewhat stronger than Assumption 4.D, and also restricts the sequence G,
introduced in Assumption 4.J, and the sequence A. Assumption 4.K can nonetheless easily be
satisfied. Let L,G ~ N¥, which is not overly restrictive as explained in this and the previous
section. Then conditions (4.11) and (4.12) are implied by N¥h?/ — o0, or by NAS? — oo,

and (4.10) by Nh3(+¥) . 0, as N — co. Choosing r +w > 2J and letting h ~ N~ SFOIFe
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ensures that Assumption 4.K holds. Condition (4.9) is not very restrictive. Consider e.g.
1-F;(B;)=P[X1 >2BVX3>BV...VX; 2 Bl < JP[X) > B] = J(1 = F(B)). Hence, if
(1-F(B))log L — 0, as N — 00, (4.9) holds. Assumption 4.B requires L > supj,|..<5 71(=z).
Suppose that some n > 0 exists, such that for any sufficiently large N, L < f~7(B). Then
(1 - F(B))logL = n(F(B) — 1)log f(B). Let g(z) = F(z™!), such that the afore expression
can be written as limo{g(B~!) — g(€)}log f(B) = lim—o{B~! — €}g'(B~1;¢)log f(B) =
lime—o{B™! —eH{Bf(B~);e"2f(e~")}log f(B) = Bf(B~*)log f(B) = o(1), if f(z) = o(z"?),
as ¢ — o0o. This example thus excludes the case of Cauchy-distributed series, but they are, in

this section, excluded by other conditions, anyway.

Theorem 4.3 Let Assumptions 4.A, 4.B, 4.C, 4.G, {.H, 4.1, 4.J, and 4.K hold. Then the test

based on 7Y proposed earlier in this section is consistent against all departures from (4.1).

The conditions required for consistency were not overly strong. However, the conditions need to
be strengthened considerably for the test to be asymptotically valid in the presence of nuisance
parameters. Indeed, many important models such as ARCH are excluded. This is unfortunate,
but we found no way to avoid it. It does, however, not mean that one cannot use the entropy
based test in these models. In Theorem 4.3, we have shown that the test is still consistent
against departures from (4.1), even for the above models. We do lose asymptotic normality and
the v/ N-norming, but we could still use simulated critical values to establish whether there is

serial independence or not.
Assumption 4.L For any s > t, X, is independent of m'(Z;; 6y).

Assumption 4.L is an exogeneity condition, and is, in our view, the strongest condition imposed
in this section. The first order autoregressive and moving average models satisfy this condition,

as they have m} = —A;_y, and m; = —X;_,, respectively. For a first order ARCH model,
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however, m} = —1 A, A?_,(14+6,A2_,)~%, for all ¢, and m! can obviously not be independent of
1 3 1 t—1 my

X, for all £.
Assumption 4.M E|m/(Z1;60)¢|*~1) = 0(1).

Assumption 4.M imposes stronger moment conditions on m' and . The implication for the
AR(1) model described above is that E|A;—1N3 3, X,4,-1(3, A2_,)"}*(*-D = O(1). For
large n, Assumption 4.M is thus restrictive even for a model as convenient as the AR(1) model.
The second condition in Assumption 4.M is somewhat unusual. In Assumption 4.J, we already
required that § — 8y = Op(N "%), and with the conditions on m imposed in Assumption 4.7, it
can be shown (cf. Lemma 4.6) that this implies that Yy; — X; = Op(N -%), for all ¢ (pointwise).
Assumption 4.J did not require the expectation of Yn; — X; to exist, not even asymptotically, .
but Assumption 4.M requires Y — X;’s g¢-th moment to exist. For the AR(1) example, E|Yn¢ —
Xe|? = E|( — 60)Ai-1|7(E|B — 00|*9E|As—1|20)} = N-3(E|¢|*9E|As-1)29)%, and the existence

of E|¢|?? and of E|A¢_1|*¢ is thus required.
Assumption 4.N f(B), f(~B) = O(L~ 1), as N — co.

In Assumption 4.B, we required that supy,..<p f,‘,l(z) < L, which under serial independence
equates to sup|z..<B 1'[;.’__:, JF~1(z;) < L. If all marginal densities were strictly decreasing with
increasing |z|, then the afore condition is equivalent to 1'[;.;1 f~YB) < L, or f~}(B) < L7¥.
Assumption 4.N thus replaces < by ~; a somewhat weaker condition could be imposed if the
conditions of Assumption 4.0 are strengthened. Note that we only examined a strictly decreasing

f for exposatory purposes above; Assumption 4.N in no way implies it.
Assumption 4.0 For some sequence Y, for which T — 0, as N — oo,

AlogL — 0, (4.13)
NL 37T%l0g’L — 0, (4.14)
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Nlog™ T LYTT — oo, (4.15)

NR2+9) 2 _, (4.16)
NRH =4 o oo, (4.17)
NG44 o o, (4.18)

as N — .

Condition (4.13) was copied from Assumption 4.K. Conditions 4.14 through 4.18 are, however,
quite restrictive. The sequence Y is entirely imaginary; existence of such a sequence is sufficient.
The greater g, the easier it is to satisfy (4.14) and (4.15) simultaneously, but the stronger the
corresponding moment condition of Assumption 4.M is. In the example we now give, J is
assumed even. It is not hard to see that the conditions of Assumption 4.0 can also be satisfied

when J is odd (e.g. by letting ¢ = 6J, rather than ¢ = -1%'-)

Suppose L ~ N%&, ¢ = 1—’.}, and let T = N-25E5". Then both (4.14) and (4.15) are
satisfied. Condition (4.17) then translates into N3 4%+ — oo, or Nh1#(1+7) , oo, for which
h ~ N=7r will do. If we let G ~ N#¥, (4.18) is also satisfied, and if r + w = 3J, so is (4.16).

The rates chosen in the example above are a bit awkward, but were convenient in their
derivation. Obviously, one could adjust the convergence rates of the various sequences. The
faster L — oo, the smaller r + w may be, and hence the less smooth f needs to be. On the

other hand, when L is large, we have more freedom in selecting ¢, and the moment restrictions

of Assumption 4.M are then less serious.

Theorem 4.4 Let Assumptions 4.B, 4.C, 4.E, 4.G, 4.H, 4.1, 4.J, 4.L, 4. M, 4.N, and 4.0 hold.
Then 7¥ 5 N (0,1), and the proposed test is asymptotically valid in the presence of nuisance

parameters.
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4.5 Simulations

In our experiments, we have tried to establish whether the tails of the moderate sample distri-
bution of the test statistic were close to those of its asymptotic distribution, and further against
which alternatives the proposed test will have power.

We created 8192 i.i.d. N(0, 1) series with 250 elements each for every entry in Table 1. The
kernel used is a sixth order polynomial on [—-1,1], and it is a fourth order kernel. The weights
{cs1,c1¢} are chosen according to the rule suggested just before Theorem 4.1 for a variety of
values of v, and three different bandwidths.

For ¥ = 0, the asymptotic distribution of our test statistic is not normal, so we expect the
approximation to the normal distribution not to be very good for values of 7 close to zero.
However, even for values of ¥ as large as 6.4, the normal approximation is poor, for any of
the bandwidth choices. For moderate samples, we will therefore need to use simulated critical
values, irrespective of the value of v, and as the proposed test is more powerful for 4 = 0 than
for non-zero values, we recommend using y = 0.

We should point out that, although the above results do not look promising, it need not
necessarily be the case that the approximation is poor for all weight sequences imaginable.
There is any number of ways to select the weight sequence, and a definite answer regarding its
optimal choice will be hard to find.

In Section 5.5 we make a comparison of a range of serial independence tests, including the

entropy based test.
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4.6 Conclusions

In this chapter, we extended Robinson’s (1991a) entropy based test in various directions. Our
test is a test for serial independence against serial dependence of any fixed and finite order, we
allow for unbounded support, and we have derived a result for the case with nuisance parameters.

Unfortunately, the experiments of Section 4.5 indicate that the very convenient limiting
distribution cannot be used for inference in moderate samples, and in that case, the practitioner

will have to revert to simulated critical values.
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Appendix

4.A Proofs of Theorems

Proof of Theorem 4.1

We prove the theorem in two steps. We first show that £ Ik L, and we then show that V* EA
V* > 0. This suffices, because if C > 0 denotes the critical value a practitioner intends to use,
then P[# > C] = P[(%)*V% >C)= P[Vg__ > (&)-#c)= P[va_‘-{# > (#)- 40Tl
Under Hy, Zxgr > 0. Let N be so large that (%)‘%C < 2—1‘7’# Then the above probability is
bounded by P[L= — Z8& > ~Zee] > Pl - Zgk| < Jte] = 1, by T £ Tg, * S0,
and Slutsky’s theorem.

We first prove that I-IkL = 0p(1). Because £ = U;—Uy, and gy = Elog f;1—JElog fi, it
suffices to show that U, — U, = 0p(1), and that U, — E log fa1 = 0p(1), for a = 1, J. That the lat-
ter is true follows easily with the ergodic theorem; the presence of the weights is a minor nuisance,
but because they ma.)" only take a finite number of different and bounded values, the ergodic
theorem may be applied to each of the sets of observations with equal weights. For the former
we need to show that -3, ¢ cat log far— N 2ot Cat log far = 0p(1), for a = 1, J, which is implied
by & Tres cat{1og fat — 10§ far} = 0p(1), and P[1 & 5] = o(1). Now, P[1 ¢ 5] = P[[|Xu]leo >
B]l=1-P[[IXnlle < B]=1-P[|X1] < B,|X2| £ B,...,|Xs| < B] < 1-P[X1 < B,|Xa| £
B,...,|X;|<B]+P[X1<-B)<1-P[X;, < B,X2<B,|Xs|<B,...,|X;| <B]+ F(—B) +
P[X<-B}<1-P[X1<B,...,X;<B]|+JF(-B)=1-F;(B,...,B)+ JF(—B) = o(1),
because F(—z) — 0, as £ — —0o0, and Fy.(z) — 1, as min; z; — co. It now remains to be shown
that sup,cs |log far — log fatl = 0p(1). Note that log far — log fat = log{1+ (fat — fat)/fat},

and, g(z) = log(1l + z) being a continuous function, by Slutsky’s theorem it thus suffices to

111



show that sup,cs \fat = farl/fat = op(1). Because t € S, supycg fo;' < L. Further, Lem-
mas 4.1 and 4.2 imply that sup,cg |fat — fat]| = Op(N~3h~% 4 h™+); the fact that f and f
now take random arguments is not relevant. Combining these last two results we have that
supses | fat = fatl/far = Op(N~3h=2L 4 h"+“L) = 0,(1), by Assumption 4.D. An argument
similar to the above leads to ,—f,- Zte s log2 fi L E'log2 f1, such that V £ V, with V = Vlog f1,
and hence also V* 5 V*, with V* = 271 Z:;ol &r_jaV-

Q.E.D.

Proof of Theorem 4.2

We prove Theorem 4.2 in two stages. In the first stage we show that v N(Z —Z) = o,(1), whilst
the second step derives an asymptotic distribution for vVNZ. For the first stage, it suffices to
show that VN (U, — U,) = 0p(1), for a = 1,J. Let a = 1,J. Consider

2
3 —- _f_at_ — fat ‘fat _ fat "fat
N(Ua - Ua) - Ecat 108 fat - chf fat Ecdf (\/i (:;L::.’ 1)) ’ (4'19)

teS teS tes

where (z;y) denotes a number between z and y. Lemma 4.4 implies that the first term on
the right hand side in (4.19) is Op(NA™*“L + N Ix+ Lh—%). Similarly, Lemma 4.5 shows
that the second term on the right hand side in (4.19) is Op(h=°L? + Nh3("+%)L2). Hence,
N30, — U,) = Op(N3h™“L 4+ X + N-3h~%L2%) = o,(1), because Nh2("+«)L? — 0, and
Nh?L=% - o0, as N — 0o, by Assumption 4.F.

Now, NI = Y tes(crt — c1t)log f1:, where under the present conditions f7; = ;’;01 feaj-

Observe that

2
E (Z(Ch —¢y1t)log th)

tgs
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D> " &e,ElI(t ¢ S)I(s & S)log f1:log f1,]

= > > &&EI(t ¢ S)log fii] (4.20)
tls—t|2J

+ > ) &&E[I(t ¢ S)I(s ¢ S)log frilog f1,]. (4-21)
t |e—t|<]

Now, E|I(1 ¢ S)log fs1| = o(1), by the boundedness restriction on Elog f;1. Hence, (4.20) is

o)) Y &@d =o(N)+o(1) (Za,) = o(N),

t |s—t|>J
because Y, & = Y ;c5 — J ) sc1t = O(1), by construction of ¢y, c5:. (4.21) is also o(N),
which is implied by |E[I(t ¢ S)I(s & S)log f¢log f1.]] < E[I(1 ¢ S)log? f11] = o(1), and
S le—-tl<-’ 1= O(N). Hence VNI=N-}% Yo: Eilog fre + 0p(1).

Now, )", & log f7: can be rewritten as ) _, z;’;ol &i—;j log f:, which in turn can be rewritten

t(27) \ i=0 j=0

2J-1J-1
Z (Z Eég_j-x) log fi—1, (4.22)

where Z,(z 7 lets ¢ run over all multiples of 2J. The expression in parentheses in (4.22) is, by
construction of the é’s, equal to ,2;’0- 1 ;’__'_'01 €4J—j-1, which does not depend upon t. Let A;
be the summand in (4.22), such that (4.22) can be written as }_,,;) A, where the A;’s are

i.1.d.. Because EA; = ,2;’6'1 ;’;J ¢i—j—1Elog f1 =0,

N -~
\/ 5L L N(0,VA),

by the Lindeberg-Levy central limit theorem, where VA; = Y a2 ' Y720 &,V log fi = V*,
where V log fi can be consistently estimated by V, as we have seen in the proof to Theorem
4.1.

Q.E.D.
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Proof of Theorem 4.3
Analogous to the proof to Theorem 4.1, we only need to show that v iz kL, and that
v Sy

For the former, it suffices to show that UY — UY = 0,(1), and that UY — U, = 0p(1), fora =

1,7,asZ L Ik was already established in the proof to Theorem 4.1. Let a = 1, J. (j{ -UY =

A

Y Y —fa. o )
A sy Cat log %{%} =&Y sy Catlog{1+ [..!%M} By Slutsky’s theorem and

by supes, fil(Ynat) = Op(L), it suffices to show that sup, |f¥ (Ynat) — fa- (Ynar)| = 0p(L71),
which is implied by sup, |f¥ (Yvat) — fa.(YN'a:)I = op(L~1') and sup, |fa-(YNat) — fa-(Yivar)] =
0p(L~1). The latter result follows directly from Lemmas 4.1 and 4.2, and Assumption 4.K. The
former follows from Lemma 4.7.

That U,}’ —Us = o0p(1), for @ = 1,J, is implied by Ztesy cat10g fa.(Ynat) —

2te Sy Catlog fa-(Xat) = 0p(N), which holds if

Y. catlogfa(Yna) = op(N), (4.23)
teESy\Sx
> catlogfa(Xat) = o0p(N), (4.24)
teSx\Sy
> cat {log fa.(Yvat) — log fa.(Xat)} = op(N). (4.25)

teSxNSy
Conditions (4.23) and (4.24) can be treated in identical fashion: P[t € Sy\Sx] < P[t ¢
Sx] = P[|IXnlle = B] = 1 — Fy.(Bs) = O(}), and hence },cs \s, Cat10g fa.(YNat) =
Op(NAlogL) = o0p(N), because AlogL — 0, as N — oo, by Assumption 4.K. Now
(4.25). Its absolute value is bounded by 3 s, ns, Cat|108 fa-(Ynat) — log fa.(Xat)| =
Zte SxnSy cat| fos(YNat; Xat)(YNat — Xat)|, by the mean value theorem. By Lemma 4.6, we can

rewrite the afore expression as ) 3;c ¢, ns, Cat {IN”%mf,,Cl + O,,(N'IG)} = 0p(N%)+0,(G) =

0p(N), by the ergodic theorem (and the existence of E|m},|, and Assumption 4.K).
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To establish that V, —V* = 0,(1), it suffices to show that F Ltesy log? ¥ (Yn¢)—Elog? f; =
0p(1) and £ e, log f¥ (Yae) — Elog fi = 0p(1). The latter was already established ear-
lier in this proof and in the proof to Theorem 4.1. For the former it suffices to show that
LY es, 108% FY (Yat) = & Ties, log® f(Xi) = 0p(1), as the proof to Theorem 4.1 already
established that V* —V* = 0p(1). The remaining result is easily shown using a procedure anal-
ogous to the one used earlier in this proof to show that UY — U = op(1).

Q.E.D.

Proof of Theorem 4.4

In the proof to Theorem 4.2, we established an asymptotic distribution for VN (Z —ZkL). In the
proof to Theorem 4.3, we established that Vj % V*. We now need to show that vN @¥-1)=
0p(1), or that Y —U, = 0p,(N~%), fora = 1, J. Now, to establish the properties of N (UY -—(7,,),

we only need to examine

Y catlog £ (Ynat) = ) catlog fas

tESY teSx
= E Cat log f'}, (YNa.t) . (4.26)
tESY\Sx
+ Z Cat {103 fay-(YNat) - log fat} (427)
teESyNnSx ’
+ > catlogfu (4.28)
teSx\Sy

In Lemma 4.8, we establish that (4.26) is 0,(N%). The mean value theorem can be used to
expand (4.27); the first order term is dealt with in Lemma 4.10, and the second in Lemma 4.9.
Finally, (4.28) is a direct consequence of the proof to Lemma 4.8.

Q.E.D.
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4.B Technical Lemmas

4.B.1 Under the Mixing Condition

Let Assumptions 4.A—4.D hold. The following lemmas are not original, and can be found in a
number of other places. Indeed, the first lemma also appears — albeit in a slightly different

form — in Robinson (1987), Theorem 3.

Lemma 4.1 Fora=1,J, sup, |fo.(z) = Efa.(2)] = O5(N~3R-0).
Proof:

Rewriting the above expression, and applying Assumption 4.C, we obtain

ﬁ'— Z{kdh(z - Xo) - Ekah(z - XS)}

sup
z s
l iuT z=X . Trx=X
= o | [ Sl TR - ey
= isup /¢ak(h”)z{€i"T("x')—Eei"T(’-x')}dv
N, .
1 ivTs -ivTX, -ivT X,
< o [1Bar(holsuple) ST - Bt
- 1 -ivTX, -ivTX,
- / |6ai(h)| FZ{e — B X} v, (4.29)

where the second equality follows by subtitution of v = u/h, and the last equality by sup,, |e'**| =
1. (4.29) is non-negative, and it thus suffices to show that its expectation is O(N~¥h~2). We

first deal with the second factor under the integral sign in (4.29). Thus

sup E
v

%Z{e-iu"x. _ Ee—iu"x.}
8

< sup %ZZ E[{e=i"Xs — Ee=ivTXs}{¢ivTX: — EeivTX:}]
t s
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sup -1%5 E Z Cov{cos(vT X,) — isin(vT X,), cos(vT X;) + ¢sin(vT X:)}
t s

Il

sup 7\/’15 Z Z[Cov{cos(vTX,), cos(vT X;)} + Cov{sin(vT X, ), sin(vT X})}]

%EZ“US-“) =0 (, /N“Za(S)) =0(N~%), (4.30)

by Assumption 4.A. Substituting (4.30) into (4.29) yields

IN

O(N—%) / |bar(hv)|dv = O(N~3h~) / |bar(u)ldu = O(N~4h77),
by Assumption 4.C.

Q.E.D.

Lemma 4.2 For a = 1,J, sup, |Efas.(z) — fa.(z)| = O(R™*¥).
Proof:

The left hand side in the above expression can be rewritten as

-’;la-Elca;.(z — X1) - fu(2)

= sup / ko (W){fo.(z — ht) — fo.()}du

z

h—la / kan(z - y)f (y)dy — f(=)

sup = sup
z x

= sup /||unzf-{i ka.(u){fa-(z + hu) — fa.(z)}du (4.31)
+ sup Aulki‘,‘;’- ko.(u){fa.(z + hu) — fs.(z)}dul, (4.32)

where pay was implicitly defined in Assumption 4.B’s reference to Definition 4.1. f,. is bounded
and hence (4.31) is (for some C; > 0) bounded by C} jilullzﬂi’- |kg.(u)|du, which in turn is
bounded by C; fllullziﬂ Hul}]="=1-“du, for some C; > 0, by Assumption 4.C. This last ex-
pression is just Czh™+/{(r +w)p}}“}, and hence the first term in (4.32) is O(h"**). Now
the second term in (4.32). Let Ryrq(z,y) = fo.(2) — fa-(¥) — Qra(z,y), with Qsro defined in

Definition 4.1. Then the second term in (4.32) can be bounded by

|/ ka.(u)Qfra(z — hu, z)du| + l/ ko.(u)Rfra(z — hu, z)du|du. (4.33)
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The first term in (4.33) is 0, by the assumption that k4. is an (r + 1)-th order kernel. The
second term can (because f;. € Gr4u) be bounded by A"+ [ |kq.(u)| ||u||"t*du = O(A™*¥), by
Assumption 4.C.

Q.E.D.

4.B.2 Under Independence

The following lemmas accompany Theorem 2, and hold under the conditions made therein.

Lemma 4.3 The following conditions hold fora=1,J.

o E [7‘17’““"(“’ ;j%:)) - f"'(z)] = O(h™*“L) (4.34)
£ [;.‘Tkah(z _f&)l )—fa.(xu) Xl < B)]
= K, (B==)_k, (ZB==) -y, 4.35
(%72) - = (57 (839
,E [K,,. (%) ~ Ka. (:‘%) - 1” = 0(). (4.36)
Proof:

By Assumption 4.B, 1/f,.(z) < L, whenever ||z||c < B. Lemma 4.2 then implies (4.34). Let

Bs € R° be a vector of B’s. (4.35) follows from

kan(z — Xa1) Y
F g il < 9] = w0 [ bate v
= | .. kq.(u)du

B -z —~B; —z
o (22) - (FF52)
Now (4.36). We show that |EK,.{(B; — Xa1)/h}— 1| = O()A), where |[EK,.{—(Bs — Xa1)/h}| =

O(}) can be shown in a similar fashion. Because Kq.(z) = [];—; K(=;), by Assumption 4.C,

Ko(z)~1 = Y1 {K(21) = 1}]]j_14, K(z;), and because K is bounded, it suffices to show
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that |[EK{(B — X1)/h} — 1| = O()). Now,
o (257) -1

(1-m)B B-z B-—z
5/_00 K(h)‘l K(h)“l

Assumption 4.C implies that [K(B) — 1| — 0, as N — oo. Hence, the first term in the last

[~}

f(z)dz.

f@yz+ [

(1-h)B

displayed equation can (for sufficiently large N) be bounded by ff:h)B |K({B—(1—-h)B}/h)-
1|f(z)dz = |K(B) - 1| ff:h)B f(z)dz, which is O()), by definition. The second term in the
last displayed equation can be bounded by C{1 — F((1 - k)B)} = O(}), by definition, where C
is some large positive constant.

Q.E.D.

Lemma 4.4

We need to show thet fora=1,J,

chtcs (.fatf"' fat) (faaf‘ fa:) = OP(N2h2(r+w)L2 +N/\2 + Lzh—“). (4.37)
t€S 3€5 at as

Proof:

Multiplying the left hand side in (4.37) by N2, and taking the expectation implies that we only

need to show that

L - - t
TS ee, ¥ 3 a[{steln X2 fo Gl gy, < )

ugD,s vgD,

%kah(xas - Xav) - fa-(Xfu)
(s 10 < 2]

= O(N*RUr+9)[2 L N3)2 4 N2L2h~Y). (4.38)

We now examine three cases: when there is no overlap, i.e. when ¢,u ¢ D, U D,, when there
is a single overlap, and when there is at least a double overlap. Let g, Q,, and Q¢, v denote
the partial sums in (4.38), for which there is no overlap, overlap between ¢ and s, and for which

there is both overlap between ¢ and s and between u and v, respectively, where Q with other
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subscripts are implicitly defined. When there is no overlap, we can condition on (Xg¢, X4, ), and
apply (4.34), such that Q9 = O(N*h2("+%) [2), which does not conflict with the right hand side
in (4.38). If only t € D,, the same trick can be applied yielding Q;, = O(N3h2("+“)[2). When
u € D,, conditioning on (Xy, X,) and applying both (4.35) and (4.36) yields Qy, = O(N3)?),
and when t € D, (or s € D), a combination of both above techniques results in Q¢y, R,y =
O(N3AR™¥ L), which is O(N3)? + N3hr2(r+@)[2), This does not conflict with the right hand
side in (4.38) either, so we now only need to examine the case of more than one overlap. Notice

that the expectation in (4.38) can be rewritten as

kah(Xat - Xau)kah(Xa: - Xav)
N [ Ty (X fe Ka) UKl < BYI([1Xrslleo < B)] +1 (4.39)
2 [Eealet “ X 11, < )] (4.40)

for all ¢,s,u,v. The expectation in (4.40) is 1 + O(h™*“L), by (4.34), uniformly in « ¢ Dy,

v & D,. So we only have to examine (4.39), for which

sup E [kah(Xat - Xau)kah(xas - Xav)
t,s,ug¢D, vgD, hzafa-(Xat)fa-(Xaa)

< L% / k3n(z = ¥)fa (2)fa(y)dzdy < CL?h™° / k3.(z)dz = O(L*h™?),

(1 Xselloo < BYI(1X1alloo < B)”

where C = sup,, fa.(z); the first inequality follows from 1/f,.(X:) < L, for all t € S, the second
by substitution of z for (z — y)/h, and the equality by the squared integrability condition on
k, imposed in Assumption 4.C. As there are only O(N?) terms where there is more than one
overlap, the Q.....’s are O(N2L2h~¢).

Q.E.D.

Lemma 4.5 Fora=1,J,

Z (fat fai) Op(h-aL2 + th(r+w)L2), (4.41)
tes at’

where (a:;y) denotes some number between z and y.

Proof:
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Note first that

Il

L? t‘é‘g {F% + (f:f: 250)}

= inf {fzt + (s = fo? + 200 = far)ss0) }

a 2
> L 1nf 1-—- sup Lfat +2sup 'fat fafl
tes fat tes  fat

2 1 + OP(I):

2 F2 . £2
L tlgg(fat)fat)

where the last inequality follows from the proof to Theorem 4.1, and Assumption 4.B. A
consequence of the above result is that sup,es 1/(f%; f%) = Op(L?). Thus, the left hand side in
(4.41)is Oy (L) Y",¢ §(fat—fat)?. The summation in the afore expression is always non-negative,
so it suffices to show that sup, E[(fat — fat)I(t € S)]? < E[fa1 — fa1)? = O(N~1h~0 4 h2r+w)),
for (4.41) to hold. The inequality in the above expression is a direct consequence from the
stationarity condition imposed in Assumption 4.E, and that for any event A and any positive

number ¢, cI(A) < c. Now

N2E[fa1 — far]?

= Y Z E[{kan(Xa1 — Xas) = h* fa.(Xa1)Hkan(Xa1 — Xau) — h®fa.(Xa1)}]

JEDl ueD;
O(N2R2+) 4 NR™9), (4.42)

because if s ¢ Dy, then X,, and X,, are independent, and we can condition on X,; and
apply Lemma 4.2 which leads to the first convergence rate stated in (4.42); if s € Dy then the
expectation on the right is bounded by E[k2,(Xa1 — Xas)] = [k2,(2 = y) fa-(2) fa.(v)dzdy =
O(h®), by substitution for (z — y)/h, and because there are only O(N) combinations of s and
u, such that s € Dy, the second convergence rate stated in (4.42) is achieved.

Q.E.D.
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4.B.3 Nuisance Parameters
4.B.3.1 Under the Mixing Condition

Lemma 4.6
YNat — Xat = N~ 3ml,¢ + N~ 2¢pgy, (4.43)
uniformly in t, where ¢q; = % (E;=1 C‘,-D,-)2 Masl(680) = 0,(G), uniformly in t.
Proof:
We assumed in Assumption 4.G that Yy, = mat(é) and Xg¢ = mga(6o). With the mean value

theorem it follows that

(]

2

R 1 n R

YNat — Xat = ng(a - 90) + ’2- (E(gj - aﬂj)Dj) m¢¢(9; 00)» (4-44)
j=1

Because 6 — 6 = N—%¢, by Assumption 4.I, the first term on the right hand side in (4.44)
is N-3m’,(, and the the second term is N (E;=1 ('.,-D_,-)2 a1 (0; 00). The proof can thus be
concluded by noting that sup;gee ||m7(6)llc = Op(G), by Assumption 4.J, and that { = Op(1),
by Assumption 4.1.

Q.E.D.
Lemma 4.7 Fora=1,J,
sup | £ (Yivat) = fu-(Yivas)| = 0p(L™")- (4.45)

Proof:

The left hand side in (4.45) can be rewritten as

3 e (B o) g, (Ymt;xa,)}’

sup
t s¢D,
s¢D;
< [ 1Bl |5 3 (677 - emio7Xe) La, (446)
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where the steps that led to the inequality are similar to those in the proof to Lemma 4.1. We
have now included the set D; in the summation for notational convenience; we can safely do
this as there are only a finite number of terms in that set, anyway. The expression whose mode

is taken in (4.46) can by the mean value theorem be written as

. (4.47)

r1 =T (YNasiXar
v N ;(YNGJ - Xas')e (¥ )

From Lemma 4.6, we know that Yy,, — X, = N'Jz‘mfuC + N~14,,, uniformly in s, such that

(4.47) is

N—% UT% E m;,(e-i"r(y"“;x“)
s

+ 1474 gy e O (448)
3

where ¢ is a vector of 1’s. (4.48) can be bounded by
N=3Y T mi () + O (N1 G4, (4.49)
&

because sup, |tas| = Op(G), by Lemma 4.6. Note that [ |¢.x(hv)vT |dv = A~ [ |$ar(u)uT|du =
O(h=*%), by substitution of ¥ = hv, and Assumption 4.C. Also note that % Y, |m{,(| E8
Elm!,(], by the ergodic theorem; the existence of the expectation in the afore convergence

result is implied by Assumption 4.J. Substituting (4.49) into (4.46) yields therefore
1 -
0p(N~7) [ Igaa(uTldvy 3 i d] + Op(N3GH™) [ 14aa(u)uT Idoe
s
= Op(N~%h=% 4 N-1Gh™%) = 0p(L71),
if N~3h—7L — 0 and N-1Gh~/L — 0, as N — oo, which is implied by Nh2/L=2 — oo and
NG~'hI L' — oo, which are implied by Assumption 4.K.

Q.E.D.

4.B.3.2 Under Serial Independence

Lemma 4.8 Fora=1,J, ) c5 \sx cat10g Y (Ynat) = 0p(N%).

Proof:
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Let Sa(Y) = {t : |[¥nvsillo < B, B < lIXsello < B+ T}, Sp(Y) = {t : |[¥nsillo <

B, || Xstlloo > B + T}, such that Sy\Sx = Sa(T) U Sp(T), for any sequence T. Now,
sup |log f¥ (Yivat)| < sup |log f3 (Yiat) — 10g fa-(Yivat)| + sup |log fa.(Ynas)l.  (4.50)
teSy tESyY teESY

The second term on the right hand side in (4.50) is (for sufficiently large N) bounded by

log L, which is a consequence of ¢t € Sy and Assumption 4.B. The first term on the right

hand side in (4.50) is o,(1), which is implied by supyes, [log{l + L (Nelote(rely -
0p(1) or by supes, |F¥ (Ynat) — fa(Ynat)l = 0p(L7!). In Lemma 4.7, we established
that sup,es, |fY (Yvat) — fa(Ynat)l = 0p(L7!), and Lemmas 4.1 and 4.2 ensure that
supse s, | fa-(YNat) = fa(Ynar)| = 0p(L™1). Hence, for sufficiently large N, the left hand
side in (4.50) is bounded by 2logL, and hence |} ;cs. \s, Catlog fY (Ynat)| is bounded by
log Ly e 5,\sx C for some large C > 0, because the cq¢’s are bounded. We thus only need to
show that } ;5 \s, 1 = 0p(N¥log™! L), or equivalently that Ytesamy 1= op(N¥log™ L) and
that 3 e s () 1 = 0p(NV Ylog™! L). Consider first the latter. Choose some C > 0. P[3, I(t €
Sp(T)) > C~'N¥log™! L] is by Markov’s inequality bounded by CN¥log L EI(1 € Sp(Y)) =
CN¥logL P[1 € Sp(T)] < CNilogL P[||Yns1 — Xs1)leo > Y] = CN¥ log L Plmin{||Yns1 —
Xnl,1} > 1] < CN}log LY~ Efmin{|[Yns1 — X1leo, 1})7 = O(N~#0-Dlog LT-1) = o(1),
by again Markov’s inequality and by Assumptions 4.I and 4.0. Finally, consider P[y_, I(t €
Sa(T)) > C~'N#log™! L], which, by an argument analogous to that above, is bounded by
CN¥logL P[1 € Si(Y)]. So, we need to show that P[l € S4(T)] = o(N-%log™' L).
Now, P[1 € Sa(T)] < PllXnllo € [B,B+T)] < PlIXa] € [BB+T)V---VIXs] €
[B,B+T)] = JP[|X)| € [B,B+T)] = J{F(B+TY)~- F(B)+ F(-B) - F(-B-1T)} =
JY{f(B;B+TY)+ f(-B—T;-B)} = O(YL~¥) = o(N~%log™" L), where the second but last
equality follows with the mean value theorem, the penultimate equality from Assumption 4.N,

and the final one from Assumption 4.0.
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Q.E.D.

Lemma 4.9 Fora=1,/J,

{g(Yth) - fat}z =
tesxznsy o {fK(YNat);fat}z %

Proof:

(). (4.51)

The denominator term in (4.51) can be eliminated in a similar manner as in the proof to
Lemma 4.5. Indeed, sup;es,ns, HFY (Ynat); far} % = Op(L?). Hence, for (4.51) to hold,
it suffices to show that },{ fY (Ynat) = far}® = 0,(N1L~2), because sup, |cai] < c0. Now,
LA fY (VNat) = far}? < TASY (Ynat) = far}? + Tyl fat = fur}?. In Lemma 4.5, we dealt with

the second term in the afore expansion. Now the first term. Let 3°,,, denote 3=, ¥-.0p, 3ep, -

N Y (Vi) - fr)?
t

tsu

Ky

k YNat - YNas -k Xat— Xas
o @ h @ h h

S IR O H(YNat = Xat + Xas = Ynas)] 1Ko (¥t = Xot + Xau = Ynau)),

tsu

IN

h

by the mean value theorem. Because [k | is bounded, it can further be ignored. Let 3,,,
now denote ), 3°, . Then the last displayed expression can be bounded by a large positive

constant times

NS I (mly =l ot N~ (e = s )HICT (mly = b )i N ™H (or = Yu )}, (452)

tsu

which follows from Lemma 4.6, where ¢ is a vector of 1’s. E[N=33",,,, [¢T (mlg~m,)|e|¢T (m,, -
mi )] € N=3 T, BT (mly — mi, B[ (miy — miy)l} = O(1), by Assumption
4 M. Because sup || = Op(G), by Lemma 4.6, (4.52) is Op(N? + NG?), such that
N’IE,{H(YNa:) - ful? = Op(N-3h-2-28(N-1N3 4 N3N-2G?)) = Op(N-1h-2-% 4

N-2h=3-2G?) = o,(N-}L-?), because Nh*/L=4 = o0 and Nh$+#G-21-% - oo, by

125

2 YNat - YNas _ Xai - Xn: YNat - YNau _ Xat - Xau
Ky {k,. (—-——h ko (=52 ) ke () ke (2

lka' (YNut - YNau) - ka- (Xat - Xau

)

)}



Assumption 4.0.

Q.E.D.

Lemma 4.10 Fora=1,J,

ﬁ N °‘;§f‘ {k.,. (—YN‘” - Y”"’) — ka. (————X“‘ ;X) } =op(N~¥), (4.53)

t sgD,

“where @ = I(]| X stl|oo < B).

Proof:
By Lemma 4.6,
mi
YNat — Xat = N4 : + N g,
m;+a-1(

and hence the left hand side in (4.53) mutliplied by N2h® can, by the mean value theorem and

Lemma 4.6, be written as
0
h—l Catidit
Doy e

x D ANTH(miyi g = ml i 1)C + N7 (Yar — Yao) obgjot,etiot
j=1

X Hkt+l—1,:+l-l (4.54)
1#j
r-1
CatSdt
+ 2w
=2 ts
x (Z{N-%(mgﬂ._l —mlyi1)C + N~ (et — ./,“)}D_,-) k(Ko Xar y (4.55)
j=1
catQt
MR
X (Z{N-*(m;ﬁq - m:+j—1)< + N_l('/’tﬂ‘-l - ¢J+.7'—1)}DJ') kn-l-’ (4.56)
j=1

126



where 3, =37, 3", gp,- Consider (4.54). Select some j = 1,...,a. We have to establish that

/
. . keai— -
D carQu(mlyj g —myy (SIS SESEEL o g (NP, (457)
o firi-r iy fen

kL. . kigi— -
antQt t+i—1,8+5~1 H t41—1,341 1(1/’t+j-1—‘¢a+j-1) = OP(Nghaﬂ)' (4.58)
- feyi—1 1 Ji4i-1

The left hand side in (4.58) is Op(N2GL), because sup, |#:| = O,(G), and because Q:f;! < L.
This implies that (4.58) holds, because N2.GLN~-%h=%"1 = N=3GLh~%! — 0, as N — oo,
because Nh2/+2G-2L-2 — o0, as N — oco. Now (4.57). Note that m} may depend upon past
X,’s, although it was assumed in Assumption 4.L that m} is'independent of X,, for s >t. Let

ny = I(|X¢| < B), such that Q; = H;.’ﬂ Ti4j—1. expectation of the left hand side in (4.57) is

ki j s k
+j—1,84j~-1 ] ' t41=-1Kt41-1,541-1
antE [f'—_—"‘rt{i-l E {m:+j-1 - ma+j-1}CH 1,
ts t+j=-1,045-1 1% t+1-1

which is zero because E[f; 'ki,m:] = E[f; 'mE[k},|X:]] = 0, as established earlier. Hence
the expectation of the left hand side in (4.57) is zero. Its squared expectation has N3 cross
product terms, each bounded by the expectation of its squared summand, which is O(L2h%),
because f; >m; < L%, and E[{(m}y;_y —m) ;1 )¢} (Kiyjm1,45-1)° [Ty kliio1,41-1] = O(R%),
by repeated substitution if the above expectation is written as an integral, where the expectation
exists because of Assumptions 4.C and 4.M. Hence the squared expectation of the left hand
side of (4.57) is O(N3L?h®), and therefore the left hand side in (4.57) is itself O,(N % Lh%). By
Assumption 4.1, N3 LA%(N2he+1)-1 = N-3p-%-1L — 0, as N — oo, because Nh/+2L-2
00, a8 N — oo, by Assumption 4.0. Now (4.56). Because k,. was assumed to be r times

boundedly differentiable in every direction, it suffices to show that

n a

a Q ' - ! ! - . r—
Y i T o mhson = s )N T 3 ko1 — i)
i=1

ts fat 1=0 j=1

- OP(NZha-{—r),
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or equivalently that for any 1 =0,...,r,

2

ts

Y (i1 =gy Q)| = op(NTHEGIT L R0, (4.59)

j=1
because Q:/fs: < L, by Assumption 4.B, and because sup; [¢);] = Op(G), by Lemma 4.6.

The left hand side in (4.59) is bounded by 3,,(I Xo5-; miy;—oCl + |5, miy—oCl) <
2C Y, Yojon Imbyi—al" < 2NCS, 555, [Imiy; alITlICH, which is Op(N?), because ¢ =
O,(1), by Assumption 4.1, and because of the ergodic theorem and the fact that E||mi||" <
oo, by Assumption 4.M. Hence, the left hand side in (4.59) is Op(N?2), which is in-
deed op(Nz"'"%G"'L‘lh“""), for al | = 0,...,r, because N~3h=/-"L — 0 and
N-"Grh=7-"L — 0, as N — 00, because Nh2+¥ L-% — oo and NG-1h+¥L-} - o,
as N — oo, by Assumption 4.0. Finally, examine (4.55). Select some ¢ = 2,...,r - 1. We can
expand the expression that is raised to the power i in (4.55) into a finite summation indexed by

1=0,...,t, with as summands a finite constant times

! i1
Op(N+~7) (Z(m;+j—l - m:-i-j—l)CDJ') (Z('/’th‘-—l - ¢a+i-1)DJ')
Jj=1

j=1 =

a 4 a i-1
D (miyjor = My )CD; (E Dj) , (4.60)
j=1 j=1

because sup, [¥:| = Op(G), by Lemma 4.6. Let v, ¢ € R®. Then, using the notation of Appendix

< O(NFiGH)

A.2, we can write (4.60) as

Op(N¥G*Y) Y 37 LLT,l(ml, — mi, )1 D2, (4.61)

vEVq Gevc.lol
where the I'’s are finite constants and the summations run over finite sets. Note that |[(m}, —

M, )1 = TTj=n (migson = miy;1)C1 < NG TTzs llmtyy = mi ;1174 that JICI = Op(1),

and that |D"+ek k(ite;)(Xutiza=Xetiz1)| - Combining (4.55), (4.60) and

a-|(XatgXes )' = IH;:l
(4.61) implies that we need to establish that

Ni-i-2@Gi-t

aQ ! / v -
T Zc; = |(mee—mé, )| = op(N~3),(4.62)
ts @

ﬁ Ewites) (X""J'" - X""f"l)
h

ji=1
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for every combination of ¢,l,v,9. We now intend to take the expectation of the left hand side
in the last displayed equation. Note first that cs:Q:f;;' < CL, for some large C. By the
inequality of Cauchy-Schwarz, the remainder of the summand can be bounded by the square
root of E|(mi, — mf, )1 [[j<, Elkste)(FutimpXetict)| = O(he), because E|mi¢|* ™1 <
00, by Assumption 4.M, such that (4.62) holds if N¥-igi-lp-i-8 o 0, as N — oo, for
ali =2,...,r~1,and all! = 0,...,7. We need to verify that N-3G?h-%-%L — 0, and
N-3h-2-%L — 0, as N — 00; both hold because NG-$h*¥* L-% — 0o, NA*+7L-2 — o0, as
N — o0, by Assumption 4.0.

Q.E.D.
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Chapter 5

A General Characteristic
Function Based Measure Applied

to Serial Independence Testing

5.1 Introduction

In this chapter we suggest a measure for the distance between two distributions, we indicate how
it can be estimated and we apply it to testing for serial independence against a serial depen-
dence of order one alternative. We also suggest a statistic for serial independence against serial
dependence of order J —1 (2 < J < 00). Some other possible applications of the measure are in
testing for structural breaks, for time series reversibility, for Gaussianity, and for the equivalence
of the distributions of elements in separate stationary series. We discuss such applications in

Section 5.8.
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Many measures, that can be used for similar purposes, exist and, as we have seen in Chapter
3, quite a few of them have been applied to serial independence testing. There are however
a number of characteristics that set the proposed test apart. An advantage is that it can be
used for continuous, discrete and mixed distributions alike. As kernel density estimate based
statistics, a kernel needs to be chosen, but not a sample size dependent bandwidth sequence.
Although the fact that no bandwidth sequence needs to be chosen is fortunate (bandwidths
have been found to strongly influence estimation results), the choice of a kernel does imply a
degree of arbitrariness. In Section 5.6, we discuss its choice. Under the alternative hypothesis,
as is usually the case in nonparametric independence testing, a weak dependence condition is
required in addition to serial dependence of order one. We say a bit more about this condition
in Subsection 5.3.1. Under the null hypothesis, the proposed test is shown to have a limiting x?
distribution. In Section 5.5, Monte Carlo simulations suggest that the small sample distribution
of the statistic is quite close to the asymptotic distribution, even for samples as small as 100
observations. As we shall see in Section 5.4, the proposed test is generally more powerful than
the correlation dimension test of Brock, Dechert and Scheinkman (1987). It is also fairly easy
to compute.

The measure we propose bears some similarities to Csorgo’s (1985) test for cross-sectional
independence, but there are, as we shall see, some major differences, also.

In Section 5.2 we propose our characteristic function based measure. In Section 5.3 we explain
how, along the lines set out above, a test for serial independence against serial dependence
of order one can be constructed. In Subsection 5.3.1 this is done for the standard case and
in Subsection 5.3.2 for the case involving nuisance parameters . In Section 5.4 we use local
alternatives to make theoretical efficiency comparisons, in Section 5.5 we present the results

of Monte Carlo simulations, Section 5.6 discusses the impact of the user-chosen parameters in
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the model, in Section 5.7 we carry out a modest empirical study, and in Section 5.8 we give a
short description of some other uses for our measure, including the analogous test statistic for
serial independence against a serial dependence of order J — 1 alternative. OQur conclusions are

summarised in Section 5.9.

5.2 Characteristic Function Based Measure

Suppose we wish to compare the distribution functions F; and F3 of the J-variate random
variables X3 and X3, respectively. It would be convenient if we would have a measure B, for
which B = 0 if F1(z) = F3(z), almost everywhere, and B > 0, otherwise.

It is a well-known fact that two distribution functions are equal almost everywhere, if and
only if their respective characteristic functions are equal almost everywhere [cf. Lukacs (1970),
Theorem 3.1.1). It thus suffices to compare E exp(iu” X;) and E exp(iu” X3), where T denotes

transposition, for all u. Define
. T .
Y(u) = Bt X1 — Eefv X2y e R,

the difference of the characteristic functions at u. Obviously, ¥(u) = 0, almost everywhere if

and only if F\(z) = F(z), almost everywhere. Define

B= / o(u)l(u)Pdu, (5.1)

with ¢ a density. Because a characteristic function is bounded, B is now bounded, also. There
is a certain degree of arbitrariness involved in the choice of g, but this equally holds for other
statistics. Indeed, one could easily allow for more generality in the way distribution functions
are estimated in the empirical distribution function based serial independence tests of Skaug
and Tjgstheim (1992) and Delgado (1993), and the very choice of the estimation method they

made — although in their setting indeed the most obvious — is arbitrary, in the sense that it is
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only one out of a number of possible distribution function estimation methods. It goes without
saying that different choices lead to different results. We say a bit more about the arbitrariness
regarding the choice of g in Section 5.6.

Obviously, if ¥(u) is zero almost everywhere, then B = 0 and otherwise B > 0. Let dFa(z) =

dF;(z) — dFy(z), for all z. Then we can rewrite (5.1) as
B = /g(u) {E cos(uT X1) — E cos(uT X3)} + i{ Esin(u” X;) — E'siu(uT)(g)}l2 du
= /g(u) { E*[cos(uT X1) — cos(uT X2)] + E?[sin(uT X;) — sin(uT)(z)]}2 du

f o(u) { ( / cos(uT:c)dFA(:c)> g ( / sin(uTz)dFA(z)) 2} du

/g(u) { cos(uTz) cos(uT y) + sin(uT z) sin(uTy)} dFa(z)dFa(y)du

/g(u) cos{uT (z — y)}dFa(z)dFa(y)du.
Let us now have a closer look at g. Suppose now that g is symmetric. Then it has a real
characteristic function, say a. Because a(v) = [ g(u) cos(uTv)du, for all v, we rewrite the last
displayed equation as

B= /a(z — y)dFa(z)dFa(y).
As B is just a sum of expectations relating to an observable series, it is very easy to estimate

B once the applied researcher has selected a. Sometimes it may, for performance reasons, be

desirable not to look at B, but rather at Z, where
I = ci(T1 — I2)? + c2(T2 — I3)?,

with ¢; and ¢; positive constants and Z; = [ a(z—y)dFi(z)dF1(y), Z; = [ a(z—y)dFi(z)dFa(y),
and Z3 = [ a(z — y)dF(z)dFy(y). We can do this, because Z is bounded from below by c3B?,
for c3 = min(c;, ¢2)/2 > 0, as we now show. Indeed,

z
o >UAT — L) +2(Zo— 1) > (T1—T2)? +2(T1 — T2)(Ts — Ta) + (T3 — I)?
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= (71 —2I,+15)* = B?, (5.2)

and hence we can use Z to replace B, if we desire.

An obvious use of the above principle to test for the equivalence of the distributions of
elements of two mutually independent stationary series. Another possibility is to test for in-
dependence between elements in different series. We shall however look at the case, where we
want to establish whether Fis(z,y) = F(z)F(y), for almost all (z,y), with Fj2 the distribution
function of (X1, X3) and F that of X; (and hence also of X3). This case is more complicated
than the previous one, as we shall see, because we will be faced with certain dependencies under
the null hypothesis, due to overlapping terms.

The problem Csorgé (1985) investigated wé.s that of testing for independence between ele-
ments in two 1.i.d. series. He proposed to test for independence using a statistic of the form
N sup, |#(u)|?, and he showed that, under certain regularity conditions, this statistic converges
to an estimable constant times a x3-distributed random variable. His statistic could, with minor
alterations, obviously also be used to test for serial independence, but the proofs would be still
more complicated than under the case he considered. Numerical optimisation routines need to
be applied to compute it, and as ¥ is unlikely to be unimodal this may well be expensive in
computer-time. We have not found any literature on the performance details of Csorgo’s (1985)
statistic, neither in the setting of cross-sectional independence nor for serial independence. It is

none the less an interesting alternative.

5.3 Testing for Serial Independence

We first consider at length the case of testing for serial independence against serial dependence
of order one, and we suggest a test against serial dependence of any finite order in Section 5.8.

We shall derive a result both when {X;} is observed and in the case of nuisance parameters.
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As noted in Chapter 3, one is typically confronted with nuisance parameters in testing the
specification of a model, in our setting usually a time series model. The disturbances in such a
model are not observed, but our test may, under conditions explained in Section 5.3.2, be applied
to the corresponding residuals. A few examples of models for which this is the case in a finance
context are the AR (Autoregressive) model, the MA (Moving Average) model, and the NLMA
(Non-Linear Moving Average) model. Unfortunately, the proposed test applied to residuals of
an ARCH (AutoRegressive Conditional Heteroskedasticity) model does not asymptotically lead
to the same value of the test statistic as that applied to the (unobserved) disturbances. However,
the proposed test will still be consistent; only the asymptotic distribution under the null is no
longer x?, and one will have to put up with simulated critical values. This would take away
the advantage of the well-approximated and convenient asymptotic distribution of the proposed
test statistic.

If we are to test for serial independence against a serial dependence of order one alternative,

we are to test whether
Fia(z,y) = F(z)F(y), for almost all z,y, (56.3)

where Fi3 and F are the distribution functions of (X3, X2) and X, respectively. As we now
wish to compare two bivariate distributions, we will use a slightly different notation from that
used in the previous section. Still using the same framework as in the introduction, we are to

test whether
¥(u, v) = Bt X1+vX3) _ poiuXy Eeiuxl,

for almost all u,v, our statistic is based on B = [ g(u)g(v)|¥(u, v)[*dudv. As suggested in

Section 5.2, we do not use B itself, but Z. Setting ¢; = ¢z = 1, which is perhaps again
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somewhat arbitrary, we have
I=(Ti-I3)* + (T2 - Ts)?,
where (analogous to Section 5.2)

I, = /a(z — w)a(y — 2)dFi3(z, y)dFi2(w, z),
I, = /a(:c — w)a(y — 2)dF12(z, y)dF (w)dF(z), |

73

/a(z — w)a(y — 2)dF (z)dF(y)dF (w)dF(z),

where a = [ g(u) cos(uz)du satisfies certain conditions, stated in Assumption 5.B. It is easily
seen that Z is indeed zero, if Fia(z,y) = F(z)F(y), for all z,y. We shall estimate Z; to Z3 by

Z; to fa, which are defined further below.

5.3.1 Standard Case

In this section we set out the assumptions required for our main results for the standard statistic
to go through. We actually just need two assumptions, both of which are fairly modest. The
first is the trigonometric mixing weak dependence condition which is needed for some standard
law of large numbers results for dependent processes. As noted in Chapter 3, it is implied
by strong mixing, which was also explained in Chapter 3. The condition is complementary to
the serial dependence of order one restriction that applies under the alternative hypothesis. It
should be pointed out, though, that these are sufficient conditions, and that there is a large
class of alternatives not satisfying the conditions imposed against which the test will none the

less have power. The second applies to the choice of the function a.

Assumption 5.A The stationary ergodic series { X1} is trigonometric mizing with mizing num-

bers a(t), in the sense of Definition 3.10.
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Definition 5.1 We define G as the class of functions that are positive everywhere on R, and

that have a Fourier transform that is bounded.

The above definition obviously includes all densities that are everywhere positive, including

the Gaussian density.

Assumption 5.B Let a be a Fourier transform of any even funciion g that belongs to the class
G and for which a, with a(z) = [ g(u) cos(uz)dz, is not a degenerate U-statistic kernel with

respect to F, in the sense of Definition 3.12.

The functions a in Assumption 5.B are not kernels in the sense of traditional nonparametric
theory. They need not integrate to one and need not be positive (almost) everywhere. Because
they are based on an even function, however, they are even (and real) themselves, also. If a
is degenerate, the asymptotic distribution will no longer be normal (cf. also Definition 3.12,
Theorem 3.1, and the ensuing discussion). a is degenerate if and only if Q; = [ a(z — X, )dF(z)
has a degenerate distribution. Choosing a(z) = exp(—3z?), for all z, the characteristic function
of the standard normal distribution, this would imply that [ exp{—%(z — y)?}dF(z) does not
depend on y, which for continuous distributions amounts to saying that Ef(Y), with Y ~ N(y, 1)
and f(z) = F'(z), does not depend on y.

Let a(X: — X,) be denoted by a¢,. We define

1 1
F= 3 (('”y—fa)z) s (5.4)

where
i = (fl —fz)z + (i'z - 23)2,
- 1
I, = m Ezanat+1,s+1:
t s

iz = K'];—a' E Z Zauat+l,u:
t s u

137



I = XYY Y awow,
t s u v
1 1 ?

The denominator in the definition of 7 is a variance estimate. It ensures that the asymptotic
distribution of N7 under the null is always x2. It should be noted that it is, in practice, much
better to exclude the cross terms in the above summations to reduce unnecessary noise due to
overlapping terms, but for notational clarity, we shall use the above V-statistic representation,
here. In Section 5.5 we shall give the form in which it is best implemented.

Theorem 5.1 below establishes consistency against all departures from (5.3). This means
that whenever (5.3) does not hold, our test statistic N7 tends to infinity, in probability; that

is, when the assumptions made in the theorem are satisfied. This is a very valuable property,

because the test will, sample size permitting, reject any alternative to (5.3).

Theorem 5.1 (Consistency) Let Assumptions 5.A and 5.B hold. The test ‘Reject Hoif N7 >

C’, for some 0 < C < oo, is consistent against all departures from (5.3).
In Theorem 5.2 we establish the asymptotic distribution of N7 under the null hypothesis.

Theorem 5.2 (Asymptotic Validity) Let Assumption 5.B hold. Lel the series {X;} bei.i.d..

Then

~ L 9
N7 5 3.

5.3.2 Nuisance Parameters

Often, the series of interest is not observed. In the case we have observed a proxy series that
satisfies certain conditions, we can, as we will show below, apply our test to the proxy series,

where the obtained results apply to the series of interest as well. An example of a situation in
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which this problem may arise, is the standard regression model, where we are interested in the

disturbances, but have only observed the residuals.

Assumption 5.C (Nuisance Parameters 1) Instead of the series of interest, {X,}, we have
observed a prozy series, {Yni}, for which'a, possibly unknown, function m, a ‘true’ parameter
vector, g, ils estimate, 6, and a vector series {Z:}, possibly of infinite length, ezist such that
Xi = m(Zy;0p) and Yn: = m(Zt;é), and for which a sequence {én} ezists such that 6—0y =

Op(85"). Finally, we assume that sup, |a'(z)| < oo and
lm'(Ze; 0)lloo = 0p(n), (5.5)

where we use the notation m'(Z,;0) = (0m/06))(z,,6). Eristence of derivatives is assumed

implicitly.

Often, the convergence rate of the parameter estimate to the true parameter value will be
of order N=%. This would imply &y = N3. In the standard linear regression model with
regressand Z;; and regressors Ziz, we have m(Z;;0) = Z;; — 0T Z;3. Thus, we would need
sup; [|Zs2lloc = 0p(N$). For i.i.d. regressors this would be a very weak condition, but it does
for instance exclude linear trends, because sup;-;, nt = N. In the case of linear trends one
might consider taking first differences, but Zi41,1 — Zy1 = 07 (Ze41,2 — Ze2) + (€141 — €1) and
the disturbances are 1-dependent, even when the model is correctly specified. One could test
if the series {(e1,€2), (€3,€4), ...} is serially independent, but its serial independence would not
necessarily imply serial independence of {e:}.

In effect, a special case of the above set up is the (stationary) AR(1)-model, where A; =
BoAi—1 + X, |00] < 1, and hence Z; = (At..l,Ag)T, for all t. Therefore, m(Z;;0) = A: — 0A;_,,

and m'(Zy;0) = —A¢—1, for all ¢,6. Condition (5.5) thus implies that sup, |A;| = o,(N ).
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The above framework is, however, not restricted to linear models. In the case of the nonlinear
moving average (NLMA) model, A; = X; + 6o X¢-1X¢—2, with {X;} white noise, we have Z; =
(Xt-1, Xt-2, A:)T, m'(Z:;0) = —X1-1X;~32, such that condition (5.5) is implied by sup, | X;| =
op(N %), because g can, in the present setting, be estimated v/N-consistently.

For the asymptotic validity result we require the following condition.

Assumption 5.D (Nuisance Parameters 2) We require the series {W;}, with Wy =
(Xt, Zt, Xt41, Z141), to be absolutely regular with mizing numbers B(t). We assume that {X;} is
i.i.d.. We also assume that Z, does not depend on X; for s <t and that E[m'(Z;;00)|X1] does
not depend on X;. Let ||M||o denote the greatest element (in absolute value) in the matriz M.

For the function m and the sequence {6n}, described in Assumption 5.C, we need

SyY = o(N™%), (5.6)
sup|a"(z)] < oo, (5.7)
z
sup |Im"(Z;0)lle = op(NH63%), (5.8)
t,0€(00,9)
sup [|m'(Ze;6o)lleo = 0p(N~¥e), (5.9)
and for some d > 0,
Ellm’(Zl;Bo)Hi(,“'d) < 00, (5.10)
Y ph(t) < oo (5.11)
t

where m"(Zy;0) = 82m /80867 |(z,.6y. Ezistence of derivatives is again implicitly assumed.

The most restrictive condition in Assumption 5.D is the condition that Z, does not
depend on X; for s < t and that E[m’(Z;;60)|X1] does not depend on X;. This ex-
cludes ARCH, for instance, as A; = X;\/1+00A} ), such that m(Z;;00) = Al +

GoA,Z_l)‘é, m’(Zt;Go) = —%AtAtz_l(l + 0014,2_1)-%, and E[mI(Z¢;00)|X¢] = —%E[XgAtz_l(l +
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0oA? 1)1 X:] = —31X:E[A?_;(1 + 60A?_))"), which is generally dependent on X;. As ex-
plained in Section 5.3, the consistency result is not affected, and one may use simulated critical
values instead of those implied by the asymptotic distribution. Condition (5.11) restricts the
speed at which the mixing numbers may tend to zero. The smaller d, the faster the mixing
numbers B(t) must converge to zero (as ¢ — o), and hence the less dependence is allowed for.
The value for d is limited by the number of moments m’(Z;; fy) has [cf. condition (5.10)]. So, the
more moments m’ has, the more dependence is allowed and vice versa. Examples of m’(Z;; 0,)
are, as we have seen above, —Z;y, in a linear regression framework, —A;_1, for an AR(1) model
and —X;_;X;_2 for an NLMA model of the form A; = X; + 0o X¢—1X:—2.

The sequence {én} is restricted by conditions (5.6), (5.8) and (5.9). Condition (5.6) implies
that parameter estimates should converge to the associated parameter values at a rate faster than
N~—1%. This is true for most parameter estimates used in practice. Conditions (5.8) and (5.9) are
more restrictive. They are very similar, but more restrictive than condition (5.5) of Assumption
5.C. Sufficient conditions are for the linear regression model that sup, [Zis] = 0p(N1%), as
65! = N~—%, for the AR(1) model that sup, |4;| = op(N %), and for the NLMA-model that
sup, | Xi| = 0p(N%).

Below we state the consistency and asymptotic validity theorems for the case with nuisance
parameters.

=Y

Theorem 5.3 (Nuisance Parameters - Consistency) Let 7 be defined as 7, but using

{Yn:}, rather than {X;}. Under Assumptions 5.A, 5.B and 5.C, the test ‘Reject the null when

N#Y > C’, is consistent against all departures from (5.3).

Theorem 5.4 (Nuisance Parameters - Asymptotic Validity) Let Assumptions 5.B, 5.C

and 5.D hold. Then
N#Y £ X?-
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5.4 Local Alternatives

In this section we study the behaviour of the proposed test against local alternatives [cf. Pitman
(1948)], and demonstrate that it has more power than the correlation dimension test of Brock,
Dechert and Scheinkman (1987) against all departures satisfying certain regularity conditions.

For any two tests for a hypothesis for which under the null hypothesis 8y = 0, say test 1
and test 2, denote the local alternative parameters by 015 = ¢t N~™ and f;5 = ¢2 N~ "2, where
¢1, €2, M1, N2 are chosen such that both tests have the same power for a sample of size N. We
stress the dependence of # on N here, to improve clarity. Obviously, if ; > 72, test 1 is more
powerful than test 2. Indeed, the asymptotic relative efficiency of test 2 with respect to test 1
is then equal to zero. If 7 = 7, then if ¢; < ¢3, test 1 is again more powerful. For asymptotic '
X3-statistics (under the null), the asymptotic relative efficiency is defined as the ratio of the
respective non-centrality parameters of the asymptotic non-central x2-distribution under the
local alternative. As we shall see, however, it will be hard to compare the proposed statistic to
other statistics, as the former does not generally have an asymptotic non-central x2-distribution
under the local alternative.

We shall first give a general result, which we shall thereafter use for specific alternatives. We

shall only look at the simple case with one parameter.

Assumption 5.E (Local Alternatives) Let {X:} denote an i.i.d. series and let {Yn:},
which depends on N, denole a series corresponding to the local alternative, such that Yy, =
m(Xe, Xe—1,...;0n) and Xy = m(Xs, Xi—1,...;0), for all t. Let m; = Om/30N|(x, x,_,,..;0)
and m{ = 8°m/80%)(x, x,-.,.;0)- Let Wi = (m},m{,X;) be absolutely regular with mizing

numbers B(t). Let furthermore, for some d > 0,

Y @) < oo, (5.12)
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sup E|m}[*0+) < oo, (5.13)
t

SI:pElmQ'lz(H'd) < 00, (5.14)

supmi] = op(fi*), (5.15)

sup [mi|sup Imy| = op(65"), (5.16)

sup  |m"(Xe, Xi—1,.-;08)] = o0,(851) (5.17)

t;0n€E(0,6N)
We also assume that a is three times boundedly differentiable.

Many of the conditions in Assumption 5.E are similar to those in Assumption 5.D. Notice
though, that in the case of nuisance parameters, we were interested in the behaviour of the
disturbance terms of a certain model, whereas here we are interested in the behaviour of the series
itself, under the (local) alternative. As a consequence, m has a somewhat different interpretation
from that in the case of nuisance parameters, which will become clear in the example below.
As we shall see in Theorem 5.5, usually either 5 = cN ’*, or 8y = ¢cN—%. The conditions
are strongest for the slowest convergence rate, and we shall therefore examine their implications
when that convergence rate applies. If the local alternative is an AR(1)-process, then Yn; =
ONYN-1 + X, or Yy = Z}io OJI'VXg_,- = m(Xi, X¢-1,...;0n). Therefore mi = X1, m{ =
2X;_a, m"(Xs, Xi—1,...;08) = E;?—.o(j'i‘ HG+2)(G+ l)éj'vX,_,-, which is bounded from above
by 6|Xs-a|+ 372, + DG+ 2)(G + 3)(c~4N)~%|X,_;]. Conditions (5.15) to (5.17) are thus
implied by sup, [X:| = op(N ).

Theorem 5.5 below discusses conditions under which the proposed test statistic has local al-
ternative parameter tending to zero at rate N~ % or N -%. The conditions are fairly complicated,

but their structure is, hopefully adequately, explained in the ensuing discussion.
Theorem 5.5 (Local Alternatives) Let Assumptions 5.B and 5.E hold. Define
Eoi(t,s,u,v) = ais(my — my)ay, + auy(mp —m))ay,,
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1
Eualtys,u,0) = 5 {20t — m)al, (md, — )l
+ an (il — )l + auo (! — i),

2/!

+  ag(ml, —m})%al, + aus(m; — m))?al,}.

If Er[€o1(t,s,t + 1,5+ 1)] = Ef[€01(t,s,t + 1,u)] = Er[€01(t, 5, u,v)], then let Oy = eN-1%, else

On = cN—%. Define

E1(6N) = ONEr[€or(t,s,t+ 1,5+ 1))+ 0% Er[€oa(t, s, t + 1,5+ 1)), (5.18)
£(0n) = ONEr[€oi(t,s,t+1,u)]+ 0% Ef[€oa(t, 5,t + 1,u)], (5.19)
E(0n) = OnErf€n(t,s,u,v)]+ 6% Er[€oa(t, s, u,v)], (5.20)
& = Jim VN{&(On) - &(On)}, i,7=1,2,3. (5.21)
Then
.y £ &3 ? 5~12+8~32 ?
N#Y S (Ao WETCRTA) -Ia)) + (—2(7_ Ia)) (5-22)

where Ao ~ N(0,1).

As said before, we wish to establish how 7Y behaves for any local alternative parameter
sequence Oy tending to zero. We use a Taylor series expansion, with respect to #y around 0,
to examine the behaviour of f}' -1, f%’ - fg and .’2{ — I3 for different n’s. The &y’s in
Theorem 5.5 are used in the first order terms of the afore-mentioned expansions, and the &2’s
in the second order terms. Indeed, we show that 85" (I} — ;) £ Er[€o1(t,s,t+ 1,5+ 1)], and
we obtain similar expressions for 05 (Z¥ — ;) and oy (¥ —13), where the second order terms
are Op(0%). However, if Er[€o1(t,s,t + 1,5 + 1)] = Ef[€01(t,s,t + 1,u)] and Er[€ai(t,s,t +
1,u)] = Er[€0i(t,s,u,v)], then both 05 (T ~ I, — I¥ + 1) and 03 (ZY -1, - I¥ + 1)
converge to zero, and the second order term is then of lowest order. Under these circumstance

#¥ —# = 0,((6%)?) = Op(8%), such that fy ~ N~%, in order to ensure that N(#Y —7) = 0p(1).
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Consider for instance an MA(1) process, Yn: = 08 Xi—1 + X, with {X;} white noise. Then
Assumption 5.E is satisfied, and m} = X;_1, m{ = 0. Thus, &:(t,s,u,v) = a4 (Xu-1 —
Xv-1)8ly + @uy(Xi—1 — X,—1)a},, for all ¢,5,u,v, and therefore Er&€o(t,s,t+ 1,5 +1) =
Er{ai(Xe—Xa)at 41, 541+ 0t41,041(XKem1—Xp21)at,] = 0 = Eréo(t, 5,t+1,u) = Erén(t, s, u,v),
because Era}, = Er[a:;(X: — X,)] = 0, and hence we can not let Oy ~ N—%, but need to let
On ~ N—%, and the proposed test therefore has zero (asymptotic relative) efficiency, against
an MA(1)-alternative, in comparison with a parametric test, for which 5 ~ N -%. This sug-
gests one may want to examine the possibilities of using asymmetric a; it is probably feasible
to extend Theorems 5.1 and 5.2 to cover certain asymmetric a. However, it would generally not
be possible to provide an adequate nuisance parameter result, as such results depend on the
‘inefficiency’ of the test statistic, in the sense that replacing the nuisance parameters by their
estimates does not (asymptotically) affect the test result.

Theorem 5.5 basically states that the proposed statistic is asymptotically non-central x?
plus a positive constant, under the local alternative. We can therefore not compare the non-
centrality parameters, or rather: if the non-centrality parameter of the asymptotic distribution
of the proposed test is greater than or equal to that of some other test (given that both 8’s
converge at the same rate), the proposed test is more powerful; if it is less, on the other hand,
the results are inconclusive, as they will depend on the values of ¢; and ¢;. In the latter case, if
¢1 = ¢, the power of the proposed test is one for large ¢; (provided that &2+ &3z # 0), whereas
it is less than that for the other test, for small ¢;; this can be most easily seen by examining
the definition of &; in expression (5.21), above, substituting for the &;(6), from (5.18) through
(5.20).

The BDS test statistic is equal to VN(Z; — Z3)/{2(4 — Z3)}, for a kernel a(z) = I(|z| < 7),

for some 7 > 0 (a kernel that does not satisfy the conditions of Assumption 5.B, nor those of
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Assumption 5.E). Squaring their statistic yields N[(Z; —Z3)?/{4(% —3)?}. Obviously, their a is
not differentiable, but if their a is replaced by a differentiable kernel, it is easy to establish (from
the proof to Theorem 5.5), that the asymptotic distribution of their statistic (squared) under
the local alternative is [Ag + £13/{2( — Z3)}]?, or the same distribution as the proposed test,
albeit with a zero additional constant; that is if the same kernel is used for both test statistics.
Thus, the proposed test is always at least as efficient as an adapted BDS-test using the same

kernel, and only equally efficient if &5 + 32 = 0.

5.5 Simulations

It may appear from the definition of #, that our statistic is very expensive in terms of computer

time as it involves a four-fold sum. This is not the case, however, as we can write

L = Y Y ewanie= 5 3 M,
t F} u t
2
I = F‘;zzzza,,aw(%zm) ,
t 3 u v t

where H; = 4 ¥, a;,. The number of operations required to compute # is therefore O(N?).
Computing the test statistic for a single data set will generally not be prohibitive in terms of
computer time, and as the actual size is quite close to the nominal size under the null, there will
generally be no need to use simulated critical values.

Additional time savings may be had by using the symmetry in a (such that a;;, = a,q,
for all s,t), or, if one if willing to discretise the data, to use the Fast Fourier Transform [cf.
Cooley and Tukey (1965)]. The approach is very similar to that used for the computation of
kernel estimates using the Fast Fourier Transform [cf. Silverman (1982) and Hardle (1987)).
Indeed, for instance [ 3, a(z — X¢)e'“?dz = 3, [ a(y)e’*W+X)dy = G(u) 3, e+, where d(u)

is the Fourier transform of a. Using the Fast Fourier Transform to compute the afore Fourier
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transform, and then using a similar procedure to obtain )", a(z — X;).

To simplify notation we have let all sums run over all observations. Particularly in smaller
samples, it is advisable to exclude terms for which the difference between the summation indices
is less than or equal to one, as these may generate noise due to overlaps. The definitions we use

in our experiments are as follows.

i'l = mz Z AtsQt41,541,

t<N s#t—1,1,141,N

fz = (N—l)(N 2)(N Z Z E AtsAi41,uy

t<N s#t t+1 uFt t+1,s

I = N(N—l)(N D — 3)222 2. autu

t s#t uFtsviEtsu

NN = 1)(N 2) 2.2 3 anaw.

t s#t uFs,t

~2>
il

We have carried out experiments to establish the size of our test and also to compare the
power of our test with that of some other statistics. It is impossible to make performance
comparisons with all other statistics, in view of the vast number of such alternatives. We shall
therefore limit ourselves to some of the better performing ones [cf. Skaug and Tjgstheim (1992b)).

We have simulated the 5%, 2.5%, and 1% critical values for simulated Gaussian i.i.d. time
series with 25, 100, and 250 observations, using 8192 replications in each of these 9 cases. The
results, represented in table 2, are very encouraging. Even for a sample size of 100 observations,
the critical values are close to the asymptotic ones, and for 250 observations, they are closer
still. As one would expect, the critical values for 25 observations deviate substantially from the
asymptotic ones, rendering the rejection rate, under the null hypothesis for a test based on the
5% asymptotic critical values, to be almost twice as high as it should be. It seems that for
sample sizes of over 100 observations, one may use the asymptotical critical values, and still get
reliable results, at least for Gaussian series.

Some tests are not consistent against all departures from the null and there are therefore
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departures from the null against which they have no power, even asymptotically. The only
such statistics included are the BDS-test, the proposed test with asymmetric ¢ (Gaussian when
its argument is positive and Cauchy, otherwise), and the correlation test. The rationale for
including the first is that it is widely used in finance. Used as a one-sided test, it is not
consistent against alternatives for which I(|X; — X,| < A) and I(JX¢41 — Xs41] < A), for some
A > 0 chosen in advance, are negatively correlated, which is true for a large class of models,
including the ‘inverted ARCH’ model X;41 = €141 \/I—E%—’ where {e:} is an i.i.d. Gaussian
process. We shall, therefore only consider the two-sided variant, which is still not consistent
against all departures, but covers a much larger set of alternatives than the one-sided version.
For reasons set out in Section 5.4, we also try an asymmetric a, although it does not satisfy the
conditions made earlier. The correlation test is included as it is the oldest test and is still used
very frequently. The format in which it is used here is N(7pw — 2)2, where 7pw denotes the
Durbin-Watson (1950) test statistic.

The other tests included are the proposed test with Gaussian and Double Exponential g
(such that a is exp(—1z?) and 1/(1 + z?), respectively), the empirical distribution function test
of Skaug and Tjgstheim (1992b) and Delgado (1993), and the entropy based test of Robinson
(1991a).

We try nine different models, each with a few parameter values. Let {¢;} be i.i.d., and
in our case N(0,1). Then our models are the Autoregressive model of order one model [AR,
Xi41 = pXt + €141], the Moving Average model of order one model [MA, X¢y1 = per +
€i+1], the Autoregressive Conditional Heteroskedasticity or order one model [ARCH, X;4; =
e¢+1\/m , the Threshold Autoregressive model [TAR, X:4+1 = pX: + €441, when X; > 1,
and X417 = (X¢+€t41, when X; < 1), the Bilinear model [BLM, X:4+1 = (p+(e¢) Xt +€141), the

Nonlinear Moving Average model [NLMA, X:41 = €141 + pet€t—1), the Inverted ARCH model
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[INVARCH, X141 = €1414/1+ ﬁ_”y‘;], the Exponential Model [EM, X471 = pXte‘(X? +ee41],
and the Cosine Model [CM, X:41 = pcos(Xt) + €141)-

The power comparison results are presented in table 3. The results apply to data sets of 100
observations. The number of replications is 8192. To create a level playing field we have used
simulated critical values for all tests.

As expected, the correlation test performed much better than all other tests against the
linear AR and MA alternatives, and also against EM. It also did fairly well against the TAR
alternatives. There are, however, a significant number of alternatives against which it has no
or little power, such as ARCH, INVARCH, and NLMA. One may find it surprising that the
correlation test often rejects significantly more or less than in 5% of the cases. The reason, as
explained in Chapter 3, is that E[X?X?] # E?[X?], such that (1/N) }", X? does not consistently
estimate the standard deviation of (1/V/N) Y, X:X141. The results suggest that the standard
deviation is underestimated in the ARCH and NLMA cases and overestimated in the INVARCH
case. One should note that the rejection rates (for the correlation test) will, for all alternatives
under which the tested series is uncorrelated, remain more or less the same, regardless of sample
size.

The empirical distribution function test also has very limited power against a number of
alternatives, such as ARCH, INVARCH and NLMA, but because it is consistent against all
departures from (5.3), its power will tend to one, when sample size tends to infinity. In small
and moderate samples its usefulness is limited, as it basically has power against the same range
of alternatives as the correlation test, albeit slightly less in general. An exception is the not
extremely relevant cosine model.

The entropy based test generally has less power than both the correlation test and the

empirical distribution function test against the linear alternatives, but more power against the
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nonlinear alternatives. Its performance against the latter is, however, not quite as good as that
of the BDS test, or of the proposed test for any of the tried kernels.

The asymmetric kernel did not, in contrast to what we had expected, lead to a higher
rejection rate. Perhaps the kernel tried was not asymmetric enough, or the enhanced power
will only become visible when sample size is increased. The performance of the proposed test
with either symmetric kernel seems to perform a bit better than the correlation dimension test
against all alternatives. Undoubtedly, there is a range of alternatives against which the BDS
test or the proposed test performs much better than the other, in small samples, aside from the
alternatives against which the BDS test is not consistent. In view of Section 5.4, it is to be
expected, however, that the proposed test will perform better than the BDS test, against any

alternative satisfying the assumptions made there, as sample size increases.

5.6 How to Choose g

There are many ways to choose the kernel a, or g for that matter, which implies a degree of
arbitrariness in the proposed test. Often authors make implicit arbitrary choices, as we have
done setting ¢; = ¢z = 1 in Section 5.2 where any combination of positive weights could have
been chosen, or as Brock, Dechert and Scheinkman (1987) have done in selecting the kernel
I(JX: — X,| < 7n), for some positive 7, rather than any other possible choice. Indeed, the
practitioner will be faced with an even more difficult problem of arbitrariness, namely which
test statistic to choose.

It is hard to give general guide lines, and we have not succeeded, indeed we think it is im-
possible, to find the optimal kernel. Which kernel is optimal depends on the unknown (possible)
dependence structure in the data. If the dependence structure were known, one would have no

need to use a nonparametric independence test.
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In the simulations of Section 5.5, we found that there was not much difference in power
between the two symmetric kernels selected. It is probably possible to select awkwardly shaped
kernels that do not perform well, however. Generally, it seems that the Gaussian kernel gives
quite acceptable results, so, until significant cases are found in which it does not have reasonable
power, one may well use it. However, if the practitioner has some indication of what the most
likely class of altern.atives would be, he may wish to see if a more efficient kernel can be chosen
for his specific alternative, nevertheless maintaining the valuable consistency property of the
test. A possible approach would be to obtain an expression for the power against his alternative
as a function of the local alternative parameter [cf. Section 5.4], and optimise it with respect to
a. It will not generally be possible to obtain the optimal a, but one may, by a trial and error
method, improve power.

A very important issue is to set the scale of the argument of a. Indeed, both exp(—}z?)
and exp(—10000z2) are allowed choices for a, but they will not lead to the same results. An
intuitive strategy is to first normalise the data by dividing all the elements by an estimate of
vV X1 or Med(|X1]), and adjusting the scale of the argument of the kernel until the nominal
(asymptotic) size is close to the real (small sample) size. We did not select the kernels in Section
5.5 according to this rule, so that the size results therein contained are still valid. Indeed, the

above rule of thumb was conceived as a result of the simulations.

5.7 Testing the Random Walk Hypothesis

In this section we present a very limited empirical example using daily, weekly and monthly
exchange rate data. Our aim is to test the random walk hypothesis or, in other words, to test
whether (log X;41 — log X;) is serially independent, where X, is the exchange rate at time ¢.

Table 4 contains the results. A few remarks are in place here. All exchange rates are
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against the U.S. dollar. The data were derived from the Bank of England Quarterly Bulletin.
The weekly and monthly series run over a period starting January 1974 and ending July 1985,
whereas the daily series start on October 1, 1981, also ending July 1985. The reason for this
is that as of October 1, 1981, transaction settlement procedures were changed [cf. Whistler
(1990)], which affected the behaviour of the series, as Whistler found. A consequence is that the
number of observations in the daily series is not much greater than that in the weekly series.
The weekly data were collected every Friday, and the monthly data on the last Friday of every
month. We have not attempted to eliminate calendar effects. We have, however, divided all
observations (the first differences of the logarithms of the original observations, that is) through
by the sample standard deviation, to avoid evaluating a in its tails too much. The a chosen
here, is the standard-normal density.

As the critical value of the x%-distribution for a 5 % significance level is 3.84, the random
walk hypothesis is rejected for all series. A point of interest is that the random walk hypothesis
seems to be rejected much more strongly for the weekly series than for the daily. However, as
noted above the number of daily observations is not much greater than the number of weekly
observations. Moreover, calendar effects are likely to be far more pronounced in the daily series
than in the weekly series. A final observation one could make is that there may still be some day
of the week effects, although these should be fairly small under the new settlement procedure.

Whistler (1990) found that testing the random walk hypothesis parametrically, did not lead
to a rejection for the weekly or monthly series, except for the weekly $/JY rates. At the 5
% level, ARCH effects could be found for all, but the BP/$ and $/JY monthly rates. The
proposed test also rejected the null for the BP/$ and $/JY rates, suggesting other factors than
(parametric) ARCH may also play a role.

Robinson (1991a) found that his entropy based test also rejected serial independence for
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all above series, but as we have seen in Chapter 4, and as has independently been discovered
by Drost and Werker (1993), its asymptotic distribution under the null is generally not well
approximated in samples of moderate size, which may well cause rejection rates to be overstated.

The above example underlines the proposed test as a general test, picking up characteristics

parametric tests, or tests testing a specific alternative hypothesis, may not.

5.8 Extensions

An obvious extension is to examine the impact of using an asymmetric a. There is plenty of
scope for extensions outside the serial independence against serial dependence of order one test
setting, as the number of problems our measure can be applied to is virtually unlimited. Any
hypothesis requiring two distributions to be compared can be treated in a similar way. Indeed,
Section 5.2 provides the foundation for any such test. Examples are serial independence tests
with higher order alternatives, tests for time series reversibility, structural breaks, and normality.

A test for J — 1-th order dependence would involve comparing the characteristic func-
tions of Fj(z,...,zs) and H;-;l F(z;), for almost all z € R’. A statistic in our setup
would then estimate an upperbound to [ g(u)|¥(u)|*du, where ¥(u) = E‘exp(zz:._1 u; X;) —

l_[;-’=1 Eexp(iu; X1), for all u € R'. The corresponding test statistic is

#(7) _ #(Ih2 #HI) _ 7Ty
2 14
where
1".5]) = N2 ZZHG¢+] —1,54j—-1, (524)
s j=1

2705 7)) (AN 629
8y j=1

>(J

2O Wb ) | O (5.2
51 sy j=1
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V =

:yJ+1+ﬁ2:)\,l+J(J_4),:22]—2;72+(_2J2+8J__5)ﬁ2.l;?+(]2_4J+3)ﬁ2.7+2

(5.27
- (5.27)

with g = 7v1—2 Y.t 2, ats. The denominator in the last displayed equation can be factorised out

to obtain
V=4 42227+ 4 2077742 4 (07 — 4T +2)p7 % 4 (T + 4T - 3)pY,

if one so desires. A derivation of the above result is given in Appendix 5.C. Extending the
proofs of Theorems 5.1 and 5.2 is only cumbersome notationally, as we also show in Appendix

5.C, and under serial independence we have
N#9) 552, (5.28)

for 2 < J < oo.

If a time series is reversible, if the process generating {X:} is the same as that of the same
time series in reversed order. Testing time series reversibility of order J — 1 would involve
testing whether Fy(z1,...,z7) = Fi(zs,...,21), for almost all z € R’ and thus whether
Y(u) = Eexp(i E}’=1 u; X;) — Eexp(i 23-7:1 uj Xs41-j) is zero for almost all u. This problem is
harder to tackle than the others suggested here, because we can not assume independence under
the null.

If one wishes to know whether there is a structural break at a certain point, one could test
for the equivalence of the distribution function of an element in the series, before and after this
time period. This specific time period needs to be known in advance, though, and such a test
would be harder to construct than a serial independence test, because there may again not be
serial independence under the null.

Normality could be tested by comparing F' to the Gaussian distribution function with the

sample mean and variance. A complicating factor here is that we have not observed the true
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mean and variance and it is not certain that the sample mean and variance converge fast enough
for them not to have an impact asymptotically.
Finally, as suggested before, we could test the equivalence of the distributions of elements in

two separate stationary series or their independence.

5.9 Conclusions

In this chapter we have suggested a measure, that can be used to test a wide variety of hy-
potheses. We have given an example for the hypothesis of serial independence against a serial
dependence of order one alternative. The conditions are weak, but performance (both size and
power) is quite good and the asymptotic distribution is tractable. We have also shown that the
proposed test will generally be at least as efficient as the correlation dimension test of Brock,
Dechert and Scheinkman (1987). Finally, in the modest empirical example, it turned out that

the proposed test can be very useful in practice, also.
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Appendix

5.A Proofs of Main Results

In this appendix we shall prove the main results of Chapter 5. In some of the proofs technical
lemmas are used that can be found in Appendix 5.B. We shall use the following quantities and
estimates fairly frequently: p = [ a(z~w)dF(z)dF(w), A= 55 Y1 2, 0ts, ¥ = [ a(z —w)a(z—

z)dF(z)dF(w)dF(z), Q: = [a(X; — z)dF(z), and R; = [ a(X; — z)a(Xs41 — y)dF1a(z, y).

Proof of Theorem 5.1
Suppose 7 £ 7, where 7 > 0 under the alternative hypothesis. Suppose the null does not hold
and hence 7 > 0. Now choose N so large as to ensure C/N < 7 and define e = 7~ C/N > 0.

Then
P[N#>C]=P[N(#-7)>C—-N1]=P[r—#<7—-C/N]2 Pl[r-7<¢] =1,

because 7 5 7. So we only need to show that 7 converges in probability to a positive number,
whenever the null is violated.

We assume in the rest of the proof that the null hypothesis does not hold. We will prove
F2r>0 by verifying that the nine sufficient conditions stated further below are satisfied. For
T to be positive, it suffices that the numerator of both terms in the definition of 7 [expression
(5.4)], converges to a positive number and that the sum of the (squa_red) numerators does, also.

Sufficient for 7, —7; = = Yot Ots@it1,41—T1 = 0p(1), Iy—I, = s Yot s u Gsip1,u~T2 =
0p(1) and Z3 — T3 = (F7 Xy , 1s)? — p2 = 0,(1) are (using Z5 = p?) (5.30) and (5.32), (5.29)

and (5.33), and (5.29) and (5.31), respectively. § — ji2 L ¢ >0, is implied by (5.35) to (5.37).
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Thus,

3>

R __1 __ (@ - 1) + (22 - )"}

2(y — u2)?
-2—(‘-)1—-_2”7)21 >0,
by (5.34). Hence, (5.29) to (5.37) are sufficient for this Theorem to hold.
sup %;a;,—Qg = o,(1), (5.29)
sup %Z’:(a,,aﬂl_,H—Rt)' = o,(1), (5.30)
FL @0 = o) (531)
FLR-T) = o), (5.32)
¥ L@@ =T) = o) (533)
I > 0, ' (5.34)
¥-=7 = op(1), (5.35)
p-u = o), (5.36)
y-p2 > 0. (5.37)

Expressions (5.29) and (5.30) are proved in Lemmas 5.1 and 5.2. Conditions (5.31) to (5.33)
follow directly with the ergodic theorem. Because (5.29) holds, 4 can be written as ﬁ QR+
0p(1). The ergodic theorem gives that 4 Y-, Q7 % EQ? = v and thus (5.35) holds. Also by
(5.29), 2 can be written as % Y, @: + 0,(1) and (5.31) then implies that (5.36) holds. Because
v — u? is the variance of @1, it is only zero when the distribution of @; would be degenerate,
which we excluded in Assumption 5.B. So (5.37) is satisfied, also.

We now only need to establish (5.34). The argument is basically the same as that used in

Section 5.2. From (5.2) it follows that Z > B2/2. It thus suffices to show that B > 0, if Hy is
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incorrect. Let dFa(z,y) = dF1s(z,y) — dF(z)dF(y), for all z,y. Now

B = /a(:c — w)a(y — 2)dFa(z,y)dFa(w,2)

/y(u)g(v)e‘{“("‘")+"(y")}dFA (z,y)dFa(w, z)dudv

- / 9(u)g(v) cos(u(z — w) + v(y — 2))dFa(z, y)dFa(w, z)dudv,

where the second equality follows from Assumption 5.B and the last from the fact that g is even
and symmetric. Because g is everywhere positive, we only have to show that [ cos(u(z — w) +

v(y — z))dFadFa is non-negative for all u,v and that it is not almost everywhere zero. So we

look at
/{cos(uz + vy) cos(uw + v2) + sin(uz + vy) sin(vw + v2z)}dFa(z, y)dFa(w, 2)

- ( / cos(uz + vy)dFa(z, y))2 + ( / sin(uz + vy)dFa(z, y)) ’

2
— i(uX X. fuX ivX
= lEe'(" 1+vX3) _ geiuXa peiv ‘, R

which — being the squared norm of the difference of the characteristic functions of the joint
and the product of the marginal distributions respectively — is only zero almost everywhere,
if the difference of the joint and marginal distribution functions is zero, almost everywhere [cf.

Lukacs (1970), Theorem 3.1.1], which would exclude serial dependence of order one. Thus, the

theorem holds.

Q.E.D.

Proof of Theorem 5.2

In this proof we will rely heavily on standard U-statistic theory. Although we are dealing with

{W:}, where W; = (X:, Xi41), which is a 1-dependent process rather than an i.i.d. process,
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the results that are of interest to us still hold. For formal justification, we refer to Denker and
Keller (1983), who prove the result used below for absolutely regular processes, a much weaker
condition than k-dependence.

Applying Denker and Keller’s result to (Z; — Z;) and (Z; — Z3) yields (noting that — under

the null — @Q; = E[ass|X:] = Efas|Xt])

- p 1
h-1» = 33 D35 T ats(arsr,041 — Gr41,)
t & u

= ’]%,' ;(QtQﬂ-l = 2uQ: + p?) + Op(N71),

j:z —f3 = %ZEZE“M(“H-I," - au,v)
t s ¥ v
= % Z(QtQtH = 2uQ: + p?) + Op(N 1),
t

So under serial independence, (Z; — Z3) and (Z; — Z3) differ by only Op(N~!) and /N times
each of these quantities therefore converges (in distribution) to the same random variable, Ao,
which is introduced further below. But, if Ly = Q:Qt41 — 2uQ: + u2, for all ¢, then {L:} is a

series of 1-dependent strictly stationary random variables. The variance of 717\/' > Liis

% Zt: (EL} +2E[L;L41))

= E[Qi1Q2-2uQ: + p*]* + 2E[(@1Q2 — 2uQ1 + 1*)(Q2Q3 — 2uQ: + )]

= (P -ph)+20t - p?) = (v - w22,
which can be — as we have seen in the proof to Theorem 5.1 — consistently estimated by
(% — Z3)®. The standard deviation of v ¢ Lt is therefore v — u?, which is itself a variance
and hence non-negative; it actually is positive, by Assumption 5.B. Thus, VN -?:’%3 LA Ao,
and \/IV%E%: £ Ao, where Ag ~ N(0,1). This implies that N (%’f%l)z LA A1, and
N (23:11)2 £ )y, where A; ~ x3. Hence N+ A 1+ A1) =M ~ 2

¥-1s

Q.E.D.
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Proof of Theorem 5.3

Let us add a superscript Y to the quantities defined in Section 5.3.1, when they are based on

the proxy series {Yn:} rather than on {X;}. Because of the results we obtained in the proof to

Theorem 5.1, it suffices to prove that

ar -
¥ -5
¥ -4
iy -1,
2 g

%(1),
op (1),
o5 (1),
o (1),

op(1).

(5.38)
(5.39)
(5.40)
(5.41)

(5.42)

Before dealing with conditions (5.38) to (5.42) consider the following. We know that Yy; — X; =

(é —00)Tm!(Z:;6,) = 0p(1), uniformly in ¢, where 6; lies between 6y and é, by Assumption 5.C

and the Mean Value Theorem. By again the Mean Value Theorem we get

a(Yne — Yns) — a(Xe — X,) = {(Ynve — Xi) — (Yv, — X,)) a()= op(1),

(5.43)

uniformly in ¢ and s, because Yy¢ —~ X; = 0,(1), uniformly in ¢, by Assumption 5.C and because

a' is bounded, by the same Assumption. Because

ﬁY —A= -1% zz {a(Yn: — YN,) — a(X: — X,)} = 0,(1),

conditions (5.38) and (5.42) are satisfied and by a nearly identical argument, so is (5.39). But

a(Yne — Yns)a(Yn,i41 — Yva41) — a(Xe — X,)a(Xi41 — Xog1)
= {a(Ynt — Yn,) — a(Xe — Xs)Ha(Yn 41 — Yves1) — a(Xeg1 — Xog1)}

+  o(Xe — Xo) {a(Yv,e41 — Yive41) — 6(Xe41 — Xsg1)}
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+  a(Xe1 — Xo41) {a(Ynve — Y,) — a(Xe — X,)} = 0p(1),

uniformly in ¢, s by the boundedness of a and by (5.43). This deals with (5.40); (5.41) can be
dealt with in the very same way.

Q.E.D.

Proof of Theorem 5.4

We need to prove that under the null #¥ — # = 0,(N~!) and sufficient conditions for this
condition — aside from the results already obtained in (the proofs to) Theorems 5.2 and 5.3 —

are

@Y -11) = o(NTH), (5.44)
@Y -T2) = op(N7H), (5.45)
(@Y -13) = op(N™¥). (5.46)

First we shall obtain some useful results, by means of the Mean Value Theorem. By Assumptions

5.C and 5.D, we have [writing m} = m/(Z;; 6,)]

- 1 .. -
Yne—Xe = (0-00)Tm) + 30— 80)Tm"(Z:;6:)(6 — o)

= (0= 00)Tm; +0p(NH),
where 0; lies between 0 and §. Then [using a}, = a'(X; — X,))]

a(Yne — Yns) — a(Xe — X,)
= {(Ynve — Xi) — (Yvs — Xy)}ay, + -;-{(Ym - X:) = (Yns = X,)}2d"(")

= (6 - 00)T(m} — m)al, +op(N~?), (5.47)
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again by Assumptions 5.C and 5.D. Now

1
el DY (afadi1 041 — Gs141,041)
t s

1
= 5z DD {(@f = an) (01,041 — Gt41,041)
t s

+ 6e(afy1 441 — Gt41,041) + Gey1041(af, — a1s) } - (5.48)

¥ _ 3,

Only the last two terms on the right hand side in (5.48) are relevant, because
(af; — 815)(aF4 1,641 — B41,041)
= (6~ 80)(my — m})at, (6 — 80)T (M1 — m41)abyser + 0p(N73) = 0p(N™H),
uniformly in ¢, s by (5.47) and Assumption 5.D. We have
at+1,.+1(¢13; - ata) = (é - 00)Tat+l,a+1(m; - m;)a;s + Op(N_%),

by (5.47). Combining these last two results with (5.48) and carrying out similar operations on

7Y —7; and 7Y — I3 leads to
. . A 1
I}, -L ~ (6- oo)T'jﬁ Z Z,:{at+l,a+1(m; - my)a;, + “u(m4+1 - mls+1)a$+l,a+1}v
- - - 1
2y -1, ~ (6- 90)7"]\,—3 33 Horra,u(my — mi)al, + an(miyy — my)atys W}y
t s u

A 1
(¢- 90)Tﬁ4' D330 {auu(m) — mi)al, + an(mi, — ml)al, },
t ] u v

where &~ means that the omitted terms are o,(N~%). We now proceed to proving (5.44), where

X

Y — 4,

the proofs of (5.45) and (5.46) follow in identical fashion. On the basis of the last displayed
equation we write
(@ -1
5 1
= (60— 9O)Tm oD {ars(migs — mlya)ahpn b1 F Br1ep(mi —ml)al,} . (5.49)
1 s

The expression on the right hand side, excluding (é — 0p)T, is a symmetric V-statistic. All

conditions of Denker and Keller’s (1983) Theorem 1 are satisfied, and hence the V-statistic
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described above converges to the expectation of its V-statistic kernel; that is, to the expectation
of its V-statistic kernel when W;, W,, W, are mutually independent. Observe that X; is also
independent of X;41, by Assumption 5.C, but that Z; need not be independent of Z;;1, nor is
Zy41 necessarily independent of X;. Note further that Fa}, = —FEa/; = 0, by symmetry of a
and because {X;} is i.i.d.. Thus, for the expression inside the curly brackets on the right hand

side in (5.49) we have

Erlass(miyy — mip1)atys oq1 + atg1,041(mi — mj)at,]
= ErEflan(miy, — m:+1)“;+1,a+1 + arp,41(my — my)ag, | Xey1, Xog1, Xi, Xo)
= Erlas,(Er[mi|Xes1] = Erlm) 1] X5 41])a841,641]
+  Eilagr,s1(Er[mi| Xe] - Ef[m,|X,))aj,]

= 0,

by Ea}, = 0 and the fact that E[m}|X;] does not depend on X; by Assumption 5.D, where E
denotes the expectation where Wy, W,, W, are assumed independent. The above argument can
be repeated for (5.45) and (5.46).

Q.E.D.

Proof of Theorem 5.5

Using the Mean Value Theorem we obtain

Yni — Xt = 0mj + %szg’ + %Bam'"(Zt; 6) ~ om}, + %sz:',

uniformly in ¢, where § € [0, 6], and where ~ means that the lower order terms are 0,(82), which

163



follows from condition (5.17). Using the above result we get by the Mean Value Theorem

1
af, —a;, = {(Yne — Xi) — (Yns — X,)}ai, + 5{(YNt - X:) — (Yns — X,)}af,

+ (v = X = (s = X))

P4

1
O(m}, — m)at, + 36%(m/ ~ mi)al,
1 1
+ 3 {00m —ml) + 26%(mi ~ m)Yal,

+ %{9("12 —-m,) + %ez(m;' - m!)}Pa"(-)

4

92
8(m; — m)ai, + 5 {(my — my)at, + (mi — m()al,},

uniformly in ¢, s, where the last = follows with (5.15) and (5.16) and the fact that ¢’ and a’

are assumed bounded. Thus, we write
Y Y Y Y
(ags — ats)(at+1.a+1 — Q141,541) + a1, (at+1,;+1 — Gi41,541) + Qr41,041(ay, — azs)
' 1 '} / [ /
~ 9{ah(mt+1 - m.+1)ac+1,s+1 + at41,041(my — my)az, }
2
+£—{2(m’— I)I(I _I)I
D) 1~ My )0 (Mg — Myt )8240 541
" n '} H n /
+ an(myy; —mig)ai g + a1 (M — mY)ag,
'} ! 2.1 I IAY /]
+ an(mip — mupa) et g + Geprs41(my — my) al

= 0501(t,3,t+1,8+1)+02802(t,3,t+1,3+1),

uniformly in ¢, s, where the ~ again follows with (5.15) and (5.16). Conditions (5.12) to (5.14),

in conjunction with the absolute regularity condition, ensure that
ﬁlizggm(t,s,t+ ,s+1) — Eff€u(t,s,t+1,s+ 1)) = Op(N™3),
%Zz&z(t,s,t +1L,s+1) — Erln(t,st+1,5+1)] =0,(N~%),
t 8
which follows from Theorem 1 of Denker and Keller (1983). Thus,

- o 1
Iy -1, = Vz 3D (el — ats) (@141 — Gt41,041)
t s
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4+ (8841 041 — Gi41,041) + Bep1,041(8], — a1a)}

= £1(6) +0p(67) + O, (ON~%) = £,(6) + 0p (N~ ¥).
A similar procedure can be carried out for (Z¥ — 73), and (Z¥ — Z3), such that (5.18) through
(5.20) hold. One can in a similar fashion also show that 4¥ — 4 = 0,(1). By the conditions on
6, and by Assumption 5.E, £~,-,- exists for all 7,7 = 1,2,3. Now,

N@EY -1}Y = N{(Gi-T)+E -50)+ 3 -0y
S {(r=Zs)ho + E2)%,

where X is the N(0, 1) random variate of the proof to Theorem 5.2, which follows from that

theorem and the above discussion. A similar argument can be applied to N(ZY — Z¥)?, such

that
Nt £ {0 =T)ho+ &} +{(r=Ts)ho + &)’
2(y-Is)?
[ ’ Ei2+ &3z :
= Ao + A8 + f12 T 32 ,
(“2@—%0 2(y - Is)
or (5.22).
Q.E.D.

5.B Technical Lemmas

The first few lemmas are used in the proof to Theorem 5.1 and the assumptions made with

respect to that theorem are assumed to hold here also.

Lemma 5.1

1
sup | z’: (ats@et1,041 — Re)| = 0p(1). (5.50)
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Proof:
We have by Assumption 5.B that an even and bounded everywhere non-negative function ¢

exists such that a(z) = [ g(u) exp(iuz)du and therefore

sup
t

'I'Vl‘ Z (ataat+l,s+1 - I'Zt)

sup
t

%Z/g(u)g(v) (ei{u(X¢—Xl)+U(X(+l-XJ+l )} —_ ei(ﬂXt+'IXQ+1)Ee—l.(UX.+HX,+1))
s

IA

ei(ux|+sz+1)| . (5.51)

sup / 9(u)g(v)

]lv‘z (e_i("x'+"xt+l) - Ee-i(ux.+ux,+,))

Obviously, sup_|exp(iz)] = 1. Using Jensen’s inequality, we take the expectation of the last

factor under the integral in (5.51) to obtain (with w = [u, v]T)

E

%E (e—i(ux.+vX.+1) - Ee—i(uX.+uX.+,))
s

r

- \| leE [E (e-inW, - Ee—iw"'wl) Z: (einW,. —- Eeiwrwl)]

IA

Klf\/ Z Z (Cov[cos(wT W, ), cos(wT W,.)] + Cov[sin(wT W, ), sin(wT W;)])

1—V2—2~22a(|s-—r|) =0 (‘ /N‘lza(s)) ,

by Assumption 5.A. Also by Assumption 5.A, a(t) — 0, as t — co and therefore, by Kronecker’s

IA

Lemma, (5.50) holds.

Q.E.D.

Lemma 5.2

sup = o0p(1).
t

]_tf z (atn - Qt)

Proof:
Follows with an argument similar to that of the proof of Lemma 5.1.

Q.E.D.
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5.C Higher Order Alternatives

In this part of the Appendix, we indicate how to extend the proposed test to higher order
alternatives. As most steps are similar to those taken earlier on in the paper, we will be very
brief here.

If we are to test for serial independence against a serial dependence of order J —1 alternative,
we wish to test whether (u) = E[exp(i 3;_, u; X;)]— Exfexp(i Y], u; X;)] = 0, for all u € ®7,
where Ep is the expectation under independence of (Xi,...,Xs). Let dFa(z) = dFs(z) —

IT; dF(z;), where Fy is the joint distribution function of (X1,...,Xs). Then

j=1
(/ cos(uTz:)a’FA(:c:))2 + (/sin(uTz)dFA(z))z,

/cos(uT(z —y))dFa(z)dFa(y)-

[ (u)l®

Let g(u) = H}"=1 g(u;), a(z) = szl a(z;), with a(z1) = [ g(u1) cos(z141)du;. Then
B = / §(u)|(w)Pdu = / &(z — y)dFa(z)dFa(y).

Let Z{) = [i(z — y)dFs(2)dFs(y), I = [a(z - Y)dFs(@) [T dF (), 78" = [a(e -
y) ]'[;"=1 dF(z;)dF (y;), and T = {7 = 72 4 (28 — 2§77)2} /2. Then, once again I is
greater than zero if and only if B() is. The I,V)’s can be consistently estimated by the i',gj) ’s

defined in (5.24) to (5.26).
Suppose now that the null hypothesis holds Again using the projection method for U-

statistics, we obtain (where again Q; = Efa¢,|X4], t # )

J
N - 1 - -
I -1 = NZ {H Quj—1— I’ Qi+ (J - 1)#"} +0p(N7Y),
t j=1

J
. 5 1
-1 = 530 { I Qes1 =W’ Qe+ (7 - l)u’} +0,(N7Y),
t i=1

and hence [noting that the summations on the right hand side in the last two displayed equations
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are both Op(N~1))
" -2y + & -1y
2
J
1
= 2 l:ﬁ > {HQ:H-l =T 71Qe + (7 - 1)y’ }] +0p(N~$).
t ji=1
Obviously
1 J
N Y S [[Qeti-1 =T Qe+ (7 - 1)p’
t |j=t

J-1
L N (0, EVi1+ Var + Va2 + 2 E E[(Vi1 + Va1 + Va1)(N1,14s + V2,14, 1’%,1-“)]) )

s=1

where V;, denotes the i-th term in curly brackets on the left hand side in the last displayed equa-
tion with ¢ replaced by s. Note that for [ = 0,...,J — 1, E[Vi1Vi 141) = p¥y? !, EVi1Ve,141] =
~Jp¥ 2y, EVuVsa+] = (J = Dp?, EVaViap] = =Jp? Il # 0) — Ju?'~2yI(1 = 0),
EVa1Vaau] = T2 11 # 0)+J2p? =2y1(1 = 0), E[VaVa 4] = =J(J - 1)p?, E[Va1Vi, 4] =
(J = Du¥, EVaiVai4] = =J(J = )p??, V31Va,141 = (J — 1)2u?7. Therefore, the variance

parameter of the normal distribution in the last displayed equation is

71 +J2F21-27+(J_ 1)2#21 __2.]”2]—27_‘_2(']_ 1)#21 —2J(J— 1)#21
J-1
+ 22{#2171—1+J2”2J+(J_1)2#2J_J#2J—27+(J__1)#2J_J"2J
=1

- J -1 + (T =) - (T - 1)}

J, 2 _ 2]
= V(P Py (P 4T -3 2L E TR ’;_:j‘

7J+1 +I-‘27J +J(J—4)/12"-272+(—2J2+8J—5);l2]‘)'+(Jz—4J+3)u2]+2
il

’

which can be estimated consistently by (5.27). Thus (5.28) holds.

168



Chapter 6

Summary and Conclusions

In this thesis, we have discussed two fairly different issues. In Part I, we discussed ways of
pooling nonparametric estimates for regression functions with a similar shape. Part II discussed
nonparametric tests for serial independence against serial dependence of fixed and finite order.

In Chapter 2, we found that it is possible to improve the accuracy, measured in terms of
the asymptotic mean squared error, of nonparametric kernel estimates for regression functions
with a similar shape. Numerical simulations suggest that success or failure of the procedure is
context-sensitive. Pooling is applied at each individual point. It would be of interest to see if a
global pooling rule would yield qualitatively different results in practice.

In Chapter 4, we extended Robinson’s (1991a) entropy based test for serial independence to
the case where the observations have infinite support. We also proved that the results still hold
when nuisance parameters are present. Although the test has a convenient limiting distribution,
the limiting distribution should not be used in practice, because there is a sizeable disparity
between the actual and nominal size.

Chapter 5 discusses a new test for serial independence based on characteristic functions. The
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test has convenient theoretical properties that held up well in Monte Carlo experiments. The
only point of concern is the required choice of an input parameter, i.e. the kernel. This test

should be a useful tool in time series analysis, particularly in nonlinear time series analysis.
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Appendix A

Miscellaneous

In this appendix, we review some basic results used elsewhere.

A.1 Mean Value Theorem

If m is n times differentiable on an open convex set including z + d and z, then the mean value

theorem implies that

n-1 J i J "
1 1
m(z + d) - m(:c) = Z n (Z de_,') m; + F (E dej) MY(z;z+d) (A.l)
i=0 ~ \j=0 T \j=0

where (z; z 4+ d) denotes some point between z and z + d.

A.2 Products

It is easy to see that for any finite positive i,{, and any z € ®?,

(ﬁ: ) | =2 2 T fI 7, (A-2)

jo=1 J1 Ji1-1 9=1
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where the sum over j; runs from 0 to i~ j; —---—jg-1,for1 <g<l,andji =i—-ji—-- -—=Ji1-1,

e . 3 ' iy 3—34
and where the I's are positive constants. For instance, (21 + 22)% = Y5, oo Ty 21222 -
§1=0 ji!(3-j1!
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Appendix B

Tables and Figures

B.1 Figures of Chapter 2
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B.2 Tables of Chapter 4

h=N-%

v 90% 95% 99%
0.100 60.56 | 63.42 | 66.52
0.200 30.30 31.76 | 33.64
0.400 15.49 16.26 17.15
0.800 8.26 8.73 9.23
1.600 4.88 5.27 5.66
3.200 3.37 3.73 421
6.400 2.61 2.97 3.44
h=N-z

¥ 90% 95% 99%
0.100 83.58 | 8598 | 89.24
0.200 41.80 | 43.03 | 44.46
0.400 21.20 21.98 | 22.71
0.800 11.13 11.58 12.06
1.600 6.29 6.64 7.05
3.200 3.99 4.36 4.76
6.400 2.83 3.15 3.56
h=2N-%

v 90% 95% 99%
0.100 | 117.18 | 119.29 | 121.97
0.200 58.64 | 59.78 | 61.25
0.400 29.56 30.18 | 30.96
0.800 15.29 15.70 16.17
1.600 8.30 8.63 9.07
3.200 4.90 5.22 5.58
6.400 3.21 3.54 3.95

Table 1: Entropy Based Test Statistic: Quantiles under the Null
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B.3 Tables of Chapter 5

Fraction 95 % Fraction | 97.5 % | Fraction 99 %
Rejected | Quantile | Rejected | Quantile | Rejected | Quantile
N=25 0.093 (5.71) 0.062 (8.77) 0.041 (14.1)
N=100 | 0.054 (3.98) 0.032 (5.57) 0.017 (7.94)
N=250 0.052 (3.90) 0.028 (5.22) 0.013 (7.01)
Asymptotic 0.050 (3.84) 0.025 (5.02) 0.010 (6.63)

Table 2: Size, nominal versus actual for 100 and 250 observations based on 8192 replications,
with the corresponding quantiles between brackets.
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Statistics

Model CFG | CFE | CFA | CDT | EDF | ENT CT
AR 0.2 0.119 | 0.136 | 0.085 | 0.110 | 0.372 | 0.147 | 0.507
AR 0.5 0.891 | 0.891 | 0.847 | 0.824 | 0.989 | 0.923 | 0.998
MA 0.2 0.117 | 0.129 | 0.082 | 0.105 | 0.332 | 0.125 | 0.460
MA 0.5 0.662 | 0.666 | 0.570 | 0.551 | 0.946 | 0.792 | 0.987

ARCH 0.2 0.310 | 0.295 | 0.244 | 0.295 | 0.065 | 0.244 | 0.083
ARCH 0.5 0.784 | 0.755 | 0.720 | 0.771 | 0.101 | 0.325 | 0.172
INVARCH 2.0 | 0.207 | 0.178 | 0.115 | 0.186 | 0.037 | 0.042 | 0.016
INVARCH 5.0 | 0.488 | 0.429 | 0.327 | 0.423 | 0.037 | 0.066 | 0.009
NLMA 0.5 0.265 | 0.254 | 0.185 | 0.244 | 0.070 | 0.140 | 0.088
NLMA 0.9 0.509 | 0.489 | 0.401 | 0.474 | 0.085 | 0.259 | 0.124
TAR-050.5 | 0.643 | 0.664 | 0.604 | 0.597 | 0.744 | 0.616 | 0.526
TAR 0 0.5 0.736 | 0.750 | 0.666 | 0.667 | 0.896 | 0.796 | 0.879
BLM 0 1.0 0.998 | 0.997 | 0.998 | 0.998 | 0.657 | 0.614 | 0.532
BLM 0.2 0.3 0.706 | 0.656 | 0.602 | 0.645 | 0.633 { 0.644 | 0.837
BLM 0 0.5 0.927 | 0.895 | 0.876 | 0.906 | 0.407 | 0.590 | 0.591
CM 1.0 0.883 | 0.904 | 0.834 | 0.849 | 0.945 | 0.857 | 0.620
EM 0.5-0.11 | 0.524 | 0.531 | 0.417 | 0.416 | 0.902 { 0.614 | 0.902
The acronyms used for the tests mean:

CFG=Characteristic Function Test, Gaussian g

CFE=ldem, Double Exponential ¢

CFA=Idem, Asymmetric h

ENT=Entropy Based Test

EDF=Empirical Distribution Function Test

CT=Correlation Test

CDT=Correlation Dimension Test

AR=AutoRegressive Model

MA=Moving Average Model

ARCH=AutoRegressive Conditional Heteroskedasticity Model
INVARCH=Inverted ARCH Model

NLMA=NonLinear Moving Average Model

TAR=Treshold AutoRegressive Model

BLM=Bilinear Model

CM=Cosine Model

EM=Exponential Model

Table 3: Power Comparison; 100 observations, 8192 replications, 5% significance.
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Series Test Statistic Value
daily $/DM 7.07
weekly $/DM 60.14
monthly $/DM 4.69
daily $/JY 11.47
weekly $/JY 35.08
monthly $/JY 9.43
daily $/SF 9.39
weekly $/SF 38.37
monthly $/SF 8.47
daily BP/$ 28.44
weekly BP/$ 33.43
monthly BP/$ 16.17
Daily: 946 (945) observations
Weekly: 600 (599) observations
Monthly: 138 (137) observations

Table 4: Testing the Random Walk Hypothesis
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