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Abstract

This dissertation presents . pricing models for stop-loss reinsurance contracts for
catastrophic events and for catastrophe insurance derivatives. '

We use doubly stochastic Poisson process or the Cox process for the claim arrival process
for catastrophic events. The shot noise process is able to measure the frequency,
magnitude and time period needed to determine the effect of the catastrophe. This
process is used for the claim intensity function within the Cox process. The Cox process
with shot noise intensity is examined by piecewise deterministic Markov process theory.

We apply the Cox process incorporating the shot noise process as its intensity to price
stop-loss catastrophe reinsurance contracts and catastrophe insurance derivatives. In
order to calculate fair prices for reinsurance contracts and catastrophe insurance
derivatives we need to assume that there is an absence of arbitrage opportunities in the
market. This can be achieved by using an equivalent martingale probability measure in
our pricing models. The Esscher transform is used to change probability measure.

The dissertation also shows how to estimate the parameters of claim intensity using the
likelihood function. In order to estimate the distribution of claim intensity, state
estimation is employed as well. Since the claim intensity is not observable we filter it out
on the basis of the number of claims, i.e. we employ the Kalman-Bucy filter. We also
derive pricing formulae for stop-loss reinsurance contracts for catastrophic events using
the distribution of claim intensity that is obtained by the Kalman-Bucy filter. Both
estimations are essential in pricing stop-loss reinsurance contracts and catastrophe
insurance derivatives.



Introduction

1. General

The principal aim of this dissertation is practical reinsurance problem solving. Namely, to
create models for the pricing of catastrophe reinsurance contracts and catastrophe
insurance derivatives. As most of our references ignore the effect of interest rates we will
do so as well.

Insurance companies have traditionally used reinsurance contracts to hedge themselves
against losses from catastrophic events. During the last decade, the world has experienced
a higher level of catastrophic events both in terms of frequency and severity. Some of the
recent catastrophes are Hurricane Andrew (USA 1992) and the Kobe earthquake (Japan
1995) (see Booth (1997)). This has had a marked effect on the reinsurance market. Such
events have impacted the profitability and capital bases of reinsurance companies some of
which have withdrawn from the market and others have reduced the level of catastrophe
cover they are willing to provide.

In the early 1990s, some believed that there was undercapacity provided by the
reinsurance market. Some investment banks, particularly US banks, recognised the
opportunities that existed in the reinsurance market. Through their large capital bases the
investment banks were able to offer alternative reinsurance products. This caused
reinsurance companies to reassess their strategies for the type of products offered to the
market.

The Chicago Board of Trade introduced catastrophe insurance futures and catastrophe
insurance options on futures traded on a quarterly basis (Jan-Mar, Apr-June, July-Sep and
Oct-Dec) in December 1992. The CBOT devised a loss ratio index as the underlying
instrument for catastrophe insurance futures and options contracts. The Insurance Service
Office calculates the index from loss data reported by at least 25 selected companies (see
CBOT (1994, 1995a, 1995b)). The loss ratio index is the reported losses incurred in a
given quarter and reported by the end of the following quarter, Z,, divided by one fourth

. P . . L
of the premiums received in the previous year, I1, i.e. E’ .



The value of the insurance futures, F;, at maturity #, is the nominal contract value,

US$25,000, times the loss ratio index capped at 2, i.e.

F, =25,000 x Min(%, 2).

The CBOT capped the maximum loss ratio at 200% in order to limit the credit risk from
unexpected huge losses and to make the contract look like a non-proportional reinsurance
policy. However, to date there has not been an incident where the maximum loss ratio has
been reached; the highest estimated loss ratio being 179% for Hurricane Andrew.
Therefore ignoring the maximum loss ratio, the value of the catastrophe insurance call
options on futures, P,, at maturity # is given by

P, = Max(F,-E, 0)=(F,-E) = (25,000 x%—E) = 25’300(4 -B)’
where E is the exercise price and B= T :
25,000

There has been discussion and research into the possibility of using catastrophe insurance
futures and options contracts rather than conventional reinsurance contracts (see Lomax
& Lowe (1994), Smith (1994), Ryan (1994), Sutherland (1995), Kielholz & Durrer (1997)
and Smith, Canelo & Di Dio (1997)). The competitiveness in the reinsurance market
emphasises the need for an appropriate pricing model for reinsurance contracts and
catastrophe insurance derivatives. It is common practice for most references to ignore the
effect of interest rates. We will also adopt this approach.

In insurance modelling, the Poisson process has been used as a claim arrival process.
Extensive discussion of the Poisson process, from both applied and theoretical viewpoints,
can be found in Cramér (1930), Cox & Lewis (1966), Biihimann (1970), Cinlar (1975),
and Medhi (1982). However, there has been a significant volume of literature that
questions the appropriateness of the Poisson process in insurance modelling (see Seal
(1983) and Beard ef al.(1984)) and more specifically for rainfall modelling (see Smith
(1980) and Cox & Isham (1986)).

As catastrophic events occur periodically, the assumption that resulting claims occur in
terms of the Poisson process is inadequate. Therefore an alternative point process needs

2



to be used to generate the claim arrival process. We will employ a doubly stochastic
Poisson process, or the Cox process, (see Cox (1955), Bartlett (1963), Serfozo (1972),
Grandell (1976, 1991), Bremaud (1981) and Lando (1994)).

Claims arising from catastrophic events depend on the intensity of natural disasters (e.g.
flood, windstorm, hail, earthquake). By intensity we mean the frequency of claims
resulting from the natural disaster. '

The shot noise process measures the impact of catastrophic events (see Cox & Isham
(1980,1986) and Kliippelberg & Mikosch (1995)). As time passes, the shot noise process
decreases as more and more claims are settled. This decrease continues until another
catastrophe occurs which will result in a positive jump in the shot noise process. The shot
noise process is particularly useful in the claim arrival process for catastrophic events as it
mirrors the nature of such events. Therefore we will use it as a claim intensity function to
generate the Cox process.

We will adopt the shot noise process used by Cox & Isham (1980):

— -a ~&(t-
A, =Ae +2ye )

§5<t

v




where:

i catastrophe

A, initial value of A

y; jump size of catastrophe i (i.e. magnitude of contribution of catastrophe i to intensity)
where E(y,) <o

s, time at which catastrophe i occurs where s, < <

6 exponential decay which never reaches zero

p the number of catastrophes in time period .

The piecewise deterministic Markov process theory developed by Davis (1984) is a
powerful mathematical tool for examining non-diffusion models. Using this theory,
Dassios (1987) examined the Cox process incorporating the shot noise process as its
intensity. In Chapter 1 we present definitions and important properties of the Cox and
shot noise processes with the aid of piecewise deterministic process theory. In Chapter 2
this theory is used to calculate the distribution of the number of claims and the mean of the
claims. These are important factors in the pricing of any reinsurance product.

Harrison & Kreps (1979) and Harrison & Pliska (1981) launched the approach for the
pricing and analysis of movements of the financial derivatives whose prices are determined
by the price of the underlying assets. Their mathematical framework originates from the
idea of risk-neutral, or non-arbitrage, valuation of Cox & Ross (1976).

A reinsurance contract is similar to a financial derivative in that its value is determined by
the underlying claim arrival process. Sondermann (1991) introduced the non-arbitrage
approach for the pricing of reinsurance contracts. He proved that if there is no arbitrage
opportunities in the market, reinsurance premiums are calculated by the expectation of
their value at maturity with respect to a new probability measure and not with respect to
the original probability measure. This new probability measure is called the equivalent
martingale probability measure. The equivalent martingale probability measure is not
unique in general. It is not the purpose of this thesis to decide which one to use.

One of the methods to change the probability measure is the Esscher transform. Gerber
& Shiu (1996) priced derivatives using the Esscher transform to go from the original
probability measure to the equivalent martingale probability measure. In Chapter 3 we use
this approach for the pricing catastrophe reinsurance contract and catastrophe insurance



derivatives (i.e. catastrophe insurance futures and catastrophe insurance options on
futures). For the reason already explained, the Cox process with shot noise intensity is
used as the claim arrival process.

We need to solve two estimation problems for the pricing of a reinsurance contract and
catastrophe insurance derivatives. Firstly, the parameters of the shot noise process i.e. the
rate of occurrence of catastrophe, the size of catastrophe and the rate of decay
(settlement) should be estimated. In chapter 4 we present parametric estimation
techniques for the estimation of the three parameters in the shot noise process. Secondly,
the distribution of the claim intensity should be obtained. Since the claim intensity is
unobservable it has to be "filtered out" from the observed number of claims at various
times. So chapter 5 deals with state estimation to derive the distribution of the claim
intensity. One of the methods used is the Kalman-Bucy filter. We derive pricing models
for catastrophe reinsurance contracts using the distribution of the claim intensity that is
obtained by the Kalman-Bucy filter. The Laplace transform of distribution of A, is
obtained assuming that we know the times of catastrophe jumps and claim points. We
also examine the Laplace transform of distribution of A4, assuming that the number of
claims in a fixed time interval is known. The idea and discussion of state estimation can be
found in Karr (1991).

2. Definitions and conditions

Let us look at a brief outline of the concepts of generator (see Davis (1984)), martingale
(see Gerber (1979) and Oksendal (1992)) and equivalent martingale probability
measure (see Sondermann (1991)) that we will use in this dissertation.

The process X, =(n,,¢,) takes values from the set L xE where L is a discrete set and
EcR". In any interval [0,7], £, can be discontinuous at only a finite number of points
t,t,,---,t, where 0<¢, <t. In theorem 5.5 of Davis (1984), the discontinuity can also
occur when a boundary is reached. However this is not applicable here. The generator A
of the process is an operator on functions f:L xE — R and its domain contains functions
f satisfying the following conditions:

(1) Forall n €L, the function f is absolutely continuous on ¢

@) E{ |7(X,)- £(x,)| } <o,



We define the generator A acting on any function f belonging to its domain. Then A f is
t

the unique function that makes f(X,)- J.A f(X,)ds is an 3,-martingale. We will use the
0

term 'martingale’ to refer to martingale with respect to the natural filtration i.e. 3J,-

martingale.

The generator of the process {X,} acting on a function f(X) belonging to its domain as
described above is also given by:
El f(X )X, =x|-f(X,
Af(X,):hm [f( t+h)l t ] f( t).
nlo h
A f(X,) is the expected increment of the process {X,} between ¢ and ¢ +4, given the

history X, at time . From this interpretation the following inversion formula is plausible:

E[f (X)X, =x]- £(X)=[E[Af(X,)}s.

Therefore if we are able to find a function f such that Af =0 then f(X,) is an J;-
martingale. In this thesis, it will be very important to solve the equation A f =0 for

various circumstances.

Let (Q,F,P) be a probability space with information structure 7. The information
structure F is the filtration, i.e. F={3,, # €[0, T]}. F consists of c-algebra's 3, on Q,
for any point # in the time interval [0, 7], representing the information available at time ¢.
Then a probability measure P" is called an equivalent martingale probability measure
if:

+ P'[A]=0 iff P[A]=0, forany 4 €3,;

- the Radon-Nikodym derivative ‘:; belongs to L,(Q2,3,,P);

- a specified process* R, is a martingale under P, i.e.

E'R|3,]=R, P'-as.

forany 0<s<t<T, where E* denotes the expectation with respect to P".

* Note: In our case, a specified process R, is premiums minus claims, i.e. R, = PR —C,.



3. Overview

We now conclude our introduction by giving an overview of this dissertation. Let N, be
the claim amount then the total loss excess over b, which is a retention limit, up to time # is

N, + N,
where N, is the number of claims up to time # and (ZN,. - b) = Max[ZN,. -b, O).

i=1 i=1

N,
Let C, =) N, be the total amount of claims up to time #. Then
i=1
N, +
(Zx,. —b) =(C,-b)".
i=1
When &, =1, C, becomes N,. Therefore the stop-loss reinsurance premium at time 0 is

E{(v, -8y} or E{(c, -5y}

Catastrophe insurance futures and options introduced by CBOT are standardised
reinsurance instruments. If we assume that L = C,, ignoring the effect of interest rates,

the price of the insurance futures at time O is

E [25, 000 x Min(—cﬁ’-, 2)]

and ignoring the maximum loss ratio, the price of the insurance call option on futures at
time 0 is

25,1_(;00 E[( C,- B)' ] '

If we substitute 'b' with 'B' in the formula of the stop-loss reinsurance premium at time 0
the two formula are equivalent.

The probability distribution for N, or C, used in this dissertation is based on the following
hierarchical specification:

a Poisson process with constant intensity p is used to generate catastrophe times s,.
The random variable M, is the total number of catastrophes up to time ¢.



the positive random variable y, specifies the size of the catastrophe at time s;. The
distribution of y, is denoted by G(y,).

the intensity decreases with the decay rate &, which is a constant, between s,_, and s,
until another catastrophe jump y, occurs at s,.

given (s;,y;, 8), we define the positive function

A=A+ T ye
alli
§<t

where A, is the initial value of 4. This is the shot noise process and also piecewise

t
deterministic Markov process. We also define the aggregated process X, = _[A,ds'
0

which is the accumulated intensity.

the function A4, is used as the claim intensity of a Poisson process to generate the
number of claims N,.

given a claim, the claim size distribution is H(#). The total amount of claims up to
time # is denoted by C,.

The unknown parameters are p, y and & which are the rate of occurrence of catastrophe
jump, the size of catastrophe and the rate of decay respectively. In the time dependent
case J, p and G(y) vary with time £. When 4, is time homogeneous these do not vary
with time 7.

In chapter 1, we examine the shot noise process 4, as it mirrors the nature of catastrophic
events. Other process may be applied to measure the impact of catastrophic events. Also
the shot noise process itself can be applied in financial field such as interest rate modelling,
bond pricing and bond option pricing.

In chapter 2, doubly stochastic Poisson process is discussed as a claim arrival process N,
where the claim intensity function is the shot noise process A,. By changing the claim
intensity function in Poisson process, we can derive a variety of doubly stochastic Poisson
processes. In insurance modelling, if a homogeneous or non-homogeneous Poisson
process are not appropriate as a claim arrival process, doubly stochastic Poisson process
can be considered as an alternative by selecting proper claim intensity function.



The results in chapters 1 and 2 are very important in the pricing of any reinsurance
products. Even if we change the claim intensity function in Poisson process, we can easily
obtain important results using the approach used in these chapters.

In chapter 3, we assume that there are no arbitrage opportunities in the market to obtain
fair premiums for stop-loss reinsurance contracts and fair prices for insurance derivatives.
This can be achieved by using an equivalent martingale probability measure in our pricing
models. The Esscher transform is used to change probability measure. If the market is
complete, there is only one equivalent martingale probability measure and only one fair
premium or price can be obtained for each contracts. However we have more than one
equivalent martingale probability measures as the market is not complete. We present
quite a flexible family of martingales that can be used to change measure; however it is not
the purpose of this dissertation to decide which one to use.

In chapters 4 and 5, we solve two estimation problems for the pricing of reinsurance
contracts and insurance derivatives. Firstly, we suggest estimating parameters of A, using
the likelihood function and the distribution of A, via the Kalman-Bucy filter. The 4, is
standardised by subtracting its mean and dividing by the variance leading to Z,. The claim
arrival process N, is similarly approximated as well as C,, which is the total amount of
claims up to time ¢#, leading to W, and U,. For large p, the standardised process Z,
becomes an Ornstein-Uhlenbeck process and the standardised processes W, and U,
become Brownian motions. The assumption of p— o implies that catastrophes are a
common events. Therefore this approach can be used for the pricing of reinsurance
contracts when we expect quite a few claims in the near future. Secondly, in order to
estimate the parameters and distribution of A,, direct and realistic approaches are
presented. For estimation of parameters and the Laplace transform of distribution of A,
we assume that we know the catastrophe time s, as well as the claim point #;. We
examine another method of obtaining the Laplace transform of the distribution of 4,

assuming that the number of claims in a fixed time interval is known.

The direct approach provides us with accurate pricing as it is realistic. However it is not
always practical to use given the complexity of the equations involved. A more practical
approach is to use the transformed and approximated approach, where we assume p— .

However we should examine whether the third moments of the catastrophe size y and the



claim size » exist; if it does not exist the central limit theorem does not provide an

accurate result.

It would be interesting to empirically test our models and estimation methods derived.
The relevant data would need to be obtained from reinsurance companies or CBOT. In
that case, the numerical examples illustrated in chapters 3, 4 and 5 may be useful.
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1. Doubly Stochastic Poisson Process, Shot Noise Process and
Aggregated Process

1.1 Doubly stochastic Poisson process

Claims arising from catastrophic events depend on the intensity of such natural disasters.
Therefore the intensity means the frequency of claims resulting from the natural disaster.

In order to calculate the price for catastrophe reinsurance contracts and insurance
derivatives, the claim arrival process needs to be determined. A homogeneous Poisson
process can be used as a claim arrival process. Under this approach the claim intensity
Junction is assumed to be constant. Another approach is to use a non-homogeneous
Poisson process where the claim intensity function is assumed to be a non-random
function of time. However, both these process do not adequately explain the phenomena
of catastrophes as mentioned in the introduction.

Under doubly stochastic Poisson process, or the Cox process, the claim intensity function
is assumed to be stochastic. The Cox process is more appropriately used as a claim arrival
process as it allows for the assumption that catastrophic events occur periodically.
However, little work has been done to further develop this assumption in an insurance
context. We will now proceed to examine doubly stochastic Poisson process as the claim
arrival process.

Doubly stochastic Poisson process provides flexibility by letting the intensity not only
depend on time but also allowing it to be a stochastic process. Therefore doubly
stochastic Poisson process can be viewed as a two step randomisation procedure. A
process A, is used to generate another process N, by acting as its intensity. That is, N, is
a point process conditional on A, which itself is a stochastic process (if 4, is deterministic
then N, is a Poisson process).

Many alternative definitions of a doubly stochastic Poisson process can be given. We will
offer the one adopted by Bremaud (1981).

11



Definition 1.1.1. Let N, be a point process adopted to a history 3, and let 4, be a non-
negative process. Suppose that 4, is 3,-measurable, # > 0 and that

t
Iﬂsde < o almost surely (no explosions).
1]

Ifforall 0<¢, <t,and ueR

()
E{eiu(le_Nn)IStl}'__e n (1.1.1)
then N, is called a 3,-doubly stochastic Poisson process with intensity A, .
ad
In this dissertation we will take 3, to be the natural filtration of the probability space.
(1.1.1) gives us
_I;_Jd_, ¢ k
e" U A,ds')
Pr{N, -N, =klA;1, <s<1,}= - (1.12)
and
: ~(1-8) | 4,ds
E{6 ™1t <s<tl=e 0 (1.1.3)
SO
—(1—@}@
E(6%™)=E{E(6" ™0 sss)l=Ee 7 ). (1.1.4)

If A, is a Markov process and A, is the generator of the process (4,, #) then the generator
of the process (N,,4,,¢) acting on a function f (n,A,t) belonging to its domain is given
by

Af(n,2,0)=A{fm+1,4,0- f(n,A,0}+A, f(n,4,1). (1.1.5)
Clearly, for f(n,A,1) to belong to the domain of the generator A, it is essential that
f (n, A, t) belongs to the domain of A, for all n.

Notice that the generator A acting on a function ¢ f(4,¢) gives
AGf(A,0)=-20-9)Ff(L,1)+TA, f(4,1). (1.1.6)

12



Now consider the process

t
X, = jlsds (the aggregated process),
o

the generator A of the process (X, ,,ﬂ.,,t) acting on a function f(x,4,?) belonging to its
domain is given by
Af(x,ﬂ,t)=lg-+A‘f(x,l,t). (1.1.7)

Clearly, for f (x,4,1) to belong to the domain of the generator A, it is essential that
f(x,2,1) belongs to the domain of A, for all x and that it is differentiable w.r.t. x.
Trying a function of the form e "% f (4,f) then

Al f(4,0]=-2(1-0e P f(A,0)+e %A, f(4,1). (1.1.8)

By the aggregated process we can easily find that (1.1.4) is
E(™ )= B 0y, (1.1.9)

(1.1.6) and (1.1.8) as well as the relationships (1.1.2), (1.1.3) and (1.1.4) suggest that the
problem of finding the distribution of N,, the point process, is equivalent to the problem
of finding the distribution of X,, the aggregated process. For example (1.1.9) means that
we just have to find the p.g.f. (probability generating function) of N, to retrieve the m.g.f.
(moment generating function) of X, and vice versa.

13



1.2 Shot noise process with time dependent parameters

The shot noise process measures the impact of catastrophic events. As it mirrors their
nature, the shot noise process can be used as a claim intensity function in the claim arrival
process. In this section we examine a shot noise process 4, .

We are now going to generalise the shot noise process by allowing three parameters to
depend on time. Therefore we assume that &(¢), po(f) and G(y;t) are all Riemann
integrable functions of 7 and are all positive. Furthermore the rate of jump arrivals, (),
is bounded on all intervals [0, t) (no explosions). &(¢) is the rate of decay but we assume
&(¢) = & throughout the rest of this thesis. The distribution function of jump sizes for all ¢
is G(y;t) (y>0). If the jump size distribution is exponential, its density is
gD =(a+%®)e @ 350, a+®>0 (ie. y>—ae®), a special case that will

be quite useful later.

The generator of the process (4,, ?) acting on a function f(4,¢) belonging to its domain is

given by

Af) =L o502 L+ po)[ f 4204600 - FA0). - (A2)

For this process we can derive the Laplace transform of the distribution of 4, at any given
time # given A4,.

Theorem 1.2.1 Let A, as defined. Then

1
,[ AS)1-g{ve ®;s}jas [

o g é(k;s) - J'e—kde(y; s))

0

t
is a martingale for all v>0, where A(?) = IJ(s)ds‘.
0

Proof
From (1.2.1), f(4,?) has to satisfy A f =0 for it to be a martingale. Setting e~ *V%¢*®

we get the equation
-4 () + R (1) + 8(1)AA(¢) +p(t)[§{A(t); t}-1]=0 (1.2.2)

14



and solving (1.2.2) we obtain

&(s)ds t A ’5(u)du
A=w*  and R()=[ps)N1-g{e*  ;s}lds

and the result follows.

a
We now will use the martingale found in theorem 1.2.1.
Theorem 1.2.2 Let A, as defined. Then
—_[p(s)n-fz{w‘“”e““’;snds
E{e‘ Ay IAO} —e e o . (1.2.3)
Proof
From theorem 1.2.1, for a fixed time ¢ and a fixed constant ' > 0, we have
st = on-gtveaa
E{e—w d |/10} =g Vhe ®
and setting V' = v 2¢" we have
. o -Ipmn—;( w8680 ) s
E{e'v ¢ |/10}=e""°‘ e (1.2.4)

Since (1.2.4) holds for an arbitrary fixed ¢', it holds for all #>0 and the theorem is
proved.

We can also obtain the asymptotic (stationary) distribution from theorem 1.2.2. In this
context we interpret it as the limit when ¢ & —co. In other words, if we know A at '—o0'
and no information between '—oo' to present time #, '—oo' asymptotic distribution of 4, can
be used as the distribution of 4, .

In order to find the '—o0' asymptotic distribution let us start with lemma.

15



Lemma 1.2.3 Let's assume that &(¢) = 9, tlirp ot)=p and tli:zl 4, (t)=p,. Then

AL~ 22, s <

where ,u,(t)=Tde(y;t)=E(y;t) and &(u;t)=l;gu(u—;t).

Proof
When &(¢) = § the exponential part of the second term in the right hand side in (1.2.3) is

jp(s)[l—é{ V™%, 53 ds

—-&

1 g{ve i S}ds jve &o(t - s)G(ve ;¢ —8)ds
ve

O'——-S

but

G(re®;1-5)= [ (1-Gs1 -9y < [(1-GOrt -y = p(t-5). (1.25)
From(125)
jp(s)[l 2{ve %, 3 1ds = jve- ot —5) G(ve 51— s)ds<jve & Xt — 5) g, (¢ — 8)ds < .

—0

O

Corollary 1.2.4 Let &(t) =6 and assume that 'lirp At)=p and tlirp 4, (t) = u, where

m(t)= I ydG(y;t). Then the '—c0' asymptotic distribution of A, has Laplace transform
0

-]'p(,)n-;( ve 109, 53 ds
e~ . (1.2.6)

Proof
From theorem 1.2.2 and let &(¢) = &, then

n
»

- | As)1-g{ ve X1 5 1ds
—va, e~ %10

E{e"Wl'l ).,o}=e W e b (1.2.7)

letting #, — —o0 in (1.2.7) then

iy
-jp(s)[l—é{w"'*-”;snds
E(e™)=¢ =

16



In order to use £ (e'"’l") as the '—o' asymptotic distribution, it should be shown that the

f A
integrated value, Ip(s)[l—g{ ve %479 s}1ds, is smaller than © Otherwise the '—oo'

asymptotic distribution approaches zero. In lemma 1.2.3 we proved that the integrated
value is smaller than o and so the result follows.
O

Theorem 1.2.5 Let &(¢)=6 and the jump size distribution be exponential i.e.

g;t)=(a+7*)e @™ y>0, y>-ae®. Assuming that p(f) = p a:; —* then

E {e‘ "

2 }_ B R A i ye 4 yp &) 4 o L L8
wI=¢ re® +aq re® +(v+a)e X | (1238

Proof
Use theorem 1.2.2 and

A © o
g{re %95y = [e "G (y;5) = [ (a4 o) T Vady = @+ e [t T gy
0 [} 0

& e—(a+;¢""+ ey, 17 a+ ye-&
=a+ }e - -

a+e® + e ¥ , o+ kB

Therefore

14 [} t
1 A _ s 1 1 1
| )1 g{ve 40 5Yds = ap| ——ds - ap)

p atoe .

fo

1
a+(y+ ve )e®

P 78&0 + ae“ml—to) p }eao + w"ﬂ‘l"‘o) +a
==In & -5hn &, -&u-ty) |°
o r®+a r® +(v+a)e

é

Hence

| syri-g € vy Y st
g, ] =e'vzoe"’l*°>(7e&° + e %)) ( rh e ra )5.

fo
r® +a % +(v+ a)e X

a

Similarly, the '—c0' asymptotic distribution can be obtained from theorem 1.2.5.

* Note: The reason for this particular assumption will become apparent later when we change the
probability measure.
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Corollary 1.2.6 Let &t)=J and the jump size distribution be exponential i.e.
then the

gt) =(a+r? e @* 50, y>—qe®. Assuming that p(f) = p a+a =

'—o0' asymptotic distribution of A, has Laplace transform

&\ | |
( yrae ~ ) (1.2.9)

y+(v+)e™

Proof
We let ¢, & —o in (1.2.8) and the corollary follows immediately.

Now let us evaluate the mean and variance of A, assuming that 4, is given.

Theorem 1.2.7 Let A, be a generalised shot noise process. Assuming that we know 4,

E(4,]40) = A +€ j & s), (s)ds (1.2.10)
where &) = 6.
Proof
The generator of the process 4, acting on a function f(A) is given by
Af(A)=-8DAZ 7 0 j FA+y)dG(;0) - f (D] (12.11)

If we set f(4)=A, then
AA=-0A+pu()p(t) (1.2.12)

where &(t)= 6 and p,(¢)= Tde(y;t).

(If the jump size distribution is exponential i.e. g(y;f)=(a+%)e @*"” y>0,

1
a+re? )

y>-ae™®, p(f)=

From E (/1,[2.

t

0
E(4,|A,) = 4, 8[ E(2,|

0

+ [ o) (s)ds.

Differentiate w.r.t ¢
dE(A,|4,)
— == (4|4,) + (Op0).

18



Solving the differential equation

E(A|4,) = A7 +e” Je 14()P(s).

0
Lemma 1.2.8 Let A, as defined. Assuming that we know 4,
A f
B3, )= 2e7%ow 1267 [ty A, )ds+e% [ €%, (s)pls)ds.
h %
(1.2.13)

Proof
From (1.2.11) and set f(4) = A then

A X =282 +2p4,()p(t) A+, (1)p(2)
where u,(¢) = I YdG(y;t).

(If the jump size distribution is exponential ie. g(y;f)=(a+?)e ™" y>0,

1
>—-ce®, u(t)= .
/4 () CHW&,)

4
From E(% |1,)- 2, = E[[ (A 2|4,
to

()AS)E(4,

2,)ds+ | iy ()p()ds.

ACAVREY A —26].E(125 ,
to
Differentiate w.r.t ¢,
ab(#)1,)
dt,
Multiply by e**, then
j[le(f 4, ] 2‘*1[2;41(: Y(t)E(2,

4

= 285( 2|4, )+ 20t E(2, |, )+ i ()p(1).

Ao )+ (0)0(0)]

Solving the differential equation
[ fH
E(2|3,) = 2,e750 1267 [ 50 ()p(s) E(A A, s+ [ %1 (s)pls)ds.

to )

19



Corollary 1.2.9 Let 4, as defined. Assuming that we know 4,,,

var(a,)4, )= e ]‘em,uz ($)(s)ds. (1.2.14)

to

Proof

J)f

var(2,|2,)= E(2|4,)- E{(2,

Therefore (1.2.14) follows immediately from (1.2.10) and (1.2.13).

Similarly, the '—o0' asymptotic mean and variance can be obtained from theorem 1.2.7 and
corollary 1.2.9.

Corollary 1.2.10 Let A, as defined. Furthermore if 4, is '—' asymptotic then

LY

E(A,)=e [e®p(s)p(s)ds. (1.2.15)

-0

Proof
From (1.2.10)

4
/1'0) = 2,e7% o J' e®o(s) 1, (5)ds. (1.2.16)

f

£(2,

Letting #, — —co in (1.2.16) and the result follows immediately.
0

Corollary 1.2.11 Let A, as defined. Assume that we know A, and &(¢)=6.

Furthermore if 4, is '—oo' asymptotic then

Var(/i,l) =eh ]‘ez‘s’,u2 (s)p(s)ds (1.2.17)

-

Proof
Letting 7, — —oo in (1.2.14) and the result follows immediately.
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1.3 Time homogeneous shot noise process

We are now going to simplify the shot noise process described in the previous section by
allowing the parameters to be homogeneous in time. Therefore the shot noise process,
where the decay is exponential &, which is a constant, can never reach 0. The frequency
of jump arrivals follows a Poisson distribution with p. We will have generally distributed
jump sizes with distribution function G(y) (y>0). If the jump size distribution is
exponential its density is g(y) = ae™®, y>0, a>0.

The results in this section can also be found in Dassios (1987).

The generator of the process (4,, f) acting on a function f(4,¢) belonging to its domain is

given by

Af (A1) =g—— 5/1%+p{ [ £ +y.0dGG) - f(a,1)}. (13.1)

For this process we can find the Laplace transform of the distribution of A, at any given
time ¢ given the distribution of 4,. We begin with a related theorem that is also used by
Dassios (1987).

Theorem 1.3.1 Let Z, = 1,¢*. Then

» J' (-g(w®)pds o

e e o (é( n=| e'“%(y))

is a martingale for all v>0.

Proof
The result follows immediately from theorem 1.2.1.

We will now use the martingale found in theorem 1.3.1.

Theorem 1.3.2 Let A, as defined. Then

[}
-p| {1-g(ve *)}ds

E{e |4} =e e : (13.2)
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Proof
The result follows immediately from theorem 1.2.2.

Also the asymptotic (stationary) distribution can be obtained from theorem 1.3.2.

Corollary 1.3.3 The asymptotic distribution of 4, has Laplace transform
- I{l—é(w“')}dx
e [}
which can also be written as

-2 &(u)du

O
© Sy

where &(u) = 1-%(")

Proof
Let # — o in (1.3.2) and the corollary follows immediately.
O

Theorem 1.3.4 Let the jump size distribution be exponential i.e. g(y)=cae ™™, y>0,

a>0. Then

Efe|1,} = e (“;fv CARL A (1.3.3)

Proof
Use theorem 1.3.2 and

A ° @ = ) ~(a+ )y
g(ve®)= [ VdG(y) = [e " ae dy = af eV = d{- e—:e;]
0 0 0 0

a+ ve
_ a
a+ve®
Therefore
j{l g(ve*)}ds = j(l— —% )= j( _&)ds j( et

-lln ki
5 |2+e® |
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Hence

e =e a+ve”
a+v

]
-p| {1-g(e™*)}ds -
-! -ﬁ'n(———a”a) =(az+ ve &)5

Similarly, the asymptotic (stationary) distribution can be obtained from theorem 1.3.4

Corollary 1.3.5 Let the jump size distribution be exponential i.e. g(y)=ae™®, y>0,

a>0. The asymptotic distribution of 4, has Laplace transform

a+v .
Proof

Let £ > o in (1.3.3) and the corollary follows immediately.

Now let us evaluate the mean and variance of A, assuming that 4, is given.

Theorem 1.3.6 Let A, as defined. Assuming that we know A, then

E(4,|4,) = ‘L;’ +(4, -”—go)e-‘*.

Proof
The result follows immediately from theorem 1.2.7.

Lemma 1.3.7 Let A, as defined. Assuming that we know A, then

na 2 P 2 §
E(A|,) = Foe ™ + L2, - By (e ~e ”)+(%+‘;—2§)(l—e ),

Proof
The result follows immediately from lemma 1.2.8.

23
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Corollary 1.3.8 Let A, as defined. Assuming that we know A, then
var(2,|4,) = (1—ef23)%. (1.3.6)

Proof
Var(A,|4,) = E(£|4,) - {E(4,|4,)}*.

Therefore (1.3.6) follows immediately from (1.3.5) and (1.3.4).

Similarly, the asymptotic (stationary) mean and variance can be obtained from theorem
1.3.6 and corollary 1.3.8.

Corollary 1.3.9 Let N,, 4, as defined. Furthermore if A, is stationary, that is A, has the
stationary distribution then

E(1,)=£2 (1.3.7)
o
Proof
Let t — o in (1.3.4) and the corollary follows immediately.
g
Corollary 1.3.10 Let A, as defined. If A, is stationary then
HpP
Var(4,) ===. 138
ar(3) =14 138)
Proof
Let £ — o in (1.3.6) and the corollary follows immediately.
ad
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1.4 Aggregated process

)
From (1.1.4), we see that E(N, - N, )=E (j A ds). In other words, the mean number of

h

points in a fixed time interval of length ¢, —¢, is determined by the expected value of

L
jl,ds. It will be of interest to find the mean and variance of the aggregated process X,.

h

As we have seen, the integrated value of the shot noise process A, is the aggregated

t
process X,, ie. X, =Iﬂsds. Throughout this section, we assume that the shot noise
0

process is time homogeneous.

)
Now let us evaluate the mean and variance of j Ads assuming that A, is given.
h

Theorem 1.4.1 Let A,, X, and N, as defined. Assuming that we know 4, then

t P - |
E(] 1,82,) = E(X|A0) = E(N,|A0) = 2~ B¢~ 1 ). (1.4.1)
Proof
From (1.1.3)
E(Na,, 0ss<f)=[Ads. (1.4.2)
E(N,)=E{EWNJA,)} = E(j A,ds) = j‘E(/ls)ds. (1.4.3)

Conditioning on 4, in (1.4.3), then
t t
E(N,|JA)) = E([ 2,dslA) = [ E(A,|A,)ds. (1.4.4)
0 0

Therefore (1.4.1) follows immediately from (1.3.4).
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Lemma 1.4.2 Let N,, A, as defined. Assuming that we know 4, then
E(NA|Ay) = .ulp’ ,+ﬂ1p(ﬂ ﬂlp),e_a P ﬂuo(,1 MP)

28°
/1% Zﬂlp’ 3wmp, P, s /12 e Zﬂp Eapy -
+(2o + Ay— (Lo & 25, -2 28
Gt e g Gt Ts g M og)e

(1.4.5)

Proof
The generator of (N,,4,) acting on f(n,A) is given by

Af(mA)=2Lf(n+1,4)- f(n,A)]- 64— +p[ff(n A+y)dG(y) - f(n,A)].

(1.4.6)
If we set f(n,A)=nA in (1.4.6) then
And=2-&i+pun.
Therefore

t t t
E(N,A,|40) = =8[ E(N,A,|A,)ds+ [ E(Z|3,)ds + [ E(N A )ds.
0 0 0
Differentiate w.r.t ¢
dE(N,A,|A, )
dt
Solving the differential equation

H t
E(N,A|Ao) =" {[e*E(E|Ao)ds + mp[ e*E(N,|A)ds}. (1.4.7)
0 0

—8E(N,A,|A0) + E(2|A,) + IpE(N,|4,).

The result follows when we substitute (1.3.5) and (1.4.1) in (1.4.7).

Lemma 1.4.3 Let 4, and X, as defined. Assuming that we know A, then

E{([ 2,85|40} = E(X?|4,)

2 2 2
=ﬂlf’,z o wo,1 T 2/11,02), (2/1110,1 ZMP e
s y;
27 2,u1p2 _dpp Zup - p2 _2up up -
Ay =501~ =2, -5 (1-e?®
et 5 Ji-e )( T s

(1.4.8)
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Proof

t
The second moment of jlsds, given 4,, becomes
0

B 2.5y 20} = (| Ads- [ i} =2 [ B, 2 yras

where r <s.

Also
E(NA,

2,;0<r<s)=AE(N|A,;0<r<s).
From (1.4.2)
E(NA|4,;0<r<s)=4,]A,dr
0

E(NA,)= jE(z,,l,)dr.

Conditioning on 4, in (1.4.11), then
E(N,A

A,)dr.

s

4= [EG4,
0

Hence (1.4.9) becomes

E{(]Ads)’lﬂo} =2}E(N,A,lﬂo)ds.

The result follows when we set (1.4.5) in (1.4.12).

Corollary 1.4.4 Let A, and X, as defined. Assuming that we know 4, then

t
2 - —
Var(‘!l,dsllo)=Var(X,|,10)=_“;2_2pt__§32£(l_e ")+%€(l-e N

Proof

Var ([ Ads|a,) = E{([ Ads)*|Ao} — {E([ A,ds]2,)".

Therefore (1.4.13) follows immediately from (1.4.8) and (1.4.1).
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t
Let us also try to obtain the asymptotic (stationary) mean and variance of J'l,ds.

4

Corollary 1.4.5 Let 4, and X, as defined. Furthermore if A, is stationary then

t
E(f Aﬁs):E(X,):E(N,):ﬁg—Dt. (1.4.14)
0
Proof
Since A, is stationary, if we set (1.3.7) in (1.4.3) then the result follows immediately.
a
Lemma 1.4.6 Let 4,, X, as defined and A, be stationary. Then
2
P P, P s
E1,X,)= + t- . 1.4.15
(2,.X,)= 2o+ E—1 -2 (14.15)
Proof
t
The aggregated process X, = j)t,ds. Therefore
0
t t t
E(A,X,)=E, [Ads)=E([A,Ads)= [E(A,A)ds, s<t (1.4.16)
0 0 0
where
EAAJA,, s<su)=AE(A|A,, ssu)=A,E(4|4,)
E(A,A,)=E{E(A,A,|A,, s<u)}=E{A4,E(4,|4,)}. (1.4.17)
From (1.3.4)
E(A,A,) = E{AE(4,|A,)} = E[A, {%”Jr(z, —'u—‘;)e'““’)}] = E[4, ‘L&” +(A -i;,l,)e-‘*'-”]
=BP ) +e B - B2 )= EPEQ ) +e X EQD-EBLEWM,)}
) 1) o o
Since 4, is stationary, from (1.3.7) and (1.3.8)
- Mﬂe+e-&z—5) {(/ulp)z " P KpP .ulp}
6 & o 26 6 O (1.4.18)

_ P2 | (HaPN -&t-5)
= (E5)? + (&L .
( 5 ) (25)3
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Hence

t t t
= _ [ gcFaPr2 | (FaP -st-5)y o _ (FaPN2 4, (HaPy -a [ &
X,)_lE(A,z,)ds_!{(;) +(225)e t }ds—(‘é_)t+(225)e _([eds
P, Py a1 s P, P s, s
= (BB s 4 (EE)e2 — [ se¥ds = (B2Ly2y 4 (22 1
G e gl &t ds = e @ -

P BP2, HP -a
=£L, -
AR Y

Lemma 1.4.7 Let 4,, X, as defined and A, be stationary. Then

‘ 2y _ 2y _ ( _(FP\2 2 P, P s HaP
E{({/L,dg) }_E(X,)_zlE(ﬂ,,X,)ak_( V(P SRt - (1419)

Proof

t
The aggregated process X, = J‘l,ds. Therefore
0

E{(j A,ds)?} = E(X?) = E{j z,dsj Adr}= E{zjjz,z,drds} = Z“E(l,A, Ydrds.

From (1.4.16)
E{( j Ads)*} = sz(A,X,)ds. (1.4.20)

Hence from lemma 1.4.6

E{(jz,ds)z}zE(Xf)ﬂjE(z X,)ds = 2](”2” Y. e ®)ds

288 & 28"

— ol (HiPy: 1 ;2 _HaP -&
=2(r By L B0 Ly ey

(.ulp)Zt +(cu2p)t + ﬂzpe-a _ sl

& &
o
Corollary 1.4.8 Let A, and X, as defined. If A, is stationary then
t
P, HP &  HP
Var(| Ads)=Var(X,)="2-t+2-e % - 22, 1.4.21
(! Asy=Var(X,)=E 1+ HEe? - 54 (1421)
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Proof

Var(j A,ds) = E{(jz,ds)z} - {E(j A,ds)Y. (1.4.22)

Since A, is stationary, if we set (1.4.19) and (1.4.14) in (1.4.22) then the result follows

immediately.
O
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2. The Cox Process with Shot Noise Intensity

This chapter deals with the Cox process incorporating the shot noise process as its
intensity function.
ty
In section 1, Laplace transforms of the distributions of N, — N, and X, - X, = J'/lsds
Ll
will be obtained. We will then specialise our analysis of this Laplace transform where the
jump size distribution is exponential. We will also examine the asymptotic behaviour of
X, and N, where A, is assumed to be stationary in both these cases. As a matter of
interest we discuss the higher order properties of X, such as the joint distribution of
X, —-X,,X, —-X, X, —X, atspecified times #,1,,---,¢

n

The mean, variance and covariance of N, — N, , assuming that 4, is stationary, will be
evaluated in section 2. As a matter of interest we also discuss the higher order properties
of N, such as the joint distribution of N, - N, ,N, - N, ,---,N, — N, at specified times
1,01,
In section 3, the distribution of the intensity at point times, A,, where T is a time at which
a point of N, has occurred, will be derived assuming that A, is stationary. It will be of
interest to compare the distribution of the intensity of point times, A, with the distribution
of A

L

We look at the interarrival time between points and its distribution in section 4, in
particular we will examine 7, =inf{#:N, =1|N0 =0} assuming that A, is time

homogeneous. The mean and variance of interarrival time between points will be shown
when stationary has been achieved.

2.1 The distribution of number of points in a fixed time interval
2.1.1 Time homogeneous case

In this section we assume a time homogeneous shot noise process; this is discussed in
detail in section 3 of Chapter 1. Therefore 4, is a shot noise process with rate of decay &,
rate of jump arrivals p and jump size distribution function G(y) (y>0). If the jump size
distribution is exponential its density is given by g(¥)=ae™®, y>0, a>0.
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Now we will obtain the distribution of N, which is a doubly stochastic Poisson process
with intensity function 4,. To do so we will first examine the aggregated process X, and
then use the relationship (1.1.9) to deduce results about &,. We will therefore evaluate
the joint Laplace transform of the distribution of X, and N, at time ¢.

The generator of the process (X,,4,,?) acting on a function f(x,A,f) belonging to its
domain is given by

Af(x,A,t)= %-‘-2’%_ 62.%+,dff(x,/l+y,t)dG(y)—f(x,/l,t)]. (2.1.1)

Also the generator of (N,,4,,f) acting on f(n,4,¢) is given by

Af(nAt)= %—+Z[f(n +1L,A4,t)- f(n,A,0)]- 6/1%+,0[Tf(n,/1+y,t)dG(y) - f(n,A,1)]

(2.1.2)
Let us begin with a theorem also used by Dassios (1987). Our proof is somewhat shorter.

Theorem 2.1.1 Let X, and A, as defined above and evolving up to a fixed time ¢*. We
will assume that the constants £, and %, are such that £, 20 and £, > —kle""; then

Lo {10k +epe®)}ds \ w
e—kl&{,e—(k,+kze )l,e ) (g( V) = je' 'de(y)) (2 1 3)

0

is a martingale.

Proof
Define #, = 8X, + 4, and Z, = 4,¢®, then the generator of the process (¥,,Z,,t) acting on
a function f(w,z,?) is given by

Af(w,z,t)= %—ﬂc{];f(w +y,z+ye® . 0dG(y) - f (w,z,1)]. 2.14)

and f(w,z,t) has to satisfy Af =0 for f(W,,Z,f) to be a martingale. Setting
“hwe~h7h(t) we get the equation
B () - d1- gk, +k,e®)h()=0. (2.1.5)

e”"h(t) belongs to the domain of the generator because of our choice of %,, &, ; the

e

-kw

e

function is bounded for all # <¢" and our process evolves up to time ¢* only.
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Solving (2.1.5)

t
p| {1-glky +kye®)}as

h(t)=Ke * (2.1.6)

where K is an arbitrary constant.

Therefore

!
pj{l—g(kwkzc‘)}dr
e_klme_kZZl e 0

is a martingale and hence (2.1.3) is a martingale.
ad

Theorem 2.1.2 Let the jump size distribution be exponential i.e. g(y)=cae™®, y>0,
a>0. Then

e~ p~Uatlae®)2, ot {kz +(a+k)e® }z;-'fq; @.1.7)

k, +a+k

is a martingale.

Proof
Since the jump size distribution is exponential ie. g(y)=cae™®, y>0, a>0, from

theorem 2.1.1

g(k1 + kze&) = Je—(k|+kzc")de(y) = Ie—(k1+k,c‘)y ae-ﬂydy = aJ‘ e—{a+(’ﬁ+kzc"))ydy = {_
0

e—{a+(kl+k1¢")}y *
a+(k +ke®) |

0 0
-2
a+k +ke®
Therefore
' " ' a a f S % ds
1-g(k +ke*)ds= |(1l-————)ds=1-
-(‘:{ 8k +k,e™)) -!( a+k,+k2e5’) 5(a+k1)‘(':{e'&+a'fh}

PR AR k, +a+k, .
XNa+k) |k +(a+k)e?®

Hence

1
p"‘{l—g(kﬁkze"))ds ' LI ky+atk; ap ky+atk; )
A Katk) ky+Hatk)e? — g Xatk) ky+(a+k)e?

¢ (2.1.8)

k, +(a+k)e?® },,(:fkl) .

=ep‘{
k, +a+k,
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Set (2.1.8) in (2.1.3) and the result follows immediately.

O

Corollary 2.1.3 Let v, 20, v, 20, v20, 0<6<1 and ¢, ¢, be fixed times. Then

- vl}l,dr .
E{e— v(Xy, ‘Xn)e- L2 |th ’l‘l } — E{e‘ n(X, "Xn)e' Vil I/lll} = E{e 6 e vidy |ﬂ'¢1}
n-h N
-p | [1-g{3+(v,—%re ¥ }1ds
- e_{%_,,( vz_!})"t(’z“'l)}l’le ) 2
(2.1.9)
and
E{@" e |N, (4, }= Efe 2T e, 2, }= B¢ e 2, )
I
-p J.n—g{lah( w-I58e~}]ds
R G 2Lt P

(2.1.10)

Proof

We set k,=—‘;‘—, k2=(v2——‘;—‘)e"”, £'>t, in theorem 2.1.1 and (2.1.9) follows

immediately.

(2.1.10) follows from (2.1.9) and (1.1.9).
a

Corollary 2.1.4 Let v, 20, v, 20, v20, 0<60<1 and ¢, ¢, be fixed times. Let the
jump size distribution be exponential, i.e. g(y)=ae™®, y>0, a>0. Then

t
-v | Ads
(X, ~Xy) -4, -w,
X, A} =Efe e 1 =Efe * e |4}

vy ,—&ta-ty) %
- e-{l}-+( v;—-‘})e"x'z"')}l,l e-P(’z-’l) {( v, — T)e U ta+ —5_}'5?7
-&(ty-1;)
(v, +@)e ™™

E{e— w(Xy, —X,l)e— vzl,z

(2.1.11)

and
E { éN,z—N,l)e— Vi,

Ny A} =E{e 006X 2, = B{GT e ™2, )

1-8Y ,~&t2-11) 1-4
I e e W A Ut Ll i WL
(v+@)e X '

(2.1.12)
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Proof

We set k1=%‘-, k2=(v2——‘;—1)e"”, t">t, in theorem 2.1.2 and (2.1.11) follows

immediately.

(2.1.12) follows from (2.1.11) and (1.1.9).

Corollary 2.1.5 Let X,, N,, 4, as defined; then

-v| Ads

Efe”™™|1,}=Efe

Ay}

-1 A
-p I[l—g{ﬁﬂ—e“’)}lm
= e—-f{l—e'(’z"l)},{,le [}

and
E{éN'z—N")Iltl } = E{e"(l—g)(x,z—x,l)lﬂ"l }
-4 .
-p ju-g(laﬂa- "%} )ds
= e_]:‘g{l_.—lfz-ﬂ)uqe °
Proof

Ifweset v, =0, v=0in(2.1.9) and (2.1.10) then (2.1.13) and (2.1.14) follow.

(2.1.13)

(2.1.14)

O

Corollary 2.1.6 Let X,, N,, 4, as defined. Let the jump size distribution be exponential

ie. g)=ae™®, y>0, a>0. Then

2-h

_y]j,,d_y -v | Ads
E{e- "(Xlz-X'l)Il‘l} = E{e A |l‘1 } = E{e o |/1‘1}

-&ip—t;)
_ TN ) { a+3(1-e ") »
w'&‘!“’l)

and

E{sz—N")II?-,l} - E{e-(l—@(xiz-xtl) ltl }

1-8 -&t,-4))
_ e-l—sﬂ{l_‘-ﬂﬂ“l)}jﬂ e_,(gz_tl) { a+ vl (]. —e 27 ) }E%G
‘xe—J(‘z—ﬁ) ’
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Proof
Ifwe set v, =0, v=0in(2.1.11) and (2.1.12) then (2.1.15) and (2.1.16) follow.

a
Corollary 2.1.7 Let X,, N,, A, as defined. Furthermore if A, is stationary then
ry t t t t a‘ry g
'2-‘1’\
~v] Ads -—8"’1 jG{-‘;’(l—e"’)}dv
E{e?®* Y =Ffe " }=z=e ° (2.1.17)
and
14
22 | Gspa-e®pas
E(#"" )= Efe Ty s (2.1.18)
N 1-g(u
where G'(u) = &
u
Proof
From corollary 2.1.5
n-fi
o —pJ.n—Q(ﬁa—e‘“»]ds
E{e‘KX,z-X“)} =E{E{e—V(X,2—Xq)|/11l}} ___E[e--E{I-C }l,le A ]
nn
-p |[1-gt§(1-e *))ds
= Bl e
From corollary 1.3.3, when A, is stationary it has a distribution with Laplace transform
-g“‘(’}(u)du
e [}
Therefore
Fo-r) nn oA A & 04
-2 j&u)du -p I[l-?{;”(l-e"'»]ds -p_[ (T e I[l—.@{;(l—e"'»]ds
E{e_‘(xﬂ_xﬂ)}=e [} .e [] =e [] .e [}
n4 _A vy, 'z-'lA
- I RO D 2 [Sga-eta
=e =€ 0
Similarly (2.1.18) follows. _
d
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Corollary 2.1.8 Let X,, N,, A, as defined. Let the jump size distribution be exponential

ie. g(y)=ae™®, y>0, a>0. Furthermore if A, is stationary then
2-h
-v] Ads -v ) A ds

Efe "™ ™ =FEfe * }=E{e ° }
a 5
a+§(1—e'3(“"‘))} ¢

e grz(l-e ) o 2.1.19
a+%(1—e—&t1-‘1))} { ae_‘s(‘z“l) } ( o )

a+7;'(1—e"’(""'))}%

— p~P2-t)
€ { e X

=

and
E{dNtz—Nll)} - E{e—(]-g)(X'z-X")}
= g P a }5{a+1-79(1_e—a(rz-zl))}%
a+ 1;59 (1 - e‘&‘r’n)) ae—b'(tz—t,)

_ { ae-&tz—t.) }§{a+'—}9(1 _ e-ﬂ(tz-tn))}ﬁh' (2'1'20)
a+152(1-e %) qe™ %)

Proof
From corollary 2.1.6

=U Xy, - ~U X, - v Ay, g+ Y(l—e X2
E{e”"a~Xn)y = E(E{e™"¥n X")llrx}}zE[e 0 M grtat) 50;_5“2_‘]) )}%]

a+(1-e %) Y

=E[ e-"s’{’-‘_"’_")}‘-tx le 7§
e~ %hh)

Therefore, since A, is stationary and from corollary 1.3.5, (2.1.19) follows immediately.
Similarly (2.1.20) follows.

We will now close this section by evaluating the joint Laplace transform of the distribution
of X, -X,,X, - X,,,X, - X,  (n-1 successive increments). Using the important

corollary 2.1.3 and 2.1.5 we can derive higher order properties of X,.

Lemma 2.1.9 Let X,, A, as defined. v, ,,v, _,,---- ,¥, and y, are non-negative

n-12> "n-22

constants. Then

Xy =Xy) vy (Xy=X,,) =Xy =X y) =70k = ARG R
E{e 1Ay 1’g 2T Anl L., e Vi Tl ‘"Iﬂ,l}—¢1¢2 """ ¢n—1e " "

2.1.21)
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tnd+1-tn
Ay _
-p jn—g{;u(n_,—%)e “Ylds

where ¢, =¢ L 7=+ K, and K= (7 —h)e S

for i=12,---,n—-1.

Proof
E{e— Vi1 (X~ Xy )e' Vn—l(Xls -sz)

------

-w(X,,—X,,, )e_J'O'{I,,

A,;0<s<t .}

= e‘ Vi1 (X =Xy )e' Va2 (Xyy=Xiy)

------

e v (X~ X )E {e" w(Xy, ~ X, )e—roﬂ-r,,

A}
(2.1.22)
Therefore from corollary 2.1.3

In—1p-1
-p ﬁl—s{%+(ro—f‘;)e"'}]¢v
V(X = Xip s )e_{a”(’ o—He X ya, e °

— e' n-)(XQ _Xq )e_ Vn-z(xlg —Xlz)

(2: 1.23)

-p |U-gtd+tro—hre s y y
Put g =e¢ ° » N =EI+K1 and X, =(7, _?l)e-ﬁ(t.—,...) in (2.1.23),
then
= e IR TIG AE) KK il (2.1.24)
Hence
E{e— Va1 (X =Xy )e" V2 (X =X)L - wv(X,,— Xy, )e-rol,,, }
= ¢1E {e‘"’*'(x’z ~*n )e_ X =Xn) . e'vz(xln-l ~Xipa) e'h"tn-n } .
(2.1.25)
Taking the same procedure from (2.1.22) to (2.1.25) recursively, then
E{e‘ Vet (X =Xy )e_ V2 (Xg=Xp) . -w(Xy,—Xp )e-rol.,, }
YR R At e
(2.1.26)
(2.1.21) follows where we condition 4, in (2.1.26).
g
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Corollary 2.1.10 Let X,, A, as defined. v, ,,v, ,,-= , v, and y, are non-negative

constants. Then

vt (X =Xy ) = Vo (X=X, -w(X, -X, v S = Y AL~ AP O U Y )
E{e Va1 ( n ‘l)e Vaa( ] '2) ...... e n( n 'n—l) 2"‘} = ¢1¢2 ...... ¢ _le 5+ (rna 5 e }.'l
(2.1.27)
In~ip-1
-p ﬁl—g{—}(l— %)} 1ds y y
Whel'e ¢'1 =ée o s }/1 = —]+Kl , K1 — __le_&tn" 'n-1) and
) ]
'n—l+l"n—ll\
o j{1—g{%+{%<l—e""’ﬂ+=*“+")—%»e"}]ds
g=e ° ,
' V. ' V, V. _ _ V., _ - ' ' Vi, - _
7 =?‘+]<i =,E!+[_15-_1{1_e Ktpsaa fH+l)}_§]e g1 =tn-1) , K =(7i—1 _E,)e tpgs1—tn4)

for i=2,3,---,n-1.

Proof
Set y, =0 in (2.1.22) and take the same procedures as lemma 2.1.9, using corollary 2.1.5

then the result follows.

2.1.2 Time dependent parameters

In this section we assume a shot noise process that is dependent on time; this is discussed
in detail in section 2 of Chapter 1. Therefore A, is a generalised shot noise process with
rate of decay &(¢), rate of jump arrivals p(¢f) and jump size distribution function
G(y;t) (y>0). If the jump size distribution is exponential its density is
gD = (a+ ™)™, y>0, y>-ae™.

The generator of the process (X,,4,,f) acting on a function f(x,A,7) belonging to its
domain is given by

Af(x,A,0)= g—m%- 5(t)1%+ AOL[ £ (e, A+y,0dG(y:1) - £ (x,4,1)]. (2.1.28)
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Also the generator of (N,,4,,t) acting on f(n,4,t) is given by

Af(n,A,0)= %+ Af(n+LA,0)-f(n,A,0)]- 6(1‘)1%+p(t)[‘[f(n,l+ ¥,0)dG(y;t) - f(n,A,0)].

(2.1.29)

Similar to the previous section, let us evaluate the Laplace transform of the distribution of
X, and N, at time £.

Theorem 2.1.11 Let X, and A, as defined. Also consider constants £ and v such that
k20 and v>0; then

3

- VX, e

e 4

[}
~{ke®® - w“')Jle'“’)dr}l, jp(:)[l-}{ka“’)- wt® J-e'A(’)dr;:}]ds
[ [ [ (
0

85 = [edG(; s))
(2.1.30)
is a martingale where A(?) = Ié‘(s)ds.

Proof
From (2.1.28) f(x,A4,?) has to satisfy Af =0 for it to be a martingale. Setting
[ =e e %R we get the equation

_AA (1) + R () - Av+ S AA(t) + (D[ g{A();1} - 1] = O (2.1.31)

and solving (2.1.31) we get
t t A s
A(t)=ke® - ve*® [ePdr and R(r) = [ p(s)[1- glke™ - ve*® [ Odr; s})ds.
0 0 0

t
Put A(?)= jé‘(s)ds and the result follows.
0

g

Theorem 2.1.12 Let the jump size distribution be exponential i.e.

gt)=(a+r?)e @Y 350, y>-qe? and po(f)=p +a —.  Assuming that
a+e

(1) = &, then
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ap

P V. V., _& Sa+v
X —{§+(k—¢—;')e"};.: r+a \° (7’+k—§)+(a+—5)e
e y+oe™?® y+k+a (2.1.32)
is a martingale.
Proof

This theorem can be proved in a similar method to theorem 2.1.2. In this case, if we set

o0 = p—=

e and g(y;) = (a+2)e@*"”  3>0, y>—ae? the result follows.
a+e

a

Corollary 2.1.13 Assume that §(r)=46. Let v, 20, v, 20, v>0, 0<6<1. Then

—jlp(s)n—?g{%( v~ 1)e A2 sds

(X =X) —VA - —)e~&2-1)
E{e "% “)e " Xt,,lltl}=e Bt M”e f

(2.1.33)
and

-].p(s)n—éf‘—i;h( v L50)e~K0-; 5310

Ny,=Ny) -V, -{5 =0y~ A12)} )
E{@N g N2 )=e U (1™, |,

(2.1.34)

Proof

(2.1.33) follows immediately where we set v=1v,, & =-‘;;L+(V2 —%‘_)e”"" in theorem

2.1.11. (2.1.34) follows from (2.1.33) and (1.1.9).
g

Corollary 2.1.14 Let v, 20, v, 20, v>0, 0<6<1 and the jump size distribution be
exponential i.e. g(y;1) = (a+2%)e **"” »>0, y>-ae . Assuming that &(¢) =&
then

ap

P
& ~ &t -1, r; &, VN =&ty
E{e-v.(X,z-X,,)e-v,J.,’ X ,A}= e-(-‘,laf(v,-x‘l).-‘!(rz-fn,,«"l et +ae &n-1) \g 1?4+ ( v, —Tl)e Sn-n) 4 a+% Sa+v
’ - -
h2h % +a %+ (v +a)e X

(2.1.35)

41



and

E¢g" e h

~(158+(w-150), )y 2 }e“ +w¢X— 5 &, ap
e 3 — ! " -
N“, Zl } (504 (n-150)e" ) ( h n rn)) ( 14 ( 150)6 &1y-1) +a+u)5m.(|_e.
! ¥ V ;

et +a ©® +(v+aye
(2.1.36)
Proof
(2.1.35) follows immediately if we set v=v,, k= %-i-( v, —%)e""‘z in theorem 2.1.12.
(2.1.36) follows from (2.1.35) and (1.1.9).
g
Corollary 2.1.15 Let X,, N, as before. Assume that &¢) = &, then
- —jp(s)n—}{-z(l—e'“'z-");snds
- - —Yil-e~ 1211,
Bl 1, y = T 2137)
and
o _]p(;)u_,?{x:ga_.wz—»);;m,
E{" |3, = 0T e : (2.1.38)
Proof
Ifweset v, =0, v=0in(2.1.33) and (2.1.34) then (2.1.37) and (2.1.38) follow.
a

Corollary 2.1.16 Let X,, N, as defined and the jump size distribution be exponential i.e.
gD =(a+72*)e @Y y>0 y>-ce® Assuming that &)= then

P ap

&, —(t-4) \§ &, -&t2-t,)\ \éz+ v

Ee™ |y, y =t 12 e O 222 +atg(1—eT ™) Yoy
tl W&l +a 7881 +w—6(tz—fl)

(2.1.39)
and

e _o _
E(@"s 3, y =TT e’ +ae” X \of et 4+ (1 M) Y00
[ }e"‘ +a 7e"' +ae—8(z,—t,) :

(2.1.40)
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Proof
Ifwe set v, =0, v=0in(2.1.35) and (2.1.36) then (2.1.39) and (2.1.40) follow.

O

~Corollary 2.1.17 Let X,, N, as defined and A, is '—o0' asymptotic. Assuming that
~ &(t) = 6 then

'} U B ‘Ip(s)[x-éf‘—,"f""“";snds

Efe " ¥y =g = en (2.1.41)
and
.
—]p(s)[l—é{%’(l-c-ﬂ'zﬂ’)e-&'r*’;sms -jp(s)[l—@(‘—:}e'“'z"’;xnds
E{" ")z~ en . (2.1.42)
Proof

From corollary 2.1.15

‘]P(-")[l-;({(l-'_ (2~ .5} s
-UX,, X, —¥f]—e~ A2 2

From corollary 1.2.4, when A, is '—' asymptotic it has a distribution with Laplace

transform
—].p(s)[l-s:{ B9 )1
e ©
Therefore

#
- | Ani-gtg0-e %2y 1as
Efe ) = P U g N Je !

] AN-gf5(1-e X )80, 1o ] AN1-gl3(1-e 29 ysy1ds
=e ™ e h

Similarly (2.1.42) follows.

Corollary 2.1.18 Let X,, N, as defined, 4, is '-o' asymptotic and the jump size
distribution be exponential i.e. g(y;f) = (a+1€%)e " >0, y>—-qe"®. Assuming
that &(¢) = & then
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2 ap
o I 14 sttty |5
-&t- +a+—(1-e "
P W R LY e 5 ‘ (2.1.43)
ye® + o+ L (1-e %) yedi 4 g%
)
and |
5 a - _&n-t)y 22100
E{" ) = e + ge X e’ +at—-=(l-e )
re® + a+l;0(l—e"’(""") g™ + g2
)
(2.1.44)
Proof
From corollary 2.1.16 and corollary 1.2.6
ap
14 st Sa+v
- WX, ~Xy) —${i-eRayy, re® + ge % % 2’ +a+ 3(1 — e %ah))
E{e" "y = E[e '] & Py s
rta ™ +oe
( L; P & 1% -&t,-1)) &zafv
Y+ ae & (W&I + qe~%n )3 et + a+§(1—e 1)
- ¥+ {Z(l - e-a'r‘l)') + a}e&l 72&‘ + }eal + ae—ﬁ('z"l)
\ )
( 4 ap
s Sa+v
e + gem%a 2’ + o+ ‘l; (1-e %)
) yeal +a+l’(1_e-«xa-¢,>) 7e&l + ge %n0)
\ )
Similarly (2.1.44) follows.
O

We will now close this section by evaluating the joint Laplace transform of the distribution
of X, -X,,X, -X,,,X, —X, (n-1 successive increments). Using the important

corollary 2.1.13 and 2.1.15 we can derive higher order properties of X,.

Lemma 2.1.19 Let X,, 4, as defined. v,_,v, - , ¥, and y, are non-negative

n-1> "n-2>

constants. Then

44



Efe " Fa Mg Xa) IR L I W &t e
[ I 9% n-1
(2.1.45)
- ’Tp(s)n-}{—}«n.:-%)e*"'ﬂ*"" ishlds
v, v,
where @, =¢ , =t K and K= (p = —D)e e
for i=1,2,---,n-1.
Proof
The result follows if we take the same procedures as lemma 2.1.9, using corollary 2.1.13.
g
Corollary 2.1.20 Let X,, A, as defined. v, ,,v, ;- , ¥, and y, are non-negative

constants. Then

E{e— Va1 (X =Xy )e— Va2 (X —Xp) e"V](Xt,,—Xm-l) ﬂ’t } - ¢'1 ¢'2 ______ ¢'n le-{%l)'(’;""%l)‘_mrm”"l
] _
2.1.46
, ( )
- | -t e t-e XD o)y

y 4 ’ ' Y ! g VI -&ty—ta)
where @, =e ™ , vi=—+K | K =——Lleg ¥ 3pd

1 1 S 1 1 5

{41
- Tds)[l-g{%+{%(l—e“""-‘d"»-“l’ y-hye e D:sy1ds
¢ =e ™ :
}/'. = _Z'_..*. K' = XL +[ Via {1 - e‘&tn-hl_tn-hl)} - i]e_&"’"”_t"") K' = (},' - i)e_‘x'n-hl_tn-l)
H 6 1 5 6 5 i i— 5

for i=2,3,---,n-1.

Proof
Set 7,=0 in (2.1.22) and take the same procedures as lemma 2.1.19, using corollary

2.1.15 then the result follows.
|
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2.2 The distribution of the increments of N,

We have found the p.g.f. of N, — N, (refer to corollary 2.1.7) assuming that 4, is

stationary. Therefore moments, cumulants etc. can be expressed in terms of p.g.f. of
N, - N,. However, it is not easy to find the mean and variance of N, — N, in terms of

the p.gf of N, — N, as the first derivative of E {67} wrt 6 is very complicated.
So we will evaluate the mean, variance and covariance of N, — N, from the Poisson
properties assuming that A, is stationary. We will also evaluate the higher order

properties of N, such as the joint Laplace transform of the distribution of
N,-N,,N, -N,,-,N,_-N,  atspecified times #,,7,,"-,¢

2.2.1 Time homogeneous case

2.2.1.1 Mean number of points in a fixed time interval

From (1.4.3)

E(N,,-N)=E{EW,.,-N,|4,)}= E(tlj: A ds) = tlrE(/l, s, (22.1)

h 4

Since we have obtained E(A4,) when A, is stationary, the mean of the number of points in
a fixed time interval, E(N,,, — N, ) can be easily found.

Theorem 2.2.1 Let N, as defined. Also let A4, be time homogeneous and stationary then
EN,,,-N,)= %"h. (2.2.2)

Proof
The result follows immediately if we set (1.3.7) in (2.2.1).
O

From (2.2.2) we can see that E(N,,, - N, ) is a function of time hie. E(N,,,—N,) is
linear in 2 when A, is stationary.
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2.2.1.2 The variance of number of points in a fixed time interval

From (1.1.3)
t+h
Var(N,,, - N,|A,, t, ss<t,+h)= [Ads. (2.2.3)
4
and
E{N,,-N A, y<s<ty+h}={E(N,,, - N, |A,, t, Ss<t, +h)Y +Var(N, , — N, |A,, t, Ss<t, +h)
t+h t+h
=( j A ds)* + J/’L,ds. (2.2.4)
4 [
From (2.2.4)
4+h t+h

E{(N,—N,)'} = ELE{(N,,, ~ N, Y|4, t, <s<t,+h}]= E{( [ A,ds)*} +E( [ A.ds)

H 4

4+h t+h
=E{( [Ads)’}+ [E(4,)ds. (2.2.5)
O L
Therefore
Var(Ntﬁh -Ntl)=E{(Nt,+h _Ntl)z}—{E(Nt,+h _Ntl)}z
4L+h H+h 4t+h (2.2.6)

= E{( [Adsy’}+ [E(A,)ds—{ [E(,)ds}.

Theorem 2.2.2 Let N, A, as defined and A, be stationary then

-
Var(N,ﬁ,,—N,l):”éph+/§f(h+e ~ L. 2.2.7)

Proof
The result follows immediately if we use (1.4.19) and (1.3.7) in (2.2.6).

We can find a interesting result from theorem 2.2.1 and theorem 2.2.2. In the case of
homogeneous or non-homogeneous Poisson process, the mean and variance of number
points in a fixed time interval are the same (see (1.1.3)). However in the case of doubly

-N)=E2h  and

stochastic Poisson process, they are different ie. E(N, 5

y+h
..a,_l

Var(N,,,-N,)= ”;ph+‘t§cp(h+ ¢ ).
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2.2.1.3 The covariance of the number of points in two fixed time intervals

To obtain the covariance of the number of points in two fixed time intervals,

Cov(N,,,— N, ,N,,,—N, ), we will need to examine a lemma.

Lemma 2.2.3 Let A, as defined and be stationary. Then

h (m+1)h

—smn 1—€ %
E(! _['luﬂ,duds)=(%))2hz+£21§e Ty

where m=t,—t and ¢ <t +h<t,<t,+h.

Proof
t+h ty+h Hh+hty+h 4+hty+h

E([ads [ads)=E(| [AAduds)= [ [EQA)duds, s<u.

f b 4 ot 4 b

Since A, is stationary
t+hty+h h (m+1)h

[E(A,A)duds=| [E(3,A,)duds

where m=t,—t, and t <t +h<t,<t,+h.

From (1.4.17) and (1.4.18)
E(A,4,) = E{E(A, )4, s<w)} = E{A,E(4,|4,)} = (f‘;—")z +<—‘§§ e

The result follows if we set (2.2.11) in (2.2.10).

Theorem 2.2.4 Let N,, 4, as defined and A, be stationary then

l1-e®

COVN = Ny N = N, ) = (S2)e 5 (=)’

where m=t,-t and t <t +h<t,<t,+h.

Proof

Cov{(Nysn =N, ) (Nin = N,,)

L

A, t,<s<t,+h}=0.
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Therefore

E{N, =NV, ,~N)I4,, tSsst,+h} =E(N,, le 4, SsSLAREWN,,,~N, |2, t, Ssst,+h)
h+h
Ilds J}.ds

and

E{(Ny— NN,y — NN =E[E{(N,,,,— N )Ny, — N4, {, ss<t,+h}]

H+h ty+h ti+hty+h
-E(jﬂ,ds Iﬂ.ds) E(j jz A, duds).

h b

Hence
COV{(NH;, Nt,) W, t+h Nt,)} = E{(Nt +h — Yy )(Nt,+h —Nt )} —E(Nt,+h —Nt,)E(Ntz+h "Nt,)
fh+hty+h
=E([ [A,duds)- ("”") .
h o4
2.2.13)
Since A, is stationary

Cov{(N,up =N, ), (N, s =N, )} = Cov{(N, - N ),(N, _.n =N, )} = Cov{(N, = N ),(N oo, — Ny )}

h (m+l)h
= Cov{(Ny =N, ). (Negrp = N)} = E(| - [A,2,dluds)~(EEY 1
0 mh
(2.2.14)
where m=t,—t, and ¢ <t +h<t,<t,+h.
If we set (2.2.8) in (2.2.14) then (2.2.12) follows immediately.
d

2.2.1.4 The joint distribution of N, -N, ,N, —-N, ,---,N, —=N,

-1

We will now evaluate the joint Laplace transform of the distribution of
N, -N,N,-N,,,N, -N, (n-1 successive increments). Using the important

corollary 2.1.3 and 2.1.5 we can denve higher order properties of N,

Lemma 2.2.5 Let N,, A, as defined. 6,,,6,,,--- ,6, and y, are non-negative
constants. Then

E{HN'Z_N'I 0"'3 No . ... dvln N’n—le-rol'n

0y &) } 1'1

A} = by é..e P e ol

(2.2.15)
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"L g 1-6,
(A% O -
-p [l—g{—L‘s +(n..——L¢s Ye¥}ds

where ¢, =e  ° , Vi = %+K and K, =(y,_, - 56" Ye~ Kt =tns)
for i=12,---,n—1.
Proof
(1.1.9) implies
E{ 6’”””" g a...... dv,,, M1} = E{e 0O Kn K g (-0X s Kr) ¢ Um0 KX )y
(2.2.16)
Therefore the result follows from (2.2.16) and (2.1.21).
g
Corollary 2.2.6 Let N, A, as defined. 6,,,0, ,,----- ,0 and y, are non-negative
n-15n_2 1 0 g
constants. Then
(Gl e 11, = i e TR 2217)
" a g
-p ﬁl-g{—é—'(l—c"’)}lds _
where @ =e ° , 7'1=ﬂ+1{]' , K =- 1-6 e %t and
1] e
__p" +j.[] g{l 3,+{1 9:_1(1 -&1,,_“;—4,,_,,,1))_1_&}3-&}]‘1’
¢i =e o .
' 1— 9, ' 1— 6 ]. 9 - - - -
; =_—+K = z | 1 e (ty-ts2~tni11) ! e Ktpin l,,_,)’
vi=—g K = }- 5 —]
' ' 1-6.
K, = E— e_‘s(‘n-hl"!n-l)
i (71—1 6 )
for i=2,3,---,n-1.
Proof
If we set ¥, =0 in (2.2.15) then the result follows.
a
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2.2.2 Time dependent parameters

2.2.2.1 Mean number of points in a fixed time interval

Since we have obtained E(A4,) when 4, is '—co' asymptotic, the mean of the number of
points in a fixed time interval, E(N, ,, — N, ), can be easily found.

Theorem 2.2.7 Let N,, 4, as defined and A, be '—oo' asymptotic then

t+h s
E(N,.,—-N)= [ e [e*plu)p, (u)duds (2.2.18)
4 -
where —o<u <t <s<t +h.
Proof
From (2.2.1)
4+h
E(N,s-N)= [E(4,)ds. (2.2.19)
H

If we set (1.2.15) in (2.2.19) then (2.2.18) follows immediately.

2.2.2.2 The variance of number of points in a fixed time interval

We start with lemmas that are very useful when trying to find variance of number of points
in a fixed time interval, Var (N, ,,— N, ).

Lemma 2.2.8 Let 4,, X, as defined and A, be '—c0' asymptotic. Then

E(%,)=e?" [ 'Jle“‘#l (u)p(u)du} +em Tez&yz ()p(s)ds. (2.2.20)

-—Q0 —a

Proof
Letting 7, — —c0 in (1.2.13) and from (1.2.15),

H

E(4,)=2¢7% ]Lez‘s’,u, (5)o(s)-e7® je‘”,ul () p(u)duds + ™% J'ez"’,uz (s)p(s)ds (2.2.21)

-

where —o<u<s<t,.
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Letting c(s) = J'e"“u1 (u)p(u)du, then

4 h s

[ mpts)-e* [ (wyp(u)duds = [ [ (up(u)du ®, (s)p(s)ds

= | Jerm@pturdu e ()ptds = [e()e (ds=—c(1) =%[ Jes (u)p(u)du] .

—00—c0

(2.2.22)
Therefore from (2.2.22) we have
4 2 4
E(R)=e? [ [e*sm (u)p(u)du} +e? [ &%, (s)p(s)ds. (2.2.23)
O

Lemma 2.2.9 Let 4,, X, as defined and A, be '—' asymptotic. Then

s

E(/‘L,l X ,l) =e® ]e““ j‘ez"“p(u),uz (u)duds + e ]e""‘p(u) I’ (u)du] e® je‘”p(u),ul (u)duds.

0 -0 -®
(2.2.29)
Proof
t
The aggregated process X, = Il,ds'. Therefore from (1.4.16)
0
1
E(2, x,)= f E(A,A,)ds, s<t,. (2.2.25)
0
Conditioning on 4, in (1.4.17) and from theorem 1.2.7
H
E(4,4,|1,) = PEE|A ) e [ puwym@)du- EGAA,).  (2.2.26)

s

Letting #, > —o0 in (2.2.26) and from (2.2.21) and (1.2.15)

s

E(A,A,)=e e [ p(u)u, (u)du+e %™ f &% plau) ()t [ € p(ar) p ()il

-0

(2.2.27)

If we set (2.2.27) in (2.2.25) then (2.2.24) follows immediately.
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Lemma 2.2.10 Let 4,, X as defined and 4, be '—0' asymptotic. Then
E((] z,ds)z}=2[je e | “"p(v)u,(v)dvdudwje"' [etemomnfe e p(v)m(v)dvduds]

0 —eu
(2.2.28)
Proof
t
The aggregated process X, = jl,ds. Therefore from (1.4.20)
° 1 4
E{(| Ads)’} =2] E(4,X,)ds. (2.2.29)
(1] 0
The result follows if we set (2.2.24) in (2.2.29).
O

Theorem 2.2.11 Let N,, A, as defined and A, be '—c' asymptotic then

Var(N,.,-N,)= Z[Te'&j.e"" j'ez"'p(v),u2 (v)dvduds +j[ e® je""p(v) I, (v)dvj e je"'p(v) H (v)dvduds]
0 0 - 0 - 0

h

5 s 2
+je“* Ie""p(u),uz (u)duds - {J‘e"fr I ep(u) i, (u)duds} .
0 ‘e 0 -

(2.2.30)

Proof
From (2.2.6) and since 4, is '—o0' asymptotic
Var(N,.,—N,)=E{(N,,;, =N, )"}~ {E(N,,, - N, )}* = E{(N, - N,)*} - {E(N, - N,)}*

= E{(} A,ds)*} + JE(Z,)ds— { j E(A,)ds}?.

The result follows immediately from (2.2.28) and (1.2.15).

2.2.2.3 The covariance of the number of points in two fixed time intervals

To obtain the covariance of the number of points in two fixed time intervals,
Cov(N,,,—-N,,N,.,—N,), we will need to prove the following lemma.
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Lemma 2.2.12 Let A, as defined and be '—c0' asymptotic. Then

t+hty, +h z (m+1)h Fi (m+1)h u

h h
EC[ [Ahduds)=[e® [2p)u,v)dv e *duds+ [e® [e®pmm)dv | e [ p(vp, (v)dvduds
[ 0 - mh ) [ mh —-
(2.2.31)
where m=t, -1t and s<u. '
Proof
From (2.2.9)
tH+h ty+h t+hty+h
E([Ads [Ads)= [ [EQ,A)duds , s<u. (2.2.32)
H t h b
Since 4, is '—co' asymptotic,
ti+h ty+h t+hity+h h (m+1)h
E([Ads- [Ads)= | [EQA,A)duds=| [E(A,A,)duds (2.2.33)
h 3 h 4 0 mh
where m=t,—t, and t <t +h<t, <t,+h.
The result follows if we set (2.2.27) in (2.2.33).
a

Theorem 2.2.13 Let N,, 4, as defined and A, be '—o' asymptotic then

Cov(Ntl-rh - Ntl s N:z+h - le)
B s (mDh Ao (msDh  u A : 2
=je"" J &' p(v) i, (v)dv J e *duds+ j es j e® p(v)p, (v)dv f e J e"’p(v)yl(v)dvduds—{ j e J e’p(v)yl(v)dvds}
0 - mh 0 -® mh -0 0 -

(2.234)
wherem=t, -t and t, <t, +h<t, <t, +h.

Proof
Since 4, is '—c0' asymptotic

Cov{(N,sn =N, ), (N = N, )} = Cov{(N,, = N ), (Niiyp = Ny )}

where m=t, -t and ¢ <t +h<t,<t,+h.
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From (2.2.13) and (2.2.19)
COV{(Nt1+h - Nt,),(N¢z+h —N:z 3} =E{WN, _NO)(N(rm-l)h =N, )} —E(N, - NO)E(N(m+l)h ~N,.)

h (m+1)k

2
=| J'E(l,,}t,)duds—{}E(l,)ds} :
0 mh 0

(2.2.35)

The result follows immediately if we set (2.2.31) and (2.2.18) in (2.2.35).

t,

-1

2.2.2.4 The joint distribution of N, -N, ,N, —N, ,---,N, —-N,

We will now evaluate the joint Laplace transform of the distribution of
N, -N,,N, -N,,-,N,_—N, (n-1 successive increments). Using the important

corollary 2.1.13 and 2.1.15 we can derive higher order properties of N,

Lemma 2.2.14 Let N,, A, as defined. 8,,,6, ,,----- ,6, and y, are non-negative

n-1>Yn-2>

constants. Then

E{H:’_tzl‘N’l d:_”z—le ...... dlv'n‘N’n-l e_rol'n A" } = ¢1¢2 ...... ¢”-1e_(1;5"__l+(7n—2_‘;93;l)¢—m240}Aq
(2.2.36)
" L =01\ - Btnts1-9).
—]p(s)[l—g{'—;i*r(n..-‘—;)e Bnt4179, 5} 1ds 1_g
where g =e ™ =gtk
and Kx = (71'—1 _I_I:Sﬁ)e‘&'n-m-'n-:)
for i=12,---,n-1.
Proof
(2.2.36) follows from (2.1.45) and (2.2.16).
O
Corollary 2.2.15 Let N, A, as defined. 6, ,,6, ,,-- ,6, and y, are non-negative
constants. Then
E{G)s MG @1, ) = e g e T ORI (9 937
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I/
- fp(s)[l—@('—'ﬁ(l—e'“‘r*’ s

s - ] ' -
where ¢ =e ™ , 7, =1_..ﬁ+]( , K= _ﬂe—é(t..— +)  and
? 1 1 1
) )
- 'Ip(s)[]_2{1;5@4.(1__?;’_(1_3-4':'-“24““))_%}B-WHM-!);_,}]‘#
@ =e ™ ,
. 1-6 . 1-6 1-6 1- 6
- i+ K = iy i-1 l_e‘5(‘n-:+2"»4u) _ i e‘ﬁ(‘»-m‘ n—l)’
=g thi=— [ 5 { } e ]
R

for i=2,3,---,n-1.

Proof
If we set ¥, =0 in (2.2.36) then the result follows.
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2.3 The distribution of the intensity at point times

In this section we will examine the Laplace transform of the distribution of the intensity of
point times A, . We will assume that the process 4, is stationary where 7, is the time of

the n™ point of N, and Ay, is the value of 4, when N, takes the value n for the first time.
The distribution of A, should not be the same as the distribution of 4,. Since a point
occurs at that time this implies that the intensity should be higher than "expected" at other
times (see comment at the end of this section).

Let us assume that shot noise process is time homogeneous and start with a lemma also
used by Dassios (1987). We will provide our own proof.

Lemma 2.3.1 Let N,, 4, as defined. Let A be the generator for the process A, and
suppose that f(A) is a function belonging to its domain and furthermore that it satisfies

-2,

lim E{f(4,)-e * 14,3 =0. 23.1D)

If h(A) is such that
AMH(A) - f(AD)}+Af(A)=0

Af(A)=-2{h(2) - f ()} (232)
then
E{h(lz,)“o} =1 (4,). (2.3.3)
Proof
From (2.3.2)

FA)+ [[A,8h(A,) - f(A,)}ds

is a martingale and since 7, At is a stopping time (Pr(z, <s)=Pr(N, >0) and N, is 4,-

measurable)

[AL

E{f (Aqlho) + EL [[A,80,) - £ (2,18l 201 = £ (Ao). (234

If we now place a condition on the realisation A4,, 0<v <¢ then the first term of the left-
hand side in (2.3.4) is
E{f (A n

A= [E{f (A )|A,0< v 1}-dP(A,,0<v<1) (2.3.5)
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and the second term of the left-hand side in (2.3.4) is

At nAt

E[ [[4,{hQ,) - f(A)Nds|20] = [ EL [ 4,(R,) - F(A,)}ds|4,.0<v<e]-dP(4,,0<v<1)

(2.3.6)
where dP(A4,,0 <v <t) is the probability differential of a particular realisation in Q, the

set of all realisations.

—J'J._,.ds — Ads
Since 7, At is distributed with density Ae ° on (0,¢) and a mass e ° at ¢

conditionally on A,,0 <7 <t (N, is doubly stochastic Poisson), we have

Ads |,

1v}=j{f (1,)1,e-° yar+f(4,)e ° 23.7)

E{f(A.n0)

and

[AL

E[ [ 4,4h@4,) - £, 0¥dsla,]= [[[ 2,4h(A,) - £(A,)}dsPr(g, = P)ldr + [ A, (A, - £ (A,)}dsPr(5, > 1)
- ’ A,ds - ! Ads

=[[J2,(0)-r(A)yds- Ae * Jdr+[A,40(A,) - [(A,)}dse *
00 Q

Integrating by parts
- ads

xl '
dr]-A,8h(A,)~ f(A)}ds+ [ A, {h(A,) - £ (A,)}dse *

r
LY =14

E[ | z,{h(z,>—fa,>}ds12,1=}[—f—z,e :

t t 2

-j';,d, [ . -f -J'z.d:

] Ads t
=fe® -e* )A{A)-rANds+[A,tA)-fANde*  =[A,(HA)-fANe® ds.
0 0 0

Puts=r

r
Y t —J‘Z.,ds

E[ [ A, (0@~ f(A))dsla, 1= [ 4, {h(A,) - f(A,)e *  dbr. 2.3.8)

Therefore (2.3.4) becomes

E{f (A nilho) + E[ ]'[/1, {h(A,)~ f(2,)}1ds|4,]
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-,M —j'z,ds
[[fA e dr+f(A)e* 1dP(A,,0<v<P)

]
D‘-—-
o'—.-.

+[if4, {h(l,)-f(lr)}e-l “ a2, 05v<1)

t r

-l e ' -} a,as

=[f()e> dP(A,,0<v<O+[[[Ah(A)e > drldP(A,,0<v<r)
Q Qo

t r

-] Agds ) - | Asds

=E{f(ﬂ,)e! Ao} +[[n(A,)Ae > dridP(A,,0<v <) = f(4,).
Q 0

Letting ¢ — oo the first term in the left-hand side tends to 0 from (2.3.1) and the second to
_Il‘dg
E{h(A,)|A,} C+ A,e* isadensity) we therefore have E{h(1,)|1,} = f(4,).
O

Now let us derive the Laplace transform of the distribution of the intensity of point times
A, assuming that the process 4, is stationary.

Theorem 2.3.2 Let T, be the time of the n™ point of N,. Assume g, is the first moment
of G and that it exists. When the process 4, is stationary

G ( V) ——J‘G(u)du.

H

H(W=E( ")= (2.3.9)

Proof
We will use lemma 2.3.1 which implies that if f(4) and A(A) are such that

AR~ (A} +Af(A)=0
i.e. A{h(A)-S(A)}-64f'(2) +p{_[f (A+y¥dG()-f(M)}=0  (23.10)

and (2.3.1) is satisfied then by starting the process from 7,
E{h(A; )Ar}=f(47). (2.3.11)

i+l
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We will use

Fi)= (=B gt g Do
g0 10

f(A) clearly satisfies (2.3.1) and substituting into (2.3.10)

A -de "+ oty st e (2L e

1-g(v) 1-g(v)
--A[1(+)- LR R MO (R
1-g(¥) 1-g(v)

Therefore

Ay - de B gy 540 ED) i 5o
1-g(v) 1-g(v)

= —Ae AN+ 2 () --ED_o(1)-(a--ED o)
1-g(V) 1-20%)
= _ple Mg -1},

Dividing by A and simplifying

h(A)=2e *(1-6V)+ & —(1- ) =" g() 4 pe " {1- g(v)}
1- g(V)
and by (2.3.11)
E{h(Ag )} = ELE{A(A)

Ap3]1=E{f(45)}

then
ElA, e -0 +& "m —(1-9- 2 f L P A pe i f1— (V)] = E{ae™ -0 ( D v }
1-g() 1-g(v)
= VE(Ay &™)+ &(e ™)~ (1- 60 —E D B(e™) 4 pll - g(WIE(e™*) = E(Age™)-—E0_pei),
1-g(v) 1-g(V)
(2.3.12)

When the process is stationary 4, and A, have the same distribution whose Laplace
transform is denoted by H(v); by (2.3.12) we have
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-0~ (=59-E D H() 4164 pf1- EMNHW) =-H'(9)- 20 iy

1- g(V) 1-g(¥)
SVE' (V) + av—‘ifL)H( W +[5+p{1—- g(WIH (V) =0.
1-g(v)
Dividing by év
H()+ED g+l 21280 g(")}H() 0. 2.3.13)
1-g(v) V.o

Therefore H( V) is given by solving (2.3.13) subject to
H(0)=1 (23.14)

and we get
G(u)du
where 4, is a constant.
From (2.3.14) 4, = 1 then
1
IG(u)du A J'G(u)du
H(v)= ; = 5’;( 9. G;E 9. (2.3.15)
1 1
ad

(2.3.15) provides us with the interesting fact that this is the distribution of the sum of two
random variables; one having the stationary (asymptotic) distribution of A, as its

distribution (see corollary 1.3.3) and the other having density —— 1567] (G(y)=1-G(»)).

1
In other words, the intensity of point times are higher than the intensity at other times.
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2.4 The distribution of interarrival times

The distribution of the time between two successive points is also of interest. By 7, we
denote the length of the interval between the (X—1)" and the £® point. Since the

distribution of 7, is the same as the distribution of 7, when stationary has been achieved,
we will try to find the distribution of 7, =inf{#: N, =1|N, =0}. This section also deals

with the derivation of the mean and variance of interarrival time between points assuming
that A, is stationary.

Let us assume that the shot noise process is time homogeneous.
2.4.1 The distribution of interarrival time between points

From (2.1.14) in corollary 2.1.5
o T _[[1—2{’—-,40—:'*»1&
E(6"|2,) = e . (2.4.1)
By setting 6= 0 we get the tail of the distribution of 7, ,

1-¢%

!
-p| 1-g¢
40-e), j d

Y}ds

Pr(r, >#|4,) =Pr(N, =0|4,) =e (2.4.2)

Theorem 2.4.1 Let 7 a interarrival time of points of N,. Assume that O is a time at
which a point of N, has occurred. When the process A, is stationary,

A PlA -&
GG-3") , foaren

Pr(z>8)=Pr(g,>1) = (2.4.3)
K
Proof
From (2.4.2)
e _[ (1—2(";’ Yyds - J'{u-?;(";" Yds o
Pr(7, > 1) = E{Pr(%, > }A,)} = Ele e ]=e * Efe 55y,
(2.4.4)

Since 0 is a time at which a point of N, has occurred and A, is stationary, substitute
(2.3.15) into (2.4.4) then
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; s
A l-e A 2 [
'Pj{' 5 - I{l—g( Y}ds g~ -3 J. G(u)du
Pr(z>t)=Pr(z,>f)=¢ ° Efe Sy = G(=5— )e )
Hy
1-g( 1-9 1- ( &) [} l-g(] e® )
- ‘-& - g-& A _ 5
G(l e ) _[[{ a }(1 )]d-'.e J[{ a Je ¥1ds G( ).e po{ v
H H
A l-g(s—{;e-") A s
H /‘1 '

2.4.2 Mean of interarrival time between points

We have found the distribution of interarrival time between points assuming that A, is

stationary. So by integrating it we can evaluate the mean of the interarrival time between
points when A, is stationary, i.e.

E(7) =TPr(z'> t)dt .

Theorem 2.4.2 Let N, as defined and also 7 be a interarrival time of points of N,. If 4,
is stationary then

E(7)= j Pr(e>0)dt=—2-. (2.4.5)
) P
Proof
From theorem 2.4.1
18(% i), o o5 _sos
&y P ® 1 1,8y s G(3-4e ¥)ds
jPr(»t)dt—j [0(5 s¢7) ., j Y= j[M-e J. 1dt
H ” H
-l G416 % )as
6 0 p A _ 5J'
=—| [5-GE-1e¥)e ° dt.
oy [[156G-3") ]
_“_'; &(%-l‘e")df N -§J8‘(§-§e")¢s
If we differentiate —e ° w.r.t ¢ we can obtain %-G(},—i‘,e‘&)e °
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Therefore

5 1
o L 2led-1et

jPr(r>t)dt=ﬂ—ij:[§-&(%—%e'&)-e o ]dt=;6;[e ; I
“ e : (2.4.6)
5
=—=e °
mp

Set # =0 in (2.4.6) then (2.4.5) follows immediately.

Theorem 2.4.2 shows the interesting fact that the expected value of the interarrival time
between points is the inverse of the expected value of the intensity of the point process i.e.

1 o
E(?9)= =—— (see corollary 1.3.9).
EQ4) mp

2.4.3 Variance of interarrival time between points

Let us derive the second moment of 7, i.e. E(7*) to obtain the variance of the interarrival
time between points when A, is stationary, Var (7).

Lemma 2.4.3 Let N, and 7 as defined. If A, is stationary then

A P"" -&
1_ 1,5 ’EIG“'*" Ms
GG-se) % 1du. (2.4.7)

1

E(zz)=2T[u.

Proof

E(?)= th f()dt = T[{j 2udu} f(¢))dt = ]:211{? f()dt}du = ZTu-Pr(» u)du

PlA -&
® L_lp-&y 5|
.E.(i_ﬁ_e_).e ‘.': ]du.
0 H
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Theorem 2.4.4 Let N, and 7 as defined. If A, is stationary then

A Pl oL_l,-5
Ga-yesy o

Var(z')=2T[u-—-e L ]du—(i)z.
0 P

H, H
Proof

Var(7) = E(7)-{E(?)}*.

The result follows from (2.4.5) and (2.4.7)
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3. Insurance Applications

In this chapter we will apply the Cox process incorporating the shot noise process as its
intensity to price stop-loss reinsurance contracts and catastrophe insurance derivatives. In
other words, we will use this point process as the claim arrival process. From hereon we
will refer to the rate of jump arrivals, the rate of decay and the jump size in the shot noise
process as the rate of occurrence of catastrophe, the settlement of claim and the size of
catastrophe respectively.

Aase (1994) and Meister (1995) discuss pricing techniques such as the general equilibrium
approach and the utility maximisation pricing. The non-arbitrage pricing technique will be
employed (see Sondermann (1991) and Cummins & Geman (1995)) in our pricing model.

The assumption of no arbitrage opportunities in the market is equivalent to the existence
of an equivalent martingale probability measure. We will examine an equivalent
martingale probability measure obtained via the Esscher transform (see Gerber & Shiu,
1996). Furthermore, using this equivalent martingale probability measure, the pricing
models for two contracts will be established and illustrated through numerical examples.
In general, more than one equivalent martingale probability measure exists so we will also
show more equivalent martingale probability measures. However it will not the purpose
of this thesis to decide which is the appropriate one to use.

3.1 The Esscher transform and change of probability measure

In general, the Esscher transform is defined as a change of probability measure for certain
stochastic processes. An Esscher transform of such a process induces an equivalent
probability measure on the process. The parameters involved for an Esscher transform are
determined so that the price of a random payment in the future is a martingale under the
new probability measure. A random payment therefore is calculated as the expectation of
that at maturity with respect to the equivalent martingale probability measure (also known
as the risk-neutral Esscher measure).

We here offer the definition of the Esscher transform that is adopted from Gerber & Shiu
(1996).
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Definition 3.1.1 Let X, be a stochastic process and 4’ a real number. For a measurable
function £, the expectation of the random variable f(X,) with respect to the equivalent
martingale probability measure is

E'[f(X)]=E|f (X,)EZ:;) =E[J;([§le] ] (3.1.1)

eh‘x,

where the process ——(—) is a martingale.
Ele"*

From definition 3.1.1, we need to obtain a martingale that can be used to define a change

of probability measure, i.e. it can be used to define the Radon-Nikodym derivative

where P is the original probability measure and P is the equivalent martingale probability
measure with parameters involved. This martingale will be used to calculate the fair prices
for stop-loss reinsurance contract and catastrophe insurance derivatives.

Theorem 3.1.2 Let N,, 4, as defined and & >1. Then

y —(a‘-l)jl,ds
e o (3.1.2)

is a martingale.

Proof
The generator of (N,, X,) acting on a function f(n,x) is given by
Af@x)=2 L+ a1, 0)- £ (0]

¢ | A.ds
and f(n,x) has to satisfy Af =0 for f(N,,X,) to be a martingale. Setting "¢ °
we get the equation
Af+ A0 -1)=0

yielding
#=-(6-D
Therefore
—(d-l)jzus
e °
is a martingale.
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Theorem 3.1.3 If f(A,,7) is a martingale with respect to the equivalent martingale
probability measure when it is a martingale with respect to the original probability measure

~(8'-1)]| Ads
fA,0-6" \ (3.1.3)

is also a martingale with respect to the original probability measure.

Proof

We will use

~(6'-1)| A,
e "[
—(6'-1) | A,as
E@"e * )

as the Radon-Nikodym derivative to define equivalent martingale probability measure.
Hence the expected value of f(A4,,7) with respect to the equivalent martingale probability

measure is

t
—(6'-1) | 2,35

Elf(A,0)-6"e ° ]

E{f(A.n}= (3.1.4)

—6'-1) ] A,ds

E@"e * )

In theorem 3.1.2 we found a martingale that is the denominator used in (3.1.4). If we
condition on 4, and N, (3.1.4) becomes

-(9'—1)'1,&
E'{f(A DA, No} = ELF (A,,0)- e ° |4, N,]. (3.1.5)

Conditioning on A, such that 0 <5< in the right-hand side of (3.1.5)

(-1 2,45 —(#—1)jz,ds
E[f(A,0)-6"e ° |A4,Nua,,0<ss<tl=f(A,t)e ° E[6"|4,NyA,,0<s<1]
(3.1.6)
Therefore from (1.1.3), (3.1.6) becomes
—(9‘-1)‘[;.,4.;
E[f(A,.1)-6"e |40, Nos 4,,0<s<8]= f(A4,,1). GB.1.7)
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Hence, since f(4,,?) is a martingale with respect to the original probability measure

~(8'-1) | A,ds —(6'-1)| A,ds
E[f(A,0)-6"e ° |1, NJ=E[E{f(A,1)-6"e * |A,Ny;4,,0<s<t}]
=E{f (1,0} = f(4,,0). |
(3.1.8)

Furthermore, from (3.1.5) and (3.1.8)
E"{f (A, )Ao, No} = £ (2,,0). (.19
H|

Corollary 3.1.4 Let N,, A, as defined. Consider constants 7', § such that " <0 and
6 >1. Then

t 1
—(9‘—1)'[4,‘1: p| t1-g(r e*pas
—y"1e?
o gTHM e (3.1.10)

e

is a martingale.

Proof

—(8°-1) | A.ds
From theorem 3.1.2 it has already been found that & e ° is a martingale. Put

p| a-g(re®yas
. — v 21.e? B . B
v=7" in theorem 1.3.1 then e™”** ¢ ® is also a martingale. Therefore if we set

.y pj{l—@(r‘e")}ds '
fA,)=e"" e in (3.1.3) the corollary has been proved.

Now we have quite a flexible family of martingales to use as the Radon-Nikodym
derivative.
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3.2 Pricing of a stop-loss reinsurance contract for catastrophic events

This section deals with the derivation of the pricing model for stop-loss reinsurance
contracts for catastrophic events. Its application in computing the premium is illustrated
in section 4 of this chapter.

3.2.1 Constant claim sizes

Ignoring the effect of interest rates, the stop-loss reinsurance premium at time 0 is

N,
E[(QN-b)] (3.2.1)
i=1
where:
N, claim amount
N, number of claims up to time ¢

b retention limit

(%N,. —b)* = Max(i&, -5, 0).

If we assume that N, =1, then

E[(ZN,. ~b)"1= E[(N,-b)"]. (3.2.2)

However, to calculate a premium for a reinsurance contract we need to assume that there
is an absence of arbitrage opportunities in the market. This can be achieved by using an
equivalent martingale probability measure, P°, within the pricing model used for
calculating premiums for reinsurance contracts. That is

RP, = E*[(N,-b)] (3.2.3)
where RP, is the fair reinsurance premium at retention level » and E* denotes the
expectation with respect to P".

Therefore

RP, =E"[(N, —b)*]=i(n—b)P'(n)= i iP'(n)=iP'(N> /) (3.2.4)

n=b+1 j=b+1 j=b

where P" is an equivalent martingale probability measure.
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We aim to obtain the stop-loss reinsurance premium at retention level & with respect to the
equivalent martingale measure. Let us start with a few technical lemmas.

Lemma 3.2.1 Let N, as defined. Consider a constant 0< #<1. Then

iey .P(N, < )_E(BL) (3.2.5)
Proof
The p.g.f. of N, is
E@@")=3.¢-P(N,=)).
Similarly
ZB’ P(N,<j)= ZO’ ZP(N =i)= ZZG’ P(N, =i)
ie’-P(N,=i)
_Z— P(N, =i)== —
_E(6'" )
T 1-0
O
Lemma 3.2.2 Let N, and@ as defined. Then
1 E@")
Z_;ol P(N,> j)= 8 19" (3.2.6)
Proof
29’ P(N, > j)= Za 1-PWNV, < j)} = Zev 29’ P(N, £ j).
From (3.2.5)
__1 _E(e"')
1-6 1-6
g

We will now derive the stop-loss reinsurance premium at retention level 4 with respect to
the equivalent martingale measure.
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Theorem 3.2.3 Let N, as defined. Consider constants # and b such that 0< 8<1 and

b>0. Then
o o

1 . . ]
gaé’Rg,_l—_éE (N,)—(l_‘g)2 +(1_g)2 E*(6"). (3.2.7)
Proof
From (3.2.4)
S ORR, =Y OE (N, -y |=X TP (N >))
1=, .
—j=0 o Pr (N >))
=l%e{iPr'(N>j)—Biypr'(N>J')}-
From lemma 3.2.2
® R 0 e
DORR = BN~ gt g B (0.
Q

We can see that E*(N,) and E°(6" )need to be determined in order to obtain stop-loss

reinsurance premium with respect to the equivalent martingale measure at retention level
b. Firstly we will examine the generator A" of the process (N,,4,,#) acting on a function
f(n,A,t) with respect to the equivalent martingale probability measure.

Lemma 3.2.4 Let A, as defined. Assume that f(n,A,t) = f(4,¢) for all » and that e’
is a martingale. Consider a constant v’ such that v >0. Then

A" F(a,0=2Y f_;f?e‘”}. (3.2.8)

Proof
The generator of the process (4,,7) acting on a function f(4,7) with respect to the

equivalent martingale probability measure is

A‘f(/1,0)=lggE‘[f('l"t)m_f(l’o). (3.2.9)

t

72



v'i.,

We will use as the Radon-Nikodym derivative to define equivalent martingale

E(e v'l.,)

probability measure. Hence, the expected value of f(4,,f) given A with respect to the

equivalent martingale probability measure is

. ELf(A,.0)-¢ " |A]
E'{f(A,, DA} = d . 3.2.10
{r@.nia} Ee D (32.10)

Since the denominator in (3.2.10) is a martingale, it becomes

f(4,0)-€ "+ [E[Af(4,,5)-¢ | Alds
E'{f(,.tA}= 0 s : (3.2.11)
Set (3.2.11) in (3.2.9) then
t . -v'l_,
A £(1,0)=— 1iij[Af(’1"s) e Alds. (3.2.12)
e

VAl
100 t

Therefore, from Dynkin's formula (see @ksendal (1992)) (3.2.8) follows immediately.
0

Theorem 3.2.5 Let N,, A, as defined. Consider constants »*, & such that * <0 and
¢ >1. Then

A.f(ns}"t)= q +gi{f(n+l,l,t)—f(n,i,t)}—5/11+p‘(t){jf(n,l+y,t)dG'(y,t)—f(n,l,t)}

a aA
(3.2.13)
A -re?y
where £'(1) = pg(y'e®) and dG'(y;1) =99
g(r'e”)
Proof
From corollary 3.1.4 we can use
-(a'-l)fz,ds L (1-g(7"e*)}ds
e o g 7h g
; , (3.2.14)
L @fas pI{l-?e(r‘e‘)}dv
E[@e * e7hen 1

as the Radon-Nikodym derivative to define an equivalent martingale probability measure.
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Therefore from lemma 3.2.4

t t
SR G {1-g(r'e*)}ds
Af(N, A b)-0"e ° 74

t
-(d—l)‘[z,ds pj{l~2(7°e"))d:
e o g TH g

A f(Nrs/lt’t)—

From (2.1.2), using the generator with respect to the original probability measure,

6" -1| 4,4 j{l-g(r e¥)}ds
Af(mAinD-@e © e e

@r+0'/1{f(n+l At)=f(n+1,4,0)}

t t
~(&-1) | A,ds p| 1-g(re®nas

-6 +p{If(n A+y.0eTdG(y) - g(F e [ A )] 6 T eTHe

(3.2.15)
Therefore
A'f(n,A,0)= 1+ GALS (n+1,4,0) - f(n,4,)} |
o (3.2.16)
- L5 o [ 7242046 030~ 7 40
where p'(f) = pg(}' *e®) and dG (y;t) _LdG(y_)
g(r'e®)

0

Theorem 3.2.5 yields the following:
(i) The claim intensity function A, has changed to 64,
(i) The rate of jump arrival p has changed to p'(¢) = pg( y'e*) (it now depends

on time);
-)’ e }'

(iii) The jump size measure dG(y) has changed to dG" (y;?) = ——ﬂ (it now
g(r'e™)
depends on time).

In practice, the reinsurer will calculate the value of a stop-loss contract using & >1 and
y* <0. This results in the reinsurer assuming that there will be a higher value of claims, a
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higher value of the damage caused by the catastrophe and more catastrophes occurring in
a given period of time. These assumptions are necessary as the reinsurer wants
compensation for the risks involved in operating in an imperfect market. The reinsurer
would also be aiming to maximise their shareholders' wealth by earning profits rather than
operating at breakeven point where premiums are equal to claims.

Now, let us derive the expected value of N, and the Laplace transform of the distribution
of N, with respect to the equivalent martingale probability measure, i.e. E*(N,) and
E*(6™).

Theorem 3.2.6 Let N, as defined and A, be a generalised shot noise process with

A '7.3‘)'
p (1) =pg(ye®), dG'(y;t)=e—AL(y)- and &t)=46. Consider constants y°, &

g(r'e”)
such that " <0 and & >1. Then

t 1—e %t 1 ty . .
E(N,-N,)=|EQ@,)ds= [—J—JE(J.,,)+3 Ja-e )0 (s)i(s)ds.
h 4
(3.2.17)
and
. 3 1- e_g(tz—tl) 1 ’ —&ty-s)\ .
E'(N,=N,)=6 [EQ)ds=0|| ——— |E@,)+5] (- *)5 ()i ()dbs |
4 4
(3.2.18)
Proof
From (2.2.1)
E[N,-N,]1=|EQ,)ds. (3.2.19)
h
Conditioning on 4, in(3.2.19) and theorem 1.2.7 gives us
ty 1y s
E(N, =N, |4,)= [ E(4,|4,)ds = [ 12,67 +e® [e* pu)u, (w)dulds
i i i (3.2.20)

1- e—5(‘z"l)

1' —&ty -5
1,4 f (1- 5" p(s)pa, (5)ds.

1
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Hence

t 1- e—J(t,—t,) - 1 L S5y
E(N,-N,)= IE(A,)ds= — E(/l,l)+3 j (1-e %N p(s)p,(s)ds  (3.2.21)

If we set p(s) = p' (s) and g, (s) = g (s)in (3.2.21) (3.2.17) follows immediately.

From theorem 3.2.5

E'[N,-N,1=6 j E(A,)ds. (3.2.22)

Therefore (3.2.18) follows from (3.2.17) and (3.2.22).
a

Theorem 3.2.7 Let N, as defined and 3V be the filtration generated by {N,; 0<s<1t}.

Also let A, be the generalised shot noise process and 3 be the filtration generated by
{A,; 0<s<t}. Consider constants *, & and @ such that " <0 ,6" >1 and 0< 8<1.

Then

* a. - —&12-9) .
s —9'(1-0J]2:¢7 LS Pty -]',, @i1-g (£ Do 2oy g0
EN@" ) =EE  * [F)=e ¢
‘ (3.2.23)

A -r'e?y A ©

where £/ (1) = pg(7'e®) . G (it) = 0N ang g*(ust) =[G ().
g(r'e”) 0

Proof
—#(1—@]%

From (3.2.22) and (1.1.4) E*(8"*™)=E(e " ). Therefore (3.2.23) follows
immediately if we set v=6"(1-6), o(s) = p (s) and :é(u; s)= §'(u; s) in (2.1.37).
O

We can now substitute E°(N,) and E*(6™) in (3.2.7) and find stop-loss reinsurance
premiums at retention level b with respect to the equivalent martingale measure.

Theorem 3.2.8 Let N, as defined and A, be the generalised shot noise process.
Consider constants y*, & and  suchthat y°<0,6 >1and 0<@<1. Then
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> _ b |(1-e* ) __ 6
Z‘EH’RB,-'I_—OI:( 5 )E(Ao)'*a‘o[{l e )}P(S)#I(S)df] a-o

[}

- I Fon-g - s ggg

6 (-2
+(—1_—9)28 ° E[e s ]
(3.2.24)
where (1) = pg(r'e®), £i(1) = [ ydG' (v;1) and g'(w;1) = [e™dG" (3;1).
0 0
Proof
From (3.2.7)
S ¢RP,=—E'W)-—2 -+ b (0.
b=0 1-6 “oa-0* (a-o
Therefore use (3.2.18) and (3.2.23) then the result follows.
g

We will now analyse the above results assuming that the jump size distribution is
exponential (g(y)=ae™®, y>0, a>0) and that A, is '—o' asymptotic. ~Since

—yety .
dG'(y;t)=E——dG('—yl , we can obtain that g'(y;t)=(a+y’e*)e ™7 y50,

g(y'e®)

-ae® <y <0 and t<%ln(— —aT). It is clear that such a model is appropriate in the
/4
short term only as it break down for 7 > 15 In(- ﬁ,).
/4

Corollary 3.2.9 Let N, andA, as defined. Also let the jump size distribution be
exponential, ie. g () =(a+ye*)e @’ y50, - ¥<y <0 and

t< % In(--=). Consider a constant 6" >1. Then
4

veti+a) Na+ye®)

(3.2.25)

E‘(N‘ —N‘ )= g[(ﬂ)E(lt )+l{£(l’2—tl)_£ln(7.e&2 +a)_p(]_e‘5(¢z—tn))}:l
2 iy S 3 51 a 5o

where 0< 1, <t, <t.
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Proof

in (3.2.18).

The result follows if we set o' (s) = p—L,& and u;(s)= _1_.3.
a+ye a+ye

O

Corollary 3.2.10 Let the jump size distribution is exponential. If 4, is '—co' asymptotic,
the '—oo' asymptotic expected value of 4, is

p
I Y 3.2.26
Na+y'e™) ( )

where 0<1, <%.

Proof
in (1.2.15).

The result follows if we set o' (s) = pL,& and g (s)= —1,—3-
a+ye a+ye

O

Corollary 3.2.11 Let N, as defined and the jump size distribution be exponential.
Consider a constant §' >1. If A, is '—o' asymptotic

. g ) ‘e® +a
E'(N, -N,)= 5—;’(12 —t)- 522 ln( :,e&l - a) (3.2.27)

where 0 <, <1, <f.

Proof
Since A4, is '—oo' asymptotic, set (3.2.26) in (3.2.25) and the result follows.

O

Corollary 3.2.12 Let N, as defined and 3 be the filtration generated by

t

{Nx; 0<s<t}. Alsolet A, be the generalised shot noise process and 3? be the filtration
generated by {1,; 0<s<t}. Consider constants § and  suchthat & >1 and 0<8<1.

Assuming that the jump size distribution is exponential then

-6'(1-9)| 2,45

E'(GN”'N"IS;:’") =Ee * |3h
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%
da+6 (1-6)

- d(la"g){l_e-‘lz-ﬁ)}lq ( }/.eal +ae"‘xlz‘tl)
=e

)g yefta+ —0‘(15_ 9) (1-e %a7h))
* &
y'ef+a

7'eal +ae"5('z—'1)

(3.2.28)
where 0<¢, <1, <t.

Proof
The result follows if we set v=6'(1-6) in (2.1.39) in corollary 2.1.16.

O

Corollary 3.2.13 Let N, as defined and the jump size distribution be exponential.
Consider constants 6" and 6 such that &' >1 and 0< §<1. Furthermore if 4, is '-o'

asymptotic then

¥ _aw
of « - Sa+d (1-6)

y.e&,_*_ae-b(r,—:,) % eMra+ .Q‘_(_lé‘_g)(l _e-s(t,—t,))

g

yet+a+ T—H) (1-e™%a7)

E(g"")=

7‘eal + ae—dtl -4)

(3.2.29)
where 0< ¢, <1, <t.

Proof

Set v= 9'(1—(;6){1 —e X2} in (1.2.9) and from corollary 3.2.12 the result follows.
g

Corollary 3.2.14 Let N,, A, as defined and the jump size distribution be exponential.
Consider constants 6" and @ suchthat & >1 and 0< @<1. Then

= _ G |(1-¢* 1)lp p (re®+a) pl-e*)|| 6
éH,RP"H-o[( 5 )E(’%)J“a{a’ 5ah{ y‘+a) +a)|| -6
R g1 m%

f -0, s
. 0 (7 +ac?)s|? +a+—5—(1—e .E[e-——-‘q'(:g’(l—e"’)lo
-0y =

7 +a 7 +oe !
(3.2.30)
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Proof
The result follows immediately from theorem 3.2.8, corollary 3.2.9 and corollary 3.2.12.
a

Corollary 3.2.15 Let N, as defined and the jump size distribution be exponential.

Consider constants 6 and 6 such that 6’ >1 and 0< @<1. Furthermore if 4, is '—o'
asymptotic then

> _ G lp. p. . (re+a)|l 6
;H,R&—I—B[é'at ﬁaln( Y +a (1-6)*

e ap
s, ga- _ Sa+6 (1-6)
0 V' + e ¥ +a+—L5——£)—(l—e %)
+ 2 . &
(l_g) },‘_'_a_'_e‘(la_e)(l_e—&) Yy toe

(3.2.31)

Proof

The result follows immediately from theorem 3.2.8, corollary 3.2.11 and corollary 3.2.13.

O

We will close this section with a lemma that proves that the joint Laplace transform of N,
and A, with respect to the equivalent martingale probability measure is equal to an Esscher
transform of such a process.

Lemma 3.2.16 Let N, and A, as defined. Consider constants y°, & and € such that
7y <0, >21and 0<9<1. Then

t [
- -(a‘—x)jz,ds pju—.@(r‘e’)}ds
LB | "7./1,2‘a2e h SN"{]
MM v 4
E@ e™

4y =
p]{l-g(r‘e"»ds

A

341

(3.2.32)
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Proof
From theorem 3.2.7, the left-hand side of (3.2.32) is

t

—G'(I—E)IZ.,ds

E. ( eNtz-Nq e Iz 32/,1) =E (e n g vy,

3}).
Setting v, = ' (1-6), v, = v, p(s)=p (s) and §(u;s) = g,'\'(u; 5) in (2.1.33), then

-Pjg'(r'e")ds Pjglo.—(:s:ﬂﬂwr'eh——e (;m}e-&'z—r) Jds
fn

L 60-9 ., 601-0, s
N L 1y et

E ( e"rz‘"q e Vi,

5=
(3.2.33)

Conditioning on A, such that #, <5<t,, then the denominator of the right-hand side of
(3.2.32) is

_ —(v‘-l)jm p]{l—fz(r‘-")}ds
2™ hd A
—7 A2 A,
E[ff e & e7MTeh 344, , h<s<1,]
—(0'—1)]/1,& p}{l-ﬁ(r‘e"»ds
% ~7'Ae® 5 M) Na
=e e e E[¢ |S,l Ay, h<s<t,]

(3.2.34)
Therefore from (1.1.3)

p}{l-;(r'ca)}& p}{l—;(y'e‘*)}ds

-y, e22 —9"2, e
g e v e’ |3‘2’";)»s,t13sstz]=e’ e
Hence
- —(o'—n]A,ds . p]{l—?z(r‘c")m p}(l—.@(y‘c"»m
- .l = .l 02
e " 7™ en ISf’"]:e " E(e7 ™ |3V,
1 1
(3.2.35)
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Similarly, conditioning on A, such that #, <s<t%,, then the numerator of the right-hand
side of (3.2.32) is

1
-(o‘-l)jz,dx : p].{l—g(r'e’)}df
N, -N, - 2y,
E[(Fg" e v TV mgn |34

]1 ~g(r'e*)}ds -9‘(1—@}@
L} n

—e { e—( V+7.¢a2)’1rz '32’2. }
(3.2.36)
Therefore, from (3.2.35) and (3.2.36), the right-hand side of (3.2.32) is
) _— —(d—l)jz,ds . pju—?z(r‘e")}ds -40-9 j Ads .,
E[" e ¢ e7h e 341 Efe  h T VM|
—(a‘—l)]z.ds pfil-g(r'c‘)}ds E(e” et 34
Ny =Ny "2 oM
e PR APE IS‘,’:’"]
(3.2.37)

Set =6(1-6), v,=v+ye* in (2.1.9) for the numerator of (3.2.37) and set
v=y"e* in (1.3.2) for the denominator of (3.2.37). Then

s 80-0), o 5 806 a9
(a8, e 60-0 ”]“ At AT
K; 7 5 %

I
A
—pj{l-g(r'e%"*"’nds
—yed2e-80-0) )
e 4 g A

iA . ~ 6 (1-6) oa 60-0), _x-

- s LA Unl) IR R S Call/ W 2

_[0'(]_g)+ ‘ 9'(1.67)}2_‘,(,z ", P | g(ye™)ds p]lg[ 5 Hwre 5 Je s

=e ¢ ¢ e " e" . (3.2.38)

Hence from (3.2.33) and (3.2.38) the lemma has been proved.
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3.2.2 Random claim sizes

Let us look at the stop-loss reinsurance premium for catastrophic events when the claim
size is random. Again, in order to calculate a fair price for a reinsurance contract we need
to assume that there is an absence of arbitrage opportunities in the market. This can be
achieved by using an equivalent martingale measure P".

Let C, be the total amount of claims up to time # then the fair stop-loss reinsurance

premium at time O is

E‘[(Z'x,. _b)*'1= E"[(C, -B)"] (3.2.39)

N,
where C, = ZNi and all other symbols have previously been defined.

i=1

Theorem 3.2.17 Let N, and C, as defined. Also let the claim size distribution be

o1 ,-pu
gamma, i.e. h(u)=ﬂ:u—le)| , u>0,8>0, p=1. Then
o-1)!

. . w ﬂ-wl we ﬁmpcw—l ﬂc
EUC-01=3 f o j P (3.2.40)

where a, = P*(N, =n).

Proof
Since the claim size distribution is gamma, C, is also gamma with parameters n¢ and 3
given N, =n. Therefore

wcmp-l -fc
E'[(C,-b)*]= ZP (N, n)j(c b)——dc
(np-1)!
ol no @ gro I (3.2.41)
=ZP‘(N,=n){@jﬂ" ce dc—b_[ € ° ).
po By (no)! y (np-1)!
Set a, = P*(N, =n) in (3.2.41), then the result follows immediately.
g
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Corollary 3.2.18 Let N, and C, as defined and the claim size distribution be exponential,
ie h(u)=pPe™, u>0, f>0. Then

. N Y ¥ - S e
E'[(C,-b) ]_ga"{z ! -—n!—dc-b! (n—_l)—!—dc}. (3.2.42)
Proof

The result follows immediately if we set @=1 in (3.2.41).
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3.3 Pricing of catastrophe insurance derivatives

3.3.1 Catastrophe insurance futures

In this section we will derive the model for the pricing of catastrophe insurance futures.
Its application in computing the price is illustrated in section 4 of this chapter.

The value of the insurance futures, F,, at maturity # is given by

F, =25,000 x Min(%, 2). (3.3.1)

N,
Assuming that L = Z&i =(,, ignoring the effect of interest rates, the price of the

i=1

insurance futures at time O is
(C,
E| 25,000 x Min o 2} (33.2)

In order to calculate a fair price for the insurance futures contract, we assume that there is
an absence of arbitrage opportunities in the market which can be achieved by using an
equivalent martingale probability measure P°. Therefore

F,= E'[ZS,OOO x Min(%, 2)] (3.3.3)

where F; is a fair price for the insurance futures contract.

Now let us derive the price of the insurance futures with respect to the equivalent
martingale probability measure.

Theorem 3.3.1 Let F,, C, and II as defined. Then

F, = 25,000 % %[E‘(C,) -E'{(c,-2my}] (3.3.4)
where (C, - 2II)" = Max(C, - 211, 0).
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Proof
(3.3.3) can be written as

F, =E'[25,000 X Min(g, 2)]:13'[25,000 X {Q—Max(Q—Z, o)}]
Il RN b Il
=25,000 x E' g—1\/fax(9--2 o) =25,000 x i[E'(C)-E‘{Max(C ~211, 0)}]
’ I.I l.I ’ ’ H t t >

(3.3.5)
If we set (C, - 2IT)" = Max(C, —2I1, 0) in (3.3.5) then (3.3.4) follows immediately.

We will show how to apply theorem 3.3.1 if the claim size distributions are gamma (i.e.

Pu®le? o A
h(u)=7— , u>0, >0, p=>1) and exponential (ie. h(u)=pLe™ , u>0,

Corollary 3.3.2 Let F, , C, and II as defined. Also let the claim size distribution be
-1 ,—fu
gamma, i.e. h(u)=—ﬂ—a;z—l—e— , u>0,8>0, p=1. Then

(p-D!
© © e+l mp @ @ np-1_-fc
F, =25,000— {Za;”—‘p} ‘("‘”jﬂ' ¢ dc—znjgi—e—dc) .
IT n=1 ﬂ n=1 (n¢)| 2n (n¢_ 1)'
(3.3.6)
Proof
From theorem 3.2.17
2 T precle” 1)
E'(C)=Na |c—————dc=a — (3.3.7)
Zl ! (np-1)! Z=1: B
and
¢+l ng © Mg _ng-1_-fc
E'[(C,-21])']= Za (22 VA 2njﬂ"’—edc}. (3.3.8)
ﬂzn ( ¢)| 2M (n¢—1)'
The result follows if we set (3.3.7) and (3.3.8) in (3.3.4).
]
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Corollary 3.3.3 Let F,, C, and II as defined. Also let the claim size distribution be
exponential, i.e. A(u)=fe™™ , u>0, f>0. Then

B || on 2 JfnGp e S e le”

n=1 n=1 201 2I1
Proof
The result follows if we set ¢ =1 in (3.3.6).
3.3.2 Catastrophe insurance options on futures
We will now derive the model for the pricing of catastrophe insurance call options on

futures. Ignoring the maximum loss ratio, the value of the catastrophe insurance call
options on futures, P,, at maturity # is given by

P, = Max(F,-E, 0)=(F,-E)" = (25,000 X —Lr—i-—E) = 25’300 (L,-B)
(3.3.10)
where E is the exercise price and B= :
25,000

NI
Assuming that L, = ZN,. =C,, ignoring the effect of interest rates, the price of the

i=1

insurance call options on futures at time O is

25,000
IT

E[(C, —B)*]. (3.3.11)

If we set B=5 in (3.3.11) and assume that there is an absence of arbitrage opportunities

in the market, it can be found that (3.3.11), excluding 25’1200, is equivalent to (3.2.39).

As the formulae are easily can be obtained by substituting & with B in (3.2.40) and
(3.2.42) we will omit the details.
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3.4 Numerical examples

This section illustrates the calculation of stop-loss reinsurance premiums for catastrophic
events and catastrophe insurance futures contracts using the pricing models derived

previously. The change of stop-loss reinsurance premiums associated with changes in
value of & and " is also examined. The appendix contains the S-Plus routines needed

for these calculations.

As discussed in section 3.3.2 the pricing model for catastrophe insurance call options on
futures is equivalent to that of stop-loss reinsurance premium for catastrophic events. We
shall therefore use one example to illustrate the pricing of both these products.

ﬂwu”"l -pu
Let us assume that the claim size distribution is gamma, i.e. A(u) = —(—E'— , u>0,
B3>0, ¢>1. From (3.2.40) and (3.3.6)

The stop-loss reinsurance premium for catastrophic events

. NQ ﬂ“PH ’"Peﬂ'-‘ _ mﬂlwcmp—le—ﬁc ‘
E'[(C,-b)']= ga{ [ dc b‘l!'——(m’_l)! dc}. (3.4.1)

The price of catastrophe insurance futures

F, = 25,000~ {ia;m} ) ‘(”‘” [F—s fricre” 21'I]zwdc) .
I .= " B (np)! ;n (ne-1)!

(3.4.2)

Let us also assume that the jump size distribution is exponential i.e.
g ) =(a+ye?)e @’ 350, —e® <y" <0 and t<%ln(——a—,) and that A, is
/4

'—oo' asymptotic. Consider constants 6 and @ such that € >1 and 0<6<1. From
(3.2.29), thepgf of N, is

E'(8")= Za P'(N, =n)= zg'a

P 0. ___:Tp_
& - Sa+8 (1~
7'+a+—(16 g)(l—e‘&) -

vy +oe®

70-6) -
5

- e (3.4.3)

7y +a+
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The parameter values used to expand (3.4.3) with respect to @ are
=11, yY=-01, a=1, §=03, p=4, t=1

Using these parameter values we can calculate the mean of the claim number in a unit
period of time. From (3.2.27)

* &
ewy=28, fr (7 e 1o 6.
da &a | y+a

By expanding (3.4.3) using the MAPLE algebraic manipulations package we can obtain
a, = P*(N, = n) which is as follows:
0.64082 }o.o9+o.33(1—a)

E (0”')=§H'P (N,zn)=nz=;9"an ={o,9+0.95033(1—'9)

= 0.000014982 + 0.0001162880 + 0.000482666° + 0.0014225& + 0.00333556* +
0.0066158 + 0.0115236 + 0.0180864" + 0.0260456 + 0.0348816 + 0.04396'" +
0.0523496" + 0.0595376% + 0.0649326" + 0.0682146* + 0.069296° + 0.0682736'° +
0.06543467 + 0.0611486® + 0.0558316" + 0.049898”° + 0.043723 &' + 0.0376166*
+0.0318156” + 0.026484 6> + 0.021726” + 0.0175676° + 0.014023 & + 0.0110566*
+ 0.00861666° + 0.00664196° + 0.0050667&" + 0.00382726%* + 0.00286396° +
0.00212416* + 0.00156216" + 0.00113966® + 0.0008249767 + 0.000592826%° +
0.00042301 6* + 0.000299816%° + 0.000211126" + 0.000147756% + 0.000102794° +
0.0000711016* + 0.0000489116* + 0.0000334696* + 0.000022785¢7 +
0.0000154364® + 0.0000104076° + 0.0000069856° + 0.00000466726" +
0.0000031051 6 + 0.0000020573 6* + 0.00000135756* + O(&*).

44(1-6)

(3.4.9)

Example 3.4.1
The parameter values used to calculate (3.4.1) are
n:1~ 41, =1, B=1, b=0, 5, 10, 16.61, 20, 25, 30, 33.22
E*(C)=E'(N,)E®)=16.61.

By computing (3.4.1) using S-Plus the calculation of the stop-loss reinsurance premiums
for catastrophic events at each retention level b are shown in Table 3.4.1 (see appendix for
S-Plus routine).
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Table 3.4.1

Retention level b Reinsurance premiums

0 16.58403
5 11.61916

10 7.06779

16.61 2.833487

20 1.587005

25 0.595824

30 0.1951147

33.22 0.0886971

Example 3.4.2
The parameter values used to calculate (3.4.2) are
n:1~ 41, =1, f=1, I1=16.61.

By computing (3.4.2) using S-Plus the calculation of the price of catastrophe insurance
futures is as follows (see appendix for S-Plus routine):
F, =$25,000 x (0.9984363 - 0.005339982) = $24,827.41.

Example 3.4.3

We will now examine the effect on stop-loss reinsurance premiums caused by changes in
the value of §" and »*. By expanding (3.4.3) using MAPLE at each value of § and y'
respectively and computing (3.4.1) by S-Plus, the calculation of the stop-loss reinsurance
premiums for catastrophic events at the retention limit b =25 are shown in Table 3.4.2
and Table 3.4.3 (see appendix for S-Plus routine).

Table 3.4.2 Table 3.4.3

¢ y =-01 y 6 =11
1.0 0.3544252 0.0 0.3029752
1.1 0.595824 -0.1 0.595824
1.2 0.9299355 0.2 1.207256
13 1.366049 0.3 2.512553
1.4 1.90885 0.4 5364622
15 2.558786 0.5 11.65184

90



3.5 More equivalent martingale probability measures and the distribution of
the total amount of claims

So far we have used (3.2.14) as the Radon-Nikodym derivative to define the equivalent
martingale probability measure in our pricing model for stop-loss reinsurance contract for
catastrophic events and catastrophe insurance derivatives. We will now use an alternative
martingale taking into account the claim sizes. After the equivalent martingale probability
measure is obtained, the expected value of N, and the Laplace transform of the
distribution of N, with respect to the equivalent martingale probability measure, i.e.
E°(N,) and E*(6") will be derived. The Laplace transform of the distribution of C, at
time # will also be derived. These can be used to derive the pricing models through the
same methods presented in sections 2 and 3 of this chapter.

Let H(u) (u>0) be the claim size distribution function and M, be the total number of
catastrophe jumps up to time #. We will assume that claim points and catastrophe jumps
do not occur at the same time.

The generator of the process (X,,N,,C,,4,, M,,t) acting on a function f(x,n,c,A,m,t)
belonging to its domain is given by

Af(x,n,c,/l,m,t)= ér @( +/I[J'f(x n+lc+u,A,m,t)dH(u)- f(x,n,c,A,m,t)]

a9

) m+1,0)dG(y) - f (x,n,c,A,m,1)].

(3.5.1)
Clearly, for f(x,n,c,A,m,t) to belong to the domain of the generator A, it is essential that
f(x,n,c,A,m,t) is differentiable w.rt. x, ¢, A, t for all x, n, ¢, A, m, ¢t and that

ff (A+,)dG() - (. 4,) ff (,e+u,)dH ()~ f (¢, )| <.

< o0 and

The generator of the process (N,,C,,#) acting on f(n,c,t) is given by
Af(nct)= %+ A[_[f(n +Lc+u,t)dH(u)- f(n,c,t)] (3.5.2)
0

and the generator of the process (4,,M,,t) acting on f(A,m,t) is given by
Af(A,mt)= %— 6/1% +p[jf(2,+y,m+ LOYdAG(y)- f(A,m1)]. (3.5.3)
0
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Theorem 3.5.1 Let N,,C, and A, as defined. Consider constants & and v such that
0<@<land v=>0. Then

—{6h(v)-1} | 2,ds

Ge e d '[iAz(v) = e""‘dH(u)) (3.5.4)
0
is a martingale.
Proof

From (3.5.2), f(n,c,?) has to satisfy Af =0 for f(N,,C,,t) to be a martingale. Trying
e e’ we get the equation

A'(t)+/1{6Te‘WdH(u)—1} =0 (3.5.5)

and solving (3.5.5) we get A(?) = —{9}\1( V)— I}Jlsds and the result follows.
0

O

Theorem 3.5.2 Let A, and M, as defined. Consider constants y and k such that
0<wy<land £>0. Then

3
pj{l— wgke®)}ds [

pMethe e o §( V)= ]Ee' vdG( y)) (3.5.6)

0

is a martingale.

Proof
From (3.5.3), f(4,m,¢) has to satisfy A f =0 for f(4,,M,,t) to be a martingale. Trying
ye VR e get the equation

_AA(6)+ R (£) + SIA() + A w g {A(1)} -1] = 0 (.5.7)

and solving (3.5.7) we get
t N
A(t)=ke® and R(t)=p[{1- yg(ke®)}ds
0

and the result follows.
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Theorem 3.5.3 Let N,, C,, 4, and M, as defined. Consider constants ', v, v and
¥, suchthat @ =1, v' <0, y" 21and y" <0. Then

t
~{6'h(v -1} J Agds p|a-v' g0 e®yas
[)

Mer et o (3.5.8)

N _ \d
G e e %

is a martingale.

Proof
From (3.5.1), f(x,n,c,A,m,t) has to satisfy Af =0 for f(X,,N,,C,,4,,M,,t) to be a

martingale. Trying 6" ¢"e**y""e77%’ ¢4® we get the equation

AW+ A8 + A6 h(V)-1} +p{v g(3'e) =1} =0 (3.5.9)
and solving (3.5.9) we get

§ =6 h(v)-1} and A(5)=p[{1-y’ g(y'e®))ds

and the result follows.
O

Now, let us examine the generator A* of the process (X,,N,,C,,4,,M,,t) acting on a
function f(x,n,c,A,m,t) with respect to the equivalent martingale probability measure .

Theorem 3.54 Let N,, C,, A, and M, as defined. Consider constants &, v/, v and
y', suchthat & >1, v <0, y" >1and y°  <0. Then

A’ f(x,n,c,A,m,t) =g—+l%+ 0';1( v')ﬂ.{Tf(x,n+l,c+u,2.,m,t)dH'(u) - f(x,n,c,A,m, )}

L (t){T f@x,n,e,A+y,m+1,0)dG (y;t)- f(x,n,c,A,m,1)}
0

A
(3.5.10)
-vu A —yety
where dH'(u)= 20 | 5(1) = py’ g(re®) and dG"(y;1) = DO P).
h(v) g(r'e)
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Proof
From theorem 3.5.3, we can use

[
y -6 ﬁ(v‘)—ujl,ds pJ'{l- v 2(r e pds
t = wM L0 2 el
e Ce 0 e TH e 0 .
- 4 : (3.5.11)
y —{g'hv )-1}‘[,1,@ pJ.{l-w' (e yas '
. i a
E[@ e e o yMe e ]
as the Radon-Nikodym derivative to define an equivalent martingale probability measure.

Therefore from lemma 3.2.4

[}

N, _ _{JZ(V.)_I)J‘ gl o et (-¥" 57 eM))as
: A f(X,,N,,C,,A,,M,,t g e Ge o eTH e
A" F(XN,.Ca M, 1= 2L KNG A, M 1) 0 e v
. -{d'z(v')_n)j;.,ds . p'[(l‘w-;(r'c‘))d.v
g e Ge Y P L

From (3.5.1), using the generator with respect to the original probability measure,

‘ '
-1 V')-I}Jlﬁ-v .’ (-9 (7 e )ds
Af(x,n,c’ﬂ,’m’t)e'"e—vce ) !//"'e-y Ae e

= [iuim{ﬂ' T'f (e,n+1,c+u,A,m, e "dH(u) - 6 h(V') f (x,n,c,A,m,1)}

—5/1g—+p{yfjf(xncl+y,m+lt)dG(y) y/g(ye )f(x,n,c,A,m,t)}]

t
-{6' i v‘)—uja ds p| 0¥ g(r'e®has
§e e oy TH %

Therefore
A f(x,n,c,Amt)= %+1%+ ¢ I/‘\z( v')l{J.f(x,n+ Le+u, A,m,t)dH (u)— f(x,n,c,A,m,t)}
0
—5/1 A +p' (t){}f(x,n,c,ﬂ+y,m+l,t)dG' ;0 - f(x,n,c,A,m,t)}
0

(3.5.12)

where dH’ (u)— dH (u ), p)=py g(ye ) and dG(y; t)——_rlm
() g(r'e®)
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Theorem 3.5.4 yields the following:

(i) The claim intensity function A, has changed to 1,6 ;z( v);

(ii) The rate of jump arrival p has changed to o' (¢) = py" §( y'e®) (it now depends
on time);

—7’ ey
(iii) The jump size measure dG(y) has changed to dG" (y;f) = —d(y) (it now

g(r'e®)
depends on time);
- V x dH (u)
(iv) The claim size measure dH (u) has changed to dH" (u) = ————=
%)

Let us evaluate the expected value of N, and the Laplace transform of the distribution of
N, with respect to the equivalent martingale probability measure, i.e. E*(N,) and
E'(6").

Theorem 3.5.5 Let N, as defined and A, be a generalised shot noise process with

. e 7 VdG
PO =py 2(r'e®), dG'(; t)-——ﬂ
g(r'e®)
and ¥ suchthat y" <0, @ >1and v’ >1. Then

and &)= 6. Consider constants y°, &

ty 1—e 5t 1% N .
E(N,-N,)=[EQ@,)ds= (——%—)E(z,,ng [ -5 ()} (s)ds.
4 h

(3.5.13)
and

. AL PR I Bl LY 1% . e
E'(N,-N,)=6h(v )jE(/l,)ds =6 h(v) [T]E(Aﬁhg I (1-e %) () (5)ds

(3.5.14)
where h() = [ ¢~ "dH(u).

0

Proof
This theorem can be proved in a similar method to theorem 3.2.6. In this case

A A &
P ()=py g(y'e*) anduse E'[N, - N, 1= 6 k( V')IE (A,)ds then the results follow.

h
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Theorem 3.5.6 Let N, as defined and 3 be the filtration generated by {N,; 0<s<t}.

Also let A, be the generalised shot noise process and 3 be the filtration generated by
{A,; 0<s<t}. Consider constants 8, &, v/, ¥" and y* such that 0< <1, 6 21,
V' <0, ¥ 21and ' <0. Then

7 P
'IP'(-‘)U‘?(“(V—J)(l_g)(l-f"z"’);s}]ds
n

-arﬁ(v‘)(l-so]z.iv & )1-9)

) . ____{l-e""""))lp,

E (6" ™3 = E(e Yofsh=e ® ¢
(3.5.15)

A _7.3’}’ A ©
where p'(t) = py’ g(y'e®) , dG (y;f)= e_A_gV_G_@ , g wt)= Ie'”dG‘(y;t) and
g(r'e”) 0

h(V)=[e "dH ).

0

Proof

From E'[N, - N, ]= 6 h(V) j E(A,)ds and (1.1.4),

]

-6 h( v‘)(l-a)}i.,d.r

E' (8™ =E(e Y

By setting v=6 h(v')(1-6), p(s)=p'(s) and g(u;s) =g (u;s) in (2.1.37), (3.5.15)

follows immediately.

We are now going to close this section with an evaluation of the Laplace transform of the
distribution of C, at time #.

3.5.1 Where 4, is time homogeneous

Corollary 3.5.7 Let N,,C, and A, as defined. Let v>0, 0<6<1 and ¢,,, be fixed
times. Then

{6h( v)—l)}l,d:

E(@ e N, 4,,C )= 0 e b (35.16)
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Proof
Since (3.5.4) is a martingale (3.5.16) follows immediately.

ad
Corollary 3.5.8 Let N, and 4, as defined. Consider constant v>0. Then
{h(v-1} | 2,48
E{e™|C,}=e"%e . (3.5.17)
Proof
The result follows if we set =1 in (3.5.16).
a
Corollary 3.5.9 Let N, and 4, as defined. Consider constant v>0. Then
_{1-h()} - —pj‘ll-g{l-_h%?(l—e")}]ds
E@e*|i)=e ¢ e (3.5.18)

Proof
From (3.5.17)
i v)—njm
E{e "W} =F[e%e " ] (3.5.19)
Without loss of generality, change the time scale and condition on A, then (3.5.19) can be
written as

t
~Q1-h()} | 4,ds

E(e*"|4,)=E[e |4l (3.5.20)

Therefore (3.5.18) follows immediately from (2.1.13).

Corollary 3.5.10 Let N, and A, as defined. Consider constants v; 20, v, 0. Then

. n s 0-howh, s
RO B () N P Pj[l S
S 5 e o

E(e e |1) = e (3.5.21)

Proof
Multiply e™** and set v= v, in (3.5.20) then
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1
~Q1-h(w)} | Agds

E(e— G - v, /10) - E[e o e Yok |}_0] (3522)

The corollary follows immediately from (2.1.9).

3.5.2 Where the parameters of 1, are time dependent

Corollary 3.5.11 Let N, and A, as defined. Consider a constant v>0. Assume that
&(t)=46. Then

—{1-k( v)}IMs FEC I -jp(s)n-;{“_’;(%_e—w-» yishlds
E(e™*%|4,)=Ele * |Ad=e ° ’e o (3.5.23)
Proof
The corollary follows immediately from (3.5.20) and (2.1.37).
g

Corollary 3.5.12 Let N, and 4, as defined. Consider constants v, 20, v, 20. Assume
that &)= &. Then

U

~{1-h(w)} | A,ds

E(e e " |4,) = E[e e M|A,]
kot v {l—ﬁ(vl)))e-a]zo _J P(S)II—Q{"h,(;V‘) (v {’_hév')’Je"‘“”:sndf
=e ¢ d e’ :
(3.5.24)
Proof
The corollary follows immediately from (3.5.22) and (2.1.33).
g

Now we can easily evaluate the Laplace transform of the distribution of C, at time # with
respect to equivalent martingale probability measure since A, is a time dependent shot
noise process with rate of decay &, rate of jump arrivals o' (#) and jump size distribution
function G"(y;¢) (y>0).
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Corollary 3.5.13 Let N, and 4, as defined. Consider constants v, &, v, v" and
suchthat v>0, & 21, v <0, y" 21and " <0. Then

g RO [ 4,0 L O I LS SR
E'(e*%|A,) =E[e A, ]=e s ‘e
(3.5.25)
. A . e dG A, e
where 5'(1)=py’ §(7'e®) , dG' (=D | gun) = [edG' (3;1) and
g(ye”) 0

(V) = Te‘“‘dH(u).

0

Proof

)
From E'[N, - N, 1= 6 K( V')_[E (1,)ds and (2.1.37), the corollary follows immediately.

4

a

Corollary 3.5.14 Let N, and A, as defined. Consider the constants v, v,, &, Vv, ¢’
and »" suchthat v, 20, v, 20, § 21, v <0, ¥’ >21and y° <0. Then

t

—6 RO Y=h(w)t | A,ds

E*(e™%e M |4,) = E[e ° e M|1,]
! A, A N e A
Y RN A _J’ S ei-atd h(v)g-h(v,)gm oh(vx‘sl-h(vl)))e_m-,>;s)]¢,
-{ 3 H(vy 5 Ye 14, A
=e e
(3.5.26)
. a
A e7°%dG A I
where p (1) =py’ g(7'e?) , dG'(y;t)=——A———(—}2 , g'(u;t):je “dG*(y;t) and

g(r'e™) 0
;1( V)= Ie'”‘dH(u).

Proof

7}
From E'[N, - N, 1= 6 h( v')j E(A,)ds and (2.1.33), the corollary follows immediately.

4

a
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4. Parametric Estimation

In the previous chapter, arbitrary values for the parameters of the shot noise process were
used to calculate the stop-loss reinsurance premium and the price of catastrophe insurance
futures. The next stage in the pricing process is to estimate these parameters of the time
homogeneous shot noise process, i.e. the rate of occurrence of jump p, the size of jump y
or its distribution and the rate of decay J should be estimated. In this chapter, using the
likelihood function, the parametric estimation for the shot noise process will be presented.

In the first section, we will derive the likelihood function by transforming and
approximating A, as a normal variable Z,. In the second section, the maximum likelihood
estimators of the three parameters will be obtained by assuming that the times of
catastrophes and claims are known.

4.1 Approximation of 4, as an Ornstein-Uhlenbeck Process

Let ¢,,1,,:--,t, be the epochs at which the claim points occur. The likelihood function
conditional on {4,, 0< s<t}, evolving up to a fixed time ¢, is given by

A A, e die @.1.1)

where 0< ¢, <---<t, <t.

From (4.1.1) we have the likelihood function that is the expectation with respect to the
intensity process {4,, 0<s<t},i.e.

-] Ads
E(A, A, - l,ﬂe"". ). (4.12)

We will now assume p is large and obtain this expectation by transforming the shot noise

process A, using
_ A,—-E(4)

Z® .
var(2,)

(4.13)

In corollary 1.3.9 and 1.3.10, assuming that A, is stationary, we have found that
E(2,)= %o and Var(4,) = % . Therefore (4.1.3) becomes
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=8 e 4,=HL, 70 |52 (4.1.4)

'—‘/% 5 25

Now let us start with a proposition used by Ethier & Kurtz (1985).

Proposition 4.1.1 For n=1,2,---, let {37} be a filtration and let M, be an {3 }-local
martingale with sample paths in D_,[0,x) and M, (0)=0. Let 4, =((4,)) be symmetric
d xd matrix-valued processes such that A’ has sample paths in Dg[0,c0) and
A, (t)— A,(s) is nonnegative definite for 0<s<#. Assume

lim El:sup |47 ())- 4 t-)) } =0,

t<T

lim E| sup |M, (1)~ M,(t-) |=0,
e tsT
and fori,j=12,---,d,
M(OM](1)- 42 (1)

is an {37 }-local martingale.

Foreachr>0andi,j=12,---,d,
A, (1) > c; (1)
in probability where C = ((c;)) is a continuous, symmetric, d xd matrix-valued function,
defined on [0, ), satisfying C(0) =0 and Z (¢, () —c;(s))&E, 20, & eR?. Then
M =X
in law where X is a process with independent Gaussian increments such that X, X, —¢;
are (local) martingales with respect to {3 }.

a
< J,—ppt
Let us define J, =Y y,, V¥ = —‘—;ﬂ:— and look at a technical lemma.
i=1 26
Lemma 4.1.2 Let J, and ¥V as defined and p— . Then
I - N ¥ (4.15)

Hp

26
in law where B, is a standard Brownian motion.
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Proof
The generator of the process ¥,*? acting on a function f(v) is given by

Af)=- \’/’ﬁgﬂo{jf(w \/%)dG(y)—f(v)}. 4.16)

Set £(v)=v*. Then

Avi=2 P sl
e e

As mentioned in the introduction, f(X,) —jA f(X,)ds is a martingale therefore A f is

YdG(y)-v*} = 26.

0
the solution to the 'martingale problem'. Hence (V,“’)2 ) — 24 is a martingale.

Therefore from proposition 4.1.1, (4.1.5) follows immediately.

Let us look at a theorem that proves that Z, is a normal variable.

Theorem 4.1.3 Let Z* as defined and p— . Then Z*’ converges in law to Z, where
dZ, = - 6Z,dt ++[2 6B, (4.1.7)
and B, is a standard Brownian motion.

Proof
t
From A, = Ae™® +J, - I e X J du,
0
A —*F
‘/'E
26
t t
(Ao —20)e™ ~E2(1-€")+J, - mpt + mpt — [ &% U, — ppubdu - | &, pudu
1] 0
‘/E
26
I LA e - S j St 4, (4.1.8)

’Ilzp
26

Therefore by continuous mapping theorem (see Billingsley (1968)) and lemma 4.1.2,
(4.1.8) converges to

Z(p)

102



t
Z,=Ze® +26[e X B, . (4.1.9)

0

Hence (4.1.7) follows immediately from (4.1.9).
g

Theorem 4.1.3 has proved that Z, is a normal variable, which is an Ornstein-Uhlenbeck

process. As a result of this, we have obtained A which is a Gaussian approximation of
A

t?

- Y
/1;=-'u—"£-’+Z, BL e Z,='1'—5. (4.1.10)
o 26 tap
256
Lemma 4.1.4 Let Z, as defined. Then
ha
Z,,=2,e% ™ 426 [ % gB, (4.1.11)
]
and
ha — o~ &tra—t) a1 &ty —u)
jzsdgzztll ¢ 5 +J273j1—35—d3u (4.1.12)
N U

where ¢, <t,,,.

Proof

From Ito's lemma and (4.1.7)
d(Ze*)= 6Ze%dt +e®dZ, = 6Z,e?dt +e® (-6Zdt +2&dB,) = \2 6e*dB,.

Therefore evolving up to a fixed time s

Ze*-Z e = _[Jﬁe""dBu

i

Z,=7,e%" +\25[e % dB,. (4.1.13)

4

If we set s=¢,,, in (4.1.13) and integrate it from #, to ¢,,, then the result follows

immediately.

103



Corollary 4.1.5 Let Z, as defined. Assuming that we know Z,

L
Var(Z,m Z, ) =28 J- P (4.1.14)
I
and
trn o -&tpy-u) _ ,-28(tyy-u)
Cow( [ 2,ds,Z, |2,) =26 ; du. - (4.1.15)
4 B
Proof

From (4.1.11)

tei
Var (Zth-l Z!t ) = Var (Zt‘ e—a(‘hl h ) + J‘ -JZ—-Je_J(IkH _“)dBu
[

i
z,)=Var( [J26e % dB,|Z, )
o

Lk

L trs1
=Var( J“/Z_ge—d(tm—")dBu) =E{( I\/Eg'e"'s("*"")dBu )2 }—{E( J"/ﬁ‘e-&'m-")dB")}Z
t 7% 4L

ta et

= E{( [ V28 %41dB,)*} - 0=26 [ "+ du.
4 4

From (4.1.11) and (4.1.12)
LI

Cov( [2,ds,Z,,
Iy

Z,)

—_ - &tya—tr) tet — = &tgy—u) b
= COV{Z,' .leT.*.ngj. 1_._9__6_ dBu’ Z‘ke"mm—h) + j /26‘ e-J(lm—")dBu
L

7

z}

a1 &) tn By -&tp-u) _ ,-28(tgn—u)
= COV{‘JﬁJ 1 ¢ dBy,'Jz_aj‘ e“s(‘kﬂ"u)dBu} — 26-[ e 68 du.
i H 4

frat

Lemma 4.1.6 Let Z, as defined and K, be a constant. Then _“Z,ds—K,,Z,m and Z

L)
f

are independent given Z, if and only if
2 1

k= 5{1_'_6—5(%1—';)} _3'

(4.1.16)

Proof
et L7990
Cov( [zds-K,Z, .2, |2,)=Cov( [ 2ds,Z, |7,)-KVar(Z, |2,).  (4117)
4 o
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L
We would like to obtain K, that makes IZ,ds—K,‘Z,M and Z, independent given Z, .

1

Z, ) should be 0. If we set (4.1.17) equal 0 and from

fra

Therefore Cov( jZ,ds -K.Z, ,Z

b Tl

4

(4.1.14) and (4.1.15)

g LT e—&th,—u) _ e—2b'(tm—u) U
Cov( [ Zds-X,Z,,.2, |2,) =25 du-K,28 [?*1du =0,
" t 4
(4.1.18)
Solving (4.1.18) then
_ 2 1
kT 5{1+e-5(1m“‘t)} —E'
0
Theorem 4.1.7 Let Z, as defined. Then
k41
& jz,d:
Ee * |Z,.2,))
= \ , 1 '%Il;ﬁ j {1:{"‘*1"‘)_ K e Xikn14) }2 du
= e’\/;[rmr,lzq .e_‘/%[m_zlz"" e . (4.1.19)
Proof
k41 fk41
= Iz,d.v V2 (| zds-KaZyy +KsZy )
Ee " |Z,,Z,)=E( * Z,,2,,).

b

From lemma 4.1.6 we have found that ‘[sts—K,cZ,’M and Z, are independent given
4

Z, . Therefore

L. tegt gt

_\[';Tz; Zds -\/%2_7;( Zds-Ky 2, +Ki 2y ) _J"?__;( Zds-Ky 2, )
Ee * |2,,2,)=Ee * Z,.7, )=E@e 2, ye ¥
(4.1.20)
Hence (4.1.19) follows immediately from (4.1.11), (4.1.12) and (4.1.16).
(W
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Theorem 4.1.8 Let Z, as defined.

k41

L 1) t
—J%].z,ds _\/%jzxd" V2 |24 -z }Z_,d: -J%J‘z,a
0 e h e I

Ee ° e " .o e e ™ g IZ Z, e Z, ,Z,)
_ofoghi...... Ha g Ha g %0 g %C1 551 .. ¢ FCn g F s yColag=Crin g=Codr . ~Crin g=Crs s
(4.121)
where 1,=0<t <--<t, <t=t,,,,
H, = %ﬂzpt:f (=5 - K ™Y du for k=0,1,--,n+1,
1 2

CO = -5_ 1+e5(11—0)} ’ Ck = 5{1+e-5(tk—lk—|)} - 5{1+e5(’1—¢1—n)} for k = 1’2,.."" and

2 1
Con = 1+e"""‘")}—3 '

Proof
The intervals between points are independent and Z, has the Markov property. Therefore

-@}z,ds -J—,F?jm % |24 % }z,ds % J' 2,5
Ele * e * g * g ™ g 4 |Zo,le, ...... Z,,Z,)
-@] 2ds -,/'%—’Tz,dy —‘[%Tz‘d. -z ]Z‘JJ -J%j'zp
=Ee ° |2.Z)E€  * |z,.Z)Ee * y-Ee = |z, .Z)Ee *

z,.2,).

’k|

From (4.1.19)

NI)-

] ( l-¢"’|"’) -K’l-") }2
finp) 1 2 _ e 2 1
e '? e il e '’ e oo 312"

[Ty

,np 1 2 [z 2 1 2P j (e — 0k e X2 2 dy
e K= e e T[m“-wz—qi,‘zlzlz "
t

buop | (2 e 579 2
e-@ﬂ-m% : e‘\@[mﬁm'*’% e =

frz1 )
~&lk+1-4) - -
s , . a %mpf{h—;—“‘ = -Kye Xy
e_ T[%ﬂqmi'm—ai,]z'k . e_ &l m,,,-iﬂm-ui,'%]zlm e "
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1
$mp I{——,——‘*“"‘”’ Ky X0

n-1

o V| NP W,

!
[y 2 i3 -%mPJ'(—;—‘*‘“"“’-K,.e‘“""’}’du
oV mdmm e N i o,

(4.122)

Thy — &1 g 41~U) - -u P
If we set Hk = lﬂzptjt {IL;'::_ Kke &Ktp )}zdu and Zlk = (At, —%) % for
L

k=0,1,---,n+1in (4.1.22) then

(3._mAyL_ 2
i, (Ao-55)3 m]

P A T

7 - (2 e 2 2
P R L e e e T S R s S
(1, .42 2 _ 2 (2, _tp 2 2
e (Atnr T)[m“-xfn-l-‘n-zs) m“z'r'n-li;] e (A T)[qw- In—in-1)) muxl-'n))]
(1,12 2 1
& G P

(4.1.23)

1 2 2 2
If we set CO =|:§— 5{1+etf(tx-0) ]’ C" = [6{14‘6_5(“-‘“)} - 5{1+e5(‘t+1“t)}:| for

k=12,--,n and C,,, = [m—%} in (4.1.23) the result follows.

g
Now let us examine the likelihood function (4.1.2). We can write (4.1.2) as
_J';,‘d, _}4 Jds -]l,ds —]l,ds -Iz,ds
E(A A, Ae® )=E@AA, Ae® et e e™ e" ). (4124

Since we have obtained A, which is a Gaussian approximation of A,, we will use this

approximation (see (4.1.10)). We will also assume that the process has reached its
stationary state. Then (4.1.24) can be written as
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T -]‘1,¢, -]‘z,ﬁ o
E(ltl 2,2 ...... lt e’ )=E(2"1 2«!2 ...... Atne ° e ... e™ et )

O
e e MmN e eS e  Efly Ay ME@e v e P e e ™ g |zo,zll, ...... z,,Z,)).
From (4.1.21)

Ja L .
=g  gfogh ... gt gl g ¥Cop ¥C1 o0 o FCa o E{Ay Ayoeeeee A, @ CologClng=Cila ¢ tngCmky,

Assuming that we know Ao then

o | ey
E (lt, /1:2 """ ﬂ.t,, e’ lo)
= ottt g B Gt 1 Cu 0 Colo Fy(], 7o ], @ g CMn g CrtngCrn )
(4.1.25)
From (4.1.25) we can see that E(A, Ay, -+~ Ay, € M oo g™ g™mA ) peeds to
be obtained. We will use the m.g.f. to derive it, i.e.
nl 1 L]
: PR p 5 Vs lvsy Z w’"izz KOl
E(")=E(e"*e" . ..e"ntgmt)y=g 27 —gm A (4.1.26)
where
2"1 ¢l E (A'l )
Aey $ | |E(4,)
V—[V],Vz, """ avn+|]: A= . s Y= : = H
_ﬂ«t_ _¢n+l_ -E(l‘)-
and
Gll 0.12 0'13 o-l n+1
O (2] Oy 0241
o. o o. o.
E — 31 -32 .33 3,n+1
| Onitl Oniz Ouniz " " Opirn |
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From (4.1.10)

2 Hp P\ _ HkP
E(A)=E +7Z =
(Ay) = E( 5 T4 25)

5
If i=J,
0, = 0 = Cov(Ay, Ay) =Var(Ay) = Var(“"’ 8L 2= ‘;;’
Ifi+],
=Cov(ir,,iz,)=Cov(”1;p+Z“V;2§,ﬂép+ y ‘u2 ) (,uzp) sl
Hence ) ]
4] |EG)| [#
% | |EGy)| |7
K7 _E(i‘)_ 5
and
[ l;:;’ (%)e—a(:,—r,) (/‘zP -&n-4) .. ... (/sz -&t-1,) ]
(e %a)  mE (e L L ()R
5= ( )e Kitz—1)) (I-’:P) -&t3-1y) "% ( )e_g(,_,’)
(@ ek e L s
Lemma 4.1.9 Let :1; as defined. Then
E(;Ir, itz ...... it, e—C.;tc,e-c, ... e'Cn;-'n e‘Cm;-t)
hto v v,ay
=4-{ nojl'n au-l teeed rg:z +(¢l +ZO‘UVJ)} ez‘i Z; Va1 ==Co1 s Yy ==Cprrrs vy ==Cy ==
¢ +Z:.aruvj ¢n—l+zan—ljvj ¢2+§021VJ -
(4.1.27)
where
n+l n+l n+l n+l n+l
A {(¢ +Z n] J)(¢- +Zo--lj J)(¢- +Zo- 2_] J ..... (¢3+ZO-3JV))(¢2+ZO-21VJ)}'
j=1 J=1
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Proof
By differentiating (4.1.26) w.r.t. v, v,,------ V1V,

E(™)= e T S E(Ay Ay Ay, € e g g e

n+l n+l

={(¢—1+Z_:O-—U J)(¢n-2+z ne2) J ........................... (¢2+Zo-zjyj)o~l

n+l n+l n+l

+(8, +Zo. Vj)(¢"_2+z gy V) ooeesmeesmnnenmnesnsannnees (¢2+Z O'zjVj)O'ln-n
j=1
n+l n+l n+1

+(¢n+z n—l] ])(¢n—l+zo-—11 1)(¢n—3+z -31 1 ''''' (¢2+ZGZJVJ)GIH~2

+
+
+
+
n+l n+l n+l n+l
+{(¢, +Z Oy Vi )@, Z 7L 7) Sttt (8 +2,0,v, )8, +D03,V,) 00
J=1 J=1
n+l n+l n+l n+l

+(4, +Z O, Vj)(¢n—2 +Z Op2j Vj) """""""" (¢, +Z O, Vj)(¢3 +Z O3, Vj)alz
j=1 =1 =1 =1

sl el

VM.+—E E Y Vi,

n+l n+l n+l n+l ]
+(4, +Z oy V)8 —1"‘2"—11"1) ............ (¢z+Zaz;V;)(¢1+ZO'1,V,)}'e"‘ =
J=l J=1 J=1
(4.1.28)
If we set
n+l n+l n+l n+l n+l
A={(¢n+z VJ)(¢- +z n-]] Vj)(¢- +Z n—2} J """ (¢3+Za3jvj')(¢2+262jvj)}'
= J=1 J=l

in (4.1.28) then

. R » 3

=A-{ 5‘," + (:if" + ‘:‘,’,’" R +(¢1+Z‘7u"1)} e S
&, +Z°’njVj Punr +ZO',,_U v, $a +Z°’»—21V1 & "’Z‘"z; v, =
= s J= =
(4.1.29)
The result follows if we set v,,, =-C,,,, v, ==C, -+ , v, ==C,,vy=-C, in (4.1.29).
a
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Theorem 4.1.10 Let }u as defined. Then

N as
E (itl i:, ------ j.t,, e’ io) = B.eforHrHyrtHy | o F(CorCutr4Con=t) -e_c";'n
(4.1.30)
where
! +1 =&tk 41-4) - -Uu
H, = %/‘2/’} (=5 Ko Y du for k=0,1,--,n+1,
4

C =l—- ,C = - fork=1,2’...’n,
0 I:c‘)' Sil+e%0 :l k |:6{1+e'5(""”")} 5{1+e5("‘+"'*)}}

2 1

n+l n+1 n+l n+l n+l

A={(4,+D. 0,V b1+ .0, ,)(¢,,2+Za-z, 12 I (¢3+Zoa, Vv,)(4,+). 0y, v},
J=1 J=1 J=1

and
0, O},n-1 O\ n-2 (o
B= A ) { n+l" n+1" + n+;’ Foeeees + n+l12
G, +D.0,V, G +D.0,,V, .+, 0, ¢+, 0,V
j=l j=l j=] j=1
n+l ml nel
N T »
*‘(¢1"'Z"'u"’j)}'e"i = | Vo = =Gy ¥, =Gy, 1y =G, v = =C.
j=1
Proof

From (4.1.25)

t

- l,df

E(ﬂ‘,l /112 ...... ,'[‘ e’ ﬂo)

T TGNl (T, vy €0 g g )

From (4.1.27)

— eH°+H1...+H"e'—'f(C°+C1+- *+Cpyy -t)e-co FA

el el

o'u-l [4Y) & ZMFZZV‘VM

)' + +eoe el +(¢l +zail Vl)} e o Va1 ==Coa1 Va==Cp o 1y =-Cp, yy=-C; *

¢ "’Z%VJ ¢H+Z w1y Yy ¢z+zl”u"1 m
Js

+
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Set

B= Aty
¢n+zo'njvj ¢n—1+zo'-1j"j ¢-2+Z°'n—2jvj ¢2+2021Vj
Jj=1 ‘ Ml . J=1 . j=1
n+l Z v,¢,+—zz L
"‘((151"‘ZC"lej)}'e'=l = | Vo ==Cprts v, =—C,,---, v, ==C,, vy = -C,
=1

then the result follows immediately.
ad

As the likelihood function has been obtained the value of the parameters, i.e. &, ﬁ:&‘ﬁ’ %)
that maximise the likelihood function can be evaluated from (4.1.30) as an estimation
procedure.
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4.2 Where the times of catastrophes and claims are known: A direct approach

This section deals with obtaining the maximum likelihood estimators of the parameters in
the shot noise process A, assuming that the times of catastrophe jumps and claim points
are known. In other words, we will obtain the maximum likelihood estimators of p , &
and y, on the basis of observed catastrophes and claims. Its application in calculating the

estimators of the parameters is illustrated in example 4.2.1 at the end of this section. The
appendix contains the S-Plus routine needed for this calculation. Note that p is not large

and therefore the Ornstein-Uhlenbeck process approximation is not used.

The times of the jump occurrence are denoted by s,,s,,---,s, (i.e. m catastrophe jumps)

and the times of point occurrence in each jump interarrival time as
(ie. j,. claim points). The intensity

9 SCTEN SN FUPICEEN SERTTETIEE N FURIEN A

function A decreases with the decay rate & between the time s_, and s, where
i =2,3,---,m until another catastrophe jump y, occurs at 5;. Therefore 4,4, ,---,4, are

regarded as parameters of the problems from which we can estimate the jump sizes as
there are not many catastrophes. We observe the claim points between catastrophe jumps
while A decreases with the decay rate &.

Let's assume that the claim points and catastrophe jumps do not occur at the same time. A
time interval (0,7) can be divided by the epochs at which the jumps and points occur.

The figure below illustrates the epochs at which the jumps and points occur.

| 1 ] | | | 1 o | 1 | |
o ¢t _____ t s t s t T=S

1 J 1 jl'q.l m J

where T =s,,, is a fixed time not the epoch at which the m+1” jump occurs.
We can estimate the rate of jump arrivals by

(4.2.1)

Let us begin by deriving the maximum likelihood estimator of 4,, :1,,.
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Theorem 4.2.1 Let N, as defined with intensity A, that is time homogeneous. Then

5(.]1+1 x) (422)

1- e"‘x"lﬂ 5)

where 3 is the maximum likelihood estimator of 6 and i =0,1,---,m

Proof
If we know the times of catastrophe jumps and claim points, from (4.1.1), the likelihood
function L is given by

A E7)
- e -JZ(:,—;,) P
— 24 Mo 08 . ki, imat " 5 ...
L=2%e e A e e
Jm Jml
-5 Z(:,— )l D -52(:,- W e
ﬂl;._lju-le = jy-p#1 e -1 I3 ,A{;ml"j-e i=jm+1 e m 5
- L]

(4.2.3)

Take the logarithm of (4.2.3) and differentiate with respect to 4, (i=0,1,---,m); if we
equate this to 0 then the maximum likelihood estimator of 4, is

5(.]1+1 1)
1- e-&m,—x:)
d
Corollary 4.2.2 Let N, and A, as defined in theorem 4.2.1. Then
,\ 2
{1 _ e'&("“"')}
‘7—1’:9 L = (4.2.4)
5/1_,1 l.' =Ay 3 . .
55 (.]i+1 - .]x)
where i=0,1,---,m
Proof
The result follows if we take the logarithm of (4.2.3) and differentiate twice with respect
to A, (1=0,1,---,m) and set 5(1’” J)
l e ‘X‘iol"})
O
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Corollary 4.2.3 Let N, and A, as defined. Then

Fhnl
. =0 4.2.5
aA 5 8/1& FIEYR ( )
A=Ay
wherei = k.
Proof

The result follows if we take the logarithm of (4.2.3) and differentiate with respect to 4,
and 4, .
Sk

O
Theorem 4.2.4 Let N, and A, as defined above. Then
An L . . ~&%, o -8sy-5) o &‘-"N)
e =j_’:':l—_.]lsl £ = "(Jz‘]x)(sz’sl)‘e_ﬂ'“ R 0 A Y | —1)——‘—‘
70} R S l_e""l l_e'&‘:‘-ﬁ) 1- e—&.r -5 y)
A =dalls
-&T—l.) h Ju w1
Ut = J) T =8 ) ————=D 1, — Z(r =8)= e = (=8 D (4 -,)
1- “’(T"-) =l impel 1=y +1 1=jal
(4.2.6)
Proof

The result follows if we take the logarithm of (4.2.3) and differentiate with respect to &
5(.]”'] .]1) (1 0 1 )

—5(51+1—-"1)

and set
1-e

The maximum likelihood estimator of &, 3 can be obtained by equating (4.2.6) to 0.

Corollary 4.2.5 Let N, and A, as defined. Then

#dInL . |2 e . 2 g %)
2 |55 =S 7+s1 ~ +(.]2-Jl)(s1 -Sl) T+(sz-s|) ry + oo
Z 2N Y ¢ 1-e™ g 1-e %

o Pt SR _ _ 2 -KT-n) g
+(-’m —.lm-l)(s S l){,\ ( 'm sm—l)}—-/\_-'-(.lmd _Jm)(T_Sm){-:-F(T—Sm)}e_A——%'
S 1= &=t S 1—e &%) 5

4.2.7)
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Proof
The result follows if we take the logarithm of (4.2.3) and differentiate twice with respect

to & and set 33, =6(]"—”A_J’l(i=0,1,-",m)-

1 - e“x-’l-l-l""l)
O
Corollary 4.2.6 Let N, and A, as defined. Then
P P - Ko=)
FnlL _1 eA2 (8 s,?\e 4258)
Ay 05 &Z N 5 )

where i =0,1,---,m

Proof
The result follows if we take the logarithm in (4.2.3) and differentiate with respect to 4,

(i=0,1,---,m)and §.
a

As the maximum likelihood estimation is used, the varlance-covanance matnx of the

maximum likelihood estimators of 4,,4,,---,4, and & (ie. Ao Z.,l, /1 and 5) is

given by
fmr ., ZmL]”
o .05
0 3"12L _— 0 dInl
", ., 36
0 .0 0
- 429
: : 0o - 0 : ( )
0 0 o 0 é“lrzlL ZInlL
F_ 3
ZnLl FInl FInl FInlL
5,55 9,06 7.0 & |

Now let us find the maximum likelihood estimator of jump size y,, ;1,..
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Corollary 4.2.7 Let N, and 4, as defined and y, be the jump size. Then

;)i - 3'3,_3':,_1 e-%s, = 6(.]i+l -Jl) — 5(]1 —.]i-l) e—%x, (4210)

1- e‘:s(-'m"‘l) 1- e‘s(-’l ~54)

where i=1,2,---,m.

Proof
The intensity at s, at which the first jump occurred is 4, = 2A.e™® +y,. Therefore

A A A A
Y, =As—Aoe™ .

From theorem 4.2.1

; =is,—ﬁ.oe—%"’ - 5(.]2 _jl) _ 5j1
! l _ e'&’:"-‘l) 1 — e‘%’l

A
-85

(4

Similarly,

;i — ﬁﬁ_is“ e—%:, — 5(ji+l _ji) _ 5(.]; _ji-]) e—%s, )

1- e“g("ld'sl) 1- e_s("""‘)

The following example illustrates the calculation of the estimators of parameters by
maximum likelihood estimation.

Example 4.2.1

The numerical values used to simulate the claim arrival process are m=3, 6=0.1,
A, =1,000. We will assume that the interarrival time between jumps is exponential with
mean 1, i.e. p=1 and that the jump size follows exponential with mean 100, i.e.
y ~ Exponential(0.01).

S-Plus was used to generate random values and to simulate the claim arrival process. The
calculation of the estimators of parameters by maximum likelihood estimation are shown
in Table 4.2.1 (see appendix for simulation and estimation).

The distribution of the jump size has not been estimated directly. As we have seen in the
previous chapter, to calculate the stop-loss reinsurance premium and the price of
catastrophe insurance derivatives, we should use a theoretical distribution for jump size y

and what we only need to calculate the prices is the mean of jump sizes. Therefore if the
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jump size distribution is exponential (i.e. g(y)=ae™®, y>0, a>0) 4!

A A A

+)t)s

used as % The reader should bear in mind that the general distribution of jump size y

a
cannot be deduced from 3 catastrophes.

Table 4.2.1 The estimates of parameters calculated by ML.L.E.

Numerical values Estimate of Standard error
used for simulation | parameters
5 0.1 5 0.070768653 0.04572912
Ao 1,000 Ao 976.7606 39.7807772
A 1,024.994 A 1,068.861 49.5543917
A, 1,302.009 s, 1,216.297 51.076307
As, 1,230.569 A, 1,173.496 43.732490
W 179.6427 Vit Yo+ I, 186.0299 80.89193
where 3
Average |, 1003073
Jump stze ¥y, =323.7813
y, =114.8395
p 1 p 0.80386 0.46411

From (4.2.4), (4.2.5), (4.2.7), (4.2.8) and (4.2.9) the variance-covariance matrix of the

maximum likelihood estimators of 4,,4,,4, ,4, and & (ie. ﬁo,ﬁ.,‘,ﬁ,,,;\is, and AJ) is as

follows:

[1582.5102371 196.6463007  730.386784  431.220483
196.6463007 2455.6377323 478.488780 282.499858
730.3867842  478.4887797 2608.789093 1049.265418
431.2204832  282.4998580 1049.265418 1912.530661
| 0.792275617  0.519033205 1.927801296 1.138174217
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5. State Estimation

In practical situations, we observe claims (and perhaps catastrophes) and we want to filter
the "noise" out and "estimate" the value of A, at any time. This is useful for the pricing of

catastrophe reinsurance contracts and catastrophe insurance derivatives in chapter 3 as it
helps us estimate the distribution of 4, from the past data. Therefore in this chapter we
will examine the conditional distribution of 4, given "observed information".

Firstly, we will try to obtain the Kalman-Bucy filter by transforming and approximating A,
and N, as normal variables Z, and ¥, from which we will derive the distribution of Z,. As
a matter of interest we will also examine the pricing of stop-loss reinsurance contracts

using the Kalman-Bucy filter. Its application in computing the premium will be illustrated.
Secondly, the Laplace transform of distribution of A4, will be obtained assuming that we

know the times of catastrophe jumps and claim points. Finally, we will look at the Laplace
transform of distribution of A, assuming that the number of claims in a fixed time interval

is known.

Let us assume that the shot noise process 4, is time homogeneous.

5.1 Transformations, approximations and pricing: The Kalman-Bucy filter
5.1.1 Transformations and approximations

Given the observations {N,;0< s<t}, it is required to estimate the value of A, at any

time #. Therefore "the filtering problem" is to obtain the best estimate A, on the basis of
the observed process {N,; 0<s<t}. We will also assume p is large.

We will now find the best estimate of A, based on the observations {N,;O <s<t}. We
start by transforming the processes 4, and N, using

_ e
Z‘(p)=)°r__s_ ie. A,=HL,z0 KL (5.1.1)
/ﬁzzg o 20
and
.
W)zivr_;;s_’ ie. Nf:”_gouwfp) {%’ (5.12)
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t
Ne[rds C,-mN,
Now let us define I’ = —2 =2t~ <t apnd 9 = ==Y where €, is the total

fﬁzﬂ fl‘_zp Bap
25 28 26

amount of claims up to time # and m =IudH(u). H(u) (u>0) is the claim size
0

M,
distribution function. Also recall V% = i__’%pi and J, =Y y,.

25 =l

Lemma 5.1.1 Let V¥, L¥ and Q% as defined and p— . Then

y® \/ﬁBf"
¥ = B (5.1.3)

) [k 24 g®
' k2 _;ZLBt

in law where B, B and B® are three independent standard Brownian motions and

k, = Tude (u)- U udH (u)) (the variance of claim size).

0

Proof

The generator of the process (X,,N,,C,,4,,J,,t) acting on a function f(x,n,c,4,j,t) is

given by

AsGme i) =L e a Lo 1L [ 150,043, 7+ 7.0dG() - £ (51,021,
0

+A{f (x,n+1,c+u,A,j,t)YdH(u)- f(x,n,c,4, j,1)}.
(5.1.4)

Set f(x,n,c,A,j,t)=

A

2 2
n—x) and f(x,n,c,l,j,t)=(c_m‘n]. Then

)
e £

2 \Y4 1 ° 2 2 . 2 2
()l e () %) )

2
and

)

Q|
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Al Ezmn =/1°°c+u—m,(n+l) dH ()| €= 2_5&
() e ) e

where m, = IudH(u), m, = qudH(u) and k, =m,—m’.
0

0
As mentioned in the introduction, A f is the solution to the 'martingale problem'. Hence
2 t
( L ) géids nd (Q, ) jkz 3éilia!s are martingales.
P

0 2

By Chebyschev's inequality,
t
Pr{ j
0

[l 282 gy, 280,
o H2 P H,

¢
252 par(| A ds
261 . 2 (%) (!, )
——=gds-—Lf|> gt <

K P K pe

and

k3 () Var (j. A ds)
> s} 77 e :

|

t
As can be seen from (1.4.13) (see also (1.4.21)) Var(jﬂ,sds)=K(t)p. Therefore as
0

|

Therefore from (5.1.5) and (5.1.6)

p—>®

_G)’K()p

204 2u
—sds-="L¢ < =
>¢€ 77 7

H P Hy

2y Var ([ 2.,ds)
} 0 -0 (5.1.5)

and

k2j2“ ds—k, 2y

t
K (-2,,—;’-)2Var(j Ads) s s
o, s _BGYKWp
oﬂz p au2

/e pzsz

(5.1.6)
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t
252‘! 5 Zﬂt
oM P Hy

and
J'k 26'1 - kzﬁt.
(]

in probability. Hence from proposition 4.1.1,

t
N,-[ads -
o= 2 = [|[“Ap® (5.1.7)
NV H,
and
,<P>=9"T";Aﬁ- = \/kzz—”—'Bf” (5.1.8)
36 #2

in law where B® and B™ are two independent standard Brownian motions.

Set f(x,n,c,A,j,t)= n-x i Jj- ot , flx,ncd, jt)= c—mn| j—upt and

A[ J[’ “"”l # ]
) W Je) | s KV
[ ) ) )

=Bl _x )‘m(f ,,l,x)+p,,'(n x)+—-(J )

25 28

=0,

(5.1.9)
e c+u-m(n+1>Hj-u,pt)d,,(u)_[c-mln}[j-M)}
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ctu-mm+) || n+l-x dH(u)_[C—m,n}[n_j_x_]
#)%)

(5.1.11)

Therefore (5.1.3) follows immediately from lemma 4.1.2, (5.1.7), (5.1.8), (5.1.9), (5.1.10)

and (5.1.11).
0

C —m 't : I
———=2— and prove the main result of this section.
Hap
25

Let us now define U® =

Theorem 5.1.2 Let Z¥, W and U as defined and p— . Then Z®, W’ and U¥
converge in law to Z,, W, and U, where

dZ, = -6Zdt ++25dB" (5.1.12)
dW, = Z,dt + /LM-dsz’ (5.1.13)
Ky
AU, =mdW, + |k, 22 dB® = m Z dt + |m, 2PrdB® (5.1.14)
2 My

where B, B®, B® are three independent standard Brownian motions and

m, ’ZELB;Z>+ ’kz 2t o
B@ = A, Ky
t

\/(ml2 +k2)2‘£L
My

(also a standard Brownian motion).
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Proof
First, note that (5.1.12) has already been proved from theorem 4.1.3.

W and U can be written as

jmmjms jﬂ% N, - j/ms

) Nt_%t j"l mp |
e = = = :Z 5 gy (5.1.15)
Lz V4 Vi
and
U® = Co-m* gt _C-mN +mN -m*t C-mN, N N, - 28t (5.1.16)
t . i
V& Vit vz V&

Therefore by continuous mapping theorem (see Billingsley (1968)), lemma 5.1.1 and
theorem 4.1.3, (5.1.15) and (5.1.16) converge to

t
W,=[Zds+ /%Bfn (5.1.17)
0 Ky
U, =mW, + /kz 2th po (5.1.18)
H,

Set dW, = Z dt + -Z—&dsz) in differential form of (5.1.18) then
Hy

AU, =mdW, + |k, 22dB® = mZdt +m, |2PaB® + [k, HhaB®.  (5.1.19)

M, Hy 2

and

Since the sum of two independent standard Brownian motions is also a standard Brownian
motion (5.1.19) becomes

dU, =mZdt + ’(mf + k) B 7 i+ /mz LW
M Hy

/zﬂl B(2)+ ’k 2:”1 B(3)
where B® = H
J(ml +k )
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The theorem 5.1.2 has proved that Z,, #, and U, are normal variables. As a result of this,

we obtained }w, N and C: which are Gaussian approximations of A,, N, and C,;

_HP P . _ i‘"%
A= +Z, ie. Z = (5.1.20)
k) \/ 26 e

28

Ni= ”g’t+W ’;25 ie. W= N"W_ (5.1.21)

25

- failid
CommBPeiy [P e y =CmmEl (5.1.22)
'S 26 :

/M
26

| ﬁ

5.1.2 The Kalman-Bucy filter and the distribution of Z,

We will derive the conditional distribution of Z,, given {W,;Os s< t}, by the Kalman-

Bucy filter where
dZ, = - 6Z,dt +\[264B® (5.1.23)
and
aw, = Zdr + |2 ap®. (5.1.24)
M,

Let us begin with a proposition used by @ksendal (1992).

W;0<s< t) of the 1-dimensional linear

s

Proposition 5.1.3 The solution Zi =E(Z,

filtering problem
dz,=F(t)Zdt+C(t)dB?"; F(),C(¥) eR (5.1.25)
dw, =G(t)Zdt+ D@)dB®; G(t),D(t) eR (5.1.26)
satisfies the stochastic differential equation
2 A
b= r0- 2 N b S B aw; h=E@)  (127)
where

A 2
SH=E {(Z, -Z r) } satisfies the Riccati equation

? = 2F()S(f) - GZE’ ; $*()+C*(f), S(0)= E[{z0 ~E(z, )}2] ~Var(Z,). (5.1.28)
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Proof
From theorem 6.10 in chapter IV of @ksendal (1992), the result follows immediately.
d

Theorem 5.1.4 Let (Z,,W;) be a two-dimensional normal process satisfying the system

of equations of (5.1.23) and (5.1.24). Then the estimate of Z, based on the observed
{w,o<s<t}is

t t

IH (s)ds A t H(u)du

Z:=E(ZW;0<s<t)=e° Zo+2£2—je: S(s)dW, (5.1.29)
Hi o

where
S(0)=a?,

25[‘1 24 248y \[—d
a +=2 +,/”2 1/3 e +25
25/‘1 2 280
-2 +2)

S(s) = —258
s) B '3_5’2“” J-J&(%z .
v [ ) -1
H2

(5.1.30)

and

2 | 29 at+ 2y [ W ‘/_m
w1l TS e Jﬂ\/a(zs,,,”
e . (5.131)
H, 26/11 ‘/3“,:_1\/(3(25#1_*_2

Proof
Let S(0)=a?. Then from (5.1.28) the Riccati equation has the solution
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= ) B
H, Ky a +25"1 ﬁ\/dw"+2
S(t) = —254s
a +2spl+ﬁ Hzﬁ:l_l_zj \/_\}R *2) Hy
RN e -
I

(5.1.32)
Therefore from (5.1.27) (5.1.32) offers the solution for Z: of the form
A ( ) H(s)ds A 'u t H(u)du
Zi=E <s<t)=e°® Zo+—2|e: S(s)dw,
' 2 '([
where
1 1 1 ‘/m i‘_’t’l_+2
2 [ {26 a + 2 [ o280 +25 B
Ay R 2 K+
m A\ m at+2n_ [ o200 1))
H(s)=-
1”1H +2§
pla P4l +1}2,,’:‘1/32,‘f’:‘+25 LD »
2 25/‘1 ,2:21 J425/‘1+2
g

Corollary 5.1.5 Let W, as defined. Then if Z, is stationary the estimate of Z, based on
the observation {/;0<s<1} is

1

A t H(u)du
Z:=E(ZW,;0<s<1)= 2“—2je S(s)dW, (5.1.33)
H %
where
26/1, 2/1 20 \[—V [2@1 ]
25”‘ +2 l+ ” n +2
V \l # 1+”f" F\/é(””wz
S(s) = ¥ 1

1+25y,+F ’iza"'+2j JHJ m” H,
M
zs,u, ‘/2117,‘/425;4,_*_2 -1

(5.1.34)
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> 25 25#1 2!‘1 ’i”‘ﬂl +2’ ‘[_“ 154+2:
ch g 29K +2 1+ a
Vi V s e ﬁ RECTI) )

and H(u)=- (5.1.35)
25, 2 280, \/m\/3 *2)
m e +\/E,/a #‘2‘ +2i 1
Hs 25/‘1 Fﬂzﬁll +2j
H2
Proof
Since Z, is stationary, E(Z,)=0. Therefore from (5.1.27) and (5.1.28), Zo =0 and
(425)
S(0)=a*=Var(Z,) =
0)= ar(Z,) = Y

Hence put 20 =0 in (5.1.29) and @*> =1 in (5.1.30) and (5.1.31) then the result follows
immediately.
a

Corollary 5.1.6 Let Z, and W, as defined. Then the estimate of Z, conditionally on
{(W,-w<s<it}is

A A ¢
Zi=E(ZW,;—w<s<t)=e? Zo-{5-L2 25"1 e-ﬂ'jeﬂ’dvz (5.1.36)
2 2/‘2 0
where = 6(6+'u—2).
My
Proof

For large value of s, we have obtained S(s) = _2om + ’2/1 1 ’({25;1 ! +1). Therefore
Ky H, H,

from (5.1.27) this offers the solution for 2’ ¢ of the form

N N ¢
Z =E(Z,|W;;—ooSSSt)=e'ﬂ'Zo—{5— & 25‘”‘ }e'ﬂ‘jeﬂ’dﬂﬁ
0

24, 2.”2
where f= {5(6#“2)

128



We have obtained £ (Z, W;0<s< t) = Z:. Now let us try to find the distribution of Z,.

Corollary 5.1.7 Let Z, ,W,, Z: and S(¢) as defined. Then
E(e"'z'IW,;OSsst)=e"z'+%’zs(’). (5.1.37)

Proof
From theorem 5.1.4 and the fact that Z, is normally distributed, given W,;0 < s<¢, with
Var(Z,IWS; 0<s<t)=8(t) the result follows immediately.

5.1.3 Pricing of a stop-loss reinsurance contract using the Kalman-Bucy filter

We have transformed and approximated A, and N, as normal variables Z, and #, from
which we have obtained the distribution of Z,. As a matter of interest let us derive the

pricing model for stop-loss reinsurance contracts for catastrophic events using normal
variables Z, and W,.

5.1.3.1 Constant claim sizes

Ignoring the effect of interest rates, the stop-loss reinsurance premium at time ¢ is
Ny-N,

E[( Zx,. -b)"] (5.1.38)

where:
N claim amount,

N, - N, number of claims between time 7" and #,

b retention limit,
Nr-N, Nr-N,

( 2R, -b)" = Max( 38, -5, 0),

i=1

If we assume that &, =1, then

Nr-N;

BI( 2%, -8)"1= E[{(N; - N))-b)"] (5.1.39)
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Since we have obtained N, which is a Gaussian approximation of N,, we will use this

approximation (see (5.1.21)). Therefore set 1\}, = %et +W, %’ in (5.1.39) then

E[{(A?,— &,)-b}*] = E[{\/’;Z;J(WT -W) +”—‘-;(T—-t) —b} } (5.1.40)

From (5.1.40), we can see that mean and variance of W, —W, need to be determined to

obtain stop-loss reinsurance premium. Therefore let us derive the expected value and
variance of W, —W,.

Lemma 5.1.8 Let Z, W, % ¢ and S(7) as defined. Then

l ‘XT -t) N
EW,-ww0<s<1)= ——B-,—Z, (5.1.41)
and
Var(W, -W|W,;0<s<1)
= _1_{(1 —e KTV §(1) - PN 4 4 %T0 3} + 2[-1-+ ﬂ)(T- t).
& H
(5.1.42)
Proof
From (5.1.23) and (5.1.24)
Z,=2e %" +28[e % dBY; 1<s (5.1.43)
t
and

W, - dew\/mde(” (5.1.44)

Set (5.1.43) in (5.1.44) then
1-e %

W, -W, ==, JTsjl e B0 4 fz:ldem. (5.1.45)
2

Take expectation in (5.1.45) then (5.1.41) follows immediately.

Var (W, - W|W,;0< s<t) = E{(, -W,)"|W;0< s <t} E{(, -} 05 s51).
(5.1.46)
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Therefore (5.1.42) follows immediately from (5.1.45) and (5.1.41).

We can now find stop-loss reinsurance premium at time # based on the observations
{w;0<s<1}.

Theorem 5.1.9 Let Z, W, %: and S(7) as defined. Then

~ ~ . > g
E[{(N,—N,)—b} IW;;0.<.sSt]=H%e 2 +{ %M+#—‘-;(T—t)—b}d>(-3)]

(5.1.47)
where
_p~&T-t) A
M=E(W,—W,|VK;0$SSt)=l—eE—Z;,
% =Var(W, -W|W,;0< s<t)
1 —&T-1)\2 28T —&T- 1 u
=5 W1-eX")S() -2 44670 3142l —+ EL (T 1),
- —_BP(T_
B= ﬂ, A= ke 2 Gl and ®(-) is the cumulative normal distribution function.
2 e
Proof
Conditioning on ;0 <s <t and set W =W, — W, in (5.1.40), then
E[{(ﬁf—ﬁ,)—bYIW,;oSsSt]=EH %(WT—VK)+£‘5'—O(T—0-I?} W,;OSsSt]
T (e P ] e
= 1/—a)+— T-1t)-b e? t do 5.1.48
;[{ 20 o (=1 }\/27:2 ( )
where
— e &T-D A
M=E(W,—W;Ws;05sst)=-l——f§——Z:,

S =Var(W, -WW,;0< s<1)

= %{(1 —e M) §(£) - 2T 4 474D _ 3} + 2(%+ﬂ)(T- 1),
H,
_ Pt _
and 4=2= 50 ~1)
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o-M . A-M
Set x = in (5.1.48) and put B= then (5.1.47) follows immediately.
\/_E_ ( ) p \/E | ( ) y

O

Let us evaluate the fair stop;loss reinsurance premium at time ¢ assuming that there is an
absence of arbitrage opportunities in the market. This can be achieved by using an
equivalent martingale probability measure P*. By theorem 3.2.5 we have found that the
claim intensity function A, has changed to &'A, and the rate of jump arrival p and the
jump size y in the shot noise process depend on time with respect to the equivalent

martingale probability measure, i.e.
A,—02,

p—p (1)=pg(re®),

4G () > dG" (yir) = 250D,

g(r'e®)

For simplicity, let us assume that & = (1+6) and " = 0 where 0< 8<1. Then
A, -1+ 04, (5.1.49)

Corollary 5.1.10 Let Z, W, Z: and S(f) as defined. Then

E*[{(A?,-A?,)-b}+|m;03ssz]

_ (<1+e>’uzp2'e-%ﬂ"+ ,(1+0)2'usz‘+(1+0)'u1p(T—t)—b o(-B")
46w 26 6

(5.1.50)
where
E” is the expectation with respect to equivalent martingale probability measure P”,
_e %D A
M=12"__+92,
= i{(l —e ) (14 0 S(f) - e 25D 4 47470 _ 3} 2dli_H (T-1)
& 6 (1+0u, ’
* Mt _ Q+Gpup _
B = —4—1:\—4-, A= b s (I-1) and ®(-) is the cumulative normal distribution
\/2— (1+8)* yp
26
function.
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Proof
If we replace ,, p1,, Z+ and S(r) with (1+ ), (1+6)* s, (1+6)Z:, and (1+6) S(¢)
respectively in (5.1.47) then (5.1.50) follows.

a

5.1.3.2 Random claim sizes

Let C, —C, be the total amount of claims between time 7T and £. Then from (5.1.39), the

stop-loss reinsurance premium at time # is
Nr-N,

EI( 28 -b)'1=E[{(C; ~C)-b)'] (5.1.51)

where all symbols have previously been defined. Since we have obtained é, which is a
Gaussian approximation of C,, we will use this approximation (see (5.1.22)). Therefore

Y [ﬂp :
set C, =ml—;,—t+U, 2—26 in (5.1.51) then

E[{(é,—é,)-b}*]=EHJ%’(UT-U,)+m,%’”(T-t)—b} } (5.1.52)

From (5.1.52), we can see that mean and variance of U, —U, need to be determined to

obtain stop-loss reinsurance premium. Therefore let us derive the expected value and
variance of U, - U,.

Lemma 5.1.11 Let Z,, W,, U, and %z as defined. Then

1-e %79 A
E(U,-UW;0ss<t)=m———7,. (5.1.53)

)

and
Var(U,-U,|W,;0<s<1)

2

2
— (ml?) {(1 _e-a(r-r))z S(t) _e-28(7-t) +4e—6(T—t) _ 3}+ 2(’%14_%)(7’_ t). (5. 1,54)
H,

Proof
From (5.1.14)

T T
Uy ~U,=m, [ Zds+ fmz Z/f‘—'de?’. (5.1.55)
t 2t
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Set (5.1.43) in (5.1.55) then

_ p-&T-0) T q_ ,-&T-u) T
U,—U,=m,1—e5—Z,+m,J53_[le—5—dBf,’)+ /mzﬁ‘ide,“). (5.1.56)
H %

t

Take expectation in (5.1.56) then (5.1.53) follows immediately.

<s<t)= E{(UT ~U,)W,;0<s< t}—E{(UT —Uw;0<s<t)}.
(5.1.57)

Var( iy

Therefore (5.1.54) follows immediately from (5.1.56) and (5.1.53).
a

We can now find stop-loss reinsurance premium at time ¢ based on the observations
{w,o<s<1t}.

Theorem 5.1.12 Let Z, ,W, Z: and S(f) as defined. Then

T A ¥ -1 m
E|{((C,-C)-b}'|[W,0ss<t|=| [ BPr  BEP(T— 1) b bd(-
[{(T C)-by' [ 0<s ] [ a5 +{,f25 +g (T-1)-b (1)

(5.1.58)
where
—5(7'“) A
F=E(UT—U,|VK;OSs<t)=m, = 7z,
Y= Var( r— < )
2 2
= (ﬁ) {(1 - e"’(“’)2 S(t)—e X0 £ 4750 _ 3} +2| B Thb 7y,
o 5
- IlllJ
L= ﬂ, K=  (I-1) and @(:) is the cumulative normal distribution function.
N
26
Proof

Conditioning on W,;0<s<¢ and set U =U, - U, in (5.1.52), then

E|{(C,-C)-b}'|W;0<s<t|=E M(U,-U)m,-”—‘e(r 1)-b
28

OSSSt:|

T /ﬂz mp 1 el
v+m, (T 1)- b} e? ¥ dv (5.1.59)
{{ ‘ NPy
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where

—p&KT-1) A
F=E(UT—Ut|W,;O$sst)=mll—ié—_—lZ,,
lI“=Var( r— < )
2
-(%) {(1—e'“"))zsa)—e-”’-"+4e“"""-3}““2( e )(T 1),
and K =2=mET =0

’M
26

Set y = T/—?— in (5.1.59) and put L= K\'/—?I" then (5.1.58) follows immediately.

Let us evaluate the fair stop-loss reinsurance premium at time ¢ assuming that there is an
absence of arbitrage opportunities in the market. This can be achieved by using an
equivalent martingale probability measure P*.

Corollary 5.1.13 Let Z, ,W,, Z: and §(#) as defined. Then

E‘[{(é,—é,)—b}*|ﬁ§;o <s< t]

\/(1+€)2y2p‘1’ A0 [0+ 0P pmpp. mas DL (1_1)-p\(-1)
467 ” 26 6

(5.1.60)

where

E” is the expectation with respect to equivalent martingale probability measure P",
-&T-t)

.=]nl 1—'85 (1+H)%t,
2 2
m 2
e Y 1=e 59 (14 02 S(1) — e 259 £ 457D _ 3¢ 1.2 _ml__*_% T-1),
(2] {u-c=Yararse e _3) {5 (1
-T™ _ (1+O)pup -
L= K }- , K = bom 5" (T-1) and ®(-) is the cumulative normal distribution

e

function.

(1+8)*
28
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Proof
If we replace 4,, 4, Z. and S(t) with (1+ 6y, 1+6)°y,, (1+ 6)%,, and (1+6)*S(?)
respectively in (5.1.58) then (5.1.60) follows.

The following example illustrates the calculation of stop-loss reinsurance premiums using
the pricing model derived previously.

Example 5.1.1

The numerical values used to simulate the claim arrival process are §=0.5, 4, =200.
We will assume that p=100 i.e. the interarrival time between jumps is exponential with

mean 0.01 and that the jump size follows exponential with mean 1, ie.
y ~ Exponential(1). S-Plus was used to generate random values and to simulate the

claim arrival process. The numerical values used to calculate (5.1.29) and (5.1.60) are
Zo=0,5(0)=0, 8=01, =1, u, =2, m =1, m =3, ¢=1, T=2,
b=0, 190, 200, 210, 220, 230, 240, 250,
E'(C,-C)=E'(N,-N)E®) = (1—+g_ﬁ‘i)m, =220,

By computing (5.1.29) and (5.1.60) using MAPLE and S-Plus, where Z: = 0.5579152, the
calculation of the stop-loss reinsurance premiums at each retention level b are shown in
Table 5.1.1 (see appendix for simulation and pricing).

Table S.1.1
Retention level b Reinsurance premiums

0 227.512939
190 38.767164
200 30.049486
210 22.209532
220 15.521060
230 10.171605
240 6.202363
250 3.494186
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5.2 Where the times of catastrophes and claims are known

In this section we will derive the Laplace transform of distribution of A, assuming that the
times of catastrophe jumps and claim points are known. In other words, we will obtain
the Laplace transform of distribution of A, by conditioning on observed catastrophes and

claims .

The times of the jump occurrence are denoted by s,,s,,-:-,s,, (i.e. m catastrophe jumps)
and the times of point occurrence by f,,2,,--,8; .1, 1,51 yo0eeeee 3 FIRTCLEN S (XA
claim points). The intensity function A decreases with the decay rate & between the time
s,_, and s, where i =2,3,---,m until another catastrophe jump y, occurs at 5;. Note that
in the most general case in this section jump sizes y,,),,':,y, do not have to be
independent. We observe the claim points between catastrophe jumps while A decreases

with the decay rate &.

Let's assume that claim points and catastrophe jumps do not occur at the same time. A
time interval (0,#) can be divided by the epochs at which the jumps and points occur.

The figure below illustrates the epochs at which the jumps and points occurred.

L i l L1 l - - — _ | I | I

0t _____ t s s t

1 _]l 1 J+1 m n

Let us start with a lemma.

Lemma 5.2.1 Let A, evolving up to a fixed time u (! <u), ¥,,Y,, ", V1> $15525° 55,
and ¢,,t,,---,¢, as defined. Assuming that we know 4, then

'j"d’

E(e-vﬂ-..itlﬂ‘z...ﬂ,"e . I'I{O) =K, h|(yl,yz,---,y,,,)gl,,,z’_,,,_ (D125 Y )V Y, -~ Y.

© e, 8

© ey 8

(5.2.1)
where

_5{it,+i(ti—s,)+ ------ + i(:i—s,,_,ﬁ i(‘;--’n)} —A.,l-_—e-:‘-
e

Kl = e—vloe"‘ 2'](; e =l i=pH I= 1+l =i+l F3 , (522)
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B (VY253 Ym)

= (ﬂ'oe_&l +y) e

_ 1-e~ %)
-{we &"-'“)*'——5——})'1

_ 1-e %D
-{w “HD"’—E—))’:

. (/108-&2 _,_y]e—ﬁ(&—s,) +y, ).fs"fz e

A 1—e~ X~9m-1)
—{re R ‘»n-l)+;3__, Yma

( ,‘Loe—&n.. + yle—ﬂ(sm.x-sx) + yze—rxsm.x--a) oo +ym_2e-ds,-,—sm-z) + Yo )jm'jn—le
~Busy , 1€ T

- ~B(su-5) -&su=5) - &sw=5u-2) - &sn=sns) g T 1
(A + 3% 4 yreXn T pgy e X Ly e XD Ly ) e )

(5.2.3)

and
8y (5Y55°**>Vn) is the m-dimensional joint probability density function of jump size

) D AT A 4

*m-12"m"*

Proof
The shot noise process 4, evolving up to a fixed time ¢ is
A=A+ ) ye X, (5.2.4)
5<t
Therefore

Uit g2 i
m

-8 Z(tl_ u-—l)
= ( loe_&"'l + yle"a(-fm-l"-'l) + yze-fx-'n-l'lz) 4oeet ym_ze-ﬂsm-l—-"m-z) + ym_l).lm_]n-l e ‘'w

(5.2.5)

and
- | Ads ~&XSm-3m-1)
,r ~(Age Sl gy B 4 Bt gy o EmtimD Yl
e =g ¢ g T (5.2.6)
The result follows if we use (5.2.5) and (5.2.6) for the left-hand side of (5.2.1).
a

Corollary 5.2.2 Let 4, evolving up to a fixed time u (£ <u), ¥,,¥,,° ", V1> 515825380
and #,,t,,---,f, as defined. Assuming that we know 4, then
-1

E(A A, e |A)=K,

Oty 8

J" Ihz D5 Yes aym)gz,m,_,,,m V13257 Y )V A3 -~ Ay,
o 0

(5.2.7)
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where

-s{izﬁi(g—qﬁ ------ + i(t,--sﬂﬁ i('i‘-‘m)} P
L2

I(2 — AJ(; e i [yt Py e- 5 (528)

hz(.}’layza""ym)

| B
=( ;Loe-&l +y)he 8

1—e XD
. ( ;Loe-&z + yle-é(&-s]) +y, )13‘12 e &

Y2

1—¢~ &m0

- - - - - - - -7 - Y-
.(ﬂoe 8y +y1e Sy —5) +y2e &K Spyy Sz)+...+ym-2e HS 1= Sm-2) +ym_-| )f" J-le 5 1
1-e~X-5m)
- - - - - - - - - -7 - Vm
-(loe &n +yle 5(3.. S]) +y2e &‘. ‘2)+.__+ym_2e 5(-‘. 3._2) +ym_le a.!'. "-l) +ym)" J"'e 5 ,
(5.2.9)

and
&2y (315Y2>+*»Ym) 1s the m-dimensional joint probability density function of jump size

YI’YZ’""Xn—l’Kn‘

Proof
The result follows immediately if we set v=0in (5.2.1).

Now let us obtain the Laplace transform of the distribution of intensity 4, .

Theorem 5.2.3 Let A, evolving up to a fixed time u as defined. Also N, as defined and
3 be the filtration generated by {N,; 0<s<t}. Let M, be the total number of jumps up
to time f and 5 be the filtration generated by {M,; 0<s<t}. Assuming that we know
A, then

«©
e VAge J‘
0

LY Ye)E OV Y )0y, -y,
AT T
E(e—wl,, 0 .

I¥MA,)=

Y CZS YL /0 1SS 65 PSIINS /) o 0 RN

(5.2.10)

© teaemy 8
© tmmy, 8 (O ey 8
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Proof
If we assume that we know intensity A from 0 to # i.e. 1, where 0 < @ < u. Assuming that

we know when the jumps and points occur then

E(e™™ gfn”;AG,OS o<u)
= lj.l'l‘;lE(e-""IT; E[tutl + 51):""7:. e[tn oLy +&,),u< L

n+l>

S, €[5,,8 +6), .S, €[s,,8, +6,4<8S,..:4,,0S < 1)
alo

where 7, is interarrival time between claims.

_E{e™I(T ed,,T, edt,, T, edt, ,u<T,,,S €ds,,S, €ds, -, S, €ds, u<8,,)A,,0< @<u}
~ Pu(T ed,,T, edt,, T edt,u<T, ‘

s €4d5,,8, €ds,,-+,S, €ds,,u <Sm+1|10,0s w<u)
(5.2.11)

We can find that the denominator of (5.2.11) is a joint probability density function of
1,T,,---,T,. Therefore

E([3)
_E[E{e”™I(T, ed,,T, edt,, -, T, €dt,,u<T,

n+l>

S, €ds,,S, eds,,++,S, eds,,u<S,, )|A,.0S @<u}]

—|a,a

E[A Ay e e 1
(5.2.12)

Conditioning on ¥,,Y,,---,Y,

m-12

Y in the numerator of (5.2.12) then

E[E, ., [E{e™I(T, edt,,--,T, edt,, u<T,

n+l?

" S, eds,,-, S, €ds,, u<S, D, }2,,0s 0su]
=E[Ey,.,. {e Pr(T, edty,-+,T edt, u<T,

S, eds,,-,S, €ds,, u<S,, |1, ¥,)}|4,.0< w<u]
=E[e""“E,.va_ {Pr(1, €at,,---, T, €dt,,u<T,,S €ds,, .S, €ds,,u <SM,|Y,,---,Y,,,)}|11,,,OS @<

= E[e™" Pr(T, edt,,---, T edt,,u<T,,S €ds,--,S, €ds,,u <Sm+,|/1m,0s o <u)].
(5.2.13)

n+l?

We can also find that the second part of (5.2.13) is the joint probability density function of
I,7,---,T. Therefore

=E[e™A,A, A e ] (5.2.14)
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Hence

- | A.ds
E[e™ A, A, e Ae®
E(e "™ |3'M) = [ L b ]. (5.2.15)
1 Ads
E[lx,;n, ...... Ae® ]

The result follows immediately from (5.2.1) and (5.2.7) if we place a condition on A, in
(5.2.15).

We will close this section with a corollary that illustrates the use of theorem 5.2.3 when
the jump size distribution is exponential i.e. g(y,) = ae™®", y, >0, a> 0 and there is only

one jump.

Corollary 5.2.4 Let A, as defined and evolving up to a fixed time ». Assume that there
is only one jump, it occurs at s, and that there are » points at ¢,z,,---,#, where
0<t, <s <t,<u. Let the jump size distribution be exponential i.e.
g0) =0, >0, a>0. Then

— p~&u-%) - a+w.‘u.,ﬂ+l—t"""‘) P
l__e—a(u-.yl) © {a+ ve'&""l) +1 e }n—j+l pn—_/e { —5 )
{a+——§ _ }n-./+l j 61- — dp
MM 1) = doe™™ (n-j+1)
w3/ l—e-&u_‘l)

] —e-%%) = {a+

n—j+l -
| T(—j+1) dp

E(e™™™

1-e M-
}n-j+l pn—je—{m 5

)P

{a+ve %4

M‘l‘l
(5.2.16)
Proof
As there is only one jump, the numerator of (5.2.10) becomes

e vige™

Ot—8
© ey 8

"'Ihl(yl’yza'"rym)gl,i,z_..._y_ (y1=y2,""ymyiyldy2'"dym

_ 1—g~%u-n)
~{ve A, n

=™ (A +y) e 5 dG(y,).
0
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Set g(3,) = ae™™ , then

) )
et T(n—j+1)
- l_e'é(“—-fl) ) ]
{a+ ve X +——————-—5 it
o &u-5) PSR L i
o {a+ ve-e-a . 1 e5 l y i pTe A
T 1 dp (5.2.17)
AeH (n_.]+ )
where
-&u-s, . —g~ %
(@ v 4 1-e X )}"‘f"p""e-(am «xu-q).'_.s—-)r | g
2] ~ Gamma| n-j+1, {a+w ™ 2"¢ 3|
T(n—j+1) 5

Setting v=0 in (5.2.17), then the denominator of (5.2.10) becomes

T
0

CYCZPR LTINS 8 -/ 67 Y5 OYSELR /) ¢ T PR

© Gy 8
© ey 8

e 1= it gy
_ae).oe""{a-rl_‘ 2y T(n—j+1) o {at———}"""p"e i
(a4 l—e’“""‘)}mm N I'(n-j+1)
o
(5.2.18)
where
l_e-ts(u—sl) - _{a+1—e“’(""1’}P
{at———)""p"e 2 = g-8)
- ~ Gamma|n-j+1, {a+——} |.
I'(n-j+1) o

The result follows immediately from (5.2.17) and (5.2.18).
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5.3 Where the number of claims in a fixed time interval is known

This section deals with the derivation of the Laplace transform of the distribution of
intensity A, assuming that the number of claims in a fixed time interval is known. We do

not have any information about catastrophes and also the times of claim point occurrence.
Therefore we will obtain the Laplace transform of the distribution of intensity A, by

conditioning the number of claims between a time interval for which information is
available.

Let us assume that the shot noise process 4, is time homogeneous.

Lemma 5.3.1 Let N, and A, as defined. Let v>0, 0<8<1, 0<n<r<cw and ¢, ¢,
be fixed times. Then

B I(N, - N, =m)} = - B (6" "¢ ™

N, 4, Y ool (5.3.1)

Proof

E(eMz_qu_WI'z ) = iE{HI(le - Nl, _—_1')e- Vi, } — E{E(dvtz—Nue-wUz

i=0

N,,4.)}. (53.2)

The result follows immediately if we differentiate (5.3.2) » times w.r.t. @ and set 8=0.

O
Corollary 5.3.2 Let N, and A, as defined and 0< #<1. Then
1 d -
Pr(N, - N, =n)=—E[{=—E(@"™|N,,4,)}{ s). (53.3)
n! " dg
Proof
The result follows immediately if we set v=01in (5.3.1).
O

Now let us derive the Laplace transform of the distribution of intensity A,.

Theorem 5.3.3 Let N, and A, as defined. Let v>0, 0<@<1and ¢, ¢, be fixed times.
Then
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E(e”"'”" 2N, 24 )} 0]
E(e"™|N, -N, =n)= d,, . . (5.3.4)
El{ - B0 [N, 2, )} o]
Proof
E(e™"™ N, — N, =n) can be written as
E{e™ I(N, -N, =
E@e™|N, - N, =my=2t¢ " IW, =N, =m} (5.3.5)
? ' Pr(N, - N, =n)
The result follows from (5.3.1) and (5.3.3).
O

We will close this section with a corollary that illustrates the use of theorem 5.3.3 when
the jump size distribution is exponential i.e. g(y)=0e ™, y>0, a>0 and there is only

one claim in a fixed time interval.

Corollary 5.3.4 Let N, and A, as defined. Let v=20, 0<6<1 and 1, £, be fixed times.
Assume that there is only one claim between the interval (¢, ¢,),i.e. N, - N, =1. Let

the jump size distribution be exponential i.e. g(y)=ae™, y>0, a>0. Assuming that
we know the Laplace transform of the distribution of 4, then

E(e™|N,-N, =1)=

(v—1 e"+¢z+l » (v—-l e? v asl N -8 (v—l R
H(1+(v_1 S | 5|___ axl-e?) st |, gwl=e 8
\é (ba+1)? (v+a)e? &Koa+1)(v+ @)e® (v+a)e® L] (via)e?

a+l-los arl Ly ) arl_Lga|o
H(l( -&)) ap ("5 5 | _exl-€®) |""5 5 cgol=? |75 s
3 (Sa+1) a® Soa+l)ae® e 'S ae™®

(5.3.6)

where H (V) denotes the Laplace transform of the distribution of 4,,

L) s 5=ty
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Proof
From (2.1.12),

E{ GNaNn) g~ Vi

N,,2,}

1-6Y - &t -1)
DDAy o1,y {(V L8)g %) g4 10 ot
(v+@)e X
-8 1y —1,
—{3+(v-3)e"'1"l)}1,l e Ahah)g 2y (30— 20 (V_] )e Xah) +a+l‘s }2 5
(v+@)e X
¢9(tztl)__1‘§es(t,t,)_i_a_|_l¢s .
-&ty—t, - 9}
(v+a)e X2

— e'{§+( whe X2y, P CEAE wa)e dg Ve

b
=Ke*? (a-6)-7

(5.3.7)
where
1- e—tf('z“n) adi-+ 2}
= 6, Lo SracimD
5( v+ a)e—lx‘z—’l) m ’
vrae X2
- ~8(t-1,) -&1,-1)
K= e—{%+(v—§)e &lz-'l)}/l,‘ e"P('z"'l) k - ll (V+ a)e"x‘f‘l) a= ve HL-4) _ lse -4 + a+l5
? 1 ’ ( v+ a)e-ﬁ('z-fx) ?
ap{l e % ‘0} (Sa+1){1-e %0}
Kty-t;) = ~-&ty-1)
5( v+a)e A v+a)e
(5.3.8)
Using MAPLE, expanding (5.3.7) with respect to # without a constant K then
\ P
b
e (a-6)9 = ee
b b
“ma, —c+(Ina)a ZIna
+{ec ab——(z—)—+ke° }9
c‘a
+{ te c‘“’b —c+(lna)a 1 é‘“"b ~2c%a-c +2(Ina)ca’ +be’ - 2bc(ina)a+b(n’ a)a® | 1 kze%m &
c’a 2 c'a’ 2
1 ,w;-.b -2c*a-c* +2(Ina)ca’ +b‘c‘2- 2bc(Ina)a +b(In’ a)a’ W1 k,egu.b —c+(zlna)a W k,
“ 2 c'a 2 c‘a 6 3

]
+le%‘“b -3c'a-6c’a® - 2¢* +6(Ina)c’a® + 6bc’a + 3bc! — 12bc*(Ina)a’® - 3bc’(lna)a +6bc(In? a)a® - b?c® +3b*c*(Ina)a ~ B*c(In? a)a® +b%(In’ a)a®
6 c*a’

(1 ’m;lu -3'a-62d* -2° +6(Ina)’a’ +6bca+3bc' —12b¢ (Ina)a® - 36 (Ina)a+6be(In’ a)ad® ~Bc* + 38 (Ina)a~30' (In* a)d? +H (I’ a)a®

6 &ca 4
+ k’e‘m" -2¢a-c +2nayed +bc"+3bc‘-2bc(lna)+b(1n‘a)a’ 1/? 2 L-c+(lna)a e wa bA +-—k‘ L
c'a fa 24 &at 24
+0(9 )

(5.3.9)
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where

A=-24c"a - 6¢" +11bc® — 6b°c’ + b¢c* +24(Ina)c’a’ —8c®a—12c%a” + 24bc’a + 36bca® —12b%c*a
+b*(In* a)a* - 72bc* (Ina)a® — 24bc*a* (Ina) - 8bc* (Ina)a +36bc* (In® a)a* +36b°c* (Ina)a’® +12b%¢* (Ina)a
—36b%c*(In? a)a® - 6b°c*(In® a)a® +12b%c(In a)a* — 4b°c*(Ina)a + 6b°c* (In* a)a® — 4b°c(In® a)a’.

Therefore, from (5.3.9) and N, — N, =1, the numerator of (5.3.4) becomes

d N, -v
E[{d_aE“’"" g™ |N, |4, )} a0

bha — b1na —e &
In c+(lna)a+kecln } l-e ]
c‘a

— _i kd o :—b_ = c
_E[{deKe (a-60)"} o] E[K{e b : o™

(5.3.10)

Substitute (5.3.8) into (5.3.10) and put s=+¢, —¢, then

— e‘ﬁs

i > oo

e el ey [ febiosat] L fo el
3 -

Ele 6a+ll (v+a)e® &v+a)¢"+(5a+1)’l (vea)e® (v+a)e® s l (v+a)e™® 4,

Se

1 1 1 1)@ 1 1 1 1
bty a [(v-— e"uzoz l-e* a [(v-‘-s)e"»aw‘—; (v-= a"un‘—,_ N [(v—— e"&ao; . bt
E{' } Sa+l l (vea)e™ Xvea)e® * (Ba+l)’ l (vea)e® (vea)e™® F3 [ (vea)e™ E{A"’ } )

(5.3.11)

Since we know the Laplace transform of the distribution of 4, , we have

1 1 ap_
Sa+l
(v—-)e® +a+=
= e’/x 5
(v+a)e™®
(v-l e ra+l & [(v—l e ratt 3 &
. 1{](.!..{.(‘;_.};)3_& ap 5 1n 5) — 5 - aﬂl-e ) — 6) — 6 +Hl(l) l—e i
5 (Sa+1) (v+a)e X Sa+1)(v+a)e 1 (v+a)e 5

(5.3.12)

where H,(v) denotes the Laplace transform of the distribution of 4,,

H® =—H{(16+(v—l e-&).
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Setting v=0 in (5.3.12), then the denominator of (5.3.4) becomes

B E6|N, .2, )] )

ap
1 1 _;)&n
a+———e®

._e_“ 5

e

-1

1 —& -&
1, &) e  [*5 5 op(l-e®) |¥1575¢ pl-e?®
| H| =0~ In - H®——|
H‘(aa ¢ )J (Sa+1)? e ® &Sa+1)ae™® ae™® TS
(5.3.13)
The result follows immediately from (5.3.12) and (5.3.13).
0
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6. Conclusions

As a claim intensity function for doubly stochastic Poisson process, we have examined the
shot noise process. We have looked at doubly stochastic Poisson process incorporating
the shot noise process as its intensity for the claim arrival process for catastrophic events.

We have derived pricing formulae for stop-loss reinsurance contracts for catastrophic
events and for catastrophe insurance derivatives applying doubly stochastic Poisson
process incorporating the shot noise process as its intensity. We have also presented
pricing formulae for stop-loss reinsurance contracts for catastrophic events using the
Kalman-Bucy filter. For these pricing models, it has been assumed that there are no
arbitrage opportunities in the market. This has been achieved by using an equivalent
martingale probability measure via the Esscher transform.

Having established the pricing models, it has turned out two estimations, i.e. estimation of
the parameters of the claim intensity and estimation of the distribution of claim intensity
were essential. We have shown how to estimate the parameters of the claim intensity
using likelihood function. For estimation of the distribution of claim intensity, we have
employed state estimation, one of which was by the Kalman-Bucy filter.
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Appendix
1. The calculations and S-Plus routine for example 3.4.1

>an

[1] 0.00011628 0.00048266 0.00142250 0.00333550 0.00661500 0.01152300
[7] 0.01808600 0.02604500 0.03488100 0.04390000 0.05234900 0.05953700
[13] 0.06493200 0.06821400 0.06929000 0.06827300 0.06543400 0.06114800
[19] 0.05583100 0.04989800 0.04372300 0.03761600 0.03181500 0.02648400
[25] 0.02172000 0.01756700 0.01402300 0.01105600 0.00861660 0.00664190
[31] 0.00506670 0.00382720 0.00286390 0.00212410 0.00156210 0.00113960
[37] 0.00082497 0.00059282 0.00042301 0.00029981 0.00021112

> sum(an)
[1] 0.9995107

> 0.9995107+0.000014982
[1]0.9995257

>n
[1] 41

> gl
[1]1

> betal
[1]1

>bl (Retention limit)
[1]0.00 5.00 10.00 16.61 20.00 25.00 30.00 33.22

>b2
function(b1)
{

zl <-1:n
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for(iin 1:n) {

al<-(gl *i)+1

aal <- 1 - pgamma(bl, al)

aa2 <- 1 - pgamma(bl, (al - 1))

z1[i] <- an[i] * (((aal * (al - 1))/betal) - (b1 * aa2))
}

return(sum(z1))

>b2(b1[i]) (Reinsurance premium)
[1] 16.58403 11.61916 7.06779 2.833487 1.587005 0.595824 0.1951147 0.0886971
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2. The calculations and S-Plus routine for example 3.4.2

> an

[1] 0.00011628 0.00048266 0.00142250 0.00333550 0.00661500 0.01152300
[7]1 0.01808600 0.02604500 0.03488100 0.04390000 0.05234900 0.05953700
[13] 0.06493200 0.06821400 0.06929000 0.06827300 0.06543400 0.06114800
[19] 0.05583100 0.04989800 0.04372300 0.03761600 0.03181500 0.02648400
[25] 0.02172000 0.01756700 0.01402300 0.01105600 0.00861660 0.00664190
[31] 0.00506670 0.00382720 0.00286390 0.00212410 0.00156210 0.00113960
[37] 0.00082497 0.00059282 0.00042301 0.00029981 0.00021112

> sum(an)
[1] 0.9995107

>0.9995107+0.000014982
[1] 0.9995257

>n
[1] 41

>g1
[1]1

> betal
[1]1

>bl
[1]0.00 5.00 10.00 16.61 20.00 25.00 30.00 33.22

>b2
function(b1)
{
zl <- LIn
for(iin 1:n) {
al<-(gl *i)+1
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aal <- 1 - pgamma(bl, al)
aa2 <- 1 - pgamma(bl, (al - 1))
z1[i] <- an[i] * (((aal * (al - 1))/betal) - (bl * aa2))

}
return(sum(z1))
}
>b3
function(b1)
{
z1<-1n
for(iin 1:n) {
al <-(gl *1i)
z1[i] <- (1/b1) * an[i] * (al/betal)
}
return(sum(z1))
}
>b3(b1[4])
[1] 0.9984363

> bb2[8]<-b2(b1[8])/b1[4]
> bb2[8]
[1] 0.005339982

> futu<-25000*(b3(b1[4])-bb2[8]) (Catastrophe futures price)

> futu
[1] 24827.41
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3. The calculations and S-Plus routine for example 3.4.3

> gl
[1]1

> betal

[1]1

> b1 (Retention limit)
[1] 25.00

>b2
function(b1)
{
z1<-1n
for(iin 1:n) {
al<-(gl *i)+1
aal <- 1 - pgamma(bl, al)
aa2 <- 1 - pgamma(bl, (al - 1))
z1[i] <- an[i] * (((aal * (al - 1))/betal) - (bl * aa2))
}

return(sum(z1))

}

31 €=10and y =-0.1

>an

[1] 0.00022918 0.00090937 0.00256150 0.00574030 0.01087900 0.01810700

[7]1 0.02715300 0.03735600 0.04779100 0.05745400 0.06543800 0.07108200
[13] 0.07403700 0.07427900 0.07205100 0.06779100 0.06204000 0.05535700
[19] 0.04825800 0.04117900 0.03444900 0.02829500 0.02284600 0.01815500
[25] 0.01421400 0.01097400 0.00836150 0.00629300 0.00468130 0.00344420
[31] 0.00250780 0.00180800 0.00129130 0.00091405 0.00064155 0.00044666
[37] 0.00030858 0.00021162
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> sum(an)
[1] 0.9995349

> 0.9995349+0.000030886
[1] 0.9995658

>n
[1] 38

>b2(b1[1]) (Reinsurance premium)
[1] 0.3544252

32 #=11and y' =-0.1

>an

[1] 0.00011628 0.00048266 0.00142250 0.00333550 0.00661500 0.01152300
[7] 0.01808600 0.02604500 0.03488100 0.04390000 0.05234900 0.05953700
[13] 0.06493200 0.06821400 0.06929000 0.06827300 0.06543400 0.06114800
[19] 0.05583100 0.04989800 0.04372300 0.03761600 0.03181500 0.02648400
[25] 0.02172000 0.01756700 0.01402300 0.01105600 0.00861660 0.00664190
[31] 0.00506670 0.00382720 0.00286390 0.00212410 0.00156210 0.00113960
[37] 0.00082497 0.00059282 0.00042301 0.00029981 0.00021112

> sum(an)
[1] 0.9995107

> 0.9995107+0.000014982
[1] 0.9995257

>n
[1] 41

>b2(b1[1]) (Reinsurance premium)
[1] 0.595824
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33 =12and ¥y =-0.1

>an

[1] 0.000060714 0.00026207 0.00080323 0.001959 0.0040414 0.0073238
[7]0.011959 0.017919 0.02497 0.032703 0.040582 0.048034

[13] 0.054522 0.059616 0.063031 0.064647 0.064496 0.062741

[19] 0.059636 0.055488 0.050619 0.04534 0.039926 0.034604

[25] 0.02955 0.024885 0.020684 0.016981 0.013781 0.011062
[31]0.0087872 0.006912 0.0053864 0.0041604 0.0031864 0.0024208
[37] 0.0018251 0.0013659 0.0010151 0.00074928 0.00054953 0.00040055
[43] 0.00029023 0.00020909

> sum(an)
[1] 0.9994842

> 0.9994842+0.000007524
[1] 0.9994917

>n
[1] 44

>b2(b1[1]) (Reinsurance premium)
[1] 0.9299355

34 6 =13 and ¥y’ =-0.1

>an

[1] 3.2563e-05 1.4545¢e-04 4.6138e-04 1.1647e-03 2.4871e-03 4.6660e-03
[7] 7.8881e-03 1.2237e-02 1.7657e-02 2.3946e-02 3.0773¢e-02 3.7721e-02
[13] 4.4343e-02 5.0218e-02 5.4993e-02 5.8422e-02 6.0375¢-02 6.0839¢-02
[19] 5.9905e-02 5.7742¢-02 5.4570e-02 5.0639¢-02 4.6199¢-02 4.1485e-02
[25] 3.6704¢-02 3.2025e-02 2.7581e-02 2.3463e-02 1.9730e-02 1.6410e-02
[31] 1.3508e-02 1.1010e-02 8.8914¢-03 7.1168e-03 5.6485¢-03 4.4472¢-03
[37] 3.4746€-03 2.6949¢-03 2.0755e-03 1.5878e-03 1.2069e-03 9.1174e-04
[43] 6.8468e-04 5.1125e-04 3.7967¢e-04 2.8047¢e-04 2.0613e-04
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> sum(an)
[1] 0.9994578

> 0.9994578+0.0000039001
[1] 0.9994617

>n
[1]147

>b2(b1[1]) (Reinsurance premium)
[1] 1.366049

35 6 =14and y' =-0.1

>an

[1] 1.7904e-05 8.2427¢-05 2.6951e-04 7.0137e-04 1.5442¢-03 2.9869¢-03
[7] 5.2068e-03 8.3297¢-03 1.2395e-02 1.7337¢-02 2.2978e-02 2.9052¢-02
[13] 3.5228e-02 4.1152e-02 4.6489¢-02 5.0948e-02 5.4318e-02 5.6470e-02
[19] 5.7367e-02 5.7050e-02 5.5630e-02 5.3264¢e-02 5.0141e-02 4.6459¢-02
[25] 4.2415e-02 3.8189¢-02 3.3939¢-02 2.9794¢-02 2.5855e-02 2.2192e-02
[31] 1.8852¢-02 1.585%9¢-02 1.3217¢-02 1.0918e-02 8.9433¢-03 7.2672e-03
[37] 5.8601e-03 4.6910e-03 3.7289¢-03 2.9444¢e-03 2.3100e-03 1.8012¢-03
[43] 1.3961e-03 1.0761e-03 8.2483e-04 6.2893e-04 4.7714¢-04 3.6022¢-04
[49] 2.7067e-04 2.0245e-04

> sum(an)
[1] 0.9994294

> 0.9994294+0,0000020808
[1]0.9994315

>n
[1] 50
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>b2(b1[1]) (Reinsurance premium)
[1] 1.90885

36 6=15and y' =-0.1

>an

[1] 1.0075e-05 4.7649¢-05 1.6006e-04 4.2797¢-04 9.6818e-04 1.9245¢-03
[7] 3.4476e-03 5.6683e-03 8.6694e-03 1.2463e-02 1.6980e-02 2.2069¢-02
[13] 2.7509¢-02 3.3037e-02 3.8370e-02 4.3233e-02 4.7390e-02 5.0657e-02
[19] 5.2913e-02 5.4108e-02 5.4253¢e-02 5.3416e-02 5.1708e-02 4.9270e-02
[25] 4.6258e-02 4.2832¢-02 3.9147¢e-02 3.5344e-02 3.1543e-02 2.7846e-02
[31] 2.4329¢-02 2.1049¢-02 1.8043¢e-02 1.5330e-02 1.2916e-02 1.0796e-02
[37] 8.9543e-03 7.3729¢-03 6.0286¢-03 4.8965e-03 3.9516e-03 3.1694e-03
[43] 2.5272e-03 2.0036e-03 1.5799¢-03 1.2393e-03 9.6719e-04 7.5116e-04
[49] 5.8065e-04 4.4681e-04 3.4231e-04 2.6115e-04 1.9841e-04

> sum(an)

[1] 0.9994037

> 0.9994037+0.00000114
[1] 0.9994048

>n
[1]53

>b2(b1[1]) (Reinsurance premium)
[1]2.558786

37 y=-0.0and 6 =1.1

>an
[1] 0.00028698 0.00111750 0.00309080 0.00680370 0.01267100 0.02073400
[7]1 0.03057600 0.04138100 0.05209800 0.06165000 0.06913600 0.07396100
[13] 0.07588700 0.07501500 0.07171100 0.06650800 0.06000800 0.05279800
[19] 0.04539500 0.03821000 0.03153600 0.02555800 0.02036600 0.01597400
[25] 0.01234500 0.00940970 0.00707950 0.00526160 0.00386560 0.00280920
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[31] 0.00202050 0.00143910 0.00101560 0.00071035 0.00049272 0.00033903
[37] 0.00023151

> sum(an)
[1] 0.9994914

> 0.9994914+0.000039944
[1]0.9995313

>n
[1]37

>b2(b1[1]) (Reinsurance premium)
[1] 0.3029752

38 y=-0.2and 6 =11

>an

[1] 0.00003774 0.00016795 0.00053041 0.00133230 0.00282920 0.00527530
[7] 0.00885960 0.01364800 0.01954700 0.02630100 0.03352200 0.04074100
[13] 0.04746900 0.05326600 0.05778100 0.06078700 0.06219300 0.06203100
[19] 0.06044100 0.05763600 0.05387700 0.04944100 0.04459700 0.03958700
[25] 0.03461700 0.02984700 0.02539700 0.02134300 0.01772600 0.01456000
[31] 0.01183400 0.00952320 0.00759140 0.00599730 0.00469750 0.00364950
[37] 0.00281330 0.00215260 0.00163540 0.00123400 0.00092503 0.00068909
[43] 0.00051025 0.00037564 0.00027501 0.00020026

> sum(an)
[1] 0.999491

> 0.999491+0.0000045336
[1] 0.9994955

>n
[1] 46
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>b2(b1[1]) (Reinsurance premium)
[1] 1.207256

39 y'=-0.3and ' =11

> an

[1] 8.8706€-06 4.2635e-05 1.4534e-04 3.9384e-04 9.0186¢e-04 1.8125¢-03
[7] 3.2798e-03 5.4414e-03 8.3904e-03 1.2151e-02 1.6661e-02 2.1781e-02
[13] 2.7289e-02 3.2918e-02 3.8376e-02 4.3379¢-02 4.7676e-02 5.1069¢-02
[19] 5.3429e-02 5.4696e-02 5.4878e-02 5.4042¢e-02 5.2302¢-02 4.9803e-02
[25] 4.6710e-02 4.3190e-02 3.9404e-02 3.5500e-02 3.1604e-02 2.7822¢-02
[31] 2.4233e-02 2.0895¢-02 1.7845e-02 1.5101e-02 1.2669¢-02 1.0541e-02
[37] 8.7015e-03 7.1288e-03 5.7982¢-03 4.6835¢-03 3.7580e-03 2.9963¢e-03
[43] 2.3744e-03 1.8705e-03 1.4652¢-03 1.1415e-03 8.8471e-04 6.8219¢-04
[49] 5.2346e-04 3.9978e-04 3.0393e-04 2.3005¢-04

> sum(an)
[1] 0.9993227

> 0.9993227+0.00000098605
[1] 0.9993237

>n
[1] 52

>b2(b1[1]) (Reinsurance premium)
[1]2.512553

310 ¥ =-0.4and 6 =11

>an

[1] 1.2588e-06 6.6004e-06 2.4529¢e-05 7.2415e-05 1.8055¢-04 3.9485¢e-04
[7] 7.7702e-04 1.4013e-03 2.3477e-03 3.6922¢-03 5.4965e-03 7.7967e-03
[13] 1.0596e-02 1.3860e-02 1.7515e-02 2.1454e-02 2.5543¢-02 2.9632¢-02
[19] 3.3564e-02 3.7191e-02 4.0378e-02 4.3018e-02 4.5029¢-02 4.6366e-02
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[25] 4.7013e-02 4.6986¢-02 4.6325¢e-02 4.5092¢-02 4.3365¢-02 4.1230e-02
[31] 3.8779e-02 3.6100e-02 3.3280e-02 3.0397e-02 2.7520e-02 2.4705e-02
[37] 2.2000e-02 1.9442¢-02 1.7054¢e-02 1.4854e-02 1.2851e-02 1.1046e-02
[43] 9.4354e-03 8.0113e-03 6.7629¢-03 5.6774¢e-03 4.7406e-03 3.9379¢-03
[49] 3.2549e-03 2.6773e-03 2.1920e-03 1.7866¢e-03 1.4499¢-03 1.1716e-03
[55] 9.4289e-04 7.5582¢-04 6.0354¢e-04 4.8014e-04 3.805%9e-04 3.0063¢e-04
[61] 2.3665e-04 1.8567¢-04

> sum(an)
[1] 0.9993604

> 0.9993604+0.00000012815
[1] 0.9993605

>n
[1] 62

>b2(b1[1]) (Reinsurance premium)
[1] 5.364622

311 y=-0.5and 6" =11

> an

[1] 7.3820e-08 4.2887e-07 1.7641e-06 5.7589¢-06 1.5863e-05 3.8298e-05
[7] 8.3138e-05 1.6528e-04 3.0502e-04 5.2813e-04 8.6503e-04 1.3493¢-03
[13] 2.0155e-03 2.8960e-03 4.0184e-03 5.4021e-03 7.0559¢-03 8.9760e-03
[19] 1.1145¢-02 1.3531e-02 1.6092e-02 1.8771e-02 2.1508e-02 2.4233e-02
[25] 2.6879e-02 2.9377e-02 3.1664e-02 3.3686e-02 3.5398e-02 3.6764e-02
[31] 3.7762e-02 3.8381e-02 3.8623¢-02 3.8498e-02 3.8027e-02 3.7238e-02
[37] 3.6166e-02 3.4847e-02 3.3323e-02 3.1636e-02 2.9825e-02 2.7931e-02
[43] 2.5989e-02 2.4033e-02 2.2093e-02 2.0192¢-02 1.8354e-02 1.6594e-02
[49] 1.4926e-02 1.3359¢-02 1.1899¢-02 1.0549¢-02 9.3105e-03 8.1815e-03
[55] 7.1590e-03 6.2387e-03 5.4151e-03 4.6821e-03 4.0332e-03 3.4616e-03
[61] 2.0605e-03 2.5232e-03 2.1434e-03 1.8148e-03 1.5317¢-03 1.2888e-03
[67] 1.0811e-03 9.0428e-04 7.5420e-04 6.2728e-04 5.2029¢-04 4.3041e-04
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[73] 3.5514e-04 2.9229¢-04 2.3997e-04 1.9653e-04 1.6058¢e-04 1.3091e-04
[79] 1.0647e-04 8.6410e-05 6.9975e-05 5.6547¢e-05 4.5601e-05 3.6699¢e-05
[85] 2.9477e-05 2.3629¢-05 1.8906e-05 1.5099¢-05 1.2036e-05 9.5773e-06
[91] 7.6075e-06 6.0323e-06 4.7753e-06 3.7738e-06 2.9776e-06 2.3456e-06
[97] 1.8448e-06 1.4487¢-06 1.135%9¢-06

> sum(an)
[1] 0.9990944

> 0.9990944+0.0000000067754
[1] 0.9990944

>n
[1] 99

>b2(b1[1]) (Reinsurance premium)
[1]11.65184
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4. The calculations and S-Plus routine for example 4.2.1
4.1 Simulation

> ttt<-rexp(4,1)
>ttt
[1] 0.7834462 0.4673357 1.5443291 0.9398078

> ttt<-round(ttt,3)
>ttt
[1] 0.783 0.467 1.544 0.940

> ttt<-array(ttt)
>ttt

[1]1 [2] 3] [4]
0.783 0.467 1.544 0.94

> tttt<-cumsum(ttt)

(11 [21 B] [
0.783 1.25 2.794 3.734

> tttm<-sum(ttt)
> tttm
[1]13.734

> ti<-ttt*5000
> ti

[1] [2] [3] [4]
3915 2335 7720 4700

> tim<-cumsum(ti)
> tim

(1] [2] 3] [4]
3915 6250 13970 18670
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> yy<-rexp(4,0.01)
=Yy
[1] 100.3073 323.7813 114.8395 119.3889

> yy<-array(yy)
>yy
(11 [21 [381 [4]
100.3073 323.7813 114.8395 119.3889

> (yy[1l+yy[21+yy[3])/3
[1] 179.6427

> yy0<-1000
> dd<-0.1

> jj1<-c(0:ti[1])

> BB<-((1-exp(-dd/5000))/dd)
> AAO0<-exp(-dd*jj1/5000)

> intens0<-yy0*AA0*BB

> NNO<-rpois(ti[1],intens0)

> jj2<-c(0:ti[2])

> yyl<-yyO*exp(-dd*ttt[1])+yy[1]
> AAl<-exp(-dd*jj2/5000)

> intens1<-yy1*AA1*BB

> NN1<-rpois(ti[2],intens1)

> jj3<-c(0:ti[3])

> yy2<-yyl*exp(-dd*ttt[2])+yy[2]
> AA2<-exp(-dd*jj3/5000)

> intens2<-yy2*AA2*BB

> NN2<-rpois(ti[3],intens2)

> jj4<-c(0:ti[4])
> yy3<-yy2*exp(-dd*ttt[3])+yy[3]
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> AA3<-exp(-dd*jj4/5000)
> intens3<-yy3*AA3*BB
> NN3<-rpois(ti[4],intens3)

> intensi<-c(intens0,intens]1,intens2,intens3)
> NNn<-c(NNO,NN1,NN2,NN3)
> Aa<-sum(NNn)

> Aa

[1] 845

> Bb<-sum(NNn"2)

>Bb

[1] 1001

> XX<-(Bb-Aa)/2

> XX

[1]78

> YY<-(2*Aa-Bb)

>YY

[1] 689

> XX*2+YY
[1] 845

> Aaa<-order(NNn)

> Hh<-1:(Aa-XX)
> for (i in 1:(Aa-XX)) {Hh[i]<-Aaa[tim[4]+1-i]}

> gg<-1: XX
> for (i in 1:XX) {gg[i]<-Hh[i]-1}
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> fi<-(XX+1)(XX+YY)
> for (i in (XX+1):(XX+YY)) {f[i-6]<-Hh[i]-0.5}

> Hhh<-1:6
> for (i in 1:6) {Hhh[i]<-Hh[i]}
> kk<-c(ff,gg,Hhh)

> AAa2<-1:3324
> for (i in 1:3324) {AAa2[i]<-Aza[i+14974]}

> AAa3<-1:361
> for (iin 1:361) { AAa3[i]<-Aaa[i+18298]}

> AAa4<-1:11
> for (iin 1:11) {AAa4[i]<-Aaa[i+18659]}

> u2<-1:3324
> for (i in 1:3324) {u2[i]<-AAa2[i]-0.5}

>u3<-1:361
> for (i in 1:361) {u3[i]J<-AAa3[i]-1}

>u4<-1:11
> for (iin 1:11) {u4d[i]<-AAad[i]-1}

>uud<-1:11
> for (iin 1:11) {uu4[i]<-AAa4[i]-0.5}

> kk<-c(u2,u3,AAa3,u4,uu4,AAa4)

> tpo<-sort(kk)
> tpoi<-tpo/5000
> tpoi
[1] 0.0001 0.0007 0.0009 0.0047 0.0055 0.0061 0.0101 0.0105 0.0106 0.0108
[11]0.0121 0.0135 0.0143 0.0153 0.0159 0.0165 0.0179 0.0193 0.0201 0.0205
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[21] 0.0223 0.0239 0.0255 0.0257 0.0265 0.0277 0.0283 0.0287 0.0291 0.0301

[31]0.0309 0.0316 0.0318 0.0319 0.0322 0.0324 0.0333 0.0343 0.0347 0.0349

[41] 0.0351 0.0353 0.0367 0.0369 0.0383 0.0387 0.0412 0.0414 0.0421 0.0423

[51] 0.0432 0.0434 0.0447 0.0465 0.0493 0.0509 0.0510 0.0512 0.0513 0.0527

[61] 0.0543 0.0551 0.0575 0.0593 0.0601 0.0627 0.0645 0.0647 0.0671 0.0675

[71] 0.0677 0.0709 0.0711 0.0723 0.0751 0.0752 0.0754 0.0756 0.0758 0.0767

[81] 0.0771 0.0812 0.0814 0.0851 0.0857 0.0891 0.0895 0.0907 0.0909 0.0927

[91] 0.0929 0.0941 0.0959 0.0965 0.0967 0.0969 0.0973 0.0975 0.0979 0.0985

[101] 0.0987 0.1013 0.1021 0.1025 0.1033 0.1041 0.1051 0.1053 0.1071 0.1072
[111] 0.1074 0.1075 0.1085 0.1089 0.1091 0.1093 0.1097 0.1101 0.1106 0.1108
[121] 0.11100.1112 0.1173 0.1190 0.1192 0.1197 0.1201 0.1205 0.1207 0.1229
[131] 0.1247 0.1249 0.1251 0.1253 0.1255 0.1261 0.1267 0.1287 0.1295 0.1297
{141] 0.1305 0.1309 0.1321 0.1323 0.1329 0.1330 0.1332 0.1344 0.1346 0.1347
[151] 0.1377 0.1409 0.1427 0.1433 0.1442 0.1444 0.1445 0.1457 0.1485 0.1493
[161] 0.1505 0.1557 0.1567 0.1585 0.1623 0.1635 0.1645 0.1647 0.1649 0.1671
[171] 0.1677 0.1699 0.1729 0.1733 0.1746 0.1748 0.1751 0.1760 0.1762 0.1765
[181] 0.1767 0.1781 0.1795 0.1797 0.1807 0.1835 0.1853 0.1857 0.1861 0.1867
[191]10.18750.1883 0.1888 0.1890 0.1899 0.1925 0.1957 0.1965 0.1971 0.1974
[201] 0.1976 0.1981 0.1989 0.1997 0.2001 0.2029 0.2031 0.2067 0.2082 0.2084
[211] 0.2084 0.2086 0.2101 0.2121 0.2129 0.2143 0.2157 0.2165 0.2167 0.2185
[221] 0.2201 0.2210 0.2212 0.2219 0.2221 0.2235 0.2241 0.2243 0.2265 0.2317
[231] 0.2327 0.2331 0.2341 0.2373 0.2383 0.2387 0.2393 0.2407 0.2409 0.2411
[241] 0.2435 0.2445 0.2451 0.2461 0.2465 0.2489 0.2549 0.2578 0.2580 0.2593
[251] 0.2605 0.2621 0.2623 0.2639 0.2655 0.2683 0.2685 0.2699 0.2703 0.2707
[261] 0.2717 0.2728 0.2730 0.2737 0.2743 0.2747 0.2761 0.2763 0.2765 0.2783
[271] 0.2785 0.2811 0.2821 0.2831 0.2843 0.2849 0.2853 0.2859 0.2863 0.2869
[281] 0.2893 0.2919 0.2933 0.2941 0.2947 0.2963 0.2969 0.2980 0.2982 0.2983
[291] 0.2989 0.3007 0.3013 0.3033 0.3039 0.3041 0.3053 0.3057 0.3064 0.3066
[301] 0.3073 0.3095 0.3105 0.3157 0.3172 0.3174 0.3191 0.3197 0.3243 0.3245
[311] 0.3255 0.3261 0.3271 0.3281 0.3287 0.3297 0.3319 0.3325 0.3331 0.3333
[321] 0.3359 0.3361 0.3385 0.3386 0.3388 0.3391 0.3403 0.3407 0.3409 0.3413
[331] 0.3433 0.3443 0.3444 0.3446 0.3451 0.3459 0.3462 0.3464 0.3483 0.3489
[341] 0.3513 0.3516 0.3518 0.3527 0.3529 0.3531 0.3559 0.3567 0.3579 0.3583
[351] 0.3596 0.3598 0.3603 0.3604 0.3606 0.3649 0.3681 0.3705 0.3713 0.3724
[361] 0.3726 0.3729 0.3764 0.3766 0.3775 0.3787 0.3793 0.3795 0.3807 0.3818
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[371] 0.3820 0.3847 0.3863 0.3865 0.3905 0.3907 0.3919 0.3927 0.3931 0.3944
[381] 0.3946 0.3965 0.3967 0.3969 0.3979 0.3989 0.4013 0.4023 0.4041 0.4053
[391] 0.4063 0.4069 0.4075 0.4077 0.4079 0.4081 0.4101 0.4103 0.4109 0.4123
[401] 0.4127 0.4145 0.4181 0.4189 0.4193 0.4197 0.4203 0.4205 0.4213 0.4243
[411] 0.4250 0.4252 0.4263 0.4285 0.4287 0.4311 0.4315 0.4329 0.4365 0.4367
[421] 0.4377 0.4381 0.4385 0.4411 0.4413 0.4417 0.4419 0.4421 0.4433 0.4453
[431] 0.4471 0.4473 0.4479 0.4501 0.4525 0.4531 0.4535 0.4555 0.4583 0.4585
[441] 0.4593 0.4603 0.4647 0.4679 0.4681 0.4713 0.4723 0.4735 0.4737 0.4753
[451] 0.4755 0.4763 0.4768 0.4770 0.4783 0.4797 0.4803 0.4811 0.4817 0.4829
[461] 0.4835 0.4849 0.4887 0.4889 0.4891 0.4919 0.4921 0.4935 0.4957 0.4969
[471] 0.4981 0.4983 0.5001 0.5015 0.5021 0.5029 0.5033 0.5041 0.5045 0.5055
[481] 0.5061 0.5089 0.5117 0.5151 0.5171 0.5175 0.5181 0.5183 0.5209 0.5223
[491] 0.5249 0.5253 0.5273 0.5281 0.5297 0.5303 0.5314 0.5316 0.5321 0.5325
[501] 0.5341 0.5359 0.5361 0.5365 0.5387 0.5389 0.5397 0.5414 0.5416 0.5423
[511] 0.5477 0.5480 0.5482 0.5485 0.5492 0.5494 0.5495 0.5519 0.5531 0.5537
[521] 0.5539 0.5541 0.5548 0.5550 0.5561 0.5575 0.5585 0.5601 0.5604 0.5606
[531] 0.5625 0.5627 0.5633 0.5641 0.5645 0.5653 0.5659 0.5673 0.5679 0.5683
[541] 0.5701 0.5709 0.5713 0.5755 0.5759 0.5769 0.5771 0.5777 0.5781 0.5787
[551]0.5789 0.5815 0.5819 0.5829 0.5843 0.5849 0.5852 0.5854 0.5855 0.5887
[561] 0.5891 0.5897 0.5911 0.5925 0.5931 0.5935 0.5943 0.5949 0.5971 0.5993
[571] 0.5995 0.5999 0.6011 0.6015 0.6017 0.6019 0.6035 0.6037 0.6069 0.6077
[581] 0.6089 0.6126 0.6128 0.6135 0.6139 0.6163 0.6165 0.6175 0.6197 0.6200
[591] 0.6202 0.6217 0.6225 0.6227 0.6251 0.6257 0.6313 0.6321 0.6343 0.6359
[601] 0.6361 0.6367 0.6375 0.6393 0.6397 0.6403 0.6415 0.6489 0.6491 0.6493
[611] 0.6495 0.6505 0.6513 0.6515 0.6523 0.6525 0.6537 0.6541 0.6545 0.6549
[621] 0.6565 0.6573 0.6579 0.6589 0.6601 0.6603 0.6621 0.6645 0.6661 0.6668
[631] 0.6670 0.6671 0.6699 0.6719 0.6721 0.6732 0.6734 0.6735 0.6749 0.6841
[641] 0.6855 0.6859 0.6873 0.6879 0.6881 0.6889 0.6893 0.6913 0.6929 0.6937
[651] 0.6945 0.6947 0.6949 0.6951 0.6963 0.6973 0.6979 0.6983 0.6997 0.6999
[661] 0.7007 0.7009 0.7015 0.7039 0.7067 0.7071 0.7077 0.7079 0.7081 0.7083
[671] 0.7099 0.7105 0.7135 0.7143 0.7151 0.7171 0.7173 0.7175 0.7177 0.7179
[681] 0.7225 0.7227 0.7257 0.7265 0.7273 0.7283 0.7289 0.7311 0.7327 0.7347
[691] 0.7349 0.7367 0.7377 0.7384 0.7386 0.7390 0.7392 0.7433 0.7437 0.7439
[701] 0.7461 0.7475 0.7480 0.7482 0.7485 0.7496 0.7498 0.7502 0.7504 0.7508
[711] 0.7510 0.7511 0.7541 0.7553 0.7555 0.7573 0.7581 0.7605 0.7606 0.7608
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[721] 0.7609 0.7627 0.7628 0.7630 0.7641 0.7680 0.7682 0.7700 0.7702 0.7705
[731] 0.7706 0.7708 0.7713 0.7715 0.7725 0.7731 0.7737 0.7739 0.7773 0.7787
[741]10.7797 0.7811 0.7823 0.7825* 0.7843 0.7849 0.7851 0.7855 0.7857 0.7859
[751] 0.7867 0.7871 0.7887 0.7895 0.7903 0.7905 0.7921 0.7933 0.7937 0.7949
[761] 0.7957 0.7967 0.7973 0.7993 0.7999 0.8009 0.8011 0.8013 0.8021 0.8039
[771] 0.8045 0.8047 0.8069 0.8081 0.8085 0.8119 0.8151 0.8161 0.8164 0.8166
[781] 0.8166 0.8168 0.8205 0.8215 0.8225 0.8241 0.8245 0.8267 0.8279 0.8288
[791] 0.8290 0.8303 0.8305 0.8307 0.8310 0.8312 0.8317 0.8325 0.8359 0.8379
[801] 0.8383 0.8391 0.8393 0.8397 0.8403 0.8409 0.8417 0.8431 0.8433 0.8439
[811] 0.8441 0.8449 0.8453 0.8477 0.8483 0.8485 0.8489 0.8493 0.8503 0.8505
[821] 0.8513 0.8517 0.8527 0.8535 0.8536 0.8538 0.8565 0.8569 0.8573 0.8594
[831] 0.8596 0.8597 0.8659 0.8665 0.8667 0.8695 0.8737 0.8739 0.8745 0.8751
[841] 0.8753 0.8761 0.8767 0.8773 0.8791 0.8793 0.8816 0.8818 0.8821 0.8826
[851] 0.8828 0.8829 0.8835 0.8911 0.8923 0.8959 0.8965 0.8967 0.8971 0.8977
[861] 0.8979 0.8983 0.8989 0.8997 0.9007 0.9017 0.9020 0.9022 0.9033 0.9041
[871] 0.9073 0.9085 0.9093 0.9103 0.9115 0.9117 0.9119 0.9125 0.9135 0.9147
[881] 0.9161 0.9163 0.9191 0.9207 0.9211 0.9221 0.9231 0.9235 0.9241 0.9247
[891] 0.9255 0.9257 0.9259 0.9273 0.9289 0.9290 0.9292 0.9297 0.9306 0.9308
[901] 0.9319 0.9327 0.9333 0.9335 0.9359 0.9363 0.9367 0.9368 0.9370 0.9373
[911] 0.9380 0.9382 0.9405 0.9417 0.9421 0.9439 0.9451 0.9453 0.9459 0.9460
[921] 0.9462 0.9471 0.9495 0.9505 0.9507 0.9515 0.9537 0.9553 0.9558 0.9560
[931] 0.9569 0.9571 0.9585 0.9587 0.9609 0.9619 0.9622 0.9624 0.9629 0.9647
[941] 0.9665 0.9667 0.9669 0.9675 0.9703 0.9717 0.9721 0.9731 0.9739 0.9751
[951] 0.9767 0.9771 0.9795 0.9851 0.9873 0.9875 0.9885 0.9891 0.9895 0.9897
[961] 0.9909 0.9917 0.9929 0.9945 0.9953 0.9959 0.9987 1.0015 1.0019 1.0037
[971] 1.0062 1.0064 1.0065 1.0073 1.0101 1.0111 1.0127 1.0155 1.0185 1.0187
[981] 1.0211 1.0214 1.0216 1.0235 1.0246 1.0248 1.0251 1.0255 1.0263 1.0271
[991] 1.0275 1.0281 1.0315 1.0317 1.0325 1.0331 1.0341 1.0345 1.0347 1.0349
[1001] 1.0369 1.0371 1.0379 1.0401 1.0403 1.0409 1.0415 1.0425 1.0427 1.0429
[1011] 1.0437 1.0443 1.0451 1.0467 1.0497 1.0519 1.0521 1.0524 1.0526 1.0529
[1021] 1.0539 1.0553 1.0555 1.0560 1.0562 1.0563 1.0567 1.0581 1.0591 1.0601
[1031] 1.0607 1.0609 1.0611 1.0613 1.0623 1.0627 1.0637 1.0643 1.0663 1.0665
[1041] 1.0669 1.0675 1.0681 1.0685 1.0693 1.0699 1.0733 1.0777 1.0783 1.0785

*Note: j, =744 and s, = 0.783.
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[1051] 1.0795 1.0797 1.0805 1.0825 1.0843 1.0845 1.0849 1.0865 1.0874 1.0876
[1061] 1.0877 1.0879 1.0891 1.0917 1.0931 1.0959 1.0968 1.0970 1.0981 1.0997
[1071] 1.1007 1.1009 1.1023 1.1033 1.1043 1.1049 1.1051 1.1067 1.1069 1.1071
[1081] 1.1091 1.1095 1.1101 1.1105 1.1107 1.1149 1.1151 1.1159 1.1165 1.1177
[1091]1.11791.1191 1.1197 1.1199 1.1205 1.1207 1.1211 1.1213 1.1224 1.1226
[1101] 1.1227 1.1230 1.1232 1.1247 1.1249 1.1259 1.1261 1.1281 1.1287 1.1295
[1111]1.1303 1.1313 1.1325 1.1329 1.1335 1.1339 1.1343 1.1371 1.1373 1.1385
[1121] 1.1391 1.1397 1.1433 1.1435 1.1445 1.1503 1.1506 1.1508 1.1525 1.1539
[1131] 1.1557 1.1561 1.1563 1.1565 1.1579 1.1593 1.1611 1.1621 1.1625 1.1645
[1141] 1.1653 1.1659 1.1661 1.1667 1.1679 1.1703 1.1713 1.1721 1.1729 1.1731
[1151]1.1743 1.1753 1.1763 1.1777 1.1799 1.1801 1.1803 1.1805 1.1820 1.1822
[1161] 1.1873 1.1877 1.1889 1.1891 1.1902 1.1904 1.1909 1.1919 1.1921 1.1927
[1171] 1.1961 1.1965 1.1971 1.1975 1.1987 1.2003 1.2009 1.2011 1.2021 1.2043
[1181] 1.2047 1.2065 1.2077 1.2093 1.2105 1.2107 1.2127 1.2129 1.2141 1.2145
[1191] 1.2161 1.2164 1.2166 1.2170 1.2172 1.2173 1.2174 1.2176 1.2191 1.2205
[1201] 1.2213 1.2221 1.2225 1.2235 1.2268 1.2270 1.2280 1.2282 1.2292 1.2294
[1211] 1.2303 1.2307 1.2309 1.2320 1.2322 1.2333 1.2337 1.2343 1.2355 1.2371
[1221] 1.2375 1.2389 1.2391 1.2403 1.2405 1.2415 1.2420 1.2422 1.2445 1.2451
[1231] 1.2453 1.2455 1.2465 1.2481 1.2483+ 1.2501 1.2507 1.2511 1.2513 1.2531
[1241] 1.2533 1.2536 1.2537 1.2538 1.2553 1.2557 1.2574 1.2576 1.2576 1.2578
[1251] 1.2583 1.2586 1.2588 1.2591 1.2595 1.2597 1.2599 1.2614 1.2616 1.2617
[1261] 1.2627 1.2631 1.2639 1.2643 1.2645 1.2647 1.2669 1.2677 1.2685 1.2687
[1271] 1.2689 1.2699 1.2710 1.2712 1.2713 1.2715 1.2719 1.2735 1.2751 1.2757
[1281] 1.2765 1.2771 1.2777 1.2783 1.2787 1.2793 1.2801 1.2807 1.2819 1.2823
[1291] 1.2847 1.2851 1.2897 1.2901 1.2927 1.2933 1.2947 1.2967 1.2975 1.2977
[1301] 1.2991 1.2992 1.2994 1.3039 1.3040 1.3042 1.3051 1.3055 1.3059 1.3061
[1311] 1.3062 1.3064 1.3067 1.3073 1.3076 1.3078 1.3115 1.3123 1.3127 1.3131
[1321] 1.3133 1.3143 1.3155 1.3167 1.3175 1.3185 1.3205 1.3271 1.3279 1.3283
[1331] 1.3307 1.3331 1.3333 1.3335 1.3347 1.3351 1.3359 1.3366 1.3368 1.3390
[1341] 1.3392 1.3415 1.3423 1.3425 1.3429 1.3449 1.3450 1.3452 1.3455 1.3468
[1351] 1.3470 1.3481 1.3491 1.3493 1.3494 1.3496 1.3503 1.3507 1.3517 1.3529
[1361] 1.3531 1.3539 1.3563 1.3581 1.3583 1.3587 1.3601 1.3603 1.3606 1.3607
[1371] 1.3608 1.3615 1.3617 1.3643 1.3646 1.3648 1.3665 1.3679 1.3687 1.3724

* Note: j, = 1235 and s, = 1.25.
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[1381] 1.3726 1.3751 1.3753 1.3771 1.3781 1.3799 1.3801 1.3803 1.3819 1.3835
[1391] 1.3844 1.3846 1.3867 1.3880 1.3881 1.3882 1.3883 1.3887 1.3889 1.3891
[1401] 1.3893 1.3917 1.3921 1.3931 1.3935 1.3945 1.3951 1.3953 1.3973 1.3977
[1411] 1.3995 1.4006 1.4008 1.4025 1.4043 1.4047 1.4059 1.4091 1.4095 1.4098
[1421] 1.4100 1.4101 1.4107 1.4111 1.4119 1.4129 1.4139 1.4151 1.4179 1.4186
[1431] 1.4188 1.4201 1.4221 1.4249 1.4271 1.4275 1.4277 1.4309 1.4333 1.4334
[1441] 1.4336 1.4339 1.4343 1.4351 1.4359 1.4369 1.4371 1.4377 1.4385 1.4403
[1451] 1.4429 1.4431 1.4433 1.4435 1.4451 1.4463 1.4465 1.4469 1.4470 1.4472
[1461] 1.4495 1.4499 1.4509 1.4511 1.4527 1.4529 1.4547 1.4551 1.4553 1.4557
[1471] 1.4573 1.4593 1.4601 1.4609 1.4614 1.4616 1.4623 1.4625 1.4643 1.4647
[1481] 1.4654 1.4655 1.4656 1.4657 1.4679 1.4689 1.4699 1.4723 1.4724 1.4726
[1491] 1.4737 1.4743 1.4751 1.4781 1.4787 1.4799 1.4805 1.4807 1.4817 1.4819
[1501] 1.4825 1.4851 1.4855 1.4876 1.4878 1.4887 1.4912 1.4914 1.4919 1.4937
[1511] 1.4941 1.4945 1.4959 1.4979 1.4983 1.4987 1.5029 1.5033 1.5043 1.5063
[1521] 1.5081 1.5082 1.5083 1.5084 1.5090 1.5092 1.5099 1.5107 1.5119 1.5131
[1531] 1.5145 1.5155 1.5161 1.5163 1.5173 1.5179 1.5187 1.5195 1.5197 1.5199
[1541] 1.5203 1.5207 1.5211 1.5223 1.5225 1.5257 1.5263 1.5267 1.5291 1.5295
[1551] 1.5307 1.5315 1.5327 1.5333 1.5351 1.5352 1.5354 1.5357 1.5359 1.5367
[1561] 1.5377 1.5393 1.5395 1.5411 1.5429 1.5449 1.5451 1.5481 1.5492 1.5494
[1571] 1.5506 1.5508 1.5529 1.5543 1.5549 1.5553 1.5565 1.5589 1.5605 1.5607
[1581] 1.5621 1.5635 1.5637 1.5639 1.5655 1.5667 1.5673 1.5685 1.5689 1.5713
[1591] 1.5721 1.5731 1.5751 1.5759 1.5761 1.5768 1.5770 1.5771 1.5779 1.5786
[1601] 1.5788 1.5807 1.5809 1.5811 1.5821 1.5827 1.5845 1.5853 1.5863 1.5867
[1611] 1.5869 1.5871 1.5873 1.5875 1.5887 1.5901 1.5903 1.5907 1.5913 1.5919
[1621] 1.5921 1.5923 1.5928 1.5930 1.5935 1.5957 1.5973 1.5989 1.5991 1.5999
[1631] 1.6004 1.6006 1.6007 1.6009 1.6019 1.6021 1.6029 1.6035 1.6049 1.6055
[1641] 1.6076 1.6078 1.6081 1.6083 1.6085 1.6087 1.6089 1.6097 1.6105 1.6107
[1651] 1.6113 1.6117 1.6123 1.6125 1.6129 1.6133 1.6158 1.6160 1.6161 1.6181
[1661] 1.6185 1.6203 1.6213 1.6214 1.6216 1.6221 1.6231 1.6235 1.6237 1.6239
[1671] 1.6243 1.6256 1.6258 1.6271 1.6273 1.6311 1.6313 1.6331 1.6339 1.6349
[1681] 1.6355 1.6359 1.6365 1.6373 1.6379 1.6397 1.6399 1.6405 1.6407 1.6413
[1691] 1.6419 1.6435 1.6456 1.6458 1.6469 1.6479 1.6497 1.6511 1.6519 1.6532
[1701] 1.6534 1.6539 1.6543 1.6553 1.6564 1.6566 1.6568 1.6570 1.6577 1.6599
[1711] 1.6605 1.6611 1.6617 1.6623 1.6635 1.6641 1.6643 1.6669 1.6689 1.6695
[1721] 1.6709 1.6713 1.6719 1.6759 1.6761 1.6767 1.6775 1.6777 1.6781 1.6797
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[1731] 1.6804 1.6806 1.6815 1.6817 1.6823 1.6827 1.6835 1.6837 1.6841 1.6845
[1741] 1.6853 1.6863 1.6865 1.6883 1.6891 1.6895 1.6909 1.6919 1.6929 1.6933
[1751] 1.6937 1.6940 1.6942 1.6943 1.6971 1.6983 1.6995 1.7047 1.7048 1.7050
[1761] 1.7057 1.7058 1.7060 1.7063 1.7069 1.7071 1.7075 1.7083 1.7085 1.7089
[1771] 1.7093 1.7107 1.7109 1.7113 1.7129 1.7131 1.7139 1.7147 1.7149 1.7155
[1781] 1.7165 1.7194 1.7196 1.7197 1.7202 1.7204 1.7215 1.7219 1.7231 1.7236
[1791] 1.7238 1.7243 1.7249 1.7251 1.7253 1.7263 1.7283 1.7287 1.7299 1.7309
[1801] 1.7323 1.7325 1.7333 1.7334 1.7336 1.7337 1.7343 1.7345 1.7363 1.7368
[1811] 1.7370 1.7377 1.7385 1.7393 1.7404 1.7406 1.7415 1.7435 1.7439 1.7441
[1821] 1.7443 1.7450 1.7452 1.7455 1.7457 1.7509 1.7517 1.7523 1.7525 1.7553
[1831] 1.7555 1.7585 1.7589 1.7599 1.7607 1.7611 1.7613 1.7617 1.7619 1.7623
[1841] 1.7635 1.7667 1.7681 1.7689 1.7695 1.7701 1.7711 1.7719 1.7727 1.7729
[1851] 1.7733 1.7741 1.7743 1.7749 1.7753 1.7757 1.7789 1.7795 1.7799 1.7808
[1861] 1.7810 1.7831 1.7833 1.7841 1.7845 1.7853 1.7857 1.7871 1.7875 1.7879
[1871] 1.7885 1.7889 1.7909 1.7911 1.7935 1.7939 1.7951 1.7967 1.7971 1.7973
[1881] 1.8003 1.8007 1.8013 1.8022 1.8024 1.8049 1.8053 1.8055 1.8061 1.8063
[1891] 1.8067 1.8071 1.8081 1.8095 1.8105 1.8111 1.8119 1.8125 1.8127 1.8141
[1901] 1.8148 1.8150 1.8179 1.8181 1.8184 1.8186 1.8189 1.8193 1.8200 1.8202
[1911] 1.8204 1.8206 1.8207 1.8218 1.8220 1.8231 1.8233 1.8236 1.8238 1.8238
[1921] 1.8239 1.8240 1.8247 1.8279 1.8285 1.8287 1.8289 1.8295 1.8307 1.8319
[1931] 1.8327 1.8329 1.8337 1.8339 1.8343 1.8351 1.8353 1.8357 1.8364 1.8366
[1941] 1.8369 1.8385 1.8386 1.8388 1.8411 1.8415 1.8431 1.8437 1.8441 1.8455
[1951] 1.8459 1.8465 1.8479 1.8483 1.8485 1.8496 1.8498 1.8519 1.8591 1.8597
[1961] 1.8603 1.8611 1.8640 1.8642 1.8643 1.8651 1.8653 1.8654 1.8656 1.8658
[1971] 1.8660 1.8663 1.8669 1.8673 1.8683 1.8699 1.8725 1.8727 1.8736 1.8738
[1981] 1.8741 1.8745 1.8747 1.8762 1.8764 1.8769 1.8779 1.8783 1.8789 1.8793
[1991] 1.8801 1.8803 1.8804 1.8806 1.8806 1.8808 1.8817 1.8827 1.8829 1.8845
[2001] 1.8847 1.8888 1.8890 1.8909 1.8915 1.8916 1.8918 1.8933 1.8971 1.8973
[2011] 1.8975 1.9005 1.9021 1.9043 1.9057 1.9058 1.9060 1.9061 1.9063 1.9065
[2021] 1.9081 1.9097 1.9099 1.9105 1.9109 1.9118 1.9120 1.9121 1.9124 1.9126
[2031] 1.9131 1.9135 1.9147 1.9151 1.9157 1.9173 1.9181 1.9183 1.9189 1.9191
[2041] 1.9194 1.9196 1.9203 1.9207 1.9214 1.9216 1.9231 1.9233 1.9245 1.9249
[2051] 1.9257 1.9259 1.9265 1.9267 1.9291 1.9299 1.9311 1.9317 1.9318 1.9320
[2061] 1.9323 1.9339 1.9361 1.9363 1.9368 1.9370 1.9374 1.9376 1.9411 1.9419
[2071] 1.9425 1.9433 1.9437 1.9444 1.9446 1.9449 1.9464 1.9466 1.9479 1.9491
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[2081] 1.9499 1.9509 1.9519 1.9521 1.9527 1.9533 1.9537 1.9544 1.9546 1.9553
[2091] 1.9563 1.9565 1.9571 1.9577 1.9587 1.9613 1.9631 1.9633 1.9637 1.9639
[2101] 1.9663 1.9673 1.9687 1.9699 1.9711 1.9714 1.9716 1.9719 1.9723 1.9733
[2111] 1.9741 1.9759 1.9761 1.9771 1.9775 1.9791 1.9797 1.9810 1.9812 1.9827
[2121] 1.9831 1.9833 1.9844 1.9846 1.9847 1.9865 1.9869 1.9871 1.9883 1.9897
[2131] 1.9902 1.9903 1.9904 1.9905 1.9921 1.9951 1.9959 1.9963 1.9997 2.0033
[2141] 2.0065 2.0077 2.0079 2.0081 2.0085 2.0101 2.0103 2.0121 2.0131 2.0133
[2151]2.0137 2.0149 2.0163 2.0181 2.0183 2.0189 2.0209 2.0213 2.0221 2.0235
[2161] 2.0239 2.0251 2.0257 2.0259 2.0263 2.0265 2.0269 2.0271 2.0293 2.0325
[2171]2.0361 2.0375 2.0377 2.0379 2.0393 2.0395 2.0399 2.0411 2.0427 2.0435
[2181] 2.0447 2.0483 2.0493 2.0501 2.0531 2.0553 2.0557 2.0575 2.0581 2.0587
[2191] 2.0593 2.0595 2.0597 2.0625 2.0629 2.0657 2.0689 2.0693 2.0697 2.0701
[2201] 2.0711 2.0717 2.0721 2.0725 2.0735 2.0737 2.0741 2.0745 2.0755 2.0763
[2211] 2.0764 2.0766 2.0783 2.0785 2.0797 2.0799 2.0801 2.0803 2.0805 2.0813
[2221]2.0815 2.0823 2.0825 2.0837 2.0841 2.0845 2.0861 2.0873 2.0917 2.0931
[2231] 2.0933 2.0939 2.0946 2.0948 2.0979 2.0985 2.0997 2.1007 2.1009 2.1017
[2241] 2.10302.1032 2.1057 2.1067 2.1075 2.1081 2.1085 2.1089 2.1095 2.1101
[2251]2.11052.1107 2.11092.1117 2.1123 2.1125 2.1127 2.1133 2.1169 2.1175
[2261]12.1177 2.1181 2.1185 2.1205 2.1213 2.1216 2.1218 2.1221 2.1228 2.1230
[2271]2.1231 2.1281 2.1290 2.1292 2.1293 2.1307 2.1311 2.1312 2.1314 2.1317
[2281] 2.1333 2.1347 2.1351 2.1357 2.1361 2.1377 2.1385 2.1387 2.1397 2.1409
[2291] 2.1413 2.1421 2.1425 2.1443 2.1455 2.1457 2.1461 2.1465 2.1479 2.1489
[2301] 2.1494 2.1496 2.1499 2.1501 2.1511 2.1527 2.1533 2.1545 2.1565 2.1567
[2311]2.1583 2.1593 2.1611 2.1619 2.1633 2.1639 2.1659 2.1662 2.1664 2.1665
[2321]2.1681 2.1685 2.1707 2.1715 2.1740 2.1742 2.1743 2.1757 2.1759 2.1763
[2331]2.17892.1811 2.1823 2.1831 2.1840 2.1842 2.1843 2.1853 2.1879 2.1881
[2341] 2.1885 2.1901 2.1905 2.1925 2.1927 2.1933 2.1937 2.1942 2.1944 2.1948
[2351]2.1950 2.1959 2.1965 2.1969 2.1971 2.1985 2.1987 2.1989 2.1995 2.2007
[2361] 2.2009 2.2025 2.2035 2.2039 2.2041 2.2043 2.2053 2.2069 2.2085 2.2087
[2371] 2.2093 2.2123 2.2127 2.2155 2.2157 2.2164 2.2166 2.2167 2.2171 2.2177
[2381]2.2179 2.2191 2.2196 2.2197 2.2198 2.2209 2.2211 2.2213 2.2220 2.2222
[2391]2.2231 2.2235 2.2239 2.2255 2.2272 2.2274 2.2278 2.2280 2.2283 2.2289
[2401] 2.2293 2.2295 2.2299 2.2301 2.2302 2.2304 2.2353 2.2355 2.2359 2.2363
[2411] 2.2365 2.2367 2.2369 2.2389 2.2393 2.2433 2.2441 2.2451 2.2453 2.2465
[2421] 2.2467 2.2470 2.2472 2.2489 2.2493 2.2503 2.2507 2.2514 2.2516 2.2517
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[2431] 2.2521 2.2527 2.2547 2.2552 2.2554 2.2561 2.2580 2.2582 2.2587 2.2600
[2441] 2.2602 2.2637 2.2642 2.2644 2.2655 2.2663 2.2689 2.2705 2.2715 2.2737
[2451] 2.2741 2.2757 2.2759 2.2806 2.2808 2.2809 2.2825 2.2835 2.2839 2.2863
[2461] 2.2871 2.2879 2.2883 2.2895 2.2917 2.2927 2.2935 2.2937 2.2953 2.2959
[2471] 2.2999 2.3013 2.3017 2.3055 2.3062 2.3064 2.3067 2.3079 2.3081 2.3089
[2481]2.3101 2.3103 2.3125 2.3137 2.3139 2.3151 2.3159 2.3207 2.3223 2.3231
[2491] 2.3233 2.3235 2.3237 2.3245 2.3248 2.3250 2.3255 2.3277 2.3279 2.3325
[2501] 2.3329 2.3363 2.3365 2.3371 2.3381 2.3387 2.3397 2.3427 2.3431 2.3441
[2511] 2.3443 2.3445 2.3465 2.3467 2.3495 2.3499 2.3511 2.3513 2.3525 2.3527
[2521] 2.3531 2.3545 2.3555 2.3575 2.3587 2.3591 2.3601 2.3615 2.3625 2.3635
[2531] 2.3641 2.3669 2.3675 2.3681 2.3715 2.3717 2.3721 2.3729 2.3765 2.3769
[2541]2.3776 2.3778 2.3783 2.3795 2.3797 2.3799 2.3809 2.3839 2.3845 2.3853
[2551] 2.3859 2.3860 2.3862 2.3863 2.3877 2.3895 2.3899 2.3911 2.3921 2.3931
[2561] 2.3935 2.3955 2.3967 2.3971 2.3975 2.3981 2.3983 2.3986 2.3988 2.3993
[2571] 2.4003 2.4013 2.4025 2.4035 2.4040 2.4042 2.4051 2.4057 2.4064 2.4066
[2581] 2.4071 2.4083 2.4087 2.4099 2.4113 2.4127 2.4131 2.4147 2.4159 2.4173
[2591] 2.4177 2.4197 2.4201 2.4240 2.4242 2.4259 2.4273 2.4279 2.4289 2.4295
[2601] 2.4297 2.4301 2.4311 2.4320 2.4322 2.4327 2.4337 2.4341 2.4351 2.4359
[2611] 2.4369 2.4373 2.4376 2.4378 2.4389 2.4405 2.4413 2.4425 2.4427 2.4437
[2621] 2.4441 2.4459 2.4470 2.4472 2.4483 2.4487 2.4499 2.4507 2.4513 2.4523
[2631] 2.4531 2.4537 2.4547 2.4555 2.4557 2.4559 2.4561 2.4563 2.4565 2.4566
[2641] 2.4568 2.4569 2.4574 2.4576 2.4579 2.4581 2.4587 2.4597 2.4609 2.4613
[2651] 2.4633 2.4642 2.4644 2.4649 2.4651 2.4655 2.4657 2.4662 2.4664 2.4682
[2661] 2.4684 2.4703 2.4709 2.4721 2.4743 2.4745 2.4759 2.4773 2.4794 2.4796
[2671] 2.4797 2.4803 2.4835 2.4837 2.4852 2.4854 2.4857 2.4883 2.4907 2.4908
[2681] 2.4910 2.4915 2.4917 2.4940 2.4942 2.4959 2.4963 2.4971 2.4973 2.4987
[2691] 2.4989 2.4991 2.4999 2.5026 2.5028 2.5031 2.5033 2.5055 2.5057 2.5085
[2701] 2.5087 2.5092 2.5094 2.5101 2.5109 2.5129 2.5191 2.5201 2.5204 2.5206
[2711] 2.5223 2.5225 2.5231 2.5233 2.5241 2.5243 2.5247 2.5257 2.5259 2.5285
[2721] 2.5297 2.5307 2.5309 2.5319 2.5331 2.5341 2.5359 2.5361 2.5367 2.5380
[2731] 2.5382 2.5415 2.5417 2.5419 2.5425 2.5427 2.5447 2.5449 2.5451 2.5455
[2741] 2.5457 2.5465 2.5491 2.5501 2.5511 2.5521 2.5525 2.5533 2.5543 2.5565
[2751] 2.5567 2.5571 2.5573 2.5575 2.5587 2.5597 2.5599 2.5601 2.5605 2.5609
[2761] 2.5621 2.5627 2.5637 2.5641 2.5643 2.5647 2.5655 2.5657 2.5659 2.5661
[2771] 2.5667 2.5671 2.5673 2.5675 2.5681 2.5684 2.5686 2.5707 2.5713 2.5721
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[2781] 2.5725 2.5736 2.5738 2.5741 2.5751 2.5753 2.5763 2.5779 2.5788 2.5790
[2791] 2.5790 2.5792 2.5801 2.5807 2.5823 2.5825 2.5831 2.5833 2.5845 2.5859
[2801] 2.5871 2.5875 2.5879 2.5883 2.5884 2.5886 2.5887 2.5888 2.5889 2.5890
[2811] 2.5897 2.5903 2.5917 2.5929 2.5947 2.5981 2.5987 2.6012 2.6014 2.6021
[2821] 2.6023 2.6034 2.6036 2.6049 2.6055 2.6064 2.6066 2.6077 2.6079 2.6103
[2831]2.6113 2.6118 2.6120 2.6121 2.6124 2.6126 2.6135 2.6139 2.6147 2.6155
[2841] 2.6159 2.6165 2.6178 2.6180 2.6182 2.6184 2.6185 2.6192 2.6194 2.6197
[2851] 2.6209 2.6261 2.6264 2.6266 2.6275 2.6283 2.6285 2.6289 2.6291 2.6311
[2861] 2.6315 2.6319 2.6331 2.6361 2.6369 2.6379 2.6387 2.6388 2.6390 2.6397
[2871] 2.6407 2.6415 2.6431 2.6441 2.6451 2.6453 2.6463 2.6465 2.6469 2.6477
[2881] 2.6481 2.6501 2.6515 2.6519 2.6521 2.6523 2.6541 2.6545 2.6551 2.6555
[2891] 2.6581 2.6599 2.6637 2.6675 2.6683 2.6689 2.6695 2.6699 2.6713 2.6721
[2901] 2.6727 2.6733 2.6743 2.6753 2.6773 2.6777 2.6781 2.6797 2.6811 2.6829
[2911] 2.6841 2.6843 2.6847 2.6855 2.6875 2.6901 2.6915 2.6931 2.6933 2.6935
[2921] 2.6937 2.6943 2.6965 2.6979 2.6985 2.7029 2.7031 2.7053 2.7059 2.7061
[2931] 2.7067 2.7068 2.7070 2.7071 2.7086 2.7088 2.7091 2.7109 2.7116 2.7118
[2941] 2.7137 2.7147 2.7155 2.7159 2.7161 2.7175 2.7190 2.7192 2.7193 2.7203
[2951] 2.7205 2.7207 2.7209 2.7213 2.7231 2.7236 2.7238 2.7261 2.7265 2.7283
[2961] 2.7293 2.7295 2.7303 2.7311 2.7329 2.7348 2.7350 2.7357 2.7369 2.7379
[2971] 2.7381 2.7397 2.7413 2.7433 2.7443 2.7465 2.7469 2.7481 2.7495 2.7497
[2981] 2.7505 2.7525 2.7537 2.7545 2.7561 2.7581 2.7629 2.7639 2.7655 2.7677
[2991] 2.7685 2.7703 2.7711 2.7733 2.7741 2.7743 2.7745 2.7763 2.7779 2.7788
[3001] 2.7790 2.7795 2.7807 2.7809 2.7811 2.7817 2.7827 2.7831 2.7843 2.7871
[3011] 2.7887 2.7893 2.7933 2.7935* 2.7943 2.7945 2.7947 2.7960 2.7962 2.7971
[3021] 2.7973 2.7991 2.7995 2.8017 2.8025 2.8029 2.8033 2.8035 2.8058 2.8060
[3031] 2.8073 2.8083 2.8091 2.8095 2.8103 2.8109 2.8119 2.8125 2.8131 2.8135
[3041]2.8139 2.8153 2.8165 2.8169 2.8195 2.8201 2.8204 2.8206 2.8207 2.8211
[3051] 2.8219 2.8233 2.8237 2.8241 2.8245 2.8249 2.8293 2.8299 2.8309 2.8325
[3061] 2.8335 2.8337 2.8351 2.8387 2.8391 2.8397 2.8399 2.8405 2.8410 2.8412
[3071] 2.8435 2.8437 2.8439 2.8449 2.8451 2.8456 2.8458 2.8467 2.8477 2.8535
[3081] 2.8545 2.8575 2.8577 2.8579 2.8597 2.8623 2.8625 2.8629 2.8635 2.8649
[3091] 2.8655 2.8657 2.8661 2.8670 2.8671 2.8672 2.8677 2.8683 2.8685 2.8687
[3101] 2.8701 2.8731 2.8737 2.8746 2.8748 2.8767 2.8775 2.8791 2.8803 2.8827

*Note: j, =3014 and s, = 2.794.
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[3111] 2.8845 2.8851 2.8853 2.8857 2.8865 2.8891 2.8907 2.8917 2.8927 2.8929
[3121] 2.8930 2.8932 2.8935 2.8951 2.8959 2.8961 2.8967 2.8977 2.8978 2.8980
[3131] 2.8981 2.8983 2.8992 2.8994 2.9021 2.9025 2.9029 2.9033 2.9061 2.9065
[3141] 2.9069 2.9079 2.9089 2.9095 2.9099 2.9107 2.9109 2.9115 2.9123 2.9135
[3151] 2.9153 2.9157 2.9163 2.9179 2.9187 2.9190 2.9192 2.9203 2.9213 2.9217
[3161] 2.9221 2.9237 2.9241 2.9249 2.9265 2.9271 2.9283 2.9287 2.9293 2.9309
[3171]12.93112.9313 2.9318 2.9320 2.9321 2.9322 2.9324 2.9341 2.9351 2.9353
[3181]2.93552.9375 2.9379 2.9387 2.9389 2.9395 2.9415 2.9421 2.9433 2.9435
[3191] 2.9451 2.9453 2.9455 2.9463 2.9465 2.9467 2.9485 2.9503 2.9505 2.9507
[3201] 2.9509 2.9515 2.9521 2.9541 2.9545 2.9547 2.9559 2.9569 2.9581 2.9589
[3211] 2.9604 2.9606 2.9622 2.9624 2.9639 2.9653 2.9655 2.9659 2.9661 2.9679
[3221] 2.9687 2.9711 2.9713 2.9715 2.9735 2.9737 2.9741 2.9743 2.9748 2.9750
[3231] 2.9759 2.9781 2.9795 2.9797 2.9807 2.9817 2.9823 2.9829 2.9833 2.9839
[3241] 2.9849 2.9855 2.9859 2.9867 2.9875 2.9881 2.9906 2.9908 2.9919 2.9923
[3251] 2.9949 2.9954 2.9956 2.9957 2.9963 2.9975 2.9991 3.0017 3.0019 3.0023
[3261] 3.0029 3.0041 3.0050 3.0052 3.0073 3.0081 3.0093 3.0097 3.0111 3.0131
[3271] 3.0167 3.0173 3.0177 3.0191 3.0209 3.0233 3.0241 3.0269 3.0285 3.0287
[3281] 3.0295 3.0297 3.0298 3.0300 3.0311 3.0317 3.0321 3.0325 3.0327 3.0331
[3291] 3.0341 3.0343 3.0347 3.0357 3.0365 3.0381 3.0383 3.0397 3.0399 3.0429
[3301] 3.0439 3.0449 3.0451 3.0473 3.0477 3.0483 3.0491 3.0492 3.0494 3.0497
[3311] 3.0503 3.0505 3.0513 3.0523 3.0527 3.0539 3.0549 3.0553 3.0559 3.0565
[3321] 3.0575 3.0579 3.0585 3.0594 3.0595 3.0596 3.0603 3.0613 3.0617 3.0633
[3331] 3.0638 3.0640 3.0644 3.0646 3.0660 3.0662 3.0665 3.0681 3.0687 3.0691
[3341] 3.0694 3.0696 3.0707 3.0719 3.0720 3.0722 3.0723 3.0727 3.0735 3.0763
[3351]3.0773 3.0775 3.0783 3.0791 3.0803 3.0809 3.0811 3.0813 3.0837 3.0849
[3361] 3.0857 3.0859 3.0871 3.0893 3.0897 3.0905 3.0915 3.0916 3.0918 3.0922
[3371] 3.0924 3.0929 3.0943 3.0959 3.0963 3.0971 3.0975 3.0991 3.0999 3.1001
[3381] 3.1002 3.1004 3.1008 3.1010 3.1027 3.1069 3.1075 3.1099 3.1105 3.1139
[3391]13.1143 3.1153 3.1165 3.1173 3.1181 3.1182 3.1184 3.1199 3.1214 3.1216
[3401] 3.1223 3.1250 3.1252 3.1253 3.1273 3.1281 3.1283 3.1287 3.1289 3.1295
[3411] 3.1296 3.1298 3.1300 3.1302 3.1332 3.1334 3.1334 3.1336 3.1345 3.1391
[3421] 3.1397 3.1419 3.1425 3.1433 3.1520 3.1522 3.1533 3.1535 3.1543 3.1549
[3431] 3.1581 3.1586 3.1588 3.1592 3.1594 3.1595 3.1612 3.1614 3.1631 3.1634
[3441] 3.1636 3.1640 3.1642 3.1642 3.1644 3.1653 3.1663 3.1679 3.1701 3.1705
[3451] 3.1721 3.1723 3.1731 3.1747 3.1759 3.1763 3.1765 3.1793 3.1795 3.1797
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[3461] 3.1799 3.1807 3.1817 3.1821 3.1829 3.1841 3.1845 3.1847 3.1849 3.1865
[3471] 3.1866 3.1868 3.1885 3.1892 3.1894 3.1909 3.1933 3.1939 3.1953 3.1957
[3481] 3.1963 3.1979 3.1985 3.1987 3.2007 3.2019 3.2029 3.2031 3.2054 3.2056
[3491] 3.2065 3.2089 3.2093 3.2099 3.2115 3.2117 3.2118 3.2120 3.2125 3.2141
[3501] 3.2155 3.2157 3.2167 3.2181 3.2189 3.2195 3.2197 3.2203 3.2214 3.2216
[3511] 3.2219 3.2222 3.2224 3.2229 3.2231 3.2235 3.2254 3.2256 3.2273 3.2275
[3521] 3.2297 3.2305 3.2314 3.2316 3.2325 3.2329 3.2333 3.2367 3.2375 3.2377
[3531] 3.2383 3.2385 3.2403 3.2409 3.2413 3.2417 3.2423 3.2426 3.2428 3.2449
[3541] 3.2457 3.2459 3.2473 3.2489 3.2495 3.2503 3.2504 3.2506 3.2519 3.2525
[3551] 3.2534 3.2536 3.2537 3.2543 3.2550 3.2552 3.2559 3.2582 3.2584 3.2587
[3561] 3.2593 3.2597 3.2619 3.2631 3.2633 3.2634 3.2636 3.2653 3.2668 3.2670
[3571] 3.2677 3.2685 3.2693 3.2697 3.2709 3.2711 3.2715 3.2717 3.2721 3.2773
[3581] 3.2775 3.2783 3.2804 3.2806 3.2817 3.2837 3.2866 3.2868 3.2871 3.2877
[3591] 3.2893 3.2901 3.2903 3.2915 3.2925 3.2928 3.2930 3.2951 3.2955 3.2973
[3601] 3.2981 3.2989 3.2997 3.3023 3.3039 3.3047 3.3057 3.3059 3.3061 3.3063
[3611] 3.3077 3.3079 3.3107 3.3108 3.3110 3.3125 3.3141 3.3143 3.3161 3.3197
[3621] 3.3201 3.3203 3.3215 3.3219 3.3239 3.3244 3.3246 3.3258 3.3260 3.3269
[3631] 3.3281 3.3287 3.3301 3.3308 3.3310 3.3319 3.3321 3.3323 3.3337 3.3350
[3641] 3.3352 3.3365 3.3375 3.3379 3.3383 3.3385 3.3417 3.3423 3.3431 3.3435
[3651] 3.3438 3.3440 3.3441 3.3444 3.3446 3.3450 3.3452 3.3468 3.3470 3.3487
[3661] 3.3505 3.3507 3.3511 3.3531 3.3547 3.3553 3.3557 3.3561 3.3575 3.3577
[3671] 3.3581 3.3583 3.3597 3.3599 3.3600 3.3602 3.3604 3.3606 3.3625 3.3643
[3681] 3.3655 3.3675 3.3677 3.3689 3.3693 3.3703 3.3705 3.3711 3.3725 3.3744
[3691] 3.3746 3.3789 3.3793 3.3809 3.3821 3.3833 3.3839 3.3845 3.3851 3.3855
[3701] 3.3861 3.3869 3.3871 3.3875 3.3899 3.3939 3.3947 3.3953 3.3959 3.3964
[3711] 3.3966 3.3967 3.3975 3.3979 3.3980 3.3982 3.3985 3.4027 3.4033 3.4041
[3721] 3.4047 3.4051 3.4053 3.4075 3.4077 3.4079 3.4080 3.4082 3.4091 3.4105
[3731] 3.4107 3.4114 3.4116 3.4125 3.4141 3.4151 3.4157 3.4161 3.4166 3.4168
[3741] 3.4171 3.4179 3.4191 3.4199 3.4203 3.4205 3.4219 3.4238 3.4240 3.4245
[3751] 3.4253 3.4259 3.4261 3.4265 3.4273 3.4291 3.4297 3.4301 3.4303 3.4319
[3761] 3.4325 3.4327 3.4337 3.4351 3.4353 3.4365 3.4386 3.4388 3.4395 3.4403
[3771] 3.4411 3.4419 3.4433 3.4451 3.4463 3.4473 3.4479 3.4480 3.4482 3.4487
[3781] 3.4497 3.4503 3.4517 3.4519 3.4521 3.4530 3.4532 3.4553 3.4555 3.4561
[3791] 3.4617 3.4647 3.4651 3.4677 3.4679 3.4689 3.4693 3.4707 3.4713 3.4715
[3801] 3.4717 3.4727 3.4733 3.4753 3.4803 3.4809 3.4814 3.4816 3.4840 3.4842
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[3811] 3.4847 3.4849 3.4853 3.4867 3.4869 3.4871 3.4873 3.4884 3.4886 3.4901
[3821] 3.4907 3.4917 3.4929 3.4942 3.4944 3.4947 3.4965 3.4989 3.4993 3.4994
[3831] 3.4996 3.4996 3.4998 3.5015 3.5047 3.5055 3.5071 3.5077 3.5089 3.5091
[3841] 3.5105 3.5121 3.5151 3.5169 3.5183 3.5195 3.5198 3.5200 3.5203 3.5205
[3851] 3.5207 3.5211 3.5213 3.5225 3.5261 3.5269 3.5273 3.5289 3.5313 3.5327
[3861] 3.5329 3.5343 3.5357 3.5371 3.5375 3.5389 3.5417 3.5427 3.5433 3.5435
[3871] 3.5445 3.5451 3.5467 3.5483 3.5487 3.5501 3.5506 3.5508 3.5523 3.5535
[3881] 3.5539 3.5550 3.5552 3.55635 3.5566 3.5568 3.5615 3.5617 3.5627 3.5643
[3891] 3.5645 3.5653 3.5657 3.5661 3.5663 3.5669 3.5675 3.5683 3.5691 3.5695
[3901] 3.5703 3.5707 3.5723 3.5743 3.5751 3.5757 3.5767 3.5775 3.5787 3.5805
[3911] 3.5807 3.5809 3.5831 3.5845 3.5847 3.5848 3.5850 3.5863 3.5883 3.5887
[3921] 3.5915 3.5921 3.5925 3.5927 3.5939 3.5949 3.5953 3.5963 3.5965 3.5975
[3931] 3.5977 3.5983 3.5989 3.6002 3.6004 3.6009 3.6023 3.6031 3.6055 3.6070
[3941] 3.6072 3.6075 3.6081 3.6082 3.6084 3.6099 3.6119 3.6127 3.6147 3.6161
[3951] 3.6163 3.6167 3.6171 3.6175 3.6225 3.6227 3.6229 3.6233 3.6243 3.6249
[3961] 3.6251 3.6255 3.6257 3.6269 3.6287 3.6289 3.6301 3.6321 3.6335 3.6343
[3971] 3.6356 3.6358 3.6359 3.6361 3.6368 3.6370 3.6371 3.6377 3.6383 3.6388
[3981] 3.6390 3.6399 3.6405 3.6417 3.6429 3.6439 3.6451 3.6487 3.6497 3.6509
[3991] 3.6513 3.6524 3.6526 3.6537 3.6559 3.6565 3.6567 3.6579 3.6587 3.6599
[4001] 3.6603 3.6605 3.6607 3.6631 3.6637 3.6643 3.6650 3.6652 3.6659 3.6665
[4011] 3.6667 3.6669 3.6679 3.6685 3.6689 3.6699 3.6701 3.6705 3.6732 3.6734
[4021] 3.6737 3.6743 3.6750 3.6752 3.6755 3.6759 3.6761 3.6771 3.6791 3.6811
[4031] 3.6847 3.6861 3.6879 3.6885 3.6899 3.6907 3.6935 3.6945 3.6953 3.6969
[4041] 3.6973 3.6985 3.6993 3.6995 3.7001 3.7009 3.7011 3.7029 3.7043 3.7056
[4051] 3.7058 3.7073 3.7085 3.7089 3.7095 3.7103 3.7113 3.7115 3.7135 3.7155
[4061] 3.7157 3.7159 3.7167 3.7181 3.7185 3.7213 3.7215 3.7223 3.7233 3.7234
[4071] 3.7236 3.7253 3.7263 3.7269 3.7271 3.7283 3.7287 3.7297 3.7307*

4.2 Estimation

> tpoil<-1:744
> for (i in 1:744) {tpoil[i]<-tpoi[i]}

*Note: j, =4079 and T =3.732.
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> tp0i2<-1:491
> for(i in 1:491) {tpoi2[i]<-tpoi[i+744]}

> tpoi3<-1:1779
> for(i in 1:1779) {tpoi3[i]<-tpoi[i+1235]}

> tpoi4<-1:1065
> for(i in 1:1065) {tpoi4[i]<-tpoi[i+3014]}

> stpl<-sum(tpoil)
> stpl
[1] 289.0196

> stp2<-sum(tpoi2-tttt[1])
> stp2
[1] 115.8695

> stp3<-sum(tpoi3-tttt[2])
> stp3
[1] 1348.608

> stp4<-sum(tpoi4-tttt[3])
> stp4
[1] 491.4479

> fl

function(d1)

{
{al <-4079/d1
aal <- (744 * 0.783 * exp(-0.783 * d1))/(1 - exp(-0.783 * d1))
aa2 <- (491 * 0.467 * exp(-0.467 * d1))/(1 - exp(-0.467 * d1))
aa3 <- (1779 * 1.544 * exp(-1.544 * d1))/(1 - exp(-1.544 * d1))
aa4 <- (1065 * 0.938 * exp(-0.938 * d1))/(1 - exp(-0.938 * d1))
a2 <- stpl + stp2 + stp3 + stp4
zl <-al - aal - aa2 - aa3 - aa4 - a2
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return(zl)

> dl
[1]0.08 0.09 0.100.11 0.12

> £1(0.070768653)
[1] 1.118724e-07

>yy0
[1] 1000

> yyl
[1] 1024.994

> yy2
[1] 1302.009

> yy3
[1] 1230.569

> 10<-(dd1*(jj1-§j0))/(1-exp(-dd1*(s1-50)))
>10
[1] 976.7606

> 11<-(dd1*(jj2-ij1))/(1-exp(-dd 1 *(s2-s1)))
>11
[1] 1068.861

> 12<-(dd1*(jj3-j2))/(1-exp(-dd1*(s3-52)))
>12
[1] 1216.297
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> 13<-(dd1*(jj4-jj3))/(1-exp(-dd1*(s4-s3)))
>13
[1] 1173.496

> v0<-(1-exp(-dd1*(s1-s0)))"2/(dd172*(jj1-jj0))
>v0
[1] 0.0007798241

> v1<-(1-exp(-dd1*(s2-s1)))"2/(dd172*(jj2-jj1))
>vl
[1] 0.0004297727

> v2<-(1-exp(-dd1*(s3-s2)))"2/(dd172*(jj3-jj2))
>v2
[1] 0.001202532

> v3<-(1-exp(-dd1*(s4-s3)))"2/(dd172*(jj4-jj3))
>v3
[1] 0.0007733688

> co0<--((1-exp(-dd1*(s1-s0)))/dd1*2-((s1-s0)*exp(-dd1*(s1-s0))/dd1))
>co0
[1] -0.2954522

> col<--((1-exp(-dd1*(s2-s1)))/dd172-((s2-s1)*exp(-dd1*(s2-s1))/dd1))
>col
[1]-0.1066715

> c02<--((1-exp(-dd1*(s3-s2)))/dd12-((s3-s2)*exp(-dd1*(s3-s2))/dd1))
> co2
[1]-1.108596

> c03<--((1-exp(-dd1*(s4-s3)))/dd1°2-((s4-s3)*exp(-dd1*(s4-s3))/dd1))
>co3
[1] -0.4209299
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> va4<--(((1j1-j0)*(s1-s0)*(2/dd 1+s1-s0)*exp(-dd 1 *(s1-s0))/(1-exp(-dd1*(s1-s0))))
H(({j2-5j1)*(s2-s1)*(2/dd 1 +s2-s1) *exp(-dd1*(s2-s1))/(1-exp(-dd 1 *(s2-s1))))
+HH((1j3-1j2)*(s3-52)*(2/dd 1+s3-s2)*exp(-dd 1 *(s3-52))/(1-exp(-dd 1 *(s3-52))))
+H((1j4-1j3) *(s4-s3)*(2/dd 1+s4-s3) *exp(-dd 1 *(s4-s3))/(1-exp(-dd 1 *(s4-s3))))
+-(2*jj4/dd112))
>v4
[1] 1867.722

> matr<-matrix(matr,5,5)
> matr

L1] (2] [.3] [4] [.5]
[1,] 0.0007798241 0.0000000000 0.000000000 0.0000000000 -0.2954522
[2,] 0.0000000000 0.0004297727 0.000000000 0.0000000000 -0.1066715
[3,] 0.0000000000 0.0000000000 0.001202532 0.0000000000 -1.1085961
[4,] 0.0000000000 0.0000000000 0.000000000 0.0007733688 -0.4209299
[5,] -0.2954522389 -0.1066714766 -1.108596093 -0.4209298537 1867.7215633

> cova<-solve(matr)
> cova
[.1] [.2] [.3] [4] [.3]

[1,] 1582.5102371 196.6463007 730.386784 431.220483 0.792275617
[2,] 196.6463007 2455.6377323 478.488780 282.499858 0.519033205
[3,] 730.386784 478.488780  2608.789093 1049.265418 1.927801296
[4,] 431.220483 282.499858 1049.265418 1912.530661 1.138174217
[5,] 0.792275617 0.519033205 1.927801296 1.138174217 0.002091152

> yyel<-11-10*exp(-dd1*s1)

> yyel
[1] 144.7525

> yye2<-12-11*exp(-dd1*s2)

> yye2
[1] 237.9266
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> yye3<-I3-12*exp(-dd1*s3)
> yye3
[1] 175.4105

> (yyel+yye2+yye3)/3
[1] 186.0299
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5. The calculations and S-Plus routine for example 5.1.1

5.1 Simulation

> te<-rexp(150,100)
> tte<-1:100
> for (i in 1:100) {tte[i]<-te[i]}

> tte<-round(tte,4)
> tte

[1] 0.0122 0.0040 0.0099 0.0035 0.0031 0.0091 0.0033 0.0710 0.0033 0.0125
[11] 0.0024 0.0222 0.0134 0.0057 0.0237 0.0063 0.0212 0.0026 0.0142 0.0195
[21] 0.0001 0.0066 0.0037 0.0089 0.0010 0.0058 0.0045 0.0059 0.0188 0.0158
[31]0.0101 0.0012 0.0387 0.0031 0.0026 0.0069 0.0072 0.0051 0.0032 0.0144
[41] 0.0004 0.0128 0.0102 0.0001 0.0058 0.0238 0.0037 0.0032 0.0181 0.0159
[51] 0.0027 0.0409 0.0045 0.0162 0.0228 0.0120 0.0009 0.0059 0.0150 0.0042
[61] 0.0019 0.0126 0.0208 0.0023 0.0080 0.0051 0.0067 0.0073 0.0018 0.0118
[71] 0.0060 0.0079 0.0167 0.0079 0.0013 0.0060 0.0263 0.0121 0.0055 0.0051
[81]0.0113 0.0037 0.0119 0.0064 0.0367 0.0033 0.0011 0.0014 0.0042 0.0347
[91] 0.0019 0.0120 0.0029 0.0005 0.0043 0.0079 0.0033 0.0086 0.0022 0.0244

> cumsum(tte)

[1]0.0122 0.0162 0.0261 0.0296 0.0327 0.0418 0.0451 0.1161 0.1194 0.1319
[11]0.1343 0.1565 0.1699 0.1756 0.1993 0.2056 0.2268 0.2294 0.2436 0.2631
[21] 0.2632 0.2698 0.2735 0.2824 0.2834 0.2892 0.2937 0.2996 0.3184 0.3342
[31] 0.3443 0.3455 0.3842 0.3873 0.3899 0.3968 0.4040 0.4091 0.4123 0.4267
[41] 0.4271 0.4399 0.4501 0.4502 0.4560 0.4798 0.4835 0.4867 0.5048 0.5207
[51] 0.5234 0.5643 0.5688 0.5850 0.6078 0.6198 0.6207 0.6266 0.6416 0.6458
[61] 0.6477 0.6603 0.6811 0.6834 0.6914 0.6965 0.7032 0.7105 0.7123 0.7241
[71] 0.7301 0.7380 0.7547 0.7626 0.7639 0.7699 0.7962 0.8083 0.8138 0.8189
[81] 0.8302 0.8339 0.8458 0.8522 0.8889 0.8922 0.8933 0.8947 0.8989 0.9336
[91] 0.9355 0.9475 0.9504 0.9509 0.9552 0.9631 0.9664 0.9750 0.9772 1.0016

> y<-rexp(100,1)
> y<-array(y)
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>y
[1] 2.844531 0.6437058 0.1532211 0.1419299 2.136895 0.9931174 0.6334041
[8] 3.089103 0.846644 0.1783297 0.0999909 0.3013416 0.04383538 0.2155333
[15] 2.575489 0.562017 1.639105 1.942076 0.5436354 0.004495321 0.006376755
[22] 0.7757282 1.028568 0.6781959 2.755949 0.3756035 1.400532 0.3567848
[29] 0.479679 0.5749752 3.214524 1.117339 0.008017103 0.4736012 0.2124399
[36] 3.445639 1.455314 0.3378651 0.2721739 0.000110719 1.136713 0.02692588
[43] 1.316751 2.508186 0.1748482 0.4527609 1.515758 0.6491918 1.393431
[50] 1.750964 0.3921691 1.440703 3.064295 1.212635 0.1391625 3.968223
[57] 0.1834681 0.3241229 0.06615166 3.33812 0.1966045 0.857705 0.7827508
[64] 1.444248 1.69832 0.538809 2.462212 3.799613 0.1554118 1.029232
[71] 0.5837805 0.6370158 2.938962 0.630229 0.198576 1.973318 0.1792413
[78] 1.084332 0.6133536 0.4536421 1.173732 7.341652 2.585211 0.1193903
[85]0.02439253 1.11829 1.92124 1.712752 0.6441057 2.026121 0.9926892
[92] 0.2372974 0.06095418 0.1912166 1.051397 0.5888466 3.651955 1.472982
[99] 1.738937 1.762146

>y0

[1] 200

>d

[1]0.5

> BO<-((1-exp(- d * tte[1]))/d)
>B0

[1] 0.01216287

> inten0<-y0*BO

> inten0

[1] 2.432573

> NO<-rpois(1,inten0)
>NO

[113

> y1<-yO*exp(-d*tte[1])+y[1]
>yl

[1]201.6282

> Al<-exp(-d*tte[1])
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> B1<~((1-exp(-d*tte[2]))/d)
> inten1<-y1*A1*B1

> intenl

[1] 0.8008072

> N1<-rpois(1,intenl)

>N1

[1]12

> genel<-function(i){

+ yl[iJ<-y1[i-1]* exp(-d*tte[i])+y[i]
+ return(y1[i])

+}

>y1[1]<-201.6282
> for(i in 2:99){

+ y1[i]J<-genel(i)
+}

> yl

[1]201.6282 201.8691 201.0255 200.8159 202.6418 202.7150 203.0142 199.0227

[9] 199.5412 198.4763 198.3383 196.4503 195.1823 194.8423 195.1226 195.0709
[17] 194.6532 196.3424 195.4969 193.6046 193.6013 193.7392 194.4097 194.2247
[25] 196.8835 196.6890 197.6475 197.4220 196.0547 195.0869 197.3187 198.3177
[33] 194.5252 194.6975 194.6570 197.4322 198.1780 198.0112 197.9668 196.5467
[41] 197.6441 196.4101 196.7277 199.2261 198.8240 196.9248 198.0766 198.4091
[49] 198.0150 198.1980 198.3228 195.7490 198.3733 197.9856 195.8806 198.6770
[57] 198.7711 198.5097 197.0926 200.0173 200.0240 199.6255 198.3429 199.5592
[65] 200.4609 200.4891 202.2808 205.3435 205.3142 205.1356 205.1049 204.9333
[73] 206.1682 205.9857 206.0504 207.4065 204.8762 204.7248 204.7759 204.7081
[81] 204.7285 211.6917 213.0211 212.4599 208.6212 209.3956 211.2017 212.7666
[89] 212.9644 211.3275 212.1195 211.0879 210.8430 210.9815 211.5798 211.3345
[97] 214.6380 215.1901 216.6924

> gene<-function(i){
+ A <- exp(- d * tte[i])
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+ B<-((1-exp( - d * tte[i+1]))/d)
+ inten<-genel(i)*A*B

+ return(inten)

+}

> gene2<-function(i){

+ Cl[i]<-rpois(1,gene(i))
+ return(Cl[i])

+}

> Cl<-1:99

> CI[1]<-2

> for(i in 2:99){

+ Cl[i]<-gene2(i)

+}

>Cl
[1121311217000340313033040301
[2612123019002120303203500650
[5115077412310470310002313300
[76 51 0043109000291501011214

> cla<-1:100

> cla[1]<-3

> for (i in 2:99){
+}

> for (i in 2:100){
+ cla[i]<-Cl[i-1]}

>cla
f1132131121700034031303304030
[260)12123019002120303203500635
[51]0507741231047031000231330
[76)0510043109000291501011214
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>cl
[1]13242323232310112302112122242231121223
[38]2123213242214240212053424331434310141
[75]123122110440223223324322222

> sum(cl)
[1]215

5.2 Pricing

> gel<-function(i,v){

+ h[i]<-exp(21.457-1.0*log(6.5451*10"8*exp(2.2361*v)+2.5*1078)+1.118*v)
+ return(h[i])

+}

> ge2<-function(i,v){

+ s[i]<-((1.118*(1.0-2.618*exp(2.2361*v))/(-2.618*exp(2.2361*v)-1.0))-0.5)
+ return(s[i])

+}

> hhh

[1] 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.090.100.110.120.13 0.14 0.15
[16]0.16 0.17 0.18 0.19 0.20 0.21 0.22 0.23 0.24 0.25 0.26 0.27 0.28 0.29 0.30
[31]10.310.320.33 0.34 0.350.36 0.37 0.38 0.39 0.40 0.41 0.42 0.43 0.44 0.45
[46] 0.46 0.47 0.48 0.49 0.50 0.51 0.52 0.53 0.54 0.55 0.56 0.57 0.58 0.59 0.60
[61] 0.61 0.62 0.63 0.64 0.65 0.66 0.67 0.68 0.69 0.70 0.71 0.72 0.73 0.74 0.75
[76] 0.76 0.77 0.78 0.79 0.80 0.81 0.82 0.83 0.84 0.85 0.86 0.87 0.88 0.89 0.90
[91] 0.91 0.92 0.93 0.94 0.95 0.96 0.97 0.98 0.99 1.00

> ge3<-function(i,v){
+ a[i]<-((1/14.14214)*(v-200*0.01))
+ return(af[i])

+}
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> zz1<-1:100
> for (i in 1:100){ :
+ zz1[i]<-gel(1,hhh[i])*ge2(1,hhh[i])*ge3(1,cl[i])
+}
> zzl
[1] 0.001608527 0.000000000 0.009467405 0.000000000 0.007725902
[6] 0.000000000 0.010583998 0.000000000 0.013307409 0.000000000
[11] 0.015896063 -0.017139969 -0.036700755 -0.019527412 -0.020671221
[16] 0.000000000 0.022859886 -0.047810325 0.000000000 -0.025898823
[21] -0.026847758 0.000000000 -0.028651360 0.000000000 0.000000000
[26] 0.000000000 0.063782202 0.000000000 0.000000000 0.034011355
[31] -0.034661342 -0.035283673 0.000000000 -0.036447172 0.000000000
[36] 0.000000000 0.037996460 0.000000000 -0.038904213 0.000000000
[41] 0.039716393 0.000000000 -0.040436912 0.040764026 0.000000000
[46] 0.082708843 0.000000000 0.000000000 -0.042087773 0.084587143
[51] 0.000000000 0.085300151 -0.085603463 0.000000000 -0.043054198
[56] 0.000000000 -0.086483887 0.129938041 0.043368587 0.086820206
[61] 0.000000000 0.086903369 0.043452597 0.043440811 -0.043416734
[66] 0.086761533 0.043333301 0.086549451 0.043205419 -0.043125755
[71] -0.086072197 -0.042936808 0.085656470 -0.042710724 0.000000000
[76] 0.042450227 -0.042307894 0.000000000 0.000000000 -0.041836322
[81]-0.041665278 -0.082975584 0.082608288 0.082229215 -0.081838898
[86] 0.000000000 0.000000000 0.040302809 0.000000000 0.000000000
[91] 0.039644530 0.039416927 0.000000000 0.077901509 0.038712596
[96] 0.000000000 0.000000000 0.000000000 0.000000000 0.000000000

> szz1<-sum(zzl)
> szzl
[1]0.5579152

> ge8<-function(i){ _

pm <- (((121/pi)(1/2)) * (3.3576(1/2)) * exp(-0.5 * ((3.5081 * 0.01 * i - 7.9815)"2))) +
(((24274(1/2)) * 0.48295 + 220 - i) * pnorm( - (3.5081 * 0.01 * i - 7.9815)))

return(pm)

}
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>pm<-1:10
> for (i in 1:10){
+ pm[i]<-ge8(bb1[i])}

> bb1 (Retention limit)
[1] 0190200 210 220 230 240 250

> pm (Reinsurance premium)

[1]227.512939 38.767164 30.049486 22.209532 15.521060
[6] 10.171605 6.202363 3.494186
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