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Abstract

This thesis consists of three original articles in the field of general equi-
librium with incomplete markets and general equilibrium with asymmetric
information, and an introduction to the theory, which traces its development
and embeds the following chapters in a common framework.

In Pareto Improving Trade Restrictions in an Incomplete Markets Econ-
omy, we consider a stylised three period one good general equilibrium model
with incomplete security markets. We show that the introduction of an
indiscriminate marginal constraint on security trades can lead to a Pareto
improvement, even though all prices are endogenous and agents are fully ra-
tional and have symmetric information.

In Signaling Credit Quality Independently of Contract Choice: a Non-
Transaction Cost Approach to Swaps in Anonymous Markets, we demon-
strate that under two conditions, swaps are non-redundant securities in
anonymous financial markets. Firstly, there is asymmetric information over
the project payoff which is financed by swaps. And secondly, borrowers are
restricted from being investors at the same time. If either of this condition
fails, then swaps are redundant assets. Swaps permit a constrained optimal
solution to an asymmetric information problem.

Finally, Anonymous Corporate Bond Markets with Asymmetric Informa-
tion, the main article of this thesis, shows that in an anonymous credit mar-
ket which is characterised by limited liability and asymmetric information
between borrowers and lenders, the nominal rate of interest on tradable debt
(the coupon rate) sorts borrowers by their riskiness and in this way has an
indirect influence on the price and quantity of bonds traded in equilibrium.
This is in contrast to symmetric information models, in which the nominal
coupon rate has no function. The paper claims that the adverse sorting effect
of the nominal interest rate, as in Stiglitz-Weiss (1981), is maintained in a
competitive setting, but that, even though changes in the nominal interest
rate result in non-monotonic changes in the deliveries of agents, the orderly
functioning of markets is not impaired.
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Chapter 1

General Introduction

1.1 Classical General Equilibrium Theory

Traditionally, the focus of general equilibrium theory has been on the analy-
sis of the complete entity of an economic system, described by the behaviour
of individuals and firms based on axioms of choice. The data of a general

equilibrium economy are preferences, endowments and technology. We will

describe them in turn:

Let z, y and z denote three consumption bundles, over which individual i
has a choice. General equilibrium theory is based on two consistency axioms
regarding the choice over these consumption bundles: Completeness, that
either z >; y, or y >; =, or both, in which case z ~; y. And transitivity, that
ifz >; y and y >; 2, then z >; z. Individuals whose behaviour complies with
these axioms are called 'rational’. With some additions, the main one being

that individuals are non-satiated in the consumption of goods, analytically
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meaningful utility functions u*(z,y, z) representing these preference axioms

can be constructed.

Individuals are endowed with endowments w. Individuals choose com-
modity bundles subject to the restriction that the value of the commodity
bundles which they choose do not exceed the value of their endowments. If
there are L goods, and p € IRF denotes the vector of prices of a commodity

bundle, then the budget constraint is B'(p, w') = {p.7* < p.w'}.

Technology is referred to as the way in which commodity bundles can
be substituted for each other. Smooth substitution implies infinitesimally
divisible goods and a smooth transactions technology. Thus continuity and
differentiability of the utility function can be interpreted as assumptions on

technology.

With the data of the economy specified, demand correspondences can be
found, which are the sets of the maximum elements of the problem of max-
imising the utility of agents subject to the budget constrained over a range of
prices, which agents take as given. Denote the demand correspondences by
fi(p,w*) € arg max {u*(z*)|z' € B'(p,w')}. By the Maximum Theorem, de-
mand correspondences own certain properties from the construction of utility
functions and the budget constraint: boundedness, continuity, homogeneity,
budget feasibility and a type of boundary behaviour. The sum of all demand
correspondences, the aggregate demand correspondence, or, equivalently, the

aggregate excess demand correspondence Z(p) = Y I, (f*(p) — w') inherits
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boundedness, continuity, homogeneity, "'Walras’ Law’ that pZ(p) = 0 for all
p € IRL, and the boundary behaviour of the individual demand correspon-
dences by the properties of sequential compactness. A general equilibrium is
defined as a tuple (p*,z*) of a price vector and an allocation, such that at
p*, all individuals in the economy maximise utility subject to their respec-
tive budget constraints and markets clear, ie. the aggregate excess demand

function has a zero.

There are three issues which are studied in general equilibrium theory:

existence, welfare properties and comparative statics.

Under the conditions on the economy above, invoking a fixed point the-
orem such as Kakutani’s theorem is enough to show bexistence of a general
equilibrium. Existence was first proved by Arrow and Debreu (1954), and
independently by McKenzie (1959), who made assumptions on demand cor-
respondences’. Existence of a general equilibrium is often associated with

the idea of 'the orderly functioning of markets’.

However, the real power of classical general equilibrium theory must be
traced back to its welfare properties. The first welfare theorem states that
every competitive equilibrium is Pareto efficient. Pareto efficiency means
that an equilibrium allocation (p*, z*) cannot be improved upon for any one
agent, without making at least one other agent worse off. The proof of the

first welfare theorem relies on the fact that a superior allocation must lie

!There is an earlier claim due to Wald (1936)
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in the upper contour set of at least one agent and is therefore not budget
feasible, since prices in a particular equilibrium are uniquely determined for

all agents.

The issue of multiplicity and determinacy of equilibria is essential for
comparative statics. There are several results in this area. Debreu (1970)
proved that generically, gexieral equilibria are locally unique. However, three |
powerful results on the structure of the excess demand functions, by Mantel
(1976)-Debreu (1974)-Sonnenschein (1972), show essentially that the exis-
tence results are equivalent to the fixed point theorems, implying that if a
correspondence satisfies the conditions of a fixed point theorem, then it can
be viewed as the aggregate excess demand correspondence of one particu-
lar economy. The results imply that very little can be said regarding the
structure of the demand correspondence of a particular economy under ob-
servation, since the 'real’ underlying economy cannot be identified. Without
further restrictive assumptions on utility functions, or on the distribution of
preferences in the economy (Hildenbrand, (1982)), comparative statics be-

comes impossible.

In view of these discouraging results on comparative statics, and of solved
questions regarding existence and welfare properties, general equilibrium has
developed beyond the classical questions, and, in some way, has moved away
from the analysis of the entity of an economic system to more specific ques-
tions in finance, production, money and policy. In an early contribution,

Debreu (1959) and Arrow (1964) show that the underlying logic of the gen-
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eral equilibrium approach can be carried over to the setting of uncertainty
and time without any changes, as long as goods can be traded contingent
on time and location. Significantly reducing the numbers of markets needed
for the equivalence result, Arrow (1964) showed that ’contingent contracts’,?,
rational expectations and a system of complete contingent security markets,
will suffice to make an economy equivalent to a classical general equilibrium

economy again. This result was generalised to the case of a general complete |
financial structure by Radner (1972). Neither the underlying mathematical
techniques, nor the existence question or welfare properties are altered when-
time and uncertainty are treated in this way. Since the contingent contract
construction is extremely helpful and revealing for the analysis of incom-
plete markets economies, it warrants further study: Let there only be one
good in the economy, which can be interpreted as income, and whose price
is normalised to one. Let there be two periods, and a finite number of states
s =1,---,5 in period ¢t = 1. A contingent contract for state s € S is a
promise to deliver one unit of the good in state s and nothing otherwise. Its
price, denoted by 7, is payable at ¢ = 0. The optimisation problem of agents

is transformed into

maz u(z') s.t.

€ B(rd) = {rz < 1o}

When writing the first order conditions of this problem, it becomes clear

2Contracts that pay off one unit in one particular state and zero otherwise
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that the contingent contract prices are equal to the marginal utilities of
income in states s = 0,---,S, and can therefore be referred to as ’state
prices’. The welfare properties of a general equilibrium can be expressed
in terms of the collinearity of the marginal utilities of income in the states,
hence, the state prices. At a Pareto optimum, the vector of marginal utilities
of income point in the same direction for all individuals. This insight carries
over to the welfare analysis. of more general economies and we will return to |

it presently.

1.2 Developing the Classical Paradigm: changes
in the fundamental data of general equi-
librium theory

General equilibrium theory retains its analytical power from the simplicity
of its approach. All agents are price takers, prices are linear and contracts
are anonymous. Extensions to general equilibrium theory attempt to pre-
serve these methodological underpinnings, while allowing for changes in the
fundamental data of preferences, endowments and technology. As we have
already stated, research has arguably shifted to answering more specific ques-
tions in the fields of policy, finance, macroeconomics. This thesis is written
in this spirit. It uses the methodology of anonymity, price taking and non-
exclusiveness to analyse very particular phenomena in, from the viewpoint

of traditional general equilibrium theory, highly specialised settings.
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Several attempts have been made to allow for generalisations of prefer-
ences, endowments or technology. Bounded rationality can be viewed as a
modification of utility functions that allow for non-completeness of prefer-
ences. Moral hazard can be interpreted as allowing for non-convex pref-
erences. Both of these modifications are not easily introducible into gen-
eral equilibrium theory. Moral hazard introduces problems of non-existence
(eg. Helpman and Laffont, (1975)), while, more fundamentally, the incom-
pleteness of preferences makes the very construction of utility functions non-

obvious at the very least.

General equilibrium theory has been extended with a lot more success to
allow for more restrictive transactions technologies, as in the case of general
equilibrium with incomplete markets (GEI). The next section will elabo-
rate on this point. A very recent development has been the introduction
of adverse selection, which could be viewed as allowing for type-specific en-
dowments, and whose integration necessitates non-type specific transactions
technologies. The three papers that make up this thesis are based on these
two extensions, and we will now briefly turn to discuss the issues raised when

extending general equilibrium along these lines.

1.2.1 Uniformly Restricted Participation: General Equi-

librium with Incomplete Markets

Market incompleteness of financial markets can be viewed as a restriction on

the trading technology of individuals. Specifically, individuals are restricted
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to trade bundles of goods and are not able to disentangle the bundles. In the
mathematical construction, it implies that individuals face multiple budget
constraints, which can not be trivially reduced to a single budget constraint as
in the case of a ’contingent market equilibrium’. Denote the vector of security
prices by ¢ and the matrix of security payoffs as V, where V = (V)‘Z:ig
Then a financial markets budget constraint is

Blaw', V) ={ @) e Ry | D7 4=9 TR

Ty—wi=Vz s=1,---,§

In contrast to the original budget constraint, the financial market budget
constraint consists of a set of S+1 constraints. The market is said to be com-
plete if S = J, where j are the linearly independent securities available in the
market. Since the matrix V becomes square when markets are complete, by
a basic theorem of linear algebra, there are portfolios z* that generate every
possible income stream y € IR®, since 2* = yV ! always has a solution for
every y. This allows to rewrite the complete market financial budget set as
a single budget equation. If markets are non-trivially incomplete, not every
income stream y lies in the span of (V). However, the no-arbitrage principle
of contingent market pricing, that there is no arbitrage if and only if there
exists a vector of positive state prices (or prices of Arrow securities), carries
over to incomplete markets. Thus the fundamental pricing relation that the
price of a security equals its discounted value of payoffs under some prob—}
ability measure, ¢ = 7V, carries over straight from the contingent market

construction®, and every income stream in the span of (V) can be uniquely

3To see this, normalise the marginal utility of income at period ¢t = 0 to one. Then
denoting by A} the Lagrange multipliers of agent i in state s, the first order conditions
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priced: ¢,(y) = gz = nVz = [m,y] determines a unique cost ¢ of the income
stream y. Note, however, that now the vector of state prices 7 ceases to be

unique across agents.

These basic observations of incomplete markets theory suffice to give an
intuition for the results on existence and welfare, and, perhaps more fun-
damentally reveal why the utility function construction is not endangered
by the introduction of restrictions on technology: since agents are forced, in
equilibrium, to agree on the value of the bundles of goods which they can
trade, even though they disagree about the valuation of individual income
streams, the value of ’everything which is traded’ is uniquely determined and
an equilibrium always exists in the case of one good and two periods, and
generically (for an open dense subset of the parameter space) for multigood
or multiperiod economies, since then the payoff matrix is not independent of
prices anymore (Hart (1975)). Existence was proved by Werner (1985) for
nominal assets, by Geanakoplos-Polemarchakis (1986) for a numéraire com- -

modity and by Duffie and Shafer (1985, 1986) for general asset structures.

Regarding welfare, note that the indeterminacy of state prices allows the
non-collinear alignment of marginal rates of substitution for different agents
at the same equilibrium prices. Consequently, a central planner who reallo-
cated payoffs in such a way as to make state prices/marginal rates of substi-

tution collinear, would be able to Pareto improve upon the equilbrium allo-

with respect to the portfolio choice z* are —Mg + Yo, AiV, = 0. Since wui(z?) = M,

s=1""s"8

and by the normalisation, g = 7V.
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cation. However, a stronger result is true. Geanakdplos and Polemarchakis
(1986) establish the generic constrained suboptimality of GEI equilibria with
many goods (or many periods). A GEI equilibrium is called ’constrained op-
timal’ if a budget feasible reallocation of portfolios in the trading period with
the existing assets cannot improve upon the equilibrium allocation. A con-
strained optimal reallocation must respect budget feasibility and the security

structure available. At ﬁrst'sight, considering the maximum properties of in- |
dividual choices, it seems surprising that individuals, when left to their own
devices, cannot find the choice which truly maximises their utility. However,
the intuition is the following: a portfolio reallocation changes relative income
levels of agents in all states of nature, and in doing so, affects relative prices.
The relative price change, however, cannot be decomposed into portfolio
reallocations. In other words, faced with the relative prices of the Pareto im-
proving allocation, individuals would not trade portfolios in such a way that
at those prices sport markets and asset markets cleared. The proofs of con-
strained suboptimality rely heavily on tools of differential topology, and all
the analysis is local. It is an open question to construct a mechanism which
finds the constrained optimum, and there is debate as to the definition of
constrained suboptimality employed in Geanakoplos and Polememarchakis

(1986) (see Kajii (1995)).

Pareto Improving Trade Restrictions in an Incomplete Markets

Economy

The contribution of this thesis to the theory of incomplete markets is con-

tained in chapter two. In this chapter, we provide another interpretation
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of the constrained suboptimality result of multiperiod incomplete market
economies. We conduct the analysis in a highly specialised setting, and our
main result does not hold for every arbitrary economy satisfying the standard

assumptions.

The result is the following: in a two agent replica economy with three
periods and uncertainty only between ¢ = 0 and ¢ = 1, with general prefer-
ences and short-lived securities, imposing a marginal indiscrimate borrowing
constraint on agents can induce a Pareto improving reallocation, even though

all prices are endogenous.

The mechanism used to generate the result is that a marginal borrowing
constraint induces one of the agents to save more in the previous period. As
a consequence of his saving, the individual arrives at the period in which
borrowing is constrained with a greater level of wealth. The changed distri-
bution of wealth induces a price change. The price change may make both
agents better off, and compensate for an adverse price change in the period
prior to the constraint period. Hence the allocation may be improved with

respect to the GEI equilibrium.

Again, the result seems surprising at first sight. It suggests that indi-
viduals borrow too much in equilibrium, and with rational expectations and
utility maximisation, one does not expect this to happen. However, the
intuition is the following: when individuals are confronted with the prices

that are the prices of the Pareto improved allocation, they choose portfolios
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that would yield an ever greater utility level for them, than the borrowing
constraint allocation does. However, these portfolio choices are not market
clearing, and hence are not an equilibrium. Another way to look at the same
problem, taking into account that utility functions are additively separable,
would be to see that the multiplicity of budget constraints ’disconnects’ the
portfolio choice problems from periods ¢ = 0 to t=1andfromt=1tot=2. .
The portfolio choice problem from ¢ = 1 to ¢ = 2 determines the prices of the
securities traded in these periods. These prices depend on the endowments
in both periods, wheighted by the preferences of the individuals. However,
agents do not take into account the fact that the previous choice problem
from ¢t = 0 to t = 1 changes the distribution of wealth in period ¢ = 1 and

therefore influences the choice problem in subsequent periods.

Methodologically, the contribution of the article is that the borrowing
constraint is 'non-discriminating’. In contrast to the interventions suggested
by Geanakoplos and Polemarchakis (1986, 1990), or by Herings and Polemar-
chakis (1997), the knowledge requirement is very low. However, the result
is, even in the highly special economy, not true all values of the parame-
ters. Economies can be found for which the borrowing constraint induces
an adverse price effect in the previous period which destroys the Pareto im-

provement of the portfolio reallocation.
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1.2.2 Restricting Trade Spaces to Types: General Equi-

librium with Asymmetric Information

Following the fundamental contributions by Akerlof (1970), Mirrlees (1974),
Spence (1974) and Rothschild and Stiglitz (1976), problems of asymmetric
information have taken centre stage in economic theory. Several attempts
have been made to analyse the implications of informational asymmetries in
a general equilibrium setting. Helpman and Laffont (1975) provide an ex-
ample of non-existence of a general equilibrium with moral hazard. Prescott
and Townsend (1984) establish a framework to analyse existence and welfare
properties. Gale (1992, 1996), has developed a framework from a different,
more contractual approach. The problems of general equilibrium with asym-
metric information (GEAA) have become clearer with a series of articles by
Geanakoplos (1990), Gottardi and Bisin (1997), Polemarchakis and Minelli
(1993) and a joint effort by the above authors. The issues are that agents
have market power if they possess information that other individuals in the
economy do not have. Even though they remain price takers, their private
knowledge over the payoff of a contract individualises the contract for them.
Hence, a generic model of asymmetric information could be written in an
Arrow-Debreu style fashion by making the payoff matrix V' dependent on
the individuals . When doing so, two problems naturally arise. Equilibria
with asymmetric information may not exist, since agents are given additional
arbitrage opportunities and because new feasibility problems are introduced.
Both complications can be seen with relative ease, and suggest two restric-
tions which are needed to make them compatible with the anonymous market

set-up. One, that agents are small, and two, that trading restrictions are in-
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troduced which prevent individuals from excessivelj exploiting their private
information. In a way, asymmetric information can be introduced as long as
it is confined to small trades and as long as only the informational advantage
cannot be exploited for speculation beyond its immediate allocational advan-
tage. There are several ways in which ’speculation’ can be prevented. They
all aim at restricting individuals from holding unlimited long and short posi-
tions in the same asymmetric information security. Constructions achieving |
this are: imposing an upper bound on short sales, separating the long and
short sides of the market, either by decree or by introducing bid-ask spreads,
and the construction of pool securities. Since we make extensive use of the

last, we will present a brief formal statement of the pool security construction.

Let security purchases be denoted by ¢°, and sales by #*. For simplicity,
let there be only one standard security, whose payoff depends on the charac-
teristics of the individuals in the economy, and only one type of agent, but
infinitely many agents of the same type. For example, one may think of a
mortgage as a security which individuals sell to a bank, and which is almost
completely standardised, yet the sellers of the security may have superior
information regarding the likelihood of repayment. Then the payoff V* of
the security depends on the individual who sells it. On the other side of the
market, pool all the individual securities, and denote the average delivery on
one unit of the pooled security by V?. To emphasise the distinction between
portfolios of pool securities and of individual securities, denote purchases by
@*P. If certain assumptions are made regardiné the distribution of payoffs of

the individual security, namely that there are infinitely many securities of the
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same type, whose payoffs are iid., then, in the limit for the number of sellers
of the security approaching infinity, the law of large numbers can be invoked
to make the payoff of the security constant across all social states of nature.
Recall that the law of large numbers states that under iid. assumption on the
distribution of random variables, their partial sum tends to the average for
every sequence of outcomes. In contrast to individual states, which we call
s, we denote the partial sums of the random variable (the aggregate states)
by o. Then the law of large numbers states that V?(o), the payoff of a share
in the pool, tends to the average simple average payoff of the individual se-
curities for the number of projects becoming infinitely large. The deliveries
into the pool security are endogenous, whereas for the individual security, it
is the price which is the equilibrating variable. This leaves the price for the
pool security undetermined. For every price, in equilibrium the deliveries will
adjust such that the ’effective’ return fulfills the requirements of the market.
Denote the price of the security by g. A convenient normalisation for the
price of the pooled security is that ¢ = g,. Considering that individuals of a

certain type will make the same choices, their optimisation becomes:

maz u'(z') s.t.

where the budget set is:
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zh = wh — g (¢7(0) — 6'(s))
Bi(q, Vi, V?,w') =4 zi =wi + VP(0)$?(0) — Vi(s)8i(s)
Vs, Vo

The trading restrictions we must impose are that ¢*?,8* > 0. Under the
conditions which we have listed above, a general equilibrium with asymmet-
ric information exists. The mechanism can be thought of in the following
way: prices for individual securities are announced; these prices induce a
certain supply; depending on which individuals supply the securities there
is a quantity of deliveries into the pool; given that the price of the pooled
contract is set equal to the price of the individual contract, the deliveries
induce an effective rate of return. There is a demand for pool securities at
this return. If demand and supply coincide, markets clear and there is an

equilibrium.

Since there are restrictions on unbounded arbitrage sales, equilibria in
this way are not unconstrained efficient. However, no notion of 'constrained

efficiency’ has been devised.

In this thesis, the GEAA setting is exploited to analyse specific phenom-

ena of financial markets.
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A Non-Transactions Cost Approach to Swaps in Anonymous Mar-

kets with Asymmetric Information

There are two different views one could take of a swap market: one which
emphasises the bilateral relationship between the counterparties, the other
which views swaps as anonymous exchanges of payment profiles across time,

with bilateral payments taking place at every period.

Taking the first viewpoint, it is almost trivial to see that with symmetric
information and complete markets, swaps, which are exchanges of payment
streams which were traded prior to the swap trade, are redundant assets.
Likewise, since interest rate swaps are usually exchanges of coupon streams
on a notional principal, swaps trivially make an incomplete market more

complete in the same way that ’asset strips’ do.

It is then clear that some type of complication or inefficiency must be in-
troduced into a financial market to give swaps a role, over and above the sav-
ings on transactions costs which they provide by implicitly allowing retrade
of bonds. The paper provides a model in which swaps are non-redundant,
and are used to signal good future credit quality to a myopic market. There
are two firms who seek finance for the same type of project, but who have
private information over the different probabilities of success of the projects.
The projects pay off after two periods, however the financial market can only
distinguish between the two projects one period ahead. Consequently the
good risk firm would like to signal its good credit quality to the market. If

there are short sale constraints, and for a particular preference structure, (all
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firms prefer smooth repayments), swaps will be employed by the good firm
in its financing decision. The good risk firm will issue short term one period
debt and swap it for long term debt, while the bad firm will issue long term
bonds from the start. The result holds true if there are restrictions on short
sales and there is asymmetric information in the market. As a restriction on
short sales is required for the existence of equilibrium in a GEAA model, its

use comes natural in our application.

The model is completely written from a unilateral viewpoint, which means
that the swap dealer and the investors are the same individuals and the swap
is like a bond contract with a future-type add-on. In an extension to the
model, we show that preferences for a counterparty can be found which trans-

form the set-up into a more traditional bilateral treatment of swap contracts..

Anonymous Corporate Bond Markets with Asymmetric Informa-

tion

The central question of the last paper is whether the nominal coupon rate
on bonds, the ’coupon rate’, has a role to play in competitive markets with
asymmetric information. If information is complete and symmetric, then the
nominal rate plays no role as the price of bonds adjusts to equilibrate the
supply and demand of credit. With asymmetric information and limited li-
ability, however, we show that the nominal coupon rate sorts borrowers by
their riskiness, and pooling equilibria exist in which the good risk borrowers

subsidise the bad risk borrowers.
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The uncertainty construction expands upon a seminal article by Stiglitz
and Weiss (1981) (SW) on credit rationing in markets with asymmetric in-
formation. The SW model is game theoretic. There is a monopolistic bank
which is a price setter in its credit market and a quantity setter in its deposit
market. SW show that it may be the case that, if borrowers have asymmet-
ric information over their projects, a credit market is characterised by credit
rationing. One problem with the analysis is that, even with symmetric in-
formation, it is a standard result that a non-price discriminating monopolist
‘rations’ its clients in its product markets. In other words, it is difficult to
disentangle the two possible causes of credit rationing: the game theoretic

set-up and the asymmetric information.

When conducting a SW type analysis in a competitive setting, credit
contracts are traded after their issue, and the definition of a Walrasian equi-
librium precludes credit rationing. The equilibrium interest rate is then not
directly affected by the nominal coupon rate as in SW. However, there is a
more complicated mechanism. The nominal coupon rate still sorts borrowers
by their riskiness, and hence the quantity of credit at every coupon rate is
dependent on the nominal coupon rate. Even though in equilibrium, the ef-
fective interest rate always adjusts to equilibrate demand and supply in the
market, and, in this sense, there is no credit rationing, the different deliveries
for different nominal rates imply that the equilibrium occurs at a different
effective interest rate and a different quantity of credit traded. Indeed, if one

were to constrain individuals in the quantity they could borrow, then it may
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happen that the credit market clears at a higher effective interest rate and
a higher quantity of credit issued. In this sense, some of the intuition and
mechanism behind the credit rationing result carries over to the competitive

setting.

The analysis is extended to see how the credit market would react, if
the propensity to lend deteriorates. The answer is that good risk borrowers

would always be driven out of the market first.

Up to that point, the analysis only considers one-dimensional credit con-
tracts. We then introduce collateral in an extension to the basic model, and
show that separating equilibria can be constructed, similar to Bester (1985).
In separating equilibria, projects are priced according to their riskiness, and
no mispricing through pooling occurs. Moreover, as long as the separating
equilibrium is upheld, the nominal coupon rate becomes insignificant. We
also show that if the propensity to lend deteriorates, it will be the case that
bad risk borrowers drop out of the market first, as their risk is properly priced
and they need to pay a higher interest rate for the same expected return of

the project.

1.3 Concluding Remarks

The articles on GEAA economies show that the underlying structure of gen-

eral equilibrium models, price taking behaviour and the anonymity of con-
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tracts, can be used to analyse specific issues in specialised areas of economics.
Financial markets, in particular, seem to lend themselves easily to this type
of analysis. Using a general equilibrium approach ensures consistency and
closedness of the models, and, as in the case of SW, isolates the informational

restriction from the behaviour of the individuals in the economy.



Chapter 2

Pareto Improving Trade
Restrictions in an Incomplete

Markets Economy

2.1 Introduction

One of the most surprising results in General Equilibrium Theory with In-
complete Markets (GEI) concerns the inefficiency of a market economy. Geanakoplos-
Polemarchakis (1986) and Geanakoplos-Magill-Quinzii-Dréze (1990) prove
that, generically, a general equilibrium economy with at least two goods or
at least three periods is constrained Pareto inefficient. Even if a ‘central
planner’ is allowed to interfere with market allocations only once at the be-

ginning of time, he can still improve upon the competitive allocation.

The reason for the inefficient behaviour of individuals is that, agents are

27
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not aware that their asset trades in previous periods induce a change in the
distribution of wealth in the current period, which influences prices in the
current period and hence total welfare. Since casual empiricism suggests that
a market economy does not have a complete set of markets in the Arrow-

Debreu sense, the apparent generality of the result is all the more striking.

However, fascinating though these assertions may be, they do not serve
as a basis for a ‘normative theory of inefficiency’. The information require-
ment on the central planner to find the Pareto improving allocation are
extremely high: to intervene in the correct way, the central planner must
know the agents’ preferences and endowments. Geanakoplos-Polemarchakis
(1990) show that if the individuals’ assets and goods demands can be ob-
served (in a multigood model), then preferences can be recovered. However,
two limitations of their result seem important. One that to observe indi-
viduals’ demands, there would have to be a period of observation before a
central planner could intervene, and, secondly, that individuals’ demands can

usually not be deduced from aggregate demands.

In a recent paper, Herings-Polemarchakis (1997) show that a Pareto im-
provement allocation can be found by exogenously changing the prices of
goods (in the setting of a multi-period good model). The strengthening with
respect to previous results consists of allowing the central planner to intervene
at the macro-level. However, it is not enough to intervene in the first period
only, as required in Geahakoplos—Polemarchakis (1986) and Geanakoplos-

Magill-Quinzii-Dréze (1990). In this respect, it remains unclear whether the
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Herings-Polemarchakis (1997) contribution constitutes a weakening or not
from the normative point of view of the inefficiency results. Kajii (1994)
attacks the problem of the knowledge requirement of the central planner by
proposing the concept of ‘anonymous intervention’. In his set-up, the cen-
tral planner suggests an intervention rule, but agents are allowed to choose
whether to truthfully reveal their type or not. Kajii concludes that if agents
are not allowed to retrade after the intervention, Pareto improvements are
possible. However, if retrade is allowed, then agents will go back to the initial
equilibrium and revert the changes of the central planner, essentially because

of the maximum properties of the equilibrium allocation.

The two papers by Herings—Polemafcha.kis (1997) and Geanakoplos-Polemarchakis
(1990) point towards the two routes that one can conceivably take to provide
a basis for a normative theory of inefficiency. Either mechanisms must be
found that reveal sufficient information to the central planner to enable him
to intervene in a beneficial way, or alternative characterisations of Pareto
inefficiency, and, correspondingly, simple intervention rules are called for. In
spirit, this paper falls into the second category. The main finding is that
we present a class of incomplete market economies for which an indiscrimi-
nate borrowing constraint on everyone in the time of need leads to a Pareto
improvement. In terms of the ‘central planner’ analogy, a more appropriate
term for our intervention would be to call it a ‘non-discriminatory constraint
mechanism’. The only knowledge requirement on the mechanism is to detect
whether agents borrow out of need in a precise sense which will be defined

below. Also, in contrast to the previous literature, we allow all prices to be
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endogenous, including prices in the period in which the mechanism is imposed
on the economy, and prices in the first period. In this respect, our example
is a generalisation of Geanakoplos-Polemarchakis (1986) and Geanakoplos-
Magill-Quinzii-Dréze (1990). However, we confine our analysis to a highly

parameterised economy, which is why we may call the model an ‘example’.

The remainder of this paper is organised in five sections: Section 2.2 |
gives an intuitive explanation for our main assertion that an indiscriminate
borrowing constraint can make everyone better off. Section 2.3 sets up the
model. Section 2.4 contains the main result and Section 2.5 concludes the

analysis. All the proofs are contained in the Appendix.

2.2 Intuition for the Effect

Our analysis builds on Geanakoplos and Polemarchakis (1988) and Geanako-
plos, Magill, Quinzii, Dréze (1990). Their articles define and explore effi-
ciency properties of incomplete market economies. As soon as an incomplete
markets model has more than one good or lasts longer than two periods,
a pecuniary externality effect arises which makes the equilibria generically
constrained Pareto suboptimal. In other words, even a central planner who
has not more securities available to himself than the market and, in addition,
who is only allowed to intervene once, can still improve upon the market al-

location.

In this paper we demonstrate that we can find easily characterisable and
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non-discriminating restrictions on agents’ borrowing decisions in the time of
need that trigger off a mechanism that produces the pecuniary externality
needed in the proofs of the aforementioned theorems on market inefficiency.

Moreover, all prices are endogenous. The intuition is as follows:

Since markets are incomplete, agents’ marginal utilities of income in the
same state are generally distinct: If it happens that in one state of nature |
the distribution of endowments is unequal, then, in this state, the poor agent
has a high marginal utility of income, while the rich agent’s marginal utility
of income is low. Since in this state the poor agent wants to borrow and
the rich agent is willing to lend, a reduction in the interest rate benefits the
poor agent but hurts the rich agent. Symmetrically, if the distribution of
endowments is reversed in a second state, a reduction in the interest rate in
that state affects agents’ marginal utility of income in the direction opposite
to the first state.

However, since the marginal utility of income is low when an agent is a lender
and high when he is a borrower, a reduction in the interest rate benefits an
agent more when he borrows (low income/ high marginal utility) than it hurts
him when he lends (high income/ low marginal utility). Thus, in expected
terms, a reduction in the interest rate in a time period in which agents can
be either rich or poor with some probability has the potential to improve the

welfare of all agents.

The inequality of marginal valuations of income across agents due to

the incompleteness of markets drives the Pareto improvement in the model.
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What remains to show is how the introduction of a borrowing constraint
leads to a fall in the interest rate, and why the agents could not ‘find’ an

interest rate which made everyone better off in the competitive setting:

To produce the desired result we introduce agent heterogeneity. All agents
have the same risk-averse, time separable utility functions, but their discount
rates are different. The bbrrowing constraint in the time of need induces |
agents to change their behai'iour in the preceding period. To ensure con-
sumption in the state when they are podr, both agents would like to precau-
tionarily save for one period. This is not possible, since one agent’s savings
decision is the other agent’s lending decision. Who will be allowed to save in
period one depends on the severity of the constraint imposed on agents. If
they face the same constraint, the more patient agent will be allowed to save
(ie. lend) in the previous period, since his marginal utility of consumption
in the restricted state increases proportionately more with the introduction
of the borrowing constraint. This agent will then arrive with more wealth in
the next period. The price for the security in this period depends on total
endowments in the period and the next period, ‘weighted’ by the discount
rate of agents. If more weight is given to the patient agent (he arrives with a
larger endowment), his preferences will determine the relative price for cur-
rent consumption in terms of future consumption to a larger extent. Since
future consumption is more important for the more patient agent, the price
of future consumption will fall and the price of current consumption will rise.
Hence the price of the security will rise, or equivalently, the interest rate will

fall.
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the incompleteness of markets drives the Pareto improvement in the model.



CHAPTER 2. PARETO IMPROVING TRADE RESTRICTIONS 32

What remains to show is how the introduction of a borrowing constraint
leads to a fall in the interest rate, and why the agents could not ‘find’ an

interest rate which made everyone better off in the competitive setting:

To produce the desired result we introduce agent heterogeneity. All agents
have the same risk-averse, time separable utility functions, but their discount
rates are different. The borrowing constraint in the time of need induces
agents to change their behaviour in the preceding period. To ensure con-
sumption in the state when they are poor, both agents would like to precau-
tionarily save for one period. This is not possible, since one agent’s savings
decision is the other agent’s lending decision. Who will be allowed to save in
period one depends on the severity of the constraint imposed on agents. If
they face the same constraint, the more patient agent will be allowed to save
(ie. lend) in the previous period, since his marginal utility of consumption
in the restricted state increases proportionately more with the introduction
of the borrowing constraint. This agent will then arrive with more wealth in
the next period. The price for the security in this period depends on total
endowments in the period and the next period, ‘weighted’ by the discount
rate of agents. If more weight is given to the patient agent (he arrives with a
larger endowment), his preferences will determine the relative price for cur-
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fall.
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One complication we have ignored so far is that when the patient agent is
induced to save more prior to the period in which we introduce a borrowing
constraint, then prices will turn against him, ie. the interest rate at which
he can lend (=save) will fall. His utility will fall. We have to show that this
fall in utility is more than compensated for by the utility increase due to the

borrowing constraint.

Why do the agents not find the Pareto maximising prices, given the se-
curity constraints? After all, the claim is that utility maximisation does not
find the utility maximum. The reason can be found in a pecuniary erternal-
ity: Agents are not aware that their portfolio decisions today affect prices
tomorrow by changing the distribution of wealth tomorrow, and that the new
prices affect welfare. Although they have no individual market power, they
as a group influence prices through the changes in the income distribution

induced by the borrowing constraint.

The externality raises the question whether a competitive equilibrium is
the right framework for this model. If agents understood that as a group
they influence prices, they might be able to act strategically and induce a
Pareto improving allocation. However, this analysis would depart from the

assumption of infinitesimally small agents.

We would like to stress again that the following simple trade restriction,

which drives the Pareto improvement in the economy, is not a general mech-
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anism. In this sense, the following is more of an example than a theory.

2.3 The Economy

2.3.1 Agents, Endowments and Securities

Time and Uncertainty

The most simple model we can write has three time periods ¢ = 0,1,2 and.
uncertainty only in period ¢ = 1, represented by two states of nature & and
&, which happen with equal probability. The structure can be represented
by a tree with five nodes, which we will refer to as (&,(£1,612),(&2, £22))- One
can think of the uncertainty as an endowment shock. Either agent 1 or agent

2 experiences an endowment shock with equal probability in period ¢ = 1.

There is symmetric information throughout and agents form expectations
rationally. Moreover, the probabilities of states & and & are objectively

known.
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Fig.1: Event Tree of the Economy E(U,w, V)
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Agents and Endowments

There are two types of agents, and a continuum of each type, such that
each agent has Lebesgue-measure zero and the total measure of agents is

two. Agents ¢ have time-separable, state independent, strongly monotone
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and strictly quasi-concave preferences defined by a utility function

U': XeR°— R

U (7% (&), 2 (€1), T* (E12), 2°(&2), 7 (€22))
= u'(z0(&1)) + 1/2(asu’(z:(&1)) + ofu(zi(612)))
+1/2(c(z:(&2)) + 2w (zi(€22)))

with u#7() > 0 and u*77() < 0. ¢; is the discount rate of agent ¢,with o; > ay,
ie agent 2 discounts future consumption more strongly (he is relatively impa—v
tient). Endowments are given by w* = (w*(&), w'(£1), w (€12), w'(&2), w(£22)).
Agents have the same endowment in periods ¢ = 0 and ¢ = 2, but suffer
from an endowment shock in one of the two states in ¢t = 1. We model the

endowment shock by setting w!(&;) < w?(&;) and w?(&2) > w?(&2). (see Fig.1)

Commodities and Securities

There is only one commodity in the model, whose price is normalised to
one and which acts as the numéraire. We can interpret this commodity as
‘income’. There is a structure of real securities V', meaning that they pay
out in terms of the commodity. We assume that the security markets are in-
complete. In a multi-period setting this implies that the number of actively
traded securities is less than the number of states in at least one period of
the model. In our simple setting, incomplete markets imply that there is
only one security which has a non-zero payoff in period ¢ = 1. For simplicity

we assume that the only traded assets are one period bonds in states &,
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&, and &, paying off one unit for sure of the commodity in the subsequent
period. Focusing on short-lived and risk-free securities also allows us to disre-
gard the well-known existence problem for multi-period security economies,
first detected by Hart(1975). This problem only arises if securities can be
traded before their date of maturity. Then the span of the security struc-
ture will depend on the - endogenously determined - prices of the securities.

Non-existence arises if the span collapses discontinously at an equilibrium
candidate. Since there is no interim trade in our securities, spanning be-

tween periods t = 0 and ¢ = 1 is independent of prices.

Economy

The economy described above is denoted by £(U,w, V).

2.3.2 Equilibrium

Agents 1 maximise utility subject to their financial market budget constraint.
Using q for the prices of securities and 2* for the porfolio choice of agent i,
the budget constraint with three one period bonds 0, 1 and 2 issued at ¢t = 0
and t = 1 and paying off one unit in the subsequent period (regardless of the

state) is:

Bi(g,w',V) = (2.1)
(&) = w'(b) — 907 (&)
z'(£1) W) + 2 (&) — a7 (&)
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(&) = W(&)+ 2 (&) — 122 (&)
T'(62) = wi(€2) + 2 (&)
(ln) = w(ln)+7(&)

To illustrate the security structure more visibly, define the security matrix

W(q,V) as

[ % 0 0 |
1 —q1 0
0 1 0

i 0 0 1 J

Every row in the matrix corresponds to one node in the tree of the econ-
omy £. The first row represents &, the second &;, the third &, the fourth
&12 and the fifth &9. To better understand the structure, we have divided
the different time periods by dotted lines, eg. ¢ in the first row indicates
that there at node & there is trade in security 1 at price qo; following the

first column down shows that this security pays off 1 at both nodes &; and &,.

For subsequent analysis, it will be helpful to define the present value
vector of ‘an agent. The present value vector is the valuation that an agent
gives to income in a certain state. It is defined as the vector of present values

of the Lagrange multipliers of an agent’s maximisation problem.
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NG
(&)

where X is the Lagrange multiplier of agent i.

7 = (7(6)) =

We can now write the agents’ maximisation program as a Lagrangean
function
Lz, 2, X¥) = uf — Xi(z* — ' — W(q, V)2Y).
Given our assumptions on utility functions, the necessary and sufficient

first-order conditions for the maximisation problem of an agent are:
ULiF, 7, X) = 0

Of particular interest to us is the gradient of L*() with respect to portfolios

2():

v.L'(Z, 2, 7) =06 XW(q,V)=0 (2.2)

which for our economy can be written as

T(E)g = Y 7€) (2.3)

g'est
where £* are the successor nodes of £. (2.3) is the fundamental pricing
equation for our model !.

It asserts that in equilibrium the price of a security must be equal to the

sum of its payoffs weighted by their marginal utilities. Equilibrium for the

1This first order condition is equivalent to a no-arbitrage condition. see ezistence proof

in Appendiz
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values as parameters of the economy. The new economy we call £(U,w, V).
Then we impose a marginal positive change dz'(£;),dz*(£;) 2 on portfolio
holdings. The effect of the restriction is our main proposition and stated in

the following theorem.

Proposition 1 (Pareto Improvement)

For a symmetric distribution of endowments, sufficiently small heterogeneity
amongst agents’ time preference and sufficiently low impatience of all agents a
positive marginal portfolio change dz'(£,), dz2(&,;) in the economy E(U,w, V),

such that markets clear, is Pareto improving.

Proof: We organise the proof in a number of successive claims. Firstly we

need to establish that the borrowing constraint is binding at the equilibrium:

Lemma 1 (Binding Borrowing Constraint)
The marginal restriction of trade dz'(£,),dz'(£;) imposed on the parame-

terised economy E(U,w, V) is binding.

We can now state the first claim, which will set the stage by revealing

the variables which are affected by the borrowing constraint.

Claim 1 (Characterisation of Marginal Change in Utility)
The marginal change in utility for agent i induced by an ezogenous change

in portfolios dzi,dz} for the economy € (U,_ w, V) is given by:

2When an agent borrows, he sells a security, ie. his portfolio holding z%(£) is negative.

Hence a positive marginal change imposes a borrowing restriction.
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It remains to demonstrate that there are parameterisation such first term
of the fundamental equation (4) is small, and the Pareto improvement is not
destroyed. The change in gy, ie. the price elasticity of demand for security z,
will depend on the precise specification of the utility function. However, the
following claim indicates that suitable endowment/time-preference combina-
tions are feasible to ensure that trade at period zero is small (ie. —z} small).
The fact that it is not necessarily true that for every parameter values, a
trading restriction leads to a Pareto improvement, bounds the generality of
the borrowing constraint mechanism, even in the context of the special en-

dowment and security structure which we use.

Parameter Restriction

A Pareto improvement requires that the first term in the marginal utility
change equation (2.4), whose sign is negative for the patient agent, does not
dominate the net effect of the sum of the last two terms. In other words, the
product of the bond price change and the security trade in period ¢ = 0 must
be small relative to corresponding products in period ¢ = 1. Only considering
agent 1 (for agent 2 the price effect in period ¢ = 0 is beneficial), equation

(2.4) can be rewritten as

Tidq (—21) + Tydga(—23)
_z&

(2.5)

dgo <

By concavity of the utility functions a large difference in initial endow-
ments for a similar utility function implies that net trades will be large.
For o! — a® small and at node £;: w} <<< w} (node &: w? >>> w?)

implies that z} (z}) is large. Since #1 > 7}, the difference of the products
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71 (—z1)+73(—2}) (recall that —z} < 0 and —Z} > 0) can be made arbitrarily
large. In addition, large aggregate endowments and a discount factor smaller
than one imply that it less costly in utility terms to transfer income across
periods t = 1 and ¢ = 2 than across t = 0 and ¢ = 1. In combination with
the assumption of ’symmetric endowments’ this implies that —Z} is relatively
small in absolute terms. In this way, parameter restriction can be found that |

control for the adverse price change of dg, for agent 1.

Claims (1) to (3) and the parameter restriction complete the proof of the

proposition.0

2.5 Conclusion

In this paper we have given an example of a class of multiperiod incomplete
market economies, for which a non-discriminating borrowing constraint leads
to a Pareto improvement. The result supplements the literature on con-
strained Pareto inefficiency of general equilibria with incomplete markets.
The knowledge requirement for the intervention is very low, and all prices
are allowed to adjust, however, the economy is very special in its security
structure, uncertainty structure, endowments and heterogeneity of agents.
Because of these restrictions, the article serves as an illustration for a possi-
ble line of research on constrained Pareto inefficiency, namely the design of

easily implementable mechanisms that generate Pareto improvements.
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2.6 Appendix

Proof of Theorem (1)

We present a version of the proof which is based on the notion of a 'nor-

malised no-arbitrage equilibrium’. The proof is standard.

For the notion of a no-arbitrage equilibrium we first state a standard
lemma (without proof) that ensures that no arbitrage is equivalent to equa-

tion (2.2) and in turn guarantees the existence of positive state prices .

Lemma 2

In the economy E(U,w, V), the following conditions are equivalent:

(i) The problem maz {ui(z*) | z* € B(q,w?,V)} has a solution.

(ii) There are no arbitrage opportunities on the financial markets.

(ii) There is a vector of positive state prices w € IR3 . such that 1W(q,V) =
0.

Proof: see Magill and Quinzii (1996, p.73)

In order to transform the economy into one with state prices, first define

the state prices for each node as:

T = (1,7(&), (&), w(€12), w(€22)) € RY, (2.6)

such that (2.3) holds. Thus prices g can be written as:

Qo = M + M2 (2.7)
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Inserting these equations into the budget constraint (2.1), and write the

budget equations for & and &2 and for & and &, in one equation.

m (2 (&) — w'(&1)) + ma(z (&, — w'(612)) = M2 (&) (2.8)
ma(z*(&2) — W' (&2)) + Mo (¥ (63, — W' (€22)) = a2 (&)

which can be written, using the ’successor box product’, as:

O (zf —u') = [ m ] 2 (&) (2.9)

T2
&

where

T 0 (o' —uw) =3 (€)= - w)(E)

gep
&

In words, the box product is the vector of discounted values of net demand

at each of the successors £’ of &. Equivalently, (2.9) can be written as:

7 0 (¢ — o) € < i > (2.10)

P
&
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where () indicates the span. Using the state prices and the transformed
budget equations (2.8), the original budget equation for date t = 0 can be

rewritten as:
m(z* —w') =0

This completes the transformation of the budget set B(q,w?, V) into the

state price budget set

w(zt —w') =0

Bi(mw',V)={z' e RY| 4 (x,-_w,-)e<7n> (2.11)

T2
&

The transformation implies equivalence of the two budget sets. Since

markets are incomplete between t = 0 and ¢ = 1, there is an indeterminacy
of state prices. We can hence use the ’Cass trick’, and choose agent 1’s

present value vector to represent the security prices. Explicitly, by (2.3),
g=#'V=7'€{re R2 |V =7V}
Consequently, agent 1’s budget set reduces to
B'(m,w') = {z! € R}|7(s* — ') =0}

A no-arbitrage equilibrium for the economy £(U,w, V') can now be de-
fined as a pair of state prices and allocations (Z,7) € R x IR3_ such that:
(i) ! = arg max {u!(z!)|z! € BY(7,w!)}

(ii) z2 = arg max {u?(z?)|z? € B%(®,w?,V)}
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(i) ZiZi(E - o) =0

The reformulation allows to define demand functions (recall that U*(.)
is strictly quasi-concave) for agents 1 and 2 which are functions of all the
maximum elements for all possible state prices, ie..:
fl(m) =arg max {u!(z')|z! € Bl(w,w')} and fZ(n) =arg max {u?(z?)|z? €
B?(m,w?,V)}. Since the budget correspondences are continuous and com- |
pact valued and convex valued correspondences, and U?(.) is strictly quasi-
concave, by the Maximum Theorem the demand functions are continuous
convex, compact and non-empty valued functions. Furthermore, the demand
function for agents one and two satisfy fi(ar) = fi(x) for all a > 0, for all
7 € IRY, and 7 fi(r) = nw' for all 7 € R?, and agent 1’s demand satisfies
the boundary condition that if 7* € IR?__ is such that 7* — 7 € dIR?, and
if mw! > 0, then f}(7®) — oo as n —> oco. The aggregate excess demand
Zy(m) = fY(m) —w! + fZ(m) — w? inherits continuity, homogeneity, boundary
behaviour, and Walras Law by the property of continuous compact corre-
spondences. By Kakutani’s theorem, a fixed point Z,(7) = 0 of the economy
E(U,w,V) exists. O.

Proof of Lemma (1)

The economy (U, w, V) is constructed by parameterising the economy £(U, w, V)
with the equilibrium values of 2*(¢;) and z'(&. Since u*() is monotonically
increasing and concave in z* by assumption, it is also monotonically increas-
ing and concave in z'. Since the budget set is compact and u* is continuous

and strictly quasi-concave, the continuity is inherited in the solutions by the
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maximum theorem. The concavity of the maximisation problem guarantees

that the constraints are binding at the maximum.O

Proof of Claim (1)

Given that there is only one good in the economy, we can write agent i’s -

utility as the sum of the products of marginal utility times consumption:
w'(z) = Agzp + Mz} + ATy + A5zh + MppTh

where consumptions are given by the budget equations above. Using
present value vectors, the total marginal change in utility induced by dzi

and dz} at the equilibrium is:

dzy + midz + 7iydal, + mhdzh + mhydzl,

—dgoZy — qodzh +

i (dz — @udz} — dgi %)
7_"i2 (dz})

75(dzy — dz; — dga2})

7?32 (dz;)

+ + + +

which can be rewritten as

= —dgoZy — (qo — 1 — 73)dz;

— (@7 — Fp)dz
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— (@7 — Tp)dz;
- #dq 7
- Tidg7
Since we are considering marginal changes around the equilibrium, the

first order conditions are still valid. Consequently the change in utility re-

duces to

T = (=5 + M) + Hdm(-F) O

Note that the constraint itself, dz} for i = 1,2, s = 1,2 has no direct
effect on utility, since the redistribution of wealth through the constraint
is compensated in period ¢ = 2 by 7,. Since ¢, = ’—;':;2, the direct impact
on wealth, ¢,idz% is just equal to #i,dzi. The only effect is through the
portfolio reallocation in period ¢ = 0, which, in turn changes the distribution

of wealth in period ¢t = 1 and induces reoptimisation at ¢ = 1.

Proof of Claim (2)

Consider the version of the agents’ maximisation .problem which has the

budget constraints substituted into the utility functions:

maz Ui(z,q) = vi(w) — qo2})
+3(aiut(wh + 2§ — q128) + aZut(wi, + 21))

+3 (aut(wh + 2§ — go23) + a?ut (wh, + 23))
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Collect the date 1 portfolio demands in a vector z‘l. Using this notation
the restricted portfolio choice between date 0 and date 1 portfolios is (2} —
dzj, 2] +dzy). We can measure the cost of the portfolio restriction by asking
how much extra income agents need in period 0 to be just as well off with
the restriction as without it. In other words, we want to solve the linear

equation:

dus(—dzp, dzy) =0 (2.12)
Note that the borrowing constraint, viewed as a security, lies in the 'mar-
ket subspace’, ie.. the column span of (V). Since the differential is a linear

functional, it can be represented using an inner product. For this purpose,

define the marginal utility of an additional unit of portfolio as:

.y out(z i Ot (2) Oui(z
i) =B ana v = (2, 2

Then, equation (2.12) can be written as:
dui‘(—dz:;’ dzzi) = [ﬂé(zi)v "dz(i)] + [VIui(zi)’ dzi] =0
Consequently the cost of marginal changes in portfolios in period 1 is:
¢H(d; %) = [Wi(), d]

where

Iiti(zi) — vlui(zi)

) -

is agent i’s present value of his portfolio holding.
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The value of the trading restriction in ¢ = 0 can then be written explicitly

_ou'(Z) /04 i 3ui(?)/323dzi
T Oui(F)/0zh ' Aui(F)/dzh 2

Since the utility functions of the two types of agents are the same except

c'(dzy;z')

for the discount factor, and states s = 1 and s = 2 are symmetric, the
adjustment is higher for the patient agent. Since both agents solve the local
maximisation problem
maz  duli(—dz, dz})

they both want to lend in period 0 (d2} is negative, they want to sell the
security). However, only one agent can lend. The other one has to borrow.
Therefore in equilibrium only the agent, whose cost is higher will lend. This
agent, as we have shown, is the more patient agent. The price ¢y of the

security will then adjust to equilibrate the marginal valuation of the bond

income stream again. O

Proof of Claim (3)

To calculate the bond price change in period 1, we only need to look at the
subeconomies D;(&;, &12) and D,(&,, £22), since the only determinants of bond
prices in period 1 are preferences in period 1 and 2 and the distribution of
endowments in those periods. In other words, for the purpose of price compu-
tations, the payoff of securities traded in period 0 influences the distribution

of endowments in period 1 exogenously.
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Fig,2 Subeconomies 62) onj >2(M»22)

h:
v,

Since UY.) is strictly concave for both i = 1,2, with utility of con-
sumption in all states and interior aggregate endowments, wX&) > 0 for
at least one i, the equilibrium in the subeconomies Pi (*1,"12) is an inte-
rior equilibrium. By strict concavity, the slopes of the level sets of the
functions: = atU*(2j(f1)) 4 o;?w*(xi("12) in the subeconomy Pi1 and

for 7. are, in equilibrium, equal for agents
2=1,2 in each subeconomy. Since the argument is symmetric, restrict the

analysis to one of the subeconomies, Pi. Since markets are complete, and
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the bond from ¢ =1 to ¢t = 2 pays out one unit, it is like an Arrow- security,
and the equilibrium in the subeconomies is equivalent to a ’contingent mar-
ket’ equilibrium, meaning that the price of the bond is the relative price of
consumption at ¢ = 1. By the additive separability of the utility functions, a
marginal increase in endowments in period ¢ = 1 only has an effect on con-
sumption in the same periqd, and not at ¢t = 2. Take s = 1 as the starting |
point of an economy. Then the equilibrium in the subeconomy D; can be

represented by the following first-order conditions:

w(2(6))7 = o (B (&) i=1,2 (2.13)
(&) + @F (b)) = ' (&) + qw'(é2) i=1,2
T (&) + () = W' (§) +P(E) F=1,12

Using the budget constraints and the pricing equations, the price of the

bond can be written as:

[+3] + a2
w(z1(6)) ' o (w!(&)+wi(612)—2 (60)) (2 14)
1 + 1 *
w(z1(&12)) ' w'(2%(612))
By additive separability, the denominator will not change with a change

a1 =

in endowments at ¢ = 1, and by market completeness the marginal utilities at
t = 1 are equal across the two agents, u'(z!)(£;) = u'(Z?%)(£1) Consequently,

the marginal change in the price ¢,

TEEIEE) T PO ) =B
dg, = 1 D) +1 {GH 0 (2.15)
7@ e T v @E)
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is positive, since oy > as. O



Chapter 3

Signaling Credit Quality
Independently of Contract
Choice: a Non-Transactions
Cost Approach to Swaps in

Anonymous Markets

3.1 Introduction to the Problem

There is an informal argument in the literature that swaps can be used to
signal future credit quality (eg. Litzenberger (1992)), when credit quality
is unobservable by lenders. The verbal argument is simple: entrepreneurs
prefer smooth repayment streams. Good risk entrepreneurs borrow short at

every period and swap this variable rate repayment profile into a fixed repay-

o7
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ment profile. Borrowing short means that entreprenéurs allow the market to
evaluate their riskiness in every time period. If entrepreneurs have superior
information of their own good future credit quality than the market, then
they would like to give the market time to be able to reveal their good credit
quality. Entering into a swap then allows borrowers to still retain a smooth
consumption profile. Bad risk entrepreneurs, in contrast, will take out fixed

rate finance from the start.

We construct a simple two-type, n-agent model for which this argument
holds. However, it turns out that entrepreneurs could equally well signal
their good credit quality by borrowing variable and then smoothing their con-
sumption stream by acting as investors in the asset market. Consequently,
we need an extra restriction on asset trades. The natural restriction is that
entrepreneurs cannot at the same time be investors in the asset markets.
Under this condition, entrepreneurs cannot smooth consumption over and

above their original credit commitment.

It is easy to see that if either of the two trading restrictions - asymmetric
information or the one-side constraint - is not present, then the swap contract

would be redundant:

If there is no asymmetric information, then agents will, by the maximum
property of their portfolio choice problem, always trade their best portfo-

lio at the initial date !. With our assumptions of consumption smoothing

'In a different context see Kajii (1995).
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over time and the structure of endowments, both types of entrepreneurs will

choose the fixed bond contract at their respective publicly observable likeli-

hood of default.

If there are no one-side restrictions and entrepreneurs are allowed to trade

as investors at ¢t = 1, then good risk entrepreneurs will choose the variable

rate bond and smooth their repayments through additional investment in
period t = 1, while bad risk entrepreneurs will opt for the fixed coupon bond

contract.

It could be argued that, in our context, the assumption of a one-side con-
straint is a natural one to make. There is only one class of projects available,
so that in the case that entrepreneurs decided to invest as well as borrow in
period t = 1, they would finance their own projects, which seems somewhat
artificial. A situation in which we would observe asset positions of this kind
(on both sides of the market) is usually one where arbitrage opportunities
exist. Precisely the problem of arbitrage opportunities also arises in our the-
oretical setting of competitive markets with asymmetric information. The
way by which we make the competitive model compatible with asymmetric
information is to introduce one-side constraints and pool securities. Thus the
one-side constraint solves the arbitrage problem present in the competitive
set-up, and, at the same time, gives rise to the non-redundancy of swaps.
Since, in this way, it is a requirement of the theory employed, it appears

much more palatable as an assumption for the functioning of a swap market.
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3.1.1 Related Literature

The literature on the existence of swaps is often informal and, if models are
introduced, almost always focuses on the bilateral exchange nature of swaps.
There has been a steady development in the sophistication of the argument
put forward for the existence of swaps, and, given the enormous size of the
swap market, there is the perception of a need to explain why swaps are .
traded beyond the obvious, if intuitive, assertion that they save on transac-

tions costs.

The first idea for the existence of swaps was ’comparative advantage’
(Wichmann (1988), Simons (1989)). For some exogenous reason, one type of
entrepreneur is seen as having a borrowing advantage in a fixed rate market,
while another entrepreneur has an advantage in a variable rate market. If
the preferences of these firms are the reverse of their respective comparative
advantages, then they can profitably swap their coupon payments. In partic-
ular, it was observed that firms with a good reputation in financial markets
are often the only ones that can issue fixed long bonds. If these firms are
also the ones which are less averse to ’payment smoothing’, then they can
profitably swap their finance with a smaller or lesser known firm. It was soon
realised that this explanation relies on some kind of market imperfection 2.
Without any frictions, borrowers could exploit their comparative advantage

directly.

2There is another strand of literature on swaps, which emphasises default arrangements

(Cooper and Mello (1991), Duffie and Huang (1996)).
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A fundamental friction in the credit market is the Iasymmetric information
between borrowers and lenders. The swaps literature has shifted its attention
to these asymmetries, and recent articles view swaps as a contract choice that
signals credit quality (Simmons (1993), Litzenberger (1992)). The present
model is written along these lines of the recent development in the literature,
and uses swaps to allow a good risk borrower the signaling of his good credit

quality.

However, one essential difference to the established literature is that we
take a completely unilateral and anonymous view of the swap market. There
is a swap dealer, who, at the same time, is also the pool of investors providing
project finance. In this view, swaps are regarded as not being very different
from bonds. They promise a repayment stream with a future type addition
that they pay more if the credit quality of the borrower deteriorates. Accord-
ing to this view, the ’price’ of a fixed-for-variable swap is the interest rate
on a fixed payment profile which sets the market valuation of that payment
stream equal to the market valuation of a variable rate payment stream, for
the same duration, and for the same credit quality. The variable counterparty
is then obliged to pay, to its own variable creditors, é,ny additional payments

that result out of a deterioration of its credit quality.

In the model, the underlying agreed swap rate is the fixed rate of the good
borrowers. Should the borrower turn out to be bad, then he has to make an
additional payment to the lenders, over and above his payment to the swap

dealer. For simplicity, the two coincide, so that, in our specific setting, they



CHAPTER 3. NON-REDUNDANT SWAPS 62

effectively buy a credit contract which has a fixed 'floor’ and the option to
top up payments, should credit quality deteriorate. Figure (3.1.1) illustrates

the view of the swap market in the article.

Fig.(3.1.1) A uni-lateral View of the Swap Market

Borrower

payment exchanges

determined for a
notional credit quality

- free of credit risk

coupon payments
depend on credit
quality

receive
cash

pay variable swap or variable

coupons and
principal

Creditors Swap Dealer

In an extension to the model we explicitly introduce a swap counterparty
that issues fixed bonds and swaps them for variable bonds. The counterparty
is constructed in such a way that it is indifferent between entering into the
swap and issuing the variable bonds directly. The extension is written with
the purpose to illustrate that concentrating on one party in a swap contract
is not a necessity, and is done to emphasise the anonymity of the market and

a unilateral view of swap transactions.
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In the following, the next section sets up the uncertainty structure of the
model. Section (3.2) describes the uncertainty and security structure, the
agents, and the equilibrium concept. Section (3.3) provides a formal devel-
opment of an equilibrium with swaps and consists of our main proposition.
Section (3.4) extends the model to take account of a counterparty. Section

(3.5) concludes. Proofs are contained in the appendix.

3.2 Structure of the Model

3.2.1 Uncertainty

The model we are using is based on the general equilibrium model of asym-
metric information, as, for example, in Bisin, Geanakoplos, Gottardi, Minelli
and Polemarchakis (1998). The economy is a pure finance economy with
one physical good, whose price is normalised to one. There are investors
and entrepreneurs with projects, over which they have asymmetric informa-
tion. Investors lend to entrepreneurs (or borrowers) to finance their projects.
There are three time periods, ¢t = 0, 1,2 and two states in period ¢ = 2 for
every project. There are two types of entrepreneurs, denoted by 8 € {6,, 6.},
and the number of entrepreneurs of each type is countably infinite, with an
entrepreneur of a given type indexed by n = 1,---,00. An entrepreneur
is then identified by the tuple {#,n}. The proportion of entrepreneurs of
a type @ in the economy is called \?, and, since there are only two types,
M1 =1 — X%, Every entrepreneur {f,n} has a project which requires an

investment of one unit of the numéraire commodity in ¢ = 0 and which has a
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safe interim payoff of K units at £ = 1 and an uncertain payoff of K> units
if successful in period ¢ = 2, where K = {K;, K} is such that the value of
the project is positive. Types are identified by the riskiness of their projects.
Projects are treated implicitly. Entrepreneurs need to raise one unit of en-
dowment in the first period to finance the project. If they choose to do so,
they will obtain payouts (K, K5) in periods ¢ = 1 and ¢ = 2 respectively,
if the project is successful. Entrepreneurs have no utility of consumption in
period ¢t = 0, and are therefore only concerned about the repayment stream

on the financing of the project.

When describing the states in period ¢ = 2, individual states need to be
distinguished from social (or aggregate) states. Individual states refer to the
outcomes of the individual projects of every agent. Social or aggregate states
are then all possible combinations of outcomes of the individual projects. Ag-

gregate states will be discussed below.

The two individual states in period ¢ = 2 are referred to as the success
state so; and the default state sy;. Define a payoff in a state s as R,. Then
Ry = K, is the payoff in the success state, while Ry = 0 is the payoff in the
default state. This description defines a random variable R : @ — IR, with
finite support {Rz1, Re2} on a probability space (2, F, P). The payoffs in an
individual state are the same for the two types of entrepreneurs, and types
are only distinct in the likelihood that a certain state occurs. Consequently
the measure p,(0) is type-specific. In order to clarify the dependence of the

distribution of the random variable R on 8 and n, we use the shorthand R%".
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To complete the temporal structure of the model, we collect all the states s
in the set S = {sq, 1, S21, 522} and introduce a set of partitions IF' = {IF}, IF;}
on the set of states S. The temporal structure from the point of view of en-

trepreneurs can be depicted in the following tree:

Fig.1 Uncertainty Structure for Entrepreneurs

S21
| o
s=0
S22
t=0 t=1 t=2

We order the two types of entrepreneurs 6; and 6, in the following simple

way, and describe the information structure by assumption (2):

Assumption 1 (Riskiness of Projects in the Economy)

Projects of type 6, are the ’good risk projects’, ie.

Psy (01) > Dy (02) (3'1)
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The probability measures are such that the net present value of the projects

18 positive.

Assumption 2 (Asymmetric Information)
The probabilities py,, (61), Ds,y (62) are private information of the entrepreneurs

at t = 0. However, they become publicly known at t = 1.

We now have to describe how the random variables for every individual

entrepreneur {f,n} are combined to form aggregate states.

Essentially, we have to make assumptions on the correlation between dif-

ferent projects. We assume the following:

Assumption 3 (Correlation of Project Payoffs)
{R®"}y.. are mutually independent, and for every 8, {R%"},, are identically

and independently distributed across n.
Assumption (3) allows to invoke the law of large numbers. In the limit
for the number of projects of each type approaching infinity, it holds that:
d
1 al po,n
=5 — ER™ =up (3.2)
N n=1

where p is the vector [u(61), 14(6;)].

The law of large numbers ensures that if infinitely many projects with

the characteristics of assumption (3) are pooled together, then the payoff of
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R, is constant across all states. From the point of view of investors, there is
no uncertainty in the economy. All the states are equivalent and can hence

be written as one single state. This state is denoted by o.

3.2.2 Project Finance

As we have stated before, entrepreneurs want to finance a project that costs
one unit of the numéraire good in ¢ = 0 and pays out K; units of the good
in £ = 1 for sure and K, units at ¢ = 2 if successful. We impose certain
restrictions on the model that allow us to get explicit results regarding the

use of swaps.

The project is indivisible. We choose utility functions such that all en-
trepreneurs undertake the project, and only the method of finance remains
as a choice variable for them. There are three forms of financing available: a
two-period bond, which the entrepreneur issues at ¢ = 0 and which pays the
same coupon at ¢t = 1 and in the success state sp; (together with repayment
of the principal in that state); two one-period bonds, which are issued at
t =0 and t = 1, respectively, and which pay coupons and principal at ¢t = 1
and in state ss;; and two one-period bonds and a fixed-for-variable interest
rate swap, in which case the bonds are issued at ¢ = 0 and ¢ = 1, the principal
is repaid at ¢ = 1 and in s, but the coupons paid out at ¢ = 1 and in state
S91 are swapped and hence the same for both states. The three methods of

finance are abbreviated as f for fixed, v for variable, and sw for swapped.
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In contrast to the usual discount formulation of the price of financial
securities, here we take the interest payments as variable, while the is-
sue price is fixed and equal to one3. A coupon payment in state s is de-
noted by V7, and the portfolio holding in a bond for a type @ is z%7 where
j = f,v, sw. For the two standard methods of finance, the following relations

hold: V/(8) = VZ,(6) and V2 # V2, (9).

While variable and fixed coupon finance are conventional, swap finance
warrants more explanation: the way we define a fixed-for-variable swap is
that it is a promise at ¢t = 0 to pay a fixed coupon based on a presumed
probability of success ps,, (#1). Should the true probability of success turn
out to be lower, then the issuer tops up the payment by the difference between

the variable rate for that period for type 8, and the fixed rate.

Definition 1 (Swap Finance)

Swap finance consists of the coupons payments:

{ver =vi6)} (33)

Ve (6) = Vi, (61) if Dsar (6) = Pary (B1)

821

Van(0) = VA, (61) + (V2 02) = VA (81)) if Puny (6) = Puny (62)

821

The way we look at swap finance here is completely unilateral from the
point of view of the entrepreneur. This is made possible by the set-up of
anonymous markets and pool securities, which are discussed below. Essen-
tially, we look at the net pay-off of swaps. From this point of view, swaps

simply introduce an future’ type element into the bond contract: should the

3In other words, all bonds are sold at par.
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basis for the swap (the variable coupon rate) not turn out to be true, then

the issuer must make excess payments.

To ensure that agents are price takers, we need to view the securities as
already existing in the market. All three types of securities are available for
the financing decision of entrepreneurs, but not all of them will be traded in

equilibrium.

3.2.3 Utility Functions and Optimisation Problems
Entrepreneurs

Entrepreneurs are assumed to have utility of consumption in periods ¢t = 1
and ¢t = 2 only. We make the following assumption on entrepreneurs’ utility
functions. Since all entrepreneurs of the same type take the same action?,

the superscript 'n’ will be omitted.

Assumption 4 (Assumption on Entrepreneurs’ Utility Functions)
For each state s € S\ {so} the utility function u® is increasing, linear, and
time independent. Furthermore, U° is additively separable. Ezplicitly:

V() = () + () +(cl,,) (3.4

4Contrary to BGGMP, the '8, n’ construction is mainly used to generate logically con-

21

sistent pool securities. All the asymmetric information is contained in the type, and not,

as in their work, in different members of the same type.
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Entrepreneurs are assumed to have no endowments at ¢ = 0, and suf-
ficiently high project payouts at ¢ = 1 and in s3; to repay interest on the
financing of their project. Since entrepreneurs’ projects are sold for one unit
of investment in period ¢ = 0 and pay out K, units in state s,;, entrepreneurs’

optimisation. programs are as follows °:

maz U®(c?) (3.5)
2
cgl = K+ st (0)2%f + Va 25+ V,’;’"(G)zo"‘”
= Ko+ (VL(0) + 1) + (V2,(0) +1)25 + (V3(6) + 1)
dd =0

Let the budget constraint be denoted by B?(K, V?) where V? is the matrix
of security returns. We assume that project finance cannot be split, so that
all the porfolio variables z? either take on the value zero or minus one. In

addition, we impose a particularly strong form of a one-side constraint:

Assumption 5 (No retrade at ¢t = 1 for entrepreneurs)

00 = B = i

= Zg s, J = f,v,sw, which implies that entrepreneurs cannot

refinance their projects at t = 1, and 2% < 0, entrepreneurs are only on the

issue side of the asset market.

The way we model entrepreneurs may seem overly restrictive at first sight.

However, it is a natural multiperiod extension of an Allen and Gale (1991,

5The form of the entrepreneurs’ optimisation program is developed explicitly in the

appendix.
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1994) type set-up. In Allen and Gale, entrepreneurs have an uncertain in-
come stream in the second period of the model, which they want to sell to
maximise their utility in the first period. In fact, entrepreneurs disappear
completely after the first period. Here, the assumption of linear utilities of
entrepreneurs combined with the ’'no retrade’ restriction and the construction
that entrepreneurs do not consume in period ¢t = 0 serves a similar purpose. 7
It implies that entrepreneurs want to issue the security which has the lowest
coupon payments, ie. which allows them to invest one unit in period ¢t = 0
with the minimum reduction in consumption in periods £ = 1 and ¢t = 2,

regardless of the payment profile.

Investors

We assume that lenders want to smooth their consumption over time and
have sufficient endowments to buy the contracts offered by entrepreneurs.
Since there is no uncertainty for investors, there is no loss of generality in
only considering one aggregate state . There are countably infinite identical

investors with utility functions given by:

Assumption 6 (Investors’ Utility Functions)

Investors i have utility functions U*(c'), which are continuous and strictly
quasi-concave in every period, time and state independent and additively sep-
arable. The relevant states for investors are the equivalent aggregate states

o. Thus:

U(c) = ui(ch) + u'(ch) + () (3.6)
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The aim of the paper is to model swaps in an anonymous market. In
particular, we want to abstract from the notion that a swap is a bilateral
arrangement. Instead, we think of swaps as trades in risk profiles. We model
the agent who offers these trades as the pool of investors. In addition to swap
finance, the pool of investors also buys the fixed and variable bond finance
described in the a preceding paragraph. Thus it acts as a counterparty to |
all borrowers. The pool is hence the swapdealer and the counterparty at the

same time.

Investors invest into pools. They buy the project finance of entrepreneurs
in period one, in return for which they get a coupon payment at £ = 1 and
in the success state sp;, and their principal is returned to them in sy;. How-
ever, they do not buy individual securities, but rather a share in the pool of
all the securities issued by borrowers. A pool security is constructed in the
following way: the coupons of the individual securities V7(8), j = f,v, sw,
are paid into a pool (a separate pool for each risk class). Depending on
the riskiness of entrepreneurs, the deliveries into the pool differ. The actual
deliveries then define the coupon in the respective pool securities V?7(9),
j = f,v,sw. In other words, the coupons of pool securities is determined by
the actual deliveries of entrepreneurs, whereas the value of the individual se-
curities is determined by demand and supply in the securities market. Using
assumption (3), in the limit for the number of entrepreneurs of every type

approaching infinity, the coupons on pool securities are®:

8Strictly speaking, the payoff of the pool security stated is only the limit payoff for the

number of projects n — oo, ie. equation (3.7) should read V! 7 a.s..
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o X277 (Z, p,V{(6)))

o N020 i=fv,sw k=10 s=3sy (3.7)

V(o) =

If only one type of security is pooled, the vector of payoffs is simply:

Vi) = [ Vi) paVi®) ] k=12 (38

We also need to assume rational expectations on the delivery rates of the
coupons, in other words, that investors know the proportion of entrepreneurs

who default.

Investors are assumed to have endowments in period { = 0 only. They
buy shares in whichever pool securities are issued. We assume that the num-
ber of investors is the same as the number of entrepreneurs, so that every
investor invests a total of one unit into the pool securities. Combining the
security structure and the utility functions of investors, their optimisation

program becomes:

maz  U*(c) (3.9

¢ = wgo - z:,’f - z,‘;’” - z;;”'”
Ci —_ ‘/lp,f(e)z;,f + ‘/IP,'U(O)Z;;,U + V'lp,sw(e)zli,,sw

¢ = VPI(0)Z + VPU(6), 25 + VP (9) 4 +1
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. . . P I
where V77 (0) = [ VPl (0,) VPI(6,) ] are row vectors, 257 = [ 2361 71(62) ]
are column vectors, for j = f, v, sw, k = 1, 0. The portfolios at a time period

add to one and are all positive.

Analogous to the 'no retrade’ restriction we imposed on entrepreneurs,

we make a similar assumption for investors:

Assumption 7 (No retrade at ¢t = 1 for investors)

No asset retrade is permitted at t = 1 for investors.

, With this assumption, there is essentially ’autarky’ between periods ¢t = 1
and ¢t = 2. In this way, the only security trade in the economy is that
entrepreneurs finance their project by issuing one unit of one of the three
securities. Their consumption stream will be (0, K, -Vi(0),K, -V}, (0)),
j = f,v,sw. Investors’ consumption stream is (wjo — 239, Vi9(0), V;J';f(G)),
j = f,v,sw. Since the project has a positive net present value, and en-
trepreneurs’ utility functions are such that they are indifferent between in-
come in the different periods, they will not want to issue more securities in

period t = 0.

Autarky between ¢ = 1 and ¢ = 2 means that the marginal utilities of
income in a state, or even for the same consumption streams, are not forced
into equality in equilibrium. This allows the agents to have different marginal

valuations of the same income stream, ie. the same security.
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Market Clearing

Since we have strictly separated the market into its supply and demand
sides, no additional concerns arise out of the introduction of asymmetric
information. The market clearing conditions are that the total supply of
individual asymmetric information securities by entrepreneurs is equal to
the total demand by the pool of investors, and that the deliveries on the -

contracts are feasible.

27 ="M = fu,sw (3.10)
9
implies

SAVEI <STMK, s=s1,8n (3.11)
0 0
By our assumption on endowments of entrepreneurs in states s;, 21, this

condition is trivially satisfied.

3.3 A Separating Equilibrium with Swaps

There are two issues when establishing the separating equilibrium with swaps.
The first issue is to determine the securities which are traded in equilibrium.
Then, given these securities, it must be shown that the existence of an equi-
librium can be established. Which securities are traded is determined by the

incentive compatibility constraints in the separating equilibrium.

We attack the problem in the following way: we describe a separating

equilibrium with swaps by a set of conditions. We then argue that an equi-
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librium exists if these conditions are met. In the next section, and our main
proposition, we proceed to show that given the structure of the model, the

conditions of the separating equilibrium are indeed fulfilled.

%)
Define V77 = [ Vi ypi ], where VPJ = | y»v |, as the matrix of
ypsu
1744
pool security payoffs, and V7 = [ Vi vi ], where VJ = | yv |, as the
Vs

matrix of individual security payoffs. Denote vectors of consumption by

ct [ g é d ], and ¢ = [ ¢ & & ], and vectors of portfolios by

31 21

Z;; —_ [ z;;,f z;;,v zzi’,sw ] and 2? = [ 20 v Hhsw ]

A separating equilibrium with swaps is a collection ((c¢, ¢?); (2%, 2%); VP9, V7) €

R¥ x R% x IR3 x IR® x RS x IRS for all 4, for all 0 s.t.
agents choose portfolios to mazimise their utility of consumption
(1)(c", ) € arg max {U()|(&, #) € Bi(wf, Vi)}

(ii) (<%, 2%) € arg max {U?(c?)|(?, 2%) € BY(K, V7)}

security markets clear and deliveries are feasible

(iii) 249 = Ty M2 j= fv,ou =TV} < Ty K, s=s1,8m

60, issues swaps and 0 issues fized rate finance
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(iv) zﬂl,v — zﬂx,f — zﬂz,v — zoz,sw =0
(v) z91,3w - zaz’f — _1

(vi) VPsw(®r) = yp.f(62)

Points (iv)-(vi) are restrictions on agents’ trades; given these restrictions,
asymmetric information disappears, since the distinct trades of the two types
6, and 0, reveals the riskiness of their projects. Then, the pool security con- |
struction generates two different pool securities for the two agents and the
model is transformed into a standard general equilibrium problem, which can

be shown to exist by standard arguments.

3.3.1 Structure of Traded Securities

It remains to demonstrate that the restrictions on securities traded encom-
passed in (iv) to (vi) is the equilibrium choice of the agents, in other words
it satisfies (i) to (iii). In terms of agency theory, (ii) is the incentive com-
patibility constraint in the model. We need to show that if (iv) to (vi) hold,
then (ii) ( as well as the investors’ maximisation program and the market

clearing condition) is satisfied :

Proposition 1 In the economy, the only equilibrium is separating. The good
risk borrowers 0; sell the variable/fized-for-variable swap finance, while the

bad risk borrowers 6, issue fized bonds.
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Proof:

If a separating equilibrium exists, then it will reveal entrepreneurs’ types
6, and 6;, and the probabilities p,(6) Vs, 8 = 6,, 0, become public at ¢t = 0.
This, and the independence assumption on the projects, allows us to rewrite
the type specific probabilities set-up in an equivalent common probabilities
framework. Since there are two types in the original economy with projects |
that have payouts with different probabilities in the two individual states sq;
and sy, the model can be rewritten as a four state model in which the two
types of entrepreneurs issue different securities and the probabilities of the

states are binomial. The following lemma states that this is indeed the case.

Lemma 1

The binomial model with common probabilities and the model with type spe-

cific probabilities are equivalent.

Investors evaluate issued and unissued securities using their own valuation
of pooled securities. Then entrepreneurs, who only care about minimising
the expected value of repayments using their own non-smoothing preferences,
issue that security which has a higher valuation by investors. We show that

this security is the fixed bond security.

Lemma 2
With assumption (6) and the one-side restriction of assumption (7), in-

vestors have a higher valuation for project finance with a lower variance.
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Given that investors dislike variance, it needs to be established that the
coupons of the individual fixed projects do yield a lower variance in the pool

securities.

Lemma 3

Fized project finance yields a lower variance of the pool repayments.

It is then required to show that, given the variance dislike of investors

and the security structure, entrepreneurs prefer to issue fixed rate bonds.

Lemma 4

All entrepreneurs prefer to issue fized rate bonds.

It remains to show that good risk borrowers issue the swap, while bad
risk borrowers issue fixed rate finance, and that bad risk borrowers have no

incentive to imitate.

Lemma 5

0, type borrowers issue the swap, while 0, type borrowers issue fized rate

finance.

Hence the equilibrium is separating and fulfills conditions (iv) to (vi) in
section (3.3). Thus we have characterised the separating equilibrium with

swaps of section (3.3). O
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