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Abstract

This thesis concerns semiparametric modelling and estimation of diffusion models, and
the application of these in mathematical finance. Two general classes of semiparametric
scalar diffusion models are proposed, and an estimator of the drift and the diffusion func-
tion based on discrete observations with a fixed time distance in between is defined. The
asymptotic properties of the estimator is derived; in particular it is shown to be consistent
and asymptotically normally. These semiparametric models can be applied to the pricing
of financial derivatives. We assume that preliminary estimates of the drift and diffusion
term are available, and give general conditions under which implied derivative prices cal-
culated on the basis of the estimates will be consistent, and follow a normal distribution
asymptotically. In particular, we verify these conditions for the proposed semiparametric
estimator. The theoretical results are applied in an empirical study of a proxy of the Eu-
rodollar short-term interest rate. We fit a semiparametric single-factor diffusion model to a
data set of daily observations of the Eurodollar rate in the period 1973-1995. The resulting
estimates of the drift and diffusion exhibit nonlinearities that standard parametric mod-
els cannot capture. We test the most flexible parametric single-factor model against the
semiparametric alternative, and reject the model. Furthermore, it is demonstrated that
the two competing models lead to significantly different bond prices.
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Introduction

Continuous time stochastic processes are widely used in dynamic models in economics and
finance to describe phenomena evolving randomly over time, see e.g. Bergstrom (1990)
and Duffie (1996). In finance, these have been used in mathematical models in areas as
diverse as portfolio management, term structure modelling and asset pricing theory. In
asset pricing theory these have been extensively used in the derivation of pricing formulae.
Since the now famous option pricing models by Black and Scholes (1973) and Merton (1973,
1976), diffusion processes have played a vital role in this part of the finance literature.
The main reason for the popularity of diffusion processes is that they enjoy a number of
attractive properties which facilitates the theoretical analysis of the models. In particular,
one has at one’s disposal the powerful tools found in stochastic calculus. With these tools,
assuming that the fundamental asset prices follows a diffusion process, one can derive
closed form expressions of a contingent claim using hedging and no-arbitrage arguments.

These continuous-time models are often calibrated and tested using historical data. For
a review of the empirical work using continuous-time models in finance, we refer to Sun-
daresan (2000). The implementation of the models very often involves an estimation step
where the model is calibrated to the data set at hand. Most frequently, the economic
variables of interest are observed at discrete points in time, e.g. daily, weekly or monthly
observations, so-called discrete observations. As a first step, one needs to choose a statis-
tical model for the diffusion process in question. The second step will then involve finding
an appropriate estimator of the (possible infinite-dimensional) unknown parameters ap-
pearing in the model. The second step can become very involved due to the fact that
analytical expressions of the conditional density, moments etc. of the discretely sampled
process are not available.

In this thesis, we shall be concerned with semiparametric modelling and estimation of
diffusion processes given discrete observations, and the application of such estimators in
finance - in particular in the modelling of the term structure. My main .contributions are
found in Chapter 4-6, while Chapter 2-3 are introductory. Proofs of theorems and lemmas
are found in the appendices situated at the end of each chapter. The outline of the thesis
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is as follows:

Chapter 2: Estimation in Diffusion Models. We first introduce the class of diffusion
processes and present some of basic properties of these, and then gives an overview of the
literature on the estimation of diffusion models. We distinguish between three different
sampling schemes (continuous record, discrete sample with shrinking time distance, and
discrete sample with fixed time distance), and three types of models (parametric, semi-
parametric and nonparametric). We pay particular attention to non- and semiparametric
estimation methods which have proliferated in recent years. As part of the chapter, we
therefore give a brief introduction to kernel- and series methods which are the two main
approaches used in non- and semiparametric econometrics. The main conclusion of the
chapter is that while for the two first sampling schemes estimators are derived in a fairly

straightforward manner, the third one is more problematic.

Chapter 3: Term Structure Modelling with Diffusions. One particular area where
diffusion processes are widely used is in the modelling of the term structure of interest
rates. In this chapter, we give an overview of the most important models proposed in the
literature, and the implications for bond and interest rate derivative pricing are discussed.
The main emphasis is on the class of single-factor models, a simple yet flexible class of
interest rate models. Most of the proposed specifications in the single-factor case are fully
parametric models. None of these have proved to be very good at describing the observed
interest rates. In Chapter 4 we therefore propose two classes of semiparametric models
which can be used to model the term structure, and in Chapter 5 demonstrate what con-
sequences the use of fitted versions of these will have for implied bond and interest rate

derivative prices.

Chapter 4: Estimation in Two Classes of Semiparametric Diffusion Models. We
here set up two general classes of semiparametric scalar diffusion models, and propose an
estimator of both its nonparametric and parametric part given discrete observations with
fixed sampling distance. The estimator of the parametric part is a maximum-likelihood-
type, while the nonparametric part is estimated using kernel methods We derive the
asymptotic distribution of the estimator under regularity conditions. This is followed by a
discussion of the issue of semiparametric efficiency. We propose a 1-step Newton-Raphson
estimator which should reach the effiency bound. A small simulation study examines the
quality of the estimator in finite sample.

Chapter 5: Estimation of Partial Differential Equations. Linear parabolic partial
differential equations (PDE’s) and diffusion models are closely linked through the cele-
brated Feynman-Kac representation of solutions to PDE’s. In asset pricing theory, this
leads to the representation of derivative prices as solutions to PDE’s. We give a num-
ber of examples of this, including the pricing of bonds and interest rate derivatives. Very
often derivative prices are calculated given preliminary estimates of the diffusion model
for the underlying variable. We demonstrate that the derivative prices are consistent and
asymptotically normally distributed under general conditions. We apply this result to
three leading cases of preliminary estimators: Nonparametric, semiparametric and fully
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parametric ones. In all three cases, the asymptotic distribution of the solution is derived.
In particular, we consider the estimator proposed in Chapter 4. We demonstrate how these

results can be applied in the presented examples from the asset pricing theory.

Chapter 6: A Semiparametric Single-Factor Model of the Term Structure. This
chapter is an empirical study where the results of Chapter 4 and 5 are employed in the
modelling and estimation of a semiparametric single-factor interest rate model. We com-
pare the fitted semiparametric model with standard fully parametric ones: First directly,
by testing the fully parametric model against the semiparametric one. Secondly, we look
at how much the bond prices predicted by the competing models differ; this yields an
alternative measure of the performance of the models. The fitted semiparametric model
picks up nonlinearities which the fully parametric model cannot capture. This leads to
a rejection of the parametric model in favour of the semiparametric model in the direct
comparison of the two fitted models. Moreover, the calculated bond prices implied by the
two competing models are shown to be significantly different.

The chapters can be read independently of each other. This means however that some
definitions, results etc. are repeated in the different chapters. I have tried to maintain the
same notation throughout the thesis, but there may be some slight differences; this should
hopefully not cause any confusion. Throughout the thesis, the following notation will be
used:

R? - the space of g-dimensional real vectors

R?%?P - the space of ¢ X p dimensional real matrices

AT - the transpose of any matrix A

int (A)- the interior of any set A

C - a generic constant

E[] - the expectations operator

var (-) - the variance operator

cov (-, +) - the covariance operator

14 () - the indicator function for any set A

~ - ’ig distributed as’

—F and —9- convergence in probability and distribution respectively

{X:} - short for {X;|0 <t < T} for some 0 < T < +00. The value of T will in most cases
be evident from the context; we shall specify T' when deemed necessary.

{zn} - short for {z,|1 < n < N} for some 1 < N < +00. The value of N will in most cases
be evident from the context; we shall specify N when deemed necessary.

For f : Rx © — R, © C R?, we shall use 6;{0f (z;6) to denote 8'¢” f (z;6) /0'xH%6. In
some cases, we shall write f® (z;6) for 8.1 (z;9), f (x;0) for dpf (z;6), and f (z;0) for
3 f (z;6).

For f : R% x © +— R, we shall use 8% f (x;6) to denote 8% --- 8% f (z;6) /8" x; - - - Bdzy for
any d-tuple of non-negative integers, a = (i, ..., i4)-

For f : Rx H — R, H some function space equipped with a metric, we shall use
V f (x; ho) [dh] to denote the pathwise derivative w.r.t. h at the point hy € H and in



1. Introduction 10

the direction dh € H.



2
Estimation in Diffusion Models

2.1 Introduction

We here give a brief introduction to diffusion processes, present some of their basic prop-
erties, and then give a review of the literature on estimation of diffusion models. This
literature spans a period of over thirty years and covers a wide range of different topics.
We shall in the following try to give an overview of the main results with emphasis on
non- and semiparametric estimation of discretely observed diffusions. We have chosen to
classify the results presented here along two dimensions: Along the first, we have the type
of model and along the second, the type of sampling scheme. We shall focus solely on
time-homogenous, stationary scalar diffusions. No formal proofs are given, but references
to the relevant studies are given.

Along the model dimension we shall differentiate between the fully parametric, semi-
parametric, and nonparametric case. Along the sampling scheme dimension, we assume
that either of the three following samples is available: A continuous record of the process,
a discrete sample with decreasing time distance between observations, and a discrete sam-
ple with fixed time distance between observations. A loss of information occurs as one
moves out along either of these two dimensions: Inference becomes more difficult as one
moves from the first towards the third sampling scheme since less of the process has been
observed. Similarly, as one moves from a fully parametric specification towards a nonpara-
metric specification, less initial information about the observed process is available. As we
shall see, the convergence rate will potentially slow down as we move out along either of the
two dimensions. As an additional problem, both from a technical and practical viewpoint,
it is not possible to derive explicit identifying relations for a discretely observed diffusion
process except for a few specific (parametric) models. In particular, explicit expressions of
(conditional) moments, and the transition density are not available in general with these
being required as input in e.g. GMM and MLE. This makes it difficult to set up an es-
timator and show it has the desired properties, and even if so the actual implementation

will require either approximate or simulation-based methods.
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The above problems associated with the estimation given discrete observations can
be circumvented by assuming that the time distance between observations go to zero
asymptotically. In this setting, the standard strategy is first to define an estimator of
the continuously sampled process, and check that this has the desired properties. Then
one can normally construct a suitably discretised version of this which can be used for
a discrete sample. The discretisation error due to the discrete approximation will vanish
asymptotically if the time distance between observations goes to zero sufficiently fast. This
approach will unfortunately lead to an asymptotic bias when one assumes a fixed positive
time distance between observations.

The chapter is organised as follows: First, in Section 2, we introduce the class of diffusion
processes and some of its important properties. In Section 3, we then turn to the question
of estimation where we first define the data generating process, and the three sampling
schemes in question: Section 3.1 deals with the fully parametric case, Section 3.2 with the
nonparametric model, while the semiparametric case is treated in Section 3.3. For each
type of model, we differentiate between the three sampling schemes. Finally, we conclude
in Section 4.

2.2 Diffusion Processes

We consider a process {X;} taking values in R?. The process is assumed to solve a stochastic
differential equation (SDE) of the form

dX; = '} (t, Xt) dt + o (t, Xt) dW; (21)

defined on a filtered probability space (2, F, P) with associated filtration {F;}. The above
formulae should be read as

t t
X¢=X0+/ ,u(s,Xs)ds+/ o (s, X.) dW,,
0 0

where {W;} is a g-dimensional standard Brownian motion. The function y : [0,00) X R? +—
R? is normally called the drift term while 2 : [0,00) x R? +» R9%9 is called the diffusion
term. The drift and diffusion term can be interpreted as the instantaneous conditional

mean and variance respectively,

p(t, z) Jim E[Xppa — Xe| X = 2],
0'2 (t, (L') = AIEIOE [(Xt+A - Xt) (Xt+A - Xt)I1Xt = IB] .

Further introduction to and treatment of stochastic differential equations and diffusions
can be found in, amongst others, Karlin and Taylor (1981), Karatzas and Shreve (1991),
Rogers and Williams (1994, 1996). We shall assume that a unique weak solution to (2.1)
exists; see Karatzas and Shreve (1991, Section 5.2) for a formal definition of this concept.
Sufficient conditions for this to hold can be found in the references given above. In most
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of the following, we shall only be concerned with time-homogenous SDE’s,
dX: = p(Xy)dt + o (X¢) dWs, (2.2)

where the drift and diffusion term do not depend directly on the time parameter .

The conditional distribution of X;,A conditional on X is given by the transition density
p(t+ A, -|t, z). For the time-homogeneous SDE, p satisfies p (t + A, -|t, z) = pa (:|z). Only
in a few special cases is it possible to obtain an analytical expression of p. Under suitable
conditions, cf. Karatzas and Shreve (1991, Section 5.5) and Meyn and Tweedie (1993),
there exists an invariant density 7 for the time homogenous model.

In the univariate case (¢ = 1), one can furthermore derive an expression for 7,

7 (z) = [Mo? () s (z)] " (2.3)

where s(z) = exp[-2 [ 1 (y) /0 (y) dy] is the scale function for some z* € I, where
I =(l,r), —o0o <1 < r < 400, denotes the domain of the process, and M > 0 is a
normalising factor. If the process is initialised with Xp ~ 7, we obtain a stationary and
ergodic solution to (2.2). The distribution of the stationary solution {X;} is denoted P.
Observe that the relation (2.3) can be inverted to express u (02) in terms of 7 and o2 (u):

h6) = g3 @ @), (24)
CErY OLIOLN (25)

The class of diffusion processes proves to be closed to smooth transformations. For any
twice differentiable function f : R? +— R, the process Y; = f (X}) solves

dY; = Lif (Xz) dt + 0o f (X¢) 0 (t, X¢) dW; (2:6)

where L, is the so-called infinitesimal generator defined by

8 T
Ltf ($) Zﬂ‘z 2 Z 0'” (t 6 fa(wj)

=1 Ti t,5=1

see Karatzas and Shreve (1991, p. 281). This is the celebrated It6’s Lemma. Taking con-
ditional expectations in (2.6), one obtain for t < T,

T
E[f (Xr)1X; = 2] =/ LE[f (X.) | X, = 2] ds.
t
Differentiating w.r.t. ¢ on both sides of the above equality, we obtain that the function
u(t,z) = E[f (XT)|X: = z] solves the partial differential equation

_% =L (u), u(T,z)=f(z). (2.7)
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A formal proof of the above can be found in Karatzas and Shreve (1991, Theorem 5.7.6).
This is the simplest version of the Feynman-Kac formula.

2.3 Estimation in Scalar Diffusion Models

We shall in the following discuss the estimation of the drift and diffusion function in a
parametric, nonparametric and semiparametric framework. Throughout this section, the
data generating process {X;} is assumed to be stationary and solve the univariate SDE

dXy = po (X¢) dt + oo (X¢) AW, (2.8)

where {W;} is univariate. We shall not discuss the estimation of multivariate or nonsta-
tionary models. Estimation methods for multivariate parametric diffusion models can be
found in e.g. Ait-Sahalia (2003), Bibby and Sgrensen (1995), Duffie and Singleton (1993),
and Broze, Scaillet and Zakaian (1998). Bandi and Moloche (2001) and Chen, Hansen and
Scheinkman (2000b) consider nonparametric kernel and sieve estimators respectively for
multivariate processes, the former allowing for nonstationarity. Ait-Sahalia (2002) gives
a general result for the parametric MLE of nonstationary scalar diffusions. Bandi and
Phillips (2003) and Nicolau (2004) develop kernel estimators for nonstationary scalar dif-
fusions.
The three sampling schemes we consider are the following:

CS [Continuous sample]: We have observed {X;|0 < ¢ < T’} for some 0 < T' < +o0.

DS In-fill [Discrete sample, A — 0]: We have observed {X;a|0 < i < n} with T = nA,
and A — 0.

DS Fixed [Discrete sample, A > 0 fixed]: We have observed {X;a|0 <1 < n} with
T =nA, and A > 0 fixed.

In the two discrete sample schemes, we assume for notational simplicity that the ob-
servations are equidistant; all of the following results also hold with A varying across
observations. The asymptotics of the estimators considered in the following will in all
three schemes be based on T' — 00.! Kutoyants (2004) gives an in-depth treatment of the
first case. A comprehensive overview of the literature on the estimation of diffusion models
covering all three sampling schemes can be found in Prakasa Rao (1999).

2.8.1 The Parametric Model

We consider the following model,
dXt =K (Xt; 9) dt+ o (Xt; 9) th (29)

1In the two first sampling schemes, consistent estimators of the diffusion function can be constructed for T < oo
fixed. One cannot estimate the drift function consistently however in this case why we throughout consider the case
T — oo.
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where 4 (;6) and o2 (-;6) are known functions up to the parameter § € © C R such that
1 (+60) = po (-) and 02 (:;6p) = o3 (-) for some @y € ©. In the following, we present the
MLE for each of the three sampling schemes in question.

CS. In this setting, the log-likelihood conditional on the initial value is given by

T B(X59) 1 (T 42 (Xs;6)

¢ gy L —— | E %69
LT(H)_T/O 02 (X¢;0) X or 0 Uz(Xt;g)dt’ (2.10)

see e.g. Kutoyants (2004, Theorem 1.12). Observe that we in fact are able to extract o3 (-)
in a deterministic manner since the quadratic variation of the process, {(X),}, defined by

n

(X)p= bm 3 (Xuys — Xe)?,

ftit1—ti]—0 =1

where 0 = tp < t1:++ < t, = T, satisfies (X)p = fOT 0(2) (X3:) dt. So by differentiating
(X); w.r.t. t we are able to estimate without error o3 (z) for any z € {X;|/0 <t < T}.
We substitute the parametric version of the diffusion term for o2 (-) in the log-likelihood
function in (2.15), and obtain the MLE as

5 1 (T p(X;6) 1 (T (X6
o= arg‘?eaé‘{T/o T () Xt 2TA 22 (%) ‘”}'

Under regularity conditions (see, for example, Kutoyants (2004, Theorem 2.8), the MLE
satisfies VT(0 — 6p) —¢ N (0,I5’!) with

. 2
L= E, [(%.;ﬁ) ] . )

DS In-fill. First observe that in finite sample, we can no longer determine o3 () so we
now have to estimate this. We discretise L% (6) and obtain

7o N p(Xiaih) ey A #E(Xiash)
Lz (6) o 02 (Xin; 0) (X@rya = Xin) 2 & 02 (Xia; 0)
_ p(Xia; 0) A ,

E : o2 (XiA; 0) X(1+1)A Xia — E# (XiAa 0) .

In the special case with § = (a,0?), u(z;0) = p(Xia; @), and 02 (z;6) = o2, Yoshida
(1992) first defines a preliminary estimator of 02, 6% = T-1 32 | (X+1a — X,-A)2 and
then use this to estimate @, & = argmax,eca f,ﬁ (a, &2). Under regularity conditions,
Yoshida (1992) shows that

v (62— od) =% N (0,203), VT (&-ap)—¢ N (0,157,

where Iy defined as in (2.11), and the two estimators are asymptotically independent.
Thus, & inherits the properties of the MLE given a continuous sample. Also observe that
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while we now cannot estimate the diffusion term without error, its estimator converges
with a faster rate than the one associated with the drift term. See also Dacunha-Castelle
and Florens-Zmirou (1986) and Florens-Zmirou (1989).

DS Fixed. The above discrete time estimator 8 will be biased if A > 0 remains fixed since
the discretisation error does not vanish, cf. Florens-Zmirou (1989). To avoid this type of
bias, we need to use the actual transition density of the discretely sampled process. As
noted earlier, the transition density cannot be written on analytical form however, except
in a few simple cases. But it proves possible still to derive the properties of the (infeasible)
MLE. Ait-Sahalia (2002) shows that under regularity conditions the estimator

0 = arg max L, (9),

where n
1
L, (0) = - ZI,IOgPA (Xiy11Xi50), (2.12)
=

is asymptotically normally distributed,
V(b - 60) - N (0, I5")

where Iy = E [Ogg log pa (Xi+11Xi; 60)] is the information matrix. The MLE can be calcu-
lated using numerical methods. There is a number of different methods in the literature
based on either approximations of p or simulations. Approximate methods have been de-
veloped in for example Ait-Sahalia (1999, 2002) and Lo (1988), while simulation-based
methods can be found in for example Nicolau (2002) and Pedersen (1995).

2.3.2 The Nonparametric Model

In this section, we present a number of nonparametric estimators proposed in the litera-
ture. Nonparametric estimators is an alternative to standard parametric ones, imposing
no parametric restrictions on the statistical model. This means that the risk of misspeci-
fication is smaller; on the other hand nonparametric estimators often suffer from a slower
convergence rate compared to parametric ones. Kernel and sieve estimators are predom-
inantly used in nonparametric statistics. In the following we give a quick introduction
to these two types of estimation methods. For a general introduction to nonparametric
methods in econometrics, we refer to Pagan and Ullah (1999). A good introduction to
kernel and sieve-methods can be found in Silverman (1986) and Chen (2004) respectively.
Applications of kernel estimators to stochastic processes can be found in Bosq (1998).
Here, we shall mainly focus on kernel estimators.

Assume that we wish to estimate a density function without imposing any parametric
assumptions on its form. One can in this case apply a standard histogram estimator for
some given binwidth. The kernel density estimator can then be seen as a generalised version
of this simple estimator. These are local estimators that estimate the density at a point of
interest by smoothing the observations around this point. The basic ingredients in these
type of estimators are a kernel K : R — R and a bandwidth A > 0. The kernel is normally



2.3 Estimation in Scalar Diffusion Models 17

assumed to satisfy [ K (z)dz = 1, |K|3 = [ K?(z)dz < oo and [2%K (z)dz < oo as
a minimum. Standard densities are normally used as kernels, e.g. the Gaussian one. We
write Kp () = K (z/h) /h in the following.

Sieve or series estimators are of a more global nature. The idea is to assume that the
function of interest belongs to a known (infinite-dimensional) function space. This is then
approximated by a finite dimensional function space (the sieve space) which grows dense
in the function space. A density can for example be expressed in terms of its Fourier
coefficients. One may then estimate a finite number of the Fourier coefficients and then
use these to estimate the density itself.

Density Estimation
We first set up a nonparametric estimator of the marginal density .

CS. Here, we estimate the marginal density = by

T
ﬁ(x)=%/0 K (X, — z) dt.

This estimator was first proposed by Banon (1978) and Nguyen (1979). Assuming that
they exist, the derivatives of the density can be estimated by

1

+0) (g) =
@) = T

T
/ K,(:) (Xy—z)dt, r>1.
0
Under regularity conditions,
VIRFF(#0) () = (2)) -4 N (0,70 (2) 1K), (2.13)

provided Th?"+! — oo and Th?+3 — 0. In certain cases, the super-optimal/parametric
convergence rate, v/T, can be obtained, see Bosq (1998). This is special to the case of
continuous sampling.

DS In-fill/Fixed. We discretise the continuous sample estimator and obtain

1) (z) = LS~ _ 1 g0
w(r)(w)_ﬁ;Kh (XiA—w)A_nhT;Kh (Xia — ).

We use this estimator for both of the discrete sample schemes. In the infill-case, #(") (z)

satisfies (2.13), while in the fixed time distance case,
VR (i) (2) - 7 (@) - N (0,m0 (2) | KO|F) ,

provided nh?"*! — co and nh?"+3 — 0, cf. Robinson (1983). Observe that here the same
estimator works both for the in-fill and fixed A case since we only wish to obtain infor-
mation about the marginal distribution, but the asymptotic properties differ in the two
sampling schemes.

Drift and Diffusion Estimation
We now turn to the question of estimating the drift and diffusion function nonparametri-
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cally.

CS. As in the parametric case, the diffusion term can here be determined without any
uncertainty. So again we shall only be concerned with the estimation of the drift term. We
here present two kernel estimators. Banon (1978) proposed to plug the known diffusion
function into (2.4) together with kernel estimators of 7 and 7(!). One could alternatively

use the following kernel regression estimator,

ST K (X — z) dX,
JT Ky (X;—z)dt’

b (z) = (2.14)
as suggested by Geman (1979). The discretised version of this is examined by Bandi and
Phillips (2003), see below. Other studies of nonparametric drift estimation are found in
Geman (1980) and Pham (1981).

DS In-fill. In this setting, we also need to estimate the diffusion term. Florens-Zmirou
(1993), Jiang and Knight (1997) and Bandi and Phillips (2003) considered the following
kernel estimator,

n 2
52 (z) = Yo Kn (Xia — ) (X418 — Xia) '
Y1 Kn(Xia—2)A

(2.15)

Under regularity conditions,

Vnh(6? (z) - 03 (z)) =* N (0 ————-4”K“ ((;()’ (w)) ,
if nh — oo and nh® — 0. Having obtained this, we may now estimate p(z) as before
by plugging the kernel estimator of o2 (z) into (2.4) together with the kernel estimator
of w(z) and 7! (z), cf. Jiang and Knight (1997). By the functional delta-method, this
estimator, i (z), satisfies

(1|22
VIR (2) = o () =4 N (o, ”K—Qo'z%g(—’) ,

given Th3 — oo and Th® — 0. This estimator has convergence rate vTh3 which is slower
than the one of 62 (z). In fact, one can consistently estimate o2 (z) given observations in
the interval [0, 7] with 0 < T' < oo fixed, while i (z) can only be estimated consistently
as T — oo. In this sense, p(-) is harder to estimate than o2 (-).

Bandi and Phillips (2003) constructed a discretised version of the alternative drift esti-
mator proposed in (2.14),

Y1 Kn (Xia — 2) (X114 — Xia)

ale) = i1 Kn(Xia —z) A

It can be shown that

V(i (2) - o (@) = (o, LX)
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as Th — oo and Th3 — 0. Again, ji(z) has a slower convergence rate than 42 (z), but
faster than fi ().

The discretisation bias in finite sample has been analysed in Nicolau (2003). Stanton
(1997) proposed alternative kernel estimators based on higher order approximations yield-
ing a smaller discretisation bias. On the other hand, as demonstrated in Fan and Zhang

(2003), the resulting asymptotic variance of Stanton’s estimator increases.

DS Fixed. In this case, a completely different approach compared to the CD and DS
In-fill case has been developed. The approach is based on the infinitesimal operator of the
diffusion model, and the conditional expectations operator of the sampled process. First,
as shown in Hansen et al (1998), on a suitable domain D the infinitesimal operator L
has a discrete spectrum {d;} with associated eigenfunctions {v,}; we have ordered the
eigenvalues such that 0 = dp < d; < .... Defining the conditional expectations operator A
by
Aa (f) (z) = E[f(Xa)|Xo =1],

one is able to realise that A also has a discrete spectrum such that

oo

Aa(f) (@) =) exp [-A8}] Ex [f (X0) ¥; (X0)] ¥ (),

1=0

cf. Chen et al (2000a,b). Next, the eigenvalues and functions can be identified in the
following manner: First observe that dg = 0 and 9, (z) = 1. The following eigenvalues
then satisfies

exp [-6;] = sup Ex [¢ (Xa) ¢ (Xo)],
YED;
with the eigenfunction 9; being the solution to the above optimisation problem. Here,
Dj = {$ € D|Ex [ (X0) ¥; (X0)] =0, i =0,...,j — 1, Ex [¢* (Xo)] =1}.

So one can calculate the eigenvalues and -functions recursively. It can also be shown that

for any eigenpair (8;,%;), j > 1, the diffusion coefficient satisfies

—8; [* ¥; (y) mo (y) dy '

7 (@) 70 (2) (2.16)

o (z) =
Chen et al (2000a,b) suggest the following estimation procedure: First, by replacing the
expectations in the above optimisation problem by the empirical counterpart and approx-
imating the eigenfunction space using the method of sieves, estimators of the eigenvalues
and -functions can be obtained. These are plugged into (2.16), yielding a nonparametric
diffusion estimator. Finally, using the relationship (2.4), an estimator of the drift can be
obtained. Darolles and Gourieroux (2001), Gobet et al (2002) give further results for this
nonparametric estimator.
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2.8.8 Two Classes of Semiparametric Models

As an intermediate step between the fully parametric and nonparametric setting, the class
of semiparametric models are situated. This is a very large class of models. Here, we
shall only consider the case where one either parameterises the drift or the diffusion term
leaving the other term unspecified. This gives us the following two classes of semiparametric
models:

dX:=p (Xt) dt+o (Xt; 6) dW, (217)

or
dXt =u (Xt; 9) dt+o (Xt) th (218)

Since the two classes of models above are nested within the fully nonparametric model, one
natural way to estimate any of the two models is as follows: First, obtain nonparametric
estimators of both u and o2. The unspecified part is then consistently estimated by the
nonparametric estimator, while the parametric part can be estimated by choosing f as the
value of 8 € © that minimises some functional metric between the fully parametric form
and the preliminary nonparametric estimator. For the model in (2.17), we may then define
the estimator of 6 as

5 _ IS rs2 0y 20y . o\12
9—arggggn§[o (Xia) — 0® (Xin; 0)]",

where 62 (-) is a preliminary nonparametric estimator of o2 (+), while for the model in
(2.18), we define

5 1, 2
f = arg lggg; ; [P' (XlA) - /.L(X.,,A,B)] )

where fi (+) is a preliminary nonparametric estimator of u (-). The squared distance metric
could of course be substituted for alternative metrics.

CS. To the author’s knowledge semiparametric estimators have not been considered for
this sampling scheme.

DS In-fill. The strategy proposed above has been investigated in Bandi and Phillips
(2000) using the kernel estimators proposed in Bandi and Phillips (2003) as preliminary
estimators. They derive the asymptotic distribution of § and show that it is v/n- and
v/T-asymptotically normally distributed for models in Class 1 and 2 respectively.

DS Fixed. Following the strategy of Bandi and Phillips (2000), one should be able to
obtain similar results when substituting the kernel estimator of Bandi and Phillips (2003)
with the sieve-estimator of Chen et al (2000a). The asymptotic distribution is not easy to
obtain however in this case.

Aft-Sahalia (1996a) considered a special case of the class of models in (2.18). He assumed
the following specification,

dX; = ﬂ (a - Xt) dt+o (Xt) th, (219)
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for which it holds that
E[XitnalXial = a+ e P2 (Xin — @), (2.20)

He then proposed to estimate § = (o, §) by generalised least squares yielding an estimator
of the drift, i (z) = §(x — &). Next, substituting the parametric estimator of x (z) and
the kernel estimator of 7 (z) into the relation (2.5), an estimator of o2 (z) is obtained. It
is showed in Ait-Sahalia (1996a) that

(5 a) - )~ (0 1|30 =),
7o ()

The conditional mean expression (2.20) allows Ait-Sahalia (1996a) to estimate 6 sepa-
rately from the nonparametric part. But this expression is special to the model (2.19); in
the general case where u (z; ) is non-linear in z, one cannot derive a regression equation
as the one above. In particular, the conditional mean (or any other conditional moment
for that sake) will be a function not only of 8 but also o2 (-). Thus, in the general case
other methods have to be employed. In Chapter 4, one such method is proposed which
covers virtually any model in either of the two classes of semiparametric models.

2.4 Conclusion

We have in this chapter presented the main results in the estimation of diffusion models
in a parametric, semiparametric and nonparametric setting respectively. It was observed
that the case where a continuous record or a discrete sample with vanishing time distance
between observations were available was relatively easy to deal with. However, estimation
given a discrete sample with fixed time distance between observations created additional
problems in all three types of models. In particular, it proved difficult to derive analytical
expressions which allows one to identify the drift and diffusion term. And even if one has
managed to derive such, one will have to rely on numerical approximations in order to
implement the resulting estimator.



3
Term Structure Modelling with Diffusions

3.1 Introduction

The term structure enters as an input in many macroeconomic models. It is also required
as an input in asset pricing models in general and interest rate derivative pricing models
in particular. In the mathematical finance literature, the term structure is often modelled
using diffusion processes. The use of these facilitates the theoretical analysis since one
has at his disposal the whole machinery of stochastic calculus. In-depth treatment of the
properties of this type of term structure models and can be found in for example Bjérk
(1998, Chapter 15-17), Duffie (1996, Chapter 7). For a discussion of the modelling of the
diffusion processes used to describe the term structure dynamics, we refer to Rogers (1995).

In this chapter, we give a brief introduction to the components entering term structure
diffusion models, present some important results concerning bond and interest rate deriva-
tive pricing, and give a review of the various term structure diffusion models proposed in
the literature. We put special emphasis on the class of so-called single-factor models. We
shall not give any formal proofs of the results presented in this chapter, but merely refer
to the relevant studies where these can be found.

We first set up the basic framework of a general term structure model in which one can
price derivatives in Section 2. Assuming that the model is driven by a diffusion process,
we present closed form expressions of bond and interest rate derivative prices. We then
introduce the class of factor models in Section 3, while Section 4 deals with the class of
so-called Heath-Jarrow-Morton models.

3.2 The Arbitrage-Free Term Structure

In this section, we introduce the framework we shall work within, and give some gen-
eral results which are useful in the construction of term structure models and pricing of
contingent claims.
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We start out with some basic definitions. By a zero-coupon bond with maturity at time
T > 0, we mean a financial security which pays the owner 1 unit of cash at time T'; we
shall also refer to such a security as a T-bond. We denote the price of a T-bond at time
t < T by B;(T). We assume that for any given T > 0, {B; (T')} follows a strictly positive,
adapted process on the probability space (P, 2, F) with an associated filtration {F;}. We
then define (assuming the derivative 0B; (T') /0T exists)

e The yield to maturity: Y; (T) = log (B (T)) / (T - t).
e The instantaneous forward rate: f; (T') = 8log (B (T)) /OT.

o The short-term interest rate: vy = f; (t).

It is very much standard in the term structure literature to construct models in terms
of either of the three variables introduced above. One can readily invert the first two of
the above definitions and express any zero-coupon bond in terms of either the yield or the
forward rate curve:

Bi(T) = exp[(T-t)Y:(T)],
T
B;(T) = exp [—_/t- ft (s) ds]. (3.1)

In relation to the short-term interest rate one defines the so-called money account, 3,,

B; = exp [/t rsds] ,
0

or equivalently df; = r¢f;dt with By = 1. Intuitively, B, represents the amount of cash

given by

accumulated at time ¢ if one starts with one unit cash at time zero and continually rolls
over a bond with infinitesimal time to maturity. The asset [3; can be interpreted as a
"locally risk free" asset since its infinitesimal rate of return, r;, is known at time t.

" Finally, we introduce a so-called derivative or contingent claim. This is a contract that
pays the owner an adapted dividend stream {d;} until maturity T' > 0 at which time he
receives a pay-off Xp. The family of bond prices is the simplest example of a derivative
where d; =0 and X7 = 1.

We say that the family of bond prices {B; (T') |T' > 0} is arbitrage-free if

1. Br(T)=1for any T > 0.

2. There exists a probability measure @ equivalent to P such that the process Z; (T') =
B (T) /B; is a martingale under @,

EQ [Zt (T) |~’Fs] = Z, (T) .

The probability measure @ is normally called the risk-neutral measure, while P (which is
the measure under which we observe the prices) is denoted the physical measure. Assuming
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the existence of a risk neutral measure Q, the price at time t < T' of a claim satisfies

T 8 T
IL(T) = E° [/ ds exp [—/ 'rudu] ds + X1 exp [—-/ rudu]
t t t

In particular, the price of a bond is given by

B; (T) = E? [exp [— /t ’ r,,ds]

Thus, under the additional assumption of the existence of a risk-neutral measure, we

ol

7]

can also invert w.r.t. {r;}. An important class of interest rate derivatives is where the
dividend stream and the terminal pay-off both are functions of the short term interest
rate, d; = d (t,r:) and X1 = c(rr).

So in the term structure modelling, one is interested in constructing a measure ) such
that 2. above is satisfied since this gives access to a closed form expression of any claim.
For the specific model, one needs to establish the existence of ¢) and derive the dynamics
of the variables of interest under this measure.

A leading case where one can establish the existence of @ is the one where {r;} is a
diffusion process. Assume that {r;} solves a stochastic differential equation (SDE) of the
form

dry = pydt + o] duw, (3.2)

where {y,} and {0:} are R- and R?-dimensional adapted processes respectively, while {w;}
is a g-dimensional standard Brownian motion. Then for any adapted R?-valued process
{At} such that the so-called Doleans exponential, {€; (A x W)} defined by

t i
£ (\xW) = EP [exp U ,\des—%/ ||A3||2ds”,
0 0

is a P-martingale, there exists a unique risk-neutral measure ¢) under which
dry = {p — N o1 }dt + o] dWA,

where {W;} is a ¢g-dimensional standard Brownian motion under Q. Furthermore, the
T-bond under P solves

dB; (T) = By (T) {rs + N o:}dt + B; (T) s} (T) dW;

while under Q,
dBy (T) = B (T) ridt + B (T) sy (T) dW;

for an adapted process {s; (T')} satisfying s; (T") = 0¢dB; (T') /Or:. This means that under
the physical measure the instantaneous returns from holding the bond differ from the short
term interest rate 7, by A s; (T). Thus )\ s; (T') measures the risk premium for the T-
bond, i.e. the rate of return over the risk free rate commanded by a T-bond. In particular,

for ¢ = 1, the quotient A\; = As¢ (T') /s: (T') can be interpreted as the risk premium per
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unit of volatility. This quotient, A, is often termed the market price of risk. Observe that
{A¢} does not depend on T such that all bonds will have the same market price of risk.

While we have been able to derive a closed form expression of any claim, it cannot be
implemented before we have chosen the market price of risk process, {\:}. Often this is
chosen such that the implied bond prices match the observed ones.

3.3 The Multi-Factor Model

Above we derived closed form expressions of any claim in a fairly general term structure
model. This model is however so general that it cannot be calibrated nor implemented
as it is. In the following, we shall further restrict the diffusion model in (3.2) to allow
for actual calibration and implementation. We assume that a number of factors drive the
short rate, and that these factors define a Markov process. This class of models are termed
multi-factor models.
We assume that
re = R(F) (3.3)

for some twice differentiable function R : R? — R, and some g¢-dimensional process {F;}
which solves a SDE of the form,

dF; = p(t, Fy) dt + o (t, F}) dwy, (3.4)

under P where p : [0,00) x R%=R?, o : [0,00) X R%—R?*% and {w;} is a g-dimensional
Brownian motion. The variables in {F;} are normally referred to as the factors. These can
either be chosen to be economically meaningful variables or some latent ones of unknown
identity. By It6’s Lemma, we obtain that {r;} also solves a SDE. Thus, the multifactor
model (3.3)-(3.4) is a special case of (3.2), and the pricing formulae in the previous section
are valid for the multi-factor model. '

A very popular class of factor models are the affine ones as proposed in Duffie and Kan
(1996) and Duffee (2002). We assume that

re=080+0" Fy,

and
dF, = (a — BF,) dt + £.5%dw,

where B and ¥ are ¢ X g-matrices, a is an ¢-vector, and S; is an ¢-dimensional diagonal

matrix with diagonal elements
[Silys = i+ BT Fr.

Finally, the market price for risk is an g-dimensional vector which is assumed to satisfy

At = Std+St‘DFt
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where d is an g-dimensional vector, D an ¢ X g-matrix, and S; is a diagonal matrix with

' T -1/2 ] T -1/2
— _ ? [} ) 1
bl 0, otherwise '

This special structure ensures that the factor dynamics are affine both under the physical
and risk-neutral measure. This in turns allows one to derive analytical expressions of the
bond prices and various interest rate derivatives as demonstrated in Chacko & Das (2002).

Another special case within the class of factor-models is when ¢ = 1. Assuming F; = r¢
(such that R (x) = z), we obtain the class of so-called single-factor models where the short
term interest rate is a Markov process,

dry = p(t,re) dt + o (t, rt) dwy,

with {w:} being one-dimensional. Assume additionally that the risk premium process
satisfies
At_ =A (ti 'rt)

for some function A. We then obtain that
dry = p* (t, 1) dt + o (t,r) AWy,  p (t,r) = p(t,r) — A(t,r) o (t,7)

under Q. Thus, {r;} is also a Markov process under @, and we have that II; (T') = u (¢, )
for some function u. Using the Feynman-Kac formula, the valuation function u solves the
following fundamental PDE,

2

1
+;u’\(t,:z:)%+§a2 (t,m)% —ru+d(t,r) =0,

Ou
at
with terminal condition u (T, r) = c(r).

In the following we present some of the specifications of u and o2 in the single-factor
model suggested in the literature. For a more detailed discussion of these and other models,
we refer to Rogers (1995). The first model for the short term interest rate was proposed by
Merton (1973). He suggested to model the short-term interest rate as a Brownian motion
with drift,

dry = pdt + odw;.

This model has the unfortunate property that with positive probability r; < 0. It is
furthermore non-stationary and exploding. Vasicek (1977) defined {r:} as an Ornstein-
Uhlenbeck process,

dry = B(a — ) dt + odw,

where a, 8 > 0. There exists a stationary solution to this SDE, but again r; < 0 with pos-
itive probability. Cox, Ingersoll and Ross (1985) (CIR) dealt with this problem, modelling
{r:} as the solution to

dry = B (o — 1) dt + o\/Tedwy,
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where a, 8 > 0. Under suitable parameter restrictions, {r;} is a stationary process on the
domain I = R,. Observe that all these three models belong to the affine class of factor
models. More advanced parametric specifications have been proposed in the literature. For

example,

Ait-Sahalia(1996b): dre = {Bo + B1re + Bar? + Bary '} dt + \/ao + o171t + oor] dwy,
Conley et al.(1997): dry = {Bo + Bire + Bor? + ﬁ3rt"1} dt + or]dwy,
Ahn and Gao(1999): dry = {ﬂo + By + ﬁzrf} dt + \/00 + o171t + ooridws.

In the financial industry, the above models are often generalised to allow for time-
dependent parameters. This leads to the class of time-inhomogenous models. Ho and Lee
(1986) proposed the first specific time-inhomogenous model, letting the parameter o = oy
in the Merton-model to be time-dependent,

dry = agdt + odwy.

Similarly, many of the other time-homogenous models presented have been extended to
allow for time-dependent parameters, see e.g. Hull and White (1990) for extended ver-
sions of the Vasicek- and CIR-model. The advantage of these models is that they can be
calibrated on a daily basis to deliver a perfect fit of the current yield curve, something
the corresponding time-homogenous models very often fail to do. This is very appealing
from a practical point of view. On the other hand, these models say nothing about the
dynamics of the time-varying parameters, and the they are therefore not very useful in
predicting future yield curves which is needed in a bond and option pricing scenario.’

The specification of {\:} is still an open question. A relative simple specification has
been favoured in the literature facilitating the calibration of the model and the calculation
of the implied bond prices. In particular, a number of studies has chosen A; to be constant,
_ as for example in Vasicek (1977) and Ait-Sahalia (1996a).

3.4 The Heath-Jarrow-Morton Model

Instead of modelling the short-term interest rate, Heath, Jarrow and Morton (1991), HIM
henceforth, assumed that the forward rate with maturity at time 7" solved a SDE,

dfy (T) = py (T) dt + of (T) dw

under P, where {y,; (T)} and {0+ (T")} are adapted processes taking values in R and R?
respectively while {w;} is a ¢-dimensional Brownian motion. A major advantage of this
class of models over the factor models introduced in the previous section is that the HIM-
model allows for a perfect fit of the current yield curve - this is simply chosen as the initial
condition of the forward curve, fo (T'). The bond prices can be recovered from the formula

(3.1).
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As before we examine under which conditions no arbitrage occur. Assume that there
exists an adapted R%-valued process {\;} such that the associated Doleans exponential is

a P-martingale, and
p (T) = o (T) 07 (T) = o (T) A,

where -
a; (T) = / ot (s) ds.
t

Then there exists a unique risk-neutral measure @. Under @), the forward rate satisfies
&, (T) = o (T) 03 (T) dt + o7 (T) dW,
and the bond prices
dB: (T) = r¢B: (T) dt + o (T') B: (T') dW4,

where {W;} is a ¢-dimensional standard Brownian motion. An important point here is
that under @) the forward rate and bond dynamics are characterised by the diffusion term
ot (T') alone - the drift term is of no importance. Thus, in order to price claims one only
needs to specify and calibrate the volatility term.

A number of specific single-factor models can be shown to be a special case of the general
HJM-model. For example, the Ho and Lee (1986) model can be written as a HJM-model
This indicates that the HIM-setting is a more general way of describing the term structure.

The original HJM model suffers from stochastic singularity in the sense that the model
implies deterministic relations between bonds of different maturities. This problem can
be dealt with by extending the model to allow for a richer class of noise terms. Kennedy
(1994, 1997) and Santa-Clara and Sornette (2000) are examples of this approach.

3.5 Conclusion

We have in this chapter presented a number of different term structure models which are
based on diffusion processes. These have the advantage that the implied bond and interest
rate derivative prices can be written on a closed form. While the finance theory is fully
developed, it is still an open question which statistical model one should use when one
takes the finance model to the data.

In the next chapter, we present two classes of semiparametric models which are very rich
and highly flexible. These can be used in the modelling the term structure by a single-
factor model. We also develop an estimator for any model in these two classes which
allows one to calibrate the single-factor model using historical data of the short-term
interest rate. Then in Chapter 5, we derive the asymptotic properties of the implied bond
and derivative prices of the single-factor model based on the estimators in Chapter 4. In
Chapter 6, we illustrate the use of the results obtained in Chapter 4 and 5 by fitting a
specific semiparametric diffusion model to historical data.
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Estimation in Two Classes of Semiparametric
Diffusion Models

4.1 Introduction

Continuous time stochastic processes are widely used in dynamic models in economics and
finance. In the past three decades since the groundbreaking work by Black and Scholes
(1973), Merton (1973) stochastic processes have gained a major role in finance theory
where they are used in the modelling of the dynamics of economic variables over time, for
example interest rates, stock prices, and exchange rates; an overview of such models can be
found in Duffie (1996). To a lesser extent these have also been used to model the dynamics
of macroeconomic variables, see e.g. Bergstrom (1990). Unfortunately, economic theory
has very little to say about the precise specification of the processes. As a consequence,
a wide range of parametric models have been suggested in the literature, for example
Black and Scholes (1973), Chan et al. (1992), Cox et al. (1985), Vasicek (1977), but it is
not obvious that these models are able to deliver an adequate description of the observed
process. This may lead to the use of a misspecified model that is not able to capture the
true dynamics of the process in consideration. This again can have serious implications
on the conclusions drawn from the model. Non- and semiparametric methods may help to
detect and to some extent solve such problems, since these methods allow for a high degree
of flexibility and should thereby better safeguard one against possible misspecification.
In this chapter, we consider a semiparametric approach to the modelling and estima-
tion of scalar stochastic differential equations (SDE’s) driven by a Brownian motion. Such
processes are fully characterised by their drift and diffusion function, which we wish to
model in a flexible manner. Two very general classes of models will be considered: In the
first class, the drift is specified (up to an unknown parameter) while the diffusion term is
left unspecified; in the second class it is the diffusion term that is parameterised while the
drift term is not specified. We define an estimator for the drift and diffusion function for
models in each of the two classes, and derive its asymptotic properties under regularity
conditions. We also construct a simple test for parametric submodels against the semipara-
metric alternative. The main restriction we need to impose is that the diffusion processes
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in the two classes are strongly stationary since this property is used for identification of the
unspecified term. This excludes for example time-inhomogenous processes, where the drift
and diffusion functions are allowed to depend on time, since these are non-stationary by
construction. The two classes are still very rich, and include a majority of the parametric
homogeneous models proposed in the literature since these in most cases allow for sta-
tionary solutions. In particular, for any parameterisation of a stationary diffusion process,
each of the two classes contains a semiparametric model which has this fully parametric
model as a submodel.

Only a few studies in the existing literature have considered semiparametric diffusion
models. Ait-Sahalia (1996a) proposes a semiparametric model with a linear parameterisa-
tion of the drift, while leaving the diffusion term unspecified. Conley et al. (1997) on the
other hand suggest to use a simple parametric form for the diffusion term, while either
applying a global series expansion or a locally linear approximation of the drift term. The
model of Ait-Sahalia (1996a) belongs to the first class of models considered here, while
the Conley et al. (1997) model is situated in the second one. These two models are quite
general, but one may still want to allow for other, more flexible, specifications of either the
drift or the diffusion term than the two proposed by the aforementioned authors. This is
made possible with the two classes of semiparametric models proposed here, which allows
for virtually any reasonable parameterisation of either the drift or diffusion term. In Bandi
and Phillips (2000), least squares estimators for any parameterisation of either the drift or
the diffusion term is proposed; see also Florens-Zmirou (1989) and Genon-Catalot (1990).
Their results however depend on the time distance between observations shrinking to zero,
the so-called infill assumption, while ours hold for a fixed time distance. We restrict our
attention to diffusions driven by a Brownian motion.

The semiparametric models under consideration here can be very useful as an inter-
mediate step in model building, moving from an initial nonparametric model towards a
parsimonious fully parametric one. There is a large literature on fully nonparametric es-
timation of the drift and diffusion function. Most of the proposed estimators are based
on kernel methods, making use of the characterisation of the drift and diffusion function
as the instantaneous conditional mean and variance respectively. Assuming that the time
distance between observations shrinks to zero as the number of observations goes to in-
finity, standard kernel regression methods can be used to consistently estimate the drift
and diffusion term. This approach is pursued by, for example, Bandi and Phillips (2003),
Jiang and Knight (1997), and Stanton (1997). These estimators are however prone to
a discretization bias if the process is in fact observed at fixed time instants, cf. Nicolau
(2003). Chen et al. (2000a), Darolles and Gouriéroux (2001) and Gobet et al. (2003) derive
nonparametric estimators for univariate diffusion models by the method of sieves, allowing
for a fixed time distance between observations. Their approach is based on the so-called
infinitesimal operator of the diffusion model, which uniquely identifies the model. They
decompose the operator into its eigenfunctions and demonstrate that from these one may
recover the drift and diffusion term. Estimators of the eigenfunctions are then constructed,
and thereby also estimators of the drift and diffusion function.
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Our estimation method is based on the assumption that the sampled diffusion process is
stationary and ergodic, thereby ensuring that an invariant density of the process exists. By
using the Kolmogorov forward equation, the density can be expressed in terms of the drift
and diffusion term. Inverting this expression, one can write the drift (diffusion) term as a
functional of the density and the diffusion (drift) term. This allows us to uniquely identify
the drift (diffusion) term given a parameterisation of the diffusion (drift) together with a
nonparametric estimator of the invariant density. This idea originates from Wong (1964),
and was further developed in Hansen and Scheinkman (1995), and Hansen et al. (1998).
Ait-Sahalia (1996a) made use of the same link to estimate his semiparametric diffusion
model. Due to the higher level of generality, our estimator becomes more involved than the
one in Ait-Sahalia (1996a) though. There, a closed form estimator for the parametric part
is derived, not depending on the nonparametric part. Unfortunately, in the general case
it does not appear as if one can separate the estimation of the parametric part from the
nonparametric one when given discrete observations. Instead, our estimator is obtained
in the following three steps: First, we obtain a nonparametric estimator of the marginal
density. Then the parametric part is estimated using the log-transition density of the
diffusion process with the marginal density estimator plugged in as a nuisance parameter.
Finally, the nonparametric part is estimated as a functional of the nonparametric density
estimator and the parametric estimator.

The benefits from using the log-transition density to estimate the parameter are twofold:
First, it is more likely that the parameter is identified since the transition density gives a
full description of the probability structure of the sampled process.! Second, assuming that
the nonparametric part is known, estimation of the parametric part by the log-transition
density yields the efficient MLE. One would expect the semiparametric estimator to be
close to the (infeasible) fully parametric MLE, and thereby enjoy a high level of efficiency.

Since it is not possible to directly evaluate the transition density, we propose either to
use approximate (e.g. Ait-Sahalia, 2002) or simulation-based methods (see e.g. Durham
and Gallant, 2002) in order to implement the estimator. The estimator obtained from these
methods will enjoy the same properties as the actual, but infeasible one, under suitable
conditions. The finite sample properties of the estimator using approximate likelihood is
investigated in a small simulation study. Here, we will see that even for moderate sample
sizes, our estimator performs well, and that the approximate method does a good job.

Under regularity conditions, we derive the asymptotic properties of the estimator, show-
ing that the parametric part is y/n-consistent, while the nonparametric part has a slower
convergence rate. Also, the estimator is shown to follow a normal distribution asymptot-
ically. The asymptotics of the estimator are based on discrete observations with a fixed
time distance in between. This is in contrast to the papers on nonparametric kernel estima-
tion of the drift and diffusion cited above, and is a desirable property since a continuous
time record of observations may not be available in practice. High frequency (so-called
tick-by-tick) data of, e.g., stock prices and exchange rates are now widely available. One

L A related problem is the so-called aliasing-problem where discretely sampled stochastic processes are indistin-
guishable, c.f. Phillips (1973). Hansen and Scheinkman (1995, p. 786) show however that the aliasing problem does
not exist for reversible Markov processes.
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could argue that these present a (nearly) continuous record, but the data often suffers
from various market microstructure effects, see for example Dunis and Zhou (1998). One
may therefore be willing to sacrifice some of the available observations to avoid having
to deal with such effects, and only use observations of lower frequency (e.g. daily) when
estimating the diffusion model.

The rest of the chapter is organised as follows: In Section 2, we set up the framework
and give an informal introduction to the proposed estimation procedure. In Section 3,
theoretical results concerning the nonparametric part of the estimator are given. The
asymptotics of the parametric part of the estimator is derived in Section 4. We discuss
the efficiency of the parametric.part in Section 5, and propose a 1-step adjustment which
should make it reach the semiparametric efficiency bound. The implementation of the
estimator is discussed in Section 6, and the results of the simulation study is presented
in Section 7. We conclude in Section 8. All proofs and lemmas are collected into the
appendices.

Throughout the text, g») (z; 0) denotes the Ath derivative w.r.t. z of a function g : R X
6 — R with g(9) = g, while g (;6) and § (z;8) denote the first and second derivative w.r.t.
6. At times we shall however also denote derivatives by 8;’;99 (z;60) = 8'07g (;6) /0'z6.
We shall write [|g]|, = sup,¢;|g ()] and |lgll, = (J; g (z)|? dz)/? for any function with
domain I C R.

4.2 Framework

Let {X;} = {X: : t > 0} be the stochastic process solving the following homogenous SDE,
dX;=p (Xt) dt+o (Xt) dWy, (4.1)

where {W;} is a standard Brownian motion. The domain of {X;} is denoted I = (I,r)
where —0o < I < 7 < 00. We define the scale density s (z) = exp [-2 [5. p (y) /o2 (y) dy],
for some z* in the interior of I. Sufficient conditions for strong stationarity are (S1)
[¥ s(z)dz = —o0, [I. s(z)dz = +oo, and (S2) 1/M = [ [s(z)0? (z)] ~ldz < oo, cf.
Karlin and Taylor (1981, Section 15.6) and Karatzas and Shreve (1991, Section 5.5). Under
these conditions, {X;} is stationary and ergodic with an invariant measure 7, w(A4) =
[; P(X: € A|Xo = z) dr (z) for any Borel-set A, which has a density given by?

M M T p(y)
"= e = @ o 2 L e (42

In a parametric framework, models for the above diffusion process is normally con-

structed by specifying the drift term, u, and the diffusion term, o2, up to an unknown
parameter vector § € © where © C R? is a finite-dimensional parameter space. We see
from (4.2) that one then implicitly also specifies the stationary density. It is possible to

2We here use 7 to denote both the measure and the density.
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revert (4.2) in either of the two following ways,

bE) = s @], (43)

2 (@) = ;(2—) Ji L) () dy. (4.4)

So an alternative specification scheme would be to specify the marginal density together
with either the drift or the diffusion term, an idea originating from Wong (1964); see also
Cobb et al. (1983), Hansen and Scheinkman (1995), Hansen et al. (1998). This could be
done in a fully parametric framework, but here we only specify either the drift or the
diffusion term and then rely on a nonparametric estimator of 7. For example, we may pa-
rameterise the diffusion term, and then plug this into (4.3) together with a nonparametric
estimator of m. We thereby obtain a semiparametric estimator of u, by which we mean
that it depends both on a parameter, 6, and a function, 7. These considerations lead us
to suggest the following two semiparametric classes of diffusion models:

Class 1:

with g (+) unknown and o2 (+; ) known up to the parameter 4.

Class 2:
dX: = p(X;0) dt + o (Xi) dWA, (4.6)

with p (+;6) known up to the parameter 6 and o2 (-) unknown.

Here and in the following, ug, 03 and 7o will denote the true drift, diffusion and invariant
density respectively associated with the data-generating process. To discuss the estimation
of the two classes of models, let us as an example consider a model from Class 1. In this
case, we are given a parameterisation of the diffusion term, o2 (-;4), which we plug into
the RHS of (4.3) together with a density 7,

2771(@ a% [0 (;6) 7 (2)] . 47)

p(z;0,m) =

To obtain an estimator of § we then make use of the transition density p of {X:},
which is characterised by P (X;1a € A|X; = z) = [, p(y|z) dy for any Borel-set A. Since
{X:} is completely characterised by p and o, p is a functional of these two, p (y|z) =
P (ylz; 1 (-),0 (+)). In the following section, a precise expression of p as a functional of
p and o is derived by utilising results of Dacunha-Castelle and Florens-Zmirou (1986).
By plugging in o (z;0) and p(z;0,7), a semiparametric version of the transition density,
P (ylz; 0,7) = p (y|z; p(+;0,7), 0 (-;0)), now appears. This version of the transition density
will be employed to perform MLE-like estimation of # given a nonparametric estimator
of m. Let Xo, XA, X2A...,Xna be n + 1 observations obtained from (4.5), where A > 0 is
the fixed time distance between observations; without loss of generality, we set A =1 in
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the following.® The following nonparametric kernel estimator of the rth derivative, wgr)
(assuming that it exists), is then available,

n

70 (@) = — EK(”(“";TX"), r21, (48)

7+1
nhr i=1

for a kernel K and a bandwidth h,; see Silverman (1986) for an introduction to these
concepts.* Note that we use potentially different bandwidths to estimate each derivative.
Under regularity conditions, including hy = hrn — 0 and nh2rtl — oo, #( (z) —P
71'8’) (z) as n — co. We plug # and #() into (4.7), yielding i (z;6) = p (z;6, %), which in
turn is plugged into the transition density. We then propose to estimate 6 by

~

0 = argmax Ln (6,4 (:;6)) (4.9)
where n
La(O,1) = =3 logp (Xl Xis 1, (50)) (4.10)
n b n z=1 ] ) ) ’

Once & has been found, the obvious pointwise estimator of o2 (z) is 02(z; §) while pu (z) is
estimated by plugging 8 and # into (4.7) yielding /i (z) = p(z; 8, #). The above procedure is
also applicable for models from Class 2, only this time we are given a full parameterisation
of u(-) = p(6), which can be substituted into (4.4) together with a nonparametric
estimator of 7, thereby obtaining a semiparametric estimator of o2 () = o2 (-;8, 7).

The dependence of the nonparametric estimators, fi (z) in Class 1 and 62(z) in Class 2,
on the smoothing parameter h (and a trimming parameter introduced later) chosen by the
user is an undesirable feature, which they share with many other non- and semiparametric
estimators. The sensitivity of the estimators towards h can be high, and one therefore
has to be careful when choosing the bandwidth. Too small values of h can give imprecise
estimates, while a too large choice can induce bias. Rules of thumb are often applied for
the bandwidth choice, but data driven methods such as cross-validation may lead to better
performance. In our framework, such methods are not readily available however. A further
discussion of these and related issues can be found in Section 6.

The estimation procedure described above belongs to a general class of semiparametric
estimation problems, where an estimator of a finite-dimensional parameter 6 is obtained
with the help of a preliminary estimator of an infinite-dimensional nuisance parameter
(here, ). General treatments of the asymptotic properties of such profiled/concentrated
semiparametric estimators can be found in e.g. Andrews (1994), Chen et al. (2003), Newey
and McFadden (1994, Section 8). The estimation of the finite-dimensional parameter is
performed by what we may call semiparametric MLE. There is a large literature on non-
and semiparametric MLE, but there the infinite-dimensional parameter is estimated to-

3To simplify the exposition, equidistant observations over time are assumed; our results can be extended to allow
for varying time distances between observations.

4For notational convenience, we here leave out the first observation in the definition of #. This will have no
consequences for the asymptotic properties.

5See for example Murhpy and Van der Vaart (2000) and the references therein.
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gether with the finite-dimensional one, while here we make use of a preliminary estimator
of the former. This makes our asymptotic theory somewhat different from that strand
of the literature. Instead our estimator fits nicely into a general class of semiparametric
two-step estimators: In the first step a function is (nonparametrically) estimated, while in
the second step this is used to obtain an estimator of a finite-dimensional parameter. So in
this setting the function estimated in the first step can be seen as a nuisance parameter.
In our case, the function in question is the invariant density. Chen et al. (2003) and Newey
and McFadden (1994, Section 8) give general conditions for consistency and asymptotic
normality for such profiled semiparametric estimators. Unfortunately, the problem at hand
here cannot directly be dealt with in the framework of those two studies since we have to
introduce trimming of our nonparametric estimators. We therefore have to modify their
conditions in order to establish our theoretical results; Ai (1997) and Robinson (1988) con-
tain related applications of trimming in a semiparametric framework. Furthermore, the
transition density takes a very complicated form, and a careful analysis of it as a function
of the drift and diffusion function is required in order to derive the asymptotic properties.
In particular, the derivation of the asymptotic distribution of the parametric part is very
cumbersome, and we are unable to give an explicit expression for the resulting asymptotic
variance. We are however able to set up a consistent estimator of it. Finally, Chen et al.
(2003) and Newey and McFadden (1994) only give conditions for i.i.d. data, while our
observations are dependent. In order to handle this additional complication, we have to
assume that our process is not only stationary, but weakly dependent (in fact, we assume
it is B-mixing), and restrict the decay rate of the mixing-coefficients in a suitable man-
ner. This should be seen as a technical assumption however used to facilitate our analysis
rather than a necessary property needed for the results to carry through.

There are certain obstacles with the implementation of the proposed estimator since
the transition density p for general specifications of x4 and o2 cannot be written in an ex-
plicit form, thereby not allowing for direct evaluation. We resolve this problem by relying
on either approximate methods (see e.g. Lo 1988, Ait-Sahalia 2002) or simulation-based
methods (see e.g. Durham and Gallant 2002, Elerian et al 2001, Hurn et al 2003, Peder-
sen 1995). Applying such methods in the implementation of our estimator will have an
asymptotically negligible effect on @ if the order of approximation is allowed to increase
with the sample size at a fast enough rate.

We remark that other criterion functions than logp could be used to estimate 6. In
Ait-Sahalia (1996a) for example OLS is used; it is not clear however if this idea can be
adapted to more general cases or only works for his specific choice of parameterisation.
There is a variety of other estimating procedures in the literature for diffusion models,
see e.g. Duffie and Singleton (1993), Hansen and Scheinkman (1995), Gallant and Long
(1997), Gallant and Tauchen (1996), Gouriéroux et al. (1993), Sgrensen (1997), but the
log-likelihood approach is the most natural choice, and one would expect that this would
yield a near-optimal estimator.

There is also room for different estimators of mg. Qur theoretical results are based on the

use of the above kernel estimator of 7y, but can be substituted with alternative estimators
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such as series or spline estimators, cf. Stone (1990), as long as one is able to show uniform
consistency with a sufficiently high convergence rate for this.

Observe that if mp was known, we would be in a fully parametric framework and g
would be the maximum-likelihood estimator (MLE), which under regularity conditions
would enjoy full efficiency. But since we have not fully specified our model, the asymptotic
variance of # may not reach the Cramer-Rao bound. One would however expect that the
asymptotic properties of @ are closely related to the fully parametric MLE. As we shall
see, the asymptotic distribution of d in fact equals that of the fully parametric MLE plus
an additional term entering the variance; this is due to the fact that we use an estimator
of 7o instead of the unknown density itself. This is related to the issue of semiparametric
efficiency, see Newey (1990) and Severini and Tripathi (2001) for overviews. It could be
of interest to derive the efficiency bound for the semiparametric models of this paper,
and see whether our estimator reaches it. This is non-trivial though. Most of the existing
literature on semiparametric efficiency is concerned with i.i.d. data, while we work with
a Markov process. Moreover, the analysis of the transition density as a functional of 7 is
not easy, and will require a lot of additional work. In Section 5, we give a brief discussion
of these issues, and propose a l-step adjustment to our semiparametric estimator which
we conjecture will reach the semiparametric efficiency bound. A rigorous treatment of the
efficiency bound and the 1-step adjustment is left for future research.

As stressed earlier, we here restrict our attention to stationary diffusion processes. The
above identification scheme can however be extended to a wider class of processes satisfying
(S1), but not necessarily (S2). In this case, the invariant density 7 exists, but is not
necessarily integrable, allowing for [, () dx = +oo. The density will still satisfy (4.2)
(leaving out M), such that the relation given in (4.3) remains valid, while for (4.4) to hold
one has to require lim,_,; 7 (z) 02 (z) = 0. In the groundbreaking work by Bandi and
Phillips (2003), it is demonstrated that for this extended class of "weakly" non-stationary
(so-called recurrent) processes, u and o2 can be consistently estimated by kernel methods
as A — 0; for related results, we refer to Karlsen and Tjgstheim (2001) and Park and
Phillips (1998). However, it is not clear what the asymptotic behaviour of the estimators
proposed above will be when (S2) does not hold; this will be investigated in future research.

Our estimation procedure cannot readily be extended to general multivariate diffusion
models, since the link between the invariant density, the drift and the diffusion term
utilised here does not necessarily hold in higher dimensions. If one is ready to restrict
the attention to the class of multivariate models satisfying this relation,” the proposed
estimation procedure should still work. But it would suffer from the well-known curse
of dimensionality of nonparametric estimators. Moreover, the transition density in the
general multivariate case is even more difficult to analyse than in the univariate one, so
the task of establishing theoretical results for the parametric part of the estimator in a
multivariate setting will be a rather difficult one.

8This will automatically be satisfied under (S2).
"This restriction is for example imposed by Chen et al (2000b) in their nonparametric study of multivariate
diffusion models.
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4.3 The Nonparametric Estimator

In this section, we show that the nonparametric estimators of x and o2 proposed in
the previous section will be pointwise consistent and asymptotically normally distributed
for any given \/n-consistent estimator of . So we here assume the existence of such an
estimator. In the next section we show that the estimator of § proposed in the previous
section is indeed /n-consistent. We also give uniform convergence rates and define a simple
test statistic allowing one to test any parametric submodel against the semiparametric
alternative.

In Class 1, we simply plug in the initial estimators of the marginal density 7 and the

parameter 6, yielding
p@)= ——2 (@) (@)] (4.11)
27 (z) Oz ’ '

where 7 is the kernel estimator in (4.8) and 0 is the estimator of . For Class 2, we observe

that by the Law of Large Numbers (LLN) for stationary and ergodic sequences,
1 p [®
o> L4 (XD 1 (X0) =F [ 1o () i 0) dy,
i=1

for any (z,6) € I x © given the moment exists. We then define®

22 1% N (X B
o (:B) =% (x) n ; 1(—00,33) (Xt) P'(Xu 6)

As noted earlier, we have to assume that {X;} is stationary and ergodic in order to be
able to identify the unspecified term. In fact, we require it to be geometrically -mixing.
The results stated in this section will actually hold under weaker mixing conditions. But
since in the next section we need S-mixing in order to employ U-statistics results for depen-
dent sequences (see Serfling, 1980; Arcones, 1995), we impose this restriction throughout
for clarity. Similar conditions have been imposed elsewhere in the nonparametric litera-
ture to control the dependence structure, for example in Ait-Sahalia (1996a) and Robinson
(1989). The following assumption (A0) is sufficient for {X;} to be well-defined, stationary
and geometrically S-mixing. In particular, (AQ) implies (S1)-(S2) given in the previous
section.

A0 (i) The drift p(-) and diffusion 2 (-) > 0 are continuously differentiable, and (ii)
there exists a function V : R — R, satisfying V (z) > |z|? as £ — I* and r— with
@ > 1, and constants b, ¢ > 0 such that
1
wo () V' (z) + 508 (z) V" (z) < —cV (z) +b. (4.12)

Under (AO0), (i), there exists a unique solution to (4.1), cf. Karatzas and Shreve (1991,
Theorem 5.5.15 and Corollary 5.3.23). The condition given in (4.12) is a so-called drift

8 An alternative estimator would be 62 (z) = 2 I7 7 @) uly; 6)dy/# (x). The advantage of this is that it is contin-
uous and differentiable. On the other hand, f;” # (y) u(y; )dy is a biased estimator of [, wo (y) p(y; 6)dy.
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criterion, known from the ergodic theory for Markov chains. The function V is a norm-
like function, and under (4.12), there exists p € (0,1) such that E [V (Xa)|Xo=1] <
pV (z) + b, ensuring that the process is mean-reverting. This condition not only implies
that the process is S-mixing with exponentially decaying mixing-coefficients, but also that
Ey [|Xo|‘7] < 00, where FEy [-] denotes the expectations operator w.r.t. the stationary mea-
sure of X. (A0) is based on results by Meyn and Tweedie (1992); alternative conditions for
mixing of diffusion processes can be found in Chen et al. (1999), Hansen and Scheinkman
(1995) and Veretennikov (1997); see also Karatzas and Shreve (1991, Section 5.5). Most
parametric model found in the literature can be shown to satisfy (A0): Continuity and
differentiability of y and 2 are normally satisfied, and with V (z) = 29, ¢ > 1, the second
condition becomes
q(q

an@)z+ 10V o2(@) < —ea? (413)

as |z| — oo (assuming I = R). If for example u(z) = B (o — z), the condition becomes

o2 (z) < az? + c2, |z| — oo,
2 (g8 — c3) o = —29B2
q(g—-1) "’ q(g—1)

with 0 < ¢3 < gB where we require 8 > 0. This condition is satisfied for all the models
with linear drift quoted in Table 6.1 when restricting the parameters in a suitable manner.

G =

Similarly, one may show that remaining models quoted in the table satisfy (4.13) under
suitable parameter restrictions.

In some cases, one might want to have precise expressions of the convergence rate. This
is for example the case in the next section where the convergence must take place at
a sufficiently high rate. To speed up the convergence, we employ so-called higher order
kernels in the estimation of #(¥), allowing us to control the bias. We define the following
class K (w, ) of kernels first proposed by Parzen (1962) where w, A > 1 are integers:

K (w,)) The kernel K satisfies [p K (z)dr = 1; [2*K (z)dz = 0, for 0 < i < w —1;
Jg |zl |K (z)| dz < 00; K& (z) = 0, |z| > 00,0 < i< A -1

sup,, |K () (a:)| max (|z],1) < 00, 0 < i < A+ 1; KO is absolutely integrable with a
Fourier transform ¥; satisfying [, (1 + |2]) supy> |¥; (bz)|dz < 00,0 < i < A

A discussion of the construction of specific kernels satisfying these conditions can be
found in Bierens (1987). Using a kernel from this class makes it possible to reduce the
bias of # and its derivatives, and thereby obtain a faster rate of convergence of 'fr(i),
0 <1 < A. The smoothness of 7y as measured by w determines how much the bias can be
reduced with. For the results stated in this section concerning the pointwise distribution
and uniform consistency of the nonparametric estimators, bias reduction is not needed, and
standard kernels can be used. But higher order kernels of the nonparametric estimators
are useful when we need to get exact rates of convergence. This becomes relevant when
proving \/n-consistency of 6, see e.g. Robinson (1988) for an early application of higher
order kernels to semiparametric estimation. Andrews (1995) gives uniform convergence
rates of the density estimator and its derivatives using this type of kernels under fairly
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general conditions. We apply his results here even though the convergence rates stated
there are not optimal. Masry (1996) obtains optimal convergence rates but only considers
convergence on compact sets, while we wish to allow for a non-compact domain I. Similarly,
Bosq (1998) establishes uniform consistency with a near optimal convergence rate on the
whole of R for Markov processes, but estimators of the derivatives of the density are not
considered. One could extend their results to hold on the whole of R and for density
derivatives, but this is not the focus of this paper and we shall simply apply the results of
Andrews (1995) here. The pointwise asymptotic distribution of #(") has been established
in a number of papers, see e.g. Robinson (1983). Given the consistency and the asymptotic
distribution of 7?(’), the asymptotic properties of the two nonparametric estimators can
now be derived using standard delta-methods.

One might also wish to have uniform convergence of the nonparametric estimators.
This is for example needed in the next section when dealing with the asymptotics of 6.
We wish to show uniform consistency of the nonparametric estimators in the supremum-
norm. However, since the estimators and the limits themselves potentially are unbounded
functions, this is not readily possible. To circumvent this problem, we control the tail
behaviour of the estimator by trimming, ensuring that the nonparametric estimator equals
zero outside a compact, but growing set. We define a sequence of sets A = A, by

A = {z|# (z) > a} (4.14)

for some sequence a = a, — 0. We then show uniform convergence on the increasing set

A

A.
In addition to (A0Q), we impose the following assumptions:

A1 The true density, 7o, is w times continuously differentiable on I with bounded deriva-

tives.
A2 /n(f—60) = Op(1).

The condition that 7 is w times continuously differentiable is satisfied if g and o3
are w times continuously differentiable, cf. (4.2). Observe that all the models in Table
6.1 have infinitely differentiable drift and diffusion term so this is not a strong restriction
for standard models. Since the rate of convergence of # and its derivatives is slower than
\/n, the asymptotic distribution of 6 will not have any effect on the ones of i and &2
In particular, the efficiency of 0 is not important in this context. Condition (A2) can
be weakened to allow for slower convergence rate of 9, as long as it is faster than Vnh3
(v/nh) when estimating pq (02). If this is not the case, the asymptotic distribution of 6
will influence the one of the nonparametric estimator.

In the following let {z,-}fil be a set of distinct points in the domain I, z; # x; for i # j.

Theorem 1 (Class 1) Assume that K € K (w,1), and (A0)-(A2) hold with w > 3; 6 —

02 (z;9) is continuously differentiable satisfying ||6;’;902 (z:0) || <C(1+|z|%), i,5=0,1;

and h; — 0, and nh?“’1 — 00, 1 = 0,1. Then the nonparametric estimator of the drift is
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pointwise consistent and asymptotically normally distributed,
N d
nhd (B (21) — po (z1) Hey = N (0, Vi),

where V), = diag({V, (m@)}f—l_q) is a diagonal matriz and V, (z) = ||KM|Zod (z) /mo (z).

Moreover,

1
sup |i(2) — o (2)| = Y { Op(n™/2" K1) + Op(ai=3h¢ ™) } .
zcA i=0
Theorem 2 (Class 2) Assume that K € K (w,0), and (A0)-(A2) hold with w > 2; 6 —
p(z;0) is continuously differentiable, satisfying ||Ohu (z;0)|] < C (1 + |x|‘7/ 2), i=0,1;
ho — 0 and nhy — 0o. Then the nonparametric estimator of the diffusion term is pointwise
consistent and asymptotically normally distributed,

V/nho {6 (z:) — o (=) i, 5 N (0, Va),

where V, = diag({Vs (z:)}Y.,) is a diagonal matriz with V, (z) = ||K||308 (z) /70 ().
Moreover,

sup |62 (z) — 0§ ()| = Op(n™"2a"2h5") + Op (a™2AY) .
z€A

Pointwise estimators of the asymptotic variance for ji (z) and 62 (z) respectively can be
constructed as

Vu(@) = [/ K' WP dilo*(@)/7 (), Vo (o) =[[ K () di)o* (@) /7 (z).  (415)

We only state results for the estimation of 4 and 2 but one is able to derive similar
results for the estimators of the derivatives of u and 0. Observe that both nonparametric
estimators are asymptotically independent across the points {mz}fil This is a well-known
property of kernel-estimators, cf. Robinson (1983), which facilitates global inference, for
example when constructing pointwise confidence bands, and testing hypotheses (see be-
low). ‘

The pointwise rate of convergence of i1 might at first appear surprisingly slow given the
interpretation of u as the (instantaneous) conditional mean. In a standard nonparametric
regression model, one is able to estimate the conditional mean with rate v/nk, but observe
that in our case u is not only a functional of 7 alone but also of its derivative 7(!) with
the nonparametric estimator # having slower convergence rate than 7, V/nh3 relative to
v/nh. In contrast, we obtain the standard rate of convergence as found in kernel regressions
for 42. This owes to the fact that 62 is only a function of # and not any of its derivatives.
Thus, the drift is more difficult to estimate than the diffusion term in a nonparametric
setting. This observation has been made elsewhere in the literature. Gobet et al. (2003)
report similar results for their sieve-estimator, and coin the nonparametric estimation
of p given discrete observations as an "ill-posed problem”. Similarly, Bandi and Phillips
(2003) demonstrate that for a stationary diffusion, it is only possible to estimate u(z)



4.3 The Nonparametric Estimator 41

nonparametrically with v/nAh-rate, while 0% (z) can be estimated at the faster ratev/nh
as A — 0 and nA — oo.

The first part of the result stated in Theorem 2 has already been obtained by Ait-Sahalia
(1996a) for the special case pu(z;6) = B (a — ). So we here extend his result to hold for
a more general class of semiparametric diffusion models.

Next, we set up a simple test for a parametric diffusion submodel against our semi-
parametric alternative. We start out with Class 1, for which we consider a parametric
specification of the drift, u (-; 8) for B € B C R%. We then wish to test the following nested
hypothesis

Hyg : po () = (5 Bo) for some By € B

against the nonparametric alternative. Under the null the model is fully specified and
the parameters (6, 8) can be estimated using standard methods, with the obvious one
being MLE. Under regularity conditions, this will yield 1/n-consistent estimators of (6, 8).
We base the our test statistic on the pointwise difference between the nonparametric
and parametric estimate. For similar test procedures for conditional means, see Gozalo
(1995, 1997) and Hardle and Mammen (1993). Under Hy, u(z; B) — o (z) = Op (n~172),
when a /n-consistent estimator ,3 is available?, and smoothness conditions are imposed
on 8 — p(z;B), such that

p(2) = p(z;B) _ Vi @) =it (@) — o (a)
ke V,}/;zm) Ty (x)mw +op (1) 5 N (0,1),

where [ is the nonparametric estimator, while V, (z) and V. (z) are given in Theorem 1
and Remark 1 respectively. Due to the asymptotic independence between [ (z) an i (y)
for any = # y, we are able to derive the distribution of the sum of squared differences
across any given set of distinct points.

Theorem 3 (Class 1) Assume that the conditions of Theorem 1 holds, and ,B - B =
Op(n~Y2) under Hyp with B — p(z;B) being continuously differentiable. Then under
Hyy,
N . ) 2
Tp=nh?Y zsf) —B(®)| 4 2 (N),

i=1 \/ V# (z:)

where V,, (z) is given in (4.15)."

The above strategy can be applied to construct a test statistic in Class 2 for any hy-
pothesis of the form

Hyg: 02 (-) = 02 (+;B,) for some B, € B.

Theorem 4 (Class 2) Assume that the conditions of Theorem 2 holds, and B — B, =
Op(n~Y2) under Hyy with B — o2 (z;B) being continuously differentiable. Then under

9QOne obvious estimator would be 3 = argming n~1 S le(x) — p( B))?, where i is the nonparametric esti-
mator, c.f. Bandi & Phillips (1998).
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2
N 1 52(g:: B — 62 (2.
To=nn 3 | 2@ T @) 4 2y,
i=1 Vo ()

where V, () is given in (4.15).

The actual choice of N and {z;}., is not obvious. For given N, Gozalo (1997) proposes
to perform a random selection of points over I. Also, he shows that the number of points
N used in the test statistic for 4 (02) can grow with n as long as it does so at a rate slower
than vnh3 (v/nh).

Instead of relying on the asymptotic distribution as an approximation of the finite-
sample properties of T;,, it may be worthwhile to use bootstrapping since nonparametric
goodness-of-fit tests appear to exhibit significant differences between nominal and true
size in finite samples, see e.g. Fan (1994, 1995). It should be possible to show consistency
of the bootstrap in our case by following her arguments.!?

4.4 The Semiparametric Estimator

In this section we construct an estimator for # and derive its asymptotic properties in
each of the two classes of models. This is done along the lines proposed in Section 2,
using the log-transition density to define our criterion function. For each class, we show
that @ is consistent, and converges weakly towards a normal distribution with /n-rate.
The y/n-consistency of 6 will then in turn imply that the results for the nonparametric
estimators of u and o2 stated in Theorem 1-4 are valid. The results stated in this section
are established under the assumption that the domain I = R. We conjecture that our
results also hold for other domains by using arguments similar to those in Ait-Sahalia
(2002). Allowing for such will however further complicate the proofs, since we need to give
specific treatment to the boundary behaviour of {X;}; in particular, the transition density
will depend on the specified domain.

Drawing upon results of Dacunha-Castelle and Florens-Zmirou (1986), we are able to
obtain an expression for logp (cf. Lemma 30) as a functional of  and ¢2. This characteri-
sation was also utilised by Ait-Sahalia (2002) in his derivation of an approximation of the
likelihood-function. The log-density takes the following form,

T

2
logp (z |zo; 4, 0%) o ——log[ (z) o® (z0)] — (A 1 (w) dw) /2 +log (Eg [ (z|z0)]),

0

(4.16)

where
Y(z|zg) = exp [A /01 Ay (Z: (z|zo)) dt] , (4.17)
Zi (zlzo) = ' (ty(z)+ (1 —1t) 7 (20) + By), (4.18)

0pan (1994, 1995) only consider the i.i.d. bootstrap; in our setting a different bootstrap method have to be used,
for example Horowitz (2003).
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5 [ () + ey () 0 () (4.19)

_ s 10.02(3)
py (2) = o(z) 4 o(z)’

v(z) = /a(z)_ldz. (4.21)

>~
~
—_

N
~—

Il

(4.20)

and {B:|0 <t < 1} is a standard Brownian Bridge with associated expectations operator
Ep [].1! As can be seen, the function 9 depends on (u, 02) in a fairly complicated way, so
the analysis of log p as a functional of these is not straight forward. The analysis is further
complicated by the presence of the Brownian Bridge in the expression of .

To derive the asymptotic distribution, we need to modify the nonparametric estimators
introduced in Section 2. As part of our proofs, we need to ensure that the nonparametric
estimator converges uniformly towards a specified limit. In the previous section, we in-
troduced a trimming set to ensure this. This technical device is widely used to establish
theoretical results for semiparametric estimators, see for example Ai (1997) and Robin-
son (1988). However, the associated trimming function, 1 {# (z) > a} is discontinuous and
nondifferentiable. So for technical reasons, we here follow the idea of Andrews (1995) and
instead introduce a general trimming function, 7", which is assumed to be continuous and
differentiable. We assume that the function satisfies

1, m(z)>a

0, 7(z)<a/2’ (4.22)

T (z;m,a) = {

for some sequence a = a, — 0.

T (w) The function T (z;7,a) (i) satisfies (4.22), (ii) is w times continuously differentiable
in £ with 8.T (z;7,a) bounded, i = 0,...,w, and (iii) continuously differentiable in
a with ad,T (z; 7, a) bounded.

The differentiability of T is assumed out of technical convenience; this property simplifies
parts of our proofs. The speed with which a goes to zero will be restricted, so that the
trimming has no effect on the asymptotics. Observe that the simplest choice of trimming
function, T' = 1 {# (z) > a}, is not a member of T (w) for w > 1. One way of constructing
a member of 7 (w) is to choose a cumulative density function, F, with support [1/2,1].
Thus, F(z) = 1,z > 1, and F(z) = 0, z < 1/2, such that T (z;7,a) = F (7 (z) /a)
satisfies (4.22). Under suitable conditions on F' (and the density 7), T belongs to T (w).

In the following we shall write T (2;a) = T (z; %, a) and Ty (z;a) = T (x; 7, a).

4.4.1 Class 1

In this subsection, we derive the asymptotic properties of § in Class 1. First, we redefine
the nonparametric estimator of u as follows:

A (:6) = TQ—fj‘(—)—); [0y ).

11gee Karatzas and Shreve (1991, p. 358-360) for a definition of the Brownian Bridge.
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The use of the trimming function enables us to show that ||a® (-;8) — ﬁ((,i) (49) |leo —=F 0,

1 2 0, where

o (@36) =T @5 0) o 536, 1 (536) = 55 2L [P(@O)mo (@]

We then propose the following estimator

0 = argmax Ly (9, (+19)), (4.23)
where
1 n
Ln (0,1) =~ ;logp (XilXi130,1), (429)

and p (z|zo; 0, 1) = p (z|zo; u, 02 (;6)) with p (z|zo; p, 02) given in (4.16). We observe that
% only depends on g and u(1), so when showing consistency of @, we only need to show
|1 — ﬂ'(()i)”oo —P 0, i =0, 1. However, due to § appearing in Z; (z|zo; 8), 0 log p depends
on u®, i=0,1,2, and 82 logp on pu®, i = 0,1,2,3. So in order to derive the asymptotic
distribution of 8, we have to ensure that [|3(®) — ﬁ((,i)”oo —-P0,i=0,1,2,3, and that
convergence takes place with rate nl/4,

We are now ready to set up the conditions, which we will work under.

C1.1 (A0)-(Al) holds with w > 6, the kernel K € K (w,4), and the trimming function
T e T (4).

C1.2 The diffusion function z — o (z;6) is six times continuously differentiable for any
6 € ©; 8 — 0% (x;0) is three times continuously differentiable for any z € R; g2 <
o? (z;9), and |87 40? (2;0) || < %,0<i<4and 0<j< 2.

C1.3 (i) The drift function satisfies ||885u, (;0) || < C (1 + |z|7), 0 < i < 6 and 0 <
j <2, with 4¢+2+ 6 < g for some 6 > 0 where 7 given in (A0); (ii) —C (1 + |z|‘7) <
Ay (236, pg (;8)) < Ay uniformly in (z,6).

C1.4 The parameter space © C R? is compact.

C1.5 The moment L (6, g (+;6)) = Ex [logp (X1]|Xo; 6, po (+;6))] has a unique maximum
at Oy € O, such that

o2

H (0, ) = =B | 253108 (31 Xo: 6o o (i 60) (4.25)

is positive definite.
Cl1.6a (i) na2~9p2M) _, oo (i) ai=4h¥~* - 0 A =0,1,2, as a,h; — 0, for i = 0,1, 2.

C1.6b (i) nat(-9p20+) _, oo (i) nat-p=9 _, 0, (iii) nat@-IAMH - 0, and (iv)
a~2h2“™ 0, for 0 < & < 3; (v) na—*hl® > oo, and (vi) a~2hY™* — 0; (vii)
nPrxp (a/2 < mp (Z:) < a) — 05 (vill) nPr (a/2 < 7o (Xp) < a) — 0.

C1.7 The density (z) given in (4.50) satisfies p{*) = O(ng)), 0<i<4.
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The smoothness criteria on 7p in (C1.1) are used to ensure that the transition density
is well-defined, and to decrease the bias from the kernel estimation. As discussed earlier,
a high degree of smoothness together with the use of higher-order kernels will reduce the
bias of the kernel estimator, cf. Lemma 31.

The smoothness assumptions on o2 (z;6) in (C1.2) is needed for the first and second
derivative of logp w.r.t. 8 to be well-defined. The boundedness conditions on o2 (z; ) and
its derivatives are very restrictive. These bounds are primarily used to establish suitable
bounds for the various terms entering log p, in particular Eg [¢ (z, 2o; 6, 1)]. We conjecture
that it should be possible to obtain these under weaker assumptions on o2, but this will
complicate the proofs further. In practice the boundedness assumption should not be a
problem, since one can always choose a parameterisation such that o2 (z;6) is constant
outside a compact set, which can be chosen arbitrarily large.

The conditions (C1.1)-(C1.3) guarantee that the transition density exists (cf. Ait-Sahalia
(2002), Proposition 2). There is some tension between (A0) and (C1.3), which both impose
growth conditions on the drift function. In a fully parametric framework, (C1.4)-(C1.5)
are standard assumptions when deriving the asymptotic properties of the MLE. In fact, if
o was known, the MLE of 6 is consistent and asymptotically normally distributed under
(C1.1)-(C1.5), cf. Ait-Sahalia (2002, Proposition 3 and Theorem 2).

Condition (C1.6a) and (C1.6b) restrict the choice of bandwidths and the trimming
sequences to ensure that (a) || (:;6) — ﬂ(()i) (:0) lloo —F 0 and (b) E,,[]ﬂ((]i) (Xo;0) —
,uff’ (Xo0;6)|] — 0, together with derivatives w.r.t. 8, at a sufficiently fast rate. To prove
consistency, we merely have to show that the convergence takes place, while y/n-asymptotic
normality requires that the convergence takes place with rate nl/4. The first convergence
creates a tension between a and h as they go to zero. Two bias and variance terms have
to be controlled for: The one incurred from using 7 instead of 7y in the estimation, which
goes to zero as h — 0, the other is caused by the trimming since the trimmed version of
the score function may not equal zero for a > 0. One then has to balance the two effects
to obtain consistency and asymptotic normality. For (b) to hold one needs that a — 0,
while for it to happen with rate nl/4 we need to impose (C1.6b), (vii). The condition
(C1.6b) is more restrictive than (C1.6a). When showing /n-asymptotic normality, further
restrictions on the set of permissible bandwidth and trimming sequences are required since
we now have to ensure that the two biases in (a) and (b) go to zero with a faster rate.
The trimming bias can normally be avoided by introducing the trimming in such a way
that the conditional expectations of Jglogp equals zero for any a as done in Ai (1997)
and Robinson (1988). This does not appear to feasible here though since p enters p in a
complicated manner.

The measure Pxp appearing in (C1.6b) is the product of the probability measures
associated with the Brownian Bridge and {X;} respectively. The condition (C1.6b), (viii)
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will rely on the tail-thickness of the density mg. To see this, we write

Py (a/2 < mo(Xo) <a) = / 1{a/2 <m0 (2) < a} 7o (2) dz
/ 1{mo () < a} w0 (2) dz
= / 1{mo (2) < a} 7§ (2) 75 ¢ (2) dz
< a’E/'/ré‘E (2)dz

IN

for some ¢ € (0,1) such that [m) ¢ (z)dz < co. The closer ¢ is to one, the thinner tails
the density mg will have. So the tail-thickness of mg determines the rate with which a is
allowed to go to zero.

The density p in (4.50) introduced in (C1.7) is implicitly given by [ f(2)p(z)dz =
fol ErxB [f (Z: (X1|X0))] dt. The restriction imposed on 7 is used to ensure that the asymp-
totic variance of 8 is finite. It appears difficult to come up with primitive conditions for
this to hold since p takes a very complex form.

In order to show consistency of the parametric part of our estimator, we basically have to
demonstrate that the log-likelihood function is continuous w.r.t. p in probability and that
£t =% pg in a normed function space. Once this is established, standard consistency results
for parametric estimators can be applied to L, (8, yq (+; 8)), see e.g. Newey and McFadden
(1994, Theorem 2.1) and Chen et al. (2003, Theorem 1). The following theorem establishes
this result:

Theorem 5 Assume that (C1.1)-(C1.6a) hold. Then 6 —F 6.

Next, we show that 8 converges weakly towards a normal distribution with (/n-rate.
General conditions for this to hold are given in Andrews (1994), Chen et al. (2003, Theorem
2) and Newey and McFadden (1994). The results in Andrews (1994) only apply to the
case where the initial nonparametric estimator does not influence the asymptotic variance
however, which is not the case here. The other two studies deal with this situation, and
we here follow their strategy.

The first and second derivative of L, (6, p(+;60)) w.r.t. 8 is denoted by

1< Ologp (z|ze; 0, u(-;0
Sn(08) = 2D s (XlXii0m), 5 (olani6,p) = ZERLEO (D),

i=1

_ & logp (z|z0; 6, s (56))
0606’ '

n
Ha@p) = =S h(XilXiri6,4), h(ola;0,p) =
i=1
Expressions for s and h can be found in (4.31) and (4.37) respectively. We also intro-
duce the pathwise derivative of s w.r.t. p at (8, 1) in the direction du which we denote
Vs (z|zo; 0, ) [dp] (see e.g. Bickel et al. (1993), Appendix 5 for an introduction to this
concept), the corresponding sample version,

X 1< X
VSn (00, fio) [dp] = — > Vs (Xi|Xi-1; 60, f1o) [du]

i=1
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and its moment, V.S (8o, iy) [dp] = Er [Vs (Xi| Xi-1; 60, i9) [du]]. By Lemma 14, the path-
wise derivative is well-defined, and satisfies

Sn (80, i) = Sn (80, 2o) — VSn (B0, o) [t — fo] = op(n™/2).

Using standard U-statistics results for weakly dependent sequences, V.S, (6o, ig) [ — o] =
VS (60, o) [i2 — fio) + 0p(n~Y2) (cf. Lemma 16 and 17). Finally, V.S (8o, o) [t — fto] can
be written as a normed sum plus a remainder term with the latter being asymptotically
negligible,
s 1y -
VS (80, o) [ = ol = = > 8(Xi) + 0p(n1/%), (4.26)

i=1
where E, [§ (Xp)] = 0 and E, [||6 (Xo)||2] < 00 (cf. Lemma 18). These results combined

with the fact that H, (8, i) converges towards H (6, j19) (cf. Lemma 19) proves the fol-
lowing result:

Theorem 6 Assume that (C1.1)-(C1.7) hold, and that 0y € int (©). Then
V(8 — 80) S N (0, Hy* (Ho + Vo) Hy "),
where Hy = H (6o, 1), and Vo = Qo + 2 i Q; with Q; = E, [(5 (Xo) 6 (X,;)T].
i=1

The extra term, Vj, in the variance expression is an adjustment term due to the use of
7 instead of 7y in the estimation. If 7 was known, Vp = 0, and the asymptotic variance
expression would collapse to the standard inverse information matrix, Hy 1 Instead, we
here experience an increase in the asymptotic variance. The derivation of (4.26) is based on
the Riesz Representation Theorem, and we therefore are not able to supply a closed form
expression for §. We are however able to show that it has mean zero and finite variance.
Furthermore, it is possible to derive a consistent estimator of it, following the same strategy
as in Newey (1994a). This estimator can in turn be used to obtain an estimator of the
asymptotic variance by using the so-called HAC variance estimators, see e.g. Robinson
and Velasco (1997). Here, we present an estimator based on the idea of Newey and West
(1987).

Theorem 7 Assume that (C1.1)-(C1.7) hold and E.[||6 (Xo)||**°] < 00. Then consistent
estimators of Hy and Vy respectively are given by H, = H,(9, 2) and

“ ” M . AT
Vo =00+ > wari(S4 +€'),
i=1

where wyr; =1 —[i/ (M +1)], Q,’ =n"! ;-l=i L:Jj(.b;r_i, w; = 3_7’ —n1 EZ:I Sk,

5. = Ly~ 08Xkl Xe1:0, (0, 7 + oK (- — X;)))
7 Z oo ’

n
k=1 a=0

and M — oo, M/nl/8 - 0.
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Observe that in the parametric framework of Newey and West (1987), it is required
that M,/ n/% = (. We have to require that M,, — oo at a slower rate due to the presence
of the nonparametric part here, only exhibiting n'/4-convergence rate. One advantage of
the above variance estimator is its simple implementation; one can evaluate the variance
estimator by numerical differentiation of log p (z|zo; 6, p (+; 6,7 + aKp (- — y))) w.r.t. 6 and
o, instead of deriving the analytical derivatives (on the other hand, these may lead to
superior numerical estimates). Since Er [6 (Xo)] = 0, one could leave out the average
appearing in the expression for @;, but in finite sample this adjustment may improve
on the performance of the estimator. An alternative to the variance estimator suggested
here would be to construct one by either bootstrapping or subsampling, which should
improve on the finite sample approximation; Hall (1992) and Politis, Romano and Wolf
(1999) respectively provide in-depth treatment of these two methods. The recent work
by Horowitz (2003), where a bootstrap method for Markov chains is suggested based on
a kernel estimator of the transition density, is very well-suited for our framework. Since
the sampled observations of the process {X;} indeed is a Markov chain, and we have
here obtained a semiparametric estimator of the transition density, one should be able to
adapt the results of Horowitz (2003) to our setting. Chen et al. (2003, Theorem B) give
conditions for consistency of the bootstrap for a general class of semiparametric estimators.
This is done under the assumption of i.i.d. observations, but combining their approach with
Horowitz’s results should yield the desired result for our estimator. The verification of this
claim is out of the scope of this paper however.

Having obtained the estimator 8 in either of the two classes, one could now be interested
in testing hypotheses concerning the parametric part, e.g. Hp : § = 6y for some given
fo € int®. An obvious choice of test statistic for this hypothesis would appear to be the
likelihood ratio,

To = 1 [La(8,(58)) — Ln (60, (+60)]

A general treatment of the semiparametric likelihood ratio test can be found in Murphy
and Van der Vaart (1997) who show that under regularity conditions the likelihood-ratio
converges towards a x? (p)-distribution, where p is the dimension of 8. This is however not
valid in our case. This owes to the fact here a preliminary estimator of the nonparametric
part is used, while in Murphy and Van der Vaart (1997) the nonparametric part is esti-
mated together with 6. This has strong implications for the asymptotic distribution of T5,.
Instead one may use that n (é - 00) Hy' (Ho + Vo) Hy! (9 - 90) —4 x2 (p), or apply a
GMM-type test statistic based on the score function, Sy, (6, u).

Given the /n-consistency of 8 as established above, Theorem 1 now establishes con-
sistency and asymptotic normality of the nonparametric estimator of the drift, i (z) =
ji(z;0). Note that the bandwidths used to estimate j should not be chosen to satisfy
(C1.6). The bandwidth restrictions there were tailored to ensure a sufficiently fast conver-
gence rate of both £ and its first two derivatives while taking into account the trimming;
this is not needed to prove pointwise asymptotic normality of /.
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4.4.2 Class 2

Here, we derive theoretical results for the estimator of 8 for models in Class 2. Since our
conditions, strategy of proof and results are very much the same as for Class 1, we will
not give any thorough discussions of these, and instead refer to the previous section.

As in the previous section, we need to trim our estimator of 0(2, (z;0) to control for the
tailbehaviour. Define

# (@) =T (@) 7557 }:1(_00,,.)(X)u(xz,o)+(1—:r(ma))

with 7' defined earlier. Observe that we here make sure that 2 (z) > g? for some lower

bound ¢? > 0; this is needed since o2 (z) enters as a denominator in p. We furthermore
define

#}(@:0) =T (0)od (w6) + (1~ T @a)e®, o}(@:6) == [ M@ uwio)w.

We are now able to establish |62 (-;8) — 63 (-;6)|| . —F 0. In the estimation of the deriva-
tives of 02 w.r.t. , we cannot simply differentiate 62 (x) because of the indicator function.
Instead, we define

- (1)
0:6% (z;6) = T (z;0) {2u(w;9) A2((;) )1 Z (~00,2) (X)#(XI,G)}

and similarly for higher order derivatives w.r.t. z.
We write p (a:|:1:0; 0, 02) =p (:1:|m0; p(+86), 0'2) with p (:1:|:z:0; p,02) as given in (4.16), and
define our estimator as
- 2,
6= arg max Ly (6,6 (;0)),

Ln(Ba Elogp X|X_1,00)
: 1,—1

For the kernel estimator, we again use a higher order kernel of order w > 5. The following

assumptions are imposed:

C2.1 (A0)-(Al) holds with w > 6, the kernel K € K (w,4), and the trimming function
T € T (4).

C2.2 (i) g% < 0d(x;6), and (ii) ||6"8700 (z;0)]| <%, 0<i<6and 0<j<2

C2.3 (i) The drift function satisfies ||6’37p0 (z;0)]| < C(1+|z]?),0<i<6and 0 <
j <2, with 4g+2+6 <  for some § > 0 where § given in (A0); (i) —C (1 + |2 ) <
Ay (230, g (+560)) < Ay uniformly in (z,6).

C2.4 The parameter space © C R? is compact.

C2.5 L(8,00(:;0)) = Ex [logp (X1, X036, 00 (-;0))] has a unique maximum at 6y, and

0
H (00, 0'(2)) [6939’ logp (X1|X0, 0o, UO (5 00))] (4.27)
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is non-singular.
C2.6a (i) na2i-9pXM+) _, oo (i) @i~ — 0 as a and h; — 0, i =0,1,2.

C2.6b (i) nat-9p) _ oo (i) nat@-9p=) _, 0, (iii) natG-IRI - oo, (iv)
a"lh;"_i —0,0<4<3; (v) na=%h)® — oo, (vi) a_3h‘;’_4 — 0;

(vil) nPrxp (a/2 < 7o (Z:) < @) — 0; (vili) nPy (a/2 < 7o (Xo) < a) — 0.
C2.7 The density p(z) given in (4.50) satisfies 5 = O(x{’), 0 < i < 4.

The conditions are essentially the same as the ones imposed on the models in Class
1. Note that we here assume that the o3 (z;6) is bounded from below by g? which is
known. The assumption that g? is known is used to simplify our proofs. One could allow
for an unknown bound by introducing another trimming parameter g2 — 0. The proofs
of consistency and asymptotic normality now proceed as for Class 1. First, the estimator
is shown to be consistent:

Theorem 8 Under (C2.1)-(C2.6a), 6§ —F 6.

We introduce the score s (z|xo; 6, 02) = Oplogp (x|zo; 0, o? (16)), and the pathwise
derivative of the score s (z|zo; 0,0%) w.r.t. o2 in the direction do?, Vs (z|xo; 8, 0?) [do?]
which will be used in the derivation of the asymptotic distribution. Using the same notation
as in the previous section, we have that V.S, (6o, 5%) [62 — 63] = VS (60, 03) [6% — 63] +
op (n~1/2), cf. Lemmas 25 and 26. Furthermore, V.S (6o, 03) [62 — 63] can be written as

a sum and a remainder term with the latter being asymptotically negligible (Lemma 27),
1 n
VS (60,03) [6* - 63] = = > 6(Xi) +op (1/Vn).
i=1

It should be noted, that the function & here is not identical to the J-function appear-
ing in Class 1. Finally, the Hessian h (z|zo;0,02) ‘= 83,logp (z|z0; 0,02 (-;6)) satisfies
H,0,6%) —-P H (60,03), cf. Lemma 28. We are able to conclude:

Theorem 9 Assume that (C2.1)-(C2.7) hold and that 6y € int (©). Then the conclusions
of Theorem 6 hold for Class 2 with Hy = H (60,03).

We also obtain a consistent estimator of the asymptotic variance:

Theorem 10 Assume that (C2.1)-(C2.7) hold and E[||6 (Xo)||**°] < co. Then consistent
estimators of Hy and Vy respectively are given by H, = H,(6,5%) and V, given as in
Theorem 7 with

gy = Ly sXulXeo1i, (0,7 + oK ( — X))
’ n k=1 Oa 0:
= .

and M — oo, M/n'/8 — 0.

Having obtained y/n-consistency of @, Theorem 2 establishes pointwise consistency and
asymptotic normality of the nonparametric estimator of o3 (z).
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4.5 Semiparametric Efficiency

As observed in the previous section, our semiparametric estimator is not adaptive in the
general case since Vp > 0. A natural question to ask is whether it at least reaches the
semiparametric efficiency bound. We are unfortunately not able to give a rigorous answer
to this, but due to the nature of our estimator we conjecture this is not the case. We
furthermore propose a one-step adjustment to our estimator 6 which we conjecture will
reach the bound in any circumstance.

For a semiparametric model, Stein (1956) defined the semiparametric efficiency bound
as the "least favourable" parametric subproblem of the original semiparametric problem.
The Fisher information of the semiparametric problem is obviously no greater than the
information of any parametric subproblem. The semiparametric efficiency bound is then
defined as the lower bound of the information of all parametric subproblems.

In our setting, the nonparametric part is m, so we therefore consider any smooth pa-
rameterisation of 7 for which the associated Fisher information may be derived. In the
following assume for simplicity that 6 is one-dimensional, and consider a smooth parame-
terisation of 7, 8 — mg, with mg, = mo. The Fisher information of this subproblem is then
given by

(i) = Ey [so (X1]Xo) [7'r12]

where sq (7] = s (8o, m0) [#], s (8, 7) [#] = Oglogp (y|z; 0, mo) + Vi« logp (y|z; 8, mo) [7], with
Vrlogp denoting the pathwise derivative of the log-density w.r.t. = at (6,n), and 7 =
Ogmglo=p, is the tangent vector of the curve § — my at fp. The space of tangent vec-
tors/nuisance scores is given by & = {# € Ly (I)| f; % (z) dz =0}, and we denote the
closure of S by S. A tangent vector #* € S is then called the least favourable direction if

I(#*) = inf I (%),
TES

and I~!(#*) is the semiparametric efficiency bound. The associated score function s§ =
so [7*] is called the efficient score function, and any parameterisation § — g which sat-
isfies Opmglg—=p, = 7* is called a least favourable model. Observe that V. logpg [7*] is the
projection of —8plogpg onto the space {Vxlogpo [#]|# € §}. This characterisation was
utilised in Severini and Tripathi (1999) to calculate the efficiency bound in a number of
semiparametric problems.

But it appears problematic to find 7* in our case, since s [7] takes a form which is very
difficult to analyse, cf. (4.31). And even if we were able to find 7*, I~} (#*) would be difficult
to compare to the variance of 6 derived in the previous section since we have no closed form
expression for Vj. Instead, we construct a one-step estimator which is designed to reach
the efficiency bound. Given the estimator proposed in the previous section, we perform a
one-step Newton-Raphson iteration using an estimate of the efficient score. The resulting
estimator will be semiparametric efficient. This procedure is very much a generalisation of
the one-step Newton-Raphson estimator found in the fully parametric literature: An initial
v/n-consistent estimator is adjusted by the estimated score function making the resulting
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estimator efficient. This procedure has also been used in the semiparametric literature, see
for example Drost and Klaassen and Werker (1997).

The main problem is to obtain an estimator of the efficient score. Here, we rely on the
literature on semiparametric profile estimation. As mentioned earlier, a number of studies
have developed a general theory for semiparametric profile likelihood estimators; see for
example Wong and Severini (1991), Severini and Wong (1992) and Murphy and Van der
Vaart (1997, 2000). A very nice property of these estimators is that, under regularity con-
ditions, they reach the semiparametric efficiency bound. In the following, we first introduce
the semiparametric profile estimator for our specific problem, and then define a one-step
estimator of @ based on the profile likelihood which is computationally less demanding
than the actual profile estimator. : There exists 6 +— mg satisfying 7y = 7*;

The profile likelihood estimator is defined as

~

0= arglgneachn (0: ‘frg) )

where #g = argmaxyen Ln (6, 7), and II C {7 > 0| [, 7 (z) dz = 1} is a subspace of all
densities. Intuitively, this estimator should perform better than our estimator, 6. The latter
is based on a fixed initial estimator 7, while the profile estimator relies on an estimator 7y
which adjusts to 6. The profile estimator should then reach the semiparametric efficiency
bound. General conditions for this can be found in Murphy and Van der Vaart (2000).

P

These are: (i) there exists a least favourable model, (ii) #g, —* mp, and (iii)

Bx [s 60, 10,) [Fo]] = op (16w — 1) + 0 (n77),

for any any random sequence 8, —% . If we start with (ii), since II is an infinite-
dimensional space, this condition is not easily verified.!> One solution to this problem is
to apply the method of sieves :13 For each n > 1, let II,, be a finite-dimensional space of
densities with support I such that the sequence {II,} grows dense in II as n — oco. We
then redefine 7y as 7y = arg maxyen, Ln (8, 7). Under regularity conditions, 79 —% mg for
any given 6 € ©, where

mg = argmax Er [logp (6,m)]; (4.28)

see for example Chen and Shen (1998). Sufficient conditions for (ii) to hold is then (a)
6 — mg is a continuous mapping and (b) supgeg |79 — 7o, —F 0. These will hold if
{#e|@ € O} is stochastically equicontinuous, cf. Newey (1991). The curve defined in (4.28)
is moreover a natural candidate for the least favourable model in (i). Condition (iii) is a
smoothness condition on the score function.

While we expect 8 to reach the efficiency bound, it is much more computationally bur-
densome than 6 since at each given value of 8 we have to perform a high-dimensional
optimisation routine over II, in order to obtain #g. A computationally attractive alterna-

12The estimator #9 might not even be well-defined and, even if it is, very difficult to compute.
135ee Chen (2004) for an overview of this method.
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tive to 0 is the following one-step adjustment estimator,
é = a + H,,:l(h, ff@)Sn(é, ﬁ-é)1

where #g is defined as before and 8 is the estimator considered in the previous section. The
adjustment term is basically a Newton-Raphson iteration. Under the regularity conditions
in Murphy and Van der Vaart (2000), S, (8, ) = n71Yr ) 8§ (XilXic1) + op (n=1/2).
Given this, it should be possible to show that 8 has the desired asymptotic properties, see
Bickel et al (1993, Section 7.8). We shall not pursue this any further here, and leave the

proof of this conjecture to future research.

4.6 Implementation

In this section we discuss the implementation of the estimator. As mentioned earlier,
the transition density p does not in general have a closed form expression, and so one
can not directly evaluate it. Instead, a number of different suggestions for how to either
approximate or simulate it have been proposed in the literature. Lo (1988) observes that
p solves a linear 2nd order partial differential equation, and suggests the application of
numerical methods to solve it and thereby obtain p. A closed-form approximation of p can
be found in Ait-Sahalia (2002), derived by using Edgeworth-expansion-type arguments.
Durham and Gallant (2002), Elerian et al. (2001), Hurn et al (2003), Nicolau (2002) and
Pedersen (1995) all consider simulation-based maximum-likelihood. Either of the above
methods can be applied to our estimator. As mentioned in the previous section, in the
implementation of the above mentioned methods evaluation of v is not required, except
for the method of Nicolau (2002).

An important part of the estimator is the choice of bandwidths and trimming param-
eter. An obvious way of choosing the bandwidths would be cross-validation methods, see
Hirdle et al. (1990); other options are rule-of-thumb and plug-in methods, see Silverman
(1986) for a discussion of these and related methods. Most existing methods however are
designed to minimise the mean square error, while the conditions imposed on the set of
bandwidths when deriving asymptotic normality of 6 require them to be of a different
order. So the above methods do not appear to be directly applicable in our case. This
is demonstrated in Hirdle et al. (1992) where results for the optimal bandwidth choice
for the average derivative estimator is derived; it is shown that the optimal bandwidths
used in the semiparametric estimation are not equivalent to the ones minimising the mean
squared error. Powell and Stoker (1996) extend their results to other semiparametric prob-
lems. Data-driven methods to obtain bandwidths in semiparametric estimation are yet to
be derived however. It is outside the scope of this study to construct a bandwidth choice
method tailored to our application of the kernel estimator. Newey (1994a) suggests that
in practice a good method would be to start with the standard cross-validated choice
of bandwidth, and then decrease it until § does not change too much. Another rule-of-
thumb method is the following: For ||#(?) — wgi)||°° = op (n/4) to hold, we require that

1 1
n3+J h; — oo and n¥w-Hh; — 0. Restricting h; to h; = cn™%, these restrictions can be
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1 .. .
written as nTF "% o0, and n®@—0 % — (. Thus, we require that —— < ¢; < L
’ (w—i) 4(1+9)

which holds if w > 2¢ + 1. If this is satisfied, the optimal choice is h; = cn~ Freey log (n).
Using some data-driven method minimising the MSE, we obtain h} = O (n~/(3+5)). One
way of choosing h; in an application is then as

hi; = h’(",n%_4f11+") log (n) = h{,nﬁg(il_:i) log (n),

or alternatively h; = h’{nﬁ—m log (n).

Various studies suggest that the dependence structure of the available data will affect
the performance of the kernel estimators in finite samples. In particular, strong dependence
will deteriorate the finite sample performance. Hall et al. (1995) give theoretical results
concerning robustness of the cross-validation procedure towards dependence, while Pritsker
(1998), who reconsidered the work of Ait-Sahalia (1996b), demonstrates that for the data
set used there, the asymptotic distribution of the marginal density estimator provided
an unsatisfactory approximation of the finite-sample distribution. It appeared that the
major problem was the strong dependence between the observations, which may slow down
the convergence of the kernel density estimator; in such cases the use of the asymptotic
distribution is not appropriate for tests and confidence bands.!* The same problem is
reported by Chapman and Pearson (2000) who also give evidence of potential boundary
problems of the kernel estimates.

Another potential problem with the performance of our estimator is that kernel esti-
mators of density derivatives appear to be systematically biased in finite sample. Stoker
(1993) give theoretical evidence of a systematic bias towards zero of these, and suggests a
method for correcting for this bias in weighted average derivative estimators; his results
are generalised by Newey et al. (1992), see also Newey et al (2004). These results indicate
that great care should be taken when choosing the bandwidths, and that the use of the
asymptotic distribution to approximate the finite sample distribution of non- and semi-
parametric estimators may not be a terribly good idea. In the worst case, the estimator of
the drift and diffusion term may be heavily biased. This lends support to the application
of bootstrap methods when conducting inference.

4.7 A Simulation Study

In this section we present results from a small simulation study. The simulation study
demonstrates that the estimator performs well for moderate sample sizes, suggesting that
the concerns put forward in the previous section may not be so relevant.

The estimator is implemented using the approximation of p suggested in Afit-Sahalia
(2002). Let p(¥) denote the approximation where J > 1 is an integer; as J — oo,
p) (z|zo) — p(z|zo) uniformly over (x,z) on any compact set under regularity condi-

141p a different context, Fan (1994) argues that rather the problems are caused by big differences between true
and nominal sizes of the test in finite sample.
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tions on p and o2, cf. Ait-Sahalia (2002, Theorem 1). The Jth approximation requires the
evaluation of the J first derivatives of u and o2.

We choose a model in Class 1, so in order to implement the procedure for a given data
set, we perform the following three-step procedure:

1. Obtain # for some kernel K and bandwidth h;,0<i<J+1.

2. Obtain 8 using the approximate MLE method of orderJ with ﬁ(i), 0<i1<J+1,
plugged in.

3. Calculate ji(z) = p(z; 0, 7).

We have 4 parameters ,which have to be chosen to run the above procedure: The kernel
K, the bandwidth A, the trimming parameter a, and the approximation order J. One
would expect that there would be a trade off between the size of J and the estimation
of m: As J goes to infinity, the approximate likelihood approaches the true one; on the
other hand, in the actual implementation a large value of J requires a large number of
derivatives of 7 to be estimated. However, in the simulation study it was found that the
estimator was very stable towards the choice of J. It appears that the higher order terms of
the approximation (and thereby the estimation of higher order derivatives) are not terribly
important.!® On the other hand, one has to be careful with the choice of the bandwidths
for ﬁ(i), 0 <1 < 3; we found that the estimator of 8 was relatively sensitive towards choice
of hi, 0 <1 < 3. The trimming parameter was chosen such that only observations between
the 2.5th and 97.5th the empirical percentile were included in the estimation of 6; the
full data set was used in the preliminary estimation of 7 and its derivatives however. We
tried out other percentiles in the range 0-5 and 95-100 respectively without any significant
changes in the results. We also tried out various kernels, finding that the performance of
the estimator appears to be very robust towards the choice of kernel. In particular, in
practice higher order kernels did provide any significant improvement on the performance
of the estimator.

The model we simulate from is the so-called CIR- model suggested by Cox et al. (1985),

dX; = u (Xt) dt + 9\/ XedWs,
p(z) 0.5(0.08 — z),

with 8 = +/0.02 = 0.1414. The specification of x and 02 ensures that the data generating
process is stationary. In the estimation, u (-) and 6 are the unknown parameters of interest.
We set the time distance between observations to A = 1/12. The advantage of this model
is that the transition density is known so we can perform actual MLE when we allow
ourselves to use the information that u(z) = 0.5(0.08 — z). This allows us to compare
the semiparametric and actual MLE. We simulate n observations of the process using the
standard Euler scheme. For each data set we then go through the steps 1.-3. given above.

We employ the second rule-of-thumb method suggested in the previous section to choose

15But this may be specific to the model considered here.
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FIGURE 4.1. Normal probability plot of the estimators with n = 500.

the bandwidths for each data set. The results reported below could probably be improved
upon by using data-driven bandwidth selection procedures, but our rule-of-thumb method
seems to do a good job.

We simulate 1000 data sets, where each data set consists of n = 500 observations, and
we choose J = 3,4,5. We consider the semiparametric estimator for each of the 3
choices of J and also the actual fully parametric MLE, 00,500- 1n Figure 4.1, we have for
each of the estimators made a QQ-plot of its empirical distribution against a N (0, s2)
distribution where s2 is the estimator’s empirical variance. As can be seen, there are
some slight problems with 00500 in the left tail, which owes to numerical problems in the
optimisation procedure. But the semiparametric estimator performs remarkably well with
the choice of J having a negligible effect on the performance. The estimators are close to
being unbiased: 00,500 has empirical mean 0.1416 and std. 0.050 while 9/mhas empirical
mean 0.1410 (0.0047), 0.1412 (0.0049) and 0.1413 (0.0049) for J = 3,4,5. This indicates
that for this specific model, the adjustment term 6 is small.16 Next, we report on the
nonparametric part, /. In Figure 4.2, the estimated drift for J = 5 is plotted together
with the actual drift. As can bee seen, the estimator is biased but the true drift lies within
its 95% confidence bands in the major part of the domain. However, in the left tail there
appears to be problems. As expected, the estimator of the nonparametric part does not

perform as well as the parametric part due to the slower convergence rate of the former.

16This may be due to the aforementioned numerical problems experienced with the MLE though, since these
increase its empirical variance.
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FIGURE 4.2. Estimated drift function with 95% confidence bands, n = 500.

4.8 Conclusion

We have considered two broad classes of diffusion models where either the drift or the
diffusion term of the model is left unspecified while the other is specified up to a finite-
dimensional parameter. Under the assumption of stationarity, estimators of both the para-
metric and nonparametric part were proposed, and their asymptotic properties were de-
rived. We suggested that in the practical implementation of the estimator, approximate
or simulation-based methods should be applied. Under suitable conditions these will have
asymptotically negligible effects on the performance of the estimator. A small simulation
study was carried out which supported the theoretical results. An approximation of the
transition density was implemented, and we found that the choice of the approximation
order had a small impact on the performance of the estimator, while the choice of band-
widths appeared to be important.

Various issues and extensions related to this study could be of interest to investigate
in future research. As observed earlier, one may wish to allow for weak non-stationarity
of the processes. Another important extension would be to consider multivariate diffusion
models. It could also be of interest to consider other types of semiparametric continuous-
time models. Here, we have restricted the noise process driving the SDE to be a Brownian
motion, while allowing for an unspecified drift or diffusion term. One could take the al-
ternative approach of specifying the two while leaving the noise process unspecified. This
approach is pursued by Werker et al. (2000) where an extended version of the Vasicek
(1977) model is considered. Finally, the issue of semiparametric efficiency was only dis-
cussed heuristically here; rigorous results in this area for the two classes of diffusion models

are yet to be derived.
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4.A Proofs

Proof of Theorem 1. We have

NOPRN O
A@) = o (@) = %"2(‘”;9")[ fr(i))‘?o(gs))]
#) ()

+3 [0:0@0) - 020% i60)] + T

0*(2;0) - o* (z360)] ,

where
8o?(x;0) — 8io? (z;60) = 852 (z;6:) (8 — 6o) = Op (n—1/2> ’

for some ; € [fg, 4], i = 0,1, while

W’ﬁ’(l) (:1;) _ ng) (:1:) _ 1( )\/m[’fl’(l) (:l:) _ W(()l) (.’E)]
To (T

#(z)  mo(z)
7r(1) (z)
259 /3 e (2) — 0 ()]
g (2)

+Vnk30 (|7 (@) = 7§ (2) [ + |7 () — mo (2)?)
Using standard methods for kernel estimators, see Robinson (1983), we obtain
Vard (i ® (z:) = n5” (2:)}y % N (0, Va),

where V; = diag({Vx (a:,-)}f_;l) with Vi (z) = mo (z) ||[KW)||2, while the two remainder
terms are op (1), c.f. Lemma 31. The first part of the theorem now follows from Slutsky’s
Theorem. The uniform convergence result is obtained by combining the proof of Lemma
33 with 31. m

Proof of Theorem 2. By Lemma 37 and arguments similar to the ones of the previous

proof,

. z 1 1 _
5% (z) — o () = 2 /I  (300) 70 () s = =] + Op(n ™),

where

(NS SRR SR ORI [ (z) — mo (2)]?
@ mE . me e e Ao N M@

for some A € [0, 1]. Using standard results for kernel estimators, see e.g. Robinson (1983),

we obtain

Vih (i (2:) = mo (z:) Yy 5 N (0, Va),
where V, = diag({Vi (z:)}X,) with Vy (z) = mp (z) || K||3, while

# (z) — mo (z) = Op(n~2h~1) + Op(h¥).
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Slutsky’s Theorem now gives the claimed asymptotic distribution. The uniform conver-
gence result is established by combining Lemma 38 and 31. m

Proof of Theorem 5. We are allowed to disregard the term\/F(:c_)/?rW appearing in
(4.56), since this does not depend on . Thus,

~

0 = argmin Qn (6, 2 (+16))

where Qn (0, ) = 137, q(Xi|Xi—1;6, 1) and

To

2
a (alzo; 0, 1) = ~7 108 (07 (z36) 0 (5036)) 5 (f o (w;6)™? dw) +log Ep [ (z]z0; 6, 1))

We wish to show that 1) supgee |@n (8, &) — @n(8; fig)] —F 0; 2) supgee |Qn (6, f1o) —
@n (8, ko)l = 0; 3) supgee | |@n (6, o) — Q (6, po)|, where Q (0, 1) = Ex [q (X1|Xo; 6, p)];
and 4) 6 — Q (0, yg) is continuous with a unique maximum at 6.

To prove 1), write

q (z|z0; 6, 1) — g (z|z0; 6, 20) = log Ep [ (z|z0; 6, )] — log E [ (|03 6, fg)]
_ log(EB[¢(mlmo;9,ﬁ)]>
Eg [¢ (z|z0; 6, )] )

Using that (z — 1) /z < log (z) < = — 1, we see that

Ep [¢ (z|z0; 6, )] — Ep [¢ (3]20;0, R0)] log ( Ep [¢ (z|20; 6, )] )
Ep [¢ (z|x0; 6, )] - Ep [ (z|z0; 6, 9)]
Ep [ (z]z0; 0, )] — EB [ (2|03 6, itg)]
- Ep [ (z|20; 6, i) '

By Jensen’s inequality and a 2nd order Taylor expansion of the exponential-function, we
obtain

\E5 [ (alz0; 6, 1)) ~ Es [ (<]z0; 0, o))
1
< Ep [exp [2A [ ady (Z: (zlz0;6) 6, 3) + (1 — a) My (Zs (z]z0; 6) ; 6, )
0

1
X [ |y (Z (z|z0; 0) 50, ) — Ay (Z¢ (z]20;6) ; 6, fig)| dt] ,
0

where, by Lemma 34,
1

{I)‘Y (24; 6,0, 1) — Xy (Z4; 650, [ro)| dt (4.29)

. 1 : i
< Iy (56,0 =2y (56,7l SC 3 189 = 58]0
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Using Jensen’s inequality and (4.29) once more,

Eplexp[A [y ady (Z4;6, 1) + (1 — a) My (Z4;6, o) dt]]
Ep [ (z]z0; 6, )]

< BglexplA (1 —a) z Dy (266, 3) — Ay (2636, o) 4]

IA

1 . i
exp |C 3 149 - ﬁﬁ)llw] .
1=
In total,

|Eg [ (z|z0; 6, )] — EB [ (z|z0; 0, fio)]|
Eg [¢ (z|xo; 6, )]

1 . 1 :
< Cexp [0 3 109 = i1k | 3 169
B B (4.30)
uniformly in 6. The above bound also holds with i and fi; interchanged. Claim 1) now
follows from Lemma 33 and 31 together with the assumptions on the bandwidth and
trimming parameter in (C1.6a).

To prove Claim 2), write ¢ (z|zo;6,a) = q(z|zo;6,T (a) ty). We then make a Tay-
lor expansion, g (z|zo;8,a) = q(z|zo;6,0) + 8aq (z|z0;6,a)a, a € [0,a], and claim that
|0ag (|20; 8, a)| < b(z|zo) Ep[fy |0aT (Z¢; a) |?dt]"/? uniformly in § € ©, where b does not
depend on (a,8) and E, [b(X1]|Xo)] < co. This will yield 2) since

1 1/2
adErxB [/ 18T (Z¢; @) |2dt] < CPrxp(a/2 < #(Z) < a)'/?
0

CPrxp (a/4 < 70 (Z4) < 2a)*/?
0,

IA

!

where the 2nd inequality holds for n sufficiently large. We have

Ep [|0a% (z|20; 6, a)]
EB [¢ (z|zo; 6, a))

1
10ag (o036, )| < < Fp [A [ 18>y (2556, a)|dt] ,
0

where 8, Ay (Z1; 6, a) is given in (4.33) with V. (-) = 8,T (; @) g (+;6) and Vo? = 0. Using
Lemma 34 together with (C1.2)-(C1.3),

(Ifw G010l | B0 | ) (50 |) 18T (33 |

IA

|0a)y (2; 6, 0)] 202 (z;0) 02 (z;6)

< C+ (29 18.T (70,

such that by Lemma 36 b (z|zo) = C (1 + |z|? + |z0|?) will satisfy the desired bound. By
(A0), b has a first moment.

Finally, 3) and 4) follow from standard fully parametric uniform LLN, see for example
Tauchen (1985, Lemma 1): Observe that (i) © is compact; (ii) 8 — g (z|zo; 6, i) is contin-
uous; and (iii) |g (z|zo; 8, po)| < C (1 + |z|? + |zo|?) with g given in (C1.3). The last claim
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follows from the fact that, by (C1.3) and Lemma 34,
1 -
—Clog(Eplexp[-C [ |By|? dt]]) (1 + || + |zo|*) < log (E [ (z]z0; 6, o)) < Ay
0

where Eplexp[-C [ 3 | Bt|? dt]] < oo. We have now shown that the conditions of Newey
and McFadden (1994, Theorem 2.1) are satisfied, and thereby that § is consistent. m
Proof of Theorem 6. Define s (z|zg) = s (z|zo; 0o, 14g). Lemma 11-19 then establishes
that

\/’ﬁ(é —60) = (Ho—l + op (1)) % i {s0 (Xi|Xi=1) + 0 (Xi=1)} +0p(1).
=1

Using a CLT for mixing sequences, see e.g. Doukhan et al. (1994), we are able to conclude
that /(8 — 60) 5 N (0, Hy 'SooHy '), where oo = T + 232, % and

% = Ex [{50 (X1]Xo) + 6 (X0)} {50 (Xis1|X:) + 0 (X:)}'] -

The moments X, and Hp are well-defined by Lemma 11, 18, and 19. Using that the
process {X;} is a time reversible stationary Markov process, c.f. Hansen and Scheinkman
(1995), together with the fact that is a martingale difference, it holds for any i > 1 that

Ex [80 (X1|Xo) so (Xi+1]X:) T 1Xs, Xa, Xo] 80 (X1|Xo) Ex [80 (Xir1)X:)" IXz']

80 (X1|Xo) X 0,

E,r [30 (X1|X0) ) (Xi)T]

l
S

50 (Xi-1|X:) 8 (Xo) ]

I
S

e 50 (X510 X3 (X0)T]

I
S

[Bx [s0 (Xl Xi1) 1 Xi-1] 6 (Xo) ]

I
3

:0 x § (XO)T] ,

and similar for the second cross-term. m

Proof of Theorem 7. Define §; = n~17_, Vs (Xg| Xk—1; 0, 1) [Kn (- — X;)] and
0; = Er [Vs (X1|Xo; 80, f1o) [Kn (- — X;)]), and observe that by definition of the pathwise
derivative of s w.r.t. 7, & = n™1 Y 7_; Vas (Xk|Xk_1;9,ﬁ) [Kp (- — X;)]. The first part
of the proof then follows the one of Newey (1994, Lemma 5.5): By Lemma 13,

2
16 =8ill < C Y VO gu [Kn (- — X)) |

,7=0
LI g T 2

x4 S 11050t~ Ol + o | [ 10aT Zi) Pe| 1= 6ol
1,J=0

where ”VZB[J, [Kh (- = Xi)] lloo < St a 1A 17k 1t is then easily checked that under
(C1.6b) =t "%, ||8; — &:||* = op (n~%/2). From the proof of Lemma 16 it follows that
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nl3 18~ =0 (n~1/2), while by Lemma 18, ™! "%, ||8;—&i||? = o (n~Y/2) with
§; = 8 (Xia). In total, n=2 3", ||6; — 6||* = op (n"1/2). Assume that d = dim (§) = 1
(otherwise consider a’d;8;a for any d-dim. vector a), and obtain

-0 < %;wi?sj—a,-aﬂ
< 25 {6y — o5l + 16508 - 891 + 1G5 - 6,)5i - &)}
1=11" S SR R S
< (52 ) (H;WJ‘—‘H?) +;§|5i-5i|2
= op(n~14).

Next, very much copying the arguments of Newey and West (1987, Proof of Theorem
2), it then follows that V —F Vj under our conditions. Finally, # —* Hy by Lemma 19.

| |
Proof of Theorem 8. As we did in Class 1, we modify our criterion function, and define

6 = argminQn (9,5° (+6)) ,
where Qn, (6,0%) = 13" ¢(Xi|Xi-1;0,0%) and
q (z|zo; 6, 02) = —% log [02 (z)] - llog [02 (z0)]
2
- ( / -1 () dw) +log (Es [# (ale0; 6,6%)])

We now follow the same three steps as in proof of Theorem 5, and therefore do not give
all details. First,

a " 1 2 0 1 ~92 ;9
-t - ()22

) (.’Bo, 0)

. 2 2
2A(fa(wO) dw) 2A(fao(w0 )

+log Eg [y (z|z0;8,5%)] — log Ep [¢ (x|x0;6,63)] -

We have

08 (z:6) =& (2:0) (52 (2;9)) < 2(%:6) — 6§ (26)

&% (2;9) &% (2;6) &3 (2;9)

where 2 (2;0), 62 (2;6) > 2. Thus,

P%(”@m)'nﬁ(w—ﬁmmg

62 (2z;6) a?
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With z = z and =z, this establishes the desired bound for the first two terms. The third

term satisfies
(f & (z;0)7! dw) - (f &0 (z;0) dw)
x9 Zo

= (j & (z;0)"! — 69 (;0)7! dw) (} & (z;0)~! + 6o (z;0)! dw) ,

% 2o
where
}a(w;e)-l—ao(w;o)-l|dw < 7% [ |6% (w;0) — 62 (w; 6)| duw
% %
< a7 (|2l + |zol) |62 (56) — 63 (50)]| o

J 6w 0) T +60(w;6) M dw < 207 (Jz| +|=ol),

Zo

Define Z; = Z, (62) and Zo = Z: (60). We then have

log (EB [+ (2|zo; 9,5—2)])

Ep [1/) (x|1:o; 0, &(2,)]

1 ~ ~
< EB[exp[A{ Ay (Z4;0,6%) — Ay (Zot; 8, 63)|dt]]
1 "~ -~
xEB[£ Ay (Z:;6,6%) — Ay (Zor; 0, 53)|dt],

where, using a Taylor expansion together with Lemma 39 and 42,

v (2:9,08) = v (Zoii6,63) | < PP (wZs + (1 - w) Zosi 6,6)12 — Zud
< C(1+a?)||8* - 63| -

This together with Lemma 40, implies that

loo

where, by Lemma 38 and 31 together with (C2.6a), a3 ||3i62 - 3;;&%“00 =o0p(1),0<i<
2, and Ey [|Xo|] < co. Next, define q (|xo; 8, a) = q(z|zo; 8, T (-;a) 03 + (1 — T (-;a))a?).
We obtain

2 . .
|@n (6,6%) = Qn (6,63)| < C (1 + (2] + |zo])) a2 Zjolla;c‘r2 — 8Lo3
1=

_8a6%(2;6)  8a6% (20;60) | EB[0at (z]20;6, a)]
46% (z;0) 463 (z0;0)  EB[¥ (z|z0; 6, a)]
z z 22 (o).
—% [ 1/6¢ (w;0) dw (f de)
o

To a-0 (w; 9)

aaq (a:|a:0, 97 a’) =
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where 8,63 = 8,1 (-;a) (03 — o?), 8,0:63 = 8,T (+; a) Bio3. Thus,
1 N N
1029 (z|z0;0,0)] < 12 (10287 (z;0)| + Iaaa% (:ro;0)|)

|2+ 2ol (75 &

+Tl2 i{;aaO'o ('w; 9) dw

1
+Ep [A / 18a Ay (Zot; 6, @) + |)\§,1)(Z0t;9,a)||6,,ZOt|dt] ,
0

where |8, 20| < C (1 + |z| + |xo| + | B)) 8T (Z¢; @) | and

p? (z;0 w(z;0) 0202 (2;6 0,03 (2;0 2 .
|GaAy (2;6,a)] < 2(2 ) _ K ) ; o )+ % ;2(2 )] 10T (2; 0) |
u(z;6) 0. o2 (2;0 6102(2;0) 2 0,02 (2,0 .
| ( )23720( ) [ 106 > ] | z 08( ) |8aT(z;a)|

< C(1+42(20) + | (20)])

aaT (z;a)|,

AP (2:6,a) | < C+ |1 (2 0)] (11D (230) | +1) + 42 (2:0) + |6 (6) | + [ () |).-
We obtain by Lemma 42 and (C.1.3) that

10ag (zl20;6,0)] < b(z|z0) {|8cT (z;0) | + 18T (z;0) |

+ } 18T (w; a) |dw + EB[} 8T (Z¢; @) dt|?]M/2},
o 0

with b(z|zo) = C(1 + |z|*? + |20|*?), and conclude |Qn(8,53) — @n(8,03)] —F 0 by
the properties of 7'. Finally, SuPgeo |Qn (9,0%) -Q (9,08)] —P 0 where Q (9,0%) =
Ex [q (X1]Xo0;6,03)] since: (i) © is compact; (i) 6 — g (z|zo; 6,03 (;;6)) is continuous;
(iii) by (C2.3) and Lemma 39, |q (z|z0; 6, 03)| < C(1 + |z[*? + |z0[*9). m

Proof of Theorem 9. This follows the same steps as the proof of Theorem 6, now only
using Lemma 20-28. =

Proof of Theorem 10. The claim is proved in the same fashion as Theorem 7, this time
using Lemma 22, 25, 27 and 28. =

4.B Lemmas

In this section we first derive expressions of the score and various derivatives of it, and
then present and show a number of lemmas used in the proofs of the previous section. The
following two subsections contain lemmas used in the proofs of the theorems of Class 1
and 2 respectively, while the third one contains auxiliary lemmas.

Most of the lemmas concerns the score, its pathwise derivative w.r.t. u (in Class 1) or
o2 (in Class 2), and the Hessian. We derive expressions of these below which can be used
in both Class 1 and 2. In the following, let p (z|2o; ) = p (|zo; (- 6) , 02 (+;6)). First we
differentiate the logp w.r.t.  to obtain the score s. This yields
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_ 16%(z) 16%(mp) 1= z 52 (w) Eg[v (z|z0)]
o (ale0) = ~3570) " 4o7(an) " 2 (zfo o) dw) (::fo 7 (w) dw) + Bp [0 (alao)]
(4.31)

where

. 1. .
¥ (z|z0) = ¥ (z|70;0) A { dy (Z) + M (2,) Zudt,

B(2) | p(2)8:0%(2) pD ()  [0:02(2)] | 8.0 (2)
" 202 (z) 202(z) 2 3202(z) 8

Ay (2) = (4.32)

. o (z z (D (2

@) 1@ (@) | [6:0® ("”2] # (2)

T 201 (2) 202 (2) 3204 (2)

d0° .
+ [22‘2(2) - 16:;2 8 + %] 0:6% (2),

@ (2 2(2) 0,02 (2 M (2) 8,02 (2
YR EICTLTCREICL G INLICLEIC R
p() 8202 (z)  p(2)[85:02()]° 2 (2)
202 (2) 204 (2) 2
0:0° (2) 8202 (2) = [0z0? (z)]3 0202 (2)
T 1602 (2) 3204 (2) g8 '’

+

Zy =51 (v(Z) + 0 (v(Ze)) " {tv (z) + 1 - £) ¥ (z0) ]}, (4.35)

5% (z
10 =~ [ gachdn 7@ =-r (@)1 07 ).

‘We have here assumed that

SB[ (slz0;6, )] = B [ (elaos6,1)]. (4.36)

‘We demonstrate in the two subsections that this calculation is valid for models in Class 1
and 2 respectively.
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Next, we derive the expression of the pathwise derivative of s w.r.t. 4 and ¢? in the
direction (Vp,, Vaz). We denote this Vs. We get

16%(z) Vo2 (z) 1Vo?(x) 1 62 (z0) Vo? (zo)

4 oi(2) 4 02(z) 4 o4 (zg)
1Vé? (o) 1% Vo? (w) o2 (w)
o 1] o L sw ™

T Vil (w) 62 (w) Vo? ('w)

Vs(z|zo) = (4.37)

.._—1"](;0—1 (w) dw - (w) 253 (w)
Ep|VY (z|z0)] _ Es[{) (zl20)]E5 [V¥ (z|z0)]
Ep [ (z]|z0)] Ep [¢ (z|z0)]?

where

1
V4 (z|z0) = ¥ (z|z0) A { Vay (Z:) + M (2,) V2.4t

Vi (also) = Vi (m|mo)A{}xy (20 + 2D (2) 2+ Viv (2)

+3P (2)VZe + VP (2) 2+ 2P (22) VZttht} ,

and

Vidy (2) = D,(2)Vu (z)—YL(;)(—z)-i—Daz (2) Vo (2) (4.38)
+Dg, 42 (2) V8502 (2) + %@,

with
D,(2) = %{;’22((:)) - ;‘2((2)), (4.39)
Dur(z) = 54((?) _ u(;)a% @) [%4(2)]2, (4.40)
Do (@) = k206 (4.41)

Then,
Viy(z) = Dp(z)w(z)+D,‘(z)vn(z)—%(i’ (4.42)

+D,2 (2) Vo? (2) + D,2 (2) V&2 (2)

- 22
+Dp01 () V0:0% (2) + Doy (2) V:0% (2) + 220 (2)

8 )
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W (2) = D (2) Viu(2) + Dy (2) Vi (2) — w (4.43)
+D(3 (2) Vo? (2) + [Doa (2) + DY (2)] VOa0? (2)
+Dg, 02 (2) VO20® (2) + V_@'g_gi(_zl.
Finally,
VZy =Yy (7 (Ze) + 0 (7(Ze) T {tV (@) + (1 = ) V7 (z0)} (4.44)
VZy = Vi (7(2)) + 07 (1(2)) {tV7 (2) + (1~ £) Vy (o)} (4.45)
2
e Lo (¢ (@) + (1= 97 a0}
2
) @)+ -7 @1 () + (- ) Vr e},
and
_ Vo2 (2) 362 (2) Vo2 (2) V& (2)
vr(2) = 203 (2) 207 4 VI = _/ 408 (2) 203 (z) dz,
Vrli(z) = —o (v (@) VY (v (),
v._l _ 2 (7—1 (z))v -1 -1 : -1
Y7 (2) = 2 i) (@) - (@) VI (7 (2) -

The Hessian, h, is now obtained with Vu = i, Vi = ji, Vo? = 62, and Vo2 = 2. In
Class 1, the pathwise derivative of s w.r.t. 6;’ ol 1,7 = 0,1, in the direction du can now be
obtained by choosing Vp = du, Vi = di, V) = dp, Vi) = di() and VB;’;(, 2=,
i,7 = 0,1. In Class 2, the pathwise derivative of s w.r.t. 6;’;902 in the direction do?,
i,5 = 0,1, is given above with Vo2 = do?, Vé? = dd?, V9,02 = dd,0?, V3,62 = dd, 62
and VB”G;L 0,1,7=0,1.

4.B.1 Class 1
The Score

An expression for the score, s (z|zo; 8, 1), was derived in (4.31). A sufficient condition for
(4.36) to hold is that v (x|zo; 8, 1) is bounded by an integrable function uniformly in 6;
this is the case for p = pg, and fiy by assumption (C1.3).

Lemma 11 Under (C1.1)-(C1.7), Sn (80, fto) = Sn (B0, tg) + op (n~%/2), where for some
§ > 0, Ex[||s (X1|Xo;60; 03)[|**] < 0

Proof. In the following we suppress the dependence on 8 = 6y and write f, to indicate
the dependence of any function f on the trimming parameter a. We have

=1

[l 10 a (X;| Xi—
Sn (90, ) = Sn (B0, i) + {n > %} .
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where @ € [0,a) and s, (z|zo) = s(z|zo;60,T (-;a) o (+;6)). We claim that the last term
is op (n"1/2). The derivative 8,84 (X;|Xi—1) = Vsa (Xi|Xi—1) where Vs is given in (4.37)
with Vo '79;4 8,1 (a) 8" (,po, and VB”‘,,,J2 = 0. We have

Epl||0at, (zl20) Il _ Eslllva (170) 1 E [10ats (x]20)l]
Eg [%, (z|x0)] Eg 1, (z|x0)]?

18asa (zl2)] <

where

Ep[||0a¥4 (2]20) Il 1 . oo
Bl S 0 12 20 [ () 4 20 2|

1 _
+AEp [” [ OaAv,a (Z:) + 3a/\§/13, (Z¢) thtH]
0

Ep|llvq (zlz0) |l
Ep [Yq (z]20)]

< 885 [ lliva (2011 + W0, ) 1 Zde]

and
EB [|0athq (2]20)]]

Ep [, (z|z0)]
Using the bounds in Lemma 34, together with

1
< AE3 [f Oadva (22)] dt] .
0

|6 AYa (Z)| <

8. (5,)| (1D (2)] I ()] + 311" (2) ),

0, (2) <

8T (5:0)| (DY (2) | 1o (2)] + 1D (D 11” (2) | + 517 (2) D,

and (C1.3), we see that
1 A
10asa (z|zo)ll < aEB[{ 10T (Z¢; a) |dt] x b(z]2o),

where the function b (z|zg) = C(1 + |z[>** + |2o/***!) has (2 4 6)th moment by (C2.3)
and (A0). Thus,

1 ~
Ex [[19asa (X11X0)] < Ex [0? (X11X0)])/* x Eexsl[ 10T (24; ) a2

The first part of the lemma now follows from (C1.6b). By the same arguments as above,

Ep||lo (zlz0) ]
Ep [t (z]z0)] ~
< b(z|zo).

1. )
Iso (ele)]l < AEg [{ v (Z) | + A (22) |||zt||dt]

Thus, E, [||so (a:]xo)||2+6] <oo. B
The Pathwise Derivative of the Score

The pathwise derivative of s w.r.t. 6’0;1, ,J = 0,1 in the direction V@ Jo# is given in
(4.37) with VB;J,QO’ =0,1,7=0,1.
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Lemma 12 Assume that (C1.1)-(C1.5) hold. Then for any direction Vy,

1/2
Vs (8o, o) [V ]|l < b (x|z0) Z Ep [f 16,5V (22) IIZdt] , (4.46)
1,7=0

where E,[b** (X1]|Xo)] < 0o, for some & > 0.

Proof. In the following we suppress the dependence on 8y, pg and V. Using the bounds

in Lemma 35, we obtain

E5[|IV (zlzo) Il
Eg [¥ (sla0)]
Eg[ (zlz0) A% [} [Vy (Zs)] dt fy [1hy (Ze) || + Y (Ze) 1| 22l
Eg [¥ (a]z0)]
L sl (alao) A [y [IVhy (Z0) || + VAL (Z1) |11 2. dt]
Ea ¥ (efeo)]

1 .
A’Eg [{ Vv (Z0) dt{ iy (2 1+ P2 (2 |||zt||dt]

IA

IA

+AEs [} IViy (20 + Va2 (2) |||z'tndt]

1/2
Ot (alan) 3= Ea [ 11V055u (20 Pat]

1,j=0

INA

where

) 1 . 1/2
b (aleo) = Ba [ (1D, @OF +1) e [y (2017 + NP (20 Pl ZlPet]
1/2

1 T 1/2 1
+3 s [{ 160, (2) ||2] Ep [{ ||zt||2dt]

1 1 . 1/2
+Z%EB [£|8;D“ (Z)] ||Zt||2dt] .

Similarly,
Es(l1d (zlz0) [ B3 [V (2lz0)]
Epg [ (z|zo)] EB [ (z]|20)]
1 . 1
< Bo |A[Ir @)1+ N (2 11| £5 [A [ Vv (20)
1/2
< baalo) 3 B [ V050 (20) Pt
1,j=0

where

1/2
ba(aleo) = B [[ (1D (@0 +1) ae [l (20 P + NP (@) PlZeat]
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We then have to show that Er[b2*° (X1|Xp)] < 00, i = 1,2. Using the bounds established
in Lemma 34, 35 and 36 together with (C1.3), we see that this will hold if E[|Xo|29"2*%] <
oo; this is satisfied by (C1.3) and (AQ). m

Lemma 13 Under (C1.1)-(C1.5), there ezist a function b with Ex [b?*% (X1, Xo)] < oo
such that for all § € © and with ||ull2.c0 = 32 ;0 1107 pt]lcos

IVs (z|2o; 6, &) [dp] — Vs (z]o; 6o, ko) [dp] | (4.47)

1 1/2
< b($|$0)||d#||2,oo{llﬂ—ﬂollz,oo+aEB [ 10 i) Pl +||9—9o||}

Proof. Let § € © be given, and write Vsg (z|zg) = Vs (z|zo; 0, i) [du], Vs (z|zo) =
Vs (z|zo; 8, i) [dp] and similarly for any other function depending on fi; and i respectively.

We write,

Vs (z|zo) — Vso (z|zo) |
_ [ Es(VY @l0)] _ Es[Vibo (zlz0)]
Ep [y (z|zo)]  EB [ (z]o)]
4 Egly (z}20)] En [V (z|z0)] _ Es[Y (z|20)] Ep [V (2]x0)]
Ep [0 (z|z0)] EB[¥o (z|z0)]  Eg [¢ (z]|z0)] Ep [¢ (z}z0)]
= :A;+ As.

The first term is can be written as

4 - EB [Viy (2|z0)] Ep [% (z]0) — %o (x]20)] + Ep[Vy (z|z0)] — EB[VY (x|zo)]
! Epg [ (z|z0)] EB [%0 (z|70)) Ep [¢ (z|z0))
= :An+ A,

Then, using the bound for Eg [|v (z|zo) — ¥ (z|zo)|] /EB [¢ (z|zo)] obtained in the proof
of Lemma 20,

1 I .
lAull < CEs [f (Vw0 (Z2) 1+ 1)t [ llAvo (Z0) 11 + IADY (Ze) 1|22l dt
0

. BB [[¥ (2]0) — 1o (z|z0) ]
Ep [ (z]z0)]

2 .. ..
< Obu(also) 3 exp (116552 — 8 olloo]

LI=

<1164 — 8 olloe 3> B [|V0EE (2) 2]
Iz,al" z,0H0 |ooz B |l z,o#( t) |

1,7=0



where

b11 (.’L‘|.’I)0)
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= Bl Ino (20F +1at) | (1o (20 + b (20F o (20| + I (20) )
+1ii0 (Z6) 7 + o (Z0) ? Iig (Z)° + o (20) P || 22t
1 .
+ [ lio (2P + 1o (Z0F + (1DG3 (Z0) P+ DL} (20 +1) 112 a2

< O Z EB[fII ol (Ze) 11°4]/% + 1) (1 + 2| + eol)
1.,_7-

< O ZOEB[fII 2ok (Z2) 1% /% + 1) (1 + |2] + |zol) -
i,j=

And the other term satisfies

A

{EB (A2 } Vy (Z:) dt } dy () + 2P (2,) Zidt
—A? f Vv, (Z:) dt f Ao (Ze) + 20} (Z2) tht]}

+Eg[A f (Vv () - Vivo (20)] + [V20 (Z0) - VAG) (20)] 2]
¥ (wlwo) o (z]70)

¥ (z|zo)
1. )
A [ Vv (Z) + VA (22) tht]}
0
t A1+ A2 + Aja 3,

1 1, .
{EB A2 [ Vv (Ze) dt [ Ay (Z2) +AD) (Ze) Zedt
0 0

where, by Lemma 34 and 35,

|A12,1]l

<

IA

IA

1 1 . .
Ep [{ Vv (Ze)lde [11Av (Z) = Avo (Z) | + AP (2) - A8} (2e) |||ztudt]
1 . . 1
+Eg [f vo (Ze) + 38, () Zullds [ Vv (Z2) - Vv () |dt]
0 0
1 r i 2 ,91/2 ! 2 1/2
C 3. Esl[ [Voin (Z0)[" B[ D (20" + 14
i= 0

1 1 . ..
x 3> 3 a7 [0 — 6ol o
i=07=0 0

1 0 .
[ vo (Ze) I+ IA0) (Ze) 11| Zel\dt

1 ..
x z EBUIIV u(zt)||2dt}1/2EB[{I6;’£Du (Z:) — 8,9 Dyo (2:) [Pde] '/

1,j=0

2 g 1/2
bm(m|mo)(z 1855 — 8khal( 3 Eg [IIVO¥en (2017 ),

1,7=0 1,5=0
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| A1z,2]|

IA

1 . . .
CEsl[ |IVAy (Zt) - Vhva (Z) || + |VAY (20) - VAG) (Z0) 1| Ze) d]
0

IA

CEB[z 1D, (26) = Do (20) || [V (20)]
+oEB[Z 1Du (2) = Do (2111 (22) 1]
+CEs([ 10§ (2) - DI} (2| Yk (2ol

+0EB[}D (2:) =~ Duo (2 |V (20) || 2] ]

I

Cbiz,2 (zz0) E 1102%R — 8zl oo Z Ep(lIV5n (2|1

1,j=0 1,5=0

and

412l < Cbina (aloo) 3= exp [C1I0E5A — 03%olls] 19555 — Ol

‘l.]—

X E Eg[|IVo51 (Z:) 12,
1,7=0

Define bjg = ), b12,4, where b122 (z]z0) = C(1 + |z| + |zo]),

1 1.
biz,1 (z]zo) = EB[{lDy, (Zy))? + 1dt]1/2+EB[£||>\Y,0 (Zy) |I?

+A0) (20) P2l 22,

1 2 L 2 (1) 2|2 |I? 1/2
bias (aloo) = Bal(f Do (2 +1d0)([ Ivo (211 + ) (20 | 2 a)]
1 .
+85([ 11040 (2) P + (DS () P + Do (2)* + DIIZi P/

We then turn to Ay, which satisfies

I14s]| Es|lto (2120) |[] | Es [Vibo (zl20)] _ Es [V (z]z0)]
= Eplio(zlzo)] | E[Yo(zlzo)]  Ep[¥ (zlzo)]
L Es[IVY (zlzo)] Es[tho (2]20)] _ Enld (z|z0)]
Eg [y (z|z0)] | EB (%o (zlz0)] Ep[¥ (z]z0)]
< Ep [V (z|2z0)] _ Ep[VY (z|20)]

CEB@ v (Z0) 11 + N8, (o) [l 24l

Ep [ (zlz0)]  Ep [ (]z0)]

Egliy (z|z0)] _ Es[t) (z|z0)]
Eg [tho (z]z0)]  Ep [¢ (z|z0)]

+CEp [Z IV)y (Z)) df]

72
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where
Ep [V (z|z0)]  EB [VY (z|z0)]
Eg [y (z|z0)]  Eg ¥ (z|z0)]
_ EB [V (2]20) Es [ (zlz0) — o (z]z0)] | B [V¥o (z]20)] = Ep [V¥) (z]z0)]
Ep [ (z|0)] EB [t (z]|20))] Ep [ (z|z0)]
= A1+ A2
r Ep (|9 (z]xo) — 1o (z|z0)]
||A21|| < CEB[{ V)\y,o (Zt) dt] Eg [¢ ((leo)]

and

1 1 .
Ap = A2 [VAy(Z)—Viyoe(Z)dt+A [ [V,\(YD (Z0) - VAY) (zt)] Zydt
0 0

¥ (z(z0) — o (z|Z0) A2 |
+ ” (Z‘livo) A {V)\y,o (Zt) dt

= : A1+ Ao+ Axgs.

The three terms are treated just as we did for Ajz;, ¢ = 1,2,3, with resulting bounds
of the same order. Finally, Eg [¢ (:v|:c0)] /Eg [ (z|zo)] and Ep [V¢ (z|z0)] /Ep [¥ (z]z0))
take the same form such that they satisfy the same bounds. Using the bounds in Lemma
34, 35 and 36, we get that b(x|zo) = ) ;b5 < C(1 + 2|27+ + |2o|?7*?) with ¢ given in
(C1.3). ‘

Next,

Vs(0,T (;a) o) [dp] — Vs (6, 1) [du] = Vas(6,T (;8) po) [du] a
where

8a5(8,T (-5 a) po) [du] _
Eg[Vo.y (z]20)] _ Ep[V (z|20)| Ep [0a¥ (2]20)]

Epg [ (z|z0)) Ep [¢ (z|z0)]?
_ Ep[0.¢ (z|20)] EB [V¥ (z]z0)] _ EslY (z|z0)|Es [Vat (2]z0)]
Ep [¢ (z|z0))? Eg [¢ (z|z0))?

2Eg[y (z|0)Eg [V (z]20)] Ep [8a? (z]20)]
Eg [ (z|z0)]*

and, using arguments similar to the ones employed in the proof of Lemma 11, one will

+

)

realise that the desired bound will hold with b given above. Finally, the inequality

Vs (6, o) [du] — Vs (B0, po) [dp]|| < b(z|z0) ||dpsl2,00 16 — Ooll

is shown to hold in the same manner. m
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Lemma 14 Under (C1.1)-(C1.6), there exists a function b with E [b(X1|Xo)] < 0o such
that ‘

2
lls (B0, ) — s (6o, fto) — V's (6o, fio) [i2 — froll < b(wlz0) Y 116758 — 67piko]lo-
4,j=0

Proof. In the following we suppress the dependence on 8 = 6y and Vu = i — fig, and write
s (z|zo) = s (z|zo; b0, 1), S0 (z|z0) = s (z|Z0; O, o), Vs (z|x0) = Vs (z|zo; o, o) [ — fig]-

Similarly, for any other function. We have

+

s (x|x0) — 80 (z|zo) ——.Vs (z|zo) .
_  Esl(z|z0)] _ En[o (zlz0)] _ EB[Viy (z]z0)]
Ep [y (clz0)]  Eplwo (zlz0)] B [wo (2]20)]
Ep[tg (z|20)]
Bty alaa)l 7010
_ Eg[¢(z]zo)] — EB [t (z]20)] E5 [y (al20)
"~ Eg [y (z]z0)] Es [0 (2[z0)] ( ! EWS} )
( Epli) (zlz0)] — Esltho (zlzo)] )
Epg [¢ (z|zo)] — EB [t (z|z0)]
—% {Bs [ (al20)] — s [ (sla0)] — Es [V (alao)])
+m{E3[¢ (z]z0)] — EB[Yo (z|20)] — EB[VY, (z|20)]}
= A+ Az + As, '

and wish to show that

L
Akl < b (alao) x (250 11629 — 8pitol 2 )

where Er [bg (X1|X0)] < 00, k =1,2,3. First

1Ay] EB [ty (<[20)] + || Endg (<|z0)]]
= Ep[¢(zlzo)] E %o (lz0)]”
. . 2 9 2
x (Il (aleo) — o (alo) IP) + Bz [l (slz0) - ¥o (sleo)] ),

where, by (4.30), |¢ (z|zo) — ¥ (z|20)] = Op ( o |16 — ﬁ(()i)Hoo); we then show that

Bs (¥ (zlz0) ~ o (alao) | = Op (Lm0 10298 — pfiollea) . (4:48)
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Eg[||¥ (z|z0) — ¥ (z|zo) I
1. .
Ep[4 (z|zo) { Ay (Zt) = Av,0 (Z¢) || @]

IA

1
+Bp |10 (alan) = Yo (elao)l [ v (2l
C1Ep [ (alao)} { 22 =0 1020 — il }

+CoFEpR [exp [A :{' aly (Zt) + (1 — a) /\y,o (Zt) dt] .Z‘ ”}.\Y,Q (Zt) ||dt]

IA

x[|3D = 28] |oo-

From these inequalities, we see that [|A;] < 0( ; ||A1,-||) 2o 1890 — 89,3012,

=1
where
Ay = Ep [¢ (z]z0)]
Epg [ (z|z0)]’ _
Ap = Ep [¢ (z|z0)] Es[llY (z|zo) |l]
Eg [ (z|z0)] EB [%o (z]|z0)] ’
gy = BolexplA fy ady (Z) + (1~ a) My (z,) )’

Ep [4 (z]z0)] Es [¥q (z]20)]
4y, = Esllido (eloo) I1EslexplA Jo ady (Z2) + (1 = a) Ay (Z¢) dt))?
Eg [ (z|z0)] Es [ (z|z0)]? ’
dy = Elexpld fy adv (Z) + (1= a) dvo (Z0) df] Jy lIAvio (Z) lldtf”
Eg [¢ (z|zo)] EB [%0 (z]|z0)] ’
Eplexp[A [y ady (Z2) + (1 — a) Ay (Z) df] [ l|Av0 (Z¢) ||dt)?
Ep [ (z|z0)] EB [0 (z|Z0)]
« Eg|||% (z|zo) |I]
Eg [vy (zz0)]

We show that ||Ay;|| = O0p(1),1<i<6:

A =

Ay = Ep [ (z|z0)]

1
= s [ (eloo)] = 2P [exp [{ Ay (Ze; &) = Avo (Z2)] dtH =0p(1);

Es [0 (alao)] Eslllbo @lao) ] _ 5 Ealllio (leo)
A < Eale @zl O TEp [ (alzo)

< 0p(1) x EB[z v (22)]1d),
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where E,pr[f(l) lIAv0 (Z:) ||dt] < oo;

EplexplA [} ay (Z2) + (1 - a) Ayo (Z) df])”

A = B [ (alao)] E3 o (2120)]
_ Eplexp[a Jo v (Zs) + (1= a) Avo (Z) 4] E [9 (zlmo)]
Eg [¢ (z|z0)]? Ep [%o (z|z0)]
= OP(].)ZXOP(I);
a, — Eslllvo (zlzo) [ EslexplA fy ady (Z:) + (1 = a) Mo (Z0) dt]
H Eg [¢ (zlw0)] Es [%, (z|z0)]®
_ EglexolA Jy ady (Z) + (1 - 0) Mo (Z) 1)) ,
Eg [ (a]z0)] .
= Op(1)* x A;
Ay, = EelexplA Jy ady (Z:) + (1 - a) do (Z2) dt] Jy IIAvio (Z) llatf?
= Eg [¢ (zlzo)] E5 [t (z]20)]
1 1
= EB[GXP[A(l—a)/ IAY(Zt)"/\Y,o(Zt;th/ A0 (Z¢) ||dt]?
0 0
x A1
— 0p(1)?x Esq v (Z) II2d);
hyg = EolexplA fy oy (Z) + (1= a) dvo (Z0) di) [ IIAvo (Z0) llatf?

Eg [¢ (z|z0)] EB [ (z]20))

N Ep||vo (z]o) ||
Ep [tq (z|x0)]

— Op(l)x EB@ e

Next, we consider As. First, by a 2nd order Taylor expansion of the exponential-function,
1
 (alan) = o (alan) — o aleo) ([ v (20) = dvp (2) )
0

1 1 2
= Aexp [AfaAy (Z) + (1 —a) Ay (Zy) dt] (f Ay (Zy) — Ay (Z:) dt) }
0 0
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Thus,
¥ (z|z0) — o (z]z0) — Vg (z|z0)|
1
< g (z]zo) { 1Ay (Zt) — Ay, (Zt) — Vv, (Z¢)| dt +
1 1
Aexp [A _(l; a\y (Zt) + (1 — a) /\y,o (Zt) dt] { I)\y (Zt) - /\y,o (Zt)l2 dt
< Cy (almo) | — foll} o
1 1 X .
+Cexp [A [axy (2)+ (1) Mo (2) dt] > 1A - a2,

Plugging this inequality into Az,

vl < 0 (ELali9 - 401 e

w1+ EB[exp[A fO fO aly Zt) + (1 - a) Ay, (Zt) dt]]
Ep [$o (z|z0)]

where the second term is Op (1), and Ex[Eg[vq (z|20)]/EB [¥o (z|z0)]] < oo, as shown
earlier.
Finally, for A3 we have

¥ (z]z0) — o (2|z00) — Vo (z|0)
1, .
= [ (alao) — Yo (]z0)] [A [y (2) ~ hvo (2) dt]

+Av, (.’El.’vo) [\Z Xy (Zt) - j\y,o (Zt) - V)-\y,o (Zt) dt]
+ z Sy (Z6) dt 1 (z]z0) — o (]z0) — Vo (wle0)]

We treat each of the terms separately: Using (4.30) together with Lemma 35,

Es|(¢ (zl20) — o (l20))A fy Py (Z) — Avo (Z0))dd]
Ep [1q (z]|20)]
EB[exp[A fn ady (Z) + (1 — a) Ay (Z;) dt]]
- Ep [¢po (z|z0)]
= Op(1) x —0 ||3” 3”9ﬂoll

Z‘L ,j=0 ”a;;]o)u' 3”9#0”?»

we apply (C1.3) and Lemma 35 on the second term; and

Ep[|% (z]z0) — %o (z|z0) — Vipg (z|z0)| fy |IAvi0 (Z2) |1dt]
Epg (¢ (z|0)]

< opmeBl/ Pvo (Z) e x Tico 139 — 2”115
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We define
Vs (k) [dn] = Vs (p) [Vap () [ = mo]] (4.49)

where V. is given in Lemma 33. This function is the pathwise derivative w.r.t. .

Lemma 15 Under (C1.1)-(C1.5),

3
Vs (zlz0; 6, f1o) [&s — o] — Vs (2|03 6, fio) [ — molll < b (z|z0) 3 a*=3||7® — 7|12,
=0

uniformly in 6 € ©, where Vs is given in (4.49) and E, [b(X1|X0)] < oo.

Proof. To see this, we make use of the linearity of Vs and the function b given in Lemma

12 to write
1V (alo; o) [ — o] — Vs (alo; o) [ — o]l
— 1V (elos fo) [t - fro — Vi [t — o]l
2 L 1/2
< beleo) Y Es [{ 167, 13— fio — Vi [ — mo]) (22) ||2dt]

1,j=0
2 T 1/2
+b(zlz0) ) Ep [{ |18z [ — o — Vfig [t — mo]] () ll2dt] ;
1,j=0
where Fy [b(X1]|X0)] < 00. The result now follows from Lemma 33. ®

The Adjustment Term

In this section we show that the pathwise derivative of the score can be written as a
normalised sum and a remainder term which can be ignored.

Lemma 16 Under (C1.1)-(C1.6), VSn (i) [& — fto] = VS (o) [fto — fto] + op (n~Y/3).

Proof. We split up in 4 terms,

VSn (o) [ — o] — VS (o) (o — io]
= {VSn () [& — fro] — VxSn (o) [& — mo]}
+{VaSn (o) [ — Ex [#]] — VS (o) [Ex [#] — mo]}
+{VS (o) [& = fo] — VS (o) [# — mo]}
+{VaSn (o) [Er [#] — mo] — VS (fio) [Ex [£] — mo]},

where we have made use of that dm — Vs (z|zo; ilg) [dn] is linear. The two first terms are
of order op (1/4/n) by Lemma 15 and 31 together with (C1.6b). To show that the third
term is op (1/4/n), we apply Lemma 32: Defining ¥; = (X;, X;_1), it is easily seen that
{Y;} is a stationary and S-mixing sequence since {X;} is, and that the mixing coefficients,
{By.}, of {Yi} satisfies By; = B;_, where {8;} are the mixing coefficients of {X;}. Using
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the linearity of Vs in dm once more, we may write

VaxSn (ﬁo) [7Ar — Ex [7?]] = VS (ﬁo) [ﬁ] = VaSn (ﬂo) [Evr [7?]] ’
VS (o) [F — Ex [#]] = VaS (o) [7] — VaS (o) [Ex [#]].
So by defining
mn (Y3, Y;) = Vas (Xi | Xiz1; o) (K (- — X)),
where K, (z) = [hg K (z/ho), h{2 KM (z/h1) , k33 K@ (z/h2) ,h3*K® (z/h3)], we ob-
tain that

VaSn (f) [ — Ex [#]] = VaS (ftg) [# — Ex [7]] = Voo = Vijn — Vou + Vn,

where V,,, V1, Vo, and V,, are defined as in Lemma 32. We then check that the two
conditions of this lemma are satisfied. The first condition follows by Lemma 12 and Hélder’s

inequality,
Exr ([lmn (¥;, Y;)|IP]?

. . » 1/p
Br [V (X: 1 Xs-1i ) [ (5.0) Ko (- = X5)] IP]

Ex [P (Xi, Xic))] /P T3 a1
CEx [tP (Xi, Xic1)]M? T3 g a~ 10,

IA A

for any p > 2, where we have made use of the boundedness of K and its first three
derivatives. By the restrictions put on the bandwidths, a=1~*h;*n~"1/2 — 0,0 < i < 3,
while E.[b? (X;, X;—1)] < oo with p = 2+ §. The second condition follows easily from the
fact that By,; = B;_; together with the geometric decay of {B;}, c.f. Lemma 29.

Next, we show that VS, (fio) [Ex [#] — o] = VS (fig) [Ex [#] — mo] + op (n~Y/2). By
Lemma 12,

Vs (|20 o) [Ex [] —mo]ll = |IVs (2|20 fo) [Vio [Er [#] — 7]l

3
< b(alwo) Y a7 | ER (7] — 7)o,
=0

where /nia~1=%|| B[] — 78|00 = O (vAa~1=h#~") — 0, 0 < i < 3, by (C1.6b). m
Lemma 17 Under (C1.1)-(C1.6), VS (o) [ — fig) = V'S (o) [ — i2o] + op (n~1/3).
Proof. By Lemma 13 and Hélder’s inequality,

V||V (fo) [ = 2] — VS (ko) [22 — fo] ||
< E. [ (X1|X0)]Y? x a\/’ﬁE,xB[} 10T (Zy; a) |2dt)/2,
0

where the last term goes to zero by (C1.6b). ®
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Lemma 18 Under (C1.1)-(C1.7), there ezists a function § with E, [0 (Xo)] = 0 and
E, [||<5 (X0)||2+5] < 0o for some € > 0 such that

VS (ko) (3= o = 3 356 (X:) + op(n /%),

Proof. We suppress any dependence on g and 8y. We introduce the Hilbert space Hy
given by

1
Hi = {f : R= R|Erx[[ fP (Z)*dt] <00, 0< i< k+1},
0

where Z; = Z; (X1|Xy), which we equip with the inner product

(f,9) = EMB[Z £ (Z) 9 (Z2) .

We first show that there exists a density p such that for any function f € Hj,

1
waB[A f(Z:) dt] =Af(z)ﬁ(z)dz.
Observe that
Evpr[.z f(Zy)adt] = Z Rfa f(Z (t,z,x0,b)) p (|20) ™o (z0) P (t, b) dxdzodbdt.

where
Z (t,2,30,5) = 75" (70 (2) + (1 = 1) 70 (0) + VAb)

and

6,6 = (= | = —— ]
PEY =0\ ia=n ) Vamti-p Plad-9]

is the marginal density associated with the Brownian Bridge at time t. We now make the

transformation
(t,z, g, b) — (t, 2, z0,2) = F (¢, z,z0,b) = (¢, z, 20, Z (t, z, o, b))

with inverse
(t1 T, To, b) =F! (t1 Z,To, 2) = (t’ Z,Zo, Z_l (t’ Ty L0, 2))

here () =ty (8) = (1= 1) 3 a0)
Z—1t’$’w,z=’7oz“70$— — %)% \Zo)
( 0 ) \/Z
We derive the derivative of F~!,
1 0 0 0
DF-1— 0 1 0 0 ,
0 0 1 0

8Z—1(t1m7201z) aZ_l(tr'B)anz) BZ_]'(t,E,.'Eo,Z) 32_1(t,$,£0,z)
oz Ozo ot Oz
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where 8Z7! (t,z,%0,2) /02 = 1/ (\/ZO’() (z)) So the determinant of DF~! is |DF~!| =
1/ (\/—A_a (z)), and the claim holds with p given by

P(z)= \/_10 24 [ p(z|zo) 7o (z0) {pr (t, 271 (t, z, z0, 2)) dt} dzdzy. (4.50)

We shall also make use of the following result: By repeated use of integration by parts,

[ (@)D (@dz= f @D @] " - [fD (@)D (2)de (451)
R Z=—00 R
[ 1D (2) 76D (2) da = - = (=1) [ £O (2) 7 (2) d,

R R

Z=00

for any function f satisfying f(0) (2) 7(=9) (2)] =0,0<j5 <.

zZ=—00
We now write

VS (po) 1] = ZVzOS (ko) [B1] + ZVuS(#o) [Bia],
1=0 i=0

where V;;S (ug) [6” op,] is the pathwise derivative w.r.t. 8 o olt- By Lemma 12, it follows that
6:;7,9;1, — Vi;S (1) (8 z,el‘] is a bounded linear functional on H. By Riesz’s Representation
Theorem, it therefore holds that there exists a function d = (d; ;) with d; ; € H; such that

VS (o) [Vl = ;0 Erxs [{ VD (43 60) dio (22) dt} (4.52)
; _io Erxp [Z Vi (Z4;60) di1 (Z2) dt] ,

for any 6’9V,u €H;. For0<i<2,0<j<1,since 3J9M and a]oﬂo and the first 1+ 1
first derivatives are bounded, they belong to H; for any n > 1; moreover, for 0 < k < i+1,

[ Bexo (1655900 @01Y] < 0 (14 ] Bux 120 )
< C (1 + E, [|Xo|4'1] + ZEB [|Bt14‘1] dt) < o0,

by (C1.3), (4.66) and (A0); so 9 xﬂo € H;. Each term in (4.52) is now shown to be on the
desired form. Starting out with the first term,

Vi (2) ldn] = T (330) [ Do (w) dr () + Doy (z) dn® ()]
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where Do and Dy are given in (4.64).By Lemma 33 and (C1.6b),

1
Eoxs [ [ 02 - o @0} duo (20 dt]
R N PN o2 (2) 1) (2) _
- - /R T (50) [7 (2) — 0 (2)] —T(g)—do,o ()P (2) dz

1 [ \[a 0% (2)
+—2-/RT(Z, a) [ﬂ(l) (2) —1r((,1) (z)] P )dgo(z)p(z) dz + op(n~1/?)

= [TEaun @@ ds+ [ T e ()a () ds+op(n ),
R R

where
0'2 VA (1) VA
vo(z) = —%%d&o @5, () =528 B do()p().  (@59)

Observe that for any n > 1, there exists R > 0 such that 8.7 (z;a) = 0, |2| > R. Thus,
by (4.51),

/ T (z;a) vy (2) 7D (2) dz = — / T (z;a) vy (2) 7 (2) dz — / T (2;0) ugl) (2) 7 (2) dz,
R R R
where we claim that [ T(®) (z;a) v1 (2) 7 (2) dz = op(n~1/2); this will be shown later. But

first we define 8o (2) = v (2) — 11V (2) = 1/ (2m0 (2)) Bs [03 (2) d1,0 (2) P(2)], and claim
that

{ [ (2;0) 8, ()7 (2)dz = lZf T (z;a) 61 (2) Kp (2 — X;) dz

= %ii’(x a) 61 (X;) + op(n~1/2), (4.54)

where E; [§0,0 (Xo)] = 0 and Ex[[|d0,0 (X0)||*"¢] < co. It is easily seen that Ex [60,0 (Xo)] =
0, while

Eqr[”fso,o (XO)||2+5] = 221+e /l; 7((1)4-1 (Z) ”6, [0’(2) (z) d0,0 (Z)ﬁ(z)] ||2+e d
C/R 7r(1)+1 (2) {"doﬂ (2)I**€ + [18:do,0 (Z)||2+6} PP (2) dz

1 2+e€ — 2+4€
+C | ———||d 0,5 d
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where we have made use of (C1.2). By (C1.7), [ R{d2+€ (2) + 0 d2"'6€ (2)}p (2) dz bounds
the first integral, while the second is bounded by

|az7r0 (z)|1+6
R G

Y / lo (2)I**< lldoo (2)1*€18:5 ()| d=
R

= C fR [Im)(z)l‘ 182110 (2)] lldo,0 (2)1*+€ + |1 (2)]**¢ ||dojo ()| ||azd0,0(z)||]p(z)dz

lldo,0 (2)11**<10:5 ()] d=

IA

where the last equality follows by (4.51). Since dg g, 1y € H; this proves the claim. Defining
wy, (z) = / T (2;a) 8o (2) K (2 — z) dz — T (z; @) 0,0 (),
R

the last equality (4.54) will hold if Ex [wn (X0)] = o (n~%/2) and var[n=*/2 30, wn (Xi)] =
o(1). First observe that

T(za)
T0()

wy, (z) 0 (2) 60,0 (2) dz

he / ) (2T (20) G (2) dz = h / ) (o) LZ:9)
= O(hw —1)

uniformly over £ € R. This implies that /nEx [wn (X1)] = O (vnhg§a™t) = o(1) by
(C1.6b), while the variance term is bounded by

var (o (X0)) 2S5 cov (un (X0)  un (Xo0) < B on G0 {14275 £}

where, by dominated convergence and (C1.6b), Ex[||lwn (X1)||*] = O (h3“a=2) = o(1).

Treating the remaining four terms of (4.52) in a similar fashion, we obtain the claimed
result with § = 2, Z]LO b;5 if n/237 {1 - T(X;i;0)}6 (X;) = op(1). But 1 —
T (z;a) = a8,T (x; a) for some @ € [0, a] where

Eq[10.T (Xi8) 6 (X:) || S Ex|8aT (Xi0) !)/2 x Ex[ll6 (X:) IP]'/2,

and the result now follows from (C1.6b).
Finally, we have to show that [ T(!) (z;a) v1 (2) % (2) dz = op(n~'/2). Going through
the same steps as before, we obtain

/ T (z;0) vy (2) % (2) dz = Z 7O (X35 a) vy (X:) + op(n~Y/?),
=1

where
N . 1/2
ElIT® (Xi30) |1 (X:)]] < Bx[ITD (Xi;a) PIBx [l (XIP] " = 0p(n™/2)

by (C1.6b) since E,[||v1 (X:)||*] < 0o, and E[|T™ (X;;a)|?] < CPr (a/2 < mo (Xi) < a).
| |
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The Hessian

Lemma 19 Under (C1.1)-(C1.7), supgeg | Hn (8, i) — H (8, po)|| —F 0.

Proof. The Hessian, h = 9ps, is given in (4.12) with V& u = 8L, VOLL = Oiji, VOio? =
0:6%, and V8i6? = 8.5%. We claim that

~

3 .. ..
Ik (zlz0; 0, ) — h (alao; 0, )| < b(zlm0) 3 11075 — 0¥polloo,

|
1,5=0
1
17 (|03 6, fro) — ke (z]z0; 6, o)l < b(z|z0) aEB [/0 |6,,T(Zt;a)|dt],
“h(xlx()’onu’O)" < b(wlw()))

where E, [b(X1]X0)] < oo. This will give the desired result, c.f. the proof of Theorem 5.
The inequalities are established in the same fashion as in the proof of Lemma 13. m

4.B.2 Class 2
The Score

The expreséion for the score given in (4.31) is also valid for Class 2, since ¥ (m|:ro; 8,0?)
is bounded for 02 = 62 and o2 by (C2.3).

Lemma 20 Under (C2.1)-(C2.7),
Sn (80;68) = Sn (603 08) + 0p(n=1/%),

where Exq||s (X1|Xo;00;02)[|***] < oo.

Proof. Using the same notation and strategy as in the proof of Lemma 11, we obtain

18as (|2o; a) |
< O (1+1al + oo+

T 1
X (I@aT (z5a) | +|0.T (zo;a) | + / |0aT (w;a) |[dw + Ep [/ 10.T (Z1; a) |dt]) ,
zg 0
by Lemma 40 and 42. The proof now proceeds as the one of Lemma 11, and we conclude
that (C2.6b) ensures that the result holds. m

The Pathwise Derivative of the Score

The pathwise derivative of s w.r.t. 8;’;902, i, = 0,1, w.r.t. Vo?is given in (4.37) with
Voi,u=0,4,j=0,1.
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Lemma 21 Assume that (C2.1)-(C2.6) hold. Then

1 . .
Vs (zlzo; 6,03) [V?]| < C 'Zo (H%Va2 @) || + 185 Vo? (o) ||)
J=
max{z,zo}

+b (z|xo) le |8V o? (w) |dw

7=0 Jmin{z,zo}

2 1 1 1/2
b (zlz) 3o " B [ | eiggve? (zt>||2dt] ,

i=05=0

where Ey [b?+ (X1|X0)] < 0.

Proof. Using the bounds in (C2.2),
Vs (z]zo)]] < C(Vo?(z) + Vé? (z) + Vo? (o) + V& (z0)) (4.55)

+C (|| + |zo|) (} Vo? (w) dw + j V&l (w) dw)
Eg(|V9 (zlzo) [l _ Eslll¥ (z|z0) 1E5 [IV (zlzo)ll]
Eg (¢ (z]z0)] Ep [¢ (z]z0)]?

<+

We obtain
|V¢ (z|zo)|

mlmo)

( / Z 1D: (Z0)1198;° () | + NP (20| IV 2| dt)

IA

: i 520 (1) " 1Yo? () dw

< A[) ng(zt)nvaza (zt)ldt+c/0 g (zt)|/0 V02 ()| dwat

+C (/w |Va? (w)| dw+/aco |Vo? (w)] dw) /1 |)\(1) (Z;) |dt

/2

= D; (Zy)|* dt Va2 (Z)| dt

(g/s (2 ) (;/l (" )

+ /0 D (Z0) |t ( A |V02(w)|dw).

Similarly,

IV (2|20) || V% (z|zo)|l ®
Pelm) S plm) / Iy (Ze) 11+ 1A (Ze) 1| Zllt

1 .
+A /O Wiy (Z0) 1|+ VAL (Z0) 12l + NP (Z0) |1V Zedt

with bounds for Viy, V/\g,l), and “VZt ” given in Lemma 41 and 42. Collecting the various
terms, we establish the desired bound with E,[6**% (X1|Xp)] < oo because of (C2.3) and
(AO). m
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Lemma 22 Under (C2.1)-(C2.5), there ezist a function b with Ex [b?+ (X1, X0)] < o0
such that for all § € © and with ||02||31,00 = 3oy Z}=0 ||6”902||°°,

| Vs (|xo; 0,6%) [do?] — Vs (z|zo; 60, 03) [do?] ||
< b(aleo) [146?la,1,00 {16% = oll3,100 + 16 = G0l + @A},

where

R " . max{z,zo}
A= |0, (@) |+ 10T @ia) |+ |

min{z,zq

) 1 . 1/2
|0.T (w; a) |dw+ Ep [/ |0aT (Z¢; a) |2dt] .
0

Proof. Let § € © be given, and write Vs (z|z0) = Vs (z|z0;6,63) [dp], Vs (z|ze) =
Vs (z|zo; 6, 5%) [do?] and similarly for any other function depending on 63 and 62 respec-
tively. It holds that

Vs (w|x0;0, &2) [daz] — Vs (x|zo;00,68) [daz]

_ 1 o2 (2 B2 (:17)_395'0 (z) 1 . 1

= 7 ”[&%x) ao@:)} % ”[%m) Uo(m)]
_1_ o2 (z Dp5? (zo) _ 896§ (zo) _l 52 1 1
*1¢ “’)[*%xo) %(m)] 1 (“"")[*2@0) &o(zo)]

N)l

(f o ) "“’)/ Ve ) [y ~ 73w 2

z Vo? (w) [0p6% (w) = Bp63 (w)
(a-f e dw>/ e )
2 w ? Ve (w) _ 0965 (w) Vo? (w)
wfo[ 5% (w) 63 (w)] 4 zo 00 (w) 267 (w)
Ep[V9 (z]20) [do®]]  Ep[Vio (2]20) [da?]]]

dw

l\DID—‘ wl'—a

+

Eg[) (zlz)] ~ Eg %o (z]20)]

3 [EB[{D (z|zo)|EB [V (z]x0) [do?]] EB['¢70 (z|z0)]EB [Vibo (z|0) [daz]]]
Ep [ (z|zo)]” E [ (z|z0)]”

Thus,

Vs (z|zo; 8,5?%) [do®] — Vs (z|zo; 60, 63) [do?] ||
b(zfz0) |42} o 116% — Blls 1o
Eg[VY (z|zo) [do?]] _ Eg[Vy (z]0) [do?]]
Ep [¢ (z|z0)] Ep [ (z|0)]
Eg[{ (z|z0)|EB [VY (o) [do?]]  Eglo (z|20)]EB [V (z]20) [do?]
Eg [y (z|z0))? Ep [tho (z|20)]?

IA

+

where b (z|z) = C(1+|z|2*! +|zo[>?™?). The last two terms are treated in the same way
as in the proof of Lemma 13. Using the same notation and strategy as in that proof, we
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obtain

1 1, .
lAul < CEs {uwmzt)l+1>dtg||Ay,o<zt)||+|A§3,2,(zt>|||ztndt]
Eg (|4 (z]z0) — %o (z]z0)]]

Eg [1/J (xlwo)]
< Cb(x|xo)cz 3 a4 [lakt 52 — ot 3 S Ep [Ive¥,0* (22) |2]1’2
=01=0 0 4,5=0

by Lemma 40, 41 and 42, and similarly for the other terms. Next,

Vs (8,62) [do?] — Vs (6,03) [do?] = Vas (0,63) [do?] |a=aa
where we claim that

V,5(,63) [do?] = VBas(8,T (+8) o3 + (1 — T (;@))2?) [do?]
satisfies a ||V8,5(6, 63) [do?]|| < b(z|zo) An. We see that

V,5(8,T (+8) 03 + (1 — T (;a))g?) [do?]
_ do? (z) [69,063 (z) 8983 (x) Bab} (w)]

4 &6 (z) 2&8 (z)
do? (z0) [50,a5<2) (z0) _ 6% (2) Badh (wo)]
4 &5 (zo) 26§ (o)
437 o? (w) 8263 (w) Bp6% ) 4,
T R e e
41 7 a? (), } Bp65 () D263 (w)  Bp,a63 (),
i Zo 0 (w) 263 (w) 6o (w)
1 z w) Z 0pi3 (w) 0,02 (W)  0pa08 (w)
*1 zfo & ) f 263 (w) 6o (w) dw
l T 0,62 ( do? (w) &2 (w) do® (w)
2 xfo 53 ('w) / o (w) 203 (w) dw
1z ; do? (w) 0,63 (w) 62 (w) do? (w) 8,63 (w)
B e T
1z 1 09,000 (w) do? (w)
v3f mw [
EB[Va«ﬂ/’ (wlxo) [do?]] _ Es[VY (zlz0) [do®]] Es [8at (z]20)]
Eg [¢ (a]0)] Ep [ (z|z0)]?
_ Egl8a¢ (z|0)|Es [V (l20) [do?]]  Ep[¢ (zlz0)] Ep [VOuy (z]2o) [do?]]
Dk Ep [1 (z|zo)]”
+2EB [¢ (z|20)]EB [V (2]0) [do?]] E [8at (z]20)]
. .
Eg [y (z|z0)]

Using arguments similar to the ones employed in the proof of Lemma 20, one will realise
that the desired bound will hold with b(z|zo) = C(1 + |z[>**! + |zo[>?*?). Finally, the
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inequality
Vs (8, o) [du] — Vs (60, o) [dulll < b(z|xo) ||dpll2,c0 116 — oll
is shown to hold in the same manner. m
Lemma 23 Under (C2.1)-(C2.6),
1S (60,8%) — S (60,83) — VSn (60,63) [6% — 83]|| < Or (1) x ||6% — 83|12, -

Proof. This follows along the same lines as the proof of Lemma 14, only here two extra
terms have to be dealt with, Z; (62) — Z; (63) — VZ; [6? — 63] and Z; (6%) — Z; (63) -
VZ, [62 — 6%]. This is done by applying the results of Lemma 42. m

We define Vs (z|z0; 0, 02) [dn] = Vs (z|20; 6, 02) [Vo? [dn]], and obtain

Lemma 24 Under (C2.1)-(C2.6), there exists b with E, [b(X1|Xo)] < oo such that
3. , :
1Vs (alz0; 60,63) (67 = &3] = Vs (alo; 00, 63) [ — mol| < b(alao) 3 a7 7| 2.
i=0

Proof. This follows from Lemma 21 together with 38 and 31. m
The Adjustment Term

In this section we show that the pathwise derivative can be written as a normalised sum.
Lemma 25 Under (C2.1)-(C2.7),
VS, (60,62) [62 — 0&] = VS (60,63) [62 — 0B] + op(n~1/2).

Proof. The result is obtained by copying the arguments of the proof of Lemma 16, only
now using Lemma 21 and 24. m

Lemma 26 Under (C2.1)-(C2.7),
VS (80,63) [6% — 6] = VS (60,03) [62 — 63] + op(n~V/?).

Proof. This can be shown by the same line of arguments employed in the proof of Lemma
200 m

Lemma 27 Under (C2.1)-(C2.7), there ezists a function § with E,[§ (Xo)] = 0 and
Ey (18 (Xo)|I***] < 00 such that

A2 A 1 o -
VS (60,0%) [6* - 53] = - ;MXi) +op(n~1?),
Proof. We proceed as in the proof of Lemma 18, only now defining the Hilbert space Hy
as
Hr = {f :R+— R|f is k times continuously differentiable and bounded},
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since we have that, in contrast to p, 02 is bounded. We equip My, with the inner product
1
o) = [1@s@m@ds+ B | [ 1(E)9@0]
max{x,zo}
+ // / f (w) g (w) dw | po (z|zo) mo (z) dxdzo.

min{z,zo}
]

The Hessian

Lemma 28 Under (C2.1)-(C2.7), supgeo || Hn (6,6%) — H (6,03)|| —-F 0.

Proof. The Hessian, h = 8ys, is given in (4.37) with VOipu = 8.4, VOLL = 6iji, VOLo? =
0i62, and V8i6? = 052 Copy the arguments of Lemma 19, this time employing the
inequalities in Lemma 40, 41, and 42 to obtain that

3 )
|| (z|z0; 6, 6%) — h (2|20 6,63) || < b(alzo) D 116748 — 87463 Ic0,
4,j=0

for some function b with Ey [b(X1|X0)|By the same line of arguments employed in the
proof of Theorem 8, we obtain

h (z|z0; 6,53) — h (z|z0; 0, 05) = ah (x|20;0,53) a
where, following the same procedure as in the proof of Lemma 22,

||8ah (|03 6, 63) | < b(zlzo) {18.T (z; 0) | + |0aT (z; ) |
max{z,zo} R 1 .
+ [ 18, (w;a) |[dw + Ep[[ |8.T (Z¢; a) |2dt]/?).
0

min{z,z0}

4.B.3 Auziliary Lemmas

Lemma 29 Under (A0), {X;} is B-mizing with B8; < cexp (—pi), p > 0, and E; [V (X3)] <
0.

Proof. This follows from Meyn & Tweedie (1993, Theorem 6.1). m

Lemma 30 Under (C1.1)-(C1.3) or (C2.1)-(C2.3), the transition density p for {X:} with
invariant density w, takes the form

= 1 ™ (z) ex. - ma -1 i z
Pl = e oara | (@) "{ ([t au) /m] Fo ¥ (eleol)

(4.56)
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Proof. We have by Dacunha-Castelle and Florens-Zmirou (1986, Lemma 1),

V(=)
p(elon) = s —rexp [— (@) (@) 28+ [ e ) dw] Eg [b (@,00)],

To

Using (4.21) and

o =

[log (o2 (w) = (w))];0 = /zo ﬁ,((iw))dw,

(c.f. (4.3)), we obtain that v (z) — v (z0) = [, @ (w)™! dw, and

T

() T
[ wde = [y rw)o ) d
¥ F

(zo) 0

- L8150

[ a5
1

= 5 [iog (o ()7 ))]Z, - 3 llog (0 (W),
= 108 (0 (2) /7 (z0)) + 3 0g (7 (z) /m (20)) — 3 10g (0 () /o (20))

% log (o (z) /o (z0)) + % log (m (z) /m (20))

Plugging in these expressions,

_ 1 = ) o(z) [m(x)
ploko) = —— e [— ([ o o) /m] \/a(mo) T ) B i (aloo)

T 2
) ¢a<m>a§m>¢m f((fo)) exp [‘ (/ °<w>“dw) /M] Ep [ (c]z0)].

]
To prove that # and its derivatives converge uniformly, we make use of a general result
by Andrews (1994, Theorem 1):

Lemma 31 Assume that (A0)-(A1) holds and the kernel K € K (w, ). Then
~(A) _ N = Op(n~ 2RI L Op(h@—2 4.57
sup |7 (z) — g (2)| = Op(n™/*hy"7") + Op(h5™") (4.57)

When working with the pathwise derivatives, we need a U-statistics result for dependent
sequences. Let {Y;} be a stationary and S-mixing sequence with mixing coefficients {,By,,-}

taking values in RP. Consider the sequence
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where (m,),>, is a sequence of Borel measurable functions, m, : RP x RP — R?. We

introduce the following projections,
1 n
‘/l,n = % Z Min (YL) , Man (yl) = /mn (yh y2) dP (y2) )
=
1 E
Van = — Y man(Y;), man(y1)= /mn (y1,92) dP (y2),
i=1

Vn = /mn (yl’y2)dp(y17y2)7

where P is the distribution of {¥;} on R?. The following projection theorem is a standard
results from the theory of V-statistics, see for example Arcones (1995), Robinson (1989)
and Yoshihara (1976).

Lemma 32 Assume that for some p > 2,
1. My = sup; 51 E [[lma (¥, )17 = o(v/m) .
2. Y2, By ik P < co.

Then,
Vn — ‘/Ln - ‘/2111, + Vn = Op(n_l/z). (4.58)

We deliver a proof for completeness based on Arcones (1995).
Proof. We first define the U-statistics, Un = 1/n2 33, c;izi<p fin (Y3, Y;), where

b (Y1,92) = mn (y1,92) + M (y2,91) — 2V,

and its projection, Uy n = 1/n) 1, h1x (¥;), where

hin (1) = /hn (y1,y2) dy (y2) = m1n (1) + mon (y1) — 2V
Note that h, (y1,y2) is symmetric and that

— 1 — n—1
Va=Va==Y m(%,Ys) + ——Us,
n® & 2n

and Vi, + Vo, — W, = U1,n. Since
1 & 1 « 1
2 Bl (5, ) < 27 3Bl (5 X1 < 20 = 0 (1/47),

we have that n=2 3" | m, (¥;,Y;) = op (n~*/2). So we show that U, — Uyn = op (n~1/2).
The proof of this follows along the same lines as the proof of Arcones (1995, Theorem 1).
He works with a function h which is independent of n but we observe that his Lemma 2
and 3 hold for n-dependent A functions as well.
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Let (€;);>; be a sequence of i.i.d. variables with the same distribution as Yp. Arcones
(1995, Lemma 2) implies that foranyn >1,1<i<n,1<r<n-—ianda >0,

|E [II~n (Y, Yigr)IP Ljmai<ap] — E [I1Bn (Y €I Lpmai<a}] | < Byr6?,

which again implies that
E[|ha (Yi, €)1 < 2ME (4.59)

for any n > 1 and 1 < 7 < n. Define the function

hn (Y1,42) = hn (Y1,42) — h1n (¥1) — P (¥2) + b (1, 42) -

Observe that k, (y1,y2) is also symmetric and, by (4.59), SUP;<i<n Ellhn (Y:, Y;) |P] < 8ME.
We may then apply Arcones (1995, Lemma 3) to h, to obtain

n—1
Bl Y k(YY) < CEn M 807 MY 8YFTY). (460)
1<i#j<n J=1
From our assumptions, Z?Zk §¥®=2 By i — 0 such that By, kP/®=2 — 0 since
2k 2k
> OBy >N " e ABy o = ByakO (kp/(p—z)) :
=k i=k
We conclude that (4.60) converges towards zero. Hence,

1

VI (Un —Uip) = Ewy) > ha(¥%:,Y5) =o0p(1).
1<i#j<n

[ |
Class 1
Lemma 33 Under (C1.1)-(C1.6a),

] o k+1 _ ) .

1855 (6) — BB (6) lloo < €S a¥*72(|70) — 7)o,
=0
18505 (5 6) — 8305 1q (+18) — B35 Vaig (+6) [t — o] [loo < C 3 a¥*3|17® — 2|12,
=0

uniformly over 6 € ©, where a;agv,,,zo (+;0) [dr] is given in (4.63)-(4.65).

Proof. We fix 6 € ©, and suppress it throughout the proof. We introduce some trimming

sets. Define
A(e) = A1(e)N Az (e) (4.61)

where

Ay (e) = {z|7 (z) > ea}, A2(e) = {z|mo(z) > ea}, (4.62)
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for any € > 0. As shown in Andrews (1994, p. 588), A (¢) 2 A; (2¢) with probability 1
as n — oo under (C1.1) and (C1.6a). Assume that sup,ca() |1 (2; %) — p (z;70)| =F 0.
Then, by (T0),

18— Bollw < sup_|p(z;#) = p(zimo)l < sup |u(z;#) — p(z;mo)| =7 0.
z€A;(1) z€A(1/2)

The same argument works for derivatives w.r.t.  and 6. So in the following we establish

convergence uniformly over A (¢).

We observe that p (z;7) = $8,0% (z) + 302 (z) () (z) /7 (z). Thus, by (C1.2),

(1) (1)
|p (3 %) — p (z;mo)| < %02 #(z)  mg (z)

7 (z) mo (z) |’
where
~(1)(=) (1)
sup WA _m (2)
zeA(e)| T(x)  mo(z)
< s (7@ O @) -1 @)} + sup 7 (@) |z - ——
s€A(e) z€A(e) 7 (z) o)
< Ca[i® = 1| |oo + Ca™? it — ol
Next,

1 1 W (z) 1 7@ (z) 7O (z)?
p (@im) = 56202 (@) + 56”02 (=) EOMM 502 @ ( (@)  w(z) ) ’

such that, by (C1.2),

~ (1) (1) ~(2) (2)
@ ey — D) (o < 7|7 (z) _ T (z) 1 5|7 (z) _ T (z)
|/J' (.’L’, 7T) Ho (II:, 770) | s 0 # (.’L’) o (:L’) 20 # (:L') o (IE)
1o|i 0@ a (@)
2" | #(x)>  mo(x)?|
where
~(2) (z) (2)(
B (x) w5 (z) ~1)14(2) _ (2 -2 |14
su — - < a7\ -7 +Ca™* || — 70| oo »
s | 7@ (@) I = 0l - G [ = o]
W (2 xl) (2)? W (2) 7 (2) 70 (2) 7 ()
sup - 5 — 0) sup - + sup —~ —
seA(e) | 7 (z) 7o (2) seAe)| T (2)  mo(x) | zea)| F(z)  wo(z)

< @ 2#® — 7|00 + Ca™3 || — mo| -

The results for 4, i = 2,3, 4, follow in the same manner. The derivatives w.r.t.  satisfy
same bounds due to the bounds imposed on 8;’,’(‘,02, 0<i<4and0<j<2
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Next, we turn to the pathwise derivatives. We define

Vi (z) [dn] = T (z; a) {Do,o (z) dr () + Doy (z) dr® (x)} (4.63)
where
T 1 1
Duo(s) = —30* (0) B @ (( ) Do) =39 @) oy (4.64)
and inductively for i > 1,
] . i+1 .
V& jig (z) [dn] = T (z;a) Y _ Dij (z) dnld) (z).
3=0
where
Dig(z) = D), (4.65)
D‘i,j(z) = D‘l -1,j- 1(E)+Dz-—13 (:I:), 1<j<i,
Diit1(z) = -0' ?(z) - (x)

We show that the assertion holds for Vu(()i), i = 0,1. The remaining ones follow along
the same lines. Observe that by a standard 2nd order Taylor expansion of the function

(f,9)— flg,

f_fo_f-fo_ folg—9g0)

g 9o g0 go

(f=fo)(g—=90) o Ag+(1—X)go (g — go)?.
Mg+(1-Ng)? “(g+(1-X)g)’

Thus,
1 .40 7r(1) ) 1
PSR v DY PO < = 0 0 (4 _ ) —(al)_ (1)
= o = Vil —moll < 3% mo T g (Fmmo) = (@ =m0

< ¢f{a i - moll + a7l - w12}
In a similar fashion, Taylor expanding the function (f,g) — f2/4?,

| — 3 = Vi) fr — o]

NGO () 1
< 2| __ 0" (a_ oy La) _ )
S 0i|—= -t ; (F = mo) 71_0(7r ')
1,]|7® 7@ £ @ _ 7@
+2a P + 7"0 5 (7t — 7rg)— (7r )
1, #1)2  2(1)2 7r(()) (1 (1) (1)2
+50 poR -2 w2 #® — )+2 = (7 = mo)

2
CY a3 — x|,

=0

IA
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The results for the derivatives w.r.t. 8 are shown in the same fashion. ®m
Lemma 34 Under (C1.1)-(C1.6a),

k+1

Bohy (56,1 — 08pdy (36, h0)||_ <€D ** 1655 - 65|,
1,J=0

for 0 < k,1 < 2. Moreover,
Pr (56w < C(L+[r@O)P + kO (50)]),

C
P 0w < C (1410l + k@) AW (60 |+ 1 (50)])
Iy @0,m I < C(1+1k(E0P +1u ()10 + 116D @ 6) 1) -

AN

Proof. We suppress the dependence on § € © which we fix. From (4.32),

. ~ ” 52 1 =141~ (i A(
Ay () = Ay Cioles < 57 1% = 28] 45100 =18l < 5 32 a7 1A 6 o,

since ||4® — ]| < 1B+ A8llool 12 — ol oo < Ca™ || = figloo- By similar calculations, the

remaining inequalities follow.

Next,
Iu( )I L@t WY@ e ot - 2 )

and similarly for the two other bounds. m
Lemma 35 Under (C1.1)-(C1.4),
1. The function D, in (4.89) satisfies
ko1
10505 Dy (236, 1) || < Cfe%%%“ + 116281 (23 6) 1)

and

k l
1850 Dy (236, 1) — 55Dy (236, ) || < C S 3 118061y — 0203 gl oo
i=0 j=0

2. There ezists a constant C > 0, such that

Iy (236, 2) = My (236, fig) — Vv (36, o) [ — Bolll < C I — faoll2

1
AP (26, 8) — AP (236, o) — VAP (236, o) [ — ol Il < © S 1129 — a2,
=0

1
: ~ : ~ \ ~ N N 7 A i~ 112
Iy (26, 2) = Ay (236, fig) — VAy (236, i) [ — o) | < C Y |65 — Bino |,
=0
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Proof. Given the bounds on ¢ in (C1.2), the first part of the theorem easily follows. The
first claim in the second part follows from

M (B) = v (o) = Vv (o) 4= o) = —35 1

— 1§ — 200 (2 — fro)]
1 -
= _202 (“_“0)2'

For the second claim, we write

AP (@) = 28 (o) — VALY (19) [ — fo)
1
= —= (W“) — 1ot = po(u® — p{y — p& (u - uo))

ag
0,02 R . .
+oog (W = 5 — 200 (1 — o))
1 ~ ~(1 81:0'2 N
= =557 (= h0) (P = ") + S (= o),

. ~(1 . ~(1 . .
where | |1 — fiol looll5® = 4 loo < |11 = ol % + [|6® — "% We obtain the third
inequality by similar arguments. ®

Lemma 36 Under (C1.1)-(C1.4), |0;Z: (z|zo;0)| < C (1 + |z| + |zo| + |Bl), i =0, 1,2.

Proof. First, |y (z;68)| < C (1 + |z|). For example, for z > 0,

T 1 T
z;0) = 0;6 +/ —dw < 7(0; 6 +/ o ldw < v (0;0) + o'z,
1@0) = 1O+ | g s GO+ | 7(0;6)
v(z;0) > 7(0;0)+57 'z,

where supgeg |7 (0;8)| < 0o. This implies that for any ¢ € [0, 1],

1) = (v (2) + (1= 1)y (z0) + VABY) (4.66)
< C(L+thy @)+ 1 -1) |y (o)l + VA|B)
< C(1+]z] +|zo| + |Btl) .

The claimed bounds for Z; and Z; are established in a similar fashion. m
Class 2

Lemma 37 Assume that: (i) (A0) holds: (ii) 0 — p(z;6) is k + 1 times continuously
differentiable, satisfying ||05u (z;0) || < Clz|¥®* for 0 < i < k+1 and some § > 0.
Then

= OP(TL_I/ 2).

1 n
sup |—

z
- Lu,z) (X:) Of p (X5 6) —/ o (y) O (y; 6) dy
(@.6)eRx0 |1 ‘= !

Proof. We have that (i) {X;} is stationary and absolutely regular/g-mixing with geometri-
cally decreasing mixing coefficients, and (ii) [1(; ) (2) 851 (2;0)| < b(2) =C (1 +| z|'?/(2+6))
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with E [b27% (Xo)] < oo. Finally, we claim that (iii) the e-entropy with bracketing of G for
the Ly (mo)-metric, Hp 4 (€,G,m0), where G = {glg (2) = 1(1,5) (2) Oku(z9), (z,0) €I x 6},
satisfies Hp 4 (¢,G,m) < Ce™" for some p < 1/2 and q > 2. Applying Doukhan, Mas-
sart and Rio (1995), (i)-(iii) yield the result. To prove the last claim, (iii), define H =
{Rrlh(2) = 14z) (2), z € I}, such that G = {g|g (2;0,h) = h(2) Op (2;6), (6,h) € © x H}.
It holds that for any (6,k), (6',h') € © x H,

l9(6,) —g (50, K)| < |65 (z0)| [ —W||, + W], 1050 (2 6) — 8Fu (23 |
@z 0)l[[h =W, + [|P'l|, 105+ (:8) | ]|6 - &'
b() ([In-#l,+llo-21).

IA

By the same arguments as in the proof of Chen et al (2003, Theorem 3), it now follows
that
Hpq(e,G,m) < H(CEY*,0,||-|)) + Ho(CeY/*, H, ),

for any s € (0,1], where H (¢,0, |-||) and Hy (e, H, mg) are the e-entropies of © (for the
Euclidean norm) and H (for the Ly (g )-metric) respectively. By van de Geer (2000, Lemma
2.5), H(g,0,]]) < dlog (4Ce™! +1) while, by van de Geer (2000, Theorem 3.11 and
Example 3.7.4a), Hy (e, H,mp) < log(Ce™7?). This proves (iii). ®

Lemma 38 Under (C2.1)-(C2.4), the following holds uniformly over (z,6) € R x ©,
0<i<4,and0<5<2:

1030362 (2:6) — 830308 (2:0) | < Op(a™'~*n™/%) + C 3 a™~*H|3¥) - 79| loos

1108362 (z; 80) — 850563 (3 00) — B85V r62 (3 60) [t — o) ||

< 0p(1) x 3 a~3 k|70 _x|2 1 0p(n=1/2) x 37 a=2- k|70 — 78|
k=0 k=0

Proof. In the following we fix § € © and suppress any dependence on it. Recall the
definition of A (¢) in (4.61), and the results associated with this trimming set. Then

sup 62 (=) - 63 (=)
z€R

Lov-1|1 & I
< sup {71' ()= L(—co,z) (Xi) 1 (Xi;0) — [ mo(y) p(y; 6) dy }
z€A(e) =1 —00
2 s L[ wlmwar| 75 - |}
:rGAI()e) —o0 # 0 Tt ('T) o (:L‘)
< Op(a™n™V?) + Ca2 i - moll
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Next,

8262 (z) — 8:6% ()]

. ~(1)( ) ~ (1) (1)

. T T ~2 a2 o T (CIJ) _ o (.’B)
< 2T (CE, a’) ( # (x) |U (.'L') 0o ($)| + 09 (IL‘) 7?2 (iL') ﬂ% (.’L‘)
< C{0p(@ ) + a7 i = molloo + a2IAD — oo

The remaining bounds follow along the same lines.
We now turn to the pathwise derivatives of o2 (z) w.r.t. 7. Define

V63 () [V
— T((L‘, a) { V((;E) 2( ) + 2(1;) Zl(_oo z) (XI)IJ'(X‘HG) ) (x)}
such that
]&2 (z) — 63 (z) — OL V63 () [7 — 7o) |
' ) 1 # (z) — mo (z)
en) 6 () 75 = iy +
| (”:)rg‘( ;’)0 (=) Z Loie) (X0) 1 (X5 6) = / " 7o W) 1 (y;6) dy
1—1 -
< 0p(1)x (ig(fi)—_l_ﬂ;rs(fi; +0p(n1/2) x L) (T})rg_ @ =
Similarly, with
A2 47r((,1) (z) 2d7 M) (z
Vath? (@560) = T(m0) 231 ) (X0 (Xi) { @ O @

1.-1

L
1 (zi0) S Z 1 ooe) (X0) 1 (X556) + 0263 (536)

98
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we obtain

|8:62 () — 0268 (z) — Vr026 (z) [# — 7ol

. ~ (1) (1)
< 0p(1) x T (z;0) |2 _2m0 (@)

“(w)z mo ()
+0p (1) % T (250) [T 2 (1 () — o (a)
o (a:)
2 (7 (g —7r(1) T
+0p (1) x T'(z; a) (@ - =)
o ()
) (1) () — (D
. (z) 2 (7 (z) — 7y’ ()
+Op(n_1/2)><T(:z:;a){ ‘ ()3||7r(x) 7o (z)] + ( - (m)20 )}
< 0p() x a0 ~a|E, + Oz (%) x 5" a0 — nP
k=0 k=0

By similar arguments the pathwise derivatives of 5262 () and 836 () are shown to satisfy
the claimed inequalities. Once these have been established, the inequalities involving the
pathwise derivatives of 6;83&2 (z) are easily proven. m

Lemma 39 Under (C2.1)-(C2.4), it holds that (i) — (14 C|[2|?) < Ay (2;6,03) < Ay
and (i) NP (26,83) | < C + |u® (2;6)].

Proof. This follows from (C2.2)-(C2.3). =

Lemma 40 Under (C2.1)-(C2.4) and (C2.6a),

+2 7
07gMy (2:6,6%) — 6“0)\;/ 2;0,53 l <CY D a3 106% — 08463l
k=0 1=0

for0<i,57<2.

Proof. In the following we suppress the dependence on §. We have

_ () | p(R80% () pI(E)  [0:02()]° | 8.02(2)
A (@) =953 (z) 202(z) 2 3202(z) 8 (4.67)
such that
~92 ~92 2
Py (5:6%) — Ay (5103)] < (“22‘2)+“(z)0;"0(z>+[aw“g;z” ) o

+( ’f,‘,(?) )|aza2 () — 8,63 (2)|

iy et -k
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where, by Lemma 38,
11 |62 (2) - 63 (2)]
6% (2)  63(2) [A62 (2) + (1 - X) 62 (2)]°

|[aza2(z)]2—[azao(z)]2| < 10562 (2) + 862 (2)] |8:6% (2) — 8262 ()]
< Ca1|8;6% (2) — 8,63 (2)|,

<g™*|6®(z) - 63 (z)|,

and for z € A(1),

. . 2

@), 1@%RE) | [6:53(2)
2 2 32
plz) 1 -1

- <C(1+ ,
2wt tgsolreT)
This shows the first inequality. By the same arguments the claims follow for 63/\y (z;0,m)
and )y (z;0,7),i=1,2. m

<Ca™'(1+a™),

1
—=—<C
3262 (2) ~

Lemma 41 Under (C2.1)-(C2.4) and (C2.6a),
10205 D2 (26,0%) || < C(L + |8i851 (:6) II), 116289 Do,02 (2) (%:6,0%) || < C,
and

Dy (28%) = Ay (262) — VAy (2303) [62 —ao]|<02“8’ 2_8ia3|>,

|)\§}) 62) - AP (2 (%63) — v (z63) [6% - ao]l <cC E ||6i6% — 6L6

Ell

Ay (26:6°) — Ay (2:;63) — VAy (2585) [6* - 68] < C E E 1056% ~ 866315

‘l_‘ J—
Proof. Define

V620 (2)

Vy (63) [Vo?] = D2 (2) Vo (2) + Dy, g2 (2) VBs0? (2) + :

By similar calculations as the ones in the proof of Lemma 35, we obtain the first inequality.
The remaining ones follow along the same lines. m
Define

2 (0%) =77 (L= )7 (z050%) + by (s:0%) + VABy )

where v (:c, ) Jo(z)” L dz; we write Z; = Z, (9 o4 ) Zot = 2 (0 0) and Zy (a) =
Z; (63 (16, a)).

Lemma 42 Under (C2.1)-(C2.4) and (C2.6a), for all (z,z0,0) € R? x O,

1. 12 (8)1,1Z0¢ (6) |, 120t (6)] < C (|| + |zol + |Be])-
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|2 (8) — Zot (0)] < Cl|6% - 63|,

k
1652 (8) — 05 Zo: (0) 1] < b(zlmo) D 8462 — 453\, »

1=0

where Er [b(X1]|X0)] < o0.

3. The pathwise derivatives of ZOt, and 6me w.r.t. 02 erist and satisfy,
|V20t [daz]| < C'/|da2 ('111;9)|dw|w=,g+/|da2 (w; 0)| dw|w=so,

. max{let ol | Zarl} L
|Vo0zee 407 < © / ohie 3 |1dBio (w; 6) |1 dw,
0 =0

|Z: (80) — Zot (60) — VZo: (60) [6% — 63] | < b(zlzo) |62 - 83|12, ,
2
1186 Z: (B0) — 8o Zor (80) — Ve Zot (80) [62 — 6] || < b (z]|zo) Z ||656° — 5’5&3”1’

=0
where Er [b(X1]Xo)] < oo.

Proof. With B; = (1 — t) 4 (o) + t4 (z) + VAB:,

1Z:— Zoael < 177H(Be) — 47 (Bot)| + 17 (Boe) — 45 (Bor)|
~ ~ o . .
7|B; — Bog| + = |62 - 03“09,

IA

where
1B — Bog| < |5 () — 4o ()] + |4 (zo) — 4 (z0)| < C ||62 — 63| -

Similarly for 8Z; given in (4.35): With b= 4" (y) and b = 45" (¥),

186 (371) () = 80 (%51) W) < & (b) 1867 (b) — Be¥o (B)]
+6 (b) |86 (b) — Bo'Yo (bo) |
+ 1980 (bo) | 16 (b) — 60 (B)]
+ {860 (b0) |l 160 (b) — a0 (bo)]

(lbolzu 9~ 0353+ b bo|)

1=0

IA

Thus,

1
190 ) (B - 0 (35) (Bull < C (lBOtI S lo8% - 33|l + 16 - an)

1=0

IA

1
C(lzl + lzol) Y 1656 — 8563

1=0
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while

1 (22) 1(1 = ) 867 (z0) + 0¥ (2)] - G0(Zot)(L ~ £) Bk (o) + %o ()]l
< 5 (100% (20) — a0 (o) || + 1065 (=) — Boo () |1)
+ (11966 (20) 1 + 180 (a) 1) (16%(Ze) — 6%(Zo0)] + |62(Zor) = 53(Zas))

oo’

1
< Ol +1ml) Y ||056° - 8363

=0

The last inequality in 1. is proved along the same lines.
For V Zo; given in (4.44), we have

“ = T Zo Zog
VZy [daz]' < ;—72- (/0 do? (w) dw +/0 do? (w) dw +/0 do? (w) dw) .

Observe

6= d0l(w)

1) =0 @) = Vo @~ 20l = [ )™ ~aow) + 7L

where the RHS is bounded by

T o) —0 2
/ _0{w) Z Gy, < g2 52 532
0 |Ag (w) = (1=2A)6G0(w)| |

By a Taylor expansion of 47! with z = 45 (y) and z = 47! (M, (z) + (1 = A) ¥ (2)),

@) -4 @) -V @D @] = 160 (2)16 (2) o () - 4 (2))
+60 (75" ) %0 (z) =% (2) — Vo (2)] (4.68)

cle* - a3,

IA

In total,
12y — Zot = VZoe| < WHBr) — 4 (Bot) — 6(Zot) (Bt — Bot)|

+57 (Bot) — 45 (Bot) — V (551) (Boe)l
+60(Zot)| B — Bot — (1 — t) Vg (z0) — tVAq (2) |,

where
77 (Be) = 7 (Bor) - 6(Zo)(Be - Bur)| < |60 (Z0)6(Zov)|1B: — B
S L
and

41 (Bot) — 45 (Bot) — V’?EI(BOt)' < C (lZOtI + 1) |62 - &o“i,
|B; — Bor — (1—t) VAp (m0) —tVAg (z)| < C (| + |zo) ||6% - &(21“1, .
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We may obtain the last set of inequalities by similar but more lengthy arguments. m



5}
Estimation of Partial Differential Equations

5.1 Introduction

Partial differential equations (PDE’s) are used in fields as diverse as physics, biology,
economics, and finance to model and analyse dynamic systems. One class of PDE’s which
has received particular attention are the linear parabolic ones (LPDE’s). These make up a
large class of PDE’s which is of a sufficiently simple structure such that a thorough analysis
of them is possible, see e.g. Friedman (1964) and Evans (1998) for an introduction and
detailed analysis of their properties.

One area where LPDE’s play an essential role is in asset pricing theory in general and in
the pricing of financial derivatives in particular. The latter are securities whose pay-off is
contingent of the value of an underlying variable, this for example being a stock price or an
interest rate. The option pricing literature was revolutionised by the groundbreaking work
of Black and Scholes (1973) and Merton (1973, 1976). Assuming that the underlying asset
follows a geometric Brownian motion and that trading takes place in continuous time, they
derived the price of an option as the solution to a LPDE using hedging and no-arbitrage
arguments. This result has since then been generalised in various directions. In particular,
the restriction that the fundamental asset price follows a geometric Brownian motion can
be weakened to allow for basically any diffusion type process.

In the above framework, the option price is a functional of the so-called drift and diffusion
term, these being functions characterising the diffusion process that the underlying asset is
assumed to follow. Empirical applications of these option pricing formulae therefore almost
always involve some sort of calibration of the drift and diffusion term. These calibrated
terms can then substituted into the LPDE in place of the true but unknown ones, and
the option price solved for. The calibration is often done by statistical estimation based
on historical data. The implied option prices therefore inherit the statistical uncertainty
associated with the estimated drift and diffusion term. It will be valuable to be able to
measure how the estimation error (e.g. in terms of standard errors) in the drift and diffusion
term affects the resulting option prices. This will allow one to evaluate the accuracy of the
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estimated prices. Moreover, such results can be used to construct a direct statistical test
of the option price model by comparing the estimated prices with the observed ones.

In this chapter, we give general results for the asymptotic properties of the implied option
prices given preliminary estimators of the drift and diffusion term. The implied/estimated
price is obtained as the solution to a LPDE where the preliminary estimators have been
plugged in. We shall here show that the estimated solution will be consistent when the
preliminary estimators are. We also give general conditions under which the solution will
be asymptotically normal distributed. In the option pricing framework, this means that the
estimated prices are consistent if the drift and diffusion estimators for the underlying asset
price diffusion are. Furthermore, we are able to calculate standard errors for the prices.
We first state this result under fairly general conditions. We then verify these conditions
for three specific types of preliminary estimators, a parametric, a semiparametric and a
nonparametric one, and derive the asymptotic distribution in each case.

Similar results to the ones derived here can be found elsewhere in the literature. In the
Black-Scholes model, the statistical properties of option prices given preliminary estimates
of the diffusion term has been considered in a number of studies, see e.g. Boyle and
Ananthanarayanan (1977) and Ncube and Satchell (1997). In a very general setting, Lo
(1986) derived the asymptotic properties of the implied option prices given preliminary
parametric estimates of the drift and diffusion function. However, this was done under
high-level conditions, and it was not verified that these actually hold. Furthermore, he
was not able to give closed form expressions for the asymptotic distribution. Interest
rate derivative pricing given kernel estimators of the short rate model was considered in
Ait-Sahalia (1996a) and Jiang (1998). Our results extend these results to basically any
asset pricing model which is driven by a finite number of state variables, and virtually
any estimator of the drift and diffusion term in the model in question. In particular, our
results include multi-factor interest rate models and stochastic volatility models. In the
parametric case, we are able to derive an explicit expression of the asymptotic distribution
which allows one to estimate this. In the general case, we are not able to do this; we are
however still able to define a simple estimator of the asymptotic distribution which should
be consistent.

Other applications of our general results are also available in the econometric analysis
of diffusion models, e.g. GMM-type estimators [Bibby and Sgrensen 1995, Duffie and
Singleton 1993] and the estimation using observed option prices. We give a brief discussion
of these applications.

Studies of solutions to (partial) differential equations given preliminary estimates of the
driving coeflicients are found elsewhere in the literature. Hausman and Newey (1995) con-
sider a non-linear ODE and derive the asymptotic properties of an estimator of the solution
when a preliminary estimator of the driving function is available. Vanhems (2003) deals
with a similar problem where a nonlinear ODE depends on a conditional mean function.
The conditional mean is then estimated by kernel methods, and the associated estimated
solution is analysed. PDE’s have also received some attention, in particular in the financial
econometrics literature. In Ait-Sahalia (1996a), the estimation of interest rate derivative
prices is treated given preliminary semiparametric estimators of the drift and diffusion
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function of the short-term interest rate. His analysis is based on a deterministic char-
acterisation of the solution to the PDE as given in Friedman (1964), which he analyses
using the functional delta method of Ait-Sahalia (1993). Jiang (1998) follows the same
approach when analysing the properties of estimated option prices given fully nonpara-
metric estimators of the drift and diffusion term. Finally, Chow et al (1999) also consider
nonparametric estimation in the context of PDE’s. But while we are concerned with the
estimation of the solution given preliminary estimators of coefficients entering the PDE;,
they assume that the solution of the PDE has been observed with error, and then use this
to estimate parameters entering the PDE.

A very nice feature of the class of LPDE’s is the probabilistic interpretation which a so-
lution to any PDE of this type can be given: Under weak regularity conditions the solution
can be characterised as the conditional moment of a solution to an associated diffusion
process. This is the celebrated Feynman-Kac Representation of solutions to LPDE’s. This
is exactly the link that allows one to translate the option price as the discounted expected
value of the future price into the solution to a LPDE. Our analysis of the estimated so-
lution is based on this stochastic representation as a conditional expectation involving a
diffusion process. This approach has proved very fruitful in the analysis of various other
problems related to this type of PDE’s, see e.g. Freidlin (1985) for an exposition. So in-
stead of directly working with the PDE of interest, we shall focus on a certain class of
conditional moments of the associated stochastic differential equation (SDE) in terms of
which the solution to the PDE can be expressed. One advantage of this approach is that
while in the general case it is difficult to set up conditions for the existence of a global
solution to the PDE, the conditional moments of the SDE of interest will be well-defined
under weak conditions. Another is that a closed form expression of the conditional moment
is available which facilitates the statistical analysis of the estimator.

Once the general asymptotic result has been established, we apply it to three leading
preliminary estimators: Fully parametric estimators of the drift and diffusion term (in-
cluding MLE and GMM), semiparametric ones (see Ait-Sahalia 1996a and Chapter 4 ),
and fully nonparametric ones (see Jiang and Knight 1997 and Bandi and Phillips 2003).
In all three cases, we are able to derive the convergence rate and the asymptotic distribu-
tion of the solution. In particular, we demonstrate that even if non- and semiparametric
preliminary estimators are used, the associated solution will converge with parametric
rate. This appealing result follows from the higher level of regularity/smoothness of the
solution to the PDE compared to the preliminary estimators. This is a well-known phe-
nomenon found elsewhere in the literature on nonparametric estimation. One important
consequence is that if the end goal of the econometric analysis of the asset price model is
the pricing of derivatives, one will asymptotically in many cases be better off using non-
and semiparametric estimators: These allow for a higher level of flexibility without slowing
down the rate of convergence of the solution. Of course, if one has correctly specified a
parametric model of the underlying SDE, a parametric estimator of the solution will in
most cases enjoy higher efficiency and better finite sample properties than the nonpara-
metric one. Moreover, inherent in nonparametric estimation is a problem of choosing some
smoothing parameter; this problem, one does not face in a parametric setting.
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The chapter is organised as follows. In the next section we first present the class of PDE’s
of interest and derive some useful properties of these; we then discuss various applications
to finance and estimation of diffusions. In Section 3, a general result concerning consistency
and asymptotic normality is first presented which is then applied to the aforementioned
three types of estimators. These econometric results are then put into the framework of
derivative pricing in Section 4, which also contains a discussion on the application of
our results to GMM-type estimation of diffusion models and estimation based on observed
option prices. Section 5 concludes. All proofs and lemmas have been relegated to appendix
A and B respectively.

5.2 Linear Parabolic Partial Differential Equations

We shall in the following introduce the class of linear parabolic PDE’s together with the
concept of generalised solutions to these. We give conditions for these to be well-defined.
The section ends with a presentation of the various applications of LPDE'’s to finance and
estimation of diffusion models.

For any two functions g : [0,00) x R? — R? and 02 : [0,00) x R? — R7%9, we define the
linear second order differential operator

q q 2
ou 1 2 0“u
Ly (u) = ;P‘i (t, z) 97 + 3 ijZ=1 o (t,x) 62:03;
This is normally referred to as the infinitesimal generator, cf. Karatzas and Shreve (1991,
p. 281). For T' > 0, we shall then consider solutions u : [0,T] xR? — R to the following
Cauchy problem,

—%-}-au = L;(u) +ec, (6.1)
u(T,z) = b(z), (5.2)

for given functions a : [0,T] x R? — [0,00), b: R?+— R and c: [0,T] xR? — R.

Only in a few special cases is it possible to derive an explicit expression of the solution.
This of course complicates the analysis of solutions to general PDE’s, but one can get quite
far by using implicit representations found in the literature. Friedman (1964) derives a
deterministic expression of the solution; this is however very involved and appears difficult
to work with. Instead, we shall here rely on the so-called Feynman-Kac Representation:
This establishes a direct link between the solution to (5.1)-(5.2) and a conditional moment
of the process {X;} solving a SDE,

SDE (p,0) : dXy = p(t, Xe)dt + o (¢, X3)dWy, 0<t<T, (5.3)
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with {W;} being a g-dimensional standard Brownian motion.! If a solution exists to (5.1)-
(5.2), and certain growth conditions on c, b, and u are satisfied, we obtain that

w(t,z) = Eia [b(XT)exp [— /tTa(s,Xs)ds” (5.4)

+E;, [ [ " (s, X,) exp {- /t T 0 (v, X,) dv] ds] ;

where E; ;-] = E [-|X; = z], see for example Karatzas and Shreve (1991, Theorem 5.7.6).
We follow Freidlin (1985, p. 122) and call the Feyman-Kac representation of u the gener-
alised solution to (5.1)-(5.2), since this may be well-defined even if no solution to the PDE
exists. In our analysis of u we shall choose to work with this stochastic representation.
The reason for this is that the solution can be written up in an explicit form in contrast
to the deterministic approach.

The econometric problem which shall be considered here is the estimation of u given
preliminary estimators of u and o2. Initially, we do not make any assumptions about the
nature of these estimators, but in most cases they arrive from historical observations of
a process solving the SDE (5.3). Let py and o2 denote the true but unknown values of
the drift and diffusion term, and {X?} the solution to SDE(ug,03). Let ug denote the
associated solution obtained from (5.4) with {X?} plugged in. Now, assume that (, 62) is
a pair of estimators of (,uo, ag). An obvious estimator of u is then obtained in the following
manner: First, plug (f,62) into SDE(u,0) as given in (5.3). This yields an estimator of
{X?} which we denote {X;}; this is then in turn plugged into (5.4), thereby obtaining an
estimator of ug which we denote by 4. We are then interested in the asymptotic properties
of 4, in particular we wish to give conditions for 4 (t,z) to be consistent and for

V12 (8, 2) (4 (8 2) — uo (¢,)) S N (0,1)

to hold, for any (¢t,z) € [0, T] xRY, where {V,, (t,z)} is some, possibly random, sequence.
In the next section, we give precise conditions under which this result will hold.

To avoid confusion in the following, we wish to emphasize that we are here working
with two probability measures: The first is the probability measure under which we take
expectations in (5.4) when calculating ; the second is the one w.r.t. which the estimators
are measurable. The former measure can be chosen by the researcher, and we shall here
choose it to be independent of the latter. In effect, we are working with a product measure.
So eventhough 4 is calculated as a conditional expectations under this first measure, it is
still random since the functions fi, 82 which are plugged into these are independent of the
first measure.

Since the solutions in most cases cannot be written on an explicit form, numerical meth-
ods are normally used to solve the solution to the PDE (5.1)-(5.2). Hull (1997, Chapter
15) provides an overview of a number of numerical methods used in finance. The two most
popular methods is the so-called finite-difference method and Monte Carlo methods. A

1Here, we have implicitly assumed that o2 (t,z) is nonnegative definite such that the matrix square root, o (¢, z),
is well-defined.



5.2 Linear Parabolic Partial Differential Equations 109

thorough treatment of numerical solutions of PDE’s using finite difference methods can be
found in Ames (1992). Alternatively, the solution u can be obtained by the use of Monte
Carlo methods; these are normally based on the Feynman-Kac representation. The Monte
Carlo simulations can be done in the following manner: Let {Xgi)|t <s<T}i=1,..,N,
be N independent simulated paths of the SDE (5.3) with initial condition X; = z. We
then approximate u (¢, z) by

u® (t,3) = —lﬁz [b (X,‘Sf)) exp [— /tT a (v, Xsi)) de (5.5)
=1
[ eox)om - [[a(ox0) i ]

1 N
=1
Let P* denote the probability measure that we simulate under. Then E¥” [u(N ) (t, :1:)] =

TN -
u (t, z), and, by the strong Law of Large Numbers, u(") (¢, z) —F"—25 4 (t,z) as N — oo.

%

It is however not possible to obtain an exact continuous sample path of this type of
stochastic processes; instead one often derives an approximate discrete time version of
(5.3) from which one simulates. This approximate model can be chosen arbitrarily close to
the actual one. For an overview of simulations of SDE'’s, we refer to Kloeden and Platen
(1999).

We now wish to discuss the question of existence and uniqueness of the generalised
solution and derive some of its properties. These will prove useful in the subsequent section
when we deal with the econometric problem in question. Sufficient conditions for a solution
to (5.1)-(5.2) can be found in Friedman (1964, Section 1.4) and Evans (1998, Chapter 5).
In the following, we construct a set of function pairs, D, such that for any (p,, 0‘2) €D,
the associated generalised solution u exists and is sufficiently well-behaved. This is done

by restricting D in the following manner:

Definition The space D consists of all function pairs (p, 02) where

1. u and o2 are twice continuously differentiable in z such that:

(a) There exists K > 0 such that
logu )l < K +lall), [|6g0® (¢ 2)|| < K 1+ =),

for all (t,z) € [0,7] x R? and |a| < 2.
(b) For all N > 1, there exists K > 0 such that

lu(t,z) -l < Enllz—yll, [lo® (¢ 2) -0 (t,y)]| < Knllz -yl

for all t € [0,T] and ||z, |ly]l < N.
2. There exists a constant g? > 0 such that 37, 0% (t,) yay; > o2 |ly||® for all
y € R? and (¢,z) € [0,T] x R

Observe that D is a well-defined function space. For any (u, 02) € D and any initial
condition, Xy = X*, which is independent of {W;} and satisfies E [||X * ||2] < 00, there
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exists an associated unique strong solution to (5.3), cf. Friedman (1975, Theorem 5.2.2).
Furthermore, if E [||X*]|2”] < 00, for some p > 1,

E [||xt||2p] < (1 +E [||X* ||2P]) eC't (5.6)

for 0 <t < T, where C* = C* (K, p,T), cf. Friedman (1975, Theorem 5.2.3). For ¢ =1, a
weaker sufficient condition for existence and uniqueness is that p and o2 are continuously
differentiable and 02 (-) > 0, cf. Karatzas and Shreve (1991, Theorem 5.5.15 and Corollary
5.3.23). The bound in (5.6) does not necessarily hold in this case however. For ¢ > 1,
weaker conditions for existence and uniqueness can be found in Meyn and Tweedie (1993).
Most likely the results presented in the following hold for (y, 02) situated in a larger
function space, but for simplicity we shall restrict them to belong to D. The existence and
uniqueness results for {X;} hold without the differentiability conditions on p and o; these
are used when we derive the asymptotic properties of .

In the following we consider a fixed pair (uo, 03) € D, and denote the associated diffusion
process by { X} }. We also fix the initial condition of {X{} at some given random variable,
X*. First we define L, (X*,[0,T] x R?) as the space of functions f : [0,T] x R? — R
for which E [ foT |f (&, X2)|P dt] < 00. Next, we introduce a Sobolev-like space W™P =
W™P (X*,[0,T] x R?) for any p > 1 and m > 0. This is defined as the space of functions
f:[0,T] xR? — R which are m times continuously differentiable in their second argument
and with 82f € Lp (X*,[0,T) x R?) for any o € {0,...,k}? with |a| = > ;0 = K,
0 < k < m. We equip the space with the norm

1l p = (Z E [ / 02 £ (£, X?) |”dt]])1/p.

laf<m

Observe that W™? is a Hilbert space with inner product

(£, 9 ZE[/ 021 (1 X) 029 (1, X°) 57)

|a|<m

and that WO = L, (X*,[0,T] x R?). Combining the above results, we observe that if (i)
f has m derivatives in its second argument and these satisfies |02 f (t,z) || < C (1 + |z||"),
la| < m, (i) (ug,03) € D and (iii) E [||X*||”'] < 00, then f € W™P with p = p*/r . In
particular, for any (u, 02) €D, (,u,, 02) € W2P x W2P with p < p*.

We impose the following conditions on the functions a, b, and c:

Condition 1 For some r > 1, [0%a (t,z)| < C (1 + ||z|"), |02b(t,z)| < C (1 + ||z|") and
oz (t,z)| < C(1+ [lz]"), o] < 2.

It is not always the case in our applications that the functions are differentiable as
assumed here. We conjecture that the results also hold in this case. All the following
results are derived under the implicitly maintained assumption that Condition 1 holds.
The first result ensures that u exists and is well-defined for suitable choices of u and o?:
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Theorem 43 For any (u,02) € D, the associated generalised solution u exists. Further-
more, |02u (t,z)| < C(T) (1 + ||z||") for |o| < 2. In particular, w € WP for any initial
condition X* with E [|| X*||P"] < oo.

5.2.1 Applications in Finance

One particular area where PDE’s of the linear parabolic type is widely used is in asset
pricing theory in general and derivative pricing in particular. Derivatives are securities
whose pay-off depends on some underlying variable, e.g. the price of a stock or an inter-
est rate, with the most well-known example being options. Financial derivatives play an
important role in the financial markets, and have consequently received great attention in
the finance literature. Since the seminal work by Black-Scholes (1973) and Merton (1973),
diffusion processes have played a prominent part in the asset pricing literature. Assuming
that the fundamental asset prices solve an SDE, one is able to derive closed form solutions
of derivative prices. In fact, one of the main results is that the price of the derivative is
the solution to a PDE in the class considered here. Below, we give a brief overview of the
various fields where our results can be applied. These examples illustrate the wide range
of applications that parabolic PDE’s have.

We first introduce the necessary notation. We fix the probability space (P, 2, F) with an
associated filtration {F;}. Here P denotes the physical measure under which we observe
the processes introduced in the following.

Ezample 1: A General Asset Pricing Model. Consider a riskless asset {§;} given by
dp; = r:f,dt,

for some adapted short-term interest rate process, {r;}, see Chapter 2 for a discussion of

these. We are also given N risky traded assets, each having an associated price process
{St(’)}, i=1,..., N. We assume that the process {S;}, S; = (St(l), ey St(N))T, solves a SDE,

dS; = pg (t,St) dt + o5 (t, St) dwf, (5.8)

where {WtS } is a N-dimensional standard Brownian motion. Each asset ¢ has also an asso-
ciated dividend stream {dgz)}, i=1,..., N, which we collect in {d;}, d; = (dgl), vy (N))T.

Given the existence of an equivalent martingale measure, @,? the price process then sat-

T T s
S; = E [exp [— / rsds] St + / exp [— / 'rudv] dsds] , (5.9)
t t t

where {S;} has dynamics

isfies

dS; = rySydt + a5 (t, S;) AW (5.10)

under @, see for example Duffie (1996, Chapter 6 and 8). Observe that ug does not enter
the dynamics of {S;} under @, and therefore has no influence on the option prices. Assume

2We shall not discuss conditions for the existence (and uniqueness) of Q, and merely assume its existence.
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that {r;} and {d;} also solve SDE’s under @,

d?"t = WU, (t, Tt) dt + 0o, (t, Tt) thr,
ddt ED (t, St) dt + op (t, St) thD.

Then by defining
_(oT T \T — (wS wD wn\T
X = St,dt)rt ’ Wt—(Wt 1Wt 1Wt) ’

u(t) = (rST,ub (6, 9), b (8 r))T , o(t3)=diag(os (t,5),0p (t,5),0v (t,7))

we observe that the pricing formula (5.9) takes the form of (5.4). More advanced models
for the short term interest rate as presented below can without any problems be allowed
for.

Ezample 1.1: The Black-Scholes Model. A special case of the above model is the (extended)
Black-Scholes model where we have one risky asset (N = 1), say a stock, and a derivative
on this stock. At time of maturity T', the derivative pays off b (St). From (5.9), the following
expression of the price of the derivative at time ¢, II; (T"), presents itself,

I, (T) = EQ [exp [— /t i r,,ds] Pr (T)] _ E9 [exp [— /1t ) r,,ds] b(ST)] ,

where {S;} solves (5.10) under @. In the classic Black-Scholes model, it is assumed that
the short-term interest rate is constant, r, = r > 0, and that {S;} is a geometric Brownian

motion under P; that is,
dS; = pS;dt + o Sydwy .

We then consider a call-option where the pay-off function is b (z) = max {z — K, 0} with
K being the strike price.? In this case, the above conditional expectation can be shown to
satisfy

II; (T) = S (d;) — Ke"T-9® (dy),

where @ () is the cumulative density function of the standard normal distribution and

log (S/K) + (r + 02/2) (T — t)
d, = do =dy —ovVT —1t.
1 o \/QTt— ’ 2 1
In the general case with more complex dynamics of {S;} and/or stochastic interest rates,
an explicit expression for II; (T') is not available. Instead, one has to rely on numerical
methods to calculate the actual prices as discussed earlier.

Ezample 1.2: Stochastic Volatility Models. The classic Black-Scholes model is not able to
match observed option prices very well. To deal with this empirical shortcoming stochastic
volatility models were introduced, see e.g. Ghysels et al (1996) for a review. We still

30bserve that b is not differentiable here. We conjecture that the results still hold for this case however.
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consider some stock price process {S;} but we now assume that
dS; = pg (S;) dt + o5 (St, vs) dw?, (5.11)
where {v:} is non-traded/unobserved process solving
dv = p,, (vg) dt + oy (v¢) dwy (5.12)

and, for simplicity, {th } and {w}} are mutually independent standard Brownian motion.4
This is an extension of the classic Black-Scholes model where {v;} can be interpreted as a
stochastic volatility term. In this setting, (5.9) is still valid but now

dS; = rSidt + o (S, vt) AW},

dvy = {, (vt) — A (S, ve)} dt + oy (ve) AW,

under Q. Observe that the drift term of {v:} under @ includes the term A (¢, St, v¢) which
can be interpreted as the market price for volatility risk. A simple specification of (5.11)-
(5.12) is found in Heston (1993) where

dS; = pSydt + /v;Sedw? (5.13)
dvy = B (o — v¢) dt + o/veduy, (5.14)

and A (S,v) = Av. In this case, the PDE can be solved explicitly; this is not possible in
the general case though. To see that this model also can be accommodated for in our
framework, define X; = (S;,v¢)'. This process then solves the SDE (5.3) with u(z) =
(S, 1ty (v) = A (S,0)T, 0 () = diag (o5 (5, v) , 0 (4)), and W; = (WS, W2)T.

Ezample 2: Factor Models for the Term Structure. We assume that the short-term interest
rate process, {r:}, is a Markov process solving
dry = p(t, ) dt + o (t, 1) dwy (5.15)

under P. We are then able to derive the term structure of bonds. Following for example
Bjork (1998, Chapter 16), one may show that

dry = {p(t,re) = A(t,me) o (t,me) }dt + o (t, 1) AW, (5.16)

under @ for some process {A:} which is often termed "the market price for risk". Now
consider an interest rate derivative with associated dividend stream d; = d(¢,r;) and
terminal pay-off g (rr). The price at any time ¢ is then given as

I, (T) = E? [exp [— [ Trsds] g(rr) + /t Texp [— A ) rsdu] d(s,r,,)ds]. (5.17)

4We can also allow for S; entering the SDE for v¢, and also that v; enters the drift function Bs.
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A leading example of an interest rate derivative is a zero-coupon bond, characterised by
b(rr) =1and d(t,r) =0.

The above model is a special case of the general multifactor models where the yield
curve is driven by multiple factors. That is, the interest rate is given by r; = R (F}) for
some twice differentiable function R : R? — R, and some ¢-dimensional diffusion process
{F:}. By It0’s Lemma, we then obtain that {r;} is also a diffusion process and the formula
in (5.17) remains valid. Observe that the short term model above is a single-factor model
(g=1, R(z) =z and F; =r).

A class of factor models which has received particular attention is the affine one. In this
setting the functions F (z), s (z), and o (z) o (z) " all are assumed to be affine in z. These
restrictions highly facilitates the analysis since it is possible to derive explicit expressions
of bond prices. See for example Duffie and Kan (1996) and Duffee (2002).

Once the zero-coupon bond prices have been recovered, one can start to price coupon-
bearing bonds, bond options and other derivatives with a bond as the underlying variable,
e.g. yield options, swaps, caps, floors and futures. See Hull (1997, Chapter 16) for an intro-
duction to these. Bond and interest rate derivative prices for any factor model can be put on
the form of (5.4): Define X; = F;, a(t,z) = R(z), b(z) = g (R(2)), c(t,z) =d (¢, F (z));
we then easily see that (5.17) takes the desired form.

Ezample 3: The Heath-Jarrow-Morton Model. In the Heath-Jarrow-Morton (1992) frame-
work, the forward rate structure is modelled instead of the short rate. Let f; (T") denote
the instantaneous forward rate with maturity T' contracted at time ¢. This is defined as

() = 2850

where By (T) is the price of a zero-coupon bond with maturity date T'. One can reversely
write By (T) = exp [— ftT ft (s) ds]. In particular, the short rate satisfies r; = f; (t). We
assume the following dynamics of f; (T') under Q,

dfe (T) = p; (T) dt + 04 (T) dWs,

where {W;} is a g-dimensional Brownian motion, while {y, (T)} and {o; (T")} are adapted
stochastic processes. The assumption of no-arbitrage implies that

@ =@ [ ov()Tas,
cf. Bjork (1998, p. 269). Furthermore, the bond prices have the following dynamics,
dB; (T) =B (T) dt + o; (T) B; (T') dW,
where o} (T) = ftT 05 (T') ds. Assuming that p, (T) = p (¢, X¢; T) and 04 (T) = o (¢, Xi; T)

for some finite-dimensional vector of state-variables X;, the above pricing formula takes
the form of (5.4).
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5.2.2 Estimation of Diffusion Models

The type of partial differential equations in consideration here also appear in other areas. In
the following, we give a brief discussion of their applications in the estimation of diffusions.
The literature on the estimation of diffusion models is very large and still growing. One
particular branch of this literature is concerned with estimation given discrete observations
of the process, e.g. daily, weekly or monthly observations. This is the most realistic setting
but also the least tractable; in particular the natural estimator, the MLE, proves to be
difficult to implement. A large number of alternative estimators have been proposed as
a result. But the asymptotic properties of these have either only been conjectured at
or derived under high-level conditions. The results derived in the next section enable us
to validate these high-level conditions. In the following, we shall present a number of
estimation methods and discuss what is needed for the estimator to have the desired
asymptotic properties. We shall only discuss these issues in a parametric framework, but
it should be clear that our main results also are applicable in a non- and semiparametric
setting.
We assume that we have discrete observations from the following SDE,

dXt =u (Xt; 9) dt +0o (Xt; 9) th, (518)

for some unknown parameter § € © C R%. In the following we discuss the estimation of 6.

Ezample 4: Estimation via Conditional Means. Since in many cases the transition density
is of unknown form, the model is often estimated using estimating equations. In particular,
one often use regression models of the form

b(Xia) = B (Xi—1)a;0) + &

where B (z;0) = Eg[b(Xa)|Xo = z] is the conditional mean where we write Ey[-] to
indicate the dependence of the conditional mean on . Using this type of equations leads
to GMM-type estimators as considered in, amongst others, Bibby and Sgrensen (1995),
Chacko & Viceira (2003), Duffie and Singleton (1993), Carrasco, Chernov, Florens &
Ghysels (2002), Singleton (2001), Sgrensen (1997). In order to derive the asymptotics of
this type of estimators, we need to show that B (z;6) is smooth and differentiable in 6.
However, as noted earlier, an analytical expression of B (z;6) often cannot be derived
and is calculated using either simulations or approximate methods. One easily realise that
B (z;0) = u (0, z; 0) where u solves the LPDE
Ou
5 = Li(u;0), u(A,z;0)=0b(z).

One example is the estimator proposed in Bibby and Sgrensen (1995). We define the
so-called estimating function,

Gn () = %Zg (XialXi—1)a30), 9 (lz;0) = o (; 6)" {b(y) — B(z;6)}
i=1
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where b : R? — R™ and B are given above and o : R? x © — R™*¢ is a weighting function.
The estimator is then chosen as the root, G,(8) = 0. An obvious choice is b; (z) = z and

by (z) = 2.

Ezample 5: Estimation via Observed Option Prices. Another application is in the estima-
tion of the parameter @ using observed derivative prices. We here present the estimation
method using the extended Black-Scholes model in Example 1.1 with constant interest
rates, 7, = r > 0, but the idea can easily be adapted to other, more general models. For
simplicity, we assume that we have observed over time a series of prices for a specific option
with pay-off function g and fixed time to maturity T > 0. So no cross-sectional dimen-
sion is included. Let {P;} denote the observed option prices and {X;} the observed stock
price. Assuming that the option prices have been observed with errors (due to market
imperfections, observation errors etc.), we have the following regression model,

P, =TI(X;;0) +ei, I(z;0)=e"TED b(Xr)|Xo=21].

The parameter § may then be estimated by e.g. nonlinear least squares (assuming it is
identified). Again, for the estimator to be consistent and asymptotically normal distributed
one normally has to check that 8 — II(z;6) is continuous and differentiable. In the next
section, we give regularity conditions which ensures this.

5.3 Estimation of Partial Differential Equations

In this section, we shall assume that preliminary estimators (i, 6) are available, and then
give conditions for the associated solution % to be consistent and asymptotically normal
distributed.

We introduce the operator I' : D +— U defined by

u(t,z) =T (u,0%) (t,2),

where u is the solution to (5.1)-(5.2) with (u,0?) plugged in. We assume that we have
obtained estimators, (p,, &2), of the true drift and diffusion term, (,uo,ag). Given the
definition of I, the true but unknown solution to the PDE is given by

uo =T (o, 03)

which we then estimate by
a=T(p,6%).

By an extension of Slutsky’s theorem from the Euclidean case to function spaces, the
asymptotic properties of @ will then follow from the ones of ([4, &2) given that I is suf-
ficiently smooth. Roughly speaking, @ will be consistent if (f,4?%) is so and T is con-
tinuous, while the asymptotic distribution will be induced by the one of (f,62) given
that T is (pathwise) differentiable w.r.t. (i, 02). To extend Slutsky’s Theorem to hold on
function spaces we need to ensure that D and U can be equipped with suitable norms.
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For now assume this is the case and let ||:||p and |-||;, denote the norms on D and U
respectively. We then assume that our preliminary estimators satisfy ([z, &2) € D with
|| (,8%) = (1o, 9%)|lp, —F 0. Consistency of & = T (,%) will now follow by continuity
of T since this implies |4 —uolly, = ||T (&,6%) — T (ug,03)|l, =¥ 0. Assume that the
pathwise derivative of I' w.r.t. s and o2 at (pg,03) exists. We denote these V1T [dy] and
Var [do?] respectively and define VT [dp, do?] = V1T [dp] + VeI [do?]. Assuming that

T (2,6%) =T (10, 03) = VT [ = 1o, 6% = o8] |, < © (2 = molly, + 16 - oI5,

VT will drive the asymptotic distribution under suitable conditions.

The approach outlined above has been widely used in the literature when working with
functionals of nonparametric estimators. General result concerning the asymptotics of I
when the preliminary estimator is a kernel estimator can be found in Aft-Sahalia (1993).
Examples of applications of this approach to specific estimation problems can be found in
Ait-Sahalia (1996a), Hausman and Newey (1995), Jiang (1998) and Vanhems (2003).

All subsequent results will be derived under the following additional condition which
implicitly will be assumed throughout the remains of the chapter together with Condition
1:

Condition 2 (pg,03) € D

We first show that the functional I" : D +— U is continuous. This is stated in the following
theorem:

Theorem 44 For any (u,0?) € D,

IT (4,6%) (t,2) = T (o, 93) (¢, 3)] < CT (1 + ) { I = ollos + |0 = ol }

for X* = z. In particular,

la = wollo; < CT (1+ ENX*I) {15 = tollo + (1% = ol }
for r < p*.

This basically shows that consistency of the preliminary estimators ji and 6% implies
consistency of @ as a continuous functional of these.

We now derive an expression for the pathwise derivative of u w.r.t. (i,0?%) at (g, 03)
in the direction (dp,do?) = (p— pg,0? — 03). Let {V1X;} and {V2X;} be given as in
in (5.53) and (5.54) respectively with V;Xo = 0, ¢ = 1,2. From Lemma 54, {V1X;} and
{V2X:} are the pathwise derivatives w.r.t. u and o2 respectively in the Lj-sense. The
pathwise derivative of X; at (u,08) in the direction (dp,do?) in the Lo-sense is then
given by »

VX, =ViX;+ V2 X,.

Given the pathwise derivative of {X;}, we are able to introduce the pathwise derivative
of I'. Making use of the chain rule, it should be clear that the pathwise derivative of " at
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(1o, 03) in the direction (dy,do?) is given by
VI [dp, do?] (¢, z) (5.19)
T
= Eg [bz (X?) VXrexp [—/ a (s, X?) dsH
t
[ T T
—Eyq |b(X7) / az (8, X0) VX,dsexp [— / a (s, X?) ds”
L t t
r T
+FE; 2 / ¢z (8, Xg) VX, exp [_ /’ a (v, Xf,’) dv] ds]
[ Jt t

—E;, /tT c (s,Xg) exp [— /ts a (v, Xg) dv] ([ts az (’U,XS) Vdev) ds] .

This is formally shown in the Appendix. By construction, {VX;} and thereby VT is linear

in (dp,do?). An alternative representation of VI is as the solution, v, to the following
LPDE,

—% +av = Li(v)+cldp, daz] (5.20)
v(T,z) = 0 (5.21)
where
0%u
2 2 0
¢ [dp,do”] = Zd“'a Zd % 91,0z;

and ug = I (g, 03). The generalised solution of (5.20)-(5.21) is given as

T 8
VT [dy,do?] (t, ) = Ere [/ ¢ [du, do?] (s, X?) exp [—/ a (u, X2) du] ds] (5.22)
t t
The following theorem shows that VI also has the desired properties discussed earlier:

Theorem 45 For any (u,02) € D, VI [p — pg, 02 — 03] is well-defined and satisfies

- ‘73”217,4

|@(t, z) — o (t,z) — VT [ — po, 62 — 03] (£, 2)] < b (2, T) 13— poll3 4 + |6

and
[V [,0%] (6, 2)| < b T) (Illdo + [l0?]2)

with X* = z, where b(z,T) = CTeT [1 + ||x||2q] .

Having obtained these two basic results, we are now ready to discuss the asymptotics of
i. As a first step, we obtain from Theorem 44 that 4 is consistent in the ||-||y ,-norm if 4 and
&2 are in the l|/lo,4-norm. This also gives a first lower bound on the convergence rate of 4.
From the second of the two above theorems, we have that the pointwise convergence rate of
4 is determined by those of /i and 62 in the squared ||-|| 1,4-norm together with the behaviour
of the pathwise derivative VI'. If i and 2 are sufficiently well-behaved, the asymptotic
distribution of 4 will be determined by VT [f — pg, 2 — 02]. The following theorem states

high-level conditions under which 4 (¢, z) is asymptotically normally distributed.
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Theorem 46 (Master Theorem) Assume that (,6%) € D, and || — Hollo4 = op (1)
and ||6% - 0'%”0’4 =op (1). Then ||% (t,z) — uo (t, z)llg ; = 0 for any X* with E [| X*||"] <
00.

If furthermore there exists a-(possible random) sequence {A,} such that

1| = polly 4 =o0p (A;llz) and ||6% — 08”1,4 =op (A;1/2);
2. AnVT [ — po, 6% ~ 03] S N (0,V (¢,2));

Then,
A, (i (8, 7) — uo (£, 7)) S N (0, V (¢, 1)).

This theorem is very general, and not very useful per se. In order to apply it on specific
estimators, one has to verify that 1. and 2. are satisfied. The first condition is normally
fairly easy to check since this is merely a question of j and 42 converging sufficiently fast
in the norm |-||g 4. The verification of the second condition on the other hand requires
more work since the precise form of VI is complicated. In the parametric case, it proves
to be easy to check the second condition given sufficient smoothness conditions on x and
02, and we are able to give an explicit expression of the variance term, cf. Theorem 47. In
the non- and semiparametric case, the following trick will be used: We observe that D is a
linear subspace of H = W%2 x W02 and that H is a Hilbert space equipped with the inner
product {-,-) = (-,+)o as defined in (5.7). So the completion of D, D, can be considered
as a Hilbert space in its own right. Furthermore, VT is a continuous, linear operator on
D, cf. Theorem 45. We then apply Riesz Representation Theorem on VI': There exists
d* = (d},d3) € D such that

VI [1,0%] (t,2) = (,d3) + (0%, ) (5.23)

where (-, -) is given by

9 =B [ [ 16,3903 85| = [ [*palen) s g sy

and p (s,y|t,z) denotes the conditional density of X9 conditional on X{ = z. This rep-
resentation of VI' is much easier to work with, and one can normally verify that each
of the integrals converges in distribution when one plugs in /i and 42. In the case where

g (t,z) = p(z) and o2 (t, z) = o2 (), we can use the following, more simple inner product,

(f,9) = /R L ar-t (yl2) £ (v) 9 (v) dy,

where ¢ (y|z) = fot Pu (y|z) du and p; (y|z) = p (v, y|u — ¢, z) is the homogeneous transition
density.

Unfortunately, this approach does not supply us with the precise form of the asymptotic
variance since the Riesz Representation Theorem does not tell us the precise form of d* € D
- only that such exists. A special case where the explicit form of d* can be derived is when
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a(t,z) = a is constant. Under this assumption, we obtain from (5.22) that
q T
vr [dp,daz] (t,z) = e“tZEt,x [/ du; (s, Xg) 1 (s,Xg) ds] (5.24)
i=1 t

q T
#3630 B [ [ doty (5,30 a5 5, X9) 5]
ij=1

where Oug (t, z) 0%ug (t, z)

;,i (t’ :L‘) = _aw_;__e—at’ E,ij (t: :I:) = Taa’;je_at
But even if the precise form of the variance is unknown, we shall demonstrate that it is
possible to construct an estimator of it. Otherwise, one can apply bootstrap methods to
estimate the distribution. The latter has the advantage of giving a better approximation
of the finite-sample distribution, cf. Hall (1992).

We shall now apply the above Master Theorem on three specific estimators of 1 and o2,
and derive the asymptotic properties of the associated estimated solution for each of these.
In all three cases, the estimated solution will be \/n-consistent, despite the fact that the
preliminary estimators may have slower than /n-convergence rate. This is a well-known
result from nonparametric estimation theory. While differentiation makes a problem more
ill-posed/less regular, integration works as a regularization of the problem. The increased
regularity of the problem in turn increases the convergence rate. A simple example of
this is nonparametric density estimation: The optimal rate of convergence in the minimax
sense of the nonparametric density estimator is n2/(#+4), while the optimal rate of the
cumulative density estimator is /n.

The y/n-convergence rate of estimators of solutions to a class of ordinary differential
equations was established by Hausman and Newey (1995) and Vanhems (2003), and similar
results were obtained for solutions to LPDE’s for specific kernel estimators, cf. Ait-Sahalia
(1996a) and Jiang (1998). The result stated in Theorem 46 confirms this: For (¢, z) to be
asymptotically normally distributed, we require that the preliminary estimators converge
with nl/4-rate, while VI [ — pg, % — 03] converges with y/n-rate. The latter will hold in
great generality.

The three estimators we shall consider are all based on discrete observations of the
underlying diffusion process with drift term p, and diffusion term oyg. In the following, we
shall denote the sampled process by {z:}, and the driving Brownian motion by {w:} such
that

dzs = pg (t, x) dt + o (¢, T1) dw. (5.25)

This is done in order not to confuse the sampled process with {X;} entering the expression
of the generalised solution. We may and will choose the probability measures ) and P
which {X;} and {z;} respectively operates under to be mutually independent.

5.3.1 A Parametric Estimator

We assume that p (t,z) = p(t, z;00) and 03 (t, z) = o2 (t, ;) for some known param-
eterisation where 6y € © C R? is the true, unknown parameter, and that a preliminary
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estimator 6 is available. The estimator § could arrive from various estimation methods,
the leading example being that it is based on discrete observations, {z;a}, of the process
{z:}. In this setting 6 can be estimated by for example MLE (Pedersen 1995, Elerian et al
2001, Ait-Sahalia 2002) or GMM (Bibby and Sgrensen 1995, Duffie and Singleton 1993).
We do not have to restrict the observed process to be stationary; it may potentially be
non-stationary and the estimator converging with a random convergence rate.

We then wish to derive the asymptotic properties of @ associated with ji (t, z) = p(t, z;6)
and &2 (t, z) = o2(t, £:6). This will be done under the following set of regularity conditions:

P.1 For any 6 € ©: (u(-,56),0%(-,-;0)) € D.
P.2 0iu(t,z;0) and 0o (t,z;6) are continuously differentiable w.r.t. 8 such that

626 (2, 2;0)| < C (1 +ll2ll), 826 (¢, 2:6) < C (1 + |lz]),

for i =0,1.
P.3 0./ (t,z;6) and 8,62 (t,z;6) are bounded.

P.4 The preliminary estimator § satisfies V;; -/ 26 - 60) 4N (0, I) where 6 € int® and
{V.} is a (possibly random) matrix-sequence which is positive definite and ||V,]| — 0
P-ass.

The conditions are fairly weak, and are satisfied by a range of parametric diffusion
models. The boundedness assumption in (P.3) is assumed for convenience and can be
weakened to some polynomial bound. The conditions in (P.4) are satisfied for most well-
behaved estimators. In particular, the MLE in both the stationary and nonstationary case
satisfies (P.4) under weak conditions as can be found in Ayt-Sahalia (2003).

We apply standard Taylor-expansions to obtain the desired result. First, it holds that
i (t,z) = p(t, ;) satisfies

T . 0 . o 4
Et,:z: I;l [”6;:/7' (ua Xu) - 6;“0 (u’ X"-) “ ] du]

T . A 4

= Ei, [/ [ A is (u, X2;8) (6 —90)” ] du]
t

< o (1+1el) 116 - Gollt,

for i = 0,1, and similarly that 62 (t, z) = 02(t, z; ) satisfies

T gt 52 0\ _ 5i 2 0y |14 A\ 4
Ei: t [H@za (s, X0) — 8iad (s, X0)|| ] ds| < C (1 + ||z| ) 118 - 6o,
for i = 0,1. Thus, by Theorem 46, for any 0 <t < T and z € RY,

[&(t,2) — uo (t,2) = VI (¢, 2)| < C (1 + ) 118 = 6ol|* = op (IVa])
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The asymptotic distribution is then determined by VI (¢,z) which in the parametric set-
ting takes a fairly simple form. We define

To(t,z) = Eis [bz (x2) X%exp[ t a(s,X%)d H (5.26)

-E;, :b (X%) exp [— /tT (s XO) ds] (/tTaz (v, X0 Xodv)]

- T
+E;; / co (8, X2) X0 exp [ a (v, X?) dv] ds]
| Jt t

: / " e (5,X%) exp [_ / " 4 (v, X9) dv] ( / " 02 (v, X0) xgdu) ds] .

where {X?} is the solution to the SDE

X0 = { (t, X2;6) + u® (¢, X2;0) Xf} dt + {d’ (t, X2;6) + o® (¢, X0;6) X{’} AW,

with X'g = 0. It is then easily shown, using the same arguments as in the proof of Lemma
54, that

Ero [IVXe [ = 9,6 = 03] - X6 - 60)]l] < C (@) 118 — 6o

implying
VI [ — 10,87 — 03] (t,%) = o (t,2)T (8 — o) + op ([IVal)

We have now proved the following theorem:

Theorem 47 (Parametric Estimator) Under (P.1)-(P.4), the parametric estimator i
is consistent and satisfies

\/To (t,z)T Valo (t, 7) (@ (t, z) ~ uo (t,7)) > N (0,1),
where I'g (t,z) is given in (5.26).
So in this setting a closed form expression of the asymptotic variance is available.

Remark. An alternative characterization of Iy is as solution, v, to the LPDE given in
(5.20)-(5.21) with ¢ given by

q
uo 1 3 UgQ
; ©oz; 5 Z: I 0z;i0z; (5.27)

It readily follows from Lemma 51, that a consistent estimator of Io (t,z) is obtained
by substituting (X°, X°) by (X, X) in (5.26), where the latter solves the SDE-system
associated with the estimated drift and diffusion term,

df(t = p,(t, Xt; é)dt + O'(t, Xt; é)th,

dX, {i(t, Xe; 0) + pO (8, Xy 0) X }dt + {6(Xi;0) + oD (X é)fct}dwt,
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where X; = z, and X = 0. Alternatively, one can obtain an estimator of I'g by solving
(5.20)-(5.21) with ¢ given in (5.27)and with ug, /& and &2 substituted for i, Gpft and 9pd>
respectively.

5.3.2 A Semiparametric Estimator

In this section we consider the case where semiparametric estimators of the drift and

diffusion term are available. We introduce the following two classes of scalar (g = 1)
diffusion models:

Class 1 dz; = p(z;) dt + o (z4;0) dw; where § € © C R? and p (+) is unspecified.

Class 2 dz; = p(z;6) dt + o (z;) dw; where § € © C R? and 2 (-) is unspecified.

Observe that the SDE’s in both classes are assumed to be time-homogenous in which
case the transition density satisfies p (¢,y|s, ) = pi—s (y|z).
We assume that an estimator 8 is available satisfying

5
0=0p+ - Z ¥ (zi;zim1) + Op(’n_l/z), (5.28)
=1
for some influence function ¥ with E [¢ (zi;zi-1)] = 0 and E[||% (s; zi-1)||**%] < oo for
some & > 0. One such estimator was derived in Chapter 4. Assuming stationarity of {z;},
there exists a stationary density 7o satisfying

mo (z) = 0'2l($) exp [2 /; f Z(g) Ez; dy] , (5.29)

for some z* € I and a normalising factor M > 0, see for example Karlin and Taylor (1981,
Section 15.6). It is possible to revert (5.29) in either of the two following ways,

1 0

(@) = 55 08 (z) ™0 ()] , (5.30)
B@) = o [ rem @ (5:31)

We estimate w(‘,’"’ by the kernel estimator #(™ given by

1 = z—x;
~(m) = 2 : (m) t
™ (SC) nhmt+1 et K ( h ) y T Z 0; (532)

where for a kernel K and a bandwidth h; see Silverman (1986) for an introduction to these
concepts. Given 8 and ™), m = 0,1, we may then estimate the drift and diffusion term
in the following manner. For a model in Class 1, we estimate yg (z) by j(z; @’) where

#(1 (z)
#(z) ’

1
2

i (z;0) = =0:0% (;0) + %02 (z;6) (5.33)
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and 03 (z) by o%(z;0). For any model in Class 2, we estimate o (z) by u(z;8) and o3 (z)
by 6%(z;0) where

5 (z;6) = Tl(x)% ; L) (@) 1 (236) (5.34)

See Chapter 4 for more details on these estimators.

In Class 1, given consistency of 8, o(z; ) is a pointwise consistent estimator of o2 (z)
given smoothness conditions of 62 (z;0) w.r.t. 6. This in turn yields consistency of ji(z; 9)
in (5.33) by the delta method. Similarly for Class 2. We note that in both cases the
convergence rate of the nonparametric part is slower than /n.

In the following, we will derive the asymptotics of % in each of the two classes. In order
to do this we need to establish consistency of the two nonparametric estimators in the
function norms ||-||y 4 and |[|-||; 4- For this to hold, we need to introduce trimming in order
to control the tailbehaviour of 7 since this appears in the denominator of both estimators.
To this end, we introduce a trimming function, 7', which we require satisfies

1, n(z)>a

0, m(z)<a/2’ (5.35)

T (z;m,a) = {
for a positive sequence a = a such that a — 0. We impose further regularity conditions on
the trimming function:

T (w) The function T (z;m,a) (i) satisfies (5.35), (ii) is w > 0 times continuously differ-
entiable in z with 6.T (z;,a) bounded, i = 0, ...,w, and (iii) continuously differen-
tiable in a with a9,T (z; 7, a) bounded.

In the following we shall write T' (z;a) = T (z;#, a) and Tg (z;a) = T (z; 7o, a). Given

T', we redefine i in Class 1 as

fa(z) = {-;—6302 (.’L’; 9) + %02 (a:; 9) i:)(%} T (z;a). (5.36)

Similarly, we redefine 62 in Class 2 as

1Y 1) () B ()

7 (@) = 2% (z)

T (z;0). (5.37)

In order to establish sufficiently fast convergence of the nonparametric part in the appropri-
ate functional norm, we introduce the following class X (w, A) of higher-order, bias-reducing
kernels, first proposed by Parzen (1962) where w, A > 1 are integers:

K (w,)) The kernel K satisfies fp K (z)dz = 1; [fz'K (z)dz = 0, for 0 < i < w — 1;
Jrlz” | K (z)| dz < 00; KO (z) — 0 as |&| = 00,0 <i< A - 1;

sup,eg |K® (z)| max (|z],1) < 00, 0 < i < A+ 1; K is absolutely integrable with
Fourier transform ; satisfying [g (1 4 |x|) supp> |¥; (bx)|dz < 00, 0 <4 < A

We first derive the asymptotics for models in Classl. We assume the following:
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SP.0 The sequence {z;} is stationary and B-mixing with geometrically decreasing mixing
coeflicients.

SP.1 The marginal density 7y is w times continuously differentiable with bounded deriva-
tives.

SP.2 ([.LO,O'(Z)) € D.
SP.3 The estimator 8 satisfies (5.28) with 6y € int©.

SP.4 The transition density p; exists for any ¢t > 0 such that the mapping y — p; (y|z) is
bounded, and continuously differentiable with bounded first derivative.

SP1.A The kernel K € K (w,2) and the trimming function T € 7 (2). The bandwidth
h and the trimming parameter a satisfies n=1/2a¥=2p=2-% — 0 and aF~2h¥—F — 0,
k=0,1,asa,h — 0.

SP1.B The bandwidth h and the trimming parameter a satisfies
1. n~Y4gk—2p~-1-k _, 0 and nl/4a*—2pv—*k 50, k=0,1,2.

2. [T Pz (a/2 < 7m0 (X0) < a)ds = o(n™).

Theorem 48 (Class 1) Assume that (SP.0)-(SP.3) and (SP1.A) hold and w > 3. Then
& — uollg, = op (1). If additionally (SP.4) and (SP1.B) hold and w > 4, then

V(4 (8,2) —uo (8,2)) 5 N (0, V (8, 2)),

where
oo
V (t,z) = var (v (z1|zo; t, z)) + 2 Z cov (v (z1|z0; t, z) , v (Tit1|zis t, 7))
i=1
and {v (z;|zi—1;t, )} is given in (5.45).
Next, we derive the asymptotics in Class 2. This is done under very much the same

assumptions as the ones assumed for Class 1. Only do we need to slightly change the
conditions on the bandwidth and trimming parameter:

SP2.A The kernel K € K (w,1) and the trimming function T' € 7 (1). The bandwidth
h and the trimming parameter a satisfies n=/2a=1h~1 — 0 and a~'A¥ — 0 as
a,h — 0.

SP2.B The bandwidth & and the trimming parameter a satisfies

1. n~1/4gk—2p=1-k _, 0 and n'/4aF—2pv~* 0, k =0, 1.

2. a8 ftT P,z (a/2 < mo (X?) < a)ds =o(n™*).
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Theorem 49 (Class 2) Assume that (SP.0)-(SP.8) and (SP2.A) hold and w > 2. Then
& — uollp; = op (1)- If additionally (SP.4) and (SP2.B) hold and w > 3, then

Vr(a(t,z) — u (t,7)) S N(0,V (t,z)),

where

V (t,z) = var (v (zi]|zi-1;t,2)) + 2 E cov (v (z1|z0; t, 2) , v (Tit1]zi; t, x))

i=1
and {v (z;|zi—1;t,2)} is given in (5.48).

Sufficient conditions for (SP.0) to hold can be found in Chapter 4. (SP.1) holds if pq
and 03 both are w times continuously differentiable. Ait-Sahalia (2002) gives sufficient
conditions for (SP.4) to hold

For both classes of estimators, the asymptotic variance V (¢, ) is of unknown form. One
can use bootstrap methods to obtain an approximation of the distribution of the estimator.
Alternatively, one can use an idea originating from Newey (1994a) to estimate the variance
using the pathwise derivative; see also Section 4.4. We only present the variance estimator
for Class 1; the Class 2 case is dealt with similarly. We define

. . M . R
V(t,z) = Qo (t,z) + 3 wari(Qu ¢, 2) + @ (¢, 7)),
=1

where wyz; = 1-[i/ (M + 1)}, % (t,2) = 01 0, &5 (¢, 2) @] (¢, ), &5 (¢, 2) = 23 (¢, )+
A (t,z), and
J b} b}

3F(N('§ éa 7+ aKh ( — 113_7')), 02('; é)v ) (t1 (L‘)
Oa

aF(/J('; 0: ﬁ)f 02('; 9):) (t’ .’Z:)
06

oM (t,z)

)

a=0

¥ (zjlzi-1)-

¥ (t,z) =

The two functions can be calculated using numerical derivatives. This estimator should
be consistent as M — oo and M/n'/® — 0. We will not give a formal proof of this, and
instead refer to Section 4.4.

5.3.8 A Nonparametric Estimator

In this section we shall consider fully nonparametric kernel estimators of y and o2 in the
univariate case, ¢ = 1. Such estimators have been considered in a series of papers, see
e.g. Florens-Zmirou (1993), Jiang and Knight (1997), Stanton (1997), Bandi and Moloche
(2001), Bandi and Phillips (2003). All these papers consider a sampling scheme where the
time distance between observations A = A,, — 0, as the number of observations n — oo;
this is the so-called in-fill assumption. This enables one to reconstruct the full sample
path in any compact interval in the limit, and thereby extract enough information about
the infinitesimal conditional variance, o2, for it to be estimable. However, to construct an
estimator of the infinitesimal mean, u, it is necessary also to require that the length of
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the time interval in which the process is observed, T' — oo; this is the so-called long-span
assumption. Bandi and Phillips (2003) obtain pointwise consistency and mixed asymptotic
normality of the drift and diffusion estimators only assuming recurrence of the process
thereby allowing for certain forms of non-stationarity. We apply the estimators proposed
by Bandi and Phillips (2003). But it appears to be difficult to work under their general
assumption of recurrence since the convergence rates of the estimators in the general case
is path-dependent. This in particular makes it difficult to show consistency in a functional
norm. So for simplicity, we restrict our attention to diffusion processes having a stationary
marginal density 7.

We assume that we have observed {z;}, z; = z;a, in the interval [0,T] where T =
nA — oo. We shall assume that {z;} takes values on the interval I C R, and that the
process is stationary and mixing. As we shall see, the nonparametric estimator of p used
here only has VTh = vnAh-convergence rate, while the nonparametric estimator of o2
exhibits faster v/nh-convergence rate. This in turn will mean that the drift estimator will
be the dominating term when deriving the asymptotics of @. In particular, the convergence
rate of @ is VT and not /7.

Before we define our estimators, we first introduce m(z) = p(z)7 (z) and s(z) =
02 (z) 7 (z) such that

@) =28 (g = 2D
w(z)’ m(z)

We then construct kernel estimators of 7, m, and s,

#(z) = n"lth(m,- —-z),

i=1

L T; — I
m(z) = ot Kp(zi—1) %

-

n 3 — . 2
i(z) = n—lth(mi_m)i"”h‘lA—““)_
i=1

As in the previous section, we need to control the tailbehaviour of #. So we introduce

trimmed versions of our estimators,

me) o 5(z)
p(m) =T (50) 255 ) 0 @)= T (z;0) @)

The basic conditions are almost the same as the ones assumed for the semiparametric

estimators:

NP.0 {z.} is stationary and B-mixing with geometrically decreasing mixing coefficients.
NP.1 The kernel K € K (w,1) and the trimming function T € 7 (1).

NP.2 The marginal density mp is w times continuously differentiable with bounded deriva-
tives.

NP.3 (pg,08) € D.
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NP.4 The transition density p; exists for any ¢ > 0 such that the mapping y — p: (y|z)
is bounded, and continuously differentiable with bounded derivative.

NP.5A The bandwidth h and the trimming parameter a satisfies T~1/2¢~2p~1 — 0,
a~2h¥ — 0, and T*/2+, [log, (T) A% 1log (A‘l)l/4 a—2h~2 >0, as a,h — 0.

NP.5B The bandwidth h and the trimming parameter a satisfies

1. T3/4+3, /log, (T)A%41og (A‘1)1/4 ak—2p—2-k _, 0, T~1/4g*-2p~1-k _, 0 and
T1/4gk=2p=k _, 0, k =0, 1.
2. ftT Pz (a/2 <o (X?) < a)ds =o(n™4).

Applying results from Bosq (1998), we are able to show that #, 71, and § are uni-
formly consistent on I, and also supply convergence rates. Given these, it is then an easy
task to show that the nonparametric estimators of y and 2 converge in the |||, 4-norm.
This shows consistency. We are able to strengthen this || — poll; 4 = op (T-%/%) and
|62 - 03”1, 4 = op (T%/%). The pathwise derivative consists of two parts, the first part
being a functional of fi, ViI', and the second a functional of &2, VaI'. It can now be
shown that ViT' [t — pg] converges towards a normal distribution with speed VT, while
V2l [6% — 03] does so with speed /n. Thus, the first term dominates the second one,
implying that V1T [ — pg] drives the asymptotic distribution.

Theorem 50 (Nonparametric) Assume that (NP.0)-(NP.3) together with (NP.5A) hold
with w > 2. Then the nonparametric estimator 4 is consistent. If additionally (NP4) and
(NP5.B) hold then

VT (@(t,2) —u (t,2)) 5 N O,V (t,2),

o (zy) B (@) (f " (@lo) du) 2] ,

75 (2s)

where

V(t,z)=F

with d} given in (5.23).

We propose to estimate the variance by V (t,z) as given in the previous section, only
we redefine 1“/5-1) (t,z) and D;z) (t,z) as

17(1) (t, :I:) — 6P(/‘(:ﬁ+aKh ( —SCj) ,ﬁ’l),o‘z(-;ﬁ, §),) (t1 m) :
J oo =0
-(2) _ O0(p(s 7+ a(zjpn = z5) Ka (- — 25) /A), 0% (5 7, 8),) (¢, 2)
Vj (t) m) - aa
a=0

The two functions can be calculated using numerical methods. This estimator should be
consistent as M — oo and M/TY/8 — 0. We will not give a formal proof of this.

Bandi and Moloche (2001) generalise the above nonparametric estimators of x and o2
to the multivariate case. In Jeffrey et al (2004), a kernel estimator of the volatility function
in a class of Heath-Jarrow-Morton models is proposed. Series estimator of u and o2 for a
one-dimensional diffusion has been proposed by Chen et al (2000a, b). We conjecture that
similar results to the one given above can be derived for these estimators. In particular,
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the curse of dimensionality will not be a problem in the estimation of u; the dimension of
the underlying diffusion process {X;} will have no effect on the rate of convergence.

Jiang and Knight (1997) propose an alternative drift estimator that makes explicit use
of the assumption of stationarity of the process. Jiang (1998) examines the estimation of
solutions to PDE’s when their nonparametric estimators are plugged in. He claims that
the estimated solution, @, converges withy/n-rate. We believe there is a mistake in his
proof since his drift estimator only converges with speed v/Th3. Thus, the convergence of
i should not be able to exceed VT.

5.4 Applications

In this section, we return to the examples given in Section 2.1 and 2.2 and discuss how
the results derived in the previous section can be applied to these.

We discussed in Section 2.1 how LPDE’s can be used to characterise derivative prices.
The results given in the previous section can now ensures that option prices calculated
using preliminary estimated models of the underlying variables are consistent and asymp-
totically normally distributed in great generality. In particular, this enables us to calculate
standard errors of the estimated prices which gives us a measure of the statistical accuracy
of the prices and allows us to test the individual asset pricing model.

Ezample 1 (continued). Under the physical measure P, assume that we have a parametric
diffusion model of (5.8),

dS; = pg (t, Si;0) dt + o (t, St; 0) dw?, (5.38)

the dividend stream is zero, d; = 0, and the short-rate is assumed to be constant, r; =
r > 0. We assume that an estimator 8 of 0 is available; this may have been obtained using
historical observations of the stock prices, S;a, ¢ = 1,...,n, and applying MLE, GMM or
some other method. Defining z; = S;a, 4 = pg, and 0 = o g, Theorem 47 gives conditions
under which any implied derivative price based on this estimator will be asymptotically
normally distributed.

In the stochastic volatility model, we also have to obtain an estimator of the market
price for volatility, A\. Assuming that this is a known function up to 8, A (S,v) = A (S, v;6),
the results carry through given smoothness conditions on A of the same type as imposed
on pug(t,S;0) and 0% (t,S;6). The estimator of A may have been obtained using other
data than historical observations of the stock price(s). This can also be accommodated
for.

Ezample 2 (continued). We assume that we have observed the short rate at discrete points
in time, r;a, 1 = 1,...,n, and that it under P solves

dry = p(ry) dt + o (r¢; 6) dwy.
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The semiparametric estimator considered in Section 3.2 is then used to estimate p and
o?. Taking the market price of risk, A(r), for given/known, Theorem 48 gives us the
asymptotic distribution of any implied bond and interest rate derivative price.

We can also allow for an unknown market price for risk for which we have an estimator,
). Since A (r) enters the drift function linearly, one can easily accommodate for this in our
proofs. Defining p* = p — Ao, we first obtain

& (t, ) — wo (¢, 7) — VIIR* - 13, 6% = o] (6, 2)| < (@, T) (13 - 131130 + 116 = oFI12.0),
where |62 — 0(2)”1,4 = op(n~1/4) and

12* = sl < 1B~ pollua + Ald 48 = oollr,e + llooll; 4 A = Aoll1a = 0p(n™1/*),
if ||A = Xo||1,4 = op(n~%/%). Next, due to the linearity of V1T,

VI[p - 43, 6% = of] (t,2) = Vil[A6 = Xooo] (¢, ) + VAT(R — mol (¢, 2)
+V2I[6% — o] (¢, z).

The second and third term is treated in the proof of Theorem 48, while the first one
requires a bit of work: Observe that

o - Ao /. . s
A& — Aooo = oo(A — Xo) + a—z (6% - o8) + 0(l16% = a3I* + 1A = Xoll®),
such that

V1F[5\5’ - /\00'0] (t, z) = V1F[O’o(x - )\0)] (t, .’L’) + v, [)\0/00 (&2 - 0‘(2))] (t, CC)
+0 (1162 - oBI3 2 + 113 = Xoll3 ) -

The term V1T[Ao/00(6?% — 02)] can be treated as VoI'[62 — 03], while V1 T'[oo(A — Ao)], will
converge in distribution in great generality.

Next we turn to the two examples given in Section 2.2 concerning the estimation of
diffusion models. We check for each of the two examples that under regularity conditions
the proposed estimator will be consistent and asymptotically normally distributed.

Ezample 4 (continued). We here give primitive conditions under which the estimator pro-
posed by Bibby and Sgrensen (1995) is consistent and asymptotically normally distributed.
For simplicity, we only consider the univariate case (¢ = 1) and assume that b(z) = =z,
while o (z;0) = a(z) is parameter independent. We first set up a set of conditions:

C.4.1 There exists § > 2 and constants cg, c; > 0 such that

2u(z;0) |z~ + (5 — 1) 03 (2) [ 2]?P D < g — 1 ||z 2.
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C.4.2 The drift and diffusion function, (1 (+6),0%(+;6)), in (5.18) belongs to D for any
0 €o.

C.4.3 The function a : R —R satisfies la(z)| < C (1 + ||ar:||’3/2).

C.4.4 The matrix H () = Ey [¢ (Xa|Xo;0))] is positive definite.

It now follows from Theorem 44 and 45 that B (z;8) is continuously differentiable in
6, and by (5.6) |B (z;0)] < C(K,A) (1+ |z]), 'B (m;9)| < C(K,A) (1 + |z[*). The first
condition implies, cf. Meyn and Tweedie (1993), that {X;} is stationary and ergodic (as-
suming it has been started at its invariant distribution) with E.[|Xo|*] < co. We have
that

lg (ylz; 0)1> < C (1 + ||=|IP) (|y|2 + |m|2) , lgGlz; )| < C (1 + ||x”17/2) (|y|2 + |$|2)
where
B[+ 101?) (1XaP + af)] < OB 14 1%0] ™ Be (1ol + 1561)] < oo

By Law of Large Numbers and a central limit theorem for martingales, we now obtain
that
V(8 — 80) =% N (0, H? (80) V (80) H* (60)) (5.39)

where V (6) = By [g (XalXoi0) g (XalXo;0) "]

Ezample 5 (continued). We here give conditions under which the least squares estimator
of 8 based on observe option prices is consistent and asymptotically normally distributed,

/- s - . 7. 0))2
b= arggglg; (P, - I(X;, T;6)),
where X; = X;A. We assume that (C.4.1)-(C.4.2) hold and that

C.5.1 The pay-off function g : R R is continuously differentiable and satisfies IB}C g (:1:)| <
C (1 + ||:v||’3/2), i=0,1.

C.5.2 The matrix H (§) = E, [II (X;, T;6) I (X;, T; 0)T] is positive definite.

C.5.3 The error sequence {¢;} is independent of {X;}, i.i.d. and with E[e;] = 0, 02 =
E [€?] < oo

Under (C.4.1)-(C.4.2) and (C.5.1)-(C.5.2), we obtain by standard arguments that
V(8 — 60) = N (0,02H71 (8p)) . (5.40)

The assumptions in (C.5.3) on the errors can be weakened substantially.
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5.5 Conclusion

We have investigated the properties of estimated solutions of a PDE given preliminary es-
timates of the driving coefficients of the PDE. We gave general conditions under which the
estimated solution was consistent and asymptotically normally distributed, and checked
that these were satisfied in three leading examples.

We demonstrated that these results have widespread use both in finance and economet-
rics. In particular, the results can be used when drawing inference on implied derivative
prices given estimates of the dynamics of the underlying asset. Also in the literature on
estimation of discretely observed diffusions our results prove useful.
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5.A Proofs

Proof of Theorem 43. We have that

06D < BB+ Bee | [ el Xl ds]

T
< C(+E | Xr) + Eeo [ /t C(1+Et,z[|Xs|’])ds]
< CQ+el),

where we have used (5.6). We obtain that

Ou(t,z)

T . T )
L3 - B [exp [— / o (u, X,) du] {bx (X7) Y — b (Xp) / 0z (5, X,) YOds
i t

t
T . s o
+/ ¢z (8, Xs) Y — ¢ (s, Xs)/ ag (u, Xy) Yu(’)du}] .
t t
where {Yt(i)} is given in Lemma 53, such that |0u (t, =) /0z;| is bounded by

. T )
Bi. [nbz 2N+ 1o (X [ oz (5, X)) nw’)nds]

T 3 8 .
+Bia | [ lea (5, XN+ [ o (X 1Y ]
t t

IA

. T .
Eia [c A+ 1 Xz Y2 + c (1 + 1 X7l / C 1+ Xl nYu")ndu]

T 3 8 3
+Es [/t CA+IXINNYD| +C 1+ ||Xsll')/t C+1Xl") |IY1§‘)|Idud8]

c (1 +(f " B 17 i) 1/2) (1 +( " Bu VO] ) 1/2)

< CQ+l=l,

IA

for any (t,z) € [0,T] x RY, where we have used (5.6). The expression of 8%u (t, z) /8z:0z;
is not presented for brevity; one may show that |8%u (¢,z) /8z;0z;| < C (1 + ||z|") for
any (¢,z) € [0,T] x R?. This shows the first part of the theorem. We then easily realise
that

T
ey <€ (1+ [ EIXI7)) < C+ BIXTD <o

forpr<p*. m
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Proof of Theorem 44. We see that

Ei» [b (XT) exp [— /t ) a(u, Xy) du] - b(X?) exp [— [ ) a (u, X2) du]]
Ei. [b (XT) {exp [— /t ’ a(u,X,) du} — exp [— /t ’ a (u, X2) du] }]
B [exo [~ [ X2) ] (5 ) —0 (xB))]
0 (1+ Bua [1e1™] ") ([ e [f0 00 =, X0) ] )

+|Eee [0 (Xr) — b (X9)]|

IA

+

1/2

IA

/
< oa+laln ([ " e [Jo(w %)~ a (1, X9 du)l 4 B b ) — 5 (39)]

where, by Lemma 52,

Bio|lla(u, X)) —a(w X)IP] < C(u,2) ( / Bt [l (v, X8) = b (v, X9)||]
u 4 1/2

+ / Eig [[lo? (0, X2) - 3 (0, X9) ] dv) ,

t

with C (t,z) = Ct(1 + ||z|"), and
T

Bz [p(Xr) —b(XD)|] < C(T,2) ( [ B [l (. X8) = o (0, X9 ]
T 1/2
+ [ Ba 0% (0, X9) - o (0, X9) ] du) .

t

Similarly,

E:, [/tTc(s, X,) exp [— /t8 a(u, Xy) du] ds]
—Eyp [ /t Tc (s, X?) exp [— /t P (u, X2) du] ds]

< C(T,z) (/tT Ei g [”u (u, Xg) — lg (u, X3)||4] du

T ) 1/2
[ e [l (X9 o (0 X9 ] 1)
t

We conclude that
T
u(tee) w0 (62) < C1,2) ([ e [ (1 X3) = o (1 XD)|]

T 1/4
# [ B (107 (0,9 - o8 (0, X))
t
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Taking expectations,

I~ wolloy < OT (1+ B [1X* 1) {1 = sl + [lo* = Bl s }-

]
Proof of Theorem 45. For any function f , we have

| @ — £ (20) = 9 (20) (= = 20)| < || £@ (A2 + (1 = ) z0) 12 — 2ol

for some A € [0,1]. Thus,

Eiz [b (Xr) exp [- /t ’ a(u, X,) duH —Eiy [b (X?) exp [- /t ) a (u, X9) du“
. [bm (X9) [XT — X9] exp [— /t ’ a (u, X7Q) du”

sty [ ( ] s 1)

T ] T
< FEig [|b(XT)| exp [—/ a(u, Xy)du| — exp [—/ a(u,XS) du]
t i t
T b T
—exp [_ / a (u, X2) du ( f as (u, X?9) [X, — XJ] ds) ]
t J t
+Eyz [|b(Xr) - b(X]) — b (XF) [Xr — XF]|]
T
< Ei, [|b (XT)|/ |a(u,Xu) -a (u,Xg) ~az (u, Xg) (Xs— X2)|ds]
t
+CEps (1 + 1Xrl" + | X3]") | Xz - X87]
[ [T 2r 0|2 0f|2
< 0B [ [ (L+ 1P+ X 1 - X3P as]
OBy [(L+ 1% + X3 1 Xz - x87]
- T . 1/2 T 4 1/2
< OB | [ (1+120* +X2") ds] By [ |- x| ds]
LJt
, 1/2
+CBrs [ (1+1Xl” + | 23] | e [[1Xr - X8']
< OTeCT [1+||x||4r]”2{Et,z [ / ||X3—X,9||4ds+] t B [||XT—X%||“]”2},
t
Also,

Eiz [bz (X2) exp [— /t ) a (u, X2) du] [Xr — X3 - VXT]]
]1/2

< C(T,z)Ei, [HXT - X§ - VXr|*
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and
e peen]- [ eya] ([ st x-551 )

T 1/2
< C(T,z)Es, [(/ || X, — X2 - VX3||2ds)]
t

Similarly,

E., [ /t " (s, X,) exp [— [ o, Xu)du] ds]

—Ei4 [ /t " (s, X2) exp [-— [ "o (u, X2) du] ds]
Ein [ / " o (5, X9) [X, — X°] exp [- / " 4 (u,X9) du] ds]
+Et s { /t " (5,X2) exp [— /t "o (u, X2) du] ( /t "t (u, X2) [Xu — X7 du) ds]

T 1/2
O (T,3) Ee [ [ ix, —Xf,’||4ds] ,
t

IN

and

Eiz [ /t ' ¢z (s, X?) exp [— /t P (u, X2) du] [Xs — X2 - VX,] ds]

T , 1/2
< C(T,2) Eig [/ | X1s — X2 — VX, ds] :
t
Combining these results we obtain

[u (£, @) — o (t, @) — VI (¢, 3)|

T 1/2 1/2
< C(T,=) {E,:,z [/t (| X, — X§’||4d8+] + Bt [HXT - X%”ﬂ }

T 1/2
+C (T, z) By [(/ 1% — X2 —VX,,||2ds)] .
t

An application of Lemma 51 and 54 then proves the claim.
The following inequalities yield the second part of the theorem: For any (du,do) € D,

T
Ei, [bx (ng) VXr [du, daz] exp [— / a (u, Xg) duH 1
¢
1/2

< B [llbe CRI] " Bua [V Xr (i a7 ]

Ei» [b (X2) exp [— /tTa (s, X7) ds] (/tT az (u, X5) VXSdS)] ‘
/2

9 T 0 1/2 T 9 1
< E. [”bx (x9)] /t az (4, X9) ds] Bi. [ /t 19X, 1,07 ds] ,
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T s
Et [/ ¢ (8, XJ) VX exp [—/ a (u, X0) du] ds]
¢ t
T ) 1/2 T ) 1/2
< E, [ [ lles G, x3)] ds] Bya [ | 19%, dna0%)| ds] ,
¢ ¢

and

T s ]
E:, [/ c (s, X?2) exp [—/ a (u, X2) du] (/ as (v, XJ) VXudu> ds]
¢ t ¢
< oo [ [ el XD o2 (0, X9 duts] £ue [ [ 19 [a o7 ]
t ¢ t

where

IA

/tT Bi [||du (X2)|*] du + /t "B [I1do? (x2)7]

= ||(@wdo?)[lg,-

By ||| VX, [dp, do?) ]

for all s € [t,T], by Lemma 54. We conclude that (dy,do?) — VT [dy,do?] is a linear,
continuous functional. m

Proof of Theorem 48. Under the (SP.0)-(SP.3) and (SP1.A), it follows from Lemma 55
that || — pollo.4 = op (1), and |G — 0ollg 4 = op (1). The consistency part now follows from
the first part of Theorem 46. To prove asymptotic normality, we first observe from Lemma
55, that ||ﬁ—u0|]i4 = op(n~1/?), and ||<“72 - 03”3,4 = op(n~1/?). Thus, the asymptotic
distribution of 4 is determined by VT as given in (5.19). We linearise p and o2 w.r.t. 7, 7(1)
and 6: Define Vg = T'Vxpg + Vopy where Vrpg [dr, dr(M] = Vopg [dr] + Vipg [dr®)],
and

Vo [dr] = ‘%‘73 (2) 7;?% (E:;) dr (z), Vipg [dﬂ’(l)] = %ag (z) d:rro (1(:) ),
. : 1, .9 1, 7r(()1) (z)
Voo [df] = fuo(2)df,  fio(2) = 5865 (2) + 5074 (<) —~r

and Vo}[df] = Vgod [df] = 6% (z)dd, where 63 (z) = 8p0? (2;6p). We observe from
Lemma 56 that

112(8) — o — Vol — 0,8 — 6g]|lo,2 = op(n~1/2),

and
lo? (46) = o — Vod(d  Bllloz = op(n~2),
under (SP1.B). Since VT is linear,

VI (t,2) [ — po,6° = 0§] = VI (4,2) [&— po — Vo, 6% — 0§ — Vi
+VI (t,z) [Vpo, Voi],



5.A Proofs 138

where, by the continuity of VT, c.f. Theorem 45,

VI (t,2) [ — po — Vo, 62 — 05 — Vo)
Cllix(8) = po — Vol — 70,8 — 8o]|o,2
+C||6% (X2) — o3 (X2) — 6% (X2) (8 - 60)llo,2

= op(n~Y?).

IA

By Riesz’s Representation Theorem,

( ) [V#O’ VUO]
T
/ Eiz [d} (XD) Voo (X3)] ds + /t Epz [d} (X2) Vipg (X2)] ds

T
[ B 61 (0) Voo (X9 o+ [ B [ (X2) V3 (x2)] s
t t

for some d* = (d},d}) € D. Each of the four terms in the above expression will make up

a part of the influence function for VI': First,

/tT Etz [dI (Xg) Voiqg (XS) [7?]] ds

- - /tTEt,z [T(Xﬂ;a)d’i(X?) (XO)%MXO)] “

T
- [ [twoawade i ((y)) () Puce (yl2) dyd

T
_ 2 / [twaamdn ((”)) (8) Put (412) dyd

(1) s
- 52 [Twaa6 56 BBl x (L)t

= = ZT (zs;0) vy (zi5t,z) + Op ( 'lh“""l)
z-—l

where

(1) T
n(uit9) = =55 ) o ) 2 [ o sl (5.41)

The last equality follows from the fact that for any m times continuously differentiable
function with g( bounded, 0 < i < m,

Jo@Knie—vaz = [s+ha)K (@)
= /{g(y)+g(1) (y) hz + ... + g™ (Z)hmzm}K(z)dz

= ) +h™ / g™ (2) 2" K (2) dz,
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for some Z € [y, y + hz]. The result is then obtained by applying this with g = Tv; and m =
w—1such that g™ = 7 7®5{™~) The boundedness condition holds since T (z; a) =

0,1 < i< w-1, for z outside a compact interval, while g (y) |z/(1“—1) (y;t,z)| = 0(Q)
such that T'(y; a) |ng—l) (y;t, x)| = O (a~!). By the same arguments,
T A
/ Eio [T (X3ia) dy (X9) Vapu (X9) [#0)]] ds
t
1\ e
= - ET (zi;a) va (zi;t, 2) + Op (a™1A¥7Y),
=
where 5 [d ()2 () T
1 1Y) o5 (Y {/ }]
vo(y;t,2) = — = | ———F—— z)ds | . 5.42
2 35) = —55 | S0 [, gl (5.42)

The last two terms are easily dealt with since

T . 1 n
| B[ (KD (XD G- )] ds = 23 vs (ailaiait @) +0p(n72),
t

=1

o 1<
B [d2 (Xf) Y (Xf) (0- 90)] ds = ) Z va (zilTi1;t, ) + op(n72),

i=1

where
T
va(alnstn) = { [ Bl (90 (X)) ds}laileir), (609
T
V4 (:L‘i|.’l:,'_1; t, :I:) = {/; E; . [d2 (XE) 0o (Xg)] ds} P (m,-la:,;_l) . (5.44)

All together, VI (t,z) = 1 % | v (zi|zi_1;t, %) + op(n~Y/2) with

2 4
v (zi|Tio1;t, ) = Z vi (zi;t,z) + E vi (zi|zie1;t, T) (5.45)
k=1 k=3

[

Proof of Theorem 49. Under (SP2.A), || — ollg4 = op (1), and |62 - 03”0’4 =op (1)
by Lemma 55 which gives us consistency. From Lemma 55, we obtain || — u0||i4 =
op(n~1/2), and |6 — 00||i4 = op(n~1/2) under (SP2.1)-(SP2.4) and (SP2.B). We linearise
p and o w.r.t. 7 and 6: Define Vo3 [dr, df] = T'Vr03 [d7] + Vo3 [d6], where

dr (z) [°*

V«Uﬁ [dr] = “23@) ) P (y) ™o (y) dy,

VA = @, ) =g [ heW)dn ),

and Vg [d0] = Vepg [db] = f1g(z) db, where iy (z) = Ogu(z;60). By standard Taylor
expansions,

1165 8) — o — Vig[d — o]l 11,4 = op(n=12),
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while by Lemma 56,
162 ~ 0% = Vad[# — 70,0 — O0)|1.4 = op(n~1/?),

under (SP2.B). Thus, by linearity and continuity of VI,

T
VI () (3= i = F] = [ Bue [ (X3) 2 (X9)] ds(O - 0)

/ Eyz [d5 (X0) 6 (X2)] ds(8 — o)

+ / E; s [d3 (X0) Vro? (X?) [# — mo]] ds
t

+0P(n—1/2)7

where d* is given by the Riesz Representation Theorem. Proceeding as in the proof of
Theorem 48, we obtain

/ Etz [d3 (X0) Vao? (X7) [#]] d Zul (zi;t,z) + op(n~'/?)

where

T
vt 9) = G W) 57y [ T @dy [ pGlde (540

The derivatives w.r.t. 8 have the following influence function,

T T
va (ylzt, 2) = { /t Eyq [d] (X7) s (X7)] ds + /t Epz [d3 (X3) 0 (XJ)] ds} ¥ (29)
(5.47)
In total, Vu (t,z) = 1 3% | v (zi|zi—1; ¢, ) + 0p (n"1/2), where

v (zi|zi-1;t, @) = v1 (@35 t, T) + v2 (zi]|2i-15t, T) (5.48)

[
Proof of Theorem 50. Under (NP.1)-(NP.4) and (NP.6a), /i and 62 are consistent on
I in the ||-[|g 4-norm, c.f. Lemma 57. This proves consistency of .

To derive the asymptotic distribution of %, we proceed as in the previous two proofs.
Applying Lemma 58, ||ﬂ—u0||i4 = op (T71/2), and ||6* —0(2)”3,4 = op(n~1/?). So as
before, the asymptotic distribution of 4 is determined by VT [dy, dcrz] as given in (5.19).
We define Vg () [dm,dn] = T {Vimig (2) [dm] + Vapg (2) [d7]} and Va3 (z) [ds,dn] =
T {Vs03 (z) [d7] + Vz03 (z) [d7]} where

Vot @)ldn] = —sdm (@), Voo @)lir] = -T2 ar @) (s49)
V.03 (2) ldr] = Wol(x)ds(m), V03 (z) [dn] = — 0((m))d ().  (5.50)



Applying Lemma 58 once more, it easily follows that

5.A Proofs

& — po — Vg [n — mo, & —mo]llg, = op(T~1/%),

|62 — o5 — Vo [5 — s0, 7 — 7r0]||0’2 = op(n~'?).

141

Thus, by linearity and continuity of VI together with Riesz’s Representation Theorem,

vr (t) (E) [ﬂ‘ — Hos &2 - 0'%]

T
= /t Eyq [d} (X0) Vi (XD) [ — mo, & — mo]] du

T
+ [ Bua 45 (X2) V3 (X) s = o0, = o] du-+ 0p (1),
t

We now show that this expression converges towards the claimed distribution:

[ B [7(K850) @ (32) Vit (x )[m]] du

-y // (4590 ) gy e

i=1

T
|| B [T (X80 7 (X2) Vi (X2) ]

T
= - / Et,:c
i

T (X% a) d} (X2) 2 (XD) # (Xﬁ)] du

Y) pu (y|) dydu

w7 (o) FL T ) / pu (zilz) du+ op(T7/2);

= —n'lz / / T (y; ) &3 () mO(y)K (z; — y) pu (y|) dydu

3 (y)

= —n‘lz:f’(z,-;a) di (-’Bi)m—Mﬁl pu (@i|z) du + op(T~1/2)

75 (i) Ji

= —n'lzn:f’(wi;a (wz)“"(’) " (@3l2) du + 0p(T1/2);

o(zi) Je

T
/t Byo [T (X3;a) d5 (X2) Vo3 (X2) (8] du

- ['B T (X% a) d (X9) = 5(Xx9)|d
= ‘/t t,:z:[ ui @) dg u TI'O(XS)S u] Uu

N2 e[, T
= 0 () ST BED [ o)t opn )

mo (i) Ji
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T
l Ets [ (X% a) d3 (X2) V62 (X0) [7“1']] du

T
= _/ Et,x
t

LA ds (z;) 03 (z;) _
- —n-1 ) 22\ 70\ . 1/2\ .
n E T (zs;0) oy ) pu (z:i|z) du + op (n ) ;

A

3 (X9) (X°)

(X, )d*(XO) (XO) (XS)] du

In both cases, the trimming is asymptotically negligible so in total,
- Tip1 — T
~ ~ - i+1 ™ Le T
VL) o0 —of] = n Y (B e} i e

e (-’L'i+1—xi)2_ 203 | 5 '_ -1/2
+n Z —Qx og (i) ¢ d3 (zi) +op(n™/%).

i=1

where T
- 1
d; (y;t,z) =d; —/ « (v]z) du.
it ) =85 ) = [ 2 l)

Using same arguments as employed in the proof of Lemma 57,

n T e T—
Y aE B uw) = o [ E@)oE) o),

=1
\/Z z T T —:L‘iz
Yo @) B2l = o).
=1
Thus,
— T-' -—
VIV (t,5) [~ 0,82 — 03] = == [ 00 (22) & (@5, 2) AW, + 0 (1)

VT Jo

where the leading term weakly converges towards a normal distribution with mean zero
and variance V (z,t) = E 0§ (z0) &} (z0; ¢, 2)]. ®

5.B Auxiliary Lemmas

Lemma 51 For any (p,02) € D,

B (1= 220 < %= X007+ [ B [ (X9) — o (XD

+6/ [lo? (u, X9) — 03 (w, X3 [*]

fors<t<T.
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Proof. Since

t t
X = X8+/ ,u(s,Xs)ds+/a(s,X,)dW,,,
8

L}

¢ t
x) = Xg+/ Ko (s,XE)ds+/ oo (s, X7) dW,

8

We obtain
Xe-X! = mr X=X [ X)-p@XY a6
+ [ o) = o (0, X0)] W
where
= [ 009 = o (039 do+ [ o .9 o0 (1, X0 a0

We introduce a truncation to obtain Lipschitz inequalities for x4 and o. Define

ro_l |X¢], | X?| < nforte(sT]
mhe 0, otherwise

which is F;-measurable and satisfies It = I, sIns for0 < s <t. With Yy, s = I [Xt - X?] s
we then get

t t
Yot = NpgtHlng / Inw [B(u, Xu) = p (w0, XD)] dutIng / Inu [0 (u, Xu) — 0 (u, X2)] dW,,
8 8
where
t t
Tt = Ing / T [ (u, X9) = pig (u, X9)] ds + I / I [0 (u, X0) — 0 (4, X0)] dW.
8 8

Since p and o are continuously differentiable, for every n > 1, there exists a K, > 0 such
that

IA

s (uy 2) = 1 (w, )12 Kallz —yl?,
lo (u,2) =0 (wy)I* < Knllz-yl?,
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for |||, [lyll < n, and s < u < T. Thus,
EolYasl? < 3B |nn|* + 38, [[1%, - x2|*] +
3E, [ / Do (0 X) = 1 (3, X du]
+3E, [ / o [l (u, Xu) — o (w, XO)]? du]

s

t
< 3B |nas|* + 3| X, — X|° + 3K.E, [/ Inu ||Xu—X3||2du]
8
t
+3K,.E, [ / I || Xu — X2 du]
< 3E 2 02 [ 2
< 3B, |n..|* +3|| X, — XO|* + 3tk, [ E, [||Yn,,,|| ]du

135, [ B [Youl]
t
< 3B, |nn,[* +3||x,,—x2||2+6(1 +T)Kn/ E, [IYaul? du

We also have that

T
Bultael” <3 [ B [l (X3) = o (X + o (1, X3) 00 (s X)) s
8

So with
0|2 T 0 0Y1|2
6 = 31X =X+ [ B [lln () — o (X
+3 / [l (u, X9) = o0 (u, X2)|”] s

we obtain ;
0 EfYosl? <246, [ ElYalds
8

with 8, =6 (14 T) K, > 0. By Karatzas and Shreve (1991, Problem 5.2.7),

t
sup E|Vys > < 26+6B, sup / =Bnlt=)gs

s<t<T 8<t<T Js
T
< 2 [1 + B, / e—ﬂn(t-s)ds]
0
< 2 [l—e_ﬁ"T]
< 24.

144

We conclude that sup,<;<7 E;s [“Xt - X?”z] < 4, since this bound holds uniformly over

n>1.m

Lemma 52 For any (u,0?) € D,
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1. For any integer p > 1, there exists constant C (p) such that
B, [||x. - x7|*]
< %= X8+ Cm) [y [l X9) — b (o, X))

+0(m) [ B, o (X9 = o0 (. X0) ]

2. If f : [0,T] x R? = R satisfies || f (¢t,z) — f (&, )|l < C (1 +|lz]” + lyI”) (= — y])
then

Ea (I 8,%0) - £ (2, X9)]]
< 0,2 ([ Bua [l (X3 = o X

T , 1/2
[ e [l X8 - o XD )

8

where C (t,z) = Ct (1 + ||z?||).

Proof. Apply Ité’s Lemma with f (z) = z2™ on the process X; — X as written in (5.51),
and then proceed as in the proof of Lemma 51. This yields 1. The second result follows by
combining the inequality that f satisfies with Lemma 51. =

Lemma 53 For any (p,0?%) € D, the R?-valued diffusion process
ar® = u® (¢, ;%) Ydt + Y0 D (¢, X3 aW,, YO =i, (552)

where e; = {e;;} with e;; = 0 for i # j and e; = 1, exists and Y() 00X, |0z; in the
Lo-sense.
If furthermore p and 02 are twice continuously differentiable and satisfy

1821 @&, D) + 1950 (¢, z)| < C (1 + ||]),

for |a| = 2 then Y1) = 92X 3® /0z;0z; also exists in the Lo-sense.

Proof. By assumption, X7 = X® and XZ*t* = X?**" are well-defined unique solutions
for any = and A. Define

Yp = nl (Xf+h -Xf) =1+h1 / ‘ (u X:f+h) — u(u, X?) du

8

t
+h! / o (u x:f+h) — o (u, XT) dW,.
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We can write

t
h—I/ © (u, X,‘f"’h) — p(u, X7) du
8

h“1/t [/: 6_(?1“ ('u,,Xff+a [X;f"‘h —ij]) da] du
/t
= /st

[ /0 " (u, X% +a [X,’f"‘" - X:]) da] Bt [X:+h - ij] du
|:/01 Ko (u, Xi+a [Xff"'h - Xff]) da] Y du.
Similarly,

h- / X”“" —0 (u, XT) dW, = / [ / O (u X +a [X;f”‘ - X:f]) da] YW,

2
d’u}

[a, (u, XZ) — [ /0 ' a4, X2 + ahY,) daH : du]

By Lemma 51,

2 t 1
Esq “Yt _Yth“ } < 6/ E [ Y, [uz (u, X)) — [/0 Uy (u, X3 + ahY,) daH
8

t
+6/E!Yu
8

where the two terms on the RHS go to zero as h — 0.

The proof concerning the second derivative follows along the same lines. m

Lemma 54 For any (u,0?) € D:

1. the process {V1X:} given by
dV1 X = {dp (&, X?) + ulV (¢, X? let} dt + ol (t, X0) ViXedWs,  (5.53)
and

AV X, = pV (¢, X2) Vthdt+{ So7t (6, X0) do? (, XP) + oD (2, XP) Vth} AW,
(5.54)
with dp = p — pg , satisfies

B, [||X: - X? - v

< Ixe-x0P+ 30 / ||a°' (u, X2) — 8%pg (u,X3)||4] du (5.55)

lel<1

where {X;} solves SDE(p,03) and

["VXt”] / ||u(u X)) - po (u,X3)||2] du. (5.56)
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2. The process {V2X:} given in (5.54) with do? = 0% — 03, satisfies
E, [HXt - X7 - Vth||2] (5.57)

t
< X -XIP+a? Y [ B 0207 (u,X2) - 0203 (u, X)) du

lal<17®

where {X;} solves SDE(p,0?) and

¢
E, [||V2Xt||2] < 2_2/ E, [“02 (v, X2) — o3 (u,Xg)”z] du. (5.58)

Proof. We only show the part of the theorem concerning {V1X;}. The proof of the second
part follows along the same lines. We have

i
Xi—XP -ViXe =X, — X0 + / g (u, Xu) — p (1, X2) — Bzptg (u, X2) Vi Xudu

8

where

t
E, [ / |l (e, Xu) = e (w, X3) — B (u, X2) le,,”z du]
8

< B[ [ X0) = 0 XE) = Bt (0, X9) (= X
+8, [ [ ocn (1, X2) = Guno (1, XE)|P X — X2 ]
+8. [ [ ouno (X X — X2 - V1, ]

< CE, :/t||Xu—X3||4du]

T 1/2 t 1/2
+C (/ E, [”3,,./1 (u, XB) — Oz pip (v, XS)”4] du) (Es/ “Xu, - X3||4du)

t
+CE;, [/ ||Xu - XS - V1Xu||2 du] ,
8

By applying Lemma 51 and collecting the resulting terms, we obtain the result by Karatzas
and Shreve (1991, Problem 5.2.7).

The last inequality follows by an application of Lemma 51 on V1X; [u — o] = V1.Xe [p]—
V1Xt [p,o, 0'0]. |

5.B.1 The Semiparametric Estimator

Lemma 55 Under (SP.0)-(SP.3) and (SP1.A) [(SP2.A)], the estimators for (u,o) in
Class 1 [2] satisfy

I = ollo = 0 (1), [[6% = o3llg.4 = 0p (1).
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If additionally (SP1.B) [(SP2.B)] then

I = poll 4 = op (n74),

|62 - ‘7(2)”1,4 =op (n—1/4) .

Proof. In Class 1, the convergence of the diffusion estimator follows by the arguments
used in the parametric case. For the drift estimator, by Lemma 33,

i+1

189 (56) = T’ (36) lleo < C Y @273 — (]|,
k=0
and
13 = 78] o = Op (021717 + Op (h=~F). (5.59)

Furthermore, i (z) — u{? (z) = a8, T (z;8) u{’ (z), @ € [0, a], such that
/t By (188 (X9) - ) (X2) 114] ds
1/2

< o ([ Bl @a)P] )1/2 (f e [148 x5 1] 05

where ft Ei [I]u(l) (x9) ||8] ds < 00. Under (SP1.A), we obtain that

a (/;T Eiz [|6,,T’ (z;a) |8] ds) v =op(l).

Under (SP1.B), it is op (n™1/4). |
The result for 2 follows along the same lines by using Lemma 38. =

Lemma 56 Under (SP.0)-(SP.3) and (SP1.A-B), the estimators for (u,0) in Class 1
satisfy uniformly in 8 € O,

op (n_ 1/2 ) )

Op(n_l/z).

ll&2 — po — Vapslit — mo] = Vould — 60]llo,2
162 — 0% — Vea2[8 — 60]|o,2

Under (SP.0)-(SP.3) and (SP2.A-B), the estimators for (u,0) in Class 2 satisfy uni-
formly in 6 € O,

op (n—1/2)’

op(n~1?2),

& = o — Vonld — 60|14
162 ~ 08 — Vo[ — 7o) — Vo2 [6 — 60|14

Proof. The result for the diffusion estimator in Class 1 is proved by the same arguments
as the ones applied in the parametric case. For the drift estimator we have

9 (;6) = i (;60) + 0o (2:6) (0 — 00),
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and, by Lemma 33),

. ) k+1 ] ] )
1129 (+60) — 28 (160) = Ve (560) [t — 7o) |loo < C Y @i *=3)12® — a2,
=0

where V. is given in (4.63)-(4.65). The convergence of the RHS is given in (5.59).
Using the same arguments as in the previous proof,

T o 3
/t Eix [Iﬂ(') (X2;60) — p® (X2;60) I4] ds = op (n7?),

and

T , .
[ B [958 (@360) = mo) = Vi (w360) [+ =m0} 4] ds = op (n72),

t
under (SP1.B) for ¢ = 0, 1. Also,

110629 (;8) — 8o ® (z;00) || < 11862 (z;8) — Bpu® (w; 8) || + 1185 () [1116 — ol

i A 7 i 2/0 7 . 2 ;=2 A
||0i62 — Biof — 0i55(8 — 0o)|| < ||825° (w3 0) || 116 — Boll® < 11625" () 1116 — 6oll?,

Given the assumptions, we see that the terms on the the right hand side of the above
inequalities are op(n~1/2).
The results for Class 2 follow along the same lines, this time applying Lemma 38. &

5.B.2 The Nonparametric Estimator
Lemma 57 Under (NP.0 )-(NP.4 ),

sull) #®) () — rf,k) ()] = Op(AnrTh %)+ Op(T~Y2h"1-%%) + Op (h“"k) ,
x€
sup |m<k> (@) —m{P (z)] = Op(AnTh~2)+ Op(T~2h"1-%) 4 Op (h“’"“) ,
x€
sup [§® (z) — s (z)| = Op(Anrh=2*)+ Op(T~Y2h~1-2%) 4 Op (h"""‘)
z€l

for k=0,1, where for some § > 0,

An =T+, [log, (T)h~28%41og (A1) 4.

Proof. Define #(z) = T7! foi K (z; — z)ds. We first show sup,cg |7 (z) — 7 (z)| =
Op (An). It holds that ’
1 n 1A
El|#(z) -7 (z)] < - Z/( )AE[IKh (i — x) — Kp (x5, — x)|] ds
=17 (-1
Ak, 7
)

< C

where K, 7 = max; suPsefia (i+1)a] |%s — Ti| = Op(AY/2,/1og (A-1)) by Levy’s modulus
of continuity, c.f. Karatzas and Shreve (1991, Theorem 9.25), and where the RHS does
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not depend on z. We then use the same idea as in Bosq (1998, p. 50): Define B, =
{z : |z| < T}, for some v > 0, and a covering of Bn,

B £ =1 M
in =S Z:|T— T < , t=1,.. 7.
i,n I:’E Z ,nl = Mn,T n,T

We have for z € B;,

| () = 7 (2)| < |7 (2) — & ()| + |7 (2) = T (Tin)| + |7 (2in) — 7 (Tiin)],

where

T
thn,’f‘ ’

% (z) — 7 (zin)| < C |7 (z) — 7 (zi0)| < C

h2Mn,T ’
Thus,
—1m

n,T
2 _
k Mn,T

-1 % (20 ) — 7 (24
+ An,T i_—'lf.l.l.?‘ﬂ);",f |”r (I'an) ™ (xtyn)|

A;%L sup | (z) - 7 (z)| < 2C
" Ja|<T

with

Mn,'f
P(ATY _max [#(@n)—F(oim) > )< Y P ATkl (sin) - 7 (@in)| > )

=1,...
syl T i=1

We choose M,, 1 = [A;;-,T’Yh‘z log, (T)] + 1, and using arguments similar to the ones in
Bosq (1998, p. 52), we then obtain sup,cg |# (z) — 7 (z)| = Op(An,r) if

A;z-j’l‘“sh‘4 log, (T) Ak, +=0(1)

for some § > 0. Finally, applying the same arguments as Bosq (1998, Corollary 4.6), it
holds

sup |7 () — mo (z)| = Op (T“l/zh‘l) +0p (h*).
z€R

The proof of that sup,cg |7V (z) — #V (z)| = op (T~1/4) is shown in a similar manner
TER

under the condition that 73+% log, (T)2 h~12A3Jog (A1) — 0 for some § > 0, while
suﬁ 17 () — 7r(()1) (z)| = Op(T~2h%) + Op (h71).
TE
The remaining two claims are shown along thie same lines, see e.g. Bandi and Phillips

(2003). We briefly sketch the proofs. First we show that 7 (z) — 7 (z) = op(T~1/4), where
m(z) = T1 foT Kp (25 — z) p(z5) ds. We have

Tit1 — Ti _y [ErnA _, [EHDA
BT () = A /A {4 (zs) — (@)} ds + A /A o (25) dWs, (5.60)
1 1.
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such that

1 n (i+1)A Ky n
AL K0 [ @) —uelds < LS Ky (5 - ) W0 (5 + 0p (1)
i=1 ’ i=1

- on ().

and

n T
n~1 ;Kh (zi —x) p(z:) = T7! /0 Kp(zs — z) p(zs)ds

-1

= n

(G+1)A
| Ka@—a)u(@) - K@ - 0) (o) ds
i=1 "

(i+1)A
< -lzf I ()] 1K (23 — 2)

G+1)A
+n_l Z /A Kh. (fL's - m) |‘u(1) (iEs +op (1))| |_'L',i -_ xsl ds
=1 Vi

kLT / 1 (@) ds + K271 / 1" (24)] s
K’,T
= OP(Zz )

where the bound does not depend on z. Next

K} (x5 — z)|ds

{A‘l n~1 Z/ e 0 (zs) [Kn (zi — z) — Kn (2 — )] dws] =0,

and

2
E[|A7n™1 Z/ o () [Kh (zi — z) — Kp (z5 — )] dws|!] < CK';:—;TT‘IE [0? ()]

The process S7 (z) = T~! fo K, (222) 0 (z,) dw, has mean zero and variance

(Th)_1 E [h"lK2 (m"—}:—g) o’ (a:,,)]
= (Th)™ (02 (:z:)7r(:1:)/K2 (2) dz+o(1)) .

Op(1/V'Th). We may now extend this to uniform convergence. Finally,
using same arguments as in Bosq (1998, Section 4.3.1), we obtain that

var [S7 (z)]

Hence, St (z) =

sup [ (z) — mo ()| = Op (T~/h™1/%) + Op (h°).
z€R
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To prove sup,eg |5 (z) — 80 (z)| = op(T~1/4), we first apply It6’s Lemma on (5.60) to
obtain

(Tit1 — 2:)° oy 2 (i+1)A . 1 [GHDA 2,
x o’ (z;) = A/m p(zs) (zs :ac,)d.s+A/iA 0% (zs) —0* (z;)ds
) (+1)A
+_/ 0’(:53) (1173 - .'IJ,‘) dwsa
A Jia

and by using similar arguments as before,

2 — (i+1)A ;
E;Kh(m—x)/m u(x,) (zs — z)ds = Op =),

9 & (A ) o
H;Kh(mi_w)/m 0% (z5) — o? (z;)ds = Op( 3 ),

v 2 -1 T 2 Kn, T
n ZKh(mi—x)a (z;)-T Kp(zs — ) 0% (z5)ds = OP( 2 )a
=1 0

and

T
71 / Kn (2o — 3) 02 (z5) ds — 0% (z) = Op(T~Y2h-1/2) + Op (¥).
0

The remaining variance term, Sy, (z) = n !A71Y"" | 5;, (z) with

(i+1)A
Sin (z) = 2K (z; — x) /A 0 (z5) (zs — ;) dw,

defines a martingale, and we obtain

5 [fae (22) o @) +0 (A” ?\/log (51 )

nh™ |h h?

ot (z) 7 (z) +0(1) 40 (Al/zy/log(A‘l)) .

var Sy, (z)]

nh h?

Hence, S, (z) = Op (I/M) [ ]

Lemma 58 1. Under (NP.0)-(NP.5A),
12— pollog =op (1), |6 - ‘73“0,4 =op(1).
2. Under (NP.0)-(NP.5B),

&2 = polly 4 = op(TH4),

|62 - 0(23”1,4 = op(n~*),

2= po—Veloe = op(T~1/4), |

6% — o3 - V02||0,2 = op(n~1/4),
where

s T T T T

. 7D ma® . s 370
Ozpp =T (z;0) {ﬁh— —EL}, 0:6° = T (z; a) {8— —iﬂ-—}.
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Proof. We have

T 4 1/4
Et,:z [ / /1 ds]
t

R : : T 1/4
< sggT(w; a) |ﬂ(1) (z) — p{? (a:)l +aE [/t 18T (X7) ;a|* | o (X2) |4 ds] ,
T

D (x3) - " (x2)

where

r . 1/4
Ero [ /t 18T (X9) ; 0|48 (X9 I"'dS]

r . 1/8 T 1/8
< B[ [ 108 () safas] B[ [ 1460 (x3) ]
t t
It holds that
supT (z;a) | (z) — po (z)] < SupT (@0 |7 (z)  mo(x)
T€R - (x) o ({E)
< lllm = Molloq + a2 |1t = oo,
and
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6

A Semiparametric Single-Factor Model of the
Term Structure

6.1 Introduction

The short-term interest rate is a state variable which enters in many different strands of
economic and financial theory. It has strong implications for the pricing of fixed income
securities and interest rate derivatives, e.g. bonds, options, futures, swaps. But it is also
used in general asset pricing, and as an input in macroeconomic models, e.g. in the analysis
of the business cycle. It is therefore of great interest to obtain a suitable model describing
its dynamics. Diffusion processes are widely used for this purpose, which owes to the fact
that continuous-time models greatly facilitate the theoretical analysis of financial markets.
They prove particularly useful in derivative pricing since continuous-time arbitrage argu-
ments then can be applied, allowing for a relative simple, and yet elegant, solution to the
problem, see e.g. Duffie (1996). The theoretical option prices turn out to functionals of
the underlying short-term interest rate, so in order to apply these, one has to (i) set up
an appropriate model for the interest rate and (ii) calibrate this to the market of interest.
There is a huge literature dealing with (i), ranging from relatively simple Markov models
of the short-term rate (so-called single-factor models), over multi-factor models where the
short-term rate is assumed to depend on several (potentially unobserved) factors, to the
class of Heath-Jarrow-Morton (1992) [HIM] type models where a continuum of factors
drives the yield curve.

It is however still an open question which of the many proposed models is the most
adequate when calibrating it to interest rate data, see Rogers (1995) for a discussion of
these issues. There is a large number of studies where different diffusion models of the term
structure are implemented using historical interest rate data. These studies have mainly
focused on parametric specifications of the diffusion model. But there appears to be no
universal model which fits all interest rate data equally well. It is therefore still an open
question which model one should choose given a specific interest rate data set. Given this
problem, one may benefit from using non- or semiparametric methods since these allow
for a degree of flexibility compared to the parametric case.
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In this chapter, we focus on the class of single-factor models of the short-term interest
rate. This class of term structure models assumes that the short-term interest rate is a
Markov process solving a SDE, in which case this state variable drives the whole yield
curve. Economic theory puts no restrictions on the drift and diffusion term, except that
the resulting short-term interest rate should be positive. Thus, a model for the short-term
interest rate can only be judged by how well it fits the available data. In such situations,
instead of restricting oneself to a parametric model, it would be more appropriate to
"let data speak for itself", which is exactly what non- and semiparametric models do.
A number of different parametric models for the SDE has been proposed and tried out
on historical data with varying degrees of success. Afit-Sahalia (1996b) fitted some of
these parametric models to an interest rate data set, and then tested each model against
a nonparametric alternative. The striking conclusion was that none of these could be
accepted as the true model; more flexible models were needed. A number of other empirical
studies have found similar evidence of nonlinearities both in the drift and diffusion term for
this type of data, which the models of Ait-Sahalia (1996a) and Conley et al. (1997) cannot
capture, see Ahn and Gao (1999), Bandi (2002), Jiang and Knight (1997, Stanton (1997),
Tauchen (1995). The class of single-factor diffusion models are characterised by its drift
and diffusion function which can be interpreted as the instantaneous mean and variance
respectively. We propose a semiparametric diffusion model where we choose a very flexible
parametric form for the diffusion term while leaving the drift term unspecified. The chosen
parameterisation of the diffusion term is highly flexible, and the model encompasses most
of the parametric models found in the literature. This model is very general; in particular,
it includes most of the parametric models suggested in the literature as special cases. The
model can be estimated using the general estimation procedure proposed in Chapter 4.
The parametric part is estimated by a profiled version of the log-likelihood, while the drift
term is estimated using kernel methods. Since the semiparametric model nests most of
the parametric specifications as special cases, we are able to perform a specification test
of each of these models against the semiparametric alternative.

We fit our model to a proxy of the short-term Eurodollar interest rate. Various para-
metric single-factor models have been fitted to this interest rate in a number of empirical
studies, see for example Ait-Sahalia (1996b), Elerian et al (2001), Durham (2002). The
conclusions drawn in the different studies are not conclusive, and it is not clear which
model should be preferred. We reexamine the data set, fitting the proposed semiparamet-
ric diffusion model to it. We find nonlinearities in the drift function that even the most
flexible parametric model cannot capture. The performance of the semiparametric model
is then compared with the parametric model proposed in Ait-Sahalia (1996b); this is the
most flexible parametric single-factor model found in the literature. The comparison is
made along two lines: First we test the parametric diffusion models against the semipara-
metric alternative, using the test statistic proposed in Chapter 4. Second, we calculate a
range of bond prices predicted by the competing models and see whether they are sta-
tistically significant; this is done using the results of Chapter 5. The second comparison
is the most useful for practitioners if the end goal with the model is to price bonds and
derivatives.
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In Section 2, we give an overview over the various parametric single factor models
proposed in the literature. In order to apply a single-factor model to price bonds and
options the market price for risk has to be determined; in Section 3, we present a general
estimation procedure to do this. The Eurodollar interest rate data set is presented in
Section 4 along with a discussion of the various studies who have previously examined
this. In Section 5, the estimation results for the semiparametric model and the implied
bond and derivative prices are presented. We conclude in Section 6.

6.2 Single-Factor Term Structure Models

Single-factor models constitute a relatively simple class of models where the whole term
structure is driven by one single state variable, the short-term interest rate. More ad-
vanced models such as multi-factor models, and HJM-models might be a more plausible
way of describing the dynamics of the term structure, but this comes at the cost of a
more difficult and computationally intensive implementation. Most of the applied studies
of multi-factor and models only consider linear specifications in order to overcome the dif-
ficulties of estimating the model. Prominent examples are Brennan and Schwartz (1979),
Chen and Scott (1992, 1993), Dai and Singleton (2000), Longstaff and Schwartz (1992).
As an alternative, Ahn, Dittmar & A.R. Gallant (2002) consider a quadratic specification.
In these type of models, while a large number of empirical studies have argued that at
least two- or three-factor models are needed to fit the term structure properly, it is also
found in that the short rate accounts for up to 90 percent of the variation in the data, see
e.g. Litterman and Scheinkman (1991). Thus, it is of interest even within a multi-factor
framework to find a suitable model for the short rate.

In the class of single-factor models we consider here, the short-term rate solves a time-
homogenous stochastic differential equation (SDE) of the form

dry = p(re) dt + o (1) dWr, (6.1)

where {W;} is a standard Brownian motion. We then wish to model the drift term, x :
R, — R, and the diffusion term, 02 : Ry — R,. A more flexible class of single-factor
models can be constructed by using time-inhomogenous SDE’s where p and o2 are allowed
to depend on time t. These are widely used in the financial industry, since these can be
calibrated on a daily basis to deliver a perfect fit of the current yield curve, see e.g. Ho
and Lee (1986), Hull and White (1990). But it is not evident that this leads to better
out of sample performance and more correct pricing. In particular, these models do not
specify the dynamics of the time varying coeflicients. This and other arguments against
time-inhomogenous models can be found in Dybvig (1997) and Backus et al. (1998).
Within the framework of single-factor models, the price of any bond or interest rate
derivative can be shown to be a functional of 4 and o2, see for example Chapter 3. So in
order to be able to price such claims correctly, one needs to specify p and o2 correctly.
The traditional models normally assume a linear drift and diffusion term, but in the past
decade a large body of empirical work has indicated that such specifications do not fit
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observed interest rates very well. Using a misspecified term structure model can have
serious implications. For example, as observed in Chapman and Pearson (2001), "the
existence and strength of nonlinear mean reversion have important implications for the
likelihood of extreme interest rate changes and for the distribution of interest rate changes
over long time horizon. As a result, they have significant implications for value-at risk
calculations over long horizon and asset-liability management. Moreover, nonlinear mean
reversion may also have implications for pricing long-term bonds and interest rate options".
We may add, that the presence of nonlinearities in the diffusion term of course also will
have important implications in the aforementioned applications.

A large part of the finance literature has focused on o2 as the crucial parameter of
interest in derivative pricing, while to a certain extent neglecting the role of u. In a Black-
Scholes setting where the underlying variable is a traded asset this focus is correct since
only o2 enters the derivative pricing formula. But in interest rate derivative pricing, the
drift will also enter the formula and can have important effects on the prices. Moreover,
in the calibration of the model, both the drift and diffusion term has to be specified
correctly in order to avoid biased estimates. Given discrete observations, one can in most
cases not separate the estimation of 0% from p, these are invariably linked together in the
estimation. So even if one has correctly specified o2, misspecification of x will lead to a
biased estimator of o2, which in turn will have implications for the pricing of derivatives.

In the past decade, a number of empirical studies have been directed towards finding an
appropriate specification of x4 and o2. Economic theory puts no restrictions on the drift
and diffusion term, except that the resulting short-term interest rate should stay positive.
Thus, a model for the short-term interest rate can only be judged by how well it fits the
available data. In such situations, instead of restricting oneself to a parametric model,
it would be more appropriate to "let data speak for itself", which is exactly what non-
and semiparametric models do. A number of different parametric models for the SDE has
been proposed and tried out on historical data with varying degrees of success. Ait-Sahalia
(1996Db) fitted some of these parametric models to an interest rate data set, and then tested
each model against a nonparametric alternative. The striking conclusion was that none of
these could be accepted as the true model; more flexible models were needed. A number of
other empirical studies have found similar evidence of nonlinearities both in the drift and
diffusion term for this type of data, which the models of Ait-Sahalia (1996a) and Conley
et al. (1997) cannot capture, see Ahn and Gao (1999), Bandi (2002), Jiang and Knight
(1997, Stanton (1997), Tauchen (1995). The importance of nonlinearities in the two terms
should not be downplayed.

We here propose the following semiparametric model where the drift term is unspeci-

fied, while the diffusion term follows the flexible parameterisation proposed in Ait-Sahalia
(1996b),

dry = p(re) dt + \/cro + 017t + oor] dW. (6.2)

Some of the most popular (stationary) models are quoted in Table 6.1. As can be seen,
the semiparametric model encompasses most of these models. It is therefore possible to
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test each of the parametric alternative against the semiparametric alternative using the
test statistic developed in Chapter 4.

TABLE 6.1. Parametric specifications of the spot rate.

u(r) a? (r) Reference

B(a—7) o? Vasicek (1977)

Br (a —log(r)) a2r2 Brennan and Schwartz (1979)
B(a—r) a?r? Courtadon (1982)

By + Bor—(1+7) alry Marsh and Rosenfeld (1983)
B(a—r) a’r Cox et al. (1985)

B(a-r) airy Chan et al. (1992)

Bo + By + Bor? (o0 +o17)? Constantinides (1992)
Bla—r7) o2 +a2r Duffie and Kan (1996)

Bo + By + Bar2 + B3r~! oo+ 017 + 0217 Att-Sahalia (1996b)

Bo + B1r + Bar? + Byr—1 o2 Tauchen (1995), Conley et al. (1997)
Bo + By + Bor? og + o7 + ogrd Ahn and Gao (1999)

Bo + 817+ Bar? + Bar~! oo +01r+ 0272 4+ 02r®  Elerian et al (2001)

6.3 Estimation of the Risk Premium

In Chapter 3, we derived formulae for bond and option prices in a single-factor framework.
An important ingredient in these was the risk premium process, {\:}. In order to apply
our calibrated models to the pricing of such securities we therefore have to obtain an
estimate of this process. In the following, we go through some of the methods suggested
in the literature. For a more detailed treatment, we refer to Garcia, Ghysels and Renault
(2004).

We start out with a general model for an option price II. Assume that the price satisfies

n=r(X,2)+e¢,

where X is a collection of random variables (including, for example, the current value of
the underlying asset), Z a collection of deterministic characteristics associated with the
option (time to maturity, type of pay-off function etc.), and ¢ is an error term (present
due to e.g. pricing errors, failure of the theoretical model to perfectly match the observed
data).

A branch of the empirical option pricing literature proposes to estimate the function I
non- or semiparametrically, thereby not having to specify the dynamics of the underlying
variable. Prominent examples of this approach is Ait-Sahalia and Lo (1998), Ait-Sahalia
and Duarte (2003), Bondarenko (2003). This approach has the advantage of not imposing
any restrictions on the dynamics of the underlying variable, and not making the estimation
of any risk premium necessary. On the other hand, the precision of predicted option prices
will suffer from the slower convergence of nonparametric estimators.

Restricting the dynamics of the term structure to be of diffusion type gives us additional
information about the function. In the arbitrage-free framework of the single-factor model,
it holds that

T'(z,2) =T (r,9,t,T) = B [g (rr) exp [— /t i rudu] iry = 7‘] ,
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cf. Chapter 3. Assuming that {r;} is time-homogenous under @, the formula simplifies
further to

T(r,g,7) = E9 [g (r+) exp [— /0 ’ rudu] Irg = r] , (6.3)

where 7 = T — ¢ is time to maturity. The dynamics of {r;} under @ depends on the risk
premium A,

d?"t = {p, ('I‘t) + A (’f‘t) g (T‘t)} dt+o (Tt) th (64)

Let {(IL;j,74,95,7j)|1<i<n, 1<j<J} be a collection of observed option prices to-
gether with the associated observed short rate and the characteristics. Taking u and o2
for given (in our case, we will have preliminary estimates of these), the only unknown is
A. This yields the following regression model,

Hij = I‘('ri’gjv'rj; ’\) + €ijs

where the function I' takes the form (6.3), and we assume that E [e;|r;] = 0. We may then
estimate the unknown function A by for example least squares. In practice this means
that we choose A such that the option prices implied by the single-factor model mimic
the observed ones as closely as possible. It is still an open question whether A can be
identified in the above regression model. Observe that in fact the estimation problem
here in some sense is the inverse of the one considered in Chapter 5. While there we
had derived the asymptotic properties of the solution to the PDE given estimators of u
and o2, we here have observed solutions to the PDE (bond and derivative prices) from
which we wish to extract an estimator of the one of the coeflicients driving the PDE.
The main problem here is then the inversion of the functional v =T (4 — Ag,0?), with T
given in Chapter 5, w.r.t. its first argument such that p — Ao =I'"! (u, 0%). If the inverse
of T' is well-defined, identification of A is ensured. Assuming an affine specification of u,
02 and A2, a closed form expression of I is available, and one can in this setting show
that the parameters entering A are identifiable, cf. Duffie and Kan (1996). In the general
case however, the function I' is a complicated functional of A which cannot be written
on analytical form, and the identification problem is not easily resolved. To the author’s
knowledge, no general results concerning identification of A exist. Here, we shall therefore
simply assume that A is identified. A nonparametric estimator of A can be obtained by the
method of sieves. Normally however, one assumes a parametric version, A (r) = A (r;#8),
where 6 is an unknown finite-dimensional parameter. For example, A (r) = X in Vasicek
(1977) and Ait-Sahalia (1996a), and A(r) = A/oy/r in Cox-Ingersoll-Ross (1985). The
general estimation procedure presented above is also applicable to multifactor models.

Some alternative estimation procedure can be found in the literature. Consider the yield
of a zero-coupon bond with maturity at time T, ¥; (T') = log (B (T')) / (T — t) with B; (T")
being the price of zero-coupon bond with maturity at time T' > t. Vasicek (1977) observed
that

A = L) - o (A (),

and proposed to use observed yields to approximate the right hand side of the equation.
Jiang (1998) derived an expression of the risk premium in terms of two different yields
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and the dynamics of those. By It6’s Lemma, Y; (T') solves an SDE,
dY; (T) = a(r, T)dt + & (1, T) dWs, (6.5)

where the no-arbitrage assumption imposes restrictions on the drift and diffusion term. In
fact, the following relation have to hold for any Ty, T3 > 0,

AY; (T1,Tz) + 4 [1262 (ry, Th) — 73K2 (14, T2) + T2 (14, T2) — T1¢ (72, T1)]

)\("'t) = ToK (rt,Tz) —T1l€(7”t,T1)

» (66)

where AY; (T1,Tz) = Y; (T1) — AY; (T3) is the yield spread and 7; = T; — t, i = 1, 2, is the
time to maturity. Jiang (1998) then proposes to estimate A by choosing two representative
bonds, fit a diffusion model of the type (6.5) to their yields using nonparametric methods,
and then plug these estimators into (6.6).

6.4 The Data

The data set consists of 5505 daily observations from June 1, 1973 to February 25, 1995 of
the 7-day Eurodollar rate. Eurodollars are any dollar denominated deposit in commercial
banks outside of the U.S. Eurodollar accounts are not transferable but banks can lend on
the basis of the Eurodollar accounts they hold. The interest rate charged for Eurodollar
loans is often based upon the London Interbank Offer Rate (LIBOR). The Eurodollar rate
is considered the benchmark interest rate for corporate funding, and Eurodollar futures
are by far the most actively traded interest-rate product. A more detailed account of the
Eurodollar market is found in Burghardt (2003).

The 7-day rate should be a reasonable good proxy for the short-term interest rate.!
We do not use a lower maturity since this might lead to various market micro structure
problems. We shall not attempt to remove any seasonal effects, such as weekend effects,
from the data, and simply treat Monday as the first day after Friday such that we have 252
observations per year. We measure time in days such that the time between observations,
A =1/252.

A number of single-factor models have been fitted to this particular data set. Aft-
Sahalia (1996a) fitted a semiparametric model with linear drift and unspecified diffusion
term to the 7-days Eurodollar rate and found strong nonlinearities in the diffusion term.
He compared his semiparametric model to the CIR and Vasicek-model (which both are
nested within his semiparametric model), both in terms of the actual model fit but also the
resulting bond and option prices. He concluded that the two parametric model were signif-
icantly different from his semiparametric specifications, both in terms of model estimates
and implied prices.

Aft-Sahalia (1996b) reinvestigated the data set, setting up a nonparametric specification
test which allowed him to test any parametric (stationary) diffusion model against a
nonparametric alternative. He tested a number of parametric single-factor models; all

1Chapman et al (1999) find that using the 7-day rate as a proxy when fitting standard parametric short-term
interest rate model does apparently not lead to significantly different implied bond prices.
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of these were rejected by his test. As an answer to the failure of the standard models,
Ait-Sahalia (1996b) then proposed the following highly flexible, parametric single-factor
model,

dre = {By + Brre + Bor? + Bari 1} dt + \/Uo + o171 + oor] dW;. (6.7)

The drift term is parameterised such that the drift can be nearly zero in a large part of
the domain, but still ensure mean reversion in the tails. The specification test accepted
this new model as giving an adequate description of the data. The conclusions in Ait-
Sahalia (1996b) have been questioned in a number of later studies however due to poor
finite sample performance of his proposed test. Chapman and Pearson (2000) and Pritsker
(1998) presented evidence of that the asymptotic distribution of the test statistic delivers
a very poor approximation of the finite sample distribution in the presence of strong serial
correlation. And this is exactly the case with the interest rate data set used in Ait-Sahalia
(1996b). In particular, Pritsker (1998) demonstrated in a simulation study that the test
statistic is prone to reject correctly specified model when using the asymptotic critical
values.

Hong and Li (2002) and Thompson (2000) have suggested alternative specification tests
which should exhibit improved finite sample properties compared to the one proposed by
Ajt-Sahalia (1996b). The main idea in both studies is to apply a transformation of the data
which should decrease the serial correlation. Hong and Li (2002) applied their test to the
same data set as used in Ait-Sahalia (1996b), and still rejected all the standard parametric
models examined in Ait-Sahalia (1996b), but also the model in (6.7). They argued that
the data exhibits strong non-Markovian behaviour, and that the class of single-factor
(Markov) models is too restrictive in this sense. The application of the specification test
in Thompson (2000) to the Eurodollar 7-days rate data set also lead to the rejection of
all the parametric models, including the one in (6.7). His explanation for the failure of
the parametric models differs from the one of Hong and Li (2002) however. He argued
that the problem is that the driving noise process is misspecified. By using either jump-
or gamma-processes instead of the Brownian motion, he was able to accept a relatively
simple parametric model.

In Bandi (2002), the kernel estimators of Bandi and Phillips (2003) were employed to fit
the model (6.1) nonparametrically to the Eurodollar data set. Nonlinearities were present
in both the estimated drift and diffusion term. In particular, the drift estimate was nearly
zero in a major part of the data domain, but exhibited mean-reversion in its right tail
while the behaviour in the left tail was inconclusive. The kernel estimator is robust to
departures from the stationarity assumption normally imposed in single-factor models.
There is no clear-cut evidence of non-stationarity in the data however.

In a fully parametric framework, a number of studies have reexamined the model (6.7).
Elerian et al (2001) fitted the model to the same Eurodollar data set in a Bayesian frame-
work using simulated maximum-likelihood techniques. They found that the parameters o
and « in (6.7) were difficult to identify in the data, and instead proposed the following
slightly different parameterisation,

dre = {Bo+ B1re + Bori + Bar; '} dt + \/070 + 017t + 021 + o3ridWs. (6.8)
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While the parameter estimates were easier to pin down, this new model did not appear to
fit the data very well, and they found that any significant mean reversion only appeared in
the estimated drift when this was assumed in the prior.? Elerian et al (2001) concluded that
a single-factor model was not a very appropriate description of the data, and conjectured
that a stochastic volatility model of the type in Andersen and Lund (1997) would be
needed. This conjecture was confirmed in Durham (2002) where the model (67) was
compared with a stochastic volatility model using simulated maximum-likelihood methods.
He found that the single-factor model fit the data poorly, while the stochastic volatility (2-
factor) model on the other hand did a good job. Similarly, Hurn and Lindsay (2002) found
that the parameters in both the drift and diffusion term of (6.7) were difficult to identify
and suggested the use orthogonal polynomials to amend this problem. They estimated the
model using discrete time approximations however which means that their estimates are
very likely to suffer from discretisation bias.

The general conclusion to be drawn form the empirical studies seems to be that the
Eurodollar short-term rate is difficult to model properly within a single-factor framework
and that the use of multi-factor models improve on the fit. If one restricts attention to
single-factor models, inconclusive results have been obtained about the degree of (non-
linear) mean reversion. Some studies have found evidence of nonlinear mean-reversion
while others have rejected this hypothesis. Moreover, the more advanced parametric models
seems to suffer from poor identification of the parameters. In the following, we shall re-
examine the single-factor models using the above semiparametric diffusion model as a
starting point.

The raw data is plotted in levels and differences in Figure 6.1 and 6.2 respectively. Figure
6.1 shows that the data exhibits a very strong correlation over time as is usually found in
interest rate data. Taking differences, we see in Figure 6.2 that the short-term interest rate
behaves as heteroskedastic white noise, which indicates that it is close to being a random
walk. One should also notice the significant different behaviour of the rate in the period
1979-1981. The significant break in the data set in this period is due to the so-called Fed-
Experiment where the U.S. Federal Reserve targeted monetary aggregates instead of, as
done before and after, interest rate levels. One may argue that the data from this period
should be left out or a Markov-switching model should be used; the latter alternative is
pursued in Ang and Bekaert (2002). We shall in the following try to fit a model both
to the full sample and the subsample 1982-1995, the latter excluding the period of the
Fed-Experiment.

In Table 6.2, descriptive statistics of the data set is presented for the full period and
the subperiod 1982-1995. Notably is the very strong autocorrelation in levels, while the
correlation in the differenced data is decreasing fairly quickly. This is the case for both the
full sample and the subsample, but it is less pronounced in the full sample due to the Fed-
Experiment. In a linear modelling framework, the persistent autocorrelation in the levels
would lead one to conclude that the process is non-stationary; the resulting estimate of
the drift term is insignificantly different from zero such that the interest rate would be

2Similar findings are reported in Jones (2003)
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deemed to be driven by a random walk and thereby being non-stationary. Moreover, all
the descriptive statistics of the full sample are significantly different from the ones of
the subsample. This confirms that the period of the Fed-Experiment lead to significantly
different behaviour of the interest rate.

TABLE 6.2. Data descriptives.

Mean SD Skewness  Kurtosis 1 Py P3 Pa
1973-1995 r 0.0836 0.0359 0.9863 4.2022 0.9549 09093 0.8674  0.8329
Ar | -3.453 10~ 0.0041  -0.1238 30.8529  -0.2671 -0.0393 -0.0369  0.0319
1982-1995 r 0.0714 0.0240  -0.2448 2.1148 0.9802 0.9648  0.9458  0.9167
Ar | -2.24410-5  0.0015 0.4253 54.8300 -0.0483 -0.0440 -0.0561 -0.0916

Notes: p; denotes the correlation coefficient of order i. The reported autocorrelations for r are monthly
while the autocorrelations for Ar are daily.

We now investigate further the seemingly nonstationary behaviour of the data in a
linear framework. This is done by unit root tests: We set up a standard AR model, Ar; =
ap+ (p—1)rimy + Eioﬂ o Ar;_i + €;, estimate the parameters by least squares, and
then perform the Augmented Dickey-Fuller (ADF) test as outlined in Said and Dickey
(1984). We also implement the Z (t)-test as proposed in Phillips (1987) using the model
T = ap + ¢ri—1 + &; this should have less distortions in the presence of MA(1)-errors
(see Phillips and Perron, 1988). The results are reported in Table 6.3 where we reject the
hypothesis of a unit root for large negative values of the test statistic. The ADF test leads
to non-conclusive results in the full sample with rejecting a unit root at a 10% level while
accepting the hypothesis at a 5% level. The Z (t) for the full sample on the other hand
clearly rejects the hypothesis on a 5% level. In the subsample, both tests clearly accept the
unit root hypothesis. So in a linear framework there is mixed evidence of non-stationarity
in the full sample, while the subsample appear to be driven by a random walk. But if
the drift is non-linear the above regression model is misspecified, and the estimation and
test results invalid. A non-linear drift and diffusion term may lead to different results. As
we shall see in the next section, the estimated drift and diffusion term generate processes
with seemingly non-stationary behaviour in a major part of its domain with the process
as a whole being stationary.

TABLE 6.3. Unit root test results.

@ Test Statistic 5% critical value  10% critical value
1973-1995 ADF test 0.9970 -2.60 -2.87 -2.59
Z (t) test  0.9935 -3.27 -2.87 -2.59
1982-1995 ADF test 0.9991 -1.47 -2.87 -2.59
Z (t) test  0.9963 -2.98 -2.87 -2.59

6.5 Empirical Results

6.5.1 FEstimation of the Single-Factor Model

In Figure 6.3, we report the nonparametric kernel estimate of the marginal density as
given in (4.8) for the data, using both the full sample and the subsample. A Gaussian
kernel was used while the bandwidth was chosen by cross validation. The density estimate
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FIGURE 6.3. Kernel estimates of the stationary density, 7, for the full sample and the subsample.

has a highly non-Gaussian shape for both samples. In the full sample, the density has a
very long right tail due to the Fed-Experiment during which very high levels of interest
rates were observed. Excluding these, one is left with the density in the second plot which
is bimodal; a slightly smaller choice of bandwidth will give a trimodal shape of the density
with the last mode being around 0.12. If {72 is stationary, this indicates that contrary to
what most of the models in Table 6.1 would suggest, the interest rate here evolves around
not just one but two-three steady states. This is a strong indication of nonlinearities in
the drift and the diffusion term.

We now report the estimates for our semiparametric model. As a benchmark, we also
fit the model in (6.7) to the data set. Both models are estimated using the approximate
log-likelihood suggested by Al't-Sahalia (2002) with order of approximation M = @ For
the semiparametric model, the bandwidths are chosen as described below, and we trim
the data at the 1st and 99th empirical percentile. In the fully parametric model we had
problems obtaining a precise estimate since the likelihood curve is relatively flat in the
vicinity of the optimum. This was particularly a problem along the dimensions of a2
and 7, and was very pronounced when fitting the model to the subsample 1982-1995. By
closer examination, we found that a wide range of parameter values generated very much
the same shape of a2 (x;6) in the domain x € [0.02,0.14] while for x > 0.14 different
parameter choices lead to significantly different behaviour of the diffusion term. Since we
do not have observations greater than 0.14 in the subsample, this is evidently a problem.
However, this identification problem did not occur when estimating the semiparametric
model; this is probably due to the fact that the diffusion parameters in the semiparametric

estimation procedure now also enters the drift function, and this allows us to pin them
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down more precisely. This identification problem has also been reported in Elerian et al
(2001) and Hurn and Lindsay (2002). The latter suggested to reparameterise both the
drift and diffusion term using orthogonal polynomials to circumvent this problem; we plan
to do this in a later version of this paper.

The resulting estimates of 8 = (0g,01,02,7) and (for the parametric model) 8 =
(B B1, Ba, B3) for both the full sample and the subsample are reported in Table 6.4 with
associated standard errors. First, in both samples, we see that the parametric and semi-
parametric estimates are fairly close, but still significantly different at a 5%-level from each
other. We also observe that the estimates of the fully parametric model satisfy the sta-
tionarity conditions imposed in Ait-Sahalia (1996b). The standard errors associated with
o2 and + are relatively large; most likely this owes to the aforementioned problem with
the flat likelihood-curve. The estimates for the two different samples are not significantly
different from each other; so for the fully parametric model, the Fed-Experiment does not
influence the estimates.

TABLE 6.4. Estimates of § and 5.

1973-1995 1982-1995
Parametric Semiparametric | Parametric = Semiparametric

Bo -0.3054 - -0.3106 -
(0.1590) - (0.1484) -

B 5.5729 - 5.6579 -
(1.2301) - (1.1872) -

By -30.9985 - -30.4436 -
(2.0307) - (3.6436) -

B3 0.0047 - 0.0053 -
(0.0011) - (0.0019) -

go -0.0006 0.0120 -0.0006 0.0110
(0.0005) (0.0009) (0.0004) (0.0011)

o1 0.0210 0.0213 0.0221 0.0123
(0.0090) (0.0108) (0.0122) (0.0134)

o2 30.8413 28.0874 32.5880 23.0874
(7.8007) (7.7745) (8.7490) (8.6923)

¥ 4.2573 4.3019 4.2166 4.0019
(1.5422) (1.5361) (2.7491) (2.1923)

Notes: Standard errors are reported in parentheses. In the parametric
model these were estimated by standard covariance estimation methods.
In the semiparametric model the estimator proposed in Theorem 7

was used

The semiparametric estimates proved to be fairly robust over a range of bandwidth
choices. An initial set of bandwidths was chosen by using standard cross-validation meth-
ods. We then generated a grid of bandwidth centered around this initial one. For each set
of bandwidths, we obtained an estimate of 6. In Table 6.5, the results of this sensitivity
check for the subsample are reported for seven different bandwidth sets. The bandwidths
decrease as one moves from left to right in the table with the 7th bandwidth being the
cross-validated one. Relatively large bandwidths choices, slightly bigger than the initial
cross-validated ones, gave the most reliable estimates for our sample. This probably stems
from the fact that the cross-validation procedure does not take into account the depen-
dence in the data which is very strong in our case.

A plot of the semiparametric estimates of o2 for the first four set of bandwidths can be
found in Figure 6.4. The estimates do not vary a great deal across the different bandwidths
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TABLE 6.5. Sensitivity check of semiparametric estimates.

Bandwidth 1 2 3 4 5 6 7
oo 0.0112 0.0110 0.0113 0.0110 0.0104 0.0103 0.0109
o 0.0129 0.0124 0.0127 0.0131 0.0120 0.0121 0.0116
o2 21.5643 24.1624 23.1004 22.3427 24.0175 23.3548 21.9449
¥ 4.2699 4.2598 4.2978 4.2296 3.8650 3.7434 3.9873

Notes: Bandwidth 1 (10~3x): h;= 10.09, ho= 12.23, h3= 13.89, hq= 15.10, hs= 17.22,
he= 18.74, hy= 19.97, hg= 21.11.

Bandwidth 7 (10~3x): hy= 5.17, ha= 6.33, ha= 6.97, hy= 7.49, hs= 7.85, he= 8.84,
h7=9.60, hg= 10.36.

which indicates that our estimation procedure is fairly robust. Similar results were obtained
for the full sample.

Next, we report our nonparametric estimates of the drift function. Here, we use slightly
higher bandwidths compared to the ones we used in the estimation of 8. In Figure 6.5,
the nonparametric estimator of p is plotted with pointwise 95%-confidence bands for both
the full sample and the subsample. The confidence bands are calculated using Theorem 1.
The range over which we plot the estimates was chosen as the one of the data from the
subsample. We see that for both periods, the nonparametric estimate of x is insignificantly
different from zero in the range between 0.03 and 0.12; this is consistent with our earlier
observation that locally the short-term interest rate behaves as a random walk. But for
values of r less than 0.035 and greater than 0.12, i (r) is significantly different from zero
implying a mean reverting effect; in the interval [0.03,0.12], {r;} is allowed to evolve
basically as a random walk but if it leaves this part of its domain and takes on too small
or great values it is pulled back again. So in a global sense {r;} can be seen as being
stationary. While the drift estimates for the two periods have the same shape, they are
still markedly different in the domain we have chosen here. In particular, in the full sample,
there is strong mean reversion in the left tail while no significant such appears in the right
tail. In contrast, the drift estimate in the smaller sample has relatively weak mean reversion
in the left tail, but a strong one in the right tail. The "missing" mean reversion of the
drift estimate in the full sample is however simply due to the fact that the domains within
which we have observed the interest rate in the full sample and the subsample are not the
same, and we are only able to compare the estimates within the domain of the subsample.
Mean reversion for the full sample first appears further out in its right tail, cf. figure 6.6.
In total however the two drift estimates are not significantly different from each other in
the domain of the data in the subsample.

The results found here are compatible with other empirical studies of the short-term
interest rate. Jiang and Knight (1997) and Bandi (2002) obtain nonparametric kernel
estimates of u that exhibit a similar behaviour. In a discrete time framework, parametric
Markov switching AR-models have proved to be able to generate the same type of dynamics
as the ones we have found here. For a recent application of this type of models to the short
term interest rate see Ang and Bekaert (2002).

One should however be careful with the tailbehaviour of the nonparametric estimates,
which may be an artifact of the use of kernel estimators. These are known for not being
precise in the tails and outside of the support of the data as a combination of their local
nature and the sparsity of data there. For the subsample, the data support is within
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FIGURE 6.4. Sensitivity check: Semiparametric estimates of a2 (r; 9) for different bandwidths.

[0.03,0.12] so one may question the quality of the local estimates of fi(x) outside of
this interval, where it may be prone to a certain degree of erratic behaviour. Chapman
and Pearson (2000) report in a simulation study that this is the case when using the
nonparametric kernel estimator of Jiang and Knight (1997). Another issue related to the
behaviour at the left tail is that the domain in our case is I = (0,00). It is by now
recognised that kernel densities estimates based on symmetric kernels may perform poorly
near the boundary of the support, which may be another source of bias in our case near 0+.
Recall from the simulation study that ff (x) did not perform well near the lower boundary
for the CIR-model; one could suspect the same to be the case here. Observe however that
in order for the short-term interest rate to remain positive, the drift has to be positive
near zero. So at least our estimates have the right sign. Bandi (2002), when applying the
nonparametric kernel estimator of Bandi and Phillips (2003), reports similar estimates of
the drift function in the right tail of the data support. He however only reports estimates
within the data support and is not able to conclude what the drift looks like close to 0+.
The tailbehaviour may also be a result of us imposing the assumption of stationarity on
the process as argued by Jones (2003). In conclusion, the estimates for x £ [0.03,0.12]
should be interpreted with care. We plan to carry out further monte Carlo studies of these
issues, and also apply bootstrapping when calculating the confidence bands.

In Figure 6.6, we compare the nonparametric estimator of the drift to the parametric
estimator in the full sample. The nonparametric drift estimator is very wiggly in the right
tail, and one might want to use a varying bandwidth to remove this effect. Comparing the
parametric and nonparametric estimates, the most striking feature is the very strong mean
reversion found in the nonparametric ones. We see that the parametric model mimics the
nonparametric estimate pretty well in the major part of the domain, but has problems

capturing the curvature of the drift term out in the tails. Similarly, when comparing the
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FIGURE 6.5. Nonparametric estimate of u with 95% confidence bands.

two drift estimators for the subsample which can be found in Figure 6.7. Observe that
in the subsample, the nonparametric drift estimate only crosses zero once (at z = 0.08,
i.e. there is one steady-state for this model) while in the full sample, it reaches zero
twice (at z = 0.09 and 0.19, i.e. there are two steady-states). This is caused by the Fed-
Experiment. The parametric drift estimates are very close to zero, in particular in the
subsample. This gives support to the earlier finding that the short rate may be modelled
as a heteroschedastic random walk since the process dr; = o (r;) dW; is the continuous-time
equivalent of a such.

We test the parametric specification against the semiparametric alternative to see whether
the latter supplies us with an adequate description of data. We do this using the test statis-
tic proposed in Theorem 3 in Chapter 4. In both samples, we choose the number of points
d = 40, and z; as the i/41 x 100th empirical percentile of the sample in question. The
realised value of the test statistic is 7, = 280.65 and 552.96 for the full sample and the
subsample respectively, while the critical value at a 1%-level is 63.6907. So we clearly re-
ject the hypothesis that the parameterisation of the drift considered here is appropriate.3
It could now be of interest to set up a parsimonious parametric model which was able to
generate the same behaviour of the drift as our semiparametric estimate does. This is left
for future work.

For both samples, the estimates for the parametric model are both qualitatively and
quantitatively very different from the ones reported in Ajit-Sahalia (1996b). In particu-

3The distribution of test statistics for parametric vs. nonparameteric alternatives are known to be poorly ap-
proximated by their asymptotic distribution. So it would probably be more appropriate to perform bootstrap here,
see e.g. Fan (1994, 1995). This is left for future research.
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FIGURE 6.6. Comparison of nonparametric and parametric estimate of /z for the full sample,
1973-1995.
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lar, while the estimated drift in Ajt-Sahalia (1996b) predicts two turning points (steady-
states), we here only have one. The second steady-state is partially reinforced in the semi-
parametric model fitted to the full sample. The estimated diffusion term in Afit-Sahalia
(1996b) has a smile while ours is monotonously increasing. Hurn and Lindsay (2002) re-
port qualitatively similar estimates to ours with their drift and diffusion term having the
same shape as ours, but on a much smaller scale. Our estimates are fairly close to the ones
obtained in Durham (2002) though.

6.5.2 Implied Bond and Derivative Prices

Given the calibrated models obtained in the previous section, we now wish to see what
implications the competing models will have on bond and interest rate derivative prices. We
compute bond prices implied by the competing models to see if they generate significantly
different prices. This is only done for the models fitted using data in the period 1982-1995.

In order to do this, we first need to estimate the risk premium as discussed in Section
3. We use the general estimation procedure where the risk premium is chosen to minimise
the squared difference between implied and observed bond prices. Here, we follow Ait-
Sahalia (1996) and Vasicek (1977) amongst others and assume that the risk premium is
constant over time. This facilitates the estimation since we then only have one parameter
to optimise with respect to. We estimate this parameter, A, using the least squares method
presented in Section 3: Given the estimates of 8 and the drift function and any value of
A, we calculate a set of implied bond prices and compare them to the observed prices.
The data set used in the calibration consists of daily observations of 1-, 3- and 6-month
Eurodollar bond prices, (B;a (7;)), and the daily observations of the short-term interest
rate, ra, i = 1,...,n, § = 1,2,3, where 71 = 1/12, 71 = 1/4 and 73 = 1/2 are the times to
maturities. We assume the following model for the observed bond prices,

Bia (15) =g (ri,7j;\) + €5, EF[ei;] =0, EF [] = 02

where

g (r,7;A) = E° [exp [—/ rsds] |ro = r}
0

and {r;} has dynamics (6.4) with A (r) = A. The estimate of X is the obtained by running
non-linear least squares on the above regression model. The (approximated) implied bond
prices, IIg (r,7), are obtained by Monte Carlo simulation of the short term interest rate
process under the risk-neutral measure.

Here, we use zero-coupon prices from the period December 1, 1994 to February 25, 1995
in our calibration of A. This gives us n = 154 observations; we have actually a much larger
data set of bond prices available which could be used, but the Monte Carlo simulations
are fairly time-consuming so we here choose to only use a small proportion of this. In
Table 6.6, the estimated market price of risk premiums are reported when one uses the
semiparametric and parametric fit respectively. In Chapter 5, Section 4 we demonstrated
that under weak regularity conditions,

V(A — Xo) =¢ N (0,02H71 (M),



6.5 Empirical Results 173

where
H(N) = Ey {15 (ria ) Mg (riai V)], s (5 X) = {TL (r, )}y

The standard errors were calculated using (5.26). They were not adjusted for the fact that
the drift and diffusion term came from a preliminary estimation step. That is, reported

standard errors of ) are calculated conditional on the estimated drift and diffusion term.

TABLE 6.6. Estimate of the market price of risk, A.

Semiparametric Parametric
Estimate of A -8.5494 10—2 -1.0596 10—1
Standard Error (2.0603 10—2)  (3.0651 10—2)
Notes: Standard errors are reported in parentheses.
For both the parametric and semiparametric model
(5.26) was used to calculate these.

We are now able to calculate bond prices under the risk neutral measure. In Table 6.7,
we report the implied bond prices given either the semiparametric or the parametric fit
of the short-term interest rate. We report prices for four different times to maturities,
0.5, 1, 5 and 10 years, and 4 different levels of the current short rate. In general as the
maturity increases, the prices difference between the two competing models increase. For
most maturities, the prices implied by the parametric model fall outside one or more
standard deviations of the semiparametric prices. So we get significantly different prices
when applying the semiparametric model compared to the parametric one.

TABLE 6.7. Implied bond prices of the semiparametric and parametric model.
Short rate level
Maturity (years) 0.04 0.06 0.08 0.10
0.5 97.2866 99.1478 96.1416 94.2130
(0.1054)  (0.0868) (0.0883)  (0.0697)
97.1404 98.3368 96.5284 92,7327

1 94.9322 93.0204 91.0659  88.3761
(0.1147)  (0.0906)  (0.0835)  (0.0657)
92.2625 92.6393  91.2850  91.0595

5 65.6758  65.2582  62.6428  60.8854
(0.1131)  (0.1078)  (0.0995)  (0.0656)
65.3361  63.6363  62.7447  60.7810

10 41.7999  40.0005 39.1834  38.7795
(0.0916) (0.0803) (0.0721) (0.0681)
42.9604 40.5908  40.0661  39.0452
Notes: (i) All prices correspond to a face value of the bond equal
to $100. Each cell has three elements: The first and third are the
implied prices of the semiparametric and parametric model respec-
tively; the second the associated standard error of the semipara-
metric model.
(ii) The s.e.’s were calculated by using the estimator outlined in
Section 5.3.2.
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6.6 Conclusion

We have proposed a new semiparametric diffusion model for the short-term interest rate
which contains most parametric models found in the term structure literature. We es-
timated the semiparametric model using a data set of daily observations of the 7-day
Eurodollar rate in the period 1973-1995. For comparison, we also fitted the parametric
model proposed by Ait-Sahalia (1996b) to the data, this being the most flexible para-
metric single-factor model found in the literature. Due to so-called Fed-Experiment in
1979-1981, there is a break in the data in this period compared to before and after. So we
estimated the models using both the full sample and the subsample 1982-1995. Estimating
the models using either of the two samples lead to markedly different results. The two sets
of estimates were however not statistically different from each other. If one wishes to model
the full period, one may gain from either including dummies or using a Markov-switching
model.

Both the drift and diffusion term in the fitted semiparametric model exhibited a nonlin-
ear behaviour which most of the parametric models in the literature cannot generate. The
nonparametric estimate of the drift were significantly different from the one of the most
flexible parametric model in both the full sample and the subsample. In both samples, this
was due to a much stronger degree of mean reversion in the nonparametric estimates. The
parametric form was not able to allow for a mean reversion in the tails of this type, and
could therefore not mimic the shape of the nonparametric drift properly there. We tested
the parametric model against the semiparametric alternative and rejected it in favour of
the semiparametric one. The implications on the pricing of bonds were also examined. We
found that the implied bond prices predicted by the two models were significantly different
from each other. So not only do the models differ on a basic level, but they will also lead
to different prices. This is particularly important for market practitioners.

As a next step, it would be interesting to develop further statistical tests to evaluate
the performance of the model when using it for pricing derivatives. Such would be a useful
tool in model selection and evaluation, helping the practitioner to choose a parsimonious
model without misspecifications, and which at the same time performs well in a pricing
scenario. Also, we plan to set up a fully parametric model which is consistent with the
semiparametric estimates.

How to extend our approach to cover semiparametric multifactor models is not obvious
since our estimator is not easily extended to multivariate diffusion models. If one is ready
to restrict one’s attention to a smaller class of multifactor models however, it should be
possible to adapt the approach used here to this more general case, cf. Chen et al (2000b).
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