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Abstract

The focal point of this thesis is on identification and estimation of nonparametric models,
as well as the efficiency and higher order properties of a class of semiparametric estimators
in Microeconometrics.

We present a new identification result for a particular nonparametric model that nests
many popular parametric/nonparametric Econometric models as special cases. Estimators
are proposed and their asymptotic properties derived; in particular, they are shown to be
consistent and asymptotically pointwise normally distributed. We implement these estima-
tors for the nonparametric estimation and testing of production functions in 4 industries
within the Chinese economy in the yeé.rs 1995 and 2001.

The statistical properties of an entire family of semiparametric estimators for Limited
Dependent Variables models are also analyzed. The derived theoretical results have direct
applicability to a wide range of estimation problems. In particular, we derive the semipara-
metric efficiency bounds and show that some of the already—proposed estimators achieve
these bounds. A connection with the Programme Evaluation literature is established as
well.

Finally, we derive an asymptotic approximation to the Mean Square Error of this class
of semiparametric estimators to aid the choice of smoothing parameter. It is demonstrated
that this choice can be made on the basis of bias alone. Possible extensions in this framework

are also discussed.
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Chapter 1

Introduction

Nonparametric and semiparametric specifications are common in Econometric models. In
Microeconomics, they are informative about consumer or firm behavior while imposing
a minimum set of restrictions in order to achieve identification of the main features of
interest. Furthermore, non/semiparametric econometric estimators can be constructed (in
some cases efficiently) to remain consistent in situations where parametric models are not.

This robustness property remains the most important aspect in this literature.

The calculation of fully nonparametric estimators, while modeling economic relation-
ships, imposes enormous data requirements when a large number of variables is involved.
This problem, known as the ‘curse of dimensionality’, can be alleviated by the use of cer-
tain functional structures that may be imposed by Economic theory. These nonparametric
functional forms are more restrictive than a fully nonparametric specification, but their as-
sumptions are weaker than those with a finite-dimensional parametric specification. These
particular forms (as we will show in this dissertation) can be used to identify the model
itself, and we build estimators that achieve faster rates of convergence relative to their non-
parametric counterparts. On the other hand, semiparametric models are also very attractive
alternatives to reduce this ‘curse of dimensionality’. They impose some parametric restric-
tions on the economic relationship that we try to model, while allowing functional form of
many of its other components to remain unknown. A large number of the derived semipara-
metric estimators achieve parametric rates of convergence, and attain the semiparametric

efficiency bounds induced by their underlying assembly.

This thesis makes contributions to these two related efforts to reduce the necessity of
functional form restrictions, which are needed to identify and estimate efficiently Econo-
metric models. The outline of the thesis is as follows:



Chapter 2: Identification and Nonparametric Estimation of a Transformed
Additively Separable Model. We first introduce a flexible structure for a function of
random variables that nests many features of Econometric models as special cases. This
particular form involves a smooth monotonic transformation of another smooth function,
which is assumed to be separable, either additively or multiplicatively, with respect to one
of its argument. For example: This particular functional form could represent the condi-
tional mean or quantile function of the observed outcome in Limited Dependent Variable
Models. It could also represent homothetic functions widely used in Economic modeling.
In a regression model with unknown transformation of the dependent variable, the condi-
tional distribution of the dependent variable given the observed regressors, also shares this

functional form.

Unlike other authors in this literature, we make full use of the implied strictly mono-
tonic link function in the examples above to achieve nonparametric identification of all their
unknown components. Furthermore, we propose a computationally simple nonparametric
estimation algorithm that does not require any optimization or matching. The resulting es-
timators have pointwise asymptotic normal distributions under regularity conditions. Their
rates of convergence are also faster than those of a fully nonparametric alternative. We
also find that they perform fairly well in comparison with other nonparametric estimators
previously proposed in the literature, for a variety of Monte Carlo designs dealing with small

sample sizes.

Finally, the idea of Generalized Homothetic functions is introduced in order to estimate
production functions for various industries within the Chinese economy during the years 1995
and 2001. We also estimate and test a range of parametric specifications for comparison
purposes. In certain industries, we find that their implied measures of input substitution
and scale are very different to those implied by our more flexible specification.

Chapter 3: Efficiency Bounds in Semiparametric Models defined by Moment
Restrictions using an Estimated Conditional Probability Density. In this chapter,
we calculate the semiparametric efficiency bounds for an entire class of semiparametric
estimators proposed in the literature of Limited Dependent Variable models. Regardless of
the inherent nonlinearities of this type of model, these estimators are computationally easy
to calculate as they have ‘closed’ formulae. In some cases, they resemble Least Squares or
Linear Instrumental Variable estimators in a simple linear regression model. They are also

robust to measurement errors, endogeneity and heteroskedasticity of unknown form.

It is shown that these bounds are sharp. That is, two previously proposed estimators in
the literature achieve these bounds. The bounds are also applied to estimators of treatment
effects. We find that they are also efficient among a particular family of propensity—score—
weighted estimators. We also find that using an estimate rather than the real conditional

10



probability density in the construction of these estimators is more efficient. Furthermore,
the general result presented in this chapter can be directly applied to any new estimator
that belongs to this class. All these results seem to be new in the literature.

Our theoretical findings are confirmed in a simulation study involving a variety of designs,
frameworks and kernel-based estimators. We find marginal improvements in terms of fitting
criteria when Local Linear instead of Local Constant regression is used for the nonparametric

component of the estimator.

Chapter 4: Optimal Bandwidth Choice for Estimation of Inverse Conditional-
Density-Weighted Expectations. The kernel-based implementation of the class of semi-
parametric estimators discussed in Chapter 3 requires the choice of a smoothing parameter.
This chapter characterizes its optimal value. We obtain a ‘closed’ formula for the optimal
bandwidth by minimizing the leading terms of a second—order mean squared error expansion
of the estimator with respect to this smoothing parameter.

It turns out that we can choose the optimal value for the bandwidth based on bias
alone. In particular, we show that there are two sources of biases: a ‘smoothing’ bias, and
a ‘degrees—of-freedom’ bias. The optimal bandwidth makes these biases’ contributions to
the asymptotic mean square error have the same order of magnitude. Based on the derived
formula for the optimal smoothing parameter, a simple ‘plug—in’ estimator for the optimal
bandwidth is proposed. We prove its consistency under regularity conditions.

We examine the quality of the asymptotic approximation in finite samples for simple
Monte Carlo designs. The proposed ‘plug—in’ estimator for the optimal bandwidth is also
shown to perform fairly well under various circumstances and sample sizes. Finally, we
examine how our results adapt in the presence of discrete regressors. The potential use of
a Bootstrap bandwidth selection mechanism is also presented.

Each chapter can be read independently from each other. This means that there is
variation in the notation used within each chapter.

11



Chapter 2

Identification and Nonparametric

Estimation of a Transformed
Additively Separable Model

2.1 Introduction

For vector z and scalar 2, let 7 (z,z) be a function that, along with its derivatives, can
be consistently estimated nonparametrically. Unconstrained nonparametric estimation of r
is usually unattractive when z € R¢ is multidimensional, because the rate of convergence
decreases rapidly as d increases, yielding very imprecise estimates with samples of practical
size, see Stone (1980). We may overcome this curse of dimensionality by making assump-
tions about the functional form of r that are stronger than those of a fully nonparametric
estimator, but weaker than those of a finite-dimensional parametric model, see Stone (1986).
In the fully nonparametric framework, one such dimension-reduction method is to assume
there exist functions H, G and F such that

r(z,2) = H[M (z,2)] = H|[G (z) + F (2)] (2.1.1)

where M (z,2) = G(z) + F(z) and H is strictly monotonic. This chapter provides an
identification result that allows us to recover H, M, G and F in the above specification. An
estimation algorithm is then proposed when r (z, z) represents a conditional mean function
for a given sample {Y;, X;, Z;};_;. We also provide limiting distributions for the resulting
nonparametric estimators of each component of (2.1.1), as well as present evidence of their

small sample performance in a limited Monte Carlo experiment.



2.1 Introduction

This framework encompasses a large class of economic models. For example, the func-
tion r (z, z) could be utility or consumer cost functions recovered from estimated consumer
demand functions via revealed preference theory, or it could also be a production or pro-
ducer cost function that can be recovered directly from a data set. When H [m] = m,
the identity function, Chiang (1984), Simon and Blume (1994), Bairam (1994), and Chung
(1994) reviewed popular parametric functional forms used in economics. In demand analy-
sis, Goldman and Uzawa (1964) provideed an overview of the variety of separability concepts

implicit in such specifications.

Many methods have been developed for the identification and estimation of strongly
or additively separable models, where r(z,z) = ELI Gi (zr) + F (z) or its generalized
version r(z,2) = H[ZZ=1 Gk (zx) + F (2)]. Friedman and Stutzle (1981), Breiman and
Friedman (1985), Andrews (1991), Tjgstheim and Auestad (1994) and Linton and Nielsen
(1995) are examples of the prior and Linton and Hérdle (1996), and Horowitz and Mammen
(2004) proposed estimators of the latter for known H. Horowitz (2001) used this assumed
strong separability in order to identify the components of the model when H is entirely
unknown, and proposed a kernel-based consistent and asymptotically normal estimator.
When d = 1, specification (2.1.1) is nested in the class of models Horowitz considers.
However, many econometric models imply link functions, H, that are strictly monotonic
but otherwise unknown (see examples below). By making use of this extra information, our
identification result does not requires G to be additive in its argument, in order to achieve
full identification.

As strong separability may be too restrictive in the context of an empirical application,
models satisfying equation (2.1.1) are called weakly separable. They offer a more flexible
specification that allows for some interaction among regressors, as well as a faster rate
of convergence compared to fully unrestricted nonparametric estimation. Pinkse (2001)
provides a general nonparametric estimator for this class of models under weaker conditions
on M, i.e. no separability, and on H, which is assumed to be increasing only. However, in
this partly separable specification, Pinkse’s estimator will compute M up to an arbitrary
monotonic transformation; while ours, by making use of the assumed strict monotonicity of
H, provides the unique (up to sign-scale and location normalization) M, and by virtue of
marginal integration, the unique G and F'.

These transformed partly additive models could also arise as ordinary partly additive
regression models in which the dependent variable is censored, truncated or binary. These
would be models in which Y* = G(X) + F (Z) + ¢ for some unobserved Y* and e, with
¢ independent of (X, Z) with an absolutely continuous distribution function, and what is
observed is (Y, X,Z), where Y = Y*1(Y*>0),or Y = Y*|Y*>0,0or Y =1(Y* > 0), in
which case 7 (z,2) = E|Y|X =2,Z = 2] or r (z,2) =med[Y| X =z, Z = 2]. The function
H would then be the distribution or a quantile function of €. Threshold or selection equations

13



2.1 Introduction

in particular are commonly of this form, having Y = 1[G (X) + € > —z], where —z is some
threshold, e.g. price or bid, with G(X) + ¢ being willingness to pay. In this sense, our
identification result is similar to Lewbel and Linton (2002) for the censored or truncated
regression, though it is applicable to a wider range of Limited Dependent Variable models,
and makes use of the extra assumed separability.

Model (2.1.1) may also become evident in a regression model with unknown transfor-
mation of the dependent variable, F'(z) = G(z) + ¢, where € has absolutely continuous
distribution function H which is independent of z, F' is an unknown monotonic transfor-
mation and G, an unknown regression function. It follows that the conditional distribution
z given z, Fgzx, is given by H (F (z) — G (z)) = r(2,), where Fzx = r(2,z). For this
model, Ekeland, Heckman, and Nesheim (2004) provided an identification result that also
exploits separability between z and z, but not the monotonicity of H as we do here. More
generally, Matzkin (2003) considered identification of models of the form ¥ = m (X, Z,¢)
with € independent of (X, Z). In this framework, our model makes no assumption about
the role of unobservables, as well as provides no estimates of these other than a limiting

distribution theory for estimates of r.

Moreover, the proposed identification result may also be extended to the transformed
multiplicative sub—models of the form H [M (z,z)] = H [G (z) F (z)], which are very com-
mon in production literature. Particularly, a function r (Z, 2) is said to be homothetic if
and only if r (Z,z) = H [M*(Z,2)] where H is strictly monotonic and M* is linearly ho-
mogeneous, i.e. M* (\Z,\z) = AM*(Z, 2) or equivalently M* (Z,2) = A"'M* (A%, Az). If

= z7! and z = T/z, it follows that M (z,2) = G (z) F (z), where G (z) = M* (z,1) and
F (2) = z. Our estimator can readily be used in order to identify this homothetic model,
as well as a more general class of functions where F (z) is not a simple power function of
z. We implement our methodology for.the estimation of generalized homothetic production
functions for four industries in the People’s Republic of China. For this, we have built
an R package (see IThaka and Gentleman (1996)), JLLprod, incorporating functions that

implement the techniques proposed here.

Although the functions H, G and F may not be of direct interest in some applications,
our proposed estimators might still be useful for testing whether or not functions have the
proposed separability, by comparing 7 (z, z) with H [@ (z) +F (2)], or in the production the-
ory context, to test whether production functions are generalized homothetic, by comparing
F(z) = z with F (2). In addition, the more general model r (z, z,w) = H [M (z, z) ,w] can
also be identified when M (z,z) is additive or multiplicative and H is strictly monotonic

with respect to its first argument.

Section 2.2 sets out the main identification results. Our proposed estimation algorithm

is presented in Section 2.3. Section 2.4 analyzes the asymptotic properties of the estima-

14



2.2 Identification

tors. A Monte Carlo experiment is presented in Section 2.5 comparing our estimators to
those proposed by Linton and Nielsen (1995), and Linton and Hérdle (1996), both of which
use knowledge of H, and with Horowitz (2001). This section also provides an empirical
illustration of our methodology for the estimation of generalized production functions in
four industries within the Chinese economy for the years 1995 and 2001. Finally, Section
4.6 concludes and briefly outlines possible extensions.

2.2 Identification

The main identification idea is presented in this section. Firstly, observe that (2.1.1) is
unchanged if G and F are replaced by G+c¢ and F +cr, respectively, and H (m) is replaced
by H (m) = H (m — ¢g — cp). Similarly, (2.1.1) remains unchanged if G and F are replaced
by ¢G and cF respectively, for some ¢ # 0 and H (m) is replaced by H (m) = H (m/c).
Therefore, as it is commonly the case in the nonparametric literature, location and scale
normalizations are needed to make identification possible. We describe and discuss these
normalizations below, but first, we state the following conditions which are assumed to hold

throughout our exposition.

AssuMPTION I:

(I1) Let W = (X, Z) be a (d+ 1)-dimensional random vector with support ¥, x ¥,,
where ¥, C ?R‘i, and ¥, C R, for some d > 1. The distribution of W is absolutely
continuous with respect to Lebesgue measure with probability density fw (w) > 0
for all w = (z,2) € ¥  x \I»'z.. There exists functions r, H, G and F such that
r(z,z) = H[G (z) + F(2)] for all w = (z,2) € ¥z x ¥,.

(I2) (i) The function H is strictly monotonic and H, G and F are continuous and dif-
ferentiable with respect to any mixture of their arguments. (ii) F has finite first
derivative, f(z), over its entire support, and f (z9) = 1 for some zy € int (¥;). (iii)
Let H (0) = ro, where rp is a constant. In addition, (iv) Let r (z,2) € Uy ., for all
w = (z,2) € Yy x Uy, where U, ,) is the image of the function r (z, 2).

Assumption (I1) specifies the model. The functions M, thus G and F are not non-
parametrically identified if (X, Z) has discrete elements, a restriction which is common in
nonparametric models with unknown link function (see Horowitz (2001)). Assumption (I2)
defines the required location and scale normalizations that makes identification possible. It
also requires that the image of r (z, z) over its entire support is replicated once r is evaluated
at zp for all z. This assumption also implies that s (z,2) = Or (z, z) /0z is a well defined

15



2.2 Identification

function for all w € ¥, x ¥,. Then, for the random variables r (X, Z) and s (X, Z), let us
define the function q (¢, z) by

q(t,z)éE[s(X,Z)lr(X,Z)=t,Z=z]. (2.2.1)

The assumed strict monotonicity of H ensures that H~!, the inverse function of H, is
well defined over its entire support; also, let h (M) = H(1) (M) be the first derivative of H.

Theorem 2.2.1 Let Assumption I hold. Then,
r(z,z)
dt

M(z,2)=G(z)+ F(2) = OENE

To

(2.2.2)

Proof. It follows from Assumption (I1) that s (z, z) = h[M (z, 2)] f (2), so

E[s(X,2)|r(X,2)=t,Z=2]=E[h[M(X,2)]f(2)|r(X,2Z) =t,2Z = z]
=E[h[H (r(X,2))] f(2)|r(X,2) =t,Z = z)]
=h[H™* ()] f (20), and

q(t,20) = h [H™1 (¢)] f (20). Then using the change of variables m = H~! (¢), and noticing
that h [H~1 (t)] = h(m) and dt = h (m) dm, we obtain

r(z,2) r(z,2)
/ dt _ / dt
q(t, 20) / h[H-1(t)] f (20)
T0 T
H™[r(z,2)]
h(m)dm
h(m) f (20)
H"I[TQ]

= (H7 ' [r(z,2)] — H ' [ro]) (1/F (20)) = M (2,2) =G (¢) + F (2),
as required.

In the special case of an identity link function, i.e. H (m) = m, q has a simple form
q(t,20) = f(20) = q(20) which is constant over all ¢ and equals 1 by Assumption (12). It
is clear from the proof of this theorem, that without knowledge of zy and rg, Assumptions
(I2)(ii) and (I2)(iii), the function M (z,z) can only be identified up to a sign-scale factor
1/f (#0), and location constant H~! [rg] (1/f (20)) provided |f (z0)| > 0 and |H~ [r]| < co.
In addition, (I2)(iv) depends on a range of (X, Z) that is large enough to obtain the function
r (X, Z) everywhere in the interval rg to r (z, z). That is, it ensures that g exists everywhere
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2.2 Identification

on ¥, ;) x ¥,, making M (z, z) identifiable for all z and z.

Lewbel and Linton (2002) also used a similar result (2.2.2) in the nonparametric censored
regression setup, Y = max [0, M (W) — ¢]. Their estimator assumes independence between
W and € with E(¢) = 0. For the proposed partly separable case, Theorem 2.2.1 above
replicates their Theorem 3 (page 769), but with additional normalizations. In particular,
q(t,20) = Fe [F71(¢)] f (20), where F; is the cumulative distribution function of ¢ and

m

F(m)= [ F.(e)de. Asisin our case, their location constant must be known a priori. The
—o00
assumed additive separability with respect to z also adds an extra normalization on ¥.

For the multiplicative model, M (z, z) = G (z) F (z), the following assumption and corol-

lary provides the necessary identification.

ASSUMPTION I*:

(I*1) Let W = (X, Z) be a (d+ 1)-dimensional random vector with support ¥; x ¥,,
where ¥, C R¢ and ¥, C R, for some d > 1. The distribution of W is absolutely
continuous with respect to Lebesgue measure with probability density fi (w) > 0
for all w = (z,2) € ¥; x ¥,. There exists functions r, H, G and F such that
r(z,2) = H|G (z) F (2)] for all w = (z,2) € ¥z x ¥,.

(I*2) (i) The function H is strictly monotonic and H, G and F are continuous and differen-
tiable with respect to any mixture of their arguments. (ii) F' has finite first derivative,
f (2), such that F(2p) /f (20) = 1 for some zy € int (V,). (iii) Let H (1) = r1, where
71 is a constant. In addition, (iv) Let r (z,2) € Wy(g,4) for all w = (z,2) € ¥y x Ty,

where U, ,) is the image of the function r (z, 2).

Corollary 2.2.2 Let Assumption I* hold. Then,
r(z,z)
dt

M (z,2) = G (z) F (2) = exp q(t, zo)

(2.2.3)

T1

Proof. See Appendix. m

If r; is greater than r (z, 2), for any nonnegative constant, r;, then the integrals of the
form frr,(z’z) above are to be interpreted as — :,(z‘z), for | = 0,1. Once M (z,z) has been
pulled out of the unknown (but strictly monotonic) function H in (2.2.2) or (2.2.3), we may
recover G and F by standard marginal integration, see Linton and Nielsen (1995). Let Py
and P, be deterministic discrete or continuous weighting functions with I\Il, dP;(z) =1and

f% dPs (z) = 1. These integrals should be interpreted in the Stieltjes sense. Let p; and p2
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2.2 Identification

be the densities of P; and P, with respect to Lebesgue measure in ® and R® respectively.
Then

ap, (z) = [y M (z,z)dP; (2), and ap, (z) = /\; M (z,z)dP; (z).

In the additive model, ap, () = G(z) + c1 and ap, (z) = F(z) + c2, where ¢; =
fq,z F(2)dP; (2) and ¢ = fq,: G (z)dP; (z). While in the multiplicative case, ap, (z) =
c1G (z) and ap, (z) = coF (2). Hence, ap, (z) and ap, (2) are, up to identifiability, the

components of M in both additive (¢ = ¢; + ¢2) and multiplicative structures (¢ = ¢; X c2).

Given the definition of r (z, z), it follows that
H(M(z,2)) =E[r(X,2)|M(X,Z) = M (z,2)],

thus the function H may also be identified. If r(z,z) = E[Y|X =1z,Z = 2| for some
random Y, then the equality H (M (z,2)) = E|Y|M (X, Z) = M (z, z)] may also be used
to identify H.

We could replace the sign-scale normalization in Assumption (I2)(ii), by another that
assumes there is a bounded, non—negative function, w, such that

w(z),
/f(zo)dz0 =b

with w integrating to one over its compact support. For the applied researcher, a normal-

ization restriction such as (I2) is empirically appealing because it entails the selection of
a single value rather than a whole function. From a practical point of view, it will also
ease computational time. Besides, these restrictions may well be imposed by economic the-
ory. For example, the neoclassical production function (positive but decreasing marginal
products with respect to each factor) of two inputs, with constant returns to scale, implies
that its two production factors, K, capital and, L, labor are essential in the sense that
positive inputs of both factors are needed for a positive output. If r (K, L) represents such
a function, 71 = r(0,L) = r (K,0) = r}x{u}} r (K, L) is a natural choice. Furthermore, such
a production function has a multiplicat{ve structure (see Section 2.5) with F (L) = L, in

which case f (L) = 1 and any Ly > 0 may be chosen and full identification can be achieved.

Strict monotonicity of the link function plays an important role in these results. Be-
cause of it, the conditional mean of s(z,z) given r and z is a well-defined function, with
a known structure which is separable in z. This contrasts with Horowitz (2001) and Eke-
land, Heckman, and Nesheim (2004), where strict monotonicity is neither assumed nor is it
exploited for identification, rather it is the separability of the partial derivatives of r (z, z)
that is used instead. It is also worth noticing that our identification result does not need

the existence of stochastic variation in s(z, z) — it could be known or take on random values
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2.3 Estimation

— once conditioned on r and z.

2.3 Estimation

In this section, for the case r (z,2z) = E Y| X = z,Z = 2|, we describe estimators of M, G,

F and H based on replacing the unknown functions r (z, 2), s(z, z) and ¢ (¢, 2) in (2.2.2)

by multidimensional smoothers. Since an estimator of the partial derivative of the regres-

sion surface, 7 (z,z), with respect to z is needed, a natural choice of smoother will be a

Local Polynomial estimator, which produces estimators for » and s simultaneously. These

nonparametric estimators also have better boundary behavior and the ability to adapt to

non—uniform designs, among other desirable properties (see Fan and Gijbels (1996)).

For a given random sample {Y;, X;, Z;}}- ;, estimators of M, G, F and H in the additive

case, can be constructed by following these steps:

1) Obtain a consistent estimator of 7; = 7(X;,Z;) and §; = 5(X;, Z;) by local p;-th
order polynomial regression of ¥; on X; and Z; with corresponding kernel K;, and
bandwidth sequence hy = hy(n) fori=1,...,n.

2) Obtain a consistent estimator of q (¢, z), given zg for all ¢, by local pa-th order poly-
nomial regression of §; on 7; and Z; with corresponding kernel K» and bandwidth se-
quence hy = hy (n) for i = 1,...,n. Denote this estimate as § (¢, z) = E[ 5|F7(X, Z) =
t,Z = zg).

3) For a constant rp, define an estimate of M (z,z) = G (z) + F (2) by

— ’I“\((I),Z) dt
M (z, 2 =/ = . 231
( ) To Q(tsz) ( )

4) Estimate G (z) and F (z) consistently up to an additive constant by marginal integra-

tion,
an ()= | M (e,5)aP @), (23.2)
ap, (z) = /qw M (z,2)dP; (z). (2.3.3)
5) Now for ¢ = (1/2) [f% ap, (z) dP; (z) + f\If, ap, (z)dPy (z)] , define G (z) = ap, (z)—¢

, F(z) = @p, () — € and M (X, Z;) = G (X:) + F (Zi) + €, then we can obtain a
consistent estimator of H (m) by local p,-th polynomial regression of Y; or 7 (X;, Z;)
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2.3 Estimation

on M (Xi, Z;) with corresponding kernel &, and bandwidth sequence h, = h, (n) for
i=1,...,n. Denote this estimate as H (m).

If we are interested in estimating a partly multiplicative model instead, we can replace

steps 3-5 by:

3*) For a constant 71, define an estimate of M (z,z) = G (z) F (2) by

o 7(z,2) dt
M (z,2) =ex / — .
(22) "( . q(t,zo))

4*) Estimate G (z) and F (z) consistently up to a scale factor by marginal integration,

&, (@) = /w 7 (z,2) dP, (2),

ap, (2) =/‘; J/V.f\(:v,z) dP, (z).

5*) Now for & = (1/2) [ Jo. @p, (2) Py (2) + [y, Bp, (2) 4Py (2)], define G (z) = @p, (2) /5,
F (z) = @p, (2) /&, and M (Xi, Z;) = G (X;) F (Z;) €, then we can obtain a consistent
estimator of H (m) by local p.-th polynomial regression of Y; or 7 (X, Z;) on M (X, Zy)
with corresponding kernel &, and bandwidth sequence h, = h,(n) for i = 1,...,n.
Denote this estimate as H (m).

We can immediately observe how important the joint—unconstrained nonparametric es-
timation of r and s is in step 1. They will not only be used in estimating ¢ in step 2,
but r along with the preset ro (r1) will also define the limits of the integral in (2.3.1) in
step 3 (3*). Operationally, because of estimation error in step 1, the function g (¢, 2) is
only observed for t € range (¥ (X;, zg9)), but we continue it beyond this support by linear
extrapolation (with slope equal to the derivative of g at the corresponding end of the sup-
port) elsewhere in step 3 (3*). Moreover, (2.3.1) can be easily evaluated using numerical
integration. A convenient choice of P; (z) and P (z), in (2.3.2) and (2.3.3), are F, (z) and
F; (z), the distribution functions of Z and X respectively. Given that they are in general
unknown in practice, we can replace them by their empirical analog, E, (2) and F, (z), so
we have @, (z) =n"1 Y1, M (z,Z;) and @ (2) = n~! 1 M (X;, z). Finally, notice that

H in step 5 (5*) involves a simple univariate nonparametric regression.
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2.3 Estimation
Known Link Function

In many practical situations, especially with binary and survival time data, the conditional
distribution of Y given (X, Z) belongs to a known family with known link function, H, for
example the logit and probit link functions are common for binary data, and the logarithm
transform for Poisson count data, see McCullagh and Nelder (1989). More generally, if H
is twice continuously differentiable such that h (M) = H (M) = 8H (m) /Om|,,_; # O
over its entire support, the function ¢ (¢, zp) in Theorem 2.2.1 and Corollary 2.2.2 can be
replaced by guqq (t) = h [H -1 (t)] in the additive case, or by g (t) = h [H -1 (t)] H™L(t)
in the multiplicative one, so scale normalization is not needed. Specifically,

7(2,2) r(z,2)
_at “1p ] = dt 1,
mf waa® 70 / miE (23.4

= H™'[r(z,2)] = M (2,2) = G (2) + F (2),

and similarly

r(z,z) r(z,2)
dt _ dt -
€Xp / m +1In (H ! [7'1]) = €exXp 1/ 3 [H_]_(t)] H-1 (t) +H ! [7‘1] (235)

= H [r(x,2)] = M (z,2) = G(z) F (2),

by a change of variables m = H~!(t), such that d¢t = h(m)dm. The above equalities hold
for any r; such that H~! [r;] < oo for [ = 0, 1, so it does not require a location normalization
as well. Notice that g (t,20) = gada (t) (1/f (20)) and ¢ (¢, 20) = gmuit () (F (20) /f (20)) , in
the additive and multiplicative case respectively.

After replacing the unknown conditional mean function r(z, z), in (2.3.4) and (2.3.5),
by local p;-th order polynomial regression of Y on X and Z with kernel K, and bandwidth
sequence h; = h; (n), we obtain M (z,2) = H™! [F(z, z)], which corresponds to the estimator
proposed by Linton and Héirdle (1996) and to that proposed by Linton and Nielsen (1995)
for the identity link. In the fully additive case, G (z) = Ezﬂ G (zy), they also derive the
asymptotic properties of M , @k and F. In Section 2.5, we compare the performance of our

procedure to that of these two estimators in the special case when H is known and d = 1.
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2.4 Asymptotic Properties

2.4 Asymptotic Properties

This section gives assumptions under which we present theorems providing the pointwise
distribution of our estimators of M, G, F and H for some z = zg and r = rg. This is done
for the additive case in conditional mean function estimation as described in the previous
section. The technical issues involving the distribution of M and H are those of generated
regressors, see Ahn (1995), Ahn (1997), Su and Ullah (2004), Su and Ullah (2006), and
Lewbel and Linton (2006). Once the asymptotic normal distribution of M is established,
the asymptotic properties of G and F will follow from ordinary marginal integration results.

ASSUMPTION E:

(E1) The kernels Kj, I = 1,2, satisfy K; = Hd+1k1 (wj), K2 = 32-=1k2 (vj), and ky, I = 1,2,
are bounded, symmetric about zero, with compact support [—¢;, ¢;] and satisfy the
property that fpk;(u)du = 1. For I = 1 and 2, the functions Hj; = WK, (u) for
all j with 0 < [j| € 2p; + 1 are Lipschitz continuous. The matrices M, and M,,
multivariate moments of the kernels K; and K respectively (defined in the Appendix)

are nonsingular.

(E2) The densities fw of W;, and fy of V; for W' = (XlT ,Z;) and V; = (ry, Z;) respectively
are uniformly bounded and they are also bounded away from zero on their compact
support.

(E3) For some £ > 2, Eler|f] < oo, E[lsq,ilf] < 0o, and E[]s,,ieq,ile] < oo where & =
Yi —r(Xi,Z;) and gg; = S; — (ri,Z-) Also, E [62 'X- =zx,7Z; =z] = 02 (z,2),
be such that vp, (z) = pr (2) 02 (z,2) fi} (z,2) g7 2 (r,20)dz < oo and vp, (z) =
[ 93 (2) o} (2,2) fi' (z,2) a2 (r, ZO) dz < oo.

(E4) The function 7 (-) is (p; + 1) times partially continuously differentiable and the func-
tion g (-) is (p2 + 1) times partially continuously differentiable. The corresponding
(p1 + 1)th or (p2 + 1)th order partial derivatives are Lipschitz continuous on their
compact support.

(E5) The bandwidth sequences hj, and hy go to zero as n — oo, and satisfy the following

conditions:

(i) nh$*1RPH) S ¢ € [0, 00),
(ii) n!/2h4+1h2/Inn — oo, nt/2R2P -2 _, o

(iti) nhdt1R2PIHY) _, ¢ € [0, 00), and nh%1H2PIRZ o ¢ € [0, 00).
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2.4 Asymptotic Properties

Assumptions (E1)-(E4) provide the regularity conditions needed for the existence of
an asymptotic distribution. The estimation error €44, in Assumption (E3), is such that
Eleqilr (Xi,2) = r,Z; = 2] = 0. However, E[eq;| X; = 2,2Z; = 2] # 0, so we write g¢; =
gq (z, 2) + m;, where E [n;| X; = z,Z; = 2] = 0 by construction. Assumption (E4) ensures

Taylor-series expansions to appropriate orders.

Let vi, = n_1/2h1—(d+1)/2vlnn + h’f‘“ and vy, = n'1/2h;1\/1nn + h’2’2+1, then by
Theorem 6 (page 593) in Masry (1996a), max | ¥(W;) — r(W;) ||l= Op(v1n), max [
<j<n <

<j<n

s5(W;) — s(W;) ||l= Op (hl'luln) and sup || §(v) — q(v) ||= Op(van) if the unobsie;ved

v :
{Vi,...,Va} were used in constructing §. Because {Vi,...,V,} were used instead, the
approximation error is accounted for in Assumption (E5)(ii), which implies that (hy Ln)? =
o(n"Y/2h31) and so h;'vi, = o(1), where the appearance of h;! is because of the use
of Taylor-series expansions in our proofs. Assumption (E5) permits various choices of
bandwidths for given polynomial orders. For example, if p; = p2 = 3, we could set h;
n~1/9 and hy = bbx hy when d = 1, for a nonzero scalar bb, as in our Monte Carlo experiment
in Section 2.5. More generally, in view of Assumption (E5)(iii), hy o« n~1/[R(P1+1)+d] and
hg o n=1/[22+3] will work for a variety of combinations of d, p, and po.

Theorem 2.4.1 Suppose that Assumption I holds. Then, under Assumption E, there ezists

a bounded continuous function B (z, z) such that

\/nh{t! (J/V-f\(x,z) —- M (z,2) - B(:v,z)) SN [0 % (5.9) [MZIT Mo

" q? (r, 20) fw (2, 2)

where [A]y o means the upper-left element of matriz A.

Proof. The proof of this theorem, along with definitions of each component, is given in the
Appendix. m

We should mention that there are four sources of biases, defined in the Appendix, i.e.
B(z,z) = h;171+131 (z, z) + K hoBs (2, 2) + hg’“Bg (z,2) + h’1’1+134 (z, z), where B3 corre-
sponds to the ordinary nonparametric bias of 7 if the unobserved r and s were used instead
in step 2, and By corresponds to the standard nonparametric bias while calculating 7 in step
1 weighted by ¢! (r, 29). B; and B; are because of the use of generated regressor 7, and

generated response § in constructing g respectively in step 2.

Given this result,

E{M (z,2)} - M (z,2) = O(h]'*") + O(hE hy) + O(hZ**"), and
Var{M (z,2)} = O(n~'h;4tD),
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2.4 Asymptotic Properties

and these orders of magnitude also hold at boundary points by virtue of using Local Polyno-
mial regression in each step. By employing generic marginal integration of this preliminary
smoother, as described in step 4, we obtain by straightforward calculation the following

result:

Corollary 2.4.2 Suppose that Assumption I holds. Then, under Assumption E

\/E{ (aa (z) — ap, (z) - / B(z,z)dP, (z)) 4N [o,upl (2) [M;IF}M;I]O,O] , (2.4.1)
Vnh1 (apz (2) — ap, (z) — / B(z,2) dP; (:c)) 4N [o, vp, (2) [M,‘IF?M;I]O,O] . (24.2)

where [A], o means the upper-left element of matriz A.

Proof. The proof follows from results in Linton and Nielsen (1995) and Linton and Hérdle
(1996), and therefore is omitted. m

Our procedure is similar to many other kernel-based multi-stage nonparametric proce-
dures in that the first estimation step does not contribute to the asymptotic variance of the
final stage estimators, see Linton (2000), Xiao, Linton, Carroll, and Mammen (2003). How-
ever, the asymptotic variances of M (z,2), &p, (z) and @p, (2) reflect the lack of knowledge
of the link function H through the appearance of the function ¢ in the denominator, which
by Assumption I is bounded away from zero and depends on the scale normalization =z,
and the conditional variance o2 (z,z) of Y. They can be consistently estimated from the
estimates of r (z, 20), ¢ (7, 20) in steps 1 and 2, and o2 (z,z). For example, if P;, | = 1,2,
are empirical distribution functions, the standard errors of @p, (X;) and @p, (Z;) can be
computed as

W (k) 3273 [ (%0, Z) @ (r (X0, Z),20)] T (%), and

-

1

il

J

¥? (k1) 52072

M=

[Fow (X3, 20 (r (X3, 2, 20)] P (X))

j=1

respectively, in which ¢! (k1) = [M;TLM; oo for I =1,2, fw, Fx and fz are the cor-
responding kernel estimates of fir, fx and fz, while 62 = n~! ralYi- ?(Xi,Zi)]2 or

62 = nITL, [Y; - B (W (X, Z))P.

Since our estimators are based on marginal integration of a function of a preliminary
(d + 1) —dimensional nonparametric estimator, hence the smoothness of G and F must
increase as the dimension of X increases to achieve the rate n=?1/(2P1+1)  the optimal rate
of convergence when G and F have p; continuous derivatives, see Stone (1985) and Stone
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2.4 Asymptotic Properties

(1986).

Now consider H. Define ¥p(z,) = {m:m =G (z)+ F(2),(z,2) € ¥z x ¥,}. If G
and F were known, H could be estimated consistently by a local p*—polynomial mean
regression of Y on M (X,Z) = G(X) + F(Z). Otherwise, H can be estimated with un-
known M by replacing G (X;) and F (Z;) with estimators in the expression for M (X;, Z;).
This is a classic generated regressors problem as in Ahn (1995). Denote these by ap, (X;)
and @p, (Z:), with M; = ap, (X;) + @p, (Z:) — € and M; = ap, (X:) + ap, (Z) — c.
Let h = max(h{"", ", hlihy), then max || Mj — M; )= Op (vyn), where vy, =

n=12p7%/Tan + hy.
We also make the following additional assumption:

ASSUMPTION F:

(F1) The kernel k, is bounded, symmetric about zero, with compact support [—c., ¢.] and
satisfies the property that [ k. (u) du = 1. The functions H,; = u’k, (u) for all j with
0 < j < 2p, + 1 are Lipschitz continuous. The matrix My, defined in the Appendix,

is nonsingular.

(F2) Let fas be the density of M (X, Z), which is assumed to exist, to inherit the smoothness
properties of M and fi and to be bounded away from zero on its compact support.

(F3) The bandwidth sequence h. goes to zero as n — oo, and satisfies the following condi-

tions:

(1) nh2PFDFL oo [0, 00), nh*hf — ¢ € [0,00),

(i) n'/2h$h3% ) 1nn — co, and n'/2h2h; %% — 0,

Assumptions (F1) to (F3) are similar to those in Assumption E. As before, Assumption
(F3)(ii) implies that (h;lvfn)2 = o(n“1/2h*_1/2) and also that (h; v4,) = 0 (1). Assumption
(F3) imposes restrictions on the rate at which h, — 0 as n — oo. They ensure that no
contributions to the asymptotic variance of H are made by previous estimation stages. Let
0% (m) = E [€| M (X, Z) = m], then we have the following theorem:

Theorem 2.4.3 Suppose that Assumption I holds, then, under Assumption E and F, there
exists a bounded continuous function By (+), such that

: 2
7y _ _ 4 of (m) -1 -1
Jrh, (H(m) H(m) - By (m)) N (o, F ) [M5!T M5 ]0’0) ,
for m € V(5 ), where [A] o means the upper-left element of matriz A.
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2.5 Numerical Results

Proof. The proof of this theorem, along with definitions of each component, is given in the
Appendix. m

When p, = 1, h, admits the rate n=!/® when h; and hs are chosen as suggested above
when d = 1, as it is done in the application and simulations in Section 2.5. In which case,
By (-) simplifies to the standard bias from a univariate local linear regression. Standard
errors can be easily computed from the formula above. By evaluating H at each data point,
the implied estimator of 7 (X;, Z;) = H[M (Xi, Z;)] is Op(n‘1/2h1_(d_1)/2), for large h; and
d, which can be seen by a straightforward local Taylor-series expansion around M (Xj, Z;).
That is, our proposed methodology has effectively reduced the curse of dimensionality in

estimating r by 1 with respect to its fully unrestricted nonparametric counterpart.

2.5 Numerical Results

2.5.1 Simulations

In this section, we describe a small Monte Carlo experiment to study the finite sample
properties of the proposed estimator, and compare its performance with that of direct
competitors in two leading scenarios: When the link function is known and the case when
it is not. Code for these simulations was written in GAUSS. The different designs considered
below do not reflect any model of interest in economics. They were chosen to emphasize
performance issues rather than empirical relevance. In order to simplify things we also

restricted our attention to d = 1.

Known Link Function

We contrast the performance of our estimator with that of Linton and Nielsen (1995) and
Linton and Hérdle (1996). Although they are not fully efficient, these alternative estimators
use knowledge of the link function. Hence, they provide an appropiate benchmark allowing

the performance of our estimator to be compared.

In this case, the experiment was performed as follows: A number, n, of observations
(Y, X, Z) were generated from Y = r (X, Z) + o, - €, where the distributions of z and z were
U [0,1)], and € was chosen independently of X and Z with a standard normal distribution.

For each scenario, 02 = 1 and 02 = 2, two particular specifications of H, in r(z,z) =
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2.5 Numerical Results

H [M (z,2)] where M (z,z) = G (z) + F (z), were used for the same G and F.

G (z) = (1/2)sin (27z)

F(z)=-222+22-1/3

H[m]=m (2.5.1)
Him]=1n(m+V1+m?)+3. (2.5.2)

The curvature and non-monotonicity of G and F provide a test for the estimators describe
in Section 2.3. Notice that neither G nor F' is homogeneous and both were chosen such that
E[G(X)]=FE[F(Z)] =0. Also, at zg = 1/4, we have f (29) = 1. To obtain our estimators
M, G, F and H, we use the second order Gaussian kernel k; (u) = (1/v2r) exp (—u?/2),
1 = 1,2,%. The integral in M , step 2 in Section 2.3, was evaluated numerically using the
trapezoid method. We also fixed p;1 = 3, p2 = 1 and p, = 1. We used the bandwidth
hi = ccSwn~1/?, where cc is a constant term and Sw is the squared root of the average of
the sample variances of X; and Z;. Namely, this bandwidth is proportional to the optimal
rate for 3rd-order Local Polynomial estimation in the first stage, whereas for simplicity, ko
was fixed as 3h;. The bandwidth A, was set to follow Silverman’s rule ( 1.06n=1/5 times the
squared root of the average of the regressors variances). Three different choices of cc were

considered: cc € {0.5,1,1.5}.

Each function was estimated at a 50 x 50 equally spaced grid in [0, 1] x [0,1] when
n = 150, and at another 60 x 60 uniform grid on the same domain when n = 600. Two
criteria summarizing goodness of fit were calculated, the Integrated Root Mean Squared
Error (IRMSE) and Integrated Mean Absolute Error (IMAE), at all grid points and then
they were averaged. Tables 2.1 and 2.2 report the median of these averages over 2000
replications for each design, scenario and bandwidth. They also report the results obtained
when using the estimators proposed by Linton and Nielsen (1995) when (2.5.1) is used, and
Linton and Hérdle (1996) when (2.5.2) is used instead, on the first column from the left
under each fitting criteria respectively. They were constructed using the same unrestricted
first stage nonparametric regression used by our estimator.

As seen in the tables, for either sample size, lack of knowledge of the link function
increases the fitting error of our estimator by roughly 5 to 85 percent relative to estimates
using that knowledge. For each scenario, the IRMSE and IMAE decline as the sample
size is quadrupled for both sets of estimators, at somewhat the same less than y/n-rate.
Larger bandwidths produce superior estimates for all functional components in all designs.
Estimates of M in both designs and scenarios are generally less accurate than the others.
In the estimation of the additive components, G and F, the fitting criteria for Linton and
Nielsen (1995) and Linton and Hérdle (1996) estimators are of approximately the same
magnitude, while the proposed estimator has a smaller IRMSE and IMAE when estimating
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F relative to estimates of G. There does not seem to be a dramatic difference in estimates of
H between estimators in both designs. All sets of estimates deteriorate when o, is increased.

Unknown Link Function

As it was pointed our earlier, when d = 1, model (2.1.1) is nested in the class of models
Horowitz (2001) considers. Consequently, it is natural to make a comparison with his
estimator in this specific case. We replicated Horowitz (2001) original experiment! which is
as follows: 1000 observations (Y, X, Z) were generated from, Y = 1 (G (X) + F (Z) — e > 0),
where € ~ N (0,1), X ~ N (0,16) and Z ~ N (0, 16), and independent of each other. The
functions G, F and H are? '

— 2gin (X2
G (z) = 3sin (31: ) ,
F(z) = 3[exp (0.352) — 1], and
H(m) =& (m),
where @ is the standard normal distribution function. This is a binary probit model, where
Pr(Y=1X=2,Z=2)=®(G(z)+ F(2)) =r(z,z2).
Horowitz (2001) (NP2) used the following fourth and second order kernels to estimate
G, F and H:
105

K(u)=—6—4-(1—5u2+7u4—3u6)1(|u|51),
KH(u)zg(l—uz)zlquISl).

The weight functions used to calculate G, F and H were ws (z) = Ku(z), wi(z) =
(1/2) Kg (2/2), and wy (z, 2) = wa (z) wi (2) respectively. He also used bandwidths hy; =
6, ho1 = 5, and hyg = 3.25. He chose these bandwidths through Monte Carlo experimen-
tation to approximately minimize the unweighted Integrated Mean Squared Errors of his
estimators of G, F and H. The additional bandwidths his estimator needs were set using

his suggested rule—of-thumb, hyg = hxyn~/72 for k = 1, 2.

We implement our proposed estimator (NP1) for this design, using a second order Gaus-
sian kernel as before, with p; = 0, p2 = 1, and p, = 1. We also found the optimal band-
widths h; = 0.925, he = 2.5 and h, = 0.2 for this design, by Monte Carlo experimentation
as Horowitz (2001) did.

!The computer code we wrote to implement Horowitz (2001) estimator, was not fast enough to conduct
large scale simulations as before.
?In Horowitz (2001) notation: F = f1, G = f2,and H =G, withz' =2,z =z and v =m.
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Figure 2.1 shows the standardized @Q-Q plots of both set of estimators at different points
well in the interior of the support of each function. These points were chosen sufficiently far
from the boundary of the data to avoid boundary effects for both estimators. These plots
were based on 300 replications. We observe that the normal approximation of our estimator
for G and F are better than Horowitz’s at the chosen points. Similar results (not presented)
hold for other points well in the interior of the support of (X, Z) for G and F. On the
other hand, the normal approximation of our estimator for H is similar to Horowitz’s for

low values of m only, while it outperforms Horowitz’s for higher values.

Finally, Figure 2.2 displays a visualization of the resulting output of 5000 replications
of a fourth design using only our procedure. Data was generated as before with the same
G and F, but H [m] = 1 + (16/7) m, with 62 = 1. Other information was set accordingly,
for example n = 400, h; = 0.15, hy = 0.7, p1 = 3, and p; = 1. The white plane and
dashed lines represent medians of simulations, and gray planes and dotted lines represent

90% simulation envelopes.

2.5.2 Generalized Homothetic Production Function Estimation

Let y be the log output of a firm and (Z, z) be a vector of inputs. Starting with Shephard
(1953) and Shephard (1970), many parametric production function models of the form y =
r*(Z, z) + e+ have been estimated that impose either linear homogeneity or homotheticity
for the function r. In the homogenous case, corresponding to known H (m) = m, many
models have been proposed, see Bairam (1994) and Chung (1994) for parametric examples,
and Tripathi and Kim (2003) and Tripathi (1998) for fully nonparametric options. Zellner
and Ryu (1998) provides empirical comparisons of a large number of different homothetic
production functional forms. In the nonparametric framework?, Lewbel and Linton (2006)

presents an estimator for a homothetically separable function r*.

However, a more general definition of homogeneous and homothetic functions is given

below:

Definition 2.5.1 A function M* : ¥, C R4 — R is said to be generalized homogeneous
on ¥y, if and only if the equation M™* (Aw) = g (A\) M* (w) holds for all (\,w) € Ryt X Ty
such that Aw € U,,. The function g : R4+ — R4+ is such that g (1) =1 and 8g (A) /OX >0
for all A.

30ther examples of nonparametric estimators include Varian (1984) and Primont and Primont (1994).
Also, Hanoch and Rothschild (1972) discussed a test to verify whether a homothetic production function
exists that could, without statistical errors, generate a given data set. Although these papers do not assume
a parametric functional form, by assumption they have no statistical errors. Consequently, they have also
no associated distribution theory.
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2.5 Numerical Results

Definition 2.5.2 A function r* : U, C R4 — R is said to be generalized homothetic on
Uy if and only if r* (w) = H [M* (w)], where H : ® — R is a strictly monotonic function
and M* is generalized homogeneous on ¥,,.

It is clear from Definitions 2.5.1 and 2.5.2, that homogeneity of degree x and homoth-
eticity are the special case in which the function g takes the functional form g (\) = A*.

Given a generalized homothetic production function we have

(& 2) = H[M* (%,2)] = H [M* (3/2,1) g (1 /z)—l]
=H|G(z)F(2)=H[M(z,2)] =r(=z,2), (2.5.3)

where z = Z/z and F (z) = 1/g(1/2z). When H is assumed known and equal to the identity
function, Tripathi and Kim (2003) and Tripathi (1998) use the assumption that M (z, 2)
is a homogeneous function of degree one, i.e. F(z) = 1/z, in order to identify the model
and achieve dimensionality reduction. Lewbel and Linton (2006) used the same functional
assumption regarding F' but with an unknown strictly monotonic link function H. In the
contrary, the proposed estimator in this chapter could easily be implemented in order to
identify M, G, F and H in models such as (2.5.3), i.e. y = r(z, z) + &, without imposing
any such parametric specification of F, but exploiting the partial separability of M with
respect to z instead along with the fact that f(z) > 0%. For the same reasons, it does also

reduce the dimensionality by 1 as explained earlier.

We have built an R package, JLLprod, which along with its manual can be freely down-
loaded from the author’s website. After installation, the user also has access to a production
data set from the Ecuadorian economy in 2002, and will be able to reproduce the informa-
tion presented in this section. We then use it in order to estimate generalized homothetic
production functions for four industries in mainland China® in two time periods, 1995 and
2001. For each firm in every industry, we observe the net value of real fixed assets K, the
number of employees L, and Y defined as the log of value-added real output. K and Y
are measured in thousands of Yuan converted to the base year 2000 using a general price
deflator for the Chinese economy. For details regarding the collection and construction of
this data set, see Jefferson, Hu, Guan, and Yu (2003).

We consider both nonparametric and parametric estimates of the production function
r (k, L) € P, which is a set of smooth production functions, and k = K/L as in (2.5.3). To
eliminate extreme outliers in both sets of estimates, we sort the data by k£ and remove the

top and bottom 2.5% of observations in each industry and year. Both regressors were also

“As 8g()) /0X > 0, and A = 271, it follows that F (2) is strictly increasing, i.e. f(z) = 8F (z)/8z >0
over its entire domain.

SPackage JLLprod also contains production data of 406 firms in the Petroleum, Chemical and Plastics
industries in Ecuador in 2002.
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normalized by their respective median prior to regression.

Parametric

Consider a general production function (P1) in which log output Y = ry,, (k, L) +¢,, where

Typy (K, L) = 0 + 01 In (k) + 02 In (L + ) + 63 [In (k)]
+841n (k) In (L +7) + 65 [In (L + 7)), (2.5.4)

and ¥p; = (o, 01,02,03,94,05)T. When 26,605 ~ 6,04 = 0 and 0%05 — 9363 = 0, this general
model nests the following generalized homothetic production function (P2) specification,

M (k,L) = k* (L +7)
Typy (k, L) = H (M) = fio + B1In (M) + B2 [In (M)}, (2.5.5)

where ¥ps = (e, fo, f1, ﬂz,'y)T. Furthermore, if we also impose a third parameter restric-
tion%, v = 0, we obtain the homothetic Translog production function (P3) of Christensen,
Jorgenson, and Lau (1973) as a special case as well, i.e.

M (k,L) =k*L
Typ3 (k,L)=H (M) = o+ B1In (M) + B2 [ln (M)]2 , (2.5.6)

where ¥ p3 = (o, Bo, .BlaﬂZ)T-

Figure 2.3 shows isoquants for P2 with ¢py = (1/2,10,1/2, 1,'y)T, where v = —1,0, +1.
At any level of output, these isoquants are steeper at high levels of k for negative -y than for
positive 4. However, as in the homothetic case, v = 0, the slopes of their level surfaces are
constant along rays through the origin. This important property is preserved by this more
general specification.

Fitting these models by Nonlinear Least Squares in each year yields the parameter es-
timates reported in Tables 2.3-2.5 (Heteroskedasticity robust standard errors are in paren-
theses).

SIf we were to impose this restriction alone, (2.5.4) reduces to the ordinary unrestricted Translog produc-
tion function.
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Specification Test
Two sets of parametric restrictions are tested on model (2.5.4) for each year and industry.
In order to assess whether model (2.5.4) may be further simplified by (2.5.5),

Ho : 29195 - 9294 = O;
0205 — 6205 = 0

is tested by means of a Wald statistic, Wiz which is distributed under Hp as x(). A further
simplification, (2.5.6), is also tested by a Wald statistic, W3, which under the

Hy : 20105 — 0205 = 0;
8305 — 6205 = 0;
v=0,

is distributed as x(3). The results of these tests are presented below.

Industry 1995 2001
Wia | p-value I Wis l p-value | Wjs | p-value | Wis | p-value
Chemical 1.280 | 0.527 | 2.244 | 0.523 | 17.286 | 0.000 | 1,095 | 0.000
Iron 8.834 | 0.012 | 14.261 | 0.003 | 2.272 | 0.321 | 2.343 | 0.504
Petroleum 1.790 | 0.409 | 3.076 | 0.380 | 0.791 | 0.673 | 0.813 | 0.846
Transportation | 1.735 | 0.420 | 1.997 | 0.573 | 7.980 | 0.019 | 8.252 | 0.041

Models (2.5.5) and (2.5.6) are valid parametric simplifications of the general production
function (2.5.4), except for the iron industry in 1995 and the chemical and transportation
industries in 2001.

The suitability of the parametric Generalized Homothetic and Translog production func-
tion fits, T3pa (k,L) and Tips (k,L), in these industries may be also judged by the use of
a residual based test. For this purpose, we decide to employ the test proposed by Zheng
(1996) for the hypothesis

Ho:r € P{r € P|r=ryp,, for some ¥p;}.

For | = 2,3, their test statistics are given by

n ki —k; L;—L;
= 35 5 20) (5 ) (B35 (B3,

=17
J
(2.5.7)
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with kernel K (-), the Gaussian kernel here, and bandwidth A, set equal to h; in all cases.
Given some regularity conditions, under the null hypothesis that the parametric specifica-
tions are correct,

nAUp; ~ N (0,2 / K2 (u) du / [0? (, L)p(k,L)]zdde), (2.5.8)

by replacing integrals by sums and unknown functions by their nonparametric estimates in
(2.5.7) and (2.5.8), we obtain the following test results:

Industry 1995 2001
A Upy p-value A Ups p-value
Chemical 5.125 | -0.7698 | 0.7793 | 2.25 | -0.4728 | 0.6818
Iron 4.250 | -0.7532 | 0.7743 4 1-0.7367 | 0.7693
Petroleum 2.750 | -0.8117 | 0.7915 11 | -0.7325 | 0.7681
Transportation | 1.750 | -0.6519 | 0.7428 | 4.37 | -0.7124 | 0.7619

A Ups p-value A Ups p-value
Chemical 5.125 | -0.7721 | 0.7800 | 2.25 | -0.4130 { 0.6602
Iron 4.250 | -0.7195 | 0.7641 4] -0.7417 | 0.7709
Petroleum 2.750 | -0.8088 | 0.7907 11 | -0.7327 | 0.7681
Transportation | 1.750 [ -0.6503 | 0.7422 | 4.37 | -0.7065 | 0.7601

We fail to reject both Hy for all industries in both years at any level of significance. In all
cases, test results are not altered by the choice of smoothing parameter A\. Both sets of results
justify the use of both models as sensible parametric simplifications of the data’ against
which we may compare our more flexible specification. Other kernel-based specification
tests are Bierens (1990), Hérdle and Mammen (1993), Gozalo (1993) and Horowitz and
Spokoiny (2001), for example.

Nonparametric

Figures 2.4 to 2.11 show generalized homothetic nonparametric estimates M (k, L), G (k),
F (L) and H (M) for both years. For each industry and year, we use local quadratic regres-
sion with a Gaussian kernel and bandwidths, h, given by a standard unrestricted leave—one-
out cross validation method for regression functions. In the second stage, we set bandwidth

hy to be the same in local linear regressions across industries and time. We also choose the

7Although the appropriateness of these parametric models may change through time, see Konishi and
Nishiyama (2002).
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location and scale normalizations through experimentation to obtain estimated surfaces M

with approximately the same range, yielding the following normalizations:

Industry 1995 2001
n | In Lo |r0 n 'lnLo | To
Chemical 1560 340 | 7]1637| 3.06 (7.0
Iron 376 | —0.37| 7| 341 | 4.06 | 8.0
Petroleum 93 273 | 7| 119 | 2.27 |85
Transportation | 989 344 | 711230 | 4.04 {75

The nonparametric fits of the generalized homogeneous component, M , shown in Figures
2.4 and 2.8, are quite similar. They are both increasing in k and L with ranges varying more
with labor than with respect to capital to labor ratios, as we would expect®. Nonparametric
estimates of the functions G and F are different to the parametric Translog model estimates
(P3) in Figures 2.5, 2.6, 2.9 and 2.10°, but they are roughly similar to parametric generalized
homothetic model (P2) at low levels of L. They are all strictly increasing in their arguments,
but show quite a bit more curvature, departing most markedly from the parametric models
for F in 1995 and G in 2001 for most industries. Comparing the nonparametric estimator
of F, in Figures 2.6 and 2.10 , with the parametric ones also provides a quick reference
to check for the presence of homotheticity in the data set. If homotheticity were present,
i.e. F(L) = L, all curves would be close to each other, as it happens for the chemical and
transportation industry in 1995 and petroleum and transportation industries in 2001. In any
case, they are all strictly increasing functions in labor, implying a generalized homogeneous
structure for M as conjectured. Figures 2.7 and 2.11 show parametric and nonparametric
fits of the unknown link function H, obtained by a local linear regression of 7 on M with
a normal kernel and bandwidth, h,, given by Silverman’s rule. They also show fits from
the unconstrained estimator of the function r used in the construction of our estimator in
the first stage for each (k, L) for which M was calculated. The nonparametric fits of r and
those of H are quite similar in all industries and years, indicating that the imposition of
generalized homotheticity is reasonable for these industries. The parametric fits are also
broadly similar to the nonparametric ones, but showing more curvature in 2001 for the
chemical and iron industries. These also show the design densities at the bottom of each

plot.

81t was a similar observation by Cobb and Douglas (1928) that motivated the use of homogeneous functions
in production theory, see Douglas (1967).
®The means of the observed ranges were subtracted from both sets of curves, before plotting.
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Specification Test
We are interested in testing our proposed nonparametric generalized homothetic specifica-

tion within our data set, that is
Hyo:r€P{reP|r=H[G (k) F(L) for some H, G and F}.

Given H , G and ﬁ, the implied restricted estimator of the regression surface is 7 (k, L) =
H[G (k) F (L)]. As before, we employ a U-statistic based test as suggested in Fan and Li
(1996). That is,

Unp = /\21712i}'n‘_, — 7 (ki, L)) (Y; — (kj,Lj))K(kj:\"%’)I{(Lj;Li).,

i=1 j=1
7&1.

which under the null hypothesis that the generalized homothetic specification proposed in

this chapter is correct,
nAUnp ~ N (0,2 / K2 (u) du / [02 (k,L)p (K, L)]2dde) .

The results are as follows:

Industry 1995 2001
A I Unp l p-value | A | Unp | p-value
Chemical 5.125 | -0.7702 | 0.7794 | 2.25 | -0.1448 | 0.5575
Iron 4.250 | -0.7578 | 0.7757 41]-0.2274 | 0.5899
Petroleum 2.750 | -0.8458 | 0.8012 11 | -0.7334 | 0.7684
Transportation | 1.750 | -0.6472 | 0.7413 | 4.37 | -0.7047 | 0.7595

As in the parametric case, at all levels of significance, we fail to reject the hypothesis
that our specification is a correct nonparametric simplification of the data for all industries
and years. As both parametric models are special cases of the transformed partly separable
model that was fitted, this result is as expected.

Substitutability and Returns to Scale

Given a generalized homothetic production function E [Y|k, L] = r (k, L) = H [M (k, L)},
important properties of production aré measures of substitutability of inputs and the elas-
ticity of substitution. A standard measure of the substitutability of inputs for production
is the Technical Rate of Substitution, o*, defined as the slope of the isoquants in Figure
2.3, that is, o* = — (dK /dL)lr(k, L)=r» for some constant level of output r. For an arbitrary

production function r (k, L), consider an alternative measure of input substitutability given
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by

T@Jasm(%)

=In (%) —In (%{%’kﬁ)—) . (2.5.9)

Moreover, if r(k,L) is generalized homothetic (NP), T'(k,L) = In(8InF (L) /8InL) —
In(0In G (k) /01nk). For parametric model (P2), this is T'(k, L) =In(L/ (L + 7)) — In(a),
and T (k,L) = —In(a) for the Translog model (P3). We use, for the nonparametric
model (NP), the approximation T (k, L) = In[(In F° (L) — InF (Lj=1))/ (InL; —InLj_)] —
In[(In G (kj)—In G (kj-1))/ (Ink; — Ink;_1)] after ordering the estimation grid points j, and
approximations for (P2) and (P3) were obtained by replacing unknown quantities with their
parametric estimates. Table 2.6 provides their averages along with standard deviations in

parenthesis.

Another property of production that is empirically important, is economies of scale,
defined as €* (K, L) = (0r* (cK,cL) /dInc)|,;, which by (2.5.3), it simplifies to € (k, L) =
Or(k,L)/dInL. If r(k,L) is generalized homothetic, then ¢ (k,L) = RTS (M (k,L),L),

where

O0H (M)0InF (L)
0lnM O8lnL -
For model (P2), this is RT'S (M,L) = [81 +282In(M)](L/ (L +~)), and RTS(M,L) =
B1 + 202 1n (M) for the Translog model (P3). They were calculated by replacing the un-
known parameters with their respective parametric estimates. In the nonparametric model
this measure is estimated as m(M, L) = [(ﬁ(ﬂ//fj) - I’f(]\’fg_l))/(ln]\’.4\J - ln]\//?j_l)] X
[(lnﬁ(LJ—) —InF (Lj—1))/ (InL; —In L;j_y)], using the same ordering as before. Table 2.7

provides summary statistics for all 4 industries in both years.

RTS(M,L) = (2.5.10)

Calculating these measures in our data set have generated mixed results. Both para-
metric estimates have similar T (k, L) in average each year, but roughly differ from those
predicted by the nonparametric fit, which show a sizeable increase in 2001 relative to their
values in 1995 for all sectors but the petroleum industry (which may be caused by the small
number of observations for this industry in 1995, n = 93). This industry is also the only
one for which these three averages coincide in 2001, because of the closeness of the para-
metric models to the nonparametric fit in Figures 2.9 and 2.10. However, all models show a
reduction in economies of scales for all industries between 1995 and 2001. Although average
increasing returns to scale, RT'S (M, L) > 1, are predicted for some sectors in 1995, none is
present in 2001. In fact, the chemical and iron industries seem to have decreasing returns to
scale, RT'S (M, L) < 1, in 2001, while the remaining sectors report approximately constant
returns to scale, RT'S (M, L) ~ 1, in the same year.
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In view of our various tests and the shape of the nonparametric estimates of G and F, the
findings for T (k, L) may simply be the result of misspecification while constructing the es-
timated averages in (2.5.10) for both parametric models. Economically, homotheticity (P3)
generalizes the idea that pure economic profit will be zero. Since this situation is descriptive
of the long—run equilibrium under perfect competition, another possible explanation may
be the substantial ownership reform during this period of time. While many larger firms in
the Chinese industrial sectors may have been state-owned in 1995, many other enterprizes
were open to foreign capitals after 1995 and so could have substantially restructured, and
others may have been created as well, thereby enhancing their productivity and increasing
competition. For instance, we believe that this along with the hetereogenity regarding dif-
ferent firms specializing in different products in each industry, may explain why combining
them into a single cross section might then create the appearance of decreasing returns on
average in all models for two industries in 2001. However, these changes over time may more
generally be due to changes in technology, demand, and other aspects of China’s increasing

economic liberalization and growth over this time period.

Another possible explanation is the likelihood that firms with positive productivity
shocks may respond by using more inputs, i.e. endogeneity. In the next section, we ex-
plain how our estimator can be adapted in order to deal with this potential problem in a

more general framework.

2.6 Conclusion and Extensions

We provide a general nonparametric estimator for a transformed partly additive or mul-
tiplicative separable model. This type of functional structure is shared by many popular
empirical models implied by economic theory.r An estimation algorithm is also proposed
that does not require any maximization or matching. The resulting estimators are shown to
have pointwise asymptotically normal distributions. Their rates of convergence are faster
than those of a fully nonparametric alternative. We also provide an empirical application of
our proposed methodology to estimation and testing of generalized homothetic production
functions. We conclude by describing the following natural extensions.

Additional Regressors

Consider identification of G (z) and F(z), in the model r(z,z,w) = H[M (z,z),w] =
H|G (z) + F (2),w], where H is strictly monotonic (and therefore invertible) on its first
element, (z,2) € R+ and w € Iy C R% is a vector of additional regressors. It
is straight forward to extend Theorem 2.2.1 or Corollary 2.2.2 in these cases. Specifi-
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cally, let s(z,z,w) = Or(z,z,w) /02, and define the function q(t,z,w) by q(¢, z,w) =
Els(X,Z,W)|r(X,Z,W) =t,Z = z,W = w]. Then, the desired identification is achieved
by replacing q (¢, z9) in (2.2.2) or (2.2.3) by ¢ (¢, 20, w). For example, in the additive case,
s(z,z,w) = h[M (z, z),w)], where h now represents the first derivative of H with respect
to its first argument, and consequently ¢ (r,z) = h [H™! (r,w) ,w] f (z). It follows that
r(z,z,w) r(z,z,w)
dt _ dt
q(t, 20, w) h[H1 (¢, w),w] f (20)

T0,w T0,w
Hr(z,z,w),w)

h (m,w)dm
h (m,w) f (20)

H~rp o w]
= (H'[r (2, 2,w) ,w] — H™} [ro.w, w]) (1/f (20))
= (H'[H[M (z,2),w]),w]) = M (z,2),

where the second equality follows from the change of variables m = H~!(t,w), so dt =
h(m,w)dm, and the last equality follows after assuming that f(z9) = 1 and that rg =
H [0,w)] for all w. This result holds for all w € ¥y and (z, z), so it holds in expectation
replacing w with W, thereby yielding
r(z,z,W)
dt
q(t, 20, W)

o,w

M(z,z)=F

A consistent estimator of M (z, z) and therefore, by virtue of marginal integration, of G (z)

and F (z), is then given by

n 7(z,2,W;)

= 1 Z dt
(w’z) n z=1 . fq\(t’zO’Wz) ? ( 6 )
0

and a consistent estimator of h is then given by a nonparametric regression of 7 (z, z, w)

on (M (z, z),w), as before. The asymptotic properties of these estimators can be analyzed
using similar tools as in Lewbel and Linton (2006).

Endogenous Regressors

Now consider estimation of M (z, 2) = G (z)+ F (2) in the model y = H* [M (z, z) , €] where
€ is now unobserved and H* is strictly monotonic in its first argument. If ¢ I (X, Z), then
r(z,2) = E[Y|X =2,Z = z] = H[M (z,2)], and our estimator can be applied. However,

when some of the covariates (X, Z) are endogenous, and so correlated with ¢, estimation
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of M (z,z) is still possible, under the following conditions. For an observed vector T of
exogenous covariates!?, which may include exogenous elements of (X, Z), define m, (t) =
ElX|T=t,U;=X-mgz(t),m,(t)=FE[Z|T =t},U, = Z—m, (t) and let U = (U, U,).
Then by construction €| X,Z,T ~ ¢|U,T. Define r(z,z,u) = E|Y|X =2,Z = 2,U = ]
and H [M (z,z),u] = E[H*[M (z,2),e]| X =2,Z = 2,T =t,U = u]. If we then assume
that

e|U, T ~ €|U (2.6.2)

the form of endogeneity analyzed in the control function models of Blundell and Powell
(2003)!1, it then follows that r (z,2,u) = H [M (z,2),u]. If U were observed, then the
estimator proposed in (2.6.1) could be used by redefining W as U. Otherwise, U must
be estimated. That is, we first estimate M (T;) and M, (T;) by nonparametric regressions
of X and Z on T respectively. We compute 7 as a nonparametric regression of Y on
(X, Z, (7,,) Then we construct (2.6.1) by replacing W; everywhere with U, = ((71,,-,(?2,,-),
where ﬁz,i = X;—mg (Ty), ﬁz,,- = Z;—m, (T;). Consistency of the resulting estimator of the
functions M and H will follow from uniform consistency of the nonparametric estimators

involved.

Recovery of the function H* will in general require some additional structure. Once
M (z,z) is known, it can be treated as an observed endogenous regressor, and estimation
of H* (or any identifiable functional of H* that are of applied interest) then reduces to
estimation of a nonparametric triangular system. Examples of estimators of such systems
are Blundell and Powell (2003), Imbens and Newey (2002) and Chesher (2001).

Further Testing

In production theory, homotheticity of production functions can be assessed by comparing
the estimated component F with the parametric model, F' (L) = L. The assumed separa-
bility may also be tested by comparing the unrestricted nonparametric estimator 7 (k, L)
with the implied estimator for r given by the proposed structure, that is, ?(]/VI\ (k,L)). Such
tests can be performed as in Gozalo and Linton (2001), by using asymptotic critical values
or by direct implementation of their bootstrap procedure. Nonetheless, their theoretical
justification in our framework would require considerable further work, and it remains a
topic of future research.

Tn production theory, they could include investment as in Olley and Pakes (1996), or intermediate inputs
as suggested by Levinsohn and Petrin (2003).

H Assumption (2.6.2) also yields a nonparametric triangular system similar to Newey, Powell, and Vella
(1999) and Imbens and Newey (2002)
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Appendix

2.A Main Proofs

Preliminaries

We use the notation as well as the general approach introduced by Masry (1996b). For the
sample {Y;, X;, Z;}1 ;, let W; = (XzT , Zi)T so we obtained the p;-th order local polynomial
regression of Y¥; on W; by minimizing
" 2
Un @ =TSR (B22) Ivie ¥ gm-wp| . @AY
i=1

0<[jl<p1

=
where the first element in 6 denotes the minimizing intercept of (2.A.1), 6y, and

0. — 1 My (w)
LTI P Qlawgdiatrwg, "

We also use the following conventions:
d+1

3= (o dandarn) s =1t X X Ga X Jagaly il =Dk
k=1

J_— 1 Jd Jd+1
ol =af x...xa} xag}H

1k k k
0<jl<p1 k=0451=0  jg=0j44,=0
f+.tiatiat1=k
where w = (z7,2)7. Let Ney = (I+k—=1)1/(I'(k—1)!) be the number of distinct
k—tuples j with |j| = I, where k = d + 1. After arranging them in the corresponding
lexicographical order, we let ¢l—1 denote this one-to—one map. For each j with 0 < |j| < 2p1,
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let
Hj (K1)=/ WK (u) du,
Rd+1
'Yj (K1)=/ quf (u)du,
Rd-}-l
k) = [ [ [ () (aa, 80" Ko () K (i 0) sy, and
22 (Ky) = / / / (g u2)* (iigy ua) Ky (ugy ur) K (g, uz) dugdiia,
R JRE JRd

where ug and uj represent the first d and last element of the d + 1 vector u respectively.
Define the N, x N, dimensional matrices M, and I'y, and the N, x Nr,(p1+1) matrix B, by

Mroo Mro1 ... Mrop
Mrio Mrag ... Mgy
M, = . . . ’
L Mr;m.ﬂ Mr;px.l Mr;m,px
rr;0,0 rr;O,l e I‘r;O,pl Mr;O,p1+1
Trao Trag ..o T M.,
3dy 1dy ° 34,01 T,l.P1+1
T, = . . B = _ (2.A.2)
| T'ripi0 rr;pl.l oo Tripim Mr;pl.p1+1

where N, = Y720 N, ), My ; and 'y 5 are N; i) X Nr(j) dimensional matrices whose
(I,m) elements are Ps(1)+6;(m) @04 Vp,(1),6,(m) T€SPeCtively. T'! and I'2 are defined similarly
by the Ny ;) x N;(;) matrices I‘ﬁ;i,j, I‘g;i,j, whose (I,m) elements are given by ’du(l), 65(m)
and 735.-(1) 65(m) respectively. The elements of M, = M, (K1,p;) and B, = B, (K1,p1) are

simply multivariate moments of the kernel Kj.

n

Similarly, for the generated sub-sample set {5(X;, Z;) ,7 (Xi, Z;), Zi};—;, an estimator
of the function ¢, defined as ¢ (t,z) = E[S|r (X, Z) = t, Z = 2], is obtained by the intercept
of the following minimizing problem,

2

o=z L (B2) 8- 8w
i=1

0<lj|<p2

where V; = (7:,2:;)7 and v = (t,2)7, define V; = (r;, Z;)7 accordingly. Let Neqy =
(I+k—1)/(! x (k—1)!) be the number of distinct k—tuples j with |j| = I, where k = 2.
After arranging them in the corresponding lexicographical order, we let q&l"l denote this
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one-to—one map. For each j with 0 < |j| < 2po, let
ki (K2) =/ WK (u) du, and
%2
(o) = [ WK () du
R2

Define the Ny x Ny dimensional matrices M, and I'y, and the Ny x Ny (5,41) matrix By by

-
Mgoo0 Mgpo,1 M0,
- Mq;l,O Mq;l,l Mq;l,pz
Mq = . . . ’
L Mq;pz,O Mq;pz,l Mq;pz,pn
r q;0,0 rq;O.l Pq;O,m Mq;07p2+1
_ Ts10 Tgan Lo My1,p2+1 A
Pq - . . . y g = . (2 3)
| rq;pz.o Pq;pz,l rq;pz,pz Mq;pz,pz+1

where Ny = E, ~0Ng,()» Mgk and Ty are Ny ;) X Ny (xy dimensional matrices whose

(I, m) elements are Pgi(D)+dgi(m) 8N4 Vo i(1),pqx(m) TeSPectively. The elements of My =
M, (K2,p2) and B, = By (K2, p2) are simply multivariate moments of the kernel K. To
facilitate the proof, let Kz ; (v) be a Ny x 1 vector, ICSB (v) be a Ny x 2 matrix, and Mg, (v)

be a symmetric Ny x N, matrix such that

fo %)

[ Koo (v) K340 (v)
Kas ) = | 2O e o) = gl’) 1) (2.A.4)
| Kaiipa (v) /célz,,z (v)
[ Myno0(v)  Mgmo, (v) My 0., (v)
M, n (v) = Mq,n;'l,O (v) Mq.n;‘l,l (v) Mq,n;l.,pz (v) ,
[ Mynipa,0 (v) My nipa,1 (v) My nip2.p2 (V)

where Ky ;; (v) is a Ny ) x 1 dimensional subvector whose 1%~th element is given by [K ;1 (v)] 10
= ((V; — v) /h2)¢";'(lo) K>((Vi = v) /h2). The Ny ) x 1 matrix IC( ) ; (v) has {9 element being
the partial derivative of [Kz sy (, 2)],0 With respect to r, and Mq,n;],k (v) is a Ny (jy X Ng k)

dimensional submatrix with the (l, lo) element given by

Vi—w

Mo e = 5773 (%
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2.A Main Proofs

Ezi (v) and ﬁqn (v) are defined similarly as K2 (v) and Mgy, (v) respectively, but with
the generated regressors {7}, in place of the unobserved variables {r;}}..;. Let us define
the functions ICz,, (z) = [h3'Ka;i(t,2)dt and ((t,2) = 8 [fv (t,2) ¢ (¢, z)] /0t, which
are well defined given Assumptions (E1) and (E2). Thus, by integration by parts, it follows
that

r(z,2)
/ h ) (4, 2) [fv (2) 6* (62)] 7 dt = {Kai (1, 2) [fv (r,2) @ (1, 2)] 7 = K (o, 2)

r(z,2)
[ (ro2) @ (r0, 2] '} = [ Kaa (62 ¢ (.2
= 91(;),1 - 922. (2.A.5)

Similarly, let us define d@ (t) = 1(ro < t < r(z, 2)) dt, so we write
- -1
/ h2 IICQ,i (ta z) [fV (ta z) q2 (ta Z)] dQ (t) = Q},l - 9},%

where o, and g}, are like o), and ¢, in (2.A.5), but with Kj ; (r, z) replacing Ka; (, z),
where IC%,,. (r,2) = fioo Kai (s, z) ds, a Ng x 1 vector with well-deﬁned functions as elements
by virtue of Assumption (E1). Furthermore, n=1h23"" K 2. (1, ) converges to My o fy (r, z)
in mean squared, where M, is a N, x 1 vector with lp element given by [ ue(?’ )K ! (u) du,
and K} (u) = [*_ K3 (v)dv. Similarly, n=1h3Y"7 Ky (r, z) converges in mean squared to

Mg,ofV (7‘, Z).
Let also arrange the N, () and N () elements of the derivatives

a™q (v)

O™y, ..., 0mkyy,’

™r (w)

m -
Dr (w) = Omiwy, ..., 0Mkwy’

D™q(v) = for |m|=m

as the Ny () x 1 and N, (m) X 1 column vectors (™) (w) and ¢(™ (v) in the lexicographical

order mentioned above.

Let ¢; = (1,0,...,0)-r € RN and o = (0,1,0,...,0)T € RN, then by equation (2.13)
(page 574) and Corollary 2(ii) (page 580) in Masry (1996a), we write

Fw) =7 (w) = o [Mrf ()] {140, (1)}

{ “hT (d+1) i (w [sr] + Z —Dkr(w)( i — w) :I + Yn (w)},
Jj=1 |kl=p1+1 k!
(2.A.6)
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S(w) — s (w) = hT1T ML f (w)] ™! {1 4 0, (1)}

X {n_lh;(dﬂ) zn:’CI,j (w) [Er.j + Z %Dkr(w) (Wi — w)k} +Tn (w)}

Jj=1 [k|=p1+1
(2.A.7)

uniformly in w, where

1. - 1
(@) = @+ D7 h D5 BT K () (W) - w)
" |kl=p1+1

1
x / {D¥r(w + 7 (Wi — w)) — D*r(w)} (1 — 7)P* dr.
0
As before Ky ; (w), a N x 1 dimensional vector, is defined analogously as K2 ; (v) in (2.A.4),
with a N, q) x 1 dimensional subvector with 1°-th element given by (K1 (w)],e = (Wi —
w)/h1)¢f:'(l°)K1 ((W; — w) /hy), such that n‘lhl_(dH) Z;Ll K1,; (w) converges in mean squared

to M, o fw (w). Define v (w) = E [y, (w)], then by Proposition 2 (page 581) and by Theorem
4 (page 582) in Masry (1996a), it follows that

suply (w) | = o(R}**1),
w

sup|hy Py, (w) = v (w) | = BEH1 0, (Y20 D2 Vinm), (2.A.8)
w

Let

n
—1,—(d 1
On(w)=n 1h1( +1) E K1, (w) M E D¥r(w) (W; — w)k, and
j=1 [k|=p1+1

B (w) = Br® D (w) fi (w),
then by Theorem 2 (page 579) in Masry (1996a), it follows that

suplhy P+ B, (w) - B (w) | = Op(n~/2h7 V2 Vinn), (2.4.9)

For the set {Yj, ]T/fi}?:l, as discussed in the main text, an estimator of the function H is

obtained by the intercept of the following minimizing problem

Qri (0) = n~ B3 k. (M"h‘ m) {Y - Y 6(#-m)
i=1 *
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Because this is a simple univariate nonparametric regression, its associated matrices My,
M‘}I’D, 'y, Bu, My n(m), ﬁH,n(m), and vector K, ;;;(m) have simpler forms. They are as
those previously described but replacing the responses by Y; and the conditioning variables
by M; or M; accordingly.

Proof of Corollary 2.2.2

As before, given Assumption I*, it follows that s(z,2) = h[G (z) F (2)] G (z) f (2), con-
-sequently ¢ (¢,20) = h [H_l (t)] H ! () [f (20) /F (20)], and using the change of variables
m = H~1(t), after noticing that h [H~! (¢)] = h(m) and dt = h (m) dm, we obtain

r(z,2) r(z,2)
F ()
/qam> /ﬂﬂﬂlnuywo ™
H~1(r(z,2)) F (20)
= Rlmymf () (™) 4™
H-1(r)

- [F (ZO)J [n (H1[r (2, 2)]) - In (B [r1])]
=In(M(z,2)) =In(G(z) F(2)).

This proves the result.

Proof of Theorem 2.4.1

Rearranging terms, we have

— 7(z,2) dt 7(z,z) dt
M(z,2) - M (z,2) = e @
(:2) “Z).L q@%).L 20, 20)

(L)t [ et
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By mean value expansions of the first term, in the last equality above, and after some

manipulation we obtain,

J/M\(:z;,z)—M(:L',z) =

(7 (z,2) — r (z,2)) + / " 4t 20) — (b 20) (2.A.10)

( T, 20) ro q? (t, z0)
@) gt 20) — q(t,20) ,,  [T®?) (Gt 20) — g (¢, 20))°
* —/r(z,z) g2 (t, 20) a /ru q(t, 20) 42 (t, 20) @
(2.A.11)
= Myn(z,2) + Mon (2,2) + Rup (2, 2). (2.A.12)

The terms in (2.A.10), M1, (z, z) and Mg, (z, z), are linear in the estimation error from
the two nonparametric regressions, while the remaining terms in (2.A.11), R (2, 2), are
both quadratic in such errors, and thus they will be shown to be of smaller order. My, (z, 2)
is just a constant times the estimation error of 7 (z, z), the unconstrained first-stage non-
parametric estimator of r (z, 2), and under Assumption E, it can be analyzed directly using
Theorem 4 (page 94) in Masry (1996b), given that g (r (z, z) , z) > 0 over ¥, x ¥,. That is,

. 2 (z, - -
y/nhdt! (Ml,n (z,2) — KB, (w,z)) SN [0’ 2 ( e ) MM o,

T, 20) fw (T, 2
Bu(z,2) = [M;'Ber®*) (2,2)] a7 (r20)  (2A13)

where [A]0,0 is the upper-left element of matrix A. In order to analyze the second term,
Mz (z, 2), we first notice that for any two symmetric nonsingular matrices A; and A, we
have that A7 — A;! = A7 (A — A1) AT?, which implies

20D — IV 0 [ 0] Vom0 + A ) [ 0] B 0
=M v)[ ]1 n(0) + g ML () [ (0)] 7 D ()
Tquw) [ ()] Bq, (v)
= [fv )@ ©)Mg] " Uy (0) + 3 [fv (v) @ () Mg] " U, ()
+ 4 [fv (v) ¢ () M) Byn (v)
o
2

q
al”

[fv ()¢ () M) ™" [Mg (0) = fv (o) Mg M3 (v) Vi (0)
- [fv(v)q (v)M] F My (0) = v () My M2 (0) D (0)
—d [fv (0) @ () Mg] ™ [Mgn (v) = fr () M| ML (0) By (0)
—Tq,nl(v)+T,n2(v)+Tq,n3() Tyma (V) = Tyns (V) — Tyns (v)
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where My is defined in (2.A.3). We have also defined %,n (v) = f}q,n (v) + I’/\;*n (v), where
the Ny x 1 vectors Vq,n (v), 17;:,, (v), and Eq,n (v) are '

n
Vo (0) =n71R72) " Ko (v) 44

=1
Vs, (@) = a2 S Koy (0) (8 - S,
=1

ﬁq,n (v) =n"1p2 Z 162,,- (v) 3,”- (v), and
i=1

B =a@) - Y =(D™g) @) Bi-o)"
0<|m|<pz

Consequently,
M2n(m z) qnl(z z)+7;1n2(x Z)+7:1n3(:12 Z)+an($ z)

where Ty n(z, 2) = [Tyny (,20) dQ (t) for I = 1,2,3 and dQ (t) = 1(rg <t < 7 (z,2))dt.
These terms, along with the remainder Rq,n (z,2) = S8 o Tymi (t,20) dQ (t) are dealt with
in Lemmas 2.B.1 to 2.B.4, from which we conclude that

E[rP1+)(X,Z) g, (X, Z)| 7 (X, 20) =7, Z = 2]
q2 (r, 20)

E [r1+)(X, Z)gq (X, Z)| 7 (X, 20) =10, Z = 2]
- q? (70, 20) }
E [r1+)(X, Z)| 7 (X, 20) =1, Z = 2]

2 (r, 20)
E[r®+)(X, Z)| 7 (X, 20) = 70, Z = 2]
q? (ro, 20) ]

Man (z,2) = B MIIMY o M'B,

+ M hoty M; M o] M B, l

q(p2+1) t zO

—1/2; —(d+1)/2
(. 20) —s————dt +op(n~"/*hy )

= KB (z,2) + h’l"thg (z,2) + W22V B3 (z, 2) + op(n_l/zhl_(dﬂ)/z).
(2.A.14)

Finally, the last term in (2.A.12), Ran (,2) = Op (V1n) Op(hg tv1n + AT 1 + van) +
Op((hy'vin + A vin + 12,)?), by Theorem 6 (page 594) in Masry (1996a) and Lemma
2.B.5. Therefore, it follows from Assumption (E5) that R (2, 2) = 0p(n~Y/ 2h§d+1)/ %). By
grouping terms, By (z, 2) = '™ By (z, 2) + h§ ho By (z, 2) + hg"HBg (z,z) + By (2, 2),

we conclude the proof of the theorem.
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Proof of Theorem 2.4.3

As before, we write

H(m) — H(m) = Mg (m)Va(m) + o] Mg, (m) B .n(m)

= oJ [Far(m)My] ™ Vi a(m) + o7 [fae (m)Mp] ™" By n(m)

— o U (m)Ma]™ [Maa(m) = fas (m)Ma | Mz (m) Vitn(m)

— o [faa (m)M] ™! [Man(m) — far(m)Mu| ML, (m) Byt a(m)

= o] [fu(m)ME]" Vg a(m) + o] [fr(m)My]"' V5 . (m)

+ o] [fu(m)Mp] ™! By pu(m)

— T e (mIMp] ™ [Min(m) = fua

— ) [fu(m)Mp]™! [ﬁH,n(m) Fu(

= T [ (m)M] ™! [Man(m) — far(m)Mp | M, (m) Bign(m)
) -

= Tan1(m) + Tap2(m) + Taas(m

m)My | Mz, (6)Vi,n (0)
m)My | ML, (m) V()

THna(m) — Tapns(m) — Tane(m),

where
VH,n(m) = VH,n(m) + 1’}I’-'tl,'n('rn)v

n
Vin(m) =n"1001) " Kai(m)ers,
z—l

VHn(m)—nlh’Z/cH )[H(M;) — H(M;)), and
i=1

BH n(m) = n—'lh ! Z Ky i( z AH z(m)a with
i=1
Rugm)= BHGE) - 3 %(a"H (m) /Om?) (3, — m)’.

0<i<pa ¥

We analyze the properties of Ty (b), [ =1,...,6 in Lemmas 2.B.7 to 2.B.10, which show
that Ty n1(m) = O (”_l/zh_m) and that Tan( ) B Bya (m), Tana(m) B By (m),

where

Biz (m) = —u]M5!MY o E [ HO) (M (X, 2)) B (X, 2)| H (M (X, 2) = m],
Bys (m) = R tL T M By H® ) (m),
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with B(w) = [B(z,2)dPi(2) + [B(z,2)dPx(z) + [ [ B(z,2)dP; (2) dP; (z) which is
O (hy) by construction. By defining By (m) = Bya (m) + Bys (m), the proof is completed.

2.B Technical Lemmas

Lemma 2.B.1 Under Assumption E, we have

sup |Tgn,1(t,2)| = Op (h;luln + n_1/2h’2'1\/IR) , and (2.B.1)
\Z
r(z,2)
[ Tuna (.20t = 0, (w207 4*012) (2:82)

7o
Proof. We may rewrite

n n
Vam (t,2) = nh3® Y Kag (v) €gs +nh3? Y [Kas (v) = Ko (v)]eg:
i=1 i=1
Then, by Theorem 5 (page 593) in Masry (1996a), it follows that the first term is
n
nh3? Y Ko (v) €gs = Op (n~V/2h3 Vinn)
i=1
In the other hand, after a Taylor-series expansion, the second term is bounded by
n —~~
nhy? Y (Ko (v) — Ko (v)]eg,
i=1
< {n7lhy 32 S (2, 2 )l leq;l} joax [P = ril + Op (3 22)
= Oplhy " vin) + op(n™"?hy FD/%),
by Assumption (E5(ii)). After collecting terms, (2.B.1) follows.

By using (2.A.6), we further write

Do (v) = Vim (0) = [Vam (0) + Voo (9) + Vi (0)] {1 + 0p (1)} + 0p(n= /20y @+1/2)
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where

Vq,n,b (’U) = n—Zhl—(d+1)h2—2 Z Z @n (M, VVJ'; ’U) ,

i=1 j=1
n
Vame ) =07 052 3" b K (v) €q,iBn (Wi) , and
=1
ln
Vama () = 0752 3" b K5 (v) eq,n (Wi) 5
i=1

and, we define
Gn (Wi, Wy 0) = K8 (v) o M, f (Wi)] ™! fcu (Wi) e ier,
B (w) = n 1y T (M, £ (w)]” Zlcm(w Z D¥r(w) (W; — w)*, and
Ikl p1+1

Fn (w) = n AT (M, £ (w)]” %(w).

Thus, we have

/ Tyn1 (£,2) dQ (&) = Tymita + (Tym1o + Tomte + Ty 1a) {1 + 0p (1)} + 0p(n~/2R7 @FD/2)

where
r(z,z)
Tgnila = qum / hy Koy (v) [fv (v) @ (v)] 7 dt
T0
r(z,z)
- ~ -1
Tgn16 = d+1)h2 Z Z";M / Lan (Wi, Wy v) [fv (v) ¢ (v)] 7 dt,
2 i=1 j=1 ro
(z,2)
q,n 1lc = h2 qu,tLZ / h.z—llcgz) (‘U) En (Wt) [fV (’U) q2 (U)] - dt, and
To
r(z,z)
Tamid = =3 cni] My [ 1 @7 ) [y ) () et
2 i=1 ro )

Firstly, by the Law of Iterated Expectations, notice that F [Ty p 1] = 0. While using

50



2.B Technical Lemmas

representation (2.A.5), we are able to rewrite

n n
Tym,la = ”_lhz—l Z Eq,ibg—M&_le{l +n7t Z Eq,il2 s M lhz Qz 2
i=1 =
=70 L 7UIn

q,n,la q,n,la"

By another change of variable and integration by parts, it is not difficult to see that '];(iq . =

Op (n'l/ 2h2) which is clearly o,,(n'l/ Zh;(dﬂ)/ 2) Moreover, 7;(n)1a satisfies the Linderberg-

. . I
Feller Central Limit Theorem by v1rtu¢ of Assumption E (see Hirdle (1990)), thus 7:;(11) la =
Op (n=Y/2) and we conclude that 1/nhStT, ;14 = 0, (1).

Now, under Assumptions (E1) — (E5), it is straightforward to extend the proof of Lemmas
3.1 (page 24) and 3.3 (page 26) in Lewbel and Linton (1999) to show that

7:1,n,1b - Op(ﬂ—lh;(d+l)/2h2_l),

— op(n'1/2h1-(d+1)/2).

Let 3 (w) = o] M7 1B, r®1+1)(w), then

Suplhl-(P1+1)En (w) — E(w) | = Op(n—1/2h1—(d+1)/2 Ton ),
w
by (2.A.9). Therefore, we write (recall v = (¢, z))

Tonic = (1) —+—T (1) where

gn,lc ,n,le?

T = W0 lhy 2Zequ§M / h3 'K (v) B (W) [fv (v) @ (v)]) - dQ (), and

T(”) hp1+1 —1h2—2 Z eq,iL;Mgl

qn,lc —
=1

x [ B ) (7B (%) — By () 014 (1)
Recall €4 = g4 (Wi) + mi with E [n;| W;] = 0, then we further write

I I- I-b
%(n)lc - 7;(11 1ac) 7:1(11. lc)’ where

TU=0) _ ppitl,—1p-2 Z 90 (Wi) 13 M7 o1 B (W)

g,n,1lc
i=1

n
— WPty " g (Wh) oy M gt 0008 (W),
i=1
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7-b)

q,n,lc

is like 79=9. but with n; replacing gq (W;). It follows by Bochner’s Lemma that

and anlc

E [ M 'Br®HD (X, Z)g, (X, Z)| 7 (X, 20) = 1, Z = 2]
q2 (Ta ZO)
E [ M 1B rP+)(X, Z)g, (X, Z)| 7 (X, 20) = 10, Z = 2] 12, —(d+1)/2
- 2 (70, 20) + op(n™/*hy )

= hB) (2,2) + Op(n_l/zhl_(dﬂ)/z), by Assumption (E5(iii)).

(I-a) _ pp1+1 Taxr—1ng0
Tonae =h e Mg "My,

Similarly, by construction Tq(,fl,_lbc) has mean zero and by the Cauchy—-Schwarz inequality,

I-b - - -
ITime | = Op(BY 0712k Y) + Oy (] H1n=1/2)
— op(n‘1/2hf(d+1)/2),

by Assumption (E5). With regards to Tq(,flq o» this term may be written as

U _ qUI=a) | 2(I-b)

q,n,lc qn,lc q,n,lc

which are like 7% and T2, but with hy (v 3, (W;) — B (W;) replacing 3 (W;). Then

gn,lc gmlc)
by using similar arguments as above, we can show that

Tinie = Op(h+1)0p(n™2h /2 VIm) 4 Op (B ha) Oy (n™1/ 20y /2 Vinm)

= 0,(h?" " hy) + 0,(h?*T1h3), by Assumption (E5(ii)),
= op(n'l/zhl_(d+1)/2) by Assumption (E5(iii})).

Define 5 (w) = E [¥, (w)], then by result (2.A.8), it follows that

suply (w) | = o(h§**"), and
w

h—(pl"'l)?y'n w) — 5 (w) | = P10 n~ V2R 7@ D2 Ay uniformly over w.
1 1 P 1

Therefore, we write
II
Tyn1d = T(,I),m + T(,n,}d’

q;"%lc qvnalc’
¥ (W;) replacing 8 (W;) and hi ® 1+1)En (W;) — B (W;) respectively. Then by the Cauchy—

Schwarz inequality,

where 7.0, and T} are like T2, and T,43,, but with 5 (W;) and hy ® V5, (W;) —

|’1:](’21d| = h’1’1+10p(n_1/2h1_(d+1)/2) + A hgop(n_l/zhl—(dﬂ)ﬁ) by Assumption (E5(iii)).
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Similarly, by Assumption (E5(ii)),
q(m,%d 'Op(n Y h’l( v/ )

Thus, nh‘f“?}bn,ld =0p(l). m

Lemma 2.B.2 Under Assumption E, we have

r(z,2)
/ Tyna (t,2) dt = Op (/20 @HD/7) (2.B.4)
o

Proof. Let §; — S; = |D0lr (Xi, Z;) — DYl (X;, Z;)|. Then, by Theorem 6 (page 594)
in Masry (1996a),
max |i = Sil = Op (b7 vin)
We now write
n n
Vom (v) = nh3® D" Ko (v) (8i = i) +nh3® 3~ [Kas (v) — Kag 0))(5: - S5).

i=1 i=1
The first term is clearly
n “~
nhy? Z K (v) (Si — Si) = Op (h{'v1n) uniformly in v.
i=1
The second term, after a Taylor—series expansion, is
n ~~ _~ V
nhy? Y (Ko (v) — Ko (0))(Si - i)
i=1

Si = 8i| + Op (hyvin) Op (hy ") ,

n
-1, -3 1 =
< {n'hg® Y IK5) (6,2) 1} max | - o] max
=1 - -

=0 (h;lvln) Op (hl"lvln) + Oy (h7'v1n) Op (h3%V2,) , by Assumption (E5(ii)),

— Op(n~1/2h1—(d+l)/2)-

Therefore, (2.B.3) follows immediately.
We write

Ve (0) = Ve (0) + Vi (0) + Vi o 0] {1+ 0p (1)} + 0p(n~ Y2 @H1/2)
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by using (2.A.7), where

n n
Vona () = 7207 D032 NN G (W, Wi v,w),

i=1 j=1
n
Vias (@) =07 032> " Koy (v) By (W5), and
i=1
Zn
Vine (@) =07 032 " Ko (v) 3 (Wr)
=1

with
ay, (Wi, Wy v) = Kai (v) o} T M, for (W)™ K1y (Wi) er

B (w) = n ST M, fir ()] Ky (w)
i=1

X % Z D*r(w) (W; — w)¥, and
" |k|=p1+1
7o () = n AT HVET (M, fur ()] (w).

Thus, we have

[Tana (4.2)4Q0) = (Tamaa + Tyns + Tonae) (1 +0p (1} + op(n= /287 4412,

where
" n n r(z,z)
- “1~ -1
7:;,71,2@ = Tiz)_‘z‘ Z Z ";-Mq ! / h'2 lan (Wiy VVj; v) [fV ('U) q2 (v)] dt,
n?h;y “h3 i1 j=1
70
" n r(z,z)
_ _ = -1
Tamas = > A M / hy ' Kai (v) By (Wi) [fv (v) ¢ (v)] ™ dt, and
2 =1 o
" n r(z,2)
_ - ~— -1
Tomte = 22> M7 [ hg'Kas )7 ) [y () ()]
0

Using (2.A.5),

[ hata o Wi [y )22 @) 4@ 0

= a:z,l (Wi) W]) T, To, ZO) - a:l.,2(W'i, W], T, T0, zO)a
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where

oy, (Wi, Wysr,m0,20) = 0i1eh " My fw (W)™ K1j (Wi) €, and
a:t,2 (VViv Wj; r,ro, 20) = Q‘},ZLIT [MTfW (m)]—l Iclyj (I’V:,,) e‘r',j'

By the Law of Iterated Expectations, E [0‘;,1] =F [a;‘,,z] = (), and by applying a second
order U-statistic theory for random samples (e.g. Powell, Stock, and Stoker (1989)), it is
not difficult but lengthy to show that

Tanza = Op(n 1R D7) L 0, (n~1hy (4D 2,),

Thus, by Assumption (E5), 1/nh%17; 2, = 0, (1).
By (2.A.9),

suplhy VB2 (w) - B* (w) | = Op(n~ 2RV 2\/inp),
w

where 8* (w) = 2TM;1B,r®1+1) (). Therefore, we write

I I
Tgmn,2b = 7;(,1;),21; + 7:1(,n,%b’ where

Tyman = W~ hgt 37 My / B3 Ko (0) B° (W) [fv () & (0)] 7 dQ 1),
=1

n

In _ ;p;, -1 —12 Tag-1

7;,11,25 = hl n h2 L2 Mq
i=1

x [ B as (o) (T O VB (95) = B (W) (0) 2 (] 0Q 0.

Then, by using representation (2.A.5), we may further write

n n
I -1 — - 2 - -1 — %
T = h W S IM 0k B (Wh) — n R S T M g ol B (W)

The right-hand side of the above expression converges in mean squared to (by Bochner’s

Lemma)

E [ M71BrPHt (X, Z)| 7 (X, 20) =1, Z = ]
q2 (’l", 20)
E [ MIBr®H+)(X, Z)| r (X, 20) = 70, Z = 2] _1/2,-(d+1)/2
- 3 + op(n™"/%h; )
g% (o, 20)

= h{*haBs (z,2) + o (n"l/Qh—(dHW), by Assumption (E5(iii)).
1 P K1

Tymas = M5 o] M7 "My
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Furthermore, ’Tq(,:a,{%b is like 7;(2 op» Dut with h;(p 1+1)E;'; (w)—B* (w) replacing B* (W;). Then,
it follows by Cauchy—Schwarz inequality, that

| q(ff%bl _ (hmhg)Op(n—mh @+1/2, 10 ) + O, (P2 )Op(n—1/2h (d+1)/2\/—)

= Op (kY ha)op (ha) + Op(h}! hg)op (h2), by Assumption (E5(ii)),

_ —~(d+1)/2
(n 1/2h1(+)/

=0p ) by virtue of Assumption (E5(iii)).

Consequently, 1/nh3™1 7T, o = O

Define ¥* (w) = E [¥;;, (w)], then by result (2.A.8), it follows that

suply* (w) | = o(A}**'), and
w

Ih;(pﬁ_l)ﬁ (w) -7 (w) | = h’l’l“op(n'lﬂh;(d“)ﬂvln n) uniformly in w.

Therefore, we write
(1 (11
7:1,71 2C Tq n,2c 7:1,71. 2c?

where these two terms are like Tq(n)Zb and 'Z;(ff%b, but with 4* (W;) and hy (p ‘H) *(Ws) —

~¥* (W;) replacing ,8* (W;) and h; -~ ‘+1)ﬂn (W) - ﬂ* (W;) respectively. Then by the Cauchy-
Schwarz inequality,

17, chl =0 (h”lhz)op(n—llzhl—(dﬂ)/z)
+ Op(hE h2)o n~1/2p~(d+1)/2 by Assumption (E5(iii)).
P 1

Similarly, by Assumption (E5(ii)) and (E5(iii)),

I,I(}(fl]%cl - Op(hplh2)hpl+10 ( —1/2h—(d+l)/2‘/_)
+0 (h”‘h )hp1+10p(n—1/2h (d+1)/2\/_)
(n—l/Zh1 (d+1)/2)'

Thus, {/nh31 T, poe = 0p(1). ®

Lemma 2.B.3 Under Assumption E, we have

sup |Tyn,3 (t,2)] = Op (h’2’2+1) , and (2.B.5)
\Z

r(z,z) _
Tyna(t,2)dt = Op (n_1/2h1_(d+l)/2) . (2.B.6)

To
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Proof. Define

Agi(w)=q(Vi)— Y %D"q(v) (Vi — v)¥,
0<|ki<p2

and &z,i (v) is like Ag; (v) but with Vz in place of V; = (r (X3, Z;) , Z,-)T. Then by Assump-
tion (E4),

1 *
Bgs()= Y D a@")(Vi-v)
k|=pa+1

for some v* that lies between V; and v, also

-~ 1 -
Buu)= Y w0 (G- v,
k|=p2+1 """

where 7* lies between V; and v. It is also clear that |7* — v*|| = Op (v1n) and |Ag; (v) | =
Op(hg”l) for ||V; — v|| £ chg. These observations along with Assumption (E5(ii)) imply
that

Boi(w) = Bgilw)= 3 =D*a(@) (%~ )~ (Vi —)¥)
[k|=p2+1

1 ~ .
+ Y @[PRa@) - D] (- v,
|k|=p2+1
= Op(h§?v1n) = op(n“1/2hl—(d+1)/2),
uniformly in v and ¢ such that ||V; — v|| < chg. So we conclude that
1B g (v) | = Op(hE*Y) + oy (n~ 2207 (4+1/2)

uniformly in v and 4 for |V; — v|| < chs.

We now write
~ 1 n R
— < — , ) _ . -
Ban {8:2) = Bn z)l = {nhgg Kai z)l} max sup|Agi (v) — Agsi (v) | (2B.7)
1 &Kia R
+ {;z?%; |’C2.i (t,2) — Ko (8, z)'} lrgias)%sgplAq,i (v)|. (2.B.8)

It is clear that (2.B.7) is op(n‘l/zhl_(d+1)/2) . The order in probability of (2.B.8), after a
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Taylor—series expansion, is given by

-1;-3 (1) ~ N -2 2 N
{n"'hy ZIIC (t2) [} max 7 — ril max suplAq; (v) |+ Op (h3*vn) max suplAg; (v) |

1=1

= Op(hg 1) Op(R5**Y) + Op(h3 %vi,) Op(RE*H)
= op(n n~Y 2hy (@+1)/ 2) by Assumption (E5(ii))

Therefore,

SUPIBq,n (v)| < sup |Bg,n (v)] + SUPIﬁq,n (v) — Bgn (v) ]
v v v

= Op(h5**") + Op(H5*  u1n),
proving (2.B.5). Furthermore, we rewrite

Tym3 (£ 20) = W52 10 M7 Bog®*) (2, 20) 72 (t, 20)
+ I M By (8 20) — Bofv (¢, 20)la®2 ) (¢, 20) g2 (¢, 20)
+ op(n“l/zhl_(d+l)/2).

Clearly, the first term of the above equation is O,(h2**'), and the second is o,(h5?*") by
Corollary 2 (page 580) in Masry (1996a). Then,

r(z,2) (z,2)
Ton3(t,2)dt = h12’2+1i;-Mq_1B‘1 ./
To To

— h1272+183 (CE,Z) + op(n’l/zh;(d"'l)ﬂ)

q(P2+1) (tv ZO)

—1/2; —(d+1)/2
Z(tz0) dt + op(n™"*h; )

follows. m

Lemma 2.B.4 Under Assumption E, we have

Ram (2,2) = / Tyma (¢, 20) dQ (£) + / Ty (£ 20) dQ () + / Tyms (¢ 20) dQ (£)

— oy(n-V/2R7 (@ 1/2),

Proof. A typical element of ﬁqm (v) = My,n (v) is given by

My njk (0)]1g0 — Mg,k (0)]; 0
n A- bq;i (D) +0q;k (1°) ‘7,; . Vi— v g (D +qk (1°) Vi v
D (%) - (52) = (%)
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After a Taylor—series expansion of the last expression at V;, it is not difficult to show that
Stllp”Mq,n,j,k (ta Z)]uo - [Mq,n,j,k (ta z)]l,lo I = Op (hz—lyln) .
\Z
By the triangle inequality, we have

stuplﬁ.,,n (t,2)— fv (8, 2) M| < stup|ﬁq,n (t,2) =My (t,2) | +5up|Mgpn (¢, 2) = fi (8,2) M
sz ¥4 2

The first term of the right-hand side of the inequality is Op (hy'v1n) = 0y (1), while the
second is, by Corollary 2 (page 580) in Masry (1996a), Op(n~Y/2h;'VInn + hy) = o, (1).
Furthermore, by Assumption (E1), M1 (v) = Op (1) with probability approaching one.

q,n

Therefore, results (2.B.2), (2.B.4) and (2.B.6) imply that
[ T (200 4Q () = 0, (1) Oy~ /2874412,
/Tq,n,ﬁ (t,20)dQ (t) = 0p (1) Op(n‘1/2h1—(d+l)/2), and
/Tq,n,s (t,20) dQ (t) = 0p (1) 0, (n~1/2p7(@FD/2)

respectively. m

Lemma 2.B.5 Under Assumption E, we have

Stup Izj(t> z) —-q (ta Z)l = Op (h'z_lVln + h1—1V1n + V2n) .
12 .

Proof. This result follows from (2.B.1), (2.B.3), (2.B.5) and Lemma 2.B.4. m

Lemma 2.B.6 Let Assumptions E and F hold, then the estimators Gp, (z) and ap, (z)
satisfies the following asymptotic expansions:

ap, (z) - ap (z) = 4 M; {1+ 0, (1)}

1, —dv 14 dP; (z) ,
" {” h J;[/ " 02 ) (x,z)]e”’}

+ /B (z,2)dPy (2) + Rp, n (2),
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ap, () ~ o, (2) = M7 {1 40, (1)}

Loy A (r ap; (z) .
"{ h ;[/ M ) ) (m,z)]e’”}

+ /B (z,2)dPy (z) 4+ Rp, n (2),

where op (1)’s are uniformly in x and z, and the remainder terms Rp, n (z), and Rp, 5 (2)

satisfy

sup |Rp, n (2)| = op(n_l/zhil/z), and
T

sup |Rp,n (2)| = op(n‘l/zh:1/2) respectively.
z

Proof. This result follows from Lemmas 2.B.1-2.B.5 and Assumption (F3). m

Lemma 2.B.7 Let Assumptions E and F hold, then

2
s 0 (0.5 ez ).

Proof. Let Vi, (m) =nh;1 Y1 Kii(m)er;, then we have

Vit (m) - an(m)—n—l—ZvcH(m) o (m)er

hzz ) (M; — My)eri + Op (hy202)

nhzz K2) (m) {[ae, (X:) - ap, (X))

+[@p, (Z;) — ap, (Z;)] — (G — ci)} eri
+ 0p(nV/2{DI2),

where the second equality follows from a Taylor-series expansion and Assumption (F3), and
the last by Assumption (F3(ii)). So,

f'H,n (m) = TH,n,a (m) + TH,n,b (m) {1 +o (1)}
+ Thpme (M) + Tong () + 0p(n~ 20713,
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where

THpa (M) = nh*Z:LT [Fae (m)M g™ Ko i () e

Thnp (M) = nth;;J[fM(m)MHr n (&, &55m), (2B.9)
Tipe (m) = _Z U (m)ME) ™ K0 (m) era (W), (2:B.10)
Tt n,a (m) hzzaT[fM(m M| KL (m) eniRn (Wi). (2.B.11)

We now discuss the properties of each term above.

Firstly, let Fw and Fpg be the sigma algebras generated by W' = (X7, Z) and r (W) =
H [M (W)] respectively, then by the tower property of conditional expectations, i.e. Theo-
rem (34.3) in Billingsley (1986), we have E [e,;| r (W;)] = 0, which implies that E[g] = 0
by the Law of Iterated Expectations, where

i =h7l) [fu(m)Ma]™ Kyi (m) ens.
Therefore, by Theorem 4 (page 94) in Masry (1996b), it follows that
1 n
Vv nh*TH,n (m) = W Z S
d o (m) 1 )
- N0, M T'gM7 ,
( fm (m) Mz Tr Mz o

where 0% (b) = E[e,.,[B (Wi) = b]. The term a, in (2.B.9) may be written as

o (&,&5;6) = o (£3,&5;) + of (&,€&5;0) — oI (&,€5;b), with

Iip poory = p—dp(1) -1 dp; (Zi)

o, (Ehgjam) = hl ’C* m)Erz/h1 lf1 ’Cl,] (W) (73, 20) fw (W) Ty
dPs (X;)

(Tt,zo)fW (W) e

APy (Z;)dPy (Xi)

q(ri, z0) fw (Wi) ™

a{}l (&,&;m) = hfllcil) (m) EM/hl 5] M 1’CI,J (W)

o1 (g, &53m) = K& (m) ens / / ;D TMEK; (W)

where & = (WiT,sr,i)T. Thus, by applying a second order U-statistic theory for random
samples (e.g. Powell, Stock, and Stoker (1989)), we can show that under Assumptions E
and F,

Titmp (m) = Op(n " A7 ?h*%) + Oy (™ 0y V2 ¥%) + O, (n~2hT/2).
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Consequently, by Assumption (F3(ii)),

V1T np (M) = \/7haOp(n~ by Y0 %)
+ V1O (" 8720737 4 /by Op(n 0y 3%
= Op(n ™22 h7Y) + 0p(n V2R V2RTY) + Op(n™Y2R]Y) = 0, (1)

Similarly,

/BmzdPl(z /BmzdPg //B:czdPl(zdPg()

= O (ht) by construction.
Then, by Assumption (F3(ii)), (2.B.10) is h1O,(n~Y/2h; /%), so

VrhTHae(m) = Op (h’rh*—l) =o0p(1).
Finally, the term (2.B.11) satisfies

A2 S T [ae ()Ml KD () 0B (W)
i=1

< 3 x sup |Rpy 0 (2)] {n—lh* o e (m)Mp] " Y (m) e
T

and the right-hand side is o,,(n‘l/ 2h, Y 2) by Lemma 2.B.6, completing the proof. m

Lemma 2.B.8 Let Assumptions E and F hold, then

Thina (m) = Op (n™/2051/%).
Proof. Firstly, max |H(M;) — H(M;)| = Op (vin) by Assumption (I2). Let
<isn

Vi n(m —n-lhlznn )H(M;) - H(M;)],
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then after a Taylor-series expansion,
Vin(m) = Vi alm) = n= et 3 {Ras(m) — Kus(m) } (H (M) — H(E)]
=1
‘ln l N B
=n"h;2 Y K0 (m)[M; — MH (M) — H(ML)] + Op(h;204,)
= Op(h3 " vfn) + Op(h720) = 0p(n /21",
by Assumption (F3(ii)). Consequently, after a further Taylor-series expansion,

THn2 (m) =n"1h! i Ko i(m)[H(M;) — HM)] + 0p(n~20 /%)

i=1

=—n"lhy 121@,,( )6H(M)[M M)+ O, (v2,) + op(n~ Y207 1/%)

= n Y s m)HO (M) (7 — Ml + op(n™ /205,
i=1

where the last equality follows from Assumption (F3(ii)). Therefore, by Lemma 2.B.6, we

have
THm2 (M) = Tan2a (M) {1+ 0,(1)}
+ TH.n,?b (m) + TH,n,2c (m) + Op(n_l/zh:l/z)a
where
THn2 (M) = ZZLT [fre(m)My] ™" o, (Wi, Wi;m),
* =1 j=1
THon26 (M) = — T ()M Koi(m)H® (M;) B (W),
THp,2e (M) =— ¢ [fu(m)My] " K, (m)H® (M;) Ry (W5),
=1

with 8 (-), and R, () defined as in Lemma 2.B.7, and

ok (Wi, Wy;m) = ol (Wi, Wi m) + o2 (Wi, Wi m) — o (W;, Wy;m), with

_ o Tene dP, (Z:)
W W = pl. . 1T 1 (W 1
a, ( i J,m) = hl K*,z (m) /hl 2 M,,. ’CI,J ( l) ('rz, ZO) fW (W) .
_ dP; (X;)
*II 1 d 1 2
Wz, LL ,m h K*z m /h M K: LL‘L Er 1y
( J ) 1 ( ) 1 1,5 ( ) (ThzO) fW (W) sJ
4Py (Z)) 4Py (X;) _

Sl (Wi, Wj;m) = Ky s (m) //h o TM_IK:LJ( 0 q (ri, z0) fw (W)
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Again, by applying a second order U-statistic theory (e.g. Powell, Stock, and Stoker (1989)),
we can show that under Assumptions E and F,

TH 20 (M) = Op(n 72 h7 %) + 0, (n~ R 2h:%) + Op(n= 11 M?)
_1/2h:1/2)_

= op(n

By Bochner’s Lemma and Lemma 2.B.6, it follows that Ty o, (m) converges in mean

squared to
Biz (m) = I Mz"M}yoF [ H® (M (X, 2)) (X, 2)| H (M (X, 2)) = m],

which is O (ht). Finally, the last term is bounded by

I Trtn2e ()] < yoasx | R (W)l max [HO) (1) {n-lh: T fw(m)Mp) /c*,i(m)|} ,
1<i<n 1<ign

where the right-hand side is op(n “12p7 Y 2) [

Lemma 2.B.9 Let Assumptions E and F hold, then

T n3(m) = 0, (n—l/Zh;—l/Z) .

Proof. As in Lemma 2.B.3, by Assumption (E4), we write

Bri(m) = Bus(m) = Y & (07H(m")/om) (Vs — m) — (M; — m)’

'=p-+1
+ Y i [aJH( )/0m? — ¥ H(m*)/omI] (M; — m)?, (2.B.12)
—P-«+1
where (7*,m*) lie between (M;, M;) and m, such that ||"* — m*|| = Op (Vtn). For

|M; —m| < chs, |Agi(m)| = O,,(hf:"“). These observations imply that (2.B.12) is
Op(hE*vty), which by Assumption (F3(ii)), is op(n~'/2hy Y ?). Therefore, we conclude that

|8Hvi (m) | = Op(he*-*-l) + Op(n—1/2h:1/2)

uniformly in m and i for |M; — m|| < ch.. Now, we write by the triangle inequality

B, (m) — Bun (m)l < {nLh*Z [Kui (m)l} lrg%ﬁs%plﬁﬂ,i (m) — Ag;(m)]

+1
nh

~

i (m) = K (m)l} e sup| By (m) |.
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The sup of the first term is op(n‘l/ 2hy Y 2), and by Taylor—series expansion, the second term

is

1 n
P
*i=1

=0p (h:lVTn) O,,(h}:*“) + Op((h:l’/fn)z)op(hf'ﬂ)

Kglz) (m)l |]T/fz - M;

—~ _ 2 —~
|Agi (m)| + Op((hy 'v4n) ) max S‘;PIAH,i (m)]

= op(n"l/ 2h, 1/ 2) uniformly in m by Assumption (F3).
Therefore, we conclude that
Bin (m) = Ban (m) + 0p(n™/2h/%)
uniformly in m, and by Kolmogorov’s Law of Large numbers, it follows that
T m,3(m) = B2 MG BgHE-+Y) (m) + 0p(n /20, 1/?),

as required. m

Lemma 2.B.10 Let Assumptions E and F hold, then

Run(m) =Tama(m) +Thpns (m) + Thpe (M)
=0, (n—1/2h*~1/2) '

Proof. For a typical element of M Hn (m) — My (m) is given by

Mp,nk ()]0 — Mk (m)]; 1o

—~ Ll A —~
1 Zn: Mo—m S5 (D +drx( )K Mo—m
- nh* N h* ) 2 h*

i=1
(Mi . m)¢n;j(l)+¢mk(l°) (Mi _ m)]
- A K, . .

After expanding the last expression at Mj, it is not difficult to show that

S‘;P”ﬁH,n,j,k (M0 — MHnk (M) 0| = Op (7 v4n) -



2.B Technical Lemmas

By the triangle inequality, we have
sup[Min (m) = far (m) Mir| < sup| Mz (m) — Mg (m)|
+ Sl;pIMH,n (m) — fm (m) M|

= Op (hy'vin) + Op(n_1/2h:l/2\/1nn + hy) =0, (1),

where the last equality follows from Assumption (F3(ii)) and Corollary 2 (page 580) in
Masry (1996a). Furthermore, by Assumption (F1), ﬁﬁ}n (m) = Op (1) with probability
approaching one. Therefore, Lemmas 2.B.7-2.B.9 imply

Thpna(m) = 0p (1) Op(n—1/2h*—1/2),
Thins (m) = 0p (1) Op(n™"*h;?), and
T n (M) = 0, (1) Op(n~Y2h7?),

respectively. m
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Table 2.1: Median of Monte Carlo fit criteria over grid for Design 1.

Mvs M

cc

n

oF
IRMSE

=1
| IMAE

o7
IRMSE

=2
| IMAE

0.5

150
600

0.2491 0.4526
0.1299 0.2101

0.2027 0.3119
0.1067 0.1669

0.3511 0.6744
0.1826 0.3230

0.2855 0.4795
0.1493 0.2412

150
600

0.2491 0.4073
0.1299 0.2026

0.2028 0.2942
0.1067 0.1592

0.3512 (.6486
0.1827 0.3028

0.2854 0.4606
0.1494 0.2264

150
600

0.2470 0.3888
0.1250 0.1860

0.2004 0.2854
0.1024 0.1473

0.3471 0.6292
0.1752 0.2631

0.2821 0.4405
0.1434 0.2025

s G

n

IRMSE

| IMAE

150
600

0.1600 0.2863
0.0854 0.1546

0.1301 0.2420
0.0697 0.1334

150
600

0.1600 0.2651
0.0855 0.1467

0.1301 0.2267
0.0696 0.1247

1.5

150
600

0.1583 0.2558
0.0820 0.1401

0.1291 0.2170
0.0671 0.1201

)

\L
cc

F

of

IRMSE

=1
| IMAE

IMAE

0.5

150
600

0.1573 0.2359
0.0815 0.1118

0.1289 0.1878
0.0661 0.0917

0.1826 0.2532
0.0937 0.1428

150
600

0.1571 0.2113
0.0817 0.1050

0.1289 0.1709
0.0662 0.0865

0.1823 0.2314
0.0937 0.1323

1.5

150
600

0.1554 0.2028
0.0775 0.0944

0.1279 0.1608
0.0628 0.0768

0.1801 0.2262
0.0886 0.1124

HvsH

cc

o7

IRMSE

=1
IMAE

or
IRMSE

=2
| IMAE

0.5

150
600

0.2491 0.2874
0.1299 0.1607

0.2027 0.2241
0.1067 0.1263

0.3511 0.3939
0.1826 0.2275

0.2855 0.3089
0.1493 0.1786

150
600

0.2491 0.2876
0.1299 0.1607

0.2028 0.2232
0.1067 0.1262

0.3512 0.3958
0.1827 0.2270

0.2854 0.3114
0.1494 0.1784

1.5

150
600

0.2470 0.2816
0.1250 0.1474

0.2004 0.2178
0.1024 0.1142

0.3471 0.3908
0.1752 0.2082

0.2821 0.3044
0.1434 0.1611
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Table 2.2: Median of Monte Carlo fit criteria over grid for Design 2.

Mvs M

ce

n

2 _
o =1

IRMSE | IMAE

= 2

IRMSE | IMAE

0.5

150
600

0.2297 0.3518
0.1148 0.1800

0.2836 0.5179
0.1421 0.2325

0.4210 0.7313
0.2023 0.3690

0.3378 0.5354
0.1643 0.2644

1

150
600

0.2834 0.4762
0.1422 0.2172

0.2297 0.3393
0.1149 0.1710

0.4206 0.7035
0.2023 0.3334

0.3382 0.5139
0.1640 0.2454

1.5

150
600

0.2268 0.3245
0.1109 0.1574

0.2804 0.4545
0.1363 0.1994

0.4155 0.6845
0.1923 0.2877

0.3344 0.5064
0.1566 0.2187

G vs

cc

G

n

o2=1

IRMSE | IMAE

IMAFE

0.5

150
600

0.1461 0.2702
0.0752 0.1426

0.1801 0.3243
0.0925 0.1696

0.2141 0.4090
0.1058 0.1999

150
600

0.1461 0.2559
0.0752 0.1334

0.1800 0.3052
0.0925 0.1588

0.2141 0.3677
0.1061 0.1842

150
600

0.1778 0.2939
0.0887 0.1491

0.1442 0.2495
0.0723 0.1260

0.2112 0.3775
0.1014 0.1732

F

o2=1

IRMSE | IMAE

IRMSE

02 =2
| IMAE

150
600

0.1440 0.2027
0.0741 0.1034

0.1801 0.2553
0.0908 0.1261

0.2812
0.1533

0.2119
0.1061

0.2679 0.3525
0.1300 0.1926

150
600

0.1800 0.2371
0.0909 0.1153

0.1439 0.1922
0.0742 0.0934

0.2124
0.1060

0.2601
0.1392

0.2678 0.3215
0.1301 0.1734

1.5

150
600

0.1774 0.2272
0.0861 0.1038

0.1410 0.1822
0.0701 0.0847

0.2086
0.0999

0.2533
0.1262

0.2625 0.3105
0.1229 0.1557

Hvs H

cc

o2=1

IRMSE | IMAE

02:2
IRMSE | IMAFE

0.5

150
600

0.2098 0.2240
0.1069 0.1272

0.2582 0.2875
0.1321 0.1625

0.3717 0.3910 | 0.3030 0.3083
0.1869 0.2298 | 0.1525 0.1794

150
600

0.2099 0.2228
0.1070 0.1273

0.2582 0.2870
0.1323 0.1626

0.3717 0.3948 | 0.3031 0.3101
0.1870 0.2283 | 0.1526 0.1788

1.5

150
600

0.2077 0.2183
0.1032 0.1146

0.2556 0.2818
0.1263 0.1483

0.3673 0.3890 | 0.2992 0.3038
0.1777 0.2087 | 0.1457 0.1608
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Table 2.3: Parametric General Production Function Estimates (P1)

Industry 6o 61 G5 03 04 s v

1995 ' 2001 1995 2001 1995 | 2001 1995 2001 1995 I 2001 1995 2001 1995 2001

Chemical 9.622 9.771 0.452 0.498 0.932 0.799 0.064 0.092 0.047 0.001 0.053 0.050 | -0.028 | -0.022
(0.043) | (0.036) | (0.041) | (0.032) | (0.056) | (0.028) | (0.046) | (0.022) | (0.046) | (0.025) | (0.027) | (0.015) | (0.038) | (0.001)

Iron 10.148 | 10.191 | 0.835 0.434 1.028 1.280 0.053 0.027 | -0.162 0.251 0.060 | -0.073 | -0.032 0.301
(0.122) | (0.390) | (0.113) | (0.133) | (0.146) | (0.370) | (0.116) | (0.071) | (0.069) | (0.105) | (0.047) | (0.085) | (0.098) | (0.253)

Petroleum 11.090 | 11.337 0.724 0.809 1.419 1.252 -0.224 0.060 0.272 0.030 -0.120 | -0.079 0.061 0.120
(0.217) | (0.290) | (0.183) | (0.101) | (0.339 | (0.440 | (0.186) | (0.071) | (0.175) | (0.098) | (0.114) | (0.160) | (0.118) | (0.194)

Transportation | 8.963 9.630 0.493 0.493 1.538 1.071 | -0.005 0.172 0.259 0.116 -0.084 | 0.023 0.546 0.118
(0.588) | (0.150) | (0.147) | (0.048) | (0.512 | (0.165 | (0.070) | (0.037) | (0.117) | (0.053) | (0.117) | (0.049) | (0.389) | (0.124)
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Table 2.4: Parametric Generalized Homothetic Estimates (P2)

Industry a Bo b1 P2 v
1995 | 2001 | 1995 | 2001 | 1995 | 2001 | 1995 | 2001 | 1995 | 2001
Raw chemical materials 0.500 0.605 9.609 9.736 0.926 0.877 0.033 0.024 | -0.025 | 0.077
(Chemical) (0.050) | (0.064) | (0.037) | (0.070) | (0.055) | (0.072) | (0.021) | (0.018) | (0.029) | (0.058)
Smelting and processing 0.563 | 0.653 | 9.634 [ 10.518 | 1.570 | 0.816 | -0.066 | 0.059 | 0.399 | -0.019
of ferrous metals (Iron) (0.130) | (0.112) | (0.417) | (0.082) | (0.329) | (0.071) | (0.058) | (0.020) | (0.246) | (0.028)
Petroleum processing 0.823 | 0.783 | 10.860 | 11.352 | 1.099 | 1.014 | 0.013 | 0.033 | -0.054 | 0.004
(Petroleum) (0.177) | (0.155) | (0.102) | (0.128) | (0.128) | (0.131) | (0.031) | (0.032) | (0.026) | (0.034)
Transportation equipment | 0.689 0.601 9.605 9.819 0.923 0.911 0.075 0.073 0.017 0.021
(Transportation) (10.092) | (0.061) | (0.090) | (0.060) | (0.089) | (0.059) | (0.027) | (0.019) | (0.079) | (0.043)
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Table 2.5: Parametric Translog Estimates (P3)

Industry a Bo B B2
1995 | 2001 | 1995 | 2001 | 1995 | 2001 | 1995 | 2001
Raw chemical materials 0.479 0.696 9.585 9.815 0.961 0.783 0.045 0.036
(Chemical) (0.041) | (0.040) | (0.026) | (0.032) | (0.035) | (0.028) | (0.019) | (0.013)
Smelting and processing 0.932 0.621 | 10.262 | 10.499 | 1.025 0.847 0.017 0.054
of ferrous metals (Iron) (0.095) | (0.098) | (0.064) | (0.079) | (0.055) | (0.051) | (0.019) | (0.018)
Petroleum processing 0.674 0.795 | 10.810 | 11.351 | 1.271 1.001 | -0.020 | 0.036
(Petroleum) (0.121) | (0.125) | (0.100) | (0.125) | (0.093) | (0.081) | (0.031) | (0.028)
Transportation equipment | 0.705 0.626 9.623 9.839 0.905 0.883 0.078 0.079
(Transportation) (0.062) | (0.045) | (0.038) | (0.038) | (0.046) | (0.031) | (0.024) | (0.016)

s9In3r g 2y Se[qeT, O'Z



Table 2.6: Average Substitutability, T (k, L).

2.C Tables & Figures

Industry P2 P3 NP
1995 | 2001 | 1995 | 2001 | 1995 | 2001
Raw chemical materials 0.728 0.384 | 0.738 | 0.390 | 0.795 1.328
(Chemical) (0.042) | (0.135) - - (0.135) | (0.762)
Smelting and processing 0.163 0.474 | 0.081 { 0.480 | 0.383 1.188
of ferrous metals (Iron) (0.376) | (0.108) | - - (0.510) | (0.244)
Petroleum processing 0.286 0.234 | 0.442 { 0.228 | 0.451 0.255
(Petroleum) (0.165) | (0.023) ~ - (0.259) | (0.158)
Transportation equipment | 0.351 0.473 | 0.352 | 0.470 | 0.147 0.834
(Transportation) (0.020) | (0.049) | - - (0.321) | (0.842)
Table 2.7: Average Return to Scale, RT'S (M, L).
Industry P2 P3 NP
1995 | 2001 | 1995 | 2001 | 1995 | 2001
Raw chemical materials 0962 [ 0.796 | 0.968 | 0.799 1.016 | 0.752
(Chemical) (0.074) | (0.120) | (0.073) | (0.077) | (0.166) | (0.181)
Smelting and processing 1.186 0.881 1.035 0.881 1.034 0.828
of ferrous metals (Iron) (0.428) | (0.178) | (0.049) | (0.179) | 0.373) | (0.201)
Petroleum processing 1.231 1.020 1.258 1.016 1.162 0.946
(Petroleum) (0.279) | (0.124) | (0.060) | (0.126) | (0.173) | (0.147)
Transportation equipment | 0.934 0.901 0.932 0.896 0.944 0.964
(Transportation) (0.153) | (0.183) | (0.152) | (0.182) | (0.291) | (0.328)
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2.C Tables & Figures

Figure 2.1: QO —Q plots for G, F and H.
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Figure 2.2: Simulation Envelopes for M, G and F.

G(x)
M(x, z)

0.5 -
0.0 -

-0.5 -

02 04 06 08

F(z)

0.2 .
0.0 -
202 .

0.4 -

0.2 0.4 0.6 0.8

ahl =0.15, h2 = 0.7, pi =3, P2 =1, and n = 400.
b White planes and dashed lines represent medians. Gray planes and dotted lines represent
90% simulation envelopes.
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Figure 2.4: Generalized Homogeneous M (1995)
In(M(k, L)) -1995

Chemical Iron

(h,.h2)=(5.125.5.25) (hi. h2) = (4.25. 5.25)

Petroleum Transportation

(hi, h2)=(2.75, 5.25) (h,. h2) = (1.75, 5.25)

a Raw Chemical Materials and Chemical Products: 1560 plants; Iron and Steel: 376 plants;

Petroleum Processing and Coking: 93 plants; Transportation Equipment Manufacturing:
989 plants.

bData Source: Jefferson, Hu, Guan, and Yu (2003).
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Figure 2.5: Generalized Homogeneous Component G (1995)
In(G (k))-1995

Iron

Chemical
NP
0.5 -
0.0 -
0.0 -
-0.5 -
-0.5 -
-1.0 -
-1.5 mu
- 1.0 00 05 1.0 15 20 1.0 -0.5 00 05 1.0 15
In(k) In(k)
Petroleum Transportation
0.0 -
-0.5 -
-0.5 -
-1.5 -
1.0 -
-2.0 -+
1.0 -05 00 05 1.0 15 - 1.0 0.0 05 1.0 15
In(k) In(k)

a Raw Chemical Materials and Chemical Products: 1560 plants; Iron and Steel: 376 plants;
Petroleum Processing and Coking: 93 plants; Transportation Equipment Manufacturing:

989 plants.
b Data Source: Jefferson, Hu, Guan, and Yu (2003).
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Figure 2.6: Generalized Homogeneous Component F (1995)

Chemical
NP
2 -
4 -
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2 0
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In(F(L))-1995

Iron
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-5
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2.
3 -
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a Raw Chemical Materials and Chemical Products: 1560 plants; Iron and Steel: 376 plants;
Petroleum Processing and Coking: 93 plants; Transportation Equipment Manufacturing:

989 plants.

bData Source: Jefferson, Hu, Guan, and Yu (2003).
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Figure 2.7: Strictly Monotonic Component H (1995)

H(M)-1995
Chemical
+ Local Quadratic 16 -
14- -- NP
14 -
, - D
X 10 - " 10-
w -2 0 2 4 -4
M

Petroleum

h-=1.72

M

Iron

2 0 2 4 6
M

Transportation

e

M

a Raw Chemical Materials and Chemical Products: 1560 plants; Iron and Steel: 376 plants;
Petroleum Processing and Coking: 93 plants; Transportation Equipment Manufacturing:

989 plants.
b Data Source: Jefferson, Hu, Guan, and Yu (2003).
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Figure 2.8: Generalized Homogeneous M (2001)
In(M(k, L))-2001

Chemical Iron
(hi, h2) =(2.25.5.25) (h1th2) =(4, 5.25)
Petroleum

Transportation

(hi, h2) =(11,5.25) (hi, h2) = (4.37, 5.25)

a Raw Chemical Materials and Chemical Products: 1637 plants; Iron and Steel: 341 plants;
Petroleum Processing and Coking: 119 plants; Transportation Equipment Manufactur-
ing: 1230 plants.

b Data Source: Jefferson, Hu, Guan, and Yu (2003).
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Figure 2.9: Generalized Homogeneous Component G (2001)

Chemical
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a Raw Chemical Materials and Chemical Products: 1637 plants; Iron and Steel: 341 plants;
Petroleum Processing and Coking: 119 plants; Transportation Equipment Manufactur-

ing: 1230 plants.

bData Source: Jefferson, Hu, Guan, and Yu (2003).
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Figure 2.10: Generalized Homogeneous Component F (2001)
In(F(L))-2001

Chemical Iron
NP
-2 n’ 4 -
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a Raw Chemical Materials and Chemical Products: 1637 plants; Iron and Steel: 341 plants;
Petroleum Processing and Coking: 119 plants; Transportation Equipment Manufactur-
ing: 1230 plants.

b Data Source: Jefferson, Hu, Guan, and Yu (2003).
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Figure 2.11: Strictly Monotonic Component H (2001)

Chemical

h-=1.14
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a Raw Chemical Materials and Chemical Products: 1637 plants; Iron and Steel: 341 plants;
Petroleum Processing and Coking: 119 plants; Transportation Equipment Manufactur-

ing: 1230 plants.

b Data Source: Jefferson, Hu, Guan, and Yu (2003).
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Chapter 3

Efficiency Bounds in
Semiparametric Models defined by
Moment Restrictions using an
Estimated Conditional Probability
Density

3.1 Introduction

The main objective of this chapter is to derive efficiency bounds (minimum asymptotic
variance) for estimating some unique finite-dimensional parameter 7y in an important class
of econometric models. These models satisfy the following unconditional moment restriction:

E [g (y1W1)W2;7r01fw1|wz)] = Oa (311)
_ m(y, w1, Wa;mo)
fw1|w2 (wll Wz)

g(yawlaw2;7r0:fw1|w2) S(WO)i

where m (-) and s(-) are known vector-valued functions of an observed random vector
(y,wir,wg ) with joint density fy,w,,w, (¥, W1, W2). The function fy,|w, (W1| W2), although
unknown, represents the conditional probability density of w; given wa.

Models defined by restrictions such as (3.1.1) are examples of distribution—free! mod-

els, where the parameter space contains a finite-dimensional component, 7y, as well as an

!Those in which the distribution of unobserved error terms is unknown.



3.1 Introduction

infinite-dimensional one, fy,jw,- Chamberlain (1992) and Ai and Chen (2003) obtained
the semiparametric efficiency bound for regular estimators of the finite-dimensional compo-
nent in such models. Our analysis is different from theirs in that they did not impose any
particular structure for the unknown function in their moment restrictions, such unknown
function happens to be a conditional density function in (3.1.1). Here, we make full use of
this extra restriction in our calculations. A commonality within the literature of semipara-
metric efficiency bounds derivation is that this type of extra information would typically

lead to different conclusions?.

Unconditional moment restrictions such as (3.1.1) are induced by the identification of
Limited Dependent Variable? (LDV) models. We illustrate this using three leading exam-
ples:

Model 1: (General Limited Dependent Variable Model) Let (y, v, xT,zT) be an
observed random vector generated from the model y = L (aov +x" 6+ E), where L
is a known or unknown function, and € is an unobserved error term. Lewbel (1998)
showed that the following unconditional moment is sufficient to identify (ao, ,BJ ):

apvl (y) /f'v]x,z (v|x,2) — K1 (3.1.2)
za%ve (y) /f‘u|x,z (’Ul X, z) ke E [z] - KE [sz] ﬂO , o

where 6 is a known real-valued function, with constants k; = ff°°°9 [L (a)]da and
ko = [ ab[L (a)]da. The ‘special’ regressor v is assumed to have large support and,
conditional on (x7,z7), not to affect the distribution of . The error ¢ is also assumed

to be uncorrelated with variables z, i.e. E[ze] = 0.

Model 2: (Selection or Treatment Model) Let (y,d,v,xT,zT) be a random vector
from a data generating process (dgp) where y = y* x d, with d = 1(0 < v + M* < ¢),
for some known ¢ < oo, and unobserved random scalars y* and M*. Furthermore, for
some finitely—parameterized (by § € ©) known vector-value function ¥ (-), the un-
conditional moment E [¥ (y*,v,x",z";6p)] = 0 holds. Then Lewbel (2006) showed

that the following unconditional moment is also satisfied:

E[® (y,0,%7,27;60) ¢/ fupes (0] %,2)] =0, (3.1.3)

for the same unknown 6y € ©, which is assumed to be unique. The ‘special’ variable
v is again assumed to have large support and, conditional on (xT, zT)T, not to affect
the distribution of M*.

2See Tripathi (2000) for an example where information that the unknown function has certain shape may
lead to substantial asymptotic efficiency gains in estimating the parameter of interest.

3Loosely speaking, LDV models are where the data generating process (dgp) induces a probability distri-
bution on the realized observations that differs from the underlying distribution, for which inferences are to
be made.
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Model 3: (Programme Evaluation) Let (y, d, xT) be an observation generated from a
dgp where y = y1d + yo (1 — d), d equals one if an observation is treated and zero oth-
erwise. Hirano, Imbens, and Ridder (2003) used an ‘unconfoundedness’ assumption,
d AL (y1,%0)| x, and the conditional probability, p (x) = Pr (d = 1|x), (also known as
the propensity score) to construct a weighted moment condition

2| (G- Tooeg ~m)| =0 614

to identify average treatment effects for different subgroups of the population by care-

fully choosing the weighting function h. If h(x) = 1, the moment restriction above
identifies 7o = E [y1 — yo|, the average effect of the treatment in the population and if
h (x) = p (x), it identifies 79 = E [y1 — yo| d = 1], the effect on the treated.

A simple look at (3.1.2), (3.1.3), and (3.1.4) is sufficient to realize that all these un-
conditional moments are nested in (3.1.1). In particular, by setting y = y, w1 = v,
and wy = (x",z')T we obtain Model 1. Likewise, setting y = (y,d)T, w; = v, and
wy = (x',2z")7 gives us Model 2, and setting y = y, w; = d, and wp = x will give us
Model 3. That is, Models 1, 2 and 3 belong to the same class?.

The regularity conditions behind the existence of moments (3.1.2), (3.1.3), and (3.1.4)
are similar in nature. They are explained in great detail by their proponents: Lewbel
(1998), Lewbel (2006), and Hirano, Imbens, and Ridder (2003) respectively. For example
the ‘special’ regressors, v in Models 1 and 2, and d in Model 3, are assumed to be redundant
in explaining the realized y once conditioned on x and z. They are also assumed to have some
special properties ensuring that moments such as (3.1.1) exist. For instance, the random
variable v is assumed to have a conditional distribution that is absolutely continuous with
respect to a Lebesgue measure with nondegenerate Radon-Nikodym conditional density
f (v| x,2), which is bounded away from zero®. The programme participation indicator d, in

Model 3, is such that 0 < p(x) < 1 almost everywhere on the support of x.

The advantage of looking at an object such as (3.1.1) is that it will allow us to unify
the efficiency—bound—derivation theory for Models 1, 2, and 3. Similar to the lower bound
for Generalized Method of Moment (GMM) estimators, the derived efficiency bound in
this chapter shares its form, and it has the desireable property of being easy to compute.

4Other examples of models defined by this type of unconditional moment restrictions are Lewbel (2000b),
Honoré and Lewbel (2002), and Khan and Lewbel (2006).

5The use of density functions has a long history of aiding identification in LDV models. Examples
range from the fully parametric maximum likelihood technique assuming normality of errors, to the use of

Gozalo and Linton (2000) in the Binary Choice models. Other density—based estimators in Censored linear

regression models are for example Buckley and James (1979), Horowitz (1986), Moon (1989), Horowitz
(1988), Powell, Stock, and Stoker (1989) and Ichimura (1993), among others.
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3.2 Efficiency and Information

The bound is also sharp. Estimators that use plug—in kernel estimators of the conditional
density in (3.1.2), and (3.1.3) are shown to achieve these bounds. On the other hand, for
Model 3, we are also able to show that the efficiency bound for any regular estimator of 7
(which is based on (3.1.4)) coincides with that derived by Hahn (1998). Hirano, Imbens,
and Ridder (2003) proved that a semiparametric estimator based on (3.1.4) achieves Hahn
(1998)’s bound. They also found that using an estimate rather than the true propensity

score is efficient.

Semiparametric estimators of LDV models are attractive because they can remain con-
sistent in situations where a fully parametric estimator is not. However, this robustness
property comes at a price in terms of asymptotic variance. In this sense, semiparametric
efficiency bounds are of fundamental importance because they quantify the efficiency loss
that can result from the use of a semiparametric, rather than a parametric estimator. These
bounds are also used here to prove that using an estimate rather than the true conditional
density in (3.1.1) is more efficient. The result presented in this paper also generalizes earlier
results of Hirano, Imbens, and Ridder (2003) and Magnac and Maurin (2004). We further
explore this in a small Monte Carlo experiment, where we also compare the performance of

three different kernel-based estimators and assess their relative efficiency.

The chapter is organized as follows: We derive the semiparametric efficiency bound of
regular estimators of mp based on a particular functional form of (3.1.1) in Section 3.2 where
we also prove that estimators that use the true conditional density are inefficient compared
with those using an estimated conditional density instead. Section 3.3 applies the efficiency
bound to Models 1, 2 and 3, and shows that the estimator proposed by Lewbel (1998), and
Lewbel (2006) are semiparametric efficient. A direct link with Hirano, Imbens, and Ridder
(2003) is also discussed. Section 3.4 describes the results of a simulation experiment and

Section 3.5 concludes.

3.2 Efficiency and Information

The framework is as follows: The information on one unit in a random sample is contained in

adx1vectoru' = (yT,wlT, w; ) € U with unknown density f (y, w1, w2) with respect to

a dominating measure g = Uy X fw; X flw, = (@?ﬁluyi) X (®?i1ﬂwu) X (®fi1,uwm), where
d = dy + d; + da. Since u can have discrete components, the p,;’s, pw,;’s and py,,’s need
not be Lebesgue measures. Furthermore, f can be decomposed into conditional probability
densities with respect to measures fty, fiw,and pw,; that is, if g: U — R7 is an integrable
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3.2 Efficiency and Information

function, then

Je@i@ut) = [ [ 6@ty v1w)y @) x

fw1|wz (Wll Wz) Hwy (dwl) fws (W2) Hwo (dw2) ) (3'2-1)

where fyw, fw,|w, and fuw, are the implied densities with respect to the conditional mea-
sures [y, pw, and fw, respectively. For a given open set II C RP, define functions m:
U xII — R7 and s: II — R? such that for each 7 € I, m (-;7): U — R7 is measurable, and
for each u € U, V,m (u;7) and Vs (7) are continuous mappings on II. The restrictions

on fyws fw;|ws and fw, also involve the following unconditional moment:

m(u;m) B
o I:fw1|w2_ (W1| Wg) S ("0)] - O’ (3.2.2)

where mg is some point in II, and fy,|w, is the true (conditional) density of w; given ws.

This notation will become clearer in the proof of the following theorem:.

Theorem 3.2.1 Assume that the true distribution of u satisfies (3.2.2) for a unique value
mo € II, where II C RP, and that the matrizc E [g (u; 0, fw1|w;) g (u; 0, fwl|w2)T| WI,Wg]
is finite and nonsingular with probability one, then the semiparametric efficiency bound for

regular estimators of mo is given by
(Mg Q5 Mp) ™}, (3.2.3)

where

m (y, w1, W2;mo)

fw1|w2 (W1'w2)

g (0370, fwijws) = 8 — E (gl w1, w2) + E (g| w2),
Mo = E [Vag (070, fuyjws)] »

ﬁo =K [g (u; 0, fw1|W2) g (U; 70, f“'1|w2)T] )

8 (W50, fyjws) = s (m0) ,

Proof. See Appendix. m

These matrices can easily be estimated by replacing population moments with their sam-
ple counterparts and unknown functions with their nonparametric estimates. The function
—Myg (u; ﬂo,fwl|w2) is an influence function, as Hampel (1974) defined.

It is worth noticing that the bound (3.2.3) characterizes the variance of an optimal
regular estimator of 7y defined by a set of assumed unconditional moment restrictions.
Therefore, they can be interpreted as in the standard GMM case. These restrictions are not

89



3.2 Efficiency and Information

assumed to produce estimators of 7y that are optimal under different identification criteria
other than (3.2.2). This means that it is possible to improve upon this estimator by using
(or assuming) extra information regarding the dgp, as in the generic GMM framework.

However, we do not pursue this here.

Relative Efficiency

By the assumptions of the theorem above, Q¢ = E [ggT] is of full rank, ¢q. If the con-
ditional density f,|w, Was known, hence so it is no longer in the parameter space, the
lower bound (l.b.) for the variance of regular estimators for my based on the unconditional
moment restriction (3.2.2) is given by that of the generic GMM bound, (MJQE 1M,)1.
However, we have previously calculated the bound when such density is unknown and it
is given by (Ma— ﬁg 1Mg)~!. The relationship between these two bounds is given by the

following corollary:

Corollary 3.2.2 The variance of the estimate of mo, defined by the unconditional moment
condition (3.2.2), when fy,|w, s known, is not smaller than that when f,|w, is estimated.

Proof. See Appendix. m

Lewbel (2000b) first noticed this property through a Monte Carlo experiment of a binary
choice estimator constructed using a moment condition such as (3.2.2). This conjecture
was later proved by Magnac and Maurin (2004) for this particular case. They suggested
the result may be better understood by using similar arguments to the ones proposed by
Crépon, Kramarz, and Trognon (1998). Hirano, Imbens, and Ridder (2003) also report
similar findings for their estimator based on (3.1.4). Using a similar canvas as in (3.1.4) in a
missing data imputation model, Wang, Linton, and Hérdle (2004) found that some of their

estimators remained consistent although m may have been incorrectly specified.

As long as the conditional density can be consistently estimated when it is unknown, this
knowledge does not affect the identification or estimation of the parameter of interest but its
efficiency. This would highlight the fact that knowledge of f|w, is ancillary for consistent
estimation of econometric models based on the above unconditional moment restriction.
However, conjectures from Corollary 3.2.2 should be taken with caution. This ‘loss’ of
efficiency while using the true density is among the class of consistent estimators that uses
(3.2.2) as the only source of identification. The corresponding result does not pertain to
estimators that would efficiently incorporate this new information. Therefore, Corollary
3.2.2 can be viewed as the consequence of the fact that estimators based on (3.2.2) do not
necessarily make optimal use of this extra knowledge. Although it is rarely the case that

90
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a researcher has partial observability of the dgp in a data set, if such conditional density
were known, the information may efficiently be used in this estimation framework while

constructing the sample counterpart of (3.2.1).

A variety of efficiency results have also been found and estimators proposed in the
literature for many LDV models. Examples are Chamberlain (1986), Cosslett (1987), Klein
and Spady (1993) in the Binary Choice model, Newey and Powell (1990), Lai and Ying
(1992), Kim and Lai (2000), and Cosslett (2004) among others in the Censored or Truncated
regression framework. With the exception of Newey and Powell (1990), all these estimators
assume some sort of conditional or unconditional independence between unobservables and

regressors.

3.3 Some Efficiency Bounds

In the following, we use an approach suggested by Magnac and Maurin (2004) for a vector-
valued parameter of interest. If the parameter of interest is a vector Gy that appears ev-
erywhere in (3.2.2) asmg = FE [sz] Bo, we consider the calculation of the efficiency bound
in two steps. Firstly, we calculate the efficiency bound at g, call it Vj, then under the
standard regularity conditions, by Newey and McFadden (1994), the variance matrix of the

corresponding fy is given by (E [sz] Vﬂ—lE [ZXT]T) -

3.3.1 Model 1

Define m = (ml,mz)T as mi (¥,v,%,2;m) = aof (y) and my (y,v,x,2;m) = zaivl (y).
Also assume that the function L is known. Lewbel (1998) proved that under some conditions
regarding a ‘special’ regressor v and its conditional distribution, the following moment
restrictions hold,

m1/f (v|x,2) | K1
FE [ my/f (v|x,2) ] - [ koE [2] — k1 E [sz] Bo . (3.3.1)

We are interested in the calculation of the efficiency bound at (ao, ﬁ(;r ) T Let our parameter
of interest be 7r(-,r = (7r0;1, 7r3;2) where 1.1 = ap and mp2 = F [sz] Bo. Then the resulting
lower bound for the variance matrix is given by (Mj') Qo (Mg 1)T = E(QQ") as in
Theorem 3.2.1, for a nonsingular matrix Q = My [§ — E (g| v,x,2) + E (g| x,2)] and i =
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3.3 Some Efficiency Bounds

m (y, v, X, Z; ) f;l,l‘z (v|x,z). Using (3.3.1), it is not difficult to show that

g(y'vxz'ﬂ'of )= r 7r0;19(y)f_1(v|x,z)—h:1
1T B0 ol i z(71'0;1)2 v0 (y) £~ (v] x,2) — k2 E [2) + k1702 ’
[ K1/m0.1 o'
E[Vag] = ’ = My,
" | El2] 22 — mop 2% w1l(gy) ]
mo;1/ K1 o’
M7l = ( ’ . _ , and
° [ moak - Bl % KTy ]
[ (11'(};1)29(!/)
1~ (vx,2)
My 'm = i 11”-7ro-19(y) — E 2] 2r270,10(y) (mo;1)%v8(y) | °
| 7r032n1fiux,zi z k3 f(vlx,z) tz &1 f(v]x,2)

where 0 is a g x 1 vector of zeros and I, is the identity matrix of order n. Some straight-
forward algebra gives the efficiency bounds (I.b.) evaluated ag and Gy as

1b.@ = B[]
1

16.(8) = (p o] w58 (o] ")

where
= —agG W __ og—FE [____agO W) v,X z] +E [___a%@ ®) X z]
“ ""flf (le, z) K'lf(le,z) Y Ii]f (lea z) '
2
Y81 = [E [ZXT] ﬁOa_O — E[z] 51’;20] Ya
_ . abu(y) K2 T agvd (y) agvé (y)
%‘%JMn@‘hiﬂxM‘Ekﬂwuw”“4+Ehwwmw*4

and vg = v, +v5, with Ug = F ['yﬂ'y;].

For simplicity, let’s assume that E [¢] =0, E[x] =0, E[z] =0, E[ze] = 0and E [zx"]| =
I (the vector of instruments z has the same number of elements as the vector x). In this
case, l.b. (@) = E [v2] as before but 1b.(8) = Vg = E [fyﬂqg,] with yg- = yp; + 75, and
Yp; = Bo (2/a0) Ya- Then, it is straightforward to verify that the asymptotic variance of
the estimator of (ap, fo) given in Lewbel (1998) (equations (3.9) and (3.10) on page 113) is
equal to the lower bound we have just obtained as a special case.

For the case where L and hence k; and kz are not known, we may only identify the
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3.3 Some Efficiency Bounds

parameters (mo,1, 7o,2) = (k1/0, Bo/0) given the above assumptions. That is,

[ -1 o
g(y,v,x,z;wo’fle,z)= 6 (y) f~* (v|x,2) — mo.1 }

zvl (y) £~ (v x, ) + moamo;n

[ 1 o7
E [V’lrg] = = M0$

| mo2 mo;1l(g-1)
r T

Mgl = 1_1 __10 ] , and
| mo2Mo1 Mo (g-1)

e | 0@ T (v]x,2)

MO lm == -1 -1 —_ _1 )

| moiemg 10 (y) f77 (vl x,2) + zmg 100 (y) 7 (v]x,2)

where x (and therefore z) does not include a constant as the location is not identified. In

this special case, the efficiency bound for regular estimators of E/E is given by

Lb.(B/a) = B[], where
F= 1r0;27r0';}q2 + q7r0_;}, with
@ =0(y) f'(v]x,2)
—moq+ E [B(y) ! (v|x,z)|v,x,z] - F [B(y) f! (v|x,z)'x, z] ,
q =26 (y) 7 (v]x,2)
+ mo2mo;1 + E [zv0 (y) f‘1 (v] %, z)] v, X, z] -F [zv0 (y) f_l (v] %, z)| X, z] ,

as on page 113 in Lewbel (1998). Therefore, Lewbel (1998)’s estimator, which uses a ratio
of two kernel density estimates as an estimator for f~! (v|x, z), is semiparametric efficient.

This result seems to be new in the literature.

3.3.2 Model 2

It is clear from our earlier discussion that the sample or treatment model above is an example
of (3.1.1) where m (y,d,v,xT,zT;wo) = (y,v,xT,zT;';ro) x d, s (mp) = 0, with my = 6.
If ¥ (-;7) is continuously differentiable in =, it then follows from Theorem 3.2.1 that the

semiparametric efficiency bounds for regular estimators of 7 is given by

T -1
f}'alE A 4 (y, v,xT, zT; 7r0) x d

f'v|x,z (’Ul X, z)

4 (y,v,xT,zT;wo) x d

E |V
" fv|x,z (v]x,2)

Va
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< ~ ~ T
where 20 =F [g (ya da v, xT, ZT;7T0) fu]x,z) g (yi d’ v, xTa zT; 0, f’u|x,z) ]1 and

m
1,X,z | +F (
) fv]x,z

X,Z),

~ m m
g (y,d,’U,XT,ZT;'Iro, f’u|x,z) E (
fv|x,z

B fv|x,z
with m =¥ (y,v,xT,zT;ﬂo) x d.

As an illustration, consider the ‘example model’ in Lewbel (2006), where the object of
interest is mp = E [y*] or equivalently, it is defined by E [¥ (y*;mg)] = 0, where ¥ (y*;m) =
y* — mo. It then follows from Theorem 1 in Lewbel (2006) that,

also defines 7y uniquely. It is simple to show that,
Lb. (m) = 75 2Var (m — E (m|v,x,2) + E (m|x,2)),

where o = E [d/fle,z (Ul X, z)] ,and m (y, d, xT, ZT; o, fle,z) =V (y§ 770) d/fle,z (’UI X, Z).
Therefore, Lewbel (2006)’s estimators are semiparametric efficient.

3.3.3 Model 3

We are interested in the calculation of semiparametric efficiency bounds of estimators based
on the following weighted moment restriction as proposed by: Hirano, Imbens, and Ridder
(2003)

E|g (y,d,x;m0,p (x))] =0, (33.2)

where
9(y,d,x;m0,p (x)) = h(x) (yd/p(x) —y (1 —d) /(1 - p(x)) — m0),

and 7o represents their weighted average treatment effect. Given the unconfoundedness
assumption along with a regularity condition, 0 < p(x) < 1, ensuring the existence of the
above moment, it follows by the law of iterated expectations that

E[h(x)Yi|D,X =x] = E[h(x) Yi| X = x] = h (x) 1 (),

E[h(x)Ys| D,X =] = E[h(x) Yo| X = x] = h (x) po (),
E[h(x)YD|X =x] = h(x)u1 (x)p(x), and
E[R(x)Y (1-D)|X =x] = h(x)po(x) (1 -p(x)).
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We can again apply our general result and conclude that the efficiency bound is given by

Vr

e (CRICERREn )

-2 b (35 - T px =] 2 [0 (55 - T3 < =+)) |

= mper” (06w T@ ™)

hi (P D o (x) (1~ D) pE)px) ) (1-px)))
) (M )+ (5 1P ))]

1t gl (¥R _X0=D) N _(m®), m® ) p_ o0
_E[h<x>l"’E[h(") ((p(x) T-p) ") (P(X)+1—p(x))(D d ””'

This efficiency bound corresponds to that of Theorem 4 described in Hirano, Imbens, and
Ridder (2003). Using a series estimate for p (x), they also showed that the bound was sharp
for the Average Treatment Effect (ATE), E [y; — yo], when h (x) = 1 and the Treatment on
the Treated Effect (TTE), E [y1 — yo|d = 1], when h (x) = p(x). Interestingly though, we
have found that their estimator is semiparametric efficient among regular estimators of mp
defined by (3.3.2). It turns out that these bounds are the same as those originally obtained
by Hahn (1998) for ATE and TTE. This explicit link has not been previously noticed in the

literature.

3.4 A Monte Carlo Investigation

The finite sample performance of estimators based on (3.1.1) have been widely explored
by their proponents under different controlled circumstances and scenarios. Comparisons
to other semiparametric estimators have also been performed, as well as studies regarding
their sensitivity to underlying identification assumptions. In order to study the theoretical
properties relating to their efficiency discussed in this chapter, we construct a small Monte
Carlo experiment with three further goals in mind. Firstly, we are interested in measuring
the efficiency loss when using a semiparametric instead of a fully parametric estimator. This
is done in a variety of scenarios. Secondly, we verify the theoretical predictions of Section
3.2. Finally, we also contrast three different kernel-based estimators of (3.1.1).

The simulated latent variable is generated as

¥ =v+ B+ Bz +¢,



3.4 A Monte Carlo Investigation

for scalar random variables v, z and €. The variable ¢ is generated as N (0,1) and z was gen-
erated independently of € as Beta (a1,b1) — 1/4 with probability 1/2 and Beta (ag,b2)+1/4
with probability 1/2 minus 1/2, where the shape parameters are (a;,b1) = (2,4) and
(a2,b2) = (4,2). This mixture of Betas is designed to yield a distribution that is both
bimodal and symmetric around zero with variance one. Three different scenarios are con-

sidered, based on the relation between the special regressor v and the scalar covariate z:

v|z ~ N (0,6) (Design 1)
v|z ~ N (z,6) (Design 2)
v|z ~ N (z,6 (1 + z?)). (Design 3)

The first design assumes independence among regressors, while the second makes v mean
dependent on z. Design 3 is similar to 2 but with added increasing heteroskedasticity with

respect to .

We also consider three different latent variable specifications, L (-), for the observed

= L(y*): A binary choice model (LDV I), L(y*) = 1(y* > 0), a censored regression
model (LDV II), L (y*) = y* x 1(y* > 0) with mp = (B1,82) where $; = 1 and 32 = 1/2,
and finally an ordered choice model® (LDV III), L (y*) = Z?=l J-1(aj—1 £ ¥* < a;) with
mo = (o1, a2,02) where f1 =0, B2 =1, g = —00, a1 = —3/2, ag = 3/2 and a3z = +o0.
The censored regression model, LDV II, corresponds to model 1 discussed in the text. We
implement the related estimator by using knowledge of the L function along with 6 (y) =
y? exp (-—y2) , as suggested in Lewbel (1998). Models LDV I and LDV III were not discussed
in the main text, but are consider in this experiment because they provide valid examples of
the generality of the results under discussion. Also, we notice that these Limited Dependent

Variable models require different moment restrictions for semiparametric identification.

We consider the well-known kernel smoother, here denoted by fNW, proposed by Rosen-
blatt (1969), the Local Linear estimator, fLL, proposed by Fan, Yao, and Tong (1996), and
the Two-steps estimator, ﬁs, recently suggested by Hansen (2004). Although bandwidth
selection methods are readily available for them, as we will explain in the next chapter,
VN —semiparametric estimators require undersmoothing relative to optimal pointwise con-
vergence of their nonparametric component. Although, we could use the ‘plug—in’ optimal-
bandwidth estimator (see Chapter 4) when calculating fNW, the optimal bandwidths when
using fLL or fgS will be generally different. It is for this reason that we have taken a
simplified and sensible approach for bandwidth selection. For each sample size N = 200,

6As discussed in Section 6 (page 161) in Lewbel (2000b). Apart from the experiment presented in this
chapter, Stewart (2005) also provides Monte Carlo evidence with regards to its performance and compares
it against other semiparametric competitors. However, they do not use any kernel-based estimator as we do
here, but instead they employ the ordered data estimator of Lewbel and Schennach (2005) in place of the
inverse of the unknown conditional density.
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400 and 600, in 2000 replications, we calculate the semiparametric estimator using each of
these estimators for the nonparametric component. We repeat this over the same grid of
bandwidths, in which their semiparametric optimal bandwidths were known to lie through
experimentation. Then we report the results for the fixed bandwidth that yield the small-
est combined root mean squared error for each estimator. Although unfeasible in a real
application, this procedure provides a fair framework in which the performance of these
semiparametric estimators can be compared. The same second order kernel and also the
same bandwidth is used in all dimensions or steps for all three estimators. In these simu-
lations, we also calculate the optimally—weighted semiparametric estimator using the true
conditional density, f, and the maximum likelihood estimator (MLE), which is not only

consistent but also the most efficient estimator in all designs and models.

The results are presented in Tables 3.1 to 3.9. As would be expected, for all designs and
models, the variance of semiparametric estimators based on (3.1.1) are bounded below by
the variance of the MLE. In view of Corollary 3.2.2, they are also bounded above by the
variance of the estimator that uses the true f. The loss in efficiency varies among models
for a given design. For example, using Design 1 in Tables 3.1, 3.2 and 3.3, the average loss
ranges between 3-8% while using an estimated f compared to a loss of around 32% using
the true density for 52 in LDV 1. These relative losses, with respect to the MLE, become
more dramatic in LDV II, with substantial losses of 47-57 % and 125% respectively. For
the same design, Table 3.3 reports efficiency losses for estimation of a; and as up to 5 times
when using the true density in place of an estimated one. These losses seem to slightly

increase in all models when using Designs 2 and 3 for all sample sizes.

Biases are sizeable when using any f Although they tend to decrease as the sample size
increases, for a small sample size, N = 200, in Design 2 they can be as high as 26% while
using fag in LDV II (Table 3.5) for example, leads to an overall to reasonably higher RM SE.
Likewise the MLE, the semiparametric estimator using f is virtually mean unbiased in all
models and designs. Nevertheless, their bigger variances lead significantly to the highest
root mean squared error among all the estimators under consideration. It is also the case
that the associated measures of fitting criterias, RMSE and M AE, are bounded below by
that of the MLE and above by that of the estimator that uses knowledge of f. For all
estimators, these fitting criteria tend to deteriorate as the dependence between v and z

intensifies in all models.

With reference to the relative performance of fNW, fLL andr fgg, Tables 3.1 and 3.3
show no clear ranking in their performance. For LDV I and LDV III, fNW seems to produce
smaller RMSFE in estimating intercepts and using fLL produces better estimates of G in
LDV III and of $; in LDV II. Nonetheless, Tables 3.5, 3.8, 3.6 and 3.9 (Designs 2 and 3)
show that the use of the Local Linear estimator of Fan, Yao, and Tong (1996), produces
smaller root mean squared errors than its competitors for all parameters in LDV II and LDV
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III. Two reasons may explain this improvement. Firstly, the associated pointwise bias of
fL 1 does not depend on the unknown probability density function of z as fNW, and f;g do,
and therefore makes it design adaptive (see Fan (1992)). Secondly, it is also known that the
asymptotic bias and variance of fL L, are of the same order of magnitude in the interior as well
as near the boundary of the support of z, while this is not the case for fNW, and fgg. This
later result is likely to produce fewer outliers arising from near—zero fvalues, and might be
alleviated with trimming. In our experiments however, no trimming is performed. It might
also be possible that modifications, proposed by Hyndman, Bashtannyk, and Grunwald
(1996) and De Gooijer and Zerom (2003), to the Nadaraya—Watson estimator may help
to mitigate the problem. In conclusion, at least in theory, the Local Linear estimator’s
design adaptation and its immunity from boundary effects makes it a more attractive choice
than the others. Modifications by Hyndman and Yao (2002) may also further improve its
performance. It is also true that the performance of f";s is always dominated by either fNW,
or fLL in terms of RMSE.

3.5 Conclusion

We derive the semiparametric efficiency bound for a class of estimators, which are based
on unconditional moment restrictions that involve weighting by the inverse of a conditional
probability function. The efficiency bound resembles that of Chamberlain (1987). It is
easy to compute and its form is shown to mimic that of the standard GMM. In this uni-
fying framework, we also prove that the asymptotic variance of these estimators, when the
conditional probability is known, is not smaller than when it is unknown. These findings
generalize those of Magnac and Maurin (2004), as they are simply special cases of these
more general results. An explicit link is made with Hirano, Imbens, and Ridder (2003), as
we are able to reproduce their bound ﬁsing our calculations. We show this as well as prove
that the estimator for a general LDV model, proposed by Lewbel (1998), is semiparametric
efficient, a finding that seem to be new in the literature. Similarly, we prove that estimators
in Lewbel (2006) are also semiparametric efficient.

A small Monte Carlo experiment is performed in which we do not only confirm the
validity of our results, but also compare three different kernel—ba§ed estimators. We find
evidence that the use of the Local Linear estimator of Fan, Yao, and Tong (1996) outperforms

the other two in certain cases.
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Appendix

3.A Main Proofs

Although, the procedure described in Newey (1990) has dominated most of the literature
of semiparametric efficiency bound derivation, we have taken a different but equivalent ap-
proach to calculating such bounds. Using some standard Hilbert space theory, Severini and
Tripathi (2001) presents a simplified approach to computing efficiency bounds in semipara-
metric models. In our case, this approach greatly simplifies the derivation. The reader is
encouraged to consult Severini and Tripathi (2001) for a wider explanation on the steps
discussed in the proofs below.

NOTATION: In what follows, L? (Sw; uw) represents the set of all real-valued functions
on Sy which are square integrable with respect to the py measure. L? (Sw;w) also denotes
the set of all real-valued functions on Sy which are square integrable with respect to the
probability distribution of w. We also use the symbol E,, to denote integrals with respect
to the distribution of w, and FE [-| w] as conditional expectation given w.

Proof of Theorem 3.2.1

The random vector u = (y, wi, wz) has unknown density function f (y,w;,ws) (with re-
spect to a dominating measure p = pty X fiw, X fiw,) Which is rewritten as

f (ya WI)WZ) = fy|w (y|w1,w2) fw1|wz (WI'W2) fwz (W2)

= 5 (y] w1, W2) 65,1 (W1| w2) ¢h.0 (W2),

where 9y € ¥, ¢g.1 € ®1, ¢o;2 € P2 and

¥ =<1 €Sy X Sw, XSw, =R, "/"2 (y| w) > 0, bounded, /'/’2 (ylw) Ly (dy)=1,,
. 3
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3.A Main Proofs

®; = { ¢1 € L2 (Sw,; tiw, ) , moment (3.2.2) exists, /(}5:{ (wi1| w2) piw, (dw1) =1},

By = { ¢2 € I? (Suws; fiws) » 63 (W2) > 0, bounded, / 63 (W) fows (dwa) = 1

Swy

The idea is to think of ®; as imposing some restrictions on elements of L? (Sw,; tiw,)
such that (3.2.2) exists. These restrictions will be motivated by the functional form of
m (u; 7r0,¢(2,;1) as well as the underlying assumptions regarding the subvector w;. The as-
sumption that matrix E [g (u; 70, ¢3.,1) & (w; 7r0,¢3;1)T] exists and is not singular, implies
that none of the components of m (u;7r0, ¢%;1) — s (mp) are redundant, i.e. linearly depen-
dent, where m (u; 7o, ¢3,1) = m (u; 7o) /5.,

We want to calculate the efficiency bound for estimating my € RP, our parameter of
interest. To simplify this problem, we look at a real-valued function, consider estimating
p (%0, 0.1, o;2) = €' mo as our ‘structural’ parameter of interest, where ¢ € RP is arbitrary.

As described in Section 2 in Severini and Tripathi (2001) we begin by parameter-
izing o, ¢o;1 and ¢o2 as a one-dimensional subproblem. For some ¢ > 0 let ¢t +—
(1, dt:1, P2, ) be a curve from [0,%g] into ¥ x ®; x P2 x RP which passes through
(%o, d0;1, Po;2, m0) at t = 0. Let the tangent space to ¥ x ®&; x 3 x RP at the true
value (v, ¢o,1, $o;2) be denoted by lin T (¥ x @1 x ®2 x RP, (v, ¢o;1, $o;2)). This tangent
space is the smallest linear space which is closed in the L2-norm and which contains all
(1/1 ¢1,¢2) € L%(Sy X Sw, X Swyjlly X fiw; X fiw,) that are tangent to ¥ x ®; x &3 x RP at
(o, b0;1, Bo;2)-

As shown in Severini and Tripathi (2001), the tangent space is the product of lin T (¥, 1),

"In fact, they showed this for uy and pw, Lebesgue measures. These sets can be made more specific in a
given LDV model, at the expense of additional notation and complexity without altering the final result.
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3.A Main Proofs

lin T (®1, ¢o;1) and lin T (P2, do,2) where

lin T (¥, %0) = { 9 € L2 (Sy X Sw; X Swy; by X W),

/ 12)1/J0 (y|w) py (dy) = 0 for almost all w
S

lin T (®2, do2) = ¢ € L2 (Swas tws) » /¢2¢o;2 (W2) ftw, (dw2) =0
S‘”Z

We notice that there is no need to define explicitly the set lin T' (®1, ¢o,1) since ¢] will soon .
be shown to be zero, which is always an element of the tangent space, whatever it may be.
This enforces our earlier claim that ¢y, is ancillary to 79. They also provided the framework

in which we define, for any (v, ¢1, ¢5) and (¢', ¢}, #5) elements of the tangent space, the
Fisher information inner product (-,-)r and the corresponding norm ||-||» as

< (@, b1, ba), (W, B, 8h) > = 4 f Ev (09) 1y (dy) + 4B, / 10ty (dw1)
Sy

w1

4 / oty (dwa) (3.A1)

Swy

2 .o L.
- =< (¥, b1, 02), (¥, 1, 02) >F .

”(Y/A él) ¢2)

However, not every (1)),&1,&2) € lin T (¥, 40) x lin T (®1, ¢o;1) X lin T (P2, ¢o;2) may be
used to calculate (-,-) . After differentiating the unconditional moment conditions,

E [fﬁ (u; Ty ¢?;1) -8 (ﬂ't)] =E [g (u; 70, ¢?),l)] ’
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3.A Main Proofs

with respect to ¢, we can notice that only those (¢;,%, $3) may be used that also satisfy

0= / Vo [(m (y, w1, w2;m0) — 8 (m0) 63.1)] ¥§p.2y (dY) tiw, (dW1) piw, (dwo) 7

Sy X Swy X Swy

+2 / {m (¥, w1, wa;mo) (7,00'2”}5%;2 + ¢3¢0;2¢2)

Sy X Swy X Sw,

— s(mp) (¢0¢¢(2);1¢3;2 + 1/’84’0;1‘1.51‘158;2 + ¢g¢%;1¢0;2¢2) } Ky (dy) pw, (AW1) piw, (dw2)

0= / {Vw [m (y, W1, Wa;mo) (do;1) "> ~ s (770)] bp.195bp.0

Sy X Swy XSwy
+ 2m (y, w1, wW2; 7o) (¢o¢¢3;2 + ¢§¢0;2¢2) } By (dY) Bw, (@W1) pw, (dW2)

0 = [EV.g (v, w1, wa; 0, 62)] 7 + 2 / @1 (y, w1, wa; 10, ¢%,) 63, %

Sy X Swy X Sw,

(¢0¢¢g;2 + ¢(2)¢0;2¢2) Ly (dY) pw, (AW1) pw, (dW2) .

The second equality follows from the fact that for any (72%&1,‘}52) in the tangent space,

fsy Yoy (dy) = 0 for almost all w, fSw1 $0;101 Hw, (dw1) = 0 and fsw2 Po2Pobiw, (dW2) =
0. Since ¢ > p, i.e. my may be overidentified, the above equation will generally have a
nonunique solution in 7. A sufficient condition for 7y to be locally identified (see Rothenberg
(1971)) is that we find a nonstochastic full rank ¢ X ¢ matrix W such that the matrix
(Mg WM,) ™" exist, where Mo = E [Vg (u; 7m0, $31)],

. -1 . .
T=-2 / (MJWMO) MJWIYl (v, w1, Wa; mo, d5.1) ba.1 <¢01/)¢(2);2 + ¢§¢0;2¢2)

Sy X Swy X Swy

X iy (dY) tw, (AW1) pw, (dw2) .

The tangent vector (1)), ¢'>1, ¢2) used to calculate 7 also has to satisfy Vp(zk), (271, ¢2) =c'm.

It is clear that Vp is a linear functional on the product tangent space and that

(zm T (¥, v0) x lin T (@1, ¢o.1) x lin T (®2, do.2), (-, -))

is a Hilbert space. Then the Riesz—Fréchet theorem implies that for all ('(,.b,él,q‘Sz) in
the tangent space there exists a unique (¥*, @7, ¢3) € lin T (¥,4¢p) x lin T (®1, ¢o;1) X
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3.A Main Proofs

lin T (P2, do;2) such that
Vo(w, b1, b2) =< (87, 81, 63) , (%, b1, o) >F

Firstly, notice that Vp(zlb, é)l, ¢2) can be rewritten as

Vo(y, d1, 62)
=2 / {cT (M7 WM T M Wiax

Sy X Swy X Sw,

3.1 (¢o¢¢3;z + «/»3«:50;2&52) } ty (AY) tiwy (AW1) iy (dw2)

=—2/ / cT(MJWMO)_IMJWzﬁ(u;wo,cpg;l)x
Sy \Swy X Sw,

DoVBZ1 830 § tiws (AW1) prwg (dW2) py (dy)

_ 2/ / <’ (MJWMO)—IMJWﬁ (w;mo, ¢3,) %

Swy Sy xSw,

Voda1 1ty (dY) pw, (dw1) ¢0;29;52:u'w2 (dwg).

Comparing the above expression with (3.A.1) and using the fact that |, s, ¢0¢/~‘y (dy)=0
for almost all w and fSw2 ¢0;2<}32uw,_, (dws) = 0 for any 1/} and g;SQ in the tangent space, it is
possible to deduce (¢*, ¢7,¢3) as
, 1 -1 _ _
¥ (ylwi,wa) = =3¢ (MJWMo)  MJW [i5 — B (@] wi, w2)) o
¢1 (w1l w2) =0
. 1 -1 _ _
¢ (wa) = —3cT (MJWMo)  MIW [E (i@ wp) - E ()] doga.

It is straightforward to verify that the proposed (v*, ¢}, #3) belongs to the tangent space,
ie. [, s, YoY*py (dy) =0 and [, Swy ¢0;205 tbw, (dW2) = 0. Therefore, from the Riesz—Fréchet

theorem we can conclude that Vp is not only linear but also continuous which implies that
our object of interest p (v, ¢o.1, o.2) is pathwise differentiable.

As shown in Severini and Tripathi (2001), we can use (¢, ¢}, ¢3) with the efficiency
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bound for the asymptotic variance of regular estimators of ¢! my now given by
(", 61, 63) 17
=cT (MJWMO) 7 MI x
WE [(fﬁ — E (| wy, wa)) (fa — E (i wl,WQ))T] WM, (MJWMO)_1 c
+eT (MJWM,) T MTx
WE [(E (8] wo) — B (@) (B (] wa) — B (@))T] WM, (M] WM,) e
=c' (MJWMO)_IMJWE[(E; — E(m) — E (| wy, ws2) + E (| wy)) x
(8 — B (&) ~ B (8] w1, wp) + E (8] w2))T| WMo (M{WM,) e
=cT (MJ WMO) T MIW,W M, (MJWMO) e

However, this result is not satisfactory, because the lower bound depends upon W, the
auxiliary matrix used to solve for 7. Since by assumption, ﬁo is nonsingular, and using
Hansen (1982)’s trick, it is possible to show that

-1 ~ -1 ~
Lo (T ) =T (MJWM,) ™ MIWloW Mo (MJWMo) ¢ > ¢ (M] §15"Mo) c.
Therefore the efficiency bound for regular estimators of ¢" g is given by ¢ 7 (Mgﬁa M)~ le.

Because ¢ € RP was arbitrary, we conclude that the efficiency bound for regular estimators
of mp is (MgﬁglMo)"l. |
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Proof of Corollary 3.2.2

We prove that (MJ Q5 Mp)~! — (M] ﬁa 1Mp)~1 is a positive semi-definite matrix, which
is equivalent to prove that MJ Q5 My — Mg—ﬁa M, = MJ (25! - ﬁg )My is negative
semi-definite or that Ay = Q¢ — ﬁg is positive semi—definite. Recall
Q=F [ggT]
flo=E[gg"],
where g = g (y, w1, w2; m0), 8= g—E (g w1, w2)+E (g| w2) =g—hand h = E[g| w1, wo]-
E [g|w2]. Then it follows that
A=F[ge" - (g-h)(g-h)]
=E[ghT +hg™ - hhT]
=F E[g] w1, Wo) h' + hE [gT’ w1,w2] — hhT]

=E :hhT + E[g|ws]h" + hE [ng “’2”

—E :hhT] :

where the last equality follows after noticing that E [E [g|wo]h"] = E [E [g| w2] E [hT| wa]]
=0. AsA=F [hhT] is positive semi—definite, the result follows. B
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Table 3.1: Monte Carlo results for Design 1

Slope: (32 Intercept: 51
N E'st. Bias SD RMSE MAE | Bias SD RMSE MAE
200 MLE -0.0125 0.3116 0.3118 0.2491 | -0.0031 0.1423 0.1423 0.1130
ji(v| x) -0.0096 0.4028 0.4028 0.3198 | -0.0106 0.1865 0.1868 0.1497

faw (v]z) | -0.0365 0.3244 0.3264 0.2623 | -0.0498 0.1498 0.1578 0.1262
frr(vlz) |-0.0516 0.3129 0.3170 0.2557 | -0.0649 0.1493 0.1627 0.1297
fos (vlz) |-0.0354 0.3375 0.3393 0.2722 | -0.0522 0.1548 0.1634 0.1306

400 MLE 20.0074 0.2252 0.2252 0.1798 | 0.0003 0.1002 0.1002 0.0798
f (v]z) -0.0028 0.2955 0.2954 0.2340 | -0.0015 0.1315 0.1315 0.1046
Fvw (v|z) | -0.0318 0.2313 0.2334 0.1857 | -0.0494 0.1029 0.1141 0.0917
for(vlz) |-0.0260 0.2344 0.2357 0.1879 | -0.0253 0.1071 0.1100 0.0876
fos (v]z) |-0.0296 0.2381 0.2399 0.1915 | -0.0508 0.1066 0.1181 0.0948

600 MLE -0.0051 0.1852 0.1852 0.1470 | -0.0022 0.0822 0.0822 0.0662
[ (v|x) -0.0025 0.2469 0.2469 0.1979 | -0.0019 0.1089 0.1089 0.0878
fNW (vlz) | -0.0212 0.1956 0.1967 0.1575 | -0.0335 0.0859 0.0922 0.0747
.)?LL (v]z) |-0.0306 0.1912 0.1936 0.1556 | -0.0425 0.0856 0.0955 0.0773
f;s (v|z) |-0.0206 0.2009 0.2019 0.1614 | -0.0341 0.0884 0.0947 0.0765

@ Binary Choice Model (LDV I): y =1 (v + f1 + B2z +€ > 0).
b Results are based on 2000 replications. For each semiparametric estimator, optimal band-
widths were chosen by minimizing the simulated combined RM SE over 40 fixed grid points.
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Table 3.2: Monte Carlo results for Design 1

Slope: (2 Intercept: 51
N E'st. Bias SD RMSE MAE | Bias SD RMSE MAE
200 MLE -0.0063 0.1749 0.1750 0.1404 | -0.0027 0.0805 0.0805 0.0640
f(vlz) 0.0008 0.3890 0.3889 0.3077 | -0.0075 0.1729 0.1730 0.1361

fNW (v]z) | -0.1980 0.2212 0.2968 0.2441 | 0.0521 0.0986 0.1115 0.0891
foo(vlz) |-0.2258 0.2061 0.3057 0.2555 | 0.0566 0.0943 0.1100 0.0881
fas(vlz) |-0.2004 0.2239 0.3004 0.2476 | 0.0511 0.0995 0.1118 0.0891

400 MLE -0.0019 0.1242 0.1242 0.0979 | -0.0009 0.0568 0.0568 0.0456
f(v|z) 0.0023 0.2793 0.2792 0.2215 | -0.0029 0.1233 0.1233 0.0977
fNW (v]z) | -0.1123 0.2023 0.2314 0.1867 | 0.0312 0.0910 0.0962 0.0764
]?LL (v|z) |-0.1392 0.1924 0.2374 0.1931 | 0.0353 0.0883 0.0951 0.0754
fzs (v|lz) |-0.1136 0.2054 0.2347 0.1905 | 0.0303 0.0908 0.0957 0.0758

600 MLE -0.0028 0.1004 0.1004 0.0797 | -0.0010 0.0462 0.0462 0.0368
f(v|z) -0.0008 0.2288 0.2287 0.1811 | -0.0034 0.1005 0.1005 0.0790
fNW (v]z) | -0.0808 0.1756 0.1932 0.1546 | 0.0199 0.0795 0.0819 0.0650
be (vlz) |-0.1031 0.1686 0.1976 0.1593 | 0.0233 0.0780 0.0814 0.0644
fgs (vlz) |-0.0803 0.1775 0.1948 0.1554 | 0.0203 0.0796 0.0821 0.0655

& Censored Regression Model (LDVII): y = [v+ B1 + Bz + €] X 1 (v + f1 + faz +€ > 0).
b Results are based on 2000 replications. For each semiparametric estimator, optimal band-
widths were chosen by minimizing the simulated combined RM SE over 40 fixed grid points.
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Table 3.3: Monte Carlo results for Design 1

Slope: (3, Threshold: oy Threshold: as
N Est. Bias SD RMSE MAFE | Bias SD RMSE MAE | Bias SD RMSE MAFE
200 MLE 0.0030 0.2359 0.2359 0.1859 | -0.0083 0.1448 0.1450 0.1158 | 0.0050 0.1479 0.1479 0.1184
L(v| z) -0.0121 0.3717 0.3718 0.2954 | 0.0028 0.2101 0.2101 0.1665 | 0.0058 0.2137 0.2138 0.1715

faw (v|z) | -0.0404 0.2813 0.2842 0.2249 | 0.0324 0.1581 0.1613 0.1288 | -0.0322 0.1626 0.1657 0.1323
j?LL (vlz) |-0.0373 0.2707 0.2732 0.2159 | 0.0181 0.1623 0.1633 0.1304 | -0.0180 0.1665 0.1675 0.1337
j‘;s (v|]z) |-0.0425 0.2920 0.2950 0.2336 { 0.0356 0.1636 0.1674 0.1339 | -0.0349 0.1680 0.1715 0.1364
400 MLE -0.0028 0.1655 0.1655 0.1306 { -0.0041 0.1019 0.1020 " 0.0811 | 0.0014 0.1056 0.1056 0.0843
f(v|z) -0.0133 0.2608 0.2611 0.2078 | 0.0021 0.1523 0.1523 0.1218 [ 0.0019 0.1513 0.1513 0.1212
fNW (vlz) | -0.0336 0.1889 0.1918 0.1526 | 0.0302 0.1099 0.1139 0.0917 | -0.0307 0.1134 0.1175 0.0939
fLL (vlz) |-0.0297 0.1870 0.1893 0.1497 | 0.0153 0.1142 0.1152 0.0927 | -0.0163 0.1169 0.1180 0.0945
fQS (vlx) |-0.0357 0.1950 0.1982 0.1573 | 0.0317 0.1131 0.1175 0.0947 | -0.0323 0.1156 0.1200 0.0961
600 MLE 0.0004 0.1343 0.1343 0.1062 | -0.0032 0.0849 0.0849 0.0675 | -0.0018 0.0867 0.0867 0.0696
f(v|z) -0.0078 0.2161 0.2162 0.1730 | 0.0042 0.1276 0.1276 0.1014 | 0.0004 0.1241 0.1241 0.1004

faw (vjz) | -0.0185 0.1554 0.1564 0.1255 | 0.0179 0.0922 0.0939 0.0754 | -0.0201 0.0932 0.0953 0.0762
fro (vlz) |-0.0149 0.1542 0.1549 0.1239 | 0.0061 0.0956 0.0958 0.0767 | -0.0081 0.0958 0.0961 0.0772
fas (v|lz) |-0.0194 0.1600 0.1612 0.1292 | 0.0192 0.0940 0.0959 0.0768 | -0.0208 0.0946 0.0968 0.0774

® Ordered Response Model (LDV III): y = }_:3:1]' ‘1(aj—1 v+ P+ Pz + € < o). _
b Results are based on 2000 replications. For each semiparametric estimator, optimal bandwidths were chosen by minimizing the
simulated combined RM SE over 40 fixed grid points.
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Table 3.4: Monte Carlo results for Design 2

Slope: (32 Intercept: B3
N Est. Bias SD RMSE MAE | Bias SD RMSE MAE
200 MLE 0.0091 0.3339 0.3340 0.2665 | 0.0011 0.1475 0.1475 0.1160
_f\(v| z) 0.0009 0.4359 0.4358 0.3464 | 0.0004 0.1979 0.1978 0.1577

faw (vlz) | -0.0626 0.3462 0.3517 0.2803 | -0.0512 0.1518 0.1601 0.1278
frr (v|z) |-0.0588 0.3378 0.3428 0.2732 | -0.0624 0.1532 0.1654 0.1320
fos (v]z) |-0.0423 0.3665 0.3689 0.2941 | -0.0508 0.1590 0.1669 0.1344

400 MLE 0.0085 0.2355 0.2356 0.1882 | 0.0011 0.1007 0.1007 0.0800
f (v]z) 0.0025 0.3012 0.3011 0.2392 | -0.0011 0.1366 0.1366 0.1094
Fvw (v]z) | -0.0427 0.2474 0.2510 0.2008 | -0.0243 0.1049 0.1076  0.0860
fir(v]z) |-0.0252 0.2457 0.2469 0.1984 | -0.0263 0.1072 0.1103 0.0881
Fos (vlz) |-0.0149 02567 0.2571 0.2059 | -0.0221 0.1086 0.1108 0.0889

600 MLE 0.0063 0.1922 0.1923 0.1534 | 0.0012 0.0840 0.0840 0.0675
f (v|z) 0.0015 0.2487 0.2486 0.1988 | -0.0001 0.1121 0.1121 0.0894
Fvw (v|z) | -0.0354 0.2002 0.2032 0.1624 | -0.0346 0.0863 0.0930  0.0747
Foo(v]z) |-0.0171 0.2038 02045 0.1639 |-0.0145 0.0900 0.0911 0.0731
Fos(v]z) |-0.0226 0.2070 0.2082 0.1664 | -0.0343 0.0882 0.0947 0.0763

@ Binary Choice Model (LDV I): y = 1(v+ 81 + B2z + € > 0).
b Results are based on 2000 replications. For each semiparametric estimator, optimal band-
widths were chosen by minimizing the simulated combined RM SFE over 40 fixed grid points.
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Table 3.5: Monte Carlo results for Design 2

Slope: (2 Intercept: 5
N E'st. Bias SD RMSE MAE | DBias SD RMSE MAE
200 MLE 0.0054 0.1801 0.1802 0.1432 | -0.0043 0.0832 0.0833 0.0661
f(v|z) 0.0036 0.4186 0.4186 0.3295 { 0.0020 0.1790 0.1790 0.1401

fNW (v]z) | -0.1055 0.3225 0.3393 0.2733 | 0.0159 0.1408 0.1417 0.1112
frr (v|z) |-0.1370 0.3027 0.3322 0.2707 | 0.0208 0.1358 0.1374 0.1076
fos(v]z) |-0.2629 0.2236 0.3451 0.2935 | 0.0560 0.0967 0.1118 0.0893

400 MLE 20.0002 0.1278 0.1277 0.1026 | -0.0027 0.0583 0.0584 0.0463
f (v|z) -0.0030 0.2821 0.2820 0.2218 | 0.0016 0.1273 0.1273 0.1008
Fvw (v|z) | -0.0671 0.2358 0.2451 0.1965 | 0.0112 0.1079 0.1084 0.0857
fir(vlz) |-0.0762 0.2297 0.2419 0.1938 | 0.0136 0.1067 0.1076 0.0848
Fas(vlz) |-0.0531 0.2451 0.2507 0.1981 | 0.0107 0.1110 0.1115 0.0875

600 MLE 0.0012 0.1036 0.1035 0.0821 | -0.0011 0.0471 0.0471 0.0378
f(v|z) -0.0032 0.2318 0.2317 0.1848 | 0.0018 0.1051 0.1051 0.0831
Fvw (v|z) | -0.0547 0.1987 0.2060 0.1649 | 0.0085 0.0904 0.0908 0.0724
Foo(v]z) |-0.0319 0.2025 0.2049 0.1631 | 0.0059 0.0928 0.0930 0.0738
Fas(v|z) |-0.0376 0.2059 0.2092 0.1668 | 0.0075 0.0914 0.0917 0.0730

2 Censored Regression Model (LDV II): y = [v+ B1 + fez + €] x 1 (v + B1 + faz + € > 0).
b Results are based on 2000 replications. For each semiparametric estimator, optimal band-
widths were chosen by minimizing the simulated combined RM SFE over 40 fixed grid points.
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Table 3.6: Monte Carlo results for Design 2

Slope: (o Threshold: oy Threshold: as
N Est. Bias SD RMSFE MAE | Bias SD RMSE MAE | Bias SD RMSE MAE
200 MLE 0.0114 0.2472 0.2474 0.1970 | -0.0003 0.1544 0.1544 0.1228 | 0.0030 0.1563 0.1563 0.1242
[\(v x) -0.0070 0.3919 0.3919 0.3136 | 0.0052 0.2274 0.2274 0.1832 | -0.0015 0.2274 0.2274 0.1808

faw (v|z) | -0.1360 0.2736 0.3055 0.2464 | 0.0914 0.1661 0.1896 0.1523 | -0.0892 0.1643 0.1869 0.1512
fro(v|z) | -0.0593 0.2860 0.2920 0.2348 | 0.0304 0.1770 0.1796 0.1423 | -0.0259 0.1759 0.1777 0.1415
fos (v|lz) |-0.0607 0.3116 0.3174 0.2541 | 0.0468 0.1823 0.1882 0.1503 | -0.0446 0.1790 0.1845 0.1476

40!

400 MLE 0.0058 0.1750 0.1751 0.1383 | 0.0018 0.1079 0.1079 0.0863 | 0.0013 0.1081 0.1080 0.0859
f(v|z) -0.0049 0.2820 0.2820 0.2263 | 0.0065 0.1616 0.1617 0.1296 | -0.0008 0.1622 0.1622 0.1288
fNW (vlx) | -0.0965 0.2009 0.2229 0.1787 | 0.0501 0.1175 0.1277 0.1027 | -0.0459 0.1174 0.1260 0.1009
fLL (vlz) |-0.0436 0.2013 0.2059 0.1645 | 0.0245 0.1218 0.1243 0.0999 | -0.0186 0.1222 0.1235 0.0987
]‘;s (v|z) |-0.0478 0.2138 0.2191 0.1747 | 0.0429 0.1236 0.1308 0.1051 | -0.0382 0.1230 0.1287 0.1030

600 MLE 0.0064 0.1422 0.1424 0.1136 | -0.0014 0.0883 0.0883 0.0699 | 0.0017 0.0881 0.0881 0.0697
f(v|z) -0.0029 0.2307 0.2306 0.1836 | 0.0044 0.1325 0.1325 0.1064 | 0.0023 0.1314 0.1314 0.1043
fNW (vlz) | -0.0815 0.1657 0.1846 0.1484 | 0.0333 0.0969 0.1025 0.0823 | -0.0304 0.0959 0.1006 0.0807
fLL (vlz) |-0.0285 0.1656 0.1680 0.1336 | 0.0100 0.1006 0.1011 0.0808 | -0.0062 0.1005 0.1006 0.0802
fzs (vlz) |-0.0298 0.1753 0.1778 0.1408 | 0.0243 0.1012 0.1040 0.0835 | -0.0216 0.0999 0.1022 0.0820

2 Ordered Response Model (LDV III): y = 21;:1.7' 1(ajm1 v+ P+ faz + € < o).
b Results are based on 2000 replications. For each semiparametric estimator, optimal bandwidths were chosen by minimizing the
simulated combined RMSE over 40 fixed grid points.
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3.B Tables

Table 3.7: Monte Carlo results for Design 3

Slope: (2 Intercept: 51
N Est. Bias SD RMSE MAE | Bias SD RMSE MAE
200 MLE 0.0291 0.3306 0.3318 0.2641 | 0.0091 0.1517 0.1519 0.1210
f(v]|z) 0.0241 0.4463 0.4468 0.3583 | 0.0018 0.2053 0.2053 0.1623

fNW (v|z) | -0.0535 0.3506 0.3546 0.2822 | -0.0492 0.1582 0.1656 0.1325
fro(vlz) |-0.0521 0.3479 0.3517 0.2792 | -0.0520 0.1603 0.1685 0.1351
fos (v]z) |-0.0255 0.3690 0.3698 0.2968 | -0.0477 0.1672 0.1739 0.1390

400 MLE 0.0102 0.2368 0.2375 0.1893 | 0.0056 0.1064 0.1065 0.0846
£ (v]2) 0.0149 0.3169 0.3171 0.2552 | 0.0036 0.1451 0.1451 0.1149
Fvw (v]z) | -0.0403 0.2442 0.2475 0.1988 | -0.0538 0.1106 0.1230  0.0992
for(v|z) |-0.0184 0.2540 0.2546 0.2035 | -0.0163 0.1153 0.1164 0.0928
fas (v|z) |-0.0246 0.2568 0.2579 0.2071 | -0.0525 0.1155 0.1268 0.1018

600 MLE 0.0142 0.1941 0.1946 0.1543 | 0.0033 0.0849 0.0849 0.0674
f(v|z) 0.0089 0.2581 0.2582 0.2073 § 0.0020 0.1174 0.1174 0.0936
fNW (v|z) | -0.0334 0.2023 0.2050 0.1641 | -0.0368 0.0885 0.0958 0.0770
fLL (v|z) |-0.0131 0.2098 0.2101 0.1684 | -0.0063 0.0923 0.0925 0.0736
)?2_5‘ (vlz) |-0.0163 0.2097 0.2103 0.1683 | -0.0351 0.0925 0.0989 0.0789

# Binary Choice Model (LDV I): y =1(v 4+ 1 + faz +€ > 0).
b Results are based on 2000 replications. For each semiparametric estimator, optimal band-
widths were chosen by minimizing the simulated combined RM SE over 40 fixed grid points.
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3.3 Tables

Table 3.8: Monte Carlo results for Design 3

Slope: (5 Intercept: 51
N Est. Bias SD RMSE MAFE | Bias SD RMSE MAE
200 MLE 0.0034 0.1801 0.1801 0.1428 | 0.0011 0.0821 0.0821 0.0654
)i(v| z) 0.0170 0.4041 0.4044 0.3200 | 0.0057 0.1827 0.1828 0.1447

fvw (v]z) | -0.1000 0.3182 0.3334 0.2680 | 0.0265 0.1429 0.1453 0.1154
foo (vlz) |-0.1357 0.2966 0.3261 0.2637 | 0.0307 0.1380 0.1413 0.1123
fos (v]z) |-0.0913 0.3204 0.3331 0.2672 | 0.0252 0.1452 0.1473 0.1165

400 MLE 0.0038 0.1302 0.1303 0.1036 | 0.0004 0.0582 0.0582 0.0461
£ (v z) 0.0125 0.2905 0.2907 0.2291 | 0.0043 0.1321 0.1321 0.1056
Fvw (v]z) | -0.0564 0.2425 0.2489 0.1978 | 0.0157 0.1092 0.1103 0.0881
Fio(vlz) |-0.0712 0.2376 0.2480 0.1981 | 0.0177 0.1082 0.1096 0.0875
fas(v|z) |-0.0398 02490 0.2521 0.1992 | 0.0154 0.1108 0.1119 0.0892

600 MLE 0.0021 0.1073 0.1073 0.0852 | -0.0002 0.0464 0.0464 0.0373
f(v]z) 0.0073 0.2371 0.2372 0.1870 | 0.0025 0.1044 0.1044 0.0824
Fvw (v]z) | -0.0427 0.2017 0.2061 0.1632 | 0.0098 0.0883 0.0888 0.0710
Foo(vlz) |-0.0472 0.2003 0.2058 0.1645 | 0.0109 0.0878 0.0884 0.0705
fas(vjz) |-0.0228 0.2078 0.2090 0.1651 | 0.0094 0.0895 0.0900 0.0720

& Censored Regression Model (LDV II): y = [v+ 31 + Box + €] X 1 (v + B1 + faz + € > 0).
b Results are based on 2000 replications. For each semiparametric estimator, optimal band-
widths were chosen by minimizing the simulated combined RM SFE over 40 fixed grid points.
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Table 3.9: Monte Carlo results for Design 3

Slope: B9 Threshold: a3 Threshold: ay
N Est. Bias SD RMSE MAE | Bias SD RMSE MAE | Bias SD RMSE MAE
200 MLE 0.0154 0.2496 0.2500 0.1997 | -0.0074 0.1540 0.1541 0.1230 | 0.0033 0.1569 0.1569 0.1237

f(v|z) 0.0157 0.4092 0.4094 0.3289 | -0.0131 0.2347 0.2350 0.1867 | -0.0031 0.2352 0.2351 0.1871
wa (vlz) | -0.1192 0.2856 0.3094 0.2502 | 0.0836 0.1635 0.1836 0.1485 | -0.0888 0.1673 0.1894 0.1511
fLL (vlz) |-0.0734 0.2873 0.2965 0.2383 | 0.0358 0.1717 0.1754 0.1410 | -0.0433 0.1771 0.1823 0.1445
fgg (viz) |-0.0404 0.3178 0.3202 0.2557 [ 0.0375 0.1782 0.1820 0.1461 | -0.0453 0.1810 0.1865 0.1482

Q11

400 MLE 0.0096 0.1760 0.1762 '0.1385 | -0.0057 0.1077 0.1078 0.0868 | 0.0045 0.1099 0.1100 0.0868
f(v|z) 0.0092 0.2950 0.2951 0.2370 | -0.0063 0.1635 0.1636 0.1306 | 0.0058 0.1646 0.1647 0.1312
ﬁvw (vlz) {-0.0840 0.2040 0.2206 0.1756 | 0.0434 0.1155 0.1234 0.0987 | -0.0419 0.1172 0.1245 0.0992
fLL (vlx) |-0.0373 0.2060 0.2093 0.1654 | 0.0040 0.1204 0.1204 0.0961 | -0.0040 0.1230 0.1230 0.0974
fzs (vlz) |-0.0348 0.2173 0.2200 0.1750 | 0.0340 0.1214 0.1261 0.1002 | -0.0348 0.1236 0.1284 0.1015

600 MLE 0.0086 0.1446 0.1448 0.1141 | -0.0069 0.0895 0.0898 0.0719 | 0.0034 0.0908 0.0909 0.0722
f(v|z) 0.0072 0.2458 0.2458 0.1976 | -0.0078 0.1348 0.1350 0.1084 | 0.0053 0.1368 0.1369 0.1077

fyw (vlz) | -0.0725 0.1683 0.1832 0.1459 | 0.0274 0.0977 0.1014 0.0808 | -0.0285 0.0971 0.1012 0.0805
for(vlz) |-0.0402 0.1651 0.1699 0.1341 { 0.0119 0.1001 0.1008 0.0799 { -0.0132 0.1003 0.1012 0.0804
fas (v|z) |-0.0196 0.1786 0.1796 0.1443 | 0.0173 0.1012 0.1027 0.0822 { -0.0194 0.1021 0.1039 0.0819

& Ordered Response Model (LDV III): y = Z?=1 J-1(aj1 v+ b1+ Box + € < o).
b Results are based on 2000 replications. For each semiparametric estimator, optimal bandwidths were chosen by minimizing the
simulated combined RM SE over 40 fixed grid points.
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Chapter 4

Optimal Bandwidth Choice for
Estimation of Inverse
Conditional-Density—Weighted

Expectations

4.1 Introduction

An important class of semiparametric estimators, first proposed by Lewbel (1998), involves
the use of kernel-based nonparametric estimates in place of the true conditional density in

objects of the form

n=E [m] , (4.1.1)

where {wT, V. UT} is a random vector, and fyu (-) denotes the conditional density function
of a scalar continuous random variable V' given the random subvector U. This conditional
density function is assumed to be estimated here by the ratio of kernel estimators for fyy ()
and fu (-), the joint and marginal densities of (V,UT) and (U) respectively.

For Limited Dependent Variable models, examples of estimators belonging to this class
are Lewbel (1998), Lewbel (2000b), Honoré and Lewbel (2002), and Khan and Lewbel
(2006). Results derived in this chapter are directly applicable to these estimators. Specifi-
cally, if one has a random sample {w;,v;,u } from the joint distribution of {w™,V,UT}
for i = 1,..., N, implementation of any of these estimators requires choosing the numeri-
cal value of a bandwidth parameter, h, for the nonparametric kernel estimator of fyy ()
in (4.1.1). This chapter discusses formally how to perform this selection. Given that the



4.1 Introduction

asymptotic (first—order) distribution of this semiparametric estimator, 7 (h), of (4.1.1) does
not depend on the bandwidth! A, any optimal bandwidth formula must be based on a
higher-order approximation to such distribution. Technically, such approximations become
more complex in the presence of stochastic denominators in a simple ‘plug—in’ semipara-
metric estimator of (4.1.1) as explained above. Therefore, we take an alternative approach.
We first show that 77 (h) is asymptotically equivalent to a linear combination of functions
of U-statistics, which we call its ‘asymptotic representation’, 7 (h), and does not have a
stochastic denominator. This asymptotic representation includes functions of a U-statistic
of order one (a simple sample average), and two data dependent (via the bandwidth pa-
rameter h) second—order U-statistics. Finally, we find a formula for the optimal bandwidth
that minimizes (with respect to k) the leading terms of an asymptotic approximation to

E (17 (r) - nl?]
where ||-|| is the standard Euclidean? norm.

Related calculations to the ones derived here can be found in the literature of bandwidth
selection for average derivative estimation, see e.g. Hardle, Hart, Marron, and Tsybakov
(1992), Hérdle and Tsybakov (1993) and Powell and Stoker (1996). Our results are dif-
ferent from theirs in that the optimal bandwidth for semiparametric kernel estimators of
(4.1.1) can be chosen on the basis of bias alone. In particular, we show that the leading
terms in the Mean Squared Error (M SE) are two biases. One is attributed to the pointwise
‘smoothing’ bias of the kernel density estimator used, and the other to its variance. Lin-
ton (1991) called the latter ‘degrees—of-freedom’ bias. Similar results were found by Jones
and Sheather (1991) for the kernel-based integrated squared density derivatives estimator of
Hall and Marron (1987), and by Ichimura and Linton (2005) for a kernel-based implementa-
tion of Hirano, Imbens, and Ridder (2003)’s estimators of treatment effects. Linton (1991)
discussed a similar result for the variance estimator in the presence of unknown mean.
Furthermore, unlike the standard case in average derivative estimation3, semiparametric
estimation of (4.1.1) could include discrete elements (specifically in U) through its non-
parametric component without the need of additional conditions. We explain this extension

in greater detail in our discussion below.

One of the main conclusion from this chapter is that the derived asymptotically optimal
bandwidth, hopt, must shrink more rapidly to zero than it would be for optimal pointwise
kernel estimation of fyy (-), i.e. estimating this function at a point. In this sense, ‘asymp-

1See Lewbel (1998), Lewbel (2000a) Lewbel (2000b), Honoré and Lewbel (2002), and Khan and Lewbel
(2006) for precise derivations.

2Similarly, we could replace ||a|| everywhere in this chapter by llally = a' Wa, where W is any positive
semidefinite weighting matrix. The results will not change.

3Horowitz and Hirdle (1996) adapted the average derivative estimator to allow for some discrete compo-
nents. This requires additional conditions than in the standard case.
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4.2 Asymptotic Mean Square Error

totic undersmoothing’ is necessary for v/ N—consistent estimation of (4.1.1). This feature is
explained in the unifying theory of Goldstein and Messer (1992), whose main focus was to
highlight differences in the conditions of limiting theory between nonparametric and semi-
parametric estimation, but did not address the issue of bandwidth selection for particular

applications such as the one discussed here.

The remainder of the chapter is organized as follows: Section 4.2, presents the notation
and assumptions used throughout the chapter. In this section, we analyze the sensitivity
of kernel-based semiparametric estimator of (4.1.1) to the choice of bandwidth, and its
kernel’s order via a second—order asymptotic expansion of its MSE. We also make explicit
the difference between ‘nonparametric’ and ‘semiparametric’ optimal bandwidths. Section
4.3 discusses how to exploit the asymptotic representation of 77 (k) in order to construct
a simple estimator of the optimal bandwidth. We also prove its consistency. In Section
4.4, a Monte Carlo experiment is performed to assess the small sample behavior of the
proposed ‘plug—in’ estimator of the optimal bandwidth. We also compare its performance
against other reference rules proposed in the literature for estimation of the nonparametric
component fyu (-). Section 4.5 examines how results in Section 4.2 can be extended to
cases when some components of U are discrete, and outlines how a bootstrap procedure for
bandwidth selection, shown to work for average derivatives, can be adapted to work in our
framework. Section 4.6 summarizes and gives concluding remarks. All proofs are presented

in the Appendix.

4.2 Asymptotic Mean Square Error

Firstly, we introduce some notation and definitions that will aid the latter discussion.

4.2.1 Framework

We assume that each observation in a data set, {w;r s Uiy u;r }, is an independently, identically
distributed draw from the joint distribution of {w',V,UT} fori=1,...,N, where U is a
d — 1 vector, V is a scalar, and w another dim (w) x 1 observed vector of random variables
or known functions of random variables. The distributions of U and (V, UT) are absolutely
continuous with respect to some Lebesgue measures, with Radon-Nikodym densities fy (u)

and fyy(v,u) with bounded supports Qy and Qyy respectively.

For a bandwidth sequence h = h(N) — 0 and N — oo, the nonparametric estimators of
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4.2 Asymptotic Mean Square Error

the unknown densities fy (u) and fyy(v, u) used here are the well known kernel smoothers:

N

-~ 1 1 u; — U
fu (ug; h) = N_I;hd_lic( - ),and (4.2.1)
J#i
1 N vj — u; —u
f e B = il i Y j— W
o i) = 7 3 (U e () (422)
J#i
respectively. Here
d-1
’C(mly- .- 7md—1) = HK("I"J) y T = (-'L'la s ;md—l) € §Rd—1,
j=1

where K and W are one-dimensional bounded symmetric kernel functions that integrate to
one. We have also used the ‘leave-one—out’ paradigm in the construction of our smoothers
above. A natural estimator? for fyy (v;] u;) is then given by J?VIU (vi|ui; h) = Fvu (vi, ui; h)
/ fu (ui; h), and its inverse can be estimated by

AfU (ug; h)

TVU ('U','l.l';h) = )
n fvu(vi,ui; h)

and an estimator of n = F [w/f (v|u)] is then given by

N
i(h)=N"1Y wilyu (vi, ui;h). (4.2.3)

i=1
As previously noted, this estimator is technically inconvenient to handle given the presence
of the stochastic denominator in ?VU (vi, ui; h). Therefore, we also define an asymptotic

representation which will be the basis of our analysis below,

N
f(h)=N"1Y wLvu (vi,us;h), (4.2.4)

i=1

where

fui ., fui 2fUi2fVUi
fvui  fvui fius
fuifpui
3
Frui

Lyu (vi,ug; h) =

_ fvuifui

+
2
f VUi

: (4.2.5)

and fui = fu (w;h), fvui = fru(oi, ws; b).

4This estimator was first proposed by Rosenblatt (1969), for the case d = 2, and later analyzed by
Hyndman, Bashtannyk, and Grunwald (1996).
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4.2 Asymptotic Mean Square Error

Now, let us define the following quantities:

N
51= N1 wi(fui/ frui)

i=1
N
b2 (h) = N1 Zwi(fvi/fvm),
83 (h) = N1 wilfuifvui/ fove),
84(R)=N"1Y w (fVUifUi/f‘lei) )
i=1
N
&5 (h) =N (fUi]’c?/Ui/f‘sti) :
i=1
It then follows that
7 () = 8y + 28 (h) — 253 (k) — 84 (h) + 65 (h) (4.2.6)

That is, 77 (h) can be written as a linear combination of functions of certain U-statistics.
In particular, 5; (k) and 53 (h) are generic second—order U-statistics:

-1
2 N w2 + @5, (Wi — Uj
JZ(h)z( 2 ) 2~ JK( h J)

1<j

-1 :
N
= ( 5 ) > 2 (tai, t25; ), and

i<j

-1
= N w3; + w3; Vi — vj u; — uj
53(h)=(2> Z 32hd 3aw< ha),c(zh J)

i<j

-1
N
E( 5 ) > s (tsi, ta;;h),

i<j

where ti; = (wj,,vi,u] ), and t]; = (@94, viy 0] ), With w2 = wi/ fyui, and ws; =
w; fui/ f{‘}m respectively. By simple inspection, we notice that these U-statistics ‘ker-
nel’ functions ps () and p3 (-) are symmetric — that is, pa (to;, t25; h) = pa (t25, t2i; h) and
p3 (tas, t3;; ) = pa (ts;,ta;; h). Powell, Stock, and Stoker (1989) derived first—order limiting
theory for this type of linear functions that involves data—dependent (via the bandwidth
parameter h) U-statistics. Similarly, we also define wy; = w;/ f‘z/m, and ws; = w; fui/ ngi'
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4.2 Asymptotic Mean Square Error

It then follows, under conditions explained below, that
n = hmE [ ()]
2[5 2 iy ] 2 0] g 5]+ g [ )

=n+2n—-2n—n+1.

Also, notice that by construction
7(h) =7 (k) =9 (h),
where 9 (h) = N1 E{V:I(ﬁu (h) — B: (h))ws, with

91 (B) = (Fvui — frui)*(Fui — fui)/(fouifvus), and
Bai (h) = (Fvui — frui)* fuil (FouiFvui).

4.2.2 Sensitivity Analysis

The objective of this chapter is to characterize the optimal bandwidth hep¢ for computing
7. Towards that end, we make the following assumptions:

ASSUMPTION A:

(A1) The kernels W : [-1,1] — R, and K : [-1,1] — R are bounded, continuously differ-
entiable, symmetric such that [W (c)dc = K (¢)dc =1.

(A2) Kernels W (c), and K (c) have order P, that is, there exists a positive integer P > 2
such that [ W (¢)dc = [/K (c)de =0,j=1,...,P—1, [¢PW (c)dc = dw # 0
and [cPK (c)dc = dg # 0.

(A3) The continuous density functions fy (u), fvu(v, u) exist and are bounded away from
zero. The functions 71 (u) = E[w;i|U=u], m(u) = E[w|U=u], 71 (v,u) =
Elw|V=v,U=u],72(v,u) = E[ws|V =v,U=u|, m3 (v,u) = E[w3|V =2v,U =
u], 74 (v,u) = E[wy|V = v,U = u], 75 (v,u) = E[ws| V = v, U = u] exist and have
bounded continuous partial derivatives up to the order P on their compact supports
Qu = ;.i;% [U;,U;] and Quu = [V, V] x Qu respectively, for —oo < ¥V < V < o0,
and —co < U; <Uj<o0,forj=1,...,d—1.

(A4) supq,, llw|l < o0, and E [|jw]|*| V = v, U = u] has bounded continuous partial deriva-
tives up to order P on their compact support, for e = 1,2, 3,4
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4.2 Asymptotic Mean Square Error

(A5) hopt ox N1/ (P+d),

Assumptions (A1)-(A3) are standard conditions when using kernel smoothers ensuring
the regularity of W, K, fyu, and fy. Assumption (A4) will facilitate the proofs and can
be relaxed at the expense of more complicated mathematics. The last Assumption, (A5),
predefines the optimal rate of hgpt, which is derived below. The following Lemma guarantees
that the M .S E—-expansion of 7 (h) is equivalent to that of %7 (h) up to the third power.

Lemma 4.2.1 (Asymptotic Representation) Under Assumptions (Al)-(A5),

\/ﬁa(h) =0p (N_(P_d)/(P+d)) , as N — co.

Proof. See Appendix. m

This Lemma guarantees the asymptotic equivalence between 7 () and 7 (-), which means
that (4.2.3) may be replaced by (4.2.4) for purpose of this analysis. We make an additional

technical assumption before we state the main result of this chapter:

(A6) The vectors of errors €1 = w; — 71 (u), &1 = w1 — F1(v,u), €2 = we — m (u)
€2 = wy — T2 (v,u1), €3 = w3 — 73 (v, 1), €4 = T4 — 1r4 (v,u), and €5 = ws — 75 (v, u
are such that 0% (u) = E [¢] ;| U = u], 5% (v,u) = ?:'TE]! V =v,U =u], 0% (u)
E[efes|U=u],02(v,u) = E [e]e3|V =v,U=1u],0} (v,u) = E[e]e4| V =v,U =
u], 02 (v,u) = E [eles| V =v, U =1u], 012 (u) = E [e] £2| U = u], 513 (v,u) = E[e]
eV = v, U = u], 514 (v,u) = E[e]e4|V =v,U =1u], 515(v,u) = E[E] Tes|V =
v,U = u], G23 (v,u) = E [5}63] V=v,U=u], 6o (v,u) = E[&] &4| V = v, U = u],
25 (v,u) = E [8]e5|V =v,U=1u], 034 (v,u) = E [e5e4| V = v, U = u], 035 (v,u) =
E[ejes|V =v,U=u], and 045 (v,u) = E [e]e5|V =v,U = u] are bounded on
their respective compact supports 2y and Qyy.

e

We now formulate the Mean Square Error of 7j(h) for n, in terms of the dominant

components in an asymptotic expansion.

Theorem 4.2.2 If Assumptions (A1)-(A3), and (A6), hold, then
R 2 -1) P ~1p -d||?
E [|7(h) - nll?] = 0 (N"7) + |81 + B2Nh H

P 1 r? 1 op
+O(N N2)+ (W+W+h ), (4.2.7)
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4.2 Asymptotic Mean Square Error

as N — oo, where

B = /7r2 (u) Sk (u) fu (u) du—/vrg (v,u) Swk (v,u) fvu (v,u) dvdu, (4.2.8)

B, = C'Wicfm (v,u) fvu (v, u) dvdu, (4.2.9)

and

Cwk = Uw2 (c)dc] [/K2 (c) dc]d_l,

,
Sk () = dxpza o)

P P
P ov o 6uj

d-1

Proof. See Appendix. m

The first bias, B, is related to the ‘smoothing’ bias of the kernel smoother used, while
the second bias, B2, comes from its pointwise variance. This ‘degrees—of-freedom’ bias
dominates the O (N “2h~d) variance term that would otherwise appear in the expansion
(see Powell and Stoker (1996) for such calculation).

Optimization

The result of Theorem 4.2.2 can be used to optimize the performance of (4.2.4) with respect

to bandwidth choice and order of kernel.

Choice of h
The asymptotically optimal bandwidth is obtained by minimizing (4.2.7) on the basis of

h. This is achieved when
hopt = Cp x N~/ (P+d), (4.2.10)

where Cp is a proportionality constant. The choice of bandwidth equates the leading orders
of both biases, B, and BoN~1h~4, By choosing this bandwidth, we have

E (|7 -nl?] = 0 (N7)
+ H%IC{’ + 28205‘1“2N—2P/(P+d) (4.2.11)
+0(N7?)+ o(N~2P/(P+d)) 55 N — co.
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4.2 Asymptotic Mean Square Error

That is, the decreasing rate of the best bandwidth optimizing second—order terms is of order
N~1/(P+d) which results in an optimal M SE-rate of convergence of N™1. In comparison
with the leading term, the second term in (4.2.11) is not small in general, since their ratio is
O(N—(P=d)/(P+d))  This means that very large values of N are needed before its influence

eventually disappears.

Interestingly, unlike other semiparametric estimators (see Hall and Marron (1987), and
Linton (1995)) the use of ‘leave—one—out’ estimators ((4.2.1) and (4.2.2)) has not fully elim-
inated the ‘degrees—of—freedom’ bias® of order O(N~2h~24).

Choice of P

If we believe that fyu, fu, 72 (u) and 73 (v, u) are infinitely many times continuously
differentiable, it follows from (4.2.11) that the best O (N~!) rate of the M SE, is not attained
unless P > d. For example, in the case d = 2, we must use P > 2. As Assumption (A2)
permits, a higher value for P must be chosen for larger values of d. In this sense, the use of
oscillating higher—order kernels guarantees the best rate of convergence.

4.2.3 ‘Nonparametric’ vs ‘Semiparametric’ Optimal Bandwidths

For the case d = 2, the asymptotic properties of the kernel estimator fv[u (v|u;h), used in
(4.2.3), were first derived by Hyndman, Bashtannyk, and Grunwald (1996), and discussed
further by Chen, Linton, and Robinson (2001). When d > 2, it follows from their results
that the Integrated M SE-minimizing optimal bandwidth is

hi oc N7H/(EPH), (4.2.12)
A direct comparison with (4.2.10) indicates that in the semiparametric case, the optimal
bandwidth shrinks to 0 at a faster rate of its nonparametric component’s optimal bandwidth
h;"pt. This phenomenon is known as ‘asymptotic undersmoothing’. Other semiparametric
estimators sharing this feature are Robinson (1988), Powell, Stock, and Stoker (1989), Hirdle
and Stoker (1989), and Hérdle, Hart, Marron, and Tsybakov (1992), among others.

It should also be noticed that this comparison does not imply that hopt is numerically

+

opt i1l any particular case or sample size. Particularly, let Ag be the propor-

smaller than h

®Ichimura and Linton (2005) proposed an explicit bias correction mechanism that indeed ‘knocked’ this
term out, allowing for a smaller M SE for Hirano, Imbens, and Ridder (2003)’s estimator. This method can
be easily adapted to our framework.
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4.3 Optimal ‘plug—in’ Bandwidth Estimator

tionality constant® in (4.2.12). It then follows that
hopt = DgENhjpt, where
Do = Co/ Ay,
Ey = N-P/@P+d)(P+d),

Dy is an adjustment factor that depends on the underlying structure of the bias and variance
of fV|U and 7. In general, Do S 1, and it does not vary with sample size. On the other

hand, the adjustment term for sample size, E is always less than 1 when N > 2. Therefore,

+

opt Will depend on Cp being larger or smaller than

whether hopt is larger or smaller than A
Ap, and this, in turn, relies on the bias and variance structure in a particular application.

4.3 Optimal ‘plug—in’ Bandwidth Estimator

If we knew 9B; and B3 in (4.2.11), we can define Cy (and therefore hopt) by the following

minimization problem:

1 2

%10({’ + %267
0

Co = argmin
COE§R++

As these quantities are unknown in general, a feasible procedure will be to replace them
by consistent estimators based on empirical implementations of (4.2.8) and (4.2.9). These
estimators for the ‘smoothing’ and ‘degrees-of-freedom’ bias terms are denoted here as %1,
and %2, respectively. However, with a sample of practical size, any kernel-based estimator
may be affected by boundary effects which are endemic in kernel density estimation, see
Silverman (1986). In view of Assumption (A3), this technicality is resolved here by using a

known asymptotic trimming function, a. (v, u) in their construction?, that is

_ n(Ahg) — 7 (ho)

B1 (ho) = , 4.3.1)
N

~ C —~

By (ha) = %’62  Baari, (4.3.2)
=1

where @yari = wiar (i, W) fovi/ fayuir @3ri = wiar (vi, W) fui/ foy;, and A is a known
constant which is greater than 1. Here we have used .);;VUi = fVU (vs, ug; ), ﬁUi =
fU (ui; ha), frui = fvu (vi, W), and fu; = fu (w;) in order to ease notation, where fu OF
and fyu (-) are given by (4.2.1), and (4.2.2) respectively. The estimator 7 (-) is like (4.2.3),

after replacing w; by wiar (v;, u;) everywhere. The estimator (4.3.1) is similar to the average

5See Bashtannyk and Hyndman (2001) and Chen, Linton, and Robinson (2001) for derivations.
"Another possibility would be to use boundary kernels, see Gasser, Miiller, and Mammitzsch (1985).
Fernandes and Monteiro (2005) derived the asymptotic behavior of asymmetric kernel functionals.
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4.3 Optimal ‘plug-in’ Bandwidth Estimator

derivative as proposed by Powell and Stoker (1996). The quantities h, and hg are pilot
bandwidths which must be chosen beforehand.

The type of asymptotic trimming used here is that proposed by Lewbel (20002):

d-1
ar (vi,u;) =1 ('ui € [_I{—}-T,V— 7‘]) Hl (ulm € [QJ- +7‘,Uj - 7‘]) , (4.3.3)
j=1

where 1 (+) is the indicator function that equals 1 if its argument is true and zero otherwise,
the values U; and Uj, were defined in Assumption (A3), and ul? refers to the j—th element
of the vector u. By using this type of trimming in the construction of our estimators
(4.3.1) and (4.3.2), we set to zero all terms in these averages that have observations within
a distance 7 of the boundary of the support where bias of the kernel estimators are of a
different order than for the interior points. The following assumption guarantees that the
trimming induced bias goes to zero rapidly, so the consistency of the estimators are not
affected.

(A7) The value 7 is such that hg/7 — 0, and N72 — 0 as N — oo.

This trimming has a disadvantage in that it requires knowledge of the support of (v, u).
Nevertheless, this support could be estimated in practice. For example, Khan and Lewbel
(2006) proposed a data—dependent trimming function, by replacing U;, Uj, V, and V in
(4.3.3), by the observed maximums and minimums from a sample of N observations of the
corresponding variables. They showed that this data—dependent feasible trimming func-
tion is asymptotically equivalent to (4.3.3). Their result is applicable in situations where
the boundary of the support is unknown, and 7 equals the bandwidth used in the kernel
estimators above.

Consequently, the optimal bandwidth is estimated as

Eopt = 60 X N‘l/(P"'d), where

1
Cg

2

50 = arg min %10(‘;3 + ‘32 (4.3.4)

CoeRtt

An interesting characteristic of estimators (4.3.1) and (4.3.2) is that they do not require
estimation of higher order derivatives of unknown functions. This feature makes their cal-
culation computationally very simple. Likewise, the minimization problem in (4.3.4) is also

computationally straightforward, because it only involves a univariate numerical search over

126



4.3 Optimal ‘plug-in’ Bandwidth Estimator

strictly positive real numbers. The consistency® of this procedure is ensured by the following

proposition:

Proposition 4.3.1 Let Assumptions (A1)—(A3), (A4), (A6) and (A7) hold. If h. — 0,
ho — 0, with Nhf — 00, and Nh%P”*'d — 00 as N — oo, then

B1 (ho) 2 B4,
%2 (h*) £’ Bs.

Proof. See Appendix. m

An important part of this estimator of the optimal bandwidth is the choice of pilot
bandwidths h., hg, constant A, and trimming parameter 7. Given the conditions on A,, an
obvious way of choosing this bandwidth would be by standard cross—validation methods®, see
Silverman (1986); or using a reference rule for kernel-based conditional density estimators,
see Section 4.4. The resulting bandwidth, %, would be of order N~/(2P+4). We can then
set hg = hy X N, where 0 < § < 1/(2P +d). As aresult, only A > 1 and 7 > 0 are left to
be chosen. In practice, for a fixed number of observations, a feasible approach would be to
fix the value 7, and choose a high value of A and then decrease it until 9B, does not vary
significantly.

A technical proviso explained by Powell and Stoker (1996), for the estimated optimal
bandwidth of the average derivative estimator, is also applicable in this framework. That
is, we have not shown that Assumption A will guarantee the proposed ‘plug—in’ estimator
ﬁ(’ﬁopt) is asymptotically equivalent to 7(hopt). Firstly, the calculation of 7 itself would be
subject to some trimming with a fixed—size sample. Doing this alone will increase the M SE,
by the square of the trimming-induced bias. Secondly, the (stochastic) bandwidth ’ﬁopt was
calculated using the same data as it is used in the construction of 77. All the calculations
used to derive the asymptotic M SE expansion in Theorem 4.2.2 implicitly assume a fixed
rather than a stochastic value of h. From this, it does not immediately follow that Tzopt will
be of the same order as hopt. Powell and Stoker (1996) discussed possible solutions to this
problem in the framework of density—weighted average derivative estimators.

8 An alternative estimator for B, is given by

N a*afif:v]w + a*37'j£—‘/1Uj 2 (Vi—Vj),2 WUy
(2 ) 2 ( 4hd W ho k ho )’

i<y

and its consistency can be proven by the exact same arguments used in this section.
9Wand and Jones (1995), chapters 3 and 4, described in great detail many other (computationally simpler)
bandwidth selection procedures that could be used instead.
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4.4 Monte Carlo Experiments

4.4 Monte Carlo Experiments

This section reports the results of a small-scale Monte Carlo investigation of the finite
sample behavior of our proposed ‘plug—in’ estimator for the optimal bandwidth, and the
behavior of the associated estimated 7’s. Samples were generated from a two—dimensional
random variable (V, U) having a bivariate normal distribution doubly truncated with respect
to both variables. The joint distribution is given by

fVU(U,U)=g(U,U)/G, v<v<T,ulu<lw,

where

1
9(v,u) = _x
2moyou/1—p

exp {_.2(1 1_ o [(v ;vuu)2 —2 (” ;v“v) (u ;u#“) + (%)2] } ,
G’=. /ﬁ/ﬁg(v,u)dvdu.

The marginal density of U is then given by

and

fu(w)=h() /G, u<u<w,

where

“((E2) )

where ¢ (-) and @ (-) represent the density and cumulative distribution of a standard normal

random variable. The object of interest in this simulation is

n=E[1/fyy (VIU)],

where

Fvw (vlw) =g (v,u) /h(u).
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4.4 Monte Carlo Experiments

For simplicity, we set y=u=—3,7=u =3, uy = 0, 05 = o, = 6, and consider 3 designs

Design 1: p, = 0;
Design 2: u, = 1;
Design 3: u, = 2.

For each design, we consider 2 cases based on possible values for p: (a) p = 0, and (b)
p = 1/4. Their associated joint, conditional and marginal densities can be visualized in
Figures 4.1, 4.2, and 4.3. These designs were chosen so that their associated marginal
densities are bounded well above zero at the boundary of their support. A similar property

is displayed by their conditional densities.

We set P = 2, and set W = K to be a gaussian second—order kernel. Their associated
constants are dg = 1, and Cg = 1/24/7.

Reference Rules

Preliminary bandwidths employed in this simulation study are based on the following three
assumptions underlying the joint distribution of (V,U):

(R1) fyu (v,u) =g (u,v), withv =u = —00, =T = +00, fly = ly = U, and a?, =05 =

o?. Under this assumption, Chen, Linton, and Robinson (2001) calculated

1/6

4 [167r\/§(1—p2)5/2012{] / 4

0=a = AR1.
(15p% — 50p2 + 39) d2,

(R2) V|U = u ~ N(c+ du, (p + qu)?), U is uniform over [u, ], with —co < V < +oo0.
Under this assumption, similar calculations to those in Bashtannyk and Hyndman
(2001) shows

256¢v/TCY ]1/6 = AR

Ag =
0 [3z (4+w+ 8d% — 12¢?) d%

where w = 19¢* + 4d* + 28¢2d2, and z = [(p + q@)* — (p + qu)*]/ (0 + q@)* (p + qu)*.

(R3) fvv (v,u) = g(u,v), withv =u = —00, " =T = +00, Uy = fiyy =0, p = 0, and
02 = 02. Under this assumption, f viv (v|u) = fv (v), for which Silverman (1986),
pages 45—47, calculated

8/7Cx

3d2%

) 1/5
A() = l: ] o= AR3.
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4.4 Monte Carlo Experiments

We make these reference rules operational by making Ag;, Ags, and Agrs vary with each
replication. We define these quantities as A Rl A R2, and A R3 respectively. Specifically, let
{v?,us}X" be a size-N® generated data set at draw s, then Ag; is obtained by replacing
0% and p by 62 = NITN (v —%°), and § = [62(N - 1)]'EN, (v7 — 7°) (uf — @)
respectively. Likewise, 2}22 is calculated by setting u = min;—; .~ u], T = max;—; N uj,
(c,d) as the least squares coeflicients from a regression of v on u, and (p,q) as the least
squares coefficients from a regression of the squared residuals from the previous regressions
on u including a constant term. Similarly, A Rr3 is made operational by replacing o2 by 52

as calculated above.

Hence, we calculate 77 using Tml = XRlN“l/ﬁ, sz = XRzN"l/s, and ER;; = ZR;;N"I/G.
Of course, in our designs these bandwidths are neither optimal for i, nor do they have the
optimal rate of convergence derived in Section 4.2.2. However, we have chosen them for
comparison purposes because of their computational simplicity, as well as the fact that they
were the most likely to be chosen by a practitioner prior to the results discussed in this
chapter.

We also look at the behavior of 77 using our ‘plug—in’ estimator for the optimal bandwidth
explained in Section 4.3. We implement this estimator by setting Zo = TLEIN 8, where
ﬁ’;{, = ﬁm for | = 1,2,3. Other parameters are chosen accordingly and kept constant
throughout the experiments, i.e. § =1/12, 7 =0 (no trimming) and A = 2. The results of
2000 replications are presented in Tables 4.1 to 4.6.

Tables 4.1, 4.3, and 4.5 report the small sample performance of the proposed ‘plug-in’
estimator for the optimal bandwidth under different conditions. The true optimal band-
widths hopt, are also reported in the first row for each case. As we would expect, higher
correlation between V and U entails a larger bandwidth in each design. These results show
that the proposed ‘plug—in’ estimator performs fairly well in all circumstances. This good
performance seems not to be affected by the choice of pilot bandwidths, h, and hg in large
samples. On the other hand, there is more variation among the bandwidths predicted by
the reference rules than among the estimated ones. Numerically, differences among them
become more evident when samples sizes are large. The bandwidths’ simulated standard
deviations increase as we increase the theoretical mean of U. The use of trimming could

reduce these variances.

The respective MSE are presented in Tables 4.2, 4.4, and 4.6. We notice that the
main component of these simulated MSE is bias instead of variance in each case, as is
predicted by the expansion derived here. The use of either the theoretical or estimated
optimal bandwidths dominates the use of those predicted by the reference rules in terms of
MSE, for all sample sizes, designs and scenarios. The M SE associated to the estimated

optimal bandwidths are numerically very close to the simulated theoretical ones.
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4.5 Extensions

In our designs, it is also the case that the ‘degrees—of—freedom’ bias is numerically large,
up to 10 times greater than the ‘smoothing’ bias. Similar calculations for other designs (not
presented here) have also shown such a pattern. This lends support to the use of an explicit
bias correction mechanism for such term, see for example Ichimura and Linton (2005). This

remains a topic for future research.

Finally, Figures 4.4, 4.5 and 4.6 show how close the theoretically optimal bandwidths are
to the actual M S E-minimizing bandwidths. The M SE for 7 are obtained by simulation as
functions of a grid of fixed bandwidth parameters. The vertical gray lines represent the op-
timal bandwidths predicted by Theorem 4.2.2 in each case. Note that even for small sample
sizes, the approximation results are very good. However, the quality of the approximation

may deteriorate in situations where trimming is necessary.

4.5 Extensions

In this section, we examine the situation in which the conditioning variables, U, have
continuous as well as discrete components. In this case, the order of magnitude of the
optimal bandwidth only depends on the number of continuously distributed elements of the
random vector (V, UT). We also discuss how we could adapt a technique for bandwidth
selection proposed by Horowitz (1998) in semiparametric estimation to our bandwidth—

selection problem.

4.5.1 Mixed Continuous and Discrete Case

Let us consider the case when the random vector, U, can be partitioned as U = (U(I)T, U(2)T) ,
with UD € Qyq), and U® € Qyq, where Qyay € R4V-1 and Qe c RE? is a set
with finite number of real points, such that d) + d® = d with d) > 1 as before. Let
frumue (v, u®| u@) be the probability density of (V, UM)) conditional on U?®) = u?),
let fU(]_)IU(z) (U(l)l U(z)) be the probability density of U() conditional on U = u®, and
let p (u(z)) be the probability mass that u(® e Qy@. Then

fru(w,u®,u®) = fyy(v,u) = fVU(1)|U(2)('U’u(1)| u®)p(u?), and

fo@® u?) = fy(u) = fU(l)IU(2)(u(1)| u®)p(u?).
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4.5 Extensions

We also replace (4.2.1) and (4.2.2) with

~ ., 1 (2 1 Lo ul — u®
fU(uS ),ug );h) = Z K ( ] L ) 1 (u(.z) = u§2)) ,and  (4.5.1)

N —1 &~ pdh-1 h g
j=1
J#i
N @ _ (1
T € I ¢ NN | 1 Vi — Ui u; -y @ _ (2
fro(viui™, u; ’h)_N—lj;hd“)W( h )’C( h 1(“9’ =W )
J#i

(4.5.2)

respectively, and recalculate (4.2.3) and (4.2.4). We also redefine 7;(u®,u®) = = (u),
m2(u®, u®) = my(u), 71 (v, u®, uP) = 7 (v, u), 7 (v,u®, u®) = 7y(v, u), 73(v, u®, u®)
= m3(v,u), m4(v,uD, u?) = 74(v,u), 75(v,u®,u?®) = 75(v, u), o} (u®,u?) = o3(u),
o?(u®,u?) = 62(u), o12 (u(l), u(2)) = o12(u), 57 (v, uV, u®) = 53(v,u), F13(v, u®, u®

= G13(v, ), Fra(v,uD,u®) = Fyy(v,u), F15(v, uD, u®) = F15(v, u), Foz(v,u®,u?) =

Ga3(v,u), Gaa(v,u®) u®) = Foy(v,u), Fos(v,uV,u®) = Fos(v,u), o3(v,u®,u®)
Ug(v,u)a 534(”1 u(l),u(Z)) = &'34(v,u), 335(’0,11(1),11(2)) = 335('0,11), Uz(’u)u(l))u(z)); 545('0,
u®, u®) = F45(v,u), and 62(v,u®, u?) = 02(v, u).

In order to extend our results to this mixed case, we need to re-state Assumptions (A3)
and (A6) as:

(A3*) fywiyem (u®[u®), @, u(z))fuu)|u(z)(u(l)| u®) and m2(u®, u(2))fu(1>|u<z)(u(1)|
u(z)), understood as functions of u(!), exist and have bounded continuous partial
derivatives up to the order P on Q) = H?Si_l [Q_;-l)j]—;-l)], where —o0 < _U_gl) <
U;-l) <oo,forj=1,...,dY—1. Furthermore, fVU(l)]U(ﬂ)(v’u(1)| u@), 71 (v, u® u®)
X fvu<1)|U(2)(v,u(l)| u®), 7y (v, u(l),u(z))fvuu)lu(z)(vau(l)l u®), m3(v, u), u®) x
Frumjua (v, u®[u®), m4(v,u®, u®) x fyuwium (v, u|u®), and m5(v, u®, u®)
X fVU(1)|U(2)(”v u(1)|u(2)) understood as functions of v and u(!), exist and have
bounded continuous partial derivatives up to the order P on Qyy) = [V, V] x Qua),
for —0o < V. < V < 00. The probability mass function p(u®) > 0.

(A6*) The functions, o3 (u®, u(2))fU(1)|U(2)(u(1)| u®?), 62 (u®, “(2))fU(1)|U(2)(“(1)| u®) and
o1z (u®, u(z)) fU(l)lU(2)(u(1)l u?), understood as functions of u(!), are bounded on
their compact support Qgq). Similarly, 52(v, u®, u®) fVU(1)|U(2)(v’ u(l)l u(2)), o3(v
,u®, u(z))fvu(l)lu(z)(va u(l)l u(?), a3 (v, ul, u-(2))fvu(1)|U(2) (v, u(l)l u®), ai(v, u®)
, u(2))fVU(1)|U(2) (v, u®|u®), and G (v, u®, u®) f ) ju® (v, ud| u®), for vi, k =
1, 2, 3, 4 such that ! # k, understood as functions of v and u{¥), are bounded on their

compact support Qy ).
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4.5 Extensions

As expected, in this mixed case scenario, similar conditions have to be imposed on the
continuous part of the problem, but no new techniques are required in order to prove the
following corollary:

Corollary 4.5.1 Let Assumptions (Al), (A2) hold, and Assumptions (A3*) and (A6¥)
hold for every u® e Q,2), then

1/(P+d®)
h.(,lgt C’(l) (N) , where

B{cf +BY -

cW — :
0 arg min 5 @

cMer++

and

8= ¥ / m2(u®, u®)SP @™, u®) f5 (u®, u®)du®
u(z)eﬂu(z)

— Z m3(v, u®, u(2)).5"(41,),c(v, u®, u(2))fVU(v, u®, u(2))dvdu(1), (4.5.3)

u(z)eﬂu(g)
%gl) =Cwk Z /7(3(0, u(l),u(2))fVU(’U, u(1)7 u(z))dvdu(l)’ (454)
u(z)éﬂutz)
with

' d—1

Cwi = [/ w2 (c) dc] [/K2 (c) dc] )
d(l) 1
(1) (1) aV u®@
S ( P Z a (1 )P ’u ))

aP
Sl u®,u®) = L [dw—a——,;fvu(v, ul®, u®)

dM -1

+KZ

fVU( u® u(Z))} )

Proof. See proof of Theorem 4.2.2 in the Appendix. =

From this result, and similarly to other nonparametric and semiparametric models (see
Delgado and Mora (1995)), we note that the M S E-minimizing rate of bandwidth shrinkage
in our case only depends on the number of continuously distributed random variables in our
sample from (V,U). The unknown constants (4.5.4) and (4.5.3) can be consistently esti-
mated, by simple extensions of the estimators described in Section 4.3. Likewise, trimming
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4.5 Extensions

(if needed) should be performed only with respect to the continuously distributed variables,
in particular

db -1
a.,(v,;,ugl)) =1 (vi € [_K-}-T,V— 'r]) H 1 (ugl)m € [le) + T,Ug-l) - ‘r]) .
j=1

4.5.2 Bandwidth Selection using the m—out—of-N Bootstrap

Horowitz (1998), Chapter 2 (page 51), suggested a bootstrap—based method for bandwidth
selection in the density—weighted average derivative estimator. This bootstrap technique
involves resampling without replacement, and Goh (2004) proved its validity while choosing
the asymptotically M S E-minimizing optimal bandwidth of general U-statistics. We could
use this technique here because of the fact that (4.2.3) is asymptotically a linear combination
of functions of U-statistics (see equation (4.2.4) above).

Some of the notation used earlier is redefined, and new definitions is introduced in
order to make the explanation clearer. Firstly, let ﬁN denote the empirical distribution
function of our original random sample {w,-, Vi, u;r }, fori=1,...,N, where u; could have
a mixed composition as explained in Section 4.5.1. Let ﬁ,‘{, denote the distribution of the

bootstrap sample generated by resampling m < N members of the original sample without

*

replacement. Let’s call this sample {wf YU, u}‘T}, for i = 1,...,m. We also make explicit

the dependence of (4.2.3) on these samples, as well as on some fixed bandwidth, h, as
fi(h; Fw) = fi(h), (4.5.5)

and similarly 7(h; 1’3‘\1(,) represents (4.2.3) when the bootstrap sample is used in its calculation
instead. Let 6 be an element of © C R+, a finite set of strictly positive numbers. Then, a

bootstrap—based bandwidth selection procedure is carried out in the following way:

Step (1) Calculate 7j(cN~Y/(P+4); Fy) using the original estimation sample, {wi, vi, u] }ilil,

for some known constant c.

Step (2) Resample m < N observations without replacement from the original estimation
sample. Calculate 7j(fm~1/ (P+d), FI"\}) using this data, {w;-", vy, ufT}:.';l, for each § € ©.

Step (3) Repeat J-times step 2 and call these estimators: ﬁj(ﬁm‘l/ (P +d);ﬁ;{,) for j =
1,...,J. Define 6 to be the solution to the problem

N
o1 - _ ~, - _ ~ 2
min= [m‘(em VP, ) — fi(eN~H® +");sz)] : (4.5.6)
j=1
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Then 8 estimates consistently Cp in (4.2.10), and the bootstrap estimator of hopt is
given by
T Aar—1/(P+d
;pt = 9N 1/( + ).

This bandwidth selection mechanism also requires the use of a pilot bandwidth in step
1 as in the ‘plug—in’ estimator described in Section 4.3. In view of Theorem 4.3.1, we could
set ¢ = Cp, where Cp is defined in (4.3.4). In practice, we would also minimize (4.5.6)
numerically over a suitable grid of values for #. This is can be rapidly and easily computed.

We do not compare the performance of this procedure against that of the proposed
‘plug—in’ estimator in Section 4.4, purely because of the computational burden impacting
its implementation in a Monte Carlo experiment. Similar difficulties were faced by Goh
(2004), who instead used numerical approximations in a limited simulation study with 10

Monte Carlo replications, while setting J = 100 for 3 unrelated designs.

4.6 Conclusion

A crucial part of estimators with a nonparametric component is the choice of the smoothing
parameter. Qur main objective in this chapter is to provide some guidance for choice of
bandwidth for a class of semiparametric estimators that employ kernel estimators in the
form of inverse—conditional-density weighted averages. By exploiting the fact that these
estimators can be asymptotically represented as a linear combination of functions of U-
statistics, we derive a formula for the optimal bandwidth based on a second-order Mean
Squared Error expansion. The derived formula for the optimal bandwidth equates the order
of magnitude arising from the squared of the sum of two biases: a ‘smoothing bias’ and a
‘degrees—of-freedom’ bias. This formula shows that the optimal bandwidth, for estimating
the parameter of interest, must decrease towards zero at a faster rate than the optimal for
its nonparametric component. In this sense, asymptotic undersmoothing (as explained in
Powell and Stoker (1996)) is needed.

A ‘plug-in’ estimator of the optimal bandwidth is also constructed exploiting the semi-
parametric estimator’s biases formulae. The problem of random denominators is also ad-
dressed in the construction of the proposed estimator through the use of a trimming function.
This trimming function, proposed by Lewbel (2000a), is set to give zero—weights in the av-
erages, to observations which are within a certain distance of the boundary of the observed
support of the distribution. This estimator is shown to perform fairly well in small samples
in a Monte Carlo experiment. We also describe the use of other data—driven bandwidth
selectors, such as the bootstrap. In this sense, we also explain how the m—out—of-/N boot-
strap, proposed by Horowitz (1998), is a viable bandwidth selection alternative, although
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4.6 Conclusion

its validity in our framework is yet to be shown formally, and its performance analyzed in
a Monte Carlo experiment. We also discuss how the formula for the optimal bandwidth
can be adapted when continuous as well as discrete elements are present in the weighted

averages.
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Appendix

4.A Main Proofs

Let ||-]| denote Euclidean norm, and let (-,-) represent the inner product when applied to
vectors. We also use the following results from Masry (1996a) (see Silverman (1978) and
Collomb and Hérdle (1986) for earlier results):

log N

m |fVU (vi,ug; ) — fvu ('Uz,uz)' ( Nghd +hP) , (4.A.1)
~ log N

max |fU (us;h) - fu (uz')l =0p ( Nfd T+ h”) (4.A.2)

Proof of Lemma 4.2.1

Firstly, from Assumption (A3), it follows that Do (h) is

yoeoy

|N-12 N B (h)” < (NT2EN, sl | o L=n£1inn|fvm

| N

X[ lfvm fvmu3 in IfVUzl
< (v (4.A.3)

I ol o) [, min, Lv
:|3
=0, (\/17) 0, (( lj)vghlj n hp) 3) o (N_(P_d)/(P-l-d)) ,

where (4.A.3) follows after observing that

i=1,...,n ]
1~-1

X

K
i (o]

=lyn

[zfﬁl IfVUz frui

inf va (vyu;h) 2 inf fyy (v,u) — sup lfVU (v,u;h) - fyu (v,u)|
Qvu Qvu Qvu

> inf fVU (Ua ll) + Op (1) 3
Qvuy
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4.A Main Proofs

and the last inequality follows from (4.A.1). Finally, by the exact same argument, it also
follows that

” N-12YN 5 (h)“ < (N—l/zzfil ”U-’z'”) L =rrll|i._r},n|fvml] h

Lgllf\fn lfvm - fVUi’]2 Lgllaxn |fUz‘ - fUi” L:Hlllnn ”fVUi“z]

=op (N—(P—d)/(P+d)) ,

as required.

Proof of Theorem 4.2.2

This is a long proof. It consists mostly of repetitive steps and calculations. Specifically, we
look at the contribution to the M SE from each element on the right-hand side of (4.2.6).
Firstly, let us denote

8 = E[m1],

d2 = E [m2 (U) fu (U)],

63 = E[m3 (V,U) fvu (V,U)],

b4 = E[r4 (V,U) fu (U) fyu (V,U)], and
8 = E [r5 (V,U) fpu (V,U)] .

Then, by using the definitions in Section 4.2 and the properties of conditional expectations,
it follows that
51=52=53=54=55=77.

In particular, we have for example,
3 = E[m3 (V,U) fyu (V,U)]
-E|E [—‘LU@— V=0U= u] fru (V,U)]

fou (V,U)
_F E[?‘é’tf;"(—‘(}% V=v,U=uH
=8| ) = & o)
—n

Similar results hold for the rest.
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4.A Main Proofs

Therefore, we can write E[||7 (h) — n||%] as,

B[l -] = E [13‘1 - 61||2] (4.A.4)
+4E —”32 (h) - agﬂz] (4.A.5)
o :
+4E _”53 (h) — 53” ] (4.A.6)
+E “54 (h)HZ] (4.A.7)
+E [ % (h)]ﬂ (4.A.8)
+4E (81— 61,3, () - > (4.A.9)
—4E ({3, - 61,8 (n 3> (4.A.10)
—2E (5, - 61,85 (h) - ) (4.A.11)
+2F /5\1 - 41, 55 (h) — 5>_ (4.A.12
- 8E 2 (h) = 62,83 (h) — b3 (4.A.13

Ngll

—4E |(&2(h) - 82,84 (h) — 04
2 (h) — 82,85 (h) — &

h
h
3 (R) — 83, 84 (B) — 84
h
h

Nog

+ 4E ] (4.A.15

ol

+4E

hegd

—4E 3 (h) — 83,05 (h) — 05

54( ) 64;65 (h’) -

O
o
~~
['~N
>
—
(=]

—2E

In what follows, we look at each of the 15 terms above.

Term: E [”31 - 61”2]

Firstly, notice that E[|| 81— 61 |12 = E[| N! Zf;l e |2+ E[| N1 Zf;l #1i — 01 ||?], and
clearly
o3 (Vi,Uy), i=j,

0, i#j7.

E [”31 - 51”2] ~0 (%) . (4.A.19)

E [sﬂslj‘(V1,U1),...,(VN,UN)] _ {

SO
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4.A Main Proofs
~ 2 T 2
Terms: E [”62 (h) — 52” ] and E [”53 (h) — 53” ]

We have

e [l -] - 2| |33
i=1
N

) } +E [” NZ (G2i = E[¢2i])

J

2 L
} +E Hlﬁz (¢ — E [Caa])

2

52 , and

i=1
E [Hgg (h) - 63”2] =E [ %ismfvu (vi, ws)
i=1

=1

|

with (o = 72 (i) fu (i), and (s = m3 (vi, ;) fyu (vi, ;). They are such that E [¢o] =
E[¢21] = g2, and E[(3;] = E[(31] = g¢3, where we use the definitions g2 = E[my (U;) x
Kn(Uz —Uy)], g3 = Elm3(V1,U1) Wi (Vo ~ V1) Kp(Uz — Uy)], and notation W, (c) =
R=W (c/h) and Ky, (c) = h~@-DK(h1c).

2

bl

LN
+ N;E [¢3i] — 83

Notice that,

FE [6;’;-62]', U1, e ,UN]

U%(Ui)7 'L=],
0, i#j.
{ O’%(%,Ui), 1=,

B [ifen] 0500, ] = { AT 2

and we write
L&
“ Z&'SszU (vi, uz) NQZE [Ug (vi, ug)
i=1
Y Wa (Vi —v) K (U — u)

_———1 2'l)u 3
_N(N—1)2/03(’ )E[

t=2

]

2
] fvu (v, u) dvdu.

fru (v, Ui)l

We have E[|| %L, Wh (V; = v) K (Us — u) )] = (V = 1) E(|Wa (Vi — v) Ka (Us — ) [2)+
(N —1)(N —2)||E (Wy (Vi —v) Ky, (U —u)) ||2. If follows from Lemmas 4.B.1 and 4.B.2
that
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([

> Wi (Vi ~ v) Kp (Ug — u)
+(N = 1) (N -2) || fvu (v,u) + A Swi (v, u) + Bwk (, (U,U))||2-

2
J =(N-1) [wa:fvu (v,u) h=% + Ywi (A, (U,U))]
t=2

Thence
1 & 2 1
E[ N fru (vi, wg) } 5 o2 (v,u) fiy (v,u) dvdu
Cwe [ 2 2 dvd
+ N25a | 73 (v, 0) fyy (v,u) dvdu
P 1 1

+O<N N2) +0<N2hd) » N = o0, (4.A.20)

by similar arguments, we also show that E[|| N~ lleengU (w) %] = N? [ o2 (u) x

f (w)du+ N72h=@-1Ck [0 (u) f3 (u)du+ O (N~1AP + N- 2) + o(N~2h~E-1) N
Q.

Next,

N
E|lIX
=1

N2 i~ Bl

2 1 N N
] = =3 DN E G ¢ — I1E [l

i=1 j=1
1 N ’ N N
= w7 LB [I6l’] + 5 ZZ (G )] = 11 (Gl
i=1 i=1 j=1
i
= 28 [lenl?] + Tt Bl G - al?, @A)

for | =2,3.
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Now, we have

N N
E [liGnl?] = L __E [nm(vl,m)u?ZZWhm-Vl)ich(Ut—Ul)x
(N-1) t=2 s=2

Wi (Vs = V1) Ki (U, — Ul)]

N N
[ZZWh(W—v)ICh(Ut—u)x

t=2 s=2

Wh (Vs —v) K (U, — u)] fvu (v,u) dvdu,

where
N N
E [Zth("t—v ) K (Ug — u) Wy (V; — v) Ky (U —U)J
t=2 s=2
N
=Y E[IWa (v - ) Kn (U ~ w)|?]
t;2 N
+ ZZE [Wh (Ve = v) K (Ue ~ u)] E [Wh (Vs = v) Kn (Us — u))]
t=2 s=2

o+

s
= (N = 1) B [[Wh (Vi = v) Kn (Us = )’} + (N = 1) (N = 2) | B [Wa (Vi — ) Kn (U1 — w)®

It follows from Lemmas 4.B.1 and 4.B.2 that

N N
E ZZWh(Vt—v)nh(Ut—u)Wh(m—v)ich(U.g—u)}

t=2 s=2

=(N-1) (CWICfVU (v, ) k™% + Ywi (h, (v, u)))
+(N-1)(N-2) ”va (v,u) + P Swic (v,u) + Bwk (h, (v, u))“2 )

Hence

2 [16a1l?] = 5 [ s 0, 0P 28, 01w ot T [ s (0, WP 72, (0, w) o
+O NP+ N?) +0(N2h) as N > o0, (4.A.22)

by Assumption (A3), and the properties of Ywx (h, (v,u)) and Bwk (h, (v,u)). Similarly,

142



4.A Main Proofs

we show that

SB[Ia1lP] = 3 [ e I £2 @) dut 2 [ s (@) £2 ()
+0 (NP + N72) +0(N"2h"@D) a5 N — oo (4.A.23)

Now consider the term

S G Gal) = =gyl (U0 72 (U2)
N N
x> Kn(Uy—Uy) Ky (Uy ~ Up)
1, ::%
N (N — l)tzl ;A2 tsy
t#1,8#2

where Ag s = E [(m2 (U1) Ki (Ur — Uyp), m2 (Uz2) Kp (Us — Uy))]. Similarly, N1 (N—-1)x

E[(¢s1,¢2)] = N"U(N = 1) N SN Ag g, with
t#£1,8#2

Azt = Ef(ms (V1,U1) Wi (Ve — V1) Ki (Ug — Uy) , 3 (Va, Uz) Wi (Vs — V2)Kp (Us — Ua)).

Furthermore, for | = 2,3, we write

B 5 s=t,

BlII H S;ét,t-',é2,87£1,
' Birr ;3 s=t&t=2,s#lort#2,s=1,
Biiv s#t,t=2,s8=1.

Here we make the following definitions:

Bos = E I [m2(Us) K (Us - U1)| Us|?] :

Boyr = ||E[m2 (U1) Ky (Us — Up]|® = [l ;
Barr = E[(m2(Uy),m2 (Us)) Kp (U2 — U)Ky (Us — Usp)]
Brwv = E[(m (U1),m2 (Ua)) KK (Us - Uo)|?] ;
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Bsi = E [ (V3,Us) Wa (Va = Vi) K (Us — Uy)| Va, Us]|’] :
Bsir = ||E s (Vi,Us) Wy (Vs — V1) Ki (Us — U)]|1® = lgsl|® ;

B3 = E[{m3(V1,U1),m3(Va, Ug)) Wy (Vo — V1) Ky (U2 — Uy) x
Wi (V3 — V2) Ky (U3 — Uy)] ;

Bsqv = E [(ms (Vi, Ur) w5 (Va, U2)) IWh (Vi = V3) K (U = Uo)|?], and

Therefore, we are able to write

N-1 1
— EF [(C21, (22)] = NON-D {(N —2)Bayr+ (N2 = 5N +6) || g2 ?
+2(N —2)Ba, + Bz,lv} , (4.A.24)
N —
—]\7—1E [(¢31,¢a2)] = N(I\/} ) {(N ~2)Bs 1+ (N? — 5N +6) |lgs|)?
+2(N = 2)Bs,rr1 + Ba,rv } - (4.A.25)

We now show the working of (4.A.25), because (4.A.24)’s is the same. As N — oo, it
follows that

N -

5 1
N2 (Gon o) = ¢ Bog + 2Baann) + lasl? [1 = 5] + By

T N2 [6 lgall® — 2Bs,r — 48B3 m] +o(N72)

= N‘/”Ws (v, 0)|? f13; (v, u) dvdu+ ||gs|? [1 - %]
+ 5 [ s 0,017 Fu (0, 0) o
+0(N“?) +0o(N"2h"?+ NP, (4.A.26)

where the last equality follows from Lemmas 4.B.1 and 4.B.6. We now put together (4.A.22),
(4.A.26) in (4.A.21) and obtain,

N 2
E [ %ml Csi — E [Gai]) } == [4 [ s 0012 o ) dvdu-—5||63||2]

Nzhd/”7r3 (v,u " va (v, u) dvdu

+O(N?) +0(N 244+ N7IAP) a5 N = 00, (4.A.27)
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similarly

|

N 2
32 (= Bl } -3 [ 1m @I 8 ( au -5 12

2C,
+ o [ I @I £ () du

+0 (N7%) +0(N2h"@D 4 N-1hP) , a5 N - oo,

Also, it follows from equations (4.B.4) and (4.B.3) in Lemma 4.B.1, that

2
2
= |lg3 — 43|

L X
NZE [¢3i] — 03
i=1

2

hP/Ws (v,u) Swk (v,u) fyu (v, u) dvdu + ywg (h)

2
= h2P

/7r3 (v,u) Swk (v,u) fru (v, u) dvdu

+0(h?F), as N — oo, (4.A.28)

and similarly N=1|| N E{¢y] — 82 |2 = h?P || fmy (u) Sk (u) fu (w)du |2+ o (h?P). Fi-
nally, it follows from (4.A.20), (4.A.27) and (4.A.28),
2
1 1
+0 (N) +0 (W)

hF 1 h¥ 1 1
“’(Wﬂv“z)“(N*NEJ”W*”W)’&SN"’“‘

E [HSg (h) — 53”2] = h2P

/7r3 (v,u) Swk (v, u) fvu (v, u) dvdu

(4.A.29)

Similarly

B[ -] =27 | [rs i s +0 (%) +0 (jromemr)

hP 1 hP 1 1 2P
TO\Ftm) o\ T T amE T ) s N oo

(4.A.30)
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Terms: E [n54 (h) — 54||2] and E [nas (h) — 55||2]

We have

[ -a] -2 [
1 N
N;E [¢ai] — 64
E [Ha} (h) - 55”2} -E [

1Y -
NZE [¢si] — 65
=1

|

-l

2 N
jl +FE li”'zl\f;@sz' — E[¢si])

LN

J_V_Z (Gai — E [Cai])
i=1

2}

We only show the working for E{|| &5 (h) — 65 ||*], the dominant term. We also work with
the following expression
2}

|
= (N = 1) (N ~2) (N = 8) (N — ) | E[Wa (V2 ~ v) K (Uz - )"

FO(N = 1) (N = 2) (N = 3)E [|[Wa (Va = v) K (Uz = w)I?] I B (W (Vs — v) Kn (Us - )|
F3(N = 1) (N = 2) B [|Wa (Ve = v) K (Uz = 0)|*] E [IWi (Vs - v) K (Us — )]

+4(N —1)(N = 2)E [W2 (V2 — v) K} (Ug — u)] E Wy, (Vs — v) Ky (U3 — u))]
+ (N = 1) E [|Wa (V2 = ) Kn (Uz - w)]l*] .

1en - R
NZEMfU (w) fvu (vi,u;)
i=1

2

+ , and

N

1

¥ > esifou (vi, w)
=1

2

+ (4.A.31)

N N
SN Wi (Vi — v) Kn (Up — u) Wi (Ve ~ v) K (U — u)

t=2 s=2

Firstly, Lemmas 4.B.1 and 4.B.2, imply that

Z:I
1

= m/ag(v,u)l‘? [

=0 (N7 +0(N"274) + 0 (N~3h%) + 0 (N~4h~%)
+0 (N7h4P) o (N1 4 N~2p79).

L
E ”WZE&J/‘?/U (vi, w;)
i=1

N 4
> Wi (Vi — v) K (Ue — u) } fvu (v,u)dvdu  (4.A.32)

t=2
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We now analyze the next term,
E [

The first term in the last equation is like (4.A.32), after replacing o2 (v, u) by |75 (v, u)||?,
and therefore, it is of the same order of magnitude. Now

LN I I 2
N; G- ElGD)| | = 5E [||651|| ] + —— £ {1, Gs2)] = 1 E [Gaalll™

T B (G o)

N N
=L B | (s (4,00 S S WA (Vi - VA) K (Us = Us) W (Vs — V) K (U, — Uy)
N(N-1) 1 a1

;1,3;1

o o

N N
o5 (Va, U2) Y Y Wi (Vi — Vo) K (Uy — Uz) Wh (Vs — V) K (U, — U2>> :
t22,002

Let us introduce the following notation here

w5, = w5 (Vi, Uy)
Whit1Knier = Wi (Vi — V1) Ki (Ug — Uy), and
WhitoKn2 = Wi (Vi — V2) Kp (Ug — Ua),

then it follows

N-1 1
—F , = —— = [Bs 1+ Bs 11 + B +B +Bsv+ B +B
N [(¢51, C52)] NN 1) (Bs,r + Bs.11 + Bs 111 + Bs,1v + Bs,v + Bs,vi] + Bs.1v
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where

Bs1 = E [(ms,1, m5,2) Wi12Kh12]
Bs,i1 = (N — 2) E [(ms51, m5;2) Wi10K.1oWhi32Kns2)
Bs,i11 = (N = 2) E [(m5;1, 75,2) Wi19K.10Whi31Kni31 Whis2Khisz)
Bs.jv = (N = 2) (N = 3) E [(m5;1, m5:2) Wi15Kh 10 Whia1 Knja1 Whi32Knia2)
Bsy = E [(75;1, T5;2) Wh12Kp,12 %
{(N - 2) E [Wha1 Kna1Wi 30K 30| (V1,U1), (V2, Us)] +
+2(N — 2) (N - 3) E [Wp;31Kh;31 Wh;32K ;30 Whia2Kh42| (V1, Ur) , (V2, U3)]
+ (N = 2) (N = 3) E [What Kt Wi 35K 730| (V1,U1) , (Va2, Uz))]
+ (N = 2) (N = 3) (N — 4) E [Wh31Kh,31Wha2Kn,42Whi52Kni52| (V1, U1), (V2, U2)l},
Bsyr=FE [(”5;1’ T5;2) Wl%;lZ’C}%;ux
{(N = 2) E [WigKR 35| (V1,U1), (V2, U2)]
+ (N —2)(N — 3) E [Wh32Kh;32Wh;42Kn:42] (V1,U1), (V2,U2)]}], and

N _? (Nl— 1)3E [<7r5;1 ||E?;3Wh;t1’ch;t1“2,7r5;2 ”Zf’:sWh;sz/Ch;ﬂ 2>] :

Bsvir =
Then by Lemmas 4.B.7, and 4.B.8, this term is simply
N-1 —25 - 3, -
= E (1, G2)] = B [Gsill* + O (N7") + 0 (N"2h7%) + 0 (N~*n %)
+0 (N“‘h‘ad) +0 (N~1RF),

and conclude that
E [

We now turn our attention to (4.A.31). Firstly,

N 2
%Z (¢si — E [Gsi]) ] =0(NYH)+0o(N"?)+0 (N‘Zh‘d)
i=1

+0 (N7hP) + o (N1 4+ N-2p72).

E[Gs1) = 5 B [ (Vi, Uy) W (Vo ~ Vi) K3 (V2 = V1)
+ E [mr5 (V1, U1) Wh (V2 = V1) K (V2 — V1) W (V3 — V1) Ki (V3 — V3)]
= %’;—/Ws (v,u) f2y (v, u) dvdu + 2rF {/m (v,u) Swk (v,u) fvy (v, u) dvdu
+d5+o0 (N'lh_d) +o (hp) , and conclude
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C
IE [¢s1) — 6s]|° = “ NW;; 73 (v,u) fyu (v, u) dvdu

2

)

+2hP/7r3 (v, u) Swk (v, u) fvu (v, u) dvdu

because of Lemmas 4.B.5, and 4.B.1, and noticing that

7r5(v’u)fVU(”,u)=E[}'§T§%’V:Ua[}=u:|fVU(Uau)
_p| v |y u=
=8| Fl| v =v =y
=m3(v,u).

In conclusion, we have that

E [”35 (h) — 65“ ] H?Vv;,z’; 73 (v, u) fvu (v, u) dvdu

2
+2hP/7r3 (v,u) Swk (v,u) fyu (v, u) dvdu

+0 (N7Y) +0 (N?h~%) + 0 (N"1h?F + N2).

By the exact same argument, we could also show that

B [H& (h) - a4||2] = 127 || [ 72 ) S (@) dut [ 7 (0,0) S (v,0) fvro (v, ) doda

+0 (N72h2¢D) + 0 (N71) + 0 (N=2h7%) + 0 (N"1h?P + N72),

2

where the first term of the last equation follows from Lemma 4.B.1.
Terms: F [<31 - 51,32 (h) - 62>] and FE [<31 - 51,33 (h) - 53>]

As it was previously done, we have
N N
E [<31 — 61,02 (B) — 52>} =F [<-]1V4:61i, J%;EZU?U (ui)>]
1 N 1 N .
<N§ (m1i — E[my]), N; (s — E [Czi])>] )

+E
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N N
E [<31 — 81,83 () — 53>] =FE K%;?m ']%,‘;531'va (vi, ui)>:| (4.A.33)

1 N 1 N
+E <ﬁz(%1i_E[f1iD7NZ(C3i*‘E[Cai])>J . (4.A.34)
i=1 i=1

We show the working for E ( 8, — 61,33 (h) —d3) only. Firstly, Lemma 4.B.1 implies that
(4.A.33) equals

N
%ZE [513 (vi, ;) va (vi, ui)]

i=1
1 N
=—— [ Fi3 (v, )E[E:W(V— )Kn (U — )]f (v, u) dvd
N(N—l)/alavu t=2 (A R

= %/&'13(v,u)f12,u (v,u) dvdu+ O (K /N) + o (hF), as N — oo,

where E [E"I;Eajl V1, U1),...,(VN,UN)] = 1(i = 5) 513 (Vi, Us), from Assumption (A6).
Also
ElN”’-Ele.E. _lpus
N?_L__;(Wh - [7|'lz])7'jv—;(c31 -E[{x]) )| = N [(711,¢31)]
+ N]; 1o [(F11, C32)] — (E [F11), E [Ca1]) -

The first term equals, N™1E [(711, (31)],

N
= _—N(Nl—l)/(%l (v,u), 73 (v,u)) E ;Wh(Vt—v)KIh (U; — )| fvu (v, u) dvdu

- %/ (71 (v, ), 73 (4,0)) fEy (v, u) dvdu + O (KP/N) + 0 (hF) , as N — oo,
from Lemma 4.B.1. The second term, N~ (N — 1) E [(m11, (32)], equals

N

1 ~

~E [(#1(1,U1) 73 (V2, U2)) ) Wi (Vi — Va) K (Uy = Ua)
t=1
t#£2

N -2

1
= N‘Bls,l + (T) Bz 11,

where By = E [(71 (V1,U1),m3 (Va, U2)) Wy, (Vi — V2) K, (U1 — Ug)] and Biz 11 = E[(m
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(V1,U1), w3 (V2, Ug) ) Wy, (V3 — Vo) K (Us — Uy)). It follows from Lemma 4.B.9 that

S B lmn )l = 3 [ (1 (0,0 73 (0,) S (0,w) o + (1 - ]-2\7) (61, 85)

+ hP/ (01, m3 (v, 1)) Swk (v, u) dvdu
roB 4
A\v+w)

Finally (E [F11], E [¢1]) = (61,83) +h [ (61,73 (v, 1)) Swk (v, u) dvdu+o (hf). Therefore,

we conclude

N N Nty

E [(31 — 81,55 (h) — 52>] =0 (%) +0 (%P) +o (%—; + %) . (4.A.36)

N ~ P P
E [<51 — 61,83 (h) — 53>] =0 <i> +0 (f’—> +o (h -1—) , and similarly, (4.A.35)

Terms: E [(& (h) — 61,84 (h) — 54>] and E [(31 (h) ~ 61,85 () — 55>]

As it was previously done, we have
~ ~ 1L 1L . -
E [<<51 — 01,04 (h) — 54>] =E [<N;E“’ ﬁ;&ufvu (vi, w;) fu (ui)>]

1 & 1¢
+E <ﬁ§ (71 — E[Wu])r]\;;::l (Cai — E[C4i])>} ,

N N
F [<31 - 51,35 (h) - 55>] =F [<%§g}“ %}‘;551'}?/U (vi,u.i)>] (4.A.37)

1 1 XM
+E [<NZ (T — E [T, NZ (CGi— E [Cs,;])>] . (4.A.38)
=1 i=1
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We show the working for E ( 51 — 61,55 (h) —65) only. Firstly, Lemma 4.B.2 implies that
(4.A.37) equals

N
%ZE [7715 (vi, ) foy (vi, ui)]

i=1

= NTNI_—U?/ 915 “*“’E[

¢
NI;Vhd /015 (v,u) fiy (v,u) dvdu+N/015 (v,u) fiy (v, u) dvdu

+O(hP/N)+o(hP)+o( N~2p- ),asN—>oo,

N
> " Wh (V; = v) Kn (Ug — u)
t=2

2
:l fvu (’U, I.l) dvdu

where E [EL£5J-| (V1,Uq),..., (VN,UN)] = 1(i = j) 615 (V;, U;), from Assumption (A6).
Also

1 N 1
E —IVZ (T — E 7)), NZ (Gsi = ElGil) ) | = 5 E [(F11, Gl
i=1 i=1

N

+ —-W——IE [(%11, C52)] - (E [%11] B [C5l]> :

The first term of the last equality, N~1E [(711,(51)), is

N
= /(m (v,u), 75 (v,u)) E [ Z h (Ve —v) Kp (Ut — u)
t=2

2
} fvu (v,u) dvdu

= —%f (@1 (v,u) , 75 (v, 0)) f2y (v,u) dvdu+ﬁ/ (71 (v,u) , 75 (v, 1)) fu (v, u) dvdu

+0 (hP/N) +o(hf) +o (N‘2h_d) , a8 N — oo, from Lemma 4.B.2

The second term, N~! (N — 1) E [(11, (52)], equals

2
N
1 ~
N (N — l)E <7r1 (VlaUl) 1 T5 (Vz,Ug)) Z Wi (Vt — V2) K (Ut - U‘Z)
72
1
= N(N 1) (N =2) Bis,r + (N = 2) (N = 3) Bis,rr + 2 (N — 2) Bas 111 + Bus v

5
[315 1+ 2Bis,111] + Bis,11 [1 - ] + aBis, v

+ F?_ (681511 — 2B15,1 — ABis,111] + 0 (N72) , where
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Bis, = E [(T1 (1, U1) , 75 (V, U2) Wi (V3 — V3) K, (Us — Uz))]
Bis,rr = E (71 (V1,U1), 75 (Va, Uz) Wy, (Vg = V2) Kp, (Ug — Ug) Wi (V3 — V2) K (Us — Uz))]
Bis,1r1 = E[(71 (V1, U1) Wi (V1 — V2) Ky, (Uz — Ug) , w5 (V2, Ug) Wi (V3 — V2) K (Us — Up))]

Bis1v = E [(T1 (i, U1),, 5 (Va, U2) WE (Vi — Va) K (U — Uy))]

Finally, (E [711], E [(51]) = N‘lBlg,J + Bis 11, and conclude from Lemma 4.B.10 that
E [<gl — 51,3\5 (h) - 55>:| =0 (N-l) +0 (N_zh_d)

+0 £+—1— + —1—+hp+ L n2P N
N "N T\ N TN TN » 88 ¥ = 00

Similarly, we infer from this result that

B[(8 61,8 (W)~ 81)] =0 (N71) + O (N2~

OhP 1 1 P 1 2P
+ ‘ﬁ'f‘l—vi +o0 W+F+ﬁ2—+ ,as N — oo

and therefore of smaller order.

Terms: E [<32 (h) — 82,063 (h) — 53>]

‘We have

N N
E[(8(h) - 8,83 (h) - &)] = E <%ZE%?U (0), > es3Fvo (v uj)>] (4.A.39)
i=1 J=1

L

1 en /5 .
+E <NZ (C2i = E[Czll) ; NZ (G — E[<31])>}
i=1 i=1

(4.A.40)
+(ElGar] - 62, El¢n] - ), (4.A.41)

where (o = 7o (vs, u3) fU (u;), and by construction E [&2;] (V1,U1),...,(VN,Un)] = 0. As

before
- o923 (V;,U3), i=7j,
E [E;€3j| (Vl,Ul) yreey (VN,UN)] = 23 ( ¢ z) . J
0, i# 7.

By Assumption (A6), the term (4.A.39) is equal to

N N
— (Nl— 7 /523 (v,u) E <E Wi (V; — v) K, (U — u), Z’Ch (Us — u)> fvu (v, u) dvdu,

t=2 s=2
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where from Lemmas 4.B.1, 4.B.2 and 4.B.4, it follows that

N N
E<ZWh(Vt—v)lCh(Ut——u),ZICh(Us—u)>

t=2 s=2
= (N =) E [Wa (Vi — ) [Kn (U1 ~ )]

+ (N = 1) (N = 2) E[W, (Vi — v) Kp (U — u)] E [Kp (Ug — u)]
= (N = 1) [Crcfvu (0,0) B4 4 iy (b, (v, )|

+ (N = 1) (N = 2) [fvu (v,u) + hFSwk (v, w) + Bwk (k, (v,u))] x
[fu (w) + B Sic (w) + Bic (h, w)] -

Therefore, we have that the term (4.A.39) is equal to

_/023 (v,u) f2, (v, ) fu (n) dvdu—i—N,gbd 1/023 (v,u) fiy (v,u) dvdu

hP 1
+0 o N2 +o0 Nzhd‘l ,as N — oco.

Let us turn our attention to term (4.A.40),
1 N ~ N
< > (G - ElGnl) N (G E [c311)>]
i=1 j=1
N N N 5 5
N2 ZE [<Czi,C3i>] ZZ [<C2h€3j>] - <E[421],E[C31]>
i=1 15=1

E [
1#1

= ﬁE [<C21,C31>] + -N—E [< 1,C32>] — (g2, 93) -

Also E [<E21,C31>] equals

1 N N
—N—2/<%2 (v,u),m3 (v,u)) E [ZZ Kp (U —u) Wy (Vs —v) Ky (Ug — u)] fvu (v, u) dvdu,

where E[zf’:zzg‘;zzch(ut u) Wi, (Vi — v) Ky, (U —u)] = (N -1)E[Wj (Vi - v) x
IKCh (Ur = wI[2] + (V= 1) (V = 2) E [ (Uy = w)] E [Wa (Vi = v) K (Us — w). Tt follows
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from Lemmas 4.B.1, 4.B.2 and 4.B.4 that

lZZ}Ch (U —u) Wy (V, —v) Ky (Ug — u)]

t=2 s=2
= (N = 1) (Cfvu (0,0 A=V 4 iy (h, (v, w)))
+ (N —1)(N - 2) [fu (u) + AP Sk (u) + Bk (B, u)] x
[fVU (’U, u) + hPSW)C (Ua ll) + Bwk (h'v (’U, u))] :

Therefore,

[<C21,431 N/(M (v,u),73 (v, 1)) fPy (v, u) fu (u) dudu

+ W——IC’C / <ﬁ2 (’U, u) y T3 (U, u)) fVU (’U, U) dvdu

+O (NP +N7%) +0(N"2h0D)  as N — oo,

We now turn our attention to

E—K_,—EE [<E21,C32>] =N"3(N~ I)ZZA% tes

t=1 s=1
t#1,87£2

where Ags s = E[(72 (Vi,U1) Ki (Ut — Us), w3 (V2, U2) Wi (Vs — V2) K (Us — Ug))]. Fur-

thermore, we write

Bar ; s=t,
Aoz ss = Bagr 5 s#ELE#2,8#1,
. Bozrrr 3 s=t&t=2,s#lort#2 s=1,

Barv ; s#Ftt=2,s=1
Here we make the following definitions:

Bys; = E[(E[72(V1,U1) Ky (Us — Uyp)| Us),
E [m3 (V1,U1) Wi (V3 — V1) Ki (Us — U1)| Vs, Us))] ;
Boz = (E[72 (V1,U1) Ky (Us — Uy,
E [r3 (V1,U1) Wi (V3 = V1) Ky, (Us — U3)]) = (g2, g3) ;
Bos,rir = E (2 (V1,U1), 73 (V2, U2)) Ki, (U2 — U1) Wy (V3 — V2) Ki (Us — Ug)]
Bosiv = [(Wz (W, U1), 73 (V2, U2)) Wi (Vi — V2) [|Kp (Uy — U2)|I2].
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Therefore, we are able to write

N-1

~ 1 5 1
TE [<C21,C32>] =N [Bas,r + 2B 111] + (g2, g3) [1 - N] + 'J\'ﬁBZS,IV

1 ~ —
+ Nz (6 (@2, g3) — 2Bas,r — 4Bas.1r1) + o (N72) .

Finally, term (4.A.41) is such that

<E[521] =02, E[Ca1] - 53> = (g2 — 02,43 — 03)
= h?F < / 2 (u) Sk (u) fuy (u) du, / 73 (v,u) Swk (v, u) fyy (v, u) dvdu>
+o(h2P),asN—*oo,
which follows from Lemma 4.B.5.
Combining these pieces together, we obtain
E [(32 (h) — 82,83 (h) — 53>]

= p2Ff </1r2 (u) Sk (u) fu (u) du,/vrs (v,u) Swk (v, u) fyu (v,u) dvdu>

WP 1
-1 21pd-1
+O(N )+O(Nh )+O(_N+_N2)
L S - A.42
+o N+N2+h , a8 N — oo, (4.A.42)

Terms: E [<32 (R) — 6,84 (h) — 54>] and E [(8 (k) — 62,35 (h) - 65>]

As before,

N N
E[(8(h) - 6,8:(n) — )| = E K%;gmfu (wi), —]171254,-?1: () fru (vj, uj)>}

(4.A.43)
1N /-~ - 1
+E [< o (= Eal) 5> (G4~ B [4411)>}
i=1 j=1
(4.A.44)
+ <E['g;1] — 63, E[Cu] - 54> _ similarly (4.A.45)
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N
E [<32 (h) - 52a35 (h) - 55>] = |:<NZ€2JU uz) ) NZESJfVU (”Jv“])

>} (4.A.46)

N
+E [< Z (Cm E[C:zl]) %Z (G55 — E[451])>]
i=1 J=1

+(BlG] - b, E[Gs1] - 65 ).
We also notice that

€ Fos (V;,Uy), i=1,
E[6;54]"(VI,U1),...,(VN,UN)] :{ 24( i z) 7

0, i#j.
" | G5 (Vi, Uy), i =3,
E[e;,riesjl(Vl,Ul),...,(VN,UN)]={ % (Vi ‘2) #j_

In what follows, we also use the following quantities:

N N N
E<Z/ch(ui—u),§j§j/ch(v,-—u)Wh(vk-v)/ch(Uk—u)>

i=2 j=2 k=2
= (N ~ 1) E [Wh (Va — v) K} (Uz — u)]
+ (N —1) (N = 2) E[W (V3 — v) Ky (Us — u)] E [}, (U — )]
+2(N = 1) (N = 2) E [Wi (V2 — v) K}, (Uz — u)] E[Ks (Us — u)]
+(N-1)(N-2) (N 3) IE [Kn (Us — )]||> E [Wh (Vs — v) Kp (Us — u)]

(4.A.47)
(4.A.48)

(4.A.49)

<ZIC,,(U —u) ZZWh(V - ) Ky (U —u)Wh(Vk—v)ICh(Uk—u)> (4.A.50)

=2 7=2 k=2
= (N —-1)E [WZ (V2 —v) K} (U — u)]

+2(N — 1) (N - 2) E [Wy (V3 — v) K}, (Us — u)] E W (Vz — v) K (Uz — u)]

+ (N —1)(N = 2) E[Ky (Us — u)] E [W£ (V3 — v) K}, (Us — u)]

+ (N =1) (N =2) (N = 3)E [K (Ug — u)} |E [Wh (Va — v) K (Us — u)]||%.
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By Assumption (A6), the terms (4.A.43) and (4.A.46) are

1 ~
) e

xE<ZICh(U —u),

=2

M=
M=

Kn (Uj —u) Wy (Vi — v) K (Ug — u)> fvu (v,u) dvdu, and

.
||
)
x>
||
N

(4.A.51)

1 ~
m/@s (v,u)

N N N
><E<Z/ch<Ui—u),ZZWh(%—v)Kh(Uj—u)Wh(Vk—v)/ch(Uk—u)>
1=2

N

(4.A.52)

X fVU ('U, u) dvdu.

After plugging (4.A.49) and (4.A.50) in (4.A.51) and (4.A.52) respectively, and using Lem-
mas 4.B.1, 4.B.2, and 4.B.4, it follows that

o N A
E <ﬁzg2ifU (w), NZijU (w) fvu (v, “J')>
i=1 J=1

_o (N71) + 0 (N=3h2E1) 1 0 (N~2h=@-D) 4 0 (N7'F) , and

/1 1o o
E WZE%fU (w), ﬁzfsjfvu (vj, uj)>
i=1 j=1

_o (N1 +0 (N=3h=4-D) + 0 (N=2h7%) + 0 (N2h=E-D) 1+ 0 (N7IAF).

Now, terms (4.A.44) and (4.A.47) can be written as

N

N
E[GZ(@Z BlEal) 7 G - El<411)>}
1

=1

=1
%E [<C21,C41>] + NN [<~21,C42>] - <E[@1],E[(41]>, and
N

N
E [< Z (Cm E[Czll) ) - Z (¢si — E[C511)>}
1

1 J 1
The terms N~1E [(Ezl,(41>] and N°'E [<Ezl,(51>] are like (4.A.51) and (4.A.52) after
replacing G24 (v,u) and g5 (v, u) by (72 (v,u), 74 (v,u)), and (72 (v, u),ns (v, u)) respec-

—t

E [<C21,C51>] + NTE [<C21,C52>] - <E[521],E [C51]> respectively.
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tively. Therefore, they are of the same order. In particular,

L[]
=0 (N7 +0 (N3h72¢D) 1 0 (N=2p-@D) + O (N"'P) , and
o) -1

L (o)
=0 (N7) +0 (N340} 1 0 (N2h~¢) + 0 (N2h=(@-D) 4 O (W~1hF).

We only show the working for N=! (N — 1) E[{ (a1, Cs2 )], which is the leading term, in any
case:

(NA; o) E [<521, C52>]

1
= NN _T? N —1)? [Bas,r + Bas 11 + Bas, 111 + Bas,1v + Bas,v + Bas vi]| + Bas,1v,

where

Bas,1 = E [(Fa1, m5;2) Whi12K3 12] »

Bas,a1 = (N — 2) E [(7g;1, 7s,2) K719 WhizeKhs2] »

Bas, i1 = 2 (N — 2) E [(Fg1, 75,2) Wii12K3.10Khs32]

Bas,1v = E [(Fa;1, ms:2) Kinz {(N = 2) Wiy32KC}.30 + (N = 2) (N — 3) Kny3oWhya2Knia2}]
Basv = E [(Tg;1, T5:2) K12 {(N — 2) Kr31Whi32Kn32 + (N — 2) (N — 3) K31 Whia2Kna2}],

Basvi = E [(Te1, s,2) Whi12Kni2 {(IN — 2) Ki;31Kn32 + (N — 2) (N — 3) Kp.31Kh42}]

1

_ ~ «N N 2
Basyvir = NN _1? = 1)2E [<W2;1Zt=3/Ch;t1,7f5;2 “Etzgwh;tzfch;tzu :

It then follows from Lemmas 4.B.1, 4.B.12 and 4.B.13, that

(N]; l)E [<Z21,C52>] = <E[@1],E[g51]> +0(N7Y

+0 (N—zh—2(d—1)) +0 (N‘th)

and conclude

len /s o 1
E [<—]\72 (C2i - E[Cm]) ’YV—Z (G- E [C41])>]
=1

=1

=0 (N"1) +0 (N7?h~2¢D) 1 0 (N"2h~¢) + 0 (N2h=@-D) 1+ O (NIAF).

Likewise, (4.A.44) will be of smaller order than this term and therefore, it will not contribute
towards the leading terms in the expansion. The only contributions will be from terms
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(4.A.45), and (4.A.48). In particular,
(BlCa] - 82, E [¢a] - 64)
=17 ( [ 2 0) Sc () o ) du
[ e ) S () o ()t [ 3 01) S 0w) Frw (0,) dvdu> +o(N1hP4),
<E[321] — 62, E [¢s1] — 55)
= 2n%" < / T (u) Sk (u) fu (u) du, / 3 (v,u) Swk (v, u) fyy (v, u) dvdu>
+ N~1pFP-d < / 3 (u) S (u) fu (u) du,Cwx / 73 (v, u) fyu (v, u) dvdu> :

by Lemma 4.B.1.

Terms: E [<33 (h) — 63,04 (h) — 64>] , E [(33 (h) — 63,85 () — 55>]

and E [<34 (h) - 54,35 (h) ~ 65>]

As before,

N N
E Kgs (h) — 83,84 (h) — 54>] =F R-]l\;;wfvu (v,u3), -lej};eqfu (w) fru (Uj,uj)>]

(4.A.53)
1 1
E K?\,—; (¢si — Ef¢a1]), N; (G — E [C41])>
(4.A.54)
+(E([¢s1) — 83, E [Ca1] — d4) , (4.A.55)
N N
E [(53 (h) — 83,85 (h) — 55>] =E K%Z&ﬁfvu (v, ), %ZESJ'J?‘%U (v,—,u,-)>]
i=1 =1
(4.A.56)
L X N
E <NZ (G3i — El¢a1l) , = Z Gsi — E[¢s1)) >
i=1 =1
(4.A.57)
+ (E[¢31] — 83, E [¢51] — J5) , similarly (4.A.58)
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N N
E [(34 (h) — 64,5 (h) — 55>] =E [<%;E4jfv (w) fru (v, u5), %;ESJ‘J?‘Z/U (Uj’uj)>:l

(4.A.59)
1 & 1
+E KN; (¢t — ElCarl) N?;: (Gsi— E [g51])>]
(4.A.60)
+ (E[Ca1] — 64, E [¢51] — 05) (4.A.61)

As it was proven above, terms such as (4.A.53), (4.A.54), (4.A.56), (4.A.57), (4.A.59), and
(4.A.60) will not contribute towards the leading terms in the expansion. However, terms
(4.A.55), (4.A.58) and (4.A.61) will. In particular, in view of Lemma 4.B.1, it follows

(E[¢31] — 03, E [Ca1] — 04)
= h?P </7r;; (v,u) Swk (v, u) fvu (v, u) dvdu

/7!’2 (u) Sk (u) fu (u) du+/7r3 (v,u) Swk (v,u) fyu (v,u) dvdu> 4o (N'lhp"d) ,

(E[¢31] — 63, E [¢51] — 05)

2
/7r3 (v, u) Swk (v, u) fyu (v, u) dvdu

= 2h%P

+ N-1pP-d </ 73 (v, u) Swk (v, 1) fyu (v,u) dvduﬁ'w;c/”s (v,u) fvu (v, u) dvdu>

(E[Ca1] — 04, E [¢51] — J5)

= 2hn2P </7r2 (u) Sk (u) fu (u)du+ /7r3 (v,u) Swk (v,u) fvu (v, u) dvdu,
/7r3 (v,u) Swk (v, 1) fyu (v, u) dvdu>
#8774 [y () Se () s (w) du+ [ 72 (0,0) S (0,0) o 0, ) dod,

C’w;c/1r3 (v,u) fyu (v,u) dvdu>.
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Summary

Summarizing, let us define the following quantities:

then the contributions of each of the terms analyzed above will be:

Bua = [ 7 () Sic (w) fo (w) du,

B2 = /1r3 (v,u) Swk (v,u) fvu (v, u) dvdu, and

B = Cc / 3 (v, w) fyu (v, u) dvdu,

4.A Main Proofs

Term: l Contribution: h2P I Contribution: N~1aP~4 | Contribution: N~2p~2¢
(4.A4) - - -
(4.A.5) +4[|B 1, - }
(4.A.6) +4]|B1 2] - }
(4.A.7) +[B11+B12l - -
(4.A.8) 4B 2? +4 (B, B12) B2
(4.A.9) - - -
(4.A.10) - - -
(4.A.11) - - -
(4.A.12) - - -
(4.A.13) —8(B1,1,B1,2) - -
(4.A.14) | —4(%B1,1,B1,1+B1.2) - -
(4.A.15) +8(B1,1,B1,2) +4 (B2,B1,1) -
(4.A.16) | +4 (B12,B1,1+B1.2) - -
(4.A.17) —8|B1,2])° —4(B2,B1,2) -
(4.A.18) | —4(B1,1+B1,2,B1,2) =2 (B2, B1,1+B1,2) -
Net: ||581,1 - ‘.31,2”2 2 (%1,1 - %1,2, %2> “%2”2
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4.A Main Proofs

Therefore, we conclude that the leading terms are:

2
h2P

/ 7 (u) S (u) for (u) du— / 78 (v,9) Swi (v,u) frw (v, u) dudu

2C
+ N‘;,,Vf hP </ 73 (v,u) fyu (v, u) dvdu

[ 72 ) Sic ) for )= [ 3 (,0) S 0, ) o (0, dvdu>

Clx
+ N2 hzd

2

/ 73 (v,u) fvu (v? u) dvdu

hP 1
= 1P |B1,1-B12| + 2ypd (B2 Bi1—B12) + 1oy 1B2|>
2

)

- HhP‘Bl + ‘BzN'lh‘d’

where B) = B1,1—B1,2, as required.

Proof of Proposition 4.3.1

In what follows, we make use of the following identities:

fui  fui _ fui—fui fui (fVU" " fVU")

fVUi frui fvui f‘z/Ui (+.4.62)
fui (fvm: fVUi)2 ~ (fVUi - fVUi)A(fUi - fUi)’ o
feuifvui fvuifvui
7 Fo s fui(foui— frui) (Frui + frus
}{221 - f{z/li;z - fU}t%U{Ul = ( = V;I;I)Ji( - VU) (4.4.63)
fui (fvw - fvm)2 (fVUi + fvvi)2
+
foifbu:
~ (fVUi - fVUi) (fUz' - fUi) (fvm + fVUi)
Frvifous '
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4.A Main Proofs
Term: B, (ho)

Firstly, it follows from (4.A.62) that

7 (Ahg) — 7 (ho) = &2 (Ahg) — 82 (ho) — [33 (Aho) — 33 (ho)]

N

+N7! Z(gli (Ahg) — Fa; (Ahg))wiar (vi, us) (4.A.64)
1,]=vl X X

= N71> " (91 (ho) — Bai (ho))wiar (vi,uy), (4.A.65)
i=1

where (4.A.64) and (4.A.65) are O,(N~'hs%log N + h2P) because of Assumptions (A1),
(A2), (A3), (A4), and results (4.A.63), (4.A.1), (4.A.2). That is,

5 N -1
m(Aho) —7(ho) _ [ N - Z P2 (t2ri, tarj; Aho) — pa (tari, tar4; ho)
R (AP ~1) 2 hE (AP — 1)

i<j

-1
[N Z P3 (t3ri, tarj; Aho) — p3 (t3rs, tarj; ho)
2 WP (AP —1)

i<j
+ Op((NhG %) log N + ),

which means that B; (ho) is the sum of two U-statistics plus a reminder that is o, (1),
because under the conditions of the proposition, hg — 0 and N hg’ +d _, 50 as N — oco. Given
Lemma 4.B.14, it then follows from Lemma 3.1 (page 1410) in Powell, Stock, and Stoker
(1989), and Theorem A (page 4) in Lewbel (2000a), that (7 (Aho) — 77 (ko)) /(R (AF - 1))
is consistent for

E [w( Sk (U)  fu(U)Swk (V,U)

FroV0) " f2g (V,U) ) ar (V; U)] ’

This is true because,

2

|z [o (L - 0@ S0

)a-av.0))]

Sc(w)  fu(w) Swk (v,u)
fVU (’U, ll) f‘z/U (’U, 11)

Qvu Qvu

2
< [sup lw]] sup E[l-a.(V, U)]] . (4.A.66)
Now E [1 — a, (V,U)] equals the probability that (v,u) is within a distance 7 of the bound-
ary of vy, which is less or equal to supq,,,, fvu (v, u) times the volume of the space within
a distance 7 of the boundary or Qyy. This volume is O (7), so from Assumptions (A3) and
(A6), we have that (4.A.66) is O (1) = O(N~Y2(N1/21)) = o(N~1/2), where the last equal-

ity follows from Assumption (A7). Therefore, under the conditions of the proposition, we
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4.A Main Proofs

conclude that B, (ho) 2 B, as N — o0.

Term: B, (k)

Notice that,
= Cwi CWIC
By (h*) = —7\7— iil W3ri + —— E Wadri — Wari, (4-A-67)

where the second term on the right-hand side of (4.A.67) is bounded above by

log N
CWKJ( ZII%II) ax =Op( ‘N%l?Jrh*P),

which is o, (1) by Assumption (A4), representation (4.A.63), and the assumptions of the
proposition (h, — 0 and Nh¢ — 0o as N — o00). The result follows from Kolmogorov’s
Law of Large Numbers when applied to the first term in the right-hand side of (4.A.67),

and conclude that

fUz fUz

f VUi f VUi

@2 (k) 2 B,, as N — co.



4.B Technical Lemmas

4.B Technical Lemmas

Lemma 4.B.1 Let Assumptions (A1)—-(A3) hold. Then

E (Wh (Vi —v) Kn (Ur — u)) = fyu (v,u) + P Swk (v,u) + Bwk (h, (v,u)),  (4B.1)
E (Kn (Uy —u)) = fu (u) + AP Sk (u) + B (h,u), V(v,u) e R? (4.B.2)

where sup(y w |Bwic (h, (v,w))] = 0 (), supy |Bc (k)| = o (hP) as h — 0, and

gs = 83 + hP / 3 (v, 0) Swic (v, u) fyu (v, w) dvdu + ywx (), (4B.3)
g2 = 6+ hF / 2 () Sic () fur (u) du + e (h), (4B.4)
gs = 05 + 2hF [ / 73 (v,u) Swk (v, u) fyu (v,u) dvdu] + i (h), (4.B.5)

qa =64+ AP [/ﬂz (u) Sk (u) du+/7r3 (v,u) Swk (v,u) fvu (v,u) dvdu| + ywg (h),
(4.B.6)

where |[ywk (k)| = o (kF), and vk (h)| = o (h*) as h — 0.

Proof. We prove (4.B.1) and (4.B.3) only, as (4.B.2) and (4.B.4) follow the exact same
arguments. By a simple change of argument,

E (Wi (Vi —v) Kp (Ug — u)) = % / fru (v + ch,u + ch) W () K (c) dedc.

Assumption (A3) ensures that a Taylor series expansion is valid, and, uniformly in (c,c) €
[_ 1’ lld,

ol
frow+ehuter)— 3 EID vy (v,0) (¢,0)"

0<|e|<P

< Bwk (ha (’U, u)) 3

where sup(y,y) |Bwk (h, (v, u))| = o (hf), with h — 0. We use the notation & = (ay, . .., o),

al = a! x ... x ag!, |a| = Z;-i:laj, (c,e)* = ¢ x cf* x ... X ¢, Pocjacp =
P . )
EJ:O Z‘lez() e Zéd=07 a‘nd
a1+..fag=j
0% fvy (v, u)
DafVU (’U,U) = -

az ad .
Ov10uy? ... Oug?,
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4.B Technical Lemmas

It follows from Assumption (A2),

lo
E (Wh (Vl - v) Kn (U1 - u)) = fvu ('U, u) + E %—Dafvu ('U, u)
le|=P
x [ (00 W ()& (c) dede+pwe (h, (v, )

= fVU (’U, 11) + h‘PSW’C (’U, 11) + ﬁW’C (h’, ('U, U)) .
Given this expression, It also follows

g3 = E [r3 (V1,U1) Wi (V2 — V1) Ki (U2 — Uy))
= E[r3(V1,U1) E[W, (Vo — V) Ky (U2 - Un)|V = V1, U = Uy
= E [m3 (V1,U1) (fvu (V1, U1) + kP Swk (W1, Un) + Bwk (b, (V4,U1)))]

=63+ rF / 73 (v,u) Swk (v, u) fyu (v, u) dvdu + ywg (h),
where the last equality follows from supy, 4 |Bwx (k, (v,u))| = o (rP), and [m3(v,u) x

fvu (v,u) dvdu < oo since m3 and fyy are bounded on the compact support Qyy. Similarly,

we have

g4 = E[rq (V1,U1) Wp (V2 — V1) K, (U2 — Uyp) K (Us — Uy)]
= E[mq (V1,U1) E[Wh (V2 = V1) Kp (U2 = U1)|V = V1, U = Uj]
XE[Kp(Us —U1)|V =W, U ="U4]
= E [m4 (V1, U1) (fvu (Vi, U1) + hF Swk (V1,U1) + Bwk (h, (V1,U1)))
x (fu (U1) + kP Sk (U1) + B (h, U1))]

= /7r4 (v,u) fZy (v,u) fu (u) dvdu+hP/7r4 (v,u) f2y (v, u) Sk (u) dvdu
+ hP / 74 (v, 1) Swi (v, ) fyu (v,u) fu (u) dvdu + ywi (h)

=64+ hf |:/7rg (u) Sk (u) du+/7r3 (v,u) Swk (v,u) fyu (v, u) dvdu| + ywg (),
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4.B Technical Lemmas

where the last equality follows from observing that

74 (v,u) fyuy (v,u) =F [?‘Z}TJ:J_VTJ—)’ V=9U= U] fvu (v,u)

w
=F|———
[fVU (v,U)
= 7y (v, u), such that

’Vz'v,U=u:|

E 72 (V,U)|U = uy] =/%2 (v, 1) fyju (v|u)dv = 72 (u), and

7r4(vvu)fU(u)=E["%—u;/ﬁ_)lv:vaU:u] fu ()

_ wfu
‘E[fvu VU)l

= m3 (v,u).

—v,U=u]

By the exact same arguments, we have
as = E [ns (Vi, U1) | E [Wa (Va = Vi) Kn (Uz = Un)| V = 14, U = Uy
= B [r5 (V1, U1) (fvu (Vi, Ur) + h™Swic (Vi, Un) + Bwc (b, (Vi, U1)))]
= /Ws (v, u) fiy (v, u) dvdu + 2hP [/7&5 (v,u) Swk (V1,U1) fiy (v, u) dvdu] +ywk (h)

=65 + 2nf l:/’lr;; ('U, u) Swk (’U, ll) fvu (’U, u) dvdu] + Ywk (h) .

as needed. =

Lemma 4.B.2 Let Assumptions (A1)—(A3) hold. Then

Crfvu (v,u) A~ + gy 15 (h, (v,0))
Crafvu (v,u) 20D gl 15 (h, (v, 1)),
Cwifvu (v,u) h™% + Ywk (R, (v, 1)),
Cwi2sfvu (v, 1) h~C4D by o5 (B, (v, 1)),
Cwi,3sfvu (v,u) k™22 + Yy 33 (h, (v,1)),
(
(v

E [Wh (Vi —v) K} (U1 —u)] =
E[Wh(Vi —v)K3 (Up —u)] =

E [W; (Vi —v)K; (Ur — u)]
E W} (Vi —v) K (Us — u)]
]

]

]

i

E [W2 (Vi —v) K} (Uy — u)
E [W§ (Vi —v) K} (UL — u)
E W} (Vi —v) K} (Uy — u)] = Cwraafvu

Cwicasfvu (v,u) A=Y 4ty a4 (, (v, 1)),
,u) b3 4 i aa (B, (v, 1)),

Yivic2 (B, (v,u))l = 0 (h=-1), sup(, u) ’d’;wc,m (h, (v, u))l = o (h~20@-D),
SUD(yu) [¥w (B, (v,0))| = 0 (h™%), sup(y,u) [Ywk 23 (h, (v,0))| = o (h=(24-1)),

SUP(y,u) [¥wic 33 (h, (v, w)] = 0 (h724), sup(y ) [Ywic,34 (A, (v, )| = o (A~34D),

and sup(y v [Ywic aa (B, (v, 0))| = 0 (R734).

where sup(, )
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4.B Technical Lemmas

Proof. Firstly,

E[W? (Vi —v)KE (U —u)] = hzd/wz( - )IC2( - )fvu(t,t)dtdt
_—_Ed—/W2(c)IC2(c)fVU(v+ch,u+ch)dcdc.

Similarly, we have that

B [Wh (%~ o) 6 (Us - )] = s [ W (52) 12 (552 svw (6t drae

1
= hd—l/W (¢) K% (¢) fvu (v + ch,u + ch) dedc.

It follows from Assumption (A3), that fyu, and fy are Lipschitz continuous on Qyy and
dy respectively, with some Lipschitz constants Ly,; and L. Thus,

1 1
717/W2 (c) K% (c) fvu (v + ch,u+ ch) dcdc—FCW;chU (v, u)

< 22 [ 1w @K @IF e, dede,

hd- I/W(c ) K2 (€) fvu (v + ch, u + ch) dede— hl_lC')chU (v,u).
L
< 2hes [ 1w @ e @IP e, o) ded,

which proves this Lemma. The same argument applies to each of the other components. ®

Lemma 4.B.3 Let Assumptions (A1)—(A3) hold. Then
EW,(V —v1)Kp (U —up) Wi (V —v2) Kp, (U — uy)] (4.B.7)
= ™ (WK, WK) (Ul ; 2 ; u2) fvu (v, wm) + Ywwry (h, (v, 1)),
E [’Ch (U - ul)ICh (U — UQ)]

= h~@-D (K, k) (ul%uﬂ fu (a1) + Y.y (h, )
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E[Knr(U—w) W, (V —v) Kp (U — up)]
M BN oty (o) + Yy (b (5 ),
E [Kn (U —uy) W2 (V — v) K2 (U - up)]
= D) (16, W) (M2, B fus (o) + Y (h (),

E [Wa(V —v1) K (U = ur) Wi (V — v2) K (U — up)]

= h~@-D (K, WK) (

U1 — U2 U —u2
h '’ h

= B2 (WK, WK?) ( ) fvu (v1,m1) + Ywewaks) (b, (v,9)),

where (f, g) (v,u) = [f(c,c)g(c—v,c— u)dede, and

)

o(h(d- 1))

Sup Ywrwk) (B, (v,u)) =0

sup Yk k)
Qu

(v

(

SUP Yicw) (B, (v,u)) =0 (h (d— 1))

rSzup ’l/) KC,W2K2) (h,(v,u)) =0 (h (2d-—1))
(

Supz/)w,cwz,cz) (h vu) =0 h™ )

Qyy

Proof. We only show the working for (4.B.7), as all other terms follow the exact same

argument. Firstly,

E W, (V —v1) K (U = u1) Wi (V= v2) Kp (U — u2)]

- %/W (t _h’”) K (t ”hul) W (t_h”) K (t _huz) fou (4, t) dtdt

= %/W(c)lC(c)W (c+ v1;vz>lc(c+ u1;u2) fyu (v1 + ch, g + ch) dede,

It follows from Assumption (A3), that fyy, and fy are Lipschitz continuous on Qyy and
1y respectively, with some Lipschitz constants Ly,,; and Lg;. Similarly, from Assumption
(A2), WK is also Lipschitz continuous on [0, l]d, with some Lipschitz constant Lyx. Thus,

%/W(c)zc(c)w(cﬂl;”?)/c (c+ “1;“2) fru (1 + ch,uy + ch) dede

v2 U

—i(WIC,WIC)(m; ) ;u2>fvu('v1,u1)

LwxL
< 2L [ (0 £ @l (e, dede.
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Lemma 4.B.4 Let Assumptions (A1)-(A3) hold. Then

E [Iich (Ur = w)I1?] = Cifu () A=@D + e (b, w),
E [K} (U1 — w)] = Cxafu (u) A2 4 4 5 (hyu),
E [ich (Us — wl1*] = Craf (w) 736D 4 e (h,0),

where sup,, [ (h,w)| = 0 (A=4D), sup, [ (h, W)] = 0 (h~24D), and sup, |4 (h,u)| =
(h —3(d- l))

Proof. These are special cases of those in Lemma 4.B.2, with Wj, (-) empty. The result

follows by the same arguments. m

Lemma 4.B.5 Let Assumptions (A1)—~(A3) hold. Then

E [r3 (V1,Uy) Wi (Vi — v) Kp, (Uy — u)] = 73 (v, u) fyu (v,u)
+ hPSwic s (v,u) + Bwis (h, (v, 1)), (4.B.8)
E[m5 (V1,U1) Wi (Vi — v) Ki (U1 — )] = 75 (v, 1) fru (v, u)
+hPSwics (v,u) + Bwk s (hy (v, 1)),
E [m3 (U1) Kn (Uy — u)] = 72 (u) fu (u) + AP Sk () + Br2 (hyu),

(4.B.9)
E [f2 (V1, U1) Kp (Ur — u)] = m2 (u) fu (u) + b Sk 5 (u) + Bi 5 (h,u),
(4.B.10)
E [m5 V2, Ug) W (V3 — v) K2 (U — u)] = h™%Cwicrs (v, 1) fyu (v,u) + w5 (b, (v, 1))
(4.B.11)

where

~ oF & oF
wki v, u WS 1T, vu (v,u)|+ak P LT\, u) jvu (v, ’
S()Pdal()f()]dza[()f()]

Sk (u) = d"za P [r2 (u) fu ()],

~

5, (u dKZ / up 7202 fru ],

and SUp(y,y) Bwic (h, (v, U))l = o(h™%), for | = 3 and 5, supy |§;c (h, u)‘ = o (h~04-1),

171



4.B Technical Lemmas
SUD(y,u) |§,2 (h, u)l =0 (h™1), and sup(, u) |Bwk,s (b, (v,u))| = 0 (h~%) as h — 0.

Proof. As before, we only show the results for (4.B.8), (4.B.10), and (4.B.11) as the others

follow the exact same arguments. By a simple change of argument
E [r3 (V1,U1) Wy, (V1 — v) Ky (Ur — u))
= /13 (v+ch,u+ch) fyu (v + ch,u+ ch) W (c) K (c) dede

=73 ('U, u) va (‘U, u) + hP z éDa [7r3 (’U, ll) fVU (‘U, u)]
le|=P

x / (e, )2 W (¢) K (¢) dede + Bwc (h, (v, w),

where the last equality follows from Assumptions (A3) and (A2). Similarly, we can write
(4.B.10) as

E[m(V1,U1)Kp(U; —u)] = /ﬁz (v,u+ chj fvu (v,u+ ch) K (c) dvdc

= ma(w) fo (W) + AP 3 % / DS [72 (v, u) fru (v, w)] dv
la|=P

X fcaK (c) dc+,§,‘& (h, (v,u)).
Also,

E [r5 (Va, Us) Wi (V2 — v) K} (Us — w)]
= h—d_/% (v+ ch,u+ch) fyu (v+ ch,u+ ch) W2 () ||K ()| dede

= h_dCW}CTrS (’U, u) fVU ('Uu ll) + EWK:,S (ha (Ua u))

as required. |
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Lemma 4.B.6 Let Assumptions (A1)~(A3) hold. Then as h — 0,
Bur = [ Ima (0w fo (0, 0) dutO (47),
Bugrr = [ lrs 0,01 F (o) dutO (47),
Bawv = 13 |Owe [ Ima (0, fow (o, I du 1 + o)},
Bar = [ lIms (@) 76 (@) dutO (47)
Buarr = [ Ima (@I £ () dutO (47)
Bawv = 7 [ [ Ime @) fo @)1 du g +0a)}].

Proof. For this Lemma, we show the results for By, for | = I, 11,1V, for notational

convenience. The proof of Ba, for I = I,II1,IV follows the exact same arguments, and
therefore is omitted.

By Lemma 4.B.5, it follows
Bo,i = B [|IE [m2 (U1) K (U - Uy)| Us]|]
= [ f0 @) 1B r (U K (a - V)P du
= [ fo () [r2 (W) f (@) + 57 Fic () + e )
= [ I () fo @)IP for (@) dutO (7).
Using Lemmas 4.B.1 and 4.B.5, we obtain
By, 111 = E [(m2 (Uy),m2 (Ug)) Ki (U — Up) Ky, (Us — Uy)]
(ma (%) 72 (%)) K (¥ = %) K (2 — ¥) fus (%) fo (¥) fu (2) dxdydz

< ™2 () (v = %) fo (), [ Wz(Y)/Ch(Z—Y)fU(Z)dZ>fU(Y)dy

|
\\\

(m2 (v) fu (9) +hP S (v) + B (b, ),
2 (y) [fu (¥) + hP Sk (v) + Bc (b, ¥)]) fu (v) d
= [ l1m2 () fo @I for (w) dutO (7).
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Finally, by the change of variables: ¢ = (x — y) h™!, we have
Boiv = E [(m3 (U1), m2 (Uz)) I1Kx (U1 — Un)?]
= [ (2 (9,72 (9)) e (= 9)IP fu () o () ey

= i [ em) ma (5) fo (v + k) fu () I (O dyde.

From Assumption (A3), it follows that fyy and mg are Lipschitz continuous on Qy. Then

Ba,1v = Bgl_—l [/ |2 () fu (u)[|2du/ 1€ (¢)||> de {1 +O(h)}]
= | [ I @) fo P [ 1 @I de 1+ 0 ()]

which concludes the proof. m

Lemma 4.B.7 Let Assumptions (A1)-(A3) hold. Then as h — 0,

Bs1=0 (h'“)

35111 =0 Nhp~2d

(va2),
Bsqip =0 (Nh 2d)
By = 0 (N?h7¢),
0 (Nh72) +0 (N?h9) +0 (N%) + 0 (N°hF),

O (Nh72) +

0 (N*h).

Proof. As before, it follows from Lemma 4.B.2,

Bsy =

Bsyr = O(Nh24) 4+

E [(W5;l’ m5;2) Wl?;lzlcﬁ;lz]
= E [r5 (W1, U1) E [m5 (Va, U2) Wy (Vi — V) K}y (Uy — Ug)| U1]]

=F [Ws (V1,U) (h_3dCW;c,447l’5 (V1,U1) fyu Vi, Ur) + Bwic,aa (h, (VlaUl)))]

= 22 [ s (0, wI? f (0, 0) doda (1 + 0 (1)},
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Similarly, we have

E [(7T5;1, 7T5;2) Wf?;n’c?z;lzwh;mlch;w]

- < [ 75 @ Wi - 0) Kk (v~ %) fro (z,%) dodx
75 @) [ Wa (=) K s =) fru (2,2) dzdz> fvo (w,y) dydy

= [ (75 (v y) (Cwkasfvu (1, ¥) 2 + Yw,as (h, (¥,5))
[ {mswn )

s (v,¥) [fvu W, y) + B Swis (0, ¥) + Bwis (h, (%, ¥))]) fru (3, y) dydy

C
= / lims (w, VI firw (v, ¥) dydy {1+ 0 (1)}, and

from Lemma 4.B.3, it also follows

E [(m5;1,75,2) WE12K3.1aWhia1 Kni31 Whis2Knia2]
= E [(ms;1, m5;2) Wi 19Kh 12 X E [Whi31Kni31 Whia2Knia2| (Vi, Ui) , (Va, Ua)]]

1 - u —
=3aF [(Ws;l,ﬂs;z) Wi12KE 12 (WK, WK) (vl - 2 o - u2) fvu (v1,u1) {1+ 0(1)}

=o ().

Also, from Lemma 4.B.1 it follows

E [{ms;1, T5;2) WE12KR.10Whia1 Khsar Whis2 Kz
= E [(r5;1, T5;2) Wi 15K 712 X E [Whia1Kn;a1| (Vi, U1)] E [Whi32Kn32| (Va, Uz)]]

=o(r ).

By Lemmas 4.B.1 and 4.B.3, all other terms are

E [(ms5;1, 75:2) Whi12Kh;12Whia1 Knist Wi 32K 0]
= E [(ms;1, m5,2) Wh;12Kh;12E [Wh;31/Ch;31W;f;32’C;2,;32| (V1,U1), (Va, Ug)]]

1 v1 — U2 U] — U
= WE [(7r5;1,7r5;2) Whi12Kh:12 <W’C, W2/C2> ( 1 - 2, ! 5 2) fvu (vi,u1) {1+ 0(1)}

=0 (r ).

E [(m5:1, 75,2) Whi12Kh12Whi31 K31 Whi32Kn,32 Wh42Kh 42)
=F [(7['5;1, 7r5;2) Wh;12xh;12
X E [Wh.31Kn:31Wh:32Kn.32| (Vi, U1) , (Va, U2)] E [Wh.42Kh.42| V2, U]

=0 (n™),
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Proof. Firstly,

Bsyvr =
1 N 2 N
— _E 7r” _W.zc.” ”H N WK
N (N _ 1)3 [< 5'1 Zt—S h‘ytl hytl 592 Z =3 h,82 h,32
1

= ——— F [(m5,, 752) Wi31 K1 Winaa K,
N(N—1)2 [( 5,12 75,2) Whi31 K31 Wiiia2 h,32]

2>]
1
S — . . 21K a1 Wh.40Kp.a9 Wh. . 5o KCh.
+N(N_I)E[(ﬂs,l,’/rs,z)Wh,u h;41 Whia2KCnia0 Wi 51 K51 W52 Kp52)

1
+ NI -1 (B [msaWiaiKia) » E [m5:2Wi32Ki20]) (4.B.12)

2
+ N <E [7"5;1Wf?;31’Cf2z;31] B [7T5;2Wh;42’Ch;42Wh;52ICh;52]) (4.B.13)
+ (E 15,1 Wh.a1Kpa1Whis1Kn51) 5 E [T5,2Whi42Kpa2Whis2Knis2]) - (4.B.14)

Now, it follows from Lemma 4.B.3, that

E [(”5;1: T5;2) Wff;Sl’C}zz;SIWi%ﬂZ’C%;M]

= E [(m51,m5,2) E [Wi31Kh 31| Vi, Ur] B [Wii32KR 52| V2, Ue]]
=0 (h—d) , and

E [(75;1, 75,2) Wh.41Kh,41 Wh;42K ;40 Whi51K hi51 Whis2 K50

= E (75,1, 75;2) E [Whi41Kh;41Wh,42Kn.42] (V1, U1), (Va, U2)]
X E [Whi51Kp51Whis2Kn52] (V1, U1), (Va, Us)]]

=o(r ).

The result follows after noticing that ||E [¢s1]|> = (4.B.12) + (4.B.13) + (4.B.14). =

Lemma 4.B.9 Let Assumptions (A1)-(A3) hold. Then as h — 0,

Bias = / (1 (v, 1), 73 (0, 1)) F2i (v, 1) dvdu {1+ 0 (1)},
Bia 11 = (61,03) + hP/ (61,73 (v,u)) Swx (v, u) dvdu + o (k)
Bua = [ (m (w),m (W) 78 (@) du {1 +0(1)},

Buar = (61,62) + b7 [ (61,72 (w) Sk () du + 0 (47).
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Proof. As before, we show the results for Big, for { = I, II. From Assumption (A2) and
(A3), we have

Big,1 = E [(m1 (U1),m2 (Uz)) Ky (U — Uy)]
= [(m1 09,7292 K (x = ¥) fo () fu (3) dxdy

= [ (m v+ k) m2 ) fo (5 + oh) fu () (c) dyde

_ / (m (), m2 () f& () dy {1 + 0 (1)},

where the last equality comes from the change of variables: ¢ = h™! (x — y). Finally, from
Lemma 4.B.1, we obtain

Bia,rr = E[(m1 (U1), 72 (U2)) Kp (Us — Uy)]
= [(m ) ma 0D K (2 =) f (9 fo (5) fu (2) dxdyda

= / </7r1 (x) fu (%) dx,/ﬁz (Y)Krn(z—-y) fu(z) dZ> fu(y)dy
- / (61,72 () f3 (v) dy + hP / (61,72 () S (v) dy-+o (hF) ,

the result follows after noticing that E [m2 (y) fu (y)] = d2. =

Lemma 4.B.10 Let Assumptions (A1)—(A3) hold. Then as h — 0,

Bisr = % {szc/(&ws ,¥) fou (v, y) dydy {1 +0(1)}] )
Bis 11 = <51‘, / s (v, y) fou (U, y) dydy> +0 (rF),
Bis, 111 = f @ (v, y),75 ¥ Y) fvu @ Y)) fvu (3,y) dydy+0 (RF), and

BIS,IV = FL];J [CWIC/ <%1 (CL’,X) y 5 (.’IJ,X) fVU ((L‘,X)) fVU (.’E,X) {1 + 0(1)}] :
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Proof. Firstly, by Lemma 4.B.2, it follows

BIS,I = </7r1 (m’ x) fru (32, X.) dzdx,
/ 75 (1,¥) Wi (2 = 4) Ki (2~ ¥) fvu (2,2) dzdzfyu (v, ¥) dydy>
= <5’1’, / 75 (4, ¥) [C'w;chU (v, )b~ + yw (h, (y,y))] fvu (v:5) dydy>
= 2 [Owe [ (61,7 (1) o v dudy 1+ 0 (1))

Also, from Lemma 4.B.1, it follows

Bis 1 = <6I, / 75 (%, ¥) [fvu @,¥) + AP Swx (1, ¥) + Bwx (hy (v, )] fou (v, ) dydy>

= (81, [ 15 3) fou 3 dudy )
+ 2k (61,75 (4,¥) Swx (1,¥) fou (v,¥) dydy) + o (BP) .

Similarly,

Bus 111 = / (71 (2,) Wa (2 = ) Ki (x ~ ¥) fuo (@, %) deds,
™5 (4, ¥) Wh (2 = y) Kn (z — ¥) fvu (2, 2) dzdz) fvu (y,y) dydy
- / (71 (y + ch,y + ch) W () K (¢) fyu (y + ch, y + ch) dede,
s (4, y) [fvu (0,¥) + A Sw (9, ¥) + Bwk (h, (,¥))]) frvu (3, y) dydy
= [ 0,),75 3) o (4,0 Fro (3,) dudy

+hP (71 (y,5) 75 (4, 5) Swk (v, ¥)) fvu (v, ¥) dydy + o (hF).

Finally, from Assumption (A3), it follows that fyy and =5 are Lipschitz continuous on Qyy.
Then

Bis v = E [(F1 (Vi, U1), 5 (Vo, Ug) W2 (Vi — V2) K2 (U1 — Ua))]
= [ 1 @) s )
x Wi (z — y) K} (x — y) fvu (z,%) fvu (v, y) dodxdydy
1 ~ 2
= F/ <7r1 (z,x), /11'5 (z + ch,x+ch) W (c) | K (e)|| fvu (z + ch,x + ch) dcdc>

X fyu (z,x) dzdx

= %VZ—’C/ (71 (z,%x) , 75 (z,%) fyu (z,%)) fru (z,x) dedx {1 + 0 (1)},
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as required. m

Lemma 4.B.11 Let Assumptions (A1)~(A3) hold. Then as h — 0,

Bas1 = / (2 (y), 73 (v, ¥)) fu (¥) fou (v, y) dydy+O (hF) ,
Bos 111 = / (2 (y), 73 (,¥)) fu (¥) fou (v,y) dydy+O (hF),

Bastv = g [C')c / (2 (v,u) , 73 (4, 0) fiy (v, w) dodu {1+ 0 (1)} .

Proof. By Lemma 4.B.5, it follows

Bas,r = E[(E [72 (V1,U1) K (Us — Up)| Us],
E [m3 (V1,Up) W (V3 — V1) K (Us — Uy)| V3, Us))]

= [{ma) fo () + K735 ) + B (h,),
3 (4,¥) fvu (0, ¥) + B Swx (v, ¥) + Bwk (b, (v, y))> fvu (y,y) dydy

= [(m2 )1 @3 fo () Foo w,5) dudy+0 () .
Also, by Lemmas (4.B.1) and (4.B.5), we have

Bas 111 = E [(T2 (V1,U1) ,m3 (Va, Ug)) Ky, (Ug — Up) Wi (V3 — Vo) Ky (Us — Uy)]
- / (7 (%), 73 (4,9)) K (¥ — %) X
Wi (z—y) Kn(z —y) fvu (z,x) fvu (v, Y) fvu (2, 2) dedxdydydzdz
-f < [F2@xKnly =) fru (@x) dod,
[ 78 @3 Wi =) K@= 3) i (2,2) dzdz> fvu (v.) dudy
= [{m ) fo )+ B8 ) + B (.3,
73 (4, ¥) [fvu @.5) + B Swk (,¥) + Bwk (h, (v, Y))]) fru (v, y) dydy
= / (m2 (¥) 73 (u,¥)) fu (¥) fiu (v, y) dydy+0O (hF) .
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Finally, after a change of variables ¢ = (z — z) A~} and ¢ = (z — x) A}, we have
Basv = E [(72 (1, U1) 7 (Va, Ua)) Wa (Vi = V3) [iCh (U — Un) 2]
= / (72 (z,%) 73 (2,2)) Wi (2 — 2) |Kn (z = %)|1? fvu (2,%) fru (2, 2) dedxdzdz

1 ~
= F‘/(M (z,x),ms (z + ch,x + ch)) x

fvu (& + ch,x + ch) fyu (z,x) W (¢) ||K (¢)||? dzdxdcde

= o [ o (@), 70 (@,30) fo (o) dadx [ 1K @)1 de {1+0 (7))

as required. ®m

Lemma 4.B.12 Let Assumptions (A1)-(A3) hold. Then

Boys =0 (h_z(d_l) ) )

Proof. Firstly,

Bas,1 = E (72 (Vi, U1) 5 (Va, Ua)) Wa (Vi — V2) K (U — U3))
= / (T2 (2, %), 75 (4, ¥)) Wa (y — ) Kis (y — %) fvu (2, %) fvu (v, y) dedxdydy
- Wﬁzl—)/m (2,%), s (c + ch, x + ch))

x W (c) K3 (c) fvu (z,%) fyvu (z + ch,x + ch) dededzdx

=0 (h_Z(d_l)) , by a further Taylor—series expansion.
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It follows from Lemmas 4.B.1, 4.B.2, 4.B.3, and 4.B.4 that all other terms have the following

orders of magnitude:

E [(Ta;1, m5;2) KiyinaWhi32Knise]

= E [(Ton, m5;2) K710 F [Whig2 K2 V2, Uz

=0 (h=6),

E [(F2;1, m5:2) Whi12Kh.10Kn;32)

= E [(F2;1, m5,2) Whi12Kh.12F [Khiz2| V2, Us]

=0 (h‘(d“l)) ,

E [(Ta, m5;2) Knia2Whiz2Ki a0

= E [(F21,752) Knj12E [Whi32K3 3| Va, Ua] ]

-0 (h-z(d-u) ’

E (2,1, T5:2) Kn12Kn;32Whia2Kn 2]

= E [(T2;1, m5,2) Knj12E [ Ki32| V2, U] E [Whi42Khia2| Vo, Uzl
=0(1)+0 (K",

E [(T2;1, T5;2) Kn12Kn31 Whi32Kn;32]

= E [(To;1, 75;2) Kn;12F [ K31 Whia2Kna2| (V1, Ur), (V2, Ua)])
=0 (kD).

Similarly,

E [(To;1, T5,2) Khi12Kh;31 Whia2Kn;a2]
= E [(Fo;1, T5;2) Khj12E [Kni31| V1, UL E [Whi42Kpa2| V2, Us]|
=0(1)+0 (hF),

E [(F2.1, 75,2) Wh12Kn12K0;31Kn;32)
= E [(%o;1, T5;2) Whi12Kh12F [Kri31Kn;32| (V1, Uy) , (V2, Us)]]

=0 (h_(d_l)) , and

E [(T2;1, 5:2) Whi12Kh;12K0;31K8;32]
= E [(Fo;1, T5;2) Whi12Kh12F [Kh31| V1, U] E [Kpa2| Vo, Us]]
=0(1)+0 (rF),

as needed. ®
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Lemma 4.B.13 Let Assumptions (A1)—(A3) hold. Then

Bosyir = <E[521], E [Csl]> +0 (N—Zh_(d—l)) +o(N71).

Proof. Firstly,

Bas,vir

= F-(Fljfl—)EE |:<772;1211513’Ch;t1,ﬂ5;2 I|Z£V=3Wh;tgfch;t2”2>]

= %E [(%2:1, T5;2) ’Ch;3lW3;32’C)21;32]

+ %E [(F2;1, 75:2) K31 Whi32Kni;32Whi42/KChia2]

+ Tif (E [#21Kn31), E [152WE 2K340]) (4.B.15)
+ (E [T2;1Kn;31] » E (15,2 Wh;42Kh:a2Whis2Kh;52)) - (4.B.16)

Now, it follows from Lemma 4.B.3, that

E (a1, T52) Kt W30 K230
= E [(Fo;1,m52) B [ K1 Wig2Khia2| (V1,U1), (2, Ua)]]
=0 (h'(d"l)) , and

E [(T2;1, m5,2) Khis1 Whiz2KnisaWhia2Knsao]

= E[(T21,75;2) E[Kn31Whi32Kn;z2| (V1, U1), (V2, Uz)]
X E [Wh;42Kp;42| (V2, Us)]|

—0(h).

The result follows after noticing that ( E[C21], E [¢s1] ) = (4.B.15) + (4.B.16). m

Lemma 4.B.14 Let Assumptions (A1)—(A3), (A4), (A6) and (A7) hold, then

E [lIps (tar1, tar2; Aho) — pa (bor1, tarai ho)I* / [bf (1= A7))] =0 (), (4B17)
E [||P2 (t2r1, bar2; Aho) = P2 (bar1, bari ho)lI? / [hE (1 - AP)]z] =o(N).  (4.B.18)
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Proof. Recall tg-.,,l = (w3TT1, A, Uir), where w3,1 = ws1a, (V1,U1), and define g, (v,u) =
E[||lwsnllf|Vi = v,U; = u] for € = 1,2,3,4. Then

E [Ilps (tar1, tare; Aho) — pa (tara, tar2; ho)ll? / [RE (1 - AP)]2]
2
_ A o (Vi—=Va\ o (U1- Uz)
"E{(th)‘ we (U5 e (P

C
N / (W—fw) fvu (2 + cho,z + cho) fyu (2,2)
0

wW3r1 + W3r2
2hd

[02r (2 + cho, z + chg) + 02 (2,2) + 2 (0or (2 + cho, Z + cho) , 0or (2,2))] X
W2 (c) K? (c) dzdcdzdc
= O(hy ®P*9) = O(N(NRZP+)™1) = o (N),

where ca = (1—-A?)/(A(1- AP))Z, and gor (v,u) = E[wsr1| V1 =v,U; =u]. The
second equality uses the change of variables from (y,y',2,z") to (c = hg Yy—-2),c’ =
hy Yy —2)7,2,2") with jacobian hg. This change of variables is not affected by boundary
effects because of Assumptions (Al) and (A2), and the fact that a, (z,2z) = 0 for all (z,z)
within a distance 7 of the boundary of Qyy, with hg/T — 0. The last equality uses the
continuity of the ger’s and Assumption (A7). (4.B.18) follows the exact same arguments

and therefore it is omitted. m
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Table 4.1: Monte Carlo results for Design 1: Bandwidth Estimation

N =200 N = 400 N =600
Mean | SD Mean SD Mean | SD
p=20 hopt | 0.6530 - 0.5491 - 0.4962 -

hopt;r1 | 0.7006 | 0.0583 | 0.5654 | 0.0228 | 0.5024 | 0.0151
ﬁopt;m 0.6994 | 0.0628 | 0.5651 | 0.0227 | 0.5024 | 0.0144
Tlopt;na 0.6877 | 0.0311 | 0.5626 | 0.0146 | 0.5019 | 0.0104
hr1 | 0.5955 | 0.0220 | 0.5317 | 0.0135 | 0.4968 | 0.0102
Em 0.6055 | 0.0395 | 0.5450 | 0.0237 | 0.5100 | 0.0178

hgr3 | 0.6846 | 0.0252 | 0.6110 | 0.0155 | 0.5706 | 0.0117

p=1/4|  hopt | 06664 | - |0.5603| - |0.5063| -
hopt,r1 | 0.7024 | 0.0802 | 0.5698 | 0.0354 | 0.5059 | 0.0192
Ropt:r2 | 0.7029 | 0.1012 | 0.5693 | 0.0399 | 0.5058 | 0.0195
opt.ra | 0.6872 | 0.0399 | 0.5636 | 0.0190 | 0.5033 | 0.0124
hp | 0.5918 [ 0.0210 | 0.5283 | 0.0133 | 0.4938 | 0.0102
hR2 | 0.5931 | 0.0385 | 0.5336 | 0.0237 | 0.5003 | 0.0181
hrs | 0.6823 | 0.0243 | 0.6083 | 0.0153 | 0.5686 | 0.0118

* Means and standard deviations (SD) are based on 2000 replications.

b Estimated bandwidths: ﬁopt;m, hopt;re, and hept:r3 were calculated
by setting hg = hriNY'2 hg = hpaNY/'2, and hg = hrsN/12 in
Section 4.3, respectively. Similarly, auxiliary bandwidths were set hy =
ﬁm, h, = ﬁRz, and h, = hps respectively.
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Table 4.2: Monte Carlo results for Design 1: Parameter 7

N =200

Bias | SD | MSE

N =400

Bias | SD | MSE

N =600

Bias | SD | MSE

pP= 0 j(hopt)
ﬁ(ﬁopt;Rl)
ﬁ(ﬁ'opt;RZ)
ﬁ(hopt;RB)

0.8092
0.7932
0.7924
0.7980

0.1598
0.1594
0.1595
0.1576

0.6548
0.6291
0.6279
0.6368

0.6593
0.6583
0.6585
0.6596

0.0953
0.0961
0.0962
0.0959

0.4347
0.4333
0.4336
0.4350

0.5882
0.5878
0.5880
0.5884

0.0731
0.0741
0.0741
0.0740

0.3460
0.3455
0.3458
0.3463

1(hg1)
7(hg2)
71(hR3)

0.8378
0.8387
0.8124

0.1658
0.1641
0.1575

0.7019
0.7034
0.6600

0.6616
0.6637
0.6700

0.0955
0.0960
0.0978

0.4377
0.4405
0.4489

0.5896
0.5924
0.6062

0.0737
0.0747
0.0764

0.3477
0.3510
0.3675

p=1/4| 7(hopt)
ﬁ(ﬁvopt;RI)
ﬁ(i’lopt;RZ)

ﬁ(h’opt;RL’a)

0.7816
0.7688
0.7688
0.7720

0.1650
0.1641
0.1725
0.1591

0.6108
0.5911
0.5911
0.5959

0.6395
0.6357
0.6355
0.6371

0.1016
0.1014
0.1018
0.1010

0.4090
0.4041
0.4039
0.4059

0.5751
0.5738
0.5737
0.5740

0.0773
0.0780
0.0780
0.0778

0.3307
0.3292
0.3291
0.3295

1(hr1)
1(hr2)
n(hr3)

0.8166
0.8230
0.7851

0.1855
0.1989
0.1628

0.6669
0.6774
0.6164

0.6453
0.6468
0.6436

0.1037
0.1047
0.1018

0.4164
0.4183
0.4142

0.5759
0.5783
0.5868

0.0776
0.0780
0.0794

0.3317
0.3344
0.3444

2 Simulated biases, standard deviations, and average Mean Squared Error (MSE) are based on 2000

replications.
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Table 4.3: Monte Carlo results for Design 2: Bandwidth Estimation

N =200 N = 400 N =600
Mean SD Mean | SD Mean | SD
p=0 hopt | 0.6595 - 0.5545 - 0.5011 -

hopt;r1 | 0.7027 | 0.0826 | 0.5671 | 0.0331 | 0.5032 | 0.0175
Ropt;Igg 0.7011 | .0.0951 | 0.5665 | 0.0343 | 0.5031 | 0.0166
’ﬁopt;m 0.6883 | 0.0408 | 0.5630 | 0.0186 | 0.5021 | 0.0112
hg1 | 0.5961 | 0.0214 | 0.5317 | 0.0134 | 0.4971 | 0.0103
hpo | 0.6053 | 0.0398 | 0.5445 | 0.0244 | 0.5107 | 0.0185
hrs | 0.6853 | 0.0246 | 0.6109 | 0.0154 | 0.5710 | 0.0118

p=1/4 hopt | 0.6755 - 0.5680 - 0.5133 -
’f;opt;m 0.7090 | 0.1729 | 0.5722 | 0.0652 | 0.5084 | 0.0299
ﬁopt;Rg 0.7100 | 0.2604 | 0.5719 ; 0.0724 | 0.5082 | 0.0322
ﬁopt;R3 0.6906 |-0.0712 | 0.5655 | 0.0324 | 0.5050 | 0.0164
hgi | 0.5917 | 0.0216 | 0.5276 | 0.0132 | 0.4934 | 0.0101
hgz | 0.5924 | 0.0407 | 0.5332 | 0.0246 | 0.4996 | 0.0184
333 0.6820 | 0.0249 | 0.6071 | 0.0153 | 0.5681 | 0.0116

* Means and standard deviations (SD) are based on 2000 replications.

b Estimated bandwidths: hopt -R1, hopt .R2, and hopt .r3 were calculated
by setting ho = hpiNY12, hy = hpoNY/12 and hg = hpsNV/12 in
Sectwn 4.3, respectively. Sumlarly, auxiliary bandwidths were set h, =
th, h, = hRQ, and h, = hR;; respectively.
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Table 4.4: Monte Carlo results for Design 2: Parameter n

N =200

Bias | SD IMSE

N =400

Bias | SD IJUSE

N =600

Bias I SD ]I\/ISE

p=0 | 7i(hopt)
ﬁ(ﬁopt:Rl)
ﬁ(ﬁopt;R2)
71(hopt;R3)

0.8048
0.7952
0.7955
0.7978

0.1655
0.1638
0.1643
0.1601

0.6477
0.6323
0.6329
0.6365

0.6640
0.6621
0.6622
0.6634

0.0977
0.0984
0.0984
0.0976

0.4409
0.4383
0.4385
0.4401

0.5925
0.5920
0.5918
0.5919

0.0729
0.0737
0.0737
0.0736

0.3511
0.3504
0.3503
0.3503

7(hr1)
n(hr2)
7(hRr3)

0.8336
0.8362
0.8098

0.1814
0.1852
0.1625

0.6950
0.6993
0.6558

0.6667

0.6682
0.6732

0.0982
0.0988
0.0991

0.4445
0.4465
0.4532

0.5932
0.5965
0.6100

0.0734
0.0744
0.0761

0.3519
0.3559
0.3721

p=1/4 ﬁ(h‘OPt)
ﬁ(ﬁopt;m)
ﬁ(ﬁopt;lﬁ)

ﬁ(hopt;RS)

0.7750
0.7630
0.7646
0.7644

0.1804
0.2567
0.4242
0.1704

0.6006
0.5822
0.5846
0.5843

0.6410
0.6363
0.6365
0.6375

0.1093
0.1113
0.1129
0.1062

0.4109
0.4049
0.4052
0.4064

0.5749
0.5719
0.5721
0.5724

0.0779
0.0778
0.0779
0.0775

0.3305
0.3271
0.3273
0.3276

n(hr1)
n(hr2)
7(hRr3)

0.8187
0.8274
0.7811

0.2796
0.4854
0.1797

0.6702
0.6847
0.6101

0.6470
0.6486
0.6461

0.1168
0.1192
0.1082

0.4186
0.4207
0.4174

0.5748
0.5762
0.5844

0.0787
0.0795
0.0799

0.3304
0.3320
0.3416

2 Simulated biases, standard deviations, and average Mean Squared Error (MSE) are based on 2000

replications.
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Table 4.5: Monte Carlo results for Design 3: Bandwidth Estimation

N =200 N = 400 N =600
Mean | SD Mean SD Mean j SD
p=0 hopt | 0.6834 - 0.5747 - 0.5193 -

hopt.r1 | 0.7090 | 0.1552 | 0.5706 | 0.0672 | 0.5065 | 0.0395
Ropt;R2 | 0.7070 | 0.1991 | 0.5694 | 0.0692 | 0.5061 | 0.0376
Ropt:R3 | 0.6904 | 0.0694 | 0.5648 | 0.0311 | 0.5037 | 0.0200
hri | 0.5947 | 0.0213 | 0.5309 | 0.0133 | 0.4961 | 0.0100
hpa | 0.6040 | 0.0444 | 0.5439 | 0.0264 | 0.5096 | 0.0197
hrs | 0.6837 | 0.0245 | 0.6102 | 0.0153 | 0.5699 | 0.0115

p=1/4| hopt | 07101 | — | 05971 | - | 05396 | -
hopt.r1 | 0.7169 | 0.4016 | 0.5797 | 0.1363 | 0.5138 | 0.0955
hopt;r2 | 0.7183 | 0.8889 | 0.5797 | 0.1708 | 0.5134 | 0.1141
Ropt;R3 | 0.6937 | 0.1440 | 0.5699 | 0.0624 | 0.5085 | 0.0433
hp | 0.5919 | 0.0208 | 0.5273 | 0.0134 | 0.4931 | 0.0102
R | 0.5910 | 0.0451 | 0.5305 | 0.0283 | 0.4972 | 0.0212
hrs | 0.6816 | 0.0239 | 0.6068 | 0.0154 | 0.5675 | 0.0118

* Means and standard deviations (SD) are based on 2000 replications.

b Estimated bandwidths: hopt ‘R1, hopt .R2, and hopt .p3 were calculated
by setting hg = thNl/m, hg = hRgNl/m, and hy = hRgNl/l2 in
Section 4.3, respectively. §imilarly, auxiliary bandwidths were set b, =
ﬁm, he = 7132, and h, = hpgs respectively.
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Table 4.6: Monte Carlo results for Design 3: Parameter 7

Bias

N =200

SD | MSE

N =400

Bias I SD

MSE

N =600

Bias I SD IA/ISE

pP= 0 ﬁ(hopt)
ﬁ(ﬁopt;Rl)
ﬁ(/’}opt;lﬂ)
ﬁ(hopt;RS)

0.7943
0.7863
0.7879
0.7858

0.1692
0.2013
0.2506
0.1639

0.6310
0.6183
0.6208
0.6175

0.6539
0.6515
0.6515
0.6510

0.1008
0.1048
0.1038
0.1001

0.4276
0.4244
0.4244
0.4238

0.5891
0.5855
0.5855
0.5857

0.0756
0.0779
0.0771
0.0759

0.3470
0.3428
0.3428
0.3430

7(hr1)
n(hr2)
7(hr3)

0.8282
0.8334
0.8020

0.2195
0.2643
0.1688

0.6859
0.6946
0.6433

0.6600
0.6602
0.6612

0.1051
0.1062
0.1014

0.4357
0.4359
0.4371

0.5871
0.5902
0.6027

0.0764
0.0771
0.0778

0.3447
0.3483
0.3632

p= 1/ 4 j’j(hopt)
'ﬁ("}opt;Rl)
ﬁ(ﬁopt;&)

ﬁ(hopt;R3)

0.7791
0.7721
0.7758
0.7718

0.1957
0.7231
1.9588
0.2156

0.6069
0.5961
0.6019
0.5957

0.6487
0.6427
0.6431
0.6429

0.1101
0.1535
0.2037
0.1079

0.4208
0.4130
0.4136
0.4133

0.5801
0.5741
0.5745
0.5738

0.0818
0.1041
0.1269
0.0801

0.3365
0.3296
0.3301
0.3293

n(hr1)
7(hr2)
7(hr3)

0.8268
0.8383
0.7903

0.8472
0.8563

0.2415

0.6835
0.7027
0.6246

0.6556
0.6575
0.6526

0.1488
0.1869

0.1115

0.4298
0.4323
0.4259

0.5787
0.5810
0.5878

0.0963
0.1095
0.0815

0.3349
0.3375
0.3455

2 Simulated biases, standard deviations, and average Mean Squared Error (MSE) are based on 2000

replications.
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Figure 4.1: Visualization of Design 1

fViu(v|U=u) W)

p=1/4

fu(u)
- * WuW W 3)-4V °3))

a Each row represents a variation of Design 1: (a) p = 0, and (b) p = 1/4 in descending
order.

b First column from the left shows their joint densities, fvu (“w). Middle column shows
their associated conditional densities, fylu (v1U = u), and last column shows their
marginal distribution, fu (u), with respect to U, as well as that of a univariate truncated,
[3,3], normal with parameters: pu = 0, and = 6.
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Figure 4.2: Visualization of Design 2

p=0 fviu(v|U=u) fu(u)

cO

=20

=}

o °

oot
=}

fu(u)

3 2 1 0 1 2 3

a Each row represents a variation of Design 2: (a) p —0, and (b) p — 1/4 in descending

order.
b First column from the left shows their joint densities, fvu (v,u). Middle column shows

their associated conditional densities, fy\u(v\U = u), and last column shows their
marginal distribution, fu (u), with respect to £/, as well as that of a univariate truncated,
[3,3], normal with parameters: pu = 1, and a\| = 6.
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Figure 4.3: Visualization of Design 3

fviu(v|U=u) fu(u)

a Each row represents a variation of Design 3: (a) p = 0, and (b) p = 1/4 in descending
order.

b First column from the left shows their joint densities, fvu {v, ). Middle column shows
their associated conditional densities, fvlu{vW —u)i and last column shows their
marginal distribution, fu (u), with respect to U, as well as that of a univariate truncated,
[3,3], normal with parameters: pu = 2, and al —6.
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Figure 4.4: Simulated M S E of Design 1
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a Each row represents a variation of Design 1: (a) p = 0, and (b) p = 1/4 in descending
order.

b Simulation based on 1000 replications. Dashed gray lines represent the optimal band-
width predicted by our results in each case.
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Figure 4.5: Simulated M SE of Design 2
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a Each row represents a variation of Design 2: (a) p —0, and (b) p = 1/4 in descending
order.

b Simulation based on 1000 replications. Dashed gray lines represent the optimal band-
width predicted by our results in each case.
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Figure 4.6: Simulated M SE of Design 3
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Each row represents a variation of Design 3: (a) p = 0, and (b) p = 1/4 in descending
order.

Simulation based on 1000 replications. Dashed gray lines represent the optimal band-
width predicted by our results in each case.
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