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Abstract

This thesis deals with the issue of persistence, focusing on economic time series,
and extending the subject to seasonal and cyclical long memory time series. Such
processes are defined. In the frequency domain they are characterized by spectral
poles/zeros at some frequency w between 0 and «.

First We review some of the work done to date on seasonality and long memory, and
we focus on research that try to link both issues. One of the limitations of the existing
work is the imposition of asymptotic symmetry in the spectral density around w. We
describe some processes that allow for spectral asymmetry around the frequency w
where the pole/zero occurs. They are naturally described in the frequency domain,
and they imply two possibly different persistence parameters describing the behaviour
of the spectrum to the right and left of w. Two semiparametric methods of estimating
the persistence parameters in the frequency domain, which have been proposed for
the symmetric case w = 0 and are based on a partial knowledge of the spectral density
around w, are extended to w # 0 and their asyrﬁptotic properties are analysed. These
are the log-periodogram regression and the local Whittle or Gaussian semiparametric
estimates. Their performance in finite samples is studied via Monte Carlo analysis.

Some semiparametric Wald and LM type tests on the symmetry of the spectral
density at w and on the equality of persistence parameters at different frequencies
are proposed, showing their good asymptotic properties. Their performance in finite
samples is analysed through a small Monte Carlo study.

All these techniques are applied to a monthly UK inflation series from January
1915 to April 1996, where we test not only the symmetry of the spectral poles but
also the equality of persistence parameters across seasonal frequencies.

Finally some concluding remarks and possible extensions are suggested.
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Chapter 1

GENERAL INTRODUCTION
AND LITERATURE REVIEW

1.1 INTRODUCTION

The evolution of economic time series is often determined by different phenomena, such
as weather, calendar events (e.g. Christmas, Easter) or timing decisions (industry
vacations, tax years), which have a regular or quasi-regular behaviour (Hylleberg
(1992)) that cause the cyclical movement we observe in many economic time series.
Some of these phenomena are fixed and repeat exactly along time (e.g. Christmas) so
that they are completely deterministic in the sense that they. can be forecast with zero
mean square error. Others, although varying over time, are also deterministic because
they can be forecast perfectly (e.g. Easter). But many of them are time-varying and
not perfectly predictable (e.g. weather), although their variation is small so that we
can talk about quasi-regular behaviour. Different processes have been proposed to
model different cyclical movements like those mentioned above. Some of them are
described in Sections 1.2 and 1.3. But before going any further we define some basic

concepts that will be used in this chapter and over the whole thesis.
1.1.1 Definitions and concepts

Let {z:,t = 0,%1,...} be a real and discrete covariance stationary process with mean

¢ and lag-j autocovariance v;,

p=Ez , 7;=E(z;—p)(ze—p)

11



where E denotes the mathematical expectation. If z; shows a regular or quasi-regular
behaviour that causes cycles, then. we call period of the cycle the time period (or
number of obsérva,tions if they are equally spanned) needed to complete the cycle. If
we denote the period by z, then the frequency (in radians) of the cycle is 27 /z. This
implies that the lag-kz autocovariances, where k is an integer, are high in relation
to neighbour autocovariances. Thus, cyclical behaviour of z; will be reflected in the
movements of y; with j. However a visual inspection of the autocovariances may
not be very informative about the period or the frequency of the cycle, specially if
the repetitive evolution of the series is not very regular, which is the typical case in
most economic time series. When analyzing cyclical time series, the frequency domain
is a more adequate framework than the time domain, since it reflects the cycle more
clearly. The basic tool is the spectral distribution function which, although containing
the same information as the autocovariances, gives a clearer view of the period and
frequency that define the cycle. The relation between autocovariances, v;, and spectral

distribution function, F(X), can be written in terms of Stieltjes integrals

w=/ cos(GAYAF(A) , §=0,%1,... (1.1)

where F(A) is a monotonically non-decreasing function, with symmetric increments
(i.e. dF(X) = dF(-))), with F(—7) = 0 and continuous from the right. Note that
7o = [T, dF()) so that F()) gives a decomposition of the overall variance into com-
ponents, each describing the variance due to a different frequency A. The relationship
(1.1) exists for all covariance stationary pfocesses. When F()) is absolutely continu-
ous, there exists an even and continuous function, f(A), such that dF(X) = f(A)dA.
f(A) is the spectral density function, also called power spectrum or spectrum. Since,
for z; discrete, f(A) is a periodic function of period 27 such that f(A) = f(27 + ),
and, for z; real, it is symmetric around A = 0, f(A) is usually defined at frequencies
A € [0, 7). The cyclical behaviour is reflected in f()) by a peak at frequency w, which
defines the cycle such that the period is 27 /w. Thus, the location of the spectral peak
determines the cycle. In relation to this spectral characteristic ar‘ising_from‘ cyclical

behaviour, Nerlove (1964) defined seasonality as “that characteristic of a time series
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that gives rise to spectral peaks at seasonal frequencieé”. Seasonal frequencies are
defined as 27j/s for j = 1,2, ...,[s/é], where [s/2] is the integer part of s/2, that is
s/2if sis even and (s —1)/2 if s is odd, and s is the number of observations per year.
This is the definition we adopt throughout the whole thesis. Thus seasonality implies
the existence of [s/2] cycles of periods s/j, 7 = 1,2,...,[s/2].

We say that a process has long memory if its spectral density satisfies
fw+N)~CAI™2 as A0 (1.2)

where 0 < C < oo, the memory or persistence parameter, d, is different from zero, w
is a frequency in the interval [0, 7] and a ~ b means that a/b — 1. Using the notation
in Engle et al. (1989) we also call a process with such a spectrum integrated of order
d at frequency w, and we denote it by I,,(d). Stationarity entails d < 1/2 (note that if
d > 1/2 f()) is not integrable) and d > —1/2 is required for invertibility so that the
persistence parameter, d, is often restricted to be between —1/2 and 1/2. Although
processes satisfying (1.2) are considered long memory as long as d # 0, more rigorously
we say that the process has long memory or persistence if d > 0, short memory ifd = 0,
and antipersistence if d < 0 (some surveys on long memory are Robinson (1994d),
Baillie (1996) and Beran (1992, 1994a)). Long memory literature has traditionally
focused on Io(d) processes satisfying (1.2) with w = 0. When w € (0. x] we say that
the process has cyclical long memory with period 27 /w. The most common case is
seasonal long memory that occurs when the spectral density satisfies (1.2) for every
seasonal frequency. However, for non-seasonal time series (for example with annual
data) we can have a cyclical behaviour such that (1.2) holds for a single w. Since
(1.2) only restrict the behaviour of f(A) around one specific frequency, w, and does
not impose any other condition far from w (in particular, in the seasonal case, (1.2)
only refers to one of the [s/2] seasonal frequencies) we feel it appropriate to use the
terminology Seasonal/Cyclical Long Memory (SCLM) to denote I,,(d) processes with
spectral density satisfying (1.2) for some w € (0, 7].

Under mild conditions (see for example Yong (1974) and Chapter 2 in this thesis)

the spectral relation (1.2) translates in the time domain to autocovariances that are
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O(j%¢-1) as j — oco. In particular, when d > 0 and w = 0 the autocovariances are
not summable and when w # 0 the absolute values of the autocovariances are not
summable but the raw values are summable as long as the spectrum is bounded at
the origin.

When d > 1/2 the process is not stationary and the spectral distribution function
(and thus the spectral density) does not exist. In those cases we consider f()) in
(1.2) represents the pseudospectrum which we define in the following manner. Let
z; be a non-stationary process such that u; = 7(L)z; is stationary with absolutely
continuous spectral distribution function, and 7(L) is a polynomial in the lag operator
L (L*z; = z;_ for k integer). If f,())is the spectrum of u;, then the pseudospectrum
of z, is f(A) = |7(e?)|~2f.(X), where |2|2 = z X Z and % is the complex conjugate of.
z. In this way we allow the definition of SCLM in (1.2) be valid for stationary and
non-stationary processes.

In Section 1.2 we review traditional methods of modelling cyclical and seasonal
behaviour, as well as some methods of adjusting for seasonality. We dedicate Section
1.3 to the description of some parametric SCLM processes satisfying (1.2). Section
1.4 pays attention to the estimation of the persistence parameter in long memory time
series. Several tests on seasonal integration and cointegration are briefly reviewed in
Section 1.5. Whereas f()) has to be symmetric around frequency zero, it need not be
symmetric around a w different from 0, mod(7). This broadens the scope of modelling
SCLM time series. In Section 1.6 we introduce the possibility of asymmetric spectral
poles or zeros. Some effects of this asymmetry are analysed throughout the whole

thesis.

1.2 MODELLING SEASONALITY AND CYCLES

Seasonality has traditionally been considered a nuisance, and several seasonal adjust-
ment procedures have been proposed. They are typically based on the idea that a
time series {z;,t = 0,%1,...}, possibly after logarithmic transformation, is additively

composed of three different components, the trend-cycle, T;, the seasonal, S;, and the
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irregular component, I,

Ty =Tt+St+It. (13)

Traditionally T; includes also the possibility of a cyclical component. The reason for
this is that the cycle in economics has usually been considered a periodic component
with period larger than the number of observations per year. This implies a spectral or
pseudospectral peak at some frequency between zero and 27 /s, where s is the number
of observations per year. This phenomenon may be indistinguishable from a stochastic
trend, characterized by a pseudo-spectral pole at the origin. However, there may be
cycles of period different from the seasonal ones, s/j, for j = 1,2,...,[s/2]. To allow

for this behaviour we can include a cyclic component, Ct, in the model (1.3),
g =Ty +Ce+ S + I. (1.4)

The additive form in (1.3) and (1.4) (perhaps after taking logarithms) is often known
as Unobserved Component (UC) or Structural Time Series model. The seasonally
adjusted series is obtained by subtracting an estimate of S;. We group the different
methods of estimation of S; and adjustment of z; in two classes, “model-free” and
“model-based” adjusting procedures. The “model-free” techniques do not take into
account the possible form of the seasonality and the same procedure is essentially
applied irrespective of the series. They are basically based on the application of a
succession of moving averages to produce seasonally adjusted data. The most widely
used is the US Bureau of the Census X-11 procedure (Shiskin et al. (1967)). This
technique is based on the application of a series of two-sided filters to the series.
Clearly it is not possible to apply a two-sided filter at the end of the series. Instead
a one-sided filter must be applied and the latest adjusted figures must be revised
as new observations become available and it becomes possible to apply a two-sided
filter. The X-11 ARIMA (Dagum (1980)) allows the application of two sided filters
by fitting an ARIMA model to the series, forecasting future values and seasonally
adjusting the whole series, actual and predicted, by X-11. Revisions are still necessary
as observations come in to replace the predicted values, but they should be smaller

than befox"e. | ‘
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The “model-based” seasonal adjustment proceduréé are made according to the
characteristic of each series. They z.Lre based on the estimation of parametric models
that fit the seasonal behaviour of the series. Some of these models are described below.

Seasonal adjustment procedures have been criticized for causing undesirable effects
such as spectral dips at seasonal frequencies or distortion of the spectral density at
other frequencies (see Nerlove (1964) or Bell and Hillmer (1984)). Furthermore, the
UC models in (1.3) and (1.4) suppose that each component in z; can be specified
separately and independently of the rest of components. This is not always the case.
Often the same model includes two or more of the components in z; (for example
the stochastic seasonal processes classified as b), c¢) and d) below include an irregular
component). The existence of these models and the undesirable effects caused by
traditional methods of seasonal adjustment have given rise to the use of seasonally
unadjusted data.

Most of the processes we describe in this section are seasonal, so that they model
a specific cyclical behaviour. However, other cyclic patterns can be modelled similarly
by suitably choosing the dummy variables, cosinusoids or lag operators in the models
described below.

One of the earliest attempts to model seasonality assumes that the series repeats
the cyclical behaviour in a regular manner, and uses seasonal dummies . Dy, to

construct the deterministic model,

2 =) Dy (1.5)

where Dy, = 1if t — k is a multiple of s (the number of observations per year) and 0

otherwise. It is usually assumed that

s
o =0
k=1
since we may achieve this, if it is not so, by subtracting a constant from the original

series in such a way that the seasonal movement is not affected. We can express (1.5)

as a function of sine and cosine waves via the equivalent formula
(3] o
Ty = E Yne : (1.6)
h=1

16



where

2rh

Upe = opcos(wpt)+ Bysin(wpt) , wp = P (1.7)

ap = 2 E ai cos(kwp),
s k=1

Br

2 s
- E ax sin(kwp),
$ k=1

for 1 < h < s/2, and if s is even Bz sin(wy?) is zero and

1 3
as =< I§ a cos(kws)

(see Hannan (1963)). z; in (1.6) can be equally written z; = ngl 1 cos(wpt — 63)

where 7, = y/a2 + (8} is the h-th amplitude and 6}, = arctan(Bx/ap) is the h-th phase.
It is rarely plausible that time series have such a rigid deterministic behaviour as (1.5)
or (1.6) impose, so a stochastic error is often added. If this irregular component is
well behaved and the frequencies wy, are known, then a; and 8 in (1.7) or ak in (1.5)
can be estimated through simple regression methods.

The processes (1.5) and (1.6) are completely deterministic, and if ay, 83 are fixed
parameters they are non-stationary so that it does not make sense to speak of spectral
distribution function or spectral density. However the spectral behaviour of stochastic
seasonal time series will give us relevant information about the characteristics of the
process. According to spectral characteristics we distinguish four classes of stochastic

seasonal/cyclical processes:

a) Stationary with spectral distribution function with jumps and thus not absolutely

continuous.

b) Stationary with absolutely continuous spectral distribution function everywhere

and smooth, positive, spectral density.

c¢) Stationary with absolutely continuous spectral distribution function but spectral

density with one or more singularities or zeros.
d) Non-stationary so that no spectral distribution function exists.

17



a) Stationary processes with jumping spectral distribution. This kind of process
is defined by (1.6) and (1.7) but wé make ¥}, stochastic by allowing aj and 83, be

random variables satisfying

Elop) = E[By] =0 , Ela?] = E[f}] =0} forall h

Elanai] = E[BsBi]=0 h#i , Elas8]=0 forall h,i. (1.8)

Under (1.8), z; is covariance stationary with lag-j autocovariance
(3] .
v; = E(ziwi-j) = Z of cos(wpj) = / cos(jA)dF(A) 7 =0,%£1....
h=1 -

Although aj and f§j are random variables, they are fixed in any particular real-
ization. Thus, although ¥ is stationary, the model is still deterministic; only two
observations are necessary to determine ap and f§p, and once this has been done the
remaining points in the series can be forecast with zero mean square error. In prac-
tice, therefore, the only difference between the non stationary model, (1.7), and the
corresponding stationary model, (1.7) and (1.8), is the interpretation of the parame-
ters. The spectral distribution function, F(}), is a step function consisting of jumps of
magnitude o /2 at frequencies —wp, and w, for b = 1,...,[s/2]. Since F(X) is not con-
tinuous the spectral density does not exist. However, in a similar manner as Stieltjes
integration is carried out, we can define the so-called line or discrete spectrum, which
is a discrete function with values ¢} /2 at frequencies —wjy, and wy, for h = 1,...,[s/2].
The line spectrum at wy, gives the relative importance of a cycle of period s/h in the
variance of z;.

b) Stationary processes with absolutely continuous spectral distribution and smooth
spectral density. The models in (1.5) and (1.6) assume that the cyclic behaviour in
z; is constant over time and does not change its form. However, economic systems
are evolving over time and the seasonal/cyclical behaviour is likely to change across
time. Of course the variation must be slow (otherwise we cannot speak of seasonality
or cycle) in such a way that the periodical structure seems to persist and the series
has a quasi-periodic behaviour. Hannan (1964) allows for this behaviour by modelling

z; as the seasonal process,
(5]
Ty = Z Une , Ut = aptcos(wrt) + Bh s sin(wpt), ' (1.9)
h=1
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where wp, = 2mh/s are seasonal frequencies and ap; and B;; are not constant but

evolve with time. Hannan (1964) assumed

Elaps) = E[Brg] =0 forall h and all ¢,

Elapant—;] = E[BhBh,i-i] = crpp, lonl < 1, (1.10)
Elapta;s] = E[Brifis] =0 for h #iand all ¢, s, :
Elapsfis) =0 forall h,iand all £,s.

Thus the lag-j autocovariance of ¥y, ; is
E[9,:¥Yh:—;] = chpf; cos(wpF)- (1.11)

Stationarity of ¥}, ; entails |pp| < 1. However, p; has to be close to 1 to avoid quickly
changing behaviour of ¥ ;. When |px| < 1, ¥}, is stationary and non deterministic
with absolutely continuous spectral distribution and smooth spectral density,

f(A) = % Z pflcos(whj)cos(/\j)

j=—o0

h 1-ph + 1 - ph (1.12)
4r | 14 p —2ppcos(A—wp) 14 p2 — 2pp cos(A + wp) ’

which, for pj, near to unity, will be concentrated around A = wy. Hannan et al. (1970)

considered a parameterization of as¢ and By, obeying (1.10)

Qht = PhOht—1 +Eht 5 Bhe = PrBre—1+eh, , ol <1 (1.13)

where €;; and e;r” have zero mean and common variance a,%, and all correlations
between ¢, et and between two time points and for differing values of  vanish. Sub-

stituting (1.13) in ¥4, in (1.9), we get that ¥y, is an ARMA(2,1) process
(1 = 2pp cos(wr)L + p,zsz)\I!h,t = Nh,t — Ph COS(WR)Tht—1 — Ph sin(u.:h)n;‘l,t_1 (1.14)

where

Tkt Eh,t cos(wpt) + El,t sin(wpt)

My = enesin(wpt) - EL, cos(wpt)

'

are thus zero mean random variables with variance o and they inherit the uncorre-

latedness properties of €5 and sLt. The lag-j autocovariance and spéctral density of
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VUp ¢ are (1.11) and (1.12) with ¢; = ah/(l — p?). Consequently the spectrum of z; is

a smooth function

s
2

FA) =3 fu(N) (1.15)
h=1

which shows peaks (sharper the closer pp is to 1) around seasonal frequencies wy,
h =1,2,...,[s/2]). An equivalent manner of allowing for a time-evolving behaviour of

W}, ¢+ is via the recursion (see Harvey (1989)),

U, coswy sinwy Uy 11 Nht
= ’ =127 (L
[ ‘I’;‘;,t ] Ph [ —sinwy coswy q/}“l’t_] + W)t,t 38y ey (1.16)

where 7, ; and nlyt are two uncorrelated white noise sequences with the same variance,
az, and py, is a damping factor, 0 < pp, < 1. If ¥4 0 = o, \I!}:p = B and pp = 1, the
recursion in (1.16), apart from the stochastic vector including 7, and n,t,t, gives the
value of ¥} ; in (1.7). Note that \I'Lt only appears by construction to form ¥, ; and is
of no intrinsic importance. When we include the stochastic terms we see that ¥y, is
the ARMA(2,1) process in (1.14) with spectral density (1.12) with ¢4 = /(1 — p3).
Thus the spectrum of z; is (1.15) and for p, close to 1 it will be concentrated around
frequencies wy.

In addition to the specific ARMA in (1.14) we can use many other ARMA processes
to model a changing cyclical behaviour. In particular, if the spectrum of an AR(2),
(1—¢1 L — 9 L?)z, = &4, contains a peak at frequency A\* within the range 0 < A\* < ,
its exact position is

A* = cos

-1 [ ¢1E11¢2— ¢2)]

For example the spectrum of the AR part in (1.14) has a peak at

= aopnt [ (L AR con
2ph

so that A* is closer to wy the closer pj, is to 1. We can also use the seasonal lag

operator, L*®, (L°z; = z:_,) to define the seasonal ARMA(1,1) model
(1=@sL%)ze = (1+6,L%)e; (1.17)
where ¢; is white noise with variance 02. When ¢, and 6, are inside the unit circle,
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z; is stationary and invertible with smooth spectral density

0_'2 1+ 62 4 26, cos(As)
27 14 ¢2 — 2¢)5 cos(As)’

f) =

If , > 0 and 6, > 0, f(A) exhibits peaks at the seasonal harmonic frequencies,
wp = 2rh/s, h = 1,2,...,[s/2], as well as at zero. More general seasonal ARMA

processes can be defined as

8,(L*)z: = O,(L%)e; (1.18)

where ®,(L*) and ©,(L®) are polynomials in the seasonal lag operator with zeros
outside the unit circle (see Box and Jenkins (1976)).

c) Stationary processes with absolutely continuous spectral distribution and spectral
density with singularities or zeros. The structure of aj, and B in (1.13) may generate
a relatively rapid change in the seasonal pattern, whereas the definition of seasonality
implies a regular or quasi-regular behaviour. The closer p is to 1 the more regular
the movement of ¥ ;. In fact we can choose p, = 1, but in this case ¥}, ceases to

be stationary. Instead we can assume that a;; and B, evolve as
(- Ly ane=cens , (1= L) Bhe =, (1.19)

where €5, ; and é;,z are defined as in (1.13). Thus a; ¢ and B¢ are fractional ARIMA(0,d4,0)
processes and they are stationary if d;, < 1/2 and invertible if d; > —1/2 (see Hosking
(1981)). The slowly changing behaviour necessary for seasonality requires d, > 0 and
stationarity entails dj, < 1/2. Under these circumstances ap ¢ and ( are Io(dy) with

spectral density, fo()A), diverging at the origin, and lag-j autocovariances
t

I'(1 —2dp)T(j + da)
— ] = = g2

Thus the lag-;j autocovariance of ¥y ; is
E[@,¥h,sj] = 7} ; cos(jwr)

and its spectral density is

S e 10& L )
E ‘y;{’j cos(jwp)e™N = o E 'y}:,je"”(e”“’h-{-e"wh)

j=—oco j=—o0

‘=‘ %fo(A —wn) + %fo(if\ + Qh);

1
2T

f(A) =
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The multiplication of ap: by cos(wpt) and B by sin(wpt) produces a phase shift
such that the spectral pole moves 'from zero in opy and B¢ to wp in ¥pe. Thus,
the process (1.9) and (1.19) has an absolutely continuous spectral distribution but its
spectral density is not smooth, but goes to oo (if dy > 0) or is zero (if dj, < 0), at
frequencies twy, as described in (1.2). This is the SCLM property that characterizes
the processes we analyze in this thesis. A more detailed description of existing models
conforming to this property is given in the next section.

d) Non-stationary and non-deterministic stochastic seasonal processes. If ay ¢ and
Bh,t are determined by the fractional ARIMA processes in (1.19) but with dj > 1/2,
then they are not stationary and thus ¥y ; in (1.9) is clearly non-stationary. In this
case there does not exist a spectral distribution. Nevertheless, the frequency domain
is still an adequate framework to detect seasonality using the pseudospectrum. For
example, if d;, = 1 in (1.19) or equivalently ps = 1 in (1.13) or (1.16), then ¥, is a

non-stationary ARMA(2,1) process

Th(L)Uhe = Mg — cOS(wh)Mh,t—1 — Sin(Wh)7L o

where 7,(L) = 1—2 cos(wy)L + L2. The non-stationarity comes from the fact that the
AR polynomial, 74(L), has zeros at coswy, :I:\/W_l, with modulus one. However
Th(L)¥4, is a stationary MA(1). Since |r4(e**)|=2 = (2(coswy, — cos A))~2 diverges
at A = Zwp, then the pseudospectrum of ¥y, goes to infinity at frequencies twy,
reflecting a strong cyclical pattern with period 27 /wy, = s/h. Hannan et al. (1970)
used this model and estimated it using optimal methods for the extraction of a signal
(i.e. the seasonal component) extended to allow for non-stationary signal (Hannan
(1967)).

In the Box-Jenkins framework we can define the seasonal ARIMA(P,D,Q) time

series

&,(L°)(1 — L*)Pz, = 0,(L*)e, (1.20)

where the ¢; are white noise (0,0?), ®,(L*) and ©4(L*) are polynomials in the lag
operator with zeros outside the unit circle, and D is a positive integer (Box and

Jenkins (1976))' We can also consider a fractional D. In this case (1.20) defines the
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fractional seasonal ARIMA(P,D,Q), which is stationary if D < 1/2 and non-stationary
if D > 1/2. The spectrum (D < 1/2) or pseudospectrum (if D > 1/2) of z, is

B a._zl@s(ei/\s)lz [ As]—D

fQ) = 27 [8.(&)F 4sin® = (1.21)

2
and diverges if D > 0 or is zero if D < 0 at frequencies wy, = 27h/s, h = 0, ...,[s/2],
that is at the origin'and at seasonal frequencies. The seasonal difference operator,
(1 — L*), can be written as the product of the difference operator, (1 — L), and the
seasonal summation operator, S(L) = (1+ L+...+ L*~1), such that the pole in (1.21)
at the origin corresponds to the operator (1 — L), and the spectral poles at seasonal
frequencies are due to S(L). Thus (1 — L*) includes a stochastic trend in addition to
the seasonal factor. This is why sometimes (e.g. Harvey (1989)), S(L) is used instead
of (1 — L?) to model the seasonal component of a UC time series model as described

in (1.3) and (1.4).

A different class of non-stationarity may be due to the fact that the autocovariances
are not time invariant, for example because there is a different data generating process
for each season. This phenomenon is often moﬂelled via the Periodic ARIMA process
that allows for a different behaviour in each season of the cycle (e.g. Troutman (1979),
Tiao and Grupe (1980), Osborn (1991), Franses and Ooms (1995)). This kind of model

can be written as
B (L)1~ L*)%z% = Oy(L)ed ¢=1,...,s, T=1,2,.., (1.22)

where £7. is white noise with variance ag, the index ¢ indicates the season or situation
of the observation in the cycle (for example different months) and T represents the
year such that z% = T(T-1)s+q- Lhe lag operator, L, retards the observation one
period such that Lz} = LZ(7_1)s4q = T(T-1)stg-1 = 22! and for any integer &,
L¥z% = z¥_,. Thus, (1.22) allows for s different models, one for every season (month
in case s = 12). When the zeros of ®,(L) lie outside the unit circle, and d, < 1/2,
then (1.22) is stationary for every ¢ = 1,2,...,s. Although z] may be stationary,
the variable z; is clearly non-stationary if some of the parameters corresponding to

different gs are different. In this case the variance and autocovariances of z; depend on
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q and therefore are not time invariant. Thus there does not exist a spectral distribution
function and we cannot use frequenc'y domain techniques to explore the characteristics
of such a process. The analysis of this kind of process is usually performed in a
multivariate setup using a vector ARMA representation. Define the s x 1 vector
zr = (2}, .., %) = (Z(T=1)s4+1> ---» TT5)"- The periodic process in (1.22) can be written

in vector ARMA form as
A(L*)C(LY)zr = B(L*)ur T =1,2,.., (1.23)

where ur = (k,...,e}), C(L*) = diag{(1 — L*)%}, A(L*) and B(L*) are matrix
polynomials in L*, and the operator L* is the lag operator for the index T, L*2r =
2r—1. This implies seasonal difference in the elements of 21, L*z% = L*z(7-1)s4q =
T(T—2)s+q = T1_1- The vector 2r is stationary if d; < 1/2 for ¢ = 1,..., s, and |A(2)|
has zeros outside the unit circle, and invertible if d; > —1/2 for ¢ = 1, ..., s, and the
zeros of |B(z)| lie outside the unit circle. Under stationarity zr has a spectral density
matrix f,(A). We have already pointed out that z is not stationary and consequently,
it does not have a spectral distribution function. However, the expectation of the
sample autocovariances of z; converge to the autocovariances of a stationary process

with spectral density function
L iy —ix
fA) = ;R(e Y fz(sA\)R(e™*) (1.24)

where R(r) is a s X 1 vector with k-th element r* (Tiao and Grupe (1980)). Of course
the spectrum of z; is not (1.24), but asymptotically we can use (1.24) to classify
periodic processes in the same way we have done before for non-periodic seasonal

models.

1.3 SEASONAL/CYCLICAL LONG MEMORY PRO-
CESSES

In this thesis we focus on the analysis of seasonal/cyclical stationary processes with
spectral density satisfying (1.2). These are the class c) of the stochastic seasonal time
series models introduced in the previous section, processes with absolutely continu-

| ous‘sp.ec’.cral distribution but non-smooth spectral density function. In particular the
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spectral density satisfies (1.2) so that it diverges (if d > 0) or is zero (if d < 0) at
some frequency w € (0,7]. Since (.1.2) only restricts the behaviour of f(A) around
w, and w can be any frequency between 0 and 7 (seasonal or not), then we say that
a process with spectrum satisfying (1.2) has SCLM or is integrated of order d at w,
I,(d). This notation covers the stationary case (d < 1/2) as well as the non-stationary
one (d > 1/2). In the latter, f()) in (1.2) represents the pseudospectrum.

Though (1.2) is a semiparametric condition and only imposes knowledge of f(A)
around w, it is interesting to describe parametric processes satisfying (1.2), specifying
short memory as well as long memory components of z;, for example for the purpose
of Monte Carlo simulations. Some examples have been introduced in the previous
section (e.g. (1.9) and (1.19) or (1.20)). In case of Gaussian series it suffices to specify |
f(A) for all A € (—m, ], and the mean, g, to have an absolute knowledge of the
process. Since the spectral density and the autocovariances give the same information,
we could equivalently specify the autocovariances, v;, for all j. A characteristic of
autocovariances of SCLM processes is that they have a slow decay typical of long
memory but they also have oscillations that depend on the frequency w. Often v; =
0(j%#-1) as j — oo but with sine oscillations depending on the frequency w, and
if d > 0 then Y |vy;| = oo, although ¥ 4; may be finite if f(A) is bounded at zero
frequency. Complete parameterization of 4 and f(A) or 7; permits the simulation
of Gaussian series satisfying (1.2). Non-Gaussian z; are not fully described by p
and f(A) or v;, but nevertheless, assuming they have finite variance, they could have
spectrum or autocovariances of the type we discuss, and so will be SCLM as far as
second moment properties are concerned. There remains the possibility that z; may
not exhibit long memory in second moments but in some other way (for example z?
could have long memory) as discussed in Chapter 8.

Two different types of parametric SCLM models have been stressed in the lit-
erature. They are natural extensions of the processes used to model standard long
memory at zero frequency , ((1.2) with w = 0), namely the fractional noise and the

fractional ARIMA in the Box-Jenkins setup.
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1.3.1 Seasonal Fractional Noise

This kind of stationary process is characterized by a spectral density

o o] 27r —2(1+d)
AN=C|1- A A+ —7 1.2
f(3) = CJ1 - cos(s )'EJ + 2 (1.25)
and lag-j autocovariance
Ez} j | Soat1 odizatt  (J qp2d
i = =5 (5 U = 2515 4+ 5 - 11%7) (1.26)

where s is the number of observations per year, C is a positive constant and d < 1/2
(see Jonas (1983), Carlin and Dempster (1989) or Ooms (1995)). The spectrum in
(1.25) satisfies (1.2) for w = 27h/s, h = 0,1,...,[s/2], and the v; in (1.26) have slow
and oscillating decay as j — oo, and if d > 0 they are not absolutely summable. This
kind of process is a generalization of the fractional noise described by Mandelbrot and
Van Ness (1968) that is characterized by (1.25) and (1.26) with s = 1, and has the

typical long memory behaviour at frequency zero.
1.3.2 SCLM in the Box-Jenkins setup

Gray et al. (1989, 1994) analysed the so-called Gegenbauer process, first proposed by
Hosking (1981), which is of the form

(1 - 2L cosw + L?)%z; = u (1.27)

where u; is a process with positive, finite and continuous spectrum, f,(A), and d can
be any real number. For example when u, is a stationary and invertible ARMA(p,q)

(1.27) is called GARMA (Gegenbauer ARMA). The spectral density of z; in (1.27) is
f(A) = (4(cosw — cos A)?) "2 £,(A) (1.28)

and it satisfies (1.2) so that z; has SCLM at frequency w. For w # 0,7, the process
in (1.27) is stationary if d < 1/2 and invertible if d > —1/2. When w = 0 and u; is a
stationary and invertible ARM A(p, q), then (1.27) is the fractional ARIM A(p, 24, q),
(1 = L)*z, = uy, so that z, is stationary if d < 1/4 and invertible when d > —1/4.
| If w=m thé sﬁeétrurﬁ of th has a pole at frequéncy '7r and it is stationary if d <‘ 1 /4
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and invertible when d > —1/4. When the u,’s in (1.27) are 74d(0,02) and d < 1/2 the

autocovariances of z; are

o2

%i=9 7

where P?(z) are associated Legendre functions (Chung(1996a)). The asymptotic be-

1 , -1
(1 - 2d)(2 sinw)%-”[ij’j (cosw) + (1Y P} * (~cosw)]  (1.29)
2 2

haviour of «; in (1.29) is

¥ ~ K cos(jw)j?! as j— o0 (1.30)

where K is a finite constant that depends on d but not on j (see Gray et al. (1989)
or Chung (1996a)). We observe that the autocovariances of z; in (1.27) have the slow
and oscillating decay typical of SCLM.

Porter-Hudak (1990) and Ray (1993) among others, proposed the use of the frac-
tional seasonal difference operator, (1— L’)d, where d can be any real number. Porter-
Hudak (1990) used the operator (1 — L'?)? in monthly monetary USA aggregates and
Ray (1993) used (1 — L%)%(1 — L'?)%2 for monthly IBM revenue data. Note that
(1 — L*)? can be decomposed into the product of some operators (1 — 2L cosw + L?)°.

For instance if s = 4,
(1-L*)? = (1 -2Lcoswy + L2)§(1 — 2L coswy + L?)%(1 — 2L cosw, + 12)f (1.31)

for wp = 0, w; = 7/2 and wy = . Thu.s the pfocess zy in (1 — LYY'r, = ugis ly(d),
Ig(d) and I.(d).

In order to allow for different persistence parameters across different frequencies,
Chan and Wei (1988), Chan and Terrin (1995), Giraitis and Leipus (1995) and Robin-
son (1994a) used the model

h~-1
1- L)d°{H(1 — 2L cosw; + L¥)%}(1+ L)z, = u, (1.32)

Jj=1
where w; can be any frequency between 0 and 7 and u; has continuous, positive and
bounded spectrum. Thus z; in (1.32) is 1,,;(d;) for j = 0,1,2,...,h, where wp = 0 and
wp = 7. When u; is a stationary and invertible ARMA, Giraitis and Leipus (1995)

used the te‘rmivnology ARUMA to denote a process satisfying (1.32). When |d;| < 1/2
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for j =0,1,...,h, (1.32) can be expressed

o0
E ﬂ'jfl}t_j = Uy
=0

or
It = Z'¢jut-j
3=0
where mp = 99 = 1 and
—d - —dp— —d
7 = E Cl(:o 0/2)(770)Cl(c1 d])(m)mcl(%-:u ﬂ("lh-—l)cl(ch hlz)(nh) (1.33)
0< koyoonbn <5
ko+...+kn=3j

for j = 1,..., where 7; = cosw;, 1 = 0,1, ..., h, and C,(cd)(a:) are orthogonal Gegenbauer
polynomials. Similarly ; is (1.33) with do, ..., dj, instead of —do, ..., —dj, (see Giraitis
and Leipus (1995)). The weights 7; in (1.33) have the asymptotic behaviour
h-1
ry~ K170 4 (—175717% 4 3 % (cos(wed) +o)]  (1.34)
k=1
where K is a finite constant and v; is a constant depending on dy,...,dy and wy.
Similarly the v; behave asymptotically as (1.34) with do, ..., d), instead of —d, ..., —d}.
The complicated form of the ARUMA model in (1.32) makes it difficult to calculate
an explicit formula for the autocovariances. As a matter of fact, they have only been
obtained for the Gegenbauer process in (1.27) (see (1.29)), but if there are more than
one spectral pole/zero, only the asymptotic behaviour has been established. Giraitis
and Leipus (1995) showed that the autocovariances of the ARUMA process (1.32)
satisfy

h
¥ ~ Kijd"_l cos(jwg) asj— oo
k=0

where K is a finite constant. Thus 7}, %; and 7; have slow decay with oscillations
that depend on the different wix. Eventually it is the largest persistence parameter
which governs the behaviour of ;, 1; and ;.

The model (1.32) allows for spectral poles/zeros at any frequency w; € [0, 7]. One
particular case occurs when w; are seasonal frequencies, w; = 275 /s, 7 = 1,2,...,[s/2].
Then (1.32) has been called “flexible ARFISMA” (Hassler (1994)) or “flexible (sea-
éon.al) A‘RMA('p, d, q)‘,” .(O.oms (1995)). . |
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1.4 ESTIMATION IN SCLM PROCESSES

Since the analysis of long memory in the flows of the river Nile and the introduction
of the rescaled range statistic (R/S) to measure this phenomenon by Hurst (1951),
interest in long memory processes has increased significantly. Some applications, anal-
ysis and extensions of the R/S statistic are Mandelbrot (1972,1975), Mandelbrot and
Wallis (1968), Mandelbrot and Taqqu (1979), Taqqu (1975,1977), Davies and Harte
(1987) and Lo (1991). The interest in the analysis of long memory in economics
has its origin in Granger (1966) who observed that most economic variables have an
estimated spectrum which is consistent with the behaviour of long memory processes.

Estimation and statistical inference in long memory processes can be done using
parametric or semiparametric techniques. Parametric methods are generally more
efficient if they are based on a correct and complete specification of f(A). However,
parametric estimation of the persistence parameter, d in (1.2), can be inconsistent if
f(A) is misspecified at frequencies far from w. Semiparametric techniques, that only
assume partial knowledge of f()) around a known frequency (like in (1.2)), guarantee
consistency under this type of misspecification. The price to pay is a loss of efficiency
with respect to parametric methods when the model is correctly specified.

Since R/S analysis several techniques have been developed. Some of them, like
R/S itself, are not suited for SCLM processes (see Ooms (1995)). In this section we
review methods proposed to estimate SCLM processes and propose extensions of those
techniques that have been developed for the standard long memory case at frequency

zero.
1.4.1 Parametric Estimation

Consider the covariance stationary process, z;, satisfying

B(L)(ze — ) = & (1.35)
where
$2)=1-) ¢;7 , Y di<o0, (1.36)
=1 Jj=1
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i is the population mean of z; and the ¢, have zero mean and are uncorrelated with
variance o2, for all ¢. All the stationary and invertible processes described in previous
sections can be written as (1.35) satisfying (1.36). Suppose that the ¢; and o2, as
well as p are unknown, but we know a function
o 3
d(z;0)=1- Zgb,-(&)z’
i=1
where 6 is an unknown k£ X 1 parameter vector such that there exists 6y for which
$;(6) = ¢; for all j, and therefore ¢(z;6p) = ¢(z). The spectral density of z; is given
by
a? a2
)= ZIgeN? , —r <A< (137)

and the lag-j autocovariance by
v = f(A)cos(FA)dA.
-7
Writing f(A) and 7; as a function of the unknown parameters, we have

0.2
fi0,0%) = -h(X;0)

7i(8,0%) = av;(6)

where

1 ™

7i(8) = - / h(); 8) cos(jA)dA

2r Jx
and h(z;0) = |¢(e'*;0)|~2. Thus the para.meter vector g describes the antocorrelation
properties of z;. In this section we consider the so-called Gaussian estimates, although
Gaussianity is not required to achieve good asymptotic properties. First. denote by
A(8) the n x n Toeplitz matrix with (¢, 7)-th element v;_;(#), by 1 the n x 1 vector of

ones and by z the n x 1 vector of observations (z1, z2, ..., Z»)’. Consider the function

1 1 1
La(8,p,0%) = 3 log o’ + 7 log|A0)] + 53 (z - p1)A(8) ™ (z — p1) (1.38)

where pu and o? are scalars. Define

(0ay fta, 82) = arg min Lo (8, u, 0%)
0,p,0%
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where the minimization is carried out over an appropriate range of values of the
unknown parameters. In case the E; in (1.35) (and therefore z;) are Gaussian, , is a
maximum likelihood estimate of 6.

As in other minimization problems introduced below, o2 and u can be estimated in
closed form and the nonlinear optimization carried out only with respect to 6. Under

regularity conditions (e.g. Theil (1971) 8.5) 4, is consistent and
V(fa — 8o) > Nk(0,271) (1.39)

d T . .
where — means convergence in distribution, Ni(:,-)is a k-variate normal and

1 ™ 0 0
Q—E _w'a—ologh(A,oo)'a—ej

log h(A; 6)dA. (1.40)
Since the function h(z;6) is known, Q can be consistently estimated by, for exam-
ple, substituting 6y in (1.40) by a consistent estimate (e.g. 5a). These asymptotic
properties do not rely on z; being Gaussian, though under Gaussianity 6, is also

asymptotically efficient.

We can approximate L,(0, i, 02) by
Ly(0,p,0%) = llog ol + L isz(é? ©) (1.41)
it 2 207 &
where €,(0, 1) = ¢(L; 0)(z: — p) and we take z, = 0 for t < 0. We call

(0y, i, 67) = arg min Ly(6, u, a?)

AR
a (nonlinear) least squares estimate of (6o, i, 0%), where the minimization carries out
over an appropriate range of values (see Box and Jenkins (1976)). Under regularity
conditions, §, has the same asymptotic properties as those of f,, that is 6 is consistent
with asymptotic distribution (1.39), and if the ¢; are Gaussian it is asymptotically
efficient.

Next define the centered periodogram

1 & .
L(Xip) = 5—1 3 (ae - we . (1.42)
t=1
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Whittle (1953) proposed to approximate Lq(, 1, 0?) by the frequency domain approx-
imate likelihood

™

=2_7r_1r

Le(8, 11,07 {log o2h(X; 6) + i(-’\—i‘l} d. (1.43)

a2h(A; 0)
The so-called Whittle estimates are

(6., jic, 52) = arg min Lc(6, s, o?).

6,u,0

Under regularity conditions, 6. has the same asymptotic properties as 6, and 6.

Finally define the (uncentered) periodogram

1 & '
() = A2 1.44
"N = gl e (1.44)
Define the Fourier or harmonic frequencies A\; = 27j/n, and consider the discrete

approximation to L.(f, u,02) (see Hannan (1973c))

!

Ly(6, 0'2) = %E {log azh(/\j; 6) + ;é&%} (1.45)

j
where 37 runs over all j = 1,...,n— 1, such that 0 < h(A;;8) < oo for all admissible

0. By omitting j = 0 and n we avoid the need to estimate p. Let
(64,6%) = argmin Ly(8, 0?)
8,02

where the minimization is over a compact subset of R*t1. Then éd has the same
asymptotic properties as éa, 6, and 6, described above.

The relative computational needs of éa, éb, éc and 9d, which we call Gaussian
estimates, depend on the parameterization we impose. In general, 65 is more easily
calculated than 6, since it avoids the matrix inversion in (1.38). Despite its repre-
sentation in terms of h(A;#), (1.43) avoids the matrix inversion in (1.38) as well as
the linear transformation in (1.41). Furthermore, in many cases h(A; ) is more easily
written down than v;(6). Thus 64 has computational advantages, especially because
it can make use of the fast Fourier transform.

The above discussion has made no reference to long memory or SCLM models,
and in fact 4, , éb, 6. and 6, énd theif asymptotic properties were originally obtained
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for short memory time series models such as stationary. and invertible ARMAs (see
for example Whittle (1953) or Hannan (1973c)). However the discussion also seems
relevant to long memory and SCLM. In fact, for long memory models with a spec-
tral pole/zero only at the origin, Fox and Taqqu (1986), Dahlhaus (1989), Giraitis and
Surgailis (1990) and Heyde and Gay (1993) provide asymptotic properties for §, which
are consistent with those earlier obtained for short memory processes, namely consis-
tency, asymptotic normality and efficiency under Gaussianity. Li and McLeod (1986)
and Sowell (1986, 1992) discuss computational aspects and Yajima (1985) asymptotic

properties of 6, for fractional ARIMA processes
®(L)(1 - L) (z; — p) = O(L)e, (1.46)

where d can be any real number and the zeros of ®#(z) and ©(z) lie outside the unit
circle. Beran (1994b) proposed a modified version of 6, for long memory processes
that is robust against the presence of outliers. Asymptotic theory for 6 has not been
considered explicitly for long memory models with a spectral pole at zero frequency
but it seems it can be done by avoiding the spectral singularity with the omission of
frequencies close to the origin in Lq(#,02%). In the long meniory case, 0 appears to
have an extra advantage over éa, 6 and éc, because it does not require estimation of
p. When there is a spectral pole/zero at zero frequency, fi,, /iy and fi. converge more
slowly than /n (see Vitale (1973), Adenstedt (1974) and Samarov and Taqqu (1988))
which can affect the finite sample properties of éa, éb and éc as discussed by Cheung
and Diebold (1994) via Monte Carlo analysis.

The discussion of Gaussian estimates is also relevant to SCLM models with spectral
poles/zeros at known frequencies different from zero. In case of processes satisfying
(1.2) we have to obtain the function h(};#) or 7,;(6) and then the same optimization
procedures can be applied to get b,, éb, éc and 6;. Nevertheless some comments are
needed. The complicated form of the autocovariances (when they can be obtained
in an explicit form) in many SCLM processes (see for example (1.29)) makes the
matrix inversion in (1.38) rather difficult to calculate, and therefore obtaining 6, may

be rather cbmplicated. Chung (1996a,b) considered the estimate 6 for the GARMA
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process

®(L)(1 = 2L cosw + L)z, — p) = O(L)ey (1.47)

where the ¢; are white noise (0,0?), |[d| < 1/2 and ®(z) and ©(z) are polynomials of
order p and q respectively with zeros outside the unit circle. Chung (1996a,b) claimed
that @, for (1.47) is \/n-consistent and asymptotically normal.

Due to the natural expression of SCLM in the frequency domain, a more elegant

manner of estimating SCLM processes like (1.47) seems to be 6, and §; . For (1.47)

9(61}\)
Q(e“)

where 0 = (&4, ..., ®p, 01, ...,0,4,d)". More generally consider the stationary ARUMA

2

h(A;0) = (4(cos A — cosw)?)™¢

model (assume g = 0)

o(L) ﬁ(l — 2L cosw; + L¥) %z, = O(L)e; (1.48)

=0
where d; > 0 for all j, and d; < 1/2if w; # 0,7 and d; < 1/4 if w; = 0,7, O(z) and

®(z) have their roots outside the unit circle and the ¢; are i¢d(0, 02). In this case

2 h

H(4(cos A — cosw;)?)~%
j=0

@(eiz\)

h(Xi0) = |5

where 6 = (®y,...,8;,,04,...,04,do,...,dn) . Giraitis and Leipus (1995) obtain con-
sistency of 6. but they do not establish the asymptotic distribution, although a non-
Gaussian limit distribution is conjectured.

As a matter of fact, Chung (1996a,b) and Giraitis and Leipus (1995) consider
also the estimation of the frequencies w;, j = 0, ..., h, where the spectral poles/zeros
occur. Since in this thesis we consider w; fixed and known we do not discuss the
estimation of w; in this introductory chapter. However, a section of the concluding
chapter is dedicated to review the literature on estimating frequency, and in particular
on estimating w; in SCLM processes.

Hosoya (1996a,b) considered z, in (1.35) a vector instead of a scalar. Allowing for
spectral poles at a finite number of known frequencies, Hosoya proposed a multivariate

extension of L.(0, i, 0?) in (1.43)

L.(9, o) = / i {log|a2h(/\;0)|+tr [%h“(k;())fn(z\, u)]}d)\ (1.49)

-
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where h(A;6) is now a matrix defining the spectra and Across—spectra and I,(X; p) is
a matrix with the periodogram ami cross-periodogram of the elements of the vector
series z;. Without assuming Gaussianity, Hosoya showed that the arguments that
minimize (1.49) are asymptotically normal.

A different approach focuses attention on the semiparametric specification of the
spectral density in (1.2). The estimation is based on a regression of the logarithm of the
periodogram onto the logarithm of Fourier frequencies and known as log-periodogram
regression. Since this technique is basically semiparametric we describe it more thor-
oughly in the next subsection where we review semiparametric methods of estimation.
We mention it here because Kashyap and Eom (1988) proposed the use of all harmonic
frequencies in the log-periodogram regression performed to obtain an estimate of d.

This technique is used by Ray (1993) to estimate d3 and d;3 in the SCLM process
do(L)pa(L3)b12(L1?)(1 = L3)® (1 — L'?)2z, = 6o(L)03(L3)012(L*?)e; (1.50)

where the ¢, are white noise. Ray (1993) uses these estimates of d3 and d;; as a first

step in the estimation of the complete model (1.50) for monthly IBM revenues.
1.4.2 Semiparametric Estimation

When we are only interested in the estimation of the persistence parameter, d in (1.2),
we only need to specify f()A) around w in order to obtain consistent estimates of d that
we call semiparametric. This is a clear advantage with respect to parametric estimates
that need a complete and correct specification of f(A) over the whole band of Nyquist
frequencies, though in the event of such specification the parametric estimates have the
competing advantage of converging faster. The semiparametric estimates we describe
in this subsection are consistent even if we do not have any knowledge about the
behaviour of f()) at frequencies far from w, whereas the parametric methods may be
inconsistent if f(A) is misspecified at those frequencies. In this section we only assume
that z; is a process whose spectral density satisfies (1.2) around a known frequency
w.

Due to their simplicity, perhaps the most popular semiparametric procedures are
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variants of the one introduced by Geweke and Porter-Hﬁdak (1983). This methodol-
ogy, known as log-periodogram regr'ession, has gained great popularity among empir-
ical researchers, and often, a semiparametric estimate of d is used as a first step prior
to a complete parametric fit of the model (see for example Geweke and Porter-Hudak
(1983) or Diebold and Rudebusch (1989)). This class of estimate is based on a least
squares regression of log I,(w + A;) on —2log A; and an intercept, where I,,(A) is the
periodogram defined in (1.44) and A; = 275 /n are Fourier frequencies. The regression
is carried out for j = 1,...,m, where m is an integer between 1 and n/2, called the

bandwidth, satisfying at least

l+ﬂ—>0 as m — o0o. (1.51)
m n

The original version, due to Geweke and Porter-Hudak (1983), uses instead of —2log A;
the regressor — log{4 sin(A;/2)}, but as indicated by Robinson (1995a), use of the sim-
pler —2log A;, which corresponds more naturally to (1.2), leads to equivalent asymp-
totic properties. This class of estimates was originally proposed for the standard long
memory at zero frequency, (1.2) with w = 0. Note that in that case I,(};) is an even
function, so regression of log I5(};) on —2log|A;| for j = :i:.l, .., £m is equivalent to
using frequencies for j = 1,...,m. When w # 0, 7, use of information on both sides of
the pole/zero makes a substantial difference. Thus the log-periodogram estimate for

such a w is

135 vilog In(w + Aj)
-9 +

2 z:j:;:l 1’32

where v; = log |j| — %2{" log!l. Work on estimating (1.2) with w = 0 suggests two

d=

(1.52)

possible modifications to this scheme. Due to anomalous behaviour of the periodogram
very close to a spectral pole/zero (see Robinson (1995a), Kunsch (1986) and Hurvich
and Beltrao (1993,1994)), Kunsch (1986) and Robinson (1995a) trimmed out some
frequencies close to w (the proofs of the asymptotics without trimming in Geweke
and Porter-Hudak (1983) and Hassler (1993a,b) are incomplete as pointed out in
Robinson (1995a)). The second type of modification is an efficiency improvement

_ suggested by Robinson (1995a) and based on pooling adjacent periodogram ordinates.

36



Incorporating these two suggestions we have the estimate

i 1Y iyt + 7)) (1.53)

D YL
where y; = log(Z‘j]=1 (w4 Ak4j-0)), g,(f) = log(Zj:1 I(w—Ak4j-0)), J is a positive
integer (the pooling number) and Z;c is asum over k = Il + J,l 4+ 2J,...,m. When
the pooling number, J = 1, and the trimming number, ! = 0, then (1.53) reduces to
(1.52). When w = 0, and for symmetry of the periodogram at the origin we only use

m — | frequencies in the estimation, Robinson (1995a) proved that under Gaussianity

V(P —d)y S N (0, Jw;('])) as n — o0

where 9'(2) = f;’(,b(z) and 9(z) is the digamma function defined as Hd;? log I'(z) where
['(z) is the gamma function. In Chapter 3 we show that the same asymptotics follow for
w # 0 in a more general spectral specification. Velasco (1997c) relaxes the assumption
of Gaussianity and only imposes boundness of the fourth moments of the ¢; in (1.35).
Using a tapered periodogram (cosine bell or hanning taper) he obtains consistency
and asymptotic normality with variance 3Jv(J)/4. Note that tapering increases the
variance. Assuming Gaussianity Velasco (1997a) proved consistency of d for the
non-stationary case d € [1/2,1). Velasco (1997a) also shows that d¥) is asymptotically
normal with variance Jv'(J)/4 for the non-tapered estimate if d € [1/2,3/4), and
3JY'(J)/4 for d € [1/2,3/2) if the tapered periodogram is used. The good properties
in finite samples of d!) for d € [1/2,1) are shown in Hurvich and Ray (1995).

A variant of (1.52) has been proposed by Reisen (1994) and Chen et al. (1994).
They used a smoothed periodogram instead of the raw periodogram in (1.52) trying
to soften the anomalous behaviour of I,(A) close to w. Janacek (1982) introduced
an alternative method to estimate d through estimation of the Fourier coefficients of
log f(A) using the log-periodogram. Although originally this estimate was proposed
for long memory at zero frequency, Janacek claimed that this method can be naturally
extended to SCLM time series.

Related to the parametric Gaussian estimates described in the previous section,

Kunsch (1987) and Robinson (1995b) considered a semiparametric approximation of
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L4(6,0?) in (1.45) assuming just the partial knowledge of f()) described in (1.2). The
estimate, d, is the argument that m'inimizes
|22

1 I A
Q(C,d) = — {log o+ B o a -)} (1.54)
2m j=z:|;1 J C J

where the bandwidth number, m, is an integer satisfying at least (1.51). The estimate
d has received the names of Gaussian semiparametric or local Whittle estimate. When
w = 0 only frequencies on one side of w are used, due to the symmetry of I,,(A) at the
origin. But if w € (0, 7), periodogram ordinates on both sides of w are informative and
should be used in the estimation. Without requiring Gaussianity, Robinson (1995b)

obtained consistency and asymptotic normality for the case w = 0 such that

vm(d—d) 3 N(0,1/4).

Note that d is asymptotically more efficient than d(¥) because J4'(J) | 1 as J — oo.
The same asymptotics are shown to hold for w # 0 in Chapter 4 in a more general
setup. Velasco (1997b) extended Robinson’s results to non-stationary processes ob-
taining consistency for d € [1/2,1) and asymptotic normality when d € [1/2,2/3)
(d € [1/2,3/4) under Gaussianity).

Lobato (1995) extended Robinson’s Gaussian semiparametric technique to a sta-
tionary long memory multivariate setup. Lobato considered z; in (1.35) a 7 x 1 vector

with a-th element z¢ and with spectral density matrix
f(A) ~A’GoA®  as A - 07

where A® = diag{A\~%} for a = 1,...,7, and Gy is a positive definite Hermitian matrix.
Note that under this specification every z{ has a spectrum

fa(A) ~ gaad72=  as A 0F
where g,, is the a-th element in the diagonal of Gy. The objective function to minimize
is a discrete semiparametric version of (1.49)

i=1

Q(G,d) = f:{log |A;GA;l + tr[AT'GTIAT L (A))]} (1.55)
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where A; = diag{/\j'd“}. Under conditions similar to those in Robinson (1995b) for
the univariate case, Lobato obtained consistency and asymptotic normality of the

estimate of the vector of persistence parameters d® = (dy, ..., d,),
vm(d - d®) 4 N,(0,E7)

where E = 2I, +2Re(Go*(Gg1)'), I, is the r x 7 identity matrix, Re denotes “the real
part of” and * is the Hadamard product. A generalization of this method to SCLM

processes is analyzed in Chapter 4.

Robinson (1994c) proposed an alternative technique to estimate d when the spec-

tral density satisfies

flw+A)~1L (I%I) A2 as A= 0 (1.56)

where L(z) is a slowly varying function, that is a positive measurable function satis-

fying
L(tz) 1
L(2)

Note that (1.56) specializes to (1.2) when the function L(z) is a constant. The pro-

as z— oo forallt>0.

posed estimate is

. 1 log{F(gAm)/F(An)}
g o_1_ 1.
me T 9 2logq (37
where
X o +[An/27] :
F)== Y L(w+X), (1.58)
L s

Aj=27j/n, q € (0,1)is a user chosen number and m is again a bandwidth parameter
satisfying at least (1.51). With only second moment restrictions and without requiring
Gaussianity, Robinson (1994c) showed the consistency of ciqmw for w = 0. In this
case only periodogram ordinates on one side of zero frequency are used to construct
(1.58). Assuming Gaussianity, Lobato and Robinson (1996) obtained the asymptotic
distribution of dyym,, for w = 0. This is normal for d € (0,1/4) and non-normal (related
to Rosenblatt processes) for d € (1/4,1/2). The same properties are likely to hold for
w#0.
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Finally, based on an original idea of Parzen (1986) an alternative estimate of d in

(1.2) has been proposed by Hidalgo and Yajima (1997),
ir= L i d (1.59)
- mp:l ’ .
where (fp = ay/a; and
1 14 " 1 P -
a = - Zw(l) log fp(A1) - <" Ew(l)) log fp(Ap+1)
P Pio
1
a; = —2/ w(u)logudu
0

where w(l) = (l/p)% - (l/p)ci_i, ¢ > 1 and f,(\) is a particular moving average of
periodogram ordinates at frequencies close to w. Under some regularity conditions,

but without assuming Gaussianity
N (1+c)(2+c))2
ﬁ(d _d)—)N(O’(2(1+4c+2c2) .
The variance of d* is, for ¢ > 1, smaller than that of d so that a gain in asymptotic

efficiency is achieved with respect to previous semiparametric estimates.

1.5 TESTING ON SEASONAL/CYCLICAL INTEGRA-
TION AND COINTEGRATION

The characteristics of the process generating the series depend strongly on the value of
the persistence parameter, d. In particular, d determines if the process has persistence
(stationary or non-stationary), short memory or antipersistence (invertible or non-

invertible). Some interesting situations that may require a rigorous test are

a) d = 0 (short memory) against d > 0 (persistence or long memory) or d < 0

(antipersistence),

b) d = 1/2 (“just” non-stationarity) against d > 1/2 (non-stationarity) or d < 1/2
(stationarity),
c) d = —1/2 (“just” non-invertibility) against d > —1/2 (invertibility) or d < —1/2
| (‘non—invertvibility). -
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The hypotheses involved in a) can be tested using si'mvple t methods based on the
estimates and their asymptotic disiributions described in Section 1.4. t-tests of b)
and c) can be carried out using those estimates whose limit distributional properties
hold for non-stationary or non-invertible processes.

Traditionally, interest has focused on testing the possibility of unit roots where d
in (1.2) is an integer. Some early work is due to Dickey, Hasza and Fuller (1984) who

test the possibility of a seasonal unit root of the form
1=-LYzy=¢ t=1,2,..
where the ¢; are iid (0,0%) random variables, against the alternative
Ty = 0Ty_s + &

with |a|] < 1. They provide percentiles for the proposed test statistic. One of the
limitations of this procedure is that it is a joint test for unit roots at the origin and
seasonal frequencies, w, = 27h/s, h = 1,2,...,[s/2] (see (1.31) for the case s = 4).
Furthermore the alternative is a specified form of s-th order autoregressive process.
Hylleberg et al. (1990), using quarterly data, extended this procedure allowing for an
individual test at zero and at every seasonal frequency that is robust to behaviour at
other frequencies. Some extensions of this procedure to monthly data are Beaulieu
and Miron (1993) and Franses (1991). The null hypothesis in all of them is pure
integrability (I,,(1)) and the alternative is pure stationarity or short memory (7_(0)).
Canova and Hansen (1995) extended the test of Kwiatkowsky et al. (1992) to the
seasonal case, testing the null of stationarity (/,(0)) against the alternative of pure
integration ([,(1)). Bearing in mind the properties of these two types of tests, that
basically differ in the specification of the null and alternative, the simultaneous use
of both procedures has been advised in order to test for pure integrability. If the
conclusion in both types of test is the same (i.e. one rejects and the other does not
reject the null), then we conclude that there is strong evidence to accept the result
implied by both procedures. If one test contradicts the other, then we need a more

thorough analysis. In this case we may have fractional integration. A general test,
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based on the parametric model (1.32) and allowing for fractional and integer 1,(d)
as null and alternative, has been recently proposed by Robinson (1994a) and applied
to quarterly macroeconomic data by Gil-Alana and Robinson (1997). The procedure

considers a scalar real-valued sequence satisfying

¢(L)Et = Uy t= 1,2, ceny

Ty = 0 tSO,

where u; is a short memory covariance statiénary sequence with zero mean, and ¢(z)
is a kriown fu:nction. Consider the function ¢(z;¥) where 9 is a p-dimensional vector
of real valued parameters such that ¢(z;9) = ¢(z) if and only if
Ho:9=0. . (1.60)
The hypotheses of principal interest entail ¢ of the form
h-1
$(L;9) = (1 — L)o+% {T[ (1 — 2L cosw; + L2V ¥ }(1  L)dn+9, (1.61)
j=1
where for each j, J;; = ¥ for some [ and for each [ there is at least one j such that ¥, =
;. The null hypothesis to test is that the px 1 vector (p < h+1) 9 = (9,92, ..., 3,) is
equal to a vector of zeros. Thus fractional seasonal and cyclical integration is allowed
in the null and alternative. This is a new feature with respect to previous unit root
tests that usually consider stationary AR and integrated processes of order one as
null and alternative. To avoid estimation of the persistence parameters, Robin;on
(1994a) used a score test although undoubtedly the same asymptotic behaviour can
be expected of Wald and likelihood ratio tests. When u; is white noise the proposed

test statistic is

R= 1&'1‘1-1&

74
where 5% = %E? ul, up = ¢71(L;0)zy, @ = —ln[ ):; ‘I’(Aj)lu(/\j), I,()) is the peri-
odogram of u; defined in (1.44), ¥()\) = Re{Z5log ¢(e**;0)} and A = %E; T(A)T(N;)Y
where the primed sum is over \; € M = {A: =7 < A< T, A & (wy — Ay, w1 + M)l =
0,1, ...,h} and w are the distinct poles of ¥(A) on (=, 7]. Asymptotically equivalent
expressions fo_r‘& and A~ c.an‘ bé found ‘in Rdbinson ‘(1994‘12;), as well as a time doméin
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test statistic. Robinson (1994a) also proposed a modification of R that allows for
parametric weak correlation in u; as long as its spectrum is bounded and bounded
away from zero and of known parametric form (although a fixed number of parameters
may be unknown). Unlike the techniques earlier described these procedures have the
advantage of being standard in the sense that the test statistic has a well known x;‘;
limit distribution under the null and a limiting non-central xf, distribution against

Pifrhan or local alternatives of the form

:02__‘...
H, Tn

where § is any p x 1 véctor. Furthermore they are asymptotically most powerful
against those local alternatives.

Also of interest is the test of the hypothesis of equality of persistence parameters
acr;)ss different frequencies. This is done in Chapter 5 of this thesis on a semipara-
metric basis.

As far as cointegration is concerned, Hylleberg et al. (1990) considered the possi-

bility of seasonal cointegration and defined this concept as

A pair of series each of which are integrated at frequency w are said to be
cointegrated at that frequency if a linear combination of the series is not

integrated at w.

Hylleberg et al. (1990) pointed out that if the series present several spectral poles
(as for example z; in (1.32)) the procedure in Engle and Granger (1987) to test for
cointegration at zero frequency is invalid, so that prior to any test for cointegration
we have to filter the data in such a way that only the pole at the frequency where
we suspect the cointegration occurs remains. For instance, if we want to test for
cointegration at the origin, we have first to remove seasonal roots, for example by
applying the seasonal summation operator, S(L) = (1+ L+ ...+ L*"!), to the original
series and then perform a standard cointegration test such as those discussed in Engle
and Granger (1987).

Engle and Granger (1987) and Hylleberg et al. (1990) focus on pure cointegration,

that is they only consider the possibility of a linear combination of I,(1) processes
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be I,(0). But our definition of SCLM or I,(d) processes allows for the possibility
of fractional integration (fractional d) and cointegration. In this sense Engle et al.

(1989) define cyclical cointegration in the following manner,

A vector of series z;, each component I,(d) (integrated of order d at fre-
quency w), may be said to be cointegrated at that frequency if there exists

a vector a,, such that 2’ = al,z; is integrated of lower order at w.

As in the definition of SCLM, if the series are I,(d) at every seasonal frequency
we are in the case of seasonal cointegration, but in general w can be any frequency

between 0 and 7, both inclusive.
1.6 INTRODUCTION TO ASYMMETRIC SCLM

The research on SCLM reviewed in this chapter is based upon the semiparametric
specification of the spectral density about w described in (1.2). This definition imposes
an asymptotic symmetry (that is for frequencies very close to w) of f(}) around w. Of
course, this has to happen for w = 0, mod(r) and real z;. However, When w # (0, 7),
f() need not be symmetric and can behave like

C)A~%h as \— 0t
f(w+ A) ~ { DIA|—2d2 as A— 0~ (162)

where 0 < C, D < oo, and we permit
d1 74 dz ahd/or C # D (1.63)

so that we have two (possibly different) persistence parameters, d and 4, at the same
frequency w. In case dy # dy we say that z has asymmetric SCLM. Cleally (1.62) nests
(1.2) as a special case. In Chapter 2 we analyze some parametric asymmetric SCLM
processes that satisfy (1.62). Since its definition is naturally done in the frequency
domain, we found the time domain parameterization of processes salisfying (1.62)
and (1.63) rather difficult. Instead we analyze in Chapter 2 the belaviour of the‘
autocovariances, and in most cases we are only able to give their asymptaic behaviour.

The asymmetry in (1.62) has not been considered to our knowledge i1 any work on
sea,sonval or cyc_lical long memory done to date. This possibility will have important
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consequences on the estimation procedures described 1n Section 1.4. In particular,
assuming (without loss of generaljt'y) that dy > d;, the periodogram ordinates just
before w exert a relatively serious effect on those just after, contaminating in many
cases the estimation of d; if these frequencies are used. In Chapters 3 and 4 we analyze
the effects of this possible asymmetry on two semiparametric estimates, namely the
log-periodogram in (1.53) and the Gaussian semiparametric or local Whittle based
on the minimization of (1.54). Chapter 5 proposes some tests of the hypothesis of
symmetry d; = d3 in (1.62) as well as of the equality of persistence parameters across
different frequencies, showing their good and standard asymptotic properties. The be-
haviour of these estimates and tests procedures in finite samples is studied in Chapter
6 via Monte Carlo analysis. In Chapter 7 we apply the techniques developed in earlier
chapters to a monthly UK inflation series. Finally Chapter 8 suggests some possible
uses and extensions of SCLM. In particular we include one section that reviews ex-
isting work on estimating frequency. We place this section in the concluding chapter
because throughout the whole thesis we assume w is known. Estimating w, in case it
is unknown, in SCLM processes, symmetric or asymmetric, is a rather difficult task

and further research seems worthwhile.
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Chapter 2

SEASONAL/CYCLICAL
ASYMMETRIC LONG
MEMORY

2.1 INTRODUCTION

Various parametric processes have been proposed to model seasonal/cyclical long
memory defined by a spectral density that satisfies (1.2) for some w different from
zero. Some of them are described in Chapter 1. Perhaps the more general form is the
process used for instance by Robinson (1994a) and Giraitis and Leipus (1995) that we

introduced in (1.32) and we rewrite here,

D(L)zy,=u; for t=1,2,.. (2.1)
Ty = 0 if t S 0

where
h-1

D(z) = (1 - 2)%(1 4 2)% H(l — 2zcosw; 4 2%)%,
J=1
L is the lag operator such that L¥z; = z;_) and u; is a process with positive and
bounded continuous spectral density (e.g. a stationary and invertible ARMA(p,q)
process, ®(L)u; = ©(L)e;, where ¢; is white noise (0,02) and the zeros of ®(z) and
O(z) lie outside the unit circle).

This general specification covers many cases studied by several authors in the

Box-Jenkins setup. Some examples are the following;:
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1. D(z) = (1 — 2)%. This parameterization corresponds to “fractional ARIMA”

processes introduced by Hosking (1981) and Granger and Joyeux (1980).

2. D(z) = (14 z)%. This process has a spectral pole/zero at frequency = , useful

to model cycles with period two (for example many half-yearly series).

3. D(z) = (1 — 2zcosw + 2z2)%. These are the Gegenbauer processes introduced
by Hosking (1981) and extended and analysed in Gray et al.(1989) and Andel

(1986), modelling a cyclical behaviour at any frequency w between 0 and .

4. D(z) = (1 - 2)%(1 + 2)* 1'[?;11(1 — 2zcos 2% 4 22)%. This model is called
“flexible ARFISMA” (Hassler (1994)) or “flexible (seasonal) ARMA(p,d,q),”
(Ooms (1995)), and allows for different persistence parameters at frequency zero
and at each seasonal frequency 2—’;1, j = 1,2,...,5/2, where s (that here we

assume to be even) is the number of observations per year.

The spectral density function of the process in (2.1) is:

fO) = DN fu(X) (2:2)
h—1 ’
= (4sin® %)'d" (4 cos? %)_d" H {4(cosw; — cos A)?}™H f,(N)
i=1

h-1
. A —ws
= (4 sin? %)"“(4 cos? %)'d" H(4 sin? -/\-;—w’)'d’ (4 sin? —zﬁ)_d’ fu(N)
J=1

where f,(A) is positive and bounded (e.g. f,(A) = ;—’;{%(:%H; for u; an ARMA pro-
cess). The second specification of f(A) will be useful in subsequent analysis.

As pointed out in Chapter 1, all these manners of modelling SCLM suffer the
drawback of imposing the same memory parameter on either side of the possible spec-
tral poles/zeros at frequencies w € (0,7). In Section 1.6 of Chapter 1 we introduced
the notion of asymmetric SCLM and we defined it by saying that z; is an asymmet-
ric SCLM process if its spectral density satisfies (1.62) and (1.63). This implies two
(possibly different) persistence parameters at each frequency between 0 and 7 with a
spectral pole/zero. The possibility of spectral asymmetry imposes a serious difficulty

when trying to parameterize a process with such a f()) in the time domain. In fact we
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do not propose any time domain parametric model, like those in (2.1), with a spectral
density satisfying (1.62) and (1.63). Tnstead we study the behaviour of the autocovari-
ances of parametric asymmetric SCLM processes defined via a complete specification
of its spectral density. In Section 2.2 we calculate the autocovariances of some asym-
metric SCLM processes with only one spectral pole/zero. Section 2.3 generalizes the
results obtained in Section 2.2 allowing for the possibility of a finite number of spectral
poles. In this case no explicit form for the autocovariances is obtained, but only their
asymptotic behaviour can be offered. Finally Section 2.4 analyses the asymptotic bias
of the periodogram as an estimate of the spectral density in a general asymmetric
SCLM with only one spectral pole/zero. This bias will be relevant when explaining
the behaviour of different semiparametric estimates of dy and d; in (1.62) in following

chapters.

2.2 ASYMMETRIC GEGENBAUER PROCESS

Let {z:} be a stationary SCLM process with spectral density

2 . -
fA) = ;_;rll —2ePcosw+ e M if <A<
2 . .
= ;—;u —2e? cosw + €222 if 0 < A < w. (2.3)

By analogy with the Gegenbauer processes analysed by Gray et al. (1989), we call a
process with spectral density (2.3) asymmetric Gegenbauer process. f(A) in (2.3) can

be written

2 A—
JO) = frofsin? ”T“’}-dx fsin? o) ifw < A<
2
- 73 —4dy [.: 2A+U) —d2 o3 2A—w —-d; : < <
= _27r2 {sin — }~%2{sin — }J2if0<A<w

and thus its asymptotic behaviour around the frequency w is

2
fO) ~ Tiom2iggn AECyzay -2 0y 1y,
27 2
2
~ —;%2'2‘12{sin Atw ;w}‘z"’l/\ — w72 as A T w.

‘Now we extend the Lemma in Gray et al. (1989) to the asymmetric case. This
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extension, stated in Lemma 1, will be useful when investigating the behaviour of the

autocovariances of a process with spectral density (2.3).

Lemma 1 Let R(k) = [; f(w)cos(kw)dw for an integer k. Let wo € (0,7) and
suppose that f(w) can be ezpressed as:
flw) = bi(w)jw —wo|™ if w € (wo, 7]

bg('lU)l’UJ - ’(Uol-ﬂz sz € [0,11)0]

where 0 < B4, B < 1, by(w) is a function of bounded variation in (0, wo—¢) and slowly
varying from the left at wo and bi(w) is a function of bounded variation in (wo+€, )

and slowly varying at wo from the right, where € > 0. Then when k — oo:
R(E) ~ kO sin( 1 — kwolba(wo + D)T(1 - B1)
+ K sin(Z, + kuolha(wo — DT(L - )
where a ~ b if § — 1 and I'(-) is the gamma function.
Proof: Write

R(k) = /Df f(w) cos(kw)dw

/ ' ba(w)|w — wo| ™2 cos(kw)dw + / by (w)|w — wo| ™ cos(kw)dw
0 wo

Sa + Sp.

Using the change of variable z = w — wp the integral S, can be expressed
S, = / ’ ba(w)|w — wo| ™2 cos(kw)dw
0

0
= / |z|~P2by(z + wo) cos(k[z + wo])dz
—wp
0
= (—2)"P2by(z 4 wo) cos(kz) cos(kwo)dz
wp

0
- (—2)P2by(z + wo) sin(kz) sin(kwo)dz
—wp
= 81— Sa2-
Now

S = /w‘o z™P2by(wp — ) cos(kwp) cos(kz)dz = cbs(kw@)/ z7P2b)(z) cos(kz)dz
0 : 0
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where

b;(x) = b2(ﬂ)0 - .’Z) ifre (0,’!1)0]

= 0 if z € (wo, 7]

bl(z) is of bounded variation in any interval (¢,7), e > 0, (because by(w) is of bounded
variation in (0,wp — €)) and slowly varying as £ — 0% (bz(w) is slowly varying from

the left at wp). Then applying Theorem 2.24 of Zygmund (1977, Chapter 5),
a-1p1,1 . Th
Sa1 ~ kP2 bz(E)I‘(l — fB2) sin < cos(kwp) as k — oo.

Similarly

%
~
I

- sin(kwo)/ ’ z™P2by(wp — ) sin(kz)dz
0
= - sin(kwo)/ z~P2b)(z) sin(kz)dz
0
and applying the same theorem,
Bo—1 1 1 T2
Sa2 ~ —kP? sm(kwo)bz(E)I‘(l - B2) cos—= as k — oo.
Thus
Se ~ KPIr(1 - ﬂg)b}(%) {sin f% cos(kwg) + sin(kwo) cos %ﬂz}
= KPII(1 - ﬂz)b;(%)sin(%ﬂ’ + kwo) as k — oo.

With respect to S,

S5y = / by (w)|w — wo| P cos(kw)dw

Wo

' '[r—wo |2| P16y (z + wo) cos(k[z + wo])dz
= /0 o (z)~P1by(z + wo) cos(kz) cos(kwg)dz
_ /0 " @)1ty (2 + wo) sin(kz) sin(kwo)de
= Sb1 — Sha-

As before
- S = cos(kwg) ‘/01r z=P1b}(z) cos(kz)dz
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where
bl(z) = by(wo+z) ifz€ (0,7 — wp)
= 0 if z € (7 — wo, 7).
Since bi(z) is of boupded variation in any interval (e¢,7), € > 0 (b;(w) is of bounded

variation in (wo + €, 7)) and slowly varying as = — 0% (b;(w) is slowly varying from

the right at wg) we again apply Theorem 2.24 of Zygmund (1977, Chapter 5) and

obtain,
B1-1 1 1 . W,Bl
Sy ~ k7 cos(kwo)bl(E)I‘(l — p1)sin - s k — oo.
Similarly
i = / z=P16)(z) sin(ke) sin(kwo)dz
0
~ kA1 sin(kwo)b}(%)l‘(l — By) cos E%

Thus,

S = S — Sz

4

kﬁ"lb}(%)l’(l — B1){cos(kwp) sin 71'_51 — sin(kwyg) cos W—gl}
= KATBY(IT( - By)sin( DL ~ ko)
and
R(E) ~ KB~ ) sin( 5L — ko)
+ kﬁz-lb;(%)m - ,az)sin("Tﬂ2 +kwy) ask— oo O
Using Lemma 1 we show in the following theorem that the autocovariances of a
process with spectral density (2.3) not only decrease in a hyperbolic rate typical of

long-range dependent data but also exhibit the cyclic behaviour of the sine function

with a period depending on w.

Theorem 1 Let z; be a stationary process with spectral density function

2 . )
fQ) = ;—;r|1 — 2 cosw + |7 ifu <A<
2 ) o v : :
= -%%ll —2ePcosw+ e |7 fo<A<w
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where w # 0 and 0 < dy,d; < 1/2, and denote v; = E[z; — Ex1][zs—; — Ez1] the lag-j

autocovariance. Then

:2d1—-1

~ .2dy~1
YR J 2

sin(mdy — jw) + 7 sin(rdy + jw) as j — oo.
where a = b if  — C where C is a finite non-zero constant.

Proof: Due to symmetry of f(/\,),j - 2[) F(A) cos(jA)dA.

y; =2 /0 " £(A) cos(jA)dA.

Now f()) is
—d
2 —d in Az \ ? !
;—;2"“‘ {sin"'(-/\—-;—w)} {(s;‘n ':’ ) } A-w|™? i w<A<T
o2 ' Atw )% [ [sin2z2)? e
__2, —4d; P02 2 _ —2d; . <
27r2 {sm( 5 )} {(A—w)} A —w| if 0<A<w
that is,

fQ) = WA -w|™2 fw<Ar<n
= bW -w|* f0<A<w
In order to apply the previous lemma we have to show:

a)  by(A) is of bounded variation in (0,w — €).

bi1()) is of bounded variation in (w + €, 7).

b)  ba()) is slowly varying from the left at w.

b1(X) is slowly varying from the right at w.

The proof of a) is clear from the form of #(A) and b3()). In order to show b) we

say that ba(A) is slowly varying from the left at w if :
1. (w— A)%by() is decreasing,
2. (w— A)~%by(X) is increasing

in some left-hand neighbourhood of w, (A < w), for § > 0.
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1. Define the function

$21(A) = (w—A)’by(N)

2 A -2d; A — —2d;
= g;zr-(w — \)ft2dg=adz {sin -{2—w} {sin 5 w}

2
= .024—d2 (w _ /\)6+2d2(cos A — cosw)-2d2.
27
Now
i‘ﬁz‘(’\) - Ty (w = A)**292=1(cos A — cosw) 24271
dA 27

X {=(8 + 2d;)(cos A — cosw) + 2dzsin A(w — A)}.

The terms outside the braces are positive because A < w. The expression within -

braces is negative if
2dy(w — A)sin A 1
(6 + 2d3)(cos A — cosw) )

By L’Hopital it tends to 6—3_‘?_,%—2- < 1 as A — w so that 1 holds for A close enough

to w.

2. Define
2
$22(A) = (w = A) 7By (N) = ;—;4_‘12 (w — A)*%2"%(cos A — cosw) 2%,

Differentiating with respect to A we have

2
'(%\‘4522(A) = ;_:-4—d2 (OJ - A)?dz-&—l(cos )\ — cos w)—2d2—l

X {—(2d3 — é)(cos A — cosw) + 2dy(w — A) sin A}

that is positive for A < w if 2d3(w— A)sin A > (2d; — 6)(cos A —cosw). As A - w

we have that
2d2(w - A) sin A 2d2

(2d; — 6)(cos A — cosw) T 2,8 >1

for a small enough 6. Note that if (w— A)~%b()) is increasing for a small enough
6, the same holds for any @ > 6§ because (w — A)™%by(A) = (w — A)~*H(w -
A)~8b2()) so that (w — A)®by(A) is the product of two positive (since w > A) and

increasing functions and thus is itself increasing. Thus 2 is proved.
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Now we have to show that b;()) is slowly varying from the right at w. In order to

do that we wi]l. check that
1. (A = w)®by()) is increasing
2. (A —w)~%by(A) is decreasing
in some right-hand neighbourhood of w, (A > w), with § > 0.
1. Define the function
$11(A) = (A = w)’by(X) = ‘2’—712;4-*(,\ — w)5+2 (cos A — cosw) 24,

Now

2
%%1(’\) = %‘rd'(A — w)?*21=1(cos X — cosw) 21!

X {(6 + 2d;)(cos A — cosw) + 2d; sin A(A — w)}.

Since A > w the term outside the braces is negative and thus adidb“()‘) is positive

for A close enough to w because

(6 + 2d;)(cosw — cos A) N 6 + 24,

1as A — w.
24, (A —w)sin A 2d, M7V

2. Define
2
$12(A) = (A —w) b (N) = ;—;4-'11(,\ —w)?¥1=8(cos A — cosw) 2

and

2
%4512()‘) = (27_;,4—'1‘ (A = w)? 171 (cos A — cosw) 241!

X {(2dy — &)(cos A — cosw) + 2d; (A — w) sin A}

that is negative for A close to w because

2d; (A — w)sin A 2d,

(2d; — 6)(cosw — cos A) - 2d; — 6 >lasd—w.
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Thus if we apply Lemma 1 we obtain

v o~ 5RT12h (w4 ;)I‘(l — 2d,) sin(nd; — jw)

+ 527 2by(w - %)F(l — 2dz)sin(md; + juw)

as k — oo, what concludes the proof because by(w — 5—) and by(w + ;—) tend to finite
non-zero constants as 3 — oo. O

Remark 1: If d; = d; = d and ¢? = 02 then b;()\) = by()) = b()) and we obtain
the same result as in Gray et al. (1989, 1994) and Chung (1996a and b), because in

that case 7; behaves as j — oo,

¥ o~ 2j2d—1I‘(1 — 2d)[cos(jw) sin(rd){b(w — %) + b(w + %)}

+ sin(jw) cos(rd){b(w — %) - bw+ %)}]

and thus v; = 524! cos(jw) because b(w ~ %) + b(w + %) approaches a finite non-zero
constant and b(w — -—) b(w+ 5—) approaches zero as j — oo.

Remark 2: Some of the heuristic approaches to estimate the persistence parame-
ter at the origin that use the sample autocovariances (for a description of some of these
techniques see Delgado and Robinson (1994)) are not valid to estimate the persistence
parameter at frequencies w # 0 because they require v; to be eventually positive, a
condition that does not hold if w # 0( mod 27).

Remark 3: Parallel to and independent of this work, Chung (19964 ) has obtained
an explicit expression for the autocovariances of the GARMA(0,0) process of the form
(1 — 2L cosw + L?)%z, = ¢; with &; white noise. These autocovariances have the
form described in (1.29) in Chapter 1. With a slight modification of Chung's proof
and using equation 3.663.1 in Gradshteyn and Ryzhik (1980) we obtain the following
exact expression for the autocovariances of a process with spectral density function

(2.3) but with d; and d; constrained only to be less than 1/2 for stationarity,

03 o . \1_3a 2d,-}
v; = 2\/_(2smw)2 I‘(I—de)Pj_% (cosw)

-1
+ (-1 (2sinw) A1 - 200 P2 F (—cosw) - (24)
2

2\/_
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where P%(z) are associated Legendre functions. Applying equation 8.721.3 in Grad-

shteyn and Ryzhik (1980), namely .

b _ 2 T(a+b+1)cos[(at3)0—F+ 5] 1
P)(cos8) = 77 Ta+ D \/"m [1 +0 (a)] (2.5)

and Stirling’s formula to (2.4) we obtain the result stated in Theorem 1 using the

fact that —cosw = cos(m — w). Note that while Theorem 1 is only valid for the
persistent and stationary case (0 < d;,d2 < 1/2), using expressions (2.4) and (2.5) we
obtain the asymptotic behaviour of the autocovariances stated in Theorem 1 as long
as dy,d; < 1/2.

In case w = /2, (2.4) can be enormously simplified and the autocovariances 7;

have a much simpler form. This fact is stated in the following proposition.

Proposition 1 Let {z:} be a stationary process with spectral density
2
o : T
A = _l 1 12 —2d1 y — < A <
JO) = S+ g Zoaga

2
P 02 2 —2d2 , < < 1
aallte | f 0SA< g

where dy,d; < 1/2. Then the lag-j autocovariance, v;, is equal to

0'% F(l - 2d2)

a? 0} (1 -2d;)
2T(1-d; - I(1 - dz + )

=05 T(1—dy— 2)T(1—dy + 1)

(2.6)

forj=0,+1,42,....

Proof: The proof is shown in two different ways.
First we can use expression (2.4) and equation 8.756.1 in Gradshteyn and Ryzhik

(1980),

bro) — 2*y/m
70 = rer g

and we obtain the desired result.
Secondly, without using (2.4) and directly from the form of the spectral density,

we can prove the proposition in the following manner. Write

v = 2 /0 " F(A) cos(jA)dA

2 x
=2 { / * 9724 (cos X) 242 cos(j/\)d/\}
0

s
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+ o { / i 2~21 (cos \) ™24 cas( ‘A)dA}
T "’ J
2
_ Gy-ung, | Ty
T T

Now
71'[‘(1 - 2d2)

21-2d2T(1 — dy + £)T(1 — d; — %)
applying formula 3.631.9 in Gradshteyn and Ryzhik (1980). Also

Sy = /3(cos A) 242 cos(jA)dA =
(i

8 = /”(cos A)~24 cos(fA)dA = /a[cos()\ + %)]'2"’1 cos[j(A + g)]d,\.
x 0
2
Now

cos(A + %) = -—sinA
cos[7(A + E)] = cosjA cos X — sin jAsin ekl
2 2 2
= (—1)'21 cosjA if j even

= (=1)"% sinjX if jodd .
Thus if j is even

S = (~1)} /Og(sin X)74 cos(jA)dA = (~ 1)} [/0” B -/:]

and
/ " (sin A)=2 cos(jA)dA
2z
= /?(sin(/\ + E))’z“'1 cos(7(A+ E))dz\
(i} 2 2
= (-—1)% /i(cos A)~ 241 cos(FA)dA.
0
Then

S = (~1)} /"(sin,\)-% cos(jA)dA — / ? (cos )2 cos(jA)dA
0 0

(~1)}7 cos(E)T(1 - 2dy) wT(1 ~ 2d;)
2-2iT(1—dy + §)I(1 —dy - §)  21-24T(1 - dy + {)[(1 —dy ~ §)
7rI‘(1 —2d1)

21-2iT(1 — dy + 1)[(1 - d; - 1)
" by formulae 3.631.8 and 3.631.9 in Gfadshteyn and Ryzhik (1980).
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Thus if j is even

o2 I(1 - 2ds) o} T(1 - 2d,)
2T(1-dy—I(1—d2+%) 2T(1-dy—4HT(1—dy +1)

If 5 is odd,
S = (—1)‘%l /7(sin A)" 2 sin(50)d) = (—1)7—}1 [/f _ /,,]
0 0 _2,1

and the integral between 7 /2 and = is equal to

7 =

/;(sin(/\ + -722))‘2"11 sin(7(A + g))d,\ = (—I)L;—] '[f(cos A)~241 cos(FA)dA.
Then 5, is equal to

(1) / (sin A)~241 sin(jA)dA — (=1)/ / ? (cos A)~2 cos(jA)dA
0 0
(-1)#F 7 sin(@DT(1 - 2dy)
2-24iT(1 - dy + £)[(1 — dy - %)
_ 7rI‘(1 - 2d1)
21-24i1(1 — dy 4 4)[(1 — dy — §)
by formulae 3.631.1 and 3.631.9 in Gradshteyn and Ryzhik (1980). Thus when j is

7rI‘(1 - 2d1)
21-24(1 — dy + §)[(1 — dy — £)

- (—l)j

odd

_ o3 I'(1 - 2d;) _ 9 I'(1 - 2d,)
BT T(U-di- DT -da+d) 2T(l-di- PI(1-dy + 1)

and the proposition is proved. O

Applying Stirling’s formula to 7; we obtain that when w = 7,

Y (—1)%.7'2(12—1-1-(—1)%_7'2‘1’_1 if 7 even

x (=1)F %1 _(=1)F 21 if jodd

as j — 00, which corresponds to the result obtained in Theorem 1.

When w = 7/2 we can construct a parametric process with autocovariances (2.6)
in the following manner. Suppose we have two independent series z;;, ¢ = 1,2, of
quarterly data, each of them formed from two half-yearly series, ¥}, and y2, such that
Ty = yilé_ if t is even and z;; = 3/,23_-51 if t is odd. Assume that the different y,-kt come

from I (d;) processes,

A+ L)yt =¢k i=1,2 k=1,2
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where the different £%, and €%, are independent white noises (0, 0?) and (0, 02) respec-

tively. Thus the lag-j autocovarianc'e of yﬁ, t=1,2and k=1,2,is
: I(1-4d;) :
Vo= g2 ' - =0,%£1,.... 2.7
Ti T ST —d, - HT(A-di+]) (2.7)

Note that we have the same autocovariances for ¥}, and y4. Although we suppose that

eX, and €5, are independent we assume a certain covariance between £}, and £% such

that the covariance between y} and y2_; is ‘y;&-ﬂ defined in (2.7). Then the lag-j
2

-3

autocovariance of z;, for:=1,2, is

‘yi,j =7i . k=0,41,...

v
Now let z; be
LI + ( 1)‘1z (2.8)
Tt = —= - i . .
t \/5 2t \/i 1t
Since z; and z3; are independent (because ¥, and ¢%, are independent), then the
lag-j autocovariance of z; in (2.8) is (2.6) in Proposition 1.
We observe a similarity between these type of processes and periodic ARIMA

processes described in Chapter 1, which are of the form
ag(L)zk = Bo(L)e% q=1,...,s,

where s is the number of periods and the sequences %, T' = 1,2,....,for ¢ = 1, ..., s,

are white noise with variance af;. In our case we have

(L+ Ly1yly £ir

(14 L)"yir eir

and we form the quarterly series, z1¢, from these two half-yearly series with a spe-
cific correlation between them. We proceed similarly for zo; so that z; is a linear

combination of periodic fractionally integrated processes.
2.3 FINITELY MANY POLES IN THE SPECTRUM

Consider the process {z;} with spectral density function

2|1 — e~ |1 4 €201 - 2eP cosw + €72 f0<A<w

(2.9)

() = { %f-ll — e|"20|] 4 X721 — 2 cosw + € PA|"%n fw< A< T
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with 0 < dp,d;,d21,d22 < 1/2. This specification of the spectral density allows for
different poles at 0, 7 and to the riéht and left at w. f(A) can be equally written
{ %{4 sin? 2)~%(4 cos? 2)~H{4sin?(2E2)} "I {4sin?(254)} " fw <A<

72(4sin? 3)~%(4 cos? 3)~H{4sin?(22)} 92{45in?2(254)} 72 fO0<A<w
(2.10)

Figure 2.1: Spectra with asymmetric pole at

o
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An example of two different spectra like (2.9), for the persistent case with w = 7 /2,
can be seen in Figure 2.1. Note that f(,\) is in fact ihﬁnity at the origin, at 7 and at
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7 /2. In Figure 2.1 those frequencies are not considere'd.and only frequencies around
them are plotted. This is enough to give some intuition of the behaviour of the spectral
density (2.9).

If there is more than one spectral pole/zero we can not obtain an explicit ex-
pression for the autocovariances like in the simple GARMA(0,0) with only one pole.
Nevertheless, in the persistent case (no zeros in the spectral density), we can achieve
some knowledge of the asymptotic behaviour of 7; when j — oco. In Theorem 2 we
state that if there is more than one (possibly asymmetric) spectral pole, then the
autocovariances have the expected hyperbolic decay, but the possible cyclic pattern
depends on the magnitude of the different persistence parameters, such that if dy is the
biggest, then the autocovariances will eventually have a monotonic decrease without

any cyclical movement.

Theorem 2 If z; has a spectral density function (2.9) then the lag-j autocovariance,

7;, behaves
v; & §071 4 242 gin(1dyy + jw) + 5292V sin(wdy — jw) + j2HN(—1)
as j — oo.

Proof:
r 6 w 62 s
7,-:2/0 f()\)cos(jA)dA:?/ + +/ +
o

61 w 62

where 0 < §; < w < §; < 7. Now we study the behaviour of the four integrals as

j — oo. The integral between 0 and §; is equal to

2 4 A A
g2 02 N y—dg 2 M\—-d;
5 /0 (4sin 5 )~%(4 cos 2)
Adw A—w
2 2

5
= 01/ 1(23in %)’2‘1" cos(FA)dA (2.11)
0

x {4sin?( )} %22 {4 sin¥( )} %22 cos(5A)dA

where G; depends on é1,02,d;,d2,. The integral in (2.11) can be written
13 in A ~2do s
/ PR (2’;’%) cos(jA)dA = / A=20p(A) cos(jA)dA
0 ()}
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where
A

. -2d,
2sin 5 .
woy={ (F2) o 0sasa
0 if <AL
Now by() is of bounded variation in any interval (¢, 7} and we have to show that it is
slowly varying as A — 0% in order to apply Theorem 2.24 in Zygmund (1977, Chapter

5). Two conditions have to hold:
1. A%by(X) is increasing
2. A~%by()) is decreasing
for § > 0, in some right hand neighbourhood of 0.
1. Define ¢11(A) = A¥b1(A) = A5+290(25sin 3)~2%. Then

d — \6+2do—-1 s é —2dg-1 . A A
d)‘d’ll(/\) = (2sin 2) {(6 + 2dp)2sin 5~ 2dg) cos 5}

. cos o (642do)2sin 2 . .
is positive if %2- > 1. This fraction tends to ﬁz%i'l >lasA—0and1
0 2

holds for 6 > 0.

2. Similarly let ¢15(A) = A~%b;(A) = A?%~%(2sin %)‘2‘10. Then

d — \2do=6=1/6 :r. A \=2do—1 LA A
a?&]z(/\) =A (2 sin 5) {(2do - 6)2 sin 5 - 2d0A cos 5}

is negative for a small enough § because

2dp A cos % 2dy

>lasA—0
(2do— 0)2sind  2do—08~ =07

Thus we can apply Theorem 2.24 in Zygmund (1977, Chapter 5) and we have that as
J — oo,

ST A 5 (3) cos(iA)aA ~ 7241y (3)T(1 — 2do)sin .
0

The second integral is

w w - —dz2
/5 F(A) cos(GA)dA = G2 /61 {4sin2 A . “’} cos(jA)dA (2.12)

1
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where G, depends on é;,w, 0%, dg,d; and dz;. The integral in (2.12) can be written

w 2sin(252)
M) J 220 2 J
A (w=2A) { Y

w6 9 sin £ ) ~ 2922
= / ¢~ 22 {-ﬂl—z} cos(j(w — z))dz
0 z

= /1r z72922h,(z) cos(j(w — z))dz
0

—2d2
} cos(7A)dA

where

2sin £ —2dz; .
ba(z) = (T’“) if 0<z<w-—§
0 if w-é6<z<m.

(2.12) is then equal to
cos(jw) /01r £~ 2922 p,(z) cos(jz)dz + sin(jw) '/07r g~ 2422y (z) sin(jz )dz
~ jzd”“b;(;:)r‘(l — 2dg;) sin(wdyz + jw) as j — oo,
applying Theorem 2.24 in Zygmund (1977, Chapter 5) because by(z), like b;(A), is of

bounded variation in any (¢, ) and slowly varying as z — 0%.

Similarly,

82 b2 w —2dy
I 10 eos(ir)ir = G5 / {2sin . } cos(jA)dA

where G3 depends on é;,w, 0?,dp,d; and dz; and the integral is equal to
2 sin( ’\—_é—“i)

b2
_ —2d21
; (A-w) { Py

by—w in Ty —2dz
= / T g2 {%} cos(j(w + z))dz
0

T

—2d2:
} cos(7A)dA

cos(jw)/ z™ 22 py( 1) cos(ja:)dz—sin(jw)/ z~ 2921 py(z) sin(jz)dz
0 0

~ j2d21_1b3(%)r(1 - 2d21)sin(7rd21 - ]w) as j — oo,

applying once more Theorem 2.24 in Zygmund (1977, Chapter 5) because the function

2sin £\ —2d21 .
N T
0 if p-w<z<m

is of bounded variation in any (¢, ) and slowly varying as z — 0%.

Finally
/ " F(A) cos(jA)dA = Gy / "(2 cos 2)~2 cos(jA)dA
. J& 62 2
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and the integral is

T 2 cos 2 24
L R A)dA
/6 (m—A) {71__)‘} cos(7A)

2

m—b 2 cos 122 | 24
= / g T 2 cos(j(7 — z))dz
0

= cos(jm) /OW 2™ py(z) cos(j:z:)da:+sin(j7r)'/(;7r bs(z)sin(jz)dz

~ jz"l"b“(%)l‘(l — 2dy)sin(rdy +j7) s j— o0
j2d1'1b4(%)r(1 — 2d;) sin(rdy)(-1)’

applying the same Theorem in Zygmund (1977, Chapter 5) because the function

2cos 52 —2d; .
b4(z) - (—.’t_z_) lf 0 S T S T — 62

0 if m—ér<z<m

is of bounded variation in any (¢, 7) and slowly varying as £ — 0%. To prove this note

that

1. 51 = 2%by(z) = 2%+291(2cos "—;—")‘”1 is increasing in some right hand neigh-
bourhood of 0, since

i(ﬁgl = g8+24-1(2 cos 71'2;:1:)_%_1{(6 + 2d,)2 cos r—¢

-z
dz }

3
— 2dyz sin

is positive for z close enough to 0 because

(6 + 2d1)2 COs 1—;—@' - 6 + 2d1

2dyz sin 252 2d,

>1 asz— 0%,

and similarly

2. ¢o2 = 270by(z) = 2241 7%(2 cos T5Z) 2% js decreasing in some right-hand neigh-

bourhood of 0.

Thus the proof of the theorem is completed because bl(%), bz(%), 63(%) and b,;(%) tend

to non-zero constants as 7 — oco. O

Remark 1: The result obtained in the previous theorem can be generalized to

finitely many spectral poles in the interval [0, ], possibly with different persistence
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parameters across different frequencies as well as on each side of the poles at frequen-
cies in (0,7). Let z; have a spectral density function f()A). Suppose f()) has poles
at frequencies 0 < w; < ws... < w,—; < 7 and possibly at wp = 0 and w, = 7. Let

S; = (wj—1,w;} for j = 1,...,7. Write

ho(A) = {1—e?|",
he() = |14 €27,
h"’k(A) = |1 - 261A cos wJ + ei2A|~dJ,k H j = 1, ---,T_ 1 9 k = 1,2,

r—1
9(3) ho(A)?he(A)? TT hin(M)hs2(R),
1=1

where do, d,,d;r € (0,1/2). Let g;j(}A), j = 1,...,7, be even, positive and bounded

functions in [—m,7]. Now specify the spectral density function as

a(NgN) s if Ae S,
) =4 G(NgpE=taustd i A€ S, j=2,3,..7-1, (2.13)

g,.(/\)g()\):%'_%:;(—;y if A€ S,.
If we take g;(A) = fu(A) for all j, and dj; = dj2 = dj, we have (2.2) for the case of
symmetric spectral poles.

For a process with a spectral density (2.13), the lag-j autocovariance is

vi=2 [ f)cos(iir =23

k=0

Wi41 i
/ f(A) cos(FA)dA.
wg
Proceeding as in Theorem 2, we get that as 7 — oo the autocovariances are
v j2do—1 + jZd,-—](_l)j

r—1
+ > {5 Tsin(rdry — jwe) + 5242V sin(rdiz + jwi))

=1

x

with behaviour finally governed by the highest d. A similar result has been found by
Giraitis and Leipus (1995) for the case of symmetric poles.

Remark 2: The autocovariances of a process with spectral density like those
studied in this section are not summable if dg > 0 and are not absolutely summable
whenever any of the d’s is positive. This fact corresponds to the long memory property
in the time domain. We also observe that the asymptotic behaviour of the autocovari-
ances is finally governed by the highest d, with hyperbolic decay and cyclical behaviour
i this d correSponds to a positive frequéncy. | | | - | |
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Remark 3: Remark 2 in the previous section applies in this more general case.
Furthermore the time domain techniques that use the sample autocorrelations for long

lags j are only asymptotically valid (if they are at all) for the highest d.

2.4 ASYMPTOTIC RELATIVE BIAS OF THE PERI-
ODOGRAM

The periodogram has traditionally been used to estimate the spectral density. It is
thus important to achieve some knowledge (at least asymptotically) about the rela-
tionships between periodogram and spectral density function in the different situa-
tions we analyse in this thesis, and in particular the effects the existence of SCLM
may have on these relationships. One important and early work is due to Hannan
(1973b) who showed that the periodograms evaluated at Fourier frequencies close to a
fixed frequency A are asymptotically independent and identically distributed as L(z& X3
where f()) is the spectral density at A and x?2 is the chi-square distribution with two
degrees of freedom. However his assumptions rule out the possibility of long-range
dependence. Yajima (1989) allowed for the possibility of long memory and gave the
joint asymptotic distribution of the periodogram when evaluated at a set of fixed
frequencies not depending on n, the sample size, so that Fourier frequencies are not
considered. These results have led many authors (e.g. Geweke and Porter-Hudak
(1983) based their proof on Hannan’s theorem) to conclude that the log-periodogram
estimator proposed by Geweke and Porter-Hudak is asymptotically normal with vari-
ance 72/6. However, the log-periodogram regression performed to obtain the estimate
is based on Fourier frequencies A\; = 27j/n for j = 1,2...,,g(n), where g(n) is an
integer smaller than n/2. Consequently these frequencies do change with n, so that
Yajima’s result can not be applied. As far as Hannan’s result is concerned, his as-
sumptions rule out the possibility of persistence. For d < 0 Hannan (1973b) stated
that the periodogram evaluated at a finite number of Fourier frequencies close to the
origin converges in probability to zero. However, when we normalize with the spectral
density the remainder is divided by a quantity which approaches zero, and therefore

does not need to be negligible. These facts have been noted in Hurvich and Beltrao
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(1993) and Robinson (1995a). Hurvich and Beltrao (1993) considered the asymptotic
distribution of the periodogram normalized by the spectral density function of weakly

stationary time series with zero mean and spectral density
FO) =11=e 71 (N)

where |d| < .5 and f*()) is an even, positive, bounded and continuous function on
[-7,7]. They studied the behaviour of the normalized periodogram at Fourier fre-
quencies, A; = 27j/n, where j is fixed and » — o0, and they showed that they are
not asymptotically identically distributed. In fact limp—oo E[In(A;)/f(A;)] depends
on j and d and is typically greater than 1, implying positive asymptotic relative bias
in the periodogram as estimate of f(A). Hurvich and Ray (1995) extended the results |
in Hurvich and Beltrao (1993) to the case when d falls outside the range (-1/2,1/2).
They proved that when d < —0.5, E[I,();)/f(};)] tends to infinity as n — oo, when
d € [0.5,1) the asymptotic relative bias of the periodogram is finite and decreases
with 7, if d = 1 it is constant for all ; and when d € (1,1.5) it increases with j. In
this section we extend these results to the SCLM case allowing for the possibility of

asymmetric spectral poles/zeros like those described in earlier sections.

Let {z:} be a stationary process with spectral density function

|1 - 2¢" cosw + €224 g)()) w< A<

fA) = { 11— 262 cosw + 62X ~2%2gy(A) 0 <A <w (2.14)

. oA=w \ 2 —-d
a1(A) {42 sin? (sz) (ﬂ—?—) } A-w|™2h w<ALT

A—w

. w=A\2 —d;
g2(A) {42 sin® (’\zﬂ) (ﬂj—) } lw—=AI"2%2 0<A<w

w=A
where g1()) and g()) are even, positive and bounded continuous functions on [, 7].
We can write (2.14) as

fFA=w™2 w< AL

f(A)={ - Al 0<A <w (2.15)

where f3(A) and f7()) are positive and bounded continuous functions on [0,w] and

(w, ] respectively. ‘Let I,(A) = |W,(A)|> = 22| Tie; z:€|? be the (uncentered)
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periodogram of z; at frequency A. Then the result stated in the following theorem

follows.

Theorem 3 Let z; have spectral density (2.14) with —1/2 < dy,dy < 1/2. The

asymptotic relative bias of the perz’odogmm as estimate of f(A) at Fourier frequencies

Just after w, w + A;, where A; 2% and j s fized, is

) L(w+A))

Li(dy,d3) = lim E |[=—22].
J( 1 2) n—)rlgo [f(w+/\1)}

a) Ifd; < d;

® 2 sin3 A |72

Ly(dr, da) = ,[) T (215 — A\)? |21j a,
b) ifdy=dy =d
2 ) —2d " 0 2 ) —2d
L= [TEE Ry ) P2t g | T,
® (215 — A)? |27f fiw)J-oom (2mf — A)? 275

c) and if d; < dy

. - Hw+ Aj) f(w) 2 sin’ _
lim n2(di-d) g i) | = 124@) 5 2dy / 3 Al=2%2 g
o Fora)) = K@ L 7 Em- e

Proof: Since d;,d; < 0.5 we can write the expectation as

L(w+ ;)
[ o )] /_ (X)X (2.16)
where
(%) = Ko+ 45 = N 7

and K,(-) is Fejer’s kernel

. 1 & i sin?(3n)
K.()) = %lzeu = —2.
t=1

27n sin 3

The integral (2.16) can be decomposed into

-—w—-n"% —w4n—c 0 w—-n"% wH+n" T
/ + + + / + / + / gn(A)dA
- —w—n—2a —wn—e 0 w—n=* wtn—a

for some a € (0,0.5].
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The integral over [-7, —w — n~%] can be written

L f-w)
/_W Kal204 X = N 7550

. sin?(255=0n)  fr(A—w) A2
-mtw 27 sinz(m—%’i) fw+ A) A2

dA (2.17)

by symmetry of the spectral density around zero. Now fy()) is bounded and positive
and sinz(%d) # 0 for —m+w < A < —n~% and = sufficiently large. Consequently
(2.17) is

o124 [ T RaN) = 0(n1 2 = of1)

—-T4w

as n — oo for d; > —0.5 and & > 0. Similarly the integral over [-w + n™%, 0] is equal

to

w A._
/n_n Kn(20+ A, — /\)——;((w — ;’J_))d/\

v sin?(PHn) fy(0—w) A2

2 )2 da. 2.18
n=e 2wn sinz(zw—%\l'—'\) fi(w+ ;) A4~ (218)

Since 0 < 2w + A; — A < 27 for A € [n7%,w] and a large enough =, and f} and f; are

positive and bounded functions, we have that (2.18) is
w
o( / n=1=24 |\ "2 )\) = O(n~1"24) = o(1)
n—a

for dy,d; > —0.5, w fixed and a > 0.

Now the integral over [0,w — n™?] is-equal to

. @+ )
R TR e i

- [ in2(M2n) (w4 A) A2

= I dA. (2.19
~w 27rnsin2(i\-'2;é)f1 (w+ A;) |A;] 24 )

Since f{ and f3 are positive and bounded, and

inf sin? (’\j _ ’\) = sin? -’\Li
~w<AL-n"2 2 2

for a sufficiently large n, then (2.19) is bounded by

-n
const. /
-—w

b 4

e (A pea,
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Since sin? A = A2 + O(A%) then sin"2 A = A=2 4+ O(1) as A — 0 and (2.20) is

0 (n—l—2d1 (w1—2d2 +n-—a(l—2d2)))

(Aj +n=e)?

— O(n—l-—2d1 n2a)

= o(1)

for dy,d; > —0.5 and 0 < a < 0.5+ d;. Similarly the integral between w + n~* and
T is

27 s - L

n=e 21n sinz(i\-"{-’l) fi(w +25) [As]72 -

.y
< const.n”172 sin~? <'\—’2L) [(7 — w)1=24 4 pe(1-2d1))

= O(n—l—2d1 n2a)

o(1) (2.22)

for a large enough =, such that A; - n=* < 0,d; > -05and 0 < a < 0.5+ d;.

Now the integral over [-w — n~%, —w] is

0 fA - w)
K, (2 A= A)——=dA
/_n—a (2w 2 )f(w+f\j)
_ /0 sin?(245=2n)  fr(d—w) M2
-n=° 27n sinz(——’—2w+;‘ '_'\) fi(w+25) |72
0
= o [ ahay)

O(n-l—2d1 n—a(1—2d1))

dA

= o(1)

as n — o0, for a > 0 and d; > —0.5. Similarly

—w+n—¢
/ g(A)dA

Y WS -w)
= / Kn(20-4 X5 = V) 555

s’ () (A -w) [N

= = 7 dx
v /0 27rnsin2(2—“i'-"%“;'\-)fl(“"*"\j)I’\jl_ml
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= o ¥ [ ey
.

O(n—l—2d1 n—a(l—?dg))

= ol)

as n — oo, for a > 0 and d3,d; > —0.5. Thus as n — oo and j fixed

In(w+ ;) _‘ potn 0
E[m] = / L 9N+ o(D) (2.23)

Since the behaviour of the spectral density (2.14) is different to the right and left of

w, we split the integral in (2.23) into two. First

w4n"*
: / ga(A)dA

" sin(32n)  fr(w+ ) A%

= dA
/0 27n sinz(-'\-';—'\-) [+ A5) A2
_ /nl—a Sing(_27ré—k) fl*(w + ;’-\'{) L —2d dA
o 2mn?sin?(Z2) fi(w+ Aj) 275
- /0 h1(A)dA
where '
oy = SV @) | A e
" 27n? sinz(—L—z"zn"\) fi(w+ ;) |2m5 o=l

and X[o,n1-e] is the indicator function of the interval [0,n'~%]. As n — oo we have

that AL(A) — hy()) where

B(A) = 2sin?(ZL2) | A |72
1(0) = T (275 — A)? | 275

for 0 < A < 0o. Proceeding like in the proof of Theorem 1 in Hurvich and Beltrao
(1993) we see that hL()) is dominated by an integrable function. Thus we can use
Lebesgue’s dominated convergence theorem (see for instance Temple (1971), Theorem

9.3.7 ) and we have that

-2d;

A dA

% 2 sin%(3)
27

. 00 1 N 00 3 _sin’(5)
Jim [" HL ()4 = /0 ha(\)dA = /0 BTy

using the fact that sin2(2—"%:i) = sinz(%) for j an integer.
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Finally scale the integral over [w — n~%,w] multiplying it by n2(%1=%), Then we
have '
p2(d1—d2) /w gn(A)dA
9 N =) .
,n2(d1—d2) 0 Slnz(_l2_n) f2 (UJ + A) |A|2d2 dx
-n=% 27 sinz(éjz_—’\) fi(w =+ A5) [Aj]=24
c 272m7 =) * A —2d
= p2d /0 S (_%_)’\ ff (w+37) |27rj|2dl é ’ dX
—ni-a 27rn2sin?(2H=2) fi(w + A;j) n
0
- / hZ(A\)dA
where

sin’(274)  fi(w+3)
2rn?sin?(2=2) fi(w + ;)

and X[_n1-a g is the indicator function of the interval [-n1~%,0]. Proceeding as before

hZ(X) = |2mj|*h A7 x| p1-a g

we see that as n — 00, h2(A) = hz()) where

2 Sn(3) fiw) ) o

J— 712d1
ha(A) = 12711 o e o)

for 0 < A < oo so that proceeding as before we see that

n—o00

lim /o hﬁ(A)dA:/_o ha(A)dA

using Lebesgue’s dominated convergence theorem. Thus if d; > d then [7_, .. ga(A)dA —
0 as n — oo and consequently a) is proved. When d; = d; we obtain the re~ult stated
in b). If d; < d; then n2(di=d2) _, a5 .n — oo so that if we multiply the integrals
with a finite or zero limit by n2(91=92) the only integral with a limit different from

Zero is

n2(1=d2) / Y ()

w—-n—a

so that c) is obtained. O

When d; = dz and g1(A) = g2(}) for all A € [~, 7], the spectral density function
(2.14) is the one analysed by Hurvich and Beltrao (1993), and the same result as
their Theorem 1 is obtained. However, when d; < d;, the asymptotic relative bias,

although depending on d; and j, reduces with respect to that obtained by Hurvich
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and Beltrao at zero frequency. Finally, when d; < d; thé asymptotic relative bias of
the periodogram as estimate of f (A) increases without limit as » — oo. This feature
will affect the behaviour of those estimates analysed in Chapters 3 and 4. A more
exhaustive comment on this fact will be done when studying the performance of those
estimates in finite samples in Chapter 6.

Theorem 3 focuses on the behaviour of the scaled periodogram at Fourier frequen-
cies just after w. A similar result is obtained for frequencies just before the spectral
pole/zero. In particular, the asymptotic relative bias evaluated at those frequencies

diverges as n — oo when d; > d,.
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Chapter 3

LOG-PERIODOGRAM
REGRESSION

3.1 INTRODUCTION

Let {z:,t = 0,%1,...} be a real valued and scalar covariance stationary process with
absolutely continuous spectral distribution function and spectral density satisfying
(1.62). When C = D, dy = d2 = d and w # 0 we say that z; has symmetric
SCLM. Some parametric processes which are in accord with this property have been
mentioned in Chapter 1. Several parametric and semiparametric methods to estimate
d in symmetric SCLM processes were also described in Chapter 1. Many of them were
originally proposed, and their properties derived, for the standard long memory case
at zero frequency where f()) is always symmetric for z; real. The same properties
are likely to hold for any w € (0, ] as long as f()) is symmetric around w. Of course
this symmetry holds for w = 7 in addition to w = 0. However, when 0 < w < 7 there
exists the possibility of what we called asymmetric SCLM in Chapter 1. In this case
we have two (possibly different) persistence parameters at the same frequency w, and
the relationship between periodogram and spectral density at frequencies close to w
depends on the difference between both parameters (see Theorem 3 in Chapter 2 of
this thesis). This dependence will affect the properties of those estimates proposed for
symmetric long memory processes. In this chapter we analyse the log-periodogram
estimate proposed by Robinson (1995a). In Chapter 1 we described this technique as

well as a more efficient (at least asymptotically) method of estimation, namely the
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Gaussian semiparametric or local Whittle estimate pr'o.posed by Robinson (1995b).
This latter technique will be ana]yz.ed in Chapter 4. There are other estimates of d
based on a semiparametric specification similar to (1.2), like the averaged periodogram
introduced by Robinson(1994c), but its complicated asymptotic distribution makes it
less preferable than the two methods studied in this thesis (see Chapter 1).

The different semiparametric methods to estimate C and d,! are based on an

approximate knowledge of f(A) at frequencies just after w,
f(w+XA)~CA7%1 a5 X 5 0t (3.1)

for C € (0,00) and d; € (—1/2,1/2). Taking logarithms in (3.1) and substituting
f(A) for the periodogram, we get a simple linear relationship between log I,(\) and
—2log A. The log-periodogram estimate of dy, dy, is obtained by applying least squares

to

log I(w + Aj) = c+ di(—2log Aj) +u; j=1,..,m, (3.2)

where m is the bandwidth such that 2 — 0 as n — oo, A; = 2—;'1, L,(X) = |[W,(N))?
is the periodogram and W,(A) = ﬁ; Sr_, zie is the discrete Fourier transform of
z;. The simplicity of this approach makes it very easy to implement and that is why
log-periodogram and its variants have become the most used methods of estimating d
in applied work (see for example Diebold and Rudebush (1989), Porter-Hudak (1990),
Shea (1991), Cheung and Lai (1993) or Hassler and Wolters (1995)). The original
version of this approach, due to Geweke and Porter-Hudak (1983), uses the regressor
—log{4sin?();/2)}, but as indicated by Robinson (1995a), use of the simpler —2log };,
which corresponds more naturally to (3.1), leads to equivalent asymptotic results. The
good properties of these estimates hold if the u; are uncorrelated and homoscedastic.
However, if ¢ = log C'—17, where 7 = 0.5772... is Euler’s constant, u; can be considered,

for frequencies close to w, as

= log( Tz ) 0

!Estimating D and d; is equwalent and only changes in the use of frequencxes just before w instead
of those just after.
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and for d; # 0 they are not asymptotically uncorrelated nor identically distributed
as n — oo and j fixed (see Theorem 1 in Robinson (1995a) for w = 0). In order to
obtain the asymptotic properties, Robinson (1995a) introduced a trimming number,
[, such that the number of frequencies used in the regression (3.2) is from j = [ + 1
to 5 = m. Clearly [/ has to go to infinity more slowly than m such that mi — 0 as
n — oo. Under Gaussianity and some other mild conditions, Robinson(1995a) showed
that when w = 0 (and because of the symmetry of the spectral density around 0,
dy = dy), \/ﬁ(dl - dy) LY N(O,%). A gain in efficiency is obtained by pooling J

adjacent frequencies and regressing
o =D 4 dy(~210g M) + 4l k=1+J142],...,m. (3.3)

where 3/1(:]) = log():J'-’=1 I.(w + Ag4j-a)) and J is fixed and assumed that m — [ is a
multiple of J (if this condition does not hold the effect on the asymptotic properties
is negligible because J is fixed and + — o0). Note that, even if we use the pooling
of J adjacent periodogram ordinates, every frequency from w + A4 up to w + Ay, is
used in the estimation so that there is no loss of efficiency. In this case the asymptotic
distribution of the least squares estimate of d; in (3.3), Jg") , is \/H(Jg']) - dy) LA
N(O,%ﬂ), where 9/(z) = £4(z), ¢ is the digamma function, 1¥(z) = £ logI'(z)
and I is the gamma function. The gain in efficiency comes about because 9'(1) = 72/6
and J9'(J) decreases in J and goes to 1 as J — oo.

In regression (3.3), ufc") can be considered,

J

L(w+ Apyji-

u{”) = log{3" (c/\;zsjj ’)} —9(J) k=Il+J04+2],...,m.  (3.4)
J=1 +3—

If the u}c‘]) are uncorrelated and homoscedastic with zero mean, least squares in (3.3)
provides the best linear unbiased estimates of c(’) and d;. The disturbances in (3.3)
do not have those properties, but Robinson (1995a) showed that, when w = 0, ég” has
the same limiting distributional behaviour as if such properties held. In this chapter

we prove that this fact holds for w # 0, allowing for asymmetric SCLM.
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3.2 ASYMPTOTIC DISTRIBUTION

Let {zg,t =0,+1,%2,...} and {zx,t = 0,%1,12,...} be two real valued scalar pro-
cesses with spectral density functions fy(A) and fr()) respectively, integrables over
[-7, 7], and cross-spectral density fgn(A). Let us state the following assumptions:

A.1: For a frequency w € (0, 7) there exists a € (0, 2] such that as A — 0%,

C, 272412 (1 4+ 0O(2\))

il

fs(w'l' A)
fi(w=2A) = D,A"%2(1 4 0(A\%))

for s = g, h, where C,, D, € (0,00) and dy,,dys € (—1/2,1/2).
A.2: In a neighbourhood (-¢,0) U (0,€) of w fy4 is differentiable and as A — 0¥,

%fgh(wwn = o1
| @ =2)] = 0(1)

where 2d; = d,'g +dipp,1=1,2.
A.3: For some g € (0,2):

|Rgn(w + A) = Rgn(w)l = O(N)  as A - 07

where Rgp(A) = ﬁ% is the coherency between z,; and zj, .

The two main assumptions on the spectral density used in our univariate analysis
are A.1 and A.2 (for g = k), but we introduce A.3 to allow an easy multivariate
extension of the results obtained in the univariate case. These assumptions hold with
@ = = 2in the cases studied in Chapter 2 (note that sin(w—A)"%¢ = (w-A)"29(1+
O((w—A)?)) as A —» w). Assumption A.1 could be generalized allowing for different
a’s before and after w but this increase in the number of parameters would complicate
the notation and the results we obtain hereafter would be similar.

Let Wp,(A) = ﬁ 1 z5€' be the discrete Fourier transform of z (s=g,h),
t =1,2,...,n, where correction for an unknown mean of z,; is not necessary because
Wys(A) is computed only at frequencies A; = -2—:1 forj = 1,....,m,where m is an integer
less than n/2. Introduce the scaled discrete Fourier transform v,(w + A) = &'g‘;(‘”—"')‘l

T | | - i
and denote 7,(A) the complex conjugate of v,(A).
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Theorem 4 Let assumptions A.1-A.3 hold and let k = k(n) and j = j(n) be two

sequences of positive integers such that j>kand % — 0 asn — oo. Then asn — oo,
a) E[vg(w + Xj)0(w + Aj)] = Bgn(w) + O (_g]_A—2(d ) 4 (3 )rmn(a a))

b) Efv,(w+ Aj)vn(w+A;)] =0 (I_OJEI)‘?(d-'—d:))

¢) Ev,(w + A;)on(w + Ax)] = O (%A;(dig—dw))‘;(d,-h—d]h))

og 7 \ —(dig—d —(d;p—d
d) Efvg(w+ Aj)oa(w + M)] = O (%Aj( o=d1s) y~(di m))

log ]
J

e) Efvg(w+ Aj)on(w - A;)]=0 (lif-i(Aglg‘d?g + /\;,lzh-dm))

f) Efvg(w+ Aj)vp(w—A;)] =0

\_/

8) Elvg(w +X)mm(w ~ M)] = O ( BELOG ™ 4 2 d‘”))

h) Evg(w + Aj)va(w — Ax)] = O (%(,\dlg—dag + AJZh_d,h))

where : = 1 if dy > d; in a) and b) and if dy, > dys, s = g,h in c) and d) and i = 2

otherwise.

Proof: See Appendix A.

If dy > d; the results in a), b), ¢) and d) are basically those obtained by Robinson
(1995a, Theorem 2) when w = 0. We focus on frequencies just after w because
Theorem 4 will be useful when studying the properties of semiparametric estimates
of C and d, in (1.62), which describe the behaviour of the spectrum after w. If we
aim to estimate D and d; in (1.62) equivalent results to a),b),c) and d) in Theorem 4
would be obtained for the scaled discrete Fourier transforms evaluated at w — A; and
w— Ag.

Remark: Even in the case d; > dj, b) and d) are 0(1935-1) and 0(1—°,§l) respectively
if 1/2~d3s+ dys > 0 for s = g,h and 1/2 — dy, + 2d; > 0 for s = g or h (see proof of

Theorem 4 in Appendix A). These conditions hold if d;, > 0 for s = g, h irrespective

of the values of dz,. In Appendix A we also show that if dy;, > dys for s = g or h then

h) is O(%)
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Hereafter we focus on the estimation of C and d; in the univariate case, so that
g=handdyy =dyy =d;, 1= 1,2, ir; A.1 and A.2. In order to obtain the asymptotic
distribution of the least squares estimates in (3.3) two further assumptions are needed.

A.4: {z;,t =0,%1,+2,...} is a Gaussian process.

A.5:

Vmn*di—d4) logm + I(log n)? + m!+zs

—0asn— o0
[1+2(di—d1) m n ’

where i = 1if d; > dy and i = 2 if d; < d,.

m and [ are the bandwidth and trimming numbers respectively such that the
estimation is carried out using frequencies w + 2—1’:’- forl<j<m. Ifdy >dy AS5is
Assumption 6 in Robinson(1995a) and the proof of the asymptotic normality of the
least squares estimates in (3.3) is basically the same, noting Theorem 4. However when
d; < dj a stronger condition needs to be imposed on the bandwidth and trimming
numbers. In this case there is a “trade-off” between assumptions A.1 and A.5 in
the sense that the larger the difference d; — d; the larger the lower bound of a. For

example if d; — dy > 1/2 A.5 can only hold if a > 1, because in that case

vmn2®B-d)logm _ /mnlogm _ n m5+3e logm
- = .

>
[1+2(dz2—dy) = l mitis 2

(3.5)
The first fraction goes to co under A.5, so that the whole expression in (3.5) can go
to zero only if the second fraction converges to 0. Since {/m — 0 under A.5, then

that can only happen if @ > 1. Consider for example m ~ 7%, I ~ n®. In this case

A.5 entails
2di ~ dr) + 20— 8(1+2(di ~ ) <0 , $< 6, o(1+i)<1. (3.6)

The first two conditions imply § > ¢ > 4(d;—d;)/(14+4(d;—d1)), and incorporating the
last condition in (3.6) we have that a > 2(d; — d;) has to hold. Because |d; — d,| < 1,
A .4 can be satisfied for any d,, d2 if a = 2. We also observe that the larger dy with
respect to d; the larger m and ! needed to get rid of the influence of the periodogram
at frequencies just before w on the estimation of d;. This is so because, according to

. Theorem 4, the scaled discrete Fourier transforms are asymptotically homoscedastic
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. ndi —d log] ) lc_ l
and uncorrelated if - d b Haa — 0 as n — oo, so that although >+ 1 — 0 as

n — oo the increase in k and j has to be faster with respect to n the larger d; — d; is.

Define v(\) = %‘é;’i:l = vr(A) + ivy(A), where vg(A) and v;()) are the real and
=@

imaginary parts of v(A). Thus the uy) in (3.4) can be written

J
ul?) = log[3 " {vh(Mesi—a) + 0} (Merjoa)}e ¥, (3.7)
i=1

Introduce the 2 x 1 vector ¥(A) = (vr(A), v7(A)). The second moments of the elements
of v();) and v(Ax) can be deduced from those of v(A;) and v(Ax) and their complex
conjugates. Theorem 4 indicates that the different v(};) for j increasing adequately
slowly with n can be regarded as approximately uncorrelated with zero mean (because
Wa(A) = ﬁ Y i(z¢ — Ez1)e*?) and covariance matrix 313, where I is the 2 x 2
identity matrix. Assumption A.4 implies that the »(A;) are Gaussian and thus the ap-
proximate uncorrelation can be interpreted as approximate independence. Introduce
the two dimensional vector
Vi ~ NID(O,%I;) G141, m (3.8)
where V; = (V4 ;,V2,;), and the variates
w = 1og[é{vﬁk+j_J +Viioaye Y] Sk =1+ 00+ 20,..,m. (3.9)
j=1
It follows that 37, (V%o + VZisi—1) ~ $X3; for each k. Thus (see Johnson and
Kotz (1970) pg.167 and 181) E[w,(c'])] = 0 and w;:']) has finite moments of all orders
and variance ¥'(J), where ¢'(z) = 44(2) is the first derivative of the digamma func-
tion. Further, independence of the V; implies independence of w,(i?,,w,(i?z _,,...,ws,{ ),
Consequently if the ust) in (3.3) can be replaced by w}c']) without affecting the limit
distribution of the centered and adequately scaled least squares estimates in (3.3),
we can apply the Lindeberg-Feller CLT and we will obtain the result stated in the

following theorem.

Theorem 5 Let A.1, A.2(with g=h), A.4 and A.5 hold. Then as n — oo,

ym (E(J) - c('])) d 1 -1
logn ! . . :
[ 25/_(JgJ) &) ] - N [0,J1/1(J)( 1 1 )] (3.10)
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Proof: For dy > d; the assumptions and proof are equal to those in Robin-
son(1995a) for w = 0, noting Theorém 4. When d; < d; A.5 differs from Assumption
6 in Robinson. .Anyway the steps followed in the proof are quite similar and therefore
they will be presented very briefly, paying attention to the steps where A.5 takes
part. The proof is based on showing that each moment of the variates on the left-
hand side of (3.10) converges to the corresponding moments of the normal distribution
implied by the right-hand side, and then appeal to the Frechet-Shohat “moment con-
vergence theorem” (Loeve(1977), pg.187) and the unique determination of the normal
distribution by its moments. We use Theorem 4 to show that the moments differ

negligibly from those which would arise if instead of u;c'])

we had w,(c‘]) and then apply
the Lindeberg-Feller CLT.

The least squares estimates in equation (3.3) are
&)
= (2'2)'Z'Y (3.11)
1

where Y is a ﬂ]—' X 1 column vector such that Y; = y(J), and Z is a mT" X 2 matrix
with the first column a vector of ones and the components of the second column are
zi=-2logAx, k=1+1iJ,i=1,2,...,(m—1)/J. Then

[ &) — ()

i ] = (22)'2'V
where U is a ""T" X 1 column vector such that U; = u}c") fork=141iJ,1=1,2,...,(m—
l)/J. By approximation of sums by integrals we have as n — oo? (see Robinson
(1995a)),
sz = 27""[log'n + 1] + O(llog n)
> (logn)2 + 2logn + 2] + O(l(log n)?)

k
and thus

|12'Z) = 4— Z(log Ar)? - 4(Zlog )t = 4—— + O(Im(logn)?). (3.12)

Under A.5,

l?)/g— z = 2y/m(1 + O(log n)‘l) (3.13)

The sum Y, is over k =+ J,1 4 2J,...,m
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where z = ﬁ Yok k= —2# Y i log Ak, and we also have
L1221 = 4 + 0(1(10gn)?). (3.14)
m— J
Now,
(Z2)7" = IZ}Z|mJ—l[ ][z -+ o - 1[(1) 8]
and

()

u J
k “k (J) } = 2;(10g/\k— ﬁ;log Ak)u;c-l)

[z — 12V [2—1][&

& ¢]eo-[s]p

k

Now define the matrix

5w
A= logn
0 2m

We have that

1 =1 7t _ 1 J 1 1 _ J (J)
AZ'Z)Z2'U = Jﬁ(———m+ o(m))2 [ 1 ] zk:(log/\k py ;log)\k)uk
I [ 5@
+ m—l[ e ];uk . (3.15)
The proof of the theorem is completed if as n — oo,

a) (L)} Tilog M — 75 Tilog Me)ul”) S N(0,9/()))

b) Zarhegm Tt >
In order to prove a) and b) we claim that
J.1 d
(S S a) S N0, ¥()) (3.16)
k
for any triangular array ax, = a; satisfying as n — oo,
1= 2 M =
m’?,xlakl = o(m), ;ak ~ 5 and ;lakl" = O(m) forall p > 1. (3.17)

For b) ax = 1 and for a) a; = logk - mi_l- Y rlogk and (3.17) holds for both of thgm
(see Robinson(1995a), pg.1067). Thus if we can verify our claim (3.16) the proof
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is completed. If instead of ui ) in (3.16) we have w( ) a direct application of the
Lindeberg-Feller CLT shows that (3.16) holds under (3.17). Thus we have to prove
that the moments of (%)% kaku,(c ) differ negligibly from those of ( ) Yok akw( )
and then we use the Frechet-Shohat “moment convergence theorem” (Loeve (1977)).

Write x = (%)%akui‘]). Fix an integer N, E[3; xx]" is a sum of finitely many

terms of the form

. EE(H Xk, (3.18)

k] i=1
where N, Ny,, ..., Ni,, are all positive a,nd sumto N and 1< M < N. Fixsuch M

and Ni,,..., Ni,,, and introduce the 2J x 1 vector v} = (V(Ak4j-s)’...,¥(A)’)" and
the 2JM x 1 vector v* (1/,c1 ye I/;:M’ ). Under A.4 v* is normally distributed with.

zero mean and Theorem 4 implies that for d; > d;,

1 ] log 7 \ —2(d,- i
Bjw) = 5hi+0 ((l)“+i.’/\-2("2 "") if j =k

0 (l\jg_]-:'\.? (d2-dl)A (d2- dl)) if § > k.

as n — oo. It follows from A.5 that

1 108 ™ . —3(d,—
L=Epv] = 3hi+0 ((%)“ + ﬁ,\, 2 "”) (3.19)
= %IzJM + o(m™7) (3.20)

as n — 0o. Thus £~! = ¥ exists for a large enough n. If ¢, is the density function of
a p-dimensional standard normal variate, (3.18) is
> E |¥|2 /(H Xk, Yp2am( (UF0*)dx (3.21)
k1 i=1
for n sufficiently large. Robinson(1995a) has proved that the difference between (3.21)

and

> EE [II(( = )% ag wi, ) Vs (3.22)
ky

i=1

is negligible (tends to zero as n — oo) which proves the theorem. O
Remark 1: &) converges more slowly than Jﬁ“” and there exists perfect negative
correlation in the limiting joint distribution of ¢(¥) and (fg"). This distribution, as we

could expect, is equal to that obtained by .Robihsdn(1995a) for the case w = 0 and it
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only differs in a stronger condition on the bandwidth, m, and trimming, [, in order to

get asymptotic uncorrelation of the.sca,led discrete Fourier transforms of z;.
Remark 2: C can be estimated from &), C) = ezp(él)) — 4(J)), and a simple

application of the “delta method” provides the asymptotic distribution of C(¥):

g(@w - C) 3 N(0,C2Y(T)).

3.3 MULTIVARIATE EXTENSIONS

The results obtained in the previous section can be easily generalized to the multi-
variate case where z; is a G X 1 vector where all the components, z;, for s = 1,2...G,
have a spectral pole or zero at frequency w. Noting Theorem 4 and our assumption
A.5 the asymptotic distribution can be obtained as in Robinson (1995a).

We can also consider the possibility of simultaneous estimation of dy,C and dy, D
but as we will see in Chapter 5, if d;,C and d;, D are functionally unrelated there is
no gain in asymptotic efficiency because the estimates of the parameters before and
after w are asymptotically independent. However if we test and do not reject the
hypothesis d; = dy = d, frequencies on both sides of w are informative in order to
estimate d (of course the estimates of ¢{!) = logC — ¥(J) and §¥) = log D — %(J)
can be incorrect using frequencies on both sides of w if C # D). The log-periodogram
estimate of d is

dV) = M
2
and since Jg‘l) and ng) are asymptotically independent (see Chapter 5), then

2v2m(d) — d) S N(0, Jy'(J)). (3.23)

The same result is obtained in the multivariate setup followed by Robinson (1995a)

imposing the restriction d; = d;. Let

D = o) - dy(2loghe) + )

i = 69— dy2logy) + !
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where

S
log(Y_ In(w + Ak4j—s))

g =
j=1

(J J

i = 10g(> In(w = Mkgj=0))
Jj=1

fork =1+ J,1+2J,..,m, uch) is defined in (3.4) and ﬂi‘” differs only in the use of
frequencies before w like in the definition of y,(c") and g,‘f). Denote (X); the i-th row

of the matrix X, and write

) = @)

(2); = (1,—-2logAx)

0 = @,u")
N
fork=Uli+J,i=1,2,...,(m—1)/J. Then
Y=ZA+U.
Consider the restriction d; = dy = d,
(1)-(t)eer

The restricted estimate in Robinson (1995a) is

&)
9 | ={Q'(Z'Z2® 97 )Q) Q' vec(Q71Y'Z) (3.24)

4
(Lo
o=(% 1)

and @ = ¢'(J)I;. From (3.24) the estimate of d is

where

D Dy me N Ne,
3 = Telog M Tk (0 + 7)) — 27 T log Me(w)) + 317)
47=L 57, (log Ak)? — 4(Z log Ax)?

the same as the estimate we obtain from the regression

ZI(CJ) =c— d(2‘log |/\k|) + 'TL;‘J) k= —m,‘—in + Jyern ==L 1+ J, 14+ 2J,...,m, (3.25)
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where z( ) = y(']k), ) = ECJ) if k is negative and z( ) = y,(cJ), al’) = ugcJ) for positive

k. Not surprisingly the asymptotic distribution obtained in Theorem 4 by Robinson

(1995a) is (3.23), the same as the one we obtained by applying least squares to (3.25).

It is also interesting to study the multivariate extension in the case of a Gx 1 vector
series, z;, whose elements, z5, s = 1,2,...,G, have a spectral pole/zero at different
frequencies. If for all s = 1,...,G, A.1 holds substituting the fixed w for a different
w, for every z, if z; is a Gaussian process and if assumptions A.2 (with g = k) and
A.5 hold for every dy,, d2s then

(c(']) —_ c(J)) -1
0,Jv'(J ® I 3.26
[2¢7ﬂ”—@ I R A 20
where now ) = (cg']), ...,c(c}]))’, d = (dyn,...,d1g)" and the estimates are obtained

from

A(J
[ EEJ; ] = vec{y W z0)( 20V z(Dy1y

where Y ) = (¥,), ., ¥&), v\ = (40, v 200 v, 480 =

log(7—y To(ws + Akgi=a))s ZY) = (2145, 214205 -y Zm)’ and 2z = (1, —2logAg). The
proof is similar to that in Robinson (1995a) noting that now the vectors v(};) =
(OR(A;)s e VBOA), 01 (A5, .., vE(;)) Where py(A) = %’—};’—_;gﬁ = vB(A) + ivI()) can
be considered, for j increasing suitably slowly with n, approximately uncorrelated
with mean zero and covariance matrix %Izc;. This differs from the case w, = w for all

s =1,...,G, when the covariance matrix of v(A;) can be regarded as

_ 1| Rp —-Ry
R—2[RI RR]

where Rp and Ry are the real and imaginary parts of R(w), the matrix of coherencies
at frequency w ([R(w)]gn = Rgn(w), 9,h = 1,...,G), and R(w) is assumed to be
nonsingular. In case of different ws;s we do not need any condition on the cross-
spectral densities between the different z,;s because it can be shown in the same way

-2(di~ dl)) and of course

as in Theorem 4 that E[vy(w, + A;)0r(wr+ ;)] = O(57? log jA;
the rest of statements in Theorem 4 hold if we allow for different w,s. Thus the
UE, )= = log[}_; 1((”R(“’a + ’\k+J D)2+ (o) (ws + )\k+1 7))%e 1/}(J)] fors=1,..,G, can
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be considered approximately independent for all k = l'-{; J, U+ 2J,...,m, which differs
from the case with equal w,s whe;e only the vectors U,gJ) = (ug',? , ,u(GJk)) can be
considered asymptotically independent but not the intravector variates. Taking this
fact into account, the proof of (3.26) is straightforward following the steps in Robinson
(1995a) and noting Theorem 4 and assumption A.5 for d;,,d2s, s = 1,...,G.

In (3.26) we focus on the estimation of the different dy,s, that is, we study the
behaviour of the spectral density matrix at frequencies just after the different w,s.
The same result would be obtained for d = (d2, ..., d2g)" as long as the frequencies w,
are different for all s = 1,...G.

Finally we can consider the case w; = wif s € H, and H is a subset of {1,2,...,G},
that is , the case when only some of the w,s are equal. In this case we need to introduce
assumptions A.2 and A.3 for those g,h € H and substitute & in A.5 by min(e, )
and we obtain the same result as in Robinson (1995a), namely

[ (e ~ ) ] _‘LN(o J[ 1 -1 ] ®Q(J,}
2,/m(dY) — d) ’ -1 1
where the diagonal elements of (/) are 4/(J) and Q_g‘,? for g # h is zero if w, # wy,

and some finite figure if wy = wp.

3.4 APPENDIX A: PROOF OF THEOREM 4

The proof of Theorem 4 is based on that of Theorem 2 in Robinson (1995a) for the
case w = 0.

a) In order to show a) we see first that
1 - hy Iong—zd,'

E[Wy(w + A;)Wh(w + Aj)] = fan(w+ A5) + O 5N (3.27)

and then that
11 .
fon(w + Xj) = CICE AT Ryp(w) = O(APP)=24), (3.28)

To prove (3.27) first write the left hand side of the equality as
1 n

= DD et~ s)el Wt A)e=itwhi) = [ £ (AN)K(w+ A; — A)dA
t=1s=1 -7
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where v, (t — s) is the covariance between z, and zps and K (A) = %ﬁ IFDIN ei(t=3s)A
is Fejer’s kernel.

Since [T K(w+ Aj — A)dX = 1 we have to study the order of magnitude of

/ {ohN) = for(w + X))} E (@ + A = M. (3.29)
Due to assumptions A.1 and A.2 we can chose so small a € that for some C, < oo,

1 1
for@+ M) < Fw+Nffw+A) < CA
|£ @+ < ca-t-2

for A € (0,¢) and 2d; = dg1 + dp1, and

[fon(+ N < CeA|7
d
VARV I
for A € (—6, 0) and 2d; = dg2 + djs.
Because w € (0,7) and % — 0 as n — oo, we can choose € > 0 such that for a

large enough n

E>2/\j
Qwi)\j—5>0

2w+ \j+e <2 (3.30)

which will be necessary for subsequent analysis. For such a € we have that the absolute

value of part of the integral (3.29) is

w=—€ I
[+
- wte

{max K(w+ 35 = N} [ (LN + 1foalwo + A)[1A

IN

= 071+ 374) = 0GA™)

where @ = [-7,w — €] U [w + €, 7]. The first equality comes from the following facts

which will be useful in subsequent analysis:

KQ) = '—Dz—(w’%'f ' ' S (3.31)
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ID(N)| = |Ee1“| < if0< A< 2r (3.32)

_ISl

O(n“/\ 2y for0O< A< (3.33)

|K (M)

M < FFOVFEO) and/_:fi(/\)d)\zvar(z,-t)<oo,i=g,h, (3.34)

A

and the second one because

142d;
-0 ((i) ;,\-“1) and 1+ 2d; > 0. (3.35)

Now decompose the remainder of the integral,

w+e w—-l +L\2-L w+2X; wte
/ / / syt F / : (3.36)
w—e 3 w+—2'L w42
The first integral in (3.36) is bounded in modulus by

_A

{ max |faO)} [ 7 K(w+2—)dA
w—:gkg_w—-fl w—e
w__L
+ lfgh(w+/\')|/ K(w+ A — A)dA
= {max om0 = NI} [, KOG+ 08+ U+ 4] [, KO+ 20
-§L<A<¢
- e+,
< {, max Unlo-d) S KoMt
YOgen, A JJ3

e+A; .
+ 1+ )l [, KA

- O(n—lAj—l—miz :_n—lAj-l—mil) - O(j—l)‘j-zd.-)
because of (3.33). Similarly the last integral in (3.36) is bounded in absolute value by
ma Voo + 00 [ KOy = N+ (o4 0] [ KOy =2
= 0371
Now, using the mean value theorem,

w+2A;
Lo

o Usher+3) = S 4 MK O - ,\)d,\'

2) 4
< {,max 1w+ IR = MIEQ - )
S+<AL2) P

2A .
= O(n~A;173h /ﬁ "ID(X; = X)jd\) = 0 (1"%,\;%)
2
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because of (3.31) and

IDO)| <2, 0< A <7 (3.37)

Chj
/ ID(\)|dX = O(log 5) for C < oo (3.38)
~CXj

For the property (3.37) on Dirichlet’s kernel D()) see Zygmund (1977), pages 49-51,

(3.38) is Lemma 5 of Robinson (1994b).

w+j_ in (3.36) is bounded in absolute value by
2

To complete the proof of (3.27), [

{ max  K(y=3) / {1fop(@+ D)1+ [fyn + 25)]}A
—-L<A<—L

= O(n7IA7IA72) = O(j-l,\;“-).
Now the left hand side of (3.28) is dominated by:

czcz,\-%
Ff = 20 R + )) — Boa(w)|CECEAT

fg fh

where the spectral densities are evaluated at w + A;. This is
O(A?-Zdl) + O(A?—M] )

under assumption A.1 and A.3.

b) To prove b) write

[W (w+ A Wi(w + A5)]
- Zz7gh(t S)e“("'*'/\ i) eis(wt);)

2”" t=1 s=1

= /_ : For(N)D(w + Aj + A)D(w + A; — A)dA.

Decompose the integral into

—w—¢ —w=2\; —w- -A-,",’- —w+ %’- —w+te w—e
/ + + +[ L+ L+ /

- —w—e —w=22; —w——2'7- —w+—,} —w+e
w— 22-?- w+ %L w42X; wHe T
+ + o+ L+ / + /
w—e w— —2-L _ w+ —2'7- w+2); | Jwte
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The integral over @ = [T, —w — £]U[-w +¢,w — €] U [w + ¢, 7] is bounded in absolute

value by
o {max D@+ + VD + 45 = V1) [ 1)1
= 0(n)=0(7'A*")

using (3.30), (3.32), (3.34) and (3.35). Now If_:__:'\’ | is bounded by

s Un(—A - o)) L, 10 = DD+ 2 + XA

1 —w—A 1
2rn | A <,\<e Az —din AjSASe | sin =22 | Sy

—1)73—¢ —2dy (I 11 1y
= O(n IA]'Z 19)=0(;Aj2d1(;)2+d1h)20(] 1’\j2d1)

IA

the first inequality because of (3.30), (3.32) and (3.37) and the last equality because

/w+s
w42}

Proceeding in the same manner the integral over [—w + ’—\2-7-, —w + €] is bounded in

1/2+ dyg > 0. Similarly
= 0(71A;*).

modulus by

s {,max [fpu(=w+ NI} [, 1DO +NIID(20+ 35 - N)jdx

2rn J_<K
< 51—{max | fon(—w + A)|} {max ———271“—_—;—} 2ﬂ: ._'I__d,\
i | sin = 51| 20+ A
< 1

—w+ A 1 e+A
57 », MaX —Ifgh(l_:-i- ) JMaxX ———— 2ﬁ T\=3-dag g
T Hagerr;, AT Forge |sin==5—=| | J#

_q1.—~3-d S
- O(n 1’\j2 2h):0(J 1/\j2d2)
and under the conditions in the remark to Theorem 4 this is
._1y-2d; y3—d2n+2d1\ .1y —2d
o /\j ’/\J? )= 0(s /\j ).

Similarly
= 0(;71);%")

and O(j;IX;Zd‘) under the conditions in the remark to Theorem 4.
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Now

/w+2/\j
w+357-

1 2}
o, o4 V) Ji 1D+ 25+ NIDO; - Ve

< —{ max |for(w+ A)}< max —7— |D(A)|dA

_.L<,\<2,\ J —l<A<2A | sin '2_+)‘J_ﬂ|

—1y— : logj._
— O(n l’\j 2d, logj) = O(JiA] 2d1)

the second inequality because of (3.30) and (3.32) and the first equality due to (3.38).
—wml
2
‘/;w—Z/\j

To complete the proof of b), the integral over [w— %’-, w+ ’—\2-7-] is bounded in absolute

Similarly
log i
= O(_O_;'gl_J_,\j—Ml ).

value by

A
1 s 5
sl max D@+ A+ NI max DO = NI} [, o+ 21
2t N ok “Zack +

= O(n7IAJI(AJ 72 4+ A7) = 0(5 -1,\;2‘1 )

the first equality because of (3.30), (3.34) and (3.37) and under the conditions in the

remark this is

O A721 (A + A Ha¥3dn)) = (1 x7%h),
The analysis for the integral over [-w + 1\21] is similar and this concludes the proof of

b).

c) To prove c) write

E[W (w +A ')V-Vh(w + Ak)]

- Z Z 7gh(3 _ t)ezt(w+/\,)e—1s(w+z\k)
21rn t=1 s=1

= | fgh(/\)Ejk()\)dz\

where Ej; = z2-D(w+ Aj — A)D(A—w = Xg) . Since 7, e*=2dX =0 for s # ¢ and
27 for s =t,and ) 1, etPi=2) =0 for0<j—k < n/2, then

/_ " Ea(\)dA = 0. | (3.39)
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Thus we can expand the integral as

{ [ }{fghm—fgh<w+Aj)}Ejk(A)dA (3.40)
-7 wH2);

w2
+ [ s U)o 4 2B (341)
+ /w o {fgh(’\)—fgh(“-’+/\k)}Ejk(/\)d/\ (3.42)
= U@+ X5) = fon(w+ M)} /“ Ejp(A)d). (3.43)

Now (3.41) is bounded by

ZXJ‘
™ ; — A)|dA
“"{(Ak+kg)/2<>‘<2x, | fon(w + )} At [D(A = Ag)|

= 0 n_lA.'l"zdl log] =0 log]A-d]gA_d”‘ E %+d1h
’ J

vik’
— log j —dyg —dlh)
= o

for j > k. The absolute value of (3.42) is bounded by
At

—_— ! 2 L
7rn{,\k PO R AR ﬁ ID(A; — A)|dA

-0 (n—l/\;l—wl logj) <1°g]A—dlgA;d1h(-7 )-+dlg)

\/_E 7
log 7, -diy\—d )
A 9 1h
O(\/_k ; Ax

if /2 <k < j, and when k < j/2 (3.42) is bounded by

1 '\k“;

el I+ L+ Uil D05 =207 [, 1D = i
= O((A7* +X")(5 ~ k)" log 5)
= o (St L (B i bp-an))
=0 (l\‘;g_Z_A;"’u“d"-)

Now (3.43) is bounded by
Xz-f-lk
2
srmex, U+ )] L7 1ol
1y—1- . log7 . —dy,v—
- O(n lz\kl d‘log])=0(\/g_£,\]dl9,\ d:h)
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if k > j/2, and when k < j/2 (3.43) is bounded by

Az‘-;kk

U fgn(o+ W)+ a4 MG =207 [T 1D = Al

2

= O((Aj_zdl + /\;2d1 )(] _ k)—l lOg]) -0 (log]/\—du)‘—-d”.)

ik
as in the evaluation of (3.42). Now the integral in (3.40) can be decomposed into
w—e w—A, w+—k' wte ™
[+ Ty / A .
-7 w—e —.f- w+2); w+e

Asin a), the integral over [-7,w—e]U[w+e, 7] is O(n‘1(1+/\;2d1)) = 0((jk)"%,\;d1’,\;d”').

The integral over [w — £,w — Aj] is bounded by

1 &
gl )1 [ 1D0 + VD=2 = Xe)lex

; 1{ - A)I} / A-E-t0g)
Aj<A<2e \3—dzg

- O(n—lA—2d1 A—l + —]A—l—zdz) — 0( —IA—2d.) = lgAI:dlh)

0(\/'75’

Similarly for the integral on [w + 2);j,w + €] we obtain the upper bound

1 -4 -d)
A e )
O(\/_k’

The integral on [w — Aj,w — Ax/2] is bounded by

Aj
e 8, (0 = DI+ 170+ 23 [L1DOG + DD~ 2l

27N AR /20N

= 0TI + A og ) = O(zd B A 4)

as in the evaluation in (3.42). Finally the integral on [w+ Ax/2] is bounded in absolute

value by

1

srmimax, 1D( = D= )] / {Uoh(@ + D] + [ fyn(w + A7) A

= O( IO + ) = 0(—ﬁA;d‘”A'd'“)

and this completes the proof of c).
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d) Write

E[Wg(w + 2;)Wh(w + A)]

- Liz%h(t S)e”(‘“'/\ 3) eis(w+Ae)

2tn

= = for(A)D(w + Aj + A)D(w + Ap — A)dA

2mn J-

and split the integral into

—w—¢e ~w=2}; -w— -A-zl- —w+ -{2'7- —w+e w—e
/ + + + W+ L+ /

- —w—e —w—2); —w——4 —wt4 —w+e
w— i,j- w— 32"- w+ %l‘- w2k we T
+ + 0+ / +[ .
w—e w——zJ- w——zk- w+—25'~ w+2Ak w+e

Doing the same as in b),

—w—e w—e m _ —d _ 144 14d
‘/ + n L+£ - 0( 1) - O(\/k_)‘a lg’\k dlhA]g 1g/\z u.)
= O(ZX ).

Now the integral over [-w — €, —w — 2};] is bounded in absolute value by

e B, Von (== I} [} 1D0; = MID(2+ X+ N

1 1 |for(=w = A)| / ~1-dy,
T {2,\m<a,\x<¢ | sin MALA'} {,\né/\<e A;-dxh A da

= 0( -IA-_-dIg) — O(J_TAJ—d]gA—dlhAzﬁ-d”.)

IN

—d —d
A] 19/\k lh)

\/_E

and similarly
w+e _ —--d _ . e . ]
L] = 00T = 01 A e ) < o( i ten i)

The integral over [—w — 2);, —w — %-L] is bounded in absolute value by

1
——{, max _|fyn(-w -V} / DO = MIID@+ Ae + VdA
TN Mg,

= O(n“‘Af% log 7) = O( %A}d‘%\;dm,\f g
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and similarly

wH2Ax logj .-
_ -1y-2d, _ gJ dig y—dip
w+32h =0(n™ A" logk) = (\/k_/\J Ay ).

The integral over [-w % 52-7-] is bounded in absolute value by
1
——{ ,max _[D(; + N[ID(20+ 3 ~ N} / s, oh(=w + X)]ax
2t Mo

. O(H_l/\—lAl -2d; ) = 0(_\/=A;dcyAk dih)

and under the conditions stated in the remark this is

_A—dlgA—dlh[A dlhA2+d1h + Az 2d2+d1gA2+d1h]) = 0( A-dlgA—dlh)
3 — .

i Vi
We obtain similarly the same result for the integral over [w + Azh]
The integral over [-w + 521, —w + €] is bounded in absolute value by

E{ max |D(2w+ Ak — A)|H{ max Ifgh(f\—w)l}/; I‘/\.—i_TIdA

-J-<A<e <z\<¢

__{ max |D(2w+ Ak — /\)I}{ max If:g_h(A_w_)I} . /\—%-dzhd,\
7r _J_</\<€ XEASA4e \3—d2n

IN

— 0( —-IA d2g) - O(W__A;dng;dzh)

and under the conditions in the remark

O(W J dlgA-dlhA_d29+dlgAI%+d1h)
e e )
We obtain similarly the same upper bound for the integral over [w — ¢,w — 522.]
Finally the absolute value of the integral over [w — -’\-‘f-,w — %] is bounded by
2 2
- Aj
__1_.{ max_ |[D(2w+ Aj - ,\)|}{ | fon(w A)]}/ T \mtodigg),
Ak

2mn é'fo"i" A <)\<)\J A5 929

- O(n-lA 2 dzhAz—ng)_O(\/_k J—dng,:clzh)

and under the conditions in the remark this is
O(k-lA—dlgA-dlhAz_d29+d1gA§-d2h+d1h) O( A—dlg/\;dlh)
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so that d) is proved.

e) Write
- 1 [
EWs(w + 2)Wi(w =)l = 5— | fa(A)D(w+A; = A)D(A —w + Aj)dA

and split the integral up,

w—e w—2X; w+%;L w+2A, wHe T
[+ / / [ (3.44)
- w—e w=2A; w— -2'7- w425 w+e

2

with € such that (3.30) holds. As before the integral over [-7,w — €] U [w + €, 7] is
O(n~1) = O(5~1A7?4).

The integral over [w — €,w — 2] is bounded in absolute value by

e G, b = 013 [ 100 + 011D - Vi

2rn 2)\ <,\<

- 0o \1-da
2 max l'fgh(,w al / A dA
™ /\,'</\<oo A7 %29 iy A2

2

_ ~dzp \—4-d 1. _
— O( IA ZhA] 2g)_ <;/\J2d2)

/u+e -0 (-17/\_,-2'1‘) .
w+2X; 2

Now the integral over [w — 2);,w — 3-2-7-] is bounded in modulus by

IA

Similarly

1 2);
e max fph(w = MM, max DO+ N} [, 1D - A)idA
T Ziagan; T PIVIIY +

—1y—2dzy— , logj,_
=O(n lAjmizAjllog]):O(_Jg-"’\jzdz)

/w-i;z./\j -0 (logj Aj_2d1) .
wt J

Finally the absolute value of the integral over [w + éJ;] is bounded by

and similarly

1
ek, (D05 = 0D max DO+ ) / fon(@ + A)dx

-0 ( (A—2d2 + A-zd, ))

which proves ‘e).
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f) To prove f) write
1 ™
EWy(w+ X)Wi(w =31 = 5= [ fun(N)D(@+2; + )D(w = A5 = A)dA

and split the integral into

—w—¢ —w—2); —w——-L —w+—J- —w+e
Lo+f+] L+
—c w—2); —-—w— —-7- w+—-L —wte

w=2A; w— %’- w+—L w+e
+ + +[ /
w—¢e w—2X; w——zl— w+—-7- w+z

Since the proof is like that in b) we present it in a more abbreviated form.

e[ |- ot -0 (i)

- —w+e w+te

for an € such that (3.30) holds. Now
—w=2X5 1 14 L —dig\—dyp y 2 +d2n 1 —dig,-d
/ =0 (;,\j : ‘9) =0 (-,,\j 19 )=dan 3342 ) =0 (-,,\j 19 2,.)
—w—¢ J J
and the same upper bound is obtained for the modulus of the integral over [w+ 521, w4+
R 1
L
—w=2);
w+32l A—2d1 ,\—2112 lA-dlg,\—dzh
3 +A57%) 7N
2

and we obtain the same bound for the absolute value of the integral over [~w * %’-]
The rest of integrals are

—wte 1.-1-q 1. —d,—a
[ RICHS RIS
2

and similarly the same bound is obtained for the modulus of the integral over [w —

€]. Now

=0 (b—gi,\Tz‘il) =0 (@,\,—dlg,\.—dzh)
n 7 j 2 J

and

€,w — 2)j]. Finally

A' 3 .
/ oo (RELx2) =0 (—bg_’ Ay
w=2X; n 2

g) Write
EW(w+ 3Wa =3 = 5= [ (D@ + A = NDO - w + M)A
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The modulus of the integral over [—7,w—¢]U[w+e€,7] is O(n~!). The rest of integrals

are N
w=2); w— )‘—,‘,"- w4 é,f— w —2L w2A; we
—€ w=2X; w-«-25- w+-il‘- w+—2-7- wH2X;
Now

w—2/\' - 2
/ | < i{ max ———If""(lw '\)I} “A-3daqn
w—¢ 21n | 2j<A<2e /\g—dzg A

1124y _ 1 —a —d +d
o(b) o oo
- o)

w+e

_,\'dly)‘—du.)

/w+2,\ (\/_E J

The integral over [w -2, w - —21] is bounded in modulus by

and similarly

2/\,'
max ~A / DO + MDD = A)|dX
g 1 1= [ 100+ )00~ )

=0 (—(,\;2“2 +A722)27  log j)

=o(‘j}g-%A;““A;“'“\/;’; [yt o]

-0 (s )

and similarly
w4 %’-

(log] A—dIgA—dlh) .

A
w+—2“-

Now the integral over [w + —,},w + 2);] is bounded in modulus by
1 2%
——{, max_|f(w+ )} /ﬁ DA = WDk + A)ldA

27n A
S <A<2);

logj .\ 24, -1 logj,—dyg\—d
=O(TAJ- A )=o(ﬁAJ 19)7 "-)

and finally the absolute value of the integral over [w 52&] is bounded by

A

1 ki
el 2%, 1005 = VIDO+ M) [ sl + iox

1. 1 \-141-24; L —digy—d;
=o(;,\j1,\ku}c 2 )- (‘/_E,\] A h)
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and thus g) is proved.

h) The proof of h) is fairly similar to that of d) so we present it in a more abbre-

viated manner. Write

E[W,y(w + A)Wa(w— Ap)] = # _’; £ D@+ A; + N)D(w — Ay — A)dA.

Now split the integral up

—w—e —w=2); -w——J- —w+—-’- -w+e w—e
[ ST

- —w~e —w—2)‘J —w—=L w+—-7- —wte
w=2A; w—%ﬁ w+-A-2"- WA we T
+ /

+ + + + +

w—e w=2); w—izl‘- w+125- wtA; wte

Like in d),

=0(n71)

Lo+
- —w+e w+e
~utd 1, _1y1-24 —digy—d —dag\—d
/_w-iz =o(;,\j Al ‘)— (‘/_E(A IFhn 4 AT 2'-))

2

and O (I\jg%,\;"lg,\-dzh)

—w- :
w108 aq,\ _ (1087 ~dig -4,
Jom |70 (50%) =0 (i)
w+e 1
/ =074 =0 (—,\‘dlg,\"’oh)
wtAj
/w—2)\,'

\/_E 7

= O(TL—IA;%_dzh) = 0 (\/-——kA;dog/\—dz")

A )
YT logj | _24 —2d ) (log] —dog y —d. )
=O(— A5 L 04 ) =0 P Vo Wt

where o can be either 1 or 2. Now

A
/W’L_’h
A
w—2k

where d; = max{d;, ds}, and

=0(n I =0 ( ‘/l_k,\;"'g,\-d-h)

0 (\/L_kx;dlu,:”’w?*"”A%*“”"""") -0 (L_A-Mk “”)

if dop > dy, for s = g or h.
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Final]y
] .
= 0 ( 0gJ (A;2d1 | ,\k—2d1 ))

(gt

I

and

ik ViE

if dop, > dys for s = g or h. ‘ D

0 (IOg] /\-dlgA,:d”‘ \/]_E(Aj—dm/\zzh + AjlgAzzh‘zdl )) =0 (103.7 )‘_—dlg)‘l:dg,,)

101



Chapter 4

GAUSSIAN
SEMIPARAMETRIC
ESTIMATION

4.1 INTRODUCTION

This method of estimation has its origin in the approximation of the Gaussian like-
lihood function suggested by Whittle (1953) and described in Chapter 1. Whittle
(1953) proposed the maximization of the approximate frequency domain likelihood
function (1.43), so that absolute knowledge of the spectral density up to a vector of
parameters is assumed. This technique was originally proposed for short memory pro-
cesses with a smooth spectral density function. The application of this methodology
to standard long memory processes with a spectral pole only at the origin has been
analyzed by Fox and Taqqu (1986), Dahlhaus (1989), Giraitis and Surgailis (1990)
and Heyde and Gay (1993). They showed that the good asymptotic properties of
the estimates obtained for short memory hold for standard long memory. In partic-
ular the estimates are /n-consistent, asymptotically normal and, when z; is actually
Gaussian, asymptotically efficient. However these properties depend strongly on cor-
rect specification of f(A) over (—m, 7] and if some kind of misspecification occurs the
estimates will in general be inconsistent. In particular, the estimates of long mem-
ory parameters will be inconsistent if short memory components are misspecified. To
overcome this inconvenience Kunsch (1987) and Robinson (1995b) considered a semi-

parametric discrete version of (1.43) so that his estimate, d, is obtained by minimizing
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(1.54). Robinson (1995b) called this estimate Gaussian ‘semipammetric. For obvious
reasons it has also received the nar;le of local Whittle estimation. Here we use both
terms indistinguishably. The advantages of this estimate over the one obtained by log-
periodogram regression analysed in Chapter 3, d), are that we neither need to trim
out frequency components close to the spectral pole/zero (at least under symmetric
SCLM) nor the user-chosen number J, much weaker assumptions than Gaussianity
are imposed and we gain asymptotic efficiency in the sense that d has a lower asymp-
totic variance than d¥). The main disadvantage is that d, unlike d¥), is not defined
in a closed form. Nevertheless, despite the non-linearity of the objective function to
minimize, its higher asymptotic efficiency and less restrictive assumptions (gaussianity
is not needed despite its name) makes the Gaussian semiparametric a very interesting
estimate to study. Furthermore it has been found in the univariate case (Robinson
(1995b) for w = 0 and Chapter 6 of this thesis for w # 0) and in the multivariate
extension (Lobato (1995)) that with very simple iterative procedures the estimates
converge quickly, which makes the Gaﬁssian semiparametric a very attractive method
of estimation.

The drawback of this estimate with respect to the parametric one studied by Fox
and Taqqu (1986), Dahlhaus (1989), Giraitis and Surgailis (1990) and Heyde and
Gay (1993) is that only /m-consistency is achieved because only m frequencies are
used such that 2 — 0, and the proportion of the frequency band (—=, 7] involved
in the estimation degenerates relatively slowly to 0 as n increases. Therefore the
semiparametric estimate is much less efficient than that based on a complete and
correct specification of f(A). This loss in efficiency is the price to pay for guaranteeing
consistency under misspecification of the spectral density at frequencies far from the
one we are interested in.

In this chapter we study the properties of the Gaussian semiparametric estimate
analysed by Robinson (1995b) when f()) satisfies (1.62) around a positive frequency,
w, and we aim to estimate the parameters C and d; (the procedure is similar for

D and d; and it only differs in the use of frequencies just before w). The case of
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asymmetric SCLM has a peculiarity with respect to the analysis at zero frequency
where f(A) is symmetric for real xt.l If the parameter we want to estimate, dy, is such
that d; > ds, the asymptotic normality follows directly from the analysis in Robinson
(1995b). However when d; < d; we trim out some frequencies close to w in the same
way as in log-periodogram regression in order to get rid of the influence of periodogram
ordinates just before w, where the spectral density is governed by the parameter dj

(see Theorem 4).

Let {z:,t = 0,%1,%2,....} be a real-valued covariance stationary process with
spectral density function f(A). Assume we only know that f(A) satisfies (1.62) as A
approaches w and it is integrable over (—, 7] (necessary for covariance stationarity).
The Gaussian semiparametric estimates of d; and C are obtained by minimizing

1« 2, M
Q(C,d)= mﬁ% {log CA7* + 71,—} (4.1)
where ); = 2—;'1, I; = I,(w+ )Aj) = [Wy(w + A;)|? is the (uncentered) periodogram of
z; at frequency w+ A;, I = 0if d; > d3 and | — oo more slowly than m as n — oo if
dy < ds.
Concentrating C out of the objective function we have that minimizing (4.1) is

equivalent to minimizing

R(d) = log C(d) — 2d—1—l 3 log A; (4.2)
m=tiA
where
. 1 ™
C(d) = —— > ¥, (4.3)
41

Then the procedure consists in obtaining an estimate of dy, Jl = arg mingeo R(d),
where © = [A;, A;] is the set of admissible values for dy, and then plug d; in (4.3) to

obtain an estimate of C, C(d)).

4.2 CONSISTENCY

In order to prove the consistency of d; we need to make the following assumptions:
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B.1: For a € (0,2] and w € (0,7), as A — 0%,

flw+2) = CAX ¥ (140(1%)

flw=2)

DA"%%(1 4 0(X\%))

where C, D € (0,00),|d2| < 1/2and d; € © = [A1,Az] where —=1/2 < Ay < Ay < 1/2.
The choice of A; and A, reflects prior knowledge on d;, for example if we know that
f(w+ ) 4 0as A — 0% areasonable choice is A; = 0.

B.2: In a neighbourhood (—4,0) U (0, §) of w, f(A) is differentiable and

delogf(w +A)=0(1"") asA-0t.

B.3: 2;—Ez; = Y32 g aj&—j and Y324 a? < oo where E[e;|Fi—1] = 0, E[e}|F—q] =
1 fort = 0,£1,%2,..., F; is the o-field generated by £,, s < t and there exists
a random variable ¢ such that Ee?2 < oo and for all > 0 and some k < 1,
P(lee| > m) < £P(le] > 7).

B.4: If dy > dy then ! = 0 and

1 m
—+——=0asn—
m n

and if dy < dj,
dy—d
% + %logm+ ;%—Z(Z—z_;—l)-(logm)% — 0 asn — oo.

Assumption B.1 is just (1.62) with d; contained in the interval of admissible
estimates ® = [A;,A;] and a rate of convergence is imposed as in A.1, while B.2
is equivalent to A.2 in the log-periodogram analysis with ¢ = h. Assumption B.3
says that the innovations in the Wold decomposition of z; are a square integrable
martingale difference sequence that satisfies a milder homogeneity restriction than
strict stationarity. Assumption B.4 differentiates the cases d; > d3 from d; < d;. In
the former, m tends to oo (necessary for consistency) but more slowly than n (due
to our semiparametric specification of f())). In the latter we introduce the trimming
number, I, which has to go to infinity with n at a slower rate than m (for consistency)
but its rate of divérgence,. i.e. .the velocify at .which it g.oe.s to iﬁﬁnity as n — 00, is
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higher the larger the difference d; — dy is. This is due 'té the fact that the higher d,
with respect to dy the more inﬂuen’;ial the periodogram at frequencies just before w
(where the spectral density is governed by d;) in the estimation of d; (see Theorem
4) such that a larger trimming is needed. The more restrictive case comes up when
d; — dy approaches 1. In that case l—’;-r(log m)% — 0 as n — oo so that if m ~ n® and
I ~n®, then 1> 60> ¢ >2/3 ensures B.4.

The following theorem establishes the consistency of the Gaussian semiparametric
estimate of d; when the spectral density satisfies (1.62). We only focus on the case
di < d;. The proof when dy > d; is almost equal to that when w = 0 in Robinson
(1995b), with the modification of some minor steps because of the positiveness of w,

steps that can be deduced from the proof of the former case.

Theorem 6 Let assumptions B.1-B.4 hold. Then as n — o

Proof: d; = arg ming R(d) where R(d) is defined in (4.2). Write §(d) = R(d)- R(d;),
Ns={d:|d—dy] < 6} for 0 < é < 1/4 and N5 = (—00,00) — Ns. Then

I, —dy|>6)=P(d, € N = P(i < inf R(d)) < P(inf S(d) <
P(|dy ~ dy| 2 6) = P(d; € NsN O) P(,v‘f‘rfeR(d)-A}}‘neR( ) < (]\.;:lnGS()_O)

because d; € NsNO. Now define the following subsets of the set of admissible estimates
0,

A=A if d1<A1+%

elz{d:ASdfﬁz}S“Chthat{d12A>d1—% if dy>A1+43

{ (d:A <d<A} ifdy>Ar+1
0=11 .

otherwise
Thus
P(|dy — dy| > 8) < P(_inf S(d) < 0)+ P(inf S(d) < 0).
Nsn©, (573
Write S(d) = U(d) — T(d) where U(d) is the deterministic part of S(d) obtained by
replacing I; by CA]TM‘ and sums by integrals, and T(d) is the remainder.
U(d) = 2(d— dy) — log{2(d — dy) + 1}
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T(d) = log{c(gl )}- log{gég}—log {ml_ 1 Jfﬁ (L= (a(d - o) + 1}}

1=l+1

+ 2(d—d1){mL_l i logj—log(m—l)+1}

j=l41

where

C(d) = C% Yo A=), (4.4)
m=tin

Note that U(d) achieves a unique minimum in ©; for ¢ = d;. Now,
P( inf S(d)<0)=P(_inf (U(d)-T(d))<0)<LP T(d)| > _inf U(d)).
(ginf 5(d) < 0) = P(inf (U(d)-T(d))<0) < (sgfl (D)2 inf U(d))
Using the mean value theorem we have
1,
10g(1+z)$:c—§:c

—log(l-z)>z+ %xz

for 0 < z < 1. It follows that

2

inf U(d) > min(26 — log{26 + 1}, 26 — log{1 — 26}) > . (4.5)
Ns;n©, 2

On the other hand, from the inequality |log(1 + z)| < 2|z| for |z| < 1, we deduce that

for any nonnegative random variable y, P(2|y — 1| <€) < P(llogy] < ¢) for e < 1/2

C(d) Cd)-c@)| _ e
P{llog (C(d)) >E} SP{I C(d) >§}
and thus supg, |T(d)| 2oif

C(d)-c(d
a) supg, | U@ |=0,(1)

b) supg, | 2=l svm (i y2d=di) _ 1 |= o(1)

and

¢) | ;i Liflogj —log(m — 1) + 1 |= o(1).

If d; < d (I = 0) the left hand sides of b) and c) are O(m~1-2(A=41)) and O(I%‘nﬂ)
from Lemmas 1 and 2 in Robinson (1995b). If d; > d; (I = o) the left hand sides of
b) and c) are O((L)1+2(A4=%)) and O(H%E™) from Lemmas 2 and 3 in Appendix B.
Since 1 + 2(A - dl)v> 0in @1; conditioﬂ B.4‘iniph;es that b) and .c) hold. |

107



In order to prove a) write,

C’(ri) —C(d) _ A(d)

C(d)  B(d)
where
_2(d—d1)+1 m _]— 2(d—d;) (I_J_ )
A(d) = m—1 %(m—l) g; 1

- m P\ 2(d-d1)
B(d) = 24— F1v (L)

m—1 1 \m— l
for g; = Cz\}zdl. Since B(d) + |B(d) — 1| > 1 it follows that

(4.6)

DO

inf B(d) > 1 —sup|B(d)-1| >
91 el

for all sufficiently large m using Lemma 2. Now, by summation by parts, A(d) is

bounded in absolute value by,

3 m-—-1 r 2(d—d,) r+1 2(d—dy) T I
A S G T EE TR e
r=lt1 j=tt1\9i
L 3 (L)Z(d—d’) 3 (L-1)l. (4.8)
m—1\m-—1 j=t+1 \9i '

Using the mean value theorem we have that for r > 1,

2(d—d1) _ 2(d—d;)-1
(1+3) -1|5me(1+1) <

T r>1 T

in ©. Thus the supremum in ©; of (4.7) is bounded by

3 m—1 r 2(d—d;) r+1 2(d—d1) r I:
v B (2" o () £
m r=l+1 m T J=i+1 9i
2(Az—d1)+1 m-1 2(A-d1)+1 T )
< 12 (L) (L) _%2_ Z (.I_J. - 1) .
m —1 r=lt1 N\ r j=l+1 9i
Since (-27)* — 1 for all o we focus on the analysis of
m—1 2(A-di)+1 1 r I
T
> (7,;) =2 ("T - 1) : (4.9)
r=i+1 j=i+1 \9i
Now,
I gj) I; 1 , 2 . o
—-1=(1-=2) =4[ = |o;|°L;] + 2n].; - 1 4.10
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where I;; = L(w + X)) = [We(w + 1)1, We(X) = =Ty eee™, fj = f(w + ),

I; = Ii(w + ;) and o = a(w + A;) = Y52 ope*(@+X) Assumption B.1 implies

that
~ %= 009). (4.11)
fi
Assumptions B.1 and B.2 and Theorem 4 imply that for n sufficiently large,
Ij _ i\ n2(d2—d1)logj
Ea—1+0((;> +m . (4.12)
Thus

m-1 ( r )2(’A—-d1)+1 1
m 72
1+1 4

j=l+1 fi
Mo p\2A=d)H | T sina 7\*  n2d=d)]og ;
- ° (E (%) =2 (2) (1 (3) )
1+1
r\2(8-d1)+1 rotl nz(dﬁ‘dl)logr
'm\ ¢ m\* n2(d2‘d‘)10gm 2(A—d 2(A~d;
=0 ((72_) 1+ (;) + lz(dz-dl)m2(A—d1)+l(m 7 logm + 1% )

n2(d2=di)(Jogm)? n2d2=d1)]og m) )

ml2(d2-d1) ll+2(d2—d1)

]
Q
N TN
VS
3 3|3
N—”’
R
ot
+
N
|3
N’
R

in ©; under B.4.
Since |[af? — [b%| = [Re{(a — b)(@+ B)} < I(a — )@+ )| < |a - blla+ | and

applying the Cauchy-Schwarz inequality we have that E|I; — |a;|?I.;] is bounded by

E[|W; — a;We;||W; + a; W]
< {EI; - o;EW ;W; — a; EW ;W; + IO‘J'IZEIEJ'}%

X {EI; + aEW,;W; + a;EWo;W; + |o;2EL;}3. (4.13)
In view of the proof of Theorem 4, as n — 00, < 7 < m and d; < d;, we have that

logj | _24 3 a; logj \ 24
EI,=f;+0 (TAj 2) , EW;W,; = 2—; +0 (-—j—z\j 2)
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because Ij = 72— S Yooy £16,€'(t=9)«+%) and under B.3 EI,; = »=. Thus under

T

- o(SETTTEL(H) )

1+1 1+1

B.4 and dp > d;, (4.13) is O((*28)32;(#+4)). Now

m-1 2(Aa-di)+1
T
E{ > (%) -

r=l+1

T
D ¢ SR 71 o A

= fi

We distinguish the cases d; — dy > 1/2, =1/2, < 1/2. When d; — d; < 1/2, (4.14) is

m2(8=-di1)+1

do—d 1 m
+1

Now if 2(A - d]) bt (dg - dl) - 1/2 Z —1, (415) is

m2(A=d1)+1 = g = o(1)

under B.4, and if 2(A — d;) — (d2 — d1) — 1/2 < -1, (4.15) is

m2(A—di)+1 - l%+d2~d1 - 0( )

in ©; because of B.4. Now if d; — d; = 1/2, (4.14) is

nd2—h (log m)% TN 2(A—dj)—
0 ( m2(a—d1)+1 ZT (a=d) Y(logr) | - (4.16)
i+1
In case 2(A —dy) > 0, (4.16) is

0 (ndz—"l(logm)f) -0 (_\{_—"(lolg_m)i-;l—(logm)) =o(1)

m

under B.4, and if 2(A —d;) < 0, (4.16) is

0 (\/ﬁ(logm)%l2(A—d1)) _o (\/E(logm)% [2(8—d1)+1 ) o)

m2(A—d1 )+1 l mZ(A-dl )+l

in ©; and because of B.4. Finally when d; — d; > 1/2, (4.14) is

ndﬁ‘dl(logm)% 1—(d=dy) N~ 2(A—dy)~1
O( m2(a—di)+1 =t l)lz;r( ") Y
+

if 2(A — dy) > 0, (4.17) is

3 - 3
nd2~%(logm)z [h—(de=d1) p2(8-d1) ) = o nd2—d1 (log m)g
m2(A=d1)+1 [3+d2—dx
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and if 2(A - dq) <0, (4.17) is

. 1
d2'—dl (log m)2 l2(A dl) (d2 d1)+2 _ O nd2—d1 (log m)2
m2(a—di)+1 - l%+d2—d1

and consequently (4.14) is o(1) in ©; under B.4.

The final contribution to (4.9) comes from the term involving 271.; — 1. Write

2rl; -1 = —ZZS £s e (t=s)(wtrs) _

1s=1

= _Z( -1+ = ZZcos{(t — s)(w+ Aj)}eses

t#£s
because sin(A) = —sin(—A). Thus

m-1 2(A—d1)+l

Z (L) Z (27!‘15]' - 1)

r=it1 N j=i+1
m-1 2(A-di)+1 , _

Z(St -1 > (m) = (4.18)

1+1

2(A-dy)+1
+ z( ) Iy cosi(t - s + Adeceal. (4.19)

41 l+1 t#s
Under B.3, 1 y°7 *_,(¢2) & 1 from Theorem 1 in Heyde and Seneta (1972) and

m-1 2(A=dy)+1 . _ m 2(A-di)+1
Z (_r_) T 2l =0 (E (—) ) oQ1)
m T o \m T

r=I+1

and thus (4.18) is 0,(1) in ©;. Assumption B.3 also implies that

r

ED) Y e, Y cos{(t — s)(w + Aj)}?

S t#s 7=l+1

25 33 cos{(t — s)(w + A}

5 t#s 141

2 ZT: Zr: [ZZ cos{(t — s)(w + A;)} cos{(t — s)(w + Ax)}]

=141 k=41 3 t#s

= 2 ZT: i [izﬂ: cos{(t — s)(w+ A;)} qos{(t —s)(w+ Ak)} — n]

7=l41 k=41 t=1 s=1
(r=Dn?-2(r-10)>%n (4.20)

for r such that 0 < w + A, < 7. To prove (4.20) write

cos{(t — s)(w + Aj)} cos{(t - s)(w + Ak)} = aes + bes + €15 + dys

111



where
as = cos[s(w + A;)] cos[s(w + Ag)] cos[t(w + A;)] cos[t(w + Ax)]
bes = cos[s(w + Aj)]sin[s(w + Ag)] cos[t(w + A;)] sin[t(w + Ax))
Cis = sin[;(w + A;)] cos[s(w + Ag)] sin[t(w + Aj)] cos[t(w + A)]

dts = sin[s(w + A;)] sin[s(w + Ag)]sin[t(w + A;)] sin[t(w + Ag)]. (4.21)

Now
n n n2
> Z ag, = ) _ cosft(w + A;)] cosft(w + ,\k)]— = 7 ifk=j
t=1 s=1 t
= 0 otherwise
ZZ: bts = E cis =0
t=1 s= t=1 s=1
and
n n n2
d, = —ifk= 7

= 0 otherwise

which proves (4.20), and thus (4.19) is

m e\ 2A8=d1)+1 (,,._l)-} 1 ~ 2(A—di)—1
0O, (Z (;n-) r2 =0y m2(A—di)+1 1+er2( V7

+1
-0 ( . (mz(A'd1)+%logm+12(A‘d1)+%))

mAB—dy)H1
-0, (logm 1 (I)Z(A-dx)ﬂ)
vm T
= op(1)

as n — o0o. In the second equality the cases 2(A —d;) > —1/2 and 2(A —d;) < —1/2

are distinguished and the last equality comes from the definition of ©®; and assumption

B.4. Thus we have proved that supg, (4.7)= 0,(1).

> (2-1)|
Jj=l+1 9;

Now supg, (4.8) is bounded by

3 m \ 2(82—d1)
o1 (75)
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Because (-2)* — 1 for all @ as n — oo we focus on L zl+1("‘ — 1)| and use (4.10)

to show in the same manner as above that supg, (4.8) is 0p(1). When d; < da,

1 & g; ||
E{=) [1-2|Z
{mg; fi gj}
- 1o~ (3)® j\* , nd2-d)logj

!

n_a+ n2a + no [142(d2—d1)

0 (%;) = o(1)

under B.4. On the other hand,

131 \
E Ezf—jlfj—lajl L]

I+1

0 (i P (logj)%)

O (ma m2a mcx n2(d2 —dl) log m)

Lidy—d
ml+l J2+2 1

- o(htmt)

Jztd2—d1

under B.4, and finally ,

— Z |27 1.; —

I+1

m —

m

Zcos{(t—s) w4 A ) .,'

M ™t sz

IN

(51 - 1)\

= o(1)+0, (ﬁ) = op(1).

We have shown that supg, |A(d)| %, 0 and thus

é(d)
c@

supe, |A(d)|

)4
B(d)| < Tnfo, 1B(@)] "

sup = sup
e

and the proof is completed in the case d; < A; + % Butifd; > Ay + %, ©, is not an
empty set and P(infe, S(d) < 0) may be different from zero. However we will see that
in fact P(infe, S(d) < 0) = 0 as n — oo when d; < d2 (the proof when d; > d3 and
! = 0 is the same as that in Robinson (1995b)). Write p = p,, = exp(z 7%, log j)
and S(d) = log{D(d )} where D(d) = =44 Eﬂ_l(%)ud‘dﬂjzdﬂj. Sincel+1<p<m
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then,

P
7\ 2(A1—d1)
(;) forp<j<m.

) 2(d=d) ' ) 2(8=d1)
inf(—) > <—) forl+1<j<p
@2 p

SE,
7N
S i,
N—
3
O
|
Q
5

AY4

It follows that
e 1 &~
g D) 2 77 2 ai™ ),

I+1
where - 2(amdy) ‘
L forl+1<35<p
a; = \ 2(A1—d .
! (1)2(1 2 forp<i<m
p
Thus
Pinf S(d) < 0) < P(—— 3 (a; ~ 1)i*41; < 0).
©2 m-li5
Under B.4, '
1
P ~ exp (m—_l-{m[logm — 1] — {[logl - 1]})
= exp(—1+logm)exp (l;:g_rgz - :71055)
m m
= Zatom)~2,
and
j=it1 ! 20A-d)+1  (2(A-dy)+1)pHa-h)
Thus

1 & 1 &
m—lz(aj-—l)zm—lzaj—1

141 I+1
1 ) ! (le)z(A—dl)+1 )
Y B\ T m=1 (m- e )
= ! -1+ 0(1).

e(2(A-dy)+1)
Choosing A < dy —1/2+1/(4e) (which can be done without loss of generality because
dy —1/2 > A; in ©3) we have that for m sufficiently large and # — 0 as m — oo,
;1_—127_}_1(01- —1)>1and
P (—1- -i(a,- -1)7247; < o)
m—14 el
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= P

41

m=4tia I+1

1 m
Pl— S (a-1)(Z-1
m—ll+1( )( ) )

P( 21).

Since Y71, aj ~ pA(d1=8) [P g2B-di)dg 4 pHdr—A1) L z¥81-d)dg = O(m) it follows

< P( 12(1 1)”+l<%i(a;~—1))

3w (2-1)

i+1

that

Bt

i+1 J

0, ( Z(mJ + 1) (1 + a 2(22:2) 1551))
41

o ((7)+(5) “+(%) —)

- 0 ((2)) -0

as n — 00, under B.4 and because @ > 0. On the other hand,

It

I

m—1 Z(aJ 1) |aJ|2IE]]

+1
Z< n%=% (log j)
l+1 YT jEtda=s
n%~% (log m)%
OP ( l;‘+d2‘d1 = OP(]')

as n — oo under B.4, and finally

—— E(aJ nN@2rl;-1)=

I+1
“Z( & — ,Z(% +1) (4.23)
= I+1
+ —ZZ z(a, — 1) cos{(t - s)(w+ \i )}ete, (4.24)

I+1
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Since =15 Y(a; — 1) = O(1), (4.23) is 0,(1). Now (4.24) has variance

2

% ZZ m_i Z(aj = 1) cos{(t = s)(w + 4))}

1+1

= Z (a; — 1) i (ar — 1)(i zn:(ats + bis + €t + dis) — )

2
n (m j=l+1 k=141 t=1s=1

where a5, bys, cts and dys are defined in (4.21). Thus the variance of (4.24) is

"2(m l)zz(aJ 1)2n n(m — l)"’(z:(aJ )~ (4.25)

+1 1+1

The second term of (4.25) is O(n™!) because Y 1},(a; — 1) = O(m). Now

m P\ 4A=d)) Mmoo\ 4(Ar—dy)
OIS0y

I+1 141 \P P+l

o[ . 1\ 4(&=-d) | 4(Ar-dy)
ogp+ (—) + mlo m( )
(P gP P g ?
1 \ Ha-d1)
o mlogm+l(—>
m

m 4(A—dp)+1
‘12_:0(10ngr l 1 ):o(l)

and thus

m mi(A—di)+2
because 4(A — d1) + 2 > 0. Thus (4.24) is 0,(1) and consequently P(infe, S(d) <

0) — 0 so that the proof is completed. O
4.3 ASYMPTOTIC DISTRIBUTION

In this section we show that under some conditions stronger than those nesded for con-
sistency but milder than the assumptions imposed in the log-periodogram regression,

in the sense that Gaussianity is not needed,
- d 1
‘\/T?(dl - d]) — N(O, Z)

The constancy of the asymptotic variance of d; makes easy the use of approximate
rules of inference. We also observe a gain in efficiency with respect to log-periodogram
regression where the asymptotic variance has an upper bound of 72/24 and a lower
bound of 1/4, but this lower bound is only achieved when the poohng number J is

00, SO that the asymptotlc variance 1/4 is not attalnable by thxs class of estimates.

116



The assumptions needed in this section are the following:

C.1: B.1 in previous section holds.

C.2: In a neighbourhood (—6,0)U (0, 6) of w, a(}) = S5, age*?

and

d Ia(w:I:/\)I) +
I a(wtA)= ( ;) as A— 0T,

C.3: Assumption B.3 holds and

is differentiable

E(e}|Fi—1) = p3 and E(e}|Fiy) = pg, t=0,41,...,

for finite constants u3 and p4.

Ca:1If d] 2 dz,

l + m1+2a(10g m)2

-0 as n—o0

m n2cx
and if dy < do,
(log m)3 4 2(d2—d1) m1+20
as n — oo.

e (logm)? — 0

Assumption C.2 implies B.2 because f(A) = g—;la(/\)|2. C.3 implies that z; is

fourth order stationary and holds if the ¢; are independent and identically distributed

with finite fourth moments, and C.4 is Assumption A.4’in Robinson (1995b)if d; > d,

but when d; < d; we use a trimming as in the proof of consistency. Taking m ~ n

0

and | ~ n® we have that in case d; > da, 6 < 20/(1 + 2a) suffices, but when d; > d;,

C.4 can only be satisfied if d; — d; < a/(3 + 4a). For instance when a = 2, d; — d;

has to be smaller than 2/11. However we can relax C.4 by strengthening C.3. We

thus consider:
C.5: The fourth cumulant of £; is zero for all ¢.
C.6: If d; > d; C.4 holds and when d; < d;

(]Og m)3 2(d2—d1) m1+20

2
12 (log ) 1+2(d2—d1)

as n — 00.
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Assumption C.5 is implied by Gaussianity and C.6 entails (d; — d;) < a/2(1+ a),
where the upper bound is 1/3 when o = 2. This requirement is not much stronger

than d; — dy < 1/2 which is satisfied if there is both a left and right (stationary)

spectral pole at w.
Theorem 7 Under C.1-C.3 and either C.4 or C.5 and C.6,
vm(dy - dp) S N(O,i—) as n — oo.
Proof: Like in the proof of consistency we focus on the case d2 > d;, the proof
with d; < d; is a straightforward extension of that in Robinson(1995b). Since d; is

consistent under the conditions in Theorem 7, then with probability approaching 1 as

n — 00, dy satisfies

_dR(d1) _ dR(dv) + d?R(d)
T dd T dd dd?

where |d — dy| < |dy — d;|. Write

0 (dy — dy) (4.26)

- 1 dd
Ce(d) = — Y A2(log Aj)I;.

j=l+1
Then
dR(d) by 2 &
—5 = 2—=—2—-——) log);
dd Cd) m-1 gl: i
d?R(d) _ 4{Cy(d)C(d) - C}(d)}
@ ea)
Define also
~ 1 m ) _ 1 m - .
B = > (log )"\, Ex(d)= — 3 (log4)*5*I;,
m—1, m-—1.
J=l+1 P
thus

42R(d) _ {Fy(d)F(d) — F3(d)} _ HEx(d)Eu(d) — EX(d))
dd? F§(d) E3(d) '
Fix ¢ > 0 and choose n such that 2¢ < (logm)?. On theset M = {d : (logm)3|d—d;| <

¢}

= = 1 N (- . .
|B(d) = Bu(dr)] € —— 31574 — 1]5%% (log )4 ;
41

2e|d — d1|Ek+1(dl)

IA

2e((log m)*~* Eo(dy)

IN
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where the second inequality comes from the fact that

2(d—d1) _ 1
U_2-ITW—I < (log j)m?l4=4l < mie logj = elog j

on M. Thus for 5 > 0,
[ = = ~ 2. _
P(1Bu(@ - Bu@)l > n(2Ey4)
P (2e¢log m)*=* Bu(dn) > n(Zy i d e M)

+ (|Ek(d) Eu(dy)| > n(2Z )‘2"*Id¢M)

< P(C(dr) > 5= (logm)*™) + P((logm)°|d — dy| > ¢). (4.27)
2e(

IA

Since from the proof of Theorem 6, C(d;) & C € (0, 00), the first probability in (4.27)
tends to zero for ( sufficiently small and k£ = 0, 1,2. The second probability is bounded

by

P((log m)3|dy — di| > ()

<P( inf S(d)<0)+ P( inf §(d)<0)+ P(inf S(d) <0 4.28
SP( inf S(@)<0)+P( inf S(d)<0)+ P S@<0)  (428)

where M = (—00,00) — M. We have already shown in the proof of Theorem 6 that

the last two probabilities in (4.28) tend to zero. The first probability is bounded by

P T(d inf _ U(d)). 4.29
(sup IT(@]2 | inf U(d) (4:29)

As in the proof of Theorem 6,

. ¢?
f Ud)> ——.
@10111\1/5QM ( ) - (log m)6

Call 7 = 2(A — d1) + 1. On ©4, v > 0. Consider (£)Y(logm)® = W!“’%ﬁ where
O<a<'y.N0W§—7,§L-—>Oasm—>ooand '

( I )%_12 1
mY-2 -mml—%"

Under C.6 (and of course C.4), % — 0 as n = 0o. Chose a < 7, which can always

be done because ¥ > 0. Then (#)‘7(log m)® — 0 as n — oo. Thus noting the form of
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T(d) and the orders of magnitude obtained in Lemmas 2 and 3 it follows that under

C.4 or C.6 (4.29) tends to 0 if

C(d)-C(d)]| _ _
— @ = 0,((log m)~°).

sup
©1NN;g

Using the notation in the proof of Theorem 6, and because of (4.6),

oinf, B(d) > ipf B(d) 2

N | =

for all large enough m. Thus it remains to prove that supg,ny, |A(d)| = 0,((log m)~5).

Now
sup |A(d)|
©1NNg
m 2(d—d1)+1 m=1 /. \ 2(d—d;)+1 1 r I
< esup 12( —l) Z (E) 2 Z = _
1NN r=l+1 j=l+1 9i

} .

3 Z(d—dl) m I
oo ( = 1) 2 (5!
- i=l+1 9;

Since (7%7)* — 1 for all a we focus on

ey 2= g |2 1]e
,
g $5 (2) S (2 )|+ 2B (B
@nN; | 17 \™ ™ li; \95 ™ (151 \ 9
N (r\TBL | & (L 1 [ (L;
< ¥ (—) S (-1 [+ =D 2 -1])]. (4.30)
r=it1 N r? j=i+1 \9i ™1 \9i

Now, using Lemmas 4 and 6, the first part of (4.30) is

LSS Ay
Z(ﬁ) 722 3’7—27r15,-+27r15j—1

141 1+1 J
(é( )1 26 r12 (r::l Citet e ))
- (( ) (—)alogm+ (%)1_25+1‘:%’) (4.31)

under C.4 or C.6. Since § < 1 then (4.31) is 0,((log m)~¢). Similarly the second part

oo

T
™

of (4.30) is

) = op((logm)~ %)
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under C.4 or C.6. Thus P(infg, ~n,qs S(d) < 0) — 0 and
~ - '— 2r _
P (1@ - Buldn)) > o=y ) =0

as n — oo. Consequently

d?R(d)
dd?
_ Al Ex(dr) + op(n*)H{ Eo(da) + 0p(n?h)} = {Ea(dh) + 0p(n?*)}’]
{Eo(d1) + 0p(n2h))?
_ AR(d)Fo(dh) - Fi(dy)] | s 1o o
= F2(dy) + 0,(1) . (4.32)
Now for £k = 0,1, 2,
Fi(dy) - C— Z(log])
e
= =5 Yoy (—, 1) < (log m)* —— ,Z S 1]
1+1 +1
(log m)? 2 1\ 2
O, ( Jm (n) (logm)* + (;) (logm) )
= o,(1) (4.33)
under C.4 or C.6. Thus from (4.32) and (4.33)
d%R(d)
dd?
_AE 4 (10g 5)? + 0p(1)HC + 0p(1)} = {ogy Tk log 5 + 0,(1)}] .
- C o) +od)
= { ,Z(loga)2 ( Zlogz) }(1+op(1))+op(1) -4
I+1 et
as n — oo. Now since C(d;) 5 C
dR(dy) _ A 1jlogh; o )
T Z;( G Y
_ \/— o 1 o 24
= 2 —— (I)Hzl(lg,\ IHZIIgAJ)A I;
_ 2 0 _ op(1)
- m“* o (-2 >
= Z ( 27r1,,) (1+ 0,(1)) (4.34)
l+1 9i
+ —= ) vi2rl;(1+0p(1 ' ' ‘ (4.35
ﬁu,zl (1 +0p(1)) (435)
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where v; = logj — =15 7%, log j satisfies 3°7}, v; = 0. Since |v;| = O(logm), using

Lemma 6 we have that (4.34) is

mo‘+% l%
O, — logm + — logm

m2
under C.4 and
mets l
0, -—ngl—-logm+ ﬁlogm
under C.5 and C.6. In both cases (4.34) is 0,(1). Apart from the o,(1) terms, (4.35)
is

Zvj EZEtf ez(t s)(w+Aj)

l+l =1 s=1

n t-1

= \/_ Zv,2zze,5,cos{(t—s)(w+,\ )}

1+1 t=2 s=1
n
- 23
t=1
where z; =0 and

zy = 5¢Ze,ct_, for t=2,3,..n,

s=1

& = \/__ Zv, cos{s(w + A;)}. (4.36)

141

The z; form a zero-mean martingale difference array and from a standard martingale
CLT (Hall and Heyde (1980), section 3.2) 3"}, 2; converges in distribution toa N(0,1)

random variable if
a) ZH:E(zﬂFt_l) -140
1
b) iE’(z?I(thl >6))—0 forall § >0.
1
To prove a) write

E(z{|Fi—1) - 1

NM: -nM:

E| st(Ze,ct_,) |Feh] - 1= Xn:(zg,c,_,) -1

s=1 s=1
n t-1
= {ZZesct s 1}+ZZZ€,-E,C¢_TQ_,.
t=2 s=1 t=2 r#s
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The term in braces is

n— n—1n—t

E —I)Zc3}+{ZZc§—l}

t=1 =1 t=1 s=1
Now Y7 7=t ¢? is equal to

4 1 n—-ln—t m
BT (> vy cosfs(w + X))
t=1 s=1 |41
m n—1n—t
= E Z V;Vk E E cos{s(w + A;)} cos{s(w + Ax)}
™ =141 k=11 t=1 s=1
n—1n-—t
= mn2 E 2 Z Zcosz{s(w + A5)}
j=l41 1
n—1n—t

+ WZZ”J”kZZ[COS{S(Q“H'A +Ak)}+cos{s(A;— Ax)}]-

I+15#k 1
From formula (4.18) in Robinson (1995b), namely,
g-1g-r

z z cos(8t) = cos @ — cos(q0) g—1

r=1t=1 4 sin’ 2

(4.37)

(4.38)

(4.39)

(4.40)

for 8 # 0,mod(27), we have that for j such that 0 < w + A; < = (which holds for n

large enough),

2 i cos?{s(w + X))} = Z_: Z_:(l + cos{2s(w + A;)})
t=1 s=1
173 —! 1 cos{2(w + Aj)} — cos{2n(w+A;)} n-1
T2 §(n 4sin®(w + A; i) 4
= ("—41)2 +0(1).

Since

2
L e zaogm( zlogj)

1+1 I+1 l-H

= 140 (—(k’fnmy)
we have that (4.38) is
4";—;21 (1 + 0((I°gmm)2)) ((n = i 0(1))

4 (ﬁ’;_l)z + 0(%2—(lo'g m)2)) -1 as n—-oo.

n2
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Now for j, k such that 0 < 2w + A; + A < 27 (which always holds for a large enough

n) and j # k we can again apply formula (4.40) and we get that

n—-1n-—t
Z Z cos{s(2w + A; + Ax)} + cos{s(A; — Ax)}]
- Lo
so that (4.39) is
vil = m = o(1).
o359 =0(5)-w0

Thus the second term in (4.37) tends to zero as n — oo. The first term has mean zero

and its variance is
n-1 n-t

0T
Now
e € Zoz 2ol = (‘/—’mfﬂ) (4.41)
+1

and for 1 < s < n/2, by summation by parts, |c,| is

2 m
—_ vj cos{s(w + A;
/o oo 40)
= Vp — Uy cos{s(w + Aj)} +——=vm ) cos{s(w + A;
nx/_,_zﬁf *‘),_21;, {0+ 3)H o Z; {s(w+2;)}
= logr—log(r+1 cos{s(w+A; )} +—=vm ) cos{s(w+];
”\/_Zu:,l( g r—log( )),.21421 {s( ) \/— g; {s( )}
p (L 3 o1+ Ly 4 L logmz)
ny/m oyl r’s  ny/m s
%) (Lojg) (4.42)

because 37 cos{s(w + A;)} = O(ns™!) for 1 < s < n/2 (see proof of Lemma 4) and
|log(1+ 1)| < 1/r for r > 1. The bound in (4.42) is at least as good as that in (4.41)
for n/m < s < n/2. Consider w a harmonic frequency (which can always be done for
n sufficiently large), then ¢; = ¢,—s and from (4.41) and (4.42)

N _ ﬁm(logm)2 (log m)? 2
Zc, = O(m 3 + — Es

s=1 ,>%

-0 ((108771)2). - | o ' (4.43)

n
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and the variance of the first part of (4.37) is O(ng%mﬁ) Thus (4.37) is 0,(1). In order

to prove a) it remains to show that

iz Z_: Er€sCt—rCi—s = Op(l). (444)

t=2 T#s

The left hand side of (4.44) has mean zero and variance

n

n t—1 u-1
Z E Z Z E Z E[Ers-’EPEQ]Ct—TCt—sCu—pCu—q
=2u=2 r#s  p#g
n min(t-1,u-1)

2 Z Z Zz Ct—rCt—s5Cy—rCu—s

t=2 u=2 t#s

n n t-1 u-1
=2 Z EZ ct—rct st4 Z Z ZZ Ct—rCt—s5Cy—rCy—s. (445) )
t=2 r#s t=3 u=2 r#s

The first part of (4.45) is O((logm)*n~1) from (4.43). The second part is bounded in

absolute value by

n t—1 u-=1 -1 n t—1 t-1
DI WISEES EIEL S5 D DT
t=3u=2 r=1 s=1 t=3 u=2t—u+1

Now

$Y T a- zm -1, < z

t=3 u=2t—u+1
[nm_g'] n
<n Z jcf +n Z jc]2
2 [nm—§]+1
0 (n—’%izm(logzm)z 4 n2{logm)’ m_%)

o (xtser)

using (4.41) and (4.42). Thus noting (4.43) we see that (4.46) is

5 (n(log]m)z (log m)z) -0 (M) = of1)

ms3 n m3

and (4.44), and thus a), are proved.
In order to prove b) we check the sufficient condition
n
'EE[zf]—>0' as n — oo.
t=1
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Now

iEIZZ‘] = iE[Etissct_s]“ = pg Zn:E[z—:EsCt—s]4
< g Z E[Z E E E €5ErEpEqCimsCtarCtpCiq)

qul

Z(Z ) + 3uqpl Z Z Z 2,2,

s=1 t=2 s r=1
= 0(n(3 ) = 0 (@) = o(1)
1

in view of (4.43) and this concludes the proof of the theorem. O

4.4 MULTIVARIATE EXTENSION

The multivariate case is important in order to analyse the interrelations between differ-
ent variables. Lobato (1995) proposed the joint estimation of the memory parameters
at the origin of a vector series z; of 7 elements z¢, a = 1,...,7, by minimizing the
local discrete approximation to the Whittle likelihood function (1.55) in Chapter 1.
Considering the correlation structure among the elements of z; Lobato obtained an
asymptotic efficiency improvement with respect to the individual estimation of the
persistence parameters in each zf. The methodology and properties of this semipara-
metric multivariate Whittle estimation are mentioned in Chapter 1.

The extension from w = 0 to w # 0 introduces two possible modifications with
respect to the case at the origin. First, the frequency, w,, where the pole rero occurs
can be different for every z¢, a = 1,...,7. Secondly, as in the univariate case, we can
allow for the possibility of asymmetric poles/zeros for w, # 0(mod 7) which forces us
to trim out some corresponding frequencies. Thus, in order to estimate the persistence
parameters just after the spectral pole, the objective function to minimize is

m
Q(C,d)= ) {log|A;CA;| +tz[A7'CTAT L]} (4.47)
J=l+1
where Aj = diag{/\j'd“} fora=1,..,r,d = (dy,...,d,) is any admissible value of the
vector of memory parameters, C is a 7 X 7 matrix and I; is a 7 X 7 matrix with diagonal
elements Ia;,(wa + Aj) = [Walwa + Xj)1? = 5] 21_1 z2e~*(wat})|2  the periodogram
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of z¢,a =1,...,r, at frequency wg + A; and the off-diagonal elements are 0 if w, # wy
and the cross periodogram, I,5(w + Aj) = Wo(w+ AWr (w4 X)), if wg = wp = w,
where * indicates conjugation and transposition. The trimming number will be zero
only if dy;2 < dgy for all @ = 1, ..., 7, and will go to oo more slowly the,n m if dyy < dgg
for some a. Thus, one disadvantage of this multivariate set up with respect to the
univariate case is that we need the trimming even in the cases d,;q > d,2 as long as
there exists at least one b in {1,...,7} such that dpz > dp;.

In Lobato (1995) f(A) represents the r X r spectral density matrix of the vector
z;, where f,,()) is the spectrum of z¢ and f,5() is the cross spectral density between
z? and z¢ for a,b = 1,...,7. All the elements in f(\) are evaluated at the same
frequency A. In the multivariate SCLM case, where the poles/zeros can appear at
different frequencies, we denote f(A) the matrix whose diagonal elements are the
spectra foq(wa + A) and the off-diagonal figures represent the cross spectral densities
fab(wa + A) if wy, = wp and are 0 otherwise. Note that in the case of different w,’s f(A)
is not the spectral density matrix of z;. Modifying Lobato (1995) to allow w, # 0 and
We # wp, a,b=1,...,7, we introduce the following assumptions,

J.1: For a € (0,2],

FA) ~ACA(14+0(V) as A -0

fQ) ~ A2DAx(1+O(|A%) as A—07

where C, D are two Hermitian positive definite matrices with typical elements C,;,
Dgy if w, = wy, and 0 otherwise, and A; = diag{|A|~%*}, a = 1,...,7, 4 = 1,2, where
0 < dy2 < 0.5 and dy; € © = [Aq,A;] where 0 < Ay < Az < 0.5.

J.2: In a neighbourhood (-4,0) U (0, ) of w,, fza(A) is differentiable and

a%logfaa(wa +2) =011 as A-o0t

fora=1,...,r.

J.8: 7y = Ezo + ) j2¢ Aj€t—; Where ¢ is a martingale difference sequence with
Eles| < 00, Eleiei|Fi-1] = R where the diagonal elements of R are equal to 1, F;_; is
 the o-field generated By e,; s S.t - 1. and ¢, a.na étsi - R‘are uniformly integrable.
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J.4: Ifdyy > dgpforalla=1,...,r,then I =0 and

1 m
—+ — >0 as n—
m n

and if d;; < dy; for some a

m 1 n24
;+ Elogm+l—m(logm)3 —0 as n— 00

where A = max,{d,2 — da1}.

Assumption J.1 is similar to C5.1’ in Lobato (1995) but we allow for different w’s
and asymptotic asymmetry of the spectral density at each of those frequencies. As in
the case w, = 0 studied by Lobato, we only focus on positive values of the different
persistence parameters. J.2 is B.2 in the univariate case for every a. Assumption J.3

implies that the typical element of z; is

o0
a a
z; = Fzg + Zaajst_j

3=0

where a,; is the 1 x 7 a-th row of A;. It also implies
Elee,]=0 fort#u

and
1 n
- EE:E; '£> R
n t=1
(see Lobato (1995)).
Let d! = (d11,...,dr1)" be the vector of actual memory parameters just after the
spectral poles, d = (dj, ..., d,) any vector of admissible values and d! the local Whittle
estimate of d!. Concentrating C out of the objective function (4.47), we have that

d' = argmingeo R(d) where

R(d) = 42@% 3 log; + log |C(d) (4.48)
a=1 m-= F=l+1
and
~ 1 m _ _
Cd)= — XI: {A7;AT') (4.49)
i=l+1

As in the univariate case the procedure consists in obtaining d! by minimizing
(4.48) over a closed set of admissible values and then plug d! into (4.49) to get an

estimate of thé matrix C.
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Theorem 8 Under J.1-J.4,
d'5d as n— oo.
Proof: The proof is similar to that in Lobato (1995) for w, = 0 noting the results

we had in the univariate case so that it will be described here in an abbreviated

manner. Write R(d) — R(d!) = U(d) — T(d) where

U(d) = 2/_{\((1,, —da1) — Xr:log{l + 2(dq — da1)}

a=1 a=1
T(d) = 2Z(da—dal) IZIOg] log(m—-1)+1
a=1 141

+ log|I1C(d")| —log|ZT*MC(d)|

where
M = diag{\{%)} | T = diag{Cua}, Z = diag{1+ 2(ds — dur)}.
Now
2
Nl&rlrer(d) > % >0

where Ns = R" — Ng, N5 = {d :|| d — d" ||< 6} and || B ||= max;(|B;|). Thus it only
remains to show that supg |T(d)| 2 0. Now supg |T(d)] is bounded by

2r 1 Zlog} — log(m - 1) + I:I (4.50)
m =1
+ 2sup|log|ZT"*MC(d)|]. (4.51)
[S]

By Lemma 3, (4.50) is o(1) and using log |4| < tr(A—-1T), log|ZT'"' M C(d)| is bounded
by

tr(ZT'MC(d) - I,)

= tr( 1
m—

; ZZMA;z\I!;‘\IIjI‘JTle - I,)

- ( L Zz@ O, - I)
- ( 1 ST - ,])
+ ( : ,E(Z‘I’ ) I (4.52)



where ¥; = diag{)2%'}, ® = diag{(zL7)*%~91)} and because MA;?U;1®;! = I,.
Then tr(ZI‘“lMC’(d) — I,) is equal to

(14 2ds - da))—— 3 (2 B O (a4 Ag) — 1] (4.53)
+ a ~ Qal))— (—) S0 Jaa(wa + Aj) — .
= m— lj=l+1 m -1 7 J
r L m i\ 2da=dar)
+) (1 +2(de - da1)) —— > (E_——l) -1 (4.54)
a=1 =11

and (4.54) is o(1) by Lemma 2 and the fact that (4.53) is 0,(1) has been shown in the

proof of Theorem 6 for a single a. O

Note that the proof of the consistency does not use any information about the
correlation structure of the different elements of z, (reflected in the cross spectra in
our frequency domain set up). This information will be needed for the asymptotic
distribution and it will produce a gain in asymptotic efficiency in the same way as
when w, =0 foralla=1,...,7.

Since the estimates of the different memory parameters d,1,dp; for a,b = 1,...,r
are asymptotically independent when w, # wy (this can be shown in the same way as
we prove the asymptotic independence of d,1 and d; in the univariate case in Chapter
5), the efficiency improvement will only occur in those cases when w, = wy = w. Thus
we study the asymptotic distribution when the spectral poles/zeros in every element
of z; are at the same frequency w. As in Lobato (1995) and the univariate case, we
need the following assumptions,

J.5: Assumption J.1 holds.

J.6: Let

A1(w + /\)
A(N) = :
A (w+A)
where A,()) = Y2 aqje?®) = (AL(X), ..., A7(X)). Assume
d_)\A“(wi/\)_O(—/\— as A—0

fora,k=1,...,r.
J.7: J.3 holds and

Eleq(t)ep(t)ec(t)| Fr-1] = pabe  |Habe] < 00
Elea(t)es(t)ec(t)ea(t)| Fi-1] = 3+ Kabed |Kabea| < 00
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for a,b,c,d=1,...,7
J.8: Ifdyy > dyp for all a = 1,...r,then I = 0 and

1 1+2011 m2
1 mT(logm)”

5 -0 as n— ©
m nee

and if dy; < d,2 for some a,

24 142a

3
(log m) log m +

2

(log m)* + 1T+2A — (logm)? — 0

as n — 00.
Theorem 9 Under J.5-J.8
Jm(d' - d') S N,(0,E7Y)

as n — oo, where E = 2I, + 2Re(C * (C~1)') and * is the Hadamard product so that

the typical element of E is

. [ 2+2CaC* if a=b
=) 2ReC,C*  if a#b

where Cqp, and C®® are typical elements of C and C~! respectively.
Proof: The proof is similar to that of Theorem 5.2 in Lobato (1995) noting the

possible asymmetry as in the univariate case, therefore it will be presented in an

abbreviated form. In particular, since d! estimates consistently d! we have to show

that
O?R(d! '
o f?d,,) 5 E, (4.55)
", OR(d
vmd m, 6fia ) 4 N(0,7'En) (4.56)

for any 7 X 1 vector 5 and ||d! — d!|| < ||d! — d!||. Now

dR(dY) 2 GC(d‘)

o - ljf?.llog/\ +tr( “Nd)——= ) (4.57)
O°R(d) o120 5 aC(d) 826(d")
i _tr( 1(&1). e (@28 | )20 )(4.58)

The proof of (4. 55) is similar to that in Lobato (1995) Notmg that the sums are

from 7= ! +1to m, the behavnour of { and m in assumption J.8 and the resu]ts
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obtained in the univariate case (and in particular Theorem 4) we can see that (4.58)

is asymptotically equivalent to

tr | -CT1CCIC, IEIog] +C"ICab IZ(log])z
Tl 1+1

where C; = Ci;44,C, s = a,b, and Cgp = 1,54 C + 1aCty + 13Ctq + Ciaty wWhere 4, is a

matrix of zeros except a 1 in the s X s element. Since

2
—Z(log_y)2 ( Elogj) —1 as n—o o0

l+l l+1
and tr[C~1CyC~1C,y) = tr[C~1Cyy) then (4.55) follows.
Now since C~1(d') = C~! + 0,(1) then (4.57) is asymptotically equivalent to

Zlog)\ + tr [C'l Bgfld )} . (4.59)
HA

1
Omitting the 0,(1) terms we have that \/m > ;_, 7, _J_)_a};dd is

Z Mo Z log]{Re[E C“k/\d"+d"fka(w + ;)] - 1} (4.60)

a—l j=l+1

Now

ZC“" -z Z Aot [ra(w + )
k=1 ]“I+l

= 30 Cha = Y CH(Cra + 0p(1)) = 1+ 05(1)
= k=1

and then (4.60) is asymptotically equivalent to
E Na Z vj{Re[i CHEAFH [ (w + A7)] - 1} (4.61)
vm 5 j=l41 k=1
where v; = logj — ;}_—,2{'_‘“ logj such that 3777, v; = 0. Then proceeding like in
Lobato (1995) and taking into account the results we obtained in the univariate case
we have
vy 2288 _ S~ 214 01

a=1 a. t=1

where 2, = e} Y!Z1 I'T e, and

Iy, = 3 o znazze[z: Cok x4 A, + AL AR)] cosl(t - $)(w + Ay)]
7('\/_1'& j=l+1 a=1
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where the different A, are evaluated at w + A; and the overline indicates conjugation.

Thus z; is a martingale difference so that the Theorem is proved if

I)ZE[zfl-Ft—I] - E ZnanbEab % 0
t=1

a=1 b=1

2) " E[z8I(|z| > 6)] > 0 for all 6 > 0.

t=1
Proceeding as in Lobato (1995) we can see that 3 ;—; E(2?|F;—1) is asymptotically
equivalent to Y7 ; 42} tr(T% RTT , R) which tends to 30 _; 3°7_; a7 Eap. To prove

2) it suffices to show that "1, Ez} — 0 which can be proved in the same way as in

Lobato (1995). O

Remark 1: We observe that, unlike the log periodogram regression, the multi-
variate extension of the local Whittle estimate produces a gain in asymptotic effi-
ciency when w, = wy for a,b = 1, ..., 7, because the variances of the joint estimates of
d11, ..., drq are lower than the variances of the individual estimates (see Lobato (1995)).

Remark 2: Assumption J.8 implies that A = max,{d,2 — ds1} < a/(3 + 4a). As
in the univariate case this restriction can be relaxed to A < a/2(1 + a) by imposing
a stronger condition in the distribution of the £;, namely that their fourth cumulant
is zero for all t.

Remark 3: Since E depends only on the different elements of C and C~!, and
C can be estimated consistently using (4.49), then E can be consistently estimated,

which is useful for statistical inference.
4.5 APPENDIX B: TECHNICAL LEMMAS

Lemma 2 For ¢ € (0,1) and « € (¢,00), when | — 00 and £ — 0,

S o) e

1=l+1

sup
e<vy<k

Proof: Fory > 0

Y ~—(_ i \
m—lz( —1) , —1_

i N
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/ {(H—l) —z'7 l}dz-i"yHZZ/_I ) {( )1_1—z’7'1}dz
< / {(1+1> + 27" 1}dz+71+22 i{(m_j__l)v—l_m—l}dx
< Hln) temteernGn) | ew

+1

using the mean value theorem. The first term is O(m~717"1), the second is O(m~7)
and the third is O(m~1) for v > 1, zero for ¥ = 1 and O(m™"1") if ¥ < 1. Thus
(4.63) is O((£)” + L) and the right hand side of (4.62) is O((L)¢) because ¢ € (0, 1].

O

Lemma 3 Let!l - oo and # — 0 as m — oo. Then,

l
0 (E log m) f

L Z logj—log(m—-1)+1|=

m= J—l+1

Proof:

1
_llg:log]—log(m—l)+1
+1

1 7=l 1
= |[— / log( )dz+——l+ llog(l+l)

142 Ji-1-1
1 & il 1 1 1
< 1 .
- m—lH_EZ/j_z_llx Jlj—l—ldz+m—l+m—llog(l+l)
1+11"&E'1 1
< ’m+l > -+—(1+log(l+1))

= 0(—l-logm+ +—logl) O(;lz-logm). o
Lemma 4 Letr >l and I.; defined in (4.10) and C.3 hold. Then

Zr: (2rl.; ~ 1) = 0,(r?).

j=l+1
Proof: Write

2rl; = 27| We(w + ,\j)l2 = ll Zeteit(w+/\j)|2

= —Z + - EZsts,cos{(w+/\)(t—s)}

s t#s
= —Z + = EE,Z&,COS{(w+/\)(t—s)}

s=1
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Thus

T n n t—

> (2rl;-1)= il Y-+ & iesdt_s (4.64)

j=1+1 Lt t=2 s=1

where d, = 2377, ; cos{(w+ Aj)s}. If w is a harmonic frequency of the form w = 2I%,
where w is an integer then ds; = d,_,. Since in our analysis n — 0o, we can express
any frequency w € (0, 7] as a harmonic frequency for a large enough n. Also |d,| < Zn—T

and for 1 < s < n/2, |d,| < £ + &. This last inequality can be proved in the followin
n g

— T8

way. Write
ds = 2 Z cos(ws) cos(sA;) — 2 E sin(ws) sin(sA;),

e e

then
2 & 2 — .
4 < 213 cos(og)| + 21 S sin(ss)
141 I+1

By formulae (5.10) and (5.11) in Zygmund (1977, Chapter 2),

l%+§c°5t”_ %cosrtl < % for 0<t<n
and
|Zsintv— -;—sinrtl < %
v=1
Thus
r r l
| cos(Ajs) < | cos(A;s)| 41D cos(Ajs)|
1+1 1 1
< I% + zl:cos()\js) - %cos Ars| + |% - -;-cos Ars|
l
+ |% + El:cos(,\js) - %cos Ais| + I% - %cos As|
< ﬁ-+2 for ISSS2
s 2
and
r T l
Ssings)l < |3 sin(Age)l + 13 sin(Ass)
I+1 1 1
. 1 1
< I;sin(/\js) -3 sin(Ars| + |§ sin(A,s)|

l
. 1. 1.,
+ I;sm(z\Js) -3 sin(\s| + I§ sin(\;s)|

LU
TS

IA
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and thus |[d,| < £ + &,

Both terms on the right hand side of (4.64) have zero mean and variance respec-

tively O(%) and

O(nzn:df)
1

I
Q
NN
3
-ME
//
3=
N—
N
+
3
B
/N
ol
S|
N———
nN
SNS—

which concludes the proof. O

Lemma 5 Let j be a sequence of integers such that % — 0 as » — oo. Then under
C.1 and C.2,

L

ald)
a(w + Aj)

2
KX = —w)d\ 0 G) if dy>d,

2(d2—d1)

Proof: C.1 and C.2 imply that we can pick § € (2);, 7) such that for some C < o0,

la(w + M) Cx~4h

le(w—-2)] < CA~%

IA

and

lo/(w+A)] < CA~4-!

lo'(w—=2)] < CA~%~!

for 0 < A < 6. Now split the integral up into,

A

w——-L +4 w+2; w+é ™
[ L L L L
- w—§ 2 wtt wt+2);  Jws

2

Write a; = a(w + A;) and f; = f(w+ Aj). The first integral is equal to

1

o ]|2 /_‘;’r {Ia(z\)lz_a(/\)aJ—a,a(A)+|aJ[ JE(A = Xj —w)dA
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and this is bounded in absolute value by

A m KO- x5 —an {7 smans B2 [ ey

. T -6
+ '—;’;—'/ a(,\)dA}+/ KO =X —w)d)

™

j2d1 jd] 21 1
=0 e T T T oG™")
using (3.33) and (3.34). Similarly

=0G™).

/1r
w+s

Using again (3.33) the integral over [w—d,w— A; /2] has an absolute value bounded

by

. A%_dz

1 { N { Ch) ’\)} /;L A% F ()= A))dA

5 _ 5
+ 131 { max la(w =) /\)I}/ﬁ A%"dﬂx’(")\—)\j)d,\
2

; ;)
Fogs ATT®

. 5w — 5
+ log| { ax Ja(w = M) /\)I}/;, ,\%"d’K(—z\—/\j)d,\
@ 7

1
gs AR

&
+ /521 K(=A=A;)dA

= O(An 2172 L Afip=INT 1% 4 a7 1)

Z(dz—dl) ’
= 0(%[?] ) if dy < dy.

Proceeding similarly we get that

=0(™).

w46
[u+2A,-
Now the integral over [w + 521-] is bounded in modulus by

1 %
{ max KO- X)) {7,- [, s+ 20

A, A,
-Focy

4 lal % la(w + A)]dA + 122! * lo(w + A)|dA + A
a2 J-% loj|? -3 o o
= O(r7 AT AIIAI2E 4 AT 1)) (4.65)
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where s = 1if d; > dy and i = 2 if dy > d;. Thus (4.65) is O(;7!) if d; > d; and
O(3[2)24=d)) if dy > dy.

Finally using the mean value theorem

w25 1 2); 90
/+ﬁ - W/ﬁ law + A) = aw + X)PK(A — A;)dA
wr3 2
< 1 o) /2A’|,\ MIPE (A = A;)d)
—_— max -—olw . — A; 1 — A
T o | g 14X 7 ’ ’

= 0TI =07
using (3.33) which concludes the proof. O

Lemma 6 Let0 <! < r<m. Let C.1-C.3 hold and d3 > dy. Then

. I; retl 5
> ol 2rl;| = O, —t lirt ] under C.4 (4.66)
j=l+1 \

rot+l
O, < — + l) under C.5 and C.6 (4.67)

where I; is the periodogram of z; = Exy + 3 ;20 @j€—; at (w+ Aj), Ie; is the peri-

odogram of €, at frequency (w+ };) and g; = C,\j_“’ .
Proof: From Theorem 4 and C.1,
E Z (ﬁ _ ﬁ)

=(-2) (3)
i \gi [ m fi] \g
T s\ o ; 2(d2—d1)1 ;
J Jya , 1 0gJ
0 (é (;) (1 + (;) + ~jiv2d—d1) ))
Ta+1 ,,.or+l n2(d2—d1) log r Toe+1
= 0( no + ne  [142(dz—d1) =0 no

under C.4 or C.6.

=F

Write u; = \/27r]%[ and v; = Vv2rW,; where W; and W,; are discrete Fourier
transforms of z; and ¢; respectively at frequency w + A;, and a; = a(w + ;) =

TR o arpek @A), Then

2

1+1 1+1
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where

r

a = Y (Elyl*+ Elvj|* — 2E|u;v;]?)

j=l+1
T
b = 2 Z E(E|ujuk|2 — E|ujve|® — E|ugv;|* + E|vjvi|?).
=41 k>;

Since for any zero mean random variables u, v, w, 2,
E(uvwz) = E(uv)E(wz) + E(uw)E(vz)+ E(uz)E(vw)+ cum(u, v, w, 2)

where cum(u, v, w, z) is the joint cumulant of u, v, w and 2, we can decompose a and

b into a; + dz and b; + by where

a1 = Y {2Elu’)? + |E(u)]? - 2| E(ujv;)|%}
I+1
~2|E(u;5;)|* — 2E|u;*Elv;|* + 2(E|v;[*)? + | E(0})[*}

r

a; = E{cum(uj’ uj, %5, %) — 2eum(uj, vj, %5, U;) + cum(vj, v;, 5, 9;) }
I+1
b= 23 Y {EluPElurl* + |E(ujue)® + | E(ujax)|? — Eluj]* Elwi|?
j=l+1k>;

—|E(ujvr)|? — |E(u;t)|* — Elugl*Elv;|* — |E(uxv;)|? — | E(ur;)|?
+E|v;|*Elvr|* + | E(vjwi)|* + | E(vj5k) %}
b, = 2 Z Z{cum(uj,uk,ﬁj,ﬁk) - cum(uj,'vk,ﬂj,fzk)
I=l+1k>;3

—cum(uk, vj, Bk, 9;) + cum(vj, vk, 9, k) }-

Now because E|v;|? = 1 and Theorem 4,

S (2(Blusl? - 1)? + 2(Elusf? — 1) + |E@)]? = 21 E(uzo;)
I+1
—9|E(ut5) — 1 — 2(E(us; — 1) — 2AE(azv5) - 1) + [E@D)P)

T n2(d2—d1)logj nz(dz—d])
=0 (Z; j1+2(dz—dy) =0 [2(d2—d1) log r

by = 2i2{(EIUJI2 — 1)(Elue|® = 1) + | E(ujur)? + | E(ujir)|* — | E(ujvp))?
41 k>j
—|E(u;or)? — | E(urv;)|* — | E(u®;)| + | E(vjor)|? + | E(v59 )|}

z ni(d2-d1)(log k)?
= 0 ( Z Z k1+2(d2-d1)j1+2(d2—d1)
j=l+1 k>j

J

n4(dz—d1) 2
o= O (M—_dl)(logr)

aj
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and under C.4 or C.6, a; is O(l) and by is O(I2). Now applying formula (2.6.3) of
Brillinger (1975),

cum(uj, vk, %j, k) = /// fuj oy o (A 15 €)dAdpd(

where fy; ., a5, is the fourth order cumulant spectrum, and by formula (2.10.3) in

Brillinger (1975), we have that
T K
cum(u;, vk, &j, Bk) = / / / WA“j(-'\ — 1= Ay, (M) Az (1) Ag, (()dAdpd(
-

where & is the fourth cumulant of &;, kK = pg4 — 3, and Ay}, Ay, Az}, As, are transfer

functions of the filters implied in the definition of u; and v;,

1 n )
u; = TTZ ‘t(“"*’AJ)Eaket_k

k=0

V5

% z it

so that if a()) = 182, axe®?,

1 i w
Ay () = IOJI\/_ ,\)Zet( +A,+A)

Ag;(A) = |J|\/—a( ,\)Zeu(,\—w-x,

1 & it(w
A, (X) ﬁZe“ +Ax+2)

t=1
1 & it(A—w—
A, () = ﬁzetu M)
t=1

Since kK = 0 under C.5, then a; = b; = 0, and (4.67) follows. In any other case

cum(u;, vk, i, k) is equal to

#% ///_: "t u[o:é)a(_“) Ejk(A, p, ()dAdpd( (4.68)

where E;x(A, 4, ) = D(w+ A - A—p—)D(w+ A+ A)D(pp —w — A;)D(( —w — Ax)

and D(A\) = Y0, e** is Dirichlet’s kernel. Doing the same with the other cumulants

in b; we see that the summand of (27)3b; is

%///;{a(wuw)a(-u) _ 1}{&&"(_:4_) - 1}Ej,'c(,\,u,{)dAdpd(. (4.69)

;]2 | |?
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Since
2 2

(crea—1)(esca — 1) = [J(c; = D)+ D JI(ei = D+ DD (ei = 1)(cjpz — 1)

7=1 1=1 j#1 1=17-1

then (4.69) has components of three types. The first one is

S {eterd Jelon HeeD a0 gy, gnauac.

(4.70)

Proceeding as in Robinson (1995b) we have that because of the Schwarz inequality
and by periodicity, (4.70) is bounded in absolute value by x(27)3P; P where

o) _

2
KA —w—wj)dA

™
P; =

-

and K(A) = L_L)_L is Fejer’s kernel.
The second component is
k(17 [eO+u+0  \[al-n) {a(—A) \z,
n:,///_r{ b 1}{ 2 =1 Ta 1 Bk, drdpdc.
(4.71)
1
As before, (4.71) is bounded in absolute value by x(27)3P; PZ.

An example of the third type component is

%///_w{&zﬁiﬁ_ 1}{9% - 1} Eit(\ 1, €)dAdud¢
- j// {a(o) 1}{"%\)-1}Bjk(A,o—,\—c,c)d,\dodc
_ n21r// {a(O) 1}{01(61;:\)_1}

X D(w+XAj—0)Dw+A+M)D0O—2w— X=X —\)dAdd  (4.72)

because

" D(u+ A)D(v - A)d\ = 27 D(u + v).

Thus the absolute value of (4.72) is bounded by ﬁ(\z/—ﬂ—Psz
Now since the summand of a3 is that of b, with j = k, applying Lemma 5 we have

when d; < d; ,
r 4(dy-dy) 3(dz2—dy) n2ld2=d1) _ 1
aa = 0 E{ 'Z+4(d iy T + saay T iraa )2}
g (J2HAlEmd) © aasll-d) o jialhd
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n4(d2—d]) n3(d2—d1) nz(d2_dl) — l
= 0 + 3 + 2
[1+4(d2=d1) * ;243(dy—d1) 12(d2—d1)
= 0()
nd(d2—d1)

by = O(Z Z {j1+2(d2—dl)k1+2(d2‘d1)

j=l+1 k=l+1

p3ld2—d1) 1 n2(d2—dy)

j1+2(d2-—d1)k%+(d2—d1) + ﬁj%+(d2—dl)k%+(d2-d1) })
nA(da—d1) n3(d2=d1) Jog r p3(d2—d1)
(14(d2-d1) + [2(d2—d1) p—3+(d2=d1)  [=3+3(d2—d1)

1 p2dz=di) 1 n2(d2=d1) )

/-1 +2(d—d) + v r-1+2(dz=d) Jog r
= O(ifr})

under C.4 which completes the proof of the lemma. O
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Chapter 5

SEMIPARAMETRIC TESTS
ON ASYMMETRIC SPECTRA

5.1 LOG-PERIODOGRAM WALD TEST

The simplicity of the asymptotic distribution of the log-periodogram estimates of the
memory parameters on either side of a spectral pole/zero, J&J) and (ng), (see Theorem
5 in Chapter 3), allows us to suggest a very simple Wald type test of the hypothesis of
spectral symmetry, d; = d;, that we will state in Theorem 11. In order to analyse the
properties of this Wald test we need first to investrigate the possible asymptotic depen-
dence between JgJ) and JgJ). In the next theorem we calculate the joint distribution
of the log-periodogram estimates of the parameter vector ¥ = (c(" ) 6 dy, d;) where
c) = log C +(J) and 6§) = log D +4(J) in the semiparametric specification of the
spectral density function (1.62). We obtain asymptotic independence of (& ),JgJ))
and (5("),35‘])) under similar assumptions to those used in Chapter 3. Since we do
not know which parameter, d; or ds, is larger we impose the same condition on the
trimming and bandwidth numbers on both sides of w. This condition is stated in the

following assumption.

A.6: Asn — o0

vymn2lh-dllogm 4 I(logn)? + m'*3a

— 0.
J1+2]d1~dz| m n

If we take m ~ n® and | ~ n%, A.6 entails @ > 2|d; — d3|. Since |d; — d3] < 1,
A.6 can be satisfied for any d;, d, if « = 2. Had we some information about the
relationship between d; and d; we coﬁld use different bandwidths and trimmings
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on the estimation of (c(Y), d;) and (6(*), d;), so that A.6 would only hold for the
smaller d and a weaker condition w'ould be needed for the higher parameter (namely
Assumption 6 in Robinson (1995a)). Imposing A.6 we guarantee that the results
obtained in Chapter 3 for the parameters describing the behaviour of the spectral
density on one side of w hold for both sides of the spectral pole/zero.

Introduce the matrix

A= ﬁ.%:fz 0 .
0 2yml;

Theorem 10 Let ¥ = (cV),6U), dy,d;)’. Under assumptions A.1, A.2(with g=h),
A4 and A6
AB=9) S N (O,J¢’(J) [ _i ’i ] ® 12)'

asn — oo.

Proof: Write Y = (Y,Y), [V] = y,(c"), Y] = gj,(c‘]), where y,(c']) = log(E_‘,-Ll I(w+
Mitims)) and G0 = log(Tioy Tn(w = Mewjes)), (2l = (1,—2logMs) and [U]x =
(ufc"), ﬁ;c‘l)) where u,(c") is defined in (3.4) and

J

i = log (E Pl A"“"“) - $() (5.1)

—-2d,
= DAty

for k =1+ J,1+2J,...,m. Then 9 = vec(Y'Z(Z'Z)™") and
J— 3 =vec(U'Z2(Z'Z) ") = ((2'2)"" ® I)vec(U'Z).

Proceeding as in Theorem 5 we get that under A.6, A((Z'Z)~! ® I;)vec(U’Z) is equal

to
1
1 J 2 12 J

J [ X
— | lo 2 E
¥ ”"l[ 56‘ ] k .

where Uy = (ufv‘]), ﬁg))’ . Thus the proof is completed if for any 2 x 1 vector  # 0

1
(%)2 > an'Us 4 N,%'(J)'In) as n — oo,
Y A
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for any triangular array ap, = ax satisfying (3.17). Now write

J
uf”) = 1og[3 (vh(w + Megj—s) + vF(w + Aegjs))e )]

7=1
i) = log[i(vﬁ(w = Mepj=) + 07 (@ = Mjm))e )]
=1
fork =1+ J,l+2J,...,m, where
v(w+ )= W&%),:T:\) = vr(w+A) +dvp(w + A)
v(w—A)= LVD(;\—jd;\) = vp(w — A) + tvp(w - A)

for positive A. Introduce the vector
v(A) = (vr(w + A), vr(w — A),vi(w + A), vi(w — /\))

From Theorem 4 we can consider the v(};), for j increasing suitably slowly with n, as
approximately uncorrelated (independent under A.4) with mean zero and covariance

matrix %14. Now consider the 4-dimensional vector variates
1 )
Vj~NID(O,§I4) j=1l+41,...,m.

where V; = (V4,;, V2,5, V3,5, Va,;)’ and introduce the variates

J
J _
w§c ) = log[d (Viryj—s + Virgjn)e ]

J=1
J

~(J -

wl(c ) = log[Y (Vékyj—g + Viryi—a)e “(]
J=1

(J)

for k =1+ J,l4+2J,...,m. Arguing as in Theorem 5, w;"’ and 17)}3)

have mean zero
and variance 9'(J) and they are independent and independent of the rest of w,(c") , 1IJ£J)

k=1+J,1+2J,..,m. Write w, = (w,(c"),ﬁ),(“]))’. Since as n — o0
J 1 J.1
E[Y(=)en'aUid" = E[ (=) enarwn]" + o(1)
Kk PR
for fixed N, as proved in Robinson(1995a), a simple application of the Lindeberg-Feller

CLT concludes the proof. O

Once we have obtained the asymptotic independence of the estimates on each side
of w we propose the following simple Wald test, where x{a denotes the critical value

of a x? distribution at 100a% signiﬁcé,née level.
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Theorem 11 Let assumptions A.1, A.2(with g=h), A.4 and A.6 hold. Then under

the hypothesis Hy : di = d2 + ¢, where c € (—1,1),

A 2m
W= 75!

dyf) — & — o) 5 x4 (5:2)

asn — oo. The test based on rejecting Hy at 100a % significance level when W > X%,a

is consistent.

Proof: From Theorem 10 we have that under Hy

vm(d? —d —e) 4 N (o, M’;(J)) (5.3)

and thus W 5 x3. In order to prove the consistency of the test wg have to show that -
PW >0ldy—dy—c=k)—>1
as m — 00, for K # 0 and for all § > 0. Under H; : d; — d2 — ¢ = &,
VA - &~ e~ ) 4 N0, 25D
so that \/ﬁ(cig‘]) - Jg‘]) ~¢)=+/mk+0,(1) and W B 00 as m — c0. O

Remark 1: A similar analysis can be done in order to test the hypothesis Hy :
C = pD. Since V) = log C + 9(J) and 6(Y) = log D + %(J), this null is equivalent
to the hypothesis Ho : ¢(¥) = 6(Y) 4 log p. From asymptotic independence obtained .in

Theorem 10 it is easy to see that under Hy,

m

() 7 d
W(CU) =8 —logp)® 5 X} (5:4)

Wcz

and the test based on rejecting Hg at the 100a% significance level when W, > X3 o is
consistent.
Remark 2: If we are interested in testing, for instance, the hypothesis d; < d;

(the same can be done with C and D) we can use the asymptotically normal statistic

i / 2m ) _ gy 4
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as m — oo under the hypothesis d; = dy, and compare it with the critical value
obtained from a standard normal di.stribution at 100a% significance level, z,. We do
not reject that dy < dy (dy > dy) if Wy < —24 (WN > 2g)-

Remark 3: Under symmetric spectral poles, d; = d; = d, the estimate of the
persistence parameter is d(¥) = (J&J’ + JgJ))/Q and it can be used to construct the
operator (1-2L cosw+L2)‘f(J) to seasonally (or cyclically) adjust series with stochastic
seasonality or any other cyclical behaviour. This is a more flexible alternative than the
typical fractional seasonal difference operator, (1 — L*)?, or the summation operator
S(L)y = 1+ L + ... + L*7!, which impose the same persistence at every seasonal
frequency (as well as at the origin in (1 — L*)?). The limit distributional properties
of d¥) are easily deduced from Theorem 10.

Remark 4: It may also be interesting to test the hypothesis Hg : dy — d; = %
against Hy : dy — d3 > % The rejection of the null suggests evidence of persistence on

one side of w and antipersistence on the other which seems rather unrealistic.

5.2 GAUSSIAN SEMIPARAMETRIC WALD TEST

We can also use the Gaussian semiparametric estimates, d; and d3, to perform Wald
type tests on the relationship between d; and d;. As in the log-periodogram case, the
properties of this test will depend on the asymptotic independence of the estimates
on each side of the spectral pole/zero. In the next theorem we obtain the joint
distribution of (dy,d;) showing their asymptotic independence. Arguing as in the
previous section we impose the same trimming and bandwidth in both estimates such

that the restriction on those numbers is now,

C.4: If d; # da,
logm 3 3 n2]d1 —ds| mlt2e
.(.12_) + -77?:(10g’fn)4 + mlogm+ nT(logm)z -0
asn — 00, and if dy = d; then [ =0 and
1 m1+2a

2
;+ 2 (logm)* — 0

as n — o0.
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If we have some knowledge about the relationship' between dy; and dy such that
we know which one is bigger, we ca,I.1 use the previous trimming and bandwidth when
estimating the smallest parameter but we do not need any trimming in the estimation
of the largest one and the bandwidth is restricted only to the first part of C.4’ for
the smallest d and the second one for the largest. Taking m ~ n® and I ~ n® again,
we see that C.4’ can only be satisfied if |dy — d2] < a/(3 + 4a), where the upper
bound is 2/11 for @ = 2. However, assumption C.4’ can be relaxed in the same way
as in Chapter 4 imposing condition C.5 which restricts the fourth cumulant of ¢;, the
variates in the Wold decomposition of z;, to be zero. Imposing this condition (which
holds under Gaussianity) it is possible to find suitable m and [ for a larger range of
distant d; and d, as pointed out in Theorem 7. Thus if C.5 is assumed the restriction
on the bandwidth and trimming numbers is

C.6” Asn — o0,if d; # d

n2|d2—d1 I ml+2a
J1+42|d2—d, |

(logm)® 1

2
7 + —(logm)” +

m

and if d; = d3, C.4’ holds.

For m ~ n? and I ~ n?, C.6’ entails |d; — d;| < 1/3 for @ = 2. This requirement is
not much stronger than |d; — d2| < 1/2, which is implied by a left and right stationary
spectral pole. Consider also the following condition:

C.1’: For a € (0,2] and w € (0,7), as A — 0%,

flw+X) = CX2(14+00%)

flw=2X) = DA™*(140()\%))
where C, D € (0,00), dy,d2 € © = [A1,Az] and —1/2 < A1 < Az < 1/2.

Theorem 12 Letd = (dy,d;)’ and d = (dy,d;)'. Under assumptions C.1°, C.2, C.3
and either C.4’ or C.5 and C.6°,

Jm(d—-d) 3 N(o, %12) as n— oo,
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Proof: In order to show this result we follow the multivariate setup used in

Theorem 5.2 in Lobato (1995). Using Taylor’s series expansions

-~ 2 7. -1

di-d ] d R:iz(d]) 0 ded(d1) _ e

m Jz - d2 - 0 d2R2 da m _(iLZdR2 dy - mB
da2 d

where |d) — di| < |d; — di|, |d — d3| < |d; — da|, Ri(d) is R(d) in (4.2) and
2d
Ry(d) = log D(d) - —— Zlog Aj (5.5)
m-lis

where D(d) = =15 0 A¥]; and [j = I(w — Xj) = |Wa(w — X;)|%

p |4 0
A—»[04]

(see the proof of Theorem 7) and d, and d, estimate consistently dy and ds, it only

Since

remains to show that

vmB % N(0,41)

as n — oo, that is for every 2 x 1 vector n = (ny,72) # 0, /mn'B 4 N(0,4n? + 4n2).

Proceeding as in the proof of Theorem 7 we get

dR,(d n, 1
vm (llfi 1) 22& Zé‘,ct_, + 0,(1)

t=2 s=1

dRy(d =

s=1
where
¢ = Ev] cos(s(w + A;j))
n ‘/— 1+1
¢, = E’”J cos(s(w — A;j))
n ‘/— I+1

and v; = logj — =5 37} log j. Thus

Vm'B =23 "¢ Efs[nlct—s + afes] + 0p(1) = 2Ez, + 0,(1)
t=2 s=1

where 21 = 0, z; = ¢ Zf,;ll €sbi—s for t > 2 and b; = ¢y + 7285. The 2z, form a zero

mean martingale difference array. Then /mn'B > N (0,452 + 472) i
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a) Loy Elf|Fa] i —n3 5 0
b) Y%, E[z2(|z:] > 6)] = 0 forall 6 > 0

where F;_, is the o-field generated by ¢,, s < t, and I(-) is here the indicator function.

To prove a) write

n

> E[Z|Fima] - 7} — (5.6)
t=1
n t-1
= Z(Z Esbt—s)z - "712 -
t=2 s=1
n t—1t-1
= E Z Zeserbt—abt—r - 7712 -
t=2s=1r=1
n t-1 n t—1
= nR_deld, —U+m 3D Y eserer—sers (5.7)
t=2 s=1 t=2 T s#r
n t—-1 n t—-1
+ 772[2 Eesct—s - 1] + 7)32 Z Z EsErEt—sEt—r (58)
t=2 s=1 t=2 1T s#r
' n t—1t-1
+ 2171772 Z Z Z EsErCt—rCis. (59)
t=2 s=1r=1

Proceeding as in the proof of the asymptotic normality of dy in Theorem 7 we have

that (5.7) and (5.8) are o,(1). Thus it remains to show that

n t-1t-1
SN esercioréios = 0,(2). (5.10)
t=2s=1r=1
The mean of the left side of the equality in (5.10) is
n t—1 n—1n—t
E Z Ct—sCis = E E €sCs
t=2 s=1 t=1 s=1

4 n—-1ln-t m

= Y53 Y wvicos(s(w+ Aj)) E v cos(s(w — Ar))

n?m t=1 s=1 j=I+1 k=141
n—1n—t
= = Z Z vivp 3 ) [cos(s(2w + A; — Ak)) + cos(s(A; + Ag))](5.11)
M T k=l t=1 s=1
Since from (4.40)
g—-1q—r _
Z Z cos(6t) = cosf — cos(qﬂ) 1
r=11t=1 4sin? . 2

then the absolute value of (5.11) is bounded by
2 m m
s 22 lol(01) +m) =0 (T togm)”) = o)
m S n
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The variance of the left side of (5.10) is

n -1t—-1u—1u-—

n t u—1
EDN "N 3553 eresepeqciarioscupiuy)
P 4

t=2u=2 r s
n n min(t-1,u-1)
= M4 Z Z Ct-5Ct—sCy—35Cy—s (512)
t=2 u=2 s
n n t—1u-=1
+ Z E E Z ct—rét—'rcu—séu-s (513)
t=2u=2 T s#r
n n min(t—1,u—1)
+ Z Z z Z Ct—rét—scu—réu—s (514)
t=2u=2 3 r#s
n n m.in(t—l,u—l)
+ E Z Z ct—rEt—scu—sEu——r- (515)
t=2u=2 s r#s
Now (5.12) is
n t-1 n t-1wu-1
lig Z c?_,'c'f_s + 2u4 E Z E Ci5Ct_sCy—sCy—s.- (5.16)
t=2 s=1 t=3 u=2 s=1

Since |c,| and |¢,| are 0(3@:’5—&), the first part of (5.16) is

n =1 20 4 2(lo 4
O(Ez%) =0(m_(ln%"l) = o(1).

t=2 s=1

The second block of (5.16) is bounded in absolute value by

n t-1t-1
244 E Z z |ct sct—sl E Icu—acu—sl
t=3u=2s=1
n t—1 t—1
< 2p4(Z|c,c3|)ZE Z les€s]- (5.17)
s=1 t=3 u=2 s=t—u+1

Since |c,| and |é,| are O(n~1y/mlogm), and for 1 < r < n/2 they are () "‘—5':-) (see

the proof of Lemma 4) and ¢, = ¢,—, we have that

Z lerer| = (n —m(l(;g;n)z + E —(bsgzz)z) =0 (—(IOgnm)2) . (5.18)

r=1 s>[2]
Now

n t-1 t—-1

2.2 D el

t=3 u=2 s=t—u+1
n—2

= Y i(n—j=1)lcjp1éipl
i=1
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(3]
2n)  jlej il
1

B

-0 m(logm)2 Z i+l E (log m)?

- o (steny)

n ms3 m3

IN

Thus (5.17) is

and (5.12) is o(1).
Now (5.13) is equal to

n n t-1u-1

E : E Z ct—rét—rcu—sau—s

t=2u=2 T s#r

n min(t—1,u—-1)

= (Z Z Ct—sCi— s) - E Z Z Ct—35Ct—3Cy—sCu—s. (519)

t=2 s=1 t=2 u=2 s=1
The term in braces is o(1) as in the proof of (5.10), and the other term is (5.12) divided

by the constant p4 and we have already proved that this is o(1). Thus (5.13) is o(1).
Now (5.14) is

n t—1 n t-1 -1
E Z Z 2 &, +2 Z Z Z Z Ct—rCt—sCymrCyes. (5.20)
t=2 3 r#s t=3u=2 S r#s
The first part of (5.20) is bounded by
n t—1 n n t—1
Z Z C?_,. Z Ci—s = < (Z Eg) E E c?—r
t=2r=1 s=1 =1 t=2r=1

Now Y7 ¢ = O(n~!(log m)?) and from the proofs in (4.38) and (4.39) 7, -l ¢, =
71571 ¢2 = 0(1). Thus the first part of (5.20) is o(1). The second block of (5.20)

s=1¢€
is bounded in absolute value by

n t-1 u—1

2 E Z E Z Ict—rct scu—rcu-sl

t=3 u=2 r#s
n t—1u-1

< 2 Z E Z 'ct—rcu—rl Z ICu—sct-sl
t=3 u=2r=1 s=1
1 n t—1u-—1 ‘ ‘ »
=0 (\/_ -hd Z ARSI |ct_,cu_,.|) : (5.21)
s=1 t=3u=2r=1
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Now

L vmlogm logm
s = 0 —+ N
szzlld ; — >§u S/

and

u t—1u-1
Z E Z |Ct—rcu-r|
t=3u=2r=
n—-2 n-1

= Z (n = u)|cicql
t=1 u=t+1
n n

IA
S
™
£
g
)

m

-0 (n(log n)%(log m)2) .

Thus (5.21) is O(M%(M)i) which is o(1) if for example m ~ Cn® as n — oo for
C € (0,00) and 0 < a < 1, and we get that (5.14) is o(1).
Finally (5.15) is equal to

n

t—-1
Z E Z ct—rét—sct—sét—r (522)

=2 r#s

n t-1 u-1

+ 2) Y3 et rlimsCustunr- (5.23)

t=3 u=2 T#s
Now (5.22) is bounded in absolute value by

-1

-

n
ICt-rEt-rI(Z Icsésl)

=1 s=1

0 ( 2m(log m)2 (log m)2) 0 (-7-:-(log m)4) - 0(1)

M=

o
I
)
<

3

n? n
using (5.18) and because [c,| and |é| are O(n~!y/mlogm). The absolute value of
(5.23) is bounded by

n t-1u-1 u-1

233" let—rfur] D leu—séisl (5.24)

t=3 u=2 r=1 s=1

n t-1t-1
(\/—logm Z Icsl E Z Z Ict—rcu—rl)

s=1 t=3 u=2r=1
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Now

~ lognlogm)
Elcsl—o( \/E

s=1
and
n t-1u~-1 n—2 n-1
E Z Ict—réu—-rl = Z Z (n - u)|étcu|
t=3 u=2r=1 t=1 u=t+1
n n n
< n Y lal Y lal = 0 (Z(ogm)i(iogn)?).
u=1 t=1

Thus (5.24) is O(m~(log n)3(log m)*) = o(1), (5.15) is o(1) and a) is proved. In order
to prove the Lindeberg condition stated in b) we show that the Liapounov condition,

ST E|z|* — 0, holds, which is sufficient to prove b). Write
n
> El#]
1
n t—1
= E E[Et E E,bt_5]4
t=2 s=1

n t—1
= Y ED D DY ereatpeqbirbiosbipbig)
t=2 r s p 9

n t-1 n t—1
= W3 D b +3uan3d DD b b,
t=2r=1 t=2 r#s
= 0(n()_b2)%). (5.25)
t=1

Since b? = n?c? + n2é? + 2mmnac.é; then
n 2
t=1 n
and (5.25) is O(n~'(logm)*) = o(1) which concludes the proof. O

Perhaps the most interesting situation we can test is the hypothesis of spectral
symmetry, d; = dz. In this case no trimming is needed to obtain the asymptotic
distribution under the null. However, to prove the consistency of the test we need
the consistency of the estimates under the alternative and that condition requires
trimming out some frequencies close to w. We introduce now the following condition
on the bandwidth and trimming numbers.

D.4: If dy # dy,

. n2ld2=di| . 5 mlt2e ,
Elogm+ m(logm) + nza (logm) -0
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as n — o0, and if d; = d3 then [ = 0 and

1 ml +2a
— +

m anx

(logm)? — 0

as n — 00,
If we consider m ~ n? and I ~ n? we have that D.4 entails |d; — d2| < @, so that
D.4 holds if a@ > 1 for any d;,d2 € O. Based on the asymptotic independence of d,

and d; we propose the following simple Wald type test.

Theorem 13 Let assumptions C.1°, C.2, C.3 and D.4 hold. Under the hypothesis
Ho . dl - d2 = 0,

W = 2m(d; — d2)* 3 3
as n — oo and the test based on rejecting Hyo at 100a% significance level whenever

W > xia is a consistent test.

Proof: The asymptotic distribution is easily deduced from the asymptotic inde-
pendence of d; and dy obtained in the previous theorem. Note that no trimming of
frequencies close to w is needed to obtain this result because under the null dy = d,.

But in order to prove the consistency we have to show that
vm(dy —d) B +oo (5.26)

under the hypothesis Hy : d; — dz = 6 # 0. In these circumstances

vm(dy — di) + v/m(d; — dp) + /mb
0p(vm) + 0p(v/m) + /mb

vm(dy - d3)

because of consistency of Jl and Jg under the conditions in the theorem (see Theorem
6) and thus trimming out ! frequencies close to w. Then (5.26) and the consistency of

the test are proved. O

Remark 1: As in the log-periodogram Wald test we can use the one-tailed test
Vv 2m(¢il - Jz), which has a standard normal limit distribution under the null, for the
“hypotheses dy > d; or dz > dj.
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Remark 2: In view of the local character of Jl and d~2 (the same remark follows
for JgJ) and (Zg"’)) we can similarly. estimate the right and left memory parameters
at each of several known spectral poles/zeros, w;, as permitted in the modelling of
Chapter 2. It is clear from Theorem 12 that the asymptotic properties of the left
and right d estimates will not vary across the w;, and moreover the estimates will be
asymptotically independent across the w; so that we can readily construct statistics
for testing hypotheses across the w;, for example of equality of all right or left mem-
ory parameters. In the interests of parsimony this would be a useful preliminary to
parametric modelling,.

Remark 3: Since J¢'(J) > 1 it seems by comparison with Theorem 11 that
d, — dy produces a locally more powerful test of spectral symmetry than J{J) - Jg'l)
for any J. The finite sample performance of both tests will be analysed in Chapter
6. However d;, d,, unlike Jg‘]), Jg‘}) , are not defined in closed form. It is possible
to alleviate this problem by means of a score test which entails only estimation of a

single parameter under the null hypothesis. This procedure is described in the next

section.
5.3 GAUSSIAN SEMIPARAMETRIC LM TEST

In this section we consider a score or Lagrange Multiplier type test of the hypothesis
of spectral symmetry, d; = d;. Unlike the Wald tests, this procedure only requires
one estimation of dy = d, using frequencies on both sides of w. Consider the fol-
lowing objective function, which is a semiparametric discrete version of the Whittle

approximate likelihood function,

1 - 2, M - 2, | A
— - L - M
Q(C, D,d,, dz)—m ; {Iog CA] 1 +TIJ} +_E {log DAJ 24 D IJ}
=Il+1 J=l+1

(5.27)
where [; and ij are the periodogram ordinates of 4, t = 1, ..., n, at frequencies w + };
and w — A; respectively. If C, D, d; and d; are functionally unrelated, minimization of
@ implies using frequencies just after w in the estimation of C and d; and those before

w for D and d;. Also if we assume d; = d; = d we can estimate d using frequencies
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on both sides of w without assuming equality of C and D. Concentrating C and D

out of the objective function we have that minimizing Q(C, D, dy,d5) is equivalent to

minimizing
R(dy,d3) = l1og C(dy) + —l—logf)(dz) 4 fjlog,\- _ % fjlogx
’ 2 2 m—lH_1 J m—lH_1 J
where
- 1 m
Cd) = — S oA (5.28)
m-tna
bd) = —— I, (5.29)
m-=tin

We restrict our analysis to the persistent case, that is dy,d; € © where © =
[A1,A2) and 0 < A; < Az < 1/2. If we assume wrongly thaf dy = d3 = d and
we estimate d using frequencies on both sides of w we will obtain a value, d, which
consistently estimates some value, dp, that will be different from d; and d,. Intuitively
dp will be between d; and d; and closer to the highest one due to the larger influence
of periodogram ordinates at frequencies where the highest parameter define the be-
haviour of the spectral density. In order to prove this fact we modify assumption B.1

(imposed for the consistency of d; in Theorem 6) in the following manner.
B.1’: For o € (0,2] and w € (0,7),as A — 0%
flw+X) = CA™ M1 +0(1%)
flw=2) = DA"2(1+0(X*))
where C, D € (0,00), d1,d2 € © = [A1,A2] and 0 < A3 < Ay < 1/2.
We also need the following condition on the bandwidth and trimming numbers.

B.4’ If d] ;é d2,

m l Id2-d1| 3
;—+Elogm+m(logm)z —0 as n— o

and if d; = d, then I = 0 and

— =0 as n— oo.
n

=+
m
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Assumption B.1’ is a restriction of B.1 in the sense that we only focus on the
persistent case when both d; and d'z are positive. B.4’ is similar to assumption B.4
but we take into account that we are using frequencies on both sides of w. In the
worst case, when |d; — dy| approaches 1/2, the last summand in B.4’ is bounded by
ﬁ(log m)% which goes to zero if, for example, ! = n* and a > 1/2 so that we can

always find some m and [/ such that B.4’ holds.

Theorem 14 Let d = arg ming R(d,d). Under B.1°, B.2, B.3 and B.4’

d2dy= %[2«11 +2d, -1+ \/4(d1 —dz)? + 1]
as n— 0o.

Note that only if dy = d; = d, Jestimates the memory parametef consistently, in any
other case dg is between d; and d,.

Proof: The proof is quite similar to that of Theorem 6, therefore it will be pre-
sented in a more abbreviated manner. Write S(d) = R(d, d)~ R(do, do) = U(d)—T(d)

where U(d) is the deterministic part of S(d) and T(d) is the remainder,

Ud) = 2(d do)+ = log[2(do - d1) + 1]+ —10g[2(d0 —d)+1]

—= 10g[2(d —d)+1]- 3 log[2(d —d3) +1]

T(d) = ;1 og ( Céj";) 4310 (ggj"g) (5.30)

1 (C@)_1, (D)
1) { f_nj( )w ™ - d )+1}} (5.32)
2 B\ m-15 ! '

+ 4 { N )2(d°'dl {2(do - d )+1}} (5.33)
2 & ll+1 ° ' .
1 - 2(d—d3)

- 51 { IZ_;( ) {2(d—d2)+1}} (5.34)
1 1 & § \Hbd) }

+ ligd 1o 2do — dg) + 1 5.35
; g{m_,gl(m_,) Qdo-d)+1}r  (5:39)

+ - ‘z(d—do){m1 Elog]—log(m—l)+l} ' (5.36)

l+1
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where C(d) and D(d) are (5.28) and (5.29), C(d) is defined in (4.4) and

a1l N 2(d-dy)
D(d)=D—ry HZI ¥ . (5.37)

Note that dg is the unique minimum of U(d) in © because the other local minimum

0.25[2(dy + d3) — 1 — \/4(d1 — d2)? + 1] does not belong to © if dy,d; € ©. Thus
U(dp) = ming U(d) = 0 and since U(d) is a convex function for all d (the second

derivative is positive for all d) we have that

i >
Id—125>6U(d) >n>0

for all § > 0 and some 7 > 0. Thus it remains to show that supg |T(d)| 2 0. Since we
focus on positive values of dy and d; we have that (dp—d;) > —1/2'and (d—d;) > -1/2
on O for: = 1,2. Consequéntly the supremum on O of the absolute value of (5.32),
(5.33), (5.34) and (5.35) are o(1) due to Lemma 2. Applying Lemma 3 we also see

that supg |(5.36)] = o(1). Then it remains to show that

sgp —q(i)c%w) = 0p(1) (5.38)
D(d) — D(d)
sgp ——W— op(1). (5.39)

Since (5.38) has been shown when proving Theorem 6, and (5.39) can be demonstrated

similarly the proof is concluded. O

Note that although we are using frequencies on both sides of w we still need to
trim out some points close to w to get rid of the bad behaviour of the periodogram
evaluated at those frequencies. This trimming seems necessary to obtain the value dy
defined in the theorem but it seems that if we do not use the trimming, the estimate
d will converge to a value different from d; and d; and even closer to the highest one
than the trimmed d.

A similar result is obtained for the log-periodogram regression

J
log(}~ In(w + Akgjts)) = o) + d(—2l0g | \k]) +
i=1
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for k = £(1 + J),£(l + 2J),...,2+m where % = i in (5.1) if k < 0 and @ = uy in

(3.4) if £ > 0. The least squares estimates of a and d are
al) 1 _ o 1[éd 1[ 46
[ (i(‘]) = E(Z’Z) 1[ZIY + Z,Y] = 5 d‘gJ) + 5 c‘l‘gJ)
where Z,Y and Y are defined in the proof of Theorem 10. Then under the conditions

in Theorem 10
R

The result obtained in Theorem 14 will be useful when proving the consistency
of the score tests we propose in the next theorem. But prior to stating the theorem
we modify the notation to facilitate the understanding of the test procedure. Write ‘
0 = dy — dy. Then
2d,

1 A 1 = 6 & =
I+1 1+1

The hypothesis d; = d2 in R(d;,d2) is equivalent to # = 0 in R(6,d2) and under this
hypothesis, minimizing R(0,d;) we obtain an estimate of d; = d; using frequencies
on both sides of w. Call dyq,d3p and 6 the true unknown parameters and d,, d; and

@ any admissible value. Now

OR(6,d3)
o0 - G(6 + d2)
OR(®:d3) _ G0+ dy)+ H(dy)
dd, |
where
C1(6 + dy) 1 &
GO+dy) = = - log \; 5.41
( 2) 00(0+d2) m—lg; g Aj ( )
D1(d) 1 &
H(d) = = - log A;. 5.42
( 2) Do(dg) m—1 g; J ( )
and
- 1 m
Cu(d) = —— Y (log))*N}L; (5.43)
+1
- 1 & - ‘
Di(d) = mZ(log R Yad - (5.44)
I+1
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Now

O’R(8,dz) _ 0°R(0,d;) _ 0°R(6,dp) _ 2[C2(6 + d5)C(8 + d2) — C}(6 + dy)]

00> ~  060d; ~  0d,08 C3(0 + d3)
O’R(8,dz) _ 0R(9,ds) | 2[Da(dz)D(dz) — D}(ds)]
od: 062 D2(d,) '

Write 99 = [Ho,déo] the vector of true parameters where 6y = djo — dzo. Since
VmG(0 + d2o) and /mH(dg) are asymptotically uncorrelated, as has been proved
in Theorem 12, then under C.1°, C.2, C.3 and C.4’

3R
| [+ ([5] 1))
Wl% 0 1 2

Since d; = 0 + dz we know that under C.1°, C.2,C.3 and C.4°

» ( 2 2)
(ng2) 2 4

for |6 — 6y < |5 — 6| and |dy — dyo| < IJz — djg|. Thus the estimates of 6y and djg

o'n
oy?

obtained minimizing R(#,d;) are asymptotically distributed as

alize B 4]) s

as n — oo and under assumptions C.1’, C.2, C.3 and C.4’. That is what we
would expect because § = d; — d; and the estimates of d; and d; are asymptotically
independent.

Now we propose some score tests of the hypothesis of symmetric spectral poles
(Ho : di = d3) in the environment described above. The advantage of these tests
with respect to the Wald type one is that only one estimation around w is needed.
In order to prove the asymptotic distribution and consistency of the tests, condition
D.4 on the trimming and bandwidth has to be assumed. This is a weaker condition
than that needed in Theorem 7 for the asymptotic normality of dy. As a matter of
fact, no trimming is needed in order to prove the asymptotic distribution of the test
under the null. However the consistency is obtained trirﬁming out / frequencies close

to w because we use the result stated in Theorem 14.
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Three different statistics, depending on the alternative hypothesis we use, are
proposed in order to test the null of spectral symmetry, dy = d :

LM; = +v2mé; if the alternative is Hy:dy > dy

LM, = +/2mé,  if the alternativeis  H;:dy < d; (5.46)
LM; = 2mé} if the alternative is  H3 : d; # dp

where & = §1, & = #t, & = {8, L, = L¥T VENML, My = LY oka]
Nk = ﬁxﬁl w;s’/\?‘ifj, v; = logj - %E;"logk, w; = logj - ﬁzﬂl logk, Ij =
In(w + Aj), f, = Io(w - A;) and d is the estimate of d; = d; = d under the null, that

is using frequencies on both sides of w but trimming out the ! nearest frequencies.
Theorem 15 Under B.1’°, C.2, C.3 and D.4 and the hypothesis Hy : dy = ds,
LMy 3 N(0,1) LM; S N(©,1) LM; 53 as m — oco.

The tests based on rejecting the null in favour of the respective alternatives whenever
LMy < —z4, LMz < —2, or LM3 > X3, at 100a% significance level (where z, and
x3, are the corresponding critical values from a standard normal and a chi-square with

one degree of freedom) are consistent.

Proof: Note that
;. _ 0RO, d)
1 39 lo,d

where R(8,d;) is now (5.40) with I = 0 and d is the estimate of d; = d; = d,, trimming

out ! frequencies close to w. Since d 5 dy we have that under the null

dR 0’R .
Gi= 2| 42| (d—do)
90 (0,40 060d2|, 5
OR OR 0’R .
0= —| = — + — (d — dy)
dzl0d) Odzlod)  0d3 |,
for ld-— dol S IJ— dol so that \/ﬁ‘él is
-1 %
1 - Ok vm| % I(o,do)
860d, 2R
(0d) 542 ](0,do)

R

o0 \ 0%
1
1
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under B.1’, C.2, C.3, D.4 and the hypothesis Hy : d; = d3. This result is proved in
the same way as Theorem 7 in Chapter 4.
A similar proof can be done for LM, noting that

. _ OR(dy,6,)
- 06,

(d0)

where 6; = dy — d;, and
1, 1, - 0 & 2d; &
R(d1,6:) = ~log C(d1) + 5log D(61 + dy) — = D _log A; — =— log };
2 2 m4 m 4

where C(d) and D(d) are defined as in (5.28) and (5.29) with I = 0.
Note that é; is €; but introducing the trimming so that +/2més 4N (0,1) and

LM3 3 x? under the null.

The proof of the consistency is based on the following relations based on Theorem

4,
I; log j 7\¢ .
ElZ] = 140 — 4+ | = if dy > d, (547)
9; J n
I 7\ n2ld2—d1) log j .
E j = 140 ((;) + i) if dy < dp (5.48)
El%l = 140 <1°g,’ + (l) ) if dy < dy (5.49)
h; J n
- P\ @ 2(d1~d2) Jop 4
2 n ogJ .
E h—‘; — 1 + O ((;) + j1+2(dl_d2) ) lf dl > d2 (5'50)

under B.1’ and C.2 where g; = C/\j—“‘ and h; = DA;de. Although only the results
corresponding to I; = I,(w + A;) are rigorously proved in Theorem 4, the properties

concerning f_,- = I,(w — A;) can be similarly deduced. Note also that as m — oo,

> logj ~ m[logm — 1] (5.51)
1

m » m1+a

21: I~ TTa (5.52)
i . 1\ mot!

zl:(log])] ~ (logm - l-i-_a) T+ o (5.53)
Zlogj ~ mflogm — 1] — {[log! - 1] (5.54)
I+1

m 14+a 4o

Zj“~7ln —'ll+ - | | ~ (5.55)
1+1 ta @
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a+1 a+1
E (log7)j* ~ (logm _ 1 > m (logl - —1—> ! (5.56)
et l1+a/ 1l4a l1+4a/) 14+

for @ > —1. From Theorem 14 we know that d % dg so that

1 — C do—d )I
Ly 2 = v;a2p; = p; A5 5.57
1 m ; 7% N T - vj i ( )
where a £ b means that % 2 1. From the proof of Theorem 6
I I;
=1+ (1 g,) —= —[I le; 2 I;] + (21 - 1). (5.58)
91 fi] gi

Now

_%
i

I
9i

C <\ 2(do—dh)
E{Ezv,-,\j M|

i=1

-0 (loygnmi";(%)z(do—dl) (%>a (1+ (%)a+lo%)) (5:59)

J:

from (4.11) and (5.47) if d; > d2. Then (5.59) is

log m 2(do—dy )+a+1
0 (mnz(dO“d1)+a (m2(omt)* )>

O(A2do=d1)+a 150 1) (5.60)
because 2(dp — d;) > —1 and a > 0. Since E|I; — |a;|I.;| = O(fj(logj/j)%) for

d; > dy we have that

—ay 1
—Z 2Ha d‘)fj[ i = laj|*L;]

_1-1

- o, (logm 3 A2 o) (108.7) )

7=1 J

_ (k’gm)2 2d-—d -1
= O, ( n2(do—d1)z (do—~dy)

_ (logm)? | 9g,—a (logm)? | s(4o—a
- (T*nﬁ Tt e (5.61)

Now

_Z /\2(do-d1)(2 I;j-1)

3—1

- _z ,\2(d°'d’)12(5 -1 (5.62)

J-l

4+ & Z A=) L Y cos{(t = s)(w+ Ay))eecs. (5.63)

S t#s
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Since under C.3, 1 S°1(e?) 5 1 then (5.62) is
C N, \2(do—d
0p (E ] v_,-)\j( 0 1)) . (5.64)

Note that E[(5.63)% is

202 iz v; 2(do—d1),\2(do dl)ZZCOS{(t — ) (w+ Aj)}cos{(t — s)(w + Ar)}

T
mn J‘-lk— s t#s

mznz Z E o AZo= ) \H =) SN SN G bty di) =] (5.65)

t=1s=1

where ay,, bys, ¢i5 and d;; are defined in (4.21). Proceeding as in the proof of Theorem
6, (5.65) is

E 2/\ (do—dx) 2 _ (E )‘Z(do—d1))2

7=1 i=1
= 0 ( (log m)? (m!+4o=41) og m 4 1) + (log m)? m2+4(do-d,))

mzn2

m2n4(do—d1) m2nl+4(do—di1)

(logm)? , 4(dp—d (log m)? do—d (logm) 4(do—d
O(_m_AnSo 1)+m,\4(o 1) 4 287 \4(do-dy)

so that (5.63) is

2(do—dy) [ (logm)? log m logm
OP (Aln-f 0 1) ( ﬁi + m1+2(d0—d1) + \/ﬁ . (5_66)

Now using (5.51), (5.52) and (5.53) ,

2(do — d,)
(14 2(do — d1))?

C <~ \2(do—d
EZ:v,-,\j‘ o=h) | CA2{do=dr) (5.67)
=1

as n — oo so that noting (5.57), (5.58) and the orders of magnitude in (5.60). (5.61),

(5.64) and (5.66) we conclude from (5.67)

2(do — dy)

Fd 2(do—d,)
Ly ~CX, T+ 2(do = d1))? as m — 0o.
Similarly
1
2o)\2do—d1) - N
Lo~ CA;, T+ 20do—d)) as n — oo
so that

- p 2(do—dy)

PN e e — i >
€1 T+ 2(do— dy) asn— oo ifdy >d;

and v/mé; B —oo unless di = do which only happens if d; = da.
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In the same way, and noting (5.49), we can show that

. p  2(do—dy)

~—— - if dy > d
€2 1+2(d0—d2) asn  Hh=fh

and \/mé; 5 —oo unless d; = ds.
Finally, noting (5.47), (5.48) and (5.54), (5.55), (5.56), assumption D.4 and the
fact that in €3 we trim out the lowest ! frequencies, we can show, using the same type

of calculations, that
- p  2(do—dy)

63"‘m as n — oo

so that 2mé? 2, o0 unless d; = dy which only happens when d; = d;. O

Remark 1: The consistency of the previous score tests has been obtained only
for the persistent case, i.e. dj,d; € @ = [A1,A;] where 0 < A; < Ay < 1/2. This is
so in order to use the consistency of d obtained in Theorem 14. However, the same
result is achieved as long as dy,d; € © = [A;,A2] and A; — Ay < 1/2 so that the
antipersistent case and a mixture of persistence and antipersistence is also covered by
the previous test procedures.

Remark 2: The statistic /més provides also a consistent test of the hypotheses
dy > d; or dy < d;. However €3 implies a trimming of ! points which reduces the
number of observations used in the construction of the statistic. That is why we
propose the untrimmed LM; and LM, to perform the one-tailed tests. Furthermore
it is not clear how important the trimming is in finite samples, or if it is only a
theoretical device needed to obtain the asymptotic properties derived above. Note
also that in the three statistics we use the trimmed estimation of d under the null.
This is so in order to use the convergence of this estimate proved in Theorem 14. The
effect of the trimming on the performance of the different test procedures in finite

samples will be analysed via a small Monte Carlo study in Chapter 6.

5.4 TESTING EQUALITY ACROSS FREQUENCIES

The procedures described in previous sections focus on testing the hypothesis of spec-

tral symmetry at one known frequency w. Thus, only spectral behaviour around that
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frequency is considered. However there may be several spectral poles /zeros at differ-
ent frequencies. For example man)" economic time series are likely to have spectral
poles at every seasonal frequency as well as at the origin as described in Chapters 1
and 2 (see for example UK monthly inflation in Chapter 7). Thus it is interesting
to investigate the possible equality of persistence parameters at different frequencies,
trying to find a parsimonious and reliable model.

Throughout this section we impose symmetry of every spectral pole in the sense

that the spectral density function satisfies the following condition:
E.1 : For a € (0,2],
flwitA) = CA2E(1+0(A%) as A —0*F
where w; € [0, 7], C; € (0,00),d; € [A1,A2)and 0 < A} < Ap < 1/2fori=0,...,H.

The hypothesis we want to test is the equality of the persistence parameters at
frequencies 0 < wp < w; < ... < wy £ 7, dp = d; = ... = dy. Note that f(})
can have other spectral poles/zeros in addition to those in E.1. Taking into account
the asymptotic independence of the log-periodogram or Gaussian semiparametric es-
timates at different frequencies, Wald tests can be easily constructed. An application
of these tests to UK monthly inflation is performed in Chapter 7. The main incon-
venient of Wald tests is that we need to perform H + 1 estimations. Based on the
Gaussian semiparametric or local Whittle procedure we suggest a score test that only
requires one estimation using frequencies around all w;, ¢ = 0,1, ..., H. As in Section
5.3 we first propose the following objective function to obtain local Whittle estimates

of Cy,...,Cy, and dy, ..., dy,

1 H m Cog. AZdI
Q(Co,...,CH,do, ...,dy) = —H 5 {51' log C:A72% + _é_—Fz'j (5.68)
i=0 5=1 *

where §; = 1 if w; = 0,7, and §; = 2 otherwise, Fj; = I(};) ifw; = 0, F; = L(m - );)
if wj = 7 and Fj; = In(wi + Aj) + In(w;i — ;) if w; € (0, 7). Since we are interested in

inference on dy, ..., dy, we concentrate C, ...,Cy, out of (5.68) so that the estimates
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of d;, 1 =0,..., H, are obtained by minimizing

1=0 =1

H
R(do, ...,dg) = > _ & {logCo(d ) - — El g\ } (5.69)

where now
CHdi) = ~— i 2% Fij(log A;)F.
om i J

The hypothesis we want to test is the equality of H + 1 persistence parameters, }{0 :
dp = d; = ... = dy, against the alternative that at least one of the equalities does not
hold. Therefore there are H restrictions.

Since we are assuming symmetric spectral pol-es-we do not trim out any frequency
close to w; in the estimation of d;. Thus we only need to impose Assumption A4’ in
Robinson (1995b) that we rewrite here.

E.4: Asn—-

1 mlt2e(logm)?
mt =
This bandwidth is enough to guarantee the properties of the score test procedure we

describe in the following theorem.

Theorem 16 Let E.1, C.2, C.3 and E.4 hold. Then under the hypothesis Hy : dg =
dy=..=dy,

LMH=mE,A_1’é-ngI as m — oo

where € is a H x 1 vector with i-th element [¢]; = 26,;023";, T¥d) = 7 J‘XMF,J,

dy is the joint estimate under the null (using frequencies around wy, ...,wy), v; =
logj— LT logl and A is a H X H matriz with elements
_&oi
Ai = 6Fpi- . i=1,.,H
11 i Pi — EJ—U (5 3oy
626]9’1
EJ—O

where ¢; = 4 if w; = 0,7 and p; = 2 otherwise. The test based on rejecting the null

Aij Ji=1,.,H ‘l?é]

against the alternative that at least one of the equalities does not hold if LMy > qu,a

at 100a% significance level is consistent.
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Proof: Call ; = d; —dg, 1 = 0, ..., H, (note that instead of dy we can take any
other d; as reference parameter) such that 8p = 0. We are going to test Hg : dp =

dy = ... =dpy by testing Hyp: 6, = ... = g = 0. In order to do this define

H m
B N (T S -
R(Bl,...,GH,do)-E:&{logC,(0,+do) 223 log X p

1=0 =1
Thus
BR(aly---,aH,do) - 2i6G(0+d )
6d0 = par 1 Ti\Vs 0
8R(01, ...,0Ha dO) - 26,'G1'(0i + dO) 1= 1,..., H,
06;
where
Clz) 12
(2) c%(2) m; Og A;

Let 67,d§ be the actual parameters and 6;,dp any admissible value. Proceeding as
in the proof of Theorem 12 we get that the different G;(6? + d3) are asymptotically

independent and

OR(63,...,0%,d5) 4 o
\/ﬁ ado - N(O,Zé{(,?,)

=0
\/EBR("I’(;(;"H""") 4 N(0,62) i=1,2,...H.
The second derivatives are
0’R
=0 J#1
00;00;
02R H
7 = 42 8GH(0: + do)
0 =0
0*R 0’R 1
9do06; ~ gz ~ G0+ do)
where

(CY(2))?
We have already shown in the proof of Theorem 7 in Chapter 4 that under the null,

G} 0 + dp) 2 1 for |do — do| < IJO — dp| and dp a consistent estimate of dy. Call
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6 = (61,...,0n)". Thus under Ho:6 =0,

OR

(JO 10)
_ R
(d3,0) 000dy

OR
vmos

-1
i
(d-o ’0) 0

(ﬁfz
(‘70 ,0) adg

(d3,0)

< N(0,A)

which proves the asymptotic distribution under the null. The consistency of the test
procedure can be shown in the same way as Theorem 15 for H = 1 using a similar

result to Theorem 14. We conjecture that the same result follows for H > 1. O

Remark : In this section we assume spectral symmetry at the frequencies w;, 7 =
0,1,...,H. Of course this symmetry can be relaxed modifying the objective function
(5.68) in the same manner as we did in the previous section. Thus we can perform
similar tests of the equality of all or some right and/or left memory parameters across

different frequencies.
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Chapter 6

SMALL SAMPLE BEHAVIOUR

6.1 SIMULATION PROCEDURE

In this chapter we study via Monte Carlo analysis the performance of the different
methods of estimation and test procedures proposed in Chapters 3, 4 and 5. In order
to do that we generate a process with a spectral density (2.3) in Chapter 2 in the
following manner. Let {¢;,.} and {e2:} be two independent Gaussian processes with

zero mean and lag-j autocovariances

1 _ 2 __sin(jw))
7_7 - U] (61 1l'j ’

7 = ot
respectively, where 6;o0 = 1 if 7 = 0 and 0 otherwise. Now let z;; and z3; be formed
as
(1—-2Lcosw+ L)%z, =ex, , k=1,2 ,1=0,41,42... (6.1)

and call z; = 21 + 2. Since the spectral density of {e .} is
7%, 1 :
fi(A) = o + ;E'yj cos(7A)

then using formula 1.441.1 in Gradshteyn and Ryzhik (1980), namely

Zsm(kx):ﬁ—z 0<z<or,
k=1 k 2

and the fact that 2sin(jw) cos(jA) = sin(j(w — A)) + sin(j(w + A)), we have that the

spectral density of {z;} is

F0) = { %(4(cqsw —cosA)?)"h if w<A<T . (6.2)

F2(4(cosw —cos A)2)™2  if 0<A<w
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The filter in (6.1) implies an infinite sum of the form

E C(¥*)(cosw)Tr i—s = Eks (6.3)

s=0

where the Gegenbauer polynomials, ng)(n), are of the form

%} (=1)(s = j = d)(2n)*~

c@(n) = TG+ )I(s — 25 + )I(=d)

where [s/2] is the integer part of s/2 (see Gray et al.(1989)). We truncate the sum in

(6.3) so that the series generated are

1500
Tkt = — Z C’ﬁd")(cosw)a:k,t_, +exe » k=1,2,

s=1
where we put zx; = 0 for ¢ < 0, and the Gegenbauer functions are obtained via the

recursion
—d+s ~2d+4+s-2
() =21 (22 ey - (FEE22) )

(see formula 8.933.1 in Gradshteyn and Ryzhik (1980)). This method permits the ap-
proximate generation of Gegenbauer processes with an asymmetric spectral pole/zero
at any frequency between 0 and 7. A more direct generation procedure, without the
truncation used above, is the application of some algorithm (e.g. Davies and Harte
(1987)) to the autocovariances obtained in Proposition 1 in Chapter 2 for w = 7/2.
However this method is only valid for that specific frequency. That is why we use the
more general procedure described earlier despite the truncation it implies. Further-
more, comparison of the exact and approximate procedures on the basis of actual and
sample autocovariances plots indicated little difference in performance.

In the Monte Carlo study reported, w = 7/2, 0? = 02 = 1and dy,d; € {-0.4,-0.2,
0,0.2,0.4}. Note that the processes generated satisfy C.1(A.1) with a = 2, C.2(A.2),
C.3 and C.5 since €1; and £9; are Gaussian. In order to obtain log-periodogram
estimates, the explicit formula from the least squares method of estimation is used
and we consider only the case J = 1. Gaussian semiparametric estimates are obtained
by applying a sxmple golden section search to the first derivative of the obj Jectlve

function (4. 2) The mlnlmlzatxon is carrled out over the closed set © = [-0.499, 0.499)].
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The chosen sample sizes are n = 64,128,256 and 512 and for each three different
bandwidths are tried, m = n/16, n/8 and n/4. The effect of the trimming number is
only analysed for n = 128,256 and 512 and three different trimmings are used, ! =
n/128,7/64 and n/32. The number of replications was 1000 and all the calculations

were done using GAUSS-386i VM version 3.2.8.

6.2 LOG-PERIODOGRAM AND GAUSSIAN SEMIPARA-
METRIC ESTIMATION

The results Qe present in this section are bias and mean square error (MSE) of the two
methods of estimation described in Chapters 3 and 4 (for an analysis of the effects
of short memory components on the bias of the log-periodogram estimate at zero
frequency see Agiakloglou et al. (1993)). We only consider the estimation of d;, that
of d; is equivalent and only differs in the utilization of periodogram ordinates situated
just before the frequency where the spectral pole or zero occurs. In all the tables the

number within parentheses correspond to the log-periodogram estimate, d; .
6.2.1 Bias

The bias of the untrimmed estimates of d; for different n and m is described in tables
6.1-6.4. We can observe that the bias of d; tends to decrease from m = n/16 to
m = n/8 and to increase thereafter. The tendency of d; is of a greater increase with
all m. However when d; is quite large with respect to d; the bias of both estimates
tends to decrease with m. This is what we would expect because the more frequencies
we use in the estimation the less important the influence of periodogram ordinates
close to w that are “contaminated” by d,.

The bias tends to be positive for negative values of d; and when d; < d; and
negative for positive d; and when d; > d;, although a positive bias is more pervasive
in the log-periodogram method of estimation. We also observe that when d; is higher
than d; the bias of the estimates increases with n for fixed m. These facts can be
explained noting the results obtained in Theorem 3 and that the spectral density (6.2)

is of the form (2.14) where g;()) and g2()) are constants ¢?/27x and ¢2/27. According
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to this

flw+2))

where fy(2) can be deduced from (2.14), (2.15) and (6.2). We have from Theorem 3

I, Aj
log In(w + A;) = log f{(w + A;) — 2d; log |A;| + log (M) (6.4)

that E[I,(w + A;)/f(w + A;)] decreases as j increases for n sufficiently large (see also
Hurvich and Beltrao (1993)). Then it is plausible that Eflog(I.(w + A}/ f(w + A;))]
decreases as j increases producing a positive bias in d;. Furthermore, since the relative
bias of I,(w + A;) as estimate of f(w + A;) increases with n when d; < dj, then this
fact can explain the increase of the bias of d, that we observe for fixed m (for instance
when m = 16) and an increasing n (n = 64,128,256), in tables 6.1-6.3, when d; is'
higher than d;. The same behaviour occurs for d; and the cause of it is also likely to be
the increase of the relative bias of the periodogram, although an intuitive explanation
like that for dy can not be applied here.

In case d; > d; the bias is much smaller than when dy < d;. This is so due to
the influence of periodogram ordinates just before w on those ordinates just after (see
Theorem 4) where the behaviour of the spectral density function is governed by d;.

When we introduce the trimming we observe in tables 6.5-6.13 that the bias reduces
in those cases where the difference d; — d; is positive and large. In the rest of the
cases the bias tends to increase, mainly when the number of frequencies used in dj is
small. However the bias of d; reduces in some cases when m is small, even if d; < d;.

We also observe that when d; > d; the decrease of the bias due to the trimming is
more important for Jl than for d;. As a matter of fact the bias of d; finally increases
with a large trimming, whereas that of d; tends to decrease for d, large with respect
to dy. For instance when d; = —0.4 and d; = 0.4 the bias of d; decreases with the
trimming / in all situations except the case m = n/4 when it increases from ! = n/64
to | = n/32, whereas that of dy has a clearer increasing tendency when [ passes from

n/64 to n/32.
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6.2.2 Mean Square Error

We observe in tables 6.14-6.21 that the mean square error (MSE) of both untrimmed
estimates decreases with m and n. It also tends to increase with the difference d; — d;
when this is positive. When we introduce the trimming we use fewer frequencies for
the same bandwidth, m, and the MSE in both estimates tends to increase. Only when
d; is quite large with respect to dy the MSE decreases. This behaviour can be seen in
tables 6.16-6.21 for n = 256 and n = 512.

We also report the efficiency of the Gaussian semiparametric estimate, dy, with
respect to the log-periodogram one, di. The entries in tables 6.22-6.29 are to be
compared with the asymptotic relative efficiency 0.608 obtained from the asymptotic
distributions in Theorems 5 and 7. When d; > d; the ratios of MSEs tend to that
figure from below as m and n increase. However when d; > d; the ratio tends to be
higher than 0.608 for n > 128 and is higher than one when d; = —0.4, d2 = 0.4 and
n = 512, m = 64,128. This fact reflects a greater sensitivity of the MSE of d; to the
difference d; — dy, which is in accordance with the stronger trimming we needed to
obtain the asymptotic distribution of d;. When the trimming is introduced we observe
that the efficiency is always below one and decreases with /. Only the cases n = 128
and n = 256 are reported in tables 6.23-6.28. The behaviour of the efficiency when
n = 512 is similar and can be deduced from the MSE in tables 6.19-6.21.

6.3 TESTS ON THE SYMMETRY OF THE SPECTRUM

6.3.1 Symmetry at the same frequency

In tables 6.30-6.33 we present a small Monte Carlo study of the Wald tests of the
hypothesis of spectral symmetry at 7/2 introduced in Chapter 5. The significance
level is 5%. The test statistics are calculated through the estimates obtained in the
previous section. Only the untrimmed test statistics are included. The trimmed
versions perform quite worse than the untrimmed ones with a higher size in all cases
and not a higher power so that the type I error increases and the type II error does

not tend to decrease with the trimming.
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The entries in the tables are size (along the NW-SE diagonal) and power ob-
tained with 1000 replications. Thé numbers within parentheses correspond to the
log-periodogram test and the other figures are size and power of the Gaussian semi-
parametric Wald test. Asexpected, in both test procedures the power tends to increase
and the size to decrease with m and n. The Gaussian Wald test performs better in
the sense that the power tends to be higher and the size lower than the test based
on log-periodogram estimates. In both cases the size is higher than 0.05 (the nominal
size) and tends to that number as m and n increase.

The behaviour of the different score tests of the hypothesis of asymptotic spec-
tral symmetry at 7/2 is described in tables 6.34-6.51 for n = 128,256,512, m =
n/4,n/8,n/16 and | = n/128,7n/64,7n/32. The trimming concerns only the estimation
of the persistence parameter under the null, i.e. using frequencies on both sides of
/2. Although the consistency of the tests is only rigorously proved in Chapter 5
when |d2 — d;| < 1/2, we present the results also for the cases |d; — dq| > 1/2, and we
see that the good properties of these tests are likely to hold also for those cases. We
only report power and size for the LM, and L M3 tests at 5% significance level. those
of LM, are similar to the powers and sizes of LM, for the corresponding null and
alternative. The trimming in the L Mj test statistic concerns only the estimation of
d so that the statistic used is that presented in Theorem 15 in Chapter 5 with { = 0.
The reason for this is that performance of the tests was found to worsen with the
exclusion of frequencies close to w.

We observe that powers and sizes tend to increase with dy and d,. being higher for
positive values of both parameters than for negative ones, reflecting a more conser-
vative behaviour of the tests under antipersistence than under persistence. The size
increases with the trimming applied to the joint estimation under the null. The power
of LM, tends to increase with I, mainly when the difference d; — d; is not very large
and/or when m is small. The power behaviour of the LMj test is similar with respect
to the positive difference d; — d;. However, when dy > dl the power of LM3 tends to

decrease for m > 16 with the introduction of the trimming. This behaviour can be
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explained from the expression obtained in the proof of Theorem 15

s, 2 _2(do—di)
27 1+ 2(do — dy)

as m — 0Q.

In an intuitive manner we can argue that the joint estimate, d, will estimate a value,
dp, which is closer to the highest d (d; in this case), the smaller the trimming. Then
the difference do—d; will decrease with the introduction of the trimming and the LM,
statistic will be lower reducing its power in finite samples. The same type of intuitive
explanation can be applied for the increase of power with the trim;ning in the LM,

test since
é- ’Q 2(d0 - d2)
2 14 2(d0 - dg)

as m — X

and under the alternative d; > d;, d will estimate some value clos.er to dy the smaller
the trimming.

If we compare the results for the score and Wald tests when no trimming is used
we observe that the score tests tend to be more conservative, with generally lower
sizes and powers than the two Wald type tests analysed here. However, as n and m
increase, although the LM sizes remain lower than those corresponding to the Wald

procedures, the powers tend to be similar and in some cases higher than those of the

Wald tests.
6.3.2 Equality across frequencies

In this section we analyse the performance in finite samples of the LMy test of the
equality of persistence parameters across different frequencies introduced in Section
5.4. In order to do this we generate a Gaussian process with symmetric spectral
poles/zeros at 0 and /2 by adding two independent Gaussian Gegenbauer processes
generated using the truncation described in Section 6.1. For each spectral singularity
five different persistence parameters are used, —0.4,-0.2,0,0.2,0.4, corresponding
to antipersistence (—0.4,—0.2), short memory (0) and long memory or persistence
(0.2,0.4). Three sample sizes are analysed, n = '1-28,256,512, and for each of them
three bandwidths are used, m = n/16,7/8,3n/16. We only use until m = 3n/16 in

order to avoid the use of ‘fre‘quencies close to a spectral pole/zero different to those
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used in the construction of the test statistic as well as the twofold use of the same
frequency in the estimation of the p'ersistence parameter under the null. The number
of replications is 1000.

The null hypothesis to test is Ho : dg = d;, where dg and d; are the persistence
parameters at the origin and 7 /2 respectively. From Theorem 16 in Chapter 5 the
test statistic is
3mg2

LMH=-?

where & = 4T}(d)/T0(d), THd) = 7 vEAH{IL(% + Aj) + Tn(% — A}, v = logj —
L5 T logl and d is the estimate under the null, i.e. using frequencies around 0 and
/2.

Tables 6.52-6.54 show powers and sizes of the LMy test for the different sample
sizes and bandwidths. Power and size increase with m and » and tend to be higher
under persistence than under antipersistence. We also observe a large size for the
extreme cases dg = dj = —0.4,0.4, and a larger power for dy > d; than for dy < d;.
This latter fact occurs because we use dp as reference parameter in the test procedure.
Thus we construct the statistic L My using frequencies around 7 /2. This implies that

if equality does not hold

_2d*—dy) _ 8

~ P
~ 4 =4 - ’
Y 2d - dy) 2do—di) + 1+ /4(d; — do)? + 1

(6.5)

as n — 0o, which can be shown in the same way as the proof of the consistency of
the score tests of spectral symmetry at one known frequency in Section 5.3, and using
a similar result to Theorem 14 concerning the convergence in probability of the joint
estimate to d*. Thus (6.5) is larger when d¢ > d; than when d; > do, even if the
distance between dy and d; is the same. This fact is reflected in higher power of the
test against dp > d; than against dp < d;. The opposite occurs when we use d; as a
reference parameter and construct the LMy statistic using frequencies around 0. In

this case

_2Ad—-do) _, 8
1+ 2(d" — do) 2(dy — do) + 1+ /4(d1 — do)* + 1’

PR
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as n — 00, and this LMp test is more powerful against d; > do than against d; < dy

.

(we do not report results for this case due to the similarity with the tables reported).

6.4 TABLES

6.4.1 Bias

Table 6.1: Bias

of the Gaussian (log-periodogram) estimates of d;, n=64

m=4
di\d2 —0.4 -0.2 0 0.2 0.4
-04 0.1561 (0.0535) 0.1597 (0.0601) 0.1707 (0.0802) 0.1978 (0.1288) 0.2573 (0.2305)
-0.2 0.0469 (0.0162) 0.0482 (0.0201) 0.0544 (0.0336) 0.0727 (0.0655) 0.1137 (0.1269)

0 | -0.0427 (-0.0040)

-0.0412 (0.0030)

-0.0378 (0.0136)

-0.0283 (0.0336)

-0.0018 (0.0686)

-0.1129 (0.0158)

-0.1030 (0.0292)

0.2 -0.1171 (-0.0058) -0.1168 (-0.0012) -0.1155 (0.0045)
0.4 -0.1912 (0.0071) -0.1919 (0.0079) -0.1932 (0.0086) -0.1949 (0.0086) -0.1961 (0.0088)
m=28
dl\dz —-0.4 -0.2 0 0.2 - 0.4
-0.4 0.0820 (0.0479) 0.0852 (0.0521) 0.0938 (0.0651) 0.1154 (0.0925) 0.1644 (0.1565)
—0.2 0.0055 (0.0]61) 0.0087 (0.0]97) - 0.0163 (0.0286) 0.0334 (0.0462) 0.0688 (0.0857)

0 | -0.0356 (-0.0045)

-0.0337 (-0.0001)

~0.0295 (0.0062)

~0.0208 (0.0180)

0.0011 (0.0402)

-0.0484 (0.0095)

0.2 -0.0648 (-0.0140) -0.0635 (-0.0116) -0.0614 (-0.0074) -0.0576 (-0.0003)
0.4 -0.1093 (-0.0111) -0.1088 (-0.0102) -0.1083 (-0.0096) -0.1074 (-0.0091) -0.1052 (-0.0066)
m =16
di\d, —0.4 -0.2 0 0.2 0.4
—0.4 0.0802 (0.1124) 0.0831 (0.1152) 0.0899 (0.1228) 0.1047 (0.1400) 0.1386 (0.1795)
-0.2 0.0204 (0.0681) 0.0222 (0.0701) 0.0267 (0.0750) 0.0374 (0.0862) 0.0618 (0.1122)

0 | -0.0203 (0.0299)

-0.0188 (0.0338)

-0.0159 (0.0373)

-0.0095 (0.0440)

0.0058 (0.0603)

0.2 | -0.0524 (-0.0000)

~0.0514 (0.0018)

-0.0496 (0.0057)

-0.0461 (0.0089)

-0.0377 (0.0174)

0.4 | -0.0889 (-0.0220)

~0.0882 (-0.0215)

-0.0873 (-0.0203)

-0.0859 (-0.0192)

-0.0827 (-0.0146)
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Table 6.2: Bias of the Gaussian (log-periodogram) estimates of d;, n=128

m =38
di1\dz —0.4 —~0.2 0 0.2 0.4
—-0.4 0.0765 (0.0378) 0.0840 (0.0503) 0.1040 (0.0809) 0.1543 (0.1503) 0.2726 (0.3051)
—0.2 0.0028 (0.0041) 0.0077 (0.0091) 0.0196 (0.0264) 0.0512 (0.0682) 0.1317 (0.1682)
0 -0.0338 (-0.0080) -0.0315 (-0.0073) -0.0257 (-0.0006) -0.0091 (0.0204) 0.0372 (0.0741)
0.2 | -0.0549 (-0.0117) -0.0540 (-0.0097) -0.0517 (-0.0065)  -0.0449 (0.0046)  -0.0248 (0.0299)
0.4 | -0.0943 (-0.0033) -0.0939 (-0.0027) -0.0928 (-0.0004) _ -0.0902 (0.0050) _ -0.0839 (0.0143)
m =16
di\dz 04 0.2 0 0.2 0.4
—0.4 | 0.0402 (0.0351) _ 0.0450 (0.0423) _ 0.0575 (0.0602) __ 0.0907 (0.1023) _ 0.1730 (0.1978)
—0.2 | -0.0090 (0.0077) _ -0.0060 (0.0108) _ 0.0020 (0.0212) __ 0.0232 (0.0464) __ 0.0787 (0.1079)
0 | -0.0280 (-0.0065) -0.0264 (-0.0056) -0.0226 (-0.0017) _ -0.0119 (0.0108) _ 0.0187 (0.0440)
0.2 | -0.0368 (-0.0151) -0.0361 (-0.0137) -0.0344 (-0.0117) -0.0297 (-0.0055) -0.0153 (0.0104)
0.4 | -0.0555 (-0.0158) -0.0553 (-0.0152) -0.0546 (-0.0136) -0.0529 (-0.0103) _-0.0480 (-0.0042)
m =32
di\d2 —04 —0.2 0 0.2 0.4
—0.4 0.0635 (0.0840) 0.0665 (0.0880) 0.0744 (0.0978) 0.0966 (0.1224) 0.1514 (0.1793)
0.2 | 0.0214 (0.0456)  0.0234 (0.0471) _ 0.0281 (0.0534) _ 0.0409 (0.0684) _ 0.0750 (0.1047)
0 -0.0094 (0.0146)  -0.0085 (0.0153) -0.0061 (0.0182) 0.0003 (0.0256) 0.0193 (0.0455)
0.2 -0.0352 (-0.0127) -0.0348 (-0.0113) -0.0336 (-0.0103) -0.0304 (-0.0063)  -0.0209 (0.0043)
0.4 | -0.0599 (-0.0337) -0.0597 (-0.0331) -0.0592 (-0.0319) -0.0577 (-0.0297) _ -0.0536 (-0.0258)
Table 6.3: Bias of the Gaussian (log-periodogram) estimates of d;, n=256
m=16
d:1\d> —0.4 —0.2 0 0.2 0.4
—0.4 | 0.0408 (0.0338) _ 0.0477 (0.0420) _ 0.0705 (0.0725) _ 0.1395 (0.1523) __ 0.2999 (0.3293)
—0.2 | -0.0085 (0.0059) _ -0.0051 (0.0097) _ 0.0065 (0.0206) _ 0.0431 (0.0568) __ 0.1490 (0.1742)
0 | -0.0231 (-0.0032) -0.0217 (-0.0029)  -0.0174 (0.0004)  -0.0024 (0.0129) _ 0.0521 (0.0736)
0.2 | -0.0271 (-0.0053) -0.0266 (-0.0059) -0.0248 (-0.0040)  -0.0192 (0.0012) _ 0.0021 (0.0238)
0.4 -0.0446 (0.0013)  -0.0444 (0.0012)  -0.0439 (0.0016) -0.0423 (0.0032) -0.0368 (0.0105)
m = 32
di\d2 -0.4 -0.2 0 0.2 0.4
—0.4 | 0.0224 (0.0244) _ 0.0275 (0.0297) _ 0.0429 (0.0484) _ 0.0896 (0.0956) _ 0.2014 (0.2050)
0.2 | -0.0080 (0.0023)  -0.0055 (0.0049)  0.0021 (0.0121) _ 0.0259 (0.0341) __ 0.0961 (0.1057)
0 | -0.0195 (-0.0083) -0.0185 (-0.0078) -0.0156 (-0.0052)  -0.0057 (0.0028) _ 0.0293 (0.0404)
0.2 -0.0253 (-0.0141) -0.0248 (-0.0144) -0.0237 (-0.0128) -0.0198 (-0.0095) -0.0053 (0.0055)
0.4 | -0.0335 (-0.0139) -0.0332 (-0.0138) -0.0328 (-0.0135) -0.0314 (-0.0124) _ -0.0268 (-0.0071)
m = 64
d1\d2 -04 -0.2 0 0.2 0.4
—0.4 0.0519 (0.0634) 0.0550 (0.0664) 0.0649 (0.0772) 0.0949 (0.1046) 0.1699 (0.1699)
—0.2 | 0.0187 (0.0301) _ 0.0201 (0.0316) __ 0.0244 (0.0358) _ 0.0387 (0.0488) __ 0.0827 (0.0913)
0 -0.0084 (0.0038)  -0.0078 (0.0040) -0.0060 (0.0055) 0.0001 (0.0105) 0.0218 (0.0334)
0.2 -0.0317 (-0.0193) -0.0314 (-0.0196) -0.0307 (-0.0187) -0.0281 (-0.0164) -0.0188 (-0.0068)
0.4 | -0.0522 (-0.0385) -0.0520 (-0.0383) -0.0517 (-0.0384) -0.0507 (-0.0376) -0.0471 (-0.0335)
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Table 6.4: Bias of the Gaussian (log-periodogram) estimates of d;, n=512

m = 32
d1\dz —0.4 —-0.2 0 0.2 0.4
—-0.4 0.0200 (0.0201) 0.0294 (0.0312) 0.0609 (0.0677) 0.1539 (0.1609) 0.3422 (0.3492)
—0.2 | -0.0086 (0.0019) -0.0051 (0.0049) 0.0071 (0.0178) 0.0517 (0.0631) 0.1762 (0.1902)
0 -0.0160 (-0.0050) -0.0149 (-0.0043) -0.0111 (-0.0012) 0.0044 (0.0155) 0.0646 (0.0784)
0.2 -0.0167 (-0.0059) -0.0163 (-0.0055) -0.0153 (-0.0047) -0.0107 (-0.0009) 0.0109 (0.0210)
0.4 -0.0208 (-0.0015) -0.0207 (-0.0018) -0.0205 (-0.0020) -0.0193 (-0.0012)  -0.0137 (0.0052)
m = 64
di1\d2 —0.4 —-0.2 0 0.2 0.4
-0.4 0.0165 (0.0201) 0.0229 (0.0270) 0.0436 (0.0490) 0.1064 (0.1047) 0.2429 (0.2224)
—0.2 [ -0.0029 (0.0038) -0.0007 (0.0059) 0.0069 (0.0139) 0.0348 (0.0410) 0.1189 (0.1189)
0 -0.0121 (-0.0055) -0.0114 (-0.0049) -0.0090 (-0.0027) 0.0006 (0.0072) 0.0393 (0.0456)
0.2 -0.0172 (-0.0109) -0.0170 (-0.0105) -0.0162 (-0.0100) -0.0134 (-0.0075) 0.0005 (0.0059)
0.4 -0.0202 (-0.0123) -0.0201 (-0.0124) -0.0200 (-0.0125) -0.0192 (-0.0119) -0.0152 (-0.0079)
. m =128
di1\d2 -0.4 —-0.2 0 0.2 . 0.4
—0.4 0.0476 (0.0539) 0.0514 (0.0580) 0.0639 (0.0710) 0.1035 (0.1037) 0.1988 (0.1746)
-0.2 0.0188 (0.0256) 0.0201 (0.0269) 0.0245 (0.0316) 0.0411 (0.0475) 0.0959 (0.0941)
0 -0.0056 (0.0013)  -0.0051 (0.0017) -0.0037 (0.0031) 0.0021 (0.0090) 0.0264 (0.0320)
0.2 -0.0274 (-0.0204)  -0.0272 (-0.0201) -0.0267 (-0.0198) -0.0249 (-0.0182) -0.0161 (-0.0100)
0.4 -0.0466 (-0.0395) -0.0465 (-0.0395) -0.0464.(-0.0395) -0.0458 (-0.0391) -0.0430 (-0.0364)

Table 6.5: Bias of the trimmed Gaussian (log-periodogram) estimates

of d], n= 128,

m=§
1=1
di\d; —0.4 0.2 0 0.2 0.4
—0.4 | 0.1300 (0.0472) _ 0.1331 (0.0487) _ 0.1412 (0.0582) _ 0.1609 (0.0955) _ 0.2176 (0.1834)
—0.2 | 0.0459 (0.0200) _ 0.0481 (0.0223) _ 0.0541 (0.0287) _ 0.0693 (0.0512) _ 0.1087 (0.1105)
0 -0.0180 (0.0054) -0.0160 (0.0060) -0.0118 (0.0123) -0.0020 (0.0291)  0.0221 (0.0636)
0.2 | -0.0774 (-0.0005) -0.0762 (-0.0010) -0.0735 (0.0016) -0.0680 (0.0117) -0.0545 (0.0375)
0.4 | -0.1510 (0.0065)  -0.1504 (0.0078) -0.1491 (0.0111) -0.1463 (0.0184) -0.1406 (0.0308)
=2
d)\d2 —-0.4 -0.2 0 0.2 0.4
—0.4 0.1949 (0.0486) 0.1975 (0.0502) 0.2025 (0.0611) 0.2133 (0.0866)  0.2408 (0.1464)
-0.2 0.0919 (0.0360) 0.0942 (0.0386) 0.0979 (0.0474) 0.1054 (0.0649)  0.1253 (0.1053)
0 -0.0030 (0.0355)  -0.0014 (0.0372)  0.0015 (0.0427) 0.0068 (0.0544)  0.0200 (0.0775)
0.2 -0.0935 (0.0350)  -0.0927 (0.0332)  -0.0913 (0.0352) -0.0884 (0.0424) -0.0827 (0.0629)
0.4 -0.1916 (0.0437)  -0.1913 (0.0438)  -0.1907 (0.0469) -0.1900 (0.0525) -0.1880 (0.0649)
1l=4
di\d2 -0.4 —0.2 0 0.2 0.4
—0.4 0.3009 (0.0]70) 0.3027 (0.0146) 0.3065 (0.0159) 0.3106 (0.0208) 0.3162 (0.0801)
-0.2 0.1499 (0.0108) 0.1511 (0.0096) 0.1527 (0.0116) 0.1548 (0.0133)  0.1608 (0.0554)
0 -0.0029 (0.0055) -0.0014 (0.0066) 0.0000 (0.0104) 0.0019 (0.0134) 0.0064 (0.0353)
0.2 -0.1555 (0.0011)  -0.1540 (0.0018)  -0.1526 (0.0030) -0.1513 (0.0128) -0.1472 (0.0290)
0.4 -0.3085 (0.0129)  -0.3080 (0.0128)  -0.3073 (0.0183) -0.3067 (0.0251) -0.3046 (0.0427)
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Table 6.6: Bias of the trimmed Gaussian (log-periodogram) estimates of d;, n=128,

m=16
I=1
d1\d> —0.4 -0.2 0 0.2 0.4
—-0.4 0.0655 (0.0483) 0.0672 (0.0493) 0.0718 (0.0546) 0.0845 (0.0731) 0.1207 (0.1225)
-0.2 0.0156 (0.0267) 0.0169 (0.0273) 0.0203 (0.0303) 0.0298 (0.0421) 0.0569 (0.0755)
0 -0.0101 (0.0111)  -0.0090 (0.0105)  -0.0064 (0.0134)  -0.0001 (0.0222) 0.0174 (0.0409)
0.2 -0.0287 (-0.0007)  -0.0282 (-0.0012) -0.0269 (-0.0005)  -0.0233 (0.0046)  -0.0135 (0.0182)
0.4 -0.0650 (-0.0037) -0.0648 (-0.0035) -0.0643 (-0.0019) -0.0630 (0.0010)  -0.0594 (0.0077)
=2
di\d2 -0.4 -0.2 0 0.2 0.4
—04 0.0881 (0.0488) 0.0890 (0.0497) 0.0914 (0.0543) 0.0981 (0.0641) 0.1185 (0.0948)
0.2 | 0.0289 (0.0329) __ 0.0301 (0.0331) __ 0.0327 (0.0360) __ 0.0391 (0.0434) __ 0.0559 (0.0640)
0 -0.0039 (0.0211)  -0.0028 (0.0205)  -0.0008 (0.0223) 0.0038 (0.0273) 0.0153 (0.0384)
0.2 -0.0331 (0.0091)  -0.0325 (0.0082)  -0.0315 (0.0083)  -0.0290 (0.0111)  -0.0223 (0.0200)
0.4 | -0.0830 (0.0038) _ -0.0828 (0.0034) _ -0.0824 (0.0045) _ -0.0813 (0.0057) _ -0.0784 (0.0109)
=4
dl\dz -0.4 -0.2 0 0.2 0.4
-0.4 0.1365 (0.0439) 0.1363 (0.0436) 0.1368 (0.0433) 0.1386 (0.0427) 0.1456 (0.0598)
-0.2 0.0553 (0.0267) 0.0553 (0.0251) 0.0558 (0.0242) 0.0576 (0.0241) 0.0636 (0.0353)
0 -0.0080 (0.0091) -0.0080 (0.0074) -0.0078 (0.0068) -0.0064 (0.0070) -0.0011 (0.0]18)
0.2 | -0.0685 (-0.0087) -0.0684 (-0.0093) -0.0681 (-0.0103) -0.0671 (-0.0097) -0.0632 (-0.0067)
0.4 -0.1442 (-0.0200) -0.1442 (-0.0204) -0.1441 (-0.0202) -0.1435 (—0.02]1) -0.1417 (-0.0185)

Table 6.7: Bias of the trimmed Gaussian (log-periodogram) estimates of dy, n= 128,

m=32
I=1
di\d -0.4 -0.2 0 0.2 0.4
-0.4 0.0760 (0.0978) 0.0771 (0.0987) 0.0802 (0.]0]3) 0.0886 (0.]]]2) 0.1122 (0.1381)
-0.2 0.0311 (0.0580) 0.0320 (0.0586) 0.0342 (0.06]0) 0.0403 (0.0674) 0.0570 (0.0854)
0 -0.0045 (0.0226) -0.0039 (0.0222) -0.0024 (0.0249) 0.0016 (0.0292) 0.0125 (0.0398)
0.2 | -0.0367 (-0.0105) -0.0362 (-0.0101) _-0.0352 (-0.0090) _-0.0327 (-0.0069) _-0.0261 (0.0008)
0.4 -0.0707 (-0.0376) -0.0703 (-0.0370) -0.0697 (-0.0364) -0.0683 (-0.0348) -0.0649 (-0.0306)
1=2
d1\d2 —-04 -0.2 0 0.2 0.4
—-0.4 0.0878 (0.1080) 0.0883 (0.1088) 0.0900 (0.1106) 0.0947 (0.1156) 0.1082 (0.1311)
-0.2 0.0376 (0.0669) 0.0384 (0.0674) 0.0399 (0.0695) 0.0438 (0.0732) 0.0541 (0.0835)
0 -0.0020 (0.0292)  -0.0014 (0.0288) -0.0001 (0.0310) 0.0027 (0.0330) 0.0100 (0.0392)
0.2 -0.0392 (-0.0080) -0.0386 (-0.0076) -0.0377 (-0.0067) -0.0357 (-0.0061) -0.0309 (-0.00]3)
0.4 -0.0814 (-0.0407) -0.0809 (-0.0402) -0.0803 (-0.0400) -0.0792 (-0.0392) -0.0767 (-0.0361)
i=4
d1\d: —-0.4 —-0.2 0 0.2 0.4
—-0.4 0.1078 (0.1270) 0.1079 (0.1275) 0.1084 (0.1270) 0.1100 (0.1273) 0.1151 (0.1345)
—-0.2 0.0445 (0.0774) 0.0446 (0.0773) 0.0451 (0.0781) 0.0467 (0.0784) 0.0516 (0.0829)
0 -0.0064 (0.0297)  -0.0062 (0.0290)  -0.0057 (0.0306)  -0.0043 (0.0303)  -0.0002 (0.0330)
0.2 -0.0560 (-0.0174) -0.0557 (-0.0166) -0.0553 (-0.0157) -0.0541 (-0.0165) -0.0511 (-0.0147)
0.4 -0.1135 (-0.0605) -0.1133 (-0.0598) -0.1129 (-0.0603) -0.1122 (-0.0602) -0.1104 (-0.0585)
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Table 6.8: Bias of the trimmed Gaussian (log-periodogram) estimates of d;, n= 256,

m=16
1=2
di\dz 04 0.2 0 0.2 0.4
-0.4 0.0717 (0.0]46) 0.0732 (0.0167) 0.0785 (0.0246) 0.0953 (0.0571) 0.1540 (0.]544)
-0.2 0.0132 (0.0026) 0.0142 (0.0037) 0.0177 (0.0088) 0.0289 (0.0252) 0.0692 (0.0806)
0 | -0.0157 (-0.0029) -0.0150 (-0.0020) -0.0130 (-0.0002) -0.0063 (0.0074) _ 0.0183 (0.0403)
0.2 -0.0358 (-0.0026) -0.0354 (-0.0024) -0.0344 (-0.0021) -0.0310 (0.00]3) -0.0189 (0.0181)
0.4 | -0.0795 (0.0022) _-0.0792 (0.0018) _ -0.0787 (0.0015) -0.0772 (0.0016) -0.0730 (0.0110)
=4
FAVA 04 —02 0 0.2 04
-0.4 0.1283 (0.0360) 0.1291 (0.0359) 0.1308 (0.0388) 0.1373 (0.0523) 0.1604 (0.0950)
0.2 | 0.0496 (0.0288) _ 0.0502 (0.0275) __ 0.0514 (0.0296) _ 0.0556 (0.0386) _ 0.0735 (0.0621)
0 -0.0055 (0.0238) -0.0054 (0.0239) -0.0048 (0.0243) -0.0022 (0.0285)  0.0091 (0.0440)
0.2 -0.0570 (0.0205) -0.0571 (0.0204) -0.0569 (0.0209) -0.0555 (0.0228) -0.0493 (0.0346)
04 | -0.1257 (0.0197) -0.1258 (0.0192) _ -0.1257 (0.0195) -0.1250 (0.0206) _-0.1220 (0.0285)
=8
di\d> —0.4 ~0.2 0 0.2 0.4
-0.4 0.2542 (0.0367) 0.2549 (0.0390) 0.2559 (0.0421) 0.2581 (0.0543) 0.2650 (0.0759)
-0.2 0.1267 (0.0276) 0.1273 (0.0300) 0.1277 (0.0342) 0.1285 (0.0357) 0.1326 (0.0510)
0 | 0.0024 (0.0245) _ 0.0023 (0.0275) __ 0.0019 (0.0286) _ 0.0016 (0.0287) _ 0.0040 (0.0366)
0.2 -0.1224 (0.0182) -0.1225 (0.0198) -0.1229 (0.0211) -0.1235 (0.0194) -0.1231 (0.0265)
0.4 | -0.2505 (0.0131) _ -0.2507 (0.0115) _ -0.2508 (0.0091)  -0.2509 (0.0080) -0.2511 (0.0141)

Table 6.9: Bias of the trimmed Gaussian (log-periodogram) estimates of d;, n= 256,
m=32
1=2
di\d, —0.4 ~0.2 0 0.2 0.4
—0.4 0.0402 (0.0277) 0.0414 (0.0289) 0.0449 (0.0330) 0.0560 (0.0497) 0.0934 (0.1011)
—0.2 | 0.0073 (0.0129) _ 0.0080 (0.0131) _ 0.0104 (0.0158) __ 0.0181 (0.0245) _ 0.0444 (0.0549)
0 -0.0055 (0.0018) -0.0050 (0.0020)  -0.0035 (0.0029) 0.0010 (0.0071) 0.0164 (0.0261)
0.2 | -0.0142 (-0.0055) -0.0139 (-0.0056) -0.0131 (-0.0055) -0.0107 (-0.0034) _ -0.0022 (0.0066)
0.4 | -0.0350 (-0.0095) -0.0348 (-0.0095) -0.0344 (-0.0098) -0.0333 (-0.0098) -0.0299 (-0.0048)
=4
di\d, ~0.4 ~0.2 0 0.2 0.4
—0.4 | 0.0561 (0.0385)  0.0569 (0.0388) __ 0.0586 (0.0403) __ 0.0635 (0.0467) _ 0.0803 (0.0685)
0.2 | 0.0173 (0.0241) _ 0.0178 (0.0235) _ 0.0190 (0.0246) _ 0.0227 (0.0287) _ 0.0357 (0.0423)
0 0.0001 (0.0115) _ 0.0003 (0.0112) __ 0.0010 (0.0114) __ 0.0034 (0.0137) _ 0.0121 (0.0234)
0.2 | -0.0143 (0.0007) -0.0142 (0.0004)  -0.0138 (0.0005)  -0.0123 (0.0019)  -0.0071 (0.0084)
0.4 | -0.0481 (-0.0078) -0.0481 (-0.0076) -0.0478 (-0.0077) -0.0471 (-0.0074) -0.0445 (-0.0041)
=38
di\dz —0.4 0.2 0 0.2 0.4
0.4 | 0.0892 (0.0404)  0.0893 (0.0410) _ 0.0901 (0.0419) _ 0.0926 (0.0454) _ 0.1004 (0.0552)
0.2 | 0.0331 (0.0220) __ 0.0333 (0.0220) _ 0.0341 (0.0229) _ 0.0362 (0.0242) __ 0.0426 (0.0322)
0 0.0001 (0.0054) 0.0003 (0.0054) 0.0009 (0.0056) 0.0025 (0.0070) 0.0072 (0.0131)
0.2 -0.0335 (-0.0097) -0.0334 (-0.0098) -0.0330 (-0.0096) -0.0320 (-0.0088) -0.0292 (-0.0048)
0.4 | -0.0885 (-0.0226) -0.0884 (-0.0223) -0.0881 (-0.0230) -0.0875 (-0.0232) -0.0862 (-0.0216)
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Table 6.10: Bias of the trimmed Gaussian (log-periodogram) estimates of dy, n= 256,

m=64
1=2
di\d> ~04 —0.2 0 0.2 0.4
—-0.4 0.0651 (0.0799) 0.0658 (0.0805) 0.0679 (0.0826) 0.0748 (0.09]4) 0.0981 (0.1]96)
—0.2 | 0.0294 (0.0461) _ 0.0299 (0.0461) __ 0.0312 (0.0475) _ 0.0355 (0.0528) __ 0.0501 (0.0696)
0 | -0.0024 (0.0147)  -0.0021 (0.0145) _ -0.0013 (0.0152) _ 0.0012 (0.0180) __ 0.0099 (0.0289)
0.2 | -0.0324 (-0.0148) -0.0322 (-0.0148) -0.0317 (-0.0145) -0.0303 (-0.0128) _-0.0253 (-0.0070)
0.4 -0.0608 (-0.0415) -0.0606 (-0.0416) -0.0604 (-0.04]7) -0.0597 (-0.0414) -0.0573 (-0.0377)
Il=4
d1\d2 -0.4 -0.2 0 0.2 0.4
-0.4 0.0767 (0.0951) 0.0770 (0.0952) 0.0780 (0.0960) 0.0810 (0.0991) 0.0912 (0.1111)
—0.2 | 0.0364 (0.0576) _ 0.0367 (0.0572) _ 0.0373 (0.0577) _ 0.0393 (0.0606) _ 0.0465 (0.0680)
0 -0.0003 (0.0214) -0.0002 (0.0210) 0.0002 (0.02]4) 0.0015 (0.0232) 0.0062 (0.0287)
0.2 -0.0356 (—0.014]) -0.0355 (—0.0141) -0.0352 (-0.0137) -0.0344 (-0.0]24) -0.0314 (-0.0088)
0.4 -0.0705 (-0.0471) -0.0704 (-0.0472) -0.0703 (-0.0472) -0.0699 (-0.0466) -0.0682 (-0.0439)
=38
dl\dg —-04 —-0.2 0 0.2 0.4
—0.4 0.0949 (0.1152) 0.0951 (0.1153) 0.0956 (0.1158) 0.0969 (0.1171) 0.1011 (0.1227)
-0.2 0.0443 (0.0687) 0.0445 (0.0686) 0.0449 (0.0689) 0.0460 (0.0705) 0.0496 (0.0745)
0 -0.0017 (0.0235) -0.0016 (0.0230) -0.0012 (0.0236) -0.0004 (0.0249) 0.0022 (0.028])
0.2 | -0.0467 (-0.0216) -0.0466 (-0.0214) -0.0463 (-0.0210) -0.0458 (-0.0198) -0.0440 (-0.0179)
0.4 | -0.0941 (-0.0642) -0.0941 (-0.0643) -0.0939 (-0.0645) -0.0937 (-0.0641) -0.0927 (-0.0620)

Table 6.11: Bias of the trimmed Gaussian (log—périodogram) estimates of d;, n= 512,

m=32
l=4
di\d: -0.4 -0.2 0 0.2 0.4
—0.4 | 0.0394 (0.0109) _ 0.0408 (0.0139) __ 0.0446 (0.0203) __ 0.0573 (0.0382) __ 0.1058 (0.1016)
—-0.2 0.0032 (0.0019) 0.0041 (0.0032) 0.0065 (0.0067) 0.0139 (0.0157) 0.0440 (0.0497)
0 -0.0069 (-0.0026) -0.0064 (-0.0022) -0.0052 (-0.0003) -0.0014 (0.0035) 0.0141 (0.0205)
0.2 | -0.0132 (-0.0043) -0.0128 (-0.0043) -0.0122 (-0.0040) -0.0106 (-0.0018) _-0.0035 (0.0063)
04 -0.0404 (-0.0025) -0.0401 (-0.0023) -0.0398 (-0.0022) -0.0390 (-0.0013) -0.0364 (0.0019)
1=38
di\d: —0.4 -0.2 0 0.2 0.4
—-0.4 0.0779 (0.0121) 0.0785 (0.0141) 0.0803 (0.0191) 0.0858 (0.0309) 0.1081 (0.0621)
—-0.2 0.0223 (0.0060) 0.0229 (0.0075) 0.0244 (0.0110) 0.0288 (0.019]) 0.0453 (0.0395)
0 | -0.0046 (0.0017) _ -0.0041 (0.0023) _ -0.0029 (0.0042) __ 0.0003 (0.0103) __ 0.0107 (0.0250)
0.2 | -0.0290 (-0.0004) -0.0286 (-0.0002) -0.0279 (0.0006) _ -0.0262 (0.0043) _ -0.0203 (0.0124)
0.4 -0.0770 (0.0002)  -0.0767 (0.0003)  -0.0763 (0.0007)  -0.0754 (0.0019)  -0.0727 (0.0055)
=16
d1\d2 -0.4 -0.2 0 0.2 0.4
—0.4 | 0.1947 (-0.0027)  0.1953 (-0.0008) 0.1964 (0.0016) 0.1988 (0.0105) 0.2061 (0.0309)
—0.2 | 0.0903 (-0.0149)  0.0907 (-0.0133)  0.0913 (-0.0111)  0.0930 (-0.0023) 0.0984 (0.0133)
0 -0.0079 (-0.0233) -0.0077 (-0.0219) -0.0072 (-0.0201) -0.0060 (-0.0131) -0.0019 (-0.0022)
0.2 -0.1052 (-0.0292) -0.1050 (-0.0284) -0.1047 (-0.0264) -0.1036 (-0.0216) -0.1000 (-0.0175)
0.4 -0.2071 (-0.0332)  -0.2068 (-0.0338) -0.2064 (-0.0328) -0.2056 (-0.0297) -0.2035 (-0.0274)
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Table 6.12: Bias of the trimmed Gaussian (log-periodogram) estimates of dy, n= 512,

m=64
=4
d1\dz —04 0.2 0 0.2 0.4
—0.4 | 0.0250 (0.0206) _ 0.0258 (0.0222) __ 0.0282 (0.0255) _ 0.0359 (0.0353) __ 0.0665 (0.0692)
-0.2 0.0067 (0.0087) 0.0073 (0.0094) 0.0088 (0.0]14) 0.0134 (0.0167) 0.0313 (0.0355)
0 | -0.0032 (-0.0007) -0.0029 (-0.0004) _-0.0021 (0.0007) __ 0.0004 (0.0032) __ 0.0099 (0.0134)
0.2 -0.0113 (-0.0085) -0.0111 (-0.0083) -0.0106 (-0.0080) -0.0093 (-0.0066) -0.0044 (-0.0013)
0.4 -0.0228 (-0.0146) -0.0227 (-0.0145) -0.0224 (-0.0]42) -0.0218 (-0.0]33) -0.0196 (-0.0105)
=8
d:\dz 04 —0.2 0 0.2 0.4
—0.4 | 0.0332 (0.0244) _ 0.0336 (0.0252) __ 0.0347 (0.0273) __ 0.0383 (0.0327) __ 0.0519 (0.0482)
—0.2 | 0.0085 (0.0123) __ 0.0089 (0.0129) __ 0.0099 (0.0145) _ 0.0128 (0.0183) _ 0.0229 (0.0285)
0 -0.0035 (0.0013) -0.0032 (0.0017) -0.0025 (0.0025) -0.0007 (0.0053) 0.0057 (0.0]27)
0.2 -0.0140 (-0.0087) -0.0137 (-0.0084) -0.0132 (-0.0079) -0.0120 (-0.0063) -0.0081 (-0.0018)
0.4 | -0.0346 (-0.0178) -0.0345 (-0.0177) -0.0342 (-0.0172) -0.0336 (-0.0162) -0.0318 (-0.0134)
=16
di\d 04 —0.2 0 0.2 0.4
—0.4 | .0.0557 (0.0271) 0.0557 (0.0275) 0.0560 (0.0279) 0.0570 (0.0301) 0.0612 (0.0374)
—0.2 | 0.0131 (0.0106) __ 0.0133 (0.0109) _ 0.0137 (0.0114) __ 0.0149 (0.0135) __ 0.0192 (0.0188)
0 | -0.0069 (-0.0047) -0.0067 (-0.0043) -0.0063 (-0.0039) -0.0053 (-0.0026) _ -0.0019 (0.0015)
0.2 | -0.0262 (-0.0195) -0.0260 (-0.0190) -0.0256 (-0.0187) -0.0248 (-0.0177) -0.0224 (-0.0151)
0.4 -0.0649 (-0.0344) -0.0647 (-0.0344) -0.0644 (-0.0339) -0.0638 (-0.0325) -0.0622 (-0.0302)

Table 6.13: Bias of the trimmed Gaussian (log-periodogram) estimates of d;, n= 512,

m=128
l=4
di\d; —0.4 -0.2 0 0.2 0.4
—0.4 | 0.0594 (0.0644) 0.0600 (0.0654)  0.0615 (0.0672) 0.0662 (0.0724) 0.0838 (0.0908)
—-0.2 0.0282 (0.0336) 0.0286 (0.034]) 0.0294 (0.0351) 0.0319 (0.0380) 0.0420 (0.0484)
0 -0.0017 (0.0041)  -0.0015 (0.0044)  -0.0010 (0.0049)  0.0004 (0.0062)  0.0060 (0.0121)
0.2 | -0.0306 (-0.0245) -0.0305 (-0.0243) -0.0302 (-0.0242) -0.0294 (-0.0234) -0.0263 (-0.0202)
0.4 -0.0582 (-0.0522) -0.0581 (-0.0521) -0.0579 (-0.0519) -0.0575 (-0.0515) -0.0559 (-0.0498)
=8
di\d2 —-0.4 —-0.2 0 0.2 0.4
—0.4 | 0.0688 (0.0755)  0.0690 (0.0761)  0.0697 (0.0771)  0.0719 (0.0797)  0.0798 (0.0876)
—0.2 | 0.0328 (0.0405)  0.0330 (0.0409)  0.0335 (0.0415) 0.0350 (0.0434) 0.0403 (0.0487)
0 -0.0020 (0.0061) -0.0019 (0.0063) -0.0015 (0.0067)  -0.0005 (0.0079)  0.0029 (0.0118)
0.2 | -0.0362 (-0.0278) -0.0361 (-0.0276) -0.0358 (-0.0275) -0.0352 (-0.0266) -0.0330 (-0.0242)
0.4 | -0.0694 (-0.0613) -0.0693 (-0.0612) -0.0691 (-0.0610) -0.0687 (-0.0606) -0.0674 (-0.0591)
1=16
d1\d2 —0.4 —0.2 0 0.2 0.4
—0.4 | 0.0858 (0.0940)  0.0859 (0.0944)  0.0862 (0.0946)  0.0869 (0.0954)  0.0897 (0.0986)
-0.2 0.0406 (0.0498) 0.0407 (0.0500) 0.0409 (0.0501) 0.0415 (0.0509) 0.0437 (0.0533)
0 -0.0035 (0.0060)  -0.0034 (0.0063) -0.0032 (0.0064)  -0.0027 (0.0067) -0.0011 (0.0085)
0.2 | -0.0472 (-0.0376) -0.0471 (-0.0372) -0.0470 (-0.0373) -0.0466 (-0.0369) -0.0454 (-0.0356)
0.4 -0.0906 (-0.0811) -0.0905 (-0.0811) -0.0904 (-0.0809) -0.0902 (-0.0805) -0.0893 (-0.0796)
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6.4.2 Mean Square Error

Table 6.14: MSE of the Gaussian (log-periodogram) estimates of d;, n=64

m=4
di\d> -0.4 —-0.2 0 0.2 0.4
—0.4 | 0.1258 (0.3581) 0.1282 (0.3620) 0.1329 (0.3575) 0.1491 (0.3910) 0.1886 (0.4111)
—0.2 | 0.1249 (0.3511) 0.1253 (0.3525) 0.1269 (0.3552) 0.1311 (0.3518) _ 0.1433 (0.3894)
0 | 0.1381 (0.3601) 0.1374 (0.3510) 0.1374 (0.3484) 0.1377 (0.3409) 0.1374 (0.3542)
0.2 0.1462 (0.3599) 0.1464 (0.3559) 0.1465 (0.3530) 0.1470 (0.3497) 0.1455 (0.3671)
0.4 | 0.1486 (0.3587) 0.1488 (0.3568) 0.1495 (0.3568) 0.1513 (0.3642) 0.1559 (0.3758)
m=28
d;\dz -0.4 —-0.2 0 0.2 0.4
—0.4 | 0.0480 (0.1174) 0.0497 (0.1218) 0.0533 (0.1252)  0.0621 (0.1385)  0.0850 (0.1514)
—0.2 | 0.0614 (0.1176) 0.0621 (0.1196) 0.0632 (0.1239) 0.0665 (0.1283) 0.0760 (0.1382)
0 | 0.0749 (0.1231) 0.0751 (0.1211) 0.0756 (0.1231) 0.0772 (0.1225) 0.0787 (0.1256)
0.2 | 0.0755 (0.1228) 0.0754 (0.1229) 0.0754 (0.1206) 0.0759 (0.1199) 0.0764 (0.1246)
0.4 | 0.0645 (0.1207) 0.0644 (0.1209) 0.0645 (0.1217)  0.0647 (0.1239)  0.0641 (0.1261)
m=16 '
d1\d2 —-0.4 —0.2 0 0.2 0.4
—0.4 | 0.0277 (0.0579) 0.0283 (0.0603) 0.0299 (0.0626) 0.0342 (0.0710) 0.0457 (0.0860)
—0.2 0.0290 (0.0508) 0.0294 (0.0521) 0.0299 (0.0532) 0.0314 (0.0567) 0.0358 (0.0658)
0 0.0315 (0.0487) 0.0316 (0.0496) 0.0318 (0.0503) 0.0324 (0.0499) 0.0333 (0.054])
0.2 | 0.0333 (0.0497) 0.0332 (0.0510) 0.0332 (0.0505) 0.0332 (0.0493) 0.0331 (0.0509)
0.4 0.0322 (0.0492) 0.0320 (0.0487) 0.0319 (0.0496) 0.0317 (0.0503) 0.0313 (0.0521)
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Table 6.15: MSE of the Gaussian (log-periodogram) estimates of dy, n=128

m=38§
di\d: —0.4 —-0.2 0 0.2 0.4
—0.4 | 0.0452 (0.1215) 0.0480 (0.1206) 0.0545 (0.1215) 0.0753 (0.1446) 0.1413 (0.2113)
—0.2 | 0.0590 (0.1177) 0.0596 (0.1182) 0.0611 (0.1122) 0.0661 (0.1159) 0.0877 (0.1374)
0 0.0733 (0.1152) 0.0734 (0.1166) 0.0732 (0.1152) 0.0723 (0.1117) 0.0727 (0.1152)
0.2 0.0725 (0.1216) 0.0724 (0.1174) 0.0723 (0.1172) 0.0711 (0.1129) 0.0676 (0.1129)
0.4 0.0597 (0.1184)  0.0597 (0.1182) 0.0594 (0.1160) 0.0583 (0.1141) 0.0560 (0.1164)
m = 16
d1\d: —-04 —0.2 0 0.2 0.4
—0.4 | 0.0190 (0.0459) 0.0198 (0.0459) 0.0220 (0.0456) 0.0298 (0.0536) 0.0586 (0.0861)
—0.2 | 0.0269 (0.0449) 0.0269 (0.0449) 0.0268 (0.0427) 0.0279 (0.0440) 0.0363 (0.0554)
0 0.0308 (0.0439) 0.0307 (0.0448) 0.0305 (0.0440) 0.0302 (0.0429) 0.0314 (0.0455)
0.2 '0.0309 (0.0452) 0.0308 (0.0443) 0.0307 (0.0445) 0.0303 (0.0428) 0.0296 (0.0428)
0.4 0.0250 (0.0448) 0.0249 (0.0447) _ 0.0247 (0.0441) 0.0243 (0.0434) 0.0233 (0.0441)
m =32
di\d: —0.4 —-0.2 0 0.2 0.4
—0.4 | 0.0143 (0.0269) 0.0148 (0.0276) 0.0163 (0.0292) 0.0209 (0.0356) 0.0372 (0.0557)
—0.2 | 0.0128 (0.0227) 0.0128 (0.0227) 0.0129 (0.0230) 0.0139 (0.0251) 0.0192 (0.0326)
0 0.0125 (0.0204) 0.0125 (0.0209) 0.0124 (0.0214) 0.0124 (0.0215) 0.0132 (0.0227)
0.2 0.0138 (0.0207) 0.0137 (0.0205) 0.0136 (0.0204) 0.0134 (0.0202) 0.0129 (0.0201)
04 0.0148 (0.0214) 0.0148 (0.0216) 0.0147 (0.0212) 0.0144 (0.0210) 0.0139 (0.0208)

Table 6.16: MSE of the Gaussian (log-periodogram)

estimates of d;, n=256, m = 16

=0
di\d> —0.4 -0.2 0 0.2 0.4
—0.4 | 0.0192 (0.0446) 0.0206 (0.0466) 0.0257 (0.0494) 0.0468 (0.0718)  0.1298 (0.1673)
Z0.2 | 0.0275 (0.0454) 0.0276 (0.0442) 0.0281 (0.0444) 0.0322 (0.0500) 0.0572 (0.0817)
0 | 0.0312 (0.0444) 0.0312 (0.0448) 0.0312 (0.0446) 0.0319 (0.0463) 0.0348 (0.0509)
0.2 0.0306 (0.0452) 0.0306 (0.0460) 0.0305 (0.0451) 0.0303 (0.0452) 0.0297 (0.0446)
0.4 0.0229 (0.0450) 0.0228 (0.0448) 0.0227 (0.0447) 0.0224 (0.0451) 0.0214 (0.0452)
=2
di\d; —0.4 -0.2 0 0.2 0.4
—0.4 | 0.0404 (0.1132) 0.0410 (0.1134) 0.0428 (0.1172) 0.0490 (0.1227) 0.0732 (0.1376)
—0.2 | 0.0576 (0.1159) 0.0578 (0.1153) 0.0586 (0.1175) 0.0608 (0.1231)  0.0679 (0.1263)
0 | 0.0710 (0.1154) 0.0711 (0.1166) 0.0713 (0.1177) 0.0718 (0.1198)  0.0715 (0.1215)
0.2 0.0705 (0.1151)  0.0707 (0.1146) 0.0710 (0.1158) 0.0708 (0.1190) 0.0687 (0.1168)
0.4 0.0560 (0.1145) 0.0562 (0.1145) 0.0563 (0.1155) 0.0562 (0.1179) 0.0548 (0.1186)
=4
di\d2 -0.4 -0.2 0 0.2 0.4
—0.4 | 0.0878 (0.2554) 0.0880 (0.2549) 0.0888 (0.2573) 0.0914 (0.2637) 0.1024 (0,2487)
—0.2 | 0.1026 (0.2517) 0.1025 (0.2517) 0.1024 (0.2538) 0.1028 (0.2586) 0.1058 (0.2577)
0 0.1143 (0.2531) 0.1141 (0.2536) 0.1137 (0.2535) 0.1131 (0.2545) 0.1109 (0.2602)
0.2 0.1068 (0.2593) 0.1066 (0.2567) 0.1063 (0.2527) 0.1055 (0.2517) 0.1031 (0.2514)
0.4 | 0.0916 (0.2609) 0.0916 (0.2597) 0.0915 (0.2587) 0.0910 (0.2573) _ 0.0897 (0.2493)
1=8
di\d2 —-0.4 -0.2 0 0.2 0.4
—0.4 | 0.2233 (1.5794) 0.2244 (1.5695) 0.2257 (1.5785) 0.2278 (1.5758) 0.2319 (1.5655)
—0.2 | 0.1886 (1.6139) 0.1894 (1.6054) 0.1901 (1.5904) 0.1903 (1.6104) 0.1918 (1.6161)
0 0.1813 (1.6086) 0.1811 (1.6167) 0.1809 (1.6440) 0.1813 (1.7339) 0.1821 (1.6963)
0.2 0.1956 (1.6083) 0.1957 (1.6225) 0.1960 (1.6248) 0.1967 (1.6711) 0.1995 (1.6708)
0.4 | 0.2370 (1.6308) 0.2370 (1.6295) 0.2373 (1.6397) 0.2382 (1.6702) _ 0.2417 (1.6544)
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Table 6.17: MSE of the Gaussian (log-periodogram) estimates of dy, n=256, m = 32

=0
di\d> -0.4 -0.2 0 0.2 0.4
—0.4 | 0.0098 (0.0187) 0.0104 (0.0196) 0.0124 (0.0209) 0.0210 (0.0291) _ 0.0596 (0.0663)
-0.2 | 0.0127 (0.0189) 0.0127 (0.0]85) 0.0127 (0.0187) 0.0139 (0.0205) 0.0244 (0.03]8)
0 0.0131 (0.0187) 0.0131 (0.0]89) 0.0130 (0.0]89) 0.0131 (0.0195) 0.0143 (0.0203)
0.2 | 0.0134 (0.0192) 0.0134 (0.0196) 0.0133 (0.0193) 0.0132 (0.0192)  0.0130 (0.0186)
0.4 0.0113 (0.0]89) 0.0113 (0.0188) 0.0113 (0.0189) 0.0112 (0.0]91) 0.0109 (0.0190)
=2
di\d; —0.4 0.2 0 0.2 0.4
—0.4 | 0.0142 (0.0330) 0.0144 (0.0328)  0.0149 (0.0333) 0.0167 (0.0357) _ 0.0244 (0.0423)
—-0.2 0.0207 (0.0332) 0.0207 (0.033]) 0.0207 (0.0336) 0.0209 (0.0348) 0.0227 (0.0369)
0 0.0226 (0.0334) 0.0226 (0.0337) 0.0226 (0.0339) 0.0226 (0.0342) 0.0226 (0.0347)
0.2 | 0.0229 (0.0335) 0.0229 (0.0334) 0.0229 (0.0336)  0.0228 (0.0343) _ 0.0224 (0.0340)
0.4 | 0.0187 (0.0329) 0.0187 (0.0330) _0.0187 (0.0333) 0.0186 (0.0340)  0.0182 (0.0345)
1l=4
di\d> —04 02 0 0.2 0.4
—0.4 | 0.0217 (0.0533) 0.0217 (0.0536) 0.0219 (0.0540) 0.0228 (0.0560) 0.0265 (0.0560)
0.2 | 0.0302 (0.0522) 0.0303 (0.0529) 0.0303 (0.0531) 0.0304 (0.0541) 0.0314 (0.0551)
0 0.0330 (0.0525) 0.0330 (0.0524) 0.0330 (0.0525) 0.0329 (0.0530) 0.0328 (0.0545)
0.2 | 0.0319 (0.0531) 0.0319 (0.0529) 0.0319 (0.0525) 0.0318 (0.0526)  0.0314 (0.0530)
0.4 0.0251 (0.0525) 0.0251 (0.0525) 0.0251 (0.0525) 0.0249 (0.0526) 0.0242 (0.0523)
=38
d]\dz —04 -0.2 0 0.2 0.4
—0.4 | 0.0442 (0.1275) 0.0443 (0.1275) _0.0444 (0.1277) 0.0450 (0.1272) _ 0.0470 (0.1302)
—0.2 | 0.0582 (0.1272) 0.0582 (0.]276) 0.0583 (0.1274) 0.0584 (0.1287) 0.0593 (0.1321)
0 0.0690 (0.1275) 0.0691 (0.]278) 0.0691 (0.]289) 0.0692 (0.1337) 0.0695 (0.1339)
0.2 | 0.0666 (0.1277) 0.0667 (0.1293) 0.0669 (0.1303)  0.0673 (0.1325)  0.0677 (0.1331)
0.4 0.0586 (0.1298) 0.0588 (0.1303) 0.0590 (0.]313) 0.0594 (0.1331) 0.0598 (0.1334)
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Table 6.18: MSE of the Gaussian (log-periodogram) estimates of dy, n=256, m = 64

1=0
di\d: —-0.4 -0.2 0 0.2 0.4
—0.4 | 0.0083 (0.0131) 0.0088 (0.0136) 0.0101 (0.0151) 0.0157 (0.0207) 0.0384 (0.0405)
—0.2 | 0.0062 (0.0099) 0.0063 (0.0099) 0.0065 (0.0102) 0.0076 (0.0117) 0.0140 (0.0185)
0 0.0059 (0.0088) 0.0059 (0.0089) 0.0059 (0.0089) 0.0059 (0.0093) 0.0066 (0.0103)
0.2 | 0.0068 (0.0092) . 0.0068 (0.0094) 0.0068 (0.0093) 0.0066 (0.0091) _0.0062 (0.0089)
0.4 | 0.0083 (0.0101) 0.0083 (0.0101) _0.0083 (0.0101) _0.0082 (0.0101) _ 0.0078 (0.0100)
=2
dl\dz —0.4 -0.2 0 0.2 0.4
—0.4 | 0.0104 (0.0168) _0.0106 (0.0169) 0.0109 (0.0175) 0.0121 (0.0189)  0.0164 (0.0241)
—0.2 | 0.0084 (0.0133) 0.0084 (0.0135) _0.0086 (0.0137) 0.0089 (0.0142)  0.0101 (0.0159)
0 0.0081 (0.0120) 0.0081 (0.0121) 0.0082 (0.0]23) 0.0082 (0.0124) 0.0083 (0.0127)
0.2 | 0.0097 (0.0127) 0.0097 (0.0126) _0.0097 (0.0126) _ 0.0096 (0.0126) _ 0.0093 (0.0126)
0.4 0.0124 (0.0147) 0.0124 (0.0146) 0.0123 (0.0147) 0.0123 (0.0147) 0.0119 (0.0146)
=4
di\dz 04 0.2 0 0.2 04
—0.4 | 0.0137 (0.0227) 0.0138 (0.0229) 0.0140 (0.0233) 0.0146 (0.0241) 0.0166 (0.0260)
—0.2 | 0.0108 (0.0178) 0.0108 (0.0181) 0.0109 (0.0182) 0.0112 (0.0186) 0.0119 (0.0195)
0 0.0100 (0.0157) 0.0101 (0.0157) 0.0101 (0.0159) 0.0102 (0.0163) 0.0103 (0.0167)
0.2 | 0.0117 (0.0164) 0.0118 (0.0164) 0.0118 (0.0164) 0.0118 (0.0163) 0.0116 (0.0163)
0.4 0.0152 (0.019]) 0.0152 (0.0190) 0.0152 (0.0191) 0.0152 (0.0190) 0.0149 (0.0187)
=8
dy \d2 —0.4 —0.2 0 0.2 0.4
—0.4 | 0.0216 (0.0371) 0.0216 (0.0371) 0.0217 (0.0374) 0.0220 (0.0373) 0.0231 (0.0381)
-0.2 0.0174 (0.0300) 0.0175 (0.030]) 0.0175 (0.0299) 0.0177 (0.0301) 0.0182 (0.0307)
0 0.0166 (0.0266) 0.0166 (0.0266) 0.0167 (0.0270) 0.0167 (0.0277) 0.0168 (0.0278)
0.2 | 0.0195 (0.0279) 0.0196 (0.0279) 0.0196 (0.0281) _ 0.0196 (0.0283) _ 0.0195 (0.0282)
0.4 0.0252 (0.0332) 0.0252 (0.0329) 0.0252 (0.0332) 0.0252 (0.0332) 0.0250 (0.0331)
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Table 6.19: MSE of the Gaussian (log-periodogram) estimates of dy, n=512, m = 32

1=0
d1\d: —-0.4 -0.2 0 0.2 0.4
—0.4 | 0.0089 (0.0]88) 0.0098 (0.0]90) 0.0143 (0.0238) 0.0394 (0.0486) 0.1414 (0.1534)
—0.2 | 0.0117 (0.0180) 0.0117 (0.0181) 0.0118 (0.0184) 0.0154 (0.0233) 0.0490 (0.0607)
0 | 0.0122 (0.0176) 0.0122 (0.0178) _0.0120 (0.0180) 0.0118 (0.0181) 0.0174 (0.0251)
0.2 0.0122 (0.0177) 0.0122 (0.0176) 0.0121 (0.0177) 0.0118 (0.0180) 0.0117 (0.0184)
0.4 0.0098 (0.0176) 0.0098 (0.0178) 0.0097 (0.0180) 0.0096 (0.0182) 0.0089 (0.0186)
1=4
di\d, —0.4 ~0.2 0 0.2 0.4
—0.4 | 0.0233 (0.0548) 0.0236 (0.0551) _ 0.0246 (0.0565) 0.0279 (0.0594)  0.0441 (0.0720)
—0.2 | 0.0327 (0.0538) _ 0.0327 (0.0540) _ 0.0329 (0.0547) 0.0337 (0.0539) 0.0382 (0.0578)
0 | 0.0368 (0.0541) 0.0368 (0.0539) 0.0368 (0.0541) 0.0368 (0.0541)  0.0374 (0.0536)
0.2 0.0348 (0.0548) 0.0348 (0.0548) 0.0347 (0.0548) 0.0345 (0.0545)  0.0339 (0.0532)
0.4 | 0.0235 (0.0561) 0.0234 (0.0561) 0.0234 (0.0561) 0.0232 (0.0558)  0.0225 (0.0540)
=38
d1\d; —0.4 —0.2 0 0.2 0.4
-~0.4 | 0.0480 (0.]277) 0.0481 (0.1277) 0.0485 (0.1308) 0.0499 (0‘1274) 0.0568 (1.1286)
—0.2 | 0.0641 (0.1273) 0.0642 (0.1287) 0.0644 (0.1299) 0.0646 (0.1297) 0.0663 {U.1268)
0 | 0.0721 (0.1287) 0.0722 (0.1297)  0.0722 (0.1309)  0.0723 (0.1301) _ 0.0721 (U 12A5)
0.2 | 0.0637 (0.1295) 0.0636 (0.1305)  0.0637 (0.1310) _ 0.0637 (0.1309) _ 0.0G36 (0 1128)
0.4 | 0.0475 (0.1315) 0.0475 (0.1317) 0.0475 (0.1319) _0.0476 (0.1319) _0.0476 (0 13.7)
=16
di\d2 —0.4 —0.2 0 0.2 e
—0.4 | 0.1593 (0.7312) 0.1598 (0.7311) 0.1606 (0.7330) 0.1623 (0.7347) O Iten yu Tin4)
-0.2 0.1535 (0.7236) 0.1537 (0.7246) 0.1541 (0.7301) 0.1550 (0.7309) 0 157} tn 714Ny
0 0.1556 (0.7209) 0.1557 (0.7240) 0.1561 (0.7319) 0.1570 (0.7333) 0.158 10 TI%7)
0.2 0.1603 (0.7242) 0.1604 (0.7281) 0.1605 (0.7352) 0.1604 (0.7402) (.16 (0 T29)
0.4 0.1721 (0.7365) 0.1720 (0.7382) 0.1718 (0.7411) 0.1716 (0.7451) 0.1713 (0.7451)
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Table 6.20: MSE of the Gaussian (log-periodogram) estimates of d;, n=512, m = 64

=0
d1\d2 —0.4 —0.2 0 0.2 0.4
—0.4 { 0.0046 (0.0087) 0.0050 (0.0090) 0.0070 (0.0109) 0.0189 (0.0206) 0.0721 (0.0631)
—0.2 | 0.0051 (0.0081) 0.0051 (0.0082) 0.0051 (0.0083) 0.0067 (0.0101) 0.0228 (0.0246)
0 0.0052 (0.0079) 0.0052 (0.0079) 0.0051 (0.0080) 0.0050 (0.0080) 0.0074 (0.0104)
0.2 0.0053 (0.0079) 0.0053 (0.0079) 0.0053 (0.0079) 0.0052 (0.0080) 0.0050 (0.0080)
0.4 0.0051 (0.0079) 0.0051 (0.0079) 0.0051 (0.0080) 0.0050 (0.0081) 0.0048 (0.0082)
=4
d1\d2 —-0.4 —0.2 0 0.2 0.4
—0.4 | 0.0081 (0.0151) 0.0082 (0.0150) 0.0084 (0.0152) 0.0093 (0.0162) 0.0142 (0.0216)
—0.2 | 0.0095 (0.0145) 0.0095 (0.0145) 0.0095 (0.0145) 0.0096 (0.0142) 0.0108 (0.0162)
0 0.0095 (0.0144) 0.0095 (0.0143) 0.0095 (0.0142) 0.0095 (0.0142) 0.0098 (0.0146)
0.2 0.0096 (0.0144) 0.0096 (0.0144) 0.0096 (0.0144) 0.0096 (0.0145) 0.0097 (0.0147)
0.4 0.0084 (0.0147) 0.0084 (0.0147) 0.0084 (0.0148) 0.0084 (0.0149) 0.0083 (0.0150)
=8
d1\d2 -04 —-0.2 0 0.2 0.4
—0.4 | 0.0120 (0.0254) 0.0120 (0.0252) 0.0121 (0.0252) 0.0124 (0.0250) 0.0141 (0.0274)
—0.2 | 0.0157 (0.0248) 0.0157 (0.0248) 0.0157 (0.0246) 0.0157 (0.0244) 0.0161 (0.0257)
0 0.0162 (0.0248) 0.0162 (0.0247) 0.0162 (0.0246) 0.0163 (0.0245) 0.0164 (0.0251)
0.2 0.0165 (0.0249) 0.0165 (0.0249) 0.0165 (0.0249) 0.0166 (0.0250) 0.0167 (0.0258)
0.4 0.0140 (0.0256) 0.0140 (0.0256) 0.0141 (0.0257) 0.0141 (0.0257) 0.0142 (0.0261)
=16
di\d -04 —-0.2 0 0.2 0.4
—0.4 | 0.0229 (0.0568) 0.0229 (0.0570) 0.0230 (0.0569) 0.0232 (0.0564) 0.0239 (0.0564)
—0.2 | 0.0326 (0.0563) 0.0326 (0.0564) 0.0326 (0.0565) 0.0326 (0.0559) 0.0327 (0.0556)
0 0.0373 (0.0563) 0.0373 (0.0564) 0.0372 (0.0565) 0.0371 (0.0565) 0.0369 (0.0559)
0.2 0.0371 (0.0571) 0.0371 (0.0571) 0.0371 (0.0573) 0.0371 (0.0575) 0.0370 (0.0574)
0.4 0.0319 (0.0588) 0.0319 (0.0589) 0.0318 (0.0590) 0.0317 (0.0592) 0.0316 (0.0596)
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Table 6.21: MSE of the Gaussian (log-periodogram) estimates of dy, n=512, m = 128

=0
dl\dz -0.4 -0.2 0 0.2 0.4
—0.4 | 0.0046 (0.0067) 0.0050 (0.0072) 0.0066 (0.0091) 0.0143 (0.0154)  0.0464 (0.0369)
—0.2 | 0.0027 (0.0044) 0.0028 (0.0045) 0.0029 (0.0048) _0.0042 (0.0064) 0.0133 (0.0139)
0 0.0024 (0.0037) 0.0024 (0.0038) 0.0024 (0.0038) 0.0023 (0.0040) 0.0034 (0.0053)
0.2 0.0031 (0.0041) 0.0031 (0.0041) 0.0031 (0.0042) 0.0030 (0.0042) 0.0027 (0.0041)
0.4 0.0046 (0.0053) 0.0046 {0.0053) 0.0045 (0.0053) 0.0045 (0.0053) 0.0043 (0.0053)
=14
d1\dz2 —-0.4 -0.2 0 0.2 0.4
—0.4 | 0.0067 (0.0101) 0.0068 (0.0101) _0.0070 (0.0103) _0.0076 (0.0111) _ 0.0106 (0.0145)
—-0.2 0.0041 (0.0069) 0.0041 (0.0068) 0.0042 (0.0068) 0.0043 (0.0070) 0.0052 (0.0080)
0 | 0.0034 (0.0056) 0.0034 (0.0055) 0.0035 (0.0056) 0.0035 (0.0056) 0.0035 (0.0058)
0.2 | 0.0045 (0.0061) 0.0045 (0.0061) 0.0045 (0.0061) 0.0045 (0.0061) 0.0043 (0.0061)
0.4 | 0.0071 (0.0083) 0.0071 (0.0083) 0.0071 (0.0084) 0.0070 (0.0083) _ 0.0069 (0.0081)
=38
di\d2 —0.4 -0.2 0 0.2 0.4
—0.4 | 0.0088 (0.0134) 0.0089 (0.0134) 0.0089 (0.0134) _0.0092 (0.0136) _ 0.0103 (0.0149)
—0.2 | 0.0056 (0.0094) 0.0056 (0.0093) 0.0056 (0.0093) _ 0.0057 (0.0093) 0.0061 (0.0099)
0 | 0.0048 (0.0079) 0.0048 (0.0079) 0.0048 (0.0079) 0.0048 (0.0078) _ 0.0049 (0.0079)
0.2 0.0064 (0.0088) 0.0064 (0.0088) 0.0064 (0.0088) 0.0064 (0.0088) 0.0063 (0.0088)
0.4 | 0.0102 (0.0121) 0.0102 (0.0121) 0.0102 (0.0121) 0.0102 (0.0120) _ 0.0101 (0.0120)
1=16
di\d2 -04 —-0.2 0 0.2 0.4
-04 0.0141 (0.0214) 0.0141 (0.0215) 0.0142 (0.0215) 0.0143 (0.0214) 0.0147 (0.0218)
—0.2 | 0.0093 (0.0152) 0.0093 (0.0152) 0.0093 (0.0152) 0.0094 (0.0151) _ 0.0095 (0.0153)
0 | 0.0082 (0.0128) 0.0082 (0.0129) 0.0082 (0.0129) _0.0082 (0.0130) _ 0.0082 (0.0130)
0.2 0.0110 (0.0145) 0.0110 (0.0146) 0.0110 (0.0147) 0.0110 (0.0147) 0.0109 (0.0147)
0.4 0.0174 (0.0202) 0.0174 (0.0202) 0.0174 (0.0203) 0.0173 (0.0202) 0.0172 (0.0201)
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6.4.3 Efficiency

Table 6.22: eff of the untrimmed Gaussian/log-periodogram estimates of d;, n=64

m=4

di\d; | —0.4 —02 0 0.2 0.4

—0.4 | 0.3513 0.3475 0.3519 0.3217 0.3060

—0.2 [ 0.3568 0.3554 0.3528 0.3562 0.3218
0 0.3815 0.3913 0.3943 0.4029 0.3878
0.2 | 04083 0.4129 0.4163 0.4203 0.4004
0.4 | 04345 0.4368 0.4369 0.4280 0.4148

m=3_8

di\d, | =04 —02 0 02 04

—0.4 | 04089 0.3940 0.3832 0.3466 0.3170

—-0.2 | 0.5279 0.5188 0.5008 0.4839 0.4491
0 0.6145 0.6244 0.6142 0.6173 0.6019
0.2 |0.6185 0.6181 0.6294 0.6336 0.6095
0.4 | 05316 0.5304 0.5272 0.5177 0.5089
& m=16

di\d, | =04 =02 0 02 04

—0.4 | 04787 0.4599 0.4425 0.3904 0.3225

—0.2 | 0.5776 0.5638 0.5515 0.5175 0.4461
0 0.6526 0.6414 0.6321 0.6370 0.5871
0.2 ]0.6664 0.6500 0.6566 0.6722 0.6517
04 0.6363 0.6416 0.6304 0.6222 0.5999
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Table 6.23: eff of the Gaussian/log-periodogram estimates of dy, n=128, m = 8
~ =0
di\d2 | -04 -0.2 0 0.2 04
—0.4 | 0.3724 0.3978 0.4482 0.5206 0.6689
-0.2 | 0.5012 0.5040 0.5446 0.5702 0.6384
0 0.6365 0.6294 0.6356 0.6476 0.6311
0.2 |0.5960 0.6167 0.6168 0.6295 0.5987
0.4 ] 0.5037 0.5050 0.5119 0.5112 0.4812
=1
di\d; | 04 —02 0 0.2 04
—0.4 | 0.3330 0.3447 0.3526 0.3816 0.4337
—0.2 [ 0.3694 0.3780 0.3748 0.3922 0.3882
0 0.4273 0.4277 0.4240 0.4148 0.4149
0.2 0.4401 0.4356 0.4322 0.4351 0.4159
0.4 0.4161 0.4148 0.4184 0.4241 0.4329
1=2
di\d, | -04 —-0.2 0 0.2 0.4
—0.4 | 0.2538 0.2507 0.2497 0.2614 0.2715
—0.2 | 0.2410 0.2426 0.2365 0.2435 0.2498
0 0.2516 0.2540 0.2559 0.2572 0.2548
0.2 0.2733 0.2730 0.2731 0.2756 0.2756
0.4 ]0.2979 0.2954 0.2925 0.3067 0.3145
i=4
d\d | —04 02 0 0.2 0.4
—0.4 | 0.0802 0.0816 0.0826 0.0819 0.0856
—0.2 | 0.0637 0.0629 0.0631 0.0656 0.0665
0 0.0594 0.0591 0.0589 0.0595 0.0620
0.2 [ 0.0657 0.0655 0.0661 0.0669 0.0705
0.4 | 0.0866 0.0861 0.0873 0.0903 0.0925
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Table 6.24: eff of the Gaussian/log-periodogram estimates of d;, n=128, m = 16
: =0
di\d; | —04 -0.2 0 0.2 0.4
—0.4 | 04142 0.4304 0.4825 0.5560 0.6800
—0.2 | 0.5997 0.5988 0.6270 0.6342 0.6556
0 0.7022 0.6843 0.6931 0.7043 0.6902
0.2 ]0.6836 0.6958 0.6892 0.7072 0.6921
0.4 | 0.5574 0.5573 0.5606 0.5598 0.5289
I=1
di\d2 | -04 -0.2 0 0.2 0.4
—0.4 | 0.3871 0.3994 0.4047 0.4410 0.5128
—0.2 | 0.5427 0.5504 0.5381 0.5550 0.5684
0 0.6575 0.6525 0.6422 0.6274 0.6388
0.2 | 0.6346 0.6256 0.6169 0.6085 0.5930
0.4 | 0.5076 0.5010 0.4944 0.4941 0.5003
=2
di\d; | =04 —02 - 0 0.2 0.4
—0.4 | 0.3837 0.3817 0.3785 0.3934 0.4284
—-0.2 | 0.4895 0.4879 0.4800 0.4812 0.5139
0 0.5557 0.5501 0.5465 0.5423 0.5620
0.2 ]0.5385 0.5373 0.5365 0.5331 0.5405
0.4 | 0.4665 0.4638 0.4584 0.4707 0.4772
=4
di\d, | —0.4 —0.2 0 0.2 0.4
—-0.4 [ 0.3654 0.3674 0.3728 0.3756 0.3920
—0.2 ] 0.3925 0.3892 0.4022 0.4078 0.4107
0 0.4345 0.4320 0.4347 0.4279 0.4365
0.2 |0.4419 0.4427 0.4435 0.4361 0.4424
0.4 |0.4404 0.4399 0.4377 0.4423 0.4447
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Table 6.25: eff of the Gaussian/log-periodogram estimates of d;, n=128, m = 32
: =0
di\d; | —04 —0.2 0 0.2 0.4
—0.4 | 0.5324 0.5377 0.5587 0.5871 0.6675
—0.2 | 0.5642 0.5636 0.5628 0.5552 0.5892
0 0.6125 0.5965 0.5808 0.5796 0.5818
0.2 |0.6663 0.6714 0.6701 0.6656 0.6438
0.4 | 0.6904 0.6855 0.6936 0.6882 0.6662
=1
di\d; | -04 —02 0 0.2 0.4
—0.4 | 0.5185 0.5297 0.5348 0.5534 0.5910
—0.2 | 0.5835 0.5924 0.5884 0.5889 0.5873
0 0.6439 0.6389 0.6283 0.6023 0.6012
0.2 | 06845 0.6790 0.6671 0.6603 0.6444
0.4 |0.6950 0.6963 0.6968 0.6910 0.6954
(=2
di\d2 | —04 -0.2 0 0.2 0.4
—0.4 | 0.5234 0.5244 0.5224 0.5251 0.5451
—0.2 | 0.5734 0.5762 0.5755 0.5639 0.5673
0 0.6209 0.6168 0.6102 0.5908 0.5902
0.2 [ 0.6502 0.6513 0.6471 0.6396 0.6381
04 | 06630 0.6671 0.6694 0.6769 0.6741
I=4
di\d, | —04 0.2 0 0.2 04
—0.4 | 0.5122 0.5141 0.5187 0.5162 0.5236
—0.2 [ 0.5452 0.5455 0.5561 0.5552 0.5447
0 0.6104 0.6070 0.6051 0.5875 0.5879
0.2 | 0.6287 0.6271 0.6245 0.6190 0.6292
04 | 06446 0.6513 0.6573 0.6637 0.6667
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Table 6.26: eff of the Gaussian/log-periodogram estimates of d, n=256, m = 16
: =0
di\d; | —04 —02 0 0.2 04
—0.4 | 0.4296 0.4417 0.5198 0.6519 0.7761
—0.2 | 0.6063 0.6248 0.6318 0.6432 0.7001
0 0.7042 0.6971 0.7007 0.6881 0.6826
0.2 | 0.6766 0.6639 0.6751 0.6713 0.6657
0.4 | 0.5083 0.5097 0.5082 0.4975 0.4737
=2
di\d2 | —04 -0.2 0 0.2 0.4
—0.4 [ 0.3572 0.3613 0.3654 0.3993 0.5321
-0.2 | 0.4968 0.5017 0.4989 0.4941 0.5379
0 0.6152 0.6099 0.6056 0.5991 0.5883
0.2 ]0.6121 0.6173 0.6132 0.5954 0.5881
0.4 0.4888 0.4906 0.4877 0.4766 0.4621
=4
d\d, | —04 02 0 0.2 04
-0.4 | 0.3439 0.3453 0.3451 0.3466 0.4116
—0.2 | 0.4076 0.4071 0.4035 0.3977 0.4105
0 0.4515 0.4498 0.4486 0.4444 0.4262
0.2 | 0.4118 0.4155 0.4208 0.4190 0.4101
0.4 ) 0.3511 0.3528 0.3536 0.3539 0.3599
=8
di\d2 | 0.4 -0.2 0 0.2 0.4
—0.4 | 0.1414 0.1430 0.1430 0.1446 0.1481
—-0.2 | 0.1168 0.1180 0.1195 0.1182 0.1187
0 0.1127 0.1120 0.1100 0.1046 0.1074
0.2 | 0.1216 0.1206 0.1206 0.1177 0.1194
0.4 ] 0.1453 0.1454 0.1447 0.1426 0.1461
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Table 6.27: eff of the Gaussian/log-periodogram estimates of d;, n=256, m = 32
: =0
d\d> | =04 =02 0 02 04
—0.4 | 0.5257 0.5306 0.5949 0.7223 0.8991
—0.2 | 0.6733 0.6857 0.6783 0.6783 0.7686
0 0.7015 0.6914 0.6913 0.6706 0.7015
0.2 | 0.6979 0.6810 0.6895 0.6888 0.7002
0.4 | 0.6012 0.6015 0.5982 0.5850 0.5712
=2
di\d> | —04 -0.2 0 0.2 0.4
—0.4 | 0.4316 0.4393 0.4483 0.4688 0.5774
—0.2 | 0.6220 0.6236 0.6142 0.5998 0.6153
0 0.6761 0.6707 0.6665 0.6607 0.6512
0.2 0.6831 0.6857 0.6814 0.6647 0.6603
0.4 | 0.5699 0.5686 0.5615 0.5466 0.5260
=4
di\d; | 04 —02 0 0.2 0.4
—0.4 | 0.4069 0.4050 0.4063 0.4075 0.4727
—0.2 {0.5794 0.5725 0.5703 0.5624 0.5705
0 0.6288 0.6301 0.6289 0.6212 0.6023
0.2 0.6013 0.6038 0.6076 0.6038 0.5915
0.4 | 04785 0.4789 0.4773 0.4729 0.4635
=8
di\d2 | —04 -0.2 0 0.2 0.4
—~0.4 | 0.3466 0.3472 0.3480 0.3534 0.3610
—0.2 | 0.4579 0.4563 0.4574 0.4542 0.4491
0 0.5413 0.5403 0.5362 0.5173 0.5188
0.2 | 0.5217 0.5161 05136 0.5081 0.5085
0.4 | 04514 0.4511 0.4496 0.4463 0.4484
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Table 6.28: eff of the Gaussian/log-periodogram estimates of dy, n=256, m = 64
: =0
di\d> | -04 —0.2 0 0.2 0.4
—0.4 | 0.6369 0.6416 0.6687 0.7577 0.9465
—-0.2 | 0.6292 0.6394 0.6376 0.6499 0.7600
0 0.6738 0.6652 0.6613 0.6375 0.6457
0.2 | 0.7431 0.7248 0.7309 0.7245 0.6975
0.4 | 0.8258 0.8269 0.8205 0.8062 0.7790
=2
di\d> | —-04 -0.2 0 0.2 04
—-0.4 | 0.6219 0.6264 0.6257 0.6380 0.6780
—0.2 | 0.6303 0.6265 0.6258 0.6228 0.6369
0 0.6773 0.6721 0.6658 0.6588 0.6505
0.2 0.7585 0.7646 0.7644 0.7596 0.7421
0.4 | 0.8423 0.8466 0.8415 0.8361 0.8190
=4
di\d, | —04 -0.2 0 0.2 0.4
—-0.4 | 0.6048 0.6041 0.6025 0.6076 0.6381
—0.2 | 0.6024 0.5962 0.5998 0.6007 0.6082
0 0.6367 0.6396 0.6363 0.6261 0.6133
0.2 | 0.7151 0.7186 0.7210 0.7212 0.7109
0.4 | 0.7945 0.8003 0.7964 0.7996 0.7942
=8
di\d> | —0.4 —-0.2 0 0.2 0.4
—0.4 | 0.5811 0.5828 0.5812 0.5905 0.6044
—0.2 | 0.5813 0.5798 0.5873 0.5891 0.5922
0 0.6219 0.6229 0.6180 0.6037 0.6043
0.2 ]0.7015 0.7010 0.6976 0.6916 0.6907
0.4 | 0.7595 0.7659 0.7616 0.7598 0.7564
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Table 6.29: eff of the Gaussian/log-periodogram estimates of d;, n=512
m =32
di\d> | -0.4 —0.2 0 0.2 0.4
—0.4 | 04738 0.5150 0.5992 0.8120 0.9218
—0.2 | 0.6504 0.6440 0.6397 0.6630 0.8069
0 0.6913 0.6858 0.6699  0.6524 0.6942
0.2 | 0.6879 0.6908 0.6839 0.6559 0.6351
0.4 | 0.5560 0.5515 0.5412  0.5264 0.4805
m = 64
di\d, | -04 -0.2 0 0.2 0.4
—0.4 | 0.5304 0.5581 0.6414 09174 1.1420
-0.2 | 0.6307 0.6212 0.6128 0.6638 0.9262
0 0.6577 0.6508 0.6349 0.6239 0.7075
0.2 |0.6708 0.6731 0.6678 0.6430 0.6257
0.4 | 0.6458 0.6410 0.6334 0.6222 0.5891
m =128
di\d; | 04 —02 0 0.2 0.4
—0.4 | 0.6886 0.6938 0.7257 0.9262 1.2571
—0.2 [ 0.6166 0.6139 0.6073 0.6623 0.9566
0 0.6427 0.6347 0.6160 0.5822 0.6513
0.2 | 0.7633 0.7527 0.7427 0.7099 0.6473
04 | 0.8603 0.8579 0.8518 0.8436 0.8084
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6.4.4 Wald tests of the symmetry of the spectrum

Table 6.30: Power and size of the Gaussian (log-periodogram) Wald test, n=64

m =4
di1\d> —-04 —-0.2 0 0.2 0.4
—0.4 | 0.159 (0.286) 0.194 (0.298) 0.234 (0.323) 0.289 (0.356) 0.313 (0.382)
—0.2 | 0.166 (0.301) 0.183 (0.292) 0.227 (0.302) 0.260 (0.324) 0.279 (0.369)
0 0.236 (0.332) 0.237 (0.298) 0.232 (0.290) 0.236 (0.302)  0.241 (0.340)
0.2 0.286 (0.369) 0.274 (0.332) 0.252 (0.302) 0.223 (0.281) 0.191 (0.296)
0.4 0.327 (0.400) 0.298 (0.372) 0.267 (0.345) 0.223 (0.315) 0.181 (0.284)
m=28
d1\d2 —0.4 —-0.2 0 0.2 0.4
—0.4 | 0.091 (0.184) 0.153 (0.217) 0.292 (0.302) 0.460 (0.409) 0.598 (0.500)
—0.2 | 0.163 (0.215) 0.167 (0.192) 0.242 (0.233) 0.357 (0.314) 0.468 (0.412)
0 0.303 (0.298)  0.240 (0.229) 0.221 (0.209) 0.267 (0.240) 0.320 (0.317)
0.2 0.465 (0.398)  0.353 (0.297) 0.252 (0.226) 0.201 (0.198)  0.206 (0.243)
04 0.600 (0.501) 0.467 (0.396) 0.334 (0.298) 0.214 (0.219) 0.146 (0.199)
m =16
di\d: -0.4 —-0.2 0 0.2 0.4
—0.4 | 0.082 (0.166) 0.210 (0.223) 0.427 (0.338) 0.686 (0.511) = 0.853 (0.691)
—0.2 | 0.194 (0.211) 0.146 (0.172) 0.252 (0.234) 0.459 (0.353) 0.688 (0.527)
0 0.413 (0.329) 0.234 (0.207) 0.166 (0.183) 0.261 (0.230) 0.440 (0.357)
0.2 0.672 (0.520) 0.453 (0.346) 0.248 (0.203) 0.169 (0.170)  0.228 (0.220)
0.4 0.848 (0.680) 0.680 (0.519) 0.437 (0.342) 0.228 (0.210) 0.116 (0.173)

Table 6.31: Power and size of the Gaussian (log-periodogram) Wald test, n=128

m=2_8
di1\d> -0.4 -=0.2 0 0.2 0.4
—0.4 | 0.089 (0.184) 0.159 (0.215) 0.303 (0.271) 0.442 (0.366) 0.470 (0.402)
—0.2 | 0.160 (0.209) 0.164 (0.188) 0.241 (0.196) 0.341 (0.269) 0.388 (0.363)
0 0.276 (0.282) 0.230 (0.224) 0.193 (0.187) 0.236 (0.201) 0.280 (0.279)
0.2 0.432 (0.352) 0.347 (0.295) 0.252 (0.217) 0.186 (0.164) 0.178 (0.200)
0.4 0.477 (0.408) 0.396 (0.359) 0.298 (0.301) 0.179 (0.217) 0.120 (0.176)
m= 16
di\d; —-0.4 —-0.2 0 0.2 0.4
—0.4 | 0.058 (0.135) 0.177 (0.179) 0.445 (0.329) 0.700 (0.536) 0.846 (0.685)
—0.2 | 0.201 (0.200) 0.127 (0.141) 0.248 (0.178) 0.484 (0.343) 0.690 (0.532)
0 0.498 (0.355) 0.276 (0.205) 0.148 (0.142) 0.249 (0.173) 0.457 (0.358)
0.2 0.735 (0.570) 0.525 (0.373) 0.273 (0.214) 0.139 (0.124) 0.212 (0.184)
0.4 0.862 (0.704) 0.732 (0.580) 0.493 (0.385) 0.213 (0.224) 0.083 (0.125)
m =32
d1\d2 -0.4 —-0.2 0 0.2 04
—0.4 | 0.076 (0.107) 0.309 (0.224) 0.680 (0.502) 0.927 (0.774) 0.987 (0.924)
—0.2 | 0.291 (0.213) 0.107 (0.109) 0.310 (0.237) 0.693 (0.512) 0.933 (0.773)
0 0.672 (0.513) 0.311 (0.234) 0.115 (0.108) 0.331 (0.234) 0.698 (0.525)
0.2 0.923 (0.773)  0.687 (0.520) 0.308 (0.226) 0.111 (0.104) 0.328 (0.247)
0.4 0.984 (0.910) 0.926 (0.770) 0.675 (0.513) 0.294 (0.223) 0.081 (0.101)
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Table 6.32: Power and size of the Gaussian (log-periodogram) Wald test, n=256

m =16
di1\d: —-0.4 —-0.2 0 0.2 0.4
—0.4 | 0.080 (0.128) 0.180 (0.197) 0.439 (0.343) 0.646 (0.501) 0.673 (0.510)
—0.2 | 0.189 (0.185) 0.141 (0.138) 0.247 (0.195) 0.485 (0.346) 0.616 (0.465)
0 0.447 (0.316) 0.254 (0.192) 0.156 (0.127) 0.261 (0.177) 0.453 (0.347)
0.2 0.661 (0.494) 0.483 (0.349) 0.259 (0.192) 0.142 (0.131) 0.208 (0.182)
0.4 0.693 (0.543) 0.610 (0.467) 0.446 (0.346) 0.207 (0.191) 0.077 (0.129)
m =32
di\d -0.4 -0.2 0 0.2 0.4
—0.4 | 0.067 (0.099) 0.288 (0.232) 0.716 (0.548) 0.935 (0.804) 0.974 (0.894)
—0.2 | 0.337 (0.223) 0.133 (0.103) 0.320 (0.245) 0.737 (0.561) 0.929 (0.795)
0 0.739 (0.576) 0.360 (0.245) 0.134 (0.112) 0.328 (0.247) 0.739 (0.563)
0.2 0.930 (0.812) 0.756 (0.587) 0.365 (0.259) 0.134 (0.112) 0.313 (0.240)
0.4 0.977 (0.906) 0.929 (0.807) 0.752 (0.570) 0.351 (0.241) 0.087 (0.105)
m = 64
di\d2 —0.4 -0.2 0 0.2 0.4
—0.4 | 0.085 (0.099) 0.460 (0.346) 0.924 (0.788) 0.996 (0.970) 1.000 (0.998)
—0.2 | 0.468 (0.322) 0.104 (0.097) 0.468 (0.365) 0.928 (0.800) 0.997 (0.969)
0 0.923 (0.771) 0.496 (0.343) 0.097 (0.094) 0.482 (0.371) 0.930 (0.801)
0.2 0.996 (0.964) 0.928 (0.787) 0.496 (0.352) 0.095 (0.091) 0.485 (0.373)
0.4 1.000 (0.994) 0.996 (0.955) 0.925 (0.785) 0.475 (0.336) 0.087 (0.093)

Table 6.33: Power and size of the Gaussian (log-periodogram) Wald test, n=512

- m=32
dq1\d2 —0.4 —0.2 0 0.2 0.4
—0.4 | 0.057 (0.098) 0.304 (0.232) 0.706 (0.537) 0.874 (0.733) 0.877 (0.738)
—0.2 | 0.296 {0.217) 0.116 (0.101) 0.341 (0.232) 0.728 (0.536) 0.843 (0.681)
0 0.702 (0.514) 0.337 (0.224) 0.114 (0.089) 0.342 (0.228) 0.698 (0.502)
0.2 0.875 (0.717)  0.699 (0.519) 0.335 (0.240) 0.103 (0.087) 0.313 (0.232)
0.4 0.866 (0.730) 0.847 (0.686) 0.673 (0.511) 0.313 (0.235) 0.065 (0.095)
m = 64
di\d: —0.4 —0.2 0 0.2 0.4
—0.4 | 0.052 (0.068) 0.501 (0.365) 0.952 (0.847) 0.997 (0.978) 1.000 (0.993)
—0.2 | 0.534 (0.372) 0.085 (0.070) 0.523 (0.375) 0.953 (0.853) 0.998 (0.970)
0 0.949 (0.837) 0.565 (0.382) 0.085 (0.074) 0.526 (0.366) 0.948 (0.838)
0.2 0.995 (0.980) 0.954 (0.842) 0.574 (0.382) 0.084 (0.069) 0.514 (0.361)
0.4 0.997 (0.995) 0.995 (0.979) 0.959 (0.847) 0.555 (0.377) 0.068 (0.071)
m =128
dq1\d2 -0.4 —-0.2 0 0.2 0.4
—0.4 | 0.068 (0.070) 0.742 (0.565) 0.999 (0.974) 1.000 (1.000) 1.000 (1.000)
—0.2 | 0.736 (0.544) 0.074 (0.069) 0.756 (0.578) 0.999 (0.979) 1.000 (1.000)
0 0.996 (0.974) 0.753 (0.546) 0.073 (0.067) 0.762 (0.584) 0.998 (0.975)
0.2 1.000 (1.000) 0.997 (0.976) 0.757 (0.557) 0.068 (0.067) 0.758 (0.581)
0.4 1.000 (1.000) 1.000 (1.000) 0.997 (0.973) 0.756 (0.569) 0.064 (0.066)
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6.4.5 LM tests of the symmetry of the spectrum

Table 6.34: Power and size of the LMj3 test, n = 128, m = 8
=0
di\d; | -04 —0.2 0 0.2 0.4
—04 | 0.001 0.001 0.002 0.008 0.014
—=0.2 | 0.000 0.000 0.000 0.000 0.007
0 0.002 0.000 0.000 0.000 0.002
0.2 |0.010 0.006 0.003 0.001 0.002
04 0.025 0.013 0.009 0.005 0.004
=1
di\d; | -04 —02 0 02 04
—0.4 | 0.027 0.021 0.020 0.033 0.052
—0.2 | 0.069 0.055 0.037 0.043 0.045
0 0.140 0.106 0.081 0.065 0.058
0.2 0.212 0.169 0.133 0.099 0.081
04 0.266 0.216 0.173 0.139 0.103
=2
di\d> | =04 —02 0 02 04
—0.4 | 0.038 0.028 0.035 0.057 0.091
—0.2 | 0.085 0.071 0.061 0.064 0.085
0 0.183 0.154 0.118 0.098 0.097
0.2 0.267 0.235 0.192 0.147 0.121
0.4 0.335 0.298 0.243 0.204 0.165
=4
di\d, | -0.4 —0.2 0 0.2 04
—-0.4 | 0.060 0.071 0.082 0.100 0.178
-0.2 [ 0.118 0.111 0.114 0.132 0.178
0 0.213 0.198 0.191 0.191 0.205
0.2 {0313 0.297 0.279 0.260 0.252
0.4 |[0399 0.379 0.360 0.332 0.302
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Table 6.35: Power and size of the LM; test, n = 128, m = 16
. =0
di\d; | -04 -02 0 02 04
—0.4 | 0.007 0.015 0.086 0.236 0.422
—0.2 | 0.011 0.004 0.016 0.090 0.233
0 0.068 0.012 0.005 0.016 0.094
0.2 | 0.202 0.074 0.013 0.005 0.020
0.4 0.384 0.207 0.082 0.021 0.008
1=1
di\d; | —04 02 0 02 04
—-0.4 ] 0.057 0.050 0.090 0.197 0.328
—-0.2 1 0.125 0.073 0.054 0.088 0.193
0 0.247 0.138 0.076 0.053 0.108
0.2 0.374 0.253 0.145 0.083 0.053
0.4 0.499 0.385 0.258 0.157 0.091
1=2
di\d> | -04 -0.2 0 0.2 0.4
—-04 | 0.072 0.080 0.120 0.213 0.318
—-0.2 | 0.160 0.102 0.094 0.131 0.216
0 0.291 0.181 0.113 0.086 0.121
0.2 |0.438 0.317 0.185 0.113 0.087
0.4 | 0571 0.449 0.339 0.207 0.123
=4
di\d; | =04 —02 0 02 04
—0.4 | 0.130 0.157 0.208 0.284 0.354
—0.2 | 0.221 0.189 0.203 0.224 0.275
0 0.358 0.277 0.221 0.205 0.204
0.2 0482 0.374 0.287 0.217 0.168
0.4 0.603 0.508 0.393 0.305 0.220
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Table 6.36: Power and size of the LM3 test, n = 128, m = 32
: 1=0
di\d2 | —-04 -0.2 0 0.2 0.4
—0.4 | 0.009 0.083 0.362 0.719 0.935
-0.2 { 0.064 0.011 0.103 0.401 0.751
0 0.327 0.081 0.013 0.116 0.433
0.2 0.663 0.357 0.093 0.017 0.125
0.4 | 0.882 0.684 0.380 0.115 0.023
1=1
di\d, | =04 —02 0 02 04
—0.4 | 0.043 0.071 0.333 0.648 0.862
—0.2 | 0.158 0.049 0.092 0.366 0.658
0 0.368 0.175 0.056 0.111 0.358
0.2 0.666 0.415 0.201 0.077 0.122
0.4 0.853 0.705 0.443 0.247 0.100
1=2
di\d, | -04 —-0.2 0 0.2 04
—0.4 [ 0.063 0.107 0.342 0.635 0.808
-0.2 1 0.185 0.071 0.129 0.343 0.612
0 0.404 0.215 0.092 0.133 0.335
0.2 0.658 0.462 0.249 0.106 0.134
0.4 0.840 0.695 0.525 0.313 0.137
1=4
di\d2 | —-04 —0.2 0 0.2 0.4
—0.4 | 0.115 0.188 0.377 0.594 0.731
—0.2 | 0.230 0.149 0.187 0.362 0.550
0 0.437 0.266 0.183 0.183 0.330
0.2 | 0.670 0.501 0.326 0.219 0.189
0.4 0.827 0.730 0.586 0.396 0.259
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Table 6.37: Power and size of the LM3 test, n = 256, m = 16
, =0
di\d2 | -04 -02 0 0.2 0.4
—0.4 | 0.004 0.019 0.075 0.197 0.304
—-0.2 10.022 0.006 0.017 0.073 0.186
0 0.078 0.024 0.004 0.016 0.073
0.2 0.204 0.088 0.022 0.002 0.015
0.4 | 0306 0.194 0.089 0.026 0.005
1=2
di\d; | =04 02 0 02 04
—0.4 | 0.079 0.064 0.103 0.177 0.240
-0.2 |1 0.190 0.120 0.091 0.110 0.177
0 0.324 0.221 0.121 0.090 0.101
0.2 0432 0329 0.225 0.131 0.079
0.4 0.540 0438 0.332 0.220 0.134
I=4
di\d2 | =04 —-0.2 0 0.2 04
—-0.4 ] 0.119 0.143 0.216 0.303 0.377
-0.2 | 0.257 0.210 0.216 0.258 0.291
0 0.399 0.308 0.240 0.227 0.232
0.2 |0.508 0.419 0.318 0.244 0.195
0.4 | 0590 0.511 0.426 0.332 0.235
=8
di\dy | —04 0.2 0 0.2 0.4
—-0.4 | 0321 0.368 0.425 0.522 0.607
-0.2 10438 0.428 0456 0.492 0.550
0 0.503 0.475 0.452 0.450 0.452
0.2 0.538 0.498 0.458 0.410 0.383
0.4 0.565 0.527 0476 0.427 0.374
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Table 6.38: Power and size of the LMj3 test, n = 256, m = 32
- =0
di\d; | =04 —02 0 02 04
—-0.4 | 0.014 0.098 0.427 0.766 0.917
-0.2 |1 0.081 0.013 0.106 0.439 0.762
0 0.423 0.088 0.012 0.112 0.441
0.2 0.781 0.438 0.093 0.014 0.119
0.4 |0909 0.777 0.436 0.091 0.017
=2
d\d> | =04 —02 0 02 04
—0.4 | 0.093 0.120 0.364 0.657 0.759
—0.2 | 0.256 0.096 0.127 0.371 0.633
0 0.495 0.265 0.096 0.139 0.363
0.2 0.728 0.504 0.279 0.112 0.137
0.4 0.894 0.744 0.526 0.283 0.118
=4
di\d; | -04 —02 0 02 04
—0.4 | 0.150 0.180 0.372 0.584 0.686
—0.2 | 0.310 0.171 0.205 0.367 0.565
0 0.540 0.325 0.169 0.205 0.356
0.2 10.732 0.552 0.338 0.173 0.190
04 0.863 0.748 0.572 0.361 0.189
=8
di\d; | 04 —02 0 02 04
—0.4 | 0.245 0.312 0.468 0.585 0.656
—0.2 1 0401 0.324 0.355 0.476 0.571
0 0.553 0.417 0.331 0.350 0.461
0.2 |0.693 0.574 0426 0.328 0.320
04 0816 0.715 0.592 0423 0.287
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Table 6.39: Power and size of the LM3 test, n = 256, m = 64
: 1=0
di\d, | -04 -0.2 0 0.2 0.4
—-0.4 | 0.019 0.252 0.817 0.989 1.000
—-0.2 | 0.225 0.028 0.284 0.845 0.988
0 0.789 0.262 0.031 0.314 0.864
0.2 0.996 0.814 0.300 0.033 0.339
0.4 1.000 0.997 0.838 0.324 0.035
=2
d\d, | -04 —02 0 02 04
—0.4 | 0.074 0.277 0.788 0.974 0.993
—0.2 | 0.280 0.084 0.291 0.780 0.962
0 0.727 0.329 0.096 0.298 0.769
0.2 0.967 0.772 0.383 0.125 0.292
0.4 0.999 0.971 0.823 0.445 0.154
l=14
di\d; | —04 —02 0 02 04
—0.4 | 0.108 0.316 0.754 0.954 0.977
—0.2 | 0.300 0.122 0.301 0.729 0.938
0 0.687 0.362 0.142 0.290 0.697
0.2 | 0937 0.755 0.434 0.170 0.265
0.4 10996 0.957 0.825 0.532 0.223
=8
di\d; | 04 —02 0 02 04
—0.4 | 0.202 0.429 0.725 0.905 0.947
-0.2 | 0.311 0.214 0.389 0.665 0.847
0 0.660 0.376 0.232 0.345 0.603
0.2 0.898 0.720 0.481 0.268 0.299
0.4 0.984 0.938 0.810 0.608 0.335
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Table 6.40: Power and size of the L M3 test, n = 512, m = 32
. 1=0
di\d; | 04 —02 0 02 04
~0.4 | 0.009 0.067 0.376 0.680 0.770
—0.2 [ 0.096 0.010 0.079 0.391 0.666
0 0.438 0.103 0.013 0.082 0.388
0.2 0.737 0445 0.105 0.014 0.080
0.4 0.784 0.686 0.440 0.107 0.016
=4
di\d2 | —04 —0.2 0 0.2 0.4
—0.4 | 0.140 0.160 0.319 0.495 0.541
—0.2 | 0.338 0.189 0.169 0.329 0.488
0 0.551 0.341 0.198 0.168 0.329
0.2 0.751 0.559 0.337 0.189 0.153
0.4 0.865 0.750 0.567 0.340 0.183
=8
di\d> | —04 -0.2 0 0.2 0.4
—-0.4 | 0.235 0.313 0.430 0.533 0.570
—0.2 | 0.431 0.339 0.352 0.445 0.522
0 0.581 0.437 0.348 0.348 0.421
0.2 0.724 0.580 0.441 0.330 0.309
04 0.821 0.723 0.585 0.429 0.285
=16
di\d2 | —0.4 —0.2 0 0.2 0.4
—0.4 | 0.471 0.550 0.613 0.710 0.778
—0.2 | 0.653 0.648 0.675 0.707 0.758
0 0.706 0.678 0.684 0.681 0.716
0.2 0.718 0.671 0.628 0.602 0.581
0.4 0.713 0.644 0.577 0.511 0.446
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Table 6.41: Power and size of the LM3 test, n = 512, m = 64
. =0
di\d, | -04 —-0.2 0 0.2 04
—-0.4 | 0.017 0.287 0.890 0.996 1.000
-0.2 [ 0.327 0.024 0.310 0.895 0.997
0 0.898 0.337 0.023 0.333 0.903
0.2 |0.990 0.902 0.340 0.020 0.346 |
0.4 0.996 0.989 0.906 0.332 0.024
=4
di\d2 | —0.4 —0.2 0 0.2 0.4
—-0.4 | 0.132 0.301 0.771 0.937 0.921
—0.2 | 0.430 0.136 0.326 0.785 0.907
0 0.818 0.430 0.134 0.325 0.751
0.2 0.973 0.833 0.449 0.136 0.298
0.4 0.998 0.975 0.844 0.473 0.159
=8
di\d2 | -04 —0.2 0 0.2 0.4
—0.4 [ 0.195 0.351 0.740 0.877 0.865
—0.2 { 0.468 0.212 0.348 0.729 0.848
0 0.776 0.476 0.216 0.352 0.699
0.2 0.941 0.782 0.488 0.217 0.336
0.4 0.986 0.947 0.804 0.524 0.219
=16
di\d> | -04 —0.2 0 0.2 0.4
—0.4 | 0.336 0.489 0.696 0.792 0.786
—0.2 1 0.489 0.371 0.484 0.683 0.750
0 0.712 0.503 0.377 0.480 0.645
0.2 | 0.886 0.736 0.532 0.390 0.470
04 |0.970 0.903 0.750 0.551 0.346
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Table 6.42: Power and size of the LMj3 test, n = 512, m = 128
: =0
di\d; | -0.4 —0.2 0 0.2 0.4
—0.4 | 0.023 0.588 0.998 1.000 1.000
—0.2 1 0.593 0.033 0.630 0.998 1.000
0 0.994 0.629 0.038 0.670 1.000
0.2 1.000 0.996 0.671 0.043 0.698
0.4 1.000 1.000 0.996 0.707 0.047
=4
di\d2 | -04 -0.2 0 0.2 0.4
—0.4 | 0.075 0.613 0.988 1.000 1.000
—-0.2 | 0.537 0.083 0.612 0.989 1.000
0 0.968 0.608 0.092 0.598 0.985
0.2 1.000 0.982 0.691 0.132 0.544
0.4 1.000 1.000 0.987 0.767 0.182
=8
di\d, | -0.4 -0.2 0 0.2 04
—0.4 | 0.116 0.649 0.975 0.996 0.996
—=0.2 | 0.476 0.128 0.611 0.966 0.991
0 0.945 0573 0.149 0.543 0.950
0.2 0.999 0.965 0.695 0.203 0.459
04 | 1000 0999 0.981 0.794 0.286
=16
diNd, | —04 —02 0 02 04
—04 [ 0.258 0.703 0.953 0.993 0.990
—0.2 {0408 0.227 0.626 0.924 0.974
0 0.888 0.533 0.243 0.514 0.842
0.2 0.994 0.942 0.682 0.314 0.411
0.4 1.000 0.997 0.980 0.829 0.430
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Table 6.43: Power and size of the LM, test, n = 128, m = 8
: =0
di\d; | —04 —02 0 02 04
—-0.4 | 0.001 0.002 0.018 0.033 0.070
—0.2 | 0.000 0.000 0.004 0.017 0.044
0 0.000 0.000 0.001 0.007 0.029
0.2 | 0.000 0.000 0.000 0.003 0.018
0.4 0.000 0.000 0.000 0.002 0.018
I=1
di\d, | -04 —02 0 02 04
—0.4 |1 0.044 0.106 0.194 0.278 0.342
—0.2 { 0.033 0.079 0.153 0.234 0.292
0 0.023 0.054 0.092 0.173 0.236
0.2 |0.026 0.041 0.071 0.112 0.182
0.4 0.038 0.037 0.053 0.072 0.120
=2
di\d; | -04 —02 0 02 04
—-0.4 | 0.047 0.122 0.215 0.317 0.401
—0.2 | 0.043 0.099 0.190 0.271 0.341
0 0.040 0.084 0.153 0.226 0.293
0.2 0.056 0.081 0.124 0.183 0.252
04 |[0.095 0.094 0.109 0.148 0.202
=4
di\d; | —04 —0.2 0 0.2 0.4
—0.4 | 0.064 0.142 0.248 0.360 0.436
-0.2 | 0.060 0.138 0.244 0.342 0417
0 0.067 0.135 0.231 0.325 0.400
0.2 0.102 0.152 0.239 0.310 0.382
0.4 | 0.187 0.204 0.246 0.291 0.341
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Table 6.44: Power and size of the LM, test, n = 128, m = 16
. =0
di\d, | -04 -0.2 0 0.2 04
—0.4 | 0.007 0.053 0.191 0.416 0.620
—0.2 | 0.002 0.011 0.060 0.208 0.407
0 0.001 0.001 0.009 0.066 0.212
0.2 0.000 0.001 0.002 0.011 0.066
04 0.000 0.000 0.000 0.003 0.026
I=1
di\d2 | —-04 —-0.2 0 0.2 04
—04 | 0.066 0.176 0.332 0.500 0.617
—0.2 | 0.038 0.092 0.192 0.343 0.506
0 0.012 0.039 0.098 0.211 0.358
0.2 0.008 0.013 0.041 0.090 0.215
0.4 0.009 0.009 0.016 0.040 0.107
=2
di\d2 | —04 —-0.2 0 0.2 0.4
—0.4 | 0.080 0.210 0.359 0.544 0.669
—0.2 § 0.054 0.124 0.233 0.393 0.556
0 0.030 0.068 0.137 0.247 0.415
0.2 0.022 0.037 0.068 0.149 0.259
0.4 0.022 0.022 0.034 0.067 0.160
=4
di\d> | =04 -0.2 0 0.2 0.4
—04 ] 0.115 0.272 0.427 0.547 0.663
—0.2 [ 0.086 0.202 0.319 0.459 0.569
0 0.061 0.128 0.227 0.344 0.478
0.2 0.054 0.094 0.150 0.229 0.375
04 0.069 0.079 0.105 0.166 0.257
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Table 6.45: Power and size of the LM, test, n = 128, m = 32
. 1=0
di\d> | -04 —-0.2 0 0.2 0.4
—-0.4 { 0.011 0.159 0.516 0.836 0.968
—0.2 | 0.004 0.016 0.184 0.552 0.859
0 0.000 0.003 0.023 0.203 0.580
0.2 0.000 0.000 0.002 0.031 0.229
0.4 0.000 0.000 0.000 0.001 0.036
1=1
di\d, | —04 —02 0 02 04
—0.4 | 0.069 0.220 0.498 0.782 0.933
—0.2 | 0.023 0.078 0.253 0.543 0.820
0 0.006 0.019 0.091 0.294 0.591
0.2 0.002 0.006 0.026 0.109 0.343
0.4 0.000 0.002 0.006 0.025 0.130
1=2
di\d2 | -04 -0.2 0 0.2 0.4
—0.4 | 0.085 0.245 0.504 0.750 0.905
—-0.2 | 0.019 0.104 0.284 0.571 0.813
0 0.006 0.027 0.118 0.339 0.616
0.2 0.003 0.008 0.032 0.149 0.390
0.4 0.001 0.002 0.013 0.048 0.193
Il=4
di\d2 | -04 -0.2 0 0.2 0.4
—-0.4 | 0.110 0.283 0.491 0.742 0.884
—0.2 1 0.045 0.144 0.332 0.556 0.792
0 0.017 0.062 0.177 0.399 0.641
0.2 0.008 0.027 0.089 0.224 0.479
0.4 0.008 0.014 0.039 0.122 0.283
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Table 6.46: Power and size of the LM, test, n = 256, m = 16
. =0
di\d; | -04 —-0.2 0 0.2 04
—-0.4 | 0.007 0.053 0.165 0.355 0.461
—0.2 | 0.000 0.009 0.052 0.179 0.345
0 0.000 "~ 0.000 0.008 0.051 0.180
0.2 { 0.000 0.000 0.000 0.010 0.064
0.4 0.000 0.000 0.000 0.000 0.024
=2
di\d, | -04 0.2 0 0.2 0.4
-0.4 | 0.084 0.218 0.361 0.512 0.609
—-0.2 | 0.057 0.136 0.242 0.373 0.511
0 0.045 0.082 0.140 0.246 0.381
0.2 0.045 0.043 0.074 0.138 0.258
0.4 | 0.067 0.052 0.045 0.070 0.145
=4
di\d> | -04 0.2 0 0.2 0.4
—0.4 | 0.106 0.270 0.414 0.527 0.633
—-0.2 | 0.092 0.206 0.330 0.428 0.542
0 0.095 0.156 0.234 0.341 0.446
0.2 0.123 0.134 0.175 0.247 0.350
0.4 0.178 0.148 0.140 0.176 0.259
1=8
di\d, | -04 -0.2 0 0.2 0.4
—0.4 |1 0.123 0.302 0.428 0.516 0.586
—0.2 |1 0.126 0.272 0.396 0.465 0.541
0 0.139 0.263 0.360 0.428 0.486
0.2 0.216 0.264 0.329 0.384 0.441
0.4 0316 0.300 0.312 0.340 0.394
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Table 6.47: Power and size of the LM, test, n = 256, m = 32
: 1=0
d\d; | 04 —02 0 02 04
—-04 | 0.021 0.180 0.574 0.869 0.961
-0.2 | 0.000 0.021 0.203 0.597 0.867
0 0.000 0.000 0.024 0.221 0.604
0.2 0.000 0.000 0.000 0.023 0.215
0.4 0.000 0.000 0.000 0.000 0.027
=2 :
di\d, | -04 —0.2 0 0.2 0.4
—-0.4 | 0.104 0.297 0.576 0.810 0.941
—-0.2 {0.027 0.113 0.306 0.594 0.811
0 0.006 0.025 0.115 0.317 0.609
0.2 0.007 0.010 0.030 0.122 0.337
0.4 0.008 0.008 0.011 0.030 0.130
l=4
di\d, | -0.4 —0.2 0 0.2 0.4
—04 | 0.138 0.356 0.582 0.786 0.905
-0.2 | 0.068 0.177 0.359 0.599 0.805
0 0.032 0.080 0.176 0.379 0.612
0.2 0.021 0.032 0.084 0.181 0.401
0.4 0.028 0.023 0.037 0.087 0.205
=8
di\d; | -04 —02 0 02 04
—0.4 | 0.156 0.379 0.574 0.729 0.848
—-0.2 | 0.102 0.232 0.403 0.593 0.7561
0 0.077 0.139 0.242 0.427 0.614
0.2 0.066 0.094 0.148 0.271 0.454
0.4 |0.095 0.085 0.102 0.163 0.289
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Table 6.48: Power and size of the LM, test, n = 256, m = 64
. I=0
di\d, | =04 -0.2 0 0.2 04
—0.4 | 0.030 0.380 0.902 0.994 1.000
-0.2 { 0.000 0.032 0.413 0.924 0.997
0 0.000 0.000 0.035 0.445 0.928
0.2 0.000 0.000 0.000 0.043 0471
04 0.000 0.000 0.000 0.000 0.051
=2
di\d; | =04 —02 0 02 04
—-04 | 0.073 0.373 0.817 0.977 1.000
—0.2 | 0.008 0.077 0.430 0.858 0.985
0 0.002 0.008 0.089 0.495 0.897
0.2 0.001 0.001 0.011 0.122 0.555
0.4 0.001 0.001 0.002 0.015 0.163
=4
di\d; | -0.4 —-0.2 0 0.2 0.4
—0.4 | 0.092 0.3714 0.776 0.957 0.995
-~0.2 | 0.017 0.107 0.438 0.834 0.976
0 0.004 0.024 0.145 0.527 0.870
0.2 0.001 0.002 0.027 0.189 0.613
0.4 0.001 0.001 0.004 0.044 0.242
=8
di\d, | -04 -0.2 0 0.2 0.4
—0.4 | 0.100 0.380 0.700 0.926 0.983
—-0.2 1 0.030 0.135 0.445 0.794 0.954
0 0.004 0.049 0.191 0.547 0.865
0.2 | 0.002 0.012 0.077 0.280 0.642
04 0.006 0.008 0.025 0.107 0.374
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Table 6.49: Power and size of the LM, test, n = 512, m = 32
- 1=0
d\d; | =04 =02 0 02 04
—-0.4 | 0.016 0.143 0.531 0.803 0.845
—0.2 | 0.001 0.017 0.156 0.565 0.775
0 0.000 0.001 0.020 0.159 0.573
0.2 0.000 0.000 0.001 0.022 0.165
04 | 0.000 0.000 0.000 0.000 0.029
1=4
di\d> | -04 —0.2 0 0.2 0.4
—04 §0.121 0.332 0.571 0.779 0.885
-0.2 | 0.063 0.170 0.349 0.576 0.783
0 0.026 0.066 0.161 0.354 0.588
0.2 0.038 0.032 0.061 0.154 0.372
0.4 0.114 0.047 0.035 0.065 0.167
=8
di\d; | =04 02 0 02 04
—0.4 [ 0.166 0.397 0.571 0.746 0.857
—0.2 | 0.116 0.245 0.407 0.583 0.750
0 0.087 0.143 0.245 0.414 0.697
0.2 0.118 0.101 0.144 0.247 0.421
04 0.241 0.151 0.120 0.161 0.263
“T=16
di\d2 | -0.4 —0.2 0 0.2 0.4
—0.4 | 0.180 0.422 0.530 0.620 0.703
—0.2 |1 0.176 0.353 0.449 0.538 0.630
0 0.194 0.302 0.374 0.455 0.551
0.2 {0273 0.277 0326 0.385 0.463
04 0.378 0.311 0.295 0.333 0.392
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Table 6.50: Power and size of the LM, test, n = 512, m = 64
. 1=0
d\d; | =04 —02 0 02 04
—0.4 | 0.032 0.418 0.943 1.000 1.000
—0.2 | 0.001 0.031 0.450 0.952 0.999
0 0.000 - 0.001 0.029 0.467 0.952
0.2 0.000 0.000 0.001 0.033 0472
0.4 0.000 0.000 0.000 0.001 0.031
=4 '
di\d> | —04 —0.2 0 0.2 0.4
—~0.4 | 0.128 0.465 0.868 0.986 0.999
—0.2 | 0.016 0.122 0.488 0.879 0.988
0 0.000 0.015 0.123 0.523 0.892
0.2 0.000 0.000 0.015 0.138 0.554
0.4 0.003 0.000 0.000 0.022 0.158
1=8
di\d2 | —04 —0.2 0 0.2 0.4
—-0.4 | 0.164 0.493 0.809 0.965 0.997
—0.2 | 0.035 0.175 0.502 0.830 0.973
0 0.012 0.038 0.186 0.526 0.846
0.2 0.008 0.017 0.040 0.207 0.561
04 0.025 0.008 0.014 0.050 0.234
=16
di\d2 | —04 -0.2 0 0.2 04
—0.4 | 0.213 0.483 0.739 0.900 0.973
—0.2 | 0.087 0.262 0.498 0.766 0.920
0 0.043 0.102 0.286 0.537 0.795
0.2 0.040 0.049 0.114 0.311 0.576
0.4 0.087 0.052 0.061 0.141 0.342
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Table 6.51: Power and size of the LM, test, n = 512, m = 128
: =0
di\d; | =04 02 0 02 04
—-0.4 | 0.030 0.716 1.000 1.000 1.000
—-0.2 | 0.000 0.036 0.7563 1.000 1.000
0 0.000 0.001 0.041 0.778 1.000
0.2 0.000 0.000 0.001 0.046 0.808 |
0.4 | 0.000 0.000 0.000 0.000 0.049
=4
di\d; | —04 —02 0 02 04
—0.4 | 0.068 0.610 0.986 1.000 1.000
—0.2 { 0.000 0.079 0.686 0.994 1.000
0 0.000 0.001 0.110 0.757 0.997
0.2 0.000 0.000 0.001 0.162 0.832
0.4 0.000 0.000 0.000 0.006 0.217
=8
di\d; | —04 —02 0 02 04
—0.4 | 0.070 0.558 0.969 0.999 1.000
—0.2 1 0.002 0.095 0.656 0.976 0.999
0 0.000 0.004 0.153 0.758 0.991
0.2 0.000 0.000 0.008 0.223 0.840
04 0.000 0.000 0.001 0.020 0.333
=16
di\d, | =04 -0.2 0 0.2 0.4
—0.4 | 0.077 0.456 0.910 0.997 1.000
—0.2 | 0.007 0.119 0.591 0.956 0.999
0 0.001 0.012 0.210 0.746 0.984
0.2 | 0.000 0.002 0.028 0.333 0.858
0.4 0.001 0.003 0.005 0.066 0.479
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6.4.6 LM test of equal persistence across frequencies

Table 6.52: Power and size of the LMy test, n = 128
m=2_8
do\d, | -04 -0.2 0 0.2 0.4
—-0.4 | 0.002 0.002 0.001 0.001 0.005
—0.2 | 0.003 0.002 0.001 0.001 0.006
0 0.004 0.003 0.002 0.001 0.006
0.2 |0.014 0.008 0.004 0.002 0.006
0.4 |[0.059 0.062 0.030 0.008 0.007
m=16
do\d; | -0.4 —-0.2 0 0.2 0.4
-04 | 0.020 0.007 0.006 0.019 0.131
-0.2 | 0.024 0.005 0.004 0.010 0.090
0 0.038 0.021 0.006 0.002 0.034
0.2 0.148 0.090 0.031 0.008 0.007
0.4 |0422 0324 0.216 0.092 0.027
m=24
do\d; | —04 02 0 02 04
—0.4 [ 0.037 0.013 0.021 0.159 0.527
—0.2 | 0.067 0.016 0.010 0.086 0.421
0 0.135 0.054 0.009 0.026 0.202
0.2 0.381 0.200 0.075 0.021 0.043
0.4 0.802 0.657 0.424 0.201 0.062
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Table 6.53: Power and size of the LMy test, n = 256
m =16
do\d, | —0.4 -0.2 0 0.2 0.4
—-0.4 | 0.014 0.012 0.007 0.017 0.124
-0.2 | 0.017 0.013 0.010 0.011 0.104
0 0.031 0.024 0.012 0.005 0.044
0.2 | 0.104 0.083 0.042 0.015 0.014
0.4 (0414 0365 0.238 0.092 0.016
m = 32
do\d; | —-04 —0.2 0 0.2 0.4
—-0.4 | 0.048 0.016 0.028 0.205 0.681
-0.2 | 0.060 0.021 0.017 0.134 0.581
0 0.149 0.063 0.011 0.044 0.318
0.2 10474 0317 0.131 0.018 0.062
04 {0882 0.826 0.656 0.322 0.053
m = 48
do\d, | ~0.4 —0.2 0 0.2 0.4
—0.4 | 0.090 0.018 0.098 0.563 0.958
—0.2 [ 0.156 0.031 0.045 0.384 0.904
0 0.379 0.120 0.025 0.131 0.658
0.2 0.825 0.567 0.249 0.036 0.189
04 0.993 0963 0.869 0.530 0.112

Table 6.54: Power and size of the LMy test, n = 512
m= 32
do\d; | -0.4 —0.2 0 0.2 0.4
—-04 | 0.039 0.021 0.022 0.128 0.621
—-0.2 | 0.041 0.025 0.021 0.124 0.595
0 0.080 0.054 0.014 0.051 0.391
0.2 0.343 0.300 0.161 0.021 0.074
0.4 0.852 0.825 0.696 0.325 0.042
m = 64
do\d; | —0.4 —0.2 0 0.2 0.4
—0.4 {0.109 0.034 0.090 0.581 0.988
—-0.2 | 0.147 0.040 0.051 0.473 0.972
0 0.336 0.137 0.026 0.165 0.844
0.2 0830 0692 0344 0.034 0.239
04 0.999 0.992 0.957 0.686 0.105
m = 96
do\d; | -0.4 —0.2 0 0.2 0.4
—-0.4 | 0.221 0.024 0.264 0.941 1.000
-0.2 | 0365 0.046 0.102 0.819 0.999
0 0.724 0.288 0.024 0.348 0.978
0.2 0.992 0.923 0.544 0.045 0.447
0.4 1.000 1.000 0.994 0.884 0.216
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Chapter 7

SEASONAL LONG-MEMORY
IN UK INFLATION

7.1 INTRODUCTION

The characteristic of long-range dependence in various inflation series has been anal-
ysed by several authors. Many of these works have focused on testing the PPP
(Purchasing Power Parity) (see Cheung and Lai (1993)), Fisher’s hypothesis that
the one-period nominal rate of interest is the equilibrium real return plus the fully
anticipated rate of inflation (e.g. Barsky (1987)) or Friedman’s (1977) hypothesis of
a positive association between inflation and its uncertainty (e.g. Baillie, Chung and
Tieslau (1996)). In order to see if these properties are reflected in the real world we
need knowledge of the long-run as well as the short-run behaviour of inflation. The
research done to date trying to describe the long-run properties of inflation use sea-
sonally adjusted data (usually via seasonal dummies) or simply pay attention only
to low frequency behaviour (as in Delgado and Robinson (1994)). Nevertheless, the
seasonal component of economic series such as inflation is important and deserves
a more thorough analysis. In that sense Franses and Ooms (1995) model quarterly
United Kingdom inflation using the so-called PARFIMA(0,d,,0) (Periodic Autore-
gressive Fractionally Integrated Moving Average) that allows for different behaviour
in every season since the value of the persistence parameter, d,, can vary with season,
s=1,2,3,4.

In this chapter we analyze UK monthly inflation from 1915 to 1996, investigating
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the possibility of seasonal as well as low frequency long-range dependence. Long
memory in monthly inflation series'of the UK and other four industrial countries in
the period 1969-1992 has recently been analysed by Hassler and Wolters (1995). They
focus only on low frequency behaviour and try to eliminate seasonality by means of
seasonal dummies, noticing however that this deterministic seasonal adjustment was
not completely adequate. In this chapter we examine the possibility of seasonal long-
range dependence in the sense that the spectral density function diverges at seasonal
frequencies, in addition to the usual analysis at zero frequency. In order to perform
this analysis we avoid restrictive parametric models, instead using the semiparametric
methods described in previous chapters.

The series we use is the UK RPI (Retail Price Index) from April 1915 to April 1996
and the inflation series is constructed by first differencing the logarithm of the RPI.
Call p; the RPI at time ¢, then the series we will analyze is 7, = log p; — log p;—1 from
May 1915 to April 1996 so that we have n =972 observations. All the calculations

and figures were done using S-Plus 3.1.

Figure 7.1: UK Inflation from May 1915 to April 1996
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The plbt of the inflation series, 7r;, in Figilre 7.1 suggeéts'diﬂ'erenvt behaviour before
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and after the late sixties-early seventies. Possible causes of this change of pattern may
be the sixties devaluation, the chan'ge from fiscal to monetary policy in 1971 focusing
on the control of the quantity of money and letting interest rates move freely in the
market, and the return to floating exchange rates in 1973. From the technical point of
view the apparent structural change can also be related to the inclusion of mortgage
interest payments in the RPI since 1974. For a more exhaustive analysis of those
facts see among many others Rowlatt (1992) or Joyce (1995). Without attempting to
estimate a chaﬁge point or study its causes, we analyze the existence of long range
dependence in the whole series and in two subseries, April 1915-September 1969 and

October 1969-April 1996.

7.2 DIFFERENCES ACROSS FREQUENCIES

Figure 7.2 displays the periodogram of 7; from 5:1915 to 4:1996. Of course this is not
a consistent estimate of the spectral density, but the sharp peaks at the origin and
to varying extents at seasonal frequencies, suggest the possibility of low frequency as

well as seasonal long memory.

Figure 7.2: Periodogram of UK Inflation (5:1915-4:1996)

g

E

g_

g -

E I ‘ ,
g—{' . . . .

We extract the same conclusion from the plot of the first 150 autocorrelations

in Figure 7.3. We observe oscillations that decay very slowly, as explained by the
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theoretical study of seasonal long memory models in Chapters 1 and 2.

Figure 7.3: Sample autocorrelations of UK Inflation (5:1915-4:1996)
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The issue of seasonality has usually been treated either by including seasonal
dummies or seasonal differencing. The unsuitability of the former treatment, so far as
UK inflation is concerned, has been pointed out by Hassler and Wolters (1995). The
latter seems excessive. Figure 7.4 shows the periodogram of the seasonal differenced
series (1 — L1?)m,. We observe deep troughs at the origin and at seasonal frequencies
suggesting possible overdifferencing. A milder fractional differencing could be more
appropriate. Moreover we observe in Figure 7.2 that each of the peaks may be of
different magnitude, suggesting the possibility of different persistence parameters at
the origin and across seasonal frequencies.

In this section we use the results obtained in Chapter 5 and, assuming symmetry of
the spectral poles, we perform Wald and score tests of the equality of the persistence
parameters, d,, across frequencies w, = 27s/12, s = 0,1, ...,6. The first hypothesis we

test is

Ho . do = d] = e = dﬁ (7.1)

against the alternative that one or more of the equalities in (7.1) do not hold. The
asymptotic independence of the estimates (log-periodogram and local Whittle) of the

persistence parameters across different frequencies (this can be shown in the same
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Figure 7.4: Periodogram of Seasonal Differenced UK Inflation
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manner as the asymptotic independence of the estimates to the right and left of a

known frequency in Chapter 5), provides us with two simple Wald tests statistics

24m

Wi ?(RIJ‘)’(RII:G )Y (R1d")

Wa = 4m(Ryd')(RiH R, (Rid")

where m is a bandwidth number, d! and d! are 7x1 vectors with elements the log-
periodogram (J=1 and ! = 0) and local Whittle estimates of d = (dp, ..., ds) respec-
tively, Ry is a 6X7 matrix of zeros except the [R;];; and [Ri]i(i41) elements that are
1 and -1 respectively, for ¢ = 1,...,6. Thus the null and alternative in (7.1) can be

written

Ho : R1d=0

H] : R]d7é 0.

Due to perfect symmetry of the periodogram at wp = 0 and wg = 7™ we only use m
frequencies in the estimation of dy and dg. For dy, ..., ds we use periodogram ordinates

on both sides of w1, ...,Qs,‘ so that 2m frequencies are utilized. This fact is reflected
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in Hy, that is a 7x7 diagonal matrix such that [Hy);1 = [Hi]77 = 1 and [HyJi; = 1/2
for: = 2,...,6. 'If the null is true, b'oth test statistics are asymptotically distributed
as a chi square with 6 degrees of freedom (x2), and the tests based on rejecting the
null whenever Wy, Wy; > xgya at 100a% significance level are consistent.

In Section 5.4 of Chapter 5 we introduced a score test procedure for the hypothesis
of equality of persistence parameters across different frequencies. In particular, the

test statistic for the null in (7.1) is
LM, = mé AT g

where €; is a 6x1 vector with elements

T3(d)
Tg(d)

T}(d) i=1

[é1]e = 2 (&) = 4T;°(J)

9 eveg Sy

Tk(d) = =1 v;?/\fd[fn(w;+/\j)+fn(w,~—AJ-)] fori=1,...,5,T§(d) = =1 vJ’-‘/\f‘iIn(w—
X;), v; =logj — LT logk, d is the estimate obtained under the null, that is using
frequencies around wy, ...,ws, and A; is a 6xX6 matrix with elements [A;]es = 11/3,
[A1)ii = 20/3, [A1lei = [A1)ie = —2/3 for i = 1,...,5, and —4/3 otherwise. If (7.1) is
true, LMy, is asymptotically x2. Figure 7.5 displays the three test statistics, Wy, Wy,
and LM, as a function of the bandwidth, m. We only study the behaviour for m =
11, ...,40, to avoid using the same frequency twice. We reject (7.1) at 5% significance
level but the tests are not so conclusive at 1%.

We may also consider the possibility that we may reject (7.1) because of dp but

the seasonal parameters di,...,ds, are in fact equal. We can test this situation in a

similar manner to (7.1). The null hypothesis is now
Ho . d] = d2 = .= de (72)

and the alternative is that one or more of the equalities in (7.2) do not hold. The

Wald statistics are

24m
72

W, = 4m(Rd?)(RyHaR)) ™ (R2d?)

Wi = —(Ryd?)(RaHoR,) ™ (Ryd?)
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Figure 7.5: Tests of equal persistence parameters across all frequencies
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Note: The continuous, dotted and dashed lines correspond to Wi, Wy and LM, respectively. The
two horizontal lines are xZ critical values at 5% (12.6) and 1% (16.8) significance level.

where d? and d? are 6x1 vectors containing the log periodogram and local Whittle
estimates of dy,...,ds, Rz is a 5X6 matrix defined similarly to R,, and H; is a 6x6
diagonal matrix with [H;);; = 1/2for i = 1,...,5 and [H2]ee = 1. Under (7.2) Wj; and
W, are asymptotically x2.

The LM statistic for (7.2) is

LM, = méyA3'e,

where €; is a 5x1 vector with elements

T}(d,)
T?(d,)

[Ez].’ =4 = 1, ceey 5,

d, is the estimate under the null, i.e. using frequencies around wy,...,wg, and Az is a
5x5 matrix with off-diagonal elements equal to -16/11 and all diagonal elements equal
to 72/11. If (7.2) is true, LM, has a x? asymptotic distribution. Figure 7.6 shows
Wiz, Wya and LM, in function of the bandwidth m. We see evidence to conclude
that the rejection of the hypothesis of equality of all memory parameters is not only

due to do but the seasonal d’s can not be considered as being equal either.
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Figure 7.6: Tests of equal persistence parameters across seasonal frequencies
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Note: The continuous, dotted and dashed lines correspond to Wiz, Wy, and LMy, respectively. The
two horizontal lines are x? critical values at 5% (11.1) and 1% (15.1) significance level.

However there still exists the possibility of some d’s being equal. Thus it may be
interesting to test

Ho : d2 = d3 == de (73)

against the alternative that one or more of the equalities in (7.3) do not hold. The

statistics used are

24m P _
Wiz = F(def*)'(}zaﬂszzg) Y(R3d®)

Wy = 4m(R3d3)'(R3Hng)—1(R3‘23)

LM,z = mésAz'les

where R3 is a 4x5 matrix defined in a similar way as Ry and R3, H3 is a 5x5 diagonal
matrix with elements [H3);; = 1/2 for ¢ = 1,...,4, and [Hs)s5 = 1, d3® and d2 are the
vectors of log-periodogram and local Whittle estimates of dj,...,dg, respectively, A3
is a 4x4 matrix with diagonal elements equal to 56/9 and off-diagonal ones equal
to -16/9, and €3 is a 4x1 vector with elements [é3]; = 4T,-1+1(J,1)/T£,,1(J31), where

d,; is the estimate under the null, i.e. using frequencies around ws,...,ws. The three
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statistics are shown in Figure 7.7a). We observe that the tests tend to accept (7.3)

for most values of the bandwidth used.

Figure 7.7: Tests of equal persistence parameters at ws,...,ws
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Note: The continuous, dotted and dashed lines correspond to Wiz, Wys and LM s in a) and Wiy, W
and LM in b) respectively. The horizontal lines are x7 critical values at 5% (9.49) and 1% (13.3)
significance level in a) and x? critical value at 1% (15.1) significance level in b).

Once (7.3) is not rejected it may be interesting to study if ds,...,ds, are in fact

zero. The statistics used to test
.Ho:d2=...=d6=0 (74)

against the alternative that at least one d;, ¢ = 2, ..., 6, is different from zero, are

Wi = (@) H @)
W, = 4m(d)H;' ()

LMg4 = méf,AZl 54

where A4 is a 5x5 diagonal matrix with elements [A4);; = 8 for ¢ = 1,...,4 and
[A4]ss = 4, and &, is a 51 vector with elements [€4); = 4T ,(0)/T,(0)if i = 1,...,4,
and [é4]s = 2T2(0)/T2(0). The asymptotic properties of LM 4 can be proved in the
same way as those of the score test of the equality of persistence parameters across
different frequencies in Chapter 5. In Figure 7.7b) we see that (7.4) is rejected for

every m.
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Similarly we can test the hypothesis Hg : dg = d;. The three different test statistics
are shown in Figure 7.8. We do not reject equality of dy and d; for any of the
bandwidths used (m). The tests of equality of these parameters to zero are not

reported but they clearly reject the null for every m.

Figure 7.8: Tests of equal persistence parameters at wg and w
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Note: The continuous, dotted and dashed lines correspond to the log-periodogram Wald. Gaussian
Wald and LM test statistics respectively.

Assuming symmetry in the spectral poles, we can conclude that there are two
different persistence parameters in the UK inflation series from 5:1915 to 4:1996. one
describing the spectral behaviour at the origin and at 7/6 (i.e. the long run and
the annual movement of 7;) which is around 0.4 (log-periodogram or local Whittle
estimates) and the other, closer to 0 (around 0.2 for both, log-periodogram and local
Whittle estimates) reflecting the behaviour of the spectrum at w, = 27s/12 for s =
2, ...,6 (corresponding to cycles of period of 6, 4, 3, 2.4 and 2 months respectively).
However, although there exists spectral symmetry at wp = 0 and we = 7, the rest of
frequencies may well have asymmetric behaviour as described in previous chapters.
This possibility will be formally tested in Section 7.5 using the techniques described
in Chapter 5. Some of the statistics we will use require the estimation of the memory

parameters on both sides of wy,...,ws. To this task we dedicate the sections that follow.
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7.3 ESTIMATION OF THE PERSISTENCE PARAM-
ETERS '

In this section we use the techniques described in Chapters 3 and 4 to estimate the
persistence parameters d,j, j = 1,2, at frequencies w, = 27s/12, s = 0,1,...,6, i.e. at
the origin and seasonal frequencies. We allow for different behaviour before and after
the seasonal frequencies w,, s = 1,2,...,5, so that the subindex j = 1 corresponds
to the parameter just after and j = 2 just before those frequencies. Of course, by
symmetry of the spectral density function, do; = doz = dp and dg; = dg2 = dg. The
tests of spectral symmetry at frequencies w; for s = 1,2,...,5, will be carried out in
Section 7.5, where we use the procedures described in Chapter 5.

In both methods of estimation (Gaussian semiparametric or local Whittle and
log-periodogram) we employ the bandwidths m = 11,12,...,50. Since we have 81
frequencies between seasonal frequencies, a reasonable choice for m, in order to avoid
distorting influence of other spectral poles, seems to be less than 30. However, the
influence of neighbour poles will depend on the magnitude of the persistence parameter
at those neighbour frequencies, and that is why we analyse the cases up to m = 50,
although we consider the most relevant results to be those obtained with m between
20 and 30.

Figure 7.9 shows the estimates of dy with no trimming (I = 0). We see that they
stabilize around 0.4. When we introduce trimming (for ! = 1,...,6) the results only
vary for small m (due to the use of fewer periodogram ordinates), and as m increases
these estimates also stabilize around that value.

Figure 7.10 shows the periodogram of a truncated version of the fractionally dif-

ferenced series

(1=L)4m - 7) = f: Di(0.4) (T — 7) (7.5)
k=0
where .
Di(d) = I'(k - d)

T(k + 1)I(~d)

and 7 is the arithmetic mean of r,. We approximate (7.5) by taking 7; = 7 for all
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Figure 7.9: Estimation at the origin
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Note: The continuous and dotted line are log-periodogram and local Whittle estimates respectively.

t previous to January 1915 !. We observe that fractional differencing removes long-
range dependence at frequency zero, but peaks at seasonal frequencies persist and are
more noticeable.

Figures 7.11 and 7.12 show the log-periodogram and local Whittle (or Gaussian
semiparametric) estimates of ds; and d,; for s = 1,2,3,4 with / = 0 (no trimming)
and ! = 1 respectively. Throughout this section, the continuous line represents the
estimates just after the frequency under study (i.e. ds1) and the dotted line are the
estimates just before w, (d;2). As we would expect the estimates tend to decrease
when we trim out the closest frequency, and as bandwidth increases. The decreasing
behaviour of dy2 and dj, with m may be generated by the influence of the important
peak at the origin. For a bandwidth of around 30 the estimates on either side of the
spectral pole are similar and around 0.25. Of interest is the behaviour of the estimates
to the right of /3 (d21). When we omit the closest frequency these estimates decrease

significantly and the difference between ng, dy; and ng, d3, becomes bigger. This

1Although we use only data from April 1915 our series starts in January 1915. We do not use the
first 4 observations in order to have seasonal frequencies that can be represented as Fourier frequencres
of the form 27j/n for some integer j. : :
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Figure 7.10: Periodogram of (1 — L)®4(x; — &)
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fact is in accordance with the results obtained theoretically and through simulations
in Chapters 3, 4 and 6, where we saw that when the difference between the persistence
parameters just before and after the frequency under study is large, trimming seems
unavoidable and estimation of the smaller parameter using all frequencies is likely to
be positively biased due to the influence of the larger persistence parameter.

Using the asymptotic distribution of the log-periodogram and Gaussian semipara-
metric estimators obtained in Chapter .3 and 4 we can test the significance of the
different d’s. In Figures 7.11 and 7.12 we show the confidence intervals obtained from
these asymptotic distributions. The estimates at 57/6 and = (that we do not report)
are not significantly different from zero for almost every m. This is what we would
expect, because cycles with period 2.4 and 2 months seem implausible in an inflation
series. The rejection or not in the other d’s depends on the method of estimation, the

trimming and the bandwidth m.
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Figure 7.11: Seasonal persistence estimates (1=0)
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Figure 7.12: Seasonal persistence estimates (1=1)
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7.4 PERSISTENCE IN SUB-SERIES

Figure 7.13 displays the periodogram and estimates of the persistence parameters at
zero frequency of the sub-series from April 1915 to September 1969, so that we have
n=654 observations. There are at most 55 Fourier frequencies between spectral poles.
Arguing as in the estimation in the full series, we only use bandwidths m = 11, ..., 35.
As we could deduce from a visual inspection of the series in Figure 7.1, the peak in
the periodogram and the i)ersistence estimates at the origin are smaller than those in
the full series. The estimates of the seasonal persistence parameters without and with

trimming can be seen in Figures 7.14 and 7.15.

Figure 7.13: Periodogram and estimates at frequency 0 (4:1915-9:1969)
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Note: The continuous and dotted lines are the log-periodogram and local Whittle estimates respec-
tively.

Figures 7.16, 7.17 and 7.18 display the estimates of the various persistence parame-
ters for the second sub-series from October 1969 to April 1996, so that we have n=319
observations. Although there are at most 27 frequencies between different spectral
poles we use m=11,...,60, in the estimation of dy and m=11,...,40, in the estimation
of d,j, 7 = 1,2, s = 2,3,4, in order to analyse the effects on the estimates of the
use of frequencies around different poles than those under study. We observe that
the estimates at the origin, for a reasonable m (say between 10 and 20), are larger
than those obtained in the full series which is in accordance with the behaviour of

this subsample in Figure 7.1. In fact for m < 20 (before the spectral pole at 7/6) we
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Figure 7.14: Seasonal persistence estimates, 1=0 (4:1915-9:1969)
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Figure 7.15: Seasonal persistence estimates, =1 (4:1915-9:1969)
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Figure 7.16: Seasonal persistence estimates, 1=0 (10:1969-4:1996)
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Figure 7.17: Seasonal persistence estimates, 1=1 (10:1969-4:1996)
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found evidence that do > 1/2 reflecting a non-stationary behaviour of this subseries?.

A similar result is found by Ha,ssle'r and Wolters (1995). We also see that the esti-
mates of the parameters to the right and left of 7/3 (d2; and ds2) are closer to each
other than those obtained using the complete series. This possible symmetry will be
analysed in the next section. The opposite occurs at 7/6 where we observe that when
we trim out the closest frequency, the estimates of dy, are smaller than -0.5 for every

m.

Figure 7.18: Estimates at frequency 0 (10:1969-4:1996)
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Note: The continnous and dotted lines are the log-periodogram and local Whittle estimates respec-
tively.

Now we consider the effects caused by the inclusion of periodogram ordinates near
a frequency where the spectrum is likely to have a pole on the estimation of the
persistence parameter describing the long-memory behaviour at a different frequency.
This occurs when we use bandwidths approaching m = 27 in the second subseries
(from October 1969 until April 1996). We see that the estimates decrease when m
includes those frequencies and a sharp fall occurs when the frequency with the spectral
pole is used in the estimation. This fact is clearly reflected in the estimation of dg in
Figure 7.18 where we observe two sharp falls around m=27 and m=>54, that is when

we include wy = 7/6 and wy = 7/3 in the estimation of dy. We also observe that this

2The asymptotic results in Chapters 3 and 4 are only valid for |d| < 1/2. Nevertheless Velasco
(1997a) has proved that the log-periodogram estimate, do is consistent for do € [1/2,1) and asymp-
totically normal for do € [1/2,3/4). The good properties of do for do € [1/2,1) in finite samples are
shown in Hurvich and Ray (1995). As far as the local Whittle estimate is concerned, Velasco (1997b)
. has demonstrated that it is consistent for do € [1/2,1) and asymptotically normal for do € [1/2,2/3)
(do € [1/2,3/4) under Gaussianity) and behaves quite well in finite samples.
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effect is stronger in the local Whittle case reflecting a higher sensitivity of this method

of estimation to the inclusion of frequencies with important peaks in the periodogram.

7.5 TESTS OF SPECTRAL SYMMETRY

We have seen in Sections 7.3 and 7.4 that some of the estimates of the persistence
parameter at some seasonal frequencies are quite different if we use periodogram or-
dinates before or after the frequency under study. We use now the procedures ob-
tained in Chapter 5 in order to test the possibility of asymmetric spectral poles at w,,
s=1,...,5. We report the results where this asymmetry seems more evident, that is
7/6 , /3 and 27 /3 for the full series.

Figures 7.19a) and b) display the log-periodogram Wald test statistics without
trimming (! = 0), and trimming out the closest frequency (I = 1) for the three
seasonal frequencies under study®. The most interesting feature is the rejection of the
hypothesis of symmetry at w, = 7 /3, specially when ! = 1. For 7/6 we only reject for
small m. A similar behaviour can be observed in the Gaussian Wald test in Figures
7.19¢) and d).

Figures 7.19¢) and f) show the LM; test of the hypothesis dy; = dy, (i.e. at
7/6) against the alternative dyj; > dj; (continuous line), the LM, statistic to test
dy1 = dpz (i.e. at m/3) against dg; < dj (dotted line) and the LM; test of the
hypothesis dg; = dyz (i-e. at 27/3) against the alternative dy; > d4 (short dashed
line)*. For a detailed description of these test procedures see Chapter 5. We use
one-tailed tests because their theoretical properties do not need trimming and they
are more powerful than the corresponding two-tailed tests (see the Monte Carlo study
in Chapter 6). We chose LM; at 7/6 in order to use frequencies after 7/6 in the
construction of the statistic and in this way avoid the influence of the important peak
at the origin. Moreover, for a reasonable bandwidth (m < 30), the results obtained

with LM, and LM, are complementary in the sense that we do not reject the null

3The two straight lines reflect the critical values from a x? distribution at 5% and 1% significance
level.

*The straight lines represent the critical values from a standard normal distribution (N(0,1)) at
- 5% and 1% significance level. Note that these critical values correspond to one-tailed tests.
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Figure 7.19: Tests of spectral symmetry (5:1915-4:1996)
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7/3 and the dashed lines at 27/3. The straight lines are N(0,1) and x? critical values at 1% and 5%
significance level.
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with either procedure. Similarly, the alternative dy; > dg2 at 7/3 is rejected for all m
using the LM, procedure (we do nc;t report the results). In Figure 7.19 we show the
LM, statistic at 7/3 and we see that when we do not trim out any frequency in the
estimation of the joint parameter under the null we do not reject the hypothesis of
spectral symmetry at 7/3 either. The same fact can be observed for 27 /3 using the
LM, test statistic, although the non rejection is even clearer than for v/3. The LM,
test of the hypothesis d4; = d42 against the alternative d4; < d42 does not reject the
null either (not reported).

When we omit one frequency just before and after the frequency under study in
the joint estimation of the persistence parameter under the null we observe that the
spectral symmetry at /6 and 7/3 is now rejected for a wider range of values of the
bandwidth m. This is in accordance with the Monte Carlo results in Chapter 6, where
we found that power and size of the different test procedures tend to increase with the
introduction of a small trimming in the joint estimation of the persistence parameter
under the hypothesis of symmetry.

We also saw in Theorem 14 in Chapter 5 that when d,; # d,2 then the joint local

Whittle estimate converges to a value [2d,; + 2ds2 — 1 + \/4(ds1 — ds2)? + 1]/4 which
is between dj; and ds2 and closer to the highest one. This behaviour can be seen
in Figure 7.20 where we show the joint (continuous line), right (dotted line) and left
(dashed line) estimates of the persistence parameters at frequencies where we reject
the hypothesis of symmetry in more cases, that is at 7 /6 and 7/3. We do not report
joint estimation based on log-periodogram regression because it is equal to (d,; +d.;)/2
by definition.

Figures 7.21a), b), ¢) and d) show the log-periodogram and Gaussian semipara-
metric Wald test statistics for the subseries April 1915 to October 1969 at frequencies
7/3 (continuous line), 7/2 (dotted line) and 27/3 (dashed line). The behaviour of
these tests at w/6 is similar to when we use the whole series. We do not observe
clear evidence of asymmetric spectral behaviour in any of the frequencies analysed,

although the trimmed Gaussian Wald test is not conclusive for /3 and 7/2 for some
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Figure 7.20: Joint, right and left local Whittle estimation
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of the m used. The score tests do not reject the hypothesis of spectral symmetry at
7 /2, 7 /3 or 2r /3 for any of the bandwidths. This fact can be seen in Figure 7.21e)
and f) where we show the LM, statistic for 7/2 and LM, for /3 and 27/3.
Figures 7.22a), b), ¢) and d) display the different Wald tests using log-periodogram
and local Whittle estimates for the subseries 10:1969-4:1996 for the hypothesis of
symmetry at /6 (continuous line), 7/3 (dotted line), 7/2 (short dashed line) and
27 /3 (long dashed line). Symmetry is rejected at w/6. The tests are not conclusive
for 7/2 and 27 /3 and they clearly do not reject symmetry at 7 /3. Figures 7.22¢) and
f) show the LM, test statistic for the symmetry at 7 /6, 7/3 and 7/2 and the LM, at
27 /3. We only reject the symmetry at 7/6 for a large bandwidth corroborating the
more conservative behaviour of the score tests found in Chapter 6 trough simulations,

especially when the sample size is small.
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7.6 CONCLUSION

We have found evidence of long memory in the UK monthly inflation series not only at
frequency zero (as in Hassler and Wolters (1995)) but also at seasonal frequencies. We
have also seen that the persistence parameters are likely to be different at the origin
and at seasonal frequencies so that application of the fractional seasonal difference
operator (1 — L*?)?, used in Porter-Hudak {1990), which imposes the same memory
parameter at every w, = 2ws/12, s = 0,1,...,6, may lead to distorted conclusions. In
fact, assuming spectral symmetry, we have found evidence that there are at least two
different memory parameters, one for frequencies 0 and 7 /6 and other for w, = 27s/12,
s = 2,...,,6. Furthermore the spectral poles at some seasonal frequencies may be
asymmetric which will cause the joint estimation, using frequencies on both sides of
the frequency under study, be incorrect in small and large samples.

The series suffers a change of pattern in the early seventies. The more relevant
feature is the fact that the series from October 1969 presents a stronger persistence in
the trend and is likely to be non stationary although “less non stationary” than that

caused by a unit root.
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Figure 7.21: Tests of spectral symmetry (4:1915-9:1969)
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Figure 7.22: Tests of spectral symmetry (10:1969-4:1996)
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Chapter 8

CONCLUSION AND
EXTENSIONS

In this thesis we have analysed the possibility of seasonal or cyclical long-range de-
pendence or antipersistence, which is characterized by a spectral (or pseudospectral in
the nonstationary case) pole or zero at some frequency w, reflecting the cycle. One of
the originalities of this analysis is that we allow for asymptotic spectral asymmetries
at that frequency w. To date, all extensions of long range dependence to the seasonal
or cyclical case impose a symmetric behaviour that is not implied by the definition of
spectral density function, as long as w # 0, mod(w). Here, we have tried to relax that
condition allowing for a different spectral behaviour before and after the frequency w.

The analysis of SCLM is naturally done in the frequency domain and we follow
this approach throughout the whole thesis. The time domain behaviour (in some cases
only asymptotic) of some parametric SCLM (symmetric and asymmetric) models has
been described in Chapters 1 and 2.

The possibility of spectral asymmetries at w has interesting implications on the es-
timation of the two (possibly different) persistence parameters implied. Some of these
implications have been analysed in Chapters 3 and 4, and via simulations in Chapter
6. Consequently, a test of the traditionally assumed symmetry seems necessary, prior
to any other analysis. Some semiparametric test procedures of spectral symmetry at
one frequency and of equality of persistence parameters across different frequencies
have been proposed in Chapter 5, and their finite sample performance analysed in

Chapter 6.
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Throughout the whole thesis one of the main assumptions is that the frequency
w, where the spectral pole or zerc; occurs, is known. Of course, this is so in the
seasonal long memory case, where those frequencies are the seasonal ones, w; = 27j/s,
Jj=1,...,[s/2], but in any other case we may need to estimate it. A brief review of
the work done to date on this issue is introduced in Section 8.1.

Of course a lot of work remains to be done in the field of seasonal or cyclical
long memory, specially taking into account the possible asymmetry of f(A). Some

extensions are suggested in Section 8.2.

8.1 ESTIMATION OF THE FREQUENCY w

Most analyses to date, either to model seasonal/cyclical long memory time series or
to estimate the pérsistence parameters describing that behaviour, are based on the
assumption that the frequency w where the spectral pole occurs is known. Of course,
seasonal frequencies are known, but in cyclical time series, the frequency w may well
be unknown and an estimation of it may be required.

The literature on estimating w in cyclical long memory is of recent date and it is of
interest to consider first earlier work on estimating frequency. in an alternative model,

namely the deterministic periodic time series
z; = agpsin wt + Py coswt + u, (8.1)

where u; is a stationary random process with mean zero and spectral density, f,(A),
continuous at w. Whittle (1952) found that the least squares estimate of w in (8.1),
@, is the periodogram maximizer and has a variance O(n=3). Walker (1971) (for
u; white noise) and Hannan (1971, 1973a) extended Whittle’s work and, without

assuming Gaussianity, found that the asymptotic distribution of &, for w # 0,7, is

48 f,
o -w) S N (0, 7%’%%)) . (8.2)

In case w = 0,7, Hannan (1973a) showed that there exists an integer valued random
variable, ng, with P(ng < o0) = 1 such that & = w for » > ng, so that & will

' be eqilal to the value it estimates for a large enough sample size. Mackisack and
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Poskitt (1989) proposed a different technique based on the minimization of the transfer
function calculated by fitting high ;)rder autoregressions to z;. Only /n-consistency
for w € (0,7) is rigorously proved (although it is claimed that the variance of the
estimate is O(n‘%) when the order of the autoregression is O(nli)), and their method
is computationally intensive. A different approach has been suggested by Quinn and
Fernandes (1991). The technique is based on fitting ARMA(2,2) models iteratively
and propose a simple algorithm that converges quite quickly to the true parameter
w. The same asymptotic distribution, (8.2), as the maximizer of the periodogram is
obtained. A similar procedure with the same asymptotic distribution is described in
Truong-Van (1990).

In (8.1) only one sinusoidal component is assumed. However a multiple finite

number of components can describe the seasonal or cyclical movement of the series,
Ty = zr:{aj cos(w;t) + Bj sin(w;t)} + uy. (8.3)
j=1
In this context estimation of 7, the number of sinusoidals components, has been treated
in Quinn (1989), Kavalieris and Hannan (1994), Hannan (1993) and Wang (1993)
among others. Estimation of the different w; has been analysed in Chen (1988a,b),
Walker (1971) and Kavalieris and Hannan (1994).

Although the behaviour described in (8.1) or (8.3) can be appropriate for some
time series in many areas of natural sciences, in economic time series where the cycles
or periods have a less regular behaviour, this rigid deterministic periodicity seems
implausible. A changing pattern can be generated by stochastic sine and cosine co-
efficients in (8.1) or (8.3), as in Hannan (1964) (see (1.9)), by seasonal ARMA or
ARIMA models (see (1.18) and (1.20)), or more generally using the GARMA process
introduced by Gray et al. (1989) (see (1.27)) or the ARUMA (see (1.32)) analysed
by Giraitis and Leipus (1995) among others !. These processes are characterized by
a strong and persistent periodical behaviour, although their amplitude and periodic-

ity can change over time unlike those series generated by deterministic trigonometric

polynomials. The estimation of w in cyclical long memory models may be necessary

1For a more exhaustive description of these seasonal models see Sections 2 and 3 in Chapter 1.

253



to determine the periodicity of the cycle and as a first step prior to the estimation
of the persistence parameters or of the complete parametric model. Yajima (1995)

proposed an estimate of w in a process with spectral density function
fOsw,0) = g\;w,0)A—w|™? welo,r] and0<d<1/2,de b (8.4)

where 6 is a parameter vector of unknown short and long run parameters, and the
function g(A) obeys some regularity conditions, such that the GARMA process is
a special case of (8.4). The estimate of w proposed by Yajima is the periodogram
maximizer. He only obtains n"'—cbnsistency under Gaussianity for any a € (0,1) and
shows that the Whittle estimates of # obtained by minimizing

™

{log FO0,6) + M—} ax (8.5)

Un(@,6) = / 27 f(A; @, 6)

-
are y/n-consistent and asymptotically normal. Yajima (1995) does not provide any
distribution theory for his estimate of w, but a nonnormal distribution is conjectured.

Hidalgo (1997), without assuming Gaussianity, proposes an alternative semipara-
metric technique to estimate the frequency w when the spectral density function be-

haves around w as

fO)~Cr-w|™ asr-ow

for C € (0,) and d € (0,1/2). The estimate is the argument that maximizes the
estimate of d established in Hidalgo and Yajima (1997) and described in (1.59) in
Chapter 1. Asymptotic normality of nk‘lf(d: —w), where k — oo suitably slowly with
n, is obtained.

Chung (1996a) obtained an estimate of 77 = cosw in a simple Gegenbauer process,
(1-2Ln+ Lz)da:t = &; where ¢, is white noise, by maximizing the conditional sum of
squares

S(d,n)= —B(Iog 2r+1) - Elog (—l—ief)
2 2 ni
which clearly is equivalent to minimizing the sum of squared innovations. Chung
stated that for || < 1 and d # 0, n(#} — 1) converges in distribution to a functional of

Brownian motions, and for 7 = 1,~1 and d # 0, n%(# — ) converges in distribution
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to a different functional form of Brownian motions. Chung (1996b) generalizes this

result to a general stationary GARMA process
$(L)(1 = 2Ln+ L?)* (2 — p) = O(1)ey

where ¢, is white noise, || < 1, |d| < 1/2 and the roots of the ARMA polynomials lie
outside the unit circle. The same asymptotic distribution for 7 is claimed.

A joint estimation of all the frequencies w;, j = 0,1,...,k, and the rest of long
and short memory parameters in the ARUMA model (1.48) is proposed by Giraitis
and Leipus (1995). They obtain consistency of the Whittle estimates obtained by

minimizing Up,(w, ) defined in (8.5), but no asymptotic distribution is established.
8.2 FURTHER RESEARCH AND EXTENSIONS

Throughout this thesis we have treated a number of issues concerning seasonal or
cyclical long memory. Some other features that may need a more thorough analysis

are the following:

1. Obtaining a time domain expression for asymmetric SCLM processes like those
in (2.1) for the symmetric case may be useful to empirical researchers. The
knowledge of some function D(z) as in (2.1) would facilitate the application of
those processes. However the task is not as easy as it appears at first sight. The
asymmetry of the spectral density makes the use of techniques similar to those
used in the symmetric case inappropriate and some different methods should be

used.

2. Related to the previous suggestion, obtaining the AR and MA coefficients for
the processes analysed in Chapter 2 may also be useful. The knowledge of the
AR coefficients could be interesting for forecasting. Porter-Hudak (1990) used
the fractional seasonal differencing operator (1 — L'?)? to forecast US monetary
aggregates and found that it performs better than the usual airline model. How-
ever, assuming symmetric spectral poles, if the persistence parameters across

different 'frequéncies alA'e‘diﬂ'eren‘t, the ARUMA model in (1.48) could Be niore
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precise. This is described as
h 00
H(l — 2L cosw; + Lz)dfzt = ij:ct_j = U,
=0 =0
where the AR coefficients, ;, are described in (1.33) as functions of Gegen-
bauer polynomials, C',(cd)(n). In Chapter 6 we saw that C{(n) can be recursively
obtained quite easily. However, the generation of the different 7;’s gets more

complicated as the number of spectral poles and the sample size increase. A

simpler way of generating the =;’s could be useful for applied research.

. The study of the effects of asymmetric SCLM on the different parametric and
semiparametric methods of estimation described in Chapter 1 may reveal inter-
esting features. Of course the parametric estimates of the pérsistence parameter
will be inconsistent if we consider symmetric spectral poles when in fact an

asymmetry is present.

. Analysis of the implications of spectral asymmetries on the tests of fractional

integration and fractional cointegration (see Section 1.5 in Chapter 1).

. Some financial series, such as asset returns, appear to be approximately uncor-
related. However, there are nonlinear transformations, such as squares, that
can exhibit autocorrelation as modelled in the extensive ARCH and stochastic
volatility literature, following Engle (1982) or Taylor (1986, 1994). GARCH
(Generalized Autoregressive Conditional Heterosckedastic) models let the con-
ditional variance be a function of the squares of previous observations and past
variances (for a survey on the field see Bollerslev et .al. (1992)). Baillie et
al. (1996) combined these models with fractional integration to describe long
memory and time-dependent heterosckedasticity in the inflation series of ten

countries. They proposed the ARFIMA(p,d,q)-GARCH(P,Q) process

¢p(L)(1 = LY (7 — pp = b'z1e — b0¢) = 0,(L)e (8.6)
EgIQt_] ~ (0, O'tz) : (87)
.ﬂp(I.,)atz =w + aQ(L)sf + 7'zv25 o | | | (88)
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where z1; and z; are vectors of predetermined variables (z2; can include lagged
m¢), p is the mean of the pr;)cess, #p(2), 0,(2), Bp(z) and ag(z) have roots
outside the unit circle and 7; is the monthly inflation at time ¢. Baillie et al.
(1996) noted that seasonality is important for 9 out of the 10 countries analysed
and they dealt with it by the inclusion of seasonal coefficients in the ARMA
specification of ;. However we have seen in Chapter 7 that UK inflation is likely
to have seasonal long-range dependence. As a result it could be more adequate
the use of the ARUMA(p,ds,q)-GARCH(P,Q) process that can be defined by
(8.7), (8.8) and

h
ép(L) H(l — 2L cosw; + L)% (my — p — b2y — 60¢) = 0,(L)ey
=0 .

where, in the case of the inflation series, the w; are seasonal frequencies (of

course the w; can be any frequency in order to describe any cyclical behaviour).

The long-range dependence can also appear in the volatility of the series. The
first model that causes this effect is the general GARCH process proposed by
Robinson (1991) who used it as an alternative in testing for no-ARCH. His model
is sufficiently general to describe SCLM behaviour in the squares of the series.

This effect can also be modelled by specifying o? in (8.7) as

h
H(l —2Lcosw; + L2)% a2 = w + u
=0

where w is a constant and u; is some short memory process (e.g. a stationary
and invertible ARMA). This process is a generalization of FIGARCH models and

it allows for seasonal long-range dependence in addition to the usual fractional

integration at frequency zero.

In a recent paper Henry and Payne (1997) use the “long memory in stochastic
volatility” model proposed by Harvey (1993) to describe the possibility of long-
range dependence in the volatility of three intra-day foreign exchange data series.

The process is described as

h

rn=oceze; , &~ N(0,1) (8.9)
(1= LYk = (8.10)
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where u; is a short memory stationary process. In Henry and Payne (1997) r,
is the intra-day foreign excha'nge return series. They found that r; has long
memory in the volatility measured by logr?. Henry and Payne (1997) also
found strong seasonal behaviour in log 7? and used a Double-Window smoother
to remove this seasonality. However, the volatility may have SCLM. In this case
a more appropriate model might be the “seasonal long memory in stochastic

volatility” that can be defined by (8.9) and

h
H(l — 2L cosw; + L2)diht = u;.
J=0

Similar extensions to cover the possibility of seasonal or cyclical long memory .
in the volatility (conditional variance) and the mean can be carried out in most

models used in Financial Economics.
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