A Stochastic Ramsey
Theorem

Zibo Xu

A thesis submitted for the degree of
Doctor of Philosophy

Department of Mathematics

London School of Economics
and Political Science

September 2010



UMI Number: U613443

All rights reserved

INFORMATION TO ALL USERS
The quality of this reproduction is dependent upon the quality of the copy submitted.

In the unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.

Dissertation Publishing

UMI U613443
Published by ProQuest LLC 2014. Copyright in the Dissertation held by the Author.
Microform Edition © ProQuest LLC.
All rights reserved. This work is protected against
unauthorized copying under Title 17, United States Code.

ProQuest LLC
789 East Eisenhower Parkway
P.O. Box 1346
Ann Arbor, Ml 48106-1346



170"\ 8

British Library of Political
and Economic Science



Declaration

I certify that the thesis I have presented for examination for the MPhil/PhD
degree of the London School of Economics and Political Science is my own

work.

The copyright of this thesis rests with the author. Quotation from it is
permitted, provided that full acknowledgement is made. This thesis may

not be reproduced without the prior written consent of the author.

I warrant that this authorization does not, to the best of my belief, infringe
the rights of any third party.



Abstract

A stochastic extension of Ramsey’s theorem is established. Any Markov
chain generates a filtration relative to which one may define a notion of
stopping time. A stochastic colouring is any k-valued (k < o0) colour func-
tion defined on all pairs consisting of a bounded stopping time and a finite
partial history of the chain truncated before this stopping time. For any
bounded stopping time 8 and any infinite history w of the Markov chain, let
w|@ denote the finite partial history up to time 6(w). It is first provedA for
k = 2 that for every € > O there is an increasing sequence 6; < 8 < ... of
bounded stopping times having the property that, with probability greater
than 1—e¢, the history w is such that the values assigned to all pairs (w|6;, 8;),
with ¢ < j, are the same. Just as with the classical Ramsey theorem, an
analogous finitary stochastic Ramsey theorem is obtained. Furthermore,
with appropriate finiteness assumptions, the time one must wait for the last
stopping time (in the finitary case) is uniformly bounded, independently of
the probability transitions. The results are generalised to any finite number
k of colours. A stochastic extension is derived for hypergraphs, but with
rather weaker conclusions. The stochastic Ramsey theorem can be applied
to the expected utility of a Markov chain to conclude that on some infinite
increasing sequence of bounded stopping times the expected utility remains
the same to within e (also in probability).
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Introduction

1.1 Stochastic Ramsey Theorem

Let C be a finite set whose elements are colours. Ramsey [13] proved that,
for every function that assigns a colour ¢(k,l) € C to every two positive
integers k < [, there is an increasing sequence of integers n; < ng < ... such
that c(n1,n2) = c(ni,n;) for all 4 < j. (For a textbook treatment, see [7].)
We prove a stochastic Ramsey theorem.

To state our result, we first establish some notation. We denote the set of
natural numbers by N. For all n in N, let J, be a nonempty countable set
of states. We regard the sets J,, as discrete spaces, and define the history
space to be  := [], Jn. For any n in N, denote [[;<m<p Jm by On. Any
q in Q,, is a partial history with length n, and we denote the length of g by
llall- Write <oo for U, n. We give 2 the Tychonoff product topology: for
a basic open set U in the Tychonoff product Q, we have U =[], Up, with
each Uy, open in Jp, and with the support of U, i.e., {m : Uy, # Jn}, finite.
Let F;, be the o-algebra on 2 of Borel sets generated by the basic open sets
with support included in {1, ...,n}. That is, F, is the collection of all events
included in  that are known at stage n to be true or false (so knowable)
from the course of history. Then {F;,}n>0 is a filtration, i.e., an increasing
family of sub-o-algebras of P(Q?) : Fp C F1 C ... € P(R2), where P(R) is
the power set of §). Define F, to be the o-algebra of Borel sets on 2. Let



Chapter 1. Introduction

P be a probability measure on (£2, F). Call (2, Fe) and (2, Foo, P) the
measurable space and the probability space constructed from the sequence

{J=}nen of sets of states, respectively.

We write an element in  as w = {w(n)}nen where w(n) is in J;, for each
n. We denote by win the partial history of w truncated at stage n, i.e.,
wln = {w(1),...,w(n)}. Define the basic open set determined by a q in Q,
by B(q) := {w € Q: w|n = ¢q}. A mapping 7: Q2 — {0,1,2,...,00} is called
a stopping time if

Vn<oo, {T=n}={weR:7(w) =n} € Fn.

That is, by stage n the decision whether or not to execute some action
(referred to as ‘stopping’) is a ‘knowable’ event in relation to the information
so far disclosed by history. For every n in N, we denote by 7, the collection
of all stopping times 7 on Q bounded by n, and put 7 := |J, 7. For any
7 € T and any w € Q, it is natural to denote the partial history of w
restricted to T by

wlr == w|r(w) = {w(), .., w(r(w))}

We call w|r the stopping place of 7 on w, and denote by Sy := {w|r : w € O}
the set of stopping places of 7. We say that 7 is consistent with ¢ € Q,,
and write 7 € T(q), if 7(w) > n Vw € B(g). Note that the collection 7 of
bounded stopping times has a natural partial order. Namely, for any two
bounded stopping times o,7 € T, we say that o is ahead of 7, and write
o <, if o(w) < 7(w) Vw € Q. Denote the partial ordered pairs of bounded
stopping times by

7’§2) :={(0,7):0,7€T and 0 < 7}.

We drop the subscript ‘<’ when context allows. We also need the following

notion of a stochastic colouring.

Definition 1.1. Given a set C of colours, a stochastic colouring f is a
mapping from Z = {(q,7) : ¢ € Qcoo and 7 € T(q)} to C. The induced
stochastic colouring f of f is a mapping from T® x Q to C and defined by

fa,f(w) = f(wlo,7) Y(o,7) € T v € N.

6



Chapter 1. Introduction

Comment 1. The set Z here is the key for Definition 1.1 and later in
the proof of Theorem 3.2 and Theorem 3.13. There some of the arguments
reduce to the consideration of the case when all J; are finite. In this circum-
stance, Z is countable. To see this, first note that, for given n in N, each
T in 7T, is uniquely encodable by reference to its stopping places, which are
contained in a finite set of cardinality []
a given 7 in Ty, the set of partial histories ¢ with which 7 is consistent, i.e.,
7 € T(q), is finite.

| ;|- By the same argument, for

i<n

Note that if some J; is infinite, then Z is uncountable. To see this, suppose
that J; = N. For any A C N, define a mapping 74 : 2 — N by

(@) = 1 fw(l)e A
AT 2 ifwq) ¢ A

Each 74 is a stopping time bounded by 2, since {w € Q : w(l) € A} € F;.

Furthermore, if A # B, then 74 # T5. Because there are 2N many such 74,

Z is uncountable.

Comment 2. For the definition of faﬁ (w), note that if 7 and o are bounded

stopping times with 7 > &, then 7 is consistent with w|o, as

7(w) > ||wlo|| = o(w) Yw € Q.

Comment 3. We can replace ‘bounded’ 7 by ‘finite’ 7 in the definition of
stochastic colouring. Indeed, if the replacement were made, the proofs of all
theorems in this thesis would still only refer to the action of the stochastic

colouring on all bounded stopping times.

We are now ready to state our stochastic Ramsey theorem. It implies the
classical result when |J;| =1 Vi € N.

Theorem 1.2. (Stochastic Infinitary Ramsey Theorem). Given a probabil-
ity space (2, Foo, P) constructed from a sequence {J;}ien of sets of states
and a stochastic colouring f with values in a finite set C, then for ev-

ery € > 0 there exists an increasing sequence of bounded stopping times

7
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01 < 03 < 03 <... such that
P(for0, = foro, V1<i<j) > 1—¢

where f is the induced stochastic colouring of f.

Comment. The complete version of the probability formula above is
P({w € Q: fo, 0,(w) = fo0,(w) V1 <i< j}) > 1—e.

Given an increasing sequence of bounded stopping times 8; < 63 < 63 <...,
we note that the set {w € Q: fp, 9, (w) = fgi’gj (W)V1<i<j}isin Feo. In
this thesis, whenever a set S is trivially in F, we use the shorthand P(S)
for P({w : w € S}), and omit the proof of that S € Feo.

Note that some special cases of the induced stochastic colouring f in Defi-
nition 1.1 will essentially induce results in the deterministic Ramsey theo-
rem. For example, suppose that f,,,-r is a constant function on 2 for each
(0,7) € T®. Then we can simply confine ourselves to the sequence of
bounded stopping times {6,} in which 8,(w) = n Vw € Q Vn > 0. The
problem of finding an infinite sequence of bounded stopping times on which

f is monochromatic is here simply a problem in classical Ramsey theory.

Shmaya and Solan [16] considered a stochastic Ramsey theorem in a general
probability space (2, Foo, P) with a given filtration {F,} (where F,, C Fuo
Vn € N). They defined an NT function in the stochastic setting as follows.
An NT function is one that assigns to every nonnegative integer n and every
bounded stopping time 7 an Fn-measurable function ¢, defined over the set
{r > n} with range C. They also imposed an F-consistency requirement:
ifm =m >mnon F with F € F, then ¢yr, = ey, on F. When o
and 7 are two bounded stopping times with o < 7, they put ¢, (w) :=
Co(w),r(w), and thus made c4,r an Fy-measurable random variable. Under
these conditions, they derived the weaker conclusion of the existence of a
stepwise monochromatic path rather than a Ramsey theorem: for every
finite set C of colours, every F-consistent NT function ¢ and every ¢ > 0,
there exists a sequence of bounded stopping times 0 < 6; < 62 < ... such
that P(cg, 6, = co;,9,,, Vi) > 1 —¢. In their paper they commented that ‘the

8
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natural stochastic generalisation of Ramsey’s theorem requires the stronger
condition that P(cg, g, = cg, 0, V0 < i < j) > 1—e. We do not know whether
this generalisation is correct.” Their hunch turned out to be right, at least

in our ‘tree’ context, as the current thesis demonstrates.

Our stochastic colouring in Definition 1.1 is almost the same as an NT
function in the case that the measurable space (2, F) is constructed from
a sequence of sets of states, except that we do not need the F-consistency
requirement in Definition 1.1. Given a partial history ¢ € Q.+, consider
two bounded stopping times 71,72 € T (g) where w|r = w|2 Yw € B(g).
In this context, the F-consistency condition of Shmaya and Solan requires
that f(g,71) = f(g,m2). That is, for any ¢ € Q< and any 7 € T(g), it is
the subset {w|r : w € B(q)} of {w|r : w € N2} that determines the value of
f(g, 7). By contrast, our Definition 1.1 places no such requirement: the value
of f(g,7) in the above context is allowed to be determined by the larger set
{w|7 : w € 2}; so Definition 1.1 also includes stochastic colourings with F-
consistency. Note that, in the case of (€2, Fo) constructed from a sequence
of sets of countably many states (Markov chain), the Stochastic Infinitary
Ramsey Theorem (Theorem 1.2) not only includes the result of Shmaya and
Solan: P(fo, 0, = fo.0, +1V%) > 1 — ¢, but also answers affirmatively their

open question.

1.2 The structure of this thesis

The outline of this thesis is as follows. After an introduction to the stochastic
Ramsey theorem in this chapter, we review the classical Ramsey theorem in
Chapter 2. Besides the standard proof, we give a detailed proof analogous
to the proof of the stochastic Ramsey theorem to be shown in Chapter 3.
One can compare these proofs for a deeper understanding of the Ramsey

theorem in both deterministic and stochastic formulations.

In Chapter 3, we prove the Stochastic Infinitary Ramsey Theorem (Theorem
1.2) and results analogous to the classical finitary Ramsey theorem. For a

more detailed introduction of this chapter, please see Section 3.2.
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In Chapter 4, we consider the problems of hypergraphs in the Ramsey theory.
In the deterministic context, given a natural number k& > 2, we colour every
set of k natural numbers n; < nz < ... < n; and check for the existence
of an infinite monochromatic subset A of N in the sense that every subset
of cardinality k in A is assigned the same colour. While the extension of
the deterministic (classical) Ramsey theorem to hypergraphs is a standard
result, it is by no means a trivial problem in the stochastic variation. We
have to first determine the best suited definition of colouring for hypergraphs
in the stochastic context. The complexity of colouring multiple bounded
stopping times then denies any easy generalisation of the proofs in Chapter
3, and in Theorem 4.2 (for k£ = 3) we have only a result weaker than the

conjectured one.

In Chapter 5, we present an application of the stochastic Ramsey theorem
in expected utility theory. We refer to a utility function u to value a random
variable X which is regarded as a random monetary result. Our conclusion
is that, for any € > 0, we can find an infinite increasing sequence of bounded
stopping times such that with probability greater than 1 — ¢, there exists
a real number r and the expected utility on those stopping times is always
bounded by [r — €,7 + €. (cf. Theorem 5.1)

10



The classical Ramsey

theorem

Given k in N, we denote {(n1,...,n%) :m e NV1I<I<k; ni<n;jV1I<i<
j <k}by N(<k). If no ambiguity, we drop the subscript ‘<’.

For simplicity, we here only apply colour functions ¢ from N@ to a set of
colours C, but we shall consider the general case that the domain of c is
N() for any m = 2,3, ... in Chapter 4. Recall the classical Ramsey theorem
for the case of N(2),

Theorem 2.1. Given a set of colours C = {cy, ..., ¢k}, for every function ¢ :
N@® — C, there is a sequence of integers ny < ng < ... such that c(ny,ng) =
c(ni,n;) V1< i< j.

We give in Chapter 3 a stochastic generalisation, which includes Theorem
2.1 as a special (deterministic) case. The proof of our more general version
may thus be adapted to apply directly to the classical setting, so giving a
new proof. Rather than present this ‘stripped-down’ proof at a later stage,
we give it here to aid a better understanding of the proof strategy of Chapter
3 in the more general (so more complex) setting. Our proof here highlights
in Lemma 2.3 (see citations in Remark 2) properties arising in the definition
of the Ellentuck topology. As a preliminary, we include a standard proof,

though not as in [13], for the two-colour case to introduce some ‘labelling’

11



Chapter 2. The classical Ramsey theorem

terminology.

In what follows, subsets of N may sometimes usefully be also termed ‘sub-

sequences’ (of the sequence of natural numbers).

Theorem 2.2. (Two-colour Ramsey Theorem) Given a set of colours C =
{Red, Blue}, for every function c : N — C, there is an increasing sequence
of integers ny < ng < ... such that c(ny,n2) = c(ni,nj) V1 <i < j.

First Proof (Standard Proof). Under the given function ¢, we shall construct
inductively an infinite sequence {s;}ien € N and a sequence {Tj}i>o of
subsets of N with T;4+1 C T; Vi. In doing so, we shall label each element in
{si}ien with a symbol r or b. We finally show that any infinite subsequence

of {s;}ien with identical label is the desired sequence.

Let To = N and s; = 1. We write R := {n € Tp : c¢(s1,n) = Red}
and By := {n € Tp : ¢(s1,n) = Blue}, ie.,, By = Ty \ ({s1} U R1). Then
at least one of Ry and B is infinite. If R; is infinite, let 71 be R; and
label s; with r; otherwise let T} be By and label s; with b. Suppose that
we have already obtained the labelled initial subsequence {s1,...,5¢} and a
decreasing sequence {71, ..., T}, i-e., Tj+1 C T; V0 < ¢ < k. The induction
assumption is that, for each 7 with 1 < i < k, 5; € T;—; and ¢(s;,n) is the
same colour for all n in T;. Let si4; be the minimum element in Tj,. Write
Riy1 := {n € T : c(Sk+1,n) = Red} and Biyg := {n € Ty : ¢(sk+1,n) =
Blue}. If Ry is infinite, let Tx41 be Rgyq and label sgy; with r; otherwise
let Ty4+1 be Bg+1 and label sgy; with b. Then the new initial subsequence
{s1, .., Sk+1} and the decreasing sequence {11, ..., Ty+1} satisfy the induction
assumption. In this way, we obtain a labelled infinite sequence {s;}ien. We
write R := {i € N : s; labelled with r} and B := {i € N: s; labelled with b}.
For any i,j € R with ¢ < j, s; € T;. So c(s;,8j) = Red. By similar
arguments, ¢(s;,s;) = Blue Vi,j € B with 4 < j. At least one of R and B
is infinite, which completes the proof. O

We now prove Theorem 2.2 by a different method, which will shed light on
the approach in the proof of the Stochastic Ramsey Theorem introduced in
the next chapter. For the preparation of the proof, we analyse the charac-

terisation of one special infinite sequence of natural numbers under a colour

12



Chapter 2. The classical Ramsey theorem

function ¢ and obtain a lemma as follows.

Lemma 2.3. Given a colour function c, there exists an infinite sequence
A = (a1,0z,...) € N (a; < aj Vi < j) with a partition A = R(A) U B(A)
having the following property: for any infinite subsequence A' C A and any
finite subset S C A’, there ezists an infinite subsequence T = (t1,t3,...) C A’
such that

c(n,t;) =Red Vne SNR(A) VI >0 (2.1)

and
c(n,t)) = Blue Yn € SN B(A4) VI > 0. (2.2)

Remark 1: The partition above may be degenerate, that is, one of the
partitioning sets of A may be empty. This lemma, is the deterministic version
of Lemma 3.7.

Remark 2: Note that the two conditions of ‘S finite’ and ‘T’ C A’ here are
key to the definition of the basic open sets of the Ellentuck topology. (cf.

[91)

Proof. We first extract an infinite subsequence A = {a;}i>0 of N by a la-
belling process, each element being labelled with r or b. We shall then show
that the sequence A has the desired property and the two collections of ele-
ments labelled with r and b are respectively the two partitioning sets of A,
R(A) and B(A).

Step 1: We construct an increasing sequence of finite subsets {E;}i>o of N
with Ey = @ and E; C Ej41 Vi > 0, a sequence of infinite sets {G;}i>0 of N
with Go = N and G; D Gi41, and a partial labelling of each G; with symbols
r and b. In doing so, we pick an infinite sequence {a;}i>o of labelled natural

numbers such that {ag, ...,a;} C G; Vi, in an inductive procedure.
Set ag = 1.

Suppose that we have defined a9 < ... < aj, {Ey, ..., E;} and {Goy,...,G;}.
We define Ei+1 and Gi+1 by cases.

13



Chapter 2. The classical Ramsey theorem

Case 1. First suppose that for any infinite sub-subsequence G C G, there
exists an infinite subsequence Tg = {t1,t2,...} C G with t, < t, Ym < n
such that

c(ai, ) =c(a,t;) = Red VI >0 Va € E;.

Then we label g; with r, and put E;41 = E; U {a;}, Gi+1 = G;.
Case 2. Now suppose otherwise; then there exists an infinite subsequence,

say Gi(a;)(E;), of G; with the following property. Given any T = {t;}1>0 C
Gi(ai)(E;) with ¢(a,t;) = Red VI > 0 Va € E;, there exists N € N such that

¢(ai, t;) = Blue VI > N.

Indeed, otherwise c(a;, ) = Red infinitely often, say on {t;}ien C T'; then
on {t;}ien we have

c(ai, t)) = c(a,t;) =Red VI >0 Va € E;.

Choose such a G;(a;)(E;). We let Gi41 be Gi(a;)(E;)U{ao, ...,a;}, 80 Giy1 C
G;; then label a; with b, and keep E;y; = E;.

We let ai4+1 := min{n € G;41 : n > a;}. This completes the induction.
Denote the sequence {ag,a1,...} obtained above by A. Hence, A is the
infinite sequence all of whose elements are labelled with either r or b. The

union of the finite sets {E;}i>o is the union of all numbers labelled with r
in A.

Step 2: We denote the two subsets of A labelled with r and b respectively,
by S, and Sp respectively. That is, S, = UiZO E; and Sp = A\ S,. We show
that the two partitioning sets S, and S of A can fulfill the roles of R(A)
and B(A). Suppose A’ = {a,a,...} is an infinite subsequence of A and
S is a finite subset of A’. We show the conditions (2.1) and (2.2) hold for
an infinite subsequence T = {t{,t,,...} C A’, via an intermediate infinite
subset Tar = {t1,tg,...} C A’ with the property T C Tas. (T4 will take the
form T when Case 1 above applies.)

We define for a finite S
d(S) :=min{n: S C {a; : 0 <i < n}}

14



Chapter 2. The classical Ramsey theorem

To obtain the result (2.1) in Lemma 2.3, we consider a fixed S and the finite
sequence Eq(g) in A. Recall that E; = {a;: 0 <1 < i; a; is labelled with r}.
It follows that S, NS C Ed( 5)-

On the one hand, if Eyg) # @, by the definition of label r in respect of
the last a in Eyg), for any infinite subsequence in Gy(s), and hence in
particular for A’ (note A’ C A C Gy(g)), there exists an infinite subsequence
Ty = {ti}i>0o C A’ (as in Case 1 above) such that

c(a, ti) =Red Va € Ed(g) Vi > 0. (2.3)
Therefore,

c(a,t;) =Red Va € S, NS Vi >0,
i.e. condition (2.1) holds.

If on the other hand Eq(gy = @, then $,NS = @ and (2.1) will hold vacuously,
provided we define T4/ to be, say A’. Note that result (2.3) still holds in

this case, albeit vacuously.

We now show that the condition (2.2) in Lemma 2.3 also holds by reference
to the same infinite sequence T4. Without loss of generality, we suppose
SpNS # O and consider an element indexed as a,,. Since a,, is labelled with
b, by the definition of Gp+1, for any infinite sequence K = (k1, k2, ...) C
c(a,k;) =Red Vi > 0Va € Ep,
there exists IV, € N such that
c(am, ki) = Blue Vi > Np,.

Since Tyr C A" € A C Gmt1, Em € Ey(sy and (2.3) holds, we can take
Tar = {ti}i>o for K above. Moreover, for any element a, in S, NS, we can
likewise take T4» again for K above. Hence, there exists a corresponding
N,v € N such that (with ¢; = ;)

c(@py, t;) = Blue Vi > Ny,

Because S, N S is finite, we can validly define N to be the maximum of all

the numbers N,y. Therefore, for T4 = {t;}ien as above

c(a,t;) =Blue Va € S§y,nNS Vi > N.

15



Chapter 2. The classical Ramsey theorem

Define a new infinite sequence T" = {t;};en C Tas such that t; = ¢;4 y Vi € N.
This is the desired infinite subsequence for the set S in the infinite sequence
Al 0O

Remark: In fact, we do not need the full strength of Lemma 2.3 in the
proof of Theorem 2.2: we only need the special cases A’ = R(A), or B(A).
We prefer to establish a more informative result, mainly for the analogy

with the situation in the stochastic Ramsey theorems later.

Proof of Theorem 2.2 from Lemma 2.8. In the infinite sequence A obtained
from Lemma. 2.3, at least one partitioning set of R(A) and B(A) is infinite.
Without loss of generality, assume R(A) is infinite.

R(A) C N inductively. Suppose that we have already obtained the initial
subsequence (ni,...,ng). Since (ny,...,nx) C R(A), by (2.1) in Lemma 2.3,
there exists an infinite subsequence T* = {tf};cn C R(A) with the property
that

Let n1 = a1. We construct the desired infinite subsequence {n;}ien C

c(a,t¥) = Red Va € {ny,...,ni} Vi > 0.

N

Denote 14, to be 5. In this way, we find an infinite sequence {n;}ien
R(A) C N where

c(ni,n;) =Red Vi < j.

Similarly, if B(A) is infinite, we can find an infinite sequence {n;}ieN
B(A) C N where

N

c(ni,nj) = Blue Vi < j.
0
For completeness, we include the standard derivation of Theorem 2.1 from
Theorem 2.2.

Proof of Theorem 2.1. We prove this by induction on the number of colours.
Recall that N® = {(m,n) : m < n;m,n € N}. Suppose that given
the natural number &£ > 2, for every function that assigns a colour ¢ :
N® - {e1,.--sCk—1}, there is a sequence of integers n; < ng < ... such that
c(n1,n2) = ¢(ni,n;) V1 <4 < j. For any function ¢ : N® 5 C = {e1,...,c},

16



Chapter 2. The classical Ramsey theorem

we define a new function ¢/ : N® — {¢i,...,ck_2,&} such that for any
(m,n) € N
c(m,n) if ¢(m,n) € {c1,...,ck—2}

d(m,n) = { _

if ¢(m, n) € {cx-1,cx}.

Then by induction assumption, there is an increasing sequence of integers
n1 < ng < ... such that ¢(n;,n;) has the same colour ¢ € {cy, ..., ck—2,}
for all (4,5) € N@. If & € {c1, ..., cx—2}, then c(nj,nj) = & V(3,j) € N@. If
€ = ¢, then by Lemma 2.2, there is an infinite subsequence {nf,n},...} C
{n1,n2,...} such that ¢(nj,n3) = c(nj,n}) V(3,j) € N®. In either case,
we have obtained an infinite sequence {s1, 82, ...} C N such that ¢(s1,s2) =
c(s;, 85) V(3,5) € N®, which completes the proof. O

We can go further to deduce the finitary version of the Ramsey theorem,
which says that, given a set of finitely many colours, no matter how large a
target size for a monochromatic subset, there exists a bound such that under
whatever colour function defined on N(?) we can find a monochromatic subset
of the target cardinality within that bound. (See [7] for reference.)

Theorem 2.4. (Finitary version) Given a set of colours C = {c,...,ck}
and the natural number m, there ezists i = n(m) € N such that for every
function ¢ : N@) — C, there is a sequence of integersny < ng < ... <nm < @t
such that c(n1,ng) = ¢(ni,nj) V1<i < j<m.

Proof. The set of all colourings f is [C]¥®: the finite set [C] is given the
discrete topology, and [C]N(z) the product topology. By Tychonov’s theorem,
this space is compact. For each subset in N of size m, say Q = {n1, no, ...nn}
where n; < n;j V1 <4 < j < m, the set Cg of colourings in [C]N(z) in which

c(ny,ng) =c(ny,n;) V1<i<j<m

is an open set (by definition of the product topology). The Infinitary Ramsey
Theorem (Theorem 2.1) asserts that these sets cover the whole of [C]N @ By
compactness, some finite collection {Cyg,,...,Cq,} of these sets also covers
[CIN®. This implies that every colouring on UL, Q: will have

C(n11n2) = c(”i)”j) V1 <i< .7 < m,

17



Chapter 2. The classical Ramsey theorem

on at least one of the Q;. Then we may take for 7 any bound of U2=1 Qi
such that V1 <1 <t Vn., € @, ny < 7. O

Remark: There are alternatives to this proof: for instance, one can reor-
ganise the proof using ‘sequential compactness’ or apply the ‘compactness
theorem for first-order logic’. (cf. [7])

18



The main stochastic theorem

3.1 Examples

We first give several examples of stochastic colouring all based on the same
probability space (2, Foo, P) which we now define. Referring to Section 1.1,
let J, = {Head, Tail} Vn € N. Let P be the usual product probability
measure associated with elements of J,, being given equal measure. So, for

any partial history q € {2y,
P(w : win = g and w(n + 1) = Head | B(q)) = 1/2,

and
P(w: wln = q and w(n + 1) = Tail |B(g)) = 1/2.

We can view this model as tossing a fair coin infinitely many times, and
visualise <o as generating a binary tree F. A partial history is a finite
sequence of Head and Tail; a bounded stopping time is an instruction of
when to stop referring only to the revealed partial history. An example of
what is not a bounded stopping time is the instruction to stop at the first
time when you get a Head. That is because the stopping time would be
infinity if the randomly chosen history turned out to be Tails forever. Below

is an example of an increasing sequence of bounded stopping times.
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6, = min{5, the first time Head shows up},
0 = min{10, the third time Head shows up},

03 = min{12, the fourth time Head shows up}.
Examples of stochastic colouring are as follows.

1. Let C = {Red, Blue}. For any partial history ¢ = (¢(1), ..., q(n),g(n +
1) = Head), let f(q,7) = Red Vr € T(q); for any partial history
g = (g(1),...,q(n),q(n + 1) = Tail), let f(g,7) = Blue Vr € T(g).
That is, the value of f(g,7) is determined by the last coordinate of
the partial history ¢ only.

This example is similar to the one given by Shmaya and Solan in [16],
which shows that, in the stochastic Ramsey theorem, the condition
€ > 0 is indispensable. Consider any three bounded stopping times
01 < 62 < 63 in which 6; € Ty for some N. Note that there exists a
history w such that the last coordinates of the two partial histories of
w restricted to 6; and 8, are different, i.e., w|61 (61 (w)) # w|02(02(w)).
To be specific, for the history wy = (w1(1),w1(2), ...) in which wy (k) =
Head Vk € N, it follows that f(w1|01,602) = f(w1|61,63) = Red. Now
consider wp = (w2(1),w2(2),...) in which we(k) = Head V1 < k <
lw1]61|] and wo(k) = Tail Vk > ||wi|61]]- It follows that f(ws|62,03) =
Blue, and P(B(u2|02)) > 1/2N. Note that B(uw2|61) D B(wz|62), from
which we may infer that P(f01,02 = fgl,ga = fez,ga) <1- 1/2N.

2. Let C = {Red,Blue}. Given any function g : Q< — C, define a
stochastic colouring f such that, for every partial history ¢, f(¢,6) =
g(q) V8 € T(q). Thus, the stochastic colouring only depends on the
partial history, but it is still a more general stochastic colouring than
the one in the preceding example. For convenience, with this f, we
label a partial history g with r if f(g,0) = Red V8 € T{(q), and with
b if f(g,0) = Blue V8 € T(g). If the Stochastic Infinitary Ramsey
Theorem (Theorem 1.2) is to be true in this context, then we should
be able to find a partition & = RU B with R, B € Fy for some N
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in N, and an infinite increasing sequence of bounded stopping times
N <6, <6y < ... such that

P(w € Q : w|b; is labelled with r Vi € N|R) > 1 —¢

and
P(w € Q: w|b; is labelled with b Vi € N|B) > 1—e.

To find a sequence {6;} with this property, recall in measure theory
that a set Sp = {w : w|n is labelled with r infinitely often} is in Fo, and
can be approximated in probability by a Borel set R in |J,, Fn. This
means that in the set R, with very large probability (i.e., > 1 —¢), we
will come across infinitely many partial histories labelled with r along a
randomly selected history. If R is e-maximal, then in its complement
one may similarly find a Borel set B in which partial histories are
labelled with b eventually,. We will find an increasing sequence of
natural numbers {N;} from which we can then define 8; simply for
each 7 to be the bounded stopping time which stops at NV; unless we
come across the ! partial history in R labelled with r or the it? partial
history in B labelled with b. More detailed and rigorous analysis will

appear in Lemma 3.8.

. Let C = {Red, Blue, Green}. For each pair (¢g,7) in Z, ie., ¢ € Q<o
and 7 € T(q), we denote P({w € @ : w(r(w)) = Head}|B(q)) by
Py r(Head) and P({w € Q : w(r(w)) = Tail}|B(q)) by Py-(Teil). Let

Red  if P, ,(Head) > Py (Tail);
f(g,7)=={ Blue if P, (Head) < P, (Tail);
Green if Py (Head) = P, ,(Tail).

. Let C = {Red, Blue}. For a pair (¢,7) in Z, we say that 7 is uniform
under q if there exists n in N such that 7(w) = n for all w in B(g).
For each pair (¢,7) in Z, let

Red if 7 is uniform under g;

flg,7) = {

Blue otherwise.
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5. We can release the constraint that f is defined conditional on B(q)
in both example 2 and 3 above. For instance, in example 2, given a
partial history ¢ in Q«, we can simply define P, ,(Head) := P({w €
Q: w(r(w)) = Head}) and P, ;(Tail) similarly, for all 7 € T(g).

6. Let C = {Red, Blue}. For any bounded stopping time 7 € 7, define
br to be the minimum bound of 7 such that 7 € T_ but 7 ¢ T 1.
For each pair (g, 7) in Z, let

Red if b; is even;

,T) =
flgm) {m% if b, is odd.

See Chapter 5 for an application of the stochastic Ramsey theorem in ex-

pected utility theory.

We show two mappings below that are not stochastic colourings. Let C =
{Red, Blue} and 2 = JN for a finite J in both two examples.

1. For any partial history ¢ = (g(1),...,q(ng)), we say a partial history
h = (h(1),...,h(ng), h(ng + 1), ..., h(np)) is consistent with q if h(i) =
q(%) V1 < i < ng. That is, for any w in B(h), w|ng = q and wlnp = A,
with np > ng. Denote the set {(g, h) : ¢ € Q<co; his consistent with g}
by X. We define a mapping ¢ : X — C and an induced mapping
§:T@ x Q> Chby

Go.r(W) := g(wlo,w|7) V(o,7) € TO Vw € Q.

2. For any bounded stopping time 7 € 7, we say a partial history ¢ is
unrevealed by 7 if ||g|| > 7(w) Vw € B(q). Denote the set {(7,q) : 7 €
T; q is unrevealed by 7} by Y. We define a mapping v:Y — C and
an induced mapping 4 : T® x Q@ — C by

Yo,r(w) = g(o,w|T) Y(o,7) € T vy e Q.

Recall that for any (o, 7) € T the induced stochastic colouring f,,,T (w) =
f(wlo,7) is determined at stage w|o. In examples above, both the formula-
tions of o, r(w) and 4, -(w) include the partial history w|r, which means one
has to determine §, -(w) and 9, (w) at a later stage w|r. More rigorously

f,,.,- is Fo-measurable but both g, and 4, - are only F--measurable.
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3.2 OQutline of the proof

It is clear that a proof similar to the standard proof of Lemma 2.2 is not
enough for the two-colour case in the Stochastic Infinitary Ramsey Theorem
(Theorem 1.2), as fa,.,oj is randomly selected for each pair (7,5). We defer
its proof to Section 3.5 and firstly focus on the following theorem, which

contains the essence of the argument.

Theorem 3.1. (Finite-state Two-colour Stochastic Partition Theorem).
For a set C = {c1,¢2}, a probability space (2, Foo, P) constructed fmm a
sequence of sets of finitely many states, and a stochastic colouring f with
values in C, for every € > 0, there exists a natural number N, two sets
51,82 € Fn with S1U Sz = , and a sequence of bounded stopping times
61 < 0 < ... such that

P(fo.-,e,- =1, V1 <i< JlSl) >1 — €, sz(Sl) > 07

and
P(fo0, =c2, V1<i<j|S2) >1~¢, if P(Sz) > 0.

The main idea in the proof of Theorem 3.1 is to view Q< as a tree. (See [10]
for an account of probability theory on trees.) In this tree setting, which we
develop in Section 3.3, we can define new finer filtrations by modifications
(pruning) of the tree structure. Our approach can be interpreted, but only as
a matter of convenience, in the language of Markov chains, via the projection
process Xp(w) := w|n. (For other aspects of Markov chains and Ramsey
theory see e.g. [6].)

After Theorem 3.1 proved in Section 3.4, the remaining steps to prove The-
orem 1.2 are straightforward. We shall give a brief proof of a generalised
version of Theorem 3.1 for any set C of finite colours in the latter part of
Section 3.4. In Section 3.5, we consider the case that some J; in {Jp}neN
are countably infinite sets: we sacrifice a very small probability relative to
¢, and ignore all but finitely many states in each J;. This method reduces

the problem of countably many states to a problem of finitely many states.
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Similarly to Ramsey’s theorem, a finite version of Theorem 1.2 can be proved
by compactness arguments. This is done in Section 3.6. Surprisingly, in the
case that J; is a finite set for every i, we obtain in Theorem 3.2 below a
strong finite version of Theorem 1.2 for all stochastic colourings f and all
probability measures P defined on the measurable space; that is, n(m,¢)

mentioned below does not depend on f or P.

Theorem 3.2. (Strong Stochastic Finitary Ramsey Theorem). For a mea-
surable space (R, Foo) constructed from a sequence of sets each containing
finitely many states, a set C of finitely many colours, a natural number
m > 2 and any € > 0, there exists n = n(m, €) € N such that, for every prob-
ability measure P defined on (0, Foo) and every stochastic colouring f with
values in C, there exist m bounded stopping times 01 < 03 < ... <O < mn
with
P(fo0, = fop, V1<i<j<m)>1-e

3.3 The model

The set <o ordered by sequence extension forms a directed tree F. (This
is a graph theoretic tree. We regard it as directed downwards and call it
the tree of partial histories. For convenience, denote the vertex set of F by
Vr, i.e. Vg = Qcoo. A vertex in F is a partial history, and in particular,
the root of F is the empty partial history. In the tree F, we see that a
directed edge is an extension of a partial history, while an infinite directed
path from the root of F is a history. Define a covering set V in F to be a
subset of Vg such that any path in F goes through infinitely many vertices
in V. Hence, at each vertex ¢ € V, along any path w with w € B(g), there
exists a unique vertex qg(w) which is the first vertex in V gone through
by path w beyond ¢q. Define a covering subforest of F generated from a
covering set V in F to be a forest with vertex set V and directed edge set
{(g;qt(w)) : ¢ € V,w € B(q)}. For any covering subforest G of F, we
denote its vertex set by V. Any covering set V in a covering subforest G

determines a covering subforest of the covering subforest G. Note that a
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covering subforest of F is a subtree of F if and only if V includes the root of
F.

Given a covering subforest G of F, we say that a stopping time @ is adapted
to G if w|f € Vg Yw € Q. Given a stopping time 8 adapted to G, we denote
the set of vertices {w|f : w € 0} by Se(G), and call it the set of stopping
places of 8 in G, so extending the notation in Section 1.1 (by emphasising
restriction to certain subforest). Intuitively, a stopping time 6 is adapted to
G if, according to 6, we always stop at a partial history which is a vertex in
G, and Sp(G) is the set of all such vertices determined by 6 in G.

The definition of a covering subforest is closely related to bounded stopping
times. Given a covering subforest G of F, for any n > 0, define o,(G) to be
a bounded stopping time adapted to G such that, for any w € Q, wlo,(G) is
the (n + 1) vertex in G along the directed path w in F. Denote S, (g)(G)
by Ln(G), and call it the n™ level set of G. We see that Vg = U, Ln(G),
from which we may infer that the sequence {L,(G)} generates the covering
subforest G of F. The following lemma shows a way of constructing a cover-
ing subforest of I from a sequence of covering subforests of F. We call this
a fusion lemma by analogy with set theory usage (see e.g. [8], Chapter 15).

Lemma 3.3. (Fusion Lemma). Given a sequence of covering subforests
{Gn} of F with Vg, 2 Vg,,, Vn >0, the sequence {Lp(Gp)}n>0 generates

a covering subforest G’ of F.

Proof. Since Vg, 2 Vg, 0n(Gn) < 0n41(Gr) < 0n41(Gny1). That im-

plies Li(G;) N L;j(G;) = @ Vi # j. It then follows immediately that any path
w in F goes through infinitely many vertices in Vg := |J,59 Ln(Gn). Thus,

Vi is a covering set in IF, which completes the proof. O

Let G be a covering subforest of F. At each n > 0, define the o-algebra
generated by L,(G) to be

Gn :=0{B(q) : g € La(G)}.

If G =F, then G, is exactly JF,, for every n.
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Given a covering subforest G of F generated from V and a covering set S
in G, we say that S generates a covering subforest G’ pruned below o;(G) if
S O Uo<n<i Ln(G). (The n't level sets of G and G’ are the same for each
n with 0 < n < 13.) If a vertex ¢ is in L;(G), a covering subforest of G
pruned below ¢;(G) is also called a covering subforest of G pruned below
¢’s level. Note that this last definition is meant to be a quick way of saying

that pruning occurs below all the vertices in G of the same level as q.

3.4 The stochastic Ramsey theorem for sets of finitely

many states

In this section we prove the Finite-state Two-colour Stochastic Partition
Theorem (Theorem 3.1) and its generalisation (Theorem 3.9). We begin
with a simple but important observation. In the case that J; is a set of
finitely many states for each ¢, for any covering subforest G of F and any
bounded stopping time 8 adapted to G, the set of stopping places of 6 in G
introduced in Section 3.3, i.e. Sp(G), is finite.

To prove Theorem 3.1, we shall firstly define and find a well-structured sub-
tree A of F under the stochastic colouring f. Then we shall extract a cov-
ering subforest F of A, which has a ‘nice’ partition of its vertex set V.
Finally, we shall show that there exists a sequence of bounded stopping
times 6, < 02 < ... adapted to F which satisfies Theorem 3.1.

We write Red and Blue for ¢; and c2. Denote {0,1,2,...} by Z*. Now we

introduce some preliminary technical definitions and results.

Definition 3.4. A well-structured subtree A under the stochastic colouring f
is a covering subtree of F with a partition of its verter set Vo = R(A)UB(A)
such that for any covering subforest G of A and any finite subset S C Vg,
there erists an infinite sequence of bounded stopping times 61 < 62 < ...
adapted to G with the property

f(g,01) =Red Vge SNR(A) V>0

and
f(g,8) = Blue Vg€ SN B(A) Vi > 0.
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Remark: The partition above may be degenerate, that is, one of the par-

titioning sets of V3 may be empty.

We intend to find a well-structured subtree A of F under f by breadth-
first search. When we define inductively a sequence of vertices {g;}, each
vertex in it will be labelled with a symbol r or b. We will show that the
sequence {g;} generates a well-structured subtree A of F under f and the
two collections of vertices labelled with r and b are respectively the two
partitioning sets of vertices, R(A) and B(A). In doing so, we will need the

following marking scheme and a related lemma.

Definition 3.5. Given a covering subforest G of F and a finite set M of
vertices with M C Vg, for every vertex q in Vg \ M, mark q with symbol
r relative to M in G, if for any covering subforest G' of G, there ezists an
infinite sequence of bounded stopping times §; < 82 < 83 < ... adapted to G’
such that

f(g,8) = f(§,0;) =Red VI > 0Vg e M.

Mark q with symbol b relative to M in G if q cannot be marked with r relative
to M inG.

Note that in the condition ‘for any covering subforest G’ of G’ above we do
not need either ¢ € Vg or M C V.

As a consequence of the definition above, a vertex q is marked with b relative

to M in G in either of the following circumstances.

I. There exists a covering subforest G of G such that no infinite sequence
of bounded stopping times §; < J2 < 83 < ... adapted to G has the
property that f(§, ;) =Red VI >0Vge M.

II. There exists a covering subforest G’ of G such that, for any sequence
of bounded stopping times §; < J2 < d3 < ... adapted to G’ which
satisfies f(g,d;) = Red VI > 0 V§ € M, there exists N € N such that
f(q,8;) = Blue Vi > N.
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For any such G’ in the condition II, we say that ¢ is marked with b relative
to M with witness G’ in G. (G’ is a witness to the condition II.) Note that
the finite set M can be empty. In such a case, the condition II simplifies
down to the existence of a covering subforest G’ of G such that, for any
sequence of bounded stopping times §; < d3 < 03 < ... adapted to G/, there
exists N € N such that f(g,d;) =Blue Vi > N.

Remark: In the proof of Lemma 3.7 later, the fact that a vertex q is labelled
with b always follows from the condition II above.

Lemma 3.6. If a vertex q is marked with b relative to M with witness G’
in G, then there ezists a covering subforest G(q)(M) of G pruned below q’s
level such that q is marked with b relative to M with witness G(q)(M) in G.

Proof. Suppose q € L;(G) for some i. Consider a new covering subforest G
of G generated from a covering set (y<,<; Ln(G)) U Vg, which means that
G is a covering subforest of G pruned below ¢’s level. Because we are only
concerned with the existence of an infinite sequence of bounded stopping
times, and L,(G) = L,(G') ¥n > i, ¢ is also marked with b relative to M
with witness G in G. Hence G satisfies to be one desired G(g)(M). O

We use the word ‘marking’ only in the sense above, in distinction to ‘la-

belling’ used as a generic term.

Lemma 3.7. -Given a stochastic colouring f, there exists in the tree of

histories F a well-structured subtree A under f.

Proof. We first extract a subtree A of F by a labelling process, then prove
this subtree A is a well-structured subtree of F under f.

Step 1. We construct an increasing sequence of collections of vertices { E;}
with Eg = §) and E; C E;4; Vi > 0, a sequence of covering subforests {G;}
of F with Go = F and Vg, 2 Vg,,, Vi > 0, and a partial labelling of G; with
symbols r and b. We shall see that E; for each ¢ is the set of vertices having
been labelled with r at induction stage . The induction hypothesis is that
given the current covering subforest G; of F, for every covering subforest G of
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G;, there exists an infinite sequence of bounded stopping times d; < d2 < ...
adapted to G such that f(g,6;) = Red Vq € E; VI. Given E; and G;,
we will check one vertex g; which has not been labelled in G; to define
E;11 and G;4q. If ¢; is marked with r relative to E; in G;, we will let
Eiy1 = E; U {qi}, Giy1 = G, and label ¢; with r. Otherwise, by inductive
hypothesis, we will see that ¢ is marked with b relative to E; in G; by the
condition II below Definition 3.5. It follows from Lemma 3.6 that there
exists a covering subforest G;(q;)(E;) of G; pruned below g;’s level. Let
Gi+1 be this Gi(g;)(E;), let E;+; = E;, and label ¢; with b.

We now explain how to determine the vertices ¢; which are to be checked.
Denote the root of F by qg. After obtaining F) and G; from qp, Fo and Gy,
we enumerate all vertices in L,(G;). Note as before that L1(Gq) is finite.
Suppose |L1(G1)| = l1; enumerate the elements of Li1(G1) as qi1,42,..-q1,-
Applying the above process to q1,¢2,...q;, in turn, we obtain two finite se-
quences {E;} and {G;} in which 1 < i < {; + 1. Note that L1(G;) =
L1(Giy1) V1 < i < Uy, since if g; is labelled with b, G;4; is a covering subfor-
est of G; pruned below o1(G;). It follows that all ¢; to i, indexed in G, are
in L;(G;) for all 0 < ¢ < I; +1. We then enumerate all vertices in La(Gy,+1)
as Gl 41, Gl 42, - @y +l- BY applying the process to gi, 41, @y +2, -+ Gy 4135 We
obtain two finite sequences {F;} and {G;} in which {; +1<i <l +la+ 1.
We can then define all Li1+1(G14+5>, _,1,,) for all i in a similar way.

Let lo = 1. Define 2(k) = > g<;ck li- Given k, it follows that Ln(Gy)) =
L,(G;) YO < n < k Vi > z(k), and in any G; with ¢ > z(k), all vertices in
Uo<n<k Ln(Gi) have already been labelled. Note that Vg, 2 Ve, 44y Yk 2
0. So, by Fusion Lemma (Lemma 3.3), the sequence {Ly(G(x))}x>0 gener-
ates a covering subforest of F. Denote this covering subforest by A. Note
that since Lo(G,(o)) only contains the root of F, A is actually a covering
subtree of F. From the definition of z(k), A is the covering subtree that con-
tains exactly the vertices labelled with r or b. The union of the collections
{E; : i € Z*} is the union of all vertices labelled with r in A.

Step 2. We keep the index order of Vi = {¢;};cz+ as in the labelling process
above, and denote two collections of vertices labelled with r and b by S, and
Sy, respectively. That is Sy = (J;cz+ Ei and Sy = Vi \ S,. We show that
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the two partitioning sets S, and S, of Vj can be regarded as R(A) and
B(A), respectively, in Definition 3.4 and hence the covering subtree A is a

well-structured subtree under f.
For any covering subforest G of A and any finite set S C Vj, we define
d(S) == min{n : U Li(A) 2 S}
0<i<n

If no ambiguity, we abbreviate d(S) to d. By the definition of z(k) in the

labelling process, we see that in fact

U Li(A) ={a::0<i<2(d)}.

0<i<d
Hence S C {¢; : 0 < i < z(d)}. Recall that
E;={q:0<1<1, q islabelled with r}.

It follows that S, NS C E,4). On the other hand, if E,4) # 0, then for
any covering subforest of G(4), and so in particular for G (since Vg C V4 C
VG, there exists an infinite increasing sequence {8;} of bounded stopping
times adapted to G such that

£(2,6;) = Red Vg € E,4) Vi > 0,
by the definition of r. Therefore,
f(q,8;) =Red Vg€ S, NS Vi>0.

If E,(4) = 0, pick any infinite increasing sequence of bounded stopping times
adapted to G to be {4;}i>o-

Suppose that one vertex g, is in S, N S. By the definition of G (gm) (Em)
and the condition IT of the definition of b, for any infinite increasing sequence
{7} of bounded stopping times adapted to G, (gm)(Em) with

f(g,7) =Red Vi > 0Vq € Ep,

there exists Ny, € N such that f(gm,7;) = Blue Vi > Np,. Since each
bounded stopping time in {d;}ien is adapted to G, and G is a covering
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subforest of Gu(gm)(Em), each bounded stopping time in {d;};en is also
adapted t0 G (gm)(Em). Because E,(4) 2 Ep, we see

f(g,6:;) =Red Vi >0 Vg € En,.

Therefore, we can take the sequence {4;} for the sequence {r;} above. Fur-
thermore, for every vertex g, in S, N S, we can likewise take {d;} again for
the sequence {7;} above. Hence there exists a corresponding Ny, € N such
that

f(gm,6;) = Blue Vi > Ny,.

Because S, N S is finite, we can define IV to be the maximum of those N,,.

Hence,
f(g,0;) =Blue Vg€ S,NS Vi > N.

Define a new infinite sequence of bounded stopping time {4 }ien such that
0 = 6;+n Vi € N. This is the desired sequence of bounded stopping times
as per Definition 3.4, for the finite set S in the covering subforest G. O

Comment on the labelling process. The covering subforest A is gener-
ated from the covering set {gi}icz+. In practice, we achieve A by building
the sequence {L,(A)} from the sequence {¢;}. For all 4, it is important
to replace the current covering subforest G; by a covering subforest pruned
below g;’s level, if g; is labelled with b. If we simply replace G; by an ar-
bitrary covering subforest G’ when ¢; is marked with b relative to E; with
witness G’ in G;, then we may fail to achieve the desired sequence {L,(A)}.
Consider the extreme case of every g¢; labelled with b, and assume that we
are now building L, (A) in which m > 0, and that the minimum number of
vertices in G; to form a Ly, (A) in G; with the current subsequence {gx }o<k<i
is {. The arbitrary covering subforest G’ may stretch out so wildly that to
form a L, (A) in G/, the minimum number of vertices in G’ with the current
{ar}o<k<i is far greater than I +1. We can, however, only include one vertex
gi+1 into the sequence {gx}. If we regard this G’ as G;41, and achieve a se-
quence {gk }x>0 in this way, we may never obtain the desired Ly,(A). In that
case, the sequence {gi }x>¢ is not a covering set, and we cannot generate any

covering subforest from it.
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We fix one well-structured subtree A of F under f obtained by the labelling
process. As in the definition after Lemma 3.3, we obtain the filtration {A,}
from this A. That is, for each n € Z*, A, = 0{B(q) : ¢ € L,(A)}.

For our next result, we need a further notation. In any covering subforest

G of A, for any bounded stopping time 6 adapted to G, we denote
6(G) := U{B(g) : ¢ € So(G) N R(A)}

and
be(G) :=U{B(q) : ¢ € Sp(G) N B(A)}.

Recall the definition of events happening infinitely often or eventually. Sup-
pose that (E, : n € N) is a sequence of events. We define

(Ep i.0.) := (E, infintely often) := limsup E,, := ﬂ U E,
m n2m

and

(En ev.) := (Ep, eventually) := liminf E, := U m E,.

m n>m

The following lemma says that, for any € > 0, we can find a ‘nice’ covering
subforest F of A with the associated filtration {F,}. In {F,}, we can ap-
proximate the set S € Fo, where for any w € S the vertices in A along the
path w are labelled with r infinitely often (b eventually, respectively), by a
set R (B, respectively) in F;. Furthermore, we can arrange that RUB = (2,
and the probability that a path includes no vertex labelled with b (r, re-
spectively) in F conditional on R (B, respectively) is greater than 1 — 5¢/8.
We prove this lemma by a method adapted from one used in [16].

Lemma 3.8. For any € > 0, there exists a covering subforest F of A with the
associated filtration {F,} which has two sets R, B € Fi such that RUB = Q
and, for any sequence of bounded stopping times 0; < 03 < ... adapted to F,
P(()re,(F)|R) > 1—5¢/8, if P(R) >0,
i>1
and

P([) b, (F)|B) > 1—5¢/8, if P(B) > 0.
i>1
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Proof. Adopt the abbreviation o; := 0;(A) in this proof. Then {rq,(A)};cz+
and {bs,(A)};cz+ are well defined in A. Because r5,(A), by, (A) € A; and
Li(A) is finite for every ¢, {ry;(A) i.0.} and {bs;(A) ev.} are both Borel
measurable sets in Ay. Let Yp := {ry,(A) i.0.} and Yp := {bs,(A) ev.}.
Note that the topological space associated with A is a Cantor space, in
particular a metric space. Since any measure on a metric space is regular
(cf. [12], Theorem II.1.2), P is regular in A. Therefore, there exists
N € N such that we can find two sets R,B € Ay to approximate Yy, Yp

respectively, i.e.

(a) RUB =9,

(b) P(Yg|R) > 1 —¢€/2, if P(R) > 0,

(c) P(Yg|B) > 1—¢/2, if P(B) > 0.

Without loss of generality, assume both P(R) and P(B) are positive. Note

that ‘bs, (A) eventually’ implies ‘b,, (A) infinitely often’. Hence, for any ¢ > 0
and any = € N, there exists y € N with y > = such that

P(|J ra(A)YR)>1-¢
z<Li<y

and

P( |J bo(A)YB) >1-¢.

i<y
Thus we can find a sequence of integers np = N < n; < ng < ... and two
sequences of sets, to be denoted by {SR;};>1 and {SB;};>1 with SR; :=
Un,_, <i<n To:(A) and SB; := U, | <icn, bsi(A), such that for every I > 1

P(SRy|Yg) > 1— (1/8)(¢/2")

and
P(SBi|Ys) > 1 —(1/8)(¢/2).

It follows that
P((SRi|Yr) > 1-¢/8

>1
and
P([\SBi|Ys) >1—¢/8.

i>1
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From P(Yg|R) > 1—¢/2 and P(Yg|B) > 1 — €/2, we may infer that

P((\SRi|R) > 1 - 5¢/8
>1

and

P((SBiB) > 1 - 5¢/8.
>1

For each | > 1, define a stopping time §; adapted to A so that on SR;N R

O(w) = min{i : op,_, (w) < i < op,(w); wli € R(A)},
on SB;NB

0i(w) = min{i : op,_, (w) < i < op,(w); w|i € B(A)},
and on (R\ SR)) U (B\ SB)),

fw)=mn;—1.
Define a covering subforest F so that
oy(F) := 8141 VI > 0.

For any infinite increasing sequence of bounded stopping times {6;} adapted
to ]l_“,

((ﬂ roi(F))ﬂR) 2 ((ﬂ SR,)ﬂR)

i>1 I>1

21 i>1

((ﬂ be (F)) ﬂB) 2 ((ﬂ SBy) ﬂB) :
This completes the proof. O

We are now ready to prove the Finite-state Two-colour Stochastic Partition
Theorem (Theorem 3.1).

Proof of Theorem 3.1. In a covering subforest F of A obtained from
Lemma 3.8, we define 6; to be go(F). We construct the desired infinite

increasing sequence of bounded stopping times inductively. Suppose that
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we have obtained (61,02, ...,0k). Denote J;<;< So; (F) by S*. Since F is a
covering subforest of A and S* is finite, by Definition 3.4, there exists an
infinite increasing sequence of bounded stopping times {6F};en adapted to
F with the property

f(g,6¥) = Red Vg€ S*NR(A) Vi >0

and
f(g,0F) = Blue Vg € S¥N B(A) Vi > 0.

Define 61 to be d%. In this way, we find an infinite increasing sequence of
bounded stopping times {6 }nen. It follows from Lemma 3.8 that, for all
initial subsequences {61, ...,6;} (¢ > 2) in it,

P(fo, 6., =Red V1 <1 <m<ilR)>1—5¢/8, if P(R)>0,
and
P(fo, 6., =Blue V1 <1< m <i|B)>1-5¢/8, if P(B)>0,

which completes the proof. O

Comment: The desired sequence {6,}nen in Theorem 3.1 is by no means
unique. When we label each vertex g; in F, the covering subforest G;+1 =
Gi(g;)(E;) is not unique, if ¢; is labelled with b. Suppose the ¢; is in
Lm(G;) for some m. The assertion follows from the same idea in Lemma
3.6: because we are only concerned with the existence of an infinite se-
quence of bounded stopping times, any deletion or addition of finite vertices
in Upsm Ln(Gi(g:)(E;)) is allowed for the construction of G;;1. Then, the
well-structured subtree A under f is not unique, as the generating sequence
of covering subforests {G;}ien can vary. The extraction of F from A is not
fixed either. To see this, any covering subforest of F still suffices to be one
F, by the definition of A (Definition 3.4). When we build 6;; based on
Ur<i<k Se; (F), the definition of A only assures the existence of {J¥ };en from
which 041 can be chosen, but there may well be many qualified sequences
{6¥}ien inF. In summary, the collection of infinite increasing sequences of
bounded stopping times {0 }nen which satisfy Theorem 3.1 is ‘rich’.

35



Chapter 3. The main stochastic theorem

Given the proof of Theorem 3.1, the multiple-colour case is straightforward
except some minor modification in the marking process. For completeness,
we give below this more general theorem for the set of colours C = {cy, ..., cx}
with k& > 2. (Of course, for k& = 1, the problem is trivial.)

Theorem 3.9. (Finite-state Finite-colour Stochastic Partition Theorem).
Given a set C = {c1,¢p,...Ck}, a probability space (Q, Foo, P) constructed
from a sequence of sets of finitely many states, and a stochastic colouring f
with values in C, then for every € > 0, there exists a natural number N, k
sets Qp € Fn V1 < m < k with Ulsmsk Qi =, and a sequence of bounded
stopping times 01 < 03 < ... such that

V1< m <k, P(fo6, = tm, Y1 <i<51Qm) >1—¢, if P(Qm) > 0.

We begin by the definition of a well-structured subtree in this multiple-colour

context.

Definition 3.10. For a set C = {c1,c2,...,cx} of finitely many colours,
a well-structured subtree A under the stochastic colouring f is a covering
subtree of F with a partition of its vertex set Vj = Ulsisk Si(A) such that
for any covering subforest G of A and any finite subset S C Vg, there ezists
an infinite sequence of bounded stopping times 6; < d2 < ... adapted to G
with the property

V1<i<k, flg,8) =c;iVge SNS;(A)VI>0.

Remark: The partition above may be degenerate, that is, some partitioning

sets of V may be empty.

Similarly as in the case of |C| = 2, we are going to find a well-structured
subtree A of F under f by breadth-first search. When we define inductively
a sequence of vertices {g;}, each vertex in it will be labelled with a symbol in

{s1, .-, 8k }. We will show that the sequence {g;} generates a well-structured
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subtree A of F under f and, for each ¢ with 1 < 7 < k, the collection of
vertices labelled with s; is exactly the partitioning set S;(A).

In doing so, we need a more elaborate multi-colour marking scheme below.
As with the two-colour marking scheme, here vertices will be ‘marked’ using
distinct symbols s, ..., si corresponding to the colours ¢y, ...,cx. A vertex
marked with s; can be labelled with s; in the partial labelling scheme later.
The marking scheme is done by means of a definition that begins with a
symbol s; by referring to a property involving only the colour ¢;, and pro-
ceeds to a symbol s, (1 < m < k) by reference to a property involving
only the colours ¢i, ..., ¢m (in such a way that s, is the earliest available to
mark with — see condition b3 below). The final symbol s (corresponding to
ck) is ‘complementary’ to all the preceding cases, as we shall see. To avoid

confusion, we have denoted the symbols by s, ..., s rather than ¢, ..., c.

Suppose that we are given a covering subforest G of F and a (k —1) sequence
(M), My, ..., Mj_1) of sets of nodes with the following properties.
IL. M;CVgV1i<i<k.
II. M; is finite (perhaps empty) for each 1 <i < k.

1I1. For any covering subforest G’ of G, there exists a sequence of bounded
stopping times §; < d2 < ... adapted to G’ such that, for any ¢ with
1<i<k, f(¢&,8) =c; Vl> 0V € M;.

We call such a sequence (M1, Ms..., My_1) a (k — 1)-matched collection in

G.

For every vertex ¢ in Vg \ (Ulsi <& M;), mark q as follows.

a. Mark q with s; relative to (M, Ms, ..., Mx_1) in G if, for any covering
subforest G’ of G, there exists a sequence of bounded stopping times

81 < 82 < ... adapted to G’ such that, for any ¢ with 1 < i < k, f(¢',d8) =
¢ VI >0Vqg € M; and f(q,8;) =c1 VI > 0.

b. Mark ¢ with s, (1 < m < k) relative to (My, My, ..., Mg_1) in G if ¢
satisfies the three conditions below with respect to syy,.
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bl. There exists a covering subforest G™ of G pruned below ¢’s level
such that for any sequence of bounded stopping times §; < d2 < ...
adapted to G™ which has the property that, for any ¢ with 1 <
i<k, f(¢,8) = ¢; VI > 0 Vq* € M;, there exists N € N such
that f(q,d;) ¢ {c1,-.-,m-1} VI > N. Denote any one such G™ by
G(g)((M1, My, ..., Mi_1))(m).

b2. For any covering subforest G’ of G(q)({(M1, My, ..., Mk_1))(m), there
exists a sequence of bounded stopping times 1 < 72 < ... adapted to
G' such that, for any ¢ with 1 < i<k, f(¢',n) =¢; VI >0V¢' € M;
and f(q,7) =cm VI > 0.

b3. For all 1 < i < m, g does not satisfy the conjunction of 1 and 2 above
with respect to s;. (Thus sy, is the earliest symbol to satisfy both 1
and 2.)

c. Mark g with s relative to (M;, My, ..., My_;) in G if ¢ cannot be marked
with any of {si, ..., sg—1} relative to (M1, Ma, ..., Mi_;) in G.

According to the definition above, a vertex ¢ is marked with s; relative
to (My, My, ..., Mi_1) if the following circumstance holds. There exists a
covering subforest G’ of G pruned below ¢'s level such that for any sequence
of bounded stopping times §; < J2 < ... adapted to G’ there exists N € N
with f(g,8;) = cx VI > N, provided that, for all ¢ with 1 < i < k, f(¢*, &) =
¢; VI > 0 Vq' € M;. Denote any one such G’ by G(q)({My, Ma, ..., My_1))(k).

Remark: For a vertex ¢ marked with symbol s, (1 < m < k) relative to
(M1, Ma, ..., Mi_;) in G, we can find a covering subforest G™ of G pruned be-
low ¢’s level with the attached conditions by the same arguments in Lemma
3.6.

Lemma 3.11. Given a set C = {c1, 2, ..., ¢k} of finitely many colours, there

exists in the tree of histories F a well-structured subtree A under f.

Proof. As in the two-colour case, we first extract a subtree A of F by a
labelling process, then prove this subtree A is a well-structured subtree of F
under f.
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Step 1. We construct:

i. k—1 families {E!},...,{E¥ '} (consisting of vertices) with EJ* = () and
EMCER Y0O<m<kVi>0;

ii. a sequence of covering subforests {G;} of F with Go = F and Vg, 2 Vg,,,
Vi > 0; and

iii. a partial labelling of G; with symbols in {si,..., 3%}

The inductive hypothesis ensures that the (k — 1) sequence (E},...,E{‘_l) to
be constructed forms a (k — 1)-matched collection in G; for each i. Given
E},...,Ef_l and G;, we will, by an analogous procedure to that in the earlier
proof of Lemma 3.7, pick some vertex ¢; which has not been labelled in G;
to define E}H,...,Ef_ﬁl and G;41. We proceed in parallel to the definition of
a multi-colour marking scheme:

a. If g; is marked with s; relative to (E‘}, vy Ef-l) in Gy, let Eil+1 = E}U{qi},
E7 ) = E V1 <m <k, Giy1 = Gy, and label ¢; with s;.

)

b. If g; is marked with s; (1 < < k) relative to (E}, .‘.,Ef'_l) in G, then
there exists a covering subforest G;(g;)({E}, ..., EF"1))(!) of G; pruned
below g;'s level, as in bl. Let Giy1 be this G;(g;)((E}, ...,Ef'l))(l), let
El,,=E!U{q}, EN, = E"V0 <m <1&l<m<k, and label ¢; with

S1.

c. If g; is marked with s, relative to (E}, ..., Ef*l) in G;, then there exists a
covering subforest G;(g;)((E}, ..., EF 1)) (k) of G; pruned below g;’s level,
as in the paragraph following ¢ above. Take this G;(g:)((E}, ..., EF 1)) (k)
to be Git1, let E}; = E® VO <m <k, and label ¢; with si.

We now explain how to determine the vertices ¢; which are to be picked.
Denote the root of F by go. After obtaining (Ej, ...,E{‘"l) and G; from
9, (E}, ..., E¥™1) and Gy, we enumerate all vertices in L1(Gy), which is
the 1% level set of G; defined in Section 3.3. As noted at the beginning
of this section, L1(G;) is finite. We suppose |L1(G1)| = 1, and enumerate
the elements of L1(Gy) as q1,q2,...q;,- We now apply the above process to
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1,92, .-.q1, in turn, and obtain finite sequences {E}}, ..., {EF~'} and {G;}
with 1 <4 < + 1. Note that Li(G;) = L1(G44+1) V1 <3 < i, since if ¢; is
labeled with s, (1 < m < k), G;4; is a covering subforest of G; pruned below
01(G;). It follows that all ¢; to g, indexed in G, are in L1(G;) forall 0 < ¢ <
l; + 1. We then enumerate all vertices in Lo(Gy,4+1) S Gy 41, Q425 -+ Gl +lo-
By applying the process to qi,+1,q1,+2, .-, @l +15, We obtain finite sequences
(E}},...,{E¥'} and {G;} for all {; +1 < i < l; 4+l +1. We can then define
all Li+1(Gi4+x,, ;1) for all ¢ in a similar way.

Let lo = 1. Define 2(k) := 3 "g<;<x li- Given k, it follows that
Ln(Gox)) = Ln(Gs) YO < n < k Vi > 2(k),

and in any G; with ¢ > z(k), all vertices in (Jy<p< Ln(G3) have already been
labeled. Note Vg, ) 2 V6,444, Yk 2 0. So, by Fusion Lemma (Lemma 3.3),
the sequence {Lx(G_(k))}r>0 generates a covering subforest of F. Denote
this covering subforest by A. Note that since Lo(G,()) only contains the
root of F, A is actually a covering subtree of F. From the definition of z(k),
A is the covering subtree that contains exactly the vertices labeled. For
every 1 <n <k, U;5q EF is the union of all vertices labeled with s, in A.

Step 2. We keep the index order of V4 = {gij}icz+ as in the labelling
process above. Denote the collection of vertices labelled with s; by S;. That
is, Si = Umso B V1 < i < k and S = Va \ (Uy<i<k Si)- We show the
partition {51, ..., Sk} of Vj satisfies Definition 3.10 and hence the covering

subtree A is a well-structured subtree under f.

For any covering subforest G of A and any finite set .§ C Vj, we define

d(S) :==min{n: |J Li(A)2 S}.
0<i<n
If no ambiguity, we abbreviate d(S) to d. By the definition of z(k) in the

labelling process, we see that in fact

U Lia) ={a:0<i<2(d)}
0<i<d

Hence S C {gi : 0 <i < z(d)}. Recall that

Ei, ={q:0<1l<m, qis labelled with s;} V1 < i< k.
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So, for each 7 with 1 < 4 < k, we have S; NS C E'i(d). On the other
hand, if U, ;< E'i( 4) # 0, then for any covering subforest of G,(4) and so in
particular for G (since Vg C Vi C Ve, d)), there exists an infinite increasing
sequence {4;} of bounded stopping times adapted to G such that

fldhd)=c Y1<i<kVg €EiyVi>0,
by the labelling process. Therefore,
fld &) =c Y1<i<kVgeSnNSVi>0.

If Uscick Ei(d) = (), pick any infinite increasing sequence of bounded stop-
ping times adapted to G to be {8;}i>o.

Suppose that one vertex g¢,, is in Sy N S. By the labelling process, for
any infinite increasing sequence {71} of bounded stopping times adapted to
Gm(gm)((Eh, -, EET1)) (k) with

fdm)=c V1<i<kVqeE: Vi>o0,

there exists Ny, € N such that f(gm,71) = ¢k Yl > Np,. Since each bounded
stopping time in {d;}ien is adapted to G, and G is a covering subforest of
Gm(gm)({EL,, .-, EE"1))(k), each bounded stopping time in {8;}ien is also
adapted to Gm(gm) ((Em, ---» En; *))(K). Because By 2 Ej, V1 < i<k, we
see

fld,8)=c¢ V1<i<kVg eE, Vi>O0.

Therefore, we can take {&;};o for the sequence {n;}i>0 above. Furthermore,
for every vertex gn, in Sx NS, we can likewise take {d;};>0 for the sequence
{m}i1>0 above. Hence there exists a corresponding Ny, € N such that

Flgm,8) = cx VI > Np,.

Because S N S is finite, we can define N to be the maximum of those Np,.

Hence,
F(@*,8) =cr V¢ € SN SVI> N,

Define a new infinite sequence of bounded stopping time {¢]};en such that
0; = &4~ VI € N. This is the desired sequence of bounded stopping times
as per Definition 3.10, for the finite set S in the covering subforest G. O
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We fix one well-structured subtree A of IF under f. As in the definition after
Lemma 3.3, we obtain the filtration {A,} from this A. That is, for each
n € Z*, A, = 0{B(q) : ¢ € L,(A)}. For any bounded stopping time 6
adapted to A, we define

S =U{B(g): g € Sp(A)NS;(A)} V1 <i< k.
We prove the generalised Lemma 3.8 for |C| = k.

Lemma 3.12. For any € > 0, there exists a covering subforest F of A with
the associated filtration {F,,} which has k sets Q; € F1 V1 < i < k such that
Ulgigk Qi = Q and, for any sequence of bounded stopping times 6; < 62 < ...
adapted to F and for each i with 1 < i<k,

P([) 5,.1Q:) > 1—5¢/8, if P(Qi) > 0.

m>1

Proof. Adopt the abbreviation o; := 0;(A) in this proof. Then {S} :1 <
t < k,n > 0} are well defined in A. Because 5'}'," € A, V1 <i<kand L,(A)
is finite for every n > 0, {8} i.0.} and {S¢_ ev.} with respect to n are both
Borel measurable sets in Ay, for all 1 < i < k. Let ¥ := {5’},ﬂ i.0.} V1 <
i <k and Y} := {5% ev.}. Note that the topological space associated with
A is a Cantor space, in particular a metric space. From Theorem 1.2 on page
27 in [12], P is regular in A. So, given any € > 0, for any set S € Ay, we
can find a set ' € |J,, An such that P(S A §') < €. Therefore, there exists
N € N such that we can find & sets @4, ...,Q € A}v with the property that

(a) Ulgisk Qi=9,
(b) V1 < i<k, P(Y;|Q:) > 1 —¢/2,if P(Q:) > 0.

Let us note that ‘5{',‘" eventually’ implies ‘S’,‘n infinitely often’. Hence, For
any € > 0, for any z € N, there exists y € N with y > z such that

P( S v)>1-¢V1<i<k

z<n<y

Thus we can find a sequence of integers ng = N < n; < ng < ... and
k sequences of sets to be denoted by {W}};>; V1 < i < k with W} :=
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Uny_;<m<n; S such that for every I > 1
P(W}[Y:) > 1~ (1/8)(¢/2).

It follows that

P(O\Wilvi)>1-¢/8V1<i<k.
>1

From P(Y;|Q;) > 1—¢/2 V1 < ¢ < k, we may infer that

P((\WiQ:) >1—5¢/8V1<i<k.
>1

For each [ > 1, define a stopping time §; adapted to A such that, for every
1<i<k, onW'fﬂQi

0i(w) = min{m : op,_, (w) < m < oy, (w); w|m is labeled with s; in A},

on UISiSk(Qi \ ‘/Vli),
Gi(w) =m —1.

Define a covering subforest F such that

oy(F) := G141 VI > 0.

For any infinite increasing sequence of bounded stopping times {6, } adapted

to I,
((ﬂ Siém)ﬂQ,-) 2 ((ﬂW;’)ﬂQi) Vi<i<k
m>1 >1

This completes the proof. a

As in the proof of Theorem 3.1, we prove the Finite-state Finite-colour
Stochastic Partition Theorem (Theorem 3.9) by induction.

Proof of Theorem 3.9. In a covering subforest F of A obtained from
Lemma 3.12, we define 8; to be ao(F). We construct the desired infinite
increasing sequence of bounded stopping times inductively. Suppose that
we have obtained (01,62, ...,6:). Denote ;<;<; Sp,(F) by St. Since F is a
covering subforest of A and S is finite, by Definition 3.10, there exists an
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infinite increasing sequence of bounded stopping times {4} };en adapted to
F such that

f(d,6)=c¢ V1<i<kVg eSnSi(A)VI>D0.

Define 11 to be 6%. In this way, we find an infinite increasing sequence of
bounded stopping times {fp}nen. It follows from Lemma 3.12 that for all
initial subsequences {61, ...,6:} (t > 2) in it and each i with 1 < i < k

P(fopm =i V1 S1<m <tQ;) >1-5¢/8, if P(Q;) >0,

which completes the proof. O

3.5 The stochastic Ramsey theorem for sets of count-

ably many states

Before proving the Stochastic Infinitary Ramsey Theorem (Theorem 1.2), we
comment on the approach to be taken. Suppose that in the sequence {J; };en
of sets of states, some J; are countably infinite sets, and we arrive at the
probability space (2, Foo, P) constructed from {J;}ien. If we represent Q2
as the tree IF defined in Section 3.3, then for some bounded stopping times
0 > 0 in F, the set of stopping places of 6 in F, i.e. Sp(F), is infinite. That
may invalidate the approach in Section 3.4. The extreme case is that J; is
a countably infinite set for all i. Then, for any covering subforest G of F
and any 7 > 0, L;(G) is infinite. Hence, we would never finish the labelling
process, if we insisted on following exactly the same procedure as in Section

3.4.

To prove Theorem 1.2, we follow the strategy mentioned in the Introduction:
ignore all but finitely many vertices at each level of the tree F so that the
probability of the ignored part of F is ‘small’, and the remaining tree looks
like one constructed from a sequence of sets of finitely many states; then we
can prove the result by the Finite-state Finite-colour Stochastic Partition
Theorem (Theorem 3.9). This is in the nature of routine. For a detailed
proof, there is a technical problem: the finite set of successor vertices at level

n + 1 depends on its predecessor vertex at level n. Recall that our setting
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in Theorem 3.9 and Theorem 3.1 requires a ‘uniform’ J,41, that is, every
vertex at level n has the same finite set of successor vertices at level n + 1.
To this end, we shall construct an adjusted probability space (€, F.,, P’)
from a sequence {J};en of sets of finitely many states. By Theorem 3.9,
we then find a ‘solution sequence’ {6),}nen of increasing bounded stopping
times after defining a new stochastic colouring f’ on (€', F.,, P'). We will
eventually show that an image sequence {0,}nen defined on the original
probability space (2, Foo, P) satisfies the condition of Theorem 1.2.

For any partial history ¢ € €, denote the collection of extensions of ¢ at
stage n + 1, i.e.,, {w|(n +1) : w € B(q)}, by e(g).

Proof of Theorem 1.2. Let ¢ > 0 be given. To obtain the adjusted
probability space constructed from a sequence of sets of finitely many states,
we first construct a ‘bridging’ probability space (€, Foo, P) from (Q, Feo, P)
by defining the collection §},, of partial histories for each n.

We place an absorbing state * in the yet-to-be-constructed J;, for all n with
the property that for any partial history § = (g(1),...,§(n) = *), the only
extension of § in the yet-to-be-constructed Qy4 is (G(1), ..., §(n) = *,§(n +
1) = %). Let Qo = Qo, i.e., the set of empty partial history. Assume that
we have already defined Q, for all 0 < n < k. For every partial history
d = (4(1),...,4(k)), if g(k) = *, then we already know the only extension of
G at stage k+1is (¢(1), ..., (k) = *,g(k+1) = ). If (k) # *, the inductive
assumption is § € Qi and P(B(§)) = P(B(4)) > 0. Now we define a set
¢(@) C e(§) with the following properties.

1.
e(d) \ c(g) is finite.
2.
Vg € (e(@) \ (@), P(B(g)) > 0.
3.

- €
qe%) P(B(@)B@) < 3y
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Denote {g(1),...,4(k),*} by ¢"*. We define the collection of extensions of §
at stage k + 1 to be &(§) := (e(§) \ ¢(g)) U {¢"*}. Define

P(B(q)|B(d)) := P(B()|B(4)) Yaq € (e(@) \ ¢(d))

and
P(B(§¥)|B(@) == Y_ P(B(q)|B(@)-
q€(q)
We see that every partial history in &(g) satisfies the inductive assumption
at stage k + 1. Then we can achieve ), for all n and hence the history
space 2. The existence of a probability measure P follows from the Kol-
mogorov Extension Theorem (cf. [3], Theorem 36.2). We then construct the
probability space (€, Foo, P) in a similar way to (€2, Foo, P).
We can modify (Q Foo, P) to a further probability space (¥, F.,, P’) (the
sets of ﬁmtely many states. For all § = (q(l),...,q(k)) € Qk, define the
collection of the last coordinates of partial histories in &(§) by L(g). That
is,
L(g) = {n: (4(1), ....4(k), h) € &@)}.
Define
Jl’c+1 = U E(§)~
gelye
Note that for every § € Q0<oo, €(4) is finite, and hence L(§) is finite. It
follows that Ji,, is finite for every k, because ) is finite. Define
=[] %:=]]% 9%w=U%
k m<k k
We see that the new measurable space (€, F,,) is constructed from the

sequence {J} }xen of sets of finitely many states. For every ¢ € Q. le

P(B(q’)) if ¢ € Qcoo
0 if ¢ ¢ Qoo

P'(B()) = {

The existence of probability measure P’ again follows from the Kolmogorov
Extension Theorem (cf. {3], Theorem 36.2).
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Denote the collection of all bounded stopping times on (€, F., P') by T".
For any w = (w(1),w(2),...) in £, define a shadow history s(w) in &' as
follows. If w € ¥, let s(w) = w. If w ¢ ¥, then there exists a unique new
history w’ = (&'(1),w(2),...,w'(m), ...) € ¥ such that w'(i) =w(i) V1 <i <
m and w'(i) = * Vi > m, and we let s(w) = w'. Define y to be an injective
mapping from T’ to T such that y(6')(w) = 6'(s(w)).

We still assume that C' = {cy, ..., ck}. From the stochastic colouring f with
values in C, we define the new stochastic colouring f’ on (¥, F,) such that
for all pairs (¢, 7') with ¢ € Q. and 7/ € T'(¢')

fl(ql’,’_l) = { f(ql1 3/(7")) lf q’ = (h,l’ ""h’:l 75 *)

3.1
(31 if ¢ = (R, ..., A, = %). @1

Apply the Finite-state Finite-colour Stochastic Partition Theorem (Theorem
3.9) to obtain a sequence of bounded stopping times 0 < 8] < 8} < 65 < ...
defined on (¥, F., P') such that

P[(fé'l,o; = fég,g; V1<i<j)>1-5¢/8.

As
POANQY)=P(QnQ)>1-¢/3,

and for any Borel measurable set S C 2N Q', P(S) = P/(S), we find that
P(fal,ez = foi,e,- V]- S 'L <_7) > 1 — €

where 8, := y(0,) Vn € N. O

3.6 Finite stochastic Ramsey theorem

Before proving the Strong Stochastic Finitary Ramsey Theorem (Theorem
3.2), we use the Stochastic Infinitary Ramsey Theorem (Theorem 1.2) to
prove the following result. This time n(m, ¢, P) mentioned below depends
on P, but not on f.

Theorem 3.13. (Stochastic Finitary Ramsey Theorem). For a probability
space (2, Foo, P) constructed from a sequence of sets of countably many
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states, a set C of finitely many colours, a natural number m > 2 and any € >
0, there ezists n = n(m, €, P) € N such that for every stochastic colouring f
with values in C, there exist m bounded stopping times 61 < 03 < ... < 0, <
n which satisfy

P(f'gl,gz = fg‘.’gj Vi<i<ji<m)>1l-e

Proof. Recall from Definition 1.1 that

Z= {(qv T) ‘g€ Q<00»T € T(Q)}

We firstly suppose that (£, Foo, P) is constructed from the sequence {Jy, }nen
where each J, is finite. The set of all stochastic colourings f is [C]%: the
finite set [C] has the discrete topology, and [C]? the product topology. By
Tychonov’s theorem, this space is compact. For each collection @ of m
bounded stopping times Q = {61,802, ...0n} with 6; < 8; Vi < j, we define
the subset Cg of stochastic colourings included in [C]? to comprise those f
with
P(fo,0, = fa0, V1 < i <j <m)>1-5¢/8.

We claim and now prove that Cg is open in [C])? for every such Q =
{61,062, ...,0m}.

For a stochastic colouring f € [C]4, we write

AfLQ =[] {9l :g(wl6:6;) = f(wl6:,6;)}-
weN,1<i<j<m

If f is in Cg, then any stochastic colouring f’ which agrees with f on Q,
ie, f' € A(f,Q), is also in Cq. Given an w in © and a pair of ¢ and j
with 1 <1 < j < m, it follows from the definition of open sets in a product
space that {g € [C]? : g(w|6:,6;) = f(w|6:,6;)} is open in [C]?. As each J,
in {Jp}nen is finite, A(f, Q) is actually a finite intersection of these open
sets in [C]?; this is becasue there are only finitely many vertices of the form
w}6; for each bounded 6;. Since A(f, Q) is a subset of Cq for each f in Cgq,
Usec o A(f,Q) = Cg is also open, which completes the proof of the claim.
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The Stochastic Infinitary Ramsey Theorem (Theorem 1.2) asserts that these
sets Cg cover the whole of [C]?. By compactness, some finite collection
{Co,, -, Cq, } of these sets also covers [C]Z. This implies that every stochas-

tic colouring f on U§=1 Q; will have
P(farg, = fong; V1 <i<j<m)>1-5¢/8

on at least one of the @;. Then we may take for n any bound of Ut-___1 Qi
such that V1 <1<t V0, € Qj, 6, < n.

For the case that at least one J, is countably infinite, we construct an
adjusted probability space (€', F,, P') from the sequence {J} }nen of sets
of finitely many states, as in the proof of Theorem 1.2 in Section 3.5. Recall
the definitions of the new stochastic colouring f’ on (€, F.), the shadow
history s(w) and the injective mapping y : 7' — 7 in the proof of Theorem
1.2. From the result for the case of finite J, for all n above, the existence
of an n’ = n/(m,5¢/8, P') € N follows such that for every new stochastic
colouring ¢’ defined in (', F. ), there exists m bounded stopping times
6; <0 <..<0,, <n' on ¥ with the property that

P’(gg,,1 o= g,',g,g; Vi1<i<j<m)>1-5¢8. (3.2)

We now show that we can regard this n’ as a qualified bound n{m, ¢, P) for
(R, Foo, P). Given a stochastic colouring f defined in (2, Fx), we obtain
the corresponding new stochastic colouring f’ defined on (2, F.,) and a
sequence of bounded stopping times 8] < 65 < ... < 6, < n’ which satisfies
the property (3.2). Define a sequence of bounded stopping times §; < 02 <
wee < Om on Q where 6; := y(0}) V1 < i < m. Recall that

(g y(™) = F(d,7) ¥ € Qoo N, 7' € T'(d),
as shown in (3.1). So for any w with s(w)|#,_; € Q<co,
fou0;(w) = fo g (s(@)), V1< i<j<m.

Recall at the end of the proof of Theorem 1.2 that P(QNQY') = P'(AnQ’) >
1—¢/3, and for any Borel measurable set S C 2N, we have P(S) = P/(S).
Hence

P(fo, 0, = foro;, V1<i<ji<m)>1—p¢
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and it follows from the definition of y that 8,, <n'. O

To prove the Strong Stochastic Finitary Ramsey Theorem (Theorem 3.2), we
first review the weak-* topology defined in a space of probability measures.
(cf. [9], [6]) This will help us to verify the following lemma and later to
check easily that certain sets are open in the weak-* topology.

Recall that a topological space X admitting a countable dense set is called
separable; a space X is complete metrizable if it admits a compatible metric
d such that (X,d) is complete; a separable complete metrizable space is
called Polish. Let X be a compact metrizable space and Y a metrizable
space. We denote by C(X,Y") the space of continuous functions from X to
Y with the topology induced by the sup or uniform metric

du(f,9) = sup dy (f(z),9(z)) Vf,g € C(X,Y).

where dy is a compatible metric for Y. If Y is a Polish space, then C(X,Y)
is also Polish (cf. (4.19) in [9]). Recall that a Banach space is a normed
linear space which is complete in the metric defined by its norm. So, for a
compact metrizable space X, C(X,R) is a Banach space with norm || f||cc =
supgex | f(z)], whose associated metric in C(X,R) is du(f, 9) = || f — 9llco-

For separable Banach spaces X and Y, we denote by L(X,Y) the Banach
space of bounded linear operators T : X — Y with norm ||T|| = sup{||Tz|| :
z € X, || X|| < 1}. Denote by Li(X,Y) the unit ball {T' € L(X,Y) : |T| <
1} of L(X,Y). The strong topology on L(X,Y) is the topology generated
by the family of point evaluation maps e;(T) =Tz, ez : L(X,Y) = Y, for

z € X. It has a basis consisting of the sets of the form

Ver,gmieT = {8 € L(X,Y) : ||Sz1 — Tz1]| < €.y ||S2n — Tznlf < €},
for 1,...,2p, € X, € > 0, T € L(X,Y). The unit ball L;(X,Y) with the
strong topology is Polish.

Denote by Cp(X) the set of bounded continuous real-valued functions on X.
Recall that a linear functional A on Cy(X) is a map A : Cp(X) — R such
that for any two constants o and 8 and any two elements f and g of Cp(X)

the equation
A(af + Bg) = aA(f) + BA(g)
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holds. A linear functional A is called positive if A(f) > 0 whenever f > 0.
Let X be a separable Banach space. The dual space X* of X is the Banach
space of all bounded linear functionals z* : X — R, with norm |z*| =
sup{z*(z) : z € X, ||z|]]| < 1}. So X* = L(X,R). The strong topology on
X* is the topology generated by functions z* — z*(z), for z € X, and is
called the weak-* topology of X*. Let B1(X*) = L1(X,R) be the unit ball
of X*, then B;(X*) with the weak-* topology is Polish and compact. (See
Theorem 4.7 in [9].)

Back to the condition in Theorem 3.2, the measurable space (2, Foo) is sup-
posed to be constructed from a sequence {J;};eny where each J; is finite.
Then {2 is a compact Polish space. We denote by M the space of all prob-
ability measures defined on this (2, F). Let I denote the function which
takes the value 1 everywhere, i.e., a constant function. Given any probabil-
ity measure y € M the functional A, : f — [ fdu can be seen as a positive
linear functional on Cp(R2) with A,(I) = 1. We endow M with the topology
generated by the maps p — [fdu where f varies over Cj(f2). A base of
open neighbourhoods for any po in M is of the form

Vo (f1, fo, ooy frs €1y k) = {p € M: |/f,-d,u - /fidy,o] <eV1<i<k}

where f1, f2,..., fx are in Cp(Q?) and €1, €3, ..., € are positive numbers. We
shall call this the weak topology in M, since we can view it as the relative
topology of the weak-* topology of B (C(€Q,R)*) restricted to M.

Lemma 3.14. If the measurable space (2, F,) is constructed from {Jp}nen
where each Jp, 1s finite, then the space M of probability measures on (2, Foo)

18 compact metrizable.

Proof. From the condition in the lemma, we find that Q is a compact Polish
space and C({2, R) is a separable Banach space. The unit ball B;(C(2, R)*)
with the weak-* topology is compact metrizable. Let K be the set of positive
linear functionals on Cy(Q2) with A(I) = 1 VA € K. Then K is closed in
B;(C(€2,R)*), and hence compact metrizable. By Theorem 5.8 on Page 38
of [12], for any A € K, there exists a unique measure y € M such that

M) = [ fauvi € cu@).
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In fact, it is a homeomorphism of K with M. Thus M is compact metriz-
able. O

Comment: We can also use the Riesz Representation Theorem (cf. Theo-
rem 2.14 in [14]) to prove the existence of a bijection A < u between K and
M in the sence that A(f) = [fdu Vf € Cp(Q).

We now employ a similar procedure to prove the Strong Stochastic Finitary
Ramsey Theorem (Theorem 3.2).

Proof of Theorem 3.2. Recall again the definition of Z. The set of all
stochastic colourings f is [C]Z: the finite set [C] has the discrete topology,
and [C]Z the countable product topology. By Tychonov’s theorem, this
space is compact. €} is a Cantor space, and hence also a compact metrizable
space. By Lemma 3.14, the set M of probability measures on (Q, Fs,)
with the weak topology is a compact metrizable space. Hence, the product
M x [C)? is also compact. For each collection @ of m bounded stopping
times @ = {61,02,...,6;m} with 8; < 6; Vi < j, we define the subset Sg
included in M X [C]Z such that for each (P, f) in Sg

P(fo,0, = fo,0, V1<i<j<m)>1-e

We now prove that Sq is open in M x [C]Z for every such Q = {61, ...,0m}.
We copy the definition of the class A(f, Q) for a stochastic colouring f in
[C]Z from the proof of Theorem 3.13. That is, we again put

ALQ) = [ {9€lC?: g(wl6;,8;) = f(wl6i, 6;)}-
wER,1<i<i<m
From the claim in Theorem 3.13, it follows that A(f, Q) is open in [C]% for
each f. For a stochastic colouring f, we write Uy = {w € Q : fgl,gz(w) =
fgi,gj(w) V1 < i < j < m}, and denote {P € M : P(fg,0, = fgi,oj V1<
i < j <m) =1} by Kf. That means [1y,dP = 1 Vp € Ky, where 1 is
the indicator function. By the definition of the weak-* topology in M, for
any P in K¢, S(P) :={u€ M:| [1y,du— [1y,dP| < €} is an open set in
M, because 1y, is a continuous function from € to {0,1}. Thus M(f) :=
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Upek, S(P) is open in M. It follows that Sg = Useierz(M(f) x A(£,Q))
is open in M x [C]?.

The Stochastic Infinitary Ramsey Theorem (Theorem 1.2) asserts that these
sets cover the whole of M x [C]%. By compactness, some finite collection
{5Q1,8@zs - Sq,} of these sets also covers M x [C]%. This implies that
every pair (P, f) comprising of a probability measure P and a stochastic

colouring f on U§=1 Q; will have
P(fo0, = fai,e,- Vi<i<j<m)>1l-e

on at least one of the @Q;. Then we may take for n any bound of Uf=1 Q;
such that V1 <1<t Vl,, € Q, 6, <n. O

Comment: It is unknown whether Theorem 3.2 is still true for a measurable
space (€2, Foo) constructed from a sequence of sets of countably many states.
However, we make a conjecture that it is false with the following two reasons.
For simplicity, suppose = [],, J, where J;, = N for all n. Then Q is no
longer a compact metrizable space. So the set M of probability measures
“on (), Foo) with the weak topology is not a compact metric space, which
invalidates the approach of the proof of Theorem 3.2. Furthermore, so far all
the proofs of stochastic Ramsey statements with respect to this Q = [, J,
need to refer to an adjusted probability space (@, F.,, P'), where the P’
entirely depends on the probability measure P on (Q,Fo). Since P is
arbitrary in the conjecture, we cannot go further to reduce the problem to
the one in a measurable space constructed from a sequence of sets of finitely

many states as in Theorem 3.13 before.

We can see this conjecture from another point of view. For each i in N, we
suppose o := [],, Jn where J, = {1,2,..,,4} Vn. Given a natural number
m > 1 and an € > 0, we define n; to be min[n(m, ¢)] associated with o
in the condition of Theorem 3.2. That is, for every probability measure P
on (€, F;_,) and a stochastic colouring f, there exist m bounded stopping
times 61 < 02 < ... < 6, < n; on ; such that

P(fo, 0, = foi,e,- Vi<i<j<m)<l-e
It is an open problem whether for each pair (m,€) the sequence {n;}ien is
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strictly increasing. An affirmative answer would be enough to prove the

conjecture.

3.7 Further comments

1. (An alternative marking process which is symmetric) It may be a
slightly more elegant way to define the marking process of Section 3.4
as follows. Under a stochastic colouring f, for a vertex ¢ which satisfies
condition II of Definition 3.5, we adopt a more natural formulation in
analogy with the standard proof of the classical Ramsey theorem. In-
stead of searching for a bound N for each infinite increasing sequence
of bounded stopping times {d;} such that f(g,d;) = Blue Vi > N, we
describe the colouring properties of such a {d; }ien in a symmetric way,
by replacing the original condition II by a statement of the following
format (in which M is an appropriate finite subset of Vg).

There exists a covering subforest G of G such that for every cover-
ing subforest G’ of G, there exists an infinite increasing sequence of
bounded stopping times {8;} adapted to G’ such that

fis, =Red Vge M VI >0

and
fo,86, = Blue VI > 0.

To put this on a rigorous footing, we give below a new marking process
following this approach. Note that this necessitates an alternative defi-
nition of a well-structured subtree (with a more informative name) and
some associated definitions and lemmas detailed below. The general
idea after that is still the same as that in Section 3.4.

Definition 3.15. Given a covering subforest G of F and a vertez g
in Vg, say that a sequence of bounded stopping times & < 82 < ...
makes q c-rich over G, if all 6, are consistent with q, adapted to G,
and satisfy f(q,8;) =c VI > 0.

54



Chapter 3. The main stochastic theorem

Definition 3.16. For a covering subforest G of I, suppose given two
finite sets Mg, Mp of vertices included in Vg, for every covering sub-
forest G' of G, there exists an infinite sequence of bounded stopping
times 6, < 03 < ... adapted to G’ that makes all vertices in Mp Red-
rich over G and all vertices in Mp Blue-rich over G. We then say
(Mg, Mp) is {Red, Blue}-richly layered over G.

Definition 3.17. We call a covering subforest A {Red, Blue}-richly
layered if there is a partition of its verter set Va = R(A) U B(A) such
that for any finite subset S C Va, (SN R(A), SN B(A)) is { Red, Blue}-
richly layered over A.

Lemma 3.18. Given a covering subforest G of F and two finite subsets
Mg, Mp C Vg with (Mg, MB) {Red,Blue}-richly layered over G, for
any vertez q € Vg \(MrUMB), it is true either that ({q}UMpg, M) is
{Red, Blue}-richly layered over G, or that, for each covering subforest
G’ of G, (MRg,{q} U Mg}) is { Red, Blue}-richly layered over G'.

Proof. This is straightforward as an equivalent statement to condition
II in Definition 3.5. (]

Definition 3.19 (Marking process). Given a covering subforest G of
F, two finite subsets Mr and Mp of Vg with (Mg, Mp) {Red, Blue}-
richly layered over G, for a vertez q € Vg \ (Mg U Mp), mark q with
symbol r relative to (Mg, M) in G if ({q} U Mg, Mp) is { Red, Blue}-
richly layered over G. Otherwise mark q with symbol b relative to
(Mg, Mg) in G.

. (Stochastic Ramsey numbers) As indicated in Section 1.1, the stochas-
tic Ramsey theorem is an extension of Ramsey’s theorem. So it is
natural to ask whether the stochastic versions of other theorems from
Ramsey theory exist. Besides, we may enquire about the stochas-
tic version of Ramsey numbers. According to the Strong Stochastic
Finitary Ramsey Theorem (Theorem 3.2), a uniform bound n exists
for all stochastic colourings f and all probability measures defined on
(0, Feo), once C, (R, Fxo), m and € > 0 are fixed. It may be difficult
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to determine the lowest bound in a general case at the first attempt,
but we can try a basic example first. Assume C = {Red, Blue} and
assume ({2, Fo) as in the model of tossing a coin infinitely many times
in Section 3.1, which implies that F is a binary tree. For m > 2 and
€ > 0, we define R(m, €) to be the lowest bound n with respect to these
C, (0, Fx), m and €. It is an interesting problem to try determining
R(m,¢).
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hypergraphs

4.1 Stochastic extension for hypergraphs

Before the discussion, we first establish some definitions.

Recall that in Section 1.1, we firstly introduce € to be [],, Jn, and assign it
with the Tychonoff product topology. Then we define JF;, to be the o-algebra
on 2 of Borel sets generated by the basic open sets with support included
in {1,2,...,n}. There is another quick way to construct F, without directly
referring to the topology of (2.

The coordinate process X = {Xj,Xp,...} on  is just the sequence of
coordinate functions defined, for w = (w(1),w(2),...) and n = 1,2,..., by
Xn(w) = w(n). Then we find, for each n, F,, is exactly the o-algebra gener-
ated by (X1, X2, ..., X;,). Furthermore, Foo = o(|J,, Frn). We can generalize
this concept with respect to any stopping time 6 : @ — {0,1,2,..., +o00}.
For a stopping time 6, define X¢(w) := Xomin{n,0(w)}(w). Then define Fq :=
o(X?,X8,...). When 0 is a bounded stopping time, Fp = 0(Xjp), where X;
is a random variable w + Xg(,)(w). From another perspective, Fp is the

o-algebra generated by the partial histories truncated at 6, i.e.

Fo=0{B(q) : q € Se}.
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For a set X, denote by X Q‘) the collection of ordered subsets of size k of X,
so specifically,

N® = {(ng,...,mp) :my e NVI<I<k; n; <nj V1<i<j<k}

TP = (81,1 0k) : 6 €ETVI<I<k; 6 <6; V1 <i<j<k}
We drop the subscript ‘<’ when context allows.

Let us recall the classical infinitary Ramsey theorem. Let C be a finite set
whose elements are colours. The classical Ramsey theorem says that, given a
natural number k, for every function that assigns a colour ¢(myq, ...,mi) € C
to every element (my,...,mg) in N, there is a sequence of integers n; <
ng < ... such that ¢(ny, ...,ng) = ¢(nyy, .0y, ) for all (4, ..., lg) € N®), To rep-
resent this result in a complete graph G = (V] E), we let &k be the number of
vertices in each edge, i.e., the size of each edge, so that F = V(). Theorem
2.1 tells us that if we have a C-colouring of the edges of an infinite complete
graph G = (V, V), then we can find an infinite set of vertices S C V span-
ning a monochromatic complete subgraph (clique) (S, S(?). As mentioned
at the start of Chapter 2, Theorem 2.1 is only the special case k = 2 of the
classical Ramsey theorem. Recall that when |J;| =1 Vj € N, the Stochastic
Infinitary Ramsey Theorem (Theorem 1.2) reduces to the classical Ramsey
theorem (Theorem 2.1), which is the case k = 2 here. One natural question
is whether a stochastic extension of Ramsey’s theorem exists for £ > 2. That
is, can we find a stochastic Ramsey theorem corresponding to the classical

Ramsey theorem for hypergraphs?

To answer this question, we need first to define appropriately a more general

stochastic colouring f.

Definition 4.1. Given a set C of colours, a stochastic hyper-colouring f*
of order k for k € {2,3,...} is a mapping from Z* := {(q,61,...,0k-1) : ¢ €
Qcoo; 01 € T(q) V1 <1< k; (61,..,05-1) € T& D} to C. (We omit the
words ‘of order k’ whenever the order is clear from contezt, e.g. from the
superscript in use.) The induced stochastic hyper-colouring f’“ of f¥isa
mapping from T®) x Q to C and defined by

FE 5 ) = fF(w]81, 62, ..., 8k) V(b1, ..., 8%) € T®) w € Q. (4.1)
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So, f? corresponds directly to the stochastic colouring f of Definition 1.1.

Here note that for the bounded stopping time ¢; > &; (with 1 <! < k) § is

again consistent with w|d;, as

Si(w) > ||w]d1] = d1(w) Yw € Q.

There are other possible ways to define the notion of a stochastic hyper-
colouring f*. For instance, we can require f* to be a mapping from Z’* to
C with Z'* defined as

Z"% = {(a1,qk-1,6) : B(@) 2 B(gj) V1<i<j<k; 6 €T(gr-1)}-
(4.2)
That is, for any (g1,...,qk—1,0) € Z'*, there exists «’ in © and a finite
sequence (n1,...,nx-1) in N®=1) such that ¢ = w'|ny V1 < I < k. The
corresponding induced mapping is then

fE 6 (W) = fRwlo1, ., w|Ok—1,8%) Y(01, .., 5) e TP Vwe . (4.3)

An intermediate version combining both notions is also possible: for 1 < i <
k—1, one may consider mappings from the collection {(g1, ..., g, 6i+1, ..-, 0k} }

to C with the ‘consistency’ condition:

B(gm) 2 B(gn) V1 < m < n < 4; 8ip1 € T(g); Bis1,-..,0) € TE,

However, we prefer Definition 4.1 for the following reasons. By Definition
4.1, given k bounded stopping times (dy, ...,0%) € T, the induced stochas-
tic hyper-colouring fk is an F;j,-measurable random variable from §2 to C.
That is, the value of f}hm,ék (w) is determined at stage ||w|d1]|. If we had
found an infinite sequence of bounded stopping times 6; < 62 < ... defined
in the probability space (2, Foo, P) such that

; 2 k
P(fgl,...,a,, = f(gc,.l,...,ﬂnk v(nl’n% ""nk) € N(<)) >1-—g¢

then, with probability greater than 1 — ¢, the random colours assigned to
(Onys .-y Op,) for all (ny,...,nk) € Nﬁ“) by fk would be revealed to be one
fixed colour in C at stage 61 (w).
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In the other formulations of f*, we have to wait for bounded stopping time
6; with ¢ > 1 to see the random colour determined. For instance, consider
f¥: 2 5 C in (4.2). Given k bounded stopping times (81, ...,8;) € T,
its induced stochastic hyper-colouring fk is an Fj, _,-measurable random
variable. So, if we had found an infinite sequence of bounded stopping times
61 < 03 < ... defined in the probability space (€2, Foo, P) such that

P(f§..00 = fon o, Y(01,12, . mp) €NB) > 11—,

then, with probability greater than 1 — ¢, the random colours assigned to
(Onys ..oy bn,) for all (ny,...,ng) € N®) by f* would be revealed to be one
fixed colour in C at stage 0k—;(w). That means the initial segment of partial
histories (w|61, ...,w|0k—2) is not enough to determine the colour fgﬂl""’aﬂk
for any (nq,...,nx) € N,

Of course, one can replace this {6;}ien by {6;}ien with 6] := 6;,x_g) Vi.
Then, with probability greater than 1 — ¢, the random colour assigned to
the sequence {6}}icn by f* is fixed from stage @) (w) this time. However,
this trick may run into trouble when we consider the lowest bound on the
Stochastic Finitary Ramsey Theorem (Theorem 3.13). Suppose that the
following claim could be proved. For a probability space (2, Feo, P) con-
structed from a sequence of sets of states, a set C of finitely many colours, a
natural number m > 2 and any € > 0, there exists n = n(m, ¢, P) € N such
that for every stochastic hyper-colouring f* with values in C, there exists
m bounded stopping times 8; < 82 < ... < 8,, < n which satisfy

P(f§,.00 = J6uy b, VIS <m2 < .. <mp<m) >1-e.

Then we need to set a standard for #; in this sequence: does it need the
requirement that with probability greater than 1 — ¢, the random colour can
be determined from stage 61(w), i.e., fé‘hm’ek : 2 — C is Fy,-measurable?
After clearing this ambiguity, we still need to bear in mind that, under the
definition f* : Z'* — C in (4.2), when we calculate f* from f*, a bounded
stopping time 6; in {6;}1<i<x can only provide a partial history truncated
by 6; in f*. That is, for any (0n,,---,0n,) C {6;}ien, in the formulation

fgﬂl,...,enk (w) = fk(wlo'nu s @|On_y,On,) Y € 2,
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ny has to be at least k.

Thus, given an increasing sequence {6;};en of bounded stopping times, the
sequence {w|6;}i<x—1 of partial histories generated from {6;};<x—1 is not
enough to determine the random colour assigned to any (Or,,...,0s,) C
{6:}ien, and any element in {6;}1<i<x can never present as a bounded stop-
ping times in the formulation of f* for f*¥. Therefore, it is natural to adopt
Definition 4.1 for further study on the existence of stochastic Ramsey’s the-
orem on f* with k& > 2.

The natural generalisation of the stochastic Ramsey theorem on f* is as
follows. Given a natural number k£ > 1, a probability space (@, Foo, P)
constructed from a sequence {J; };en of sets of states and a stochastic hyper-
colouring f* with values in a finite set C, for every € > 0 there exists an

increasing sequence of bounded stopping times 8; < 63 < 65 <... such that
P(fk = fk v( N®Yy>1- 4.4)
161.62,.0x = J0n, Bngrrn, V(M1 125 0i ) € € (4.

Unfortunately, proving this generalisation does not seem to be straightfor-
ward, or maybe the proof needs more technique than those we have used
so far. We leave it as an open problem. However, we can still obtain some
results weaker than (4.4). For example, when k = 3, we have the following

theorem.

Theorem 4.2. Given a probability space (Q, Foo, P) constructed from a
sequence {J;}ien of sets of states and a stochastic hyper-colouring f3 with
values in a finite set C, then for every e > 0 there exists an increasing

sequence of bounded stopping times 61 < 0 < 03 <... such that

7 £3 .. . . .
P([3,.00,00 = [o:,025,00541 V0o d ENWith 1 <4< 2j) > 1~

We shall explain later in Section 4.2 why we can prove the stochastic Ramsey
theorem for f2, but not for any f* with k > 2 without the weakening above.

For the proof of Theorem 4.2, we adopt the same tree model F as in Section
3.3, and confine ourselves to the case |C| = 2 and J; finite for all ¢, since, by
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the approach introduced earlier in Theorem 3.9 and Theorem 1.2, it can be
extended to the full result. So, we only need to prove the following theorem

analogous to Theorem 3.1.

Theorem 4.3. Given a set C = {Red, Blue}, a probability space (2, Foo, P)
constructed from a sequence of sets each containing finitely many states and
a stochastic hyper-colouring f3 with values in C, then for every e > 0, there
ezists a natural number N, two sets 51,52 € Fy with S1 U S2 =, and a
sequence of bounded stopping times 6, < 63 < ... such that

P(f3. o3 smss = Red, VI <m < 2n|8)) > 1—¢, if P(S1) >0,
and

P(fgmy%n,02n+1 = Blue’ VI S m < 2n|S2) > 1 - 6’ 2f P(S2) > 0

Now we need to find an analogous well-structured subtree A from the tree
of histories F under the stochastic hyper-colouring f3 by an adaption of the
marking scheme of Definition 3.5.

Definition 4.4. A well-structured subtree A under the stochastic hyper-
colouring f3 is a covering subtree A of F with a partition of its verter set
Va = R(A) U B(A) such that for any covering subforest G of A and any
finite subset S C Vg, there exists an infinite sequence of bounded stopping
times 81 < 02 < ... adapted to G with the property

13(q,021-1,62) =Red Vg€ SNR(A) VI >0

and
£3(g,621-1,62) = Blue Vg € SN B(A) Vi > 0.

Definition 4.5. (Marking scheme) Given a covering subforest G of F and
a finite set M of vertices with M C Vg, for every vertez q in Vg \ M, mark
q with symbol r relative to M in G, if for any covering subforest G' of G,
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there exists an infinite sequence of bounded stopping times 6; < 03 < 43 < ...
adapted to G’ such that

£3(a,021-1,021) = f3(q,02-1,02) = Red VI >0Vge M.

Mark q with symbol b relative to M in G if q¢ cannot be marked with r relative
toM inG.

Comment: One way to understand the similarity between Definition 3.4
and Definition 4.4 is by regarding every successive pair of bounded stopping
times (82;—1,d2;) C {0;}ien as a special ‘bounded stopping strip’ 8}, and to
consider the hyper-colouring f?(g,d!) = f3(q,62i~1,02i). The same idea
applies to the transition from Definition 3.5 to Definition 4.5.

As a consequence of the Definition 4.4, a vertex q is marked with b relative

to M in G in either of the following circumstances.

1. There exists a covering subforest G of G such that no infinite sequence
of bounded stopping times §; < 3 < 3 < ... adapted to G has the
property that f3(g, d2i-1,02;) = Red Vi > 0Vge M.

II. There exists a covering subforest G’ of G such that, for any sequence
of bounded stopping times 6; < d3 < 03 < ... adapted to G’ which
satisfies f3(,02i—1,02;) = Red Vi > 0 Vg € M, there exists N € N
such that f3(q, 62;—1,02;) = Blue Vi > N.

For any such G’ in condition II, we say that q is marked with b relative to
M with witness G’ in G. (G’ is a witness to condition II.) Note that the
finite set M can be empty. In such a case, condition II simplifies down to
the existence of a covering subforest G’ of G such that, for any sequence
of bounded stopping times §; < §2 < d3 < ... adapted to G/, there exists
N € N such that f3(q, 02i—1,02;) = Blue Vi > N. As in the case k = 2
analysed in Section 3.4, (for the proof later of Lemma 3.7,) it always follows
from condition II above that a vertex q is labelled with b.

Lemma 3.6 is still true under the current assumption with exactly the same

proof. That is, if a vertex q is marked with b relative to M with witness G’
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in G, then there exists a covering subforest G(q)(M) of G pruned below ¢’s
level such that ¢ is marked with b relative to M with witness G(g)(M) in
G.

To prove the existence of a well-structured subtree A in F, we follow a similar
procedure to that in the proof of Lemma 3.7, except for a modification
reflecting the definition of f3.

Lemma 4.6. Given a stochastic hyper-colouring f3, there ezists in the tree
of histories F a well-structured subtree A under f3.

Proof. We first extract a subtree A of I by the same labelling process de-
scribed in Step 1 in the proof of Lemma 3.7. Now we prove this subtree A

is a well-structured subtree of F under f3.

We keep the index order of Vi = {g;};cz+ as in the labelling process de-
scribed in the proof of Lemma 3.7, and denote two collections of vertices
labelled with r and b by S, and Sy, respectively. That is, Sy = ;cz+ Ei
and S, = Vi \ S;. We show that the two partitioning sets S, and Sj, of V)
can be regarded as R(A) and B(A), respectively, in Definition 4.4 and hence

the covering subtree A is a well-structured subtree under f3.

For any covering subforest G of A and any finite set S C V), we define
d(S) :=min{n: |J Li(A)2 S}
o<i<n
If no ambiguity, we abbreviate d(S) to d. By the definition of z(k) in the

labelling process, we see that in fact

U Li(A) ={g:: 0<i < 2(d)}.
0<i<d

Henw S g U051,<z(d) qgi- Rﬁca.u thﬂ-t
E;={q:0<1<1, g islabelled with r}.

It follows that S, N.S C E,g). On the other hand, if E,q4) # 0, then for
any covering subforest of G,(4), and so in particular for G (since Vg C Vj C
Ve, ( d)), there exists an infinite increasing sequence {4;} of bounded stopping
times adapted to G such that

£3(g,92i-1,62;) = Red Vq € E,q) Vi > 0,
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by the definition of r. Therefore,
£3(g,02i-1,02) = Red Yg € S,N S Vi > 0.

If E,(4) = 0, pick any infinite increasing sequence of bounded stopping times
adapted to G to be {d;}i>o0.

Suppose that one vertex gy, is in SpN.S. By Lemma 3.6 and the definition of
Gm(gm)(Em), for any infinite increasing sequence {7;} of bounded stopping
times adapted to Gum(gm)(Em) with

£3(q, 72i-1,72:) = Red Vi > 0 Vg € Ep,

there exists N,, € N such that f3(gm,72i—1,72;) = Blue Vi > N,,. Since
each bounded stopping time in {6;}:en is adapted to G and G is a covering
subforest of Gyp,(gm)(Em), each bounded stopping time in {§;}ien is also
adapted to Gm(gm)(Em)- Because E,(g) 2 En,, we see

£3(q,69i-1,02;) = Red Vi > 0 Vg € Epp,.

Therefore, we can take the sequence {§;} for the sequence {7;} above. Fur-
thermore, for every vertex g, in S N S, we can likewise take {d;} again for
the sequence {r;} above. Hence there exists a corresponding Np, € N such
that

F3(@m, 02i-1,02;) = Blue Vi > Ny,.

Because S, N S is finite, we can define N to be the maximum of those Np,.

Hence,
f3(q, 62,;_1,621) =Blue Vge S;NSVi> N.

Define a new infinite sequence of bounded stopping time {4} };en such that
0! = b;12n Vi € N. This is the desired sequence of bounded stopping times
as per Definition 4.4, for the finite set .S in the covering subforest G. |

We copy the definition of 19, and bg, from Section 3.4. That is, in any
covering subforest G of A, for any bounded stopping time § adapted to G,

we have

r9(G) = U{B(q) : ¢ € So(G) N R(A)}
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and

bs(G) = U{B(a) : q € S9(G) N B(A)}.
Lemma 3.8 is still true in the current circumstance with exactly the same
proof.

We now prove Theorem 4.3 by the same approach as in the proof of the
Finite-state Two-colour Stochastic Partition Theorem (Theorem 3.1).

Proof of Theorem 4.3: In a covering subforest F of A obtained from
Lemma 3.8, we define 6; to be 0o(F). We construct the desired infinite
increasing sequence of bounded stopping times inductively. Suppose that
we have obtained (61,02, ...,602¢—1). Denote Ulgs%_l Sa; (F) by S*. Since
F is a covering subforest of A and S* is finite, by Definition 4.4, there exists
an infinite increasing sequence of bounded stopping times {6¥};cn adapted
to F with the property

£3(q,6%_1,05) =Red Vg€ S* N R(A) Vi >0

and
f3(q,0%_,,6%) = Blue Vg € S* N B(A) Vi > 0.

Let 0ok be 6% and 6241 be 6%5. In this way, we find an infinite increasing
sequence of bounded stopping times {fn}nen. It follows from Lemma 3.8
that, for all of its initial subsequences {61, ..., 02, 02i41} (2 > 1),

P(f3 . 620 00m,a = Red Y1 <m < 2n < 2i|R) > 1 5¢/8, if P(R) >0,
and
P(f3. 63, 63s, = Blue Y1 <m < 2n < 2i|B) > 1-5¢/8, if P(B) >0,

which completes the proof. O

Comment 1: Analogously to Theorem 3.13 and Theorem 3.2, we can prove
the finite versions of Theorem 4.2 which follows, by compactness arguments.
In the first of those, the probability measure is fixed.

Theorem 4.7. For a probability space (2, Foo, P) constructed from a se-

quence of sets of countably many states, a set C of finitely many colours, an
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odd integer 2m+1 withm € N and any € > 0, there ezistsn = n(m,¢, P) €N
such that for every stochastic hyper-colouring f3 with values in C, there ez-

ists 2m + 1 bounded stopping times 6, < 6y < ... < Oopyy1 < n which satisfy

3 23 . . .
P(f91,92,03 = f0§,02j,02j+1 vl <1< 2.71 1< J < m) >l-e

For the case when only finitely many states are allowed, we have a uniform

result over the space of probability measures.

Theorem 4.8. For a measurable space (2, Fo) constructed from a sequence
of sets each containing finitely many states, a set C of finitely many colours,
an integer 2m + 1 with m € N and any € > 0, there ezists n = n(m,e) € N
such that, for every probability measure P defined in (S, Fo) and every
stochastic hyper-colouring f3 with values in C, there ezist 2m + 1 bounded
stopping times 01 < 02 < ... < Ooppy1 < n with

P(fgl.ﬂz,os = fgiy92ja02j+1 VI<i<2j;1<j<m)>1-e

Comment 2: One might hope to use in the proof a stronger marking scheme
as follows, but this does not seem to be helpful.

Given a covering subforest G of F and a finite set M of vertices with M C Vg,
for every vertex ¢ in Vg \ M, mark g with symbol r relative to M in G, if for
any covering subforest G’ of G, there exists an infinite sequence of bounded

stopping times §; < 2 < 83 < ... adapted to G’ such that
f3(q,5m,6n) = fa(@ 0m,0n) =Red Ym <n Vge M.

Mark ¢ with symbol b relative to M in G if ¢ cannot be marked with r
relative to M in G.

Indeed, this stronger marking scheme looks more appropriate for application
to the general claim (4.4) in regard to f3, that is,

P(f3 8060 = I8y 8ng 0 V(n1,m2,m3) EN®) > 11—

67



Chapter 4. On a stochastic extension for hypergraphs

However, given a finite set M C Vg with f3(g,6m,0,) = Red Ym < n Vg €
M, it is not easy to give a direct condition for marking a vertex with b.
Furthermore, a probabilistic difficulty in this general stochastic claim above
prevents me from progressing to a successful proof, and I have to adopt a

simpler marking scheme for a weaker result (i.e., Theorem 4.3).

4.2 Further comments

Before explaining the difficulty in proving the general stochastic extension
of Ramsey’s theorem on f* with k > 2, it is worth summarising first why the
proof in Section 3.4 is valid for f*¥ with & = 2, but why the direct induction
method fails. (The induction idea is indeed used at the end of the proof
of Theorem 3.1 in Section 3.4, but the key of the proof, i.e., Lemma 3.7, is
proved by other methods than an induction.)

Recall that in the proof of the Stochastic Infinitary Ramsey Theorem (The-
orem 1.2), one key point is in dealing with the domain Z of the stochastic
colouring f: it is not simply the collection of two partially ordered partial
histories or bounded stopping times, but a collection of pairs each consisting
of a partial history and a bounded stopping time consistent with this partial
history. The induced random colouring f is from 7® x Q to C. Given (a,7)
in 73| it is essentially a stochastic colouring determined by the random se-
lection of partial histories truncated at the first bounded stopping time o.
That is, f,,,.,- is an Fy-measurable random variable. The asymmetry inside
the domain Z of the stochastic colouring f inhibits any easy attempt on
applying directly the induction method for ‘Ramsey’ problems.

We analyse here the impact of the ‘asymmetry’ on the proof of the Finite-
state Finite-colour Stochastic Partition Theorem (Theorem 3.9). Suppose
that we adopt the natural induction on bounded stopping times. That is,
in a fixed set @); with

P(fpm,gn =¢gVi<m<n<tQ@;)>1l—c¢
where C = {c1,...,cx} and 1 < ¢ < k, we are considering the yet to be
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constructed bounded stopping time 6;1;. Assume € < 1/k, 6; > 0 and that
P has a uniform distribution. We then cannot rule out the possible situation

that in any such @; no bounded stopping time 6,1 > 8; satisfies
P(foppn=ciV1<m<n<t+1Q;) >1—e

We can construct a counterexample by manipulating fol,é for every bounded
stopping time greater than 6;, denoted here by §. We firstly enumerate
the elements in Sy, (F) as q1,¢2,-- . Regarding the k colours as presented
cyclically, for any bounded stopping time § > 6;, we can define f(g;,d) =
€ mod (i/k) S0 that f(g:,d) # f(gi41,6) for all successive pairs of (g1, q141)
included in Sy, (F). So we cannot adopt the standard induction method on

bounded stopping times in such ‘Ramsey’ problems.

Our approach in Section 3.4 is to focus on individual partial histories ¢ in
Qs in turn, and check whether there exists an infinite increasing sequence
of bounded stopping times {8;};cn consistent with ¢ and with a certain
labelling property. The result can only be ‘yes’ or ‘no’. Then in Lemma, 3.8,
we consider the probabilistic aspect of the problem, and take € into account
to find a nice subfiltration.

However, this method looks inadequate for the case of k > 2 on f*. For
example, assume k£ = 3 and Red € C. We can of course check for any
particular partial history ¢ € 2o, whether there exists an increasing sequence
of bounded stopping times {; };en such that

£3(q,6m, 6n) = Red V1 < m < n.

Nevertheless, we have to note that, in a desired infinite increasing sequence
{6:}ien as in (4.4) for k =3, ie.,

P(fgl,92,93 = fg""l 19n2,9n3 V(Tl]_, na, n3) € N(3)) > 1 — €,

every 0; with i > 2 can appear in two of the argument places in f3 and in
f3. Given i € N, we need to consider the random colour fgm,e.-,o,. for any
m < i < n and the random colour f§ o , for any m < n < i. That is,
0; (i > 2) can appear as the second or the third bounded stopping time in
f3 and the corresponding formulation of 3. When reconciling these ‘double
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identities’, we have to deal with the problem of compatibility of ‘candidate’
sequences {&; }ieN, given a set of partial histories at which we have stopped.
To be specific, suppose that given {6, ...,0;}, for a partial history ¢ in Sy,,
there exists an increasing sequence of bounded stopping times {4; };en such
that f3(q, 6m,0,) = Red V1 < m < n. We can then pick one §; as 6;+1. The
important point is that 6;42 should also be chosen from the same sequence
{6:}ien to make f3(q,6;11,0;+2) the desired colour, Red. However, for any
vertex ¢ € Sg,,,, any increasing sequence of bounded stopping times {8} }ien
with f3(¢/,d!,,0") = Red V1 < m < n might have no common subsequence
with {8;}ien above, i.e., {81} ien N {01} ien = 0. Furthermore, each ¢’ € Sy, .,
might have different {6};en. The distinction between sequences {&;}ien
associated with those g € Sy, and ¢’ € Sy, invalidates our approach in
Section 3.4.

Thus, any method to fix ;2 must take into account not only partial histories
truncated at §;, but also the bounded stopping time 6;;. However, we have
already shown that the standard induction method involving bounded stop-
ping times is inappropriate for a proof of Ramsey’s theorem in the stochastic

context.

We may, of course, try other approaches. For example, under a partial
history ¢, we may check whether there exists a covering subforest G such that
any infinite increasing sequence of bounded stopping times {6 };en adapted
to G satisfies some conditions relative to q. That idea needs a closer look
at the relationship among sequences of covering subforests, which is not

straightforward either.

To sum up, for the analogous stochastic extension (4.4) to stochastic hyper-
colourings f* with k > 2, we cannot prove it by either of the two natural
methods: induction on bounded stopping times, or considering individual
partial histories then fixing a common solution sequence of bounded stop-
ping times. The difficulty in the former is the asymmetry inside the domain
of f*, and in the latter is the possible incompatibility of the sequences from
different individual partial histories. I do not know whether the general
stochastic extension (4.4) of Ramsey’s theorem is true. If not, any coun-

terexample would be sophisticated, since we have proved it true for the case
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of k=2.
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Applications in utility theory

We briefly recall some background in utility theory relevant for our applica-
tion of the stochastic Ramsey theorem. (See {11] for further information.) In
particular, we discuss the significance of monotonic utility functions defined

on bounded stopping times.

We first construct a probability space by a coordinate process. For a set
2, we define an infinite sequence of IID (independent and identically dis-
tributed) random variables {X, : @ — {1,-1}, Vn € N}. Regard the
sequence {Xp}nen as the coordinate process, and assign the probability

measure P so that
PX,=1)=P(X,=-1)=1/2 VneN.

We view this model in the sense that, at every stage in an infinitely long
game, a fair coin is tossed and one player wins 1 pound if Head shows and
loses 1 pound if Tail shows. Then X, is the player’s net winning at stage n in
this betting game. We define Y;, to be the random variable representing the
accumulated fortune at stage n, ie., Y, = leksn X. For completeness,
we let Yp(w) = 0 Vw € Q. So for a bounded stopping time 8, Y, is the
random cumulated fortune at 6. For a partial history ¢ = (¢(1), ..., g(n)), we
denote Y, (w) by Y(q) if w|n = ¢g. By Doob’s Optional-Stopping Theorem
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(cf. 10.10 in [17]),
ElYs|B(q)] = Yq ¥(g,0) € Z,

where as before Z = {(¢q,7) : ¢ € Q«o; 7 € T(g)}- In particular

ElYg]=0 V9eT. (5.1)

From the perspective of utility theory, one can evaluate the expected utility
of Yy. That is, the player is described by a utility function v : Z — R and
his evaluation of Yy is

ulp] .= Y u(Y(9))P(B(g))-

g€ Ss(F)
We assume that u is globally strictly increasing.

To show the difference between E[Yp] and u[f)], we compare two bounded
stopping times 6; = 1 and 6 = 100. By (5.1), E[Ys,] = E[Ys,] = 0.
However, u[f] depends on the utility function u. If u is a strictly concave
function, then u[f;] > u[f2]. The strictly concave utility function describes
risk aversion. That is, a player with such u prefers a fixed monetary outcome
to a lottery with expectation equal to that outcome. In this case u(—n) +
u(n) < u{—(n —1)) + u(n — 1) Vn > 1, due to the concavity of u. If u is
a strictly convex function, then u[f1] < u[f2], which describes risk seeking.
If w is a linear function, then u[6;] = u[f;] and we say that player is risk
neutral. Note that u can be any increasing function, with no constraint on

global convexity or concavity.

One may view the expected utility as a ‘generalisation’ of expectation, as
ulf] = E[Yy), if u(z) = z for all = in Z. For a pair (q,0) in Z, the player can
evaluate the expected utility of Yy conditional on ¢ as

ulg,6]:= Y u(Y(h))P(B(h)B(q)).

heSe(F)

Indeed, given 6 = 100, for ¢; = @ and g2 = (g(1),...,4(99)) where g(k) =
1V1 < k <99, the expected utility u[g, 6] and u[ge, 6] is different. We can
even generalise further to define a history dependent wutility function: the
player has a countably infinite sequence of utility functions {u4}qen.., and
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for each pair (g,6) in Z, his evaluation of Yy conditional on q is

alg,6] = Y ug(Y(k))P(B(h)B(q)).

he Sy (F)
We of course assume each u, : Z — R is an increasing function.

We apply the stochastic Ramsey theorem in the current model. Under the
standard assumption that the utility is bounded (cf. e.g. {1], [2], [4] and
[15]), we suppose that ug : Z — [0, N) where N € N for each gq.

Theorem 5.1. For a history dependent utility function @ generated from a
sequence {Ug}lqenco, and any € > 0, there ezists an increasing sequence of

bounded stopping times 6; < 03 < 03 < ... such that

P(w € Q: |a[w|0m, 0] — G[w]6;,05]] <eVI<m<nV1<i<j)>1l-e

Proof. We give a partition of [0, N) by {[é¢e, min{(i + 1)e, N}) : 0 < i <
N/e; @ € Z*}. For every (q,0) € Z = {(¢q,7) : ¢ € D<o, T € T(q)}, we
define f(gq,0) := ciy1 if Glq, 0] = ug[g, 6] € [ie, min{(i + 1)e, N}). Hence the
function f : Z — {e1,-.-,c[n/e1} is a stochastic colouring. Apply Theorem
1.2 O

Comment 1: If we define uq(Y (h)) = Y'(h) for all pairs of partial histories
q and h where h is an extension of ¢ (i.e., Jw € ,n3,n2 € N with n; < ny

such that w|n; = q and w|ny = h), then we obtain the following conclusion.

Fore > 0, Y = (Y, : » > 0) a bounded process adapted to the filtration
{Fx} in (Q, Fo, P), there exists an infinite increasing sequence of bounded
stopping times {0} such that

P(|E[Ys;|Fo)] — Yo, | <eV1<i<j)>1-e

Comment 2: The setup of Theorem 5.1 is in essence an example of a
stochastic colouring with F-consistency condition introduced in Section 1.1.
It is unknown whether an application of stochastic colouring without F-

consistency but with practical meaning exists.
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