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Abstract

The objective of this thesis is to develop and analyse two stochastic control problems
arising in the context of investment capacity expansion. In both problems the under-
lying market fluctuations are modelled by a geometric Brownian motion. The decision
maker’s aim is to determine admissible capacity expansion strategies that maximise
appropriate expected present-value performance criteria.

In the first model, capacity expansion has price/demand impact and involves pro-
portional costs. The resulting optimisation problem takes the form of a singular
stochastic control problem. In the second model, capacity expansion has no impact on
price/demand but is associated with fixed as well as proportional costs, thus resulting
in an impulse control problem.

Both problems are completely solved and the optimal strategies are fully charac-
terised. In particular, the value functions are constructed explicitly as suitable classical

solutions to the associated Hamilton-Jacobi-Bellman equations.
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Chapter 1

Introduction

A standard capacity expansion model, which is a special case of the model studied by
Kobila (1993), can be described as follows. We model market uncertainty by means of

the geometric Brownian motion given by
dX? =bXLdt + V20 X2 dW,, X0 =1>0, (1.1)

for some constants b and o # 0, where W is a standard one-dimensional Brownian
motion. The random variable X} can represent an economic indicator such as the
price of or the demand for one unit of a given investment project’s output at time
t. The firm behind the project can invest additional capital at proportional costs at
any time, but cannot disinvest from the project. We denote by y the project’s initial
capital at time 0 and by (; the total additional capital invested by time t. We assume

that there is no capital depreciation, so the total capital invested at time ¢ is
Vi=y+G, Yo=y=>0. (1.2)

The investor’s objective is to maximise the total expected discounted payoff resulting

from the project’s management, which is given by the performance index

T (Q)=E { / T eth(X V) dt — K e de,| (1.3)
0

[0,00]

over all capacity expansion strategies (. The discounting rate r > 0 and the cost of
each additional unit of capital K > 0 are constants, while A is an appropriate running

payoff function.
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Under suitable assumptions on the problem data, the solution to this stochastic
control problem is characterised by a threshold given by a strictly increasing free-
boundary function G° : R, — R,. In the special case that arises when h(x,y) = 2%9”,
for some a > 0 and /5 € |0, 1[, namely, when h is a so-called Cobb-Douglas production

function,

—mp

where m < 0 is an appropriate constant. If the initial condition (z,y) is strictly below

K(o—m)\* i
Go(y) — (M) yTB for y > 07

the graph of the function GY in the z-y plane, then it is optimal to invest so that
the joint process (X, Y) has a jump at time 0 that positions it in the graph of G°.
Otherwise, it is optimal to take minimal action so that the process (X°,Y") does not fall
below the graph of GY, which amounts to reflecting it in G° in the positive y-direction.

Irreversible capacity expansion models have attracted considerable interest and can
be traced back to Manne (1961) (see Mieghem (2003) for a survey). More relevant to
this thesis models have been studied by several authors in the economics literature: see
Dixit and Pindyck (1994, Chapter 11) and references therein. Related models that have
been studied in the mathematics literature include Davis et al. (1987), Davis (1993),
Oksendal (2000), Wang (2003), Chiarolla and Haussmann (2005), Bank (2005), Alvarez
(2006, 2010), Lokka and Zervos (2011b) and references therein. Furthermore, capacity
expansion models with costly reversibility were introduced by Abel and Eberly (1996),
and were further studied by Guo and Pham (2005), Merhi and Zervos (2007), Guo and
Tomecek (2008b,a), Guo et al. (2011) and Legkka and Zervos (2011a).

In the model that we have briefly discussed above, additional investment does not
influence the underlying economic indicator, which is unrealistic if one considers sup-
ply and demand issues. The nature of the optimal strategy is such that, if b < o2,
then lim; ;. X = 0 and the investment’s maximal optimal capacity level remains
finite for realistic choices of the problem data. On the other hand, if b > o2, then
lim sup,_, . X{ = oo and the optimal capacity level typically converges to oo as t — oc.

The model that we study in Chapter 2 assumes that additional investment has a

strictly negative effect on the value of the underlying economic indicator. In particular,
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we model market uncertainty by the solution to the SDE
dX, = bX,dt — X, 0 dC + V20X, dW,, Xo=uxz >0, (1.4)

where

t t
/ Xsod(S:c/ XodGS+ ) X, (1—e2%),
0 0

0<s<t

for some constant ¢ > 0, in which expression, (¢ denotes the continuous part of the in-
creasing process (. The objective is to maximise over all admissible capacity expansion

strategies ( the performance criterion

Joy(C) =E { /0 T eTh(X, Y dE — K et dgt] : (1.5)

[0,00]
where r, K > (0 are constants and the running payoff function h satisfies Assump-
tion 2.1.1 in Chapter 2.

The solution to this problem is again characterised by a threshold defined by a
strictly increasing free-boundary function G. Informally, the optimal strategy can be
described as the one in the problem defined by (1.1)-(1.3). However, reflection in the
free-boundary G is oblong rather than in the positive y-direction (see Figures 2.5.1-
2.5.3). Furthermore, the negative effect that additional investment has on the underly-
ing economic indicator X results in a maximal optimal capacity level that is bounded
in cases of special interest, such as the ones arising, e.g., when the running payoff
function A is a Codd-Douglass production function (see Example 2.2.1).

From a stochastic control theoretic perspective, the problem that we solve in Chap-
ter 2 has the features of singular stochastic control, which was introduced by Bather
and Chernoff (1967) who considered a simplified model of spaceship control. In their
seminal paper, Benes et al. (1980) were the first to solve rigorously an example of a
finite-fuel singular control problem. Since then, the area has attracted considerable
interest in the literature. Apart from references that we have discussed in the context
of capacity expansion models, Bahlali et al. (2009) Chiarolla and Haussmann (1994),
Chow et al. (1985), Davis and Zervos (1998), Fleming and Soner (1993, Chapter VIII),
Haussmann and Suo (1995a,b), Harrison and Taksar (1983), Jack et al. (2008), Jacka
(1983, 2002), Karatzas (1983), Ma (1992), Menaldi and Robin (1983), Oksendal (2000),
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Shreve et al. (1984), Soner and Shreve (1989), Sun (1987) and Zhu (1992), provide an
alphabetically ordered list of further contributions.

In the references discussed above, the controlled process affects the state dynamics
in a purely additive way: the change of the state process due to control action does
not depend on the state process itself. Singular stochastic control models in which
changes of the state process due to control action may depend on the state process were
introduced and studied by Dufour and Miller (2002) and Motta and Sartori (2007). To
the best of our knowledge, problems with state dynamics such as the ones given by
(1.4) have not been considered in the literature before. Furthermore, the problem that
we solve is the very first one that involves control action that does not affect the state
dynamics in a purely additive way and admits an explicit solution.

The model that we study in Chapter 3, takes a different perspective. In this case, we
assume that additional investment does not affect the value of the underlying economic
indicator. In particular, we model market uncertainty by means of the geometric
Brownian motion given by (1.1). The objective of the stochastic control problem
that we study is to maximise over all admissible capacity expansion strategies ( the

performance criterion

Jey(Z)=E

/ e (XD)Y = KYidt = e T (EKoAZ 4 ) lagsoy | (1.6)
0

0<t
where r,a > 0 and § €]0,1[, K; > 0 and K3, ¢ > 0 are constants.

The solution to this problem is now characterized by two free-boundary functions
Go, Gy : Ry — Ry such that G (y) < Go(y) for all y > 0. If the initial condition (x,y)
is below the graph of G in the z-y plane, then it is optimal to invest so that the joint
process (XY, Y) has a jump at time 0 that positions it in the graph of G;. After time 0,
it is optimal to invest each time (X°,Y) hits the graph Gy so that the process (X°,Y)
has a jump in the vertical direction of the x-y plane that positions it inside the graph
of GGy.

The model that we study in Chapter 3 was introduced by Merhi (2006, Chapter 3)
who considered a general running payoff function (x,y) — h(x,y) rather than the

Cobb-Douglas running payoff function (z,y) — %y” that we consider here. The anal-
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ysis of Merhi (2006, Chapter 3) failed to determine the free-boundary functions Gy and
(71 in a satisfactory way. The possibility of solving completely an important special
case of the more general problem was the motivation for the study we present in Chap-
ter 3. Unfortunately, the complete solution to the problem still remains elusive (see
the assumptions of Lemma 3.3.1). Plainly, the problem formulation and the Hamilton-
Jacobi-Bellman equation, which takes the form of a quasi-variational inequalities, that
we present in Chapter 3 follow very closely the corresponding parts of Merhi (2006,
Chapter 3). However, the rest of the analysis is different.

From a stochastic control theoretic perspective, the problem that we analyse in
Chapter 3 has the features of a genuinely two-dimensional impulse control problem.
Stochastic impulse control problems have been studied in the context of various fields,
including mathematical finance, economic and operations research. The study of im-
pulse control problems by means of quasi-variational inequalities was introduced by
Bensoussan and Lions (1973). The corresponding theory is developed extensively in
the book by Bensoussan and Lions (1984). Recent expositions of the general theory of
stochastic impulse control can be found in the books by @Oksendal and Sulem (2007)
and Pham (2009).

The impulse control of one-dimensional diffusions has attracted considered interest
in the literature. Notable contributions include Richard (1977), Harrison et al. (1983),
Jeanblanc-Picqué and Shiryaev (1995), Mundaca and Qksendal (1998), Cadenillas and
Zapatero (1999), Korn (1999), Bar-Ilan et al. (2002), Alvarez (2004), Bar-Ilan et al.
(2004), Ohnishi and Tsujimura (2006), Alvarez and Koskela (2007), Cadenillas et al.
(2010), Djehiche et al. (2010) and Feng and Muthuraman (2010). To the best of our
knowledge, the problem studied by Merhi (2006) and by this thesis is the first genuinely
two-dimensional one that has been analysed with mathematical rigour at the depth we

present here with a view to an explicit solution.



Chapter 2

Irreversible capital accumulation

with economic impact

2.1 Problem formulation

We fix a probability space (€2, F,P) equipped with a filtration (F;) satisfying the usual
conditions of right continuity and augmentation by P-negligible sets, and carrying a
standard one-dimensional (F;)-Brownian motion W. We denote by Z the family of all
increasing caglad (F;)-adapted processes ¢ such that ¢y = 0.

We consider an investment project that produces a given commodity and we assume
that the project’s capacity, namely, its rate of output, can be increased at any given
time and by any finite amount up to a maximum level g € ]0, oo]. We denote by Y; the
project’s capacity at time ¢ and we model cumulative capacity increases by a process
¢ € Z. In particular, given times 0 < s < ¢, (;4 — (s is the total capacity increase
incurred by the project management’s decisions during the time interval [s,¢]. The

project’s capacity process Y is therefore given by

where y > 0 is the project’s initial capacity.

We assume that all randomness associated with the project’s operation can be
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captured by a state process X that satisfies the SDE
dX, = bX,dt — X, 0 d¢, + V20X, dW,, Xog=1>0, (2.2)

for some constants b and o # 0, where
t t
/ Xso0d(, = c/ XodCS+ ) X, (1—emea%), (2.3)
0 0 0<s<t
for some constant ¢ > 0, in which expression, (¢ denotes the continuous part of the
increasing process (. In practice, X; can be an economic indicator reflecting, e.g., the
value of one unit of the output commodity or the output commodity’s demand or both,

at time ¢. Using [t0’s formula, we can check that

X, = XDe i H emeRG = XDt (2.4)

0<s<t

where X° is the geometric Brownian motion defined by
dX? =bXPdt + V20X dW,, X0 =z >0. (2.5)
To simplify the notation, we denote by S the problem’s state space, so that
S={(z,y) eR’| 2>0and 0 <y <7}
With each decision policy ( we associate the performance criterion

Joy(O) =E { /O h e (X, Y,)dt — K et dgt] , (2.6)

[0,00]
where h : & — R is a given function and K,r > 0 are constants. Here, h models
the running payoff resulting from the project’s operation, while K models the costs

associated with increasing the project’s capacity level.

Definition 2.1.1 The set A of all admissible strategies is the family of all processes

¢ € Z such that
E {/ e " d¢,
[0,00]

and Y; € [0,g] "R, for all ¢ > 0. 0

< 00 (2.7)
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The objective of the control problem is to maximise the performance index J,, over
all admissible strategies ( € A. Accordingly, we define the problem’s value function v
by

v(x,y) =sup J,,(¢), for (z,y) € S. (2.8)
ceA

For the stochastic control problem to be well-defined, we make the following assump-

tion.
Assumption 2.1.1 K > 0, the function h is C3,

h(-,y) is increasing for all y € [0, 7] "R, (2.9)
/x s~ 1 h(s,y)|ds + /OO s h(s,y)|ds < oo forall z>0andy € [0,5] NR,,
0 ®
(2.10)
where the constants m < 0 < n are defined by (2.75) in Appendix II (see also (2.78)—
(2.79) in Appendix II). If we define

H(z,y) = hy(z,y) — cxhy(z,y) —rK, forz>0andy€]0,y], (2.11)

then there exists a point zy > 0 and a continuous strictly increasing function y' :
|zg, 00] = R such that
0<yp:= liim y'(2) < lim y'(2) = Yoo <7, o =0if 29 >0, (2.12)

Tryx0 T—00
(

<0, if (z,y) e H_,

H(z,y) =0, if (z,y) €S\ (H_UH,), (2.13)

>O> if ('Tay) €H+7
\

liminf H(z,y) >0 for all y € |yo, Yoo, (2.14)
T—00
the function H(x,-) is strictly decreasing for all y € |yo, Yool (2.15)

where

Ho={(ny) €S| v <zoora>mandy>yi(r)}

H, = {(:U,y) €S| x>xpandy < yT(:y)}7
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and the function z' is defined by

(

0, if 0 <y <o,
wi(y) = (yH (=), ifyo <Y < Yoo, (2.16)
00, if Yoo Sy < Y.

\
Also, there exist a decreasing function W : |y, yoo[ — ]0, 0o[ such that lim, o ¥(y) < oo

if zp > 0 as well as constants Cy > 0 and ¢ € |0, n[ such that

—Co(1+y) <h(z,y) <Co(l+y)(1+2"") forall (z,y) €S, (2.17)
H(z,y) < ¥(y)(1+2"") forallz>0andy€]0,yl, (2.18)
where n > 0 is given by (2.75) in Appendix II. O

Example 2.1.1 Suppose that § = oo and h is a so-called Cobb-Douglas function,
given by
W, y) = 2%y’ for (z,y) € S, (2.19)

where a € ]0,n[ and 8 € ]0, 1] are constants. In this case, we can check that
H(z,y) = (By_l — ca)xayﬂ —rK.
If we define

(rK)Ye, if B =1,
Yo =0, Yoo=— and xg=
ca

0, if g €1]0,1],
then we can see that the calculations
>0 for all y e ]y()?yoo[u

=a(By ' — coz)xa_lyﬁ (2.20)
<0 forall y > Yoo,

OH (r,y)
ox

liﬁ)l H(z,y)=—rK <0 forally >0, and

00, for all y € Yo, Yoo!s
lim H(z,y) = Jo. | (2.21)

e —oo, for all ¥y > Yoo,
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imply that there exists a unique function y' : ]z, 0o — R, such that (2.12)—(2.13)
hold true. Furthermore, differentiating the identity H (a:, yt (x)) = 0 with respect to z,

we can see that the derivative g of y' satisfies

oy ay(B—cay
y'() Bx[(1— B) + coy]

so y' is indeed strictly increasing. Also, it is straightforward to check that (2.14)—(2.15)
and (2.17)—(2.18) are all satisfied. Indeed, (2.14) (resp., (2.15)) follows immediately
from (2.21) (resp., (2.20)), while (2.17)—(2.18) follow from (2.19) and (2.20) for the

>0 forall y € |yo, Yool,

choices ¥ = n — o and
1, ifB=1,

y= A if 3o, 1]

2.2 The solution to the control problem

We solve the stochastic control problem that we consider by constructing an appropriate

classical solution w : & — R to the Hamilton-Jacobi-Bellman (HJB) equation

max{ 0’2 Wy, (2, y) + baw,(z,y) — rw(z,y) + h(z,y),
wy(z,y) — crwy(2,y) — K} =0, (z,y) €S, (2.22)
where wy(z,0) = limy o wy(z,y). To obtain qualitative understanding of this equation,
we consider the following heuristic arguments. At time 0, the project’s management has
two options. The first one is to wait for a short time At and then continue optimally.

Bellman’s principle of optimality implies that this option, which is not necessarily

optimal, is associated with the inequality

At
v(z,y) > E U e "h(X),y) dt + e Au(XR,,Y)
0

Applying It6’s formula to the second term in the expectation, and dividing by At before
letting At | 0, we obtain

0200, (2, y) + brvg (z,y) — rv(z,y) + h(2,y) <O0. (2.23)
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The second option is to increase capacity by € > 0, and then continue optimally. This

action is associated with the inequality
v(x,y) > v(r —cxe,y+¢) — Ke.
Rearranging terms and letting € | 0, we obtain
vy(z,y) — cavg(x,y) — K <0. (2.24)

Furthermore, the Markovian character of the problem implies that one of these options
should be optimal and one of (2.23), (2.24) should hold with equality at any point in
the state space S. It follows that the problem’s value function v should identify with
an appropriate solution w of the HJB equation (2.22).

To construct the solution w to (2.22) that identifies with the value function v,
we first consider the existence of a strictly increasing function G : ]yo, Yoo| — 0, 00[
that partitions the state space S into two regions, the “waiting” region WV and the

“investment” region Z, defined by

W={(z,0)] 0<z<axgifzo>0}
U{(z,9) | y€yo,yecl and 0 <z < G(y)}
U{(z,y)| z>0and y € [y, ] N R},
Z={(z,0)| =>uzoif x>0}
U{(x,y)] x>0 and y € |0,y ify0>0}

U{(2,9) | ¥ €Yo, Yool and x> G(y)}.

(see Figures 2.5.1-2.5.3 in Appendix III). Inside the region W, the heuristic arguments
that we have briefly discussed above suggest that w should satisfy the differential
equation

202 Wee (7, y) + brw, (7, y) — rw(z,y) + h(z,y) = 0. (2.25)
In light of the theory that we review in Appendix II and the intuitive idea that the
value function should remain bounded as x | 0, every relevant solution to this ODE is

given by
w(z,y) = A(y)a" + R(x,y), (2.26)
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for some function A, where n is given by (2.75) and R(-,y) is defined by (2.80) for
k=h(-y),ie.,

1 g =
R(x,y) = ) [arm/o s " h(s,y) ds—i—x”/ s " h(s,y)ds| . (2.27)

o2(n —

On the other hand, w should satisfy
wy(x,y) — cxw,(x,y) = K, for (z,y) € T, (2.28)
which implies that
Wy (2,Y) — cxway(z,y) — cwy(x,y) =0, for (z,y) € L. (2.29)

Remark 2.2.1 At this point, it is worth making a comment on the qualitative depen-
dence of the optimal strategy arising from the considerations above and depicted by
Figure 2.5.1 on the parameters c and K. The constant ¢ > 0 determines the magnitude
of the effect that investment has on the state process X (see (2.2)-(2.3)). Therefore,
as ¢ | 0, we expect that the curved arrows in Figure 2.5.1 become vertical because
additional investment has less and less effect on the state dynamics. On the other
hand, as ¢ — oo, we expect that the curved arrows in Figure 2.5.1 bend more and
more towards the horizontal axis because additional investment has increasing effect
on the dynamics of X. The constant K > 0 determines the degree at which additional
investment is penalised by the performance criterion defined by (2.6). As K | 0, we
expect that the free-boundary GG moves higher and higher in the x-y plane and the
investment region Z spreads to cover the entire R because additional investment is
penalized less and less. On the other hand, as K — oo, we expect that G moves lower
and lower in the x-y plane and the investment region Z shrinks because additional

investment is increasingly penalized.

To determine A and G, we postulate that w is C?!, in particular, along the free-

boundary G. Such a requirement and (2.26)—(2.29) yield the system of equations

[A(y) = neA(y)]G"(y) = ~ [Ry(G(y% y) = cG(y)R.(G(y).y) — K] : (2.30)
[A(y) ~neAw)] ) = ~ D[R (@0).0) — G R (Cl0) 1)

— cR, (G(y),y)]. (2.31)
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In view of the definition (2.27) of R, the associated expression (2.85) for the function

x+— xR, (z,y) and (2.84), we can see that this system is equivalent to

q(G(y),y) =0, (2.32)
. 1 o0
A(y) = ncA(y) — 7/ s H(s,y)ds, 2.33
() = nedty) = s | 5 s ) 2.33)
where H is defined by (2.11) and
de) = [ 5 H s,y ds (2.34)
0

We can also check that the solution to (2.33) is given by

(&

cny Yoo 00
A — —cnu fnle f 9
(y) 2(n —m) /y e /G(u) s (s,u)dsdu, foryo <y <ys, (2.35)

if the integrals converge.
The following result, the proof of which we develop in Appendix I, is concerned

with the solution to the system of equations (2.32)—(2.33).

Lemma 2.2.1 Suppose that Assumption 2.1.1 holds true. The equation ¢(z,y) = 0
for x > 0 defines uniquely a strictly increasing C' function G : |y, yso| — ]0, 0o[, which

satisfies

2t (y) < G(y) for all y € Jyo, Yool liim Gy) =0, if yo >0, and l%m G(y) = oo,
Y+Yo Y1Yoo
(2.36)
where 27 is defined by (2.16). Furthermore, the function A given by (2.35) is well-

defined and real-valued, and there exists a constant C'; > 0 such that
0 < A@)G"(y) < Cr¥(y) [1+G"(y)]  for all y € Jyo, Yoo, (2.37)
where the decreasing function ¥ and the constant ¢ > 0 are as in (2.18), and

g )+ [1+9 @) G (g () < Ci[1+2""] forall 2 > o, (2.38)

1

where g7 is the inverse of the strictly increasing function ¢ that is defined by

9(y) = e“G(y), fory € Jyo, Yool- (2.39)
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Example 2.2.1 Suppose that h is a Cobb-Douglas function given by (2.19) in Exam-
ple 2.1.1. In this case, we can check that
rK(a—m) y'=° L

-m B — acy

G(y) = . for y € lyo, yoo| =10, 8/cal. (2.40)

Figures 2.5.2 and 2.5.3 illustrate this example. O
To complete the construction of the solution w to the HJB equation (2.22) that

identifies with the problem’s value function v, we note that there exists a mapping

z:Z — Ry such that

2(z,y) €1(yo —y) ", Yo —y[ and re~ @Y — G(y + z(a:,y)) for all (z,y) € Z.
(2.41)

Indeed, this claim follows immediately from the calculations

lim [xe_cz — Gy + z)} = —00,

Yoo —Y
0
5 [xe_cz -Gy + z)} =—cre - G'(y+2)<0, forz€](yo—v)" Yoo — ¥y,
—c(yo—y) _ | Gu), ify<
xre 111y, u), 1Y =yo,
T
2l (yo—y)+ )
ZE—G(y), 1fy>y0

in which, we have used (2.36) and the fact that G is increasing. We prove the following

result in Appendix 1.

Lemma 2.2.2 Suppose that Assumption 2.1.1 holds true. The function w defined by

R(z,y), if (z,y) € WN (R X [yoo, 1)

w(z,y) = 4§ A(y)z" + R(x,y), if (z,) € WN (Ry X [40, Yool),

w(xe—cz(a:,y)’ Y+ z(l‘,y)) - KZ(x7y), if (.T, y) €1,
\

(2.42)
where A is defined by (2.35) and z is given by (2.41), is a C*! solution to the HJB
equation (2.22). Furthermore, the function w(-,y) is increasing and there exists a
constant Cy > 0 such that

—Cy(14y) <w(x,y) forall (z,y) €S, (2.43)

w(G(y),y) < Col¥(y) +yl[1+G""(y)] for all y € Jyo, Yosl, (2.44)
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where the decreasing function VU is as in (2.17)-(2.18).

We can now establish the main result of the paper.

Theorem 2.2.1 Suppose that Assumption 2.1.1 holds true. The value function v of
the control problem formulated in Section 2.1 identifies with the solution w to the HJB
equation (2.22) given by (2.42) in Lemma 2.2.2 and the optimal capacity expansion
strategy (° is given by

0, if y > yo and e supg< <, XS < 9(y),
¢ = T for t > 0,
g_l (ecy SuPogsgt Xg) ) lf Yy < Yo and ecy SuPogsgt Xg > g(y)a
(2.45)
where )
0, if yo > 0 and y < yo,
9W) =4 9(), iy € lyo, Yoo, (2.46)
\007 1fy € [yOO7g] mR-I—?

g is defined by (2.39), and X° is the geometric Brownian motion given by (2.5).

Proof. Fix any initial condition (z,y) € S and any admissible strategy ¢ € A. In
view of Ito-Tanaka-Meyer’s formula and the left-continuity of the processes X, Y, we

can see that
T
e Tw(Xry, Yry) = w(z,y) + / et [JQXthm(Xt, Y;) + bXw,. (X, V) — rw(Xy, Ytﬂ dt
0
+ / [wy(X¢,Y}) — cXow, (Xy, Y3)] d¢§ + My
[0,T]

+ 3 e w(Xer, Yer) — w(X, V)],

0<t<T
where

T
My =20 / e Xpw, (X, Vi) dW,. (2.47)
0

Combining this calculation with the observation that

AG dw (Xe™, Y, + s

2.4 w (& s

w(XtJra}/;er) - w(Xb}/t) (:) / ( ‘ ds ‘ ) dS,
0

A
— / [wy (Xte_cs, Y, + s) — cXe “wy, (Xte_cs, Y, + s)} ds,
0
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we obtain

T
/ e "h(Xy, V) dt — K et dG + e Tw(Xry, Yry)
0

[0,7]

T
= w(z,y) +/ et [UQXfwm(Xt, Y:) + b Xpw, (X, Y:) — rw (X, Vi) + h(X, Yt)} dt
0

T / [1y(X0, V3) — eXwa (X, Vy) — K] dCS + M
[0,7]

AC
+ Z e_rt/ [wy (Xte_csa Y, + 3) —cXemCw, (Xte_csv Y, + S) - K] ds.
0<t<T 0

(2.48)

Since w satisfies the HJB equation (2.22), it follows that
T
/ e ""h(X,,Y,)dt — K e " de 4 e w( Xy, Yry) < w(z,y) + Mp. (2.49)
0 [0,71]

In view of the integration by parts formula and (2.1), we can see that

T
€7TTYT+ -y = —T/ eiTth dt -+ / efrt dCt (250)
0 [0,7]

This identity, the admissibility condition (2.7) in Definition 2.1.1 and the monotone

convergence theorem imply that

00 T
E [/ e "y, dt} = lim E [/ e "y, dt}
0 T—00 0
< lim (E +1E {/ et ng
T—o0 T T [O,T]

1
~ 4L R U et dgt]
T T [0,00[

< 00, (2.51)

which implies that
liminfE [e”""Yr ] =0. (2.52)

T—o00
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The lower bound in (2.17), the estimate (2.43) and (2.50) imply that

T
/ e ""h(X,,Y;) dt — K e " d¢ + e w( Xy, Yoo )
0

(0,77

T
Z —Co / e*”(l + Y;g) dt — K 677“75 dCt — CQ@iTT(l + YT+)
0

(0,7]

T
Z —O()/ eirt(l + }/t) dt — (K + 02) / eirt dCt - 02(1 + y)
0 [0,7]

v

- (% + 02 + ng) - C()/ G_Tt)/t dt — (K + 02) / 6_” dCt
0 [0,00]

The admissibility condition (2.7) and (2.51) imply that the random variable on the
right-hand side of these inequalities has finite expectation. Combining this observation
with (2.49), we can see that E [infr>o My] > —oo. Therefore, the stochastic integral
M is a supermartingale and E [Mp] < 0 for all T > 0. Furthermore, Fatou’s lemma

implies that

T—o00

T
Joy(€) <liminfE {/ e "h(X,, Y dt — K e "t dgt] :
0

[0,7]

Taking expectations in (2.49) and passing to the limit, we obtain
Joy(C) < wla,y) +liminf e TE [~w(Xr, Vi)
—00

The inequality J, ,(¢) < w(z,y) now follows because the estimate (2.43) implies that

liminf e~ B[—w(Xr, Yr,)] < lim Coe™™ + Cyliminf e B [¥r,] 2 0.
T—o0 T—ro0

T—o0
Thus, we have proved that v(z,y) < w(z,y).

To prove the reverse inequality and establish the optimality of the process (° given
by (2.45), we first consider the possibility that [yso, J] MRy # 0 and y € [y, §]. In this

case, ¢ = 0 for all £ > 0, and

o < (2.27),(2.82) (2.42)
Jx,y(C)ZE{/ e "h(X?,y) dt =7 R(z,y) = w(z,y),
0

which establish the required claims.

In the rest of the proof, we assume that y < y.. In this case,

Y, if ¥ € Yo, Yoo| and e supgc,, X7 < G(y),
Yy = peest (2.53)

g (ecy SUPo<s<t Xg) , i e¥supgc <y X >7g(y),
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for all ¢ > 0, and, apart from a possible initial jump of size (¢! (e%z) — y)T at time
0, the process (e X, Y°) is reflecting in the free-boundary g in the positive direction.

In particular,
Y € [Yo, Yoo, €¥XP <g(YP) and (& — (5= /}Ot[ L{eevxo—g(yoyy d¢;  for all £ > 0.
In view of (2.4) and the definition (2.39) of g, we can see that

VX <g(YP) & XP<G(YY) and {eVX) =g(Y7)} = {X7 =GV}

where X° is the solution of (2.2) given by (2.4). It follows that the process (X°,Y°)

satisfies

YP € [Yo, ¥, XiP <G(Y;) and ¢ — (5= / 1{xo—c(vey d¢y  for all t > 0.
10,¢]

(2.54)

Since the function g is strictly increasing, ¢§ > 0 if and only if ze® > g(y) (2.29) eVG(y).
Therefore,

¢ = (9" (e¥2) — y)+ > 0 if and only if (z,y) € Z. (2.55)

Furthermore, given any (z,y) € Z, we note that
z=g NzeY) —y & ze¥ =eWHIG(y+2) & xe =Gy + 2),

which implies that (§ = z(z,y), where the function z is given by (2.41). It follows that

o o —cz(x (2.42)
w(X0+,Y0+)—w(a:,y) ZU}(ZEG ( ’y),y—l-Z(l',y)) —U}(I',y) = KZ(I‘,y) (256)

In light of (2.54)—(2.56) and the construction of the solution w of the HJB equation
(2.22), we can see that (2.48) implies that
T
/O e "h(XP, Y, )dt — K - e de 4+ e w(Xp, YR) = w(z,y) + My (2.57)
for all T'> 0, where the local martingale M° is defined as in (3.45).
To show that (° is indeed admissible, we use (2.38) and (2.53) to calculate

n—>9
)/to — yl{YtO:y} + g—l (ecy sup Xg) 1{Yto>y} S Yy + Ol + 0160(71—19)1/ ( sup Xg) .

0<s<t 0<s<t
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Combining these inequalities with the first estimate in (2.77), we can see that

< Q0.

lim E[e7"Y?] =0 and E[ / e Y2 dt
0

T—oo

It follows that

E {/ e " d(f] = lim E [/ e "t dg’]
[0,00] T—o0 [0,T]

T
259 1 (E [e7"YR] +rE {/ e Yy dt] - y)
0

T—oo

< 00, (2.58)

which proves that (° € A.
To proceed further, we note that the inequality in (2.54), the fact that w(-,y) is
increasing and the bound given by (2.44) imply that, given any ¢ > 0,

w(XP,YP) S w(G(YY), YY)
< C[W(YR) + YO [1+ G (V)] < Co[U(Yoy) + YO [1+ G (V)]

the last inequality following because ¥ is decreasing. Also, (2.17) and (2.54) imply
that
W(XP,Y?) < Co(L+Y2)(1+XP") < Co(L+ Y2 [1+ GV (Y?)].

The estimate (2.38) and (2.53) imply that
(1+Y)GE(Y2) = (1 +9)G" () Lve=y
+ {1 +g! (ecy sup XS)] G (g‘l (ecy sup Xg)) Livosy
0<s<t 0<s<t
n—>9
< (14 9)G" (Y Lgysyoy + Cr + Cre= ( sup Xf) :
0<s<t

It follows that there exists a constant C5 = C5(y) such that

QU()(S7}§O>:§ C%

0<s<t

n—1v
1+ (sup Xg) ] and h(XP,Y?) <Cs

n—1v
1+ ( sup Xg) ]
0<s<t
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for all t > 0. These inequalities and the estimates (2.77) imply that

T
E {sup ( / e "h(XP,YP) di 4+ e w (X3, Y;))}
0

T>0

(1+7) > n=v n—9
< (s +/ E [e" ( sup XS) dt +E |supe™" ( sup Xg)
r 0 0<s<t T>0 0<s<T
< 00, (2.59)
and

T—oo

liminf e " E[-w (X5, YP)] > —C5 lim ™" (1 +E
T—o00

(OELETXQ) MD =0. (2.60)

In view of (2.57) and (2.59), we can see that E [sup;.,M$| < oco. Therefore, the
stochastic integral M° is a submartingale and E [M$] > 0 for all T > 0. Furthermore,
Fatou’s lemma implies that

T
JoalC?) > limsup B { | e veyde- &
0

T—o0

et dgf} .

(0,7]
In view of these observations and (2.60), we can take expectations in (2.57) and pass

to the limit to obtain

J2y(C°) > w(z,y) + limsup TR [—w (X2, Y7)] > w(z,y).

T—o00
This result and the inequality v(z,y) < w(zx,y) that we have proved above, imply that
v(z,y) = w(zr,y) and that ¢° is optimal. O

2.3 Appendix I: proof of Lemmas 2.2.1 and 2.2.2

Proof of Lemma 2.2.1. Given any y € |yo, Yoo|, We observe that

<0, forall z €]0,z'(y)],

0 .
%Q(%Z/) =2 " H(z,y){ =0, forall z= 7' (y),

>0, forall z > zf(y),

where 2 is defined by (2.16) in Assumption 2.1.1. Also, we note that (2.13) and (2.14)

in Assumption 2.1.1 imply that there exist constants e; = ¢, (y) and z; = x1(y) > z'(y)
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such that H(z,y) > &, for all x > 1. Given such a choice of constants, we calculate

lim ¢(z,y) = lim [q(xl,y) +/ S_m_lH(s,y) ds]
r—r00 r—r00

x1

€ €
> lim [q(xl, y)+ =" - —196_’“}
T—00 m m
= 00,

because m < 0. Combining these observations with the fact that ¢(0,y) = 0, we can
see that the equation ¢(z,y) = 0 for x > 0 has a unique solution G(y) > z'(y) for all
Y € Yo, Yoo, and that G satisfies (2.36).

To see that the function G : Jyg, yso|[ — ]0,00[ is C' and strictly increasing, we

differentiate the identity q(G(y), y) = 0 with respect to y to obtain

. G(y)
Gly) = —G™ () H (G (y), ) / SV, (s,y)ds > 0, (2.61)
0
the inequality following from (2.15) in Assumption 2.1.1.
To establish (2.38), we note that

lim G"~?(y) = e~ "% 1im g" ¥ (y) < lim g" " (y)
ydyo Yo ydyo

and

0 < lim (1+y)g~""(y) < lim (1 +)G" " (y)g~"*(y) = lim (1 +y)e " < oo,
e Yoo Yoo

where we have used (2.36) and the facts that G is increasing and n—19J > 0. Combining
these inequalities with the fact that G and ¢ are continuous increasing functions with

the same domain |yg, Y|, We can see that there exists a constant Cy > 0 such that
Lty +(1+y)G(y) < Ci[L+¢""(y)] forall y € Jyo, yoo!.

For z > xy and y = g~ !(x), this inequality implies the estimate in (2.38).
In view of (2.18) and the fact that the functions G, —V are increasing, we can see

that, given any ¥ € 90, Yool

Aly)G"(y) <

ecny 1

G ) /y " e () [—G_”(u) + %G_ﬂ(u)] du

o?(n — n

< e™ 1 /yoo _Cnu‘ll( )d + 1 Gn—ﬂ( ) /yoo —cnu\Ij( )d
—— | — e u u — e u U
~o*(n—m) |nJ, v Y y

1

< a0 |

1
o2 T wG ﬂ(y)] ;
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which implies (2.37). Finally, the strict positivity of A follows from (2.13) and the
inequality in (2.36). O

Proof of Lemma 2.2.2. In view of its construction, we will prove that w is C?! if we
show that w,, w, and w,, are continuous along the free-boundary G. To this end, we
consider any (z,y) € Z, we recall the definition (2.42) of w and the definition (2.41) of
z, and we use (2.28)—(2.29) to calculate

wy(z,y) = 9 [w (xe_cz(g”’y), y+ z(x, y)) — Kz(x, y)]

= w, (xe’cz(x’y), Y+ z(z, y))

+ [wy (:Ue’cz(x’y), y+2(z,y)) — cre” @Yy, (xe’cz(x’y), y+2(z,y)) — K} zy(x,y)

= w, (xe’cz(x’y), y+2(z,y)), (2.62)
wa(7,y) = a% [w (e y 4 2(2,y)) — Ka(, y)]
= w, (:Ue’cz(x’y), y+ z2(x, y))e’cz(x’y)
+ [wy (:Ue_cz(x’y), y+2(z,y)) — cre” @y, (xe_cz(’”’y), y+2(z,y)) — K} 2e(2,y)
= w, (:Ue’cz(x’y), y+ z2(x, y))e’cz(x’y) (2.63)
and

0
w$$(1‘, y) = % |:w$ (I.e—cz(zr,y), y+ Z(ZL‘, y))e—cz(a:,y)]

= Wyy (xe_cz(’”’y), Y+ z(z, y))e_%z(g”’y)

+ [wxy (xefcz(x,y)’ y + Z(I‘, y)) _ Cxe*CZ(I,y)wxx (xe*CZ(I,y)’ y + Z(x7 y))
— cw, (xe’cz(x’y), y+ z(z, y))} efcz(x’y)zl,(x, )

= Wyy (xe_cz(g”’y), Y+ z(z, y))e_%z(g”’y) (2.64)

These calculations imply the required continuity results because lim,, oo 2(zn, ¥n) = 0
for every convergent sequence (x,,y,) in Z such that lim, . 2, = lim, .o G(yn)-
To prove (2.43)—(2.44), we note that the bounds of A in (2.17), the definition (2.27)

of R and the identity o?mn = —r imply that

o 1 1 _
< R < 1 + — + " . 2.
r (1+y) < Rlz,y) < Co(1+y) r  o?(n—m— 19)1937 (2.65)
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The lower of these bounds and the positivity of A (see (2.37)) imply that
C
—70(1 +y) < A(y)z" + R(z,y) = w(z,y) for all (z,y) € W. (2.66)

In light of (2.9) and (2.83) in Appendix II, we can see that R(-,y) is increasing for all
y € [0,y] NR. Combining this observation with the inequalities A > 0 and n > 0, we
deduce that w,(x,y) > 0 for all (z,y) € W. This result, (2.41) and (2.63) imply that
w(-,y) is increasing for all y € [0,y] N R, which, combined with (2.66), implies (2.43).
Also, (2.44) follows immediately from (2.37) and the upper bound in (2.65).

It remains to show that w satisfies the HJB equation (2.22). By the construction
and the C*! continuity of w, we will achieve this if we show that

20w, (2, y) + brw, (v, y) — rw(z,y) + h(z,y) <0 for all (z,y) € Z, (2.67)

wy(z,y) — crw,(z,y) — K <0 for all (z,y) € WN (Ry x Jyo, g[)- (2.68)
To see (2.67), we consider any (z,y) € Z and we use (2.42), (2.63)—(2.64) and the fact

that w satisfies the ODE (2.25) inside W to calculate

0?2 Wy (T, y) + brwy(z,y) — rw(z,y) + h(z,y)

— 52 [Ie—cz(:c,y)} 2w$$ (xe—cz(a:,y), y+ 2(z, y)) + b[xe—cz(w,y)] W, (xe—cz(a:,y)7 y+ 2(x, y>)
—rw (:Ue’cz(z’y), y—+ z(x, y)) +rKz(x,y) + h(z,y)

= — h(ze™ )y + (2, y)) + h(a,y) + rKz(z,y)

B 2(z,y) Oh(ze™", y + u) —rKld
= _/o ou ' '

z(z,y)
(2;1) _/ H(l‘@icu,y—FU) du.
0

These calculations, (2.13), (2.36), (2.41) and the continuity of z imply (2.67).

To prove (2.68), we first consider the possibility that y,, < y. In this case, we use
the fact that w = R inside WN (R4 X [yoo, 7)), the definition (2.27) of R, the associated
expression (2.85) for the function z — zR,(z,y) and (2.84) to calculate

wy(x,y) — corw,(x,y) — K = Ry(z,y) — cxRy(x,y) — K
1 xX [o¢]
S — [a:m/ s " H(s,y) ds+x”/ s H(s,y)ds
m) 0 T

o2(n —

<0 for all (z,y) e WnN (R+ X [yoo,gj[), (2.69)
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the inequality following thanks to (2.13) in Assumption 2.1.1.

To proceed further, we note that, inside YW N (]R+ X |90, Yoo [), the definition (2.42)
of w, (2.30), (2.32), calculations similar to the ones in (2.69) and the definition (2.11)
of H imply that

o(x,y) = wy(z,y) — crw,(z,y) — K

1 G(y) G(y)
= o ) —xm/ s H(s,y)ds + x”/ s H(s,y)ds| .
m xT €T

o2(n —
(2.70)
In light of (2.13), (2.36) and the fact that m < 0 < n, we can see that

1 G(y) G(y)
) —mg™ / s ™ H(s,y)ds +na"* / s H(s,y)ds
m x x

Q$(x7y) = 02(77/ —

>0 for all z € [z'(y), G(y)],
which, combined with the identity Q(G(y), y) = 0, implies that
o(z,y) <0 forall z € [2(y),G(y)]. (2.71)
Also, we can use the inequality

G(y)
/ sT™ 'H(s,y)ds >0 for all z €10, G(y)],

which follows from (2.13) in Assumption 2.1.1 and (2.32), to calculate

| 1 | G(y) . p
. - . .
im o(z, y) < oy p—— Y /x s (s,y)ds

1 T (y)
= 7limx”/ s " 'H(s,y)ds

o%(n —m) =0
<0, (2.72)
the inequality following from (2.13) and the fact that n > 0.

Finally, we can use the fact that m, n are the solutions of the quadratic equation

(2.74) and straightforward calculations to obtain
0*0 020 (1,y) + b (2, y) — ro(z,y) = —H(z,y) > 0 for all z €]0,27(y)[.

This inequality and the maximum principle imply that the function ¢ has no positive
maximum inside ]0, z'(y)[, which, combined with (2.71)—(2.72), implies that o(x,y) <0
for all y € Jyo, yoo| and x € |0, G(y)], and (2.68) follows. 0
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2.4 Appendix II: a second order linear ODE

In this section, we review certain results regarding the solvability of a second order
linear ODE on which our analysis has been based. All of the claims that we do not
prove here are standard and can be found in several references (e.g., with the exception
of (2.77), which is proved in Merhi and Zervos (2007, Lemma 1), all results can be found
in Knudsen et al. (1998)).

Every solution of the homogeneous ODE
oz (z) + bz (z) — ru(x) = 0 (2.73)

is given by
u(z) = Az" + Ba™,

for some A, B € R, where the constants m < 0 < n are the solutions of the quadratic

equation
o*N+ (b— o)A —r =0, (2.74)
given by
—(b—0?) £ \/(b— 0?)2 + 402
o= 07 E V(b= o)+ dotr (2.75)
202
It follows that, if A is a constant, then
E |:/Oo e—rt (Xl?))‘ dt:| — ZE)\ /<>O 6[02)\2+(b702))\7r]tE |:€—02)\2t+\/50>\Wt dt
0 0
0, ifA<mor\>n,
_ (2.76)

—a* ) [02N2 4+ (b— o)X —7], if X €]m,n],

where X° is the geometric Brownian motion given by (2.5). Furthermore, for all

A € ]0,n], there exist constants £, C' > 0 such that

A
( sup X?)
0<t<T

for all x > 0.

A
e 'R <Cr'e™" and E |[supe” ( sup X?) <Cx* (2.77)

T>0 0<t<T

A Borel measurable function k : |0, oo[ — R satisfies

E U e " k(XD dt} < oo forall x>0, (2.78)
0
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if and only if

/ s ™ k(s)| ds +/ s " k(s)|ds < oo for all x > 0. (2.79)
0 T
In the presence of these equivalent integrability conditions, the function R defined by
1 €T o0
R(x) = oZn —m) {xm/o s k(s)ds + x”/$ s " k() ds] , forz >0, (2.80)

is a special solution to the non-homogeneous ODE
o?r*u (z) + bau' (z) — ru(x) + k(z) =0 (2.81)
that admits the probabilistic expression

R(z) = E [ / (X0 dt} | (2.82)
0
Furthermore,

if k is increasing, then R is increasing, (2.83)

and, if k is constant, then rR(x) = k for all = > 0. (2.84)

In our analysis we have used the following result.

Lemma 2.4.1 Consider any C' function k : |0,00] — R satisfying the equivalent

integrability conditions (2.78)—(2.79) and suppose that there exists £ > 0 such that
Vr < e, either ¥'(z) >0 or K'(z) <0 and Vz >e ', either k'(x) > 0 or k'(z) <O0.

Then

1 x [e.e]
—_— [a:m/ s~ (s)ds + :U”/ s"E (s) ds] , forall z > 0.
m) 0 T

zR(x) = oy
(2.85)

Proof. We first note that the integrability condition (2.79) implies that the limits

T z

lim [ s 'k(s)ds and lim [ s 'k(s)ds

20 5 z—o0 [

exist and that

limi%nf 27"k(z)] =0 and liminfz""|k(z)| = 0. (2.86)

Z—00
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To see the latter claim, suppose that liminf, o 27™|k(z)] > 0. In such a case, there

exist constants €, z; > 0 such that 27 |k(z)| > ¢ for all z < z;. Therefore,

Z1 Z1
/ s ™ Hk(s)| ds > 8/ s tds = oo,
0 0

which contradicts (2.79). We can argue similarly by contradiction to prove the second
limit in (2.86).

Using the integration by parts formula, we calculate

x "k(x) — 27"k(z) = —m /I s " k(s)ds + /I s ™K' (s)ds forall 0 < z < .
’ ’ (2.87)
The assumptions that we have made on k' and the monotone convergence theorem
imply that the limit lim, g fzz sk’ (s) ds exists. Therefore, we can pass to the limit

as z | 0 in (2.87) to obtain
7 "k(x) =—m /$ s " k(s)ds + /95 s ™K' (s)ds for all z > 0.
0 0
Similarly, we can see that
—x "k(x) = —n /OO s " k(s) ds + /OO s "K' (s)ds for all x > 0.
The required result follows immediately from these calculations and the expression

PR() = s [mxm /0 " U(s) ds + na” / () ds].
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2.5 Appendix III: Illustration of the free boundary

function

Figure 2.5.1 Graph of the free-boundary function G in the general context. If
the initial condition (z,y) is inside the “investment” region Z, then it is optimal
to invest so that the joint process (X°,Y°) has a jump at time 0 that positions
it in the graph of G along the curved arrows. It is optimal to take no action, i.e.,
wait, as long as the process (X°,Y°) takes values in the interior of the waiting
region W. Otherwise, it is optimal to take minimal action so that the process
(X°,Y°) does not fall below the graph of G, which amounts to reflecting it in G
in the direction indicated by the curved arrows.
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Figure 2.5.2 Graph of G when h is a Cobb-Douglass function with 3 € ]0,1].
The qualitative nature of the optimal strategy can be described in the same

way as in Figure 2.5.1. In this case, yop =0, § = Yoo = 00 and G is given by
(2.40) in Example 2.1.1.
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(TKI) & (rhlasm)) g x

Figure 2.5.3 Graph of G when h is a Cobb-Douglass function with g = 1.

The qualitative nature of the optimal strategy can be described in the same
way as in the previous figures. In this case, y9 =0, § = Yoo = % and G is
given by (2.40) in Example 2.1.1. Comparing with Figures 2.5.2, it is worth
noting that the free-boundary function does not intersect the y-axis in

this example.



Chapter 3

Impulsive irreversible capacity

expansion

3.1 Problem formulation

We fix a probability space (€2, F,P) equipped with a filtration (F;) satisfying the usual
conditions of right continuity and augmentation by P-negligible sets, and carrying a
standard one-dimensional (F;)-Brownian motion W. We denote by Z the family of all
caglad (F;)-adapted increasing and piecewise constant processes Z such that Zy = 0.
We consider an investment project that produces a given commodity, and we assume
that the project’s capacity, namely its rate of output, can be increased at any given
time and by any amount. We denote by Y; the project’s capacity at time ¢, and we
model capacity increases by the jumps of an impulse control process Z € Z. The

capacity process Y is therefore given by
Yi=y+Z;, Yo=y=>0, (3.1)

where y > 0 is the project’s initial capacity. Every process Z € Z is characterised by
the collection (71,7, ..., Tny . AZ , AZ,, ..., AZ, ,...) where 7, is the (F;)-stopping
time at which the n-th jump of Z occurs, while AZ, is the associated jump size. If
the project’s management adopts the capacity expansion strategy modelled by Z, then

the project’s capacity is increased at the times 7,, by an amount AY, = AZ. > 0, for
31
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n>1.
We assume that all randomness associated with the project’s operation can be

captured by a state process X that satisfies the SDE
dX, = bX,dt + V20X, dW,, Xo=uz >0, (3.2)

for some constants b and o. In practice, X; can be an economic indicator reflecting,
e.g., the value of one unit of the output commodity or the output commodity’s demand
or both, at time ¢.

To simplify the notation, we define
S:{(:U,y)ERQ\ x>0, y20},

so that S is the set of all possible initial conditions. With each decision policy Z we

associate the performance criterion

Joy(Z)=E

0

0<t

where r,a > 0, 5 € ]0,1[, K1 > 0 and Ks,¢ > 0 are given constants. In particular,
K5 and ¢ provide a proportional and a fixed cost incurred each time that the project’s

capacity level is changed.

Definition 3.1.1 An investment strategy Z € Z is admissible if

E > e (AZ +1)1iaz0| < 0. (3.4)
0<t
We denote by A the family of all admissible decision policies. a

The objective is to maximise this performance index over all admissible capacity
expansion strategies Z € A. The value function of the resulting optimisation problem

is defined by
v(x,y) = sup J,,(2). (3.5)
ZeA

For the control problem to be well-posed, we make the following assumption on the

problem data.
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Assumption 3.1.1 r,a >0, f €]0,1[, K; >0, K3,¢ > 0 and
Q@ np
€10 & € 10,1], 3.6
s eloal & el (36)
where n > 0 is given by (3.11) in the next section. O
3.2 Well-posedness of the control problem
It is well-known that every solution to the Euler ODE
o*2*u" (z) + bau' (z) — ru(x) + 2 =0 (3.7)
is given by
u(z) = Az" + Ba™ + T'a®, (3.8)
for some constants A, B € R, where
I'= ! >0 (3.9)
~ o2(a—m)(n—a) ’ ‘
and the constants m < 0 < n are the solutions to the quadratic equation
o*k* + (b— o)k —r =0, (3.10)
given by
—(b—0?%) £ /(b—02)2 + 402
S Gl ) \/(2 0?) + 4ot (3.11)
20
Also, given any constant A\ € R,
E |:/Oo e—rtXt>\ dt:| — ZE)\ /<>O 6[02)\2+(b702))\7r]tE |:€—02)\2t+\/50>\Wt dt
0 0
0, ifA<mor\>n,
= (3.12)
—a* ) [02N2 + (b— o)A —7], if X €]m,n],
and, if A € [0,n][, then there exist constants €1, 9 > 0 such that
B 2)\2 B 2)\2
Ele "X} < J7+€2:15)‘6_51t and E {sup e_”Xt)‘} < wx)‘, (3.13)

t>0

where X; = sup,, X, (for the latter claim, see Lemma 1 in Merhi and Zervos (2007)).

The following result is concerned with the well-posedness of the control problem as

well as with its reformulation to a simpler one.
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Lemma 3.2.1 Consider the stochastic control problem formulated in Section 3.1. The
capacity process Y that is associated with any admissible investment strategy Z € A
is such that
liminf £ [~ Y7] = 0. (3.14)
Given any initial condition (z,y) € S,
0 <ov(z,y)=10(x,y) — %y < 00, (3.15)

where v is the value function defined by

oey) = g e

0

0<t

with
K

K="11K,>0. (3.16)
r

Proof. Throughout the proof, we fix any initial condition (z,y) € S. Also, we note
that (3.12) and (3.6) imply that

E { / et x2/ P dt} < 0. (3.17)
0

Given any admissible investment strategy Z € A, we can use the integration by parts

formula and (3.1) to calculate

Y ¢ AZLaz0 = / e " dZ,
0

0<t<T [0,7]

= G_TTZT+ + T/ G_TtZt dt
[0,7]
= r/ e Y, dt + e Yy, — . (3.18)
[0.,7]

Combining this result with (3.4) and the monotone convergence theorem, we can see

oo 1
E U e”Ytdt} <YLiE
0

r r

that

> e”AZtl{AZt>o}] < 00, (3.19)

0<t

which implies (3.14). Furthermore, we can see that (3.18), (3.14) and the monotone

— TE |:/ €_rt)/t dt:| — Y.
0

convergence theorem imply that

E Z e‘”AZtl{AZt>o}

0<t
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It follows that the prerformance index defined by (3.3) admits the expression

- B
Jey(Z) =E / e_rtXtaYtB dt — Z e "t (KAZ, + ¢) Liaz>or| + TI?J
|70 0<t
=E / e <Xtaytﬂ - TKYt) dt — Z €_rtCl{AZt>0} + Kyy, (3.20)
70 0<t

where K is defined by (3.16), and the identity in (3.15) has been established.

Given any constant ) > 0, we can verify that

K(1 — 1/(1-p)
QF —rKz< w (%) QYA for all z > 0.
r

Combining this inequality with (3.19), (3.20) and Hdlder’s inequality, we obtain

Joy(Z) <E [/ e XY) dt} —rKE {/ e Y, dt} + Ky
0 0

) 1-8 ) B
< (E { / et x M A=F) dtD (E { / e’"thdt])
0 0

—rKE {/ e Y, dt} + Koy
0

rK(1—p) ( 8\ /OO —rt yra/(1-B)

< —— | — E "X dt| + K.
>~ 6 (T’K 0 € t + 2Y,

which proves that v(z,y) < oo because the right-hand side of these inequalities is finite

and independent of Z. Finally, the positivity of v(z,y) follows immediately from the

observation that the strategy Z = 0, which involves no capacity changes, has positive

payoft. O

We conclude this section by showing that (3.6) in Assumption 3.1.1 is essential for

the value function of our optimisation problem to be finite.

Lemma 3.2.2 Consider the stochastic control problem formulated in Section 3.1, and

suppose that n < $25. Then v(z, y) = oo for every initial condition (z,y) € S.

Proof. Throughout the proof, we fix any initial condition (z,y) € S. If x < 1, then

we we define i, = 0, otherwise, we denote by 7, the unique integer such that

2l << 2t (3.21)
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If n < «, then we can see that the strategy Z = 0, which involves no capacity changes,
has payoff
[e's) . Kl
Joy(Z) =y°E / e " XPdt| + —y =00
0 r

the second identity following from (3.12). We therefore assume that @ < n < 17 In

what follows, we define A = % > (0 and we note that A < n. We consider the capacity

expansion strategy given by
o
i
Zt+ = 1{Xt<1} + 22 ]1{th€[2j_172j[}, for ¢ Z O,
j=1

where X; = sup,<; Xs and Z;y = limg; Z,. The associated capacity level process

satisfies
Yilizeny = (y+ 1) 15,00y > X7 15,00
and
Vil(gepof = 0+ 2) Yz
> (y+ X7 Lixiepir2)
> Xt”_o‘l{x—ie[gj—l,m[}-

Combining these inequalities with (3.12), we can see that

E { / et XYy dt] >E { / e "X} dt] = 00. (3.22)
0 0

Next, we define the sequence of stopping times

y=inf{t >0 X, >27}

f{t>0‘ Oy T s L (Qj)} for j =i, i, + 1
=in > — , for g =1,,1, e
Vol Tl Vel

Since the process ﬁW is a standard Brownian motion, we can use Exercise 3.5.10 in

Karatzas and Shreve (1991) and the definition (3.11) of n > 0 to calculate
| b—o? (2 1 27 \/(b—02)2
E[e) = () - () /2220 4o
[6 } exp( 202 n(w) \/§‘U|n($) 202 e
-(3) -
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In view of this calculation and (3.21), we can see that

Z e T [K (2(j+1))\ o 2])\) + C}

J=la

E Ze—rt(KAZt+C)1{AZt>O}] == K2>\Zr +C+]E

0<t

=K et ) [K(2*—1)2Y + | E[e77]

J=ta

. o 1 J o 1 J
J— )\Z:E )\ n n

J=lz Jj=tiz

< 00,

the inequality being true because n — A > 0. Combining this result with (3.22), we can

see that J, ,(Z) = oc. O

3.3 The solution to the control problem

In view of Lemma 3.2.1, we may assume that K; = 0 and Ky = K > 0 in what follows.
We solve the resulting control problem by constructing a solution to its Hamilton-

Jacobi-Bellman (HJB) equation

max{ o’ w,, (z,y) + brw,(z,y) — rw(z,y) + 2%y’

—w(z,y) —c+suplw(z,y+2) — Kz|} =0, (z,y)€S. (3.23)

z>0

To get a qualitative feeling about the origins of this equation, observe that, at time 0,
the project’s management has two options. The first one is to wait for a short time At
and then continue optimally. In view of Bellman’s principle of optimality, this option,

which is not necessarily optimal, is associated with the inequality
At
o) 2 B| [ X drog e (Xan)
0

Applying [t0’s formula to the second term in the expectation, and dividing by At before
letting At | 0, we obtain

0200, (2, y) + bavg (z,y) — ro(z,y) + 2%9? < 0. (3.24)



3.3. The solution to the control problem 38

The second option is to increase capacity by AZy = z > 0, and then continue optimally.
Since such a capacity increase is not necessarily optimal, this action is associated with
the inequality

v(z,y) >v(z,y+2) — Kz —¢,

which implies that

sup [v(z,y +2) — Kz| —v(z,y) —c <0, (3.25)

z>0

because z > 0 has been arbitrary. Since these two are the only options available, we
expect that, given any initial condition (z,y) € S, one of them should be optimal, so
that one of the inequalities (3.24)-(3.25) should hold with equality. This observation
and (3.24)—(3.25) suggest that the value function v should identify with a solution w
to the HJB equation (3.23).

We postulate that the optimal strategy is characterised by two strictly increasing
C> functions Gy, G1 : Ry — Ry such that Gi(y) < Go(y) for all y > 0. The func-
tion GGy separates the state space S into two regions, the waiting region W and the
investment region Z, while the function GG provides the capacity level that should be
reached whenever it is optimal to increase the project’s capacity (see Figure 3.5.1 in

Appendix V). We denote by Gy, G; the inverses of the functions Gy, G1, so that
Gi(Gi(z)) =z for all z > G;(0) and G;(G,(y)) =y for all y > 0. (3.26)

Remark 3.3.1 It is worth making a comment on the qualitative dependence of the
optimal strategy that we have considered above, which is depicted by Figure 3.5.1,
on the parameter c¢. The constant ¢ > 0 provides the fixed cost that each additional
investment incurs. Therefore, as ¢ | 0, we expect that the free-boundary functions
G, G1 move closer and closer together until they confound because the fixed costs
become negligible relative to the proportional costs. On the other hand, as ¢ takes
larger and larger values, we expect that Gg and G; move further and further apart

because increasing fixed costs discourage frequent investment.

In light of the heuristic arguments discussed above, we look for a solution to the
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HJB equation (3.23) that satisfies
0 0?Wae (2, Y) + baw, (2, y) — rw(z,y) + 2%y’ =0 (3.27)
in the interior of W and is given by
w(z,y) =w(z,Gi(z)) — K[Gi(z) —y] — ¢, for (z,y) € T. (3.28)
Every solution to (3.27) that remains bounded as z | 0 is given by
w(z,y) = A(y)z" + Tay?, (3.29)

for some function A, where the constants I',;n > 0 are given by (3.9), (3.11). To
determine the functions A, Gy and Gy, we first note that (3.28) for y = Go(x) and the

inequality
w(z, Go(z) + 2z) —w(z,Go(z)) — Kz —c <0 forall z >0,
which is associated with the HIB equation (3.23), imply that the function
2z w(z,Go(z) + 2) —w(x,Go(x)) — Kz —c
has a local maximum at z = G;(x) — Go(z). Therefore,
wy(,G1(2)) = A(Gi(z))a" + TGy '(z) = K. (3.30)

Next, we postulate that w is C*! at the free-boundary Gy. The requirement that w,

should be continuous yields

lim wy(x,u) = A(go(a:))x" +T2°G) N2) = K = lim wy(z,u), (3.31)
ulGo(z) utGo ()

while the requirement that w, should be continuous gives rise to the identities

lim  w,(z,u) =nA(Go(z))z" " + alz*1GE (x)

u—Go(x)
iy 2zt Gol@) — w(z, o))
a el0 €
L w(r ke Gile+e) —w(n,Gi(@) - K[Gi( +2) — Gi(#)]
el0 c
(3.30)

=" W, (x, Gi (x))
=nA(Gi(z))z" " + alz G (x),
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which imply that
r r
A(Go(z))z" + %xagg(ay) = A(Gi(z))z" + %xagf(aﬁ). (3.32)

Recalling the notation introduced by (3.26), we can see that (3.30) and (3.31) are

equivalent to
A(y)Gi(y) + BTy*'Go(y) = K, for y > Gi(Go(0)) (3.33)
and

Aly)Gily) + BTy° 'Gi(y) = K, for y > 0. (3.34)
These identities imply that GGy and G should satisfy

F <y_%G1(y),y_%ﬁGo(y)> =0 forall y > Gi(Gy(0)), (3.35)
where
F(z1,20) = 2" (BU25 — K) — 2" (BT'2) — K) . (3.36)

On the other hand, combining (3.28) for y = Gy(x) with (3.32), we can see that Gy and
G, should satisfy

@ @

P (2,2 T7Gy(z),2 PG (z)) =0 for all z > Go(0), (3.37)
where
D, pospr) = P — P — o (py — po) — g (3.38)
Y R (n—a)l (n—a)l ‘ '

To summarise the heuristic discussion above, suppose that there exist strictly in-
creasing functions Gy, G1 : R, — R, satisfying (3.35) and (3.37). Both of Gy and Gy
are C'™ because F' and ® are C*°. If we choose

Aly) = BF/ u_(l_B)Gg(n_a)(u) du — K/ Gy (u) du
v

Yy
© 1— @ K
— / G (u) {(U%GO(U)) - —} du, (3.39)
Yy
then, assuming the integrals are well-defined and finite, (3.30)—(3.32) and the function
w, defined by (3.28) if (z,y) € Z and by (3.29) if (z,y) € W, is C'! along the free-

boundary G, and satisfies the HJB equation (3.23).

The next result, which we prove in Appendix IV, is concerned with this construction.
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Lemma 3.3.1 Suppose that Assumption 3.1.1 holds, K; = 0 and Ky = K > 0. Also,
assume that there exist strictly increasing functions Gy, G; : Ry — R, satisfying the

system of equations (3.35) and (3.37). Such functions Gy, G are C*°,

1 1
K\* 1- K > 4
(ﬁ) leB <Gi(y) < ((nfw) leB for all y > 0, (3.40)
or, equivalently,
- F ﬁ @ F ﬁ o
(%) 17 < Gi(r) < (%) x1-7  for all x > 0, (3.41)
n

and there exist strictly positive constants C' < C such that
C (1 v y%> < Goly) < C <1 v yiJ) for all y > 0. (3.42)
The function w : § — R defined by

A(y)xz™ + TayP, it © < Go(y),
w(aey) = o) (3.43)

w(a:,gl(x)) — K[gl(x) — y] —c, ifx>Go(y),
where the constants I',n > 0 are given by (3.9), (3.11) and A > 0 is given by (3.39),
is Cb! and C°* outside the graph of Gy. Also, w is a classical solution to the HJB
equation (3.23) such that

0<w(z,y <C (1 +y+ a2y’ + xﬁ) for all (z,y) € S, (3.44)

for some constant C' > 0, and the function w(-,y) is strictly increasing for all y > 0.

We can now prove the main result of the paper.

Theorem 3.3.1 Consider the capacity control problem formulated in Section 3.1 and
suppose, without loss of generality, that K; = 0 and Ky = K > 0. Also assume that
there exist strictly increasing functions Go,G; : R, — R, satisfying the system of
equations (3.35) and (3.37). The value function v identifies with the solution to the
HJB equation (3.23) given by (3.43) in Lemma 3.3.1. Apart from an initial jump of
size [Ql (x) — y]+ at time 0, the optimal capacity level process Y° has jumps of sizes
provided by the function G; — Gy that occur at the (F;)-stopping times when the process
(X,Y°) hits the graph of Gy, and is given by (3.48)—(3.50) in the proof below.
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Proof. Fix any initial condition (z,y) € S and any admissible strategy Z € A. Since
Y is piecewise constant and w(-,y) is C! along the free-boundary Gy and C? outside
the graph of Gy, for all ¥y > 0, we can use the Ito-Tanaka-Meyer formula and the fact

that X has continuous sample paths to obtain
T
e Tw(Xp, Yry) = w(z,y) +/ e " [JQXfwm(Xt, Y;) + bXyw,. (X, V) — rw (X, Ytﬂ dt
0

+ Mr + Z e [w(Xy, Yiy) — w(X, V)],

0<t<T
where

T
My =20 / e Xpwy (X, Vi) dW,. (3.45)
0

This implies that

T
/ e XY dt— > e (KAZ + ¢)liaz, oy + ¢ w(Xp, Vi)

0 0<t<T

T
= w(z,y) + / et [ﬁxfwm(xt, i) 4+ bXw. (Xe, Vy) — rw(Xe, V) + Xfo] dt
0

+ M+ Y e w(X, Y+ AZ) — w(X,,Y;) - KAZ, — c]1{az0-

0<t<T
(3.46)
Since w is positive and satisfies the HJB equation (3.23), we can see that
T
/ e_rtXf‘Yf dt — Z e_rt(KAZt + C) 1iaz, >0y < w(x,y) + My, (3.47)

0 0<t<T
which implies that
%gfo Mrp > —w(z,y) — Z e_”(KAZt + c) 1iaz,>0}-
0<t<T
The random variable on the right hand side of this inequality has finite expectation
thanks to (3.4). It follows that the stochastic integral M is a supermartingale, and
therefore, E [Mr] < 0 for all 7' > 0. Taking expectations in (3.47) and passing to the

limit using the monotone convergence theorem, we obtain
J:v,y(Z) S UJ(Z', y)7

and the inequality v(z,y) < w(z,y) follows.
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To establish the reverse inequality, we let

o=0 and Z} = [Gi(%) — y|1{y<go(a)} Lio<t}: (3.48)
and we define iteratively the (F;)-stopping times 7, and the processes Z‘ by

Toyq = inf {t > 1| X, > Go(y+ Zt“))} , for 0=0,1,..., (3.49)
28 = 79 4 [G1(Xey)) = Go( Xy )] Lpsrnsys  for £=0,1,.... (3.50)

Observing that lim,_,., 7, = oo, P-a.s., we define the capacity expansion process Z° by

zZy = Zt(g) for t < 74, and we note that the associated capacity process Y° satisfies

VY < ylixi<cow)y T gl(Xt)l{)_(t>G0(y)}>
where X; = sup,, X,. This inequality and (3.41) imply that

1
0 /BF m _%
}/t Sy_}_(f Xt15

and

B
1-8 _ _«

[} 0\ 5B Vo] o Vel Vgl \ Vgl BF 1—
Xi (Yt> < X (Yt )ﬁ < yBXt + Xi glﬁ(Xt) < yBXt + (?) X,

In view of the estimate (3.44) of w, we can therefore see that there exists a constant
C > 0 such that
0<w(Xp,Y2,) < C (1 +Xo Xfﬁ) . (3.51)

Recalling Assumption 3.1.1, we can combine these inequalities with (3.13) to obtain
E [/ e "X (Y;’)B dt +sup e "Tw(Xr, YTOJF)} < 00. (3.52)
0 T>0
In light of the construction of Y°, we can see that (3.46) implies

T
[ ooy X st
0

0<t<T

+e Tw(Xr, Y2,) = w(x,y) + MP,  (3.53)
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where M?° is defined by (3.45) for Y = Y°. This identity and (3.52) imply that
E [suppsq M2] < 00, so the stochastic integral M° is a submartingale. In view of this
observation, we can take expectations in (3.53) to obtain

T
E[ / e X, (vP)” dt} —E
0

Z G_Tt<KAZ§ +C) 1{AZ§’>0}

0<t<T

+Ele T w(Xr, YP,)] = w(z,y). (3.54)
The first inequality in (3.13) and (3.51) imply that

lim e ""E [w(Xr, Y7,)] = 0.

T—o0

Combining this result with (3.52), (3.54) and the monotone convergence theorem, we

can see that

E ) e (KAZ + c)liazpsq | < o0,

0<t

which implies that Z° € A (see Definition 3.1.1). In particular, we can pass to the

limit in (3.54) using the monotone convergence theorem to obtain

Recalling the inequality v(z,y) < w(x,y) that we proved above, we deduce that
v(z,y) = w(z,y) and that Z° is optimal. 0

3.4 Appendix IV: Proof of Lemma 3.3.1

To establish Lemma 3.3.1, we first need to consider a pair of preliminary results. The

first one is concerned with a study of the function F' defined by (3.36).

Lemma 3.4.1 Suppose that Assumption 3.1.1 holds. Given z; > 0 fixed, equation

(3.36) has a solution zy > z; if and only if 2; € Dp, where

DF:] (ﬁ_l;)é’(mffwr)é [
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In particular, there exists a strictly decreasing C'*™° function Lg : D — R, such that

Q=

((nf%) < Lp(z1) and F(21,Lp(21)) =0 forall 2 € Dp, (3:55)

Q=
Q=

K a
lim Lg(z1) = oo, lim Lp(z) = (117) (3.56)
() it (2t5r) =)t

and

>0, fu<zn
F(u,Lp(z)) = for all z; € Dp. (3.57)

<0, ifu>zn

Proof. In view of the definition (3.36) of F' and the assumption that o < n, we

calculate
F(Zl, 21) =0
and
K > 0, if21<<£)a,
Jim F(z1,20) = ATz " (Zla - ﬁ) e
° <0, ile><ﬁﬁr)a

Combining these observations with the calculation

Q=

nK

nk ) < 0, if20<<7(n—a)ﬁf‘> ,

(n—a)pl ) nK
> 0, if zp > <(n7a)ﬁ1“> ,

9 —n— a
a—ZOF(zl,zo) =—(n—a)Blz"! (Zo -

Q=

we can see that the equation F'(z1, z9) = 0 has a solution zy > z; if and only if z; € Dp,
and that there exists a unique function Lp : Dy — R, satisfying (3.55) as well as (3.56).
Differentiating F(zl, LF(21)> = 0 with respect to z;, we obtain

. 7" [Z? - %]
LF(Zl) = <0 for all 21 € DF,

L}nfl(zl) [L%(Zl) - %]

which proves that Lg is strictly decreasing. Finally, (3.57) follows from the calculation

nkK ) <0, 1fu<<%)a,

3F(u, LF(ZI)) = (n— a)flu™""" (ua B m > 0. if < nk )
, ifu > )

ou

Q=

(n—a)pl’
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and the identities

F(Zl, LF(Zl)) = F(LF(Zl), LF(Zl)) = 0.

O
The next result is concerned with a study of the function ® defined by (3.38).
Lemma 3.4.2 Suppose that Assumption 3.1.1 holds, consider the points
P <P <h <D
given by
1 1 1
B _((n=a)pD\TF [ BIN\TF - [((n—a)\TF
p =0 Ql—(T s =g and p; = e :
(3.58)
and define
Do = {(z.y) €S| p <p <Fande=X(p)},
where
(n— )l K o
n—a« n o _
X(p)) = 11— 7 f ] p [
(pl) |: ne Y4 ( (n _ a)Fpl ):| ) or P1 € glapl

Given (z,p;) € S, equation (3.38) has a solution py < p; if and only if (z,p;) € Ds. In

particular, there exists a C'*° function Lg : Dy — R, such that

Lo(z,p1) < p1 Ap, and <I>(:1:, Lq>(x,p1),p1) =0 forall (xz,p1) € Dg. (3.59)

Furthermore,
Tim Ly (2,p,) = p,. (3.60)
0 for all D 0 L for all D
%ch(x,]?l) >0 for all p; € ]12917171[ and B o(z,p1) <0 forall py € }217171[-
(3.61)
Proof. Recalling the definition (3.38) of ® and Assumption 3.1.1, we calculate
ne o
P =———=x 7 <0
(x7p17p1) (TL-O&)Fx )
0 ~(1-p) nkK g
% — 1o —
o (2, po, 1) = —Fpo (n = a)ar
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and

nk _ ne _ o
q)(xa()?pl) :pf (1 - pl 6) - 7( xr 1-8,

Noting that

we can see that these results imply that

if p; > Py, then there exist no z > 0 and py € [0, p1] such that ®(x, py, p1) = 0,
if p; < Py, then there exists a unique py € |0, p1[ such that ®(x,py,p1) =0

if and only if x > X(py),

and, in the latter case, the solution py of ®(z,py,p1) = 0 is strictly less than p,- It
follows that equation (3.38) defines uniquely a function Lg : Dy — R4 such that (3.59)
as well as (3.60) hold true. This function is C* because @ is.

Differentiating the identity q)(x, Lg (a:,pl),pl) = 0 with respect to x, we obtain

__a__q
ncoxr 1-8

(n—a)B(1 - ﬂ)FL;(lfﬁ)(aj’pl) [1 B <M>1_5} )

By

0
%I«b(%l)l) ==

and the first inequality in (3.61) follows thanks to the first inequality in (3.59). Simi-

larly, we can see that the calculation

1-8
p 0 (1 (2)7)
0 P
a—[@(%l)l) = 15
pi [-(-8)@p) (1 ~ (fate) )
E) 3
implies the second inequality in (3.61). O

Proof of Lemma 3.3.1. The assumption that that there exists functions Gg, Gy :
R, — R, satisfying the system of equations (3.35), (3.37) and Lemmas 3.4.1, 3.4.2
imply that

1-8

Goly) =y = Lr (y’TGl(y)) for all y > 0, (3.62)
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and

Go(z) = 277 Lg <x,x7ﬁgl(1’)) for all x > Go(y).
Furthermore, Lemma 3.4.1 implies that G satisfies (3.40). In view of (3.41), we can
see that

p, <2 TFGI(x) <Py,

where p and p, are given by (3.58). Combining this observation with the fact that
p1+— Lo(x,pr) is strictly decreasing in ]]21,131[ (see the second inequality in (3.61)), we
obtain

Lo (z,p,) < 2718 Gy(x) = Lo (x,afﬁgl(x» < Lg (a:,gl) (3.63)

textfor all z > X(p;) > Go(y) > X(p,). Since the functionz — Lg(z,p1) is strictly

increasing (see the first inequality in (3.61)), we can see that, given any z, > X(p,),
Go(z) > Lo (x*,ﬁl)xﬁ for all x > z,.

Therefore,

_1-8 L 1.8
Go(y) < Ly = (2.,7y)y = for all y > Go(x.).

Combining this result with the inequality

Go(y) < Go(Go(w.)) for all y < Go(.),

which follows from the assumption that (G is increasing, we obtain the upper bound

in (3.42). Similarly, we can see that the upper bound in (3.63) implies that

Go(z) < 2TF lim Lg (x,gl) (359

T—r00

leﬁ for all = > G¢(0).

It follows that

_1-8 1-p

p1 *y e <Goly) foraly>0,

which, combined with the inequalities Go(0) > X(p,) > 0 and the fact that Gy is

increasing, implies the lower bound in (3.42).
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The lower bound in (3.40), the fact that G; < Gy and the definition (3.39) of A
imply that A(y) > 0 for all y > 0. In view of (3.6) in Assumption 3.1.1 and the lower
bound in (3.42), we can see that

A(y) < BT / RGN (1) du

Y

Yy

Fci(nia) n—a—n
= cal i y‘Tﬁ for all y > 1.
n—aoa—np

It follows that there exist a constant C; > 0 such that

n—

Ay) < Cy <1 ANy~ aafnﬁ) for all y > 0.

Combining this estimate with the upper bound in (3.42), we can see that
Aly)Gi(y) < A(y)Gi(y) < CLC (1 vy) forally > 0. (3.64)
Given any (z,y) € W, we can use the strict positivity of A and (3.64) to calculate

w(z,y) = A(y)a" + Tay”
< A(y)Gy(y) + Ty’
< C10(1 +y) + Ty
On the other hand, if (z,y) € Z, then we can use the expression for w given by (3.43)

and (3.64) to obtain

w(z,y) < w(z,Gi(x))
= A(Gi(2))2" + Tz"Gy ()
< CiC(1+Gi(2)) + TG (x)

1 B
3.41) __ __ '\1-8 . I'\T-8
o (1s ()7 o () e

It follows that w admits an upper bound such as the one given by (3.44).
By construction, we will prove that w satisfies the HJB equation (3.23) if we show

that

020w (2, y) + baw, (z,y) — rw(z,y) + 2%y <0 for all (z,9) € Z, (3.65)
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and

—w(z,y) — ¢+ sup [w(x, y+z)— Kz] <0 forall (z,y) € W. (3.66)

z>0

To this end, we consider any (z,y) € YW and we observe that (3.34) and the definition
(3.36) of F imply that

wy(z,y) — K = A(y)x" + eyt — K

1-8

= —2"Gy"(y) [5F (y’%Go(y))a — K] + 60 <y’ aﬁx>a - K

. _n(=5) _1-6  _1-8
=-—z"y  a F<y T,y @ Go(!/))

_1=p

. _n(A=-8) _1-8
= -1y e F<y ax,LF<y aGl(y)))

Combining this calculation with (3.57), we can see that

(

<0, ifz<Gi(y) & y>Glx),

wy(z,y) =K =4>0, ifze]Gi(y),Goly)] (3.67)

&y > Go(a), if £ > Gi(Go(0)), and y < Gy (z),

which implies that
Wyy (2,G1(z)) <0 for all z > Go(y). (3.68)

In view of (3.28) and (3.67), we can see that, given any (z,y) € W and z > 0,

—w(z,y) —c+w(x,y+z2)— Kz
y+z gl(I)
= / [wy(z,u) — K] du —/ [wy(z,u) — K] du
y Go(x)
oo Ly (@ 0) = K] du = [77 [wy (w,0) = K] du, if y + 2 < Gi(a),

y+z

=\ fgo(x) [wy (2, u) — K] du+ fgyij) [wy(z,u) — K] du, ify<Gi(z)<y+z,

Y Tt ) = K] du = Jg 8 [ w) = K du, 6 Ga(a) <,

<0

)

and (3.65) follows.
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To establish (3.65), we first differentiate the identity w, (z, G1(x)) = K with respect

to = to obtain
Way (2,G1(2)) = —wy, (z,Gi(2))Gi(z) >0,
the inequality following thanks to (3.68) and the fact that G; is strictly increasing.
Using the definition (3.43) of w and this inequality we can see that, given any (z,y) € Z,
wa(,y) = we (2, G1(2)) + [wy (2, Gi1(2)) — K]Gi(x)
= w,(z,Gi()) (3.69)

and

W (7,Y) = Wa (7, G1(2)) + wyy (2, Gi (7)) G (2)
< Wye (2, Gi(2)).

In light of these inequalities, we can see that (3.65) will be established if we show that

0?2 Wy, (2, G1 (7)) + baws (2, Gi(2)) — rw(z, Gi(z)) + 2°GY (x)

+zoyP — xagf(x) + TK[gl(x) — y] +rc<0 forall (z,y) € Z.

Combining the fact that w satisfies (3.27) in W with the identities

r(n —a)l
( )xa[

rK|[Gi(z) — Go(x)] +re= Gy (x) — Gy ()]

=— 2 [G] (z) — G5 (x)],

a—1m

which follow from (3.37) and the definition (3.9) of I', we can see that this inequality

is equivalent to
m
v’ —Gl(x) - “—m G (x) = Gy (x)] <0 forall (z,y) €T,

which is indeed true because y < Gi(x) for all (z,y) € Z.

Finally, we can combine the calculation
we(z,y) = nA(y)x" ' + alz®1y? >0 for all (z,y) € W,

with (3.69) to conclude that the function w(-,y) is strictly increasing for all y > 0 and
that w(z,y) > 0 for all (x,y) € S. 0
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3.5 Appendix V: Illustration of the free boundary

functions

z = Go(y)

Figure 3.5.1 Graph of the free-boundary functions Gy and G;. If the initial
condition (z,y) is below the graph of Gy, then it is optimal to invest so that
the joint process (X°,Y°) has a jump at time 0 that positions it in the graph

of G1 along the arrows. After time 0, it is optimal to invest each time that

(X°,Y°) hits the graph of Gy so that the process (X°,Y°) has a jump that

positions it inside the graph of G; along the arrows.
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