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Abstract

Many aspects of economic analysis require judgements to be made about distributions.
When agreement on a single criterion for judgement is not possible, it is necessary to examine
whether one distribution is better than another from a number of perspectives. The problem of
’distributional dominance’, which Part One addresses, is precisely this problem of ordering two
distributions in relation to one or more objective functions, via use of a single ’dominance
criterion’. Four themes are pursued.
* It is argued that welfare, poverty and inequality dominance criteria can be fruitfully analyzed
within a single framework.
* The need to approach the problem of distributional dominance as a statistical one is stressed.
Estimators and a method of inference are proposed and are themselves tested via a simulation
study.
» The likely effect of aggregation on the attained ordering of distributions is assessed, also via a
simulation study.
* A critical re-appraisal is presented of the most widely-used dominance criterion, second-order
stochastic dominance, and alternative criteria are proposed. The usefulness of thinking of

dominance criteria in terms of curves within bounds is emphasized.

Part Two of the thesis is a study of the distribution of income in urban China in the
eighties, using both aggregated, nationwide data and disaggregated data for two provinces. This
study is both an application of the methods developed in Part One and a case-study of the
dynamics of income distribution in a transitional economy. Evidence is found that cash-income
inequality has grown over the decade, and this is linked to the reform process. However, inequality
remains exceptionally low by international standards. Moreover, both the system of price subsidies
and that of cash compensation introduced to replace the subsidies are shown to have exerted an

equalizing influence on the urban distribution of income.
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Introduction

This thesis is divided into two parts. The first is concerned with measurement issues
which arise in the analysis of income distribution, in particular with the problem, as I term it, of
distributional dominance. The second is an analysis of the distribution of income in urban China
between 1981 and 1990. The two parts complement each other: the ideas and tools developed in
the first part assist in the analysis of the second, and the analysis of the second provides a case

study of the methods presénted in the first.

I Part One

Taking an overview of the burgeoning literature on the measurement of living standards,
one can discern four strands of development over the last two decades. The first has been a
proliferation of measures, especially for the purpose of equality and poverty analysis. Focus on
the former came first, culminating in the derivation of the generalized entropy indices reported
more or less contemporaneously by Bourguignon (1979), Cowell (1980) and Shorrocks (1980).
Sen’s 1976 paper was the spur for much work on poverty measures which took as its starting point
the need to improve on the perceived inadequacies of the two traditional measures, the r‘lead-count
ratio and the poverty gap. Chakravarty (1990) provides good summaries in both fields.! More
recently, attention has turned to the statistical properties of these functions, with papers by Cowell
(1989) and Thistle (1990) building on earlier contributions of authors such as Nygérd and
Sandstrom (1981).

The second strand begins with Atkinson (1970) and is the attempt to show under what
conditions different measures (of, say, poverty or inequality) will rank two distributions in the
same way. The popularity of this approach is linked to the proliferation of measures. The greater
the numbers of plausible ways in which one might measure something, the more pressing the need
to know whether one’s conclusion is sensitive to the particular measure chosen. Atkinson
introduced the fundamental idea that an income distribution can be analyzed in the same way as
a probability distribution. This insight enabled him to draw on advances in the theory of risk by,
among others, Hadar and Russell (1969) and Rothschild and Stiglitz (1970), who had shown how

the criteria of stochastic dominance could be used to determine under which general conditions

1. Coulter (1989) provides a survey of inequality measures used in all the social science disciplines, not just
€CONOMmics.
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one distribution of uncertain prospects would be preferred to another. Atkinson’s work was in the
area of equality analysis, where the second-order stochastic dominance criterion could be put in
terms of the well-known Lorenz curve. His analysis has since been extended to both welfare and
poverty analysis (Shorrocks, 1983, Atkinson, 1987) and, as we will examine in detail, has been
applied using statistical tools. As Lambert writes, use of the second-order stochastic dominance

criterion has now "become standard among researchers" (1989, p.5).

The third area of research has been a thorough re-working of the philosophical
foundations of welfare economics. The hitherto-dominant utilitarian presupposition that welfare
can be measured simply by adding a sum of utilities has come under serious criticism, most
notably by Rawls (1971), but also by economists such as Sen (1987). Newer criticisms focusing
both on utilitarianism’s exclusive concern with utility (as against freedom (Nozick, 1974) or
primary goods (Rawls, 1971) or capabilities (Sen, 1987)) as well as on its aggregation procedure
(summation) have emerged alongside the older objection of the difficulty of making the
interpersonal comparisons necessary to get utilitarianism off the ground.? For a review of the
debate, see Sen and Williams (1982).

Finally, there has been a great deal of research into and thinking about which variable
or set of variables should be utilized by economists to measure the standard of living. Techniques
have long been available to enable the researcher to take into account differences in prices (see
Deaton, 1980, for a survey). More recently, newer methods have been pioneered to take into
account differences in family composition, both via the estimation of specific adjustment factors
or ’equivalence scales’ (Deaton and Meullbauer, 1980)° and by the extension of the stochastic
dominance framework from a single- to a multi-variable framework (Atkinson and Bourguignon,
1987). Much work has also been done to show how it is possible to take into account such real-
world departures from the perfect competition paradigm as rationing, fixed prices and the
consumption of public goods (see Cornes, 1992, for a recent, critical survey). In addition, and in
part stemming from the theoretical debate outlined above, it has been argued that other variables,
not traditionally considered as being in the economist’s domain, such as literacy, life-expectancy

and infant-mortality (UNDP, 1990), and one’s own perception of well-being (Goedhart ez al.,

2. Interestingly, interpersonal comparability is no longer seen as such an obstacle: "For many years, the
majority of economists took the position that the making of interpersonal comparisons, if not impossible,
was certainly no part of the economist’s trade. In view of Arrow’s theorem, such a view leaves very little
for welfare economics to do, and much of the so-called new welfare economics of the 1940’s and 1950’s
that embodied this position makes sterile reading by contemporary standards. Modern approaches, by
contrast, are firmly based on explicit interpersonal comparisons.” (Deaton and Muellbauer, 1980, p.217)

3. Equivalence scales themselves have a long history dating back into the last century - see Deaton and
Muellbauer (1980, p.193).
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1977) should also be used to define the standard of living.

Part One of this thesis is concerned mainly with the second of these four strands. For
convenience, the problem it addresses is given a label, that of ’distributional dominance’.
Distributional dominance is defined in relation to two distributions, both defined over a single
variable, and a so-called dominance criterion’, each of which covers some set of living-standard
functions. The problem of distributional dominance is the problem of ordering these two
distributions in relation to the dominance criterion: if and only if the criterion ranks the two
distributions can the one distribution be said to dominate the other, that is, be reckoned to be no
worse than the other by all living-standard functions in the relevant set and better by at least one

such function.

The term ’standard of living’ is used in this thesis to mean ’welfare or equality or
(inverse) poverty’. A standard-of-living function is thus a welfare or an equality or an inverse-
poverty function (where an inverse-poverty function is the negative of a poverty function). The
purpose of introducing this umbrella function is precisely to show how these three types of
functions can be viewed as special cases. The aim here is not to suggest that welfare, poverty and
inequality are three aspects of the one, necessarily amorphous concept. Rather it is to provide a
unified framework and aid to understanding. Many of the problems which crop up within the one
field of analysis are also present in the other two, and it is both efficient and illuminating to be
able to deal with all three at the one time. Having first established this general framework, Chapter
One goes on to introduce and where necessary derive the various dominance criteria which will .

be analyzed in the rest of Part One and put to work in the second part of the thesis.

The problem of choosing a dominance criterion cannot be viewed in isolation from the
other decisions which have to be made when two distributions are to be compared. Above all, one
has to choose by which variable or variables one will judge the standard of living. Adjustments
may be required to take into account different price levels and household sizes in each of the two
distributions. If one has raw data, one can decide on the degree to which one will aggregate (if
at all) prior to analysis. If one has only an aggregated data set, one must decide how to utilize it
and how to interpret the results. One must also decide whether or not to apply statistical tools or

whether one will be content with drawing conclusions about the data to hand.

These last two issues, of statistical inference and aggregation, are the focus of the second
and third chapters of Part One. Chapter Two presents and where necessary derives consistent

estimators and their asymptotic variance-covariance matrices which, when combined with the
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general method of inference also given in the chapter, can be used to analyze distributional
dominance as a statistical problem. These estimators have the important feature of being utilizable
in the presence of randomly weighted data. So they can be used if, as typically occurs, one has
data at the household level, but wishes to make living-standard comparisons using the individual

as the unit of analysis.

Chapter Three reports the results of a simulation study which puts the estimators and
inference method of Chapter Two to work. It provides evidence for a number of claims made in
that chapter and also answers various questions arising from it. Chapter Three also takes up the
issue of aggregation. Most empirical work on income distributions is based on aggregated data.
The simulation study answers the question of what effect the use of aggregated data is likely to
have on the nature of the resulting ordering, in particular on the probability of being able to rank
any given pair of distributions.

The key restriction imposed by the theoretical analysis of the first three sections is that
the standard of living is defined over only one variable. This restriction is in itself controversial.
In addition, although the variable could be almost any standard-of-living determinant or indicator,
Part Two applies the tools developed to the analysis of income data. And it must be said that the
sort of variables to which the methods of Part One are most likely to be applied are income and
consumption, simply because these are the variables on which distributional data are most likely
to be available. But, as suggested earlier, reliance on standard purchasing-power variables is no
longer uncontroversial. Sen has led the attack, in relation to both inequality and poverty

measurement:

An important and frequently encountered problem arises from concentrating on
inequality of incomes as the primary focus of attention in the analysis of inequality. The
extent of real inequality of opportunities that people face cannot be readily deduced
from the magnitude of inequality of incomes, since what we can or cannot do, can or
cannot achieve, do not depend just on our incomes but also on the variety of physical
and social characteristics that affect our lives and make us what we are. (1992, p.28)

Similarly, if our concern is with the failure of certain minimal capabilities because of
lack of economic means, we cannot identify poverty simply as low income, dissociated
from the interpersonally-variable connection between income and capability. It is in
terms of capability that the adequacy of particular income levels has to be judged.
(1992, p.112)

Providing this sort of general criticism with some specific content, Dréze and Sen write:
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...many essential commodities are not bought and sold in the market place in the usual
way, and conventional estimates of real income may not give us a good idea of the
command over a number of inputs which, as we have seen, can play a crucial role in
the removal of hunger, such as educational services, health care, clean water, or
protection from infectious epidemics ... Income is a rather dubious indicator of the
opportunity of being well-nourished and having nutrition-related capabilities. (1989,
p.179)

Given that even the most advanced estimates of real income are unlikely to be able to
capture the benefits of "clean water, or protection from infectious epidemics”, what can one say
in defence of reliance on conventional purchasing power data? One can only agree that if other
information is available it should be used. But the same problems which arise when just one
variable is being used for analysis, and which are analyzed in the next three chapters, will also
occur when more than one variable is available. There are outstanding problems in relation to
single-variable analysis and their solution is a necessary condition for progress on the more general
front of dealing with a vector of living-standard-relevant variables. In addition, there are cases, of
which Part Two’s analysis of urban China is one, in which one does have a particular interest in
the distributions of income and/or consumption not (or not just) because of the partial light they
might shed on social well-being but because these are economic phenomena meriting analysis in

their own right.

Assume then one does have data on a purchasing power variable, y, either consumption
or income. The researcher may have no choice at all about how these data are defined, but, if he
or she does, it will be to do with the choice of time-period for analysis or with the choice between
consumption and income or with demographic issues, where these three are listed in ascending
order of frequency. All the choices which can be made in response to these definitional questions
are consistent with the general method of Part One - as is, to re-emphasize, the use of data other
than purchasing power - but nevertheless the issues are important ones, and for completeness they

are addressed briefly below.

The first choice is the time-period of measurement. Is y to be measured over a month,
or a year, or even a longer period? Generally, the greater the possibilities for income-smoothing
the longer the desirable period of measurement, but it is also very rare to have a single survey

covering more than a year.

The second choice one is sometimes in a position to make is whether to define y as
consumption (expenditure) or income. Ravallion writes that the development literature
demonstrates "a preference for consumption as the welfare indicator”, one reason for which is the

"importance attached to specific forms of commodity deprivation, especially food insecurity.” By
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contrast, "Ideas such as ’opportunities’ and ’rights’ seem to have carried relatively more weight
in the developed country literature, particularly in Europe, and they are generally seen to indicate
a preference for income" (1992, p.8). See Glewwe and van der Gaag (1988) for an illustration of

the different conclusions which can follow from the choice of different measures.*

These first two issues are related. To quote Ravallion again, because of the possibility
of engaging in consumption smoothing (lending and borrowing) "current consumption will almost
certainly be a better indicator than current income of current standard of living, and ... current
consumption may then also be a good indicator of long-term well-being, as it will reveal
information about incomes at other dates, in the past and future.” (1992, pp.13-14). This is, he
writes, "probably the main reason" why consumption is preferred to income as an indicator of

well-being.

The third and final issue concerns household demographics. It is preboble that any
available data will have been originally collected at the household level (though of course
’household’ might be variably defined). One can then choose whether to work with the household
as the unit for analysis or the individual, and, whatever the unit, whether to allocate to it total
household y or per capita y or ’equivalent’ y, that is, total household y divided by some
denominator other than, and typically less than (to account for economies of scale and the
existence of public goods), household size. Note that these two choices, relating to, respectively,
"weighting’ and ’the treatment of household size’ (and, possibly, other household characteristics
such as age), to use the terminology of Atkinson and Micklewright (1992, pp.69-71), are distinct:

any combination of them is feasible.

II Part Two -~

It is an irony that despite the massive amount of household data collected in China,
probably more (even on a per capita basis) than in any other developing country, our
understanding of the country’s income distribution, especially of how it has changed over the
course of the reform period, remains at a rudimentary level. The outstanding obstacle has been the
non-availability rather than the non-collection of data. But much more data have become available

in récent years, making progress possible.

4. The consumption-income distinction does of course become blurred once one starts considering imputed
income.
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In addition to the constraints of space and time, there are three reasons why this thesis
focuses on urban China.® First, Chinese household income data are collected separately for rural
and urban areas, and the quantity of urban data available for analysis greatly exceeds that of rural
data.

Second, although large parts of China’s economy are dominated by agriculture (with
70% of the workforce and 30% of total output), living standards in the urban areas of China in
many ways resemble those of a semi-industrial country. Hence, for the purpose of making
international comparisons, it is useful to deal with urban China separately. In particular, the
experiences of urban China are of particular relevance if we wish to compare the effects of reform
in China with the experience of the transitional, and largely industrial, economies of Eastern
Europe and the former Soviet Union. Although the claim is often made that inequality will
increase in an economy in transition from a planned to a market economy, evidence for this
proposition has been scanty if not non-existent. China’s experience of transition has of course
differed in many ways from that of Eastern Europe and the former Soviet Union and there is no
reason to expect that all transitional economies will experience the same distributional dynamics.
Nevertheless, with the possible exceptions of Hungary and Poland, transition in China has been
underway longer than in the other ex-centrally-planned economy, and an examination of urban

China may help to inform our judgements on Eastern Europe and the Soviet Union.

Third, the policy implications of distributional analysis are more pressing in urban
China. For it is in urban areas that the Chinese state has established such elements of the welfare
state as subsidized housing and pensions. Reform in all of these welfare-related fields is currently
under consideration in Chinese policy circles; in some cases, implementation of reform is already
underway. To assess the distributional implications of reform the sort of analysis conducted in this

paper is required. -

The two chapters on China both use the same data source, the annual household surveys
of China’s State Statistical Bureau (SSB). Chapter Four uses nationwide data collected between
1981 and 1990. Chapter Five uses data for the years 1987 to 1990 for the urban areas of two of
China’s largest provinces (in terms of urban population), Liaoning and Sichuan. Chapter Four
provides a broader picture, which covers both the entire decade of the eighties and all of urban
China. Although the data set used by Chapter Five is only a subset of that on which Chapter Four

is based, it contains detail on implicit subsidy income as well as cash income. As is typical for

5. The focus on the distribution of income rather than consumption is for reasons of data availability.
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a socialist economy, cash is only one component of total income in urban China.

Another important difference between the two chapters is that Chapter Four is based on
aggregated data, whereas Chapter Five uses disaggregated data. Seen as case-studies using the
methods developed in Part One, Chapter Four is based on the findings of Chapter Three
concerning aggregation, while Chapter Five uses the statistical tools developed in Chapters Two

and Three. Both chapters use the dominance criteria presented in Chapter One.

The reliance of the thesis on one source - data collected by the SSB, an official body -
might be seen as a source of concern. A critical assessment of the SSB surveys is presented in
Chapter Four. It is argued that, although the surveys do have some defects and although there are
gaps in our knowledge concerning survey procedure, they compare favourably to the East
European surveys. Importantly, there is no other longitudinal data source for urban China of

remotely comparable coverage or depth.

China’s period of reform can be dated from the late seventies, though rural preceded
urban reform. Right from the start, the official thrust of the entire reform programme has been
anti-egalitarian. Of course, inequality has not been proposed as an end in itself, but an increase
in inequality has been openly and enthusiastically sought by China’s leadership as a necessary
correction to the excessive levelling associated with the lurches to the extreme left preceding the
reform period, and as essential stimulus to growth. As early as 1978, Deng Xiaopeng uttered his

famous entreaty:

We must permit some regions, some enterprises and some workers and
peasants to have a greater income first and have better lives first as a result
of their hard work and achievements.

~ With them as models to spur others on, he continued,

... the entire national economy will constantly move forward like a series of
waves and the peoples of every nationality in China will then quickly become
rich. (from Deng’s speech ’Emancipate One’s Thinking, Seek Truth from
Facts, Unite and Look Forward’ in Selected Works of Deng Xiaopeng;
extracted in Guo, 1984)

In 1984, when the Party began putting greater emphasis on urban reform, then Premier Zhao
Ziyang spelt out the implications for China’s non-agricultural work-force
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The central theme of the present reform of the urban economic system is to
thoroughly change the situation of no difference between good and bad
economic management and no difference between workers who work a lot
and those who work very little. We want to ensure that enterprises do not eat
from the state’s ’big rice bowl’ and that workers do not eat from the
enterprise’s ’big rice bowl’... Letting some enterprises and some workers get
rich first is the road we must take to smash these two ’big rice bowls’. (From
Zhao’s address to the Sixth National People’s Congress, 1984; quoted in Guo,
1984.)

A large number of measures was introduced in the course of the urban reform process.
These were characterized by decentralization, both to the firm and to lower levels of government,
and by attempts to orient commercial activities towards profit-maximization. Contracts were
introduced for managers of state-owned firms - under the ’contract responsibility system’ - and
the widening of the system of bonus payments allowed firms to link pay to profits. Yet the
consensus now is that, like so much of China’s urban reform and in contrast to the conspicuous
success in the countryside, the attempt to trade off equality for efficiency has failed. General

Secretary Jiang Zemin is representative:

On the one hand, egalitarianism in distribution has not yet been completely overcome
among wage earners in enterprises, public undertakings and party and government
departments and has become even worse in some localities, departments and economic
fields. On the other hand, new and unfairly wide gaps in social distribution have also
emerged (quoted in Zhao, 1990a, p.34).

Such changes as have occurred are regarded as being for the worse. The comments of Zhao

Renwei, one of China’s most prominent economists, are typical in this regard.

People have complained that ’self-employed street peddiers are the rich people and
employees are the poor ones’ and that ’the remunerations for atom bomb producers are
not as good as those for peddlers of eggs boiled with tea’ (1990a, p.36)

Under the situation in which it has been difficult to increase incomes within the system
of state plans or in which real incomes have fallen due to inflation, some units and
individuals have tried in every way to get supplementary earnings from the activities of
seeking rents, thus creating the ’grey incomes’ on top of wages, bonuses, and normal
business earnings. The formation and distribution of grey incomes are extremely
irregular and are very much devoid of transparency, thus creating huge income
disparities that have nothing to do with labour contributions... (1990a, pp.36-37)

But these changes due to the rising importance of ’black’ and ’grey’ income are seen as being at
the
the margin. There has, it is claimed, been little systemic change inhdistn'bution of income among

the great mass of factory and white-collar workers. Economists, both Western and Chinese, have
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argued that overall urban inequality has been stagnant or indeed has fallen over the decade. Gale
Johnson (1990) has argued that "the urban and industrial reforms did little to change the structure

of compensation" (1990, p.76). Zhao himself has written of a new egalitarianism’, arguing that

The comprehensive wage reform in 1985 ... further narrowed wage disparities for urban
staff members and workers, thus intensifying the tendency of egalitarianism. (1990a,
p-349

Others, such as this author from the Chinese-language Economic Daily (equivalent to the British

Financial Times), are even more sweeping:

After reform was carried out for 10 years, [the] problems [of an egalitarian distribution]
remained unsettled and even worsened... [T]he egalitarian tendency in people’s income
became more obvious... [T]he income distribution system basically remains unchanged.
(Jia, 1990, pp.32-3)

Though such claims seem sufficiently numerous to be persuasive, many of them
are based on at most fragmentary evidence. Chapter Four carries out a systematic review of the
evidence on the urban distribution of cash income available through the SSB’s household survey

and emerges with a conclusion which challenges the consensus described above.

As is typical for a socialist economy, cash is only one of a number of important sources
of income in urban China. There are two main types of non-cash sources of income for the urban
resident. First, there are subsidies and in-kind benefits provided by China’s enterprises. Most
prominent here is housing. Houses are owned by enterprises and rents are heavily subsidized, so
much so that rental outlays come to only 1% of total consumer expenditure. Education and
medical care are also firm-based and are provided free or at nominal cost. The second major
source of non-cash income is from subsidies provided by the government to urban residents. Most
prominent here have been food subsidies, though a number of faciliti€s, such as power, water

transport and postal services, are also subsidized.

Attempts have been made to estimate the total income of urban residents with attention
to these numerous subsidies and in-kind benefits. As indicated in Chapter Four, such estimates
typically show that non-cash income comes to around half or more of cash income. However, the
data requirements for such estimates are forbidding and often there is recourse to a number of
fairl—y arbitrary assumptions. The final chapter of the thesis - as well as re-examining the trends
in cash income - focuses on just one source of non-cash income, food subsidies. Although food
subsidies became more important in the late eighties as, in an inflationary environment, free-

market prices rose rapidly, in the mid-eighties and again in the early nineties the Chinese
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government sought to reduce their importance by allowing state-prices to rise, and issuing cash
compensation. By 1990, these compensation payments had become worth some 10% of total cash
income. The effects of this important but neglected transitional policy are also investigated and

their policy implications considered.

China is a massive country, and income distribution a wide-ranging subject. Any
treatment of the two must perforce be selective. This study should be seen as only one contribution
to a wider debate. Topics of importance not addressed herein include changes in remuneration by
occupation (it is widely believed that government-determined wage rates do not adequately reflect
skill differentials between occupations) and the alleged growth of corruption, fringe benefits and
rent-seeking, especially among the political elite.
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PART ONE - DISTRIBUTIONAL DOMINANCE

Chapter One A Unified Framework and Some New Criteria

I Introduction

Many aspects of economics require comparisons of distributions. If one is examining
the distributional impact of different policies, judgements are required about what the distributions
of interest would be like under the respective policies. Or one might be interested, as a social
scientist, in the distribution of income under different economic arrangements. But agreement on
a single criterion by which to judge, or order, the distributions of interest may not be possible. One
way around this is to examine whether one distribution does better than another by a number of
objective functions. The problem of distributional dominance is precisely the problem of ordering
two distributions in relation to one or more objective functions, summarized into a single
dominance criterion. These distributions could be of many different sorts of variables: for example,
distributions of possible returns on risky assets, of market share or of living-standards-relevant
variables such as income. Although what follows in this chapter, and indeed in the rest of Part
One, is likely to be of relevance whatever the distributions, the focus throughout is on the latter
category of variables. Hence the dominance criteria will be used in relation to sets, X, of living-
standard functions, S. If and only if a criterion ranks two distributions is the one distribution said
to dominate the other, that is, reckoned to be no worse by all S in the relevant X and better by at

least one S.

A ’living-standard function’ sounds, it must be said, like an-unlikely beast. But the
adjective ’living-standard’ is simply a label, used to indicate that the function is one which can
be used to order distributions on the basis of either welfare or inequality or poverty. One of the
aims of this chapter is to show how all three of these can be analyzed within the one framework,
not only if the researcher wants to use a specific functional form, but also more generally in
relation to this question of distributional dominance. The argument here is not that welfare,
equality and poverty measures can somehow be aggregated to give a summary measure of a
society’s well-being. This would be a totally misdirected endeavour: welfare, poverty and equality
measure different things. Rather the argument is that viewing these three families of functions as
special cases of a more’genera] function provides a useful framework and aid to understanding.

Particularly in relation to the problem of distributional dominance, many of the same problems
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crop up whichever one of the three is being dealt with. These problems require common solutions

and common solutions demand a common framework.

All this raises the obvious question of what is meant by the words *welfare’, *poverty’,
and ’inequality’. I take it as read that there are fairly clear, everyday meanings attached to these
words. When we measure a society’s welfare, we are aggregating over the well-being, however
measured, of all the members of that society. When we measure a society’s poverty, we examine
the proportion and/or well-being of those below some poverty line. And when we look at
inequality, we examine the dispersion of income, or some other measure of well-being, abstracting
from differences in means. The more precise definitional assumptions given in the next section
aim to be in accord with these everyday meanings and to show, as simply as possible, in what

respects poverty, welfare and inequality functions are similar and in what respects they differ.

An initial obstacle to dealing with welfare, inequality and poverty in the same breath
is that the former is a good, whereas the latter two are bads: we want higher welfare, but less
inequality and less poverty. To negotiate this hazard, the formal results of the chapter deal not with
inequality but with equality functions, and not with poverty but with opulence or inverse-poverty
functions. An equality function is simply the negative of an inequality function, and an opulence
or inverse-poverty function the negative of a poverty function. This eases exposition, without loss
of generality. (In the more informal discussions, I will still often use the more natural terms

’inequality’ and 'poverty’.)

In fulfilling this aim of providing a general framework, the chapter necessarily takes on
the role of a literature survey. However, it also contains a number of original contributions. These
are highlighted below in a summary of the chapter’s structure.

Section II presents the properties the living-standard function is presumed to possess and
shows how in special cases it can be thought of as a welfare, equality or one of two types of
opulence functions. Various functional forms are presented to provide examples of the similarities
and differences between the three families of functions. In addition, a new function is introduced,
which generalizes the Clark et al. (1981) index and which can be parameterized to be either of the

two types of opulence functions.

Second-order stochastic dominance is the best known of the dominance criteria. It is
introduced in Section III alongside first-order stochastic dominance. Also in this section, the results

of Atkinson (1987) pertaining to poverty second-order stochastic dominance are generalized. The
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resulting criterion, labelled *mixed stochastic dominance’, covers all well-known poverty functions
(including both types introduced in Section II), and thus can be regarded as playing a similar role
vis-a-vis poverty functions as second-order stochastic dominance does vis-a-vis welfare and
equality functions. Finally, the pros and cons of using deficit and Lorenz curves for analyzing

second-order stochastic dominance are considered.

In Section IV, alternatives to second-order (and mixed) stochastic dominance are
considered. These are divided into two types: those requiring ’extreme’ forms of dominance and
others. Under the latter heading comes the ’restricted dominance’ category - a new class of
dominance criteria based on a generalization of Atkinson and Bourguignon (1989) - and the

criterion of ’e-dominance’, based on the isoelastic function.

II The standard of living: welfare, equality and poverty

I1.1 provides the notation, assumptions and definitions which will be used throughout
the chapter. 1.2 defines the three types of functions, and argues that they are based on the
everyday meanings we attach to the words *welfare’, ’equality’ and ’poverty’. II.3 examines a
number of the definitional assumptions made in greater detail. II.4 illustrates the discussion with

a variety of functional forms and introduces the new ’generalized Clark’ opulence function.

IL.1 Notation, assumptions and definitions

S is in general a standard-of-living function. It is an aggregate function: that is, it
measures a society’s overall standard-of-living. S is defined over the distribution function of a
variable y, which itself is defined over the set of real numbers. I will for convenience label y
’income’ - or, importantly, some transformation of income - but here income is to be understood
loosely to represent almost any variable of relevance to the standard-of-living. It must of course
be a variable representable by the real number system. It is also assumed that y can take on a
continuum of values. How y should in fact be defined is not discussed in detail, although some
comments on the applicability of the framework developed for different y are discussed at the end
of II.3. Questions such as whether, if y is a purchasing-power variable, it should be income or
consumption, the relevant time-period over which these should be measured (a year or a life-
time?), the definition of the recipient unit (an individual or a household?) and how differences in

household size and composition should be controlled for have been briefly considered in the
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Introduction (Section II thereof), but are left completely open insofar as this chapter is concerned.!

Consider a pair of distributions, which are defined over y and denoted by their
distribution functions, or cumulatives, F and F', All F and F" in & are non-decreasing and right-
continuous, and bounded by zero and one. Let p=F(y) so that p is the proportion with income less
than or equal to y. F and F may be continuous, discrete or mixed distributions. They are assumed
to have finite means and variances. Moreover, let n=sup{y:F(y)=0} and 8=inf{y:F(y)=1}, similarly
for " and 8°. Let n=min(n,n") and 8*=max(,9").?

As stated earlier, use of a dominance criterion generates an ordering over the set of

distributions. There are three possible outcomes. Either
(i) S(F2S(F) VSe X and SF)>S(F) 3SeX
or (ii) SF)SS(F) VSe X and S(F)<S(F") ISe X
or (iii) SF)>S(F) 3Se X and S(F)<S(F") 3Se X or SF)=SF") VSeX.
In the first case F dominates (FDF"), in the second case F* dominates and in the third case neither
distribution dominates. The result of a pairwise evaluation of all pairs of distributions in a set of
size at least two will be a strict partial ordering in D (Sen, 1970). Such an ordering has the
characteristics of being (i) partial - for each pair, either FDF or F'DF or neither; (ii) transitive -
if FDF and F'DF" then FDF""; and (iii) asymmetric - if FDF" then not the case that F'DF. If for
any pair FDF or F'DF then a ranking is said to be achieved. Using this terminology, a strict
partial ordering consists of rankings and non-rankings.

The key assumptions made on S also require definition. The assumptions are only
defined in this sub-section. They will be discussed at length later in the section. Assumptions 2
and 3 compare distribution functions which are, at least over some range, step functions. But this
does not mean they are not useful for comparing continuous distributions. Rather, as we will see,
the restrictions in relation to step-functions imply more general restrictions in relation to all

distributions.

1 The function S:#—R indicates the standard-of-living associated with any distribution F where
F is in & and so is defined over y where
1A y is income

or 1B y is mean-normalized income (income divided by the mean).

1. The argument that S should be defined over a vector of variables, rather than a single variable as here,
is also considered in Section I' of the Introduction.

2. The assumption that F has a finite maximum and minimum eases the exposition. The modifications to
theorems required if this assumption does not hold are indicated by footnotes 17 and 36.
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2 S is weakly increasing in y
Let F(y)-F'(y)=c>0 for y,<y<y, and F'(y)=F(y) y<y, and y>y,. Then, for all F, S(F)>S(F).

3A S satisfies the transfer principle

Let the mean of F (F) be p (). Let pu=p", F(y)-F'(y)=c>0 y,<y<y,, F(y)-F'(y)=d<0 y,<y<y,,
where y,<y,, and F (Y)=F(y) y<yi, y=Ya» ¥,<Y<Ys (f ys#y,) and y2y,. Then, for all F, S(F)=S(F).
Note that F is generated from F* by a single mean-preserving spread (Rothschild and Stiglitz,
1970) or rank-preserving regressive transfer (if the distributions have disrete members).?

3B S satisfies the transfer principle except possibly at Z*
Define F" and F as in 3A. If in addition it holds that F(Z")=F'(Z") then S(F)=S(F).

4A S is insensitive to changes in y at or above Z°
If F(y)=F (y), y<Z*, then, for all F, SF)=S(F).

4B S is insensitive to changes in y above Z°
If F(y)=F(y), y<Z", then, for all F, SF)=S(F").

I1.2 General framework

We are now in a position to define welfare, equality and opulence functions as special
types of S functions. The different combinations of assumptions used are summarized in Table 1

below.

1. If S satisfies assumptions 1A, 2 and 3A, S is a welfare function.
2. If S satisfies assumptions 1B and 3A, S is an equality function.
3. If S satisfies assumptions 1A, 2, 3B and 4B, S is an opulence function. (Note that

each opulence function is defined for a particular poverty line, Z°.)

3. See Rothschild and Stiglitz (1970, pp.230-231), especially Figure 5 (which should be labelled Figure 6
to be consistent with the text). Rothschild and Stiglitz also have another definition of a mean-preserving
spread which if F is continuous keeps F continuous (see their Figure 6 - which should be labelled Figure
5). However, this definition is, as they show, not required even for the comparison of continuous
distributions, since these can be "approximated arbitrarily closely by step functions” (p.232). See also
footnotes 19 and 20.
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Table 1 Types of Living-standard Functions

Type of Assumptions made concerning...

living

;t;nd?rd Definition of | Function Satisfaction of Function being

cuon |l y being weakly | transfer principle insensitive to

increasing in changes in y above
y some level of y

Welfare Income (1A) | Yes (2) Yes (3A) Not in general

Equality Mean- Not Yes (3A) Not in general

normalized applicable
income (1B)

Opulence || Income (1A) : Yes (2) Yes except possibly | Yes for y>Z° (4B).
for crossings of Z°
(3B)

Note: Numbers in parentheses refer to number given to assumption in text.

Why these assumptions? Note first that, through either 1A or 1B, all three types of
functions are defined over F. This has two important implications. First, if instead of agent A
having y, and agent B y,, B had y, and A y,, F and thus S would be unchanged. Hence S satisfies
the uncontroversial assumption of anonymity. Second, S is based only on proportions with y less
than or equal to different levels, not on total numbers. This assumption - one of so-called
’replication invariance’ - enables us to abstract from differences in population and to compare
continuous distributions (which do not have a finite population size). Whether or not one should
abstract from population size when making standard-of-living comparisons is a matter of debate,

but not one entered into here.

Turning to the assumptions which differentiate the three families of functions from each
other, the first major distinction is that welfare and opulence are defined over income, in which
they are increasing, whereas equality functions are defined over mean-normalized income, in which
they are not restricted to being increasing. (Note that here, and throughout, when S is said to
defined over some vy, this is short-hand for saying that S is defined over F which is the distribution
function of that y). This is consistent with the common-sense view that richer people are better
off. It also accords with the everyday meaning attached to ’equality’. If my income goes up, and
I am rich, my mean-normalized income will rise but inequality should also rise, so equality
functions cannot be assumed to be increasing. More fundamentally, assumption 2 couldn’t be
applied to y as mean-normalized income even if we wanted it to since, if F is defined over mean-

normalized income, the integral of F is always of constant size (equivalently, if F has discrete
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members, it is impossible to change the y of only one member of F).

What marks out opulence functions is assumption 4B (for the distinction between 4A
and 4B see below). Whereas welfare and equality functions are based on the complete distribution
of y, opulence functions are independent of the distribution above the poverty line. Again this
accords with our everyday usage. The rich getting richer doesn’t reduce poverty.

If 1B marks out equality functions, and 4B opulence functions, assumption 3 (A or B),
relating to the transfer principle, plays a key role in characterizing all three types of living-standard
functions. The transfer principle was introduced by Dalton (1920) and its centrality is evident
from even the most cursory glance at the literature. Assuming that S satisfies 3A rules out
"positively anti-egalitarian’ functions (Sen, 1973, p.64) by making it impossible for transfers from
the poorer to the richer to improve aggregate living-standards. Equality and welfare functions both
satisfy 3A and opulence functions satisfy the weaker 3B. Assuming 3B has the same implications
as assuming 3A,-with the possible exception of transfers across the poverty line. To distinguish
between them, I will call any function satisfying 3A an egalitarian function, and any function
satisfying 3B an almost-egalitarian function, since the latter satisfies all the properties of the

former except possibly where crossings of the poverty line are concerned.*

Just as the distinction between 3A and 3B is obviously only relevant to opulence
functions so too is that between 4B, which embodies a weak definition of the poor, and 4A which
embodies a strong. And just as any function satisfying 3A automatically satisfies 3B so any
function satisfying 4A automatically satisfies 4B. This enables us to define a sub-class of
egalitarian opulence functions which satisfy (in addition to 1A and 2) not just 3B and 4B but also
3A and 4A. 11.3.4 examines the relative merits of egalitarian and almost egalitarian opulence

functions, and explains the pairing of 3A and 4A. -

Finally, note that all egalitarian opulence functions are also welfare functions, since the
former satisfy all the assumptions of the latter. To relate the orderings of equality and welfare
functions, we need to restrict attention to those S which are unit-invariant.’ Then any comparison

of two distributions with the same mean using an egalitarian welfare function will give the same

4. Egalitarian functions are S-concave functions: see, for example, Sen (1973).

5. This is not to be confused with the stronger assumption of scale invariance, which requires the ordering
generated by S over a pair of distributions to be invariant to the multiplication of the first distribution by
one positive factor, and the second distribution by another. 1B invokes scale invariance, but IB is only taken
to be an attribute of equality functions.
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ordering as the same function if transformed into an equality function by defining it over mean-
normalized income. In this sense, equality analysis is welfare analysis applied to distributions with

the same means.

The assumptions utilized in this section are by no means the only ones available by
which welfare, equality and opulence functions can be defined. However, the above discussion
does indicate, it is hoped, that their choice is consistent with the everyday meanings attached to
the words ’welfare’, "equality’ and "poverty’.

IL.3 A closer look at the assumptions

I1.3.1 The definition of y

Since it is assumed that y can take on a continuum of values, use of the framework
cannot be made for analysis of zero-one variables such as literacy, to which, for example, the

transfer principle (which requires that y can take on at least three values) cannot be applied.

Although 3A and 3B talk about y being transferred, from a formal perspective it is a
matter of indifference whether y actually is transferrable. For saying that F* is generated from F
is simply shorthand for saying that, if y were the sort of variable that could be transferred, then
F could be generated from F. Hence the framework can be applied to variables such as life-

expectancy, which we do not normally think of as being transferrable.

The objection might be raised that if y cannot in fact be transferred, any judgements of
distributions by use of a transfer principle, though possible, are of no relevance. But this is to
claim that hypothetical "what if?"s have no persuasiveness. Surely it is plausible that if life-
expectancy, for example, could be transferred we would, from an impartial perspective, prefer a
society in which it was evenly spread? On the other hand, it might be argued that questions of
rights, not addressed within the framework, should figure more strongly for less appropriable y’s
than for more. To the extent that this position is held, one can only say that, while the formal
applicability of the framework developed is broad, its appeal will vary with different definitions
of y.
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I1.3.2 Separability

S need not be restricted to being in the class of additively separable functions. If it is,
then the standard-of-living in a distribution can be defined to be

]
S® = [sAF(G) @
)
where s is an ’individual’ standard-of-living function and S the mean of these individual levels.
Assuming that S is separﬁble simplifies analysis. All the assumptions pertaining to it can then be
simply put in terms of s, especially if the latter is also assumed differentiable. In this case, 2
(combined with 1A) becomes the requirement of a non-negative first derivative on s; 3A becomes
that of a non-positive second derivative (for 3B, a non-positive second derivative except at Z%);
and 4 can be put as the requirement that s(y) is constant above Z°. However, the assumption of
separability is by no means uncontroversial, especially for equality measures. Broome (1989) goes
as far as to say that any function which is separable cannot be an acceptable measure of equality.
Foster and Shorrocks (1987) argue the reverse in relation to poverty functions.® The issues are too
deep to go into here. Separability simplifies analysis and allows for various decompositions by
population sub-groups to be made. On the other hand, non-separability may capture better social
inter-dependence, by allowing my welfare, for example, to depend on your as well as my income.
It suffices for our purposes to say that, due to the controversy surrounding it, separability is not

invoked here as a primitive assumption, though it is imposed at various points.

I1.3.3 The mean-normalization of income: assumption IB

As already indicated, analysis of inequality requires abstraction from differences in
mean. Working with mean-normalized income is a natural way of doing this and several authors
have introduced it as a primitive axiom (see, for example, Cowell and Kuga, 1981 and Lambert,
1989). An alternative response is to seek to give equality functions a basis in welfare analysis.
From this perspective one could argue that we should abstract from differences in means by
dividing by the mean not income itself, but equally distributed equivalent income (EDE),
introduced by Atkinson (1970) and defined as the amount of income which if had by everyone
would give the actual aggregate welfare level. One could then only justify analyzing equality with

mean-normalized income if it gave the same ranking as an analysis based on EDE divided by the

6. In fact, Foster and Shorrocks argue for sub-group consistency, but this implies separability.
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mean. A ranking based on mean-normalized income is of course independent of the actual mean
level. If we take advantage of separability, the only EDE-mean ratio which is independent of the
mean is that in which EDE is measured using the isoelastic function (see Table 2 below for a
definition). So from this welfare-based perspective and assuming separability, the restriction to the
class of relative equality measures is consistent only with S being a monotonic transform of the

isoelastic function.’

It is also possible to argue that one should abstract from differences in mean not by
dividing either actual or EDE income by the mean, but by subtracting the mean from either of
these two. This is a method pioneered by Kolm (1976) - see Bishop, Formby and Thistle (1989)
for a recent summary and references. Again the possibility can only be raised here. Certainly,
working with differences from rather than ratios of the mean introduces the extra problem of
choosing a unit of measure. Ratios of dollars are also ratios of cents, but not so for differences.
But the real issue lies deeper. If one thinks inequality is unchanged by adding one pound to or
subtracting one pound from everyone’s income, then one wants to work with differences. If one
thinks inequality is unchanged by adding 1% or subtracting 1% from everyone’s income, then one

wants to work, as here, with ratios.®

I1.3.4 Egalitarian and almost-egalitarian opulence functions: assumptions 3 and 4

All opulence functions satisfy 3B and 4B. The egalitarian sub-class satisfies in addition
3A and 4A. 3B treats the poverty line as a potential threshold, able to have a discrete impact on
well-being. 3A rules this out and forces one to regard poverty entirely as a matter of degree. If
the opulence function satisfies 3A, it can never be increased by a regressive transfer. If it satisfies

3B only, it can be if the regressive transfer reduces the number poor. Formally,

Theorem 1  If S satisfies 2, 3B and 4B then the only mean-preserving spreads which can
increase S are those which reduce the proportion with income less than or equal
to Z\.

7. "Now suppose that we were to require that the equally distributed measure I [1-EDE/u] were invariant
with respect to ... proportional shifts, so that we could consider the degree of inequality independently of
the mean-level of incomes....[Tihis requirement implies that [s(y)] has the form: [isoelastic]” (Atkinson,
1970, republished in 1983, p.21).

8. Frameworks can also be developed to support the view that inequality can be changed both by
proportionally and by absolutely equal shifts in income. Again see Kolm (1976, Section III).
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Let F be generated from F by a mean-preserving spread. There are three possible cases. First,
F(Z")=F'(Z"). Then the mean-preserving spread cannot increase S by 3B. Second, F(Z")>F'(Z").
Then 3B cannot be appealed to. But it must be the case that y,<Z"<y,. The change from F" to F
at and above y, can be ignored by 4B. The change below y, cannot increase S by 2. Third,
F(Z")<F'(Z%). Then y;<Z’<y,. Now the change from F’ to F at and above y, cannot be ignored (4B

cannot be invoked) and S may rise or fall.m

Whether 3A or 3B is the more appropriate assumption is a matter for debate (on which
see especially Sen, 1982, pp.32-33 and Atkinson, 1987, p.759). On the one hand, it may be held
objectionable to allow for the possibility of regressive transfers increasing S. On the other, the very
suggestion that there is a poverty line does seem to carry with it the idea of a threshold, and the
existence of a strong asymmetry between being just below or just above the poverty line. As Sen

writes, an assumption such as 3A

... takes no note whatever of the poverty line, and while that is quite legitimate for a
general measure of economic inequality for the whole community, it is arguable that this
is not so for a measure of poverty as such. (1982, p.33)’

At the very least, 3B is an assumption which should be allowed for when building a
general framework. The three best known opulence functions - the negatives of the headcount
ratio, the Sen index and the poverty gap - all satisfy 3B but only one, the negative of the poverty
gap, satisfies 3A.

The relative merits of 4A and 4B are less clear-cut. 4B, incorporating a weak definition
of the poor, goes naturally with the weaker assumption 3B, since the (negative of) the head-count
ratio, F(ZF) is a well-known almost-egalitarian opulence function. 4B could also be used with 3A.
In fact though, all well-known opulence functions which satisfy 3A also Tsatisfy 4A (see Table 2).
This is not a coincidence. The well-known egalitarian opulence functions are all separable, and
one can easily show that if a function satisfies 2, 3A and 4B and is separable, then it must satisfy
4A (since 3A and separability imply concavity which implies continuity). This need not necessarily
be so for non-separable functioné, though it must be the case for functions which satisfy 3A where
the weak are replaced by strong inequalities (i.e., where progressive transfers must increase S not
just not decrease it) - see Donaldson and Weymark (1986) for a proof. Since, as we will see (in

I11.1.2), assuming 4A together with 3A simplifies matters and since it seems to cause very little

9. Sen (1982, pp.32-33) considers a strong and a weak transfer axiom. If we replace his ’increase’ by not
decrease’, then 3A corresponds to his strong transfer axiom and, by Theorem 1, the combination of 3B with
1A and 2 to his weak transfer axiom.
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loss of generality, the pairing is made.

I1.4 Some illustrations and a new poverty index

To make the above discussion concrete and to demonstrate the advantages of thinking
of welfare, poverty and equality measures within a single framework, Table 2 below gives a
number of functions for all three of the classes of standard-of-living functions. Many of the
equality and opulence functions are of course better known as inequality and poverty indices. To
recover them in their better-known forms, one need only reverse signs (and sometimes take a
monotonic transform). The table is illustrative rather than comprehensive: Chakravarty (1990) is
probably the most recent and comprehensive survey of the various living-standard functions

available.

Table 2 begins with four classes of functions satisfying 3A. They are all separable (so
that s(y) rather than S(F) is given) and weakly concave. The first is the isoelastic class, which has
already been commented on. It expresses welfare as the product of two terms, one dependent on
equi-proportionate shifts in income, the other, measuring the welfare cost of inequality,
independent. This assumption, that the welfare cost of inequality is invariant to the level of mean
income, is one of constant relative inequality aversion, and indeed the isoelastic class is often
labelled accordingly. The degree of relative inequality aversion is given by negative of the
elasticity of the first derivative, which is e=1-a. Atkinson (1970) applied this function to inequality
analysis and based what has come to be known as the Atkinson Index upon it. Clark et al. (1981)
were the first to apply the function to poverty analysis.
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Table 2 Some Welfare, Equality and Opulence Functions
TYPES OF LIVING-STANDARD FUNCTIONS
Welfare Equality Opulence
I. SEPARABLE, WEAKLY CONCAVE FUNCTIONS
(i) Isoelastic, a<1

o0 (Vo)[y] Va)ly9 (1/o)[(y/ZH*1)
(Clark et al. index)
o=0 In(y) In(y) In(y/Z?) (Watts’ measure)
=1 y y 4/Z'-1)
(income-utilitarianism) (inequality-indifference) (poverty gap)

o —> oo n n min(n/Z’-1,0)
(ii) Generalized entropy (GE)
30 1/[3(1-9)1(y*1) (8<1) VB(1-91*™-D @=1) | VBA-HI*((/ZH*-1) (<)
o=1 *EEK -yln(y) (Theil’s measure) koK
=2 kK 172)*(1-y?) *okk

(Coefficient of variation)

§ — oo *kkk -9 Kk koK

(iii) ’Generalized relative deviation’

721 Hkk -11-yl* -(1-y/Z°y*
(Foster et. al index)

(iv) Exponential
0 -exp(-ry) -exp(-ry) -exp(r(1-y/ZP)+1
II. OTHER FUNCTIONS
Gini-based HRodok -1-(1/N)- -2/[(g+DN]*
{22 [(y,)*(N+1-0)] } 23, [(1-y/Z)*(q+1-1)]
(Gini) (Sen index)
Headcount ok Fkok -1
Generalized Hokokk *EEk (1-C)af(y/ZP)*-1]-C
Clark _ o<1, o0, 1>C20

Notes: 1. From assumptions 1A and 1B, y (and hence 1 and 0) is income in the case of the welfare and
opulence functions, and mean-normalized income in the case of the equality functions.

2. For all separable functions, s(y) is presented. For the case of opulence functions, s(y) is
presented for y<Z". For y>Z’, s(y)=0. For the non-separable Gini, it is assumed that the distribution can be
written as a vector of incomes: N refers to the population size, q to the number with y<Z". The GE function
with 6=0 is exactly the isoelastic function with o=0. For the generalized Clark function with a=0, replace
Val(y/ZP)*-1] by In(y/ZP).

3. For the isoelastic, GE and generalized Clark functions, it is assumed that n>0 and Z*>0. It is
also assumed for the extreme case in which & (o) approaches oo (-c0) that 68" (n=n").

4. Many of the equality (opulence) functions are better known as inequality (poverty) functions.
Their sign should be reversed to convert them to the more familiar form. Other monotonic transforms may
also be required. On the coefficient of variation, see Kakwani (1980a, p.81). On the Sen Index and Gini
coefficient, see Sen (1982), p.379. For the Watts’ measure, see Watts (1968). Other references are given in
the text.
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The generalized entropy (GE) measure has been axiomatized and advocated for use in
inequality analysis by various authors (see Bourguignon, 1979, Cowell, 1980, and Shorrocks,
1980)."° The GE class is similar to the isoelastic. It displays constant relative inequality aversion
equal to 1-9, except for the single case of d=1. The GE class applied to equality almost entirely
subsumes the isoelastic. The two will give the same ranking if =0 as long as a<1. Only the
ranking obtained by the isoelastic function with a=1 cannot in general be attained by the GE
function,!’ though none of the GE rankings obtained with 821 can in general be replicated by
the isoelastic function. However, in the case of welfare and poverty analysis, & must be restricted
to being strictly less than-one, to ensure the functions are non-decreasing in income, so, in these
cases, the isoelastic class (just) subsumes the GE class. Note too that if (as discussed earlier) one
demands a welfare basis for one’s measurement of equality then one should not use equality
functions which have s’(y)<O as this would imply that the underlying welfare function is
decreasing in income. This would rule out the use of GE equality functions with 821. It is also
interesting to examine the third derivative of the GE function. If 8>2 then the GE measure has a
negative third derivative, which makes it most sensitive to transfers at the upper end of the income
scale. For the isoelastic family, the third derivative is always positive, making the measures
"transfer sensitive’, that is, increasingly sensitive to transfers as one moves down the income scale.
The GE measure is in this regard more flexible. One can choose & to give different weights to
differences in different parts of the distribution, whereas a in the isoelastic function always gives

at least as much weight fo differences in the lower as in the upper tail.

The ’generalized relative deviation’ class of functions generalizes in equality analysis
the well-known relative mean deviation, which can be obtained from the more general function

by setting 7=1. In poverty analysis, it is known as the Foster index after Foster et al. (1984)."

Finally, there is the exponential class, with constant absolute-inequality aversion, that
is, a constant ratio of the second to first derivative. This class illustrates a different type of
inequality aversion. The exponential function can be written to express welfare as the product of
two terms, one dependent on any equal absolute additions to income, the other, measuring the

welfare cost of inequality, independent. This assumption, that the welfare cost of inequality is

10. Its extension to the analysis of poverty has been discussed by Cowell (1988) (though Cowell allows for
a much more general form of the poverty function than presented here).

11. Although, to save space, Table 2 restricts 80, as remarked in the table notes, if d=0 then the GE
function is exactly the isoelastic function with o=0.

12. Note that setting 7=1 gives the (negative of the) poverty gap measure. Setting 7=0 gives the (negative
of the) headcount ratio.
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invariant to equal absolute additions to income, is one of constant absolute inequality aversion, the

degree of which is given by negative of the ratio of second to first derivative.

These assumptions on inequality aversion can obviously be applied to welfare or poverty
functions. If inequality indices are also to be thought of in the framework of inequality aversion,
they should regarded as measures of the welfare cost of inequality for a given type and degree of
inequality aversion (Sen, 1982, Chapter 19). There is no clear-cut consensus in the literature as
to which inequality aversion assumption is preferable. One need not even be restricted to functions
displaying constant inequality aversion, whether relative or absolute. Decreasing and increasing
versions of either type of aversion are also of course possible. The issues involved relate to the
earlier discussion on mean-normalized income. At the risk of being repetitive, one can summarize
as follows: if one wishes to give inequality measurement a welfare basis and thinks that
differences in mean should be abstracted from by dividing income by (subtracting income from)
the mean, one should normalize appropriately and base one’s equality functions on welfare
functions displaying constant relative (absolute) inequality aversion.'® For further discussion, see
Atkinson (1970) - on which the above has drawn - for an introduction, and Jewitt (1981) for an
advanced treatment. The literature on risk, from which this terminology and classification by
’aversion’ stems, can also be consulted: see Deaton and Muellbauer (1981), Chapter 14, for

example.

Of the remaining functions in Table 2, the well-known Gini is an example of a non-
separable function. It is best known in the domain of equality measurement, but has also been used
for poverty measurement, via the Sen index. As mentioned, the negatives of both the Sen index

and the headcount ratio are examples of opulence functions which satisfy 3B but not 3A.'

The last opulence measure given, which gives the negative of what I call the
'generalized Clark’ (since the (negative of the) Clark et al. function can be attained from it by
setting C=0) represents a simple illustration of the sort of use that can be made, in poverty
analysis, of orthodox welfare functions when a discontinuity is allowed at Z°. In the case of
separable functions the extent of the discontinuity at ZF vis-a-vis the slope of the function, s(y),

up to Z° can provide a measure of the importance of the threshold which the poverty line

13. Ijsing this approach, the exponential equality function given in Table 2 should not be used. It would be
more appropriate (though outside the chapter’s framework) to write the exponential function for measuring
equality as -exp[-r(y-u)], where y is income. This is in fact the function given by Kolm (1976, p.427).

14. The variant of the Sen index proposed by Thon (1979), which still sums over the incomes of the poor,
but replaces N by q in the weights used, does satisfy 3A. However, it is not replication-invariant and so does
not satisfy 1A.
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represents. The head-count ratio is an extreme case: all that matters is whether you are poor or not,
which is captured by s being everywhere horizontal, and simply jumping up, from -1 to O, at the
poverty line. At the other extreme are the weakly concave functions with no interior discontinuity,
which assume that poverty is entirely a matter of degree. The almost-egalitarian generalized Clark
function, with a gap at the poverty line but also a sloping function up to the poverty line,
represents an intermediate case in which both crossing the poverty line has a discrete impact on
one’s standard-of-living, by an amount determined by C, and becoming poorer still makes you
even worse off, by an amount determined by o. Of course, the Sen index also captures these two
effects, but the advantage of the generalized Clark family is that it parameterizes the relative
importance of the two changes more transparently. At one extreme one has the head-count ratio
(by setting C=1) and at the other one has an egalitarian function (by setting C=0). More generally,
one can see the trade-off between C (which determines the discontinuity at Z°) and o (which,
given C, determines the slope up to Z°) by re-writing the function, denoted by v, as follows

( Z'
1€ [y aFo) - ES+0FE?, %0
= o L] Z «
q’ = z!
1-C !" ln(%)dF(y) - CF@ZP), «=0 )

z’
- a-1
o [P ROy + cFED)

n
15(2) shows y to be a weighted average of the head-count ratio and the Clark er al. function
where the weight is C, bounded by zero and one. The second term of (2) captures the ’fixed cost’
associated with being on or below the poverty line, the first the ’variable cost’ increasing in the
ratio between one’s income and the poverty line. Obviously, for given &, as C increases the fixed
cost of poverty increases relative to the variable cost (the absolute value of the ratio of the second

to first term increases). Moreover, one can show (see Appendix A) that

z* a-1
o __1clyYy ®
da yAS ,Ih{ZPXZP) Fiyy = 0

Thus, for any given C, as o increases, the fixed cost of poverty will become less important relative
to the variable cost (the absolute value of the ratio will fall). However, note that, no matter how
large o, one will always be able to find progressive transfers which increase poverty, as long as
C>0.

15. As mentioned in the notes to Table 2, it is assumed >0 and Z">0.
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One can use this last fact to fix C and o. First say one chooses o, using the usual ’leaky
bucket’ thought experiment of Okun (as described, for example, in Ahmad and Stern, 1991, p.129)
applied to transfers below the poverty line. Then fix some point below the poverty line, say half
thereof, and ask how by how much would a person with income %5Z” have to have their income
increased, to, say, (Y2+x)Z, to neutralize the social loss from bringing someone with income
(14x)Z° down to the poverty line. The answer, which fixes C, is given by the following equation
based on that in Table 2.

C 1 a
e ) @

For example, assume o=-1 and x=.1 (so that C=.25). Then if Z’=$100, it is just worth taking $10
from someone with $110 and giving it to someone with $50. We can interpret this as saying that
the social value of a dollar to someone at (1+x)Z" is equal to that of someone at ¥4Z° since a (non-
infintisimal) transfer of x between them leaves poverty unchanged. One can see the influence of
C countering that of a, since, with o=-1, the social value of a dollar to someone at just below Z°
is only a quarter of its value in the hands of someone with income 4Z°. Note that C is increasing
in x since the larger x the greater the gain to the poor beneficiaries while the increase in poverty

due to increasing the number poor remains constant.

The language of dividing the ’cost’ of poverty into fixed and variable components may
be new, but the idea is not. Foster and Shorrocks (1987) show that any separable poverty function,
satisfying 2 and 4, can be represented by some function whose arguments are a continuous poverty
function and the headcount ratio.'® The generalized Clark index is simply an example of this, but

it is one of interest on account of its particularly simple structure.

To conclude, the presentation of welfare, equality and opulence functions as special
cases of an over-arching standard-of-living function has the advantage of— enabling one to see just
how closely different measures of the three are related. It also makes clear which differences
between the three lead to differences in functional form. A broader range of equality functions is
available because equality functions, being based on mean-normalized income, are not restricted
to the set of increasing functions. And poverty and opulence functions can be sensibly based on
the notion of relative distance from, or in the case of poverty crossing of, a ’line’ (the poverty line

and mean respectively), something which is unavailable for welfare functions.

16. As mentioned earlier, Foster and Shorrocks use the assumption of sub-group consistency, which implies
separability.
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So far, our ’unified framework’ has been applied only to specific functions. In the
remainder of the chapter it is shown how not only different functional forms but also different

dominance criteria can be usefully viewed from within this single framework.

II1 First-order, second-order and mixed stochastic dominance

The best known and most-used dominance criteria are those of first- and second-order
stochastic dominance. These are presented in III.1 below, as is a new stochastic dominance
criterion for poverty indices. II1.2 discusses different graphical approaches to the analysis of

second-order stochastic dominance.

III.1 The criteria

II1.1.1 First-order stochastic dominance

Definition:  Iff F(y)SF(y) Vye[n,Z] and F(y)<F'(y) 3ye[n,Z]" there is first-order
stochastic dominance (10SD) by F of F" up to Z (FD,F (Z)).
Theorem 2:  Iff FD,F'(Z) then SF)=S(F") VSeX and SF)>S(F") 3Se X, where,
(welfare 10SD) if y is income and Z>6*, X is the set of weakly increasing functions
(living-standard functions conforming to 1A and 2);
or (poverty 10SD) if y is income, Z is the set of weakly increasing functions insensitive
above Z° (living-standard functions conforming to 1A, 2 and 4B) with
Z'<Z.
10SD is a simple criterion, requiring simply that the dominating distribution have, in
the relevant range, a no higher and somewhere lower distribution function. Note that 10SD cannot
be meaningfully applied to equality functions: the distribution functions of two mean-normalized
distributions either cross or are entirely coincident.!® Since 10SD covers functions which do not
satisfy either 3A or 3B, it covers sets of functions wider than those defined earlier as welfare or
opulence functions. The proof for welfare 10SD (for which see Thistle (19 ) and the references
therein) rests simply on the fact that if FD,F(8*) then F can be obtained from F by a series of

17. In this and the other stochastic dominance theorems (2 to 4) ™ (6*) can be replaced by -co (+0).

18. Alternatively, 10SD implies the dominating distribution has a strictly greater mean.
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reductions in income as defined in assumption 2."° For poverty 10SD, see Atkinson (1987), the
only case not catered for by whom is that of non-separable functions. (Atkinson deals only with
separable functions, though he does mention the possibility of extension to the more general case
(p.759)). In fact, the extension is very simple. Only sufficiency need be shown, since necessity
need only be demonstrated in relation to some subset of the relevant X, and this has already been
done by Atkinson. The method of proof, which will be used more than once in this chapter, is to
show how, under a certain distributional transformation, stochastic dominance over some restricted
range implies stochastic dominance over the whole income range and how indifference to such a

. . . funchioas o changes
transformation restricts one to the sub-class of weakly increasing insensitive, aboveé some level.

Sufficiency proof for poverty 10SD Assume FD,F’(Z), and choose some poverty line Z'<Z.
Now generate F, from F and F; from F" so that, for ©0, F{(y)=F"(y), y<Z%, F{"(y)=F(Z"),
ZF<y<ZP+t and F"(y)=1, y>Z +t. 10SD up to Z° by F then implies 10SD by F, over the whole
income range. So for all functions satisfying 1A and 2, S(F,)=S(F)) (this is the welfare 10SD
theorem above). If in addition S satisfies 4B, then S(F)=S(F,) and S(F)=S(F,). So if S satisfies
1A, 2 and 4B, S(F)>S(F"). This will hold for all Z°<Z and the inequality S(F)>S(F") will hold

strictly for at least one S since -F(y) itself satisfies the above assumptions.®

II1.1.2 Second-order stochastic dominance

If one is prepared to add the additional assumption 3A, that the functions in X are

egalitarian, then one can use the criterion of second-order stochastic dominance.

Definition: Let

Yk
Gy = [Fo)y )
“_

If G(y)<G'(y) Vy.€[n,Z] and G(y,)<G (y,) Jy.€[n.Z] there is second-order
stochastic dominance (20SD) by F of F* up to Z (FD,F (Z)).
Theorem 3:  Iff FD,F (Z) then SF)=S(F") VSe X and S(F)>S(F’) 3Se =, where
(welfare 20SD) if y is income and Z>6", X is the set of welfare functions (living-standard
- functions conforming to 1A, 2 and 3A);

19. Even though 2 is defined only for step functions, welfare 10SD can still be applied to comparisons of
continuous distributions since if FD,F"(Z) where F and F" are continuous, then F,D,F(Z) where F{" is a step
function which approximates F** arbitrarily closely (see Rothschild and Stiglitz, 1970, pp.232-234).
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or (equality 20SD) if y is mean-normalized income and Z=6', X is the set of equality
functions (living-standard functions conforming to 1B and 3A);

or (poverty 20SD) if y is income, X is the set of egalitarian opulence functions (living-
standard functions conforming to 1A, 2, 3A and 4A) with Z7<Z.

20SD is defined in relation to the integral of the distribution function - known as the
deficit curve - and requires that the dominating distribution have, over the relevant range, a no-
greater and at least one point smaller integral. Note that 10SD up to Z implies 20SD up to Z but
not vice versa. The first application of 20SD in welfare economics was to equality analysis by
Atkinson (1970), whose results were subsequently generalized by Dasgupta, Sen and Starrett
(1973). Rothschild and Stiglitz (1973, pp.192-193), Kolm (1976, pp.90-91) and later Shorrocks
(1983) and Kakwani (1984) extended the application to welfare analysis and Atkinson (1987)
made the extension to poverty analysis.’ Proofs can be found in these references.”’ They rest
for equality and welfare 20SD on the fact that if FD,F'(8*) then F* can be obtained from F by a
series of mean-preserving spreads if y is mean-normalized income and mean-preserving spreads
and reductions in y if y is income. For poverty 20SD, as for poverty 10SD, the proof rests on
the fact that opulence functions are special types of welfare functions. Also as with 10SD, the
only case not catered for in the literature is that of non-separable egalitarian opulence functions.

Again Atkinson’s proof can be simply generalized.

Sufficiency proof for poverty 20SD Assume FD,F (Z), and choose some poverty line Z°<Z.
Now generate F, from F and F; from F" so that F{"(y)=F"(y), y<Z° and F{(y)=1, y>Z'. 20SD
up to Z° by F then implies 20SD by F, over the whole income range. So for all functions
satisfying 1A, 2 and 3A, S(F))=S(F)) (this is the welfare 20SD theorem given above - see any of
the references quoted for a proof). If in addition S satisfies 4A, then S(F)=S(F,) and S(F)=S(F)).
So if S satisfies 1A, 2, 3A and 4A, S(F)=S(F"). This will hold for all -Z’<Z and the inequality
SF)=S(F") will hold strictly for at least one S since -G(y,) itself satisfies the above assumptions.®

An illustration of 20SD is given in Figure 1a, while the proof is illustrated in Figure
1b. Note the role played by the strong definition of the poor in assumption 4A. If 4B was

20. Even though 3A is defined only for step functions, welfare 20SD (like 10SD - see footnote 19) can still
be applied to comparisons of continuous distributions since if FD,F (Z) where F and F~ are continuous, then
F.D,F,(Z) where F{” is a step function which approximates F” arbitrarily closely (see Rothschild and
Stiglitz, 1970, pp.232-234).

21. Lambert (1989) gives a review of these stochastic dominance conditions in relation to welfare and
equality analysis, while Ravailion (1992) focuses on poverty analysis. For more general reviews of stochastic
dominance itself, which has a longer history and which was originally applied to risk analysis, see Whitmore
and Findlay (1978) and Fomby and Seo (1989).
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assumed, one would require F[*Xy)=F(*(y), y<Zp and F[*Xy)=1, y>Zp, but then Fj and FJ would

not be distribution functions as they would not be right-continuous.

Figure 1 Illustration of Second-order Stochastic Dominance and Sufficiency Proof

la. FD2F*(Z)

Notes: On the assumption that area A is no smaller than area B, F has 20SD over F* up to Z.

Ib. F D2F X0+

Notes: F, and Fj are generated respectively from F and F\ The latter and the former in each pair are
identical up to Zp which has been chosen as equal to Z. At Z, the distribution functions go up to 1. 20SD
by F of F* up to Z implies 20SD by F, of F* up to the maximum income value of the two distributions.
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I11.1.3 Mixed dominance

Whereas it is hard to imagine wanting sets of welfare and (relative) equality functions
defined more widely than those covered by the second-order stochastic dominance criteria, the
situation is not quite the same for opulence functions, since the class of functions satisfying 3B
but not 3A is excluded. While, for example, the 20SD criterion for inequality covers all of the
well-known equality functions (including all of those in Table 2),”? the same cannot be said for
the 20SD criterion for poverty, which, as mentioned, excludes the negative of the head-count and
the Sen index. The exclusion of functions satisfying 3B but not 3A not only limits the relevance
of the poverty 20SD criterion. It is also unsatisfactory since, as argued, almost-egalitarian
functions have a claim to our attention in poverty analysis which is absent in the cases of equality
and welfare analysis. For these reasons, a third criterion is introduced below, which is more
demanding than second- but less so than first-order stochastic dominance, and whicct‘1):é¢1{15 opulence
functions, as defined in Table 1.

Definition:  Iff G(y)<G'(y,) Vy.€[n,Z] and F(y)<F'(y) Vye[Z,Z] and either G(y)<G(y,)
Jy,e[n,Z] or F(y)<F'(y) 3ye[Z,Z], then there is poverty mixed dominance by
F of F" between Z and Z, or FD_F (Z',Z).

Theorem 4:  Iff FD,F(Z,Z) then SF)2S(F’) VSeX and S(F)>S(F") 3SeX, where, if y is
income, X is the set of opulence functions (living standard functions conforming
to 1A, 2, 3B and 4B) with Z’¢[Z',Z].

If we rule out the possibility that F(y)=F (y) Vye[Z,Z] this criterion is equivalent to
20SD up to Z and ’restricted’ 10SD between Z° and Z (as defined before Theorem 2, but
replacing ™ by Z).2 Hence the name: mixed dominance requires a mixture of dominance
conditions to hold. Figure 2a illustrates. Up to Z* we need to look at the area under the distribution
curve, and, from Z to Z, at the distribution function itself. (Unrestricted) 10SD implies mixed
dominance implies 20SD, all up to Z. The bounds Z" and Z can be understood as limiting the set
of reasonable poverty lines we are prepared to consider. This is contrast to 10SD and 20SD
where only an upper bound, Z, is given on this set. It might be thought, therefore, that the X
covered by the mixed dominance criterion is smaller than that covered by the 20SD criterion.
However, since any egalitarian opulence function insensitive to changes above some Z is also an

egalitarian opulence function with Z*2Z, the class of all opulence functions with Z>Z*>Z" includes,

22. The only exception is the standard deviation of logarithms.

23. The ’restricted’” 10SD condition is Atkinson’s (1987) Condition I.



by relabelling, all egalitarian opulence functions with Z"<Z"%*

The necessity of mixed dominance for the class of functions given follows simply from
noting that egalitarian opulence functions are a subset of this class - so justifying the need for
20SD up to Z - as is the negative of the head-count ratio - hence the need for 10SD over the
permissible range of the poverty line. Sufficiency can be most easily proved in the case in which
S is a separable and, up to Z¥, weakly concave and differentiable function. This enables us to set
s(y)=0 for y>Z". Let AF=F-F and AG=G-G'. Using repeated integration of parts on (1) gives the
result that

z?

SE®)-SE") = AFZNsZ") - AGZPs'ED + [AGH)s"()dy ©
4

s(Z") must be non-positive by the assumption of s being weakly increasing in income. If the
function satisfies 3A, s(Z%) will be zero - since otherwise regressive transfers across the poverty
line could raise S - and we can ignore the first term. Otherwise, 10SD at Z° will make this term
non-negative. If there is 20SD up to Z*, the last two terms of (6) will be positive. Allowing Z°
to vary between Z" and Z proves sufficiency.

A more general proof of sufficiency requires that the assumptions of separability and
differentiability be dropped and can be given in three steps, using a method similar to that utilized
earlier for the poverty 20SD sufficiency proof.

Sufficiency proof for Theorem 4

1. Let y be income, assume FD_F'(Z',Z) and choose Z°e [Z',Z]. Generate F, from F so
that F,(y)=F(y), y<Z°, F,(y)=F(Z"), Z°<y<Z"+t, and F(y)=1, y>Z +t, and similarly for F".

2. From the welfare 20SD theorem, all welfare functions satisfying 1A, 2 and 3A
weakly prefer F, to F,. Since such functions are weakly-increasing and egalitarian, it is possible,
via a sequence of mean-preserving spreads and reductions in income to generate F] from F, (see
Rothschild and Stiglitz, 1973, pp.192-3). If S satisfies 1A and 2, it cannot be increased by
reductions in income. If S also satisfies 3B, the mean-preserving spreads can only increase S if

they involve crossings of the poverty line. But since F;(Z?)>F,(Z"), no Z*-crossing mean-preserving

24. By the same argument, I could have re-written the 10SD (20SD) poverty theorem as applying only to
functions satisfying 4B (4A) with Z°=Z (since if they are insensitive to changes above some Z<Z’, they are
certainly insensitive to changes above Z7). Since this is only a matter of labelling, I have chosen for the
different theorems what seems to me to be the most transparent way of expressing the X covered.
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spreads will be required.® So for all S satisfying 1A, 2, and 3B, S(F)=S(F).

3. Finally, for any S which satisfies 4B, S(F)=S(F,) and S(F")=S(F}). So for all S
satisfying 1A, 2, 3B and 4B, S(F)>S(F"). Varying Z¥ within [Z",Z] will give the same result, and
the inequality will hold strictly for at least one S. The assumptions used to get this result restrict
the set £ to being that of all opulence functions with poverty lines between Z" and Z.m

The proof is illustrated in Figure 2b. Note that the requirement that F(ZP)<F"(Z") enables

assumption 4B to be used without encountering the problems described at the end of II1.1.2.

Requiring F to have restricted 10SD (a no-higher head-count ratio over the set of
poverty lines) as well as 20SD enables one to expand greatly the class of functions over which
dominance is guaranteed. One can add not only the negative of the head-count ratio to the
egalitarian class of opulence functions,” but also an entire additional class of functions, which
can be viewed as intermediate to the two extremes of the head-count and the egalitarian class, and
which includes the negatives of Sen’s index and the generalized Clark function introduced in the
previous section.?’ For this reason, the mixed dominance result for poverty should be seen as
giving a similar coverage of poverty functions as is given by the second-order stochastic

dominance results for welfare and equality functions.?®

The extent to which mixed dominance will increase the number of distributions which

can be ranked compared to 10SD and decrease the number compared to 20SD is increasing in

25. To see this, note that one can modify F, by reducing incomes so that for the 'new’ F,, F\(y)=F,(y), Z
<y<Z'+t. Then the new F, will still have welfare 20SD over F; and the two distributions will be identical
for y2Z'. Then only mean-preserving spreads (and possibly further reductions in income) up to Z'<Z" will
be further required to generate F; from F,.

26. Here, of course, reference to the ’egalitarian class of poverty functions’ is reference to that class of
poverty functions the negatives of which are egalitarian opulence functions.

27. The importance of the head-count ratio in this regard can also be seen in the argument of Foster and
Shorrocks (1987) that any ’sub-group consistent’ poverty function can be written as a function whose
arguments are a continuous poverty function and the head-count ratio. (The generalized Clark function given
earlier is precisely an example of this.) Although the mixed dominance criterion covers a wider class than
the sub-group consistent, one can see 20SD as ensuring dominance by all continuous functions and
restricted 10SD as ensuring dominance by the head-count ratio.

28. Other lesser-known poverty functions will also be captured by the mixed dominance criterion, including
the Kakwani (1980b) and Blackorby and Donaldson (1980) indices. Chakravarty (1989) groups these
together with the Sen index as, in our terminology, having negatives which satisfy 3B but not 3A. But not
all poverty functions will be covered. Some have negatives which do not satisfy 2, such as the Hamada and
Takayama (1977) class of indices. Others, such as the Thon index, do not satisfy 1A (see footnote 14). But
since 1A and 2 are uncontroversial, this omission is not serious.
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the magnitude of Z' but is otherwise an empirical matter. It is easily shown that if mixed
dominance is to obtain where there is no 10SD, it must be the case that the distribution functions

being compared cross an even number of times below Z\D

Figure 2 Illustration of Mixed Dominance and Sufficiency Proof

2a. FDOk*(2\Z)

Notes: Assuming that area A is no smaller than area B, F has 20SD over F* up to Z. In addition, F has
a lower distribution function between Z' and Z so F has mixed dominance over F* between Z* and Z.

2b. F DF¥(09

2 y

Notes: F, and Fj are generated respectively from F and F*. The latter and the former in each pair are
identical up to Zpwhich has been chosen as equal to Z. At Z+t, the distribution functions go up to 1. 20SD
by F of F* up to Z implies 20SD by F, of F* up to the maximum income value of the two distributions.

29. 20SD to Z requires that the dominating distribution have a no lower minimum income, which in turn
implies a no higher distribution function at T (see IV.1).
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II1.2 Use of Lorenz and deficit curves to evaluate second-order and mixed stochastic
dominance

10SD is easily analyzed by comparing distribution functions. 20SD could, as already
mentioned, be similarly analyzed by examining deficit curves.*® For welfare or poverty 20SD,
one should define the curve over income, in which case one has a poverty deficit curve. The
poverty deficit curve can also be used in conjunction with the cumulative density curve to evaluate
mixed dominance: in this case one needs to examine the poverty deficit curve up to only the lower
bound of the set of poverty lines. For examination of equality 20SD, the deficit curve should be

defined over mean-normalized income resulting in an equality deficit curve.

In practice, however, these deficit curves are rarely used. The more common approach
exploits the close relationship between 20SD and Lorenz dominance, and works with the more
familiar family of Lorenz curves. The usefulness of Lorenz curves for this purpose was first
demonstrated by Atkinson (1970) in relation to equality analysis, and the duality between the two
in the context of welfare analysis has recently been shown by Atkinson and Bourguignon (1989)
and Thistle (1989). All Lorenz curves are constructed according to the same formula, but they can
be given three different names associated with the three different types of variable used to
construct them: the ordinary Lorenz curve constructed using mean-normalized income, the
generalized Lorenz (GL) curve using income and the censored Lorenz curve using censored
income, that is equating y with Z® for that proportion of the population whose income is greater .
than Z°. The purpose of this sub-section is to analyze the extent to which the Lorenz and deficit

family of curves can act as substitutes for each other.

Following Gastwirth (1971), define Q(p)=inf{y:F(y)=p}.>! Then the family of Lorenz curves
is defined by

Px
@) = [Qo)p @
0

(7) shows clearly the sense in which the Lorenz curve is a dual for the deficit curve (Atkinson and

30. The deficit curve, G(Z"), is equal to Z° times the poverty gap (PG). Using integration by parts:

z’

Ad z¥ p_
G@ZH= { F)dy=2"FED-— { yaFG)1-Z" { 22 @0)-z"6eEh

31. If the distribution is continuous then Q(p)=F'(p).
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Bourguignon, 1989). In geometrical terms, whereas the deficit curve measures the area between
the distribution function and the income axis, the Lorenz curve measures the area between the

distribution function and the p-axis: see Figure 3 at the end of the sub-section.

If

¢@Y2¢ @y Yp,£[0,q] and o(@)>$° (@) Ip,€[0.q] ®

then F Lorenz dominates F" up to q (FD_F (q)). Note again the duality between 20SD (the primal
approach) and Lorenz dominance (the dual): the inequalities in (8) are the reverse of those used
to define 20SD - see Theorem 3.

But is the choice between deficit and Lorenz curves of no consequence? We will define
a one-to-one relationship between Lorenz dominance and second-order stochastic dominance as

existing if one can, for all distributions, find some general rule relating Z and q, such that

FD,F*(Z) iff FD,F*() ®)
By a ’general’ rule here is meant one which equates q either to F(Z) or F'(Z) for all distributions.
If and only if (9) holds can any particular members of the deficit and Lorenz curve families be
thought of as substitutes for analysis. The results of a comparison along these lines are presented
in Table 3.

Table 3 The Deficit and Lorenz Families of Curves as Substitutes for Analysis

For the analysis | the...Lorenz can be substituted References
of ... curve for the ... deficit

curve -
Equality 20SD ordinary equality Atkinson (1970)
Welfare 20SD generalized poverty Atkinson (1970),

Shorrocks (1983),
Thistle (1989)

Poverty 20SD censored poverty Foster and Shorrocks
(1988b)

Poverty Mixed generalized or poverty
Dominance censored
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To derive these results, change the variable of integration in (7) to give

Yx
$@y = [yIFE) (19)
n

where y is defined in one of the three ways given earlier, that is as income, mean-normalized or
censored income. This gives the Lorenz curve at p, as the mean of y conditional on y<F(p,)
divided by p,. Applying integration by parts to (10), one has

d@Y = -Gvp + ¥.FO (11)

Using (11), one can derive the following two relationships between second-order stochastic and
Lorenz dominance, where, as before, p=F(y,) and now, in addition, p=F (y,), G=F(Z), and
q'=F (Z). First,

if G*(7,)2G(y,) then b(p;)>$"®y) (12)

which implies

if FD,F*(Z) then FD,F*(q"). (13)
Second,
if ¢(pY24"®,) then G*(y)>G(y,) (14)

which implies
if FD,F*(q) then FD,F*(2). (15)
The proofs are given in Atkinson (1970), and rely on application of the mean-value theorem.

From (13) and (15), it follows that:

Theorem 5  There exists no general rule to relate q and Z such that, for any pair of
distributions F and F’, FD,F'(Z) iff FD,F’(q)

From (13) if such a q did exist it would have to be equal to q’=F’(Z). So assume FD,F(q"). But
from (15) one may not have FD,F'(Z) despite FD{F'(q), as long as q'<G=F(Z) and it is not the

32. Note that Atkinson, who is concerned with the ordinary Lorenz curve, explicitly divides through by the
mean which is not necessary here. See also Thistle (1989) who stresses that the these relationships will hold
for the distributions over which they are defined, regardless of whether the distributions are continuous,
partial or mixed.
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case that FD,F'(q).m

This theorem has a useful corollary:

Corollary to Theorem 5 If FZ)<F(Z) (ie., G<q) then FD,F(Z) iff FD,F'(q) for
q=4=F(2).

Figure 3 and its notes illustrate these results, which provide the basis for Table 3. For
the cases of welfare and equality, Z>0" (see the 10SD and 20SD theorems), so the corollary can
be applied, as we will have F(Z)=F (Z). Also for the case of the censored Lorenz curve, one is
restructuring the distributions so that if there is 20SD up to the upper bound on the set of possible
poverty lines, there is 20SD up to Z20*, so again the corollary can be applied. For the case of
mixed dominance, one can first look at the distribution functions to see if F(y)<F (y), for all ye [Z’
,Z]. If not, neither the deficit nor Lorenz curve need be consulted, as mixed dominance cannot
hold. But if so, again by the corollary, the two are perfect substitutes. For the case of poverty
20SD, however, the corollary cannot be applied to justify use of the GL curve since one may have
a case in which F(Z)>F(Z), and yet be unsure whether or not F dominates - indeed, this is
precisely the case which Figure 3 illustrates.®® This result that the GL curve cannot be used for
poverty 20SD analysis has not yet been stated in the literature. It is one which limits the

usefulness of the Lorenz family of curves.®

It is no doubt true the Lorenz curve family has presentational advantages over the deficit
curve family. In particular, the former has the advantage of always being bounded on the
horizontal axis between 0 and 1, and often also covers less vertical distance.’® Nevertheless the

comparisons of Table 3 do reveal some compensating benefits from working with the deficit

33. Labelling as F the distribution with the lowest head-count at Z (so that by definition F(Z)<F (Z)) does
not save the Lorenz curve as a tool for analysis. For it may be that due to a lower intersection we know it
is not the case that the distribution with the lowest head-count at Z is the dominating distribution.

34. Foster and Shorrocks (1988a) analyze poverty 20SD in terms of the generalized Lorenz curve, but their
case is a special one in which no upper bound on the set of poverty lines is allowed; in this case poverty
and welfare comparisons are equivalent and the corollary to Theorem 5 can be applied. But this result, while
conceptually interesting, is of limited relevance for the analysis of poverty. The set of *reasonable poverty
lines’, which Foster and Shorrocks refer to in their more general discussion (pp. 173, 174), certainly does
not include infinite income.

35. From (11), the maximum point of the Lorenz curve is the mean of the distribution, whereas the
maximum point of the deficit curve is the maximum y minus the mean. Note that as an alternative to
drawing the Lorenz curve, one can draw the curves divided by p (to give a graph of conditional means -
see Atkinson and Bourguignon, 1989, and equation (10)), and as an alternative to the deficit curves, one can
draw G(y,)/y, (to give a graph of the poverty gap - see footnote 29.)



51

family. In particular, whereas the same deficit curve may be used to evaluate welfare 20SD,
poverty 20SD and poverty mixed dominance, different Lorenz curves must be used: one for
welfare 20SD and poverty mixed dominance and one for poverty 20SD. To this one may add
another two points. First, a different censored Lorenz curve will need to be drawn for every time
the upper bound on the set of poverty lines is increased. In addition, the same difficulties of
interpretation as discussed above will arise for crossings of the censored Lorenz curve if one wants
to consider using a lower poverty line. By contrast, a single poverty deficit curve allows analysis
over all possible poverty lines. Second, as Atkinson (1987) has commented, the deficit curve
seems to be a more natural tool for the analysis of poverty, as it is defined directly over income

rather than over population proportions.

As Atkinson and Bourguignon (1989) remark, the relative attractiveness of working
with deficit and Lorenz curves will depend on the particular problem to hand. It is unlikely that
the equality deficit curve has much to recommend it for use vis-a-vis the Lorenz curve. But for
the analysis of welfare and especially that of poverty, the foregoing would suggest that the family
of deficit curves should receive more attention from researchers than has been the case to date.
(Howes and Lanjouw (1991) and Lanjouw (1992) provide empirical illustrations. See also Chapter
Five.)
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Figure 3 Generalized Lorenz and Deficit Curves

z y

Notes: 1. Assume y is income so the area between the horizontal axis and the distribution function gives
the poverty deficit curve, that between the vertical axis and the distribution function the GL curve.

2. To see why the GL and deficit curves are not perfect substitutes for poverty 20SD analysis,
take the point Z as an example. Could we tell from looking at the GL curve whether F has 20SD over F*
up to Z? We would need first to look at the GL curve at p*. If F doesn’t have GL dominance up to p* it
certainly doesn’t have 20SD up to Z. This is what (13) tells us. It is also evident from the graph: if area
A is not greater than area B, it is certainly not greater than B and C combined, which is required for 20SD
up to Z. Say F does have GL dominance up to p". We could then look at p. If F does have GL dominance
up to p it will have 20SD up to Z, but it may have the latter without the former. This is what (15) tells us.
It can also be seen from the graph, as GL dominance up to p requires the subtraction from area A of areas
D as well as B and C. So there is no single p one can look at to determine if there is 20SD up to Z. Of
course for each distribution one can find a p, but no general rule can be given. Hence Theorem 5. Finally,
note that this lack of substitutability between the two curves arises when the possibly dominating distribution
has a higher value of p at Z: in this case p>p\ If we can rule this out, the problem disappears. This provides
the basis for the corollary to Theorem 5.

IV Alternatives to second-order stochastic dominance

As Lambert notes, use of the second-order stochastic dominance criterion has "become
standard among researchers" (1989, p.5). But there are many other criteria which could be used.
Several are explored in this section, using a basic distinction between those criteria which require
’extreme’ forms of dominance, explained below, and those which do not.

IV.l ’Extreme’ forms of dominance and alternatives requiring them

The ’extreme’ forms of dominance are defined to include mean dominance, minimum
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dominance, maximum dominance, and any combination of these three. One distribution has mean
dominance over another if its mean y is no lower. It has minimum (maximum) dominance if it has
a no lower minimum (no higher maximum) y than another, i.e., if n2n" (6<0").%® As usual, y can
be defined to be either income or mean-normalized income. The label ’extreme’ is intended to
convey two meanings. Minimum and maximum dominance are extreme forms of dominance in
the sense that they refer to the tails of the distributions being compared. And, as we will see, all

three are extreme in reference to the living-standard functions they ensure weak preference over.

Poverty 20SD and hence mixed dominance require minimum dominance, welfare 20SD
requires mean-minimum dominance (a no lower minimum and no lower mean), and equality 20SD
requires maximum-minimum dominance (defined over mean-normalized income).”” All these
requirements can be explained in terms of the isoelastic and GE functions of Table 2. If F does
not have minimum dominance over F', S will be lower in F for the isoelastic function with a—>-oo.
If F doesn’t have mean dominance, S will be lower for a=0. If F doesn’t have maximum
dominance, S will be lower for 8—-<. The requirements can also be understood in terms of the
curves of III.2. If F doesn’t have minimum dominance, it will have a higher deficit curve and
lower GL curve at some point arbitrarily close to " and O respectively. If y is mean-normalized
income, and F has a higher maximum, it’s Lorenz curve will be lower for some p arbitrarily close

to one (see Atkinson and Bourguignon, 1989).

Sometimes the requirement of minimum dominance is overlooked in discussions of
20SD. Bishop, Formby and Thistle (1989), for example, note that "a distribution with a greater
mean can never be [second-order stochastically] dominated by a distribution with a lower mean"”
(p.76). Since replacing *'mean’ by 'minimum’ preserves the truth of this proposition, their use of
it as an example to support their claim that the 20SD criterion "is heavily weighted towards

efficiency preference" is unjustified. -

36. (a) Strictly speaking, these types of dominance cannot be regarded as dominance criteria since
they do not ensure that at least one S in some X strictly prefers one distribution to another. For this, one
would need to require, e.g. for mean dominance, that the dominating distribution have a higher, not just a
no lower, mean. But then these types of dominance would no longer be necessary conditions for 20SD.

(b) If it was not assumed that 1 or 6 exist, then a more general definition would be required of
minimum and maximum dominance. For example, if one restricts attention to distribution functions which
cross a finite number of times, one could say that F has minimum dominance if there exists z such that for
all y<z, F(y)<F (y) (see Lambert, 1989, p.71).

37. Equality 20SD also requires mean dominance, but this requirement is met automatically since two mean-
normalized distributions have the same (derived) mean, equal to one. In addition, welfare 10SD also
requires the dominating distribution to have a no lower maximum y, not a no higher maximum y as in the
case of equality 20SD. However, the focus of the section is on 20SD.
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One set of alternatives to 20SD which requires at least certain extreme forms of
dominance is that of higher orders of stochastic dominance. For example, Whitmore (1970) puts
forward the criterion of third-order stochastic dominance, which limits X to those functions which
display the property of ’transfer sensitivity’ (a positive third derivative if separable and
differentiable). The usefulness of this approach is probably greatest in inequality analysis, since
it removes the requirement of maximum dominance. Obviously one can go on and on in this
direction, looking for fourth and higher orders of stochastic dominance. Each order of stochastic
dominance requires simply another round of integration, though there may also be end-point
conditions to meet. For example, welfare third-order stochastic dominance can be checked by

integrating over the deficit curve, though one needs to check separately for mean dominance.*

Another alternative is the mean-Lorenz criterion analyzed, for example, by Shorrocks
(1983). As the name suggests, this dominance criterion applies to welfare analysis, and requires
one distribution to have a no lower mean and Lorenz dominance (or a strictly higher mean if the
Lorenz curves are identical). In contrast to the use of higher-than-second orders of dominance,
mean-Lorenz dominance, if it obtains, gives dominance over an even larger set of welfare
functions than the 20SD set: not only do all egalitarian functions which are weakly increasing in
income have dominance, but also all those which are weakly increasing only in mean income.
Bishop, Formby and Thistle (1989) argue in favour of this criterion and against 20SD by reference
to the alleged ’efficiency bias’ of 20SD, shown by the fact that if F is obtained from F by
increasing the income of the richest individual, then F has welfare 20SD over F', even though
inequality has Yacreased (F" Lorenz dominates F). Using the mean-Lorenz criterion, F and F" are

unrankable.

Both the higher-than-second order and the mean-Lorenz criterion can be criticized on
various grounds. Assuming separability and differentiability, the former-requires the observer to
make judgements as to the third or higher derivatives of s(y), which he or she may not feel
confident to do. And the latter, by abandoning 2, sacrifices the Pareto principle. One criticism
which can be levelled against both is precisely the requirement they share of reliance on extreme
forms of dominance. This is obvious for the mean-Lorenz criterion. The higher orders of stochastic
dominance also require mean-minimum dominance if applied to welfare analysis, and require
minimum dominance in the cases of poverty and equality. (Indeed, all orders of stochastic
dominance require minimum dominance.) There are two reasons why such a reliance is

problematic.

38. Lambert (1989) provides an algorithm for the detection of third-order stochastic dominance which can
be applied to both welfare and equality analysis.
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First, it may be very hard to tell which of a pair of distributions displays minimum or
maximum dominance. This will be particularly the case if one is using disaggregated data and
trying to infer dominance between two populations from sample data. A moment’s reflection
reveals that it will not be an easy matter to infer that one distribution has a higher minimum

income or a lower maximum-to-mean income ratio than another.

Second, the requirement of each form of extreme dominance represents an extreme
normative judgement. Distributional indifference is implied by the requirement of mean dominance
in the case of welfare analysis. So-called *Rawlsianism’ is implied by the requirement of minimum
dominance.” No label comes to mind for the requirement of maximum dominance, but it is far
from clear why one should want to judge the inequality in a society on the basis of the maximum-

to-mean income ratio.

The first issue is an empirical one, which is analyzed in the Section IV of the next
chapter. In this chapter, with its normative focus, it is appropriate to say a little more on the
second objection. There would seem to be very little support for the view of distributional
indifference and none for that of the requirement of maximum dominance. But the requirement
of minimum dominance is often presented as receiving support from the influential work of Rawls

(1971). For example, Lambert writes:

Rawls has argued that an ethically justifiable approach to social choice of income
distribution is to seek to improve the position of the least well-off income unit
regardless of all else. (1989, p.70)

But this is simply wrong. Rawls specifically addresses this issue. He begins by giving two
suggestions for defining the least advantaged group, whose standard-of-living, according to his
’difference principle’, should be maximized, and suggests unskilled workers or those with less than

half the median income. He then continues in a more general vein:

In any case, we are to aggregate to some degree over the expectations of the worst off,
and the figure selected on which to base these computations is to a certain extent ad
hoc. Yet we are entitled at some point to plead practical considerations in formulating
the difference principle. Sooner or later the capacity of philosophical or other arguments
to make finer discriminations is bound to run out. I assume therefore that ... the
difference principle [is to be interpreted] from the first as a limited aggregative
principle... It is not as if [we agree] to think of the least advantaged as literally the

39. While minimum dominance by F is necessary for S(F)>S(F") by the so-called "Rawlsian leximin’
principle, it is not sufficient if n=1". In such cases, recourse to the more general definition given in 36 is
required, as it is if | does not exist.
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worst off individual and then in order to make this criterion work [adopt] in practice
some form of averaging. (1971, p.98, italics added)

This suggests support from Rawls for ordering distributions not by the criterion of minimum
dominance but by some distributionally-insensitive poverty measure such as the poverty gap.*
Without Rawls’ backing, it is difficult to see what support can be garnered for the requirement of
minimum dominance, and all too easy to think of counter-examples (involving two-person societies

with massively different means and almost identical minimum incomes) which go against it.

If one wishes to avoid criteria which are reliant on extreme forms of dominance, one
needs either to restrict the stochastic dominance criteria or to leave the stochastic dominance

framework altogether.

IV.2 Restricted dominance

In a recent paper, Atkinson and Bourguignon (1989) suggest the criterion of ’restricted
dominance’, based on 20SD but with the difference "that we do not ... concern ourselves with
what happens beyond a certain income level or percentage of the population.” (p.11). In what
follows, I generalize their suggestion to apply, appropriately modified, to both ends of the income
distribution, show over what sets of functions criteria thus derived are a necessary and sufficient
condition for dominance, and consider justifications for reliance on these sets. Note that the
justifications come last. The various assumptions presented are of differing degrees of plausibility,
but it is more convenient to analyze them once it is known what results they imply.

|

Define ¢(p,) as in (7) to represent the Lorenz Curve family gf functions. Using this,

define FD, F'(p,,p,) to hold iff

d(p)20"(p) VP, [p,p,] and Ad®p)>d®,) Ip,€D,.p,) (16)

Then if p, is defined over income, we will say that iff (16) holds F has p-restricted (second-order
stochastic) welfare dominance over F* (between p, and p,). If p, is defined over mean-normalized
income (to be the proportion who have mean-normalized income below Q(p,)), we will say that

iff (16) holds F has restricted (second-order stochastic) equality dominance over F" (between p,

40. A similar point is made by Atkinson (1987). But note Rawls’ remark that "A distribution cannot be
judged in isolation from the system of which it is an outcome or from what individuals have done in good
faith in the light of established expectations.” (p.88), which suggests he would not be very sympathetic to
any tradition as minimalist as that pursued in this chapter.
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and p,). Similarly define AG(y,) as in (5) to represent the deficit curve family. Using this, define
FD,F'(Z,,Z)) to hold iff

GY<G 'y Y,€lZ,Z,] and Gy)<G*(y) Ty, €lZ,,Z,] a7

Then, defining y as income, we will say that iff (17) holds, F has y-restricted (second-order

stochastic) welfare dominance over F~ (between Z, and Z,). ¢

These new criteria are very simple. Restricted equality and p-restricted welfare
dominance can be checked via an examination of the distributions’ ordinary and generalized
Lorenz curves respectively, between p, and p,, and y-restricted welfare dominance can be checked

via examination of the deficit curve between Z, and Z,.

Fairly obviously, the criteria are generalizations of the corresponding unresiricted
second-order stochastic dominance criteria. Equality 20SD is a special case of restricted equality
dominance with p,=0 and p,=1. Welfare 20SD is a special case of p-restricted welfare dominance
with p,=0 and p,=1, and of y-restricted welfare dominance with Z,<n" and Z,>6". Note that there
is no mention here of poverty dominance, even though, as will be argued, restricted dominance
can be helpfully understood by reference to poverty lines. Restricted poverty dominance (in
relation to egalitarian opulence functions) could be defined to be y-restricted welfare dominance
with Z,<6*, but it would complicate the exposition unnecessarily to introduce it as a primitive
category. Rather think of the criterion of restricted poverty dominance as having been subsumed
by that of y-restricted welfare dominance. Note also that while I allow welfare dominance to be
restricted along one of two dimensions, p or y, no such choice is given for equality dominance.
One could deal with y-restricted equality functions, but since equality is so often thought about
and measured in terms of shares accruing to various proportions, it is natural for the restrictions

to be along the dimension of p.# -
Over which sets T do these criteria guarantee dominance? To answer this question, three
new assumptions on S need to be added to those of Section II. Assumption 4A is also reproduced

for convenience.

4A S is insensitive to changes in income at or above Z: if F(y)=F (), y<Z’, then SF)=S(F").

41. This corresponds to Atkinson’s (1987) Condition II.

42. In terms of the above terminology, Atkinson and Bourguignon (1989) introduce the criteria of y-
restricted and p-restricted welfare dominance, with only upper bounds on y and p. Their reasons for this are
considered later in the sub-section.
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4’ S is insensitive to changes in income at or above p®: if Q(p)=Q’(p) p<p’ then S(F)=S(F").

5 S is insensitive to mean-preserving changes in income at or below Z_: if F(y)=F (y), Y>Z,.,
and A=A", where A (A") is the mean of F (F) conditional on y<Z_,, then S(F)=S(F").

5’ S is insensitive to mean-preserving changes in income at or below py.: if Q(P)=Q (D), P>Puin
and A=A, where A (") is the mean of F (F") conditional on Q(p)SQ(p)y;, then SE)=SF).

(Note that 4’ is the dual of 4A and 5’ of 5.°) With these and the earlier assumptions the

following three classes of functions can be defined:

1. A living-standards function which satisfies assumptions 14, 2, 3A, 4’ and 5’ - for p,,, and p°

such that p,,<p" - is a p-restricted welfare function.

2. A living-standards function which satisfies assumptions 1A, 2, 3A, 4A and 5 - for Z_, and Z°
such that Z_,<Z" - is a y-restricted welfare function.

3. A living-standards function which satisfies assumptions 1B, 3A, 4’ and 5’ - for p,;, and p® such
that p,.<p’ - is a restricted equality function.

The following results can now be stated:

Theorem 6  Iff y is income and FD, F (p,,p;) then S(F)2S(F") VSeX and S(F)>S(F) ISeZ,

where X is the set of p-restricted welfare functions with p,<p_.<p"<p,.

Theorem 7  Iff y is mean-normalized income and FD,F (p,,p,) then SF)=S(F) VSeZ and
SF)>S(F") 3SeZ, where X is the set of restricted equality functions with

P1<Puin<P"<P,.

Theorem 8  Iff y is income and FD,F'(Z,,Z,) then S(F)2S(F") VSeX and SF)>S(F) 3SeZ,
where X is the set of y-restricted welfare functions with Z,<Z,, <7Z°<7,.

Necessity is simply shown and follows from -G(y,), Z,<y,<Z,, itself being a y-restricted

43. In fact, since F is right-continuous, it would make no difference if the strong inequality in 5 (y>Z_,)
were replaced by a weak inequality. Similarly, since Q is left-continuous it would make no difference if the
strong inequality in 4° (p<p®) were replaced by a weak inequality.
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welfare function and ¢(p,), p,<p,<p,, being a p-restricted welfare or equality function. Sufficiency
proofs of these theorems follow the same path as that of the poverty theorems in III. 1. If restricted
dominance holds, then F and F~ can be manipulated to generate new distributions which give
unrestricted 20SD. The ranking of the new and original distributions will only coincide if
contains only those S which satisfy the new restricted dominance assumptions. The proofs follow

below, but are given in detail only for the case of y-restricted welfare dominance.

First, notation. G{"(y,) is the value of the deficit curve for F{’ at y,. Let p=F(Z_,),
p=F (Z,.), and p{"=FY(Z,,). A is the mean of F conditional on y<Z,_.,, A" that of F, and A{" that
of F,

Sufficiency proof for Theorem 8

1. Assume FD,F'(Z,,Z,), and choose Z;, and Z" so that Z,<Z_, <7ZP<Z, Generate F,
from F and F; from F" so that F(y)=F™(y), y<Z° and F{"(y)=1, y>Z". Then generate F, from F,
and F; from F by redistributing incomes below or equal to Z_,,, maintaining F{"(y)=F"(y), y>Z ..
to give, if feasible, G,(y)<G;(Y)s Ye<Zuin-

2. The second step shows that it is feasible to generate F, and F; as described to give
the result desired (i.e., G,(Y)<G,(Yo)s ¥e<Zuin)-

2a. Due to (11) and assumptions governing the generation of F{” which require p{ =p®

and A{"=A", we have

G, (Zoyin) =P 2 (Ziin=2)) =C(Zryr) (18)
Gy (Zin) =P 2 Zoin=32) =G " Z. i)

Combining (18) with the assumption of restricted dominance that G(Z;,)2G"(Z,,;) gives the result
that Gy(Zyn)<G)(Zi)-

2b. Gy(Z,,)<G(Z,;,) ensures the redistribution is feasible. First, assume that A>)\". Then
the redistribution can be such that F{"(A®)=p® and F{"(y)=0, y<A. That is, everyone with initial
income less than or equal to Z_, can be given the mean income of all those in this category. In
this case, G(Y)<G,(y), y<Z,,, follows from F, having minimum dominance (note that if A=A" then
pSp;). Second, assume A<\, which implies from (18) that p<p. In this case, give p of F~ income
A and (p’-p) income Z= (A'p -Ap)/(p™-p), where A'<Z<Z . Integration reveals this redistribution
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is feasible (A;=\A")*; it also results in F, having 10SD over F; up to Z_, and so it is certainly true
that G,(y)<G,(y), y<Z,. Figure 4 illustrates this second case.

3. S0 G(YO<G(Yo)» ¥eSZyi Also, recalling that F, and F; are generated from the
’intermediate’ distributions F, and F}, F,(y)=F;(y)=1, y=Z*. Finally, since F, and F; ultimately are
derived from F and F we have F,D,F;(Z_..,Z"). Putting all these together gives F,D,F;(6*): F, has
welfare 20SD over F;. Since y is income, S(F,)=S(F,) for all S which satisfy assumptions 1A, 2
and 3A. Moreover if S satisfies assumption 4A, S(F)=S(F,) and S(F)=S(F;). If S satisfies 5,
S(F))=S(F,) and S(F.)=S(E}). Hence for all S satisfying 1A, 2, 3A, 4A and 5, SF)2S(F"). Varying
Zpi and ZF between Z, and Z, (maintaining Z_,<Z") gives the result. The inequality will hold

strongly for at least one S.m

For equality and p-restricted welfare functions, the proofs follow basically by replacing
Z by p. That is, assume FD,F'(p,,p,) and choose pg, and p’ so that p,<p,,.<p’<p,. Clearly,
however y is defined, assumptions 4’ and 5’ are sufficient to generate distributions, F, and F,
characterized by Lorenz dominance. Simply generate F, from F and F, from F" by replacing all
y’s above QU(p") by y’s equal to, say, max(Q(p),Q’(p)) and by redistributing all y’s equal to or
below Q(p,y) to give perfect equality of y’s over this range (i.e. Q{”(p)=A", p<puw)-

These restricted dominance criteria can be put in terms of well-known functions, at least
for the cases of equality and y-restricted welfare. For equality, income share (for example, of the
bottom 40%) is an oft-used measure. Restricted equality dominance is equivalent to dominance
over all income shares between p, and p,. y-restricted welfare dominance is equivalent to
dominance by the (negative of the) poverty gap for all poverty lines between Z, and Z,. No
similarly simple interpretation is available for p-restricted welfare functions. This is no doubt
related to the difficulty of giving a plausible interpretation to the p-restricted welfare assumptions.
Say one is comparing two societies, one poor, one rich. It is unclear why the top x% of the poor
society should not count in terms of welfare if their income level puts them below that of the top
X% in the rich society. On the other hand, the more roughly similar the two societies being
compared, the less important this objection, and bounds expressed in terms of p carry much more

meaning to those unfamiliar with the distributions being compared than bounds in terms of y.

aa, ;=PA+(p’-p)Z_pd p-p Ap-dp _,.
pl = L J

P P P -p
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Figure 4 Illustration of Step 2b in Sufficiency Proof of y-restricted Welfare Dominance
Theorem
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Notes: The graph shows F, and F; up to Z_;, on the assumption that A<)”. From the definition of Z (given
in the proof) and the assumption that G(Z_)<G'(Z ), Z>A", since p(A™-A)>0, and Z<Z_,, since, by
assumption, P(Zy;-A)<P (Zgig-A).

Both the poverty gap and the income share are cases in which, for any given function,
the lower and upper bounds coincide. For the poverty gap Z ,=Z°, and for the income share
function p,,=p°. However, these restricted criteria also cover those functions for whom these

bounds do not coincide. An example is the following function, for >0, Z_.=1, o<1 and o0:

r'—y'——la Y4,

Z 7 )

s(y) = | %[(ﬁ) -1], Z,<ysZF (19)
1, 2% P

;[(m) 1], y>Z

More generally, the criteria cover, inter alia, all separable functions which are non-negatively

\

sloped, concave and initially linear, then curved and finally flat.

The pairs of restrictions - 4 and 5, 4’ and 5’ - treat the two tails in quite different ways
and so require different justifications. When Atkinson and Bourguignon introduced the idea of
restricted dominance, they allowed only for restrictions at the right-hand tail, which removes the

requirement of mean dominance in the case of welfare 20SD and maximum dominance in that
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of equality. Imposing an upper bound is clearly an idea with which we are familiar. Ignoring all
information about the rich, except for the fact that they are rich, is precisely what characterizes
poverty analysis. Hence the labelling of the upper bounds as poverty lines, Z° and p°. (In turn, Z,
and p, can be thought of as upper bounds on the range of poverty lines we are prepared to
contemplate.) The removal of the requirement of mean dominance provides a normative
justification for the imposition of an upper bound. The removal of the requirement of maximum
dominance in the case of inequality analysis provides both a normative and a measurement-based

justification.*’

Lower bounds are more unusual than upper bounds. Indeed, Atkinson and Bourguignon
would not advocate "similar restrictions at the lower end" since "there is no justification for a
similar assumption of indifference at the lower end of the income scale" (p.12). However, as can
be seen, restrictions on the lower tail are available which remove the requirement of minimum
dominance but which by no means imply indifference. Z;, and p,, can be thought of poverty
lines for the very poor (and, in turn, Z, and p, as lower bounds on the range we are prepared to
consider of poverty lines for the very poor). Assumptions 5 and 5’ do not remove from the very
poor the veto power they are given by 20SD: if their mean income is less or their poverty gap
greater (depending whether the restrictions are along the dimensions of p or y) in one distribution
than another, that distribution cannot dominate. What the assumptions do do is remove the veto
power each group has (starting with that group, possibly an individual person or household, with
the minimum income) over the successively richer group within this category of very poor. (A
"group’ here is all those with an income below a certain level, whether defined in terms of y or
p.) The application of 5 or 5’ results in transfers within the group of very poor having no effect
on the ranking. This in turn can be justified in two ways. First, from a normative perspective, one
can think of there being some level of income or ranking in society which is so low that below
which aggregate well-being is not improved by ’robbing poor Peter to pay poor Paul’. Second,
from a measurement perspective, we can argue the grouping is justified due to our uncertainty in

relation to very low incomes. To avoid attaching too much weight to them, we group.

Although this sub-section has focused on restricting the 20SD criterion, it is also

45. Note that in the case of inequality analysis, it would make no difference if we replaced assumption 4’,
that S is insensitive to changes at or above p°, by the assumption, say 4", that S is insensitive to mean-
preserving changes at or above p’. Since the overall mean using mean-normalized income is always equal
to unity, and since assumption 4’ allows no change in the conditional mean below p’, there can be no
change under 4’ in the conditional mean above p’. If y is income though there is a real difference between
4 and 4°. In these cases, 4 is the more appropriate assumption since it but not 4° removes the requirement
of mean dominance.
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possible to restrict the 10SD criterion by requiring the distribution function be nowhere higher and
somewhere lower between the two bounds Z, and Z,. Indeed this requirement of dominance by
the head-count ratio over a range of poverty lines has already been utilized in III.1.3 as a
component of the mixed dominance criterion. It is important to bear in mind though that restricted
10SD between Z; and Z, does not necessarily imply restricted 20SD between the same bounds.
However, a modified version of the chain of implication for unrestricted dominance does apply:
if FD|F'(Z,,Z,) and G(Z,)<G'(Z,) then FD,F (Z,,Z,). The additional condition, automatically
satisfied in the unrestricted case of Z;=n", is what provides those with an income less than or equal
to Z,, with a veto over the ordering of F and F'. Finally, one could also define a restricted mixed
dominance criterion by which one required 20SD between Z, and Z, and 10SD between Z, and
Z,. Assuming that y is income, this would then give dominance in relation to all functions
satisfying 1A, 2, 3B, 4B and 5 with Z,<Z . <Z” and Z,<Z°<Z,.

IV.3 E-dominance

An alternative means of avoiding the requirements of the extreme forms of dominance
is, as mentioned earlier, to leave the stochastic dominance framework altogether and consider
explicit restrictions on the functional forms of the members of X. To provide a simple illustration
of this approach, assume that S is separable and that X contains only welfare functions which
display constant relative inequality aversion. Then, as stated in II.2, S is restricted to being a

monotonic transform of the isoelastic function (given in Table 2):%

-]
e = lfy"‘d.F(y) a0
@ (20)

0
= [In(y)dF@) «=0
n

where, as in I1.4, e=1-020 and gives the degree of inequality aversion. If, in addition to assuming
constant relative inequality aversion, one takes a welfare-based view of the cost of inequality, one

is restricted to (20) (with y defined as mean-normalized income) for the measurement of inequality

46. This means Z is defined to be a subset of the third-order stochastic dominance set, as s(y) will have a
non-negative third derivative.
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(see again I1.4).” For poverty analysis, the generalized Clark function, given by (2), is consistent

with constant relative inequality aversion up to the poverty line.

If one combines restriction to (20) with bounds on the range of values, and thus o, can
take, the choice of the set, Z, is reduced, in the case of welfare and inequality analysis, to a choice
of minimum and maximum values of e. One can then search for e-dominance. Of course, the
higher the value of e, the higher the degree of inequality aversion. Typical values of e found in
the empirical literature range between 0 and 5 (see, for example, Ahmad and Stern, 1991, who also
discuss a number of ways by which values of e might be chosen). As is evident from a glance
back to Table 2, finite values of e avoid the requirement of minimum dominance, while strictly
positive avoid that of mean dominance. Maximum dominance in the case of equality analysis is
avoided by the isoelastic function having a positive third derivative (see again the discussion
following Table 2). In the case of opulence analysis, apart from restricting the concavity of s(y)
up to the poverty line, by choice of range of e, one can also restrict the range of the poverty line
and the extent of the discontinuity at the poverty line. Using the generalized Clark function, all
three restrictions can be parameterized, by choice of individual values for or ranges of e, Z° and
C.

This approach certainly has simplicity to recommend it. It is not at all new. Indeed,
Atkinson’s original 1970 article contained a diagram showing how the rankings of a set of
distributions (in his case, countries) changed as e was varied. However, it has not been much
applied in empirical work, as authors have preferred to give rankings for one or two values of e
(though Ahmad and Stern, 1991, using five values of e is one exception; Howes and Lanjouw,

1991, and Lanjouw, 1992, provide expositions and applications of this methodology).*®

One of the possible criticisms which can be made against the e-dominance criterion is

47. Alternative functional forms could also be used, for example, the generalized entropy function. See the
discussion following Table 2 for a discussion of the pros and cons of using the GE and the isoelastic
function.

48. A related criterion is presented by Lambert (1989) and Dardanoni and Lambert (1988) who give
conditions under which a distribution will have dominance for a £ which contains all separable welfare
functjons with a degree of relative inequality aversion greater than some minimum bound. The difficulty
with this is that it requires minimum income dominance, the problems associated with which have already
been discussed. Jewitt (1981) gives the conditions, in terms of crossings of the distribution functions, under
which dominance over constant absolute and relative inequality aversion functions implies dominance over
the respectively wider classes of non-increasing absolute and non-decreasing relative inequality aversion
functions. But note that his results hold given the widest bounds on the degree of constant inequality
aversion, whether absolute or relative, namely from zero to infinity, whereas in this sub-section we want
to allow for bounds to be placed on the degree of inequality aversion.



65

the arbitrariness of bounds. One way to avoid this criticism would be to simply aim to report the
’switch point’ values of e, those values of e, if they exist, at which S(F)=S(F’). Then readers
would be free to put their own value-judgements alongside the information provided, and make
up their own minds as to which distribution dominates. Locating all the switch points of e may
be thought to be very difficult, but in fact one can show that there will often be at most one
switch-point. Let € and y be special cases of a general function S,. Then, as proved in Appendix
A,

Theorem 9  If y>0 and F(y) and F'(y) cross only once then AS=S(F,e)-SF ,e) will change

sign at most once as e increases from zero.

Say that F and F* cross once and that, at low values of y, F lies below F’, so that, for a high
enough value of e, F will be preferred. As e falls, more weight is given to the right-hand portion
of the distribution and F has a greater chance of being preferred. Note that if y is mean-
normalized income and F and F only cross once then AS, will not change sign (since one
distribution will have 20SD) which is consistent with, but stronger than Theorem 9.

Since many empirical distributions functions cross more than once, this result may not
be thought very useful. However, although the sample distribution functions may cross many
times, they may nevertheless come from populations whose distribution functions cross only once
(such as the ’two-parameter’ family, including the normal, log-normal and gamma). If so, the
sample e-dominance curves will often cross only once. (See Appendix B of Chapter 3 for

evidence.)

Another criticism of the e-dominance approach is that S, may only qualify as a standard-
of-living function if y is strictly positive. If y is zero, S, will be defired only if e<1. y being
negative will result in S, being undefined if e is not equal either to zero or an integer greater than
one. If y is negative and e is an integer greater than one, e is either even in which case S, has a
positive first and second derivative or e is odd, in which case both derivatives are negative. Hence
if one has negative income values, and one wishes to use non-zero values of e, one can only use
S. as an equality function, and then only with odd numbered integers greater than one! And if
one has both zero and non-negative values one cannot use S, as an equality function at all (except
for the trivial case in which e=0). See Anand (1983) for a further discussion of this issue. The
only comfort available is that if y is a suitable measure of living-standards it should not be
negative. Negative income, for example, cannot be sustained over the long-run. But this is little

reassurance if one actually does have a sample containing negative income values.
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V Conclusion

This chapter has provided a framework which can be used to understand the differences
and similarities between welfare, equality and poverty analysis. Within this framework, various
criteria for dominance - some old, some new - have been presented, and the relationship between
the criteria analyzed. A distinction has been drawn between those criteria which rank distributions
only if various forms of extreme dominance hold and those, such as restricted dominance and e-
dominance, which are not thus dependent. The latter are, to use Atkinson and Bourguignon’s
words - from a different though related context - "less stringent and more realistic criteri[a]"
(1989, p.D).

The dominance criteria analyzed in this chapter can also be divided up another way.
Recall that these criteria, if they rank two distributions, ensure dominance in relation to some set,
%, that is, weak preference by all S in X and strong preference by at least one S. Most of the
criteria analyzed refer to some ’crucial’ subset of X, dominance in relation to which is a necessary
and sufficient condition for dominance in relation to Z. The negative of the distribution function,
the negative of the deficit curve and the Lorenz curve, evaluated at different values of y or p, can
all be thought of as different S’s. Sets of these functions - evaluated over a range of values of y
or p - constitute ’crucial’ subsets of . The e-dominance criterion on the other hand refers directly
to the relevant X. Welfare e-dominance between two bounds means, by definition, dominance in
relation to the set of isoelastic functions determined by these bounds but not necessarily
dominance in relation to any wider set. Neither of these two types of criteria is intrinsically
preferable to the other. But the distinction is a helpful one in understanding the way in which

dominance criteria work.
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Appendix A Proof of Theorem 9

It is shown that if y>0, and if F(y) and F(y) cross only once then AS,=S(F,e)-S(F',e)
will change sign at most once as e increases from zero. This is first proved for the case in which
S. is a welfare function. Applying integration by parts to the formula for S,, given in (20), one
can, noting that S, is differentiable, write

o
AS, = - f s/(y,¢)AF(y)dy where AF(y)=F(y)-F*(y) (A.1)
- .

s'ty,@)=y*!

We want to investigate the sign of dAS/de, which, from (A.1), is given by

aAS, ° as'(y,a)
e_ A (A2)
= “f o AFG)y
Since e=1-q,
asl(Ysa) - a(a-l)
% 2 In(y)*s'(y,&) (A3)
= ‘111(}')5/()',6)

Substituting (A.3) into (A.2) gives

.
e - [slg.emarsny a4
|

Since AS, is unit invariant and since y has already been assumed to be positive, we can assume
without further loss of generality that the two distributions are such that 121 so that In(y)=0
Vy2n. Hence the sign of (A.4) depends on AF. Assume F and F* cross only once, at &, and,
without loss of generality, choose the labels F and F’ so that, for some &, if n'<y<&, AF(y)<0, and,
if E<y<06*, AF(y)=0. Then (A.4) can be re-written as

3 e
al:‘ = [s'G0n@)AFG)y + [5',0)nG)AFG)y As5)

n 4

the first term of which is by assumption positive, the second by assumption negative. If there is
some e, €', at which AS,=0 then, from (A.1),
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: ‘

-n(O)AS,. = (@) [5'¢,a)AFG)dy| + ln(E)[f s’(y,a*)AF(y)dy] =0 (4.9
n” £

By the definition of integration,
3 3
[s'6:0)in)AFGHy < ) [s'y,a) ARy (A7)
L n"
a# * 00
[s'0.@)I)AFGMy < In(E) [5'(y,@)AF()dy A8
£ £

(recalling that both the left- and right-hand sides of (A.8) are negative). From (A.7) and (A.8),
both terms in (A.5) are smaller than their respective counterparts in (A.6), so it must be the case
that

oAS
if AS,=0, then % °<0. (A9)

Since the derivative is always negative at AS =0, there can be no more than one point at which
AS =0.

Now consider the case in which S is an opulence function, so S, is as defined in (2). If
the distribution functions cross above Z then S, will not change sign, so consider the case in
which £<Z°. The same arguments applied above can be used to show that if the distribution
functions cross at most once, the generalized Clark function will change sign at most once as ¢
changes. Note that in this case the derivative is the same as given in (A.4) except that it should
be multiplied by (1-C), y should be replaced by y/ZF and 6* by Z° (see equation (3)). In(y/Z") is
of course always negative for y<Z*, but this in fact leaves the signs in (A.—7) and (A.8) unchanged.
If C#0, then (A.6) must have added to its right hand side CAF(Z")In(E) (see (2)), but since this is
positive by assumption, it makes no difference to the derivation of (A.9). This method of proof
cannot be applied to equality functions because, for these, In(y) will change sign as y, mean-
normalized income, will be less than 1 for some portion of the distribution and greater for the rest.
However, as stated in the text, if y is mean-normalized income and F and F~ cross only once then

one of the distributions will have 20SD and thus e-dominance.
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Chapter Two Estimators and methods of inference

I Introduction

As defined in the previous chapter, the problem of distributional dominance is that of
ordering distributions in relation to a dominance criterion: if and only if the criterion ranks the two
distributions can the one distribution be said to dominate the other, that is, be reckoned to be no
worse than the other by all the living-standard functions in the relevant set, X, and better by at
least one in X. The case for engaging in statistical analysis of dominance is twofold. Very often
we are in a situation where we have two sets of sample data and wish to use them to draw
comparative conclusions about the populations from which they are drawn. To do so requires the
use of statistical techniques. In addition, general tests for distinguishing distributions are not
sufficient for the statistical inference of dominance. It is of course useful to know if two
distributions have significantly different means and variances, and also, more generally, whether
the null that they are drawn from the same underlying distribution can be rejected, but this will
not tell us whether or not we can infer dominance. If we can parameterize the distribution then
analytical techniques can be used to infer dominance, but our conclusions will then be subject to
the proviso that the parameterization is the correct one. The alternative path, pursued in this
chapter, is to provide estimators and tests which are non-parametric and by which dominance can

be directly tested.

Since the dominance criteria presented in Chapter One can be represented graphically
in terms of curves, the job of testing for dominance becomes one of investigating differences
between curves and asking whether these are significant. Define {={(F,x,,X) and {;={(F",x,,X) to
be the *dominance curves’ of the distribution functions, F and F’, for given set X and evaluated
at x,. Then F will be said to dominate F~ by the set 2 iff {>{; Vx; and {>C; Ixi€ [X 0 Xpae)- FOr
future reference, 1 also define the notion of ’strong dominance’. F will be said to strongly

dominate F~ iff {>{; VX.€ [XyXna:] SUch that it is not the case that {=].

The conclusion of the previous chapter drew a distinction between two different types
of criteria. In the present context, the distinction can be put as follows. The simplest case, the
latter of the two types in Chapter One’s conclusion, is that in which x is some parameter which
defines the S in X. For example, if the criterion is e-dominance (see Chapter One, IV.3), x; will
be the value of the inequality aversion parameter, e, and {; the isoelastic function for that value.
The other case is that in which x, is a parameter which defines the S in some ’crucial’ subset of

Z such that dominance over the subset is a necessary and sufficient condition for dominance over
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X. For example, for poverty second-order stochastic dominance, x,;, would equal the minimum
income of the two distributions, x,,, the upper bound on the set of reasonable poverty lines, and
€, the negative of the deficit curve at some income level x,. Note that where, as in this example,
dominance requires that one distribution generate a lower value for some curve than another

distribution then {; represents the negative of that curve. This simplifies notation.

These dominance curves are defined in terms of a continuous interval [xX;,X,..], but
tests can only be carried out over a finite number of ordinates. So make a discrete approximation
and evaluate {; at x,, i=1 t0 W, where x,2x;, and xy<x_,,. It is assumed that the conclusion which
follows from an assessment of {; and {; over this finite set of ordinates will be the same as that
which would follow from an assessment over the interval [x,,,X,..]. SO F will be said to dominate
F" by the set X (defined in relation to some x,;, and x,,,) iff {>{; Vi and {>( 3i. F will be said
to strongly dominate F iff {;>{; Vi such that it is not the case that {={;. The question of how to
make this discrete approximation is discussed in IIL.4.

To infer whether one curve lies nowhere below and somewhere above another requires
a vector of estimators and, depending on the test employed, the variance of each element in the
vector or the vector’s variance-covarianc<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>