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Abstract

The intent of these essays is to study the minimal entropy martingale measure, to examine
some new martingale representation theorems and to discuss its related Kunita-Watanabe
decompositions.

Such problems arise in mathematical finance for an investor who is confronted with the
issues of pricing and hedging in incomplete markets. We adopt the standpoint of a ra-
tional investor who principally endeavours to maximize her expected exponential utility.
Resolving this issue within a semimartingale framework leads to a non-trivial martingale
problem equipped with an equation between random variables but not processes.

It is well known that utility maximization admits a dual formulation: maximizing ex-
pected utility is equivalent to minimizing some sort of distance to the physical probability
measure. In our setting, this is compatible to finding the entropy minimizing martingale
measure whose density process can be written in a particular form. This minimal entropy
martingale model has an information theoretic interpretation: if the physical probability
measure encapsulates some information about how the market behaves, pricing financial
instruments with respect to this entropy minimizer corresponds to selecting a martingale
measure by adding the least amount of information to the physical model.

We present a method of solving the non-trivial martingale problem within models which
exhibit stochastic compensator. Several martingale representation theorems are estab-
lished to derive an apparent entropy equation. We then verify that the conjectured mar-
tingale measure is indeed the entropy minimizer.
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Chapter 1

Introduction

The intent of this thesis is to study the minimal entropy martingale measure, to examine
some new martingale representation theorems and to discuss its related Kunita-Watanabe
decompositions.

In a complete market, there is no more than one arbitrage free way to value an op-
tion: the value is defined as the cost of replicating it. Hence, options are in principle
redundant in that their exercise values can be replicated by trading in the underlying. If
a contingent claim is not redundant, perfect hedges do not exist and the notion of pric-
ing by replication falls apart because there are some risks that one cannot hedge. Due
to this, we consider hedging in the sense of approximating the terminal payoff with a
trading strategy. We also specify ways to measure this risk and to minimize it. Numerous
approaches to measuring risk lead to different ways to hedging in the literature: super-
hedging, utility maximization, variance-optimal hedging and mean-variance hedging, to
mention a few. Financial models considered in these essays are incomplete: there exists
infinitely many martingale measures equivalent to the physical measure, each compat-
ible with the no arbitrage constraint. Each of them corresponds to a set of derivatives
prices respecting the no arbitrage argument. One methodology to find 'the’ equivalent
martingale measure consists in identifying a utility function describing the investors pref-
erences. It has been shown by Delbaen et al (2002) that utility maximization admits a
dual formulation: maximizing expected utility is equivalent to minimizing some sort of
distance to the physical probability measure IP. The minimal distance martingale for the
distance f means the following minimization problem

7@ = nfEp [f (%)]

where f : [0,00) — R is some strict convex function over all equivalent martingale mea-
sures Q. Examples are the minimal Hellinger martingale measure: f(z) = —+/z, the
variance-optimal martingale measure: f(z) = |z — 1|2 and the minimal entropy mar-
tingale measure: f(r) = zlogz, which we shall focus in this dissertation. The method
of fixing one specific probability measure amongst all diverse probability measures to
price and hedge financial products is a commonly researched issue in the literature. It
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is worth pointing out that the relationships between these different martingale measures
are themselves a field of study, see for instance Miyahara (1999), Arai (2001), Esche &
Schweizer (2005) and Monoyios (2007).

Before we get into the details as to what this thesis ’does’, we first present an overview
of existing results concerning the entropy minimizing martingale measure across asset
classes. The paper of Grandits & Rheinldnder (2002) proved that the density of the min-
imal entropy martingale measure Z for general stochastic volatility models driven by an
independent noise process Y

%‘Si = a(Y;)dt + o(Y;)dB; (1.1)
t
has the explicit form
dQF (
——| =Zr = cexp —/)\dS)
dP |g, T
1 "a(Yr) )
= cexp|—=Kr | & —/ dB 1.2
cp<2T)(oU(Yt)tT 12)

where K := [ %;dt, A = =33, c being the normalizing constant given by

T 2
- 1 a%(Y3)
1 t
c =Eple - = dt
["( b 3w )]
and B a standard Brownian motion under P. The density process for this model (1.1)
or that of the variants have been studied by Becherer (2004), Benth & Meyer-Brandis

(2005) as well as Hobson (2004) and Rheinlinder (2005) where they generalize Y to the
stochastic volatility model

dY, = a(f - Y;)dt +vdW;, d[W, Bl = pdt, p€[-1,1]

The following scheme lists the authors that study the entropy minimizing density process
under the stochastic volatility model (1.1) with different stochastic processes Y

Y Author(s)
Multll’\;arlate Point Becherer (2004)
rocess
Pure Jump Levy Benth & Meyer-Brandis (2005)
Brownian
p=0 Hobson (2004), Rheinlander (2005)
p#0

The techniques used to evaluate the density process include the optimal martingale



measure methodology (Rheinldnder, 1999), the construction of dependent intensities via
change of measure (minimal martingale measure) as well as exploiting some results from
portfolio optimization.

Another popular approach to identifying the entropy minimizing measure for incom-
plete models has been related to the construction of Esscher martingale transform. As
pointed out in Kallsen & Shiryaev (2002), two sorts of Esscher martingale transforms
exists according to the choice of the parameter which defines this measure: the first turns
the ordinary exponential process into a martingale and another turning into a martingale
the stochastic exponential £(-). They have been coined the Esscher martingale transform
for the exponential process and the Esscher martingale transform for the linear process
respectively. Recent results related to the calculation of Esscher transforms to a non-Lévy
setting are in Bellini & Mercuri (2007) and Dassios & Jang (2003).

The minimal entropy martingale measure for geometric Lévy processes
dS, = nS,_dt + o S,_dB, + / (e® — 1)u(dt, dx) (1.3)
R :

where 7,0 are constants, p is the jump measure associated to the Lévy process and the
compensator v(dt,dz) = v(dz)dt have been solved by Chan (1999), Goll & Ruschendorf
(2001), Fujiwara & Miyahara (2003) (1) and Esche & Schweizer (2005) (}). Note that
the results of (1) and (}) are extremely interesting since they established that under very
weak conditions, the entropy minimizing measure can be defined and furthermore repre-
sented explicitly. Furthermore, it has been shown by Esche & Schweizer (2005) that for
exponential Lévy models, the Esscher martingale transform for linear process coincides
with the minimal entropy martingale measure.

The entropy calculations beyond Lévy processes have also been studied relatively recently.
Rheinlander & Steiger (2006) looked at the entropy minimizer where they considered the
general jump-diffusion model
s,
Si—

dV; = nV(t,V;)dt+ / WVY(t, Vi, x)u(dt, dz)
R

= Mt Vi)dt + oM (t, V;_)dB, + / WM (. Vi, ) (u(dt, dz) — v(dt, dz))
R

with the functions WM, WV oM satisfying some integrability assumptions as well as
a deterministic compensator. On the other hand, Ceci & Gerardi (2009) computed the
minimal entropy measure for a geometric market point process of the form

Sy = Soexp(X})
dX, = b(Xi)dt+o(X,)dB: + / Uo(t, Xs_)u(dt, dz)
R

dX} = / Ui (t, Xe—)p(dt, dx)
: R

also with deterministic compensator as well as Uy, Us satisfying some conditions. Fu-
jiwara (2009) investigated the entropy minimizer when the stock price follows a time
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inhomogeneous Lévy process

95 _ rydt + 0,dB, + / (¢® = 1)u(dt, da)
St_ R

with the compensator taking the form v(dt,dz) = f(f Jg vs(dz)ds, which is time inho-
mogenous but deterministic.

The following table gives a status of existing results:

Deterministic
Asset model compensator Author(s)
v(dt,dz)
i Fujiwara & Miyahara (2003)
Lévy Yes v Esche & Schweizer (2005)
General Yes ./ Rheinlénder & Steiger (2006)
Barndorff-Nielsen
& Shepherd
Inhomogeneous Yes v Rheinldnder & Steiger (2006)
Lévy s Fujiwara (2009)
Marked i .
Point Process Yes v Ceci & Gerardi (2009)

One observes that the above entropy minimizers involve models that exhibit determin-
istic compensating measures. However, the minimal entropy martingale measure for the
above models when their associated compensators are stochastic has not been discussed
at all. Given the facts above, one is tempted to ask: How would the entropy minimizing
martingale measure look like when the compensator is stochastic?

These essays study this issue.

We begin with a preliminary discussion in Chapter 2 where we recollect some notions
on relative entropy and martingale measures as well as some facts from stochastic cal-
culus. The concept of relative entropy of a probability measure with respect to another
probability measure and its minimization over some convex set of measures stems from
information theory, see, e.g., Csiszar (1975). It is now widely used in the area of financial
mathematics owing to its intimate connection with maximizing expected utility in the
event when the investor exhibits exponential utility function. '

In Chapter 3, we revisit the main example given in Grandits & Rheinldnder (2002).
There it was shown that the density Z of the minimal entropy martingale measure takes



the form as in equation (1.2). Given this density, we present a new method of calculating
the density process of the minimal entropy martingale measure by means of martingale
techniques. We feel that this method is essentially faster and more intuitive compared to
the procedure outlined by Benth & Meyer-Brandis (2005). We end the section by drawing
connections to other entropic models that has been highlighted in the literature.

Martingale representation theorems are vital to the calculation of the entropy mini-
mizing measure. In Chapter 4, we establish two versions of the martingale representation
theorem for a certain enlarged filtration G. We first deal with the representation con-
cerning the One-Jump process and a Brownian motion before moving on to proving the
martingale representation involving Markov Additive Processes. The martingale repre-
sentation theorem with respect to a Brownian filtration F is well known. It states that
any F—martingale M; with M; € L?(P) can be represented as

M;(w) = Ep[Mp] + Ltg(s,w)st

for some predictable process g such that Ep| fOT g%(t,w)dt] < oo. Lokka, Oksendal &
Proske (2004) derived the formula for the martingale representation when the driving
noise is a pure jump process with independent and stationary increments. Another in-
teresting result due to Jacod & Shiryaev (2003, Theorem III.4.34) tells us that every
(P,F)—local martingale M can be written as

M=M0+/Hda+//vv(t,x)(py—w)

where H, W satisfy some integrability conditions. One could then ask: What can we say
about the martingale representations for a certain enlarged filtration G? The filtration
G can be seen as the product of two or even more filtrations, e.g.,

G=HVF

where H and I can be filtrations generated by the one-jump process and Brownian mo-
tion respectively, say. It could well be that H denotes the filtration generated by the
Markov chain C rather than the one-jump process. We derive martingale representations
for these such cases under the immersion property.

Chapter 5 sees the calculation of the entropy minimizing measure when the stock price
process is driven by a Brownian motion and a one-jump process,

dS -——
P: S—t = a;dt + b;dB; + c;dM,
t—

This model is proposed by Biagini & Rheinlinder (2009). It turns out that the intensity
of the one-jump process with respect to the minimal entropy martingale measure is ran-
dom but bounded. This is in contrast to general Lévy processes where the compensator
remains deterministic under the entropy measure. The Esscher martingale transforms for
one-jump process is also studied in this chapter. As explained earlier, two different Esscher
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martingale transforms exists for semimartingales depending on the choice of parameter
which defines the measure: we focus on the Esscher transform for the exponential process.

Chapter 6 looks at the entropy minimizer for a general jump diffusion model. In partic-
ular, the model proposed can be seen as a Markov switching Lévy processes where the
drift, volatility and the Lévy measure is a function of the continuous time Markov chain.
If the drift and volatility were not present, it reduces to the model proposed by Elliot
& Osakwe (2006). Hence the contribution of this chapter is two-fold; we have solved the
minimal entropy martingale measure for the model proposed by Elliot & Oskawe (2006)
as well as the entropy minimizer for a generalization for their model. We also compute
the basic L2—decomposition of martingales associated to this measure QF.

Miyahara (2000) worked out the minimal entropy martingale measure for Birth and
Death processes by proving that the existence for this entropy minimizer is reduced to
solving the corresponding Hamilton-Jacobi-Bellman equation. His concluding remarks
suggested the generalization to a more general Markov process and semimartingale price
processes extending the Birth and Death process. Chapter 7 answers these questions.
Using the price process introduced in Norberg (2003) as well as the martingale rep-
resentation theorem of Markov chains in Rogers & Williams (2000) together with the
framework outline in Delbaen et al (2002), we evaluate the entropy minimizer when the
stock price process is driven by exponential Markov chains. It turns out that this puzzle
presents its very own problem due to the stochasticity of the compensator associated to
the martingales of transitions.

Of late, the density process of the minimal entropy for Markov modulated geometric
Brownian motion or more complicated stochastic volatility models has been evaluated
by several authors, for instance Elliot, Chan & Siu (2005) and Song & Bo (2009), to
mention a few. In our view, the method used by these authors to evaluate the entropy
minimizer relies on an interesting fact for Lévy processes: if the Esscher martingale trans-
form for the linear exists, it coincides with the minimal entropy martingale measure. Due
to the work of Esche & Schweizer (2005), one can infer that this analogy with Lévy
models breaks down for complex models beyond exponential Lévy models. We claim and
show that the results given in the paper of Elliot, Chan & Siu (2005) and Song & Bo
(2009) are incorrect. On another issue, we apply our findings on the entropy minimizing
measure for quasi-Markov Additive processes to the valuation options written on the
prices of carbon emissions to the field of carbon finance. These matters will be dealt with
in the final chapter.



Chapter 2

Preliminaries

To begin with, we state some general assumptions and list several fundamental known
results needed throughout this text. We present a short extraction of commonly used
notations and notions in stochastic calculus. Here we will find excerpts from the literature
on relative entropy, jump processes and optimal martingale measure which are tailored
to fit into a consistent format within our essays.

2.1 Semimartingale framework and martingale mea-
sures

The mathematical framework is given by a probability space (2,G,P), a finite time
horizon T' > 0 and a filtration G = (G;)o<t<T satisfying the usual conditions of right-
continuity and completeness. We further assume that Gy is trivial and Gr = G. All
semimartingales are taken to have right continuous paths with left limits. Expectation
taken with respect to P is denoted by Ep.

Let S be an R—valued (P, G)—semimartingale. We consider S as the discounted price of
a risky asset in a financial market and we assume that interest rates are zero, i.e. r = 0.
In addition, we make the standing assumption that

S is G — locally bounded.
Since S is G—adapted, it has the following canonical decompostion
S=S+M+A

where M is a locally bounded local martingale with My = 0 and A is a process of locally
finite variation. Moreover we assume that the asset price process S satisfies the following:

Assumption 2.1 (Structure condition). There exists a predictable process A satisfying

A= / (M, M)
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with r
Ky := / MdM,M); <o P—a.s.
0

Let us present the notion of a martingale measure taken from Rheinldnder (1999):

Definition 2.2. Let V be the linear subspace of L™ (Q,G,P) spanned by the elementary
stochastic integrals of the form f = h(St, — St,), where 0 < Th < Ty < T are stopping
times such that the stopped process ST is bounded and h is a bounded Gr, —measurable
random variable. A martingale measure is a probability measure Q < P with Ep [dd% f] =0

forall feV.

An alternative but equivalent definition for martingale measure:

Definition 2.3. A probability measure Q absolutely continuous to P is a martingale
measure for S if S is a local Q—martingale. It is called an equivalent martingale measure
if it is equivalent to P.

Definition 2.4. The relative entropy I (Q,P) of a probability measure Q w.r.t. a proba-
bility measure P is given as

_ [ Ep[R10g W], ifQ«P
IQ.P) = { +00, otherwise

It is well known that I(Q,P) > 0, I(Q,P) = 0 if and only if Q = P and Q —-I(Q,P) is
strictly convex.

The sets of absolutely continuous and equivalent local martingale measure for S with
respect to G, and those with finite relative entropy are defined as

M = {Q <« P|Sis alocal (Q,G)-martingale}
M® = {Q~P|S is alocal (Q,G)-martingale}
M= {Qe MII(Q,P) < oo}

We assume throughout this text that our financial model is arbitrage free in the sense
that ’

MeENMF £,
Definition 2.5. The minimal entropy martingale measure QF is the solution of
I (QF,P) = mi
(Q%P) = min! (QP)
Theorems 1,2 and Remark 1 of Fritelli (2000) as well as the fact that V CL* (P), yield

the following result of Fritelli (2000) :

Theorem 2.6. If there exists Q €M® such that I (Q,P) < oo, then the minimal entropy
martingale measure exists, is unique and moreover equivalent to PP.
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We now state a Theorem from Grandits & Rheinldander (2002) which provides a criterion
for a martingale measure to coincide with the minimal entropy martingale measure.

Theorem 2.7. Assume there ezists a Q €EM® with I(Q,P) < co. Then Q is the minimal
entropy martingale measure if and only if there exists a constant c and an S—integrable

predictable process ¢F
dQ _ E T g
— =exp|c® + ¢ dSt (2.1)
dP 0

such that Eq [ fOT {JdSt] =0 for all Q e M® with finite relative entropy.

We will henceforth pursue by finding some potential candidate measure Q which can be
represented as in equation (2.1). One would then verify that this potential measure Q is
indeed the entropy minimizer. To carry out this last step, we appeal to the Verification
Procedure of Theorem 2.1.5 in Grandits & Rheinlander (2002).

2.2 Verification procedure

Let us now describe the procedure in full, consisting of four steps, for verifying that a
given probability measure is indeed the minimal entropy martingale measure QF.

Step 1: Q is an equivalent probability measure. To show this, we have to show that
exp {cE + fép det} is integrable with Ep [exp {cE + fOT det}] =1.
Step 2: Q is a martingale measure, i.e. S is a local Q—martingale.

Step 3: The probability measure Q has finite relative entropy with respect to P, i.e.

I(Q,P)=Ep [% log %] =Eg [log %?;] < o0

Step 4: [ ¢FdS is a true Q—martingale for all Q eM® with T (Q,P) < oo

If none of these conditions are violated, then Q is the minimal entropy martingale measure

QF.

To carry out Step 1, we need the following generalization of the Novikov condition for
discontinuous processes:

Theorem 2.8. Let N be a locally bounded local P—martingale. Let Q be a measure
defined by
_ 4

Zti dP

= E(N)q
Fi

where AN > —1. If the process

1

Up =5 (N, N°), + ng {(14+ AN,)log (1 + AN,) — AN,}
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admits predictable compensator A as well as
Ep [exp Ar] < 0
then E(N) is a uniformly integrable martingale and E(N)r > 0 P — a.s.
Proof. Theorem III.1. of Lepingle & Mémin (1978). ’ O

Finally, to cope with Step 4, we shall use the following result presented in Rheinlénder
(2005): '

Proposition 2.9. Let Q be an equivalent martingale measure with finite relative entropy.
Let [ 1dS be a local Q—martingale. Then [ dS is a square-integrable Q—martingale if,

for some 3 > 0, exp {ﬂ fOT P2d |8, S]t} is P—integrable.

Proof. Proposition 3.2 of Rheinlander (2005). O

2.3 Random measures

Random measures and their compensators are important tools to encapsulate the be-
haviour of the jumps of the semimartingale S. We begin with a general definition of
random measures before stating the definition for random measures associated with
the jumps of a general semimartingale. All of these definitions are taken from Jacod
& Shiryaev (2003).

Definition 2.10. A random measure R X R is a family
u={p(w;dt,dr) : w € Q}

of measures on (Ry x R, By x B) satisfying p(w; {0} x R) = 0 for all w € Q, where B
denotes the Borel field on R.

Definition 2.11. To any measurable function W on QxR XR we introduce the integral
process

W () = { TRV @t 0)pwrdt,do), if [ f3 IW(w,t,2)|p(w; dt, o) < oo
. +00, otherwise

We now identify the random measures which are essential in our context, that is to say,
random measures associated with the jumps of a semimartingale and their associated
compensators.

Definition 2.12. Let Y be a semimartingale. The random measure py associated with
the jumps of Y is defined by

py (dt,dz) = 1{ay, 20}8{(s,av.)} (dt, dT)
s>0

where 0, is the Dirac measure at point g. It is also called the jump measure of Y.
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Remark 2.13.
1. Note that py is integer-valued.
2. Let py be the jump measure of Y. For any measurable function W we have

Wxpy = Z W (s, AYs)1(ay, 0}

0<s<t

3. These definitions concerning the jump measure of Y are taken from Jacod € Shiryaev
(2008), Proposition II.1.16 & II.1.15.

Theorem 2.14. Let py be the jump measure of Y. The predictable P—compensator
of py, denoted by vy is the predictable random measure which satisfies one of the two
following equivalent conditions:

(i) Ep[W % vy] = Ep[W # py] for every non-negative predictable function W.
(ii) For every predictable function W such that |W|* py < oo and locally P—integrable

(which is equivalent to |W|* vy < oo and locally P—integrable), W x py — W * vy
is a local P—martingale.

Proof. Jacod & Shiryaev (2003), Theorem II.1.8. O

Let us turn our attention to stochastic integrals with respect to a compensated random
measure. The next theorem is an important one.

Theorem 2.15. If the increasing process |W| x py or equivalently |W| x vy is locally
P—integrable, then W is integrable with respect to uy — vy and

W (py —vy) =W xpy — W xvy.

Proof. Jacod & Shiryaev (2003), Theorem II.1.28. O

2.4 Class of equivalent martingale measures

Let us state a result from Steiger (2005, Lemma 3.2.1). The elegant proof given below
is constructed by Steiger and we illustrate it here for completeness and because of its
importance.

Proposition 2.16. Let Q e M®. Then the density process Z : ﬂ| g, s given by the
Doléans Dade exponential process

Z=8(—/AdM+L)

where L and [M, L] are local P—martingales.
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Proof. Our aim is to show that [M, L] is a local P-martingale. Define N := — [ AdM + L.
From He et al. (1992), we get due to Girsanov’s Theorem that S is a local Q—martingale
if and only if

S+ / L gs, 2]
is a local P-martingale. Let us write

s+/ dis,z] = M+/,\d(M)+/i_d[s,1+/z_dN]

M+/Ad(M)+/%d(/Z_d[S,N])

N

Examining
[S,N] = [M+ / Ad(M), L — / )\dM]
= [M, L]+ M,—/AdM + /)\d(M),L—/,\dM]
= M I)- / [M] + / (M), L / AdM|
[/dM,—/,\dM] = [M,—/,\dM]
so that

S+/—d[S 7] = M+/Ad(M)—//\d[M]+[M,L]

= [/Ad(M),L—/AdM]

Thus [M, L] must be a local P-martingale to ensure that S + / 7 —d[S, Z] is a local
P-martingale. B O

2.5 The minimal entropy martingale measure

We shall give a systematic plan for finding the minimal entropy martingale measure in a
general semimartingale context. The idea is to first look for a candidate measure whose
density can be written as in (2.1). One has then to show that this candidate measure is
indeed the entropy minimizer by performing the verifications as outlined earlier.
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We know by (2.1) that the density of the minimal entropy martingale measure QF can

necessarily be written as
dQ” T
P exp (cE +/0 qbdet)

for some constant ¢ and some (G;)—predictable process #F. We look for some candi-
date measure which can be represented in this way and execute the verifications. As a
consequence of Proposition 2.16, every martingale measure Q can be written as

dQ '
5 = 5(—/0,\dM+L)T

where L is some locally square local (P, G)—martingale strongly orthogonal to M, i.e.
(M,L) = 0 with Ly = 0. The constant c® and some G—predictable process ¢Z that
satisfy the following equation.

T . ’
exp (CE + / ¢fdst) =€ (— / AdM + L)
0 0 T

such that Ep| f #F¥dS] = 0 is called the minimal entropy martingale measure equation.



Chapter 3

Grandits & Rheinlander revisited

3.1 A review of risk minimization

In this section, we give a brief review of the concept of risk-minimizing hedging of Follmer
& Sondermann (1986) where they extended the theory of hedging for complete markets
to the case of incomplete markets. Let the contingent claim H satisfy H € L?(2,Gr,QF).
To replicate this contingent claim, we consider a strategy which involves the stock S; and
the money market account r; which yields the terminal payoff H at time T'. Let & and
7 denote the amounts invested in S; and the money market account respectively at time
t; where &; satisfies

Ege [/OTgfd[S, S]t] < o0

and 7 is a G—adapted process. We let L2(QE) be the space of square-integrable pre-
dictable processes (&;)o<t<T satisfying the above integrability condition. A trading strat-
egy at t is of the form ¢ = (£&,7) where ¢ = {¢1;0 <t < T} = {(&,m:);0 <t <T}. The
value of the portfolio at time ¢ is given by

Vi =&Si+m, 0Zt<T
A strategy ¢ = (§,7n) is said to be admissible if V¥ = H.

Definition 3.1. A G—strategy is any process ¢ = (€,n) with £ € L%(QE) and 5 is
G—adapted such that the value process V¥ is right-continuous and V,¥ € L2(QF) for all
tel0,T).

Definition 3.2. The cost process C¥ associated with the strategy v is defined by

t
C"=V;”—/ £udSy, 0<t<T
| .

We say that a contingent claim H can be perfectly replicated if there exists a self-financing

15
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strategy portfolio ¢ such that V;¥ = H. In this case the claim is said to be attainable.
Since the market under consideration is incomplete, not every contingent claim H may be
attainable. Hence instead of looking for an admissible self financing strategy, we look for
admissible strategies which minimize, at each time ¢, the remaining residual risk, defined
by

Definition 3.3. The residual risk associated with the strategy  is given by
Rf =Eq= [(Cf - CY)*| G/]
over all admissible stmtegiés. The admissible strategy ¢* is said to be risk minimizing if

R, < RY" for any other admissible strategy ¢ V¢ € [0,7]

The construction of strategies is based on an application of the Kunita-Watanabe decom-
position, see Follmer & Sondermann (1986). Define the intrinsic value process associated
to the claim as VH by

Vi i=Eqe[H| G

Note that V¥ is a (G, QF)—martingale. Let us define the following space

Ege [ /0 ’ 92d]S, S]t] < oo} (3.1)

Theorem 3.4 (Entropic Kunita-Watanabe decomposition). Let (St)icjo,7) be a square
integrable martingale under QF, i.e. sup,¢(o,7] Eqe [S?] < oo. For any random variable
H € L*(QF), there erists a predictable stochastic process 97 € ©(G) and a square-
integrable G —measurable random variable N{f such that

O(G) := {19 €G

T
H = Eqz[H] +/ 97 dS; + N¥
0

Define NE = Ege [NH|G;]. Moreover NH is strongly orthogonal to S in the sense that
(NH,S) = 0. Furthermore the martingale NE = Eqe[NH|G,] is strongly orthogonal to
all stochastic integrals with respect to S: for any 9 € O(G), NF fot 9dS is a martingale
or equivalently, (N, S); =0 for all t € [0, T).

We see from the above that the Kunita-Watanabe decomposition for the intrinsic value
process is of the form

t
VH =Eqg=[H] +/ ¢fds, + LE
0
where L7 = (Lf)o<i<r is a zero mean (G,QF)—martingale, L¥ and S are strongly

orthogonal to each other, i.e. (L¥,S) = 0 and ¢¥ is a predictable process satisfying
Eqge [ f(;r £2d[S, S]t] < 00. Féllmer & Sondermann (1986, Theorem 2) states:
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Theorem 3.5. There exists a unique admissible risk minimizing strategy o = (€,n) given
by

(&) = (&7, Vi ~€7S:), 0<t<T
The associated risk process R} is given by
Ry = Eq= [(Lf - Li)?| G!]

Remark 3.6. Some comments are in place.

(i) The portfolio ¢ defined by this Kunita-Watanabe decomposition minimizes the resid-
ual risk process among all admissible strategies and the minimum risk is given by RtH .
(ii) Mean-variance hedging. As mentioned in Féllmer & Sondermann (1986), the risk-
minimizing strategies are typically not self-financing, i.e. an admissible portfolio satisfy-
ing V¥ = H cannot be self-financing. A related criterion that still leads to self-financing
strategies is therefore to minimize over all self-financing strategies the quantity

IH = VE|2aqe) — g%“H — VP |IZ2(qe)

This is different to the risk-minimizing definition where Follmer & Sondermann (1986)
proposed not to have the restriction to self-financing strategies but persisted on retaining
the condition of admissibility, V.¥ = H

3.2 Grandits & Rheinldnder revisited

Grandits & Rheinlédnder (2002) considered a class of diffusion models where an additional
random factor Y is present and thus influencing the coefficients of the diffusion, which
is independent of the driving Brownian motion B. Denote by H the associated filtration
H; = 0 (Y, : s < t). Define further by F the associated filtration F; = o (Bs : s < t) and
assume that G = HVF ie., G = H; V F;, Vt € R;. All filtrations are augmented to
satisfy the usual conditions of right continuity and completeness. We fix a finite time
horizon T' > 0. We consider the stochastic differential equation

dS;
St
We assume that p := < is uniformly bounded. This assumption is consistent with that

remarked in Grandits & Rheinldnder (2002). Other integrability conditions can be placed
but we assume boundedness for simplicity.

= a(Y1)dt +o(Y;)dB,

3.2.1 Brownian-Lévy case

Let Y be a pure jump Lévy process. Y can be written as

’ t
Yt=//yuy
0 JR

where py,vy are the associated jump measure of Y and the predictable compensator
respectively. Grandits & Rheinldnder (2002) showed that the density of the minimial



18 Grandits & Rheinliander revisited and some results on Esscher Transforms

entropy martingale measure QF for general stochastic volatility models driven by an
independent noise process is of the form

Zr = cexp (— / Ads) = cexp (-EKT> £ (— / a¥y) dBt)
T 2 0 o(¥2) T
where K := [ %;dt and c being the normalizing constant is given by
1 [T a(Yp)
-1 t
=E =
c ]p[exp( 2/0 az(Yt)dt
Recall that Novikov’s criterion tells us if M is a continuous local martingale and suppose

that E {e%[M M ]T} < 00, then £(M); is a uniformly integrable martingale for ¢t € [0, T).

Hence we see that for M = — [ 2dB, we have

T 2(Y,
exp {/0 028;; dtH <exp(aT) < o0

for some constant c; since p := Z is bounded by hypothesis. Hence the stochastic expo-

nential process (5 (— A :g, dB)t) is a ﬁ—martingale_z, t € [0, T] where H; := F; V Hr.

We now proceed to calculate the density process Z = (Z;):>0 .
Zy = Ep [ZT| gt]

= 5o oo (3 e (- [ am) o
- o () (o 255m),
- o[- 2f5m) e [ow )
We now examine the quanity

i o (~J1er) 6] 2 oo o (] [ 503t) o
o n ()
oo (<bae) o oo (4 [ £ )]

iv ( )

T a2(}/s
J az(mds) g

Eq=

Fi V 'HT}

;

~
I
~




3.2 Grandits & Rheinlander revisited 19

where (i) can be compared to the function H(t,y) of equation (4.1) in the paper by
Benth & Meyer Brandis (2005); (i¢) follows from the independence of Y and B, since
Gt = Ft V Hy; (4i2) seperates the ’past’ from the ’future’ and (iv) is due to the Markov
property of Y that states: conditional on the present, the future is independent of the
past. We now define the deterministic function A} := A(t,y) as

T 2
AY = A(t,y) =Ep [exp (—; / %gj;ds)

For convenience, we also use the notation A; := A(¢, Yt). Recall that p := £ and define
a t a(Ys)
ryi=¢ (- J; 23aB, ) and Mf := - [} 2% 4B, so that dT'; = ~TdMJ = ~TupdB;.

Z; can be neatly recast as

Yi=y (3.2)

-1
Zy = ce thFtAt

We further assume that A is one time differentiable with respect to ¢, i.e. A € C! and so -
by the Ité formula we obtain

AlY,) = /Ot—A(sY )ds + ) A(s,Y.) — A(s, Ya_)

8<t

¢
- / 9 As,Y,_)ds + / / (A(s, Yo_ +3) — A(s, Yo_) p(ds, dz)
o Os o Jr
We work with the following assumption:

Assumption 3.7. Let Y;_ =

/ /R |A(t,y +7) — Alt, v)|v(dz)dt < 00, t€[0,T]

From Theorem II.1.2.8 in Jacod & Shiryaev (2003), this condition allows us to decompose
[ [+ - ae ) -
= [ [ty +a) - atonmr - [ [(Atty+2) - Aty

Formal calculations then yield

AGY) (y(at, dz) — v(dz)dt)

‘ Alt,y+z) —
dZy = —Zi_ps_dB -I-Z_/ .
t t—Pt t t & A(t,y)

Define AP = AlYidel-AlbYes) g APV = ALVEEAY) | This gives

dZ, = Z,_ (pt_dBt +/ AD* (u(dt, dz) — V(d.’L')dt)) , Zo=1
’ R
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which is equivalent to

t t '
Z,=1- / pe_Zs_dB, + / / Zy_ AP (u(dt, dz) — v(dz)dt))
0 0 JR

Taking the uniqueness of solutions of the above stochastic differential equation for granted,
we conclude that the unique solution to this SDE is given by the expression

wme (- [ swem) 2 () fastor—m),

We can sum up our arguments by the following:

Proposition 3.8 (Density process of QF for Brownian-Lévy). Fiz T > 0. Consider the
stock price process of the form

P =¥t +o(V)dB,
t

where Y is a Lévy process which satisfies the conditions of Assumption 3.7. Let the
probability measure QF be given by

Zr = cexp (—/)\dS)

Then the Radon-Nikodym density process Zy, t € [0, T] satisfies
_ _ a’(Y) Ax
zi=e (- [ syem) £ (/) L4 r-m)

Alt,Y;- +z)— A, Y:-)
A(t,Y:-)

where

Ax
At -—

with Z() =1.

Corollary 3.9. Let QE be given as above. Then

(2) The process BQ = B; + fo psds, t € [0,T) follows a Brownian motion under QF.
(i1) The process Yt , t € [0,T] follows a jump process with the predictable compensating
measure fot Jg(1+ A2*)v(dz)ds = fot Jx A-f(‘%"—y‘;‘_f)i)u(dx)ds under QF .

(43t) The function A(t,y) satisfies the following integro-partial differential equation since
fort €[0,T], Z is a martingale.

5Aw) = A0+ [ (At y+2) - At y)v(da)de =

with the terminal condition A(T,-) =1 VYy€R.
(iii) The dynamics of (S,Y) under QF are given by

{ dS; = a(Yy)Sedt + o(Y4)SedB, ¥, i { dS; = o(Y;)S,dBY
P: Q~ .

s

dY; = [ zp(dt, dz) dY; = [; zp(dt, dz)

where the compensator under P : vy = v(dz)dt and QF : VSE = AlVyy.
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3.2.2 Brownian-Brownian framework

Following the same approach outlined before, we can also derive the density process of
the minimal entropy martingale measure QF for the following model

dS, = a(¥;)Sidt + o(Y;)S:dB;

dY; = o8 — Y3)dt + vdW,

where W and B are strongly orthogonal in the sense that [W, B] = 0. Note that we could
not have incorporated this W term in the Lévy process Y because it violates one of the
conditions stated in Grandits & Rheinldnder (2002), i.e. Y is allowed to have only one
additional random factor which is independent of B. However, as we shall see later, the
density process of QF for complicated models could be analyze using the techniques of
the optimal martingale measure. The minimal entropy martingale measure for the general
case when [W, B] = pdt, p € [-1, 1] has been solved by Rheinldnder (2005). Furthermore,
the entropy minimizer for the case where p = 0 has been evaluated and generalized
by Hobson (2004). It is worth pointing out that both the authors Rheinlénder (2005)
and Hobson (2004) attacked the problem by means of the optimal martingale measure
technique. Here we do not use the optimal martingale measure methodology. We however
used a hint given in Grandits & Rheinlédnder (2002) that K is G—measurable and basic
martingale techniques. To our knowledge, the method of calculating the minimal entropy
martingale measure in this setting has not been highlighted previously. We feel that this
approach is extremely flexible and simple as we saw earlier in the Brownian-Lévy case
and shall henceforth observe for the Brownian-Brownian framework.

Analogously to the previous section, define the deterministic function AV = A\(t, y) as

T
AY = E(t, y) :=Ep [exp (—%/ azg:;d )

For convenience, we also use the notation A; := A\(t, ?t) Recall that the mean-variance
2
tradeoff process K := [ A2d(M*) = [ %{X);dt. Assume further that p := £ is uniformly

bounded. Define T, := £ (- [, 2G2ldB, ), so that df; = ~TeaM[ = ~Tup.dB;. Z, can

-

be neatly recast as

Apply the It6 formula to Z gives
dZ, = ¢ {—Xte-%fﬂdft +Ted (735 4,) +d[T, e 4}

1
= ¢ {—Ate—%KtrtptdBt} + Iy { > p(Y})Atdt}

0 1 62
- Agdt + y(a(,@ —-Y,))dt + ——At'y2dt +

e 3K
Felie (a 2 557

0
@At’)’th>
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This is because d (e‘%K‘At) = —%p(?t)At +e1KedA, + d[e‘%K, A}; and that

t t
AT = AT+ /0 D p(s, Tyas+ /0 %A(s,zxaw—ﬁ))ds

a 2 t a gy
28 5 A(s, Y.y ds—l—/0 a—y'yA(s,Y,;)dWS

since the dt—terms are continuous processes with finite variation, we must have
~-1K. 0 &
dZt = —‘thtdBt +ce 2 tPt -6—A(t, Xg)’)’th
Yy

5 ~
7a—yA(t1YFt) ’

= —ZipdBs + Z;————dW,
tPtA Dt t A(t,Yt) t

185 At:)

Define the function kf := —47—= and so we get

dZ; = Z, _a(¥) B2 1B, + RV dW,
o(%)

Again taking the uniqueness of solutions of the above stochastic differential equation for
granted, we conclude that the unique solution to this SDE is given by the expression

e[ ) e{ [

‘We can sum up our arguments by the following:

Proposition 3.10 (Density process of QF for Brownian-Brownian). Fiz T > 0. Consider
the stock price process of the form

{ dS, = a(¥,)S.dt + o(¥;)S.dB,
P:
d¥; = o(B — Yy)dt + vdW,

where B and W are strongly orthogonal in the sense that [B, W] = 0. Furthermore the
probability measure QF is given by

Zy = cexp (—/)\dS)
T

Then the Radon-Nikodym density process Z, t € [0,T] satisfies
thg( / a(Y) ) (/ ~y.,dW)
0o o(Y;

E?t — 'YayA(t Yt)
AR

where

with Zg = 1.
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Corollary 3.11. Let QF be gi'ven as above. Then
(i) The process B := B+ fo p(Y,)ds, t € [0,T] follows a Brownian motion under QF.
(#¢) The process WQ =W, — fo 3G ds, t € [0,T) follows a Brownian motion under QF.

(#43) The processes Bt and W,;Q , t €[0,T) are independent.
(iv) The dynamics of (S,Y) under QF are given by

{ dS; = a(¥,)Sdt + o(¥.)S:dB, |, dS, = o(¥;)8,dBY"
P: —s  QF.:

d¥; = a(8 — Y,)dt + vdW; dY; = E,dt + ydw @
where

Z=af-Y)+ 'ynt

(v) The function A(t,y) satisfies the following partial differential equation since for t €
[0,T], Z is a martingale:

2 Aty) - L4, 1)2w) + 2 At a8 - 1) + 2922 At ) = 0
Bt Y ) YY) \Y ay Y Yy 2'7 6y2 YY) =

with the terminal condition A(T,-) =1 VyeR.

3.2.3 Connection to some entropic models in the literature
Becherer (2004). Becherer considered a model of the following form

{ dSt = a(t, Y,A,)Stdt + U(t, Y;)StdBt
P:
dY; = Zz EJ(] - 'i)]li(Yt—)dHt”

where 4,5 € Y, a and o are functions of class C* with respect to ¢t € [0,7], 1; denotes
the indicator function on {i} and H = (H"Y) is a multivariate point process. Using our
framework, we can see that the function A(¢,y) satisfies

1 a%(3)

o 3
hdl N — = ; Y — W 1 =
5 A1) — 5 (i)A(t,z) +j€Zy(A(t, ) — A(t,3)) 914 0
AT,5) = 1
for j € V. Performing an Euler transformation u(t,1) := log A(t, ) yields
At,5) — A(t,i) = eved) —gutei Dy iy 1 0

=—— 2 A,
g5 A(t,7) 0t (t,9)
so that A(T,-) =1 = u(T,-) =0 and we get the following differential equation

a .. . 1d%%) w(t,g) —u(t,i) ij =
atu(tﬂ) 252(3) +Z ( - 1) Lizi = 0
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for j €.Y which is in complete agreement with equation (4.29) in Becherer (2004) when
there there is no claim, c.f. Remark (6.4.2) from Steiger (2005).

Benth & Meyer-Brandis (2005). The authors, occasionally abbreviated with B/MB
from this time forth, investigated the density process of the minimal entropy martingale
measure for the stochastic volatility model introduced by Barndorff-Nielsen & Shephard
(2001). The dynamics of Y takes the form

dY; = —nYidt + dLyy,, Yo=y>0

where L; is a pure jump subordinator, i.e. an increasing pure jump Lévy process with
no drift. As mentioned by B/MB, the key ingredient in the description of the density
process of the minimal entropy martingale measure is the function H(t,y) defined as

T 2
H(t,y) = Ep [exp( 5/ 28”,361)

where Ry = (0,00). Benth & Meyer-Brandis remarked that their motivation for consid-
ering the function H(¢,y) comes from portfolio optimization with an exponential utility
function. They state that the difference between the value function of the utility maxi-
mization problem and the utility function itself can be represented as H(¢,y) and can be
seen by considering the Hamilton-Jacobi-Bellman equation of the stochastic control prob-
lem. As stated in their paper, the function H(t,y) arises from the logarithmic transform
of the value function in a similar fashion as demonstrated in Musiela & Zariphopoulou
(2003). The function H(t,y) in their paper can be compared with the function A(t,y)
defined in (3.2) of ours. B/MB do not assume that p is uniformly bounded so in this
case, their results are more general compared to ours. However, the basic and central
point of this chapter is to illustrate that B/MB introduced the density process of QF via
the function H(t,y) while in ours, the function H(t,y) or its equivalence A(t,y), appears
effortlessly.

},tzy]a (t,y)G[O,T]XR+

Note that one has still to carry out the verification procedure to show that Z is indeed
the minimal entropy martingale measure.



Chapter 4

Martingale Representation
Theorems

Our goal in this chapter is to establish two versions of the martingale representation
theorem with respect to some enlarged filtration G which we shall state explicitly when
the prerequisites are in place. We first deal with the representation involving a one-jump
process and a Brownian motion. This problem was first solved by Kusuoka (1999) and
reappeared in Bielecki & Rutkowski (2002). We present an alternative proof of Kusuoka’s
result while filling in the gaps of the proof given in Bielecki & Rutkowski (2002). The
second martingale representation concerns that of the Quasi-Markov Additive processes.
To our knowledge, it has not been highlighted previously.

Definition 4.1. Let C¥(R™) be the space of all functions on R™ whose partial derivatives
of order < k all exist and are continuous and we set C*°(R"™) = (7" C*(R™). Furthermore
we denote by C°(R™) the space of all C*® functions on R™ whose support is compact
and contained in R™.

4.1 Martingale representation involving 1<,

Let us denote by 7 a non-negative random variable defined on a probability space
(R,G,P), satisfying P(t = 0) = 0 and P(t > t) > 0 for any ¢t € [0,T]. Define H by
H; := l{,<4 and denote by H the associated filtration: H; = o(H, : s < t). Let B
be a Brownian motion and let F = (F;)icjo,7) be the filtration generated by B i..,
Fi = 0(By : v < t). Introduce the filtration G on (R2,G,P) as

G=HVF ie, G =HVF foranyte][0,T] : (4.1)

All filtrations are augmented to satisfy the usual conditions of right-continuity and com-
pleteness. Let MF := H;,— fot kslir>s)ds be the martingale associated with the one-jump
process H. We make the following assumptions:

Assumption 4.2. The intensity p of the random time 7 is deterministic and bounded.
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Assumption 4.3. The filtrations F and H are immersed in G.

Proposition 4.4. The collection of random variables of the form
{f(Btyy s Btny Heyy oy He,)y, n=1,2,... | t1,t2,....,tn € [0,T), f € CP(R*™)} (4.2)
is dense in L2(Gr,P).

Proof. As a starting point, let G, := o(By,,.., B, H,, .., Hy,) so that \/oo; G, = Gr.
Fix m € L?(Gr,P). Define R,, := Ep[m|G,]. By Doob’s martingale convergence theorem,
R, — m as. and in L2. Note that R, € G, so by Doob-Dynkin’s Lemma we have
Rn = gn(By,, .., Bt,, Hy,, .-, Hi,) for some measurable g, : R2* — R. By Folland (1999,
Chapter 8), we see that each such g,(By,,.., Bt , Hy,, .., Hi,) can be approximated in
L%(Gr,P) by functions f,(By,,.., B, Hi,,.., H;,) € C°(R?"). This in turn means that
for each n, R, can be approximated in L2(Gr,P) by some f,(B,,.., B:,, Ht,, -, Hi,) €
C2°(R?"), the statement follows. O

For a square integrable Gr—measurable random variable X, i.e. X € L2(P), define the
G-~martingale M by M; := Ep|[X|G;]. Since Gr = Fr V Hr, we are inspired to consider
a random variable X of the following form

X = exp (— /0 i q(t)dBt) D (4.3)

for deterministic step functions ¢ and a bounded H7—measurable random variable D.

Define the process L as
L,:=¢& (—/ q(s)st) (4.4)
0 t

Lemma 4.5. L is a martingale with respect to the larger filtration G.

Proof. The fact that L, € L1(P) for t € [0,T] follows from

(- froun)

By Novikov’s condition, L is an F—martingale, hence a G—martingale by the immersion
property in Assumption 4.3. O

{g (— /0 | q(t)dBt)T 5} (4.5)

T
D :=exp (%/0 qz(t)dt) D e L*®(Hr,P)

Ep =1< o

Proposition 4.6. The set

with

spans a dense subspace in L?(Gr,P) where q are deterministic step functions.
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Proof. That the random variables of the form (4.5) are in L?(P) follows from

T T 4 2
Ep (exp (—/0 q(t)dB; -—/0 qu(t)dt)) D
< Cexp (-— /OT qz(t)dt> Ep lexp (-2 /OT q(t)dBt)

since D € L°(Hr,P). Let L+ € L*(Gr,P) be orthogonal to all the random variables in
equation (4.5). Then for any choice of ¢ and D € L*®(P), _

Ep [5 exp (% /OT q2(t)dt) Ep [exp (— /(;T q(t)dBt) Lt
Ep [5 (— /O ' q(t)dBt)T lNDLJ-] =0

This implies that for q(t) = >_;—; kil{o.},
Q(k) := Ep [exp (k1 By, + ... + knBe,) L*| Hr] =0 (4.6)

for all k = (ky, ..., kn) and n € N. However the above equation (4.6) can be seen as

]E]p[exp (letl +...+ knBtn) LLI{TST}] 1

<oo, C:= ”5“L°°('HT,1P)

+1E]p[exp (letl + ...+ knBt,,) LJ-]I-{T>T}] 1 =0
]P[T > T] {r>T} =

Here we used the fact that Hr is generated by {7 < T}, {r > T'}. Since the exponential
function is analytic, it enjoys analytic continuation to the complex space C™, in particular
Q(iy1,1y2, ..., 1yn) = 0 for y = (y1, ..., Yn) € R™. Our aim now is to investigate

/Qf(Btl, .y B:, ,Hy,,.., H; )L*dP = Ep[f(B,, .., B, H,, .., Hs, ) L]

for f € C°(R?"™). First of, note that
f(Btla 13} Btna Htu "’Ht")

—_ / / .. ‘/}'\(yly o Yns yn+1, . y2n)ei(y1 Btl +--+ynBtn +yn+1th +--y2'nth )dylv-dyZn

2n
(4.7)

where fis the Fourier transform of f and (y1,.-Yn, Yn+1, -, ¥2n) € R?". Hence

Ep{f(B,,.., B:,, Hs,, .., Hs, ) L*}
= Be([ [ [ R, smn)elmn ot tvmte QGiy) dys. dya
N, e’

2n
= 0
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Hence L' is orthogonal to f(Bi,, .., Bs,, Hi,, .., Hz, ). From Proposition 4.4, f(-) is dense
in L?(Gr,P) so L' is orthogonal to a dense subset of L2(Gr,P). It follows that L+ = 0.
From Steele (1991, p.210), we conclude that the set of random variables in (4.5) is dense
in L2(Gr, P). 0

Due to (4.3), X can also be written as X = LD with D defined in Proposition 4.6.
Note that D is Hr—measurable. Introduce the square-integrable H—martingale V

_ t
V; := Ep[D|H:] = Ep[D] + / hsdMH (4.8)
0

where h is H—predictable stochastic processes such that f hdM*¥ is square-integrable.
The second equality in equation (4.8) is a consequence of the martingale representation
theorem for the one-jump process associated to the filtration H, see Bielecki & Rutkowski
(2002, p.131). By Assumption 4.3, M is also a martingale under the enlarged filtration

G. Clearly Vr = D so that X = L7 V. The Itd integration by parts gives

T T
X = LoVo+/ Ltht+/ VidL; + [L, V]
0 0

T T
= E]P[D]+/ Lt—hthtH'*'/ ViLy(—q(t))dB:
0 0

Observe that [L,V] = 0 since the Brownian motion B, the process H are strongly or-
thogonal to each other, i.e. (B, H) = 0 since

[L,V]e = (L°, Vo) + Y AL,AV, = (L5, V), =0

s<t

As L is G—adapted, b; := —V;L:q(t) and ¢; := L:h(t) are G—adapted stochastic pro-
cesses. X can then be neatly recast as

~ T T
X =Ep[D] + / b:dB; + / cidMP
0 0

Recall that M; := Ep[X|G¢]. Since X € L?(P) we have
(%) 2\ (@ gy (i41)
Ep{[M, M7} < olmp( sup (M) ) < CEp[(X7)Y < o0
0<t<T

with the enumerations (%), (4¢) and (ii2) owing to the Burkholder-Davis-Gundy inequality,
Doob and X € L%(P) respectively. Now
T
/(; C?Mt1{¢>t}dt:|

T
/ bfdt] +Ep
0

Ep[(X)?] = const. + Ep
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since the expectations of the cross terms vanish due to Lemma 2 and Theorem 36 of
Protter (2004). Define the following spaces

L3(B) = {b Ep </bedt> <.oo}
L3(M) = { c |Ep (/T Cfutl{,->t}dt) < oo}
0

Because X is square-integrable, we have that b € £2(B) and ¢ € £2(M) where b and
c are G—progressively measurable and G—predictable processes respectively. Since X €
L?(Gr,P) is arbitrary, we can by Proposition 4.6 approximate X € L%(Gr,P) by linear
combinations X (™ of random variables of the form (4.5). Then for each n, we have

T T
X™ = Ep[X™] + / b™dB, + / MM
0 0
where

T T
Ep [ / (bE"))ZdtJ < oo, Ep [ / (cg"))%tl{»t}dt] < o0
0 0

The It6 isometry yields, for any m,n € N

' T
Ep[X™ — X(m]2 = (EP[X(n)__X(m)])2+/ Ep(6™ — b{™)2dt
0

T
+ / Ep(c™ — ™2l {yoey dt
0
—0 asn,m—0

due to the fact that the expectations of the cross terms vanish by Lemma 2 and Theorem
36 of Protter (2004). So {6(™} and {c(™} are Cauchy sequences in £2(B) and L2(M)
and thus converge to some b, c in £2(B) and in £2(M) respectively. Hence the spaces of
stochastic integrals with respect to B and M¥ given by

T
{ /de‘ Ep (/ bfdt) <oo}
0
T
{ /c dMH‘ Ep (/ cfut]l{1.>t}dt) < oo}
0

T T
X=lim X™ = lim (Ep[x<")]+ / b™dB, + / cg")thH)
0 0

ﬁB

eM"

are closed. Thus we get

n—oo n—oo

T T
= Ep[X]+ / bidB; + f ctdM
0 0

where the limit is taken in L2(Gr,P). Also note that the spaces of stochastic integrals
68 and 6M" are orthogonal to each other since [B, M¥] = 0. Summing up, we obtain
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Theorem 4.7 (Kusuoka (1999)). Every square integrable (P, G)—martingale M admits
the following representation

t t
M; = My + / bodB, + / csdMH
0 0

for some G—predictable stochastic processes b and c satisfying

T T
Ep [ / bfdt] <oo, Ep [ / cfutn{,>t}dt] < o0 (4.9)
0 0
Proof. Let X = Mt and since M is a square integrable martingale, we take conditional
expectations and we are done. ' O

Corollary 4.8. Every local (P, G)—martingale M admits the above martingale represen-
tation but (4.9) need not hold in this case.

4.2 DMartingale representation for quasi-Markov addi-
tive processes '

Let {Ci}o<i<r be a continuous time Markov chain on (£2,G,P) with finite state space
Y={1,..,m}. Let H = (H¢)geper = 0(Cs5;0<5<t), 0 <t <T be the filtration
generated by this Markov chain. Let B and Y be stochastic processes living on (2, G, P)
where B is a Brownian motion and Y a real valued pure jump process given by

Y; = /0 t /R 9(z)uy

where g is measurable, deterministic and bounded while py denotes the associated jump
measure of Y defined by

Ly (dt,dz) = Z L{Ay,#0}0{(s,aY,)} (dt, dT)
8>0

We assume that the predictable P—compensator of uy, denoted by vy is given by

vy (dz, dt) := ve,_(dz)dt =Y | H} v'(dz)dt (4.10)
i

where v(dz) denotes the transition kernel in state i € J. In addition, we work under the
assumption that v*(R) < 0. Let F = (Ft)¢¢[o,7) be the filtration generated by B and Y
i.e.,, F; = 0(Bs,Ys : s <t). We assume the filtration G is given by

G=HVF ie, G =H;VF foranytel0,T] (4.11)
We make the following assumption

Assumption 4.9. The filtrations F and H are immersed in G.
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Define &, := Bi,,..,Bt,, % :=Ys,,.... Yz, and €, := Cy,, ..., C:, so that
(B, %, 6n) = (Biyy -y Bty Yy 5oy Yi,,, Ctys -y Ct,)
Proposition 4.10. The collection of random variables of the form
{f(Bn, %, %), n=12,.|t1,.,tn €[0,T], f € CX(R*)}
is dense in L?(Gr,P).

Proof. As a starting point, let G, := 0(%yn, %, %n) so that \/ow G, = G = Fr V
Hr. Fix m € L?(Gr,P). Define R, := Ep[m|G,]. By Doob’s martingale convergence
theorem, R, — m a.s. and in L2?. Note that R, € G, so by Doob-Dynkin we have
Ry = gu(Bn, %, €,) for some measurable g, : R3 — R. By Folland (1999, Chapter
8), each g, € L? by some f, € C°(R3"). This means that for each n, R, can be
approximated in L? by some f, € C°(R3"), the statement follows. O

For a square integrable Gr—measurable random variable X, i.e. X € L?(P), define the
G-martingale M by M; := Ep[X|G;]. Since Gr = Fr V Hr, we are inspired to consider
a random variable X of the following form

T T .
X = exp (— /0 o(t)dB; + /0 /R p(t)g(x)uy(dt,dx)) D (4.12)

where g, p are deterministic step functions, g is deterministic, measurable, bounded and
some Hr—measurable random variable D which is bounded. Define the process L as

I, =¢ (— / o(s)dB, + / / (P9)9=) 1) (py — Vy)) (4.13)
(] o JR t
We get from Assumption 4.9 the following:

Lemma 4.11. L is a martingale with respect to the the larger filtration G.
Proof. That Lisa martingale follows from Theorem 2.8. a
Proposition 4.12. The set

{5 (— /0 q()dB; + /0 ' /R (P9) _ 1) (y — W))Tf)} (4.14)

- T T
D =exp (% /0 ¢*(t)dt + /0 /R (e9®9(=) _ l)uct_(dx)dt) D € L*(P)

with

spans a dense subspace in L2(Gr,P) where q are deterministic step functions, g is bounded,
deterministic and measurable.
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Proof. The random variables of the form (4.14) are in L? since p, ¢ are deterministic step
functions as well as D € L™(P). Let L+ € L?*(Gr,P) be orthogonal to all the random
variables in equation (4.14). Define ar := exp(—3 fOT g (t)dt — foT Je(eP®9@ — 1)uy).

Then VD € L(P),

T T
Ep [an)EP {exp ( /0 q(t)dB; + /0 p(t)dyt> L+
Ep [s (— /0 g()dB; + /0 ' /R (P ®9(=) _ 1)(puy —W))Tﬁf‘]‘] ~ 0

This implies that

Q(k) := Ep [exp (k1By, + ... + knBy, + kns1 Y, + oo + kan¥s,) El| HT] =0

where ¢(t) = YiL; kilo,e.,}, P(t) = i1 kntil(o,e) for k = (K1, kn, kns1, ., kon). By
conditioning on every path, the above expression is a function and by analytic contin-
uation, we have @ = 0 on the complex space C2", in particular Q(iy1,iys,...,i¥2n) = 0
for y = (y1,...,¥2n) € R?™. Recall that the Fourier inverse transform states that w(z) =
[ @(r)e**"dr where 1 is the Fourier transform of w. We proceed to investigate

/ (B, T, € TP = Eplf (B, F, €) T
(9]
First of, note that

H( B P, ) = / / - / Flg1, -y vsn) exp(i(m(y)))dyr.dysn

N e’
3n

where ﬂ-(y) = let1 3y y'n.Btﬂ » yn+1Y;:1 [RRR3) y2n),tn y Yan+1 Ctl ERRE3) y3nCt" and f is the Fourier
transform of f. In addition, define T(y) := y1Bt,, ., Yn Bt Yn+1Y% -, Yon Yz, - Hence

]E]P f(‘%n: %)% )LJ-] - ]EP[]EP[f(%‘n’ %,‘@” )LllHT]]

= ]EP // /Q(zy)dyl dy3n)—0

Hence L is orthogonal to f(Zn, %, %,). From Proposition 4.10, f(-) is dense in L2(Gr, P)
so L+ = 0. From the fact of Hilbert space outlined in Steele (1991, p. 210), we conclude
that the set of random variables in equation (4.14) is dense in L?(Gr,P). d

From (4.12), X can be written as X = LrD. Note that D is Hr measurable since
vo_(dz) is H-measurable. We call vc_ the transition kernel driven or modulated by the
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continuous time Markov chain. Denote U as the martingale associated with transitions
from i to j. Introduce the square-integrable H—martingale

Vi = BelDip) =EelD] + | ML (415)

such that [}, Z n*dU% , is square integrable for i # ;. The second equality in equation
(4.15) is a consequence of the martingale representation theorem of the Markov chain’s
filtration H, see Norberg (2003). We make the following assumption:

Assumption 4.13. The processes Y, B and C are strongly orthogonal to one another.
Clearly Vr = D so that X = LrVr. The Its integration by parts gives
X = LoW +/ L¢dV; +/ VidLy + [L, VT
0 0
~ T e . - . v T ~
= ElD) [ LY Lenbavi + [ Vi(-a®Las,
o 5 0
T ~
+ / / Vi-q(t)g(z) Lt~ (py — vy):
o JR

F1rst of, note that [L V] = 0 due to Assumption 4.13. L is G—measurable so that
=L, 1y, 04 := Vo(—q(t)L,) and Wy(z) := V;_q(t)g(z) L;— are G—adapted stochastic
processes X can then be neatly recast as

T
X= EP[D] +/ ZZ “’”d / o:dB; +/ f Wei(z)(py — vy):
0. Jr
Recall that M; := Ep[X|G;]. Since X € L?(P) we have

( i) (i42)
) < CoEp[X2] < oo

(i)
Ep{[M, M]r} < C’llElp(osup M:
<t<

where the enumerations (2), (#4) and (:i2) are due to the Burkholder-Davis-Gundy in-
equality, Doob and X € L2(P) respectively. Define the following spaces

Ep (/bedt) < oo}

LAU) = {;o” (/ ZZ((E‘J)? ”H‘dt) <00

Ep ( / / (Wi(2)) v, (dx)dt) }

£¥B) = {

L2Y) :=
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Since X € L?(P) we have $ € L2(U), o € L%(B) and W € L%(Y). The expectations
of the cross terms vanish due to Lemma 2 and Theorem 36 of Protter (2004). Since
X € L%*(Gr,P) is arbitrary, we can by Proposition 4.12 approximate X € L?(Gr,P) by
linear combinations X (™ of random variables of the form (4.14). Then for each n, we
have

T .. .. T T
x ) =EP[X(")]+/ ZZﬁJi(n)dUZJ_*_/ aﬁ")dBt+/ /Wt(n)(-’ﬂ)(MY“VY)t
o 5 0 o Jr

The It6 isometry yields, for any m,n € N
Ep[X™ - X(M]2 0 asn,m—0

by similar reasoning since the expectations of the cross terms vanish due to Lemma 2 and
Theorem 36 of Protter (2004). We fetch our original problem to see that o(™), Wt(")(x)
and 3™ are Cauchy sequences in £2(B), in £2(Y) and in £2(U) respectively and thus
converge to some predictable processes o, W;(z) and ¥ in £2(B), in £L2(Y) and in £L2(U)
respectively. Hence the spaces of stochastic integrals given by

QF = {/adB‘lEp(/oTafdt><oo}

.. .. T s .. .
Q° = / EZ@“‘MU” Ep /0 ZZ(QF‘J)%”H}dt <o

or = { / /R W,(z)(uy — vv): | Es ( /0 ’ /R (Wt(z))zyct_(dx)dt) < oo}

are closed. Thus we get

X = lim X™

n—00

T g . T
= lim (EP[X‘"’H / o> eMaud + / oMdB,
n—oQ 0 1.' J O

+ /0 ’ /]R W () (py w)t)
- EP[X]+/OTZZ¢?dUZj+/0TatdBt+/oT/RWt(x)(w—w)t

with the limit being taken in L2(Gr,P). Also note that the spaces of stochastic integrals
Q8 ,0C¢ and QY defined above are mutually orthogonal to each other since [B,C] =
[B,Y] = [C,Y] = 0. Summing up, we obtain

Theorem 4.14. Every square integrable (P, G)—martingale M admits the following rep-
resentation

t t t .
Mt=M0+‘/0 E E @JdU;J-I-/O Usst+A AWt(m)(yy—W)s
i
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for some G—predictable stochastic processes 3, ¢ and W satisfying
T ‘. . . . T
Ep / YD (F9)uHidt| < oo, Ep / ofdt| < oo,
0o G5 0

Ep [ /0 i /R WE(z)ve,_ (da:)dt] < 00.

Proof. This is now trivial. Let X = M7 and since M is a square integrable martingale,
we take conditional expectations and we are done. ’ O

(4.16)

Corollary 4.15. Every locally square-integrable (P, G)—martingale M admits the the
above martingale representation but (4.16) need not hold in this case.



Chapter 5

Esscher Transforms and Entropy
for Hazard Processes

5.1 Omne-jump process H and asset model

Let us denote by 7 a non-negative random variable defined on a probability space
(R2,G,P), satisfying P(t = 0) = 0 and P(r > t) > 0 for any ¢t € [0,T]. Define H by
. Hy := 1{;<4; and denote by H the associated filtration: H; = o(Hs; : s < t). Let B
be a Brownian motion and let F = (F;):cjo,r) be the filtration generated by B i.e.,
F; = (B, : r < t). Introduce the filtration G on (2,G,P) as

G=HVF ie., G=H:VF foranytE[O,T].

All filtrations are augmented to satisfy the usual conditions of right-continuity and com-
pleteness. Let

t
M= Hi - [ plgsnds
0

be the martingale associated with the one-jump process H where p is the deterministic
and bounded intensity of the random time 7. Let the conditions of Assumption 4.3
hold, i.e. the filtrations F and H are immersed in G. Recall that we consider S as the
discounted price of a risky asset in a financial market which contains a riskless asset
with discounted price constant at 1. To exclude arbitrage opportunities, our stock price
process S must be a semimartingale of the form S = So+ M + [ Ad(M, M) where M is a
locally bounded local martingale null at zero and some predictable process A\. We further
assume Kr := fOT A2d (M, M), < co P—a.s.. By Corollary 4.8 we may write M as

t t
Mt=M0+/ b;Wst+/ cMdM,
0 0

for some G—predictable stochastic processes ¥ and c¢M.
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5.2 Change of probability measure

By Proposition 2.16, the density process Z := %g[ G, is given by the Doléans Dade

exponential process
Z=5(—/)\dM+L>

where L and [M, L] are local P—martingales. Since L is a local martingale we may write
as a consequence of Corollary 4.8

L=L0+/deB+/ch1\’Z

for some G—predictable stochastic processes b* and cr.

Proposition 5.1 (Equivalent martingale measure). Let Q be a probability measure
whose density process Z := %%| G, 18 given by the Doléans Dade exponential process

Z =& (— [ MM + L) where L and [M, L] are local P~martingales. Define p@ := (1 +
L _ XcM)p. Then the following processes 1. B := B, — fot(bf; - AubM)du, 2. M? =
- fot ugl{,.>u}du are local Q-martingales.

Proof. To see that B2 and M@ are local Q—-martingales, it suffices to check that the
products BQZ and Mz respectively are local P—martingales.

1.
Bz, = / Z,_dBQ + / t§3_dZ,,+[Z,]§Q]t
- / Zu-dB, + / Bu_Zu_ (6% — MbM)aB,
+ /O By Zy_(ck = Auc™)dM,
2.

t t
MRz, = / Q dZu+/ Zy_dM2 + [M©, Z),

0 0

t t

= / M2 Z,_(bL - A,bM)dB, + / ML Z,_(bE — AbM)dM,
0 0
-l-/ Zy_(cE —/\ucﬁd)dﬂ’l\u
0

Note that M2 and Z_ are adapted processes which are left continuous with right limits

hence they are locally bounded processes (page 166, Protter (2004)). Since they are locally
bounded, we have that Z BQ and MQZ and are local martingales since they are stochastic
integrals with respect to local martingales, see Theorem 29, Chapter IV of Protter (2004).
To finish off the proof, we note that the integrators are local P-martingales. O
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Proposition 5.2. Let Q e M®. Then the random variable Z evaluated up to T AT can
be written as

TAT TAT
Zrar = €xp / (bf — Aeby")dB; — / (et = Metl)pedt
0 0

1 TAT TAT
-3 / (bF — xbM)2dt + / log(1 + & — XicM)dH,
0 0

(5.1)

Proof. We first evaluate £(N) where N = — [ AdM + L hence

t t
N, := / (bE — A bM)dB, + / (cE — AucM)dM,
0 0
so that from the Doléans-Dade exponential we know that

E(N); = exp (Nt - %(N, N)ﬁ) H(l + AN, ) exp(—AN)

u<t

Observe that AN; = (ctL - )\tctM )JAH; so inserting the appropriate quantities yields
equation (5.1). O

We seek to find L via b% and ¢l such that the corresponding martingale measure Q has
the form of equation (2.1) and further proceed to carry out the Verification Procedure
outlined in Section 2.2.

5.3 Entropic equation involving a one-jump process

Theorem 2.7 provides an equation which is our starting point to identify the minimal
entropy martingale measure:

Theorem 5.3. The strategy ¢© and the constant c in equation (2.1) satisfy the follow-
ing equation

TAT 1 . TAT
P+ / (bE — \bM)2dt + / SEN(bM)2dt + /
0 0 0

TAT '
3 o Ae(c?)? pedt

TAT
+ / (cf = Mect! — o7 et uedt
0
TAT TNAT
= [ @F - - BeaB+ [ (lop(1+ b - Nel) - gEciNaH,  (52)
0 0

where bL and ¢ have to be chosen such that

Mol = —cMcly (5.3)
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Proof. From Proposition 2.16, we see that L and [M, L] are local P—martingales. Observe
that

AT

AT
[M,L).pr = / bMbldt + / cMcldH, (5.4)
0 0

We further know from Dellacherie & Meyer (1980) VII.39 that the predictable bracket
process

AT AT
(ML), = / bMbLdt + / cMclydt
0 0

exists, since M and L are locally bounded. However (M, L) = 0 because [M, L] is a local
martingale. We therefore get equation (5.3). Equating equations (2.1) and (5.1) yields
equation (5.2). O

5.4 Entropy minimizing candidate for one-jump pro-
cess

Let us consider the following stock price process

dS —
P: E’t' = azdt + bedB; + ced M, (5.5)
t—
where the real-valued functions a,b > 0 and ¢ > —1 are deterministic but are in general
time-inhomogenous. We also assume that they are bounded. Given the price process (5.5)
and our fundamental entropy equation (5.2), we see that this corresponds to b{” = b S;—,
M = ¢S, and

Cy Cyot— al
g

PP S
P8 (bF + pecd)

Define Xt 1= A\eS;— and $t = ¢tE S¢—_. Let us introduce some further notations.
Definition 5.4.

1. Let K := {0,1}

2. The space CX := Cyp([0, T] x {0,1}) consists of continuous bounded functions u : [0, T] x
{0,1} - R.

8. For any u € C, u; :==u(t,") : K = R.

4. For any u € CF, Au; :=u(t, Hy) — u(t, H;_).

We work with the ansatz that there exists a smooth function u € CF such that

log(1 + & — Ner) — deer = ult, Hy) — ul(t, Hy—) (5.6)
and set
u(TAT,h)=0, hek (5.7)
With these, we can then write

TAT

TAT
/ (log(1 + c& — Nect) — duce)dHy = — / srult, H )dt —u(0,Ho)  (5.8)
0 0
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We then rewrite the minimal entropy martingale measure equation (5.2) as

CE + u(O, Ho)
TAT b 1 LA .
= A {a’u,(t, Ht_) + E(bt - Atbt)
+Gheb? + (cF — X — dece + th?tcg)ut} dt
TAT " N
+/0 (bf — (Ae + +)b:)dB: (5.9)

To ensure that the RHS of equation (5.9) is non-stochastic, one possible avenue is to
choose

3 1 - ~ ~© e~
' au(t,Ht_) + E(th - /\tbt)z + At¢tbf + (CtL - /\tct - ¢tct + )\tqﬁtcf),ut =0 (5.10)

as well as PR
b = b (s + B2) (5.11)
Inserting the orthogonality equation (5.3) into (5.11) yields
- - L
b= —h— 2 (5.12)
¢
We also get from our ansatz (5.6) that
cf = exp(Aus + $tct) + e — 1 (5.13)
We see that ¢, bl and ¢l are functions of u;. Introduce
1 -~ o~~~ -~ ) o~ o~
gh(t, ut) = E(th - )\tbt)z + )\t(ﬁtb? + (C{J - )\tct - ¢tct + Athtcf)p.t (514)

and arrive by (5.10) at a system of two coupled ordinary differential equations for u of
the form

%u(t, h) + g"(t,us) = 0 | (5.15)
u(T,h) = 0 forevery h €{0,1}
The next proposition is due to Rheinldnder & Steiger (2006).

Proposition 5.5 (Rheinlinder & Steiger, 2006). Let u € CX such that Au is bounded.
Then u uniquely defines a function cr solving equation (5.13) after inserting (5.12).

Furthermore cr, ¢ and by, are bounded.

Proof. Following the lines of Corollary 3.4 in Rheinldnder & Steiger (2006) a

The next question which naturally arises is that of the existence of u. The following
theorem provides an existence result:
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Theorem 5.6. Let us consider the differential equation with boundary condition:
0
iUt h) +g"(tw) =0 (5.16)

w(T,h) =0 (5.17)

for every h € K. We shall assume that g is a Lipschitz-continuous function in the second
argument, uniformly in t, i.e. there ezists a constant ¢ < 0o such that Vt € [0,T]

lg(t, ws) — g(t, 2¢)| < clwe — 2] (5.18)

Then there erists a unique solution © € Cp([0,T] x {0,1}) which solves the boundary
problem (5.16)-(5.17). It can be written as

T
u(t,h) = / g"(s,U;)ds  for every h€EK
¢
Proof. Note that
T
uth) = [ ou)ds
¢
solves the boundary problem (5.16)-(5.17). Introduce the operator ® : Cy([0,7]x{0,1}) —
Co([0,T] x {0,1}) which is defined as follows:
T .
D[u](t, h) := / g"(s,us)ds for every h € K
¢

Then the above equation is simply ®[u] = u and any solution to this equation must be a
fixed point of ®. Let us consider the norm

lullz == sup e‘L(T't)|u(t, h)|
(t,h)€(0,T]x{0,1}

which is equivalent to the supremum-norm |ju||_, . Due to condition (5.18), we obtain for
u,v € CF,

e—L(T_t) I(I’[u](t’ h) - ‘I)[’U] (tv h)l
T
/t (6"(5,us) — g"(s,vs))ds

e~ L(T-1)

T
< e—L(T—t)/ |gh(s,us) _ gh(s,,Us)|e-L(T—s)eL(T-—s)ds
t .

IA

T
e LTl - v||L/ elT-2)gs
t

c||u —LU||L 1- C—L(T—t))

< glu—oll

IA

for all ¢ € [0,T] and h € {0,1}. Thus ® is a contraction on the normed space (CJ,|| - [|)
with contraction constant % with L > c¢. Therefore there exists a unique fixed point
u € Cy ([0, T] x {0,1}) which satisfies (5.16)-(5.17). a
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However, the function g defined in equation (5.14) is in general not Lipschitz continuous.
In the following we shall work on several aspects so that Theorem 5.6 can be invoked.

Step 1: Local Lipschitz continuity of the function g. This part will be devoted to show

that g"(t,u;) is locally Lipschitz continuous in the second argument. In the following
equations, we drop the index h. It can be shown that equation (5.14) can be written as

2
g(t,ut) — .;_ ((Ctﬂtcf;#) —_ ('tht)2) + (CL(t,'U,t) - (XtQ)z) Mt

C - X C2
+ (ﬂ(ﬁié—) cepec® (t, us) (5.19)
t

Lemma 5.7. For u,v € C{,C, there is a constant K** such that
Ig(t7 ut) - g(ta 'Ut)l S K**ICL(tv ut) - CL(t: vt)l

Proof. From equation (5.19), we see that (recall that we drop the index h, otherwise it
would have been g"(t,u;))

2
ot w) — glt,v) = %[(—b”’—) (cL(t,ut»Z—(cL(t,vt))Z]
+(CL(t,ut) - CL(t,’Ut))/,Lt

C - CZX
+eep (—’“‘—%—) (B (t,us) — cE(t, m))
t

so that

ot - g(eol < 5 (22 Y u)? - (e w)

+/J’t|CL(t’ut) - CL(ta 'Ut)l

Ct#t(ct#t - ,utxtcf )
i

+ |cE (2, ug) — B (t, vp)]

but by the elementary identity z? — y? < 2max(|z|, |y|)|z — y|, we obtain

Ig(ta ut) - g(ta vt)l < K**|CL(ti ut) - CL(tJ vt)l
for some K** due to the boundedness of b, 1 and c. O
Before we state our next exposition, note that the function f : R — R defined by f(z) =

"~1/_ is increasing in z. To see this, note that f'(z) = (¢*(z — 1)+ 1)z~2 > 0 for all z
since e® > 0 for all z so that e*(z — 1) > 0 when z > 1 and e*(z — 1) < 0 when z < 1.
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Lemma 5.8 (Local Lipschitz continuity of g). For (t,h) € [0,T] x {0,1} fized, c*(t,u;)
is locally Lipschitz-continuous with respect to the second argument, uniformly with respect
tot€[0,T).

Proof. Our aim is to show that for any K > 0, there exists a constant L K such that for
fixed (¢,h) € [0,T] x {0,1} we have

|cL(t7ut) - CL(t, vt)l S LK|ut - vtl (520)

such that ||u — v||e < —I2$ for all u,v € CF. For this purpose we consider u; = v; + 26; so
that u; — v; = 20; where 8 € CX with ||f]|cc = £ and 2z € [0, 1]. Our goal now is to show
that there is a constant K3 such that for all z € [0, 1]

|cL (8, v + 26;) — P (t,v:)| < Ka|20:] < Ka||20]00 (5.21)

Recall that cZ(t, u;) = exp(Aus + atct) + Asc; — 1 so that

(5 (t, 01 +20) — Bt w)| = [ebeer (eBuk=ad _ eave)
- ezAOt_l
< (¢t0t+Avt) - Al
= \° zAg, Ot

< K*|280|00 < 2K*||28]|co

for some constant K* due to the boundedness of a, ¢,v,0. Hence one concludes that
g"(t,u;) is locally Lipschitz-continuous in ;. O

Step 2: Passing from local to global Lipschitz via a truncation function. Define a trunca-
tion function & : [0,T] x R +— R, such that

k(t, z) = max(min(C(T - t),z), —C(T — t))
for some constant C > 0 so that the function x truncates u; in the sense
k(t,ug) = max(min(C(T —t),us),—C(T —t))
We now define the function
gtue) = g(t, k(t, ur))

Note that « takes values in a compact interval [-C(T — t),C(T — t)] and g is defined
on a compact set. Hence we conclude that local Lipschitz continuity of g in u; passes to
global Lipschitz continuity of g in u;.

Step 3: Solution with g and also that of g. We conclude that there exists a unique bounded
solution @ for (5.16)-(5.17) with g instead of g. Moreover % is the fixed point of ®
defined with § instead of g. We shall now show that there exists a constant C such
that V(¢, h) € [0,T] x {0,1},

(¢, k)| < (T - t)C
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To prove that u(t,h) < (T — t)C, we fix an arbitrary (t,h) € [0,T] x {0,1}. Fix a C.
Define the random variable 7 as

m:=inf{s € [¢t,T||u(s,Hs) < (T —s)C} AT

Then u(s, Hs) > (T — s)C for all s € [t,n) and u(n, Hy) < (T — m)C. Since u(s, Hs) >
(T —s)C for all s € [t,m) we get that Ak = 0 (Ak := Au if Kk = u or 0 otherwise) so that
ck(k(s, %)) is bounded by some constant and that consequently Vs € [t,7), g(s,ds) < C1
for some Cj. It results that

T
at,h) = / (s, 8)ds
t

™ T
/§h(s,ﬁs)ds+/ (s, 1s)ds

t T

It

/ "5 (s, 84)ds + A, Hy)
< (7tr -t)C1 + (T —m)C
One can then choose C' > C; and we are done. Analogously, one can define
m:=inf{s € [t,T]|u(s,Hs) > —(T — s)C} AT
and proceed by the same lines to show that §(s,u;) > —Ci. This gives us |u(t, h)| <
(T — t)C. We then conclude that «(¢,u(t, h)) = u(t, h) and therefore g(t,u:) = g(t,us).

Hence u also solves the system of differential equations (5.16)-(5.17) with g this time
round.

5.5 Entropy minimizing martingale measure for a one-
jump process

Having proved the existence of a solution to the differential equations (5.16) and (5.17)
we can thus determine the triplet (¢, c”,b%) which solves equation (5.2).

Theorem 5.9. The density process ZF associated with QF defined by

- @i Ge =¢ (_ [/0 (X“b“ - btl;) dBy + /0+ (Xucu - cﬁ') dﬁu])

Zf =
¢ dP
is the density process of the minimal entropy martingale measure.

t

Proof.
Step 1: QF is an equivalent probability measure. We shall check the conditions of The-
orem 2.8. Let the local martingale N be

N= —/O (Xubu - bf;) dB — /0+ (Xucu - cg) dM,
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We have to show that the process U defined by

Uy = %/t (Xubu—b5)2du
0

[ { (1~ Rueu k) 108 (1 - Rucu + k) + Rucu - ek} s

admits a predictable compensator A. To see this note that

t
J
since ’):u, ¢,c”, u and the indicator function 1 are all bounded. From Theorem II.1.28

of Jacod & Shiryaev (2003), this implies the integrability of (1—Aycy +cE)log(1—Aycy +
ck) + Mucy — k) =: j(t) with respect to the martingale associated with the one-jump

(1 = Aucu + cE) log(1 — Aucu + ek + AuCu — chy

pulirsyydu < oo

process M and

t t t
[ sttt = [t - [ swmtsnde

This yields that the compensator A of U is given by

Ay = ';‘[)t (Xubu‘- b£)2du
s /ot/\‘r {(1 — AuCu + cf;) log (1 — AuCu + cﬂ') + AyCu — cﬁ} prud

A is obviously predictable. That Ep [exp (Arar)] < oo is obvious since c&, ¢ and b are
bounded.

Step 2: We want to show I(Q?,P) < co. We have that

TAT a
I(QF,P) = Eg= c+/ =4 dS;
0 St_

ThAT _ -
= EQE c +/ o1 (atStdt + by S;dB; + CtStht)
0

QOur aim is to show that
TAT $
Egs / —L.dS;| =0
o  Si-

since this implies I (QF,P) = ¢, which is finite from previous section. We define

E '~
p,? = ()\ct — ctL + 1) Lt
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it follows from Girsanov’s theorem that [bdB+ [b (Xb - bL) dt and [cdM Q% 4re local

QF —martingales, where M Q" .= H - fo'AT uQE dt. In fact they are square integrable
QF —martingales since their quadratic variations are QF —integrable. This is because

' T
Ep [ / cdM®® / chQE] = Ep ( / cdet)
T - 0
T E . T 2 QE
= Ep / cf,u? Lir>qdt | < Ep / ci iy dt
0 0

< o0

since ¢, u and Ac—cL +1 are bounded. The dynamics of S under QF can then be written

as
QF: % = bydB; + b; (tht - th) dt + cth?E
t_

since we have
ag — bt (tht - th) + Ct (Atct - CtL) ﬂ't]-['r>t]

= Xt (b? + C?/Lt]].[1>i]) b bt (’A\tbt - bf) + Ct (Xtct - CtL) ﬂtl[r>t]

btth + CtCtLMt]l[r»]
0

where the last line follows from the orthogonality condition (5.3).
Step 3: Before we proceed, we consider the following stochastic differential equation:
dzt = kz1 dM

where J\//ft = H;— g AT psds and some deterministic function k. The solution of this SDE

is given by
t tAT
Z! = exp (/ log (1 + k,) dH, — / kuuudu)
0 0

From the above SDE, Z! is an adapted process which is cadlag, so that Z! is locally

bounded (page 166, Protter (2004)). Since Z! is locally bounded, we have that Z! is
a local martingale (Theorem 29, Chapter IV of Protter (2004)). Further observe that
Z' > 0 so that Z! is a supermartingale. Hence one gets

t tAT
1= EP[Zg] > EP[ZE] = ]E]p[exp (/ log(1 + ky)dH,, — / kuuudu> ]
0 0

: t t
= Ep [exp (/ log (1 + k) dH, — / ku/,tul[th]du)]
0 0

> exp (- /0 : kup,udu) Ep [exp ( /0 t log (1 + ky) dHu)]
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Rearranging one gets

Ep [exp (/Ot log (1 + k) dHu)] < exp (/Ot Icuuudu) . (5.22)

Now, we proceed to the actual verification for Step 3. We would like to show that [ ¢ZdS
is a true QF —martingale. Recall that ¢Z is defined in the fundamental entropic equation
(5.2). According to Proposition 2.9, this can be accomplished if we can find some 8 > 0,

such that . A
]Ep[exp {ﬂ/o (¢tE)2d[S]t}] < 0.

Define § := sup ||@|| L. From the boundedness of b, ¢, u we have

TAT
Ep exp{ﬂ /0 Esfd[Sh}

i T TAT 1
= E]p exp / 5b?1[7->t]dt+/ EC?dHt
i 0 0

< o0

by the bound obtained in equation (5.22) together with 8 := (262)—1 . O

Hence we conclude that QF fulfills all the conditions to being the entropy minimizing
martingale measure for a one-jump process with a Brownian component.

5.6 Esscher martingale transforms for a one-jump pro-
cess "

An additional approach to option pricing for models that are incomplete has been related
to the mathematical construction of the Esscher martingale transform. As explained in
Kallsen & Shiryaev (2002) there are two different Esscher martingale measures namely
the Esscher martingale transform for the exponential process and the Esscher martin-
gale transform for the linear process. It has been shown in Esche & Schweizer (2005)
that for exponential Lévy models, the minimal entropy martingale measure and the
Esscher martingale transform for the linear process coincides. The study of Esscher mar-
tingale measure transforms for general semimartingales has been carried out by Kallsen
& Shiryaev (2002). The intent of this section is to analyse the Esscher martingale mea-
sure for the one-jump process. We start with giving basic definitions from Kallsen &
Shiryaev (2002). If X is a semimartingale, then L(X) represents the set of predictable
X —integrable processes.

Definition 5.10. We denote by M, the class of all local martingales.

Definition 5.11. For any real-valued semimartingale X with Xo = 0, we_call X =
L(exp(X)) the ezponential transform of X. Conversely we call X :=log(£(X)) the log-
arithmic transform of any real-valued semimartingale X .
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Recall that a real-valued semimartingale X is called special if it can be written as X =
Xo+M+A for some local martingale M and some predictable process A of finite variation,
null at 0. In other words, X is a special semimartingale if there exists a predictable process

A such that X — Xg — A € M.

Definition 5.12. Let X be a real-valued semimartingale. X is called exponentially special
if exp(X — Xo) is a special semimartingale.

Definition 5.13. Let X be a real-valued semimartingale. A predictable process A is called
the exponential compensator of X if exp(X — Xo — A) € Miqc.

Definition 5.14. The Laplace cumulant process KX (9) of X in ¥ is defined as the
compensator of the semimartingale L(exp([ ¥dX)).

Definition 5.15. The modified Laplace cumulant process K X(9) of X in 9 is the loga-
rithmic transform of KX (9), i.e. KX (9) := log(E(KX (9))).

5.6.1 Specification of the model

Denote by 7 a non-negative random variable satisfying P(7 = 0) =0 and P(r > t) > 0
for any t € R;. Introduce the one-jump process H; := 1{,<;; and denote by H the
associated filtration: H; : o(H, : s < t). We further assume that the one-jump process
has deterministic intensity ;. Let B be a Brownian motion. B generates F. Let G = HVF
ie, Gt = H¢ VF; for any t € [0,T]. All filtrations are augmented to satisfy the usual
conditions of right continuity and completeness. We consider the price process S of the
form

St = exp(Xt) (5.23)

where . . .
X :=/ ’dsds+/ stBs+/ cedH, (5.24)

0 0 0

The functions E,Z and ¢ # 0 are assumed to be deterministic up to ¢t A 7, continuous and
bounded but can possibly be time-inhomogeneous. Recall that the jumps of the processes
X and H are related by AX; = ¢;AH; and therefore from Theorem ]I.2a in Jacod &
Shiryaev (2003), the semimartingale characteristics of X are given by (B C, V) satisfying

_ t _ _ t
B, = / asds, Cp= / b2dBs, ;= / Csl{r>s)sds
0 0 0
We can state the following:

Lemma 5.16. Let ¥ € L(X) be such that [9dX is exponentially special. The modified
Laplace cumulant process of X in ¥ evaluated up to t A T is then given by

tAT
KX(9)inr = / "X (9)sds
0

where )
X (9): = @y + §bfﬂf + (%P — 1)1 sy pe (5.25)
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Proof. This is immediate from the semimartingale characteristics outlined above and an
application of Theorem 2.18-(1) in Kallsen & Shiryaev (2002). O

Our approach begins by finding the solution 9¥* evaluated up to t A 7 as described in
Theorem 4.1 of Kallsen & Shiryaev (2002) and Jacod & Shiryaev (2003, Theorem VII.28)
to the equation

KX(®+1)-KX(®)=0 (5.26)
Suppose now that there is a solution ¥* to equation (5.26) and suppose that
tAT
Gt =exp ( / HdX, — KX (M)tm) (5.27)
0
is a martingale (Gﬁ,\,)ostg, then we can define a probability measure Q! by
] TAT
Q' _ exp ( / Hdx, — KX (19”):%) (5.28)
dp 0

The measure Q! is then called the Esscher martingale transform for the exponential
process eX. If no such 9! exists, we say the Esscher martingale transform for eX does
not exist. It follows from Theorem 4.1 of Kallsen & Shiryaev (2002) that the density in
(5.28) defines an equivalent local martingale measure for eX.

5.6.2 Existence and martingale conditions for the exponential
Esscher martingale transforms

The aim of this section is two-fold. First we single out conditions such that there ex-
ists a bounded solution ¥ to equation (5.26). We then further show that the process

(G} )o<t<T defined in equation (5.27) is a martingale.

From equation (5.26), one sees that we are required to find a solution 9! to the equation
~ 1~ z ~ 1~ z
at(ﬂt + 1) + Ebf(’ﬁt + 1)2 + (C(ﬂﬁ-l)c‘ - l)p,t = a,t'l9t + -2'b§(’l9t)2 + (60tct - 1),U,t (529)

Simplifying the above we present
Lemma 5.17. Define the following

%Zf, 9(0) := =579 — &7 (e™ — )y

Then there ezists a unique bounded function 9! : [0,T] — R with 9% := 9¥(t) solving
equation (5.29).

Proof. By hypothesis @ and b are bounded hence f is bounded. Also, g'(¥9) = —Eg -
(€% — 1)p;ce®® < 0, g(—o0) = 0o and §(oo) = —oo. This means that § is decreasing
and continuous so we conclude that there exists a value ¥} such that 5(195 ) = f(ﬂg) To
see that 19%t is bounded, note that since g is decreasing, the inverse function g~! exists so

that §~(supg<i<r f) < 9% < §1(infocser f). O

f(9) =3, +
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Having proved the existence of 9!, we now turn our attention to proving that the process
(G!, No<t<T defined in equation (5.27) is a martingale.

Lemma 5.18. Let
tAT

N = i HdX, — KX (0M)inr

tAT tAT
Gl =exp ( / MdX, — / "X (19)3ds)
0 0.

Then (Gﬁ,\,)ostg is a martingale.

and

Proof. Observe that G’E Ar Can be written as

Gl =€ ( / Mb,dB, + / (eﬂﬂa - 1) dﬁ,) (5.30)
0 0

tAT

since fOMT Bslirssyds = fg pslirsgyds = fJAT psds where My := H, — f(f'\r usds. To
prove this Lemma, we invoke the integrability condition of Theorem 2.8. We have to
show that

1

tAT - AT
Uiny := 5 / (94b,)%ds + / (exp(HT,)4E, — (exp(94E,) — 1))dH,
0 0

admits a predictable compensator A such that Ep[exp(Ara+)] < 0o. Observe that

tAT
/ |(exp(19ﬂs'é'3)19g’é's — (exp(¥e,) — 1)| psds < 00
0

since ¢ and p is bounded. From Jacod & Shiryaev (2003, Theorem II.1.2.8) we con-

clude that (exp(dics)9cs — (exp(9ics) — 1)) is integrable with respect to M so that the
predictable compensator is given by

1

tAT tAT
Acrr =1 / (91b,)2ds + / (exp(912,)91E, — (exp(91E,) — 1)ods
0 0

The fact that Eplexp(Aras)] < 0o is obvious due to the boundedness of ¢,b and . O

5.6.3 Main result on Esscher martingale transform

Having the existence of solutions verified and integrability conditions of martingale en-
sured, we are now ready for our main theorem.

Theorem 5.19. Let the conditions of Lemma 5.17 and Lemma 5.18 hold. Then

dQﬁ _ ) ' ’ 19"‘5, o .
=€ ( /0 94b,dB, + /0 (%% — 1) dM8> (5.31)

TAT
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defines a probability measure Q! ~ P on Fra,. Moreover, under the Esscher martingale
measure Qf, we have

t
BY =B, - / Ibyds
0

is a Q' standard Brownian motion and the compensator of H under Q! is then given by

t
u—-
/ 619303 Hs ]l{-r>s} ds
0

Proof. The existence of solutions and the integrability conditions have been discussed in
Section 5.6.2; in particular we have shown that there is a 9! that solves

KXW +1) - KX =0

G, =¢ ( / b,dB, + / (e"ﬂa - 1) dﬁs)
0 0 tAT

is a martingale for 0 < ¢t < T. We apply Theorem 4.1 in Kallsen & Shiryaev (2002) and
conclude that the density in (5.31) defines an equivalent local martingale measure for
exp(X). However, by Lemma (5.18), G is a proper martingale and thus a density process.
The dynamics under Q' can be seen by showing that the product B*G is a G—local
martingale under the original probability measure P. The dynamics of the compensator
for H under Q! follows from similar arguments. O

and that

5.6.4 Biagini-Rheinlander model

We now turn our attention to finding the Esscher martingale transform for the following
model proposed by Biagini & Rheinldnder (2009):

dS

S—t = a;dt + bydB; + c;dM,

t—

where B is a Brownian motion, M is the counting process martingale associated to the
one-jump process Hy = 1{;<;} which we assume has deterministic intensity u;. The
functions a, b and c are as well assumed for simplicity to be deterministic but can depend
on time. We further assume that they are bounded. From our preceding discussions, we
get

-~ 1 ~ -~
ar = at — 553 - Ct#tl{r>t}, bi=by, c= 108(1 + Cc)

To see this note that dS; = S;_dL; or equivalently S; = £ (E)t where ft = fot asds +
fot b,dB, + fot csdM,. One can then expand this stochastic exponential to compare with
the parameters in Section 5.6.1. Strictly speaking a; is not deterministic due to the
presence of 7 within the indicator function. However, this does not matter since we are

evaluating the modified Laplace cumulant process K up to and including ¢ A 7. To check
for existence of solutions, define

1 1
f¥) = a;— Ebf = Ctpt + Ebf = a; — Ctlit

g(19) = —b29 — (exp(log(l +¢;)) — 1) exp(?log(1 + ct))
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By hypothesis, 5,3 and € # 0 are deterministic and bounded. From the above definition,
this translates to the conditions

c> -1

Provided the above holds, g(co) = —oo and g(—o0) = +o00. This is meaningful because
we can either choose ¢ to be positive, i.e. ¢ > 0 (upward jump for S) or c to be negative,
i.e. =1 < ¢ < 0 (downward jump for S). By similar reasoning, one sees that there exists
a solution to (5.26). By similar reasoning, the integrability conditions for the process
(G, )o<t<T to be a martingale are fulfilled since we only perform a change of variable
to the quantities E,Z and ¢. We can now state

Corollary 5.20. Let the integrability and ezistence conditions in Section 5.6.4 hold.

Then g ) ]
% =& ( /0 9b,dB, + /0 (e1921°g(1+°a) - 1) dﬁx?s) (5.32)

TNAT

defines a probability measure Q' ~ P on Fra,. Moreover, under the Esscher martingale
measure Q, we have

t
BY =B, - / 9 b,ds
0

is a Q¥ standard Brownian motion and the compensator of H under Q! is then given by

t
/ e19§10g(1+c,)usl{T>s} ds
0

Proof. The proof of this goes along the lines of Theorem 5.19. (]



Chapter 6

The Minimal Entropy Martingale
Measure for Quasi-Markov
Additive Processes

6.1 Introduction

In the finance literature at large, the Markov modulated geometric Brownian motion
or commonly known as switching Black-Scholes is one popular common choice and it
has been used for many applications. Some papers consider hidden Markov models for
interest rates and insurance applications, see for instance Elliot, Chan & Siu (2005) and
Jobert & Rogers (2006). The goal of this chapter is to compute the minimal entropy mar-
tingale measure for Markov additive processes, where the price process takes the form
as in Section 6.6. Loosely speaking, this process can be thought of as a geometric Lévy
process where the triplet follows a continuous time Markov chain.

Sections 6.2 to 6.4 gives the basic tools needed to evaluate the minimal entropy mar-
tingale measure.

6.2 Continuous time Markov chains

Let {C:}o<;<r be a continuous time Markov chain on (2,G,IP) with finite state space
Y={1,...m}. Let H = (Hy)pcser = 0(Cs;0<s<t), 0 <t <T be the filtration
generated by this Markov chain. The paths of C are taken to be right continuous and we
make the following standard assumption

Assumption 6.1. Hy is trivial

Assume further that C is time homogeneous so that we have

P(Ciys=jlCs=1)=pi(t) Vi,j€), s,t ERY, 0<s<t<T
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The following limit exists for ¢, € Y (Rolski, et. al. (1998) Theorem 8.1.2)

pij (t) — pi; (0)

4=
B t{l(l) t
We note that for every i # j, we have p¥ > 0 and p* = —Z;’;Lj £i p¥. Hence p

represents the intensity of transition from state ¢ to state j and is a constant. The
matrix A := [uij ]z.,j e(1,...m} is called the infinitesimal generator matrix for a Markov
chain. It is also commonly known as the intensity matrix. This intensity matrix together
with the matrix of transition probabilities P(t) := [pi; (t)] .,m} are related by the

Kolmogorov Backward Equation

dP (t)
dt

i,5€{1,.

= AP(t), P(0)=1

and the Kolmogorov Forward Equation

aP(t)

=2 =PBA, P0)=I

where I is the identity matrix. It is known that both these equations have the unique
solution:

© Adt
P(t) = e ’=EA%’ VteRY, t<T
i=0 7

We assume throughout that all states intercommunicate, i.e. there are no absorbing
states. Furthermore we introduce for i # j and Vs,t e R*, t < T

H} : =1{C;=1i} . :
H? : =t{s:0<s<t|Cs_ =4,Cs = j} = Z H{Cs- =4}1{Cs = j}

0<s<t

Thus Hj is the indicator of the event that C is in state ¢ at time ¢. On the other hand
H;’ is the number of jumps from i to j during ]0,¢] . We state some results from Last &
Brandt (1995) and Rogers & Williams (2000).

Lemma 6.2. For everyi,j € ), i # j, the processes
. . .. t .. .
Uy =H/ —/ u H:du
0
Proof. Theorem 7.5.5 in Last & Brandt (1995) O

Theorem 6.3. Any arbitrary (P,H)—local martingale Y can be written as
t
o=Tot [ 39065 du
U0

where g is locally bounded and predictable Vi,j €Y and g(3,i) =0 Vi€ Y,0<t<T
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Proof. Lemma 21.13 and Theorem 21.15 in Rogers & Williams (2000). O

We now introduce a real valued process 3, i,j € Y, i # j of bounded H—predictable
stochastic processes such that ¥ > —1 with ¢** =0 for i = 1,....,m. Let us define g (%, )
of Theorem 6.3 as

gt (Z7 .7 ) = (Eij
Hence we get from Theorem 6.3 that for 0 <t < T,

t
Yt=Yo+/ S pau (6.1)

6.3 Asset model and general results
We consider S as the discounted price of a risky asset in a financial market which contains
a riskless asset with discounted price constant at 1. To exclude arbitrage opportunities,

S must be a semimartingale of the form S = Sy + M + [ Ad(M, M) where M is a locally
bounded local martingale null at zero and some predictable process A. We further assume

Kr = fOT Md(M,M), < o P-a.s. By Corollary 4.15 we may write M as
M=Mo+/aMdB+//WM(x)(uy—w)+/ZZM¢"ide"‘j
i

for some G—predictable stochastic processes oM, WM and M@¥, 4,5 €Y, i # j, vy =
> Hi_v*(dz)dt.

6.4 Equivalent martingale measures for quasi-Markov
additive process

By Proposition 2.16, the density process Z := %| G is given by the Doléans Dade

exponential process
Z=5(—/)\dM+L)

where L and [M, L] are local P—martingales. Hence we may as a consequence of Corollary
4.15 write

L=Lo+/aLdB+//WL(x)(W—w)+/ZZL¢"iidUif

for some G—predictable stochastic processes o, WX and L&', i, € Y, i # j, vy =
3o Hi_vi(dz)dt with Lo =0 fori=1,....,m.
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Proposition 6.4 (Equivalent martingale measure). Let Q be a probability measure
whose density process Z = i%‘ G, is gwen by the Doléans Dade exponential process

Z =& (— [ MM + L) where L and [M, L] are local P—martingales. Define

8= [ [+ WH@) = WM @)y, O i (14 2 - XM )0
Then the following 1. BQ := B — /(UL —xoM)dt, 2. YQ .= //WL(I)(HY —1Q) and
3. QUi .= gY — / QLY H dt are local Q-martingales..

Proof. B2, YQ and QU* are local Q—martingales if and only if B2Z, Y®Z and Ui Z
respectively are local P—martingales.
1.

Bz = / Z_dB + / B_dz +2,B)
+ [ [ 2B ) - xWM @)y - )
= /Z_dB
+ / ZZEZ_(LWV — AMGi3)qUd

+//Z_§(WL(:L-) — WM (2))(py - vy)

Yz = / Y24z + / Z_dy?+[yQ 7]
= [Yoaz+ [ [2.Wh@r - o8) + 12, Y9
= /Y?dZ+//Z_WL(:c)(uy —vy)
+ / / Z_WE(z)(WE(z) — AWM (2)) (y — vy)

iz = / Wiaz + / Z_(dHY — Quii {idt)
+/ZEZ-(L¢”U — AM G\
i g
- /QUi"dZJr/z_dU“ +/Zzz__(L§5if — XM i)y

J
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Note that QUij, YQ and Z_ are adapted processes which are left continuous with right
limits, so QUY,YQ and Z_ are locally bounded processes (page 166, Protter (2004)).

Since QUY YQ and Z_ are locally bounded, we have that ZEQ,YQZ and QU Z are
local martingales since they are stochastic integrals with respect to local martingales,
see Theorem 29, Chapter IV of Protter (2004). To finish off the proof, we note that the
integrators are local P-martingales. O

Proposition 6.5. Let Q e M®. Then Zr =& (— JAdM + L)T is given explicitly as
T
Zr = exp ( / (oF = MoM)dB — / / (WE(z) — WWM @)y
0

T
_%/0 Cas _,\UM)Zdt_/O /Rlog(1+WL(x) - AWM(x))#y)

exp{/oTZZ ()‘i"!g"j L""fJ) Utht}
IIT] IT (1+ (-x&F += &) ang) (6.2)

1 j O0<t<T
i#]

Proof. We first evaluate £(N) where N = — [AdM + L

N = —-/)\dM+L
- _/ (ZZM”"dU”+aMdB+/W (2)(uy - wv))
/L”‘JdU”+/a +//WL )by — vv)
= [@raB-s0MiB+ [ [WH@) - 3WH @)y - vy)
+f R -

= M+ M}

where
M= [eF =B+ [ [WEH@) - WM @)y - )
Mt = / DD (EF - AME)dU
i j
so that the Doléans-Dade exponential of NV is given by

E(N) = EMt + M) = (Mt + Mt + [Mt, M¥) © g(mheart
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where the equality (b) follows since [MT, M*] = 0 by Yor’s formula. Let us evaluate
each of them separately, Note that M1 = [(of — AoM)dB, (M%) = [(aL — MaM)?dt,
AMT = (WE(AY) — AWM(AY))1{ay 0}, We get

T T
EMDr = exp ( /0 (o — \io)dB — / / (WE(z) - M WM (2))vy

1 (T T .
~5 [ @F ey [ [ og+ WE(z) - /\WM(x))uy)
0 o JR
Similarly, £(M?) so that routine calculations yield
EMYr = exp / ZZ (A{”Co’;’ ~L @) wiHdt § x
HH [ (+ (et o) ar)
where the last line follows from the fact that for a fixed ¢t and fof every i1 # j and k # [,

(,7) # (k,l), the processes Htij and HF have no common jumps (see Proof of 22.9 in
Rogers & Williams (2000)). Combining completes the proof. O

We now have the basic tools needed to proceed to our main goal: to find the entropy
minimizing entropy measure. To do this, we find L via ¢¥, WL and £&¥ for i # j such
that the corresponding martingale measure Q has the form of equation (2.1) and further
proceed to carry out the Verification Procedures outlined in Section 2.2.

6.5 Fundamental equation for quasi-Markov additive
processes

Theorem 6.6. The strategy ¢F and the constant cZ in equation (2.1) satisfy the follow-
ing equation

T T 1
= /0 ( _’\tat _¢t Oy )dB /0 (E(Gt Aoy )2+¢f>‘t(‘7t ))
T
- [ [7E@) - 2w (@) + PAWHM @) - SEWH @y
B /TZZ(LQ’? _ }\tM(ZzJ /\t(MN” 2 _ EM””)dt (6.3)
o TG
T
+ / / (log(1 + W (x) — AWM (2)) — pEWM (z))sy
/ ZZ(log 1 +L""J AtM(z:,J) EM"%J)dH’LJ



6.6 Quasi-Markov additive processes: a candidate as an entropy minimizer 61

where for every i # j, L3, WE(z) and o has to be chosen such that for all t € [0, T)

oMoldt + / WM (2)WE (z)vy + Z Z MLz 6 Hidt = 0 (6.4)

Proof. From Proposition 2.16, we see that L and [M , L] are local P—martingales. Observe
that

M, L] = / oMoldt + / / WM ()W (z)uy + / ZEM”JL@:MH (6.5)

We further know from Dellacherie & Meyer (1980) VII.39 that the predictable bracket
process

1) = [ olofar+ [ f W@ W + [ S s (69

exists, since M and L are locally bounded. However (M, L) = 0 because [M, L] is a local
martingale. By equation (2.1) we have

T
logZr = B+ / dEdS;
0
T
= cE+/ ZZ¢EM“’”dU”+/ ¢fo'dB
T E .. L
+ [ [ oEwH @y v+ /0 SENMGY 2y Hid
T T
+ [0 [ oBwM @+ [ eProl)a
0 R 0

Equating equations (2.1) and (6.2) while using the martingale U = H}? — fg p Hids
yields equation (6.3). a

6.6 Quasi-Markov additive processes: a candidate as
an entropy minimizer

Let us consider a stock price process which is driven by a quasi-Markov additive process:

P: 95t (C)dt 4 o(Cio)dBs + /R F@)y - vv)e (6.7)

Si—
where vy (dt, dz) := ve,_(dz)dt. The above Markov additive process (6.7) can be recast
as

o = S HLntdt+ 3 Hio'aBe+ [ S HE f@)(uy - v (do)dt)

where n* := (i) and o® := o(i) are constants for a fixed i € J. We work under the
following assumptions
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Assumption 6.7.

1. For eachi € Y, V*(R) < oo. _

2. f(-) : supp(v) — (—1,00) is uniformly bounded. This is needed to ensure the local
boundedness of S.

3. Fora fitedi€ Y, o* > 0.

Given the price process (6.7) and our fundamental entropy equation (6.3), we see that
for every i € Y and i # j, oM = 0(C;-)S;—, WM (z) = f(x)S;— and

A = n(Ce-)
. =
Se- (0*(Co-) + fg (=)o, (da))
— At St _ n(Ct—) (68)

02(Ce-) + Jg FA(z)ve,_ (dx)

Observe that the RHS of equation (6.8) is a function of the chain C. This observation
hints us to define

~ _ _ n(Ce-)
NO) =25 = e+ J P@ve (@) (69

or equivalently for every i € ),

i

= i n _ A\ '
AeSp— = ZHt— ((ai)2+fmf2(x)v_"(da:)> ;Ht-’\ (6.10)

i
as a consequence of (6.9) where

N 77i
(0%)% + [g f2(2)vi(dx)

with the usual shorthand X\ := X(z) Similarly, we have oM = 3", Hf_aist_. Let us
introduce the following notations.

(6.11)

Definition 6.8.

1.The space Cp := Cp([0,T] x {1,...,m}) consists of continuous bounded functions u :
[0,T] x {1,...,m} - R.

2. For any u € Cp, us :=u(t,") : Y — R.

3. For any u € Cp, Auz = Aug(Ci_) :=u(t,Cy) —u(t,Ci_).

We proceed with the ansatz that there exists a sufficiently smooth and bounded function
u € Cy such that

log(1 + £3%—Ct) = Auy(Cy-) (6.12)

Furthermore we set
u(T,)=0 on ). (6.13)
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We see that each u € Cp defines via Au a unique bounded function
LEC-C .= LEC-C(y) : [0,T] x R — (—1, 00) (6.14)

which fulfills equation (6.12). Note that G is bounded because |Au| < K* for some
constant K* since each u € Cp is bounded. Recall that M 3% = 0. With the ansatz in
(6.12) observe that we can write the last term on the RHS of equation (6.3) as

T ..
| E S lestany = 3 TS () - e i)AHY
i g J

0<t<T ¢

= —u(0, CO)_./() ;Ht_au(t,z)dt

In light of equatlon (6.9), we postulate that ¢FS_ is of the form qS(C’_) and this inspires
us to define ¢(C_) := ¢£S_. This definition allows us to recast ¢(C_) as

$(Ce) =D Hi ¢, with ¢ := (i)
i
We can then rewrite the minimal entropy martingale measure equation (6.3) as

cf + (0, Cy) (6.15)

T
_/ (oL — X(C,2)o(C_)$(Cs-)o(Cy—))dB,
/ / (WE(z) - M(Coo) f(2) + MCro) 2(x) — $(Ot-)f(w))w
- / ( (0F = A(Con)o(Co))? + A(Con)3(Co)o? (Coe ))
0
ey
i g

T
+ / / log(1 + WE(z) — M(Coo) £(2)) — B(Con) @)y

To
- /0 Sru(t, Co )t (V)

To ensure that the RHS of equation (VQ) is non-stochastic, one possible avenue is to
choose

of = o5(Ci=) = (NCi-) + $(Ci-))a(Ci) (6.16)

WE(z) = WECe=(z) = X(C-) — 1+ exp($(Ce-) f()) (6.17)
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and

0 1 L ¥ 2~ 2 u(t,j)—u(t,Ce—) ij
au(t,(]t_) + 3 (O’t - /\a) + ¢pAo 7+ ;(e Dy

+ [ (Whee @) - G+ Df@) + B i) = 0
(6.18)

where we have used the ansatz from equation (6.12). To make expressions more compact,
note that for every i € ) equations (6.16), (6.17) and (6.18) can be recast as

ol = (O + ¢)o? (6.19)
Whi =3 -1+ exp(¢'f(z)) (6.20)

and

o Nl L i e LicLis ing ' w(t.g)—u(t,) g
- - ,’L_ 32 T X2 )2 T N )2 __1 1]
i) + 5o A4 FRE Y 4 e )i

+ [ (W = @8 4 38 1(0) + GHRE P apian) =0 (621)
R
respectively together with (6.13) and

c? = —u(0,Cy)
We introduce
3 1 . - . . ~~ o~ . . 3 3 : .
gi(t,ue) = §(O.L,'b _ /\L,za.z)2 + ¢L,1/\L,z(az)2 + Z(eu(ta)—u(t,z) —1)p¥
J

+ [ E - @543 f@) + G @)P) (622)
R
!
and arrive at an ordinary differential equation for u of the form

P .
Su(t,i) +g'(tw) = 0
w(T,i) = 0 foreveryie)
We further get using our ansatz that upon transition from i to j, i # j,
Lii — eultd)—u(ti) _ 1

Replacing the above L3¥ in equation (6.4) culminates in the following condition for ¢ :
/O S, Hi_ {Xiai +diot + /R F@) (@ 4 Xif(z) - l)vi(dm)} —0
We see that the above is true if the following holds
nt + (6%)2¢" + /R f(z)(eaif(") —1)/*(dz) =0 foreveryie) (6.23)

We shall call equation (6.23) the Q-martingale equation. Hence any strategy ¢Z that
fulfills the Q—martingale equation is a potential candidate for the minimal entropy mar-
tingale measure.
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6.6.1 Existence of solutions

Let us discuss the existence of (}’; in equation (6.23). We present the following;:.

Lemma 6.9. For each i € Y there exists a $1 € R which solves the Q—martingale
equation (6.23).

Proof. For a fixed i € Y, we introduce two functions mi, m with
mi:R—R
ai N ni + (ai)2$i

ms:R—-R
7 - - [ 1) - i)
R

One sees that for each i € Y, mi is continuous, T with

lim m} = —co lim mj =o0
i _ i
$*\—o0 $ /oo

On the other hand, m% is continuous, | with
(ms) = = [ (1) 1@ (as) < 0
R

so that m} > 0 when ¢* < 0; m} < 0 when ¢* > 0 and mi = 0 when ¢* = 0. Hence we see
that for each i € ), 3¢t € R such that mi(¢i) = mi(¢4:). We see that ¢ is a constant
for a fixed 7 € Y. Note that ¢, is a function of the chain C as well, i.e. ¢.(C). O

The next question which naturally arises is that of the existence of u. The following
theorem provides an existence result:

Theorem 6.10. Let us consider the differential equation with boundary condition:
gzu(t, i)+ g*(t,us) =0 (6.24)

w(T,i) =0 (6.25)

for every i € Y. We shall assume that g is a Lipschitz-continuous function in the second
argument, uniformly in t, i.e. 3 a constant ¢ < 0o such that

lg(t, wt) — g(t, z)| < clwe ~ 2 (6.26)

then there exists a unique solution u € Cp([0,T] x {1,...,m}) which solves the boundary
problem (6.24)-(6.25). It can be written as

T
u(t,1) = / g" (s,1,) ds for every i€}y
\ .
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Proof. Note that
T
ut;i) = [ oo, u)ds
t
solves the boundary problem (6.24)-(6.25). Introduce the operator ® : Cp([0, T)x{1, ..., m}) —
Co([0,T] x {1, ...,m}) which is defined as follows:

- T
O (u(t, 1) :=/ g'(s,us)ds for everyi €y
t

Then the above equation is simply ®[u] = u and any solution to this equation must be a
fixed point of ®. Let us consider the norm

lullz == sup e ET=D|y(t, )|
(t,9)€[0,T) X {1,...,m}

which is equivalent to the supremum-norm [[ul|., . Due to condition (6.26), we obtain for
u,v € Cp

e~ LT=0|8[u](t,4) — B[v](t, 3)]

T = .
/t (6°(5, 1) — 6°(5,v))ds

e~ L(T-1)

T
< e—L(T—t) / |gi(s, us) _ gi(s, v8)|6—2L(T_8)6L(T—8)dS
t

IA

T
e~ LTt ¢||y — 'v||L/ elT=3)(gs
t

c”“ —LU"L 1- e—L(T—t))

< flu-vl

IA

forallt € [0,7] and 4 € {1,...,m}. Thus & is a contraction on the normed space (Cs, || - ||)
with contraction constant ¢ with ¢ < L. Therefore there exists a unique fixed point

u € Gy ([0,T] x {1,...,m}) which satisfies (6.24) — (6.25). O

However, the function g defined in equation (6.22) is in general not Lipschitz continuous.
We define

g'(t, ue) = g'(t, £(t, we))
where k : [0,T) X R — R is defined as '

k(t, z) := min(max(z, —(T — t)L), (T - t)L).

It turns out that our function g defined in equation (6.22) matches that of the equation
(2.23) in Becherer & Schweizer (2005). In fact their equation generalizes ours since they
allow for a claim. They showed that g is Lipschitz so we can conclude using their results
that there is a unique bounded solution % with g instead of g. Moreover % is the fixed



6.7 Entropy minimizer for quasi-Markov additive processes 67

point of ® defined with g instead of g. We shall show that there exists a constant L
such that for all (¢,7) € [0,T] x {1,...,m}, |u(¢,?)| < (T — t)L. To prove this, we fix an
arbitrary (¢,i) € [0,T] x {1, ...,m} and examine the quantity

7:=inf{s € [t,T] : u(s,Cs) < (T — s)L} AT
By the definition of 7, we get u(s,Cs) > (T — s)L for s € [t,7) and u(7,C;) < (T —7)L.

From the truncation function, we see that for s € [t,7), g(s, k(s,Us)) = g(s,us) < L**
for some constant L**, so that

T
At = [ gsa)ds
t

T T
/ §(s, @e)ds + / 3(s,@,)ds
t T

L**(r —t) +u(r,C,)
L*(r—-t)+ (T -7)L

IN A

~ The choice of L > L** yields
u(t,1) < L(T - t).

Hence @ also solves the differential equation with g.

6.7 Entropy minimizer for quasi-Markov additive pro-
cesses

Having proved the existence of a solution to the differential equations (6.24) and (6.25) we

can thus determine the quadruplet (¢%, L3%, W+, oL+%) which solves equation (6.3). We

will now show that the candidate measure outlined in Section 6.6 is indeed the minimal
entropy martingale measure. '

Proposition 6.11. Let M’ := [ [(exp(f(z))—1)(uy —vy) where vy (dz, dt) = vc,_(dz)dt.
Then we have the following bound

Ep [exp ( / t / f(w)/uyﬂ < exp (t [ exp(s(@) ;u%dx)) < oo

Proof. Observe that M’ is local martingale. Let us now consider the stochastic differential
equation

dZi = Z!_dM!, Zh=1 (6.27)

We know that its solution is given by

Z=en{- [ [pti@) - v+ [ [ 1016}



68 ‘ Minimal Entropy Quasi-Markov Additive Processes

Note that Z’ is an adapted process which is left continuous with right limits, so Z’ is
locally bounded (page 166, Protter (2004)). Since Z'_ is locally bounded, we have that Z’
is a local martingale since it is by equation (6.27) the stochastic integral with respect to
M’ which is a local martingale (Theorem 29, Chapter IV of Protter (2004)). Observe that
Z' is non-negative and by Fatou’s Lemma we can conclude that Z’ is a supermartingale.
Hence

1=Ep[Z)] > Ep[Z]

> exp (— {t/R(exp(f(m)) - 1)Zvi(dx)}> X

e fo ([ 1)

Rearranging yields the result. O

Proposition 6.12. Define the following processes M* := [ [ f(z)(py — vy), M~ :=
[ 6.(C_)o(C_)dB and v? :=exp ((E.(C_)f(:c)) vy. Then

= [ [ 1@y -8, 3= [f.(02)0(0)aB - u(Co)o(C )

are local Q—martingales.

Proof. Note that the density Z = % may be written as cf + fOT %dst. Further

note that M+ and M~ are local P—martingales. By Girsanov’s Theorem, we have that
M* — [ }d(Z, M) is a local Q—martingale. Since [ [ 6. (C_) (2 — vy) < 00 we may

write
= [ oazmty = [ [1@r - - [ [ 1@ -1y
/ f@ny - / / F(2)(e?C1@ 1)y
- [ [ s@m
~ [ [ 1@y - R) = 32

By the same token, we know that M~ — Z%d (Z,M~) is a local Q—martingale. Now

i

w— [ i@y = [Gcoecas - [G.copc

_ / $.(C_)o(C-)(dB — $.(C-)o(C-)dt)
=: M"
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We are now ready for our main theorem.

Theorem 6.13 (Main Theorem). Let the conditions of Assumption 6.7 holds. Let the
~. , . . , E
quadruplet (¢%,L59, Whi, alt) solves (6.3)-(6.4). Then the process ZQE:(Z? )telo,T]
defined by .
72 = Q1 _ ey,
G

where N takes the following form

t t ~ .
N = / ZH:_c;bicrist +/ / ZH;_ (e?+f@® _1)(u(dz, ds) — vi(dz)ds)
05 0o JRG

t
+ / 33 (BT _ 1)quis
is the density process of the minimal entropy martingale measure for quasi-Markov addi-
live process.
Proof. We now carry out the verfications as outlined in Section 2.2.
1: Q is an equivalent probability measure:

Let us check the conditions of Theorem 2.8. Let the local martingale N be defined

as follows:
t
Nt = —/ Ades-f-Lt
0
t . ~ . v
_ / S Hi_§io'dB,
0 3
t . E
+/ / ZH;_ (€@ _1)(u(dz, ds) — v (dz)ds)
0 JRG
t
+ / (Ao~ s) _ 1)\qyis
P> v
=: NZ+N§c
where

t
N o= /0 S Hi_gio'dB,
i
t - _
+/ /ZH:_(6¢*f(”) —1)(u(dz,ds) — v*(dz)ds)
0 JRS
t
NP o= /0Zz(ea(s,j)—a(s,n_l)d(];j
i g
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Note that N is locally bounded since f and 51 for i € Y are bounded. We will
show separately that £(NT) and £(N*) are uniformly integrable P—martingales
and conclude that their product is also uniformly integrable P—martingale. We
have to show that

1 [t o
vl = 5| CH @t
[
t - -~
+ [ [ S @r(@)e @) — P+ (s, da)

admits a predictable compensator. To verify this claim, note that

/ot/Rz,.:Hi_

due to the boundedness of f and ai together with our standing assumption that
v (R) < co. From Theorem II.1.28 of Jacod & Shiryaev (2003), this implies the

integrability of @i f(z)exp{$: f(z)} — exp{@i f(x)} + 1 =: fi(z,t) with respect to
py — vy and

& F(2)eP @ _ oS @ 11| vi(dz)ds < oo

t o~ .
| [ HiFta, ) u(ds, do) - vi(dz)ds)
0 JRG ,
t . o~ t . ~ .
=/ /ZH’_fi(:n,s)p(ds,d:n)—/ /ZH;f,-(z,s)u‘(d:I:)ds
0 JRT 0o JRT
This yields that the P—compensator Bf of UT is given by
1 [t o ¢ .~ .
= / > Hi_(¢io')’ds + / / > Hi_fi(z,s)v'(dz)ds
05 0o JR

It is easily seen that Ep[exp(B}L‘)] < 00. This concludes that £(MT) is a uniformly
integrable P-martingale. We now turn to show that £(M?*) is also a uniformly
integrable P-martingale. By the same reasoning, observe that

A% AT, — (2% —1)

e ZHi_ds <00
i

since % € Cp so A% is bounded and that u¥ and H* are also bounded as well as
the fact that there are a finite number of states for the chain. Hence U* admits a
predictable compensator B and we have Ep [B}] < 00 so that £(M?) is a uniformly
integrable P—martingale. Hence £(N) is also a uniformly integrable P—martingale.

. Q is a martingale measure.

Since WX,ol and @: are bounded, L and [M, L] are locally bounded. Hence, due
to Proposition 6.4, Q is a martingale measure.
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Recall that the density 2 = %% may be expressed as exp (CE + foT %lq_t_—zdSt).
‘We have
T ~~
QP = Eg|+ [ 2% ) gs,
‘ 0 St—

T
= Eg[c”] +Eg [ /O $+(Cs_)(n(Cy)dt + a(Ct_)dBt)]
+Eg [$:(Ceo) f @)y —vy)]

Recall that u?} = exp (a*(C'_) f (.'z:)) vy. Let us evaluate the third term on the
right hand side of the above equation:

Eg |[$+(Ci-)f(2)(ny — vy)]
T
= Eg [ /0 —=:(Ce-)n(Ce-) - (U(Ct—)¢*(ct—))2dt]
on the other hand, due to Proposition 6.12 we can write

T _ T _
Eg [ || #.(Cot0imran - | (¢*(ct_)a(ct->)2dt] =0

or equivalently,

r |
Eg [ /0 6+(C:_)o(Cs_)dB

T ~
=Eg [ /0 (¢*(Ct_)a(ct—))2dt] .

T~
_ ¢*(Ct—) .
Eg [ /0 S dSt] =0

which, together with Assumption 6.1 gives

|: ¢*(Ct

Finally we get

—TFIrB] = ~E —
5, dSt]—EQ[c | =¢” =u(0,Cp) < 00

4: [ ¢FdS is a true Q—martingale for all Q éMe with I (Q,P) < oo

We require Ep [exp {ﬂ fOT ¥2d|S, S]t}] < 0o for some B > 0. From Proposition 2.9,
we have to show that

Ep [exp{ / (¢*(Ct ))2 [S]t}] < o0
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Denote k = sup,¢o, 17 | #x(Cs=)|| o= Let us choose 8 = 7z > 0 so that

Ep |exp {ﬂ I @g‘i{‘—)fdmt}]

e oo ( / “(o(C)pat+ / gy f(w)uy)]
- :exp ( | T;HZ_(aifdt-%- / ' / f(a:)uy)]
(sup exp ( / ' / f(z)uy)]

< exp (sup ||ai||ZomT) Ep
i,j€Y

IA

<
by Proposition 6.11.

Hence we conclude that

dQ _ g, [T 6(Ci)
7P = exp (c +'/(; S, dSt)

fulfills all the conditions necessary for being the minimal entropy martingale mea-
sure, i.e. Q = QF.

a

6.8 Integro-differential equations for derivative prices

In this section we investigate the pricing of derivatives when the stock price process
follows a Markov additive process under the minimal entropy martingale measure. We
illustrate how we can utilize the minimal entropy martingale measure for pricing issues.
We begin by considering an arbitrary non-negative, Gr—measurable claim H € L?(QF)
of the form H = g(Sr) with a maturity T > 0. Define the QF martingale VQ° by

V" .= Eg= [9(ST) |G:] @ Eq= [9(ST)|St, Ci] = V (¢, St, Ci) =: VO (t, S)

2 Y HEVIES)
i

The process V@ is referred to as the intrinsic value process in the literature, see Follmer
& Sondermann (1986). We note that (z) is due to the fact that the relevant state variables
involved in the conditional value are (¢, S;, C;) . This is due to the Markov property of
(C, S) which states that given the present value, the future and the past are independent.
The pair (S, C) is Markov because the pair of stochastic differential equations for S and
C involves only these processes. It is then easier to rewrite the expectation in terms of
(4%), where V(t, s) represents the state-wise intrinsic value process

Vi(t,s) = Eq= [9(ST) |C; = 4,5, = 5]
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We assume that for a fixed i € ), the functions V(t,s) € C*2 are continuously differ-
entiable so that an application of It&’s formula to ye® yields

W =S Hiavie, )+ Y Vitt, S)dH;

where
Vit,S) = / tivi(u,s..,_)dwl t—é?—Vi(u,Su_)(ai)z.S’zdu
! 0 Bu 2 0 682 v
+ Z (Vi(u,su) - Vi('u,, Su-))
o<u<t

+—/0t %Vi(u, Su—)Su— (UidBu - /Rf(z)’/i(dx)du)

Recall that Hy’ = #{r € (0,T]: C(t—) = i,C(7) = j} and H} = 1{C(t) = i}. Thus, the
indicator processes (H})>o and the counting processes (H;”);>0 are related by the fact
that H* increases or decreases by 1 upon a transition into or out of state z € J. Thus

dHi = 3" (ng" - dHfj)
g
~QE * ~QE ~QE . R
Define V;~ ™ = sup¢o,7 Ve | = Supsejo,7) Vs~ since H > 0. Applying the Doob
inequality to the martingale ye© yields
Eqe (V2 ™*)? < 4Eqs H? < o0 (6.28)

since H € L?>(QF). By the Burkholder-Davis-Gundy inequality, there exists a constant
¢ > 0 such that

Ege{[V, 7)1} <Ege (V)2 < 0
by equation (6.28). Hence we obtain
Eq={[V®",V®]r} < 00

Hence ?QE is a square integrable martingale. Note that the difference of martingales
remains a martingale but this difference is a continuous process with finite variation. It
is therefore a continuous martingale and so by Theorem IV.13-IV.50 of Jacod & Shiryaev
(2003) the finite variation terms must vanish Q¥ —a.s. and we arrive at the partial dif-
ferential equations

0., : 6 ... 1. . 82
5Vi(ts) = s [ H@W ) Vi) + 505 55V o)

" /]R(Vi(t, sf(@) = Vi(t, ) (do) + D _(V(t,s) = V¥(t,8))u =0

with the terminal conditions
Vi(s,T) = g(s)
for each i € Y.
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6.9 Hedging for models driven by quasi-Markov addi-
tive processes

6.9.1 Risk minimization

Let us consider an arbitrary non-negative, Gr—measurable claim H € L%(QF) of the
following form H = g(St) with a maturity T > 0. Theorem 3.4 asserts that H exhibits
the Kunita-Watanabe decomposition, i.e.

T
H = Eqgs[H|Go] + / 97 dS; + Nr
0

QF — a.s. From this we can see that VQ” defined in Section 6.8 has the representation

QF i7QF ' H
VR =V, +/19udSu+Nt
0

where N; = Eqge[Nr|G:] is a square-integrable martingale which is strongly orthogonal
to S in the following sense (NN, S). = 0 where the angle bracket is taken with respect to
QF. Theorem 2 of Follmer & Sondermann (1986) states that ¥# is the risk minimizing
strategy. We seek to find 9¥.

t
(V9.8) = / 97 d(S, S)u + (N, S)¢
0

Lot
(V. 5y, = / 9Hd(S, ).
0

where (N, S). = 0 since [N, S]. = 0 giving us

'ﬂH _ d<‘7QEis>t
£ d(S, S )t
We present the following:

Theorem 6.14. Consider the evolution of the stock price process driven by Quasi-Markov
additive processes

@ gt=o(@)B + [ 1@y -8
t— R

The risk minimizing hedge, amounts to holding a position in the underlying S equal to
9; = ACt-(t,S;_) where for eachi € ),

(P EVE ) + 3 (Vi s£(2)) = Vit ) (de)
(09)% + [ F2(z)vi(dz)

with Vi(t, s) = Eqz[H|C; = 4, S; = s] = Eqe[g(Sr)|Ct =14, S; = 5]

Al(t,s) =
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¢

Proof. We calculate (V@®S) and (S, S)
AV, 8), = Y HiS,-(Vi(t,Se—e®) - Vi(t, S, ))v(dx)dt
i

i i 0 ?
+ZH_sf_ (o %V (t,St)) dt
7

d(S,S)y = Y Hi_S? (o%)2dt+ / S2 Y H} f*(z)v(dx)dt
i R i

with 9 depending on (¢,C;—, S;-), i.e.
2V (0(Cio))? + 3= [R(VO-(t, S + ASy) — VO (¢, 8:))ve,
(0(Ce-))? + Jg 2 (z)ve,_

9 =

a

As a special case of Theorem 6.14 we obtain the following characterization for the risk
minimizing hedge for some well known models.

Corollary 6.15. By suitable specification of Y, and v we obtain the following well known
optimal hedge under the minimal entropy martingale measure QF :

1. Cont & Tankov (2004): If Y = {i}, then we recapture the optimal hedging strategy
for exponential Lévy models.

2. Black & Scholes: If Y = {i} and there are no jumps v = 0, we recover the familiar
Black-Scholes delta hedge.

In fact, we can say more: as a by product, we have worked out the optimal hedging
strategy via Theorem 6.14 for several models proposed in the literature.

Theorem 6.16. The entropic optimal hedging strategy of the following models are in
place by suitable specifications of Y, v and the function g that appears within H = g(St):

1. Elliot, Chan & Siu (2005): If Y = {1, ....,m} and there are no jumps v = 0, then
we retrieve the optimal hedging strategy for regime switching Black-Scholes model
under QF.

2. Elliot & Osakwe (2006): If Y = {1,....,m} and H = g(St), we get the QF —optimal
hedging strategy for a jump process with switching compensators.

8. Marked point processes: If Y = {i}, v(dt,dz) = A(t,dx)dt where A is deterministic,
then we have the optimal hedging strategy for this specification of marked point
processes.

Remark 6.17. It is important to point out that the above models proposed by Cont &
Tankov (2004) and Elliot & Osakwe (2006) do not assume the local boundedness of asset
prices.



Chapter 7

Entropy Minimizer for
Exponential Markov Chains

7.1 Introduction

The contribution of this chapter is the calculation of the minimal entropy martingale
measure for continuous time Markov chains as explicitly as possible in terms of the tran-
sition intensities.

The minimal entropy martingale measure for continuous time Markov chains has not
been studied. Miyahara (2000) examined the minimal entropy martingale measure for
a Birth and Death process by means of the Hamilton-Jacobi-Bellman equation. In this
chapter, we extend to the case where the asset price process is modelled by a semimartin-
gale where our dynamics of risky asset follows a continuous time Markov chain.

7.2 Continuous time Markov chains

The mathematical framework is given by a filtered probability space (2, F,F,P) and a
finite time horizon T' < co. We assume that Fy is trivial and that 7 = Fr. Let {C:}ocier
be a continuous time (F,P) —Markov chain in finite state space Y = {1,....,m} . Further
let F be the completion of the filtration FC = (.ﬂc)0<t<T =0(Cs;0<s<t),0<t<
T generated by this Markov chain such that (Q,F,F,P) becomes a complete filtered
probability space. The paths of C are taken to be right continuous and Cy deterministic.
Assume further that C is time homogeneous so that we have

P(Ci4s =3j|Cs=1)=pi; (t) Vi,j€Y, 5,t eRT, 0<s<t<T

The following limit exists for 7,5 € Y (Rolski, et. al. (1998) Theorem 8.1.2)

i = Jigg P12 (t) — pi; (0)
TEND t
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We note that for every i # j, we have p*¥ > 0 and p* = —E;’;l’j# p¥. Hence pt
represents the intensity of transition from state ¢ to state j and is a constant. The matrix
A= [pt ]z.j €{1,..mj i called the infinitesimal generator matrix for a Markov chain. It

is also commonly known as the intensity matrix. We say that a state ¢ € Y is absorbing
for a time-homogeneous (F,P) —Markov chain C; where t € R* if the following holds:

P(C;=i|Cs=1i)=1, Vs,teRY s<t<T

It is clear that if a state i € ) is absorbing, then we have u® = 0 for every j = 1,....,m.
We assume throughout that there are no absorbing states. Furthermore we introduce for
i#£jandVs,t e RY, t<T

H := 1{Ci=1}

HY = bs:i0<s<t; O =iC=jt= 30 1Cp =i{C, =)
0<s<t

Thus H} is the indicator of the event that C is in state ¢ at time £. On the other hand
H,? is the number of jumps from i to j during ]0,t] . We state some results from Last &
Brandt (1995) and Rogers & Williams (2000).

Lemma 7.1. For everyi,j € Y, i # j, the processes
.. .. t .. 3
Uy = HY —/ p Hi du
0
Proof. Theorem 7.5.5 in Last & Brandt (1995) : O

Theorem 7.2. Any arbitrary (P,F) —local martingale M can be written as

t
M, = /0 S5 04 (i, ) AU
I

where g is locally bounded and predictable Vi,j € Y and g (3,7) =0 Vi € Y,0<t<T
Proof. Lemma 21.13 and Theorem 21.15 in Rogers & Williams (2000). O

We now introduce a real valued process 3/, i,j € J, @ # j of bounded F—predictable
such that ¢*7 > —1 with ¢* =0 for s = 1,....,m. Let us define g (%, j) of Theorem 2 as

‘7;? =0t (11.7)

Hence we get from Theorem 7.2 that for 0 <¢ < T,

t
Mt=/ I (7.1)
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7.3 Specification of asset model for chains

Recall that S is the discounted price of a risky asset in a financial market which contains
a riskless asset with discounted price constant at 1. To exclude arbitrage opportunities,
our stock price process S must be a semimartingale of the form S = So+M+ [ Ad(M, M)
where M is a locally bounded local martingale null at zero and some predictable process

A. We further assume Krp := fo Ad(M,M ) < 00 P—a.s. By Theorem 7.2 and equation
(7.1), we may write M as

M=/ZZ MEidu
L

where M3%, i, € ), i # j are bounded F—predictable such that %% > —1 with
MGZi=0fori=1,...,m

7.4 Change of probability measure for chains

By Proposition 2.16, the density process Z := 51d%| 7 is given by the Doléans Dade

exponential process
Z=€(—//\dM+L)

where L and [M, L] are local P—martingales. Hence we may write as a consequence of
Theorem (7.2) that
L= [EX rerar
i g

where LZ4 4,5 € Y, i # j are bounded F—predictable such that £3¥ > —1 with
p** =0 for 2 =1, ....,m. We state some initial results:

Proposition 7.3. Let Q e M. Then the following holds:

(i) Zr = E(— [ MM + L), is given explicitly as

Zr = exp / ZZ (MY -2 37 wi Hiae
I111 H( (-39 +2 @) AHF) (1)

i j 0<t<T
i#]

(¢9) The local martingales M, L and [M, L] are square integrable martingales.
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Proof. (i) Apply It6’s formula to log Z :

T
= —dZ ——d{Z,7
lOg ZT / Z,_ t— A th_ < )

+ Z {logz_- - KAZt}

0<tLT

_ /TZZ /\i\/jﬁy L~LJ) inZLdt
+ > {log(l-{-zZ( MG 4 L@’?)AH}J’)}.
i g

o<tLT

Also, Z; = £ (N), and thus dZ; = Z;_dN; so that AZ; = Z;_AN,. Also note that
Zy/Z;— =1+ AN;. Exponentiate both sides to get

Zr = exp{/TZZ ()\iwcp L~w) tJtht}
0o 55
II (1 + ZE (=237 +- @"')AH:'")

0<t<T

= exp{/ ZZ ,\é"f[ﬁ:ﬂ L’*’U) zJtht}
[ITLIT (e 2500

i j o<tLT
i#]
where the last line follows from the fact that for a fixed ¢ and for every i # j and

k#1, (i,7) # (k,1), the processes Hfj and H}' have no common jumps, see Proof
of 22.9 in Rogers & Williams (2000)).

(#) Toshow that M is a square-integrable martingale, we have to show that E [[M, M]] <
oo. Note that :

MMl = ) (AM,)?
" 0<s<T

= 2 (Z; Ms‘o’ijAU:j)

0<s<T \ i
T
- [[S 5 ooy ans

where the last line follows from the fact that $* = 0 for s = 1, ....,m and that there
are no common jumps, i.e. for a fixed s < T, AHZAHI* = 0 for i # j. We then
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have

E(M, M)y = (/ Y Hw)

_ (/ ZZ ”H’ds)

due to the boundedness of ¥, Further note that

MLl = ) (AM)AL)—/ ZZ MGiLzii ggid

0<s<T

so that we have

E[M, L], [M, L]y = ]E( > (A[M,L]s)z)
‘ 2
o[£ (55 Hornan)
| T .. 2 RS, R
- E /0 Y (M) (bgd) wiHids | < oo

i g

due to the boundedness of ¥% and 3% and that there are a finite number of
states for the Markov chain. The proof that L is a true martingale follows the same

lines as above.
O

7.5 The entropy equation

Theorem 7.4. The strategy ¥ and the constant cZ in equation (2.7) satisfy the equation
T N2 L T e
+ [N Y (M) i [ oF S Y MEin Hiar
i j i 3
T . . .. . T .. .. .
- [ AT S M [ S b
i i g

T v . . .
= - [ FE S etany
i
o[ o1 =
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where for every i # j, L(Eéj has to be chosen such that

Z Z MZULZa fHidt =0 Vit e [0,T] (7.4)

Proof. From Proposition 2.16, we see that [M, L] are local P—martingales. Observe that
[M, L], = / ZZM”"L”‘"dH?'

We further know from Dellacherie & Meyer (1980) VII.39 that the predictable bracket

process
(M, L), = / ZZM“‘JL p9 Hds

exists, since M and L are locally bounded However (M, L) = 0 because [M L)is a
local martingale. We therefore get equation (7.4). Recall that dS; =}, ZJ P AU
At DD, (Mi9)2 43 Hidt. By equations (2.7) and (7.2) we have

T

logZy = cF +/ ordS:
0
T . ..
= F+ / ¢f Y Y Mgiduy? (7.5)
T N2 L

+ [EL Y (ME0) wimiar (7.6)

and

T
ogzr = [ S5 (MG L) winias
T ) .. ..
-I—/ ZZ log (1 — M7 +E Co’;’) dH/
o 575
respectlvely Equating the above equations while using the fact that Ut” = H; o
fo I Hids and 31mp11fy1ng the terms would result in equation (7.3). O

7.6 Finding a candidate for entropy minimization

The aim of this section is to find the minimal entropy martingale measure for continuous
time Markov chains by employing the techniques discussed above. Our choice of asset
price process S under P is inspired by the asset price process introduced in Norberg

(2003) :
dSy i ij grri
o —z tht+§ § 6y U (7.7)
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where 7} and 0? are deterministic and bounded functions for a fixed ¢ € ). However as
we shall show later, restrictions have to be imposed on the function 7;. Given the price
process (7.7), we see that for every i € Y and i # j,

Mz — g8, (7.8)

Se- 32 ;67 )2 pii Hy
& ASi- = ;Ht (W) = ;Ht/\t(’ll,_j) (79)
where

S U
A3, 7) = ST (7.10)
J

Note that 3, 3. (677)2 449 Hi < oo due to the boundedness 6 and the fact that C has a

finite state space. Also note from above that % = 0. With these, equation (7.3) reduces
to:

i

—/TZZLﬁjuifH:dtJr/T,\tst_ZZoz’jmJ’H:dt
— £ s
/ ZZ log (1 = M6 S, +F “4]) — 67 S ¢ } dH}’ (7.11)

.. .. » T i1 ) i
E = _/0 /\thESZ 22(921)2#13}];&_}./0 ¢tESt_ZZGZJuzJH:dt
i g J

Define Cp := Cp([0,T] x {1,...,m}) the space of continuous and bounded functions of
u:[0,T] x{1,....m} > R, us :=u(t,:) : Y — R and Au; := u(t,C:) — u(t,C;-). We
proceed with the ansatz that there exists a sufficiently smooth function u € G, such that
upon transition from ¢ to j at time ¢ :

log(l—/\tGJSt_-i-L””) 07S,_¢ t—'u,(tj)—u(tz)

With this ansatz we observe that we can write
> 3% {og (1-NbP5— + L5Y) - 675, ¢F } aH
0<t<T i j

= ) {u(t,C) —u(t,Ce)}

0<t<T

Furthermore we set

uw(T,)=0 on). (7.12)
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We postulate that ¢S;_ takes the form ¥, Hfat(i, j) := ¢ES;_ so that equation (7.3)
can be recast as '

T T .. . .
B+ u(0,Cp) = —/0 Zd)t(i,j)n}H;dt-i—/o Z E :dn(i,j)HZ’u”HZdt
i i
T e L. . T —~ .. . .. .
_/o Do) hE wHidt +/0 S5 R, )60 Hidt
i i

T -
—/0 ;Htgiu(t,z)dt (7.13)

Observe that for the RHS of equation (7.13) to be constant, a possible solution might be
to require that

8 o~ . Y
54 (69 + (i, g)m; — > {/\t(z,J)(?tJ + ey — L‘Ptj} p? =0
J
together with equation (7.12) and that
¢ = —u(0,Co)
We further introduce
J

and arrive at a system of coupled ordinary differential equations for u of the form

o
au(t,l)'f'g (t:ut) = 0

(7.14)
u(T,i) = 0 foreveryie)
We further get using our ansatz that for i # 7,
L = ou(+3)—ul-1i) +8(i,5)8" + :\\(i,j)ﬁij -1 (7.15)

Replacing L(ﬁ? in equation (7.4) culminates in the following condition for a :
S, Z H; {nﬁ n Z 6l (eu(t,j)—u(t,i)+$¢(i,j)o:"‘ _ 1) pid S dt=0, Vte[0,T]
i J
We see that the above is true if the following holds
nt+ Z 6% (e”('vj)—u("i)+$(i’j)9” - 1) pd =0, foreveryie) (7.16)
J

We shall call equation (7.16) the Q—martingale equation. Hence any strategy ¢F that
fulfills the Q—martingale equation is a potential candidate for the minimal entropy mar-
tingale measure.
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7.6.1 Existence of solutions

Let us discuss the existence of ¢ in equation (7.16). We present the following:

Lemma 7.5. Assume that at least one of the pY s strictly positive, i.e. p9 > 0. Then
there is a bounded function ¢ : [0,T] x Y x Y — R with ¢t(z, j) = b(t,i,7) which solves
equation the martingale equation (7.3). Note also that 6% = 0.

Proof. Let

fi(¢) : =nt, forafixedie)
fa(¢) = == 67 (e"(t’j)‘“(t’i)'“ﬁo:j - 1) p
J

Note that f3(¢) = — Ej(ﬁtij)2 ( u(t,d)—u(t, 1)+¢9¢ - 1) u < 0, ie. fp is decreasing in ¢.
For any t € [0,T] we consider three cases;

Case 1. All 67 > 0, for every i € Y. Note f (0) = — > gy (ew(t)—uti) 1) 1 which
can be either < 0 or > 0; f2 (00) = —00; fa (—00) = +3_; 6 i > 0.

Case 2. At least one of the H:j > 0; other 6? < 0, for every i € Y, © # j. Note
f2(0) = —2 i ( u(tg)—u(t:é) — 1) ¥ which can be either < 0 or > 0; f2 (00) = —o0;
f2(—00) = |

Case 3. All 6’ < 0, for every i € Y. Note f (0) = - ¥ 6y (ex(®t9)—u(t:) — 1) ¥ which
can be either < 0 or > 0; f2 (00) = +3_; 07 1 < 0; fy (—00) = 400

Hence we see that for any t € [0 T], 3¢ =: 47 € R such that f1(@) = f2() for all three
cases if

nel(sé] ' (7.17)

where

_Zgijﬂij <2§$< +29§juij
J J

In other words, existence is guaranteed if we choose 7 to be bounded away from — j Hij put
and + 3 69 i3 for any t € [0, 7). Furthermore if (7.17) is respected, it is clear that the
function $t(z', j) is bounded. Also from equation (7.16), we see that $t(z', j) depends on 1

and j and for a fix i, ¢y (¢,5) will remain the same for every j. We now define ¢;(4, j) as
the unique function that solves the Q —martingale equation (7.16). O

The next question which naturally arises is that of the existence of u. It turns out that
the one can follow the lines of Section 5.4 to show that u exists and is unique. Hence we
skip the proof here.
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7.7 Entropy minimizer for chains

Having proved the existence of a solution to the differential equations (7.14) we can thus
determine the duplet (¢(3, j), ’%*) which solves equation (7.3).

Proposition 7.6. Leta™,i,j € Y, i # j be a family of real-valued, bounded F—predictable

such that @ > —1 witha@* =a™ =0 fori=1,....,m. Let m be the only absorbing state.
Then

Ep |exp (/ ZZlog (1+3a¥)dHY
~ij ' ij
<o (s [[a8],ut T, X 47) <oo

s<t, i,jeY

Proof. Let M' = [37,5°.@%dU%. Then M’ is local martingale. Let us now consider the
stochastic differential equatlon

Az, =7_dM!,  Zj=1 (7.18)

Thus its solution is given by

t t
Z; = exp {_/0 E E Eijuin;ds} exp {/0 E E log (1 +a@¥) dH:j} (7.19)
i g : i g

Note that Z’ is an adapted process which is left continuous with right limits, so Z’ is
locally bounded (page 166, Protter (2004)). Since Z’_ is locally bounded, we have that Z’
is a local martingale since it is by equation (7.19) the stochastic integral with respect to
M' which is a local martingale (Theorem 29, Chapter IV of Protter (2004)). Observe that
Z' is non-negative and by Fatou’s Lemma we can conclude that Z’ is a supermartingale.
Hence

1 = Ep[Zy] > Ep[Z{]

Ep |exp /ZZ ”H’ds+/ ZZlog HU
> ew{-(_sw_[a],.t3, 5, ”)}

SSt, '%Jey
Ep [exp (/ ZZIOg (1+3Y) dHY

Rearranging yields the result. O
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Proposition 7.7. Let M := [ ¥, 5, 64U, Then M = M - [ 3-d (2, M) is a local
Q—martingale. Furthermore M is given by

W= [ osams - [ 0% exp (63, + 36,9007 w¥ Hids
0 i 0 i

Proof. The density Z = dQ/dP may be written as exp (CE + fOT > Hf%jfjldso . Fur-

ther note that M is a local P—martingale. Our aim is to evaluate (Z, M). However,
observe that

(Z2,M), = Y AZAM,

0<s<t
= ¥ (ZZZ - (B5¥ - M) AH;'J') (zzezjm;j)
O<s<t \ @ j i

One sees that the predictable bracket process is given by
t
(2, M), = / 2,3 6 {exp (A, + 806, ) 67) — 1} w Hids
0 - ;
i
The results follows from an application of Girsanov’s Theorem. O

We state the main theorem.

Theorem 7.8 (Main Theorem - QF for chains). For every i,j € Y where i # j,
assume that at least one of the p* is strictly positive, i.e. p*? > 0. Further assume that
niel¢,] where '

=Y I <g< <+ 67uY.
J J
Then there exists a bounded function $ : [0,T] — R which solves the equation
i+ S 6 (e$t(i,j)9§j _ 1) 4 =0
J
In additibn, the martingale measure Q defined by

dQ _ g [T #(i9)
7P = exp (c + A S, dS;

with the normalizing constant
cf = —7(0, Cy)

is the minimal entropy martingale measure QF.
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Proof. Let us now carry out the Verifications as outlined in Section 2.2.

1. Q is an equivalent probability measure: Let us check the conditions of Theorem 2.8.
Let the local martingale N be defined as follows:

N = —//\dM-i—L

_ Lij M ~ij g
- [T bt
with ;
_ ~ T s . ij) _ i
N, = /0 >0 {exp (A8, + 640, 4) 98’) 1} avi
since ;5 and 6 are bounded, N is locally bounded. Also observe that
AN, =303 {exp((AT+ 300, 3)07) - 1} AHY

so that AN > —1 since € > 0 for all z. We now seek to find the P—compensator of U
which we shall denote by B. Note that

t - ) - .
J— I s ij AA5+¢3(', ) G:J — AA3+¢8(‘5 ) 0;'1 ij
m—LZZ@MW"’”e“ $0)7 4 1) dHY
To show that U admits a predictable compensator, note that

t ~ . —~ .
/ S5 |(Bea oelam )l _ (aTadii)ed 4 1)
0 TG

pU Hids < 0o

due to the boundedness of %, ¢(i, j) and %. From Theorem I1.1.28 of Jacod & Shiryaev
(2003), this implies the integrability of

as(i,j)eije(Aﬁs+$s(‘i,j))9:j — e(Aﬁ""g’(i’j))g:j +1=:f7

with respect to U% and
t . .o t .. . . t .. .. .
[ S siavy = [ S fiams - [ Y s i
0 i 0 i 0 i
Hence the P—compensator A of U is given by
t
Ay :=/ ZZf:juin_ﬁ:ds

It is easily seen that Eplexp(Ar)] < oo due to the boundedness of the functions A, ¢
and 6 and the fact that there are a finite number of states for the chain.

2. Q is a martingale measure: Note that % is bounded. Also, L and [M, L] are locally
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bounded. Hence, due to Corollary 2.16, Q is a martingale measure.

3. H (@, ]P’) < 00 : Recall that the densitva = d@/ dP may be expressed as

_dQ _ E T Hidu(i, 5)
ZT—ﬁ—exp(c +—/0 5 dS; | .

Let us evaluate the following:
T — W . ..
Eql | ICLL
=  housei zero + Eg / Z bt (z) — i + Z oy ”)Hfdt]
~Eg / SN heli)o¥ mﬂ'H;’dt] (7.20)
0 . ;
. T o~ 1’ . J.
= g [ Lanimial
i

where the penultimate line (7.20) is obtained by Proposition 7.7 and substituting the
Q-martingale condition of equation (7.16). Finally we get

H (Q,P) = Eglc®] < o0

4. [¢FdS is a true Q—martingale for all Q eM® with H (Q,P) < oo : We require
Ep [exp {ﬁfoT P2d|[S, S]t}] < oo for some B8 > 0. We have 9 = E'I‘gt‘b_‘(i’j) so that

P2 —i—,——z Hi#id) | We also have for i # j, d[S,8], = SZ 3, Zj(eijde:j- We now

have
T
g [ was.s))]
T N2 g prid '
eXp{/O ZZ(‘% )°dH; }]l{p:(suptelo,ﬂ'iw 2012 )lloo) T >0}
? J
' L0997 _
=P (te[OT], ,yeyH 1” TZ Z I )

due to the boundedness of 67, 1/ and by setting G := e®")* — 1 in Proposition 7.6.
Hence we conclude that

@Q_ (e, [TLiH$GI)
‘d]P—exp(c +A TdSt

IA

IA

i5\2
< exp sup ”e(atj)
tel0,T}, i,j€Y
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fulfills all the conditions necessary for being the minimal entropy martingale measure,

ie. Q = QF. O



Chapter 8

Examples

The purpose of this chapter is two-fold: First, we make a couple of remarks on several
existing results concerning the entropy minimizer for Markov modulated geometric Brow-
nian motion. Furthermore, we claim and explain why these results are incorrect. Second,
we apply our prior findings on the entropy minimizing measure for quasi-Markov Addi-
tive processes to the valuation of EUA options (which will be made precise later on) to
the field of carbon finance.

8.1 Remarks on Elliot, Chan & Siu (2005) and Song &
Bo (2009)

The paper of Elliot, Chan & Siu (2005), abbreviated (ECS) and Song & Bo (2009),
truncated to be (SB) deals with the entropy minimizers for Markov modulated geometric
Brownian motion and Markov switching Lévy processes respectively. Before we proceed,
let us note that their model can be transferred to our model in equation (6.7) so we shall
use the notations of Chapter 6. Recall that C denotes the continuous time Markov chain.

ECS P:- d?st = o(Ct)dt + o(C;)dB;
t
dsS; \
SB P: gt = a(C)dt+o(CYdB.+ /R F@)(ay — vy )

where vy (dt, dz) := ve¢,_(dz)dt. For simplicity, let us suppose that there are no jumps
in the SB model so that the price processes of ECS and SB are similar,

ECS/SB P: dTSt = a(Cy)dt + o(Cy)dB, (8.1)
t

Both ECS (Proposition 3.1) and SB (Example 5.2, 'Brown+Poisson’ but we remove
"Poisson’ due to our assumption that there are no jumps in the SB model) state that the

density process of the minimal entropy martingale measure ng/ Ecs(t) for the model



92 | Examples

(8.1) takes the form

SB/ECS / a(Cs) )
t)y=£€|- dB (8.2)
0=¢(- [ 5&
We claim that the entropy minimizer (8.2) is not correct.

To see why this is the case, observe that the density Zr of the minimal entropy mar-
tingale measure for the above model (8.1) has been solved by Grandits & Rheinlédnder

(2002), i.e.
=2Zr = cexp (—/AdS’)
gr T

1 ' a(C't) )
= cexp|—=Kr )€ —/ dB 8.3
p(2T>( 0 o(C) ' Jr (83)
where ¢ the normalizing constant is given by
T 1.2
- 1 « (Ct)
l-E / ——==dt
c P |exp 552(C)) A
and Kt := [, %dt With the usual definitions of ¢ #FS and X := AS, Grandits
& Rheinliander (2002) further showed that the optimal strategy is given by

~_ 5__a0)
P=ATTEE)
Equating equations (8.2) and (8.3) at maturity T" yields the following
1 [T a?(Cy) 1
== A4
logc = / 02(Ct)dt 2KT (8.4)

However observe that the above quantity (8.4) is a function of the chain and hence it is
stochastic. This violates the fact that c has to be a constant. To further elucidate on this
issue, let us apply equation (6.3) to our present context:

T . -~ —~
loge = / ZHZ(UL(i)—/\ta(i)—cbta(i))dBt
-I ZHt( ) = Neo) + @A) &t (69)
_/0 ZZLW“UHM
T z‘ J ..
—i—/o ZZlog(1+L(E"j)dHZJ

Equation (8.4) implies that ECS and SB decided to impose
Lzi=0 foralli,je)y



8.2 Carbon finance 93

Clearly the above choice does not make the RHS of (8.5) a constant due to the presence
of H} := 1{C; = 1}. Hence we conclude that their conjecture of X3 = 0 does not lead to
the entropy minimizing martingale measure for Markov modulated geometric Brownian
motion.

8.2 Carbon finance

Background. Carbon trading is a market mechanism determined to deal with the
peril of global warming. Although it dates back to the nineties, it only took off as a mar-
ket after the Kyoto Protocol was ratified. The principal greenhouse gas contributing to
global warming is carbon dioxide, which is discharged by burning fossil fuels. Under the
Kyoto Protocol, each participating government has its individual local target for reduc-
ing carbon dioxide emissions. The raison d’etre behind carbon trading is that from the
earth’s standpoint, the position where the carbon dioxide originates from is considerably
less important than aggregate amounts being discharged. This means that its impact on
our environment is similar everywhere wherever the carbon dioxide comes from. In other
words, carbon dioxide acts globally rather than locally - yet another example of ’local’
passing to 'global’! Consequently, rather than severely pushing every country/company
to reduce emissions, the market establishes an option; a country/company can either
splurge money to cover the expenses of reducing emissions or continue the harmful emis-
sions but reimburse another to trim down their greenhouse gasses. The solution to global
warming set forth by the Kyoto Protocol can be summarized as follows: The Annex 1 na-
tions or the developed world have committed to reducing emissions to 95 percent of their
1990 levels during 2008 and 2012. This is accomplished by a cap and trade system where
the Annex 1 nations will be issued with Assigned Amount Units (AAU) equal to their
allowed emissions. The Annex 1 nations are expected to do the following: (i) reduce their
emissions to equal their AAU allowance or (ii) buy additional AAU from other Annex 1
nations to cover surplus emissions or (iii) purchase emissions reductions certificates CER
and ERU to cover surplus emissions. Certified Emissions Reduction (CER) is an exam-
ple of 'carbon credits’ issued in return for a reduction of atmospheric carbon emissions.
Emissions reduction units (ERU) are units of greenhouse gas reductions (or, fraction of
a country’s AAU) that have been generated via Joint Implementation under Article 6 of
the Kyoto Protocol - as opposed to CERs - which have been generated and certified under
the provisions of Article 12 of the Kyoto Protocol, the Clean Development Mechanism.

EU ETS. The European Union Emission Trading Scheme (EU ETS) is formed to
tackle carbon emission in the European Union (EU). The EU ETS has grown to be
the largest greenhouse emissions trading scheme in the world. The European Allowance
(EUA) are carbon allowances traded in the EU ETS and is analogous to that of the AAU
explained earlier. The EU ETS was launched to operate in two phases. Phase I which
runs from 2005 to 2007 was regarded as a trial phase, while Phase II takes place from
2008 to 2012. The difference between Phase I and II lies in the fact that the banking of
allowances is not permitted during Phase I and thus the allowances expires at their stated
maturity. However allowances issued under Phase II can be banked by the installations.
To better understand this, let us dwell on the illustration taken from Cetin and Ver-



94 Examples

schuere (2008). Consider the so-called Dec-07 and Dec-08 contracts that had been traded
in the EU ETS during 2007. Dec-07 contracts expires at the end of December 2007 and
can be used to cover emissions during 2007. Similarly, the Dec-08 contract expires at the
end of December 2008 and can only be used to cover emissions during 2008. Since these
two contracts were traded during Phase I in which banking is not allowed, Dec-07 con-
tracts cannot be used to cover emission in 2008. Every installations included in the EU
ETS has to surrender carbon allowances at the end of every calender year. A company
that does not surrender enough allowances will be fined. In the Phase I period, there is
a fine of 40 euros per missing allowance. In the Phase II duration, this fine is 100 euros
per missing allowance. The company is still obliged to surrender the missing allowances.

Entropic carbon valuation. We adhere to the framework and notations as well as
the arbitrage relationship set out by Cetin and Verschuere (2008), henceforth denoted by
CV. However, we put forward a jump-diffusion model as opposed to a regime switching
Black Scholes model proposed by CV. We also work under the entropy minimizer as our
pricing and hedging measure. We consider a market for the trading of the EUAs. Let
us assume that there are two EUAs traded in the market: EUA for the current year,
denoted by EUAO and EUA for the next year, denoted by EUA1. We propose a price
process S for the EUA1 contract of the following form

dS;

P: gt =an(Ci)dt +odBi+ /R @)y - vv), (8.6)

where vy (dt,dz) := v(dz)dt and C being a continuous time Markov chain. The above
price process (8.6) can be recast as

a5 _ a)  Hi n'dt+odB, +/ f(z)(py — v(dz)dt)
St_ 3 . R

where 7' := (i), 0 and « are constants for a fixed i € {—1,1}. We work under the fol-
lowing assumptions that v(R) < oo and f(-) : supp(v) — (-1, 00) is uniformly bounded.
Observe that we set Y = {—1,1} here. The idea is that C; = 1 corresponds to the market
being long credits and C; = —1 means the market is short credits at time ¢. Further note
that the compensator vy (dt, dz) := v(dz)dt is deterministic. We know that the dynamics
of S under QF is given by

d
Q*: gr=odn® + [ @)y 18, (8.7)

The structure of the compensating measure under the entropy minimizer can been re-
vealed upon an application of Girsanov’s Theorem. Under the assumption of no banking,
contracts will be worthless if the market is long at their respective expiry date, denoted
by T. If the market is short at expiry 7', then these contracts cannot be purchased since
they are not available and companies without sufficient compliance allowances must pay
the penalty K of either 40 or 100 Euros/tonne and purchase a corresponding number
of allowances for the following year to meet their compliance target. Letting P denote
the price process of EUAQ contracts, we have the following relation between S and P at
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expiry T

Pp— { Sr+ K, ifCr=-1 (8.8)

0, ifCr=+1

We now turn to issues of pricing and hedging EUAO contracts in the EU ETS market.
We start by giving a discussion on mean variance hedging before we evaluate the price
of EUAO contracts and the optimal hedging strategy for these contracts.

8.2.1 Mean variance hedging

Consider a contingent claim with maturity T > 0, defined by an Gr—measurable random
variable H. Define the initial capital Vp and a trading strategy which will be defined
by an adapted process ¢ = (ﬂ?,ﬂt)te[o,T] taking values in R2. Thus the value at time
t of the strategy ¢ is given by V; = 9¥%e™ + 9,5, and the strategy is said to be self-
financing if dV; = 19‘t)rertdt + 9:dS;. Inserting the dynamics of S under the minimal
entropy martingale measure QE , we get

dV; = Bremtdt + z%(adB?E + / f(z)(py - VgE)t)
R

Precisely, the condition of self-financing can be written as
t t
Vi=V, +/ 193re'“du+/ 9.dSy
0 0
Without loss of generality, let us set the interest rate 7 = 0. In mean-variance hedging,
we look for a self-financing trading strategy given by an initial capital V; and a portfolio

(9¢)tejo, 1) over the lifetime of the contingent claim which minimizes the shortfall at the
terminal date T in a mean square sense:

. TR
Inf Bqs|H — V7|
where
T
H—VT——-H—%—/ 19tdSt
, 0
We assume now that H € L*(Q,G,QF). We further know that (S;):cjo,r] is a square-

integrable QF —martingale since its quadratic variation is integrable. Let us consider
those (U:)c[0,7] Whose terminal values satisfies

X = {19 : qu(/:ﬂfd[s, Sk) < oo}

Consider now a self-financing strategy (99, Y¢)tefo,1)- For the quadratic hedging criterion
to make sense, we must restrict ourselves to portfolios ¥ verifying

T T
Eq= [0—2 /0 [9:S:|2dt + /0 /R fz(:r)lﬂtStlzu(dz)dt] < 00 (8.9)
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Define L?(S) as the set of portfolios 9 verifying (8.9). Since ¥ € L?(S) and using the
fact that S is a martingale under QF, the gains process G(d9) = fo 19dS is also a square
integrable martingale given by

Gr(¥) = /OT 9:S;_odB; + /OT/]Rf(a:)ﬂtSt_(uy - vy)

The mean variance hedging problem can now be recast as:

2

T
inf  Eqe |H - Vp— / 9,dS,
0

196['2 (S)’VO

or equivalently infyer2(s),v, Eqe |H — Vo — Gr(9)|?. The condition (8.9) implies that the
value process V is a square integrable martingale, we have Eqz[Vr] = Vp. Applying the
elementary identity E(Z2) = (E(Z))? + Var(Z) to the random variable Z := H — Vp —
Gr(9), we obtain

2

T
J()(Vb,’ﬁ) = ]EQE H—‘/o—/ ﬁtdSt
0

= |Eqs[H] — Vo|* + Var(H - Vo — Gr(9))

We see that if the writer of the contingent claim tries to minimize the residual risk
Jo(Va, ¥), the optimal value that she will ask for is a premium

Vo = Eqge[H]

We see that Eqz[H] is the initial value of any strategy ¢ € L?(S) designed to min-
imize the shortfall at maturity and we take this as the definition of the price associ-
ated with our contingent claim H at time 0. By the same token, if the writer sells
the option at time ¢ > 0 and intends to minimize the remaining risk Ji(V;,d) :=

2
Eqe (‘H - Vo— fOT 19td.5't| ‘ gt) she will ask a premium V; = Ege(H|G;). We will take
this quantity to define the price of the contingent claim H at time t. This motivates the
following definition for the carbon price of EUAQ contracts.

Definition 8.1. Let H € L%(Q,G, QF) be a contingent claim and let QF be the minimal
entropy martingale measure for S given by (8.6). The fair price F; for an EUAO contract
at time t for H is given by

Ft = ]EQE [ngt]

We state the following.

Proposition 8.2 (Entropy price for EUAQ contracts). Let H € L?(2,G,QF) be a con-
tingent claim of the form

St+ K
2

H=g(Cr,St) = (ST + K)l{¢cr=—1} = (1-0Cr) (8.10)
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Then the price of H at time t is given by F(t,S;, C;) where
F:[0,7] x [0,00) x {-1,1} — R
(t,s,4) +— F(t,s,i) =Egz [g(ST)|S: = 5,Ct = 1
Moreover F(t,S:, Cy) satisfies the partial differential equation

O Pt s,i)—s / H@)(de) L Pt 5,6) + L5202 2 P, 5,4)
ot 7 R ds” 7 2 ds2” V77

-I-/R(F(t, sf(z),i) — F(t,s,1))v(dz) + Z(F(t, $,5) = F(t,8,i))u* =0 (8.11)

J
with terminal condition

R -i), (s) €Ry x (1,1} (8.12)

F(T,s,i) =

Proof. Note that due to the Markov property of (S, C) we can write
F, = Eq=[9(Cr,Sr)|G:]
= Eq= [9(Cr, ST)|St, Ci]
=i F(t,8,Ct) = > HF(t,5,1)

where F(t,s,1) := Eqr [9(ST)|S: = 5,C; = i]. Assume that for each i € {-1,1}, F €
C2, i.e., the functions (t, s,i) — F(t, s,1) are continuously differentiable with respect to
t and twice continuously differentiable with respect to s. Hence the It6 formula can be
applied to Fy = F(t,S;,Ci) = Y, H{ F(t, St, ) between 0 and T

dF; = ZH:dF(t, St,?:) + ZF(t,St,Z)dH:

Define ﬁ?E’* i= Supyeo,1] | Ft| = Supsefo,1) Ft since H > 0. Applying the Doob inequality
to the martingale F yields

Eqs (FQ™*)2 < 4Eqe H? < 0o

since H € L?(QF). By the Burkholder-Davis-Gundy inequality, there exists a constant
¢ > 0 such that

cEgs{[F, Flr} < Eqe(F¥ )2 < oo

Hence we obtain
Eqz{[F, Flr} < 00
This implies that F is a square integrable QF —martingale. By Jacod & Shiryaev (2003
Theorem IV.13-IV.50) we conclude that the finite variation terms vanishes giving us the
desired PDE
o 2
aF(t, 8,i) — s /R f(z)u(dw)%F(t, $,1) + %3202%F(t, s,1)

+ /R (F(t,5(2),9) = Flt,s,)v(dz) + Y (Flt,,3) = Flt,5,))¥ =0
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with terminal condition

s+ K
2

F(T,s,i) = (1—14), (s4)€Ry x{-1,1}

g

Having derived the entropy price for EUAO contracts, we now turn to the problem of
mean variance hedging. We can state the following

Theorem 8.3 (Optimal hedging strategy for EUAO contracts). Let H = g(Cr, St) be
of the form in equation (8.10). The minimal risk hedge, amounts to holding a position in
the underlying (St)t>o0 equals to ¥, = A(t, Si—, Ci—) where for each i € {-1,1},

22 F(t,s,i) + L [{(F(t, sf(z),3) — F(t,s,1))v(dz)

. o
At s9) = 0% + [ f2(z)v(dz)

with F(t, 8, Z) = EQE [cht = 'i, St = S] = EQE [g(C'T, ST)|Ct = ’l:, St = S]

Proof. Recall that under QF, the stock price process S is a square integrable martingale.
Consider now a self-financing trading strategy with ¥ € L?(S), the value process V of
the portfolio is also a martingale whose value at maturity 7" > 0 is

T
Ve = Vot / 9,dS,
0
T
= %+/ ﬂtSt—(o-dBt-’_‘/R'f(x)(NY —-I/y))
0

T T
= ‘/0 +/ ’l9tSt_0'dBt +/ /I;St_’ﬁtf(w)(uy - Vy)
0 0

Vo + Gr(9)

Also F(T, ST,CT) = g(CT,ST) = H and F(O,So,C()) = ]EQE [g(CT,ST)] = Vp so that
H-Vp—-Gr(¥) = F(T, St,Cr)—F(0, Sy, Co)—G7(9). Taking into consideration equation
(8.11), we evaluate the following quantity

F(T) ST) CT) - F(O, SO: CO) - GT(’ﬂ)

T
= /0 ZHti— (‘9tst— - St—%F(t,St_,i)) odB;
T : )
+ /O /R S HE (3uSe- §(2) ~ (F (6, Se-£(2),5) ~ F(t, Suc ) Gy = )e

T
- /0 Z H;_ Z(F(t, Si—,3) = F(t, St-,4))dU;’
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so that
2

T
Jo(Vo,®) = Ege H—Vo—/ 9:dS;
0

T 2
= EQE [/ Z H:__Stz_ (’l.gt - 'é'a-;(t, St_,i)dt> Uzdt]
0

+Eqe [ATAZH:-(ﬂtSt—f(z)

— (F(t, So— f(2),i) = F(t, Si, z')z))u(dz)dt]

T
—Ege l /0 Z Hi Y (F(t,S.-,5) — F(t, st_,i))w‘dt}

J

To obtain the optimal riék-minimizing hedge we minimize the above expression with

respect to :
St2—02 (’19,5 - %(t,st._,i))
+ /R (Se—9:f(z) — (F(t, Se- f(z)) — F(t, 5-))Si— f(z)v(dz) = 0

A sanity check for convexity yields S?_o? + [, Sz f?(z)v(dz) > 0.
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