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Abstract

We investigate higher order asymptotic theory in nonparametric time series analysis.
The aim of these techniques is to approximate the finite sample distribution of estimates
and test statistics. This is specially relevant for smoothed nonparametric estimates in
the presence of autocorrelation, which have slow rates of convergence so that inference

rules based on first-order asymptotic approximations may not be very precise.

First we review the literature on autocorrelation-robust inference and higher order
asymptotics in time series. We evaluate the effect of the nonparametric estimation of
the variance in the studentization of least squares estimates in linear regression models
by means of asymptotic expansions. Then, we obtain an Edgeworth expansion for the
distribution of nonparametric estimates of the spectral density and studentized sample
mean. Only local smoothness conditions on the spectrum of the time series are assumed,
so long range dependence behaviour in the series is allowed at remote frequencies, not

necessary only at zero frequency but at possible cyclical and seasonal ones.

The nonparametric methods described rely on a bandwidth or smoothing number.
We propose a cross-validation algorithm for the choice of the optimal bandwidth, in a
mean square sense, at a single point without restrictions on the spectral density at other

frequencies.

Then, we focus on the performance of the spectral density estimates around a singu-
larity due to long range dependence and we obtain their asymptotic distribution in the
Gaussian case. Semiparametric inference procedures about the long memory parameter
based on these nonparametric estimates are justiﬁéd under mild conditions on the dis-
tribution of the observed time series. Using a fixed average of periodogram ordinates,
we also prove the consistency of the log-periodogram regression estimate of the memory

parameter for linear but non-Gaussian time series.
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Chapter 1

Introduction

1.1 Autocorrelation-robust inference

The main feature of time series data is their dependence across time. Accounting for se-
rial dependence can considerably complicate statistical inference. The attempt to model
the dependence parametrically, or even nonparametrically, can be difficult and computa-

tionally expensive.

In some circumstances, the serial dependence is merely a nuisance feature, interest
focusing on ”static” aspects. Here we can frequently base inference on point or func-
tion estimates that are natural ones to use in case of independence, and may well be
optimal in that case. Such estimates will generally be less efficient than ones based on
a comprehensive model that incorporates the serial dependence. But apart from their
relative computational simplicity, they often remain consistent even in the presence of
certain forms of dependence, and can be more reliable or "robust” than the ”efficient”
ones, which can sometimes become inconsistent when the dependence is inappropriately

dealt with, leading to statistical inferences that are invalid, even asymptotically.

Exact finite-sample distributions of estimates and test statistics are only available for
simple functions of the data and when the likelihood function is completely specified.
Then, we have to rely on approximations to the sampling distributions, based typically
on the central limit theorem. Asymptotic or large-sample theory is relatively simple to

use, and also relies on milder assumptions than finite-sample theory, and can thus be



more widely applied, at least given data sets of reasonable size. In the asymptotics for
time series, a very important role is played by the stationarity assumption, and indeed
by further restrictions on the dependence of a (possibly unobservable) process associated

with the data or the statistical model.

Valid inference based on an asymptotically normal statistic requires only a consistent
estimate of the variance matrix in the limiting distribution. Then the statistic can be
studentized, consistent confidence regions set, and asymptotically valid hypothesis tests
carried out. Usually the variance is affected by the dependence, and requires a different,
and more complicated, type of estimate than that under independence. This can be
based on a parametric model for the autocorrelations. However nonparametric types of

estimate are more popular, being consistent under broader conditions.

Alternate methods related with the bootstrap have been proposed recently for depen-
dent observations (Kiinsch (1989), Politis and Romano (1995), Bertail et al. (1995)). The
bootstrap proposed originally by Efron (1979) does not work in this case, but is possible
to approximate the distribution of the statistic of interest by the empirical distribution
of that statistic calculated from a large number of blocks of consecutive observations.
Connected ideas to those and the jackknife apply as well for estimation of the variance

of different statistics (see Section 1.3).

We now describe three general frameworks were an adaptation for serial dependence
is necessary in the estimation of the asymptotic variance, complicating asymptotic in-
ference. However, there are situations were independence-based rules continue to apply,
like nonparametric probability density and regression functions estimation. For more

examples see Robinson and Velasco (1996).

1.1.1 Sample mean

Let {X;,t=1,2,...} be a real-valued covariance stationary sequence with expectation

p = E[X;], lag-j autocovariance

7(J) = E[(X;: — u)(Xeq5 — 1),
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and spectral density f(A) given by
YG) = / F(X) cos jAdA. (1.1)

The existence of f(A) requires that the autocovariances y(j) must decay to zero fast
enough. A sufficient condition for that is the absolute summability of v(j),
o0
2. )l < 0. (1.2)
j=—o0

The faster y(j) decay to zero, the smoother f(A) will be. Relation (1.1) gives for j =0

10 = [ 2,

a decomposition of the variance of the time series across frequencies. Therefore, the
magnitude of f(A) is a measure of the importance of the frequency A in the variance of

the time series.

Inference on the mean p given observations Xj,...,Xn is typically based on the

sample mean
Y:iix
N 2 ts

which is the ordinary least squares estimate (OLSE) of . With dependent observations
X is no longer a best linear unbiased estimate (BLUE) or maximum likelihood estimate
(if X; is Gaussian) as in the independent case, but it is unbiased and Grenander (1954)
showed that if f()) is continuous and positive at A = 0, X is asymptotically efficient
within the class of linear unbiased estimates, so no differential weighting need to be

considered. Also

N-1 .
val¥l=5 > (1-4)50), (13)

t=1-N
and under various conditions permitting dependence in X, expressed in terms of the

a-mixing numbers or linear process conditions (see Ibragimov and Linnik (1971) and

Hannan (1979)) we can obtain

X—p

W —q N(0,1), as N — oo. (1.4)

These conditions imply that the y(j) decay fast enough to be absolutely summable (c.f.
(1.2)), and thus that f(A) is continuous for all A, so they can be referred to as "weak

11



dependence” conditions. Hence we have from Fejér’s theorem (Zygmund (1977), p. 89)
and also from (1.2)
N Var[X] — 27 f(0), as N — cc.

Therefore, to implement large-sample inference it remains to find an estimate f(O) of

f(0) such that

F(0) =, £(0), as N — oo, (1.5)
for then s (__ )
N X -
o™ . (1)

can be approximated by a M(0,1) variate. Given a parametric model for (j), equiva-
lently for f()), like a stationary autoregression (AR), invertible moving average (MA),
or stationary and invertible autoregressive moving average (ARMA), we can estimate the
unknown parameters, insert them in the formula for f(0), and obtain an N 1/2_consistent
estimate. However, (1.5) requires no rate of convergence, and there has been greater
stress on using nonparametric spectrum estimates which are consistent in the absence of
assumptions on the functional form, though as even the early papers on studentizing the
sample mean of a time series by Jowett (1955) and Hannan (1957) illustrate, the same
estimates of f| (0) can be interpreted as either parametric or nonparametric. We review

the literature about such estimates in Section 1.3.

1.1.2 Linear regression

The simple previous location model extends to the multiple regression
n=ﬂ,Zt+Xt, t=1,2... (1.7)

where X, is, as before, covariance stationary, but it now has zero mean and is unob-
servable, the scalar Y; and ¢-dimensional column vector Z; being observed. Again the

properties of the OLSE
R N “1/N
t=1 t=1
of the vector (3 partially extend from independent to dependent situations. In particular,

Grenander (1954) gave conditions under which B is asymptotically as efficient as the

12



BLUE of 3, in case of nonstochastic Z;. These conditions are satisfied if, for example
Z; is a vector of polynomials of trigonometric functions in ¢ and f(}) is continuous and
positive for all A € (—x,7]. Even when these conditions are not satisfied B is often
consistent and asymptotically normal, whereas a generalized least squares estimate of 3,
obtained under a misspecified parametric model for f(), might be inconsistent. However,
whether or not it is asymptotically efficient, the asymptotic variance of ,3 is not the same

as it would for uncorrelated disturbances X;.

Assume that the matrix of sample correlation coefficients of Z; for both stochastic
and nonstochastic regressors achieve a limit as the sample size increases. Denote this
limit matrix for lag j as R(j) = (ph,:i(j)) and assume that it is positive definite for j =0

and

R(j):/ ¢ G(N),  j=0,%1,...

-7
for some matrix G with Hermitian nonnegative definite increments, continuous from the

right and with G(—7) = 0. G is usually called the spectrum measure of the regressors.

Then, under regularity conditions on the asymptotic behaviour of the regressors, and

on the errors X; similar to those sufficient for (1.4) we can obtain,
D(B - B) —»a N(0,R(0)"*SR(0)™),
where D =diag{Ds,...,D,} with D; = (LN, th)lﬁ, and

S=or /_ : FONAG(A). (1.8)

Because R(0) is consistently estimated by D~'3", Z;Z; D1, it remains to estimate S.

Equivalently, we have the approximation
R N -1 N N -1
B—aN |8, [Z tht'l Va,r[ tht] [E ztzt'] :
t=1 t=1 t=1
where Var[] refers now to the covariance matrix of its argument. Then
N
Var [Z ZtXt] ~DW2SDY2 =T as N 00,

t=1

80 We require an estimate T of T such that
D~YYT —T)D™Y? -, 0.

13



Several nonparametric estimates of T have been proposed in both the time and frequency
domains (see Section 1.3.2). Many of them are also valid for more complicated inference

procedures, specially methods used recently in econometrics reviewed in Section 1.1.3.

The OLSE is a special case (with h = 1) of

N 1N
B(h) = (Z IZ()‘j)h(AJ)) > Izv(A)R(X)), (1.9)
j=1

j=1
where Izy(\) = (27N)(DN, Ze*) (TN, Y;e®*) and h()) is a real, nonnegative func-

tion. For general h,
D (B(h) - B) —a
N (0, [ /_ : h(/\)dG(,\)]—IQW /_ : FOWRINEG(N) [ /_ : h(,\)dG(A)]—l), (1.10)

under regularity conditions. The user-chosen function % can achieve two distinct goals.
One is to reduce bias due to misspecification of (1.7) from errors in the observation of
regressors. Then, we take h(A) = 0 for frequencies where the signal-to-noise ratio is
feared to be low, like can be at high frequencies for white noise errors in the observations
or at seasonal ones when the noise is seasonal. The idea of omission of frequencies was
proposed by Hannan (1963a), and justified theoretically by Hannan and Robinson (1973),
Robinson (1972).

Irrespective of whether or not we eliminate frequencies, there remains the choice of
h at the other frequencies. Hannan (1963b) showed, for a modification of (1.9), that the
data-dependent choice h(A) = f~1(X), with f representing a nonparametric spectrum
estimate, achieves the same asymptotic efficiency as the GLSE using a parametric model
for f(A) and is asymptotically normal distributed. Robinson (1991) showed that this
remains true in case of a general data dependent bandwidth in f, and allowed also for

omission of frequencies.

Samarov (1987) investigated if adapting unknown correlation is necessary when there
is only a small unspecified autocorrelation from the point of view of loss of efficiency with

respect to the OLSE.

One important class of estimates of location and regression models, which generalizes

the OLSE, are M-estimates. These estimates are designed to avoid distortions in finite

14



samples from a few ”outliers”, seemingly contaminated observations that are of much
greater magnitude than are the bulk of the data. Here, parallel, but more involved

results apply. See Robinson and Velasco (1996), Section 4 for more details.

1.1.3 Econometric models

Due to the occurrence of macroeconomic and financial time series data, many econometric
methods are devised with possible serial dependence in mind. In fact relatively early
econometric work stressed the efficiency gains due to the GLSE in regression models in
the presence of autocorrelated errors, see e.g. Cochrane and Orcutt (1949). This interest
has continued, and more recently it has been fashionable to employ point estimates
which may well be inefficient, but studentize them to allow for serial dependence. A
feature of much econometric work is the relative complexity of modelling, often involving
nonlinearity and multivariate data, for example. Some similar models have been used
in non-economic applications but we have chosen to categorize as "econometric models”
ones which are more complicated than the simple location and linear regression models

treated so far.

Many important problems, involving nonlinearities and other complications, are cov-
ered by the model
Ytth(9)+Xt, t= 1,2,... (1.11)

where now Y; and X; are p x 1 vectors and H;(f) is a p X 1 vector of possibly nonlinear
functions of an unknown s x 1 vector €, and of observable stochastic or nonstochastic
explanatory variables to which explicit reference is suppressed. Again X; is unobservable.
The function H;(#) could be linear in the observables,
00
H(6) = w(O)+ Y. A(0)Zcj, (112)
j=—o00

where the Z; are the ¢ X 1 explanatory variables, the A;(@) are p X ¢ matrix functions
of 8, and p(6) is a vector. This includes static linear simultaneous equations models of
econometrics and distributed lag models. Also nonlinear models are covered by (1.11),

like static scalar or multivariate nonlinear regression models.

Suppose first that the processes { H¢(6)} and {X;} are independent of each other and

15



stationary. A minimum-distance or Gaussian estimate of § is given by
R N
0= argmin > 112(A)" {wy (A) ~ wr (i )P,
i=1

where || - || means Euclidean norm, () is a p X p positive definite Hermitian matrix,

and

N N
wy(A) = (2rN)1/2 Z Ve,  wg(A) = (2rN)"/? Z Hy(9)e't,
t=1 t=1

and O is a compact subset of R®. In case (1.12) leads to H including some unobservable

Z3, we can consider instead

N
8= argmin 3 [8(1)"/*{wy (A;) - AQ; Dwz (AP,
J=1

N oo
wz(A) = (2rN)V23" 2™, AN9) = S A(9)eN

t=1
Such estimates were considered by Hannan (1971), Robinson (1972), and cover many

cases. Under regularity conditions given in these references,
NY2(§ — §) -4 N(0, T(®)"1U(8f3)¥(d)?), (1.13)

where

1 9
VO =5 [ g @O L 0

U(® fd) is the same quantity with ®()) replaced by ®(A)f(A)®(A), and F satisfies

E[H(0) Hyy(90)] = [ P dF(N; 00,9))

-

When ¢ = I, f can be neatly written in time domain form, and when p = 1,
NY2(@ - 6) -4 N(0, A"1BA™Y), (1.15)

where A = E[0H.(0)/00 0H,(0)/0¢'], B = 27 f,(0), where f,(A) is the spectral density
matrix of U; = X;0H,(8)/08.

One approach much stressed in the subsequent econometric literature is as follows.

Let a vector parameter satisfy the equation
E[U:(8)] =0, t=1,2,..., (1.16)

16



where the dimension of U; is at least as great as that of # and may also depend on other
unknown parametric and/or nonparametric functions. In particular (1.16) embodies the
econometric model, or the principal part of it. Given a suitable matrix S of the same rank,
and proxies ﬁt(e) for U;(0), involving estimates of any nuisance parameters/functions,
and possibly each depending on all the data, we estimate 6 by

~ N ~ ~ ~ N ~

6 = arg gleig; Ui(9)S8'S ; U (9)

for a compact set ©. Under regularity conditions
NY2(§ - 8) -4 N(0,C~DC™Y), (1.17)

where
oU(8)
09 |’

and f,(A) is the spectral density matrix of Uy(@). The generalized method-of-moments
(GMM) estimates of Hansen (1982) fall into this scheme.

C=SE D = 52r £,(0) S,

1.2 Plan of the Thesis

In this thesis we analyze different aspects of studentization in dependent situations us-
ing nonparametric estimates of the variance. Since nonparametric techniques estimate
in theory an infinite number of (nuisance) parameters, they have typically slower rates
of convergence than parametric ones and poorer small sample properties. Thus, there
is a special concern about how this slow convergence will affect the properties of the
studentized estimates and, therefore, about the merits of the asymptotic normal approx-
imation, which is not affected by the smoothing number employed in the nonparametric
estimation.

We consider the studentization of the sample mean and least squares estimates in a
general linear time series regression model with nonstochastic regressors. We start with

the regression model in Chapter 2 and then we specialize to the sample mean in Chapter 3

under much milder assumptions.

For the sample mean (or for any other simple trigonometric or polynomial in ¢ regres-

sion) only the behaviour of f(A) at a particular frequency is relevant, given the form of

17



the matrix S when dG(A) is a (single) jump function (see equation (1.8)). Therefore, in
these situations it is difficult to justify any condition on the dependence structure of the
time series that implies a global smoothness restriction on the spectrum, like (1.2) or con-
ditions on the mixing coefficients, and the assumptions should concentrate only at that
particular frequency. A minimum requirement across all frequencies is the integrability

of the spectral density in (—, 7], necessary for covariance stationarity.

The analysis of the properties of the nonparametric studentization will be based on
higher order asymptotic properties of the distribution of the studentized estimates. We
justify asymptotic expansions of the Edgeworth type for those statistics under Gaussian
assumptions for X;. The Gaussianity will allow us to express the restrictions on the
dependence of the time series in terms of the autocovariance sequence or in terms of the
spectral density, since all the higher order cumulants are zero. Also, this will enable us to
concentrate on departures from normality due exclusively to the nonparametric variance

estimation.

In the next section of this Introduction we present the topic of nonparametric esti-
mation of the spectral density and of the variance in linear regression and more general
models. Then we review in Section 1.4 the main higher order asymptotic methods, fo-
cusing in time series applications. The literature survey is not intended to be exhaustive,

its aim being just to provide examples of the main developments in each context.

Nonparametric estimation depends heavily on the choice of a smoothing number. This
topic is introduced in next section and elaborated further in Section 1.5. In Chapter 4 of
this thesis we propose a new cross-validatory technique for spectrum bandwidth choice

at a particular frequency, valid assuming only local conditions on the spectral density.

Situations where (1.2) does not hold have also been considered in the literature. In
Section 1.6 we focus on long range dependence time series models for which f(0) = oo
and on semiparametric inference for them. Then, in Chapter 5 we discuss some topics
about the log-periodogram estimate of the memory parameter for long range dependence

time series, extending some previous results available in the literature.
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1.3 Nonparametric time series estimation

1.3.1 Spectral density estimation

Nonparametric spectrum estimates have been used for a long time in different sciences.
The descriptive characteristics of the spectrum are even more interesting since the esti-
mates for distinct frequencies tend to be nearly statistically independent when the sample
size N is large. The estimates of () contain identical information but they do not share
that property. Beyond the studentization problem in a variety of frameworks, spectral
density estimates can also be employed for detection of hidden periodicities, hypothe-
sis testing, discrimination and classification, model identification, parameter estimation,
prediction and smoothing, and seasonal adjustments. Brillinger (1975) and Robinson

(1983) contain descriptions of many applications of spectral density estimation.

We consider nonparametric estimates of the spectral density of the quadratic type.
These estimates are quadratic forms of the observed stretch of data, and can be written
in the time domain in terms of weighted sums of the sample autocovariances,

~y - 1 - _ )
G =% >, XK-X)(Xej-X), J=0,%1,...
1<t,t45<N

and in the frequency domain as averages of the periodogram,

N 2
Z(Xt _ Y)Citz\
t=1

1
TN = 5w
Consider a real, even, bounded and integrable function K(X), satisfying

/_: KA =1,

and define
Knu(N) =M Y K(M[X+2nj)), 18
j=—o00 .

where M is called a "lag” or "bandwidth” number. Then the weighted autocovariance

estimates of f(\) are given as

~ ™ -1 y
o) = [ Eu(\- @)l(a)da = %;Nw(ﬁ) 3(j) cos A,

19



where

w(z) = /oo K(A)e A dA.

—00
For the same K and M, fo(A) is typically closely approximated by a discrete average of

periodogram ordinates

N or N-1
fp()\) = v Z Kp(X - )\j)I(/\j) (1.18)
j=1

where A; = 275 /N are the Fourier frequencies, and because these I(};) are invariant to

location shift in X; no mean correction of X; is necessary in (1.18).

The choice of M and K has been extensively discussed, mainly from the standpoint of
bias and variability. For given K, variances tend to increase with M. On the other hand,
when estimating f(0), a small M lead to Kps(A) not being heavily concentrated around
the origin, and bias from the influence of frequencies near zero, most likely negative bias
if there is a spectral peak there. For given M, a similar dilemma is faced in the choice
of K. Distant frequencies can also cause bias. Many K produce side-lobes in Ky, so
coincidence of a side-lobe with a large spectral peak in f(A) can give an inflated estimate
of £(0).

On computational grounds w having compact support in fC(A), w(z)=0,|z|>1,is
desirable because then only about M 5(j) need be computed, whereas the (contradictory)
practice of choosing K to have compact support in fp(/\), so K(A) =0, |A] > =, is
desirable because then only about N/2M of the I();) need be computed. On the other
hand, all N-17(5) and N/2 I(};) can be rapidly computed via the fast Fourier transform,
so these considerations are of minor importance. In Chapter 2 we employ compact
support w, mostly for convenience, thus avoiding additional conditions on the tails of w.
We justify compact support kernels K in Chapters 3, 4 and 5, in order to avoid leakage

from other frequencies when we assume only local conditions on the spectral density.

The desirable requirement of non-negativity of a variance estimate is implied if
K(A)>0, allA.

Several elaborations of fc(A) and fp(/\) have been proposed in the spectrum estimation
literature, like tapering and prewhitening. Tapering (Tukey (1967)) multiplies X; by a

sequence which decays smoothly to zero at t = 1 and ¢ = N in order to reduce the
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effect of contamination of I()) from other frequencies. Prewhitening (Press and Tukey
(1956)) entails fitting a preliminary AR to X, forming fc or fp from the residuals, and
then multiplying by the AR transfer function. This recognizes that a quadratic spectrum
estimate may not be very good at fitting a sharp peak, such as indeed appears at zero
frequency in many empirical series. In fact pure AR spectrum estimation, without the
kernel smoothing involved in fc or fp, became popular, see Burg (1975), Parzen (1969);
here the AR order replaces M as the bandwidth and is regarded as increasing slowly
to infinity with N in the asymptotics. Mixed ARMA models have also been used, as
well as many other nonquadratic estimators, with the idea of obtaining higher resolution

techniques (see Robinson (1983), Section 3).

In the operational research literature different quadratic estimators of the variance of
the sample mean have been justified under different considerations. For a recent review

see Song and Schmeiser (1993).

Brillinger (1973) discussed the problem of inference on the mean of a continuous time
process, which is either observed continuously or at possibly unequally-spaced times that
are either finite or random. He suggested splitting the observation interval (0, N) into
m disjoint subseries of lengths £ = N/m, showed that for fixed m the sample means of
each stretch are asymptotically independent and identically distributed as N — oo, and
then used the sample variance of the m sub-series means to estimate the overall sample
mean. Carlstein (1986) and Kiinsch (1989) adapted Brillinger’s subsamples method to
more general statistics, showing the consistency of a ”block” jackknife under conditions
on the number and size of the subsamples. These estimates are quadratic functions of

the data as well, and in some cases, special versions of 2ﬂfc(0).
The asymptotic statistical properties of quadratic spectrum estimates have been stud-

ied extensively. Both types of estimates considered, fc and fp, have similar character-
istics. If M is increasing slowly with respect to N, f(/\) is a mean square consistent
estimate of f()). Furthermore \/N/M (f()\) - f(/\)) converges to a normal distribution
under suitable conditions on the dependence structure of the time series and the lag

number M (see for example Hannan (1970)).

Given the slow rate of convergence of nonparametric spectrum estimates, /N/M, al-
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ternative approximations for the distribution of such estimates have been pursued. These
approximations can be based on x? distributions (Brillinger (1975)) or on asymptotic ex-
pansions (Bentkus and Rudzkis (1982)), but also more nonparametric approaches have
been considered. Thus, Franke and Hardle (1992) obtained a bootstrap approximation
for the distribution of estimates of discrete periodogram average type, and Politis and
Romano (1992) modified the block bootstrap for dependent data of Kiinsch (1989) to

cover smoothed spectral estimates of fc type.

For the studentization of the sample mean we consider nonparametric estimates of
the form fc(/\) at A = 0, which can be written down easily as quadratic forms in the
vector of observations. Our high order results for this nonparametric estimate are an
extension of those of Bentkus and Ruzdkis (1982). The main contribution is that we do
not require boundedness of the spectral density for all frequencies, allowing for a much

more general class of dependence characterizations.

There are several references about spectral estimation under mild smoothness condi-
tions. Bentkus (1985) and Rudzkis (1985) analyzed the mean squared minimax asymp-
totic risk and the distribution of the maximum deviation for related (unfeasible) esti-
mates, assuming only f(A) € Lg. Zhurbenko (1984) considered the properties of estimates
of the spectral density obtained by a time shift under a perturbation of the spectrum
caused by a blip or pulse at a remote frequency. Estimation of the spectrum for long
memory time series (with a pole at the origin; see Section 1.6) has received also some
attention in recent years: Hidalgo (1994) considered the estimation of f(A), A # 0, under
a linear process condition and Soulier (1993) discussed the same problem for Gaussian
fields. See also von Sachs (1994b) for related references about nonparametric spectral

estimation in the presence of peaks.

1.3.2 Variance estimation

Eicker (1967) proposed for the estimation of the variance of the vector of OLSE in linear

regression the following estimate of T,

M=1 ~;\~/-
s 2 3(5) ()
T, =N j=§1_:M Nl (1.19)
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where

oy 1
)= w Y. ZiZy,
1<tTISN

and for the calculation of J(j) we use the OLS residuals th =Y - ﬁ' Zs, and M has
analogous interpretation as before, increasing slowly with N in the asymptotics. T, is
suggested by applying Parseval’s equality,

oo

§= 3 RGNG),
j=—c0

and then inserting sample estimates and truncating the sum. To guarantee a positive
semi-definite T it is possible to introduce suitable weights in (1.19), corresponding to
weights guaranteeing a nonnegative estimate of f(0). This is best seen in the frequency-

domain version

N
Ty = (2m) Y Iz(A) f(A),
j=1
considered for example by Hannan and Robinson (1973), where Iz(};) is the periodogram

matrix of Z; and f(};) is a smoothed estimate of f(A). This estimate is valid for both

stochastic and nonstochastic regressors.

However, the methods used to robustify against autocorrelation many more compli-
cated statistics, specially methods used recently in econometrics, can be seen as exten-
sions of those proposed much earlier for the mean by such authors as Jowett (1955),
Hannan (1957) and Brillinger (1979). In the linear regression framework with Z; station-

ary and ergodic, we can estimate T by
Ty = 27N fy(0), (1.20)

where fU(O) is an smoothed estimate of the spectral density matrix of U; = Z;X;, com-
puted with X; replaced by the OLS residuals X;. This approach has been stressed in the
econometric literature and it has the advantage over T, and T} of not requiring indepen-
dence, at least up to fourth moments, between Z; and X;, but only that Z; and X; are
uncorrelated. On the other hand, it makes less use of the structure of the model if such
independence is reasonable, when it might be expected to possess inferior finite-sample

properties.

23



In the more general case of (1.10) we can estimate the covariance matrix of the
asymptotic distribution by
1 Y Tor X 1 o
(ﬁ;hwﬂzw)) ¥ 2 SR 0z() (ﬁ;huj)fz(xj))

in the same spirit as T3, and when h()) = f~1()),

N 1/2
(Zf“(xj)-lfz(Aj)) B - B)

is asymptotically multivariate standard normal under regularity conditions.

Moving to minimum distance estimates and in a similar fashion, we can estimate ¥
in (1.14) by
. 1 ~ .
U(®) = 5 2 W(-X;;0)2(0)W(;6),

3=1

W) = %wH(A;H) or W)= %A(z\;ﬂ)wz(/\).

Let ¥(®®) be defined analogously, with f(A) an estimate of f(A) as before, based on
residuals. Then 8 in (1.13) is approximately

N6, N7 E(®)"1T(8f8)¥(®)1).

This approach was suggested by Hannan and Robinson (1973), Robinson (1976) in special
cases where H; is given by (1.12).

As we have commented before, estimates of the form T;; can alternatively be used as
for linear regression, just starting from expression (1.15). This was advocated by White
and Domowitz (1984), though they suggested using the truncated version of fo. This
approach has been stressed in the bulk of subsequent relevant econometric literature, in
which special names have been invented for the topic, such as ”autocorrelation-consistent
variance estimation”, "heteroskedasticity and autocorrelation-consistent variance estima-
tion” and "long run variance estimation”. Then in (1.17), the f,(0)in D can be estimated

as before, from the U;(#), while C can be estimated by a sample average. Also optimal

matrices S can be approximated in a similar way.

Particular cases of, or modifications of, the various spectrum estimates have been

proposed in the econometric literature, concerning the selection of weights, functions K

24



and prewhitening, among others. The dependence conditions stressed in the economet-
ric literature have been mixing conditions, with rate conditions on the mixing numbers.
These are attractive because the U;() may be complicated, nonlinear functions of un-
derlying variables, but inherit the mixing properties of these; this is not the case if the
underlying variables are linear filters of white noise. Also mixing conditions readily allow
a degree of non-trending nonstationarity, indicative of forms of asymptotic stationarity

as in Parzen (1962).

Our analysis of the studentization of the OLSE in Chapter 2 will be based in an
estimate related to T}, using general weights w with compact support. We include the
normalization (3, Z;Z;)~! in ¢(j), instead of 1/N, to account for possibly nonstationary

behaviour in the nonstochastic regressors.

1.4 Higher order asymptotics

Most of the statistical inference is carried out on the basis of asymptotic or large-sample
results as approximations for the distribution and properties of estimates and test statis-
tics. This is almost always the case for dependence and nonparametric situations, since
the exact results are here even more intractable. Therefore, it is desirable to describe
conditions under which the asymptotic approximations are reasonable and to obtain al-
ternative methods when the asymptotic approximations break down for reasonable finite
sample sizes. These approximations, generally of density and distribution functions, but
also of moments and other quantities of interest, can be used to improve numerical cal-
culations from the data or to evaluate and compare theoretically alternate statistical

procedures.

One interesting question which readily lends itself to higher-order asymptotic study
is the cost of correcting for autocorrelation in estimating Var[X] when none exists. This
is a special case of a more general problem, that of over-specifying M in fg or fp relative
to an actual MA order less than M, or over-specifying the AR order. Albers (1978)
considered the case when the prescribed MA or AR order is fixed relative to N, and the
observations are uncorrelated. He found that while there is no asymptotic loss of power

of (1.6) relative to the ordinary t-ratio, the deficiency measure of Hodges and Lehmann
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(1970) - the difference between the numbers of observations required to achieve the same

power - is non-zero to order O(N~1), and he estimated this deficiency.

Many statistical problems can be indexed by the sample size N = 1,2,..., or other
number reflecting the quantity of information available. Consider a sequence of estima-
tors §N- In many situations, centred and normalized versions of the estimate ﬁN are
asymptotically normal. However, it is possible to develop other approximations and to

estimate the asymptotic error.

1.4.1 Asymptotic expansions

There are different methods for obtaining higher-order approximations, most based on
Fourier inversion of the approximate characteristic function. Let 9(t) = E[exp{itYn}]
be the characteristic function for the normalized version of 8y, Yn, and o(t) = log ¥(t)
its cumulant generating function. Then, if ¢ is integrable, the density function {n of Yn
can be written as

e hp(t)dt = o / emiatteld gy, (1.21)

1
z)=—
iviz) 2r J-
The cumulant generating function ¢(t) can be expanded in a series where the successive
terms are increasing powers of N~1/2, Then, expanding the exponential and integrating

term by term, an approximation can be found for the density (.

Barndorff-Nielsen and Cox (1989) constitutes a general introduction to asymptotic
theory and asymptotic expansions in particular. Bickel (1974), Phillips (1980), Rothen-
berg (1984a), Bhattacharya (1987) and Reid (1991) are comprehensive reviews, with
different emphasis and many interesting references about both the statistics and econo-

metrics literature.

Different approximations can be obtained, depending on the point ¢ where we expand
¢(t). The Edgeworth approximation is obtained by expanding ¢(t) around ¢ = 0 and
the saddlepoint one around the saddlepoint value t* that maximizes the integrand. The
latter approximation has an alternative interpretation as an Edgeworth expansion around
the mean of a transformed random variable. The saddlepoint approximation typically

gives more accurate approximations especially in the tails of the distribution, although
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requires close knowledge of the cumulant function. Barndorff-Nielsen and Cox (1979),

Reid (1988) and Jensen (1995) are detailed accounts for the saddlepoint approximation.

We will focus on the Edgeworth approximation, since it is simpler and more common,
and can be calculated from the low order cumulants of Yy. If Yy = N/ 2(51\/ —6p) is
asymptotically normal distributed with zero mean and variance o, then, integrating the
density in (1.21), the distribution function of N/ 2(51\7 — 6p) can be expanded as a power

series in N~1/2,

P{N'*(By - bo)/0 < =}
= &(z)+ N~V2py(2)d(z) + ...+ N7 pi(z)p(z) + ..., (1.22)

where ¢(z) = (21)~1/2¢=="/2 is the standard normal density function and

O(z) = /; d(u)du

is the standard normal distribution function. Then (1.22) is called an Edgeworth ex-
pansion. The functions p; are polynomials with coefficients depending on the cumulants
of Oy — . Usually (1.22) is only available as an asymptotic series, or an asymptotic
expansion, meaning that if the series is stopped after a given number of terms then the
remainder is of smaller order as N — oo than the last term that has been included.
Of course, for given sample size N the order of magnitude of the asymptotic error does
not tell us anything about the absolute magnitude of the error of the approximation,
although it might be a useful indicator of the approximation error for moderate values
of N. The terms in N~/ and in N~! can be described as corrections for skewness and
kurtosis, respectively, since for the normal distribution all the cumulants of order bigger

than two are zero.

The inverse expansion of (1.22) for the quantiles is denominated Cornish-Fisher ex-
pansion. If o is unknown, it can be substituted by a consistent estimate, obtaining a
related expansion. Empirical Edgeworth expansions can be obtained from (1.22), substi-
tuting the unknown cumulants (or equivalently, moments) in the functions p; by sample
consistent estimates. Then, it is possible to estimate the magnitude of the stochastic

errors for the feasible approximation of the distribution.

This method is a natural extension of traditional large-sample techniques based on the

27



central limit theorem: since the expansions are constructed in terms of the normal and
chi-square distributions, the usual asymptotic approximation is the leading term of the
Edgeworth expansion. Also, its general availability and simplicity lead to a useful, com-
prehensive approach to second-order comparisons of alternative procedures (e.g. Akahira
and Takeuchi (1981)). This fact has been used extensively in the bootstrap literature
for the comparison against first order asymptotics (e.g. Singh (1981), Bhattacharya and
Qumsiyeh (1989) and Hall (1992)).

The simplest example to introduce Edgeworth expansions is the sum of independent
and identically distributed (i.i.d.) random variables. In the previous references can be
found several intuitive expositions on how to arrive to expressions like (1.22) in this
case. Proofs are available in general probability texts, like Feller (1971), Chapter XVI,
or Petrov (1975), Chapter VI. Bhattacharya and Rao’s (1975) monograph presents all
the main results for sums of independent random vectors, including the lattice case. The
conditions used are mainly stated in terms of regularity of the characteristic function and

enough moments. Additionally, some heterogeneity can be allowed.

The theory also applies to smooth functions of such sample sums of i.d.d. variables, as
conjectured by Wallace (1958), (e.g. Bhattacharya and Ghosh (1978 and 1989)), including
minimum contrast estimators (e.g. Pfanzagl (1973)), estimates of regression models with
ii.d. errors (Qumsiyeh (1990)), discrete Fourier transforms of i.i.d. sequences (Chen and
Hannan (1980)) and U-statistics (e.g. Bickel et al. (1986)). In a econometric context
the validity of Edgeworth expansions was proved by Sargan (1976) and Phillips (1977b),

completing some previous ideas of Chambers (1967).

Other parameters different from the sample size N can index the sequence of prob-
lems. For example, in nonparametric estimation of the probability density function for
i.d.d. random variables, the index is constructed in terms of Nh, where h = hy is a
sequence of numbers tending to zero as N increases (Hall (1991)). This is also the case

in nonparametric estimation of the spectral density and most smoothed estimates.

However, in semiparametric frameworks where we estimate nonparametrically a nui-
sance function, often the asymptotic distribution and the rate of convergence are not

affected by the bandwidth, like in the studentization problem, where only a consistent
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estimate is required (see Robinson (1995a)). Nevertheless, it appears that the presence
of slowly converging nonparametric estimates in N1/2-consistent estimates might lead to
inferior higher-order asymptotic properties than those of estimates based on a correct

parametric model (see, e.g., Linton (1996)).

Varied asymptotic expansions and higher order results of different type are possible.
They include Gram-Charlier and Laplace expansions, Berry-Esseen bounds and large
deviation approximations. (See for example Phillips (1980) for a neat introduction and

more references).

1.4.2 Time series higher order asymptotic theory

Many of the above results can be extended to weak dependence situations. The more
general result in this field is due to Go6tze and Hipp (1983), where earlier related refer-
ences can be found. They established the validity of an Edgeworth expansion for sums
of weakly dependent random vectors (see Lahiri (1993) and the references therein, for
recent extensions). The essential regularity conditions required relate with the depen-
dence structure of the time series, expressed in terms of the strong mixing coefficients

(Rosenblatt (1956)).

Under equivalent conditions to those of Gotze and Hipp, Lahiri (1991, 1994) and
Gotze and Kiinsch (1995) compared approximations based on bootstrap methods and
Edgeworth expansions for the distribution of time series statistics that can be approx-
imated by sample means. Bentkus et al. (1995) is a recent reference for Berry-Essen
bounds in dependence situations. Similar ideas have been applied to approximate the
distribution of various statistics. Bose (1988) considered the case of the sample auto-
covariances and Janas (1993) and Janas and von Sachs (1993) applied his results to

functions of the periodogram of stationary time series.

The validity of Edgeworth expansions for a general class of statistics in time series
models is analyzed in Gotze and Hipp (1994). They extended some results of Taniguchi
(1983, 1984 and 1986) concerning Gaussian ARMA models estimators and test statistics.
Taniguchi (1991) is a complete survey of higher order asymptotic theory for time series

models and contains many references of interest up to 1991. Section 2.5 of Taniguchi

29



(1991) review the literature for linear time series regression estimation, always assuming

a parametric covariance matrix for the observations.

Expansions connected with the saddle-point approximation and suitable for time
series statistics are described in Durbin (1980a and 1980b), extending some earlier results
of Daniels (1956) for the serial correlation coefficient. Related problems are studied under

different sets of conditions in Phillips (1977a) and Kakizawa (1993).

1.5 Bandwidth choice in nonparametric serial dependence

estimation

Most of the nonparametric methods that have been used in statistics to allow for serial de-
pendence are appealing because they are justifiable in the absence of precise assumptions
about the dependence, which can be very hard to motivate. Nonparametric estimation
is involved in one way of another in the previous estimates of the variance we have con-
sidered, so discussion on the problem of selecting bandwidth numbers is important. In
nonparametric estimation of the spectral density and other variance quantities, the user-
chosen parameter M controls the smoothness, and therefore the statistical properties of
the estimate. The asymptotics require that this number (proportional to the inverse of
the actual bandwidth of Kps) is increasing at a suitable rate with the sample size, but

they give not practical guidance when N is finite.

Indeed, the distinction between "nonparametric” and ”parametric” estimation resides
principally in their interpretation in large samples, and in both cases a particular func-
tional form has to be chosen, the same one may be used in either case, and the outcome
of inferences will be dependent, possibly greatly so, on the choice of the functional form.
For example, fo and fp depend on K and M, AR spectrum estimates depend on AR

order, and prewhitened quadratic estimates depend on them all.

Consider the choice of M in fg or fp. Because bias tends to vary inversely with

M, and variance tends to vary directly, minimization of mean squared error (MSE)

E[( f( A) = f(A))?] was proposed by Grenander and Rosenblatt (1957) as a simple criterion
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for producing a balancing M. Under regularity conditions

Jim BT - 50 = LA [ w@)den 4 10=0)) + 0 OO,

(1.23)
where
_ NU(+2v)

c= ]\}1_1}100 —]M—, (124)
K = lim l_x—“:(m), (1.25)

1 & ™
N =5 30 liPr@e, (1.26)

j=—oo

and v is the largest real number for which ¢ and k(") are assumed finite. Often v = 2,
though for the Barlett window v = 1. Then, in view of (1.24) we should choose M
proportional to N1/(1+2v)  and minimizing (1.23) with respect to ¢ gives the optimé.l
choice of M,

M = NY/(+20) jox.

where
« _ | F2Q) [w¥(@)dz{1 + I(A=0)} 1/(142v)

20[k() f)(N)]?
In practice, though v can be reasonably picked as the largest value such that (1.25)

C

is finite, (i.e. trusting that (1.26) is finite) there is a strong element of circularity in
that ¢* depends on f(]) itself, and also on f®(X). This problem is standard in the
smoothed estimation of nonparametric functions, and a standard proposal to deal with
it is to replace f and f*) by "pilot” estimates based on either a simple parametric model
or on an initial choice of bandwidth, in the hope that M* will not be too sensitive to
the design of the pilot estimates, though it can be very hard to accurately estimate c*.
Andrews (1991) has developed this approach in case of pilot AR spectrum estimates,
and also showed that the eventual spectrum estimates are still consistent in the presence
of the data-dependent M. Newey and West (1994) justified the optimality of methods
using an initial choice of bandwidth. Biilhmann (1995) considered a similar approach and
designed an iterative procedure to reduce the high variability of these methods, typical
of bandwidth choice algorithms.

For estimates of the variance, say in linear regression, of the form fl or Tg, f has to be

estimated across all the Nyquist band (—7,7]. It would be possible to determine suitable
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M as in the previous paragraph, in a frequency-dependent way. A simpler approach is
to obtain a single M which reflects characteristics of the data across all frequencies. To

seek an optimal choice, consider the integrated MSE

| BGO - 107 e, (1.27)

for a weight function x(A). Lomnicki and Zaremba (1957) suggested x(A) = 1, and Jenk-
ins and Watts (1968) suggested x()\) = 1/f%()) because f()) has asymptotic variance
proportional to f(A)2. We minimize (1.27) asymptotically by

ae = [2ON (O I, fO)2x(N)an] /O
LR POX(NdA 23, w(x)da '

Again this can be estimated using pilot estimates of f and f(*). Hurvich (1985), Beltrao

and Bloomfield (1987) and Robinson (1991) considered a fully automatic cross validation

(1.28)

method. One version of this is as follows. Introduce the leave-two-out spectrum estimate
) or
fp’(Aj) = v Yo Km(Aj = 2)I(A),
£=1,#{3,N-j}

and the pseudo log-likelihood criterion
N . .
>~ {10g F(5) + 10/ £ (9 } -
=1

Then, Robinson (1991) showed that M minimizing this is consistent for M* in (1.28)
with x(A) = 1/f%(\) and extended the results about f for a wider class of situations,

including statistics related to Th.

Franke and Hérdle (1992) proposed a bootstrap approximation for the optimal band-
width for the discrete periodogram average spectral estimates fp. See the survey by

Hannan (1987) for AR order selection'in AR spectrum estimation.

The previous cross-validation methods select a global bandwidth for all the range
of frequencies [—m, 7] or for a fixed non-null subset of it. In Chapter 4 of this thesis
we propose a modified version of cross-validation to justify a local bandwidth choice
for a single frequency, as it is relevant, for example, in the case of the sample mean
studentization or Ts. Concentrating in a single frequency, we only need to use local
smoothness properties of the spectral density of the time series around this frequency,

allowing for a broader range of dependence models.
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1.6 Long memory time series

For the inference using the sample mean we have assumed that f(0) was bounded above
(and away from zero), but there has been considerable interest in the possibility that
f(0) = oo, though f(0) = 0 has also been considered. Both possibilities are covered by
the model

fO)~GAX 2, asA—07, -1/2<d<1/2, (1.29)

for 0 < G < 0. The case d = 0 covers the bounded f(0) situation. When 0 < d < 1/2,
the case of most interest, we say that there is long range dependence. When —1/2 < d <0

there is antipersistence. Condition (1.29) is closely related to

v(j) ~ g3*Y,  asj— oo, (1.30)

where

g=2GT(1-2d)cosw(d +1/2),

so ¥(j) is not summable when d > 0. Examples of (1.29) and (1.30) are given by the
fractional ARIMA models, in which

2

2 -2d
2 . —m<A<T, (1.31)

. i
Oy = T -8

b(e™)

where 62 > 0 and a and b are polynomials of finite degree having no zeros in or on the

unit circle, and the fractional noise model where
. Y . . . .
1) = —29 (IJ + 12 gl 4 |5 - 112““) , =1, (1.32)

Long memory stationary time series models have been described in many sciences for
some time now. They characterize strongly dependent stochastic processes where the
observations are quite dependent even from large lags, since the autocovariances decay
only hyperbolically, and not exponentially, like in ARMA models. The rate of decay of
the autocovariances is determined by the parameter d, which determines the long range
properties of the time series. Justification, statistical properties of inference methods,
and an extensive literature for long memory time series can be found in Robinson (1994a)

and Beran (1994).
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For a covariance stationary sequence {X;}, with mean g and spectrum and autoco-
variance satisfying (1.29) and (1.30), X is no longer asymptotically a BLUE of u when
d # 0, see Adenstedt (1979). Samarov and Taqqu (1988) found that for —1/2 < d < 0
the efficiency can be poor, though for 0 < d < 1/2 it is at least 0.98. In any case X is
still unbiased and consistent for x4 and is a computationally simple candidate for use in

inference, especially in the Gaussian case.
Under (1.30),
gNZd—l
2d(d +1/2)’
so X is less than N/2-consistent when 0 < d < 1/2. Hence, when X is asymptotically

Var[X] ~ (1.33)

normal, the studentization proposed previously will not produce consistent interval esti-
mates or asymptotically valid hypothesis tests if d # 0. In practice d is unknown. Given
the asymptotic normality of X, and (1.33), Robinson (1994a) observed that

yind[__ 2@+ 1/2)
2GT(1~2d)cosm(d+ 1/2)

1/2
] (X - 1) »a N (0,1)
if the estimates C:’, J, satisfy
G-, G, logh (d—d) —,0.

Robinson (1994b, 1995b, 1995c) has verified these properties for three different types
of estimate, all of which are based only on local assumptions for f(A) near A = 0, and
which do not require parameterization of f across all frequencies. A corrected specified
parametric f()) or 4(5) (as in (1.31) and (1.32)) can yield N'/2-consistent estimates (e.g.
Fox and Taqqu (1986) and Dahlhaus (1989)) and Beran (1989) considered studentization
based on such estimates, with an alternative type of approximate distribution to that
arising in (1.33). However, if f()) is incorrectly specified, such estimates will be incon-
sistent, indicating a cost to modelling high frequency behaviour in a situation in which

only low frequency behaviour is of real interest.

Further models and techniques in a long range dependence environment, including
OLSE, GLSE and M-estimates of linear regression and nonlinear models, are described

in Robinson and Velasco (1996).

Robinson (1995b) shown that a modified version of the log-periodogram estimate of

d proposed by Geweke and Porter-Hudak (1983), was consistent and asymptotic normal
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for Gaussian sequences. Taking logarithms in (1.29),
log f(A) ~ log G — 2dlog A, as A — 0t

and introducing the periodogram for Fourier frequencies A; close to zero, j = 1,...,m,

with m increasing in the asymptotics but slower than N, we can obtain

logI(/\,-)zlogG—2dlog/\j+10g§((f‘\—ﬁ, j=1,...,m.
Believing that the last term in the previous expression is approximately i.i.d. as in the
weak dependence case, the estimate of d proposed by Geweke and Porter-Hudak is the
ordinary least squares estimate in the linear regression between the logarithm of the
periodogram and (a regressor equivalent to) —2log A for frequencies in a degenerating
band around the origin. However the periodogram for frequencies close to the origin
does not behave in the same fashion for long range than for weak dependence series, and
Robinson (1995b) proposed a trimming of frequencies too close to the origin, following

the proposal of Kiinsch (1986). He also used a pool of contributions from periodogram

ordinates at adjacent frequencies.

Two questions arise at this point: the substitution of the periodogram ordinates by
consistent, nonparametric smoothed estimates of the spectral density, and the validity
of the estimation procedure for non Gaussian time series. In Chapter 5 of this thesis
we obtain the consistency of the log-periodogram estimate for linear time series, non
necessarily Gaussian, for both situations: with and without smoothing. Again, only

local conditions on f are needed, so high frequency behaviour modelling is avoid.
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Chapter 2

Edgeworth expansions for time

series linear regression

2.1 Introduction

Autocorrelation consistent estimation of covariance matrices of parameter estimates in
linear and nonlinear models has been a growing field of research in recent years in econo-
metrics and time series (e.g. Hansen (1982), White and Domowitz (1984), Newey and
West (1987 and 1994), Andrews (1991), Robinson (1991). See Robinson and Velasco
(1996) for a review). Since statistical inference is typically based on central limit theo-
rems, a consistent estimate of the variance of the distribution is necessary. For time series
statistics this variance estimation requires explicit consideration of the dependence, and

nonparametric set-ups have been stressed in much of the literature.

Most of the techniques proposed relate with ideas developed in spectral analysis
since the seminal works of Jowett (1954) and Hannan (1957). They were concerned
with the variance of the sample mean of a stationary process, but their work extends
to the estimation of the covariance matrix of the least squares estimator in a linear
regression model with serial dependent errors of unknown form. And as we have seen
in the Introduction of this thesis, this framework can cover also nonlinear regressions
and many more complicated models. An alternate approach is due to Eicker (1967), who

proposed an estimate of convolution type for linear regression, using the special structure
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of the model.

This chapter analyzes higher order properties of Eicker’s class of estimators of the
variance of least squares estimates in a time series linear regression model. These es-
timates are defined in terms of a weighting scheme for the sample autocovariances of
observed least squares residuals and on the choice of a lag or smoothing parameter. Lit-
tle is known about how the use of nonparametric estimates affects the distribution of the
studentized estimator. Although the asymptotic distribution remains unaffected, small
sample properties may deteriorate, since, typically, nonparametric estimates have slower
rates of converge than parametric ones. This is reflected in the higher order terms of the
Edgeworth expansions for the distributions of the variance and studentized estimates,

which depend on the lag-number used in the nonparametric smoothing.

Higher order asymptotic methods have been used in time series analysis and in linear
regression for some time now (see for example Taniguchi (1991) and the references there).
Among others, Rothenberg (1984b), Toyooka (1986) and Magee (1989) have studied
different higher order properties of generalized least squares estimates using parametric
estimates of the covariance matrix of the observations. See Taniguchi (1991, Section 2.5)
for a general discussion. However, their results rely on parametric assumptions and do not
consider the studentization problem. For our purposes most of the previous higher order
asymptotic work is not pertinent, as we face two main complications: nonparametric

estimation and autocorrelation of unknown form.

A great deal of higher order asymptotic research in nonparametric situations has been
based on independent observations. Bentkus and Rudzkis (1982) is a notable exception.
They obtained asymptotic expansions and large deviation theorems for the distribution
of nonparametric spectral density estimates for Gaussian sequences. We adapt some of
their techniques to our situation under Gaussianity assumptions. Next chapter extends
some of their results in the context of the studentization of the sample mean of a vector

of autocorrelated observations.

Lahiri (1994) obtained an Edgeworth expansion for studentized M-estimates in lin-
ear regression, with disturbances satisfying Goétze and Hipp’s (1983) conditions. He also

showed that a block-bootstrap can be second order correct, outperforming the normal
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approximation. We consider here a similar nonparametric variance estimate for a much
more general class of regressors and dependence structures, but our distributional as-
sumptions are significantly stronger. Under Gotze and Hipp’s (1983) assumptions it has
not been possible yet to obtain expansions for smoothed statistics which estimate pa-
rameters of the whole distribution of a stationary sequence, like variances of estimates of

regression coefficients or spectral estimates.

We first present our main definitions and assumptions, and some auxiliary results, in
next section. Then, in Section 2.3 we analyze the asymptotic properties of a nonparamet-
ric estimate of the variance of least squares estimates for linear regression. In Section 2.4
we consider the joint distribution of the least squares and variance estimates. Then, we
study the properties of the studentized estimate in Section 2.5. First, we concentrate
on the studentization problem in a model with only one regressor. Later we cover the
situation with two regressors (probably one of them an intercept) and from there, the ex-
tension for a general multiple regression seems straightforward, but notationally involved.
All the proofs can be found at the end of the chapter in three Appendices, together with

the details of the bivariate regression in a final Appendix.

2.2 Assumptions and definitions

We assume Gaussian (unobservable) disturbances and nonstochastic regressors, satisfying
Grenander and Rosenblatt (1957) conditions, with some modifications. Thus, we allow
for trending and other types of nonstationary regressors. Eicker’s (1967) nonparametric
convolution estimates that we consider are analogous to the class of weighted autocovari-
ance estimates of spectral density, and therefore can be written as a continuous average

of the periodogram of the observed least squares residuals.

Some restrictions are needed on a user-chosen bandwidth number for the nonpara-
metric smoothing as well as on the dependence structure of the time series. We formulate
them in terms of summability conditions on the autocovariance sequence of the errors,

which imply some smoothness properties of the spectral density.

38



Let the observable sequence {Y;} be given by the following regression model
Y: = BZ; + Xq, t=1,...,N,

where the regressor {Z;} is an observable nonstochastic sequence and {X;} is a stationary

Gaussian sequence with E[X;] = 0, autocovariance function v and spectral density f(A),
1) = BXeXers) = [ FO)ean,

satisfying f(A)<oo, A € Il = (—7,7]. The analysis of this restricted model will be very

helpful for Section 2.6, where we consider in detail the more interesting situation,
Yi =aZ1s+ BZ2; + Xi, t=1,...,N.

Here, when Z; ; = 1, we obtain the typical linear regression with intercept.

Let X = (Xi,...,Xn~)' be a vector of N consecutive observations of X;. Then X has

a multivariate normal distribution A'(0,Xy), with covariance matrix

[En),j=v(r—3), ni=1,...,N.

Denoting Z = (Z;,...,Zn) and Y = (Y1,...,Yn)' the classical estimate of 3 is the OLS
estimate
B=(2'2)7'2'Y = p +(2'Z)'Z'X,
assuming Z'Z > 0. Then we have that (Z’Z)Y2(3 — ) has a normal distribution
N(0,Vy), where
N !N N N-1
Vn =(ZZ) ' Z'ENZ = (t; Z?) ; ,Z_:l ZiZu(t - ) = j_g_jNv(j)RN(j),

and
1

N _
Bn(j) = (Zztz) Z ZtZyj, j=0,%£1,...,£(N -1).
t=1 1<tt+5<N

Let us define the centered and standardized variable
w = Vi (@2 - B),

which is distributed as a A’(0,1) variate, and also &; x = Var[3] = Vn(Z'Z)"".
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In a first stage we will consider unfeasible estimates of Vi constructed with the
unobserved sequence X;. We will consider later estimates formulated in terms of the

observable residuals given by X’t =Y - ﬁZt.

Defining the unfeasible (biased) estimator of the autocovariance function as
~y 1 .
() =+ S XeXerj,  §=0,41,..,E(N - 1),
1<t,t+j<N

we consider the following unfeasible estimate of Viy based on the weighting function w,

~

Uy = Ni w(%) 3(6) B (0)

= =X'QumX,
where Qps is the N x N matrix
(Qul,; = Qu(r =) Rutr = )o( L) = Rutr = 3) [ Kng)el=Pax

and Kps()) is a kernel function with smoothing number M, defined as the Fourier trans-
form of w(—&) for periodic smoothing in (—m,7]. Here we use the scale-type weights
given by the function w(:) and by the number M, which in the asymptotics is growing
with the sample size N, but slower, to achieve consistency. For the construction of this
estimate of Vy we do not require any precise assumption about the asymptotic behaviour
of the regressors, and it is consistent under regularity conditions for both stationary and
trending or trigonometric regressors.

The estimate Vy is basically the proposal of Eicker (1967) when least squares residuals
are used, see T} in (1.19), here with general weights w. Given the Gaussianity of X;, this
class of estimates Vy is quite appropriate and easy to handle in our set-up. Estimates of

the type T5 (see (1.20)) are not easily tractable with nonstationary regressors.

Define the function @, as the Fourier transform of Qy,,
— 1 & s 1 & j Ny
= A — T o g
Qm(}) = _EOO:QM(J)C o _EW:W(M) Rn(j)eV”.

Using the normalized periodogram of the regressors Z,

N !N N .
R.N(/\) = (2W2Zt2) Z E ZtZt/e'(t_tl)A,

t=1 t=11t'=1
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so that
Bn(j) = / BEn(\)eirdn,
II

it is possible to write Q,, as a convolution of Kps and of Ry,
Tn() = /H Ku() - a)Bn(a)da.

We define the estimates §(j) of the autocovariances and Vi of Vy in the same way
as ¥(j) and Vv respectively, but using X, instead of X;. The difference between both

estimates of the variance of 5 is analyzed in Lemma 2.5.

The function Kjs is constructed in the following way. Define, for a sequence of
positive integers M = My tending to infinity with N but slower, and for an even,
integrable function K which integrates to one:

o]
Ku(A\) =M > K(M[X+2rj))
j=—o0
so Kpr(A) is periodic of period 27, even and integrates to 1. Then we have
0o .
w(r):/ e K(z)dz
—00

and w(0) = 1. Positive estimates Vy are guaranteed with positive functions K.

We make the following assumptions about the covariance sequence and spectral den-
sity of {X;}, the asymptotic behaviour of the regressors {Z;} and on the user-chosen
functions K and w. All the limits and error bounds are taken as N — oo, unless stated

otherwise.

Assumption 2.1 For an integerd > 2, and0< p <1

(o
> 1)l < oo

j=—o0

Assumption 2.2 The function w is even, bounded and satisfies w(0) = 1 and w(z) =0

for |z| > 1. K is bounded, continuous and integrable.

Assumption 2.3 The function w satisfies for an even integer q, 0 < ¢ < d,

1-w(z)

lol 20 T We < 0
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Assumption 2.4 The regressor sequence {Z;} satisfies as N — oo

N
1. &YY 7225 .

t=1
z? -
2. max—=0(N7?), pe€(0,1].
t o dy
3. Rn(j) =dN’ ). ZiZeyi — p(3),

1<t,t4+5<N
where
W .o
o) = [ G,
™
and G(X) is a function with nonnegative increments, continuous from the right, satisfying

G(r) — G(—7) = 1. Further, we assume for the same p,

Rn(5) = p(j) + O(N~P/2 +jN7P), uniformly for j = o(NP).

Assumption 2.5 We assume
/ FO)EG(A) > 0.
IT

From Assumption 2.1, f(A) has dth derivative, satisfying a uniform Lipschitz condi-
tion of order p > 0. We use it in all its strength to evaluate the bias of the nonparametric
estimate. In fact, for most of our analysis, continuity of f()A) or weaker conditions on the
summability of the autocovariance sequence are enough. For all our results concerning
the estimation of the higher order cumulants, d = 0 and ¢ = 1 are sufficient conditions

(see, e.g., the proof of Lemma 2.4 below).

The bounded support for w in Assumption 2.2 may be relaxed with enough conditions
on its tail behaviour, but it simplifies considerably the proofs and many functions used
in practice satisfy that condition. For K we require only very mild restrictions on its
tails and continuity. Those imply the integrability and continuity of Kps in (—m,7] for
all M.

Assumption 2.3 deals with the smoothness of the weighting function around the origin
and it is employed to estimate the bias of the variance estimate in a similar way as with
nonparametric spectral density estimates. Assumptions 2.2 and 2.3 are satisfied, for

example, with ¢ = 2 for the Parzen kernel (Priestley (1981), p. 446).
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Assumption 2.5 guarantee that the variance of ,5 and of the estimates of Vjy are well

defined after appropriate normalizations. It holds if we assume f(A) > 0 for all A.

In Assumption 2.4 we follow Grenander and Rosenblatt (1957), except that we im-
pose rates in terms of O(N ~P) for the limits in conditions 2. and 3., instead of assuming
simply o(1). The explicit rate in 2. is used to estimate the error in several approxima-
tions. Related conditions have been employed in other higher order asymptotic work for
regression models, with dependent and independent errors. Our assumption is milder

(even with p = 1) than the one of Lahiri (1994), who assumed bounded Z; and

.. . dy
1}\1713015 5 >0, (2.1)
$0
ZtZ—ON"1 2.2

Qumsiyeh (1990) also assumed (2.1) and max;|Z| = O(NY) for some § € [0,3), so the
left hand side of (2.2) would be O(N%-1), with —1 < 26 — 1 < 0. However the condition
on the max; |Z;| rule out regressors like the polynomials in ¢, for which é can be bigger

than 1. In this case, if Z; = t™ for some n > 0, say, then,

72 N B
max —~ ~ Fmr = O(N ),
N 2n+1

where a ~ b means that the ratio a/b is tending to one (as N — o).

The asymptotic error rate in Assumption 2.4.3 is needed for the proof of Lemma 2.2.
For the intuition on this assumption we first introduce two general conditions on the
regressors Z that include many cases of interest, like ‘stationary’ and polynomial and

trigonometric regressions.

Condition 2.1 We assume that G()) is absolutely continuous and

$ 1o(i)] < o,

j=—o0

so G()) has continuous density g()).

Condition 2.2 The spectral measure of the regressors, G(A), has jumps and, possibly, an

absolute continuous part. We assume that the discrete part of G(A) has a fized number
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of jumps, each of size A; at frequencies A; € (—m, 7], and the continuous part has a

continuous density g°()), such that,
3.A; +/Hg (A)dA = 1.

When we use Assumption 2.4 we will always assume that either Condition 2.1 or Con-
dition 2.2 holds. Different and intermediate situations are possible, but we concentrate

on these two simple cases.

Then for Assumption 2.4.3, first imagine that under Condition 2.1 the regressors
behave roughly like the realization of a stationary and ergodic stochastic process with
continuous spectral density (see Anderson (1971), pp. 582 and 596). Then, the bound
O(N ~¢/ %) would be equivalent to the term for the variance of the sample autocovariances
(with p = 1 under regularity conditions on the moments and the dependence structure
of the series; see for example Robinson (1991, pp. 1333-1334) for sufficient conditions).
The error bound O(j N~P) corresponds to the bias term due to the use of biased auto-

covariances.
In the case of Condition 2.2, this condition is satisfied with p = 1 for the trigonometric
and polynomial regression. For example, take as before, Z; = t" for some n > 0. Then

N
Nn+1

" = O(N™),

; w1 T O

and therefore, for j > 0,
Ty Mt = 3"
YL 2
ﬁ;] tn(tn _ nt‘n—lj + .. .)
M (1+0(N-Y)

1+0(i N7Y).

Rn(j) =

From Assumptions 2.1 and 2.4, since Ry(j) converges boundedly to p(j) (see for
example Hannan (1963b), p. 25), we have that, as N — oo,

Vv = 3 200 =27 [ SANGO) < oo.

j=—o0

Under Condition 2.1 Viy converges to
on / F(N)g(A\)dA
I
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and under Condition 2.2 to
23 A S () + 27 [ F(Ng (). (23)

Before finishing this section we give two lemmas that will be useful in the subsequent
discussion. First we prove a lemma about the behaviour of the spectral window Ky,

both in the origin and in the tails, as M — oo.

Lemma 2.1 Under Assumption 2.2, as M — oo,
K(0) = MK(0) + o(1),

and for all X € (0, 7], fized,
Kp(A) = o(1).
Proof of Lemma 2.1. From the definition of Kps, because K and w are even,
MY Kp(0) - K(0) =2 K(2r M j).

i=1

Since K is integrable, |K(z)| = O(|z|~17¢), € > 0, as |z| — oo. Then,

i |K(2r M j)| = O (M”l“ ij‘l“‘) =o(M™1).

7j=1 j=1
The argument for Kpr(X), |A| > 0, is exactly the same, since now as M — oo, K(M)) =
O(M~1=¢)=0o(M~1). O

Now it is interesting to study the function Qp,()) in the different situations that may
arise as a consequence of the type of regressors. First we will prove that @,()\) converges
to

1 & i,
2= > (&) o) = [ Ku(r- 2)iG(a),
j==M
under the two conditions we consider in Assumption 2.4. Basically we require that the
sequence Ry converges to the sequence p faster than the kernel function Kjs tends to a

Dirac’s delta as N — oo.

Lemma 2.2 Under Assumptions 2.2, 2.4 and M~ + M2N~? — 0,
M

> w(L) o)+ o).

=M

Q=5
J
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Proof of Lemma 2.2. Under the assumptions of the lemma,
o~ (4 o~ [ f; i)\ (- ]
> (L) rt- X o(F) o) = o X |o(Z)| v s
j=—M M j=—M M j=—M M
= O(MN™?+ M2N~?) = o(1),

and the lemma follows. 0O

This result is related to Helly’s Theorems (see for example Kawata (1972), Theorem
9.1.2.) about the weak convergence of Rn()) to G()) and the limits

Jim. /H h(z)Bn(2)ds = /n h(z)dG(z),

for continuous functions h(z). We can not use here these results directly, because Ky
is not bounded as N — oo, and even more, Kp(z)/M is depending on N by means of
M. Under Condition 2.2 it could seem that a bound o(M) would suffice in Lemma 2.2,
but we will employ later this result to approximate the higher order cumulants of Vn in

Lemma 2.6 and in that case the bound o(M) is not enough.

Then from Lemma 2.2, if Condition 2.1 holds, @s()) converges to g(A) < oo, by the

continuity of g and using standard arguments. Under Condition 2.2 @ as()) tends to
S A Ku(A - X)) + g (N,

since Kz is continuous for all M and because g° is continuous too. From here, we can
see that, asymptotically, in the case of a regressor with mixed, continuous and discrete,
spectral measure, only the jumps will matter for the analysis of VN, since the continuous

part contribution is bounded and the discrete one diverges with M.

One leading example satisfying Condition 2.2is when Z; = 1, Vt. Then ﬁ is just then
sample mean and G(X) has simply a jump of size 1 in the origin, i.e., dG(A) is a Dirac’s
delta at zero. Therefore ps(}) is equal to Kpr(A) and we are in the same situation as
with the nonparametric estimate of f(0). We will consider this framework in the next

chapter of this thesis under different conditions.
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2.3 Distribution of the estimate of the variance

In this section we investigate the asymptotic distribution of the estimation of the variance
I7N. To that end we concentrate first on the unfeasible estimate VN and then estimate

the difference between both estimates as N — oo.

We begin with a lemma for the bias of VN, which is closely related with the results for
nonparametric estimates of the spectral density. Hannan (1958) studied a bias correction
for the spectral density estimate after a general form of trend has been removed. When
a trend is present in the regressors (Condition 2.2), to studentize the OLS estimate we
only need to estimate the spectral density f at the correspondent frequencies if known
(see expression (2.3) with ¢¢ = 0). However we do not assume explicitly any structure
for the regressors.

We focus now on the smoothing bias, and leave the bias due to the use of regression

residuals to Lemma 2.5.

Lemma 2.3 Under Assumptions 2.1, 2.2, 2.3, 2.4 and M~1 + MN~! — 0,
E[VN] -V = aNN’l + oM™+ O(M—q—e),

where ap is the bias from the use of the biased autocovariances

N-1 j
ov= 3 lilw(L) 1) RaG),

j=1-N

and, denoting by f@ the dth derivative of f, by is the smoothing bias,
by = —27 (-1)%w, / FDNEN(A)dA.
I

Next, we study the cumulants of the distribution of Vy, as a first step to approximate
its distribution. Since X is normal distributed, the cumulants of Vy are given by the
formula for the cumulants of a quadratic form in a vector of normal variables (see for

example Kendall and Stuart (1969), p. 357),

_ s—1
(S_%V)!si_Trace (ENQMm)7],

Cumulant,[Vy] =
so we have to study the trace of the matrix (¥nxQp)* as N — oo.
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Lemma 2.4 Under Assumptions 2.1, 2.2, 2.4 and M~ + M?N~P - 0, s = 2,3,...,
s—1
Trace [(EnQm)*] = N2r)™ ™! | f(N)Qar(N)dA+ O(min {M",M2 [Zjlp(j)l] }) :

where the bound has to be interpreted as O(M?*) if 3 |p(j)| diverges and as O(M?) oth-
erwise, and the leading term is O(NM*~1) in the first case and O(N) in the second.

The properties of the leading term follow easily from Lemma 2.2. Now we are in
conditions of estimate the cumulants of VN. Let us analyze first the variance of VN. We

have that [with Assumptions 2.1, 2.2, 2.4, 2.5 and M~ + NP M? — ()

de = 2
oN2 ef Var[Vy] = FTra,ce [(ENQM)2]

Y [ P00+ 0(N2ar2)

and then the variance dy2 can be of order N~! (like in a parametric framework) in
the smooth dG()) situation [Condition 2.1], since in this case Qu()) tends to g(}).
However, the variance would be only of the ‘nonparametric’ rate M /N if the function G(X)
has jumps [Condition 2.2 ]. In the later case @x () tends to some linear combination
> A;Km(A = Aj), plus a term of smaller order of magnitude due to the continuous

contribution to G. Here

/H 200 [ZJA?KM(A - ,\j)] Y~ M / K*@)ds Y A212(%) = O(M),

since the cross-products of two kernels at fixed frequencies apart lead to negligible con-
tributions (cf. Lemma 2.1). Therefore, in this case the estimate has a slower rate of
convergence, and the constant term of the variance depends on the magnitude of the
noise at the frequencies where the spectral measure of the regressors has jumps.

1/

Normalizing the estimate Vn by 65 2, the random variable

w2 5547 (Vi - ET)

has zero mean and unit variance. In general, we have that [under the same assumptions

that for the variance], s = 2,3,...,

kN|0, 9] ! Cumulant,[us] = 51}82/ ?Cumulant,[Vy]
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ONT — 5-1 Trace [(EjvQm)§]

= SN¥ ~ BN -i20 2" 1J r(A)QM(A)rfA

S—1

+0fo 22iV-min {M\M 2 [£.|p ()]

Therefore as TVI-SIn fs(\)QM(\)d\ = 0(65 ) from Lemma 2.2, W has higher order
cumulants oforder 0 (» 1202) = o(1), 5= 3,4 ,..and tends in distribution to aA/*O,1)
variate.

Using the previous results for the cumulants of Vjv we investigate higher order asymp-
totic features of the distribution of this unfeasible estimate for large samples. As X is
N (0,XJ;v) distributed, the characteristic function of the normalized variable, u2, is,

- 172

R) = exp {-it2E[ul]} .

We now modify and extend a result of Bentkus and Rudzkis (1982), Theorem 1.2, to
prove the validity of an Edgeworth expansion for the distribution and density functions
of u2. They studied the case of the estimate of the spectral density at a fixed frequency
for a zero mean Gaussian time series.

Bentkus and Rudzkis (1982) use the following result from Feller (1971) and Petrov
(1975). Let a random variable cA>with E[cA] = 0, Va<TA] = 1 satisfy

|Cumulants[<A] < s\ HA2 s, 5= 3,4,..., 2.4)
where H and A are positive numbers, A —®oo. Then, if for some ¢, 0 < a < (1 + 2if)-1,

lip)\dt = <9(A-ry> r> 2,
s|H>aA
where ” is the characteristic function of <ta, the density of ca exists and the Edgeworth
expansions up to order 0 (A 1-r) for the density and distribution function of <ta are valid.
Concentrating on an expansion of second order, i.e., up to and including terms 0 (8"\)

we can obtain the following theorem (further higher order terms are possible from the

proof):



Theorem 2.1 Under Assumptions 2.1, 2.2, 2.4, 2.5 and M~ + M2N~P — 0, the dis-
tribution function of uy, F(z), has density F'(z), and they satisfy, uniformly with respect

to z,

F(z) = 8(z) + ganl0,3](1 ~ 2)8(2) + O(6w2)

and

F(o) = ¢(z) + %KN[0,3](:123 ~ 32)(2) + O(6y.2),

where ® and ¢ are the distribution function and density, respectively, of a standard

Gaussian random variable.

This result simplifies to Bentkus and Rudzkis’s Theorem 1.2 with Z; = 1, V¢, and
can be used directly if we assume that E[X;] = 0. In the general case we face two
problems. First, we can not calculate in practice VN, only VN (since B is unknown and
we do not observe the disturbances X;), so we have to evaluate the difference between
using the random variables X; or the OLS residuals )?t. The second problem is that,
even in the case where the previous Edgeworth expansion refers to a feasible statistic,
we would need to estimate the higher order cumulants, the variance and the bias of VN,
with negligible asymptotic error, not to make the contribution of the terms of smaller

magnitude meaningless with respect to the error term.

Using the previous results for Vn we can approximate to first order the distribution
of VN after evaluating the effect of the residuals estimation. Later we will consider the
studentization of the regression coefficient estimate. For the approximation of Vn by Vn
we use the techniques developed for the evaluation of the cumulants of u;. This also will
allow us to obtain a result about the bias of the estimate of the variance, parallel to that

of Hannan (1958) for the bias of the spectral density estimate.

Lemma 2.5 Under Assumptions 2.1, 2.2, 2.4, 2.5 and M~ + M2N~? — 0,
Vv = Vv + 62 €,

where £y is a random variable with bounded moments of all orders, and

Elewatn] ~ 3 (27 Vi [ V@A EN (M)A - 47 [ JONuN BN . (2:5)
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We can now evaluate the bias term (2.5). With Lemma 2.2 and Condition 2.1 the

right hand side of expression (2.5) times N tends to

(2r? /n F(N)g(A)dA /H FN)GP(A)dA — 4 /n FN)g2(N)dA,

and under Condition 2.2, neglecting the continuous part of dG and the cross products of

kernels K s centered at different frequencies, to
(2m)*MK(0))_ A f(,\,-)EjAJ? f) - 47rMK(0)2jA§- ).

From Theorem 2.1 and Lemmas 2.3 and 2.5 it is immediate to obtain a central limit

theorem for the feasible estimate Vy.
Theorem 2.2 Under Assumptions 2.1, 2.2, 2.4, 2.5 and M~ + M2N~P - 0,
VarlVn]M2 {Viy - ElVn]} —p N (0,1),

with Var{Vy] ~ 6n.2. We can substitute E[Vy] by Vi, if additionally N M=% — 0 under
Condition 2.1 or if N M~1729 — 0 under Condition 2.2.

Exactly as in the case of many nonparametric estimation problems, we could propose
an optimal choice for the bandwidth M in terms of minimizing of the leading term of the
asymptotic Mean Square Error of the estimate V. The situation under Condition 2.2
is equivalent to the nonparametric estimation of the spectral density f (since then the
leading term of the variance Vjy is a linear combination of the values of the spectral
density at certain frequencies). However, under Condition 2.1, the results are quite
different, since the rate of convergence of the estimate is now root-N (not depending
on M), so the optimal choice of M should be the one minimizing the bias, given the

restriction N"PM2 — 0.

2.4 Joint distribution of the regression and variance esti-
mates
In this section we give several results about the joint distribution of ,5 and I7N, that will

be used in next section for the analysis of the distribution of the studentized version of

Uy.
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Since X is M(0,Xy) distributed, the joint characteristic function of the vector of
standardized variables, u = (uy,u2), is given by, t = (¢1,t2)’,

-1/2
21t

p(t) = |I- wal 22 NQu

-1
X exp —%t% Vﬁld]—v2 Z'(I — ;:32 ENQM) YNZ — ityE[us)

To analyze the joint distribution of u we first study the cross cumulants between
the normalized variables u; and uz. Given the Gaussianity of the vector X, the (2,s)
cross-cumulants are the only ones different from zero,

—3/2

knN(2, 9] %ef Cumulanty s[u;,ug] = N3d2 Vn
N

— 2517 (ENQM)"ENZ

Let us study the expression dy’Z/(EnQpr)°*EnZ using the techniques we developed for
the analysis of Trace[(XnyQn)°] in Lemma 2.4.

Lemma 2.6 Under Assumptions 2.1, 2.2, 2.4 and M~ + M?N~? - 0, s = 2,3,.
ZZENQUENZ = (20 [ RO EN)A

s0 (w7 min et 55 o] ).

where the bound has to be interpreted as in Lemma 2.4.

Then we can conclude that [with Assumptions 2.1, 2.2,2.4,2.5, M~1+ NP M? — (],

(2m)2+16 ;IS/?
an2s] = s [P NGL RN ()
5—3/2 s—-1
+0| min{Ms+1,M2 [Z].Ip(j)l] } ,
~ const.éj’\{?2 (2.6)

where under Condition 2.1, expression (2.6) is

8'53:(/):/2 [/ f(/\)g(,\)d,\] - Un f2(>‘)92(’\)d/\]_s/2/nf’“(A)gs“(,\)d,\
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and under Condition 2.2
M s/2 -1 —s/2
(F) sl(4r)/? [EJ,A,- f(/\j)] [/Kz(a:)da: ZJ.A,?fZ(Aj)] K(0)3 AFFF(y).

We use a more general approach in this section than in the previous one to justify
our asymptotic expansions. Chapter 3 will follow the same lines for the sample mean
under different assumptions. In order to prove the validity of an Edgeworth expansion
for the joint distribution of the vector u we have to check that the characteristic function
of that expansion approximates well the true characteristic function. We do this in two
steps. First, using the previous results on the cumulants of u we can check that the
approximation for ¢(t) inside a circle, with radius going to infinity with N, has an error
of the desired order of magnitude. And second, we have to see that the contribution of
the tails of 9(t) is negligible outside this circle. After this, we are in conditions to use
a smoothing lemma which will measure the difference between the true distribution and

the Edgeworth series approximation.

Let us start constructing the approximation for (t). As in Taniguchi (1987, pp. 11-
14), using the fact that only the cumulants of the form xx[0, s] and kx(2, s] are different

from zero, we can write the generating cumulant function as (7 = 1,2,...),

‘r+1
osy(t) = glll+ 2 5 S el i) + Ba(7)
frl=s
‘r+1
= —||zt||2+Z ["CN[O s](itz)® +8(8 D, [0,3—2](it1)2(it2)3‘2]
+RN(T), (2.7)

where the vector r is of the form (ry,72), with 7; € {0,2}, and |r] = r; + 75, and the

remaining term Ry is of this form, if 7 is even:
Rn(r) = RN[0,7+2)(it2)"? + RN[2,7)(it1)(ita)",

or of this other form, if 7 is odd:

Bn(r) (T+2)2(T+1)

1 o N2 T
o [0 A w2, it (it)
+Rp[0,743](it2)™ + Rn[2,7+1](it1)?(it2) ™,

where the Ry[i, 7] are 0(62-?—2)/2).
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We are interested in obtain an approximation for the characteristic function of the
vector u from its cumulant generating function. This approximation, A(t,7) say, should
have leading term exp{%||z't||2}, multiplied by a polynomial in t, depending on the higher

order cumulants of u. For general 7, this approximation has this general form

T+1 T+2 [HN[O, s](itz)* + i(”;_llnN[O, s—2](ity )2(it2)s-2] T

A(t,r)=exz>{%llitll2}[1+2Z I1 !

i=3 T n=3 rale ool

b

where r = (73,...,77+2), 'n € {0,1,...} and the summation extends for all the vectors r

that satisfy the condition
T7+1

S(n-2)rn=j5-2,

n=3
so each summand in j would be a polynomial in t with coefficients 0(5%,_22)/ 2) depending
on the cumulants of u.
For our purposes, we will justify a second order Edgeworth expansion, with 7 = 2.

That is, including in A(t,2) terms up to order O (6,1\,/2) to approximate the distribution
of u with error 0(6}\,/’3). Applying the general formula we get

A(t,2) = exp {%uun?} [1+ ka0, 31(it2)? + w2, 1(it2)(it2)]

The next lemma measures the accuracy of this approximation for the characteristic func-

tion.

Lemma 2.7 Under Assumptions 2.1, 2.2, 2.4, 2.5 and M~ 4+ M2N~P — 0, there exists

a positive number (1 > 0 such that, for ||t|| < C16;,,12/2 and a number di > 0:

[9(t) - A(t,2)] < exp{-dilt|*} F(|[t])X6n.2) (2.8)

where F is a polynomial in t with bounded coefficients.

Having approximated the characteristic function for values of t such that ||t|| <
C16;,’12/ 2, the following step is to study the behaviour of this function in the tails. By con-
struction of the Edgeworth expansion, based on the normal distribution, the contribution

of the tails of its characteristic function can be always neglected.
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Lemma 2.8 Under Assumptions 2.1, 2.2, 2.4, 2.5 and M~ + M2N~P — 0, there ezxists

a positive constant dy > 0 such that for ||t|| > (16n,2,
|¥(t1,12)| < exp {—d251_\}?2/2} . (2.9)

The next goal is to estimate the distribution of the vector u from the approximation to
its characteristic function. To measure the distance between the true distribution and the
Edgeworth expansion distribution, we apply a Smoothing Lemma due to Bhattacharya

and Rao (1975, pp. 97-98, 113) and referenced in Taniguchi (1987, p. 18).

Lemma 2.9 (Bhattacharya and Rao) Let P and T' be probability measures on R?
and B? the class of all Borel subsets of R2. Let a be a positive number. Then there ezists

a kernel probability measure ¥, such that
2 4
sup [P(B) - T(B)| < Zll(P—T}¥al + 5 sup T{(9B)*}
BeB? 3 3 Bes?

where ¥, satisfies

a3
¥ (B(0,r)) = O (;) (2.10)
and its Fourier transform ﬁ'a satisfies
U, =0 for || >8-243/x'q. (2.11)

(8B)?* is a neighbourhood of radius 2a of the boundary of B, || || is the variation norm

of a measure in this case, and x means convolution. O

Introduce the notation, B € B2,
Py{B} = Prob{ue€ B}
1 1 1
r@{B} o Bexp{—§||u||2} [1+§—'{KN[O, 3] Ha(uq)+knN(2, l]Hz(ul)Hl(uz)}] du

= /B $2(u)g (u)du, (2.12)

say, where ¢2(u) is the density of the bivariate normal distribution and H;(-) are the
univariate Hermite Polynomials (bivariate ones are not needed since the covariance matrix
is diagonal). The measure I'(?){-} corresponds to the characteristic function A(t,2). As

a direct application of the previous lemma, we get
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Lemma 2.10 Under Assumptions 2.1, 2.2, 2.4, 2.5 and M~ + M2N~P — 0, for ay =
(6n2), 1/2<p< L

4
sup |Py(B) - T®)(B)| = o (633) + 3 sup T®) {(9B)*r}.
BeB? BeB?

2.5 Approximation for the distribution of the studentized

estimate

In this section we obtain an Edgeworth expansion for the distribution of the studentized
least squares estimate, with the estimate Vy using the regression residuals X.. First, we
obtain a linear stochastic approximation to the studentized OLS estimate of the regression

coefficient and prove that it is correct up to order 0(611\,/; .

At this point it is necessary to make some additional assumption about the relation

between 6}\,/"; and M. We will assume

lim inf 63 M7 > 0. (2.13)

This guarantees that the bias of Vy (or I7N) for Vyy is at most of the same order than the
standard deviation of Vyy, 511\{; If the above limit diverges, then the bias is negligible with
respect to the standard deviation. Note that under Condition 2.2 it is possible to propose
an optimal choice of M from the mean square error of the estimate Vn point of view,
but this is not so simple under Condition 2.1. In any case we would need the condition

M2N~? — 0 to be satisfied, which together with (2.13) requires under Condition 2.1,
p> 1
q

and under Condition 2.2
2

2¢+1°

Then we introduce the following assumption:

P>

Assumption 2.6 We assume simultaneously (2.13) and that the parameter p is big

enough so that M~! + M?N~P — 0 as N — oo.
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In the expression for the bias from Lemma 2.3 we can always neglect the term in ay,

since this is O(N~1) and the standard deviation of Vi never decreases faster than N=1/2,
We write the studentized estimate of the regression coefficient in the following way,

Yy

V' dn(B - )
= (1 + By + AN+ u2VN161/2) vz
where By is the bias term, defining by = byVy 1
By = V" (E[WN] - Vi) = by M7+ O(M~97¢ + N71),
and Ap is the residuals effect,

AN = ENVF N2,

where the random variable £ has moments of all orders from Lemma 2.5. Define
1
hv=(1+4By)V?=1- SINMTI+O(M™Te + N7,
Setting a neighbourhood of the origin
Qn = {u suwi| < cgcmf‘i, O<p<l/6,i= 1,2},

where ¢; are some fixed constants, we can expand the studentized estimate of the re-
gression coefficient, Yy, in terms of the normalized variable u around 0 in Qp, with
6] < 1,
—1,1/2
Yn = hyu — 5hNul [4n + w2V 605]
3
+3 (1+ Bw + [AN0 + Vi 8N 0] 0) ui [AN +Vy ugal/z]
= u — %b?vulM‘q - lulO(M_q'Q + N
1 1
—SuuVy'6N3 - Zudn +u [An + quNlél/z] O(M™9)
3
+3 (14 By + [An + V63 3us) 0) w [An + V,;luza”z]
1
= U — §b§VU1M_q -|- WN(].)(SN,Q
1
—EuluQVﬁlﬁ}v/,zz + WN(2)6N,2 + WN(3)6N,2
+Wn(4)én,2
1 1
= U - ‘2'be“1M—q - §U1U2V]\71511\{; + WN&N,g

= Y+ Wnéna,

57



say, where
4
Wn = Wn(j),
i=1

and the error terms are

Wn(l) = —%ulO(M"q"" + N 1o,

Wn(2) = ——;-ulANa,;,}z

Wh(3) = w [An+wVitey3] 06517

Wi(4) = -g (14 B+ Ant + Vi 62uaa) ™" ua [Aw + Vi uasf2] 67,
and

1 1
Y = w - Sbhu M0 - §u1U2V]\716}V/;.

In general, the bias problem could be neglected up to first order if we assume enough

degree of undersmoothing (M big enough) in the nonparametric estimate Vn.

Now we use a similar lemma to Taniguchi (1987, Lemma 4), which is a direct modi-
fication of Chibisov (1972, Theorem 2), to prove that we can neglect the remainder term

Wn when we approximate the distribution of Yy by that of Yy.

Lemma 2.11 (Chibisov, 1972) Let Yr be a random variable which has a stochastic
ezpansion as T — o0,
Yr =Y + T,
where the distribution of Yr_,(wz) has the following Edgeworth expansion:
P € BY = [ 4@} @)z +o(T12),

where B € B, the class of Borel sets of R! satisfying

sup ¢(z)pk (d)dz = O(E). (2.14)
BeB, J(8B)¢

Also &7 satisfies
P{lér| > prvT} = o(T7?),

where pr — 0, prT? — 00 as T — c0. Then
P(Yr € B} = [ 6(@)pf (@)de +o(T712),
for B € B,.
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Lemma 2.12 Under Assumptions 2.1, 2.2, 2.8, 2.4, 2.5 and 2.6, YN has the same
Edgeworth ezpansion as Y} for convez sets up to the order 621,’/ 1?,
The next step is to calculate an Edgeworth expansion for the distribution of Y3} from

that of u. This expansion will be valid for Yy up to order 0(611\,/,2;) We follow mainly
Taniguchi (1987, Section 6). Consider the transformation

s Yi(uy,u
s = 1 — N( 1) 2) _ \Il(u)
39 U
and its inverse
u¥(s1,$
— \I’—l(s) - l( 1, 2) ,
U2

where we can write, using (1+2) ! =1-z+22 -3+, for |z| < 1, uniformly in Qy,

wi(s) = &1 [1+%b M7+ uzvNa‘”] +o(642), (2.15)

where the truncation of the term in s1520(éy,2) with error 0(6 ) is allowed due to the

definition of the.set Q. Writing for convex sets C
Prob {Ynx € C} = Prob {u € ¥I(C x ?R)}

as in Taniguchi (1987, p. 22), it follows from Lemma 2.10 that (as ¥ is a C* mapping

on Qy),
g:gz IProb {u € THC x §R)} -1 {‘I’—I(C X §R)}|

= 0(61/2) + const. sup r® {(6\11 1(C x §R))2°‘N} (2.16)

where any = (6n2)", 1/2 < p < 1. Also, from the continuity of ¥, we can obtain, for

some ¢ > 0,
1@ {(82(C x R)?*¥ } < T {(@((@C)™* x ®))} (2.17)

and

r® {(e71(C x %)} /w o 42 ()a 2 (%)

2 (x)d 5N
LNnW—l (Cx%) ¢2(x)qN (x) X+ 0(

-1 (2) -1 1/2
/s;yvn{cxae} $2(¥ ™" (s))an’' (¥ (s))| |ds + (b 3
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where ¢2(.) is the bivariate standard normal density, Q% = ¥(Qn) and |J| is the Jacobian

of the transformation.

Then we can obtain, if p;(s) denote polynomials not depending on N or M

r(z){w—l(c X se)} /Q o R} s)[1+ p1(8)o ot pa(s)M ™ q]ds+o(51/2

/ ¢(51){/ 1+ BN+ pa(s)M "¢(32)d32}dsl+o(51/2

/c $(s1) [L+ ra(s1)833 + ra(s1) M) dsy + o(833),

where 7;(s1) are polynomials on s; independent of N. Since we have that

E[s1] = 0(51/2
E[s]] = E[ul_bNM " — wduaViviN ) +o(03) = 1-WNMT+o(6);
E[s?] = F [“:13 - Eb}VM—qu"f - u?quNéNQ] + (6}\,/3 = (611\,/'22 ,

it can be seen that

7'1(.'17) =0
z2 -1
2

ra(z) = by
So we have obtained our main result, remembering (2.16), (2.17) and Lemma 2.12:

Theorem 2.3 Under Assumptions 2.1, 2.2, 2.3, 2.4, 2.5 and 2.6, for convez sets C € B
and ay = (6n2)°, 1/2<p<]1,

sup
c

Prob{YN €C)- / 8(2) [L+ ra(2)M~] de

= / $(2) [1 + ra(2)M 7] da + o( 6}/
8C)CON
and, in particular, for the distribution function (C = (—oo,y]):

sup = 0(61/2

yeER

Prob{Yy < y} - / #(z) [1+ ro(z)M 9] do| =

Integrating this last expression and making a Taylor expansion of the standard nor-

mal distribution function, ®(y), we can get uniformly in y, under the conditions of
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Theorem 2.3:

Prob{Yn<y} = ®(y)+ 2o(y)by M7 +o(65

1l

<I><y + LM “') + o(63/3
= 8(y)+0(83).

These expressions can be used to construct Edgeworth size corrections for tests of signif-
icance of the OLS estimates in the same spirit as Magee (1989) did for GLS estimates

with a parametric AR(1) model for the disturbances.

2.6 Multiple regression

In this section we consider the extension of the previous analysis to the two regressors

framework. The model is now
Yt = aZl,t+ﬂZ2,t +Xt, t= 1,...,N, (218)

where {Z;:}, ¢ = 1,2 are two observable non-stochastic sequences, which we assume

satisfy a natural extension of Assumption 2.4, with equivalent interpretation:

Assumption 2.7 The regressor sequences {Z;;}, ¢t = 1,2 satisfy as N — oo,

o 1. N
t=1
° 2.
2
max = = O(N™%),  p;€(0,1].

2
t diy

e 3. Forr=0,%1,...,

d -
Rij(r) Y (dindin) Y ZigZjper
1<t,t+r<N

= pij(r) + O(N-Pi+r/4 o N=(Pitrs)/2)

e 4. The matriz p(0) = {p; ;(0), i,5 = 1,2} is nonsingular.
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We define the regression spectral measure G()) as the 2 x 2 Hermitian matrix satisfying,
pi) = [ ePdG),
where G(A) has nonnegative definite increments, is continuous from the right, and satis-
fies G(7) — G(-7) = 1.
Now R; j(r) = R;i(—r) and the same holds for the p sequences. Therefore, the R; ;(r)
are even, ¢ = 1,2, but R;;(r) are not, ¢ # j. The rate in Assumption 2.7.3 is also used
to simplify the approximations when p;2(0) = 0.

The OLS estimate of 3 satisfies

3= T 1(Za, —_72Z1,t)Yt
E?Ll(zlt - Z2Zl,t)Z2,t,

where Z; is the regression coefficient between the two regressors,
N

(2.19)

Zy = ARYATD

1
dgyN t‘:l
and

3 YN (Zay — Z3214)X,
daN(B - B) = — e oo : 2.20
2 ) dyn SN (Zay — Z221,8) 22 (2:20)

The leading example is the regression with intercept, where Z; ¢ = 1, Vt. Then Z; is just

the sample mean of Z; ;. We deal with the general case, but this particular example will

be considered several times.

Also, we can see that the generalization to multiple regression models does not require
new ideas, since in our approach we concentrate on the estimation of the variance for
each coefficient estimate separately. To that end, instead of Z,Z; ;, we should write in
(2.19) and (2.20) the value of the projection of Z3+ on the other regressors, and given
Assumption 2.7.4 the analysis would follow the same lines as for the bivariate regression.
The consideration of the distribution of the whole covariance matrix of a general vector
of coefficient estimates would require multivariate Edgeworth expansions and it is not an
immediate generalization of our analysis. One simplified approach is to work with fixed

linear combinations of the vector of least squares estimates.

The denominator in (2.20) can be written as

2
(21 21,:22)
d%,N d%,N

N
di N > (Z24—22214) Zay =danN |1 - = daN(1- B2 5(0))— oo,

t=1
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since 1 — Rf,Q(O) > 0 as N — oo, from Assumption 2.7.4. Operating in the numerator of
(2.20),
1 Sy ZopXe Rip(0) YLy Zie X

half=6) = (1-RZ,(0)) dev  (1-R2,(0) din
u_;w [Y2,v — R1,2(0)T1,N], (2.21)

say, where T; y ¢ = 1,2 are two linear forms of the vector X on the normalized regression
vectors Z] and Z3, Z7 = d; ~Z;, and the normalized OLS estimate is a linear combination
of them with coefficients depending on the sample correlation between the two regressors,
Ry 2(0). Then the analysis is not different from the univariate regressor situation, the
only new feature being the cross terms between the two linear forms. As we saw before

for the univariate situation,

N-1
de . :
Var[Tin] & Vin = S 1()Rii()s
j=1-N
and
N N

(di,NdeN) 20D Zyyy(r — 1) 20,

t=1r=1

N-1
= (dindonN)t D 10)D. Z14Z244;
j=1-N t

N-1 N-1
= Y 1DR12() = Y, 1) R20)

j=1-N j=1-N

de
Cov[T1n, Tan]  Vion

since ¥(7) is even. Compiling results and using the same notation as in the previous case,

Vv & Varldy n(B - B)]

= (1- R; L(0))2 [VZN + R} (01N - 2R1,2(0)Vlg,N]
N-1
= mﬁ;}\, 7(4) {Rz,z(j) + R2,(0)R11(4) - 2R1,2(0)R1,2(j)}
1 Lo
= UWF;N Y()SN(3), (2.22)

say, where Sy (j) is observable and only depends on the regressor sequences. From (2.21)

we may look at the normalized estimate in another useful way. Defining

]. Z2t th
he = L Ryg(0)22t
= AR, 0) {dz,N 2l )dw}
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we have that

N
daN(B—B) = h:X: =
t=1
with the vector H = (hq,...,hn)" and h; satisfying

1
h2
Z 1- R? (0)
Then, we are in a univariate set-up, since (2.22) is valid with the normalized regressors

hi, defining for j = 0,%1,...,

N -1
SNG) = (1~ B0 Y hihus = (1 - B24(0)) (zh?) Y hehess.

1<t t4+5<N t=1 1<t,t+j<N
The normalization is not exact now by the factor 0 < 1 — R3,(0) < 1. In A; we consider
the cross effects between the different regressors. Now, defining similarly as with the
functions Ry, the real periodogram of the observables k; (up to a normalization) Sy (),

we have that
N-

SN()\ Z SN(j)eij/\ >0,

t=1-

from Assumption 2.7.4 and Sy(2) is also integrable since
/ Sn(A)dA = Sy(0) = 1 — R2,(0) < 1.
I

We are going to concentrate in certain special situations. The different sets of condi-

tions we will consider are the following:

e Case A. Both regressors satisfy Condition 2.1. We assume also that the series

pi,j(r) and R, ;(r) are absolutely summable.

e Case B. Both regressors satisfy Condition 2.2, with regression measures with null
continuous part. Then p;2(0) will only be different from zero if the regression
spectra share at least one frequency. Let us denote as A;;(r) the jump at frequency

Ay for the function dGjj;(A).

o Case C. The first regressor satisfies Condition 2.2 [with regression measures with
null continuous part] and the second, Condition 2.1. We assume that p; ;(£) = 0,

V¢, i# j, and this limit is approached with the rate imposed in Assumption 2.7.3.
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Case C is a simplified situation but interesting since it includes the case of mean
correction, Z;; = 1 with stationary Zz;. The coefficients Sy(j) will inherit the summa-
bility properties of its components Ry(j) in (2.22), in fact, the mildest ones when the
regressors satisfy different sets of conditions. When both regressors are of the same type,
we assume in Cases A and B that the sequences p; ;, ¢ # j have the same properties as
pii,t=1,2.

In Case A, Vy defined in (2.22) tends to

ma)? / FO) {92200 + p22(0)g1.1(A) — 201,2(0)g1 20} ax.

In Case B, with both sequences satisfying Condition 2.2 and Z;,; = 1, p1,2(0) would
be only different from zero if the spectral distribution function of the second regressor
Z3 has a jump at the zero frequency, since in this case the spectral measure of Z; has all
its power at the origin. In this concrete situation, the variance in (2.22) is now tending
to, with A;» =0,

2r
(1-p}2(0)

and if p12(0) = O this is just the variance in the univariate case.

[2 A2V (A7) + P2 5(0) A1 (%) £(0) — 21,2(0)Az(5%) £ (0)

In Case C, we study the case of regressors like Z; ; = 1, when we only make a mean
correction for Y;. Since p; 2(0) = 0, we are in the same situation as in the univariate case

and (2.22) converges to

o /n F(N)g22(A)dA.

Now we can construct the two estimates of Vjy we have considered previously, using
Sy instead of Ry. As before, we can study first the unfeasible estimate VN and then
approximate the distribution of ¥iy. We work with exactly the same definitions for the
function Qps and its Fourier Transform @, and for the matrix Qps, but employing now
Sn where we had previously Ry. Like in the one regressor framework, the different
behaviours of the regressors will determine the properties of the estimates of the variance
by means of the function @ s. Again, we do not use extra information about the regressors

when we compute the estimates of Vy.

A wide combination of outcomes is possible, but the general conclusion is that the

general higher order results of previous sections for the univariate case go through for
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multiple regression set-ups with the obvious modifications. Defining for the model (2.18)
Yi = V' dan(B - B),

@ given by (2.19) and Vi defined as before with Sy(5)/(1 — R? 5(0))? instead of Rn(j),
and ry(z), by and bly as before, with Sy()) in the place of Ry()), we discuss the main
differences and some particular cases in an Appendix (see Section 2.11). So we obtain

finally:

Theorem 2.4 Under Assumptions 2.1, 2.2, 2.8, 2.5, 2.6 and 2.7, the conclusions of
Theorem 2.3 hold.

2.7 Conclusions

From the discussion in Section 2.6, we concluded that all the previous results hold for
the two regressors situation (Cases A, B and C) under the multivariate version of the
Grenander conditions in Assumption 2.7. A complete multivariate version of the results
could be obtained, considering fixed linear combinations of the least squares coefficients,

or by means of multivariate Edgeworth expansions.

The consideration of more general set-ups than Conditions 2.1 or 2.2 should be pos-
sible, but these conditions may lead to not easy interpretable conclusions. Of specially
interest are the limits for the function @, in these circumstances. This is related to the
rates in Assumptions 2.4 and 2.7, necessary due to the presence of the smoothing param-
eter M tending to infinity with the sample size, and which makes impossible application

of standard results on weak convergence of spectral measures.

We can make the following points:

e Although the rate of convergence of the least squares regression estimate is deter-
mined by dp 2, this does not affect directly the rate of convergence of the estimate
of the variance VN, VN or \/N/M, depending on the possible nonstationary prop-

erties of the regressor at hand.

e The lag number M may not affect the variance of Vi, but will always decide the

magnitude of the bias. This asymmetry under certain conditions makes unsuitable
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the typical bandwidth choice criterion based on minimization of the asymptotic
mean square error. The leading term in the bias depends on the derivatives of
the spectral density of the noise sequence, as in many nonparametric problems,

weighted by the regression spectrum.

The error incorporated in the estimation of Vyy from the residuals of the least
squares estimation is of order 6y 2 and its asymptotic rate does not depend on dy

directly (as occur with the rate of convergence of Vi itself).

When more than one regressor is present, the same conclusions apply, and the rate
of convergence of the estimates of the other regression coefficients has not influence
in VN.

In the Edgeworth expansion for the distribution of the studentized estimate of §
the only factor up to order 611\{; that matters is the bias, due to the symmetry of
the distribution of X;. Therefore, the normal approximation for the studentized
estimate is correct up to order 0(5}\{;), but assuming enough undersmoothing to
reduce bias, errors of magnitude 0(611\,(,2;) are possible (see condition (2.13)). Cor-
rections for the kurtosis (of 6, y magnitude) are possible considering the residual
estimation effect in the linearization of the studentized estimate. We pursue this
approach further in next chapter for the sample mean and nonparametric estimates

of the spectral density at the origin.

From Taniguchi’s (1991, pp. 58-61) discussion, we can conclude that the studentiza-
tion with the nonparametric estimate Vy will affect some second-order asymptotic
optimality properties of the standardized least squares estimate. Further research is
desirable in order to compare the properties of studentized least squares estimates
with respect to asymptotically optimal (studentized) generalized least squares ones,

based on nonparametric estimates of the disturbances spectral density.

67



2.8 Appendix: Proofs of Section 2.3

Proof of Lemma 2.3. First, in Assumption 2.3, if w(%) is the gth derivative of w,

@0
g = _;)#

at the same time that all the other derivatives evaluated at the origin of smaller order

than g are zero. Then, from the definition of the function K, for even ¢,
W D(0) = (=1)7/2 / K(z)c%dz,
and
/K(m)m’dmzo, 0<r<ag,

for integer 7 [for odd r this is implied also for the evenness of K]. The typical case will
be ¢ = 2, which allows a positive K (see, for example, Anderson (1971), p. 523, for a

further discussion). Next,

N-1 _
Vw= ¥ 10)RNG) =2 [ FNEN(N)A,
j=1-N

since Ry(j) = 0forall j > N, and

N N _
B = 33 Sw( )9t - 0Ret—9)

Il
—
I

U w(2)26)Rw0)

o) 1) RN () + an, (223)
j=1-N

where the first term in (2.23) can be written as
o /H (=22 = X3)Ey(%)En(As)dAadds. (2.24)
Now, given the properties of w and K, uniformly in A3,
) N f(")(As) -
/HIgM(,\z)f(—,\2 “da)dds = f(Aa) + M QT/qu(z)dx +O(M™1-e),

so using this last expression in (2.24) the lemma follows, given the expression for Vy. O
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Proof of Lemma 2.4. Making a change of variable we can obtain,

Trace [(EnQn)°)
T2— T3 T2s— T1
= Yo (= ra)w( YRN(r2— 73) -+ Y(T2s—1— T2s)w( JRN(r2s—T1)
M M
1<71 yoryT2s <N
= Jas—1

1 )w 12_ RN(32) - - Y(Jos—1)w _Jl—_ Rn(—j1- = jaec1
—N<j1,§2,_1<1\7 ()G RN G2) -+ Ao J( =37 ) BN (=1 = fs-1)
X[N = H(j1, -+ J2s-1)] 2.5

where H(jy,...,J2s—1) is defined suitably and satisfies (see Taniguchi (1991), p. 17)
[H(j15- -+ J2s—1)| £ |71] + -+ + |j2s-1]-

Then we can write (2.25) as (j = J1,...,J2s-1)s

2s—-1

N > 11 )w(Z) RN (2) - - - Y(aem1 Jw(CEE T2y g (- Y . 7-)(2.26)
, M M —
—00< 1 yeesJ28—1 <00 r=1
2s—

. . . 1
N Y AGe(E)RNG) G (S R(- Y GX2.27)
Ijlly---»].hs—llZN r=1

1 ; : 2s—1
= Y HGNG)(3)EN () (a1 o (T Ry (=3 ). (2:28)
|.71| ----- Ij?a—ll(N r=1

The leading term in the trace, (2.26), is
‘= J2s-1

N Y GBI ey )

—00<J1y0nrJ25~1< 00

= N [ JO0Qu0): - fau-)Tn ()
X Z exp {l [jl()‘l — )\23) + ...+ jz,_l(A23_1 — Ags)]} d/\l - d/\23

jlr‘“)j?&-—l
= N(2r)? / FNT (VA (2.29)
II
If Condition 2.1 holds, from Lemma 2.4, expression (2.29) converges to
Nt [ g (Vs = o),
II

but under Condition 2.2 this tends to

N(2r)>1 /H FIO) DA K (A = A)dA ~ NM7H(2m) ™71y L ATF OIS,
J
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which is O(NM?*~1), since by Lemma 2.1 we can neglect a term of smaller order of
magnitude due to the integrals of cross products of kernels Kps centered at different

frequencies and the continuous part of G does not contribute to the leading term.

Since Q,(A) behaves in very different ways depending on the properties of regressors,
we need to get totally different estimates of the error terms (2.27) and (2.28) in the
approximation for the trace, depending on which assumptions we make. The way of
taking the properties of the sequence Z; into account is bounding the summations with
indexes in the functions w and Ry at the same time: if G(A) is continuous and the
sequence p is absolute summable, in the evaluation of these errors we can add in terms
of Ry, obtaining O(1) bounds:

M 0 M
> IS Y |p(j)|+o(MN-p/2+N-P by |j|) =0 o)) -
i=—M j=-o0 i=-M
Otherwise, if this last bound is not possible, like with Condition 2.2, instead of adding in

RN, we have to add for those indexes in the function w, getting bounds in terms of M.

First, under Condition 2.2, (2.27) is bounded by

2s-1 oo 00 0o oo

XXy Sy

G )| IR (i)l -+ (e [ (L2220 Ry (<3251 (230)
ZZ DD DN D DRI
h=1 j1=-o00 Jh—1=—°°|jh|ZN Jrh41==00  j24—1=—00
(i)l 1Y (G2s=3)| w(”’ 3)| 1y(j2-1)]

= O(N'4pm°7).

This bound results as follows. First if the index j; coincides with a 7 function, then the
sum in jp is of order O(N'~%) (d > 2 in Assumption 2.1). The remaining sums in - are
all O(1), and since |[Ry(j)| £ 1, the s — 1 sums in w(:) are each O(M). In the case that
the index j; is summing in a w function, the whole expression is zero, since in this case

l7n]/M > 1 for |jz| > N, as M/N — 0.

On the other hand, if we assume Condition 2.1 we can bound (2.27) in the following
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alternate way: (2.30) is now not greater than

2s—1 oo 00 [e’] (o]
‘*’*Z Z E Z |7 E Z
h=1 j1=—00  jh-1=—00 |jp|>N Jh41=—00  j2s-1=—00
G0l (P || BN G)llGa)] - - [o(2)| 1 BN Gas-2)l 1 (Gzsn)l- (231)

Now, when the index j, coincides with w(%)RN(jh) we have that

> linl o3| =0,

lin|2N

since w is zero for all the values of the index. Next, for the same reason and for any other

index j # j
00 j M j M 00
> | irvGn = 3 o[ iRvG <ot Y- |RN(J')|=0( > |p(j)|),
j=—o0 j=—-M i=-M j==—o0

using M2N~P — 0 and because the last sum is finite with Condition 2.1. Therefore, as

all the summations in 4(j) (whether corresponding to jj or not) are bounded, (2.31) is

o [Zyea] ™) = ot

Now, dealing with the two types of conditions simultaneously and noting that the sums

in (w Rn) are only for indexes less than M in absolute value, (2.28) is not bigger than

Yoo Al + ldas-1l}

Ijl Ir-'-1|j23—1 |<N

xRN ()] ool T L R (g o )

= 0,07 [ o] 1}) ,

using exactly the same arguments as for (2.27), where the minimum in the order of
magnitude has to be interpreted as O(M?) when the sum in p diverge. The factor M?
show up because when the index in curly braces is summing in (w Ry) we have to use a
bound for ¥ | ]||w(j&)|, if we do not want to impose further restrictions on the sequence
p(j) in Condition 2.1, like 3°,|4]|p(s)| < co. To the bound being completely meaningful
we need additionally N~1M? — 0, implied by the conditions of the lemma. O
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Proof of Theorem 2.1. First, from the results about the cumulants of I7N, under

Condition 2.1 we have then that

_3/2 (s—1)12%~ 1(271')25‘

wnl0s] ~ O i [ Qe ()

~ N2 (s 1)l (am)e/2 / F(A)g*(\)dA [ / fz(z\)gz(/\)d)\] 0

—s/2
N4l (4 -1t 121l [ PO
Hy s!(CiN)1=/2, (2.32)

IN

IA

with H; < oo and

0<Cr = (47r)‘1(||f||°°||g||°°)"2/Hfz(,\)gz(z\)d/\ < 0.

Equivalently, if Condition 2.2 holds,

kN[0, 3]

P 1)'3;1(1%)“ - / FN)Y ALK (A — NdA

~ Nl-’/z(s—1)!(47r)‘°/2'1M"1||K||:Emfs(/\')W||K”§EA2'f2(’\j)]—3/2

(4m M N2 (o1 IKISZIARZIK IR S A2£2000)]
Hys!(Co N M~1)1=5/2) (2.33)

IA

A

with H, < oo and

0 < Cz = (4m) T (1K L[| flleo) 2N K3 3 AT £2(2)) < oo

Denoting by p; the eigenvalues of the matrix X nQy,

1= Varup] = Trace[(ENQM) ]= N26 Z,u,J,

| ] =1

N26

and therefore

i 2 __ 1N26
Zﬂj—§ N,2-

i=1

Also we have that

max || = i (EnQuma,a)| = |EnQum|| < [|EnI1|Qm]l.
all=
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To evaluate the norm of the matrices X and Qyy, first,

1Quml sup |(Quma,a))

llafl=1

= sup

Za,ah/ Qu(N)eith=i gy
llafl=1

IA

[@n(M)dA

Z a; ezj)\

IIaII 1

IN

sup sup [ogviey]

Zaa'e”*
lll=1 :

< aNéng, (2.34)

where ¢; is a constant depending on sup, |K(A)| or on supy g(A), in relation to which
type of conditions on the regressors we take in Assumption 2.4. Because the last integral
is equal to 27, we have under Condition 2.1, ¢; Néy 2 = 27]|g||o and with Condition 2.2,
c1Nén2 = 2r M ||K||co- On the other hand

IZnll = sup
llall=1

3" ajan / FN)eih=r gy

ih

IN

sup sup |f(A)]

llall=1

N 2
)
Z a;e
Tli=1

= 27/l flloo & ¢ < 00. (2.35)

Then from (2.34) and (2.35), for c = ¢; ¢2, 0 < ¢ < 0,

max |pj] < ¢cNéng. (2.36)
J

Introduce the notation
9; = pic [Néng] ™,
where |g;| < 1, so

Zg]_c N6N2]_2ZHJ 202 N2

and

N

u -1/4
[(ta)] = H(1+4t2 NQ;N)

i=1
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—~1/4

I (ERTEFTN

<.
-

IN

N —142
I1 (1448 bna) "

.
-

1902 -1
(14 438nae?)” sPomal ™ (2.37)

where we have applied the inequality (1 4 bt) > (1 + t), valid for ¢ > 0,0 < b < 1.

Therefore denoting,

A=Ay = (ae%n5) " = o0, (2.38)

as N — 0o, we have obtained that
2 -34?
s (14 4)

and recalling (2.32) and (2.33), condition (2.4) is satisfied for the same A of (2.38) and

one H < oo. Next, for any ¢ > 0,

17 . o
/MMA (HE) dt 2/ (1+—) dt

208’ / . (A2 +t2)_%A2 dt
a

and this is not bigger than
0 —1iA2
204 / t(A2442) 7% at
al

if aA > 1 given A — oo, and making the change of variable > = z, the previous
expression is equal to
1a2

00 _1 2 1-1A27°
AA2/ (a242) 7 ar = as? (B2 7
(e2)?
()2

A22A278%(1 4 az)l'iTA2
2-A?

2
i (mA— 2) (1+a?)7247

and this tends to 0 faster than any power of A~1 as N increases, since a > 0. So we can

-A

Il

justify an Edgeworth expansion of any order for the distribution of Vn. O
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Proof of Lemma 2.5. First, since we can write

X=Y-8Z=»1-2(2'2)"'Z)X

we have
- .2 1
W = V- NX’QMZ(Z’Z)‘IZ'X + NX'Z(Z’Z)‘IZ’QMZ(Z'Z)"IZ'X

= Vn- 26n(1) + En(2),

say. The cumulants of {5(1) are

(s—1)12s1

Cumulant,[¢n(1)] = N+

Trace(SnQMZ(Z'Z)1Z')]  s=1,2,...,
where
Trace[(SnQMZ(Z'Z) 7 Z')") = dy* Trace[(Z'SnQuZ)"] = [d7?Z'EnQuZ| -

Then, using Assumption 2.4.2, with M~! 4+ N-?PM? — 0, with a change of variable and
neglecting a similar term to (2.28),

T2 — T3

ANZ'ENQMZ = dy D Zeyy(r—r2)w( i

1 _<_Tl 72,73 SN

= Y G0 RNG)RN (= ~ 12) + O(N M)
1-N<j1,j2<N-1

~ 2r [ FOQu () EN(N)dA (2:39)
= O(Néng2),

)RN(r2 — 73)Zy,

so the s-th cumulant of {n(1) is O(6% ), s=1,2,.. ..
Moving now to {n(2), s = 1,2,...,

(3_1)!23_1 1rpN—=1rp1 tp\—1rpt
Cumulant,[én(2)] = TTra,ce[(ENZ(Z Z)""Z'QMZ(Z'Z2)~ 7",

with

Trace[(ENZ(Z'Z) " Z'QuZ(Z'Z)'Z')] = d3?° Trace((Z'SNZ(Z'Z) " Z'QuZ)’]
[d;,zz'zNZ(z'Z)-lz'Q Mz] ’
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Reasoning in the same way,

Zr Zr T —T
d7V2 Z Zr17(7'1_7'2) 312\/ 3‘-0( 3 4)RN(’I‘3—'I‘4)ZT4

1S1’1,...,T4SN M

dNZ'SNZ(Z'Z2) 2’ QuZ

N-1 N-1 3
= 2 WBNG) Y w(35)RN (i) B (~d2)

n=1-N Jj2=1-N
= Vi /H FONT N EN(A)dA (2.40)
= O(NﬁN’g),

where the bound results as before. Then the s-th cumulant of {n5(2) is O (6]3\,,2) . There-
fore, focusing in the bounds for the cumulants of {5(1) and £x(2) and on the special case

s = 1 for the bias, we have proved the lemma. O

2.9 Appendix: Proofs of Section 2.4

Proof of Lemma 2.6. Making a change of variable in the indexes of the sums,
L s
-d—z-—Z (ENQM)’ENZ
N
1 Tos—T
= dT E Z"’l‘)'('rl - 7'2)' ' 'w(%)RN(TZs _T2s+1) 7(7'2s+1 —7'2s+2)Zr2,+2
N1<ry,eyr2s42<N
: J2 : . : .
> ) (G BN (2) Yizes ) BN(= 10+ = ast1)
—=N<j1,d2s41<N

Res(j1,.. ., J2s+1)
d%

1l

X |1-

where the term Res(j1,...,J2s+1) is defined suitably as a sum of product terms of the

form Z;Z,, whose total number satisfies

#{Res(jl» LR ,j2s+1)} S |]1| + -+ |j2s+1|.

Next, reasoning as in the proof of Lemma 2.4,

) J2s ) ) ) )
> G- 'w('i[_)RN(]2s)7(]2s+1)RN(_JI’ o= Jas41)
~N<5n 1--~1j2a+1 <N

=Y A0 o RN R (= ae)  (241)

00<j1es1J2041 <00
s
-1_. s+1 :
+O(N mm{M ,[Zj|/’(.7)|] }),
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and then (2.41) is equal to

@0 [ NN EN (). (2.42)
Therefore, under Condition 2.1, (2.42) is tending to

(27)25+1 /Hfs+1(/\)gs+1(/\)d)\ < 0o

and under Condition 2.2, expression (2.42) converges to (neglecting the continuous part

contributions),
(2ry [ 1000 [S,4Ku( - 4)] (YA

~ (27r)2s+lzj’Aj,fs+1()\j:) [ZjAjKM()\]-/ - /\j):ls
~ (27f)23+1ZJ.Ajﬂf’“(/\j)Kir(U)
MR EHO)Y, AT ) = (M),

since the cross products with any kernel function evaluated at a frequency apart from

the origin are always of smaller order of magnitude as M — oo.

Now using Assumption 2.4.2 and [Ry| < 1 we can see that

. J2 : . : ) Res(J1,...,J2s+1
> 7(11)"'w(ﬁ)RN(st)‘r(th)RN(—Jl"'—st+1) ( ,d"’ Y.
=N<j1,eeadas41<N N
|Z:Z| . : . J2s . .
< max—p Yo il 4+ sl @)l - | 27| | BN 2ol (ze41)|
’ N —N<j1,muj2s41<N
+

O(N"’ min {M”I,MZ [Zjlp(j)l]s_l}) ,

using the same reasonings as in the proof of Lemma 2.4, but taking into account that
now we have s sums in the function w(ﬁ')RN( Jj), one of them possibly multiplied by the

index |j|. The Lemma is proved. O

Proof of Lemma 2.7. Similarly to Feller (1971, p. 535) or Durbin (1980a, p. 325) we

have for complex a and 7

]e“—l—r|<e"{|a—r|+t-f-} (2.43)
< 2 .

where v = max{|e|,|7|}. Let’s take (with 7 = 2 in (2.7)):

L. 1 . :
@ =log y(t) = 3litl? = 30 sl mal(it)" (i) + B (2)
2 i
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and

Z 7'1, Tz](’ltl )Tl (Ztg)m
|r|=3

then we have
o= 7] < | R[0,4)(it2) "+ Rv[2,21(it1)2(it2)?] < F(IEI)OBw2)
where F) is a polynomial of degree 4. Now

7P
- < B(It1)0(éna)

where F; is a polynomial of degree 6. Then

o — | + - < F(|[t1DO(6n.2) (2.44)

for some polynomial F. Define the normalized cumulants &y[i,j] = 612\,—,;_j kn[i, 7] =

O(1). To study v, we first bound |r| for ||t|| < C761Q,12/2, ¢G>0

< 0 {0 o, 301+ sientz, 10}

117 {6524 (rl0, 31 + Blmwt2, 1D}
s (245

IN

IA

with 0 < T, < 1/4 if we choose (, small enough, given the previous results for the
cumulants of order 3. Now for @ we can choose a {, > 0 small enough, such that, for

-1/2
6]l < CabRY?,

1
ol < 1] 35 ([0, + Bcnl2 DDt + (1Rlo, 41l + B2, 2D 1)
< ||t||2{ S0 (k{0,311 + 3lan(2, 1) + C265% (1R(0,4]] + |R~[2,21|)}
ik
< —. .
< 5 (2.46)
From (2.45) and (2.46) we have that
1k
T < _—
e’ < exp{ 1
for ||t]] < iy _1/ where (; = min{{s,(;}. Then,
1
ex {3l +7} < exp{-dltl’} (247)
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for one d; > 0, |[t]| < Clé&'lz/z. Since our approximation to 1(t) = exp{3||it||*> + o} is
A(t,2)=exp {%Hzt”z} [1 4 7], using (2.44) and (2.47) the lemma is proved. O

Proof of Lemma 2.8. Since the characteristic function of u; appears in the joint
characteristic function itself, we can follow Bentkus and Rudzkis (1982) and the proof of

Theorem 2.1.

From expression (2.37), we can see that for all » > 0, and N and M big enough we
have that

$(t2)] < (1+n2) 0w (2.48)

for |to| > 776;,112/ ? and some n; > 0 and 7, > 0 depending on 7.

Returning to the bivariate characteristic function, its modulus is equal to

~1/2
[%(t1,82)] = |Det ll - N—W'ENQM}

-1
X exp —%thﬁld]'VzZ”R, (I - %ENQM) XNZ
N2

-1
1o, 2it
= |¥(ty)| exp -§t§VN1dN2z'R(1-—lj22NQM) ENZ
N6N,2

where R stands for real part. From Anderson (1958, p. 161),

-1 -1
— 21t 21t
R(ENI - _1_2/2QM) = R(I - _12;22NQM) 3N
N6N’2 NﬁN,2

is positive definite as t2Qps is real (for every N). Then
0 -1
it
dFZUR|1- =258 Qum| TNZ>0
Néy,
for all 5 € ®, and for [tz < C6y57, VC > 0,
’ -1
dPZR (1T - -?%ENQM SNZ > €
N6N’2
for some € > 0, since we obtained previously that, cf. (2.36),

IZNQMm|[ = O (Nény2).
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Then,

IA

tafa)
exp _§t1€1

1 -
< exp{—zelclz 5N,12}(2.49)

-1
21t
exp —%t%VﬁldeZ’R (I - N;TjENQM) YNZ
N2

for |t1|v2 > C16;,,2/2 and |t]v2 < Cléx,,lf, and some ¢; > 0 depending on (3.

Lastly, from (2.48) and (2.49), we have that for ||t|| > (3 6;,’12/ ?| there exists one number
dy > 0 such that

(21, 12)] < exp {—dzéﬁ,lg},

as {t It > Cléx,’lz/z} C B1 U B, where

o= {esal> Loy

V2
Bg = {t H |t2| _<_ %6;,,12/2 and |t1| > %6;1,12/2} )
and the lemma is proved. O
Proof of Lemma 2.10. First,
(Pn - 1-\(2)) *Voy| = 2sup |(Pv— F(z))*‘l’azvl
BeB?

IN

sup [|(PN ~-T®)x¥,,|;BC B(O,TN)C]
+sup [|(Pv = T®) x ¥, ul; B C B(O,mw)] ,

where ry = 637, (7>0 to be chosen later).

Now for B C B(0,7n)° we have uniformly

(Pv = T®) % Vo y|

IA

[Py % Uop| + T %, |

IN

Prob{|ul| > r~/2}
+2¥ay{B(0,7n/2)°}
+2T3{B(0,rn/2)°}.

First,
I®{B(0,rn/2)°} = o(b52),
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as this measure corresponds to a polynomial with bounded coefficientes times a Gaussian
density. Also
1/2
Prob{|[ul| > ri/2} = o(6}/3),

as u has finite moments of all orders. Finally
Vo {B(0,7/2)} = O(lan/r)?) = O(635T) = o(8)3),

since p+ 7 > 1/6.

For B C B(0,7n) we have by Fourier Inversion
|(Px = T®) % Wy, | < [(2 )2m~N] / [(Pv - T@)(t)Tay(t)ldt,  (2:50)

and as we know that Py = 9(t) and I'(® = A(t,2), using Lemma 2.7, (2.50) is bounded
by

—27 e_% ”2 =~ )
O(55™) [yeqsmple™ M U Tl 251)
+O(83%) |(ﬁN — T®)(t) Ty (t)|dt (2.52)

asy 2 <lItli<asy

as from (2.11), ¥ is zero for ||t]| > @', and o' = 8- 24/37=1/3, Then for (2.51) to be
0(6}\{3) it is necessary to chose 7 < 1/4. Next, (2.52) is dominated by

0(6—21‘—2p) —d26N2 + (61/2) — 0(61/2

Applying the Smoothing Lemma the proof is complete. 0O

2.10 Appendix: Proofs of Section 2.5

Proof of Lemma 2.12. Since convex sets satisfy (2.14), we can apply Lemma 2.11,
proving that
Prob {|Wn| > pnb;N"} = o(6;/n (2.53)

for some positive sequence py — 0 and pn6y 11\,/2 — 00. Let’s choose py = 1/log[é; )

Then we have

Prob {|Wil > pnésa’} < ZProb{IWN(J)l > 2ontisl’}
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so writing now, for some € > 0

SNAWN(L) = —%ulo(M e N7Yond? = w0(8s)
1 _
2w (2) = —iulANaNz” = wénO(8y 2)

SNGWN(3) = w [An+uaV'6N3] 01) = [uén + u1u3]0(8p)

and applying Chebychev’s inequality, as £, u1 and uz have finite moments of all orders,

(2.53) is satisfied at once. Now write
_ -5/2
Wn(4)= (14 By + [Av + Vi'éN5u2| 6) " En(2) = En(1) Bn(2),

say, where Ry(2) is a random variable with bounded moments of all orders. As before,

in order to satisfy Chibisov condition (2.53), we need
Prob {|En(1) En(2)] > pn;N" } = o(83/%), (2.54)
but the probability in the left hand side of (2.54) is less or equal than
Prob {|Bn (V)6 > pN"} + Prob {|RN(2)I6}/5 > pN’} = P1 + Py,
say. Now P, = 0(6;,/13, applying Chebychev inequality. For P;, since By = O(M™9),

Prob {’(1 + By + [AN + VN1511\{§ 2] 0)—5/2 51/4 %2}
Prob {1 + B + An8 + Vg 'x5usb| 651/'° < p3'/°}
Prob{|1+O(M q)+RN61/2|6 1/10 Pz_vl/s},

P,

IA

where R'y is a random variable with bounded moments of all orders. Now, as N — oo,

for some positive constant ¢ > 0, the last probability is not greater than
Prob {|c + By6;/y| < 833°p3'/*} < Prob {IRN61/2| >c } = o(6}/),

applying again Chebychev inequality, since 6;/1\1,0;71_\, /5 _ 0 from the choice of py. O

2.11 Appendix: Bivariate regression

Here we analyze briefly the main differences that arise in the two regressors framework

with respect to the single regressor case.
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First, we need to study the behaviour of the function Qps(A) under the different
sets of conditions. Then, under Assumption 2.7 and M~! + M?2N~P — (0, where now

p = min{p;, p2}, we can obtain results similar to Lemma 2.2:

o Case A. Both regressors satisfy Condition 2.1. In this case Qs(]) is tending to
| Kaa(2 = @) [a22(@) + p1o(0)g11(@) ~ p12(0)g22(0) = p12(0)gm(@)] de

and this converges to go22(A) + p%2(0)gu(/\) = p12(0)g12(A) — p12(0)g21(A).

e Case B. Both regressors satisfy Condition 2.2. Now there are only discrete contri-

butions and then Q,,(}) is tending to

EjffM(/\ =) [Azz(j) + p32(0)A11(5) = p21(0)An1(4) - P12(0)A12(j)] = 0(M),
so in this case the estimate of the variance will have a slower rate of convergence.

e Case C. Because the first regressor satisfies Condition 2.2 and the second regressor,
Condition 2.1, py2(0) = 0, and Q,,()) is tending simply to g2()), as in the univari-
ate case. Then, in the mean correction situation (Z;; = 1) the variance estimate
of a coefficient corresponding to a regressor with continuous spectral distribution
function shows exactly the same first order asymptotic properties as when the mean

correction is not performed.

We now check step by step several results about the variance estimates and the

studentized least squares estimate.

2.11.1 Bias

From the previous discussion it is immediate to check that the proof for the bias of the
estimate Vy remains valid, since of course Sn(X) is integrable. Then under the same set
of Assumptions (2.1, 2.2, 2.3, 2.5 and 2.7, M~! + MN~1 — 0), we have in exactly the

same way as in Lemma 2.3,

E[VN] -V = aNN_l + oM+ O(M_q_g),
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where now

by = —w, (~1)7/2 2x /n FDATN(A)A,

and ay has the same modification in terms of Sy(-).

2.11.2 Cumulants

As we have discussed previously, the sequence Sy(r) will have the same properties as
the sequences R; j(r). Therefore, the bounds employed for the one regressor case are still
valid, but taking the worst ones, in the sense that with one or more of the regressors
satisfying Condition 2.2 we should always employ the bounds in terms of M, using the

properties of w.

In exactly the same way as before (see Lemma 2.4), we have for the variance of Vn

that [with Assumptions 2.1, 2.2,2.5,2.7 and M~! + N"?M? — (]

2

Sn2 = Var[Un] = =

Trace [EnQu)?| = 2(?\,—”)3 /H FAN@ae(N)dA + O(N =2 M?) (2.55)

Now it can be interesting to study the limit of [ f2()\)§]2w()\)d)\ in the different

situations we are considering.

e Case A. The integral tends to [ f2(A) [g22(A) + p%5(0)g11(A) — 2p12(0)g12()\)]2 d)\ =

O(1), so the variance of Vy is of order N=1.

o Case B. Since now the asymptotic leading term of Q () is a linear combination

of the kernel Ky at different frequencies, the variance now is of order M/N.

e Case C. Since p; j(0) = 0, to have a variance of Vn of order N=! we need to check
that in fact R; ;(0) — O fast enough, because in the variance there are typical terms

like (up to a constant),

T3

-T2 T1—T4
M

) Ry3(r3—ro)y(ra— r3)w( i ) R11(r1 — 74).

) DGR

The sum in the previous expression tends to

MN |IK13 32 An@) (%),
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and in order to have this term negligible with respect to the leading term in the

variance we need

Ri,(0)M — 0, (2.56)

but this holds since the right hand side of (2.56) is O(N~(P1+P2) M) = O(N~?P M) =
o(1) if N-PM?% - 0.

We have to consider also other terms, with typical sums in R},(0)% Ri1R22,
R?,2(0)2R1,2R2,2, R%,z(O)ERL]Rl,z and R%,2(0)2R1,2R2,1, but those lead to
terms in @, with at most one function Kjs, so the integral in the variance 0N,z is

always O(1) and they do not contribute to the leading term.

The same type of comments apply for all the higher order (cross) cumulants and for
the joint characteristic function, so results similar to Theorem 2.1, 2.2 and 2.3 are possible
under the same assumptions. The only step that is slightly different, is the residual effect
in the estimate VN, but a result parallel to Lemma 2.5 can be obtained in the following

lines.

2.11.3 Residual approximation

Using the OLS estimates of a and 3, we get immediately that

Y12y = Z1Zog)Xe Zos Yi1(Zag = ZaZi )Xo
Sie(Zre — Z1224) 21 CSoN(Zag — Z2214) 2oy

and with straightforward algebra this is equal to

1 i 21X B+ Tt Z”X’ht
(1-R},(0)\ dny * 7  dan

where h} is defined as h; but interchanging Z; and Z,. Next,

X=X — Zy,

X —

Vn = Vv — 26n(1) + En(2),

where

Env(l) = N_(i_——%'{’_z,—(—(]_)—)ZXhQM(tl tz)(

11,l2

S ZiaXe | S Zan X
! h:z + =2 ht2

di N da N

er Zz.,-
iy S S outn - (Fn + Pen ) x

t1,r
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- —1———X'Q H_Z’l__l_Hz_’Z X
T ONAI-RLO)T M\ TN | dan
1

say, where the vector H, is defined similarly to H but with h}. Therefore for each element

of the N x N matrix Jy, we have
max |J; ;| = O(N7P).
i

Equivalently,

1 Yot 214Xt Y1 Zap Xt
2) = X kY 4 &SR t —t
EN( ) N(l _ R%’z(o))2 t;tz t; ( dl N t2 d2 N t2) QM( 1 2)

. Z1.Xx » Zo s Xr
" (z_dllN_h;z N >:d_Nh) X,
_ 1 1y

= NA- RO NN,

Consequently, given the structure of the matrix Jy, we can proceed as in the proof
of Lemma 2.5 and obtain that the s-th cumulants of {n(1) and En(2) are 0(615\,72),
obtaining an equivalent approximation as for the single regressor model in Lemma 2.5,

- with N"PM? — (.
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Chapter 3

Edgeworth expansions for spectral
density estimates and studentized

sample mean

3.1 Introduction

In this chapter we analyze higher order asymptotic properties of nonparametric estima-
tion of the variance of the sample mean for autocorrelated observations. Our aim is
to investigate the effects of studentization techniques based on nonparametric weighted-
autocovariance spectral density kernel estimates at the origin. This technique was pro-
posed by Jowett (1954), and Hannan (1957) made the connection with the spectral anal-
ysis literature. As we have seen previously, these ideas extend to more general models
and are of wide use in several statistical inference problems. The studentization re-
quires only consistent estimates, and nonparametric ones are robust to different types of
misspecification. However, the performance of these estimates depends crucially on the
bandwidth employed and, typically, have slower rates of converge than parametric ones.
Though this does not affect the asymptotic distribution of the studentized statistic, little
is known about how the use of nonparametric estimates affects higher order properties

of the distribution of the studentized statistic.
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With respect to the previous chapter, we concentrate here in the location problem.
Therefore, under Gaussianity assumptions, only conditions on the spectral density around
the zero frequency are relevant. We obtain asymptotic expansioﬁs of the Edgeworth type
for the distribution of the spectral estimate and the studentized mean. Several corrections
for the first order approximations are found, trying to correct for possible non optimal

choices of the bandwidth number, and we show how to estimate them consistently.

Our higher order theory for nonparametric spectral estimates is based on Bentkus
and Rudzkis’ (1982) work. They obtained asymptotic expansions and large deviation
theorems for the distribution of nonparametric spectral density estimates for zero mean
Gaussian sequences with bounded spectral densities. We cover also spectral densities
that might have singularities due, for example, to seasonality or cycles. We express
our conditions in terms of smoothness of the spectral density of the time series, but
only in an interval of the zero frequency. Nonparametric estimation of functions with
possibly inhomogeneous smoothness characteristics has also been considered by Lepskii
and Spokoiny (1995) among others. They applied the projective adaptive procedure of
Lepskii (1991) to a "signal+noise” model on degenerating intervals around the point of

interest, finding a trade-off between accuracy and adaptive properties.

The flexibility on the dependence assumptions has to be compensated with strong
distributional assumptions, like Gaussianity. This is a serious limitation, but allows us
to distinguish clearly the effects due to the variance estimation from those related with

the basic standardized statistic.

We use kernel functions for the nonparametric smoothing with finite support spectral
window, in order to avoid leakage from other frequencies. However, it is possible to use a
kernel function with infinite support if we are willing to make further assumptions over
the integrability of the spectrum, which would imply in turn restrictions on the size of
any possible singularity. Similar results to those presented here can be obtained under
stronger assumptions (like the summability conditions on the covariance sequence of the
previous chapter), but this would lead to restrictions on the global smoothness of the

spectrum across all frequencies.

Relaxing the Gaussianity assumption with Gé6tze and Hipp (1983) conditions, Gétze
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and Kiinsch (1995) have shown the second order correctness of Kiinsch (1989) block
bootstrap for the studentized version of time series statistics that can be expressed as
sample means. The strong mixing conditions used by them imply restrictions on the serial
dependence structure much stronger that ours, and these conditions do not seem to allow
for expansions of the distribution of smoothed nonparametric estimates. The reason is
that multivariate asymptotic expansions are only valid for fixed dimension vectors, so
they do not extend to nonparametric estimates of parameters of the whole distribution

of a stationary sequence.

This chapter is organized as follows. In next section we give the main definitions and
assumptions which we will use throughout. We consider in Section 3.3 the distribution
of the nonparametric estimate of the spectral density. In Section 3.4 we analyze the joint
distribution of the variance estimate and the sample mean. In Section 3.5 we give an
Edgeworth expansion for the studentized sample mean and give consistent estimates for
the higher order correction terms. Finally, we extend the previous results to obtain a
third order approximation in Section 3.6. All proofs are given at the end of the chapter,

in three appendices.

3.2 Assumptions and Definitions

In this section we set our general framework and assumptions. Let {X;} be a stationary

Gaussian sequence with E[X;] = u, autocovariance function
1(r) = E[(Xt — p)(Xe4r — )],
and spectral density f(A) defined by, Il = (-7, 7],
1) = [ e an,

satisfying 0< f(0) < 0.
Let X = (X1,...,Xn) be a vector of N consecutive observations of X;. Then X has

a multivariate normal distribution A (g,Xy), where

[EN]r,gz’Y(T_g), ’r',g=1,...,N.
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Without loss of generality we take u = 0. Let X = N~! Zf’:l X; be the sample mean
of the N observations of X; and denote
= K
Vn=ValVNX]= Y (1 - —) 3(5).
. N
j=1-N
Then for all N we have .
vVNX
ALY

Since Vv is the Césaro sum of the Fourier coefficients of f(A) at the origin, if f(A) is

~ N(0,1). (3.1)

continuous at 0 then limp_,o Vv = 27 f(0). If f(0) is a consistent estimator, such that

F(0) —p £(0), then

Yy def IM_ —q N(0,1).

\/2r £(0)

Assume that the mean g = 0 is known. Later we drop this assumption (see Sec-

tion 3.5.1). Defining the (biased) estimator of the autocovariance function as

A=v 3 XiXus £=0,41,...,4(N — 1),

1<t t+£<N

we consider the weighted-autocovariance type nonparametric spectral estimate

fo) = }j}vw(f;) )

W
X{—=1]X
(27rN ) ’
where Wy is the N X N matrix

r

Wil =w(52) = [ Kag()eit=ax (3.2)

and Kps(A) is a kernel function with smoothing number M, constructed in the following
way. Define, for a sequence of positive integers M = My such that M — oo and

NM~1 — o0 as N — oo, and for an even, integrable function K which integrates to one:

Km(\) =M fj K(M[A + 274)),

j=—o0

so Kpr(X) is periodic of period 27, even, integrable and

" Kp(N)d) = 1. | (3.3)

-
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Also we have w(r) = [ €™ K(z)dz and w(0) = 1.
We introduce the following assumptions about the dependence structure of the time

series X; and about the nonparametric estimate f{ (0). They are stated in terms of the

spectral density f, the function K and the lag-number M.

Assumption 3.1 f()A) has d continuous derivatives (d>2) in an interval [—¢, €] around
the origin, for any € > 0, and the dth derivative satisfies a Lipschitz condition of order

0, 0<o< 1.

Assumption 3.2 The spectral density f()) € L,, for some p > 1, i.e.
pdef [T
IFI5 = | FP(A)dA < oco. (3.4)
-T

Assumption 3.3 K(z) is a bounded, even, integrable function, —xv < z < 7, and zero

elsewhere, with

/ " K(z)dz = 1. (3.5)

Assumption 3.4 K(z) satisfies a uniform Lipschitz condition (of order 1) in [—m,7].
Assumption 3.5 Defining for j =0,1,...,d,d>2andr=1,2,...
(r) def % ;i r
K% /_ " K@) do,

the function K satisfies

=1 j=0
KNS =0 j<d
#0 j=d.

Assumption 3.6 M~'+ MN"! 50, as N — oo.

This assumption is necessary for the definition of the estimate f Sometimes we will
want to make explicit the exact form of the lag number M satisfying Assumption 3.6 in

terms of V:

Assumption 3.7 M = C - N9, with0< ¢ < 1, and a constant C, 0 < C < co.
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Assumption 3.1 is satisfied with p = 1 if f has bounded (d+1)th derivative around
0. For most of the results, the continuity of the dth derivative would be enough, but
in order to prove that the bias estimation does not affect the asymptotic distribution
we need an explicit rate for the bias error (see Lemma 3.7). Assumption 3.1 would be
implied by conditions like (see Assumption 2.1)
oo

3 e G) < oo.

j=—o0
However these conditions imply global smoothness conditions on the spectral density f
and are too strong when we want to focus on a particular frequency, restricting consid-

erably the class of admissible serial dependence models.

Assumption 3.2 imposes some restrictions on the density f beyond the origin. In fact
a p > 1 arbitrarily close to 1 will be enough for all our results (see Lemma 3.5 below).
We can obtain a central limit theorem for f (0) by the method of cumulants, assuming

only p = 1, implied by stationarity (see expression (3.10) below).

From Assumption 3.3, the function w(r) defined by (3.2) is even and bounded. Also,
Assumption 3.3 imposes a kernel function K defined in a finite support, so it is not nec-
essary to make further assumptions about its tail behaviour (the same results could be
obtained with a support of the form [—7,7] for any 0 < 7 < 7). Asymptotically we only
use information around A = 0 so we do not need to impose strong conditions about f be-
yond this frequency. Assumption 3.4 is needed to evaluate the cumulants of the estimate

f(O) and it is satisfied for most kernels used in practice satisfying Assumption 3.3.

Examples of kernels satisfying Assumptions 3.3, 3.4 and 3.5 for d = 2 are the uniform
and the Barlett-Priestley. For d > 2, possible examples are the following ones constructed
from the uniform density in [—m,7]:

9 15 .,

87 B

225 525 ., 945
1287 6473 12874

For d=4: K4())

For d=6: Ke())

I

A4

with lag windows, respectively:

w(r) = 373,3 [57rr cosmr — (5 — w2r?)sin 7rr] ,
we(r) = % [(—-1897rr + 14737r%) cos 7 + (189 + 777272 4 7tr?)sin 7rr] .

92



To analyze the joint distribution of the sample mean and the spectral estimate of its
variance, it is convenient to work with standardized statistics with zero mean and with

the same rate of convergence. Let’s introduce some more notation. Suppose that the

estimate f(0) is \/N/M-consistent. Defining

X
=vVM—,
T

we obtain /N/Mgq; ~ N(0,1), from (3.1). We can write /N/Mgq, as a linear form in

the vector X, {yX say, where
1

NVN'’

N =
and 1 is the N x 1 vector (1,...,1)".

The denominator of Yy can be written in terms of one statistic with the same rate

of convergence, zero mean and unit variance,

Ynv =
N vVVN VN VN

N/Mg (1+by + g,)7/?
= /N/Mq(1+by +ong)™/?

_ -~ -~ -~ -1/2
JNX ( L4 E2rfO1-Vy 27 f(0) - E[27rf(0)])

where

_ E2nf(0)] - Vv
VN

is the bias of the spectral estimate with respect to the true variance of v/N X, multiplied

by

by 27/Vi. Here, 0% is the variance of the normalized spectral estimate

NI, N 27 £(0) —VE[27rf(0)],

N

in a way that /N/Mg, = \/N/Mq,/on has mean zero and variance 1. Therefore
VN/Mgqa is a centered quadratic form in the vector X,

[T = % (e ) x5 (20
= X'QnX - E[X'QNX]

where the matrix ¢ is given by




Set the random vector u = (uy,u2) = /N/Mq = +/N/M(q1,q2)', obtaining finally

-1/2
Yn=um (l-l-bN-i-O'Nuﬂ/M/N) .

As X is N(0,Xy) distributed, the joint characteristic function of u = (u1,uz) is

: - 1 . - .
¥(tta) = |1 -2it;TNQw| I/Zexp{—Et%&v(f—zztzzwzv) 1EN£N—zt2E}

where £ = E[X'QnX] = Trace[EnyQn]. Therefore, due to the normalizations, u has

identity covariance matrix, and from its cumulant generating function

p(t1,t2) = log¥(ty, 1)

1 1
= —ElogII— 21, ENQN| —

§t¥€5v (I - 2it,5NQN) " Snén — it2E,

the only bivariate cumulants different from zero are
o k[0,s] = 2°71(s—1)! Trace[(EnQn)?], s > 1.

° 5[2,3] = 2"3!55\[(2NQN)82N§N, s> 0.

3.3 Distribution of the nonparametric spectral estimate

In this section we analyze the asymptotic distribution of the nonparametric spectral
estimate f(O) These results constitute an extension of the work of Bentkus and Rudzkis
(1982), in the sense that we do not need to assume boundedness of the spectral density at
frequencies apart from the origin. In Section 3.5.1 we also evaluate the error incorporated
in the estimation of f(0) when we use the mean corrected series X; — X (or, like in the

previous Chapter, the least squares residuals).

~

First we give two lemmas about the bias of the estimate f(0) for Viy. The first one
is a standard result in Fourier analysis about the convergence of the Césaro series of
functions with bounded derivative. The logarithm term could be eliminated assuming

summability conditions on the autocovariance sequence of the spectral density f.

Lemma 3.1 Under Assumption 3.1, d=1, p =0,

Vn - 2rf(0) = O(N~logN).
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Lemma 3.2 Under Assumptions 3.1, 3.3, 3.5 and 3.6
~ (d)
ELFO) - £0) - Lo QRO 4 = 0(N-11ogh + 14-2).

where f(9(0) is the dth derivative of f()) evaluated at A = 0.

Then from Lemmas 3.1 and 3.2 we have that under Assumptions 3.1, 3.3, 3.5 and

3.6, as M increases,

by = (27rf1(0) +O(Nlog N)) (%%I(E)M-d +O(M—42 4 N1 logN))

M~ +O(M~% ¢+ N 'logN),

where
_ fD0) kY
YTUAf0)

We will need to consider the following quantity

(1+ by)~2/?
= ;—blM'd +O(M~4=¢ 4 N~logN),

on

under the same set of assumptions, since for all M big enough 1+ by > 0. Also

& = 1- gblM‘d +O(M~%2 4 N~'logN)
6% = 1+0(M~ %+ N~ llogN).

Now we study the cumulants of f(0). We obtained for s > 2
k[0, 8] = 2 (s—1)! Trace [(EnQn)’]

where we can write

Trace [(EnQN)°] = m(MN)"S/2 Trace [(EnWnp)®].

Proposition 3.1 Under Assumptions 3.1, 8.3, 3.4, M~' + N~ Mlog?*'N — 0, for

$>2,

d
Trace [(SnWar)*] = NS LM~ + O (NM*len(s) + NM*1=472)

=0
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where en(s) = [N~ M log® 1 N)]'/? and

()
K;
A=0

o= 5 (&) ro

with |Ls(j)| < oo and, as KJ(-s), the constants Ls(j) are only different from zero for j
even (7=0,...,d).

The proof is based on the definition of a multivariate version of Fejér kernel (see
Appendix in Section 3.8) and on the fact that, given the compact support of K, asymp-

totically we only smooth for frequencies in a band around zero.

Therefore, under the conditions of Proposition 3.1, the normalized cumulants result

as

=2

#[0,s] (%)TK[O,S]

23"1(3—1)!(27r)2’—1 d . _; s
(onVN ) JZ;)IQ(J)M +O(eN(s)+M d ) (3.6)

Depending on the concrete asymptotic relation between M and N, some values in the
expansion can be included in the error term, since we have only assumed that enx(s) — 0
as N — oo. Now we can apply Proposition 3.1 to evaluate 012\, under the same set of
assumptions (s = 2). As 0% is the variance of \/N/M2r f(0)/Vn, a quadratic form in

the Gaussian vector X,

2
U%VZTN = 1]:[4(2 N)zTrace[(ENWM)z]
= 4r Z Ly(j)M ™ + 0 (en(2) + M~49) (3.7)
i=0

from the proof of Proposition 3.1, if now N~!Mlog3N — 0. For example

Ly(0) = FA0)KP = £2(0)|1 K12 (3.8)
Ly(1) = 0
Ly(2) = %2)[":2%)]

A=0

and 47 f2(0)K$®) = 4 f2(0)|| K2 is the asymptotic variance of \/N/M f(0).
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Now as 0 < L3(0) < oo and all Ly(j) are fixed constants independent of N or M, we

can write for some constants J,

VN)7? —s/2 d Ny —d—
(O‘N—) = (4r)~/ S T()M T+ O(eN(2) + M 9) , (3.9)

2r =0
where for example,

Jo(0) = Ly(0)~*/?

J(1) = 0

It

J(2) = -3La(0)F Ly(2).

Now, denoting C(0,s) = (47r)52;2(s —1)! we can obtain from (3.6) and (3.9) the
following expansion in powers of M ~! for the normalized cumulants, under the conditions

of Proposition 3.1,

%[0, s]

C(0,s)

J=0

X [i Ly(5)M ™7 + 0 (en(s) + M’d‘”)]

J=0

zdj J())MT +0(en(2) + M-d-e)]

d
C(0,5) 3 Ta(A)M + 0 (en(s) + M~*7¢), (3.10)

=0

where )
I's(5) = ZJS(t)LS(j - 1)

are constants not depending on N or M, and depending only on the spectral density f
and on the Kernel K. Immediately it follows that

I';(0)

J5(0)L;(0)
T(1) = 0
Ta(2) = Ju(0)Ls(2) + Jo(2)L4(0).

We also need expressions for o and its powers. First, for j = *1,+2,..., from

Lemma 3.1 .
Wn1? .
52| = 7i(0)+ 0 10g).
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Then, as 0 < 47L2(0) < o0, and onyVy > 0 for all M big enough, under the conditions
of Proposition 3.1 and N~ M log® N — 0, for constants ©(5),

‘/_Z@( )M~ +0(en(2) + M~22)

NTOF=
and
of = (0)2 ZLz(J)M T +0(en(2)+ M™*9),

oY = (47(1-3)3 0(0)® + O(eN(2) + M"d“’) .

For example,

0(0) = Ly(0)/?
0(1) = 0
02) = 5La0)/La(2)

From the previous results we can justify an optimal choice of the smoothing number
M in terms of the value which minimizes the Mean Square Error (MSE) of the spectral
estimate, E[(f()\) — f(A))?], at A = 0. Since in this case we are only interested in the
estimation of the spectral density at the origin, it is sensible to use local rules for the
choice of the bandwidth.

Assuming conditions 3.1, 3.3, 3.4, 3.5, M~! + N~ M1og® N — 0, from Lemma 3.2 we

obtain an expression for the bias and from (3.8)
N 2ol = 4 £2 2 -2
o7 Var [£(0)] = 47 £2()IIK 11} + O (en(2) + M7?).

Then the smoothing or lag number which minimizes asymptotically the MSE is of the

form

M=c-NY@HY) << oo,

in order to make squared bias and variance of the same order of magnitude. The optimal

constant ¢* that provides the minimum asymptotic MSE is

oo [ (£ KD\
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Obviously this choice is unfeasible as depends on the unknown spectral density, but
initial, consistent estimates of f(0) and f(#)(0) can be plugged in. In next chapter we

propose a local cross-validatory procedure that avoids this estimation.

3.4 Joint distribution of the spectral estimate and the sam-

ple mean

In this section we prove the validity of an Edgeworth expansion to approximate the
distribution of the vector u. Of course this will imply the validity of that expansion for
the distribution of the spectral density estimate f (0). First we study the cross cumulants

of the form (s> 0):

K[2, s] 2°sUN(ENQN) EnéN

(MN)™*? 1

= 2%!
N Vo

1’(2NWM)’EN 1,

with similar techniques to those of Proposition 3.1.

Proposition 3.2 Under Assumptions 3.1, 3.8, 3.4, M~! + N"1Mlog®**'N — 0, for
s> 1,

V(SNWh)*En1l = N@2o)PH 0 [Kam(0)] + (Ms+1 log2’+1N) .

Then, under the conditions of Proposition 3.2 the normalized cumulants are equal to

R[2,s] < (%) gy

2 s 91 (0 y
_ VNZN] WJ,S ) (ar)*s!f(0) K (0)° + O(ng?sﬂ]v),

as Kpr(0) = M K(0) given the compact support of K. Substituting the expansion for the

value of Vyon and using Lemma 3.1, we obtain:

Lemma 3.3 Under Assumptions 3.1, 3.3, 3.4, M~' + N~ 1M log®*3N -0, s > 1,

R[2,5] = [V’;;N ] _3[1 +O(N" logN)]| (47)°s!f(0) K (0) + O (%logzm N)

d
(am)*/? [E J:»(j)M‘J’] (47)*s!f(0) K (0)* + O (en(s) + M~4~¢)

=0
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d
= C(2,9) Y LM +0(en(s) + M~9),

=0

where C(2,s) = (47)*/2s!f*(0)K*(0) and the J5(j) are defined as before.

In order to prove the validity of an Edgeworth series expansion for the joint distri-
bution of the vector u we have to check that the characteristic function of the expansion
approximates well the true characteristic function. We use the same two step proce-
dure as in the previous chapter. However, here we include only the leading terms of
the expansions for the cumulants of the joint distribution, incorporating the error of this

approximation in the general error term for the estimate of the characteristic function.

Let’s start constructing the approximation for #(t). As in Taniguchi (1987, pp. 11-
14) or Durbin (1980a), using the fact that only the cumulants of the form [0, s] and

K[2, s] are different from zero, we can write the generating cumulant function as

7+1
logy(t) = || i) + Z (N/M) E e n[rl,rz](ztl)”(ztg)”+ Rn(7),(3.12)
5=3 Ir|=s

where the vector r is of the form (ry,r2), with »; € {0,2} and |r| = 7, + 72, and the

remaining term Ry is of this form, if 7 is even:

N\"% e 2 r
Ry(r) = (M) [Ro,f+2(zt2) +2 4 Ry (it)*(ity) ] :
or of this other form, if 7 is odd:

R = (37) " gy [FO 7+ 2t + T e oy |

_+_.

+ (%) [Ro,¢+3(%t2) + Ra,rpa(it1) (”2)T+1] (3.13)

where the Rp; and R, ; are bounded. So we can write from (3.10) and Lemma 3.3

7+1 — _

logp(t) = it + E(N/M) [K[O,s](itg)’-i-s(sQ I)R[O,s-2](it1)2(z't2)"2]

: s=3

+Rn(7)
TH

= —||zt|| +E( ) [BN(s £)+{(6ta)"+ (it1)(it2)* "2 }O(en(s) + M4 |
+Rn(T),
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where we have grouped terms in powers of M~! in By(s,t):

s(s 1)

d
Bn(s,t) = ;172 M- {C(O,s)I‘,(j)(itz)s RS e(2,5-2)d _2(])(zt1)2(zt2)’"2}
P

We are interested in obtain an approximation for the characteristic function of the
vector u based on its cumulant generating function. This approximation (A(t, ), say)
should have leading term exp{||¢t||?}, multiplied by a polynomial in t, depending on
the cumulants of u, N and M. For general 7, this approximation has this form

1 7+1 2-5 T+1
At,7) = exp{—||it||2} 14 Z ( ) > T1 Bt " =
2 r n=3 +1'
where r = (73,...,77+1), ™» € {0,1,...} and the summation extends for all the vectors r

that satisfy the condition
7+1

E(n —rn=j-2.

n=3
We will only need to keep terms in the expansions up to a certain power of (N/M )‘1/ 2,
Thus, some of the terms in big powers of M~! in By(n,t) may be included in the general

error term, without increasing its magnitude.

In the following we are going to concentrate in obtaining a second order Edgeworth
expansion, T = 2, that is, including in A(t,2) terms up to order (N/M)~'/2. In Sec-
tion 3.6 we consider a third order approximation with 7 = 3. Applying the general

exp {%“zt”?} [ 1 + Bn(3,t) (%) —1/2} .

However from the expression for By(s,t) we can see that in the term of order (N/M)

formula we would get

-1/2

of A(t,2) it is only necessary to keep the leading term (in M) in the expansion for the

cumulants of order 3.

Lemma 3.4 Under Assumptions 3.1, 3.3, 8.4, M~ + N~"'M log® N — 0, there ezists a
positive number 6; > 0 such that, for ||t|| < 61/ N/M and a number d; > 0:

-1/2
b0~ At 2) < es(-alePyE0( () P+ en(a)] + ) 010

where F is a polynomial in t with bounded coefficients and

-1/2
At 2) = exp { St} [1 +HF) p{codrenr+ce 1)J1(j)(it1)2<z't2)}].
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Having approximated the characteristic function for values of t such that ||t|| <

61+/N/M, the following step is to study the behaviour of this function in the tails.

Lemma 3.5 Under Assumptions 3.1, 8.2 (somep > 1), 8.3, 3.4, M1+ N Mlog®N —

0 there ezists a positive constant dy > 0 such that for ||t|| > §;mp,

[9(t1,12)] < exp {~dym} } (3.15)
where

1/2
mpy = min (—N—Z—) ,Nr’1 —00 a8 N — 0.
Mlog’N

Let’s introduce the notation

Py{B} = Prob{u€ B}

@B} = 5 [ e {-JlulP} x

2r Jp

[1 X (%)‘f %{C(O,3)I‘3(j)ﬂg(u2) + C(2,1)J1(5) Ha(u1) H1 (uz)} | du

= /B $2(w)g'? (u)du, (3.16)

say, where ¢2(u) is the density of the bivariate normal distribution and H;(-) are the uni-
variate Hermite Polynomials of order j. The measure Q(?){.} is the Edgeworth expansion

for the distribution of the vector u, and its characteristic function is A(t,2).

To prove the validity of the asymptotic expansion we will use the previous lemmas
and the Smoothing Lemma 2.9, for which, in the following we assume condition 3.7:
M = C - N1, with 0 < g < 1, and some constant 0 < C < oo, but we do not assume
yet the choice ¢ = 1/(1 + 2d) and/or C = ¢* that would minimize the MSE of f(0). If
not stated otherwise, only the condition 0 < ¢ < 1 is required in Assumption 3.7. This
implies Assumption 3.6 for this particular M. The reason to impose this specific form of
M is that Assumption 3.7 also implies that, for some € > 0 depending on ¢ and p and a
positive constant

mpy > const.N°, £ > 0. (3.17)

Now we can prove that Q(?) is indeed a valid Edgeworth expansion for the probability

Py corresponding to the random variable u.
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Lemma 3.6 Under Assumptions 3.1, 3.2 (p > 1), 3.8, 3.4, 8.7, for any = (N/M)™?,
1/2<p<1:

0@y =o (X)) L4 @ an
sup |Py(B) Q2(B)I—0((M) )+3;2£2Q2{(3B)2 }.

3.5 Asymptotic expansion for the distribution of the stu-

dentized mean

The distributions of u = \/N/Mq and Yy are functions of quantities, like o, k,s, etc.,
which depend on the sample size and on the bandwidth employed in the spectral estima-
tion. We have obtained expressions up to a certain degree of error for these quantities
in powers of N and M. The constants of these expansions depend on the value of the
spectral density and its derivatives at the origin (unknown) and on the user-chosen kernel
K(A).

The accuracy to which we can evaluate the above quantities depending on N de-
termine the order of the error of the feasible Edgeworth expansion for the distribution
of Yn. This accuracy depends mainly on the value of the smoothing number M. In
this section we assume condition 3.7 with ¢ = 1/(1 + 2d), but not necessarily C = c*.
Then 0 < M~%/(N/M)™'/? < 00 as N — oo, and we have that the bias correction is of
the same magnitude as the correction term we obtained in A(t,2), or as the standard
deviation of f(O)

We first work out a linear stochastic approximation to the function Yy (u) and prove
that it is correct up to order o((N/M)~'/?). Then, the asymptotic approximation for
the distribution of the linear approximation is valid also for Yn with that error. We
assume conditions 3.1, 3.2 (some p > 1), 3.3, 3.4, 3.5 and 3.7, ¢ = 1/(1 + 2d), but not
necessarily C = ¢*. Then f(0) is v/N/M consistent and the approximation we obtained
in Section 3.2 for Yy is valid.

Set the neighbourhood of the origin

d
— < Nars AT _* ._
AN—{u.Iu,|<c,N ,0<p,<3(1+2d),z 1,2},
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where ¢; are some fixed constants, and expand Yy around 0 in Ay, with 0] < 1:

1 -
YN = (5N’U,1 - 55?VO'NU1UZ(N/M) 1/2
-5/2
+5’8- (14 by + onBus(V/3) %) " R (v/0) 7,
-5/2
remembering that 6y = (1+ by)~Y/2. Set Zy(1) = 2 (1 +bn + oNﬁuz(N/M)‘1/2) /
-afvulug and substituting for the values of oy and é5 and their powers, from the results

of the previous sections, we can write
Yy = uw [1 - 1blM-d +O(M~%e4 N—llogN)]

_z [1+ oM™+ N1 logN)]l “0(0)+0 (en(2)+ M~ )] uus(N/M)~112

f(0)
+Zn(1) (/M)
= [1 - %blM‘d - %\/EllKllzuluz(N/M)_llz]

+Zn(1)(N/M)

+u;0(N " logN + M~47¢9)

+u1020 (N/M) M2 + en(2)]) (3.18)
Define

3
N =Y Zn(5),
J=1
where (N/M)~'Zn(2) and (N/M)~1Zn(3) are the last two terms in (3.18) with leading
terms in u; and u,u, respectively. Thus
Yy = Yj(; + ZN(N/M)—I
where
Vi = [1- shiM~ - %\/47r||K||2u2(N/M)‘1/2] .

Now we use Chibisov’s (1972) result to prove that the error in the previous linear ap-

proximation can be neglected with error o((M/N))1/2.

Lemma 3.7 Under Assumptions 3.1, 3.2 (p > 1), 8.3, 8.4, 3.5 and 3.7, ¢ = 1/(1 + 2d),

Yn has the same Edgeworth ezpansion as Y}, for convez sets up to the order (N/M)~1/2.
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The next step is calculate an Edgeworth Expansion for the distribution of Y from

that of u. Consider the transformation

s Yi(uy,u
I I (u1,u2) — ()
S2 Ug
and its inverse
uh(s1,8
u= ‘I’_I(S) — 1( 1, 2) ,
U

where we can write, using (1+z) ! =1-z+2%2—-23+--, for |z| < 1, uniformly in Ay,
1 1
u(s) = s1 [1 + 50 M~ + VAT K [l2ua(N/M) 72| + o(N/M)7H?), (3.19)

where the truncation of the term in s,s30((N/M)~") with error o((N/M)~1/?) is allowed

due to the definition of the set Ap.

Writing for convex sets C
Prob{Yy € C} = Prob {u € T7Y(C x §R)} ,

as in Taniguchi (1987, p. 22), it follows from Lemma 3.6 that (as ¥ is a C*™ mapping on
AN)v

sup
CeB?

= o((N/M)™) + const. sup Q@ {(9¥I(C x R))*»' }, (3.20)
Cen?

Prob {u e ¥7H(C x ®)} - @ {¥(C x R)}|

where ay = (N/M)~?,1/2 < p < 1. Also, from the continuity of ¥, we can obtain, for

some ¢ > 0,
Q@ {(au1(C x )P} < @B {(¥(@C)*N x 1))} (3:21)
and exactly as we did in the previous Chapter (see the lines after expression (2.17)),
QO{ w1 (CxR)}= [ oL ra(sn) /M) rasr) M~ dsy-+o(N/30) ),
where 7;(s1) are polynomials on s; independent of N. Since we have that

E[s1] = of(N/M)™2)
Els}] = E[u}- M~} - var| K|x(N/M)™2udus| + o((N/M)72)
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= 1-b M™%+ o((N/M)™/?)
Els]

2
o((N/M)™H?),

E [u‘; - §blM-"u? - g\/EHI(”g(N/M)‘I/?u:}ug] + o((N/M)™1/?)

it can be seen that

r(z) = 0

I

|
o

o

r2()
So we have obtained, remembering (3.20), (3.21) and Lemma 3.7:

Theorem 3.1 Under Assumptions 3.1, 3.2 (p > 1), 3.3, 8.4, 8.5 and 3.7, ¢ = 1/(14+2d),
for convez sets C € B and ay = (N/M)~?, 1/2<p<]1,

Prob{Yy € C} - /(; é(z) [1 + rg(:z:)M_d] dz

sup
C
= ésu x ro(2 M8 dz + o -1/2
=3 CP/(BC,WN 8(@) [1 +ra(@) M| da + o((N/M)7/?)

and, in particular, for the distribution function (C = (—o0,y]):

= o((N/M)™/?).

sup
yeR

y

Prob{Yy < y} - / #(2) [1 + ra(2)M 9] da
—00

Integrating this last expression, and making a Taylor expansion of the distribution

function of the standard normal, ®(y), we can get uniformly in y, under the conditions

of Theorem 3.1:

Prob{Yn<y} = &(y)+ %sb(y)bl M~ + o((N/M)™'1?) (3.22)

(d) (1
FOK, d!(})gégd M=% 4 o((N/M)™/?)

® (y + gblM-d) + o((N/M)~12) (3.23)

(y) + O((N/M)71/?).

B(y) + S4()

If we had made the ‘optimal’ choice C' = ¢* in Assumption 3.7 from (3.11), then the
approximations above could be written as
Prob{Yn<y} = &(y)+yd(y)b N"™ + O(N'Wdﬁ)
@ (y+yb, N 4 o( N"TR)

It

106



where 4

b/_bl 2d f(d)(o)K((il) 27 3341
Rl A O

or equivalently, operating with the values of b; and c*,

Prob{Yn < y}

B(y) + (/M2 p(y)ar +o((N/M*YH?)  (3.24)
@ (v+ oy (N/M7) +o((V/M)H ), (3.25)

with
m .
@ = ,/ﬁuzfu2 sign[ f(A(0) K] .

When d = 2 the approximations (3.23) and (3.25) have a very intuitive interpretation.
In this case we have that

b @) (0 .
n f_# KD and a = guxnzmgn [£®(0) k()] .

Suppose that K,‘(,l) = [2?K(z)dz > 0 (eg. if K(z) > 0, Vz). Then if f(A) has a
peak at A = 0, typically f(?)(0) < 0 and we are probably underestimating f(0), as
the contribution from the adjacent frequencies cannot help to resolve the peak. Then
we underestimate the variance of X and the confidence interval for /N/Vy X is too
narrow for Yy, obtaining too many rejections, since the ratio Yy tends to increase. The
above approximations tend to correct this problem as in both cases we have that they
approximate the distribution with ®(yky) where ky < 1, so for the same confidence
level, the critical value y obtained in this way is bigger (in absolute value) than the one
obtained using the raw normal approximation. In this way the confidence interval is

wider and we do not have so many rejections.

We can make the same reasoning in the other direction, when we have a trough in
f(A) at A = 0. For d > 2 the interpretation is equivalent, but in this case we have to
take into account the sign of K tgl), which can be negative, as it is the case for the Kernel

K4(z) and d = 4.

The approximations (3.24) and (3.25) are more attractive, since if we believe to have
chosen M in an optimal way by any means, we only need to estimate the sign of f(4)(0),

not its value, to achieve an asymptotic second order correction.
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3.5.1 Mean Correction

All the previous results have been obtained under the assumption that the mean of the
time series was known. Now we drop the assumption of known mean for the sequence
{X:}. We still considering E[X;] = p = 0, without loss of generally, and modify the
definition of the estimates of the autocovariance function based on the mean corrected

series X; — X:

'7“) =N Z (Xt - 7)(Xt+l - :Y)a £=0,%1,... ,:t(N - 1)7
1<t,t46<N
and the corresponding nonparametric spectral estimate
O = 5 ¥ w(3)50
2n o \M
Wy
2z N

All the definitions we did before can be adapted with f(O) substituted by f(0). To

It

(X - X1)’ ( ) (X - X1).

prove the validity of the previous results we study the difference between both spectral

estimates. We obtain

Q)

It

-2 (28071 (5]
f(0)- 22y + RN, (3.26)

say. We study now the cumulants of the random variables Zy and Rpy. First we note
that

Wum — W )
= / — = ! — ! = /
ZN—[X (27rN>1}X X (27rN211 X =XANnX,

where Ay = (2rN2)"1Wp11' is a N x N matrix.
Lemma 3.8 Under Assumptions 3.1, 3.3, 3.4, M~ + N~ M log’N — 0, s =1,2,...
Tracel(ENWa11'Y'] = (MN)* [(2m)2£(0)K(0)]” + O((NM)**)M? 1og? N).

Then we can obtain under the same set of assumptions of the Proposition 3.8 that

Cumulant,[Zy] = e¢sTrace[(EnAn)°]

M\?* s M s+1 5
e (—ﬁ) 2r FO)K(O)]° + O((F) log N) ,
where ¢, = 2°71(s — 1)!. Then (N/M)Zy has bounded moments of all orders.
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Lemma 3.9 Under Assumptions 3.3, 8.4, M~ + N"1MlogN — 0,

w1 = ME©) +0( L 10gN
N ML= N o8l -

As X ~» N(0,Vy/N) and from Lemma 3.1, under Assumption 3.1, Vy = 27 f(0) +
O(N~logN), it follows that (N/M) Ry has bounded moments of all orders too.

Therefore, from (3.26),

- - 1/2
\/gfm) = \/%f(O) +(3) aw (3.21)

where Ay is a random variable with bounded moments of all orders, and expectation

1/2

~2mk©O0) ()
from Lemmas 3.8 and 3.9. Therefore the distribution of f(O) is affected to a second
order ((M/N)Y?) by the mean correction. The bias term is the same as that studied
by Hannan (1958) in the context of estimation of the spectral density after removal of
a general type of trend. Of course, the asymptotic relationship of this bias with the

smoothing bias studied in Lemma 3.2 depends on the degree of smoothing (that is, the

relation between M and N). In Section 3.6 we analyze this issue further.

Denote as Y3 the studentized mean when we use f(0) and equivalently u% as uy with
£(0). Then u§ = ug + (N/M)~Y/2Al;, where the random variable Ay, = O(1)Ap has the
same properties of Ay. Now

Yi = wm [1 - %blM‘d - %\/ﬁuKuzuluz(N/M)-l/?]

+Zn(1)(V/ M)

+uO(N ™ logN + M~%7¢)

+u1u0 (N/M) T 2[M 2 + en(2)])

+AN(N/M)7Y,
where A, depends on Ay, u; and up, and has moments of all orders, so it can be
neglected when we approximate Y3 with Y};. Therefore the studentized sample mean
with the ‘mean corrected’ spectral estimate has the same Edgeworth approximation for its

distribution function up to order o((N/M)~'/?) as when the mean is known. However,

the expansion for the distribution of f would differ from that for f in terms of order

(N/M)~1/2,

109



3.5.2 Empirical approximation

The above approximations to the distribution of the studentized mean and to the opti-
mal bandwidth choice depend on the unknown derivative f(#)(0) and on f(0). These two
quantities can be substituted by initial estimates to obtain an empirical Edgeworth ap-
proximation. The estimate of f(0) can be obtained using an initial guess for the optimal
bandwidth in f(O)

In the remaining of this section we propose nonparametric estimates of the derivatives
of f at any frequency a and prove their consistency under local conditions. To estimate
derivatives further smoothness restrictions on f will be necessary, but only around the

frequency of interest.

First we introduce the class of Kernels (v, r) v = 0,1,...,7 — 1 to estimate the »-th
derivative of the spectral density, following Gasser et al. (1985). Define the kernel V,, of

order (v,r) as a function such that

0 7J=0,...,v—-1Lv+1l,...,r—1
V,,(:v)a:jdz = (—1)”1/! j=v
-
d#£0 jF=m,

with support [—7, 7], and satisfying a Lipschitz condition of order 1. If » = 0 then we
estimate the function itself and Vg has equivalent properties to the kernel K we used to
estimate f (compare this with Assumptions 3.3, 3.4 and 3.5). We define for a sequence

of integers m, = m,(N), satisfying at least

1 m,
m PN Y

the function, z € [-m, 7],

Vi, (2) = m,V,(m,z),

such that
/ [Vim, (2)| dz < 00, and / |2V, ()] dz = O(m;!).
I I

Then the proposed estimate ﬁ(vfz (a) for the v-th derivative of f(A) at A = a is

(@) = (m,)" /H Vin, (MIn(a — A)dA.
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In the following two lemmas we summarize the results about the expectation and the

variance of these estimates under the local smoothness assumptions.

Lemma 3.10 Under Assumption 3.1, d = v+a, p = 0,. for f(A\) around any fre-
quency A = o, and a Kernel of order (v,v+a), for some integer a > 2, and (m,)~1 +

N~1(m,)”logN — 0 then
E[f)(e)] - f*) (@) = O((m,) [N~ 1ogh +m, ™))

Lemma 3.11 Under the conditions of Lemma 8.10, with If (m,)~*4+ N ~'m, log’N — 0,
N v
) Var f)(e)] = 27 f2()|[Vu||3 [1 + 60,0] + o(1)-

These two lemmas justify consistent empirical Edgeworth expansions based on the
above results, plugging in consistent estimates of the unknown constants. The reason is
that the correction terms are of order (M/N)'/2 and the use of consistent estimates for

f and f@ will introduce only an error of magnitude op((M/N)1/2).

Examples of the class of Kernels (v, r) obtained from the uniform distribution on
[-7, ] are,

4
For v=2, 1=4, Va(z) = ”% T 4_:5_:':2

525 2205 , 4725 ,

For v=2, r=6, Va(z) = ~ 35,3 + 6:5° " 33.7°

2835 14175 , 33075 ,
1675 87 1672~ °

For v=4, r=6, Vi(z) =

The asymmptotic distribution of ﬁ(n",? () can be analyzed using related techniques to

those we have employed for the distribution of f(O)

3.6 Third order approximation

In this section we concentrate on obtaining a third order approximation (that is, including
terms of order M /N) for the distribution of the studentized sample mean. The previous
results are not sufficient to prove the validity of such approximation when we consider
the effect of the mean estimation in the nonparametric spectral estimate. In the following
we will show the main modifications of the previous scheme that will allow us to prove

that third order approximation.
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3.6.1 Distribution of the nonparametric spectral estimate

The main idea is to work directly with the mean corrected nonparametric spectral esti-
mate f(0) instead of f(O) and analyze the effect of mean correction in all the steps of the
previous development. As we have seen in Section 3.5.1, the effect of the estimation of
the unknown expectation of the time series in the spectral estimate is of order (M/N)!/2,
so it will have an effect of order M/N in a third order approximation for the studentized

mean.

As before, we will denote with a star superscript, *, all the quantities when the
estimate f(0) is used instead of f(0). First we will study the bias. The following lemma

is a simply extension of Lemma 3.2 using Lemmas 3.8 and 3.9:

Lemma 3.12 Under Assumptions 3.1, 3.8, 8.4, 3.5, 3.6 and M~' + N~ M logN — 0,

EIF0))- £0) = LoDk Par=4-2x f(O)K(O)—+0C°gN +M-d-9+[%]2log21v).

The second term on the right hand side is due to the mean correction in F(0).

Define now uj similarly as ug but with f(O) in the place of f(O) For the analysis of
its cumulants, we can write the random variable u5 compactly as a quadratic form in the
vector X,

= X'Q§X - EIX'Q4X],

where the N x N matrix

11/
QN = ANQNAN, AN =In — —,

is the mean corrected version of Q. We can define equivalently Wj; in terms of Wyy.
Now it is possible to obtain, under the conditions of Proposition 3.1,
d
Trace [(SnWip)!] = NM*~1(2n)#1 5™ L,(0) + O (NM*"len(s) + NM*~%)
i=0
so the cumulants [0, s]* (of u}) have the same asymptotic approximation as &[0, s]. This
can be seen using the same techniques as in the proof of Proposition 3.1, since now the

Fourier transform corresponding to the matrix Ay is

)= o (- 2300)
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where

N_l ..
D)= 3 e

j=1-N
is a version of Dirichlet kernel. Therefore, obtaining all possible cross products due to
the function An(A) in the corresponding expression for the trace, the only one with the
factor (27)~* is equal to the trace of (SnyWps)®. Meanwhile, all the other terms (with at
least one function Dy(A) in them) are of an M/N order of magnitude smaller for each
Dirichlet kernel Dy () function present in the product (so they are incorporated in the
error term O(NM*~1ep(s))).

Consequently, all the conclusions about the variance and optimal bandwidth assuming
known mean, still go through, since the previous expressions for that quantities are valid,
up to order M/N. We will see later, that estimating only the leading term of the higher

order cumulants of uj is sufficient to obtain the approximation with the desired error.

3.6.2 Joint distribution of the spectral estimate and the sample mean

Concerning the cross-cumulants, it is possible to obtain, under the conditions of Propo-

sition 3.2,
ll(ENW]”‘*J)SEN 1= N(27r)2s+1[f(0)]s+1 [KM(O)]S +0 (Ms+1 10g2s+1N) ,

and therefore the cumulants &[2, s]* have the same asymptotic behaviour as [2, s], just
by using the same argument for the function A()) as for the cumulants of the normalized

spectral density estimate.

The next goal is to approximate the joint characteristic function of u* = (uy,u%).

Define, for that approximation,

A7(t,3) = exp { St} { 1+ By(3,1) (%)1/1 {Bra v+ 3607} 3 ] ,

where, we include in By, the correspondent cumulants, not only the leading terms of

their expansions (as we did in Chapter 2),
B (ovt) = 7 [W0, 510ty + Lo, o - 21 i)
Now we can obtain similar results to Lemmas 3.4 and 3.5:
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Lemma 3.13 Under Assumptions 3.1, 3.3, 3.4, M~ + N"1Mlog' N — 0, there ezists
a positive number 6; > 0 such that, for ||t|| < é1./N/M and a number di > 0:

-3/2
[+(t) ~ 4*(t,3)] < exx»{—dl||t||2}F(nt||>0((%) ) ,

where F' is a polynomial in t with bounded coefficients.

Lemma 3.14 Under Assumptions 3.1, 3.2 (p > 1), 3.3, 8.4, M~ + N-'M1log®’N — 0

there ezists a positive constant dy > 0 such that for ||t|| > é1mny,
|*(t1,t2)| < exp {—dgm%,} .

The last lemma follows using the fact that the asymptotic variance of the spectral
estimate is the same, with and without mean correction, and that the norms of the

matrices EyWn and ExyW3; have the same asymptotic bounds. Next, defining,

Py{B} = Prob{u* € B}

QU (B} = o exP{—1||u||2}[1 + 7 (00,3] Ha(a) + 5[2, 1" H(r) Ha ()}

2(3')2 {(s10,3")? Ho(uz) + (12, 1) Ha(u1) Ha(u2)
+2[0,3]«[2, 1]* Ha(u1 ) Ha(us)}
o ([0, 41 Ha(ua) + (2, 21" Hun) H(ur)} | d

/ ¢2(u)q(3) (u)du, say,

we can get, for the approximation of the distribution of the vector u*,

Lemma 3.15 Under Assumptions 3.1, 8.2 (p > 1), 8.3, 3.4, 8.7, for ay = (N/M)~?,
1/2<p<1:

N1\ 4
* —0® — - = 2anN
SE&IPN(B) QB)(B)| o((M) )+351€1pQ '{(8B)%n}.
3.6.3 Distribution of the studentized mean

Now we move to the studentized sample mean Y3; with the nonparametric estimate i (0),

using the results concerning the Edgeworth expansion for the distribution of u*. First
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we can obtain a linear approximation for Y3j. The main problem here is the bias term
2
N =b M4 b«z% + O(N'llogN + M e [%{—] logzN) ,

with b; = —27K(0). If we want to make the bias term b} negligible up to order M/N
we can not assume that M has the optimal rate that minimizes the mean square error

of f(O) Instead, we need to impose a condition like,

M,
dim = M? > 0, (3.28)

which guarantees that the bias term of order M~¢ is at most of order M/N, and that
the term O(M~%~¢) will not affect the third order approximation under Assumption 3.7.
Of course this implies an important undersmoothing: M has to grow much faster than
NY/(+2d) ot Jeast as NV/(1+d) Now,
L4 1, M -1 —d-o, [M]? 2
b}kv—l—-éblM —-2_b2_j\7+0(N logN+M +|:W] logN ,

and we can obtain

oy = Var| K|z + en,

where ey = O(M~2+en(2)), and we do not need its exact value. Therefore we can write
Y3 = Y& + Zn(N/ M),
where

1, ., 1M 1 MN\Y/? 3 M
Vi = wn (1= Shadtt= 1o~ L 4 en} K o (F) + S ax|K IR ],

=3/2 can be neglected in an approxi-

and the stochastic approximation error Zn(N/M)
mation up to order M/N. Now we can use the same arguments as before to justify the

Edgeworth approximation for Y3 in terms of that for u*, since, under condition (3.28),

E[s1] = o(M/N)
1/2
Els)] = E luf (1 - M - bg%{‘ — WVar||K||; + eN} (%) ug + 4W||K||§-]]£V4—u§)]
+o(M/N)
M

= 1-bM 4 [~b2 + 4| K|} - 4K (0)] + o(M/N)
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E[s3 o(M/N) /
1/2
E [u‘; (1 -2 {blM‘d+ bg%{—} -2 {\/EIIKllz + eN} (%) Uup

=
—

®»
N
ol

Il

M
+12n] K332 )| + o0a/m)

3 — 6y M + % [~6b; — 487K (0) + 367 K[)3] + o(M/N),

defining the polynomial

2 -1
2

zt — 622+ 3
+ [12n]| K|} - 247K (0)] ————,

rn(z) = [4rl|K|l} - 27K (0) ~ byN M|

we can obtain,

Theorem 3.2 Under Assumptions 3.1, 3.2 (p > 1), 3.3, 8.4, 3.5, 8.7 and (3.28), for
convez sets C € B and ay = (N/M)™?, 1/2<p<]1,

Prob{Y} € C} - /Cqb(a:) [1 + rN(x)%] dz

M

- %Sgp (3C)coN ¢(=) [1 * TN(:E)%] dot O<7V—> '

sup
c

It can be observed that the sign and magnitude of the constants in the polynomial
rn(z) do not depend on the spectral density or any other magnitude of the distribution
of the time series (only depend on the characteristics of the kernel K'), except the term
b1, which is a function of the value of the spectral density and its d-th derivative at the
origin. The reason for this fact is that the standard deviation of f(O) is proportional to
f(0), so the normalized distribution has constant variance and higher order cumulants
(up to a first order) with respect to f(0). This term b; in the polynomial rn(z), of order
of magnitude NM~9-1, could be neglected assuming enough degree of undersmoothing,
that is, if in expression (3.28) the limit is tending to infinity as N — oo. In that way, the
expansion will not depend on any unknown parameter. Of course, the bigger the number

M, the worse the approximation from the point of view of the M/N corrections.

Alternatively, more informative expansions for the bias can be obtained, using higher
order derivatives of the spectral density at the origin and appropriate conditions on the

kernel. In such case, a restriction like (3.28) would not be necessary in its full strength,
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therefore allowing the term in b; to be of bigger order of magnitude that M/N and also

allowing mean squared error based choices of M.
Following Hall (1992, Section 2.5) and using Theorem 3.2, we can obtain an approxi-

mation of the Cornish-Fisher type for the quantiles of the distribution of the studentized

mean Y¥. Write wy = wo(N, M) for the a-level quantile of Y}, determined by
wo = inf {z : Prob{Yy < z} > a},

and let z, be the a-level standard normal quantile, given by ®(2,) = a. Then it is

immediate

Theorem 3.3 Under Assumptions 3.1, 3.2 (p > 1), 3.3, 3.4, 3.5, 3.7 and (3.28),

Wy = Zo — rN(a:)% + o(%) ,

uniformly in e < a < 1 — o for each € > 0, where v is defined as before.

3.7 Conclusions

In addition to our all previous comments we would like to stress the following points:

~

e Equivalent results to those obtained here for f(0) hold, with the obvious modifi-
cations, for nonparametric estimates of the spectral density at other frequencies
A # 0. This, for example, covers the estimation of the spectrum for long range

dependent stationary time series at smooth frequencies (beyond the origin).

e We have concentrated on the studentization at the zero frequency, but similar
conclusions are valid for the discrete Fourier transform of X; and the spectral
estimate at any other fixed frequency (not at Fourier frequencies, since there the

discrete Fourier transform has mean identically equal to zero).

e The location problem can be seen as a particular case of the more general linear
regression framework of Chapter 2. In the sample mean case it is possible to
specialize the assumptions about f for a particular frequency (as could be done for

a simple trigonometric regression at a known frequency).
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e We expect that the corrections proposed here can outperform in applications the
raw normal approximation for high positively autocorrelated processes, often found
in practical applications. In this particular case, the nonparametric bias is of special
significance, and would have severe influence on the finite sample distribution of

the studentized mean.

e We have seen that the accuracy of the asymptotic distribution will depend asymp-
totically on the local behaviour of the spectral density (at the origin in this case).
The same comment applies for nonparametric estimation of the spectral density
at any frequency. Furthermore, the choice of the lag number M for finite sample
sizes N when we estimate the spectrum at one frequency should adapt to the local
properties of the spectral density. We explore a possible criterion for this local

choice of M in next chapter for a related estimate to f.

e The results on nonparametric estimation of the spectral density assuming only
local conditions can be applied successfully to semiparametric models where we
only assume a parametric model in a band of frequencies and leave the rest of
the spectrum as a nuisance nonparametric function. We adopt this approach in
Chapter 5 for the estimation of the memory parameter for stationary long range

dependent time series.

3.8 Appendix: Proofs of Section 3.3

The structure of the proofs for this chapter is very similar to that of the previous chapter.
However, here we have expressed our assumptions in the frequency domain, so the analysis
of the cumulants of the distributions can not be done in terms of the autocovariance

sequence. Therefore, we have to rely on spectral analysis methods.

First we introduce some functions that will arise in the following discussion, and
establish some of their properties. Define the Multiple Fejér Kernel as in Bentkus (1972)
and in the same spirit of Dahlhaus (1983) for the tapered case:

1 sinNz,/2 sinNz,/2

(n) = .
@N (xl,---,xn) - (27r)n—-1N Sin$1/2 Sinxn/2
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1 N n

t1yeeestn=1

with z,, = — ]_1 zj. For n = 2 this is the Fejér Kernel. Then Q( )(zl, , &) has the

following properties:

sgp/ / IQ%L)(zl,...,a:n)ldml---d:cn_l < oo. (3.29)
[ ]
/ / 80 (z1,...,on)dor - den_y = L. (3.30)
e For6>0,N2>1
Q) oday = O (BTN
/DCI<I>N (21, 12n)|do1 -+ dEpy = O (Nsin5/2’ (3.31)

where D¢ is the complementary of the set D = {z € " : |z,|<é, j=1,...,n-1}.

Forj=1,...,n—-1,

n-—1
f / 251 |8 (o1, . 20)| dr -+ s = O (l°gN N) . (332)

These properties follow due to

1

287 (21,0 20)| < Gy lew (el el len(an)l,  (33)

where @p(z) is the Dirichlet Kernel, pon(2) = Y, exp{itz}, which satisfies:
lon(2)| < min {N,2/z|~"} (3:34)

f_ : lon(2)| dz = O(log V). (3.35)

We have followed the same convention as in Keenan (1986, p. 137): although the
functions @53) depend here on only n — 1 arguments, we will use in the notation =

variables, with the restriction ) | z; = 0(mod2r).
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Proof of Lemma 3.1. By standard Fourier Analysis, we can apply the Mean Value

Theorem for f around the origin, for some |6| <1 depending on A,
(2) _ (2)
o /H FNBD(N)dA — 27 £(0) /n o2 (,\)dA‘
2r [ 150 - £O)] [ (0] A
_ () _ (2)
anf O) = Olef o ax+arf 1700 - £0) [ 0]

|V — 27 £(0)]

IN

IA

0 (/|A|5e IFOONBD I + [|1F]l + f(o)]N—l)
= 0(N"'logN)

using the integrability of f (implied by the stationarity), its differentiability around the
origin and the property of Qg‘;) due to (3.33) and (3.34):

18P (A\) = 0N, if|A>6>0. O

Proof of Lemma 3.2. The spectral estimate can be written as

f0) = /ZKM(/\)IN(,\)d/\

where In(A) is the periodogram of the series Xi,..., Xy, with expectation

E[In(\)] = / : 8P\ - a)f(a)da

so substituting we have

B = [ K3 [ 8@ (3 + a)dadn.

Then can write the bias of the spectral estimate as

R (d) (1) x n
sfo)- 0 - 502 = [ k) [ e @150+ @) - S de

+[ Ku() [f(/\)—f(O)— 20 g3+ an

= b1+b2a

say, where we have used (3.3). Denote the sets D = {|a|,|A| < ¢/2} and D¢ its comple-
mentary in [—7,7]2. Let by; and by be the integrals in b, corresponding to the sets D

and D¢ respectively. Then, for |§] < 1, depending on a

b = /D En(N2D(@) [f(A + a)a] dad)
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and

bl < swp 17O [ KM@ [ lellefl@tde=0 (FFF) . @39
To study by2 we note first that D° C A; U A, where
Ar={lal > ¢/2} and Ay = {]\| > ¢/2, |a] < ¢/2}.
Then
[, Kae)a (@) £+ @) - F(3) dad

/04 ¢/2 /KM(’\) [f(A+ @) = F(N)] A8 (0)de

o(N [ [ 1KuNFO+ @) - F(W)]ldrde)

i

0 (N-‘ [ /mg KN F )] dA + /Nx K] dAD (3.37)

0 (N-l /H \Kae (V)| dA)
O(N-l) ,

as the second integral in (3.37) vanishes as M — oo. On the other hand, reasoning in a

Il

similar way, if M is big enough

V ./Az EnNeD (@) [f(A + ) = f(N)] dad)\‘

(2) _ ol
/|A|>e/2/|a|se/z Em(N)@N () [f(A+ @) — f(A)] dad| = 0
So finally
bz =0 (N7). (3.38)

Now for by, splitting the integral in two parts for |A| < € and |A| > ¢, and denoting
these two parts as by and by respectively, we have first, constructing a Taylor expansion,

(with |6] < 1, depending on 1)),

by = / Ku(N) [f(,\) £(0) - (O)K}i‘)M-dl d)

[A<e

= K (X [Z f(J)(O) _|_f(d)(0)‘) A\ f (O)K Yy ] d\
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d—1
-3 f(ﬂ(o)jl! /H M K (\dA + /ms«/M Kn(X) [FD(03) - FD(0)] 3

J=1

< o [ i)
= o(M™?"¢), (3.39)

as all the integration is done inside [—¢, €] since M — oo and using the Lipschitz property

of f@. Obviously by is zero due to the compactness of the support of K.

So, using (3.36), (3.38) and (3.39), the error in estimating the bias is of order
O(N'logh + M~%-¢)
and the lemma is proved. O

For the proof of Proposition 3.1 we follow Bentkus (1976), although our assumptions
are different. First we prove the following Lemma, which could have been taken as an
Assumption, instead of giving a sufficient condition for it as Assumption 3.4. However,

we will use later in the proof of Proposition 3.2 the smooth properties of the function K.

Lemma 3.16 Under Assumptions 3.3 and 3.4 for any sequence 6y = o(M ™) as M —
w’

sup |Kpr(A + k) — Kpr(A)| dX = O(Méy).

|h|<én /=7
Proof of Lemma 3.16. As Kjs is symmetric and periodic we only consider A > 0.

Using the compact support of K and the definition of Kjy,

sup | Ka(A+ B) — Kp(N)] dA

|h|<én /=7
w /M
= sup M |K(M[A+ h]) — K(MA)| dA
lh<oy  J-m/M
r/M—h /M
= sup M [ f |K(M[A + B]) — K(MM)|dA + / |K(MN)| dA]
|h|<6n -m/M ©/M—h
T—Mh ™
= sup [/ |K(z + hM) — K(z)|dz + |K(:v)|dm]
|h|<6n [V —7 w—Mh
= O(Mén),

where for the last step we have used the Lipschitz property of K. O
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Proof of Proposition 3.1. We do the proof in two steps.

First step. We study the difference:

A=

Trace [(SxWa )] — N(21)? /n FOVEL N (3.40)

First we rewrite the trace as

Trace [(SnWn)’]

= Z '7(7'1—7'2)(«0(7'2—7'3),..7(r2s_1_rzs)w( 7'23]‘;,,-1)
1<71,00yT2s <N

= > / FODEMA2) - F(A2o1) K nr(A2s)
1<r1,.r2s <N /T

x exp {§ [A(r1=72) + Aa(r2=73) +++ -+ Aza(ras—71)]} dA1- - A2,

2s
- Z -/rl’h FM)Kpm(A2) - f(A20-1) K pr(A2s) exp {izrjpj} d)1--Ags

157‘1,‘..,1‘2,SN j=1
= N/nh FO—pa—- - —pos) Kpp(A—pa—+ - = pas)-+ - f(A—p2s) Kpr(X)

X (20)2 180 (1, -+, pas)dAdpia- - -dpass
where we have made the change of variable

1= A1 — Ags
M2 = A2 — M\

| K25 = A2s — /\23—17
(it is immediate that 212'11 uj = 0), and setting A = Ag;, we express all the variables );

in terms of A and pu;, j =2,...,2s:

(
A2.9—1 =A- H2s
A2s—2 = A — ligs — 251

| A= A= pgs == 2 = A— .

Then we have that

A< ./l'['“lf(/\_u2.'._”2S)I(M(A_’u'3'“_'uz"’)'“f(’\_ﬂ%)KM(/\)—fS(A)KXJ_I()\j

x N (27)2! llfM(,\)cbﬁs)(m, . p2s)| ddpa- - -dpgs. (3.41)
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We split the above integral into two sets, for small and for big u;. For a sequence

6N = o( M 1), to be chosen optimally later, define the set
D= {u € R . sup,|p;| < 6N}.

Taking into account that |A\| < #/M due to the compactness of the support of K, in the
set D all the functions f are boundedly differentiable. Then we can use the inequality
r—1
|Av-+- A, = By--By| <) |Br-++ By (Byyr — Agi1) Agiz -+ - Arl (3.42)

g=0
and sup, |Kp(A)] = O(M) to bound the integral of (3.41) over D with

s—1
OWM* Y [ [ 1A~ pasagrc— 2a) = SO [Kra ()@ ()| dhcpa: - dpad(3.43)
=0

s—2
+oMhHy /n /DIKM(A — Hatag-— 2s) = Kng(N)] [0 ()| drdpa- - -dsa,. (3.44)
q=0

Then, applying the Mean Value Theorem and using (3.32) we obtain that (3.43) is
2s5—-1

O(NMs"l)fn |Km(N)dA 3 /Hluql |25 ()] disa- - -dpay = O(M*~*10g™ 2 N).
g=2
(3.45)
On the other hand, applying Lemma 3.16 and using (3.29), (3.44) is of order
O(NM?®6n). (3.46)

Denote as D¢ the complementary of D in II?*~. The integral in A corresponding to

the set D¢ is then less than

NErff [ 1f =t =) KnaA=pia=- =iz} A=) Kna ()

X195 (1, , as) | dNdpra - -dig (3.47)
+ N(2r)* /H |F2 (N EG(N)]dA /D 195 (1, 2\ dptz- - -dpizs. (3.48)

The expression in (3.48) is O(M*"1log? 1 Né~1), by (3.31) and [|f*(A\)K3,(A)|d) =
O(M*~1), which follows from the compact support of K. Now for (3.47) we have
NErprt [ [ 1f(=pa == ) KnaA=pia= = pas )+ F(A= 2 Kna V)
X|@) (1, 2o dAda- - -dping
< [ FO0KMa) - Gaet) Kre ()
X <PN()\1 - /\23)901\’()\2 - /\1) : "QON()\2.9 - )\23-1)| dAy: Az,
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where D* is the correspondent set to D° with the old variables A;, j = 1,...,2s, defined
by the conditions

D* = {IAz — )ql > 5N} u {l/\g — )\2' > 6N} u...u {l/\2s — A2s—1l > 5N}
Also the last integral is only different from zero if
T
|A2|’ |’\4|’ ERE) "\28l < M

We are going to consider only the case where just one of the events in D* is satisfied,
|A2; — A2j—1] > On (1 £ j < 8), say, the situation with an odd index or with more than

one event is dealt with in a similar or simpler way.

First, if [Agj — Agj=1] > én, then |on(Azj — A2j-1)| = O(6§'). Second, we can bound

the integrals in Ay; and Ag;_; in this way:
[ lenhaies = 325 Kna(3ay)| dho; = O(M log),

using (3.35) and

N d/\._:/ / , 3.49
/H|90N( 2j-1 2i-2)f(A2j-1)| Az |,\21_1]Se+ [A2j—1]>e ( )

If |Agj—1] £ € then f(Agj—1) is bounded and the correspondent integral is of order
O(logN). H |Agj—1] > €, as [Agj_2| < /M, we obtain that [Agj_1 — Agj—2| > €/2, say,
as M — o0, and then |pn(Agj—1 — Agj—2)| = O(1). Thus the second integral is finite due
to the integrability of f. Then (3.49) is O(logN).

There are s — 1 integrals of each type, which can be handled in the same way. The

remaining integral is of this general form:

[ [ VB30 fOn)en(a = o)l dhada, = 0(10gN),
I1JII

since, as before, the integral in A; is O(logN), and [ |Kpr(A2s)|dAzs is O(1). Finally the
integral over D* is of order

O(65* M*~log*~1N), (3.50)

and compiling results we can obtain
A=0(M*""log” N + sy N M* + 65" M*log® ' N) = O(NM*ten(s)),
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where en(s) = [N~'Mlog?"1N)]¥/2 — 0 under the conditions of the lemma, and we

have made the optimal choice 6y = [(MN)~1)log2*~1N]/2 = o(M~1).

Second step. If we define

d
Cu(s) = Y Li(5)M*~'~
- £A(4) ot

< d‘i) £(0) / N K3 (\)dA,

then, as M — oo,

| Kroyir-cue| < [ - g A RO T
_ O(sgp|KM|"1 /H |,\|d+e|KM(A)|d,\) (3.51)

= O(Ms—l—d—e),

using the Lipschitz property of f(¥()) in the same way as in the proof of Lemma 3.2.
O

3.9 Appendix: Proofs of Section 3.4

Proof of Proposition 3.2. We can write

1'(EnWuh)°En1

Tos—T
= Z 7(T1_T2)’"w(lwz'.',‘ﬂ)7(r26+1_7'23+2)
0<r1yeyr2542<N -1

= X[ FODEMO) - Kaa(a)f Oaen)
1<r1 ey T2542<N
X exp {1 [A1(r1—r2) + Aa(ra—73) +- - -+ Aospa (T2sp1 —T2s42)]} dA1- - *A2spn
= OPRN [ FO0KMO) -Kn(a2) fOam)
X‘I’%Hz)()\l, A2— A1y 5 Agert — A2sy —A2sp1 )1 - 1 dAgspn
= (27f)2’+11‘7/rIszrl f(u)Km(pa+p2) - -Knm(pr+- - -+ pos) f(pa+- -+ p2sn)

XQ%‘HQ)(/J’I 2ty H2s41, _z.?—*ilﬂJ )dﬂl ) 'd'u’23+1’ (352)
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where we have made the following change of variable:

1= A
p2 = Az — A

H2s41 = )‘2s+1 — A2

H2s+2 = —A2s41
with Z?;"{z u; =0, and

Al =

Az = pi1 + pg

Ags = M1+t pas

{ A2s+1 = 1 4+ p2s41-

To study the difference between the integral in (3.52) and [f(0)]*+*[Ks(0)]* we divide

the range of integration, I1?**!, into two sets, D and its complementary D¢, where D is
defined by the condition
D = {luj| < 7/[M(2s+2)], j =1,...,2s + 1}.

In this case we only need the smoothness properties of K at the origin (inside D). For
the difference in the set D, we can use inequality (3.42), the Lipschitz property of K and
the differentiability of f:

/D F(p) Ep(pa+pe) - -Kpm(pa+- - -+pas) f(pr+- -+ p2s)
x@gs“)(ﬂl,' “oy 2541, —Z?s;il pi)dpa - -dpgsy
_ L fs+1(0)Ki4(0)¢§35+2)(“1,. coy U2541 s —E?i"{l ﬂj)dﬂl' . 'dﬂ2s+1

IA

2s
O(M*+1) /n o 2 4] 'Qﬁ’“)(ﬂn- “yH2s4l, — ey Hj)ldm- +dpiast1
j=2
= O(M**'N"'log™*'N), (3:53)

using (3.32) for the last step.

Now, focusing in the integral over the set D°, we can see in first instance that, by

(3.31),

I/Dc flu)Kpm(prt+p2) - -Kap(pa+ -+ pzs) f(pr+- -+ pasn)
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X @G (1, pzorr, Y3 wy)dpa- - dpgsy
= [ P OK3@ rsy paern, =TI ) e
< /Dc |f(p1)Kp(pa+p2) - Kp(pa+- - -+ pos) f(prt- -+ p2sp))]
X I‘I’S\?”z)(ﬂl,- <oy H25+15 —2221 ﬂ’])l dlj'l * 'd/“2s+l (354)

+0(M N log?+IN) .

As we did in the previous appendix, the integral over D¢ in (3.54) is less or equal
than

G . VOOK () - Kaa(3) o)
X N (A)eN(Az—=A1) - «oN(Azo1 = A2 )oN (—A2st1 )| @A1- - -dAzapr,  (3.55)
where D* is the set
{IA] > 7 /[M(25+2)]}U{|A2 = A1| > 7 /[M(25+2)]}U. . .U{|Azs—1+ A2s] > 7/[M(2542)]}.

Also, the integral in (3.55) is different from zero only if |Az], |A4l,...,|A2s| < /M.

If we are in the situation where |Aj+1 — Aj| > 7/[M(2s+2)] for at least one j €
{1,...,2s} we can repeat the same process of Proposition 3.1 to obtain a bound of order

O(N~1M**t110g?*" N) for this part of the integration in (3.55).

Let’s study the case in which |Aj| > 7/[M(2s+42)]. First, |pn(M1)] = O(M). Now
truncating the integral at |A\;]| = e,

[ FO0len(da = Aldd = 0(1ogN),
as |A2 — A1|>€/2if [M]| > € and |A2| < €/[M(25+2)], since M — oo. Now
[ 1Er(a)en(ha = do)l dra = O(M logh),

and the integrals with respect the rest of variables can be bounded in the same way,
being (3.55) of order O(N~!M>**t!1log?*' N) again.

Therefore, from (3.53), (3.54) and the previous discussion for (3.55), we have that
(note that we have dropped the N in (3.52)),

1(SNWy)'Enl = (27r)23+1N[f(0)]’+1[KM(O)]’+0(M’“log”‘“N). w

128



Proof of Lemma 3.4. Similarly to Feller (1971, p. 535) or Durbin (1980a, p. 325) we

have for complex a, §

e® —1—ﬂ|<e”{|a ﬂ|+|ﬂ|2}

where v = max{|a/|,|8|}. Let’s take (with 7 = 2 in (3.12)):
1.
a = logp(t) - 5llit]

1/2
- (%) > 1 o ral(it) (it2)"™ + B (2)

Irq
"
[r|=3

and

M

1/2
f= (W‘) 5 {COITsG)E0)® + O RGN EnY()}

then we have, using (3.10) and Lemma 3.3 for s = 3,

la— g

IA

M
N\"Y% M
Fl(“t”)o((ﬁ) [M +6N(3)] )
where Fj is a polynomial of degree 4. Now

2
L < maieno(3r).

where F; is a polynomial of degree 6. Then

oo — Bl + @ < F(Iltll)O((%)_m[M'2 +en(3) + %)

IA

(_]_V_)-I/ZO(M-2+6N(3)) kz‘tz)3+ (itl)"’(z‘tz)]+ % [R04(it2)4+ Raa(it1)2(6

(3.56)

(3.57)

(3.58)

for some polynomial F. Now to study -, we first bound |3| for ||t|| < dg/N/M, 63 > 0:

-1/2
o< e {5 (5) " teoaro +scenaoi)
< 1P { 2 1100,8)T50)l + 31C2, DAO
< ”tllzTﬁ,

(3.59)

with 0 < T3 < 1/4 if we choose §3 small enough. Now for a we can choose a 6, > 0

small enough, such that, for ||t|| < 6./N/M,

ol < utu2{§(%)“1/2[|C(0,3)ra(0)|+3|0(2,1)J1(0)|+0(M2+ en(3)] 1t
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+ 37 Rl + Raall 17}
I#12{5 [0, 3T+ 310, DA O)1+0 (47 en(®))] + 821 Rosl+ | Raal}
12 {Z +o(M2+ eN(s))} . (3.60)
From (3.59) and (3.60) we have that
¢7 < exp {||t||2 [ oM+ eN(3))]}
for ||t|| < 614/N/M where 6; = min{6,,65}. Then,
exp{ -3l +7} < exp{Itl? [-7 +0 (M +en3) |}

< exp{-afltll’} (3:61)

IN

IA

for one dy > 0, ||t]| < 6;4/N/M. Since our approximation to ¢(t) =exp{1||it]® + o} is
A(t,2)=exp {%Hzt“z} (1 + ], using (3.58) and (3.61) the lemma is proved. O

Proof of Lemma 3.5. First, following Bentkus and Rudzkis (1982) we study the
characteristic function of the estimate of the spectral density, which itself appears in the

joint characteristic function. Define

() = E[exp{it2 N/ng}]

. 27(f(0) — E[f(0
_ E[exp {m S I)/I\m[f( )J)H

= |I-2itaSNQN|"Y? exp {—it2E}

2ty -1/2 { —ity }
= |r- 22 s.w exp{ ——2 _ Trace[SnWal .
} NMonVy VM P\ TN on Vi racelEnWal

Now define
24ty -1/2

T/(t2) = II— mzNWM

N . 1/2
= II (1 - 2it2—”’—)
- vVNMonVN

J=1

where u; are the eigenvalues of the matrix ¥ yWpy. Obviously [7(¢2)| = |7/(t2)|- Now as

1 1
1= Var[VTqy] = MN A2 ——=2Trace[(SnWir)?]

1 2 ,
= ma,zvv,a]{:l“w

130



we can obtain

Z”J aNVNMN O(MN).

7=1
Also we have that

max |uj| = S I(EnWnz,2)| = [|[EnWpl.
z||=1
To evaluate the norm of the matrix X Wy,

ISNWal| = sup zz,zh / FOVEm(@)on (A — w)e®=Nardo|,  (3.62)

z||=1

first set for any vector z with ||z|| = 1,
N ..
ZN(A) =) zje
i=1

In the integral in (3.62) we have to consider only the interval w € [-7 /M, 7 /M], with
7/M < € as M — 0. Denote the supremum of f(A) when A € [—¢,¢€] as || fe|]|oo- Then

we have

||z|] 1./,\|< /f(A) |Em(w)pn(A = w)Zn(—A)Zn(w)| dAdw

< sup MK eolfllo | [ low(3 = w)Zn(-X)Zn ()| drdo
= sup M|[Klloll o [ [ lon(e)Zn(=a - )Zn(w)| dads
z||=1
2 2 1/2
< sup M|Ko]flle J len() [/H Zn(-a-w)do [ 1Zn() dw] do
< MK ol fllo [ lon(@)ldo
< ¢(f,K)MlogN, (3.63)

where ¢(f, K) is an absolute constant depending on f and K, and we have used the
change of variable @ = A —w and the fact that [;; | Zy(w)|?dw = 2x. For the other values
of A we can see that |A| > € and |w| < /M imply |A — w| > €/2, say, as M — oo,
50 |@n(A — w)| < const. Then, for 1 < p < 2 and using sup, |Zy| < VN and Hélder
inequality,

||z|| I/Al>c./ F) [ Em(w)en(w = A)Zn(-A)Zn(w)| dAdw
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IN

conSt“ihlBl/n./l:lf(/\)lKM(w)ZN(w)ZN(_,\)IdAdw

const sup [/ [Kar(w))? dw/ 1Zn (w)]? dw]1/2 [/1‘[ fP()\)d/\]l/p

|lz]|=1

IA

p=1

X U |ZN(-,\)|;’—’Td,\] ”
11
const|| K|[XL2] 1K [l || fll, N 5 M2

IA

= J(f,K)N % M2, (3.64)
using sup, |Zn| < V/N and [|Zy|? = 27. Then from (3.63) and (3.64), and N big enough
IENWar|| < & max{MlogN,NzT_tJZMl/2} = 19N,
say, where ¢; is a constant depending on f and K. Thus we can write

max |u;| < e19.
Introduce now the notation
gi = piladn]™

where |g;| < 1. Now we have

N

2
Y.g = ( ) Z#
j:l ? 01?9]\] ]— ?
1 MN
% 2"NV2 9%,

and (note that NM/9% — oo, Vp > 1)

~1/4
m
Irt2)l = ]I (1+4t2MN—]VA2,)

- 1 (1+4t c19;9n )'1/4
= 22172 N
e oL VEMN
N 2 2 reY
Iy 4e I
< 1+ 1 )
J]';Il( MN o}, V§
_1.1 NM 22
_ (1 ptk g G0 NN
2NM o3 V3
92, — 5[z O 4en (2))] 52
= (1+t%NM [c2+0(M +6N(2))]) .
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where ¢z = ¢ /(n%47 f2(0)||K||3) is a constant from the expansion for 04 V7%, and we have
applied (1 + at) > (14 t)%, valid fort > 0,0<a < 1.
So for all n > 0, as N, M — oo we have that

o252t
Ir(t2)l < (L+mp) ¥ (3.65)

for [t2| > nV/ N M /9N and for 7, > 0 and 72 > 0 depending on 7.
Then returning to the bivariate characteristic function, its modulus is equal to

1

lo(ti,t2)] = |Det[I — 2it;,SnQN]~" |exp {—51%55\1%(1— 2it22NQN)_12NEN}

1 . _
= |7(t2)|exp {—itfffv%(f— 211X NQN) 1ENEN} ,

where R stands for real part.

From Anderson (1958, p. 161) R(E]_vl — 2it,QN)" = R(I - 2it,ENQN) 1Sy s
positive definite as t,Qn is real (for every N). Then &\R(I — 2it2EN@N)1ENEN > 0
for all t; € R. And for |t3] < 6V NM/IN,V6 > 0,

ENR(I — 2it2ZNQN) ' ENEN > €

for some € > 0 fixed depending on §, since we have that

ISv@nll = O((MN)2[ZyWn]))

= O((MN) 9y},

and since ||€n|| = 1/V, with Vy — 27 £(0), 0 < f(0) < o0, as N — oco. Then,

1 . _ 1
exp {-gtfffv%(f— 2it,ENQN) 12N&v} < exp {—gtfél}

1 NM
exp {—26163’0—2} (3.66)
N

for [t1|v/2 > 61/ NM /9y and |ta]v/2 < 6,/ NM /¥y, and some ¢; > 0 depending on &;.

IN

So now from (3.65) and (3.66) we have that for ||t|| > §;vV NM /dn, there exists one

number dy > 0 such that
NM
le(t1,t2)| < exp {_d219_2}
N
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as {t |t > 61\/NM/19N} C By U By where

& }
By = (t:|tol > —=VNM/I
o= {estel> SEVE/y
61 61 }
By = S{t:l|ty| < —=VvVNM/?I d |t} > —=vVNM/J
o = {t:il < VM oy and n] > SoV/NH [ox
and the lemma is proved, since
NM NM
2. _ 2
v <ma.x{MlogN,N%2M1/2})
. 1 p=2 -1
= MNmin{————-N? M
M?2log®N
= m% - .

It can be noted that p > 2 in B2(p) does not give any further improvement in any bound.

a

Proof of Lemma 3.6. First,

l(Pv — Q(z))*war\r“ = 2 sup |[(Pn _Q(z))*wanl
BeB?

IN

sup [|(PN — Q(2)) *¥uyli B C B(O,rN)"]

+sup [[(Pv - Q®) x ¥ay|; B C B(O,7w)] ,

where ry = (N/M)P, (>0 to be chosen later).

Now for B C B(0,7n)° we have uniformly

I(PN - Q(Z))*‘I’aﬂ < IPN *‘I’aNI + IQ(Z) *\Panl
< Prob{lly/N/Mal| 2 rv/2)

+20,,{B(0,7x/2)}
+2QP{B(0,rn/2)%}.

Now

QP{B(0,rn/2)°} = o((N/M)7'/%)
as this is the measure of a polynomial in Gaussian variables. Also
Prob{||l\/N/Mql| > rn/2} = o((N/M)™/?),

134



as /N/Mq has finite moments of all orders. Finally, from (2.10)
oy {B(0,7n/2)°} = O(lan/rn]) = O((N/M)~*+P)) = o( (N/M)™H/?),

since p+ 8 > 1/6.

For B C B(0,rn) we have by Fourier Inversion
(P = Q) x ¥y | < | k] [ 1B - @) Tay(tldt,  (367)

and as we know that Py = ¢(t) and Q@ = A(t,2), using Lemma 3.4, (3.67) is bounded
by

8 Pv — O@Y (4T
OV [ oy (B8~ @POTan W, (369

as, from (2.11), ¥ is zero for ||t|| > a/(N/M)? and o' = 8 - 24/37x=1/3,

Then for (3.68) to be o((N/M)~1/2) it is necessary to chose 8 < 1/4 (due to the
definition of en(3) and 8 < ¢/(1 — q).

Finally, from (3.15) in Lemma 3.5, valid for §ymy < ||t]| and also for 61+/N/M < ||t]|,
since my < /N/M for N big enough (from the first element in the minimum of the
definition of my), we have that (3.69) is

O((N/M)** e~%mN dt + o((N/M)~1/2),
((N/M) )61 A b 2w (st (N/M)~H?)

and then (3.69) is dominated by O((N/M )?P+20)e=%m 4 o((N/M)~1/2)=o((N/M)~1/2),
from (3.17). Applying the Smoothing Lemma the proof is complete. O

3.10 Appendix: Proofs of Section 3.5

Proof of Lemma 3.7. We are going to make direct use of the result due to Chibisov
(1972, Theorem 2), proving that

Prob {|le > pN\/N/M} = o (N/M)~112) (3.70)
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for some positive sequence py — 0 and py/N/M — oo. Let’s choose py = 1/logN.

Then we have

Prob { 2] > pwy/N/M | < gProb{wN(j)l > 2om/NIM

so writing now

(N/M) 2 Zy(2) u O((N/M)M? [N~ logN + M~97¢]) (3.71)

(N/M)™2Zn(3)

wu0(M~2 + en(2)) (3.72)

and applying Chebychev’s inequality, as u; and uy have finite moments of all orders it
is possible to see that for (3.70) to hold it is sufficient that the error terms in the right
hand sides of (3.71) and (3.72) be O((N/M)™*), for some pu > 0, which is true due to
3.7, ¢=1/(1 + 2d).

Now write

(1 + by + UNGug(N/M)_l/z) o/ odu1ud = Rn(1) - Rn(2),

| W

Zn(1) =

say, where Rn(2) = %aNul u% is a random variable with bounded moments of all orders.

As before, in order to satisfy Chibisov condition (3.70), we need
Prob {|Rn(1)- RN(2)| > pn(M/N)™V2} = o((M/N)'/?), (3.73)
but the probability in the left hand side of (3.73) is less or equal than
Prob {|Rn(1)I(M/N)/* > p)f} + Prob {| Rn(2)|(M/N)/* > pi{*} = Pr + P,
say. Now P; = o((M/N)'/?) applying Chebychev inequality. For P;, since by = O(M %+
N-logN),
P, = Prob {|(1 + by + onBus(N/M)2) 2| (M/N)/4 > p}f}
= Prob {[1+ by + onBus(N/M)™V2| (M/N)T10 < piit/°}
< Prob{|1+0(M™+ N"Mog N) + R (M/N)*2| (M/N)™/1° < o},

where Ry is a random variable with bounded moments of all orders. Now, as N — oo,

for some positive constant ¢ > 0, this is not greater than

Prob {|C+ R}V(M/N)lﬂl < (M/N)l/mp]—vl/s}

IA

Prob{ }V(M/N)1/2|>§}
= o((M/N)'/?),
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since (M/N)Y/ mp]_\,l/ ® - 0 and applying again Chebychev inequality. O
Proof of Lemma 3.8. First we observe that

Trace[(EnWa11')*] = (Trace[l’'SyWp1])* = (1'SyWal)®.
Then

USyWpl = (212N /H 2 FODEM(A2)BD (A1, Az — A )dArd)s

@ON [ f)Kna(n + )8 (o, o). (3.74)

Denote the set
D = {|p;] < n/[2M], j = 1,2}

Then, using Assumptions 3.4 and 3.1,d =1,

@mPN [ F(un)Knalor + )85 (i, o) d
- [n? O Km(0)] [ 88 (1, p2)dnd
W) [[ 1) Kna(us + 12) = FOKn(O)] 188, )l dpr

O(NM) ) /H |59 (11, 12)| dprdsz

IA

j=1,2
+0(NM2) > Ll#j‘pg)(ﬂl,ﬂz)wﬂldﬂz
Jj=1,2
= O(M?*log?N).

The expression in (3.74) for the complementary of the set D can be seen to be of order of
magnitude O(M?log?N), operating in the same way as in the proof of Proposition 3.1.

a
Proof of Lemma 3.9. We have
1 ' _ 1 TT — T2
AN WMl = o5 21:22:‘”( M )

- éﬂl_NZZ-/l;KM()\)eXP{?:)\(TI —2)}

r1 T2

- /H Kn(N)2@(2)dA

= Km(0)+0 (M% logN) , (3.75)
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using the Lipschitz property of K and the properties of the Fejér Kernel. O
Proof of Lemma 3.10. Following the proof of Lemma 3.2, we have
F) " Q)
BN = () [ V) [ 89(0)f(a - A~ 6)a0d.
-7 -7

We can write the bias of the spectral estimate as

BN 18 = m) [ V) [ 800 (@ =X - 0) - (- X)}dox
+m) [ V) [Fa=3) - (_i)"uu! F) ()] da

by + b2,

say. Then we can reproduce exactly the same methods of Lemma 3.2, using the properties

of the kernel V,,, to obtain

b = O((m.,)’N'logN)
by = O(m)™%),

and the lemma follows. O

Proof of Lemma 3.11. Likewise for the discussion of the cumulants of the spectral

estimate contained in Proposition 3.1 we can write

W#Hvaf[f}f,) (a)]

1 2
3o [ SO0 pia—pta—ia)Vim, (A= a= i) A+ 0= i) Vi, (V)
k) my JIIt

X B4 (e s pa)dpsy - - dpiad (3.76)
1 27
+§Em—/mf(/\+5a—#2—Ma—#4)Vmu(/\—ll3—#4)f()\+5a—N4)Vmu()\+25a)
6 v

x ®W (1. . ., pa)dp - - - dpzdA, (3.77)

where the summation is over the two values § € {—1,1}. As in Proposition 3.1 we have
to take care of the possibly unbounded values of f outside the origin. We can consider

the set of integration
D=A{pe[-maP : |uj| < 8v, §=2,...,4},
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for the sequence 6y = [(Nm,) 'log®N]'/? = o(m,). Also Lemma 3.16 holds for V,,
substituting M for m,. Then, the terms in the summation correspondent to (3.76) over

the set D are equal to

2 / A+ 8a)VZ, (WA + O ([N""m, log?N]?)
my, Ji

= ;—tﬂ(a)/HV,iy(,\)d,\ + 0([N_1m,, log®N|Y/2 + mJl)
= 2n f*()|[V. |13 + o(2),

using the evenness of f and its differentiability around f(a). The integral in (3.76) over
the complementary of the set D can be seen to be O([N~'m, log? N]'/?), using the finite

(4)
N

support of V,, and the properties of ®},, as in the proof of Proposition 3.1.

The terms contained in (3.77) are identical to the ones in (3.76) if @ = 0 or negligible
if @ # 0 as the two functions V,,,, are centered in frequencies away for a positive quantity

and they have compact support. O
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Chapter 4

Local Cross Validation for

Spectrum Bandwidth Choice

4.1 Introduction

In this chapter we propose an automatic method of determining a local bandwidth or
smoothing number for nonparametric kernel spectral density estimates at a single fre-
quency. This method is a modification of a cross-validation technique for global band-

width choices of the discrete periodogram average type estimates.

Like in many nonparametric methods of inference, smoothed estimation of the spec-
tral density of stationary time series relies on the choice of a bandwidth or lag number
depending on the sample size. The properties of the estimates depend crucially on the
value of this number. Asymptotic theory prescribes a rate for the lag number M with
respect to the sample size IV as this tends to infinity, but gives no practical guidance
for the choice of M in finite samples. Different techniques have been proposed in the
literature to that end. The usual criterion is the minimization of some estimate of the
asymptotic mean square error of the estimator. This can be implemented by plug-in
or cross-validation methods. Also, global and local choices are possible, depending on
whether we are interested in the behaviour of the spectral density for all range of fre-

quencies or in a concrete point or small interval.

The plug-in method consists in substituting the unknowns of the leading term in
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the asymptotic expression for the mean square error by consistent estimates, generally
nonparametric, but also parametric ones based on approximate models can be used. Cross
validation procedures avoid the use of those initial estimates and approximate the mean
square error indirectly. They are based in estimates which do not use the information of
the sample about the function of interest at each point (at each Fourier frequency in this

case).

Beltrao and Bloomfield (1987) [BB hereafter] justified a method based on a cross-
validated form of Whittle’s frequency domain approximation to the likelihood function
of a stationary Gaussian process. Robinson (1991) extended their results under more
general conditions for a wider class of situations, and proved the consistency of the

estimate of M.

This cross-validated method selects a global bandwidth for all the range of frequencies
[, 7] or for a fixed subset of it. Here we propose a modified version of cross validation
to justify a local bandwidth choice for a single frequency, following some ideas suggested
in Robinson (1991, p. 1346), related with the work of Hurvich and Beltrao (1994) in a dif-
ferent context. For this single frequency choice, we only use local smoothness properties
of the spectral density of the time series around this frequency, allowing for a broader
range of dependence models. This local adaptation could lead also to some efficiency
gains. There are related works for different nonparametric problems, like Brockmann et
al. (1993) for kernel regression estimators and Lepskii and Spokoiny (1995) for projective
estimates in a "signal+noise” model. Here the interval of estimation is split on degener-
ating intervals with the asymptotics and different smoothing parameters are estimated

independently for each one.

Next section is devoted to the assumptions that we will use in this chapter, together
with a brief introduction to the main cross validation concepts for nonparametric spec-
trum estimation. In Section 4.3 we analyze the mean square error for the spectral estimate
at a fixed frequency. Section 4.4 introduces the local cross validation criterion and the
main result of the paper, which is proved in an Appendix. Then we carry out a Monte
Carlo analysis of the finite sample behaviour of the techniques proposed. Finally we give

some lemmas required for the proof of the results in another Appendix.
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4.2 Assumptions and definitions

In this section we will introduce some assumptions and definitions, together with some

intuitions about cross validation and BB’s results.

For completeness we present first the conditions assumed by BB. They are: {X;} is

a Gaussian process and (cf. Theorem 3.1. of BB):
(i) E[Xo] = 0.

(ii) The autocovariance function v(7) = E [XoX,] satisfies

(e o]

Zr|7(r)| < oo.

1

(iii) The spectral density f(A) = (27)~1 5%, 7(r) exp{ir)} is everywhere positive.

(iv) K is a non-negative, even, bounded function, and
/_o:o K(z)dz =1, /:: 22K (z)dz < oo.
(v) K(z)= [w(y)exp{izy}dy, where w is of compact support.
(vi) hy' = O(N?), for some p < 2/5.
(vii) hny = o(1).

Given the observed data Xi, t = 1,2,...,N we introduce the periodogram at the
frequency A; = 27j/N, j integer,

def 1 N
I() = o |2

and the averaged-periodogram spectral estimate with lag number M = My = h™1, where
h is the bandwidth of the estimate in BB’s notation, and kernel (or spectral window)
K [this function was denoted by W in BB, but we use this notation later for another

analogous function],

Fur(g) E ot STR(MA)I(N; — M),
k
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where the summation runs for all values of k£ in the support of K (not including the
zero frequency periodogram ordinate to account for mean correction). We now stress the

dependence of f on M in the notation, since this is the parameter of interest.

The ‘leave-two-out version’ of that estimator [we leave only two frequencies out if K
were actually compactly supported inside [—-7, 7], as we will assume later on, or if we

had defined its periodic version in that interval] is
7j def _ !
FEON a7k S E(MA)I; - M), (4.1)
k

where Y.’ runs for the same values as before, except in the set of indices of frequencies
A;j — A with the same periodogram ordinate as I(};), i.e., k € {0,£N,...} U {25,2j +

N,...}. Also, the normalizing numbers opr and o; s are equal to
de d /
om LY KMN),  oim Y K(MAN).
k k

Introduce the pseudo log-likelihood type criterion

N-1
L) E Y {log F5) + 1)/ F(A3)} -

i=1

BB showed under the previous conditions that

~. N
L (far) = L(f) = 5 IMSE(M)
plus a term of smaller order in probability, where IMSE(M) is the discrete approximation
to the Integrated Mean Squared Error of fM, weighted by f~1:
def

IMSE(M) = N~ li? E [{Fu() - FON} 150)]”
i=1

Then minimizing L( fM) and IMSE(M) should be approximately equivalent, and this is
the basis for the estimation of the M that minimizes the IMSE of far(}) in [-,7].

If we are interested in the nonparametric spectral estimation at a single frequency
(of special interest is the zero one) or we want to achieve possible efficiency gains using
different bandwidths for each frequency we need a criterion to choose a local bandwidth.

The Mean Square Error at a frequency v,
de ~ 2
MSE(w, M) € E [{fu(v) - )} /1))
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is the usual criterion employed to assess nonparametric estimates of this class at a single
frequency. We consider only fixed frequencies of the form » = 2rv/N, where v is an inte-
ger. We restrict to 0 < v < N/2, given the symmetry and periodicity of the periodogram
and the spectral density. We will use the following Assumptions:

Assumption 4.1 X;, t = 1,2,... is a Gaussian stationary time series.

Assumption 4.2 The spectral density of X; has three uniformly bounded derivatives
in an interval around the fized frequency v, with f(A) > 0 for A in that interval, and

f € Ly[-m,7] for some p > 5/3.

Assumption 4.3 The function K is non-negative, even, bounded, zero outside [—m,7],
of bounded variation and

/ K(z)dz =1, /oo 2’ K (z)dz = wy < 0.

-0 —QQ

Assumption 4.4 The function K has Fourier transform w(z) = (21)~! [%_ K(\)e**dA
satisfying

/|x||w(z)|d:c < 00.

Assumption 4.1 was used also in BB, but we do not need to assume zero mean since
we avoid the zero frequency periodogram ordinate in the definition of our estimates.
Assumption 4.2 only requires smoothness properties of f around the frequency we are
interested in, allowing for a wide class of spectral densities, including ones with zeros
and poles outside a neighbourhood of v. The only requirement outside this band is an
integrability condition to ensure ergodicity (with respect to second moments) of the series

(see Lemma 4.5).

A compact support kernel in Assumption 4.3 is then the complementary of Assump-
tion 4.2 in order to guarantee that we only use information in an interval around ». The
rest of conditions on K are standard, Assumption 4.4 being necessary to approximate fM
with a weighted autocovariance type estimate in Lemma 4.5. From this lemma, both es-
timates have the same asymptotic distribution and mean square error, so the bandwidth

choice techniques for one are valid for the other.
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With Assumption 4.3, the summation in k in the definition of fM takes values in

{j =N +1,...,5 — 1} due to the compact support kernel.

4.3 Mean square error of the nonparametric spectrum es-

timates

In this section we present and prove a result concerning the mean square error of the
estimate fM(u). First we give two lemmas about the discrete Fourier transform and
periodogram of the observed sequence, that we will need in the proof. The proofs are in

the first appendix of this chapter.

Lemma 4.1 Under Assumption 4.1, if f satisfies a uniform Lipschitz condition of order
0 < a <1 in an interval around a fired frequency v, then for Fourier frequencies such
that sup,, |v — A| < const - m™Y, £ € {j,k}, for some positive sequence m such that
1/m+ m/N — 0, uniformly in j and k, (j,k #0),

E [dz(2)a:00)] — 627N f(3;) = O(N'~*log N),

where d;(];) is the discrete Fourier transform of the series X,
N .
do(Nj) = D Xpem Nt
t=1

Lemma 4.2 Under Assumption 4.1, if f satisfies a uniform Lipschitz condition of order
0 < @ < 1, in an interval around a fized frequency v and if supy lv = Aj, | < const-m™1,
r =1,...,q, for some positive sequence m such that 1/m + m/N — 0, then, uniformly

in jr # 0, with jp # jo, v £ 7/,

Ehpwyf=nmwnw+mwﬂ%m, (4.2)

r=1

and

S

r=1

Define ||K||3 = [ K?(z)dz. In the following lemma we study the asymptotic behaviour
of the mean square error of the nonparametric estimate, distinguishing between estimates

for frequencies close to the origin, and at any other frequency.
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Lemma 4.3 Under Assumptions 4.1, 4.2 and 4.3, if M = const- N/3, for frequencies
Aj = 2mj/N such that |v — Aj| < const- m~! for some positive sequence m such that

1/m+ m/M — 0, then, uniformly in j, for v > 0,

2 2
MSEQy, M) = 2nl KIRFOG Y + M4 [Z£0)] 40 (-%— ¥ N—l) . (44)
and for v = 0,
2 2
MSBU, M) = Z2nl KIBSO 1+ M~ [Z2100)] +0 (j‘vl—ﬂv) (45)

where 0 < ép(7) < 1 measures the degree of overlapping between different kernels K at
a distant 2M )\; apart when A; — 0. For j = 0, ém(j) = 1 VM, and for A\; > 27 /M,
ém(5) = 0.

Proof. An equivalent lemma is evidently valid for more general choices of M, but we
are specially interested in this particular case. We can take an ¢ > 0 as small as we want,
in such a way that in the interval I, = [V — ¢, v + €] the conditions of Assumption 4.2 are
satisfied. Then for m big enough we have that |v — A;| < const - m~! implies A; € I,.
Therefore when v > 0 we have that for N big enough, 0 < A; ~ v, so (};)~! = O(1),

where a ~ b means a/b — 1 as N — oo. We study first the bias and the variance.

Bias. Similarly to Theorem 5.6.1 of Brillinger (1975, p.147) and using now Lemma 4.1

with a = 1, we get,

EfuO)] = [ KOV - /M)d8 + O(M/N)

) M
= SO0+ 2P0 M+ 0 (5 + M)

The bounded variation condition on K and the derivability of f are used to approximate
the discrete average of K and f by and integral with error O(M/N), since by Assump-
tion 4.2 and for M big enough we are only averaging inside I,, thanks to the compact

support of K.

Variance. First, it is more convenient to write the spectral estimate using only N

frequencies in this way:

- -1 N-1
P = 2L 37 Kaa(h = )10,
k=1
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where Kp(A) = 3o; M K(M([X + 27j]) is the periodic extension of M K(MA). Then we

have
—2
Var[fM()\j)] = O'_Mi E Kp(Ax — )\j)zVar[I()\k)] (4.6)

+‘l Z 3 Kna(hk — A)Km(h = A)Covl[I(Ax), I\ (4.7)
k i#k
Then, from Lemma 4.2 we get Var[I(A¢)] = f(Mk)2 + O(N"!log N) and, for k # 1,
M)?+O(N~llog N if k=N-1
Cov[I(w), TN = f(Ax)*+ O(N~"log N) i U
O(N~llogN) otherwise.
Also we have that opr = N/(27 M) 4+ O(1). Then (4.6) is

(2")2 ZKM(,\k — ) ()2 +0 ( 7 log N)

- 2ot / MEMN O\ +A)2dA+O(M2>
= 27rMf(,\ )2/ K(,\)2d,\+0( [% +M‘2D.

In (4.7) we only have to consider the situation where k = N — ¢, since for the other

frequencies we have a bound of O(N~'log N) for the covariance from Lemma 4.2.

Then, if » = 0 and A; = 0, (4.7) is similar to (4.6). In general, if v = 0 and
|A;] € 2w /M then the two kernels in (4.7) overlap in some interval for all M. Taking into
account only the frequencies ¢ = N — k, for which the leading term of the covariance is

also f(Ag) we have that (4.7) is equal to, using the periodicity of Ky,

%ZKM()% = A)EM( +X5) [f()? + O(N " log V) (4.8)
k

2}\; / Kn(NEKm(A+2%)f(A = X;)%dA + 0 ((M/N ) +log N [%D

i) 5P 25 [ O+ 0 (Nt [+ u77)),

for some 0 < ép(j) < 1.

If |Aj| > 27/M then the two kernels in (4.8) do not overlap at all and the covariance
terms do not contribute to the leading term in the variance of fM, and the lemma follows.

(]
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We would take M = 7N/5, for some 0 < 7 < 00, to make the bias and the variance
of the same order of magnitude and then MSE will be of order M ~* ~ const.M/N. From

the previous lemma, the optimal constant 7 that minimizes the leading term of MSE of

fu()is s
* = W2f(2)(1/)2
|| K3 f(v)2)
if v # 0 and with 47 instead of 27 for » = 0. Now it is possible to estimate the value
of 7* using initial, pilot estimates of the spectral density and its second derivative at v.
This is the approach of several authors, like Andrews (1991), Newey and West (1994)

or Biilhmann (1995), just to give some recent contributions. In the following section we

adopt instead an indirect approach using a cross-validation argument.

4.4 Local cross validation

Consider for some positive sequence m = my such that m~1 + m/M — 0 as N — 0, one
form of local integrated mean square mean,
de 27!'
IMSEm (v, M) %/ 2 Wan (A = IE [{Fae(N) - SO0} 17)]
_7—1

where W, (A) = m 3-; W(m[A 4 2nj]) for some appropriate kernel function W satisfying
Assumption 4.3. For W = (2r)™'I;_r ) and m = 1, IMSE,(v, M) = IMSE(M) for all
v.

Then, from Lemma 4.3 and v > 0, we can obtain under the same regularity conditions,

for m big enough

_ _M_ T 2 —4 'UJ2f (V) il —_
IMSE,,(v, M) = N2||K||2+M \2 f()]+0( Ty + [N m])

= MSE(V, M) + O(MSE(V7 M))7

where the errors in m come from the continuous approximation for the sum and because
the ratio f®)(v)/f(v) has bounded derivative. Therefore, IMSE,,(v, M) approximates
MSE(v, M) when v > 0 as m — oo.

When v = 0, we can see that

27I"N 1
IMSEn(0,M) = = Z Win(As )[ 27r||K||2{1+6M(])}] (4.9)
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—4 w2f(2)(0) M? -1
M [7 f(O)l +O<_+N + [wm ])'

Now in the summation in (4.9) we can consider the values of \; smaller and bigger
than 27 /M in absolute value. Since |0pr(5)| < 1 V3, |6m(F)] = 0if |Aj| > 2n/M (i.e.
|7] > N/M) and m/M — 0, with sup,, ; |[Wn(A;)| = O(m),

T 2 [f72eliE 4 mu)}]

= M? K85 S Wn) MomlKIZET S W (0)iue(i)
l7lISN/M
= Yor ||K||22”EW (A)+0( )
= £27r||K]|2 + O(N N) +o<%) (4.10)

Therefore, when v = 0, IMSE,,,(0, M) only estimates half of the variance in MSE(0, M).

A possible approach to obtain a consistent estimate of the optimal local bandwidth
which minimizes MSE(v, M), M = 7*N/5, is to minimize one estimate of MSE(v, M)
or of IMSE,, (v, M), which approaches MSE as m increases. Some adjustments may be
necessary in the case v = 0. The presence of two related bandwidth parameters, m and
M, seems to imply a circular argument like the one present in a plug-in method, where
pilot estimates of the spectral density and its derivatives are used, depending on other
bandwidths or parametric assumptions. To circumvent this problem we propose some

procedures that connect both choices.

The logical cross validation argument in this case would be the minimization with
respect to M of the function (remembering the definition in (4.1) of the ‘leave-two-out’
spectral estimate),

N-1
CVLLn(v, M) E 21 3" Wi (35 = v) [log Fif () + 1)/ £ (0)]
j=1
which is a likelihood that tends to use only the information around v as m — oo. As
W has compact support [—=, 7], just about N/m frequencies around v are used. It is
likely that this procedure lead to more variability than the global one, since we are not
using all information of the sample (see Brockmann et al. (1993) for a related problem

in nonparametric regression).
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To justify the above ideas we have the following Proposition, proved in the second

appendix of this chapter.

Proposition 4.1 Under the Assumptions 4.1, 4.2, 4.8, 4.4, W satisfying Assumption
4.8, M = const- N1/5 and m~! + m/M — 0,

N-1
CVLLn(v,M) = 21 ) Wm(Aj —v)[log f(A5) + I(A5)/F(A5)]

i=1

+% IMSE,(v, M) + op(N IMSE,,),

where 0 < ¢ < IMSE,,,/IMSE < ¢3 < o0 as N — oo, and the first term on the right
hand side depends only on m (but not on M ).

Then, under regularity conditions, CVLL,, is a consistent estimator of IMSE,, up
to a constant not depending on M. From that, minimization of CVLL,, should be
approximately equal to minimization of IMSE,,. Since the latter approximates MSE(v)
under similar conditions on m, we can expect to obtain reasonable estimates of the local

optimum M using the local cross-validation criterion.

BB did not require to estimate explicitly IMSE or its asymptotic rate of convergence,
but in our case we need to do so as we estimate a local MSE from an IMSE calculated
around a single frequency. To this end, additional stronger conditions are required for
the spectrum at that frequency, but we do not need to make global assumptions for the

spectral density.

4.5 Monte Carlo work

In this section we try to assess if all the asymptotic arguments given before are good
approximations for reasonable finite sample sizes. We have concentrated on the special
case of the estimation of the bandwidth for the nonparametric spectral estimate at the
origin (v = 0). From (4.10) we know that for this frequency in particular, IMSE,,(0, M)
does not approach MSE(0, M) due to the different variance of the spectral density esti-
mates around the origin. Nevertheless, from Lemma 4.3, the transition from the variance

of fM(O) to the variance of an estimate at a frequency apart from the origin (one half of
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the previous one) is smooth, depending on the shape of the kernel used. Then we can

expect that the approximation behaves approximately well also for this case.

We have used the following equivalent version of the cross-validated log-likelihood,

given the periodicity and symmetry of W, f and I,

[N/2] . —~
CVLLA(0,M) ¥ 21 37 Wa(y) [log Fil (%) + I()/ 5 (%))
i=—[N/2]

dropping the frequency j = 0, (for mean correction purposes and due to the different

asymptotic behaviour of fM(O)), and we define IMSE?, accordingly.

We have calculated both functions CVLL}, and IMSE}, by Monte Carlo simulation for
Gaussian sequences following five different models and sample size N=256. The models

considered are the following AR(3) processes,
Xi = Xi g+ az Xy 9 + a3Xi-3 + €, € ~ N(0,1),
with parameters

MODEL 1: a; = 0.7, az=-0.5, az3=04.
MODEL 2: a; =0.6, ag=-0.6, az=0.3.
MODEL 3: a; = 0.6, a;=-0.9.

MODEL 4: o; =0.8, a3 =-0.6.

MODEL 5: o3 =0.8,

and a; = 0 if not stated. These models are convenient because of their simplicity and
the different spectra they represent. From Figure 1, Model 1’s spectral density exhibits
a peak at Ag and at Ag3, approximately, for this sample size. Model 2 is similar, with a
less sharp peak at the origin and other peak at about the same position as before. AR(2)
Models 3 and 4 have spectral densities much more flat at the origin, but with very strong
peaks at frequencies about Asp and A4g. Finally the AR(1) spectrum of Model 5 shows
the typical peak at the origin, taking small values for all the other frequencies.

With these processes we will be able to assess the performance of the approximations
in situations where global bandwidths might be not be very appropriate due to the
presence of special features in the spectral density at the frequency of interest or at other

frequencies, which can distort global procedures.
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We employ the Barlett-Priestley Kernel (for both K and W), with spectral window:

-] wsn
0, |A| > =.

K(\) =

This kernel does not satisfy Assumption 4.4. However this condition is only used in the
proof of Lemma 4.5 in expression (4.15). Since the lag-window of the Barlett-Priestley

kernel is

w(z) = ﬁ {%

we have that (4.15) is Op(N ' M2log N), since |w(z)| = O(z~2) uniformly, and therefore,

—coswz},

the remaining results go through without further problems. The uniform kernel was
also tried, with much less smooth results as a consequence of the non continuity in the

boundaries of its support and a lag-window with tails slow decreasing to zero.

All the experiments are based on 1000 Monte Carlo replications. The tables with the

simulation outcomes and the plots are given at the end of the chapter.

4.5.1 Results for IMSEm

The first goal is to check if IMSE,, estimates MSE properly and how sensitive is to the
choice of m. Specially interesting are the cases with big values of m for which the IMSE,,
are very close to the MSE at the frequency of interest. Due to the problems commented
before we cannot expect high precision, but yes certain information about the shape of

the spectral density in different intervals around the origin.

To evaluate IMSE,,, we first estimate MSE(A;, M) by Monte Carlo replications for all
j and a grid of M = 1(.5)30, which cover all reasonable M’s, including the optimal values
for sample size N = 256. The optimal values are calculated using the usual pointwise
result for the MSE at a single frequency, 7*, depending on the kernel used and on the
values of f and its second derivative. Then IMSE,, is evaluated for different values of m
and the minimum with respect to M found. The values of m were chosen (see Table I)
in terms of the number of different Fourier frequencies around Mg over which the kernel
W averages in each case, denoted as ‘band’:
L

band = ™
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The correspondent grid is band=1(4)129, which covers all the possibilities for N = 256.

The results are reported in Table I and the correspondent plots are in Figures 2 to
6 (in the two-dimensional graphs each horizontal line corresponds with one value of m).
From high values of m we can check that the asymptotic expression for the optimal M
for fM(O) it is not very precise for Models 1, 2 and 5. These are the situations with a
peak at f(0) and where the bias for the M minimizing IMSE,, is very big and negative.
Specially in Models 2, 3 and 4 there is substantial variability between the plots of IMSE,,
for different values of m, accounting for the particular features of the spectral densities:
when the kernel W averages for the MSE corresponding to frequencies with sharp peaks or
troughs in f, the IMSE,, is inflated and the M predicted can be too high for a particular
frequency. Then the approximation of MSE by IMSE,, is adequate for moderate values

of m.

4.5.2 Results for CVLLmMm

We next estimate the function CVLL,,(0,M) for a grid of values of m and M. It is
possible to see in the plots (Figures 7 to 11) for all models that the functions CVLL,,
depend substantially on the value of m and the minima for different values of m can be
far apart. Therefore, CVLL,, reflects the different characteristics of the spectral density

and can be a useful means of studying local properties of the spectral density.

In Table IT we give the results for the M estimated by the minimization of CVLL,, for
a grid of values of m. Again the dependence on m is clear. Concentrating in the rows with
m=9.8 and 18.2, we can see that for all the models the mean across replications of the
M estimated is not far from the one which minimizes IMSE,,, with reasonable standard
deviations. These values of m employ information from only 19 and 13 frequencies around
the origin, respectively, so for the spectral densities simulated, the cross-validation uses
local enough information and it is not influenced by the characteristics of f at other

frequencies.

For example, Model 3 shows a peak at Aso and it is very flat anywhere else. Then,
when we weight for all the frequencies in CVLL,,, including the peak, the values of M

found are much bigger than the optimal ones, specially when we do not use the frequencies
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higher than the one corresponding to the peak. However, when CVLL,, includes just the
frequencies around the origin, skipping the peak, the M estimated are much smaller and
are very close to the optimal value for m big enough. In the case of Model 5 it is precisely
at the origin where the spectrum has its main feature. Then, when we give weight to
frequencies beyond the low ones, this entails the use of information where the spectrum
is very flat, hence too small M are predicted. Consequently the bias is bigger for small

values of m as expected.

The variability of the estimates is relatively high, as in most of bandwidth choice
methods, characterized by slow rates of convergence. Like in any nonparametric method
this variance tends to increase in general with the value of m (which is proportional to

the inverse of the actual bandwidth of the kernel Wy,).

4.5.3 Two-step procedure

From a theoretical point of view, the choice of m has not a definitive answer. One
possibility is a selection criteria depending only on the sample size. In the first three rows
of Table III we explore the properties of choices like m = N1, N-15 N2, which almost
agree with the condition required by the asymptotic theory, m = o(M), for M = ¢- N/5,
However, these values of m lead to possibly too many frequencies being used in CVLL,,
for this sample size (see the column ‘in. band.’ or initial bandwidths in Table III), so we
complement the experiment with the values m = 6 and 10 in the fourth and fifth rows

of Table III, corresponding to bandwidths of 21 and 12 frequencies, approximately.

In the last five rows of Table III, we use for m the value of M estimated in the first
five rows, in a two-step procedure. In this experiment we use the uniform kernel for W,

this choice being of not decisive significance.

As expected, for the first five rows the best results from the bias point of view,
correspond to the fifth one, with the largest m (sometimes also using a MSE criterion).
For the two-step estimations (rows 6 to 10) the results are not uniform and depend on
the concrete model. For Models 1 and 5 with a sharp peak at the origin, there are not
big differences between any of the initial choices of m. For Model 2, the first two options

give much bigger bias than the last three, and for Models 3 and 4 all give similar results,
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except the fifth one which shows considerable bias.

In conclusion, the third and fourth choices for the two-step procedure provide the
best results in most of the situations, specially from the bias point of view. At the same
time that the second step tends to reduce the bias, the variability across replications

tends to increase when two steps are used instead of one.

4.5.4 Iterated procedure

Finally we implement two iterative methods to check if any advantage can be gained
from the bias or variance point of view when the information from previous estimates
is used successively. With each method we employ two initial choices for mg, 7 and
9.84, corresponding to ‘band’ numbers of 19 and 13. For the selection of m in each step,

Method 1 takes m; = 0.9 - M;_; and Method 2,

mi = Mi_y (1 + M; - M,;_, ) ‘

10(Mi-1 + M;_2)

Both criteria are based fundamentally in the previous values of M found by a one-step
cross validation, but the second one also takes into account the sign in the change of the
last two estimates obtained. The maximum number of iterations is 5 and the procedures
stop if there is change smaller than 0.1. The algorithms check for values of m out a

sensible range given the sample size.

The results of the Monte Carlo experiment for the two methods (with the two initial
choices of m) and the five AR(3) models are summarized in Table IV. First, there are not
significant differences between any of the four combinations and in most cases there is a
trade-off between bias and variance. These results are specially interesting in comparison
with those of Table III. For Model 1 we have achieved in all cases a certain bias reduction,
but at the cost of higher variability. Similar conclusions hold for Model 5. The iterated
method for Model 2 produces a bias corresponding to the highest magnitude in Table
ITI, but there is little reduction in the standard deviation across replications. In the case
of Model 3, the bias is kept relatively small and there are some little gains in variance
reduction. In Model 4 the bias is not much larger than in the Table III, but now the

variance has increased.
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In general, there are not evident benefits from the iteration of these two algorithms

with respect to a simpler two-step scheme.

4.6 Conclusions

In this Chapter we have justified a procedure for local bandwidth choice of nonparametric
spectral estimates and shown its performance in finite sample sizes. We have assumed
throughout Gaussianity, but this seems not essential, except, perhaps, in the proof for
the supremum of the periodogram in Lemma 4.4. However, we conjecture that this
condition can be avoided assuming summability conditions on higher order cumulants as
in Brillinger (1975), except for the second order ones (autocovariances), imposing then

only local conditions on the (second order) spectral density.

A multivariate version on the method will be very useful in practical work, but if we
want to stress the specific characteristics of each univariate time series it could be better
to apply the method to each of them separately or to a fixed linear combination of the

series, like in Newey and West (1994).

Further investigation seems necessary in the design of (iterative) algorithms that,
linking m and M, would reduce the variability inherent to bandwidth choice procedures.
Then additional finite sample evidence should be found for other models and distribu-

tions.

4.7 Appendix: Technical proofs

Proof of Lemma 4.1. This lemma is a restatement of, for example, the Lemma in p.
835 of Hannan and Nicholls (1977), assuming only local conditions on f. As in the proof
of Lemma 4.3 we can fix one € > 0 such that, if I, = [v—¢,v+¢], Aj,Ax € I, for N big
enough. Defining the Dirichlet kernel pn(A),
N
en(A) = e,

1=1

156



we have that for j # k, mod (NV),
[ end = Men(r - Adr = o.
Then, if j # k, mod (N),
B[O)ECR] = [ en(y - Nen(= 20 - F)lA. (@)
Now we divide the range of integration in (4.11) in the following intervals. First,
Aj+N-1

< constN |A =] 1dA
Aj—N-1

< constN!™®,

Aj+N—1
/ N-1 (pN(’\j_)‘)‘JDN()\_)‘k)[f()‘)_f(/\j)]d/\

J

using supy¢y, |f(A) — f(A;)] < const - [A — A;|* in the interval considered, and
len(A)] < min {2|A|‘1,N} :

Next,

A+N—1
/Ak_N_l eN(Aj = Nen(A = AL)[f(A) - f(Aj)]d)\l

<const-N7!  sup |p(A=X)| sup  |A—Xj|*7! < const- N2,
[A=Xg|<N-2 A=Ak |<N2

since the range of integration was of order N~!. Define the set I,(k,5) as the interval I,

substracting the previous two neighbourhoods of radius N~1 around A and ;. Then

Ly N0 = XN = M) - f(AJ-)]dA‘
< const sup |A— ;7! ‘/1r len (A = Ag)|dA
I.(k,5) -

< const - N1=*log N,

using [*_|¢n(A)|dA < const - log N. Finally in the complementary set of I,,,

/,c en(Ai = Men(A = A)f(A) = £(2;)1dA

< constaup o (y; ~ Ahew(h = )l [10) + [ F0A] < const,

and the lemma follows in the case j # k because any of the bounds depends on j or k.

If 7 = k then we can use the same methods as before together with

| len(dr =22,
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to get the desired result. O

Proof of Lemma 4.2. The proof it is immediate in the light of the Proposition in page
31 of BB and our Lemma 4.1, as by the Gaussianity of X; only cumulants of order two

of the discrete Fourier transform of X; have to be considered.

Here the bound in (4.3) is only O(N~“logN ) and not this bound to the power of ¢
as in BB. The problem with their proof is the following. At the beginning of their page
33, for k € v in their notation, cum{d;(As1),dz(Ak2)} N1 = O(1) at most, because we
can have Ay = Apq for all elements in one of the possible partitions. Then, the second
bound in the third full paragraph formula of the same page is only O(1) and the first one
is O(N~%log N) (actually O(N~1) under their conditions), since we have #v1 < 1. O

We give now some lemmas needed for the proof of Proposition 4.1.

Lemma 4.4 Under Assumptions 4.1, if f satisfies a uniform Lipschitz condition of order
0 < a < 1, in an interval around a fized frequency v, I, = [v — €,v + €] for some € > 0,
then for frequencies A\; = 21j/N, j # 0 such that sup), lv = Aj| < const-m™1, for some

positive sequence m such that 1/m + m/N — 0, uniformly in j # 0,

lim sup I(A;) < 2log N sup f(A) w.p.1.

N—ooo y; rel,
Proof. We can proceed as in the proof of Theorems 4.5.1 and 5.3.2 of Brillinger (1975),
taking the mean of X; as zero, since we do not include the zero frequency. In our case,

since X; is a Gaussian series and j # 0, all the cumulants of order bigger than two are

zero. From Lemma 4.1 we can obtain, uniformly in j, for m big enough,
N l-o
on = Var[Red(A;)] = -2—27rf(/\j) + O(N""®log N).
Then, for A; € I, and any 6 and one € as small as we want, from Gaussianity, as N — oo,
E[exp {8Re d();)}] < exp {6227 N f(3;)(1 +€)/4} .
Next,

E exp {Osuleedz(Aj)|} < Z Eexp {#|Red;(};)|}
Aj M€l
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IA

> exp{6%2n N f(\;)(1 + €)/4}

/\jGIu

IA

2exp {logN + 6%27N :(\ilel}) F)Q+ 6)/4} .
Now define, for § > 0
a®=2r(14€)(2+ 5)NlogN§’1E1}) f(X).
Then
Prob {s;‘lp |Re dz(A;)] > a} < exp{—0a}2exp {logN + 627N fg}; fO+ e)/2}.
j v
Taking »
f=a [27rN(1 + €) sup f(/\)] ,
Ael,

this is less or equal than

-1
2exp {—a2 [27rN sup f(A)(1 + e)] } exp{log N} < const - N™17¢,
XEL,

Using this last line and the Borel-Cantelli Lemma, as € and é were arbitrary, we obtain

that
1/2

lim sup IRed,B()\j)]/[27erogN]1/2 < |sup f(A) w.p.1.

N—oo y; Xel
A similar result is possible for the imaginary part of d; and then the lemma follows from

|ds(A5)] < [Re dz(A;)] + Tm di(A ;)]

and I();) = (2aN)"1|d,();)*. O
Lemma 4.5 Under Assumptions 4.1, 4.2, 4.3, 4.4, for frequencies \j = 2wj/N such that
SUpy; |v — Aj] € const-m™1, for some positive sequence m such that 1/m + m/N — 0,

uniformly in j,

(X)) = fO)
f(A5)

Proof. Define the weighted autocovariance spectral estimate corresponding to the con-

sup

=0p (N‘1M2 + N M+Nlogh + M-l) = op(1).
A

tinuous average in fM, when the mean of X; is known, (and assumed to be 0 without
loss of generality),

o) = /7r Ky (MI(Aj + A)dA = L Zl w(L) ¥(r) cosTA;j
M\N . J o7 M 79

- r=1-N
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where Kp(-) = M K(M-) periodically extended and
k=N Y XeXppre
1<t,t+k<N
This estimate is unfeasible if the mean of the series is unknown, but we only need its

definition for the proofs. Now we have, proceeding as in the proof of Theorem 2.1 of

Robinson (1991),

sup [P (3) - £O)| < sup [P (i) = (%) (4-12)
+sup | FH () - E[fRO)]| (4.13)
+sup [E[fF00)] - £O4)- (4.14)

Now (4.12) is less or equal than (see Robinson, 1991, p. 1353),

w(7;)|F@ -l = os (N}i;

= op(N-1M2),

N-1

CORDY

1-N

()

|r|) (4.15)

using Assumption 4.4 and the fact that (N — r) is a sum of r terms whose mean exists

and is uniformly bounded. Next (4.13) is not bigger than

(27r)-1§ w ()| A - BRON = os (Ji\;v w (M)’N_E)

= OP(NIT_PEM) = op(1),

because Assumptions 4.2 and 4.4, and Lemma 4.7 bellow. Finally (4.14) is bounded by

[ a3y = ) {(BUw) - f)]} o]  (416)

-1

sup
Aj

+aup | [ K@) {0 = w/M) - F@)} du (4.17)
i
Denote by &y Fejér Kernel ®n()) = (27 N)"!|on(A)[2. Similarly to Lemma 4.1, we

have that in (4.16) w lies in the interior of I, as M — oo due to the compact support of

K, and for fixed § > 0 small enough,

" an(a - w)f(e) - f(w)lda

-T

sup |E[I(w)] - f(w)| < sup
wel,

wely,
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IA

sup |f'(w)] |®N(a — w)||e — w|da
wel, |Jw—

a—

+ sup |2n(a - w)|[f(e) + f(w)lda
wely J|w—a|>6

= O(N7llogN)+O(N7}
= O(NllogN),

uniformly in w € I, so (4.16) is O(N~!log N), since [|Kpm(a)|da < oo. Next, as
M — o0, (4.17) is bounded by (denoting by A* a value between A; and \; — w/M),

sup [ K(@)10 =o/M) ~ fOldwsup [ K@) |57 o = 00017,

using the compact support of K and that of f’ is bounded in I,. O

Lemma 4.6 Under the Assumptions of Lemma 4.5, uniformly in j,

) - fO)
f(5)

sup
Aj

=O0p (N‘1M2 +NFM+ N-llogN + M-l) .

Proof. The proof is exactly the same as how is done in Lemma 4 of BB, using now our

Lemma 4.5. O

Lemma 4.7 Under Assumptions 4.1 and 4.2, uniformly inr, p > 1,
Var[3(r)] = O (Nl—?) .

where y(r) is the (biased) estimate of the lag-r autocovariance y(r) when the ezpectation

of X: is known,

=5 3 (K- EXa)(Xesr — EXa)).
1<t t+r<N

Proof. From e.g. Anderson (1971, p.452), denoting as before the Fejér kernel by ®y,
NVarfie) = [ [ @n(a-w)(1+ e @) f(a) f(w)dads,

and now the result follows applying Holder inequality twice, with |®n(w)| = O(N)
uniformly in w, |1 + e~¥(*+%)"| < 2 uniformly in  and [7_fP < co by Assumption 4.2.
O
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4.8 Appendix: Proof of Proposition 4.1

From the proof of Theorem 3.1 in BB the Lemma will follow, using their definitions, if

we show

N™IT; op(IMSE,,) i=1,2

N—1T3

IMSE,, + op(IMSE,,) .
First we have, denoting now o; = o; p, from the last steps in the proofs of BB,

N
E[T] = 21 Y Wi (Aj = v)o; 'S K(MA)O(N™Y) = 0(1),
=1 k
and, denoting as IMSE!, (v, M) the IMSE,, calculated from the modified spectral estimate
(4.1),

E[T}] = NMISE, 421 Y Wn(Aj —1)%073] S K(MA)K(MA)O(N™Y)
i Kk n

4213 Y WA =0)Wan (N =)0 207 S ST K (M) K (MA,)O(N™2)
i i PR

121 Y Win(A; = )27 S K(MA)?
j k n
= NIMSE,, + O(m) + O(m) + O(m N IMSE.,)
= O(mNIMSEn),

since sup) ,,, |[Wm(A)| = O(m). Then using IMSE,, = O(M/N) we can obtain
Ty = Op(IMSE,, [m/M]/?) = 0p(IMSE,),
because m/M — 0.

Now, in a similar fashion,

E[T;) = 2n f: W(Aj — V)aJTzZ’Z'K(MAk)K(M/\H)O(N'l) = 0(1),
j=1 k n

and as before

E[T;] = O(m N IMSE2).

(Note that in BB’s expression they have N~! instead of N in the correspondent formula,
although in the statements in the main part of their paper they give the right bounds).
Then N~'T; = Op(IMSE,, [m/N]/?) = op(IMSE,, ).
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Next,

E[Ts) = NIMSE, +O([N/M]™ NIMSE,) + O([N/M]™) + O([N/M]™* M)

NIMSE,, + O([N/M]~! NIMSE,,),

and reasoning in the same way as before,
Var[T3] = O(m N IMSE,,).

Then N-'T; = IMSE,, + Op(IMSE,[m/M]"/2) = IMSE,, + op(IMSE,).

The proof for the remainder term in BB’s expression (3.2) continues the same here,
using now our Lemmas 4.1, 4.4 and 4.5 instead of their references, since the bound for

the third term in the expansion still holds for the modified (local) cross-validation.
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TABLE 1
SAMPLE SIZE: 256
REPLICATIONS: 1000
AR(3) MODEL 1
Coeff. = 0.70 -0.50 0.40
M¥*= 15.9
m  band M bias
1 129 9.00 -6.9
1.024 125 9.00 -6.9
1.058 121 9.00 -6.9
1.094 117 9.00 -69
1.133 113 9.00 -6.9
1.174 109 9.00 -6.9
1.219 105 9.00 -6.9
1.267 101 9.00 -6.9
132 97 9.00 -6.9
1.376 93 9.00 -6.9
1.438 89 9.00 -6.9
1.506 85 9.00 -6.9
1.58 81 8.50 -74
1.662 77 850 -74
1.753 73 850 -7.4
1.85§ 69 850 -7.4
1.969 65 8.50 -7.4
2.098 61 850 -74
2.246 57 850 -7.4
2415 53 9.00 -6.9
2612 49 9.00 -6.9
2.844 45 9.00 -6.9
3.122 41 9.00 -6.9
3.459 37 9.00 -6.9
3.879 133 9.00 -6.9
4414 29 9.00 -6.9
512 25 9.00 -6.9
6.095 21 850 -74
7.529 17 8.00 -7.9
9.846 13 8.00 -7.9
14.22 9 8.50 -7.4
25.6 5 8.50 -74
128 1 9.00 -6.9

MODEL 2

0.60 -0.60 0.30 0.60

7.2

M  bias

9.00
9.00
9.00
9.00
9.00
9.00
9.00
9.00
9.00
9.00
8.50
8.50
8.00
7.00
7.00
7.00
7.00
6.00
6.00
6.00
6.00
6.00
5.50
5.50
5.00
4.50
3.50
2.00
2.00
2.00
2.00
2.00
2.00

1.84
1.84
1.84
1.84
1.84
1.84
1.84
1.84
1.84
1.84
1.34
1.34
0.84
-0.16
-0.16
-0.16
-0.16
-1.16
-1.16
-1.16
-1.16
-1.16
-1.66
-1.66
-2.16
-2.66
-3.66
-5.16
-5.16
-5.16
-5.16
-5.16
-5.16

M minimizing IMSEm estimated by Monte Carlo

MODEL 3

-0.90
7.1
M
24.00
24.50
24.50
24.50
25.00
25.00
27.50
27.50
27.50
27.50
27.50
28.00
28.00
28.00
28.50
28.50
28.50
24.00
24.00
23.00
23.00
22.50
15.00
13.50
12.00
10.00
9.00
8.50
8.00
7.50
7.00
6.50
6.50

.00

bias
16.9
17.4
17.4
17.4
17.9
17.9
20.4
20.4
20.4
20.4
20.4
20.9
20.9
20.9
214
21.4
21.4
16.9
16.9
15.9
15.9
15.4
7.87
6.37
4.87
2.87
1.87
1.37
0.87
0.37
.13
-0.63
-0.63

0.80

MODEL 4

-0.60
1.7
M
9.50
10.00
10.00
10.00
10.00
10.00
10.00
10.00
10.50
10.50
10.50
10.50
10.50
10.50
10.50
10.50
10.50
9.50
9.50
9.00
9.00
9.50
9.00
9.00
9.00
9.00
8.50
8.00
8.00
7.50
7.00
6.50
6.00

.00

bias
1.83
2.33
2.33
2.33
2.33
2.33
2.33
2.33
2.83
2.83
2.83
2.83
2.83
2.83
2.83
2.83
2.83
1.83
1.83
1.33
1.33
1.83
1.33
1.33
1.33
1.33
0.83
0.33
0.33
-0.17
-0.67
-1.17
-1.67

MODEL 5

0.80 .00
20.3
M
9.00
10.00
10.00
10.00
10.00
10.00
10.00
10.00
10.00
10.00
10.00
10.50
10.50
10.50
10.50
10.50
11.00
11.50
11.50
11.50
11.50
12.00
12.00
12.00
12.50
12.50
12.50
12.00
11.50
10.50
10.50
11.00
11.00

.00

bias
-11.34
-10.34
-10.34
-10.34
-10.34
-10.34
-10.34
-10.34
-10.34
-10.34
-10.34
9.84
-9.84
-9.84
-9.84
-9.84
-9.34
-8.84
-8.84
-8.84
-8.84
-8.34
-8.34
-8.34
-7.84
-7.84
-7.84
-8.34
-8.84
-9.84
-9.84
-9.34
-9.34
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TABLE I

SAMPLE SIZE:
REPLICATIONS:
AR(3)

Coeff.= -0.70
M optimal:

m  band bias
1.1130 115 -5.7347
1.1743 109 -5.6041
1.2427 103 -5.5431
1.3196 97 -5.5121
1.4066 91 -5.4037
1.5059 85 -5.3072
1.6203 79 -5.2542
1.7534 73 -5.2212
19104 67 -5.2831
2.0984 61 -5.5326
2.3273 55 -5.6068
2.6122 49 -5.4980
2.9767 43 -5.3557
3.4595 37 -5.1626
4.1290 31 -5.0566
5.1200 25 -4.4755
6.7368 19 -6.3533
9.8462 13 -5.1687

18.2857 7 -5.3244
128.0 1 0.8368

256
1000

0.50

15.9044

sd

4.2256
4.2929
4.2450
4.3242
4.4323
4.4142
4.4281
4.3238
4.5622
4.7588
5.0999
5.3163
5.4418
5.6488
5.9339
6.4985
5.4734
6.2085
7.0861
10.2568

M minimizing CVLLm

MODEL 1

0.40

mse

50.7429
49.8351
48.7461
49.0821
48.8454
47.6524
47.2154
45.9555
48.7246
522557
57.4451
58.4910
58.2968
58,5615
6C.7806
62.2608
70.3223
65.2603
78.5618
105.9012

-0.60

bias

3.4179
3.4658
3.4853
3.5214
3.6778
3.8019
3.8310
3.9054
3.9159
3.6130
3.0805
2.8014
2.8498
2.9835
2.9191
3.0200
-3.5810
-2.1784
0.3782
9.1475

MODEL 2

0.60
7.1582

sd

4.2028
4.2195
4.1938
4.2704
4.3772
4.3616
4.3600
4.4545
4.6323
5.0502
5.6247
6.1766
6.1333
6.2250
6.2713
6.8305
3.4400
3.8172
4.6491
10.3880

0.30

mse

29.3461
29.8161
29.7353
30.6369
32.6856
33.4782
33.6859
35.0946
36.7926
38.5588
41.1269
45.9976
45.7392
47.6519
47.8507
55.7757
24.6574
19.3167
21.7571
191.5881

bias

9.5363
9.7627
9.9614
10.1111
10.5429
11.0105
11.5546
11.8803
12.3251
12.8032
13.0760
10.8304
9.9504
6.2626
4.3187
2.9687
0.8741
-0.1370
.0613
4.0041

MODEL 3
0.60 -0.90 00

7.1313
sd

4.5366
4.5883
4.5717
4.6696
4.8515
5.0425
5.5167
5.5563
5.6733
6.1161
6.5479
5.9349
5.3064
4.6367
4.4768
5.1594
4.1158
4.0081
5.5129
9.4054

mse

111.5222
116.3635
120.1307
124.0395
134.6894
146.6572
163.9421
172.0136
184.0950
201.3294
213.8564
152.5214
127.1676

60.7188

38.6931

35.4326

17.7040

16.0833

30.3962
104.4943

-0.80

bias

1.4702
1.5720
1.9109
2.0393
2.0031
2.1934
2.1636
2.5442
2.6846
2.6156
2.7709
2.8512
2.8067
1.5185
1.6265
1.9333
.045
-0.8112
-0.8962
4.1955

MODEL 4

0.60
7.6765

sd

3.4220
3.5742
3.9794
5.3365
5.0676
5.0871
5.1391
5.2694
5.3070
3.4356
5.2225
3.4704
3.9345
4.3205
5.2705
4.5559
3.3079
3.0549
3.2507
7.1068

0.0

mse

13.8718
15.2457
19.4871
32.6367
29.6935
30.6892
31.0910
34.2399
35.3714
18.6445
34.9527
20.1731
23.3579
20.9724
30.4240
24.4937
10.9443

9.9903
11.3703
68.1096

0.80

bias

-10.9760
-10.8475
-10.7431
-10.7395
-10.5524
-10.4085
-10.3393
-10.2190
-10.0506
-9.9045
-9.7337
-9.4131
-9.1663
-8.6592
-8.5783
-7.8403
-8.2622
-6.6447
-6.8540
-3.9746

MODEL 5

00 .00
20.3404

sd

4.0756
4.2369
4.3208
4.2656
4.3692
4.4552
4.2701
4.3819
4.5354
4.5193
4.6224
4.9357
5.0796
5.5261
5.5709
6.1015
6.0502
7.1031
8.2943
9.7834

0.00

mse

137.0838
135.6194
134.0830
133.5331
130.4432
128.1851
125.1359
123.6284
121.5846
118.5226
116.1121
112.9684
109.8234
105.5207
104.6233

98.6986
104.8678

94.6061
115.7717
111.5118
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TABLE III. M minimizing CVLLm (One or two steps)

SAMPLE SIZE
REPLICATIONS:
ARQ3)
Coeff.= .70
M optimal=

in. band. bias
1 73.5167 -7.4608
2 55.7152  -8.3296
3 42.2243  -8.0190
4 21.3333  -7.0055
5 12.8000 -6.4002
6 -6.1724
7 -6.2867
8 -6.2920
9 -6.3485
10 -6.2322

256
1000

MODEL 1

0.5 0.40

15.9044

sd mse

3.0699
3.8143
4.2081
5.0544
5.4968

65.0875
83.9314
82.0128
74.6239
71.1769

6.0389
5.9513
5.8987
5.9847
6.1396

74.5669
74.9413
74.3840
76.1195
76.5342

.30

bias

5.0688
3.4675
2.3919
-0.6236
-0.5553

-0.2459
-0.1840
-0.2820
1.7977
2.2112

Table IV. M minimizing CVLLm Iterating
SAMPLE SIZE: 256

REPLICATIONS: 1000

Method
initial =7

bias
-5.8181
-5.4958
-5.4299
-5.4216

var mse
6.1809 72.0534
6.6031 73.8048
6.5005 71.7397
6.3673 69.9362

bias
-3.6862
-3.4473
-2.9269
-2.6903

-0.6
5.0027

sd

3.6586
3.7525
3.7072
3.3794
3.4884

4.0659
4.0064
3.6636
3.6270
4.3895

var
3.4772
3.8295
3.9415
4.2291

MODEL 2

0.30

mse

39.0782
26.1044
19.4646
11.8092
12.4769

16.5917
16.0851
13.5017
16.3865
24.1574

mse
25.6786
26.5493
24.1024
25.1228

MODEL 3

.60 -0.9
7.1313

bias sd

11.8405 5.5821
12.6728 6.1371
9.9881 5.6038
1.5389 4.2894
-0.0177 4.0179

0.1169 5.3848
0.2037 5.6205
0.1864 5.4737
0.3649 4.0747
2.6026 4.9888

bias var
0.8595 4.169
0.8615 4.2236
1.0322 4.4533
1.0801 4.562

.00

mse

171.3574
198.2639
131.1655
20.7674
16.1435

29.0093
31.6316
29.9963
16.7361
31.6618

mse
18.1191
18.5814
20.8968
21.9785

.80

bias

1.5077
2.2025
1.5955
1.0255
-0.3503

-0.1250
-0.1065
-0.1141
-0.0180

1.1668

bias
0.6705
0.6458

0.805
0.9054

MODEL 4

-0.6 .00

7.6765

sd

3.3717
4.0805
4.2409
4.4797
4.4327

4.2616
4.5131
4.4898
4.4489
4.9722

4.943
5.2504
4.9801
5.5208

mse

13.6417
21.5012
20.5312
21.1194
19.7713

18.1765
20.3791
20.1717
19.7931
26.0845

mse
24.8827
27.9837
25.449
31.2992

MODEL 5

.80 .00
20.34

bias sd

-12.2643 3.1808
-11.7260 3.5404
-11.0842 4.0881
-8.8957 5.6586
-8.2941 5.9674

-8.1885 6.5430
-8.0138 6.5751
-8.0135 6.8935
-7.6091 7.5891
-7.7459 7.4518

bias
-7.1909 6.6827
-6.8425 6.9557
-6.9862 6.7258
-6.796 6.8886

.00

mse

160.5296
150.0345
139.5715
111.1531
104.4029

109.8613
107.4537
111.7364
115.4934
115.5277

mse
96.3673
95.2017
94.0435
93.6373



L91

f(x)
0.2 0.3 0.4 05 0.6 0.7 08 09

f(x)

1.0

0.0 0.1

12 14 16 18

10

FIGURE 1. Model 1. Spectral density AR(3) .7 / -.5 / .4
5 i
F 1
[ ]
- .
[ ]
0 20 40 60 80 100 120 140
X
Model 3. Spectral density AR(2) .6 / —.9
i ]
| |
! |
0 20 40 60 80 100 120 140

0.7

f(x)

1.4

Q
a

Model 2. Spectral density AR(3) .6 / -6 / .3

T

T

0.0

20 40 60 80 100 120 140
x
Model 4. Spectral density AR(2) .8 / —.6
20 40 60 80 100 120 140



Em

oR

FIGURE 2.

Model

1.

Estimated IMSEm AR(3)

7

/

IMSEm(M)

0.32

0.28

0.24

0.20

0.16

0.12

Model

1.

Estimated IMSEm AR(3)

12 16

70

.5

/

20



FIGURE 3. Model 2. Estimated IMSEm ARG3) .6 / -.6 / .3 Model 2. Estimated IMSEm AR(3) .6 / —6 /

IMSEm(M)
o3 o5

e.5



FIGURE 4. Model 3. Estimated IMSEm AR(2)

.6

/

IMSEm (M)

S

o

Model

3.

12

Estimated IMSEm AR(2)

16 20

.6/

.9

28

32



IMSEm (M)

LS

L

=)

Model 4. Estimated IMSEm AR(2)

.8/

.6



FIGURE 6. Model 5. Estimated IMSEm AR(1)
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Chapter 5

Log-periodogram regression for

long range dependent time series

5.1 Introduction

In this chapter we consider statistical inference for long range dependence time series. In
particular, we concentrate on the semiparametric estimate of the long memory parameter
based on the regression on the logarithm of the periodogram at Fourier frequencies close

to the origin.

Properties of maximum likelihood methods have been analyzed extensively for para-
metric models of long range dependence (see, for example, Fox and Taqqu (1986) and
Dahlhaus (1989)). However, if we are only interested in the estimation of long range
dependence characteristics, semiparametric and nonparametric models are more robust

against any sort of misspecification of the short term behaviour of the time series.

Semiparametric models focus on some properties of the autocovariance sequence (hy-
perbolic decay) or of the spectral density (singularity at the zero frequency). They are
semiparametric because they do not make explicit assumptions on the behaviour of the

autocovariances at short lags or on the spectral density apart from the origin.

We set our conditions in the frequency domain in terms of the spectral density since

they are much more neat and cover a broader range of possibilities. We will assume that
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the spectral density satisfies
f) ~ GAH as A— 0%, (5.1)

where d € (0,1/2), is the self similar parameter that governs the degree of strong de-
pendence of the series. This is the interval of values of d for which the series exhibits
long range dependence and is stationary. Expression (5.1) reflects a linear relationship
between the spectral density and the frequency in log-log coordinates, with slope —2d,

and this is the basis for the log-periodogram estimate.

Robinson (1994, 1995b and 1995¢) and Lobato and Robinson (1994) have used similar
assumptions to the ones we employ here to study the asymptotic behaviour of several
semiparametric estimates of d. Robinson (1995b) justified a modified version of a pro-
cedure proposed by Geweke and Porter-Hudak (1983) based on the regression of the
logarithm of a pooled periodogram on the logarithm of the Fourier frequencies close
to the origin. He proved the consistency and asymptotic normality of the estimate for
Gaussian vector time series. In this chapter we extend his consistency results for linear

processes not necessarily Gaussian.

Let {X:, t =1,2,...} be a stationary process with spectral density satisfying (5.1).
Given an observable sequence X;,t = 1,..., N, we introduce the discrete Fourier trans-

form at the frequency A; = 27j/N,

N
da(}) = D Xee™,

t=1
and the periodogram

I(%) = (2rN) ™" |da(X)]”

Define for J = 1,2,.. ., fixed, (assuming (m — £)/J integer),

J
Yk(J)':IOg (ZI()\k_I_j_J)) k=Z+J,€+2J,,m

i=1

The estimate considered in Robinson (1995b) is

= (3] (o)
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where Ay = 2, —Z,Z = # >k 2k and zx = —2log Ax. Here m is an integer smaller than
N and £ is a user-chosen trimming number. In the asymptotics both numbers tend to
infinity with the sample size N, but more slowly.

In the first part of the chapter, we analyze the possibility of substituting the finite
averages (for J fixed) of the periodogram in Yk(‘]), by consistent estimates of the spectral
density f(Ax). We will consider estimates of the weighted-autocovariance type, which

can be written as a continuous average of the periodogram as in Chapter 3, Il = [-7, 7],

N-1 .
Fu(h) = /H Kne(h = M)I(V)dA = %]g—:sz(ﬁ) 5(7) €08 j Ak,

where 7(7) is the (biased) estimate of the j-th autocovariance (assuming now zero mean),

el > XXy, j=0,41,...,4(N-1),

1<t,45,<N

7)) =

and M = My is a lag-number, tending to infinity with the sample size, but at a slower

rate. We will assume

Em(A) = M- K(M)),

where K(-) is an even function, that integrates to one, with compact support to avoid
smooth the periodogram for frequencies very close to the origin and leakage from the

pole of f(A) at A = 0. The function w(-) or ‘lag-window’ is the Fourier transform of K,
w(r) = / K\ A,

In the analysis of this class of estimates of d, the main problem resides in the proof of
the consistency of the nonparametric estimates fM(/\k), after suitable normalization, for
frequencies that are tending to zero, but not including the origin itself. Gaussianity is not
needed for that, but when we assume that X; is Gaussian, we are able to prove a central
limit for these estimates of f. Then, the consistency of the appropriate modification of
d follows easily from the consistency of fM(/\k). Regrettably, the properties of fM(z\k)
can not be deduced from the standard results on nonparametric estimation of the spec-
trum. Typically, the conditions assumed in the literature include at least boundedness
of the spectral density, and it has not been considered the case of estimation around a

singularity.
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The situation is quite different when we consider fixed averages of the periodogram.
We have to deal now with the logarithm of the periodogram, which is a random vari-
able and not a consistent estimate of anything. Non-linear functions (the logarithm in
particular) of the periodogram of stationary sequences have been considered under dif-
ferent set-ups (see e.g. Hannan and Nicholls (1977), Taniguchi (1979), Chen and Hannan
(1980), von Sachs (1994a), Janas and von Sachs (1993), Robinson (1995b) and Comte
and Hardouin, (1995a and 1995b), and the references cited there). These works assume
Gaussianity to obtain the main results, except Chen and Hannan, and Janas and von

Sachs, who work with a linear process condition.

These last two references use higher order properties of the asymptotic distribution of
the periodogram. Janas and von Sachs apply the results for weakly dependent sequences
of Gotze and Hipp (1983), making almost impossible to relax their assumptions for long
range dependence situations. Instead, the approach of Chen and Hannan (1980) is based
in the factorization of the periodogram of the observable sequence in the transfer function
of the linear filter, times the periodogram of the i.i.d. innovations, plus a stochastic error
term. The magnitude of this error depends on the smoothness of the spectral density
and on the number of moments assumed for the innovations. Obviously the conditions
they assumed, (3 |5)°|w;| < 00, 6 > 1/2, see Assumption 5.7 below), rule out any long
memory behaviour or any singularity in the spectral density of X, but their results are
based mainly on the properties of the periodogram of the i.i.d. innovations sequence, for
which we assume the same set of conditions as in their Theorem 2 (see Assumption 5.9

below).

A related approach is used by Comte and Hardouin in a long-memory environment but
assuming Gaussianity. We use one idea of them to avoid a modification of the estimate
of d in the same spirit as the one Chen and Hannan (1980) did to account for too small
values of I(A;)/ f(A;). Here, instead of redefining the periodogram with a truncation, we
use an average of periodogram ordinates. Then we can use their higher order asymptotic
results and the long range dependence results of Robinson (1995c) to approximate the
periodogram of X; by that of the linear i.i.d. innovations times the long memory transfer

function.

The chapter is organized as follows. In next section we give the basic results about
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fM when Gaussianity is assumed, and then we use fM to estimate d in Section 5.3.
In Section 5.4 we show the robustness of the previous results for non Gaussian linear
processes. Finally in Section 5.5 we give sufficient conditions for the consistency of d
when finite averages of the periodogram are used. All the proofs and auxiliary lemmas

are given in appendices in the last three sections of the chapter.

5.2 Nonparametric estimates of the spectral density

In this section we consider asymptotic properties of nonparametric kernel estimates of
the spectral density of long range dependent series for frequencies tending to zero as the
sample size increases. We need to impose some restrictions on the semiparametric model
for the spectral density, the form of the kernel function K and on the smoothing number

M and the frequencies A; included in the estimate of the long memory parameter d.

We first introduce two conditions about the spectral window K, equivalent to the

ones used in Chapter 3:

Assumption 5.1 K(z) is a bounded, even function, —w < z <, and zero elsewhere,
with

/ K(z)dz = 1.
II
Assumption 5.2 K(z) satisfies a uniform Lipschitz condition (of order 1) in [-7,7).

Now we introduce some assumptions about the behaviour of the spectral density
around the origin, following Robinson (1995b and 1995c), but not considering negative
values of d,

Assumption 5.3 X; is covariance stationary and as A — 01,
f) = GAT 4 0(A),
with d € [0,1/2), 8 € (0,2] and 0 < G < .
Assumption 5.4 In a neighbourhood of the origin f is differentiable and

£ log f(3) = O™,

182



Finally we present one assumption about the frequencies A; = 27j/N, allowing j to
increase with N, for which we will consider the nonparametric estimates fM(Aj), and

about the lag-number M,

Assumption 5.5 As N — oo,

M 1 j N
W—+‘M‘+ﬁ+j—M——>0. (5.2)

Assumptions 5.1 and 5.2 guarantee a well-behaved kernel K and as in Chapter 3 the
compact support is intended to avoid leakage from other frequencies, in the long memory
case specially from zero frequency. We chose to split them in two conditions, because
Assumption 5.2 is not necessary to analyze the expectation of fM. They are satisfied
by several kernels used in practice, like the uniform and Barlett-Priestley kernels. It
would be equivalent to define the function K in any compact support [—7,7] for finite
7 > 0, and all the results are valid with the obvious modifications in the proofs. We can
also assume that K(«) is nonnegative to avoid meaningless negative estimates of f or

problems with the logarithm function.

No assumptions are imposed on f outside a neighbourhood of the origin, apart from
integrability, due to stationarity. They are satisfied for long range dependence parametric
models like the fractional ARIMA (1.31) and the fractional noise (1.32) with 3 = 2. See
Robinson (1995b) for a general account about these conditions and their connection with

the closely related (and more restrictive) condition, 0 < g < oo,

7(r) = Cov[Xs, Xogr] ~ gr21, as T — 00.

The first two conditions in Assumption 5.5 are standard in nonparametric estimation
of the spectral density. The third condition implies that A; — 0 as N — oo. The last
condition in Assumption 5.5 is used, jointly with the compact support kernel Kps (cf.
Assumption 5.1), to avoid averaging for periodogram ordinates too near to the origin,
since necessarily j — oo as N — 0. If, for example, j/N tends to 0 very fast, we need
the kernel Kjs to close around A; even faster. This has also implications from the bias

of the estimate point of view. Then, for |A\| < #/M and j > 0,

, i 2j 1] _1[ iM »
> —_—— —— —— — = —— — .
|,\|1515rf/M)‘+ Aj > 27rN il VAT, M~ |2 i 1| >eM™, (5.3)
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as N — oo, for some constant ¢ > 0. Hence we can take A+A; > 0 under Assumption 5.5,
|A| < 7/M and j > 0. The condition

. J 1

NI sup T > 3

would imply also (5.3), but it is not sufficient due to bias problems (see Lemma 5.1).
We now present several results concerning the asymptotic behaviour of fM(Aj) when
we assume that X; is a Gaussian stationary sequence. They are not very different from

the standard results on nonparametric estimation of smooth spectral densities, after

appropriate normalization.

Lemma 5.1 If X; is a zero mean covariance stationary sequence, then, under Assump-

tions 5.1, 5.3, 5.4, 5.5 and additionally j~'logN — 0,

E[fu(\)] - f() _ (logN N
709 “O( j +fM)'

Define
K2 = f K*(z)ds.
II

Lemma 5.2 If X; is a zero mean Gaussian stationary sequence, under Assumptions 5.1,

5.2, 5.8, 5.4, 5.5, and MN~1log®N — 0,

N Var[fu(N)]
M f(N)?

M 172 N
2 3 =1 3
21r||K||2+0([Nlog N] +J lOgN+jM)

27| K17 + o(1).

Note that Assumption 5.5 and M N~} log3N — 0 imply log3N/j —0as N — o0.
Similar techniques as the ones used in the proof of this lemma can be utilized to estimate

the covariance of two spectral estimates for frequencies apart more than M~1,

In the previous lemmas we have assumed that the mean of the time series was known
and equal to zero without loss of generality. Now we investigate the consequences of the
estimation of the expectation of the series using the sample mean. As it is well known,
under long memory conditions the rate of convergence of the sample mean is slower

than under weak dependence conditions. Assuming zero mean w.l.0.g., Assumption 5.3
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and covariance stationarity, we can get (see Adenstedt (1974)), that the variance of the

sample mean, X = N~! Zﬁil X, satisfies
Var[X] = O(N%1).

We now consider a continuous average of the periodogram of the mean corrected series,

I*(A),
fa) = /1r " KX — )T*(A)dA

where
2

N —_— .
Z(Xt _ X)e‘tt/\
t=1

In the next lemma we estimate the error introduced by the estimation of the expectation

1
—’*('\)=m

of X; by X. This error is negligible with respect to the standard deviation and bias of
the estimates, so in the following, we will work with the estimate f, bearing in mind that

all the results will go through for f as well.

Lemma 5.3 If X; is a covariance stationary sequence, under Assumptions 5.1, 5.3, 5.5

and j~'1log?N — 0,

fA)  F 1/2
\/g (;gij; B ;E;j%) =0Op (]JLl/z +j—1/2lOgN) = OP(].).

Finally we give a central limit theorem for the centred and normalized estimate.

Theorem 5.1 If X; is a Gaussian stationary sequence and under Assumptions 5.1, 5.2,

5.3, 5.4, 5.5 and MN~log? N — 0, for all s > 2,

f(A5)

5.3 Estimation of the long memory parameter based on

nonparametric spectrum estimates

The estimates fM()\j) can be used to construct a semiparametric estimate of the param-

eter d that governs the long range behaviour of the time series. We should use those
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estimates for frequencies tending to zero, j/N — 0, for which Assumption 5.3 is reason-
able, and in a number tending to infinity to achieve consistency. This idea has been used
for strongly dependent Gaussian times series previously by Hassler (1993), Chen et al.
(1994) and Reisen (1994). However there are problems in their proofs similar to those
in Geweke and Porter-Hudak’s (1983), as was pointed out by Robinson (1995b). We
consider first the Gaussian case in this section. Then, in next section we extend these
results to non-Gaussian series under a linear process condition and mild assumptions on

the fourth-order cumulants.

We follow a similar approach to that of Robinson (1995b). We modify his estimate d
with regressors based on fM()\j), assuming now K is positive and defining

dy = ( f: Aklong()\k)) ( i Ai) -

k=041 k=€+1
Equivalently, we could have constructed the estimate with the sum in k£ running for
values k = £+ [%] 42 [%—] y..+,m (we assume that (m——l)% is integer). In this way
we would have divided the spectral band close to the origin in non-overlapping intervals
of width %}'—, so that the regressors in (iM were asymptotically uncorrelated. Then, in
Robinson’s notation, J ~ %JIX, and now we would be using about 3 ~ m%‘]ﬁ{f regressors
instead of m — £. The proofs for this situation are not very different from the case we

study in detail here.

To avoid any problem with the logarithm in the definition of the estimate, we include

in Assumption 5.1 that K is positive, so is fM for all N.

There are two main differences between d and dps:

o The estimate dys uses continuous averages of the periodogram ( fuisa weighted
autocovariance type nonparametric estimate), meanwhile d is based on a discrete

average of periodogram ordinates.

e In the expression for d, Yk(']) is a sum of a fixed number of periodogram ordinates,
so it is not a consistent estimate of f(Ar), but far(Ax) in das is consistent under

appropriate conditions.

We set the following assumption about the sequences £, M, m and N, for the consis-
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tency of (ZM:

Assumption 5.6 As N — oo,
£(logN)? N  Mlog?N NlogN logm m
m + M/ + N + Mm + N

— 0.

Mainly, Assumption 5.6 imposes an important lower bound on the rate of increase of
M and £ with N. For example, for the choice m = N/2, recommended by Geweke and
Porter-Hudak (1983) for their estimate, M has to grow faster than N'/2. Then, it will be
possible to find £ sequences satisfying the first two conditions in Assumption 5.6. This
issue is related with a bias problem: we cannot expect to estimate f properly around
the origin if we use a very broad band for the kernel (i.e. M too small), or if we are too

close to 0 (i.e. £ too small), since f is very steep this region. Then m has to increase,

basically, slower than N but faster than N/M.
Theorem 5.2 Under Assumptions 5.1, 5.2, 5.8, 5.4 and 5.6, EM —p d.

Condition 5.6 could have been written down in terms of the difference m — £ instead of
in terms of the ratio m/£. In the case were only m% regressors are used, the consistency
of JM will follow substituting Assumption 5.6 by

£ (logN)? + N 4 M log®N + (N)2 logN logm L m

— — 0.
m MY N m N

M

The log N-consistency of dy for studentization purposes will follow from the next

condition, slightly stronger that Assumption 5.6:

£(logN)> N  Mlog!N N log?N logm (m)ﬁ
+M£+ N + W + N logN—»O.

In order to obtain the asymptotic normality of dur, it seems difficult to derive the
cumulants or moments of log fM from those of fM. One approach could be to prove an
Edgeworth expansion for the density of fM, which will allow for the estimation of the

moments of log fas (similar to the one in Chen and Hannan (1980) for I(\;)).

5.4 Robustness to non-Gaussianity

In this section we propose conditions on the sequence X; to obtain the consistency of

fM(/\j) and of JM when X; is no longer assumed Normal distributed. This, basically,
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will require conditions on the fourth cumulant structure of the series. A bounded fourth
order spectral density condition would do the job, but we allow for long memory also in

the fourth cumulants via a linear process condition.

Instead of Gaussianity we introduce a fourth order stationary linear process condition,

with filter coefficients compatible with Assumptions 5.3 and 5.4:

Assumption 5.7 X; satisfies
oo o0
Xt=ijet_j, Ew? < 00,
=0 =0

where E[e}] < oo.

Assumption 5.8 In Assumption 5.7 €; is a fourth-order stationary process with fourth

cumulant k§(t1,t2,t3) = Cumulant(€:, 4+, €1, 4+, €ts+1, €2), VE, satisfying

o0
> |ki(t,t2,t3)| < o0,

t1,t2,t3=—00

and second-order spectral density satisfying
0< f(A) <o

for values of A in an interval around the origin.

Under Assumptions 5.7 and 5.8, X; is fourth-order stationary and it is immediate

that ¢; has uniformly bounded fourth-order spectral density defined by

1 > .
Z kg(t1,12,t3) exp{—i(v1t1 + vota + vats3)}.

filn,va,v3) = o3
(27)° 4, o trm—oo

Setting,
w(A) = ) wjexp{irj},
—rd

we have that f(A) = |w(N)|2f¢(A), with

wA)] = O(FY2(X)) as A — 0F.

Note that we do not need to assume that the ¢; are i.i.d., uncorrelated or independent

up to four moments: we only require the ¢;’s to be short-memory in the fourth-cumulants
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(bounded fourth-order spectral density) and with no long range dependence in the sec-
ond moments (bounded second-order spectral density around the origin). We need the
boundedness of f¢ away from zero for small frequencies just for compatibility with As-

sumption 5.3 about f.

These conditions imply that the long range dependence properties of X; at A = 0
come only from the linear filter {w;} and not from the innovations ¢;. But X,’s second
order (for frequencies different from zero) and fourth order dependence characteristics

for A # 0 are freely determined by the shape of w(A) and f¢(A).

To establish the consistency of fy we only need to estimate its first two moments.
In the evaluation of the bias we have presented before we only used the second-order
stationarity of X; and no specific Gaussian properties. Therefore Lemma 5.1 is valid
under Assumptions 5.7 and 5.8 instead of Gaussianity. The same applies for Lemma 5.3.
We now establish our first result about the variance of the nonparametric estimate
of the spectral density for frequencies close to the origin, which is exactly the same as

Lemma 5.2:

Lemma 5.4 Under Assumptions 5.1, 5.2, 5.3, 5.4, 5.5, 5.7, 5.8 and MN~'log®N — 0,

the conclusions of Lemma 5.2 hold.

Then, since fM(/\ ;) has the same asymptotic variance and bias under Assumption 5.8

that under Gaussianity, we have the equivalent to Theorem 5.2:

Theorem 5.3 Under Assumptions 5.1, 5.2, 5.3, 5.4, 5.6, 5.7 and 5.8, dy —p d.

5.5 Estimation of the long memory parameter based on
finite averages of the periodogram

In this section we will consider Robinson’s (1995b) estimate d when finite averages (for J

fixed) of the periodogram of X; are used under the linear process condition in Assump-

tion 5.7. As we commented in the Introduction, the consistency proof is based on the

approximation of the logarithm of the periodogram of X; by that of ¢, times the transfer
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function |w(A)|? multiplied by 27. This approximation will depend on the properties of
the filter {w;} and on the distribution of the linear innovations ¢;. Special care is needed

because of the singularity of the logarithm function at the origin.

We introduce the next assumption following Chen and Hannan (1980) to analyze that

stochastic approximation:

Assumption 5.9 The ¢; in Assumption 5.7 are i.1.d., with characteristic function @(0) =
Ele'%<t] satisfying

sup |c§(o)| =6(6) <1, V6o>0, and
[61>60

/ |Q(6)|Pd6 < 00,  for some integer p > 0.

Note that Assumption 5.9 implies Assumption 5.8. Here we do not need to take care
of the mean of the series, since we are omitting the periodogram at zero frequency in the

definition of d.

The conditions of Assumption 5.9 are needed to prove the validity of an approximation
in Lemma 5.10 for the density of the Fourier Transform of the innovations ¢;. The first
line is a Cramér condition. The second condition is used to approximate the density and
it would not be necessary to approximate the distribution function. It implies that the
distribution of ¢; has a bounded continuous density (see, for example, Theorem 3 in p.

509 of Feller (1971)).

In the proofs we are able only to deal with the case J > 2. The reason is the follow-
ing. The average of J periodogram ordinates of an i.i.d sequence will be asymptotically
distributed as a x2; (up to constants). But for the approximation between the peri-
odograms of X; and of ¢; we need to consider the inverse moments of the periodogram
of €. The trick is that if Z ~ x2;, E[Z7'] < oo for J > 2 (see Lemma 5.11 below).
Of course, to approximate the moments of a random variable we need something more
that its asymptotic distribution. That is why we approximate the density of the Fourier
transform of ¢; and the regularity conditions on Assumption 5.9. We conjecture that a
related argument to the truncation of Chen and Hannan (1980) can be used to construct
a proof for J = 1. These results in form of Lemmas 5.10 and 5.11 are postponed to the
Appendix in Section 5.9.
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We will make direct use of some results of Robinson (1995b and 1995c) to analyze
the characteristics of the linear filter w(A) under Assumptions 5.3 and 5.4. We introduce
some more notation. Write I; = I(};) and f; = f(A;), and for the periodogram of the ¢,

sequence, I; = I();). Let J be a given, fixed, integer greater than or equal to 2. Define

J
Tk:EIk+j—J7 k=l+J,£+2J,...,m,
J=1
and equivalently
_ J
Ick=ZI€,k+j—Ji k=£+J,£+2J,.-.,m.
i=1

We suppress the dependence on J in the notation I; and Ix. Then we can write, following

Comte and Hardouin, (1995a and 1995b),

- - )
log I}, = log fi + log2m1 + log(1 + F}) + log <1 + H_k) , (54)
k
where
F, Vit Leerjmd [frwiea = fil
Ik fx
J
He = Y 21l pyj sferig
i=1
6 = Tk — Hy.

We are interested in bound in probability the last two terms in equation (5.4), but
first we prove a lemma that allows us to take logs of I (and therefore of T) and to

divide by Te.

Lemma 5.5 Under Assumption 5.9, J > 2, k #0,

I>0 w.p. 1.

Lemma 5.6 Under Assumptions 5.3, 5.4, 5.7 and 5.9,

log(1 + Fx) = Op(k™1), k=L+J,£4+2J,...,m.

Lemma 5.7 Under Assumptions 5.3, 5.4, 5.7 and 6.9, J > 2,

1/2
1og(1+g—")=op([l°gm ) k=C+JL+2d,... m.
k

k
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After these results, we are in conditions of proving the consistency of d for non-
Gaussian series under conditions 5.7 and 5.9. First, we introduce the following condition

on the bandwidth numbers.

Assumption 5.10 As N — oo,

— 0.

£ (logN)? N log m N log m log*N L™
m £ m N

This assumption is almost minimal given the structure of the estimate d. Then our

main result is
Theorem 5.4 Under Assumptions 5.3, 5.4, 5.7, 5.9 and 5.10, with J > 2, J—»p d.

Again, the log N-consistency of d will follow under a mild condition: as N — oo,

£ (logN)? + log m 4 logm log*N N (m

8

Note that we do not need to strengthen all the conditions in the same way, and that
some are left unmodified. This is straightforward from the proof of Theorem 5.4. For
example, logm/f — 0 is only used to obtain uniform bounds for the transfer function

approximation, but it does not appear itself in the approximation of d by d.

To derive the asymptotic normality of the estimate is of evident interest. First, it
is necessary to improve the approximation results between the periodogram ordinates
of the observables and of the innovations, and obtain the asymptotic rate of the mean
square error of d. Then, a central limit theorem has to be proved for the random variable

&N in the proof of Theorem 5.4.

5.6 Conclusions

Although we have given no asymptotic distribution for the semiparametric estimates of
d considered, they are consistent under very mild conditions on both the distribution
and dependence structures of the observed time series. Therefore, these estimates can
be used in studentization problems and to initialize iterative procedures to approximate

more efficient estimates. Further work could be done on some of the following points:
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e Related arguments can be used for the analysis of both estimates in the antipersis-
tent case d € (—%, 0), where f(0) = 0. This can arise in practice as a consequence

of overdifferencing nonstationary time series.

o It is still unknown if the trimming, due to the non-standard behaviour of the peri-
odogram for low frequencies, is necessary to achieve consistency of the estimates of
d. In any case, it could be a good practice to skip in the regressions the very first

frequencies to avoid serious bias problems.

o Straightforward modifications of the results presented here could be used to obtain
the properties of the estimate of d proposed by Parzen (1986). His estimate is
based as well on the logarithm of consistent estimates of the spectral density, and

its asymptotic distribution can be deduced from Theorem 5.1.

e The asymptotic normality of fM could be obtained in the non-Gaussian case under
a linear process condition where the innovations have bounded spectral densities of

all orders, using related methods to those of Theorem 5.1.

5.7 Appendix: Proofs of Section 5.2

We will use the same definitions and properties as in Section 3.8.

Proof of Lemma 5.1. Writing

Elfu(A)] = / : Km(h - ;) /_ :@53)(0) FO+ 8)d6d.

we have

Elfu) = 1) = [ KX [ 8@ +0+3) - £+ 4] o

+ [ B [F+A) - £ A
= b +0b,

say. We start bounding the integral

sip [ 8D(B)[F(A+8+ ;)= F(A + A;)] d6 (5.5)
A<r/M J—n
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for values |A\| < 7/M. We can now consider under the assumptions of the lemma a
fixed value € > 0, small enough such that f()) satisfies f(A) < C¢|A|=2¢ and |f'(A)| <
C!'|A|=%4-1, for A € [—¢, €] and some constant 0 < C! < co. Then, for N large enough
2lA+ Aj| = 2[A + Aj] < e for |A| € /M and using (5.2). Now we split the interval of
integration in (5.5), proceeding as in the proofs of Theorems 5 to 8 in Robinson (1995b):

—c ™ @) ‘ _ )
/_1r [ < sup (9 (0)|/H|f(,\+;\1+0) FO 4+ 2)]do

= O (N7 [1+n+217%))
= 0N+ A7),
since d > 0. Next, as 1 —2d > 0 and |q>§3)(0)| < const.N~1472 |

~2A 4] IFA+ X +0)) [
< su YA+ +0)| / 9(1-2)/25() )4
/-c - {06[-c,-21|),\+/\,~ll |g|(1-24)/2 210+ V()

HO+x) [ aPo)s
2|+

1 o0 ™
O({IN+ X742 — | 0~ C+2D/24g 4 NN+ A2 67248
({I L T N NG W4

= O(]a+)["0+#N),

Further, in the same way, se can get

/‘6
[A+2;1/2

, Merl2 o
sup PN+ [ jelef(0)e
O€[=1A+251/2,12+2;1/2] —M+251/2

[A+2j1/2
o(|A+A,-|-<1+2d>N-1 / ’ |¢N(0)|do)
=1A+25/2

O (1a+ 4|0+ N 110gN) .

— O(]/\+,\j|‘(1+2")N‘l).

Now

/lm,»vz
—|AA;51/2

Finally,

/—|A+AJ~|/2
—2[A+2]
(2) =[A+251/2
sw 1RO [ O+ X OISO+ )
- J

0€[-212+X;1,—-[A+2;1/2]

IA

—[AX51/2
O(l/\+/\1|_2N—l [/ I JI (/\+ )\J +0)_2dd0+ I)\+)‘]'1—2d])
=2[A+A;

0 (|/\ + )‘]_I—(1+2d)N—1) .
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Now, for |A\| < 7/M and with (5.2)

. -1 N =1 ~1
_ 7 T j N
su A4 < 2 — — =(27r——) [1——,—]
|A1575M| 3l N M N 295 M

- (27%)_ = o(1) ! = (27%)_ [1+o(1)] = o(?) . (5.6)
Then we have, using [ |Kp(A)|dA < oo and (5.6),

b = o(N“j-(sz) 1ogN) .

Consider now by:

oS s IFO+ A)L[I MK ar(A)]|dA
= 0( sup |Aj +)\|“1_2dM”1)
[M<Lx /M
— O((N/j)1+2dM—1)

N
= O((N/j 2".—) :
(@vrir
Then, using f(A;) = O((j/N)~?%), the lemma follows. O
Prior to study the variance and asymptotic distribution of the estimates fM we
obtain a general expression for its cumulants under the Gaussianity assumption. Let
X = (X1,...,Xn) be the vector of N consecutive observations of X;. Then X has a
multivariate Normal distribution A (g,Xy), where
(Enl,=7(r—9g), mg=1,...,N.

Then we can write,

Fule) = —X'WM(a)X
where Ws(e) is the matrix
Wa(a)l,, = el=9° / Kp(\)er=9 )
! I
= cos(r - g)oz/rI Kum(X) cos(r — g)AdA,

r,g = 1,...,N. Therefore the characteristic function of fM(a) is
211 -1/2

2r N

ot) = P— ENWa(e)
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Now the s-th cumulant of fM(a) is given by

_21(s—1)

Ks = —WNS!Trace[(ENWM(a))B].

We can write for the trace

Trace [(EnWa(a))®)
To—T Tos—T
= Z (11 =2 )w(Z==2) cos(rg—T3)ar - Y(Peg — T2s J( —t) cOS(Ts— 71 )
1< M M
| ,...,Tg,SN

515 > /Hz,f (a1)Km(az) - f(oas1) Km(ezs)

1<r1,...,72s <N’

X [exp{i(re—r3)a}+exp{—i(ro—r3)a}]-- - [exp{i(r2s — 1)} +exp{—i(res —T1)a}]

x exp{i[a1(r1—72) + az(ro—73) +- - -+ ags(res—71)]} doy - - -dags
* 1

2 15?1.§2,gN /st Flea)K (o) - F (0201 K a(0es)
X exp {2 [7‘1(01 —ags + 06(23, 1))
+ry(ay — a1 — @6(3,2))

+r3(as — a3 + @6(3,2))

+r2,(a2s = ae-s — ad(25,1)]} dy--az,
N
= (27{')23—152*‘/1123.’-(A_a6(23’ 1)-#2""‘#2.5)

x KA~ of6(25,1)~8(3,2)]— ps—+ -~ piza)

X+ f(A=0b(28,1)— oy ) Kng (M@ (1, - -, pras)dAdptg- - g, (5.7)

where each 6(j + 1,7) is equal to +1 or —1 and the summation }_* adds for all the 2°
possible combinations of the s different §(-,-)’s. In the last equality we have done this

change of variable,
4

p1 = 01 — ags + @b(2s,1)
po = az —a; — ad(3,2)
{ p3=a3z—a;+adé(3,2)

| Ha2s = @25 — 0251 — ad(3,2),
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obtaining Z?’zl p; =0, and setting A = ag,, we can get

,

a2s—1 = A — p2s — ab(2s,1)
{ Q252 = A— H2s — P2s—-1 — 0[[6(23, 1) - 6(3a 2)]

a1 = A — pgs —++— g — ad(2s,1).

\

Proof of Lemma 5.2. Using (5.7) we can write the variance of fpr(};) as, i € {1,2},

2 1

Tﬁz*/m FA=612j—p2—- - —pa) Kp(A— Aj[61—G2Juz— pa) f(A =627 — pa) K (A)

x®$ (1, -+, pa)dAduz- - -dus, (5.8)
where the summation }_* runs for all the combinations é; € {-1,1}.

Let’s analyze first the case where §; = 6 = § = 1. We are interested in study the

difference between the integral in (5.8) and
/H FON = 63,2 Kar(N)%dA. (5.9)
Consider a sequence py — 0, py = o(M 1), (to be chosen later) and the sets
D= {# € R®: sup;|p;| < pN}

and D¢, its complementary in R3. Then we have that in the set D this difference is not

greater than [we take § = —1 for simplification, w.l.o.g],
Lo S35 At = ) aa s ) S35 A= )= O+ 535 ()
S
| Ear (M8 (1, - - -, pa)|dAdpiz- - -dpea

< { sup sup [f(A+ A+ Mz"'—#4)|2} {sup |KM(’\)|}
A <n /M neD A

ilelg</l>\]51r/MlKM( p3—pa) —Kp(A)] Ha| D, - - pa)dpsg- - -dpsg (5.10)

+ { sup sup |f(A+A;j + pa-- -—m)l} { sup sup |f'(A+ Aj + po-- --m)l}
[A|<7/M n€D [A<7/M ueD

4
x{sll)l‘lpIKM(A)I}/IKM(’\)M)‘E/HS 198 (1, -+ pra)ldpiz- - -dppa. (5.1
j=2
Using Lemma 3.16 we have that (5.10) is
O(MonIA+ X17*) = O(Men(i/N) ™),
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and (5.11) is
O(MNY X+ 44" 1og?N) = O(M(j/N)~*4j 1og®N) .

Now we consider the contribution from the set D¢. First we consider the contribution

from the integral in (5.9)

[ FO+ 63NN [ 1080, o)z
[M<m /M D¢

O( sup fi(A+ Aj)sup|KM(A)|/|KM(A)|dA (Npn)! log3N)
[<r/M )

O(M(Npn)™(i/N) *10g°N ) ,

using the properties of the Fejér Kernel inside D¢.

Now we have that for the contribution of (5.8)

/ |£(8A; + A=tz =+ —pa) Kn A —pi—1a) £ (63 + A= pa) Kng (V)
IM<n/M JDe
x| @ (a1, -+, pa)ldAdp- - -dpg
1
< Grw o, s+ e Kaa(a) O + a9)Knaa)
X pn(o1 — aq)pn(az ~ a1)pn(as — az)en(aq — a3)| doa- - -ay, (5.12)

where, as in the proof of Proposition 1, D* is the correspondent set to D¢ with the

variables a;, j = 1,...,4, i.e.

D* = {|lag — a1| > pN} U {|oz ~ @2| > pN} U {|ag — a3| > pn},

and the last integral is only different from zero if

™

|eea], |eua| < i

We are going to consider only the case where just one of the conditions that define

the set D* is satisfied, |as — a1| > pn, say. Then we have,

N7 en(a2 — a1)l = O((N pv) ™) (5.13)

and, because sup |Kp(A) = O(M)| and (3.35),

/I ooy V(@5 = @2)Kr(02)ldey = O(M g V). (5.14)
oz |<m
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Next, defining hy = (A; + 7/M)/2, we have hy = O(};) and hy' = O(AJ-'I). Then we
can write
—c —4hNn —-hNn € Fd
[lemtar - adf@+aidar= [+ [T+ [T [ [T (s1)
I - —€ —4hy —hn €
for € fixed small enough in a way that f(\; + a;) satisfies f(A; + 1) < Ce|Aj + |~
for oy € [—¢,€]. Now

[ lenlfdas = 0(1),
Jor|>e

since in this case supj,,|>¢ [n(e1 + A;j)l = O(1) as Aj — 0. Then,

—4hpn —4hy
/ len| fdar < sup  f(oa + /\j)}/ lon (a1 — aq)|doy

—€ —e<a1<~4hy

-0 (sup las + A% / lon (e — a4)|da1)
o1

-7

= 0(X\*10gN) = 0 ((j/N) *1ogN) .

Next,
—~hnNn —nN
[ lewl oy < e lenler—an)] [ floa +2)den
—4hyn ~4hn
—4hy < oy < —hy
log) < /M

_hN
= O sup |y — a4|‘1/ lay + )\j|‘2dda1

aq,04 —4hpn

0 (AJ—I Aj—2d+1) =0 ((]/N)_2d) ,
as hy = Aj(1+ o(1))/2, using (5.2). Also

/ len| fday < sup  f(Aj+ 1) [ |en|das
—hnN N

a1 >—hy

= O((A\;+7/M)"%log N) = O((j/N) *log N).

Then (5.15) is
0((j/N)~%1og N). (5.16)

The remaining integral in D* is:
[ [ Ea(ea) £ + ax)on(as - as)| dasdas = O(G/N) 1o N),  (5.17)
reasoning for a3 as for the integral in a; and using [ |Kp(o4)|day = O(1).

199



Then from (5.13) to (5.17) we have that (5.12) is
O((ow M) M(i/N)~*10g* N) .
Compiling results we have that the difference between the two integrals in (5.8) and
(5.9) is of order
O(Mon(i/N)™ + M(G/N)™ 1og* N + (N pn)™* M(j/N) *log* V)
so the optimal choice is

s Mlog®N _ log®N
PN = “N M2 NM'’

which gives an error of
O((3/N)~* [M?/2N=/210g**N + Mj ™ 1og>N ). (5.18)
For this choice of py to be o(M~!) we need

M 1/2 3/2
Nm Mpy = lim (7\?) log"" N =0,

which is satisfied under the conditions of the lemma.

Now we have, from (5.9), operating as with b; in the proof of the previous lemma,
l /n FO 6X;)2Epr(A)2dX — f(62;)? / KM(A)zd/\‘
I

< 2 sup |f(6x; +N)F(6); + N sup | Kn(N)] [ INIKn(X)ldA
A< /M A b

= 0( sup |Aj+A|-1-4d) =0((§/N)™*~*), (5.19)
I\l<r/M

using [ |A||Kpm|d) = O(M™Y).

Now, since [ Kp(A)*dX = M||K||3, we have obtained the leading term for the vari-
ance, taking into account that in (5.8) the integral for 6 = 1 and é = —1 is multiplied
by 2r/2N and f is even. The errors are obtained multiplying (5.18) and (5.19) by
(M f(A\)?)7! = O(M~I(5/N)*).

It only remains to check that we can neglect the contribution from the two terms in

(5.8) with §; = —63 = 6 = £1. Proceeding in the same way as before we can see that

these terms converge to the integral

/n FO = A2 K (W) Enr(A — 260)d, (5.20)
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with the same errors as before. In (5.20) we have two functions K s centered in frequen-
cies 2); away. Since j/N — 0 slower than M~ — 0, from (5.2), we have that the two

kernels do not overlap and (5.20) is zero for N big enough. O

Proof of Lemma 5.3. As before, we can express /N/M f()\j) as a quadratic form in
the vector X — 1X, where 1 is the N x 1 vector (1,...,1)":
N F(\) e ,( 1 -
—— = (X-1X)| —F————Wu(A;) | (X - 1X
N ) _ XX W] | X [LWh(4)1]
M f(%;) 2nV/MNf(X)  2nv/MNf())
N f()
M f())
say, using the same definitions as before. Let’s study A; first. The variance of X'Wx(A;)1

= 281(%) + B2()),

is the equal to
V'Wa (X)) ENWa(2j)1

N
= Z w(Terz) v(re — rg)w(rst) cos Aj(r1 — 72) cos Aj(r3 — 14)

r1eera=1

N
= (27r)3z Z_/ns Kym(a1)f(az)Km(as)
)
x®$(@1 + Ajb1, 05 — a1 — Ajby a3 — ag + iz, —az — Aj83)dA,  (5.21)

where the summation runs for the all the combinations §; € {—1,1}. Then making a

change of variable, the modulus of (5.21) is not bigger than

N
(27l')3z 26:/113 IKM(M — Aj61) f(p + p2) Kar(pa + po + pa — Aj52)‘1’§3)(#)| dp

IA

1
oD /ns |Kp(pa = Ai61) f(p1 + p2) Km(pa + pa + pz — A62)
5

XN (1) en(12) e (13) PN (~ Tz )| . (5:22)

We consider the case §; = é3 = 1. Now, given the compact support of K the previous

expression is only different from zero if

T T
M1, p1+ p2 + p3 € [)\j—ﬂ,)\j+ﬁ],

with g1, g1+ p2 + p3 ~ Aj, given Assumption 5.5. Therefore, using the properties of ¢y,
[ow () on(- T3y 15)| = 00D),
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and also,
|Kp(pa + pz + p3 — A5)| = O(M).
Then,
./n lon(p3)ldps = O(log N).

Now we claim that

[ £+ p)lon(ua)ld = 00 1og V), (5.23)

and since
J VEaelm = 3y)ldws = 0(1),
the variance of X'Wn(A;)1 is

oA+ Mlog?N).

Consequently, Aj(};) is, using the rate of convergence of the variance of the sample

mean,

A
J -1-d d-1/2) _ .d—1 _ .—1/2 _
Op (\/__,\j VMlog NN ) = Op (] logN ) = op (j~"/?log N') = op(1),

since d < 1/2. Now we prove our claim in (5.23). Proceeding as in the proof of Lemma 5.1,

we can split the integral in (5.23) in the following intervals, for some ¢ > 0 fixed,

/IW = o(1),

and since pg ~ Aj,

=A;/2 -A;/2
f = 0( sup ]|‘PN(N2)| / |11 +M2|'2ddﬂz)

—e u2€[—e,—X;/2 —e

= o(x;l sup |u1+u2:1-2d) = 0(5%).
H2€[-e,—A;/2]

Finally,
/ =o( sup Sl + o) | lm(uz)lduz)=0(A;2dlogzv).
-3;/2 u2€[-;/2.€] —Xi/2

The analysis of Ay(];) is simpler. We can see that
1Wi ()1 = 0( [ Kur(s = New(WPaA),
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and this expression is only different from zero if |A; — A\| < 7/M, so we have to consider
only the values of A such that A ~ X; given Assumption 5.5. Then |pn(A)|* = O(A2),
and the same bound applies for the whole integral. Therefore, A();) is

i-1_ 1 \2(d-1) _ —20-a) N2\ N2\
OP(N2 IWAJ =0p J 2 )M1/2 =0p _711/[_1/2 —OP(]-))

usingd< 1/2. O

Proof of Theorem 5.1. From Lemma 5.2, it only remains to check that all the higher

order normalized cumulants converge to zero. We shall prove that for s = 3,4, ..

N fu())
Cumulant,{ 7 f(Aj)}

(%) ? (s—1)(2r)* K|S + O ((%’—]’_)’2;1{ [loi;";Nl 1/:_ ]_JXJ + 10g2;-1N })
’—1(3_1)(21r)"1|IK||§ + 0((%) —;-1) '

()

Then, the Theorem will follow because M/N — 0 as N — oco.

Similarly as in the proof Lemma 5.2, we have to study the difference

N
FO | o FO=80%5 = == 2 ¥ 1 = by ===z
X F(A=6sXj— p20) Kng(N)BE) (1, - - -, pre ) dAdpa- - -dpin

_2 / £ + VK (N)dA (5.24)
I1

for all combinations §; € {1,—~1}. The reason is because, as with the variance, only the
situations where all the §; are equal in Y_* contribute to the main term of the correspon-
dent cumulant, since, otherwise, we have at least two kernels centered in two frequencies

away |2);|, which is bigger than the width of Ks(A).

Consider the set, for some sequence py — 0, py = o( M 1),
D= {# € R¥~1: supjluj| < PN}-

Assume then that é; = 6, = ... = 6; = 1. Now the contribution to the difference

in (5.24) of the set D is, for |A| < 7/M,
O(NM*~1f7();))
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s—1
; . (2s)
X qz_(:) /H /D |F(EX; + A= payaqe..— p2s) — F(EA; + A)||KM(,\)<1> o (u)|d,\du (5.25)

s—1
+O(NM)Y /H /DiKM(A — patag--— o)~ Kna (V|| @ ()| dAdisz- - dpuz(5.26)

q=0
taking out supy ,ep f(A — X.4r + Aj) = O(f(A;)). Then, applying the Mean Value
Theorem and using (3.32) we obtain that (5.25) is

2s~1

oM G/Y ) [ 1EmMIN D [ 1ol [6570) | die -z
9=2
= O(M*'(j/N) log®~IN). (5.27)
On the other hand, applying Lemma 3.16 and using (3.29), (5.26) is of order

O(NM*6y). (5.28)

For the contribution of the complementary of the set D in I1?*~1, denoted as D°. The

integral corresponding to the set D¢ is then less or equal than

f_s?/[\j)/II/;)cV(i')‘j‘F/\—#z'"—#23)KM(’\—/‘3"'_/‘23)'"f(i)‘j+’\—“2’)KM()‘]

X Iégs)(ulv e ’ﬂ'Zs)ld)‘dﬂZ' * 'd/.l,g_, (529)

N (29)
S(£X; + MK (A dA/ 3 e pias)ldptg- - -dpigg. 5.30
o PN + KON [ 1869 G )l s (530

The expression in (5.30) is O(M*log?*! N6~1), using (3.29) and f~°(X;) [1f°(£A; +
A K§(A)|dA = O(M*~1), which follows from the compact support of K. Now for (5.29)
we have
N
W/H /Dc|f(i)‘j + A—pig == pos ) Kp(A—p3—- - —pigs) -
X f(EX; + A= p2a) Kng (V)] [ 957 (11, -+, rza)|dNdpry- - -dpiz,
< [ 1fOy+ an)Ku(as) f( + o201 Knr(aze)

X <PN(O'1 - azs)<PN(a2 - al) oo (PN(a2s - a2s—1)l doy- o,
where D* is the correspondent set to D¢ with the old variables «;, j = 1,...,2s, i.e.
D* = {laz - a1| > 6N} U {|a3 - Olzl > 6N} u...u {|a23 - a23_1| > 6N}

Also the last integral is only different from zero if

s

|a2|7 |a4|a LERE} la23| S ﬁ
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We are going to consider only the case where just one of the events in D* is satisfied,
lagj — agj—1| > 6n (1 £ j < 8), say, the situation with an odd index or with more than

one event is dealt with in a similar or simpler way.

First, if |ag; — agj_1| > én, then |pn(az; — az;—1)| = 0(6&1). Second, we can bound

the integrals in ay; and ay;_; in this way,

/H [N (e2is1 — 025)Kne(ag)| dag; = O(M logh),
using (3.35) and

/n lon(@2j-1 — @2j-2) f(Aj + azj_1)| dazj_y = O((j/N)) **log N), (5.31)

as with (5.15). There are s — 1 integrals of each type, which can be handled in the same

way. The remaining integral is of this general form:

[ [ 1020 SN, + a)en(an - az,)| dasda, = O((5/N) ™ logN),
as we did before for (5.17).
Finally the contribution from the integral over D¢ is of order

O(p5'M*" log™1 N), (5.32)

and therefore, the optimal choice for py is,

s _ 10g29—1N
pN - NM .

From (5.27), (5.28) and (5.32), we can see that (5.24) is

/2
log?* N !
s—-1
O(NM [_NM } .

Then, since

2N [ £+ VKRN = 2N 05) [ Kia(Ndr +0 (£ () G/N) " Nme?)
I I1

the estimate for the cumulant follows and the Theorem is proved. O
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5.8 Appendix: Proofs of Sections 5.3 and 5.4

Proof of Theorem 5.2. First, write f; and fj for f(Ax) and fM(Ak), respectively.

Using the results for the bias and the variance of ﬁ, we have,

£ loeN N M1Y/?
% = 1+O(Oi +W>+OP([W] ) k=0+1,0+2,...,m,
loeN N M11/?
= 1+O(Oge +m>+0P([F] )=1+0P(1),

uniformly in k, under Assumption 5.6, because N/M £+ M log*N /N — 0imply logN /£ —
0. Then we can write as N — oo, using |log(1 + z)| < 2|z| for |z| < 1/2,

~ loeN N M1/?
logfk=logfk+op(°g +—-—+[—ﬁ] )

k kM

From Robinson (1995b) and the definition for the summation in &, we can obtain

AL = am(1 4 o(1)),

k
sup A4l = O(log V),

£<k<m

Z |Ak]P = O(m), p2>1. (5.33)
k

Then we have

-1
~ loeN N M1Y2
dy (Zk: Ai) [Xk: Ag 105 fe + Zk:AkOP( Oi + m + [J—V-] )l

= A + Ay,

say. First we have, as 1=, k~! = O(logm),

log?N logm N logN logm [M1Y/?
A2=OP( g mg + ang +[F] )=0p(1), (5.34)

using Assumption 5.6, since it follows that log?N logm/m — 0 from the first three

conditions on Assumption 5.6.

Next, with Assumption 5.3,k =£+1,£+2,...,m
log fi - log GA\g™ = 0(AF) = O([m/N ),
uniformly in k. Since ) ;A log G)\,:M = d Y 1 A2, by the definition of Ay, we have that

A1=d+0 ([%]6) =d+o(1), (5.35)
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from the last condition in Assumption 5.6, and the Theorem follows from (5.35) and

(5.34). O

For the estimation of the variance of fas under a linear process condition we state

two lemmas needed later:

Lemma 5.8 (Hosoya and Taniguchi, Lemma A2.1, 1982) Under Assumptions 5.7
and 5.8, the process X; has fourth order spectral density, denoted by ff (v1,v2,v3), sat-
isfying

fE¥(v1,v2,v3) = w(r + va + va)w(—v)w(—m)w(-v3)fi(v1 + v2 + v3,v2,v3) a.e.
Lemma 5.9 (Bentkus, (8.1) and (8.2), 1976) Under Assumptions 5.1, 5.7 and 5.8,

- ~ 2
Cov [fM(aa),fM(ab)] = -Az,r- fn . Glp, iz, 13) @ (1, iz, s )dps,

where,

G(p) = ,/1'12 Kp(y - aa)I(M(l/z + ab)f4X(/J,1 + v, — V1,43 + Vz)dllldllz(5.36)
+ [ Kar(v = 0)Kna(v + i + bz = o) f(ua + 9)f pa = v)dv - (5.31)

+ /n Km(v — o) Km(v + a1 + p2 + o) f(pa +v) f(ps — v)dv.  (5.38)

Proof of Lemma 5.4. Using Lemma 5.9 we can see that (5.37) and (5.38) are just the
Gaussian terms of the variance (take o, = o = A;), which give the result for the variance
of fM when X; is Gaussian. So we have to study the fourth cumulant contribution of
(5.36). Now, employing Lemma 5.8, we can write the contribution from (5.36) to the

variance of the spectral estimate as

2T
N e /rI3 Ky(n1)Kp(ve) w(p + pa + pa +va — Aj)
Xw(—p1 —v1 = Aj)w(—p2 + v1 + Aj) w(—p3 — va + A))
Xfa(mr+po+puz+ve—Aj,—p1—v1 = Aj,—pa+ 11 + f\j)‘P%)(M)d# dvy dvy
1
= O(suplfily [ [ 1m0 KmGa)] 2 + bz + b+ 03 = Xy)
nz Jms
X f12 (=1 = v = X)) P2 (—pz + o1 + M) (—ps — va + A)
X |08 (1) dpp dvr dus) , (5.39)

207



since [w(A)|2 = f(A)/f(A) = O(f(A)) as A — 0 and f§ is uniformly bounded in that
interval. Define the set D by

D = {sup |p;| < M~}
j
Then, taking into account that |v;| < 7M1, and that
sup fY2(u1 + pz + pa + va = Aj) = O(F/(%y)),

and similarly for the other functions f1/2 in (5.39), all with bound O(fY/3();)) inside D,

we can see that the integral in D in (5.39) is of order

O(£OIN [ 1K) Kua(w)] dndos [ 1880 u)ldu) = 0(£0)N), (5.40)
because all the integrals are bounded, using the properties of the multiple Fejér Kernel
3 (u) and [ |Kp(N)]dA < co.

Now, for the contribution in the complementary of the set D in II3, D¢ say, we can

write the integral in (5.39) in the following way, up to finite constants,

N2 [ 1w K] 5720 + 02 = Ay)
xfl/z(—al - — )\]) f1/2(—-a2 +oa14+11+ Aj)f1/2(-—a3 + a9 —vy 4 AJ)
X |pn(a1) dn(az — 1) én (o3 ~ a2) oN(-03)| dady, (5.41)

where we have made the change of variable

ay = I
o2 = p1 + Yo
az = ju1 + p2 + ps,

and then we have
D¢ = {|a1| > M_l} U {|a2 - Olll > M_l} U {|a3 - 012] > M_l}.

We are now going to bound all the integrals in (5.41) under the assumption that only one
of the conditions that define D¢, |a;] > M ™!, say, is satisfied. The procedure is exactly

the same in the other situations. First we have

|én (1) = O(M). (5.42)
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Next, using the periodicity of f and ¢p, setting ¢ = —az + a1 + 11,
/nfl/z(—az + o1+ v+ A)|on(az — ar)ldey = /nfl/z(w + A5)len(—z + v)ldz
= O(f*();)logN), (5.43)

proceeding in exactly the same way as in the bound for expression (5.15), replacing f by

f17?, since |11| < 7/M. Using the same argument we have that
/nfm(—% + oy — v2 + Aj)l¢n (s — ag)ldag = O(F/*(j)logN), (5.44)
[ £7%(ea+ va = Alén(=as)ldas = O(F2(2;)logN). (5.45)
Now the remaining term can be dealt with in this way:
/H Em () K ()] 2 (~0n = vy~ \y)diadoy
< const./rI |Kp(1)| fY2(—aq — 1y = Aj)diy
< const. [/rl IKM(V1)|2 diy /n f(—o1g —vy — )\j)dl/l] s
— O(MI/Z), (5.46)

since sup |Kpr(A)| = O(M) and f is integrable by stationarity. From (5.42) to (5.46) we
obtain that (5.41) is

O(f1*(A\)N~*M*/?10g°N). (5.47)
Then, with the bounds in (5.40) and (5.47), we have that the contribution to the variance
of fM(Aj)/f()\j) from the fourth cumulant term (5.36) is

1l

O(N1+ N-2M*210g>N) = 0O (% (M1 4 N2 1og3N])

_ MM, ;5 12 —1y 3 N
= o(—ﬁ{[l—v—log N] + 7 10gN+3,——M ,

under the condition jN~' + MN~'log3N — 0, and then the Lemma follows. O

5.9 Appendix: Proofs of Section 5.5

Lemma 5.10 (Chen and Hannan (1980)) Under Assumption 5.9 , the distribution

function QN of the vector

N
Wy =NT23Y,
t=1
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where
Ytl = Y’(j(l), ., 3(k) = \/iet(cos t)\j(l),sin t’\j(l), ...,CO8 t)‘j(k)v sin t)‘j(k)),

has density qn for all sufficiently large N and

1
sup (14171 av(y) = SN PB4 Xn))| = O, (5:48)
y

r=0

where P, are polynomials in the average of the joint cumulants of Y; (1<t< N ) of order

v=(v1,...,Vak), X,,N, multiplied by the 2k th multivariate Normal density ¢ and where
Po(y) = ¢é(y).

This is a simplified version of Chen and Hannan’s Lemma 2, where we only use the
first two terms of an Edgeworth expansion for the density of the Fourier transform of ¢;,

so only four bounded moments are required.

Lemma 5.11 Under Assumption 5.9, for J > 2,

E [Ta)™] < oo

Proof of Lemma 5.11. First, from Lemma 5.10, 271 has the density of a %ng
distribution with error (using only Py) of order O((1+ ||y||*)"!N~1/2). Also the density

ofa x2; is
gl le

by () = T2

-z/2
0<z<o00.

Then it is clear that if X ~ x2; then E[X~1] < oo if J > 2. Then we would need only to
check that the error in the evaluation of the inverse moment of I using the Lemma 5.10

is bounded. If we write

_ J J

T =) T(Aejea) = D (3 + v%)

J=1 J=1
we need
-1
N[l (08 + ) dy < oo. (5.49)
First, defining the sets A = [-1,1]>/ and A° its complementary in R?/,
1 4y-1 2 2 gy < ¢ 2 2\ 7y
Y™ (002 +98) dy < const. | (3062 + uf) " dy
+eonst. [ (1+Ilyl[*)dy

const./ (E(ygj + yfj))—ldy‘l' const.,
A

IA
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-1
since (1 + ||y||*)~! and (E(y:‘;j +y§j)) are bounded from above in A and A, re-
spectively. Next, to bound the remaining integral, if ¢(.) denote the densities of the

correspondent distributions, we have

/Ru (Ej(ygj + yl?j))—1¢M(o,1“)(y)dy
/A (X0 + ybzi))_l¢N(o.121)(Y)dy
const./A (Z(yl‘lj + yfj))_ldy,

as the Normal density is bounded from below in A. Hence, we have got

/:4 (Z(ygg +y§j))—ldy < const. < 0.

Then, the Lh.s. of (5.49) is O(N~/2), and the Lemma follows.

&) >./0 w’1¢x§J(:v)dz

\%

(\v

An alternate way of checking that the error is actually O(N -1/ %) is bounding directly
the integrals

4y-1 2 4 .2 )t 2 .23}
/m,(l + vl (o2 + 98)) dy < const. /A (32 +98)) dy + const..
This can be done as follows. In parenthesis appears the code number of the integral used

from Gradshteyn and Ryzhik (1980). In each step we denote as p the sum of the squares

of the remaining variables with respect to we are not integrating. Then, using (3.241.4),
/ (2? +p)Hdz = gp“’z,
0
and from (2.271.5)
1 1
/ (2 +p) Vdz =log(1+p+1) - 5 logp.
0
Now we have
1
/ [log(l +vVz+1)— -;-loga:] dz < oo,
0
and the global integral is bounded; to make this process we have needed 3 integrals: that
is the reason why we need J > 2 to get at least 4 degrees of freedom. O
Proof of Lemma 5.5. Using Lemma 5.11 we have that, for any 6 > 0,
P{I;=0} < P{I&<N%
< P{I; >N%

= O(N7%),
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and the lemma follows from the Borel-Cantelli Lemma, choosing § > 1. O
Proof of Lemma 5.6. For j=14+k — J,...,k we have

max|f; — fi] < max sup |f'(A)]|A; — Axl
J J AE[’\kv’\J]
= O(fk /\;1 N_l)

= O(fi k™).

Then we have, since I; > 0,

|Fi| < max; |fj__ Jel Lex — O(k_l).
Selek

Then F, = Op(£7!), uniformly in k, and using |log(1l + z)| < 2|z| for |z| < 1/2, we
obtain as £ — oo

|log(1 + Fi)| < 2|Fx| = Op(k7!). O
Proof of Lemma 5.7. First, for summations running from j =14+ %k - J to j =k,
-1
E [(27rzjijej) ]

(om) {max 17} 2 [(T)
o(£1),

using Lemma 5.11. Now, from Robinson (1995c, expression (3.17)),
ZIJ' — 27[‘ch fj
i

Y ElL -2l fjl
i

:11/2
= 0 (ma.xfj [!%-]- )
J J

0 ( fi [%]1/2) .

1/2
Then the result follows from éx = Op( fi [l—qf—’i] / ) and (Hg)™* = Op(f;!), and the same

E[(Hp)™]

IN

Ellée]] = E

IN

reasoning of the previous lemma, since |8x/Hy| = op(1), uniformly in k. O
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Proof of Theorem 5.4. As we did before in the proof of Theorem 5.2, under Assump-
tion 5.3,

-1 m 8
(Zk: Az) zk:Ak log fr =d+0 ([W] ) . (5.50)

Now, from Lemmas 5.6 and 5.7 we have that

_ _ 1 1/2
log Ty = log fi + log T + Op ([ °im ) . (5.51)

Substituting in the definition of d and using (5.50), 3 AZ = 4(m—4£)/J + O(logN logm)
and sup |Ag| = O(log N),

-1
(Z A%) (Z Ak log Tk)
k k
-1
(Z Ai) (Z Ag [log fr +log2rI . +Op ( [k'l log m] 1/2)])
k k
-1
d+ (Z A,%) (Z Ajlog 21r76k) +Op (loan (log m)/? Z k"1/2)
k k k

+O([mN~1P)
d+&v+0p (log N(logm)Y/?m~1/2 4 [mN"l]ﬁ) , say,

d

d+£N +OP(1)7

where the last line follows from Assumption 5.10.

To prove the consistency of the estimate d we only need to calculate the first two

moments of .
ey = (z Ag) (z A log me,c) .
k k

To evaluate the moments of I.;, we approximate the density of the Fourier transform,
gn(y), using Chen and Hannan’s Lemma 5.10. This result uses some results in Bhat-
tacharya and Rao (1975) to approximate the density of the Fourier transform d.(A) of
the sequence ¢;. They employed a finite fifth moment of ¢; to get a stronger result. For

our purposes with Lemma 5.10 is enough.

Set 4nl . = Z‘j].__l(ygj + yfj) were ¥,; and y,; correspond to the sine and cosine sum-

mations, respectively of 47l;. Now, from Chen and Hannan (1980), (see Lemma 5.10),

- 2 v;
P(-6: @) = ¥ 28] (5)" #w), ot =T[v.

1
=3 Y i=1
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As |v| = 3 the terms in P; are of one of the following types when we are considering the

joint distribution in R* of 4x I ; and 47T, k # k' (up to constants):

1. H3(ys)#(y), where H; are the Hermite polynomials of order ¢ and s € {1,...,4J}.

Then this term is odd in the component y, of y (since H3 is odd and ¢ is even).

2. Ho(ys)H1(y-)o(y), yr # ys and r,s € {1,...,4J}. Then this term is odd in the

component y,.

3. Hi(ys)H1(yr)H1(yu)(Y)s Yrs Ys, Yu all different. Then this term is odd in the

components ¥s, ¥ and y,.
If k = k', we consider only a distribution in R?/ and the typical terms of P, are:

1. Hs(ys)¢(y), where s € {1,...,2J}. Then this term is odd in the component y, of
y.

2. Ha(ys)H1(yr)d(y), r # s and r,s € {1,...,2}. Then this term is odd in the

component y,.

Then we have

/Rw log (Zj(ij + yl?j)) an(y)dy
/Rz, log (Zj(yij + yZﬂ) [#(y) + N"V2Py(y)| dy + O(N )

$(J) +1082 4 O( ),

E [log 27r7€k] + log2

1l

since [;°(logz)"/(1 + z4)dz < o0 and [;°(zlogz)re~*dz < oo, for all A > 0. 9¥(z) =
d/dz logI'[2] is the Psi function. The contribution from P;(y) is 0 since the interval of
integration is (—00,00) and P; is always odd in one component of y and the log term is

even in all the components.

Consider now the Covariance terms. Denote Ey = E[log2nI]. Then (k # k')

Cov [log 2711, log 27r7€k:]
/R“ [108 (Z,-(yﬁj + y,?j)) - Ek] [log (Zj,(ij' + y?j')) - Ek'] an(y)dy
/,W [log (Zj(yij + yfj)) - Ek] [log (Zj,(yfjf + yfjf)) - Ek']
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X [$(v)+ N~ Pi(y)] dy + O(N ")

= N‘lﬂfnu[log <Zj(y3j+ y?j)) —Ek] [log (Ej,(?ﬁj'+ yz?j')> ~Ee|Ay) + 0(%)
= O(N7Y,

as ¢(y) is the density of the standard Normal density in R*/ (with uncorrelated compo-

nents!), and since the contribution from P; cancel out by the same argument as before.

Now for the variance we have:

/RzJ [1°g (Zj(ygj + )) - Ek] ")y

/m,[h’g (Zj(yiﬁ Yis )) —Ek] 2 [6)+ N 2Py (y)] dy + 0(%)
Y(J)+O(N7Y),

It

Var [log 27r-I-Ek]

Il

reasoning as before.

Then it is immediate that
E[én] = O(N'log N),

and that
Varlen] = 7 #/(0) +om™) +0( 5 ) ~ 79 ().

Therefore £ = op(1) with Assumption 5.10 and the theorem is proved. O
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Chapter 6

Conclusions

In this thesis we have studied different aspects of nonparametric estimation for time series
analysis. Nonparametric techniques are relevant to avoid misspecification problems in
the modelling of the serial dependence of the observations and are very appropriate for

the design of autocorrelation robust techniques under mild conditions.

Generally, the properties of nonparametric statistics can only be analyzed by means
of asymptotic techniques, as the sample size, or other index, increases. Due to the
presence of a smoothing number, nonparametric estimates typically present slower rates

of convergence than parametric competitors, being inefficient compared to them.

Given the previous limitations, there is a special interest on assessing how well asymp-
totic properties describe the actual performance of nonparametric techniques in finite
samples. Also, it is necessary the construction of objective means of selection of the
bandwidth number and to find alternatives for situations where these methods are no
longer consistent, like with long range dependence time series models.

In the first part of this thesis we have made extensive use of higher order asymptotic
theory to analyze nonparametric variance estimates of least squares estimates of linear
models. Variance estimates are required to carry out valid inferences based on central
limit theorems, and nonparametric ones are predominant among practitioners in the last

years.

We have obtained Edgeworth expansions for the distribution of nonparametric vari-
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ance estimates of least squares estimates in linear regression under wide conditions on
the nonstochastic regressors. Then we have shown that, although the asymptotic distri-
bution of the least squares estimates is not affected by the nonparametric studentization,
higher order terms are. However, when we have stationary regressors, the series expan-
sions are constructed only in terms of the sample size. This parallels the well-known fact
that the rate of convergence of nonparametric variance estimates in those situations is
still square root of NV, not being affected by the lag number M. Nevertheless, the bias is
always affected by the degree of smoothing, so the problem of bandwidth choice in that

situation is still open.

Then we have concentrated in the location problem. The variance of the sample mean
of weak dependence observations is proportional to the spectral density at the origin, so
we have to consider nonparametric spectrum estimates at this point. Since here only
the behaviour of the time series at a single frequency is relevant, we have found more
natural to impose conditions on the serial dependence in the frequency domain. We have
developed Edgeworth approximations for both the spectral density estimate and the
studentized sample mean, extending previous results. We have proposed higher order
corrections in terms of the bandwidth number used in the nonparametric estimation and
shown how to approximate them using nonparametric estimates of the derivatives of the

spectral density.

The performance of nonparametric estimates of the spectral density relies on the
choice of the smoothing number. In Chapter 4 we have suggested an automatic method
for such choice when we are only interested in a particular frequency, like zero frequency
in the case of the studentization of the sample mean. Again, we have concentrated on
local conditions on the spectral density to modify a cross validation procedure in the
frequency domain. In a limited Monte Carlo experiment we found that our proposal
captures the features of the spectrum we are mostly interested in, so it can improve on
global choice methods.

Finally, we have considered time series inference problems in a different set-up. We
have been assuming that the observed time series satisfied weak dependence conditions.
However, for long range dependent time series these conditions do not hold and conse-

quently most of the techniques analyzed before are no longer appropriate. The main
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interest is now centred on the estimation of the memory parameter. Semiparametric
procedures are again pertinent on robustness grounds, and one of the most popular in

practice is the log-periodogram regression.

Inference using the log-periodogram estimate of the long range dependence param-
eter has only been justified rigorously for Gaussian sequences. We have shown that
this estimate is consistent under much broader conditions if we make a pooling of con-
tributions from adjacent periodogram ordinates as it had been proposed earlier in the
literature. This can be done with finite averages of periodogram ordinates or with consis-
tent estimates of the spectral density similar to those considered under weak dependence

conditions.
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