ESTIMATION OF SEMIPARAMETRIC ECONOMETRIC TIME-SERIES MODELS

WITH NON-LINEAR OR HETEROSCEDASTIC DISTURBANCES

Francisco Javier Hidalgo Moreno

Submitted for the Degree of Ph. D. in Economics

November 1989

London School of Economics and Political Science



UMI Number: U615530

All rights reserved

INFORMATION TO ALL USERS
The quality of this reproduction is dependent upon the quality of the copy submitted.

In the unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.

Dissertation Publishing

UMI U615530
Published by ProQuest LLC 2014. Copyright in the Dissertation held by the Author.
Microform Edition © ProQuest LLC.
All rights reserved. This work is protected against
unauthorized copying under Title 17, United States Code.

ProQuest LLC
789 East Eisenhower Parkway
P.O. Box 1346
Ann Arbor, Ml 48106-1346



(H £-S

b 12z %



ERRATA
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ABSTRACT

This thesis proposes and justifies parameter estimates in two
semiparametric models for economic time series. 1In both models the
parametric component consists of a linear regression model. The
nonparametric aspect consists of relevant features of the
distribution function of the disturbances. In the first model the
disturbances follow a possibly non-linear autoregressive model, with
autoregression function of unknown form. In the second model the
disturbances are both linearly serially correlated and
heteroscedastic, the serial correlation and heteroscedasticity being
of unknown form. For both models estimates of the regression
coefficients of generalized least squares type are proposed, and
shown to have the same limiting distribution as estimates based on
correct parameterization of the relevant features of the
disturbances. Monte-Carlo simulation evidence of the finite sample

performance of both estimates is reported.
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CHAPTER 1

INTRODUCTION

This thesis is concerned with precise estimation of time series
linear regression models in two semiparametric settings. Throughout
it is assumed that we observe a scalar y. and a k-dimensional column
vector X at time points t=1,2,...,T. These variables are connected

by a regression model of the form:
(1.1 Ye=B'Xetue t=1,2,.

where ui is an unobservable disturbance term such that
(1.2) E[ugixg; s=1,2,... 0 a.s. for all t

and where B' is the transpose of a kxl column vector f§ whose

estimation is of interest.

The linear regression model is of considerably theoretical and
practical interest in statistics and econometrics. With a view to
econometric applications to time series data our specification is of

somewhat limited use because it precludes the possibility of lagged



dependent variables Ye-j in xe. In view of the interest in
non-linear regression models the linearity of the specification (1.1)
is also restrictive. Moreover the scalar chafacter of y¢ and lack of
allowance for any simultaneity equation structures limits the
economic relevance of the model. However, we have chosen the model
(1.1) not merely because of its intrisic interest, but because the
methodology and theory that we develop is complicated and as the
simplest interesting case (1.1) is convenient for expository
purposes. It seems that our results should extend fairly
straightforwardly to non-linear regression, multivariate regressions,
and non-dynamic linear simultaneous equation systems; Some
extensions to linear or non-linear regression models containing

lagged dependent variables should also be possible.

Our description so far of the model (1.1) only partly specifies
the data-generating mechanism. On asymptotic efficiency grounds, we
seek estimates of f within the class of generalized least squares
(G.L.S.) estimates. This requires something to be said about the
variances and autocovariances of ui. We assume that they are not
generated by a finite-parameter model, but by a nonparametric one.
Two different such models are studied‘in this thesis, each of which
manifests some behaviour not covered by the literature on regression
estimation to data, and entails substantially different methodology

and theory.



1.1.- NON-LINEFAR AUTOREGRESSION MODEL

The first model for ug is the possibly non-linear first order

autoregression (AR(1l))
(1.3) Ut-p(ut_1)+6t, t—1,2,....

The function p is of unknown form and is such that u; is at least
stationary, with independent and identically distributed (i.1.d.)
zero mean and finite variance innovations e.. We also assume that
the process {u¢) has zero mean and is independent of the sequence
{x¢}, thereby satisfying (1.2). There has been a good deal of
interest in non-linear time series models in recent years, such as
non-linear moving averages (Robinson, 1977), bilinear models (Granger
and Andersen, 1978), and several forms of non-linear autoregression
functions as (e.g. Jones, 1978, Haggan and Ozaki, 1980, Tong and Lim,
1980). The model (1.3) is of the latter type, but unlike these
authors we specify no functional form for p, since this form is
likely to be hard to identify in view of the many possibilities once

linearity is abandoned.

If u; is non-Gaussian, but has finite second moments and satisfies
suitable regularity conditions, linear modelling is sufficient for
the calculation of the G.L.S. estimates, since this only involves
second moments of ur. On the other hand it is not generally the case
that the autocovariances of uy implied by (1.3) even for a given
non-linear p can be obtained, and they will certainly not have the
same structure of the autocovariances generated by a linear AR(1)

process. Therefore, there is some interest in employing the



non-linear model (1.3) in forming estimates of G.L.S. type. Whereas
G.L.S. estimates based on linear time series models tend to have the
same asymptotic efficiency as full Gaussian maximum likelihood (M.L.)
estimates, this does not seem to be true for our estimates based on a
non-linear model, and we have not been able to show that our
estimates necessarily improve over linear-in-y estimates. However,
we present some favourable Monte-Carlo evidence of finite-sample
performance of our estimate. In addition to asymptotic distribution
theory the model (1.3) seems a natural starting point for the
introduction of nonlinear disturbance structures, in view of the
historical importance of the linear AR(l) in regression estimation.
It seems relatively straightforward to extend our work to non-linear

AR(P) models

Ue=p(Ue_,,...,Ue_p)tee,

for some given finite P, when p is assumed of unknown form.
Extension of our methodology to other non-Markovian or non-linear
models seems less feasible because a finite AR transformation cannot
be used. Another possibility that we do not employ is that ug is
generated by a linear model with unknown distribution function for

the innovations, when G.L.S. estimates can certainly be improved upon.

When the function p is known, a G.L.S.-type estimate of f# would be

T
(1.4) B= arg min Y (yeb'xe—p(ye-,-b"'%X¢—,))
b t=2

minimizing over some set of admissible values for 8. Because we
assume that the functional form of p is unknown, it is appropriate to

insert smoothed nonparametric estimates of p in (1.4), defining



another estimate f. Under regularity conditions B is just as
efficient asymptotically as B that is based on a known p. We can
thus say that § "adapts" for the unknown § learning from the data.

In fact the estimate that we study is not the extremum estimate B,
but an estimate B given by one step Gauss-Newton type algorithm
towards f commencing from the ordinary least squares (0.L.S.)
estimate of 8. However 3 has the same asymptotic efficiency as B and

~

g.

The combination of the parametric regression model (1.1) and the
nonparametric model (1.3) for the disturbances can be called a
"semiparametric” model. Correspondingly, an estimate of § that uses
nonparametric estimation of the nuisance function p is termed a

"semiparametric” estimate.

1.2.- LINFAR HETEROSCEDASTICITY MODEL

The second model for ug in (1.1) is of the form
(2.1) ut-a'(xt)vt

-]

(2.2) V= Y Q3€¢_4, joes | <oo,
t j§o jet-) j§0 oy

Here e, is again a sequence of i.i.d. zero mean and finite variance
random variables. They are assumed independent of the sequence (x¢},
therefore so are the v, although the u; are not independent of the

X¢, the condition (1.2) is again satisfied. Neither the o in (2.2)



nor the function ¢ in (2.1) are assumed to be known functions of
parameters. Thus the model (2.1) and (2.2) for u; can be termed
nonparametric, and the combination of (1.1), (2.1) and (2.2) is again

a semiparametric model.

The model (2.1), (2.2), where the u; are both serially correlated
and heteroscedastic conditional on {x¢}, combines two familiar
non-standard features of disturbance behaviour. Even for the case
that the oy and ¢ are both parametrically modelled or when only one
of them is, the literature contains little discussion. Evidence of
either or both serial correlation and heteroscedasticity in
disturbances is frequently found in econometric data and it seems
appropriate to consider allowing for both possibilities in estimating
f. In general economic theory seems unlikely to lay down any
parametric model for the oy or g, and the presence of both features
is likely to make the identification of the parametric model
especially difficult. Thus, there seems to be grounds for treating
the oy and ¢ as nonparametric functions, especially if they are only

"nuisance" functions and not of intrinsic interest.

Our specification of v, implies that they are covariance

stationary, so that the autocovariance matrix of the vector

v=(V,,...,v7)"' is of the Toeplitz form P-(yi_j), where
(-]
vi'E(Vth+1)'JEO¢!jaj+1

and where the variance of ¢ is equal to 1 with no loss of

generality. The covariance matrix of (u,,...,up)' is

Q=0T



where

o~diag{o(x,),..., o(x7)}.

Given knowledge of the o4 and 02, and thus of I and o, we could form

the G.L.S. estimate

(2.3) B=(X' X) X'Q Y
where

X=(x,,...,x7)"'and Y=(y,,...,yT)'.

Given only a finite parameterization of I' and ¢ we could insert
estimates of the unknown nuisance parameters in (2.3) and obtain an
estimate of B, denoted by B, with the same asymptotic efficiency as
B. We shall achieve the same asymptotic efficiency as § and B by an
estimate B that employs nonparametric eﬁtimation of ' and ¢. 1In fact
we do not estimate the oy or yj directly, but instead we adopt a
frequently domain approach, entailing nonparametric estimation of the

spectral density function of v¢. Again, we may term our estimate

"semiparametric”.

It must be stressed that (2.1) and (2.2) are only one way of
describing serial correlation and heteroscedasticity. Other models
are possible, for example, up might be modelled by a linear process
where the innovations e have variance depending on x¢. Mention must
also be made of the ARCH models that describe conditional

heteroscedasticity and serial dependence.



1.3.—~ PARAMETRIC ESTIMATES OF @

In order to place our work in some perspective it is appropriate
to review the literature on the estimation of 8 in the cases of

purely parametric modelling of the autocovariance structures of the

ut.

By far the most popular method of estimating § has been O.L.S..
This is in part due to its computational simplicity and in part due
to its good statistical properties under suitable conditions. When
the ug are uncorrelated and homoscedastic, and X has full rank,
0.L.S. is the best linear unbiased (BLU) estimate of B, attaining the
Gauss-Markov bound. Moreover, when ug is also normally distributed,
0.L.S. is also normally distributed, which is a convenient property
for hypothesis testing and interval estimation. When u¢ is not
assumed normal there is a need to develop asymptotic theory in order
to allow approximate inferences. If is known under suitable
conditions that 0.L.S. is asymptotically efficient relative to all
linear unbiased estimates of B, when the u; are, say, i.i.d. and
homoscedastic. Eicker (1963,1967) established asymptotic normality
of 0.L.S. under such circumstances, and proposed methods of
consistently estimating the covariance matrix of the limiting
distribution, and thus to be able to obtain approximately valid
statistical inferences. This work has been developed in the more
recent econometric literature by Domowitz and White (1982), White and
Domowitz (1984), Newey and West (1987). Moreover, Grenander (1954)
showed that 0.L.S. is even asymptotically efficient in the presence

of serially correlated ug when the x{ are of certain type,



polynomials and certain trigonometric functions of time.

In general, however, 0.L.S. will not be asympgotically efficient
when the ug are serially correlated or heteroscedastic. There is
evidence that 0.L.S. can be very inefficient, see for instance Watson
(1955) or Watson and Hannan (1956) with respect to G.L.S.. Moreover,
though 0.L.S. can be used in statistical inference with a covariance
matrix estimate, the resulting inferences will not be asymptotically
efficient. In general one needs to correct for the serial
correlation and/or heteroscedasticity in order to obtain efficient

point estimates and inferences.

1.3.1.- Weighted least Squares

The estimation of B in the case of heteroscedasticity of known
form is known as weighted least squares. It can be based on a
two-step algorithm which can be iterated, although the asymptotic
properties of the estimate of B8 are not altered. In the first step,
the heteroscedasticity function o(x¢) is estimated by least squares
regression of a certain transformation of the residuals obtained by
yt—E'xt, where B is an estimate of B, for example the 0.L.S.
residuals, on a transformation of the function o(x¢), see Judge et
al. (1985). 1In the second step, a weighted least squares estimate of
B is obtained, where the weights are the inverse of the estimated
heteroscedasticity function. It is worth pointing out that although
the least squares estimates of the parameters that the
heteroscedasticity depends on are not the most efficient one, as far

as the f estimates is not relevant, see for instance Theil (1971),
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Judge et al. (1985), Amemiya (1973a) or Harvey (1976) among othefs.

1.3.2.- Parametric Estimation with Serial Correlation

In the estimation of B when the residuals are autocorrelated, we
will distinguish two cases. The first one is the pure autoregressive
(AR) process and the second one is the autoregressive moving average
(ARMA) process, since the inclusion of the MA factor induces certain
difficulties or characteristics in the estimation procedure, which do

not appear in the pure AR case.

In both cases if the variance-covariance matrix I' of the residuals
were known then we can apply G.L.S., i.e. equation (2.3) where o is
the identity matrix, obtaining the BLU estimate. Generally, the

covariance matrix is unknown and therefore it has to be estimated.

1.3.2.1.- Estimation under AR(P) Errors

Three specifications are the most common. The first one is known
as the feasible G.L.S. (F.G.L.S.) estimate. Using the transformation
matrix Q, see Fuller (1976, p.423) for a general expression of Q, of
the covariance matrix, such that QI'Q'=I, we can use a two step
algorithm. In the first step, an estimate of the AR parameters is
obtained and used in place of the true ones in Q, giving 6. In the
second step, the f estimate is obtained by regressing éY on éX. If
in this step the first P rows are omitted, we obtain the

Cochrane-Orcutt (1949) algorithm. Several procedures have been
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suggested for the estimates of the AR parameters. Among them are the
least squares est%mate (L.S.E.) of the residuals upon its P-period
past values or Durbin's (1960) procedure.

The second specification is non-linear least squares (NLS). This
procedure estimates both 'f and the AR parameters that minimize
(Y-XB)'Q'Q(Y-XB). In this case the estimator of f will still be of
the same form as in the previous precedure, but the estimator of the

AR parameters need no correspond to the Durbin or L.S.E. ones.

The third specification is M.L. assuming normality. In a series
of papers Beach and MacKinnon (1978a,b) give an algorithm to estimate
the f's and autoregressive parameter(s). Although the estimate for @
is of the same type as the F.G.L.S., the estimate of the
autoregressive parameters is different than for the above two
specifications. For the linear AR(1) model, the M.L. estimate of the
autoregressive parameter is obtained by solving a third order
equation. They claim that this algorithm is not more expensive
computationally than methods based on Cochrane-Orcutt and proved that
it is more efficient in small samples. For the linear AR(2), Beach
and MacKinnon (1978b) pr§posed a M.L. estimate which incorporates the
stationary restriction, as in the AR(1l) model, and the technique used
is the fixed point or simplicial search algorithm. They also
indicate that the algorithm can be extended to higher order
autoregressive models. 1In the AR(2) model Fair (1973) discarded the
first two observations in the specification of the likelihood
function, and then it follows a direct generalization of the
Cochrane-Orcutt procedure. It is worth noting that all the above

methods give the same asymptotic efficiency for the estimate of g.
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1.3.2.2.- Estimation under ARMA Errors

Due to the impossibility to obtain the Q transform, except for the
MA(1l) and ARMA(1,1) cases, see Jugde et al. and Tiao and Ali (1971)
respectively, to obtain a two-step F.G.L.S-estimate is not possible
and therefore we will concentrate on M.L. and non-linear least
squares estimates. However, Amemiya (1973b) obtains an
asymptotically efficient estimate of the f§ parameters where the
autocovariances are estimated from the L.S. regression of the
calculated residuals upon its N-period past values, where N depends
on the number of observations T. Also Harvey and Phillips (1979)
give an algorithm to get the G.L.S. estimate of 8 by using the Kalman
Filter algorithm and also, they give indications to obtain the exact

M.L. estimate of f# by the Kalman filter.

Pierce (1971) shows that there is no difference between M.L. and
the various versions of NLS, which differ in the treatment of the
presample observations, where two methods are the usual ones. The
first one treats the presample cbservations as equal to zero, and the
second one uses the backforcasting procedure to treat the presample

observations, see Box and Jenkins (1976) for this method.

1.4.- SEMIPARAMETRIC G.L.S. ESTIMATE OF g8

If in estimating B parametrically, we use a misspecified model for
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the autocovariance and conditional heteroscedasticity of ug, then the
estimate will still often be consistent and asymptotically normal.
However, it will generally nof be efficient, indeed there is evidence
(Engle, 1974) that we can do even worse than using 0.L.S. These
circumstances motivate an estimate of 8 where the autocovariances
and/or heteroscedasticity of u,. are estimated via nonparametric

methods.

A variety of such semiparametric estimates of B have been
proposed. Our discussion of these, and of the alternative
semiparametric estimates which are in the next section is in part

adapted from the survey article of Robinson (1988b)

Assuming that ug is stationary and independent of all the x¢,
Hannan (1963) proposed an estimate of 8 that has the same asymptotic
efficiency as the best linear unbiased estimate, without employing a
parametric model for the autocovariances of ug. Using the fact that
the Fourier transformation of the Toeplitz matrix of autocovariances
approximately produces a diagonal matrix with diagonal elements equal
to the ug's spectral density, Hannan estimated a Fourier transformed
version of (1.1) using weighted least squares, where the weights are
the reciprocals of nonparametric spectral estimates. In a different
fashion from Hannan's original version is ;S\use of periodograms of
Iyx and Iy instead of spectral weighting as in Hannan (1971),
Robinson (1972), Hannan and Robinson (1973) or Hannan and Terrell

(1973) among others.

_ More recently, a similar solution to the conceptually simple

problem is when the u.'s are independent but conditionally
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heteroscedastic with heteroscedasticity function of unknown form.
Assuming the model ug=0(x¢)Ve, where o is of unknown form and the v
are i.i.d. with zero mean and independent of all ghe Xt (i.e. a
special case of (2.1), (2.2)), Carroll (1982) estimated the o2(x¢) by
nonparametric regression and established asymptotic efficiency of a
weighted G.L.S. estimate of 8. Robinson (1987a) considerably relaxed
Carroll's conditions in several respects. One of these has bearing
on efficiency. Robinson assumed that the relation between x{ and u¢

was generated only by the conditional moment restriction

(4.1) Efucixe 0, V[uecixe Fo2(x¢e)

rather than independence of x; and ug. Under (4.1) Robinson's G.L.S.
estimate is the most efficient possible one in the presence of an
unknown 02, achieving the semiparametric efficiency bound defined and
obtained by Begun et al. (1983), Chamberlain (1987) and others.

Under Carroll's conditions, however, a better estimate than G.L.S.
exists, because G.L.S. does not emploit his independence assumption.
This has implications also for other estimates. Some extensions of
semiparametric G.L.S. estimates to ARCH regression models, when the
ARCH structure is nonparametric L;élbeen considered by Robinson
(1987c), and applied empirically by Whistler (1988). Delgado (1989)
has extended Robinson's work to non-linear regressions. Our
treatment of (1.1), (1.3) is in a similar spirit to that of the above

authors, except that our unknown function is the AR function p,

rather than the heteroscedasticity function o2.

Some semiparametric work that allows for both serial correlation
and heteroscedasticity simultaneously has been carried out. Harvey

and Robinson (1988) assumed the model
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Ut=0tVe, Veo g ajVe-j=€t
j=1

where p is given and oy is an unknown function of t. Thus this model
for the u.'s autocovariances is itself semiparametric rather than
nonparametric, since it imposes a parametric time series model on v,
unlike our model (2.2). Moreover, this specification that assumes
that the variances o2 depend on t and not on X is a more restrictive
specification than our (2.1). By estimating f# under the

semiparametric model (2.1), (2.2), we extend the work of Hannan

(1963), Carroll (1982) and Robinson (1987a).

1.5.- MORE EFFICIENT SEMIPARAMETRIC ESTIMATES OF g8

To place our work in full perspective it is worth discussing some
literature that suggests that even more efficient estimates of § can

be obtained than ours.

If the joint distribution of the ug in (1.1) is of known
parametric form, then at least in principle M.L. estimates of B can
be obtained, and shown to be asymptotically efficient among the class
of all regular estimaﬁes, achieving the asymptotic Cramer—Rao bound.

Some versions of Huber's (1980) M-estimates have this property.

When the parametric form of the u.'s distribution is misspecified,

then estimates of B will not only be inefficient but they may even be



-16-

inconsistent. Following earlier work of Stone (1975) for a simple
location model, Bickel (1982) considered a semiparametric estimation
of # in (1.1), assuming that the disturbances u; are i.i.d. with
unknown distribution function. By employing nonparametric estimation
of the probability density function of u¢, Bickel obtained estimates
of B8 that he showed to be asymptotically as efficient under suitable
conditions as ones based on a correct parametric distribution

function for the u¢ disturbances.

This work has been extended by a variety of authors, such as
Manski (1984) and Kreiss (1987), who considered semiparametric
estimation of non-linear regression models and semiparametric
estimation of the coefficients of a parametric linear time series
model in the presence of innovations whose distribution is of unknown
form respectively. 1In this thesis we have not attempted to adapt for
the full distribution of the ug, but only to certain features
relevant to G.L.S. estimation, so our efficiency goal is less
ambitious. The possibility of extending our work by adapting more

fully to the ug distribution remains a challenging open question.

1.6.- PLAN OF THE THESIS

Our estimates require introducing a good deal of machinary on
nonparametric estimation, consisting of nonparametric regression,
probability density estimation and spectral density estimation. This

is described in Chapter 2. In Chapter 2 it is also convenient to
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introduce the type of time series that will be used in deriving the
limiting distributions of our estimates. Chapters 3 and 5 describe
the methodology of semiparametric estimation of § under models (1.3)
and (2.1), (2.2) respectively. Both estimates are shown to be
asymptotically normal and consistent estimates of the limiting
covariance matrix are presented. The proofs of these asymptotic
results are in appendices. Chapters 4 and 6 describe Monte-Carlo

evidence of the finite sample behaviour of our estimates.
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CHAPTER 2

SOME NONPARAMETRIC METHODOLOGIES AND THE CONCEPT OF MIXING CONDITION

In this chapter we will discuss some general background about the
methodologies that we will use throughout chapters 3 and 5, as well
as the mixing conditions of weak dependence in time series which will
play a fundamental role in this thesis. The methodologies to be used
are kernel regression and spectral éstimation. It is convenient also
to specify alternative methodologies to the kernel regression
estimators and describe why we will not proceed with such
alternatives. The plan for this chapter is as follows: in section 1
we will introduce the kernel regression estimator and one of its
competitors, in section 2 we will introduce the kernel spectral
methodology in time series regression models; finally, in section 3

we will discuss the mixing conditions of weak dependence of a

stationary stochastic process.
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2.1.- THE KERNEL AND NEARESTAEEIGHBOUR REGRESSTON ESTIMATORS

Both these methodologies are known in the statistical literature
as nonparametric estimators. But, what do we understand by
nonparametric regression estimation? We will answer this question by
means of an example. A practitioner has observations
(Y1-xi)i-1,...,T from a population (Y,X). He may know certain
conditional moments up to a set of parameters g, i.e. E[YiX}p(X,H),

and thus, based on the available data he will estimate the parameters

g.

Another possibility arises when the practitioner is not able to
parameterize the function p. 1In this situation, he may still use
statistics, based on the available sample, to estimate the unknown
function p(:) of a certain point x,. These statistics are known as
nonparametric estimators, their targets being not parameters but

infinite dimensional-functions.

2.1.1.- Kernel Regression Estimation

Before introducing the kernel regression estimator, one has to
point out that although this thesis is dealing with time series data,
it is better to introduce it in the independent and identically
distributed (i.i.d.) context, since it may then be easier to get the

basic idea behind the estimator.

Because the kernel regression estimator is based on the kernel
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probability density estimator, we will introduce the latter first.
Let x,,...,XT be a random sample from a population with probability
density function f(x). Let us suppose that we are interested in the
estimation of f(x) at the point x,. We know that a natural estimator

of the distribution function F(x) at x=x, is its sample analogue

Fr(x,) defined by:

FT(xo)"%' (n? of observations in the sample < x,).

If we pay a little attention to the mathematical definition of the
probability density function in the point x,, i.e. f(x,), this value
can be approximated by the equation:

F(x,+a)-F(x,-a)
2a

f(xq)=

for an a sufficiently small and hence, a natural estimator of f(x,)

turns out to be the above equation by substituting F(x) for Fr(x),

i.e.:

Fp(xg)= FT(xn+a%;FT(xn—a)

Let us now consider a function K defined by:

3 if 1yiI<1
K(y)=
0 if 1yi>1

vhich turns out to be the uniform function in the interval [-1,1].

It is obvious that the estimator fp(x,) can be rewritten as:

T
(1.1) fT(xo)-,i%' Z K[Zay].
3=1
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Consequently, if instead of having chosen the uniform distribution
for the K function we would have chosen any other function, with the
requirement that it integrates 1, we would get what it is known as

the kernel estimator of the probability density function in the point

Xo. We may think of the function K as a weighted function of the x4
data. In other words, consider a ball with centre x, and radius a;
then the importance that we give to the Xy observation in the
estimation of f(x,) is measured by the quantity Kj, where Kj is equal

to:
2 K[=24]

Thus, when we use the uniform distribution function as the K function
we give the same importance to all observations made inside the ball

of radius a around the point x,.

The initiative to estimate a probability density function in this
way was first shown by Parzen (1962). It is to be noted that we do
not assume the function K to be non-negative for reasons that will
become clear in the next chapter, but, on the other hand, we need
that this function to be highly concentrated around the origin, since

more relevance is given to those observations which are closer to x,.

This nonparametric method involves the feature of a "bandwidth" or
"smoothing" parameter a, which is positive, selected by the
practitioner and regarded as converging to 0O (not too slow or too
fast) as T (the number of observations) approaches infinity. In
fact, any choice of a in finite samples implies a trade-off between

bias and variance, and this parameter a can be seen as a measure of
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the degree of smoothing of the kernel estimator in such a way that

the larger a becomes the larger the degree of smoothing.

In the p-dimensional case, the natural generalization of the

estimator given by the equation (1.1) is

T

(1.2) f(xo) TTa] z K[(xo—xj) a’']
. j—]_

where Jal stands for the determinant of the p-dimensional a matrix,
that goes to 0 as T approaches to infinity. A special case arises
when the a matrix is diagonal and K(u) is the product of p univariate

functions; then the K function is the product of p-univariates Ki's,

such that
K(u'a=1)= ﬂ Ki[ ]
i=1
obtaining the estimator, for the case aj=a Vi=l,...,p,

a2 —jz (] o)),

Definition 2.,1.1

Given a sample x,,x,,...,xy from a p-dimensional population X, we

will define the kernel density estimator of f(x) by (1.3).

It is worthwhile noting that there does not exist any unbiased

estimator of the probability density function f(x) (see Rosenblatt,
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1961).

Following this discussion a natural question which might arise is:
given a random sample (y,,x,),...,(yT,xT) from a, say, bivariate
population with probability density function f(y,x), and assuming the

existence of the conditional expectation of y on x, which is:
y=[p v £y x(y1x)dy
-[Ry f(x,y)g(x)dy ; where g(x)-lRf(x,y)dy,

R is the real line and fy;x(yi1x) is the conditional distribution
function of Y on X, is there any way to estimate the regression

function y(x)?

The answer to this question was first shown by Watson (1964) and
Nadaraya (1964) who independently proposed an estimator based on
kernel functions and whose motivation is explained in the next

paragraph.

We have seen that the probability density function was estimated
by the equation (1.2). This leads us to think that a sensible
candidate for an estimator of y(x) is given by one in which we
substitute the estimators of the probability density functions
f(y,x) and g(x) in the regression equation y(x), as given by
definition 2.1.1. Therefore the estimator of y(x) will be given by:

§(x)-lR YEGY), 5y @
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EARRATEY

jZ1YjJ = /Z e

after we integrate the R.H.S. of the first equation by parts, and

where:

m(x)=[pyK(x,y)dy

and

3 (x)=[ K (x,y)dy.

If, in addition, it is assumed that K(x,y)=J(x)L(y) and L(y) is a
symmetric function, then the estimator of the regression function

y(x) will become:

T

(1.4) Z}'j /z

j=1
since m(x) will be equal to zero.
The term (1.4) is the kernel regression estimator which was

proposed by Watson (1964) and Nadaraya (1964) and which may be

generally considered as:
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Definition 2.1.2

Given a random sample (y,,X,),...,(yT,XT) from a population (Y,X)
of dimension (1+p), we define the kernel regression estimator of the

conditional expectation of h(y) given x=x,, i.e. E[h(y)ix=x4,], by:

T
) 0~%j T
o J'Z1h(yj)xr‘ : ]/jle =]

where the K function is defined as in (1.3).

Frequently, the investigator is concerned with the estimation of
functionals which involve derivatives of unknown functions, such as
the score function or the information matrix of a density function,
or the derivative of a regression function, whenever there exist.

For example, in the model which we will present in the next chapter,
the estimation procedure of the parametric part of the model involves
the derivative of a regression function. If the functional form of
the regression function is unknown, so is the derivative, and
therefore this derivative has to be estimated via nonparametric

methods.

It seems that a sensible estimator of the derivative of an unknown

function in view of the definition 2.1.2 is given by:

Definition 2.1.3

Given a random sample (y,,X,),...,(yr,x7) from a population (Y,X)
of dimension (1+p), the derivative kernel regression estimator of

a/aon[h(y)lx-xo] is:
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T T
l ] n—Xj T _ l ] ﬂ-xj T
(1.6) ajzlh(yj)x [x a ]// z R n;xj] ajle [x a ]//(Z K[Xn;xj]);
-1 j=1

where K' is the derivative of the function K.

From this definition it is obvious that the kernel function K has

to be differentiable.

Before finishing this subsection it is useful to realize that the
implementation of the estimators involves two different aspects.
Firstly, the choice of the kernel function K, and secondly, the
bandwidth parameter a. Several K functions have been proposed in the

literature. Some popular ones are:

a) Ke 3,4 (1-1;5t2) /5 1t1</5.
b) Gaussian 1,/7; exp(-it?) teR.
3 1ti<l

c) Rectangular

0 otherwise.

Epanechnikov (1969) showed that K, is the kernel function which

minimizes (asymptotically) the function
[Z E{E(0)-£(x)) ax
—w

that is, the mean integrated square error (M.I.S.E.), where this
value can be seen as a global measure of discrepancy between f(x) and
its estimator f(x). It can be seen that the relative efficiency of

the other kernels to the Epanechnikov (Kg) is very close to 1.
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Bearing in mind that this relative efficiency is an asymptotic

result, it implies that the choice of the kernel function K will not
have much importance on the basis of M.I.S.E.. Thus, it is perfectly‘
legitimate, and also desirable, to choose the kernel function K based
on other considerations such as differentiability or computational

properties.

As far as the choice of the the bandwidth a is concerned, it is
more crucial than the choice of the K function. While it may be
possible to choose the bandwidth automatically based on some
functional optimization, we are not going to proceed in this
direction in choosing our a. In the simulations that we will report
in chapters 4 and 6, we have decided to adopt the practice of doing

the calculation over a grid of bandwidths by trial and error.

2,.1.2.- Nearest Neighbour Estimation

The purpose of this section is to specify one of the most relevant
alternative methodologies to the kermel regression one that has
appeared in the nonparametric literature and to discuss its

disadvantages with respect to the kernel methodology.

2.1.2.1.- Nearest Neighbour

The Nearest Neighbour(NN) methodology is, perhaps, the most
important and exhaustively studied among the alternative

methodologies to the kernel regression used in nonparametric
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estimation.

Let (X,Y) denote a random vector belonging to RPxR, and let
(X{,¥{)i=1,...,T be a random sample from such a population. An
alternative estimator to the kernel regression estimator given by
definition 2.1.2 is:

T
(1.7)  yr(x)= 3 h(yi)¥r, 1(x)
i=1

1f E1h(Y)1<» and where Wr j(x) are weights following a probability
function. The WT,i(x) weights those values of i for which the
corresponding xj is close to x (in a metric defined below) more

heavily than those values of i for which xj is further from x.

Because the explanatory variables x, in an econometric model, may
not be measured in the same units, we divide each variable in the x
vector by their sample standard deviation prior to applying the

Euclidean metric, that is let sp be:

T T
Sp= (T'l)-1121[x1m'(i21x1m/T)]2 for all 1<m<p

and the metric is defined by the equation:

P
1
pi= Z = [Xim=n]? i=-1,...,T.
m=1

The question which arises is how to apply the NN estimator of the
conditional expectation of h(y) on x?. Given x, the data (xi,yj)

1<ICT is rearranged according to the distances pj. Let us define:
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P1-1+§ I(pj<pri)

and

q1-1+§ I(pj=ri)

where the sums are from j=1 up to j=T, j#i, and I(.) is the usual

indicator function. Let W§’i(x) be defined by:

. Pi+qi-1
W (x)=q7' 3 Wr, j(x)
i=pi

then the NN estimator of yr(x) is defined as:

Definition 2,1.4

Given a random sample (xiin)a,...,T from a population (X,Y), we

define the NN estimator of y(x) by:

T
yT(x)= 3 h(yW¥g 1 (x).
i=-1

When there are no ties, then W*T,i(x) is equal to WT,i(x). One
important subclass of NN estimators is the k-Nearest Neighbour (k-NN)
which is such that WT,i(x) is equal to zero if i>k. Some examples of

k-NN weights are:
the uniform: Wr,1(x)=1,x 1<igk,
the triangular: WT’i(x)mk-i+1 1<igk

and
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the quadratic: WT’i(x)x(kz-(i—l)z) 1<ick.

The objective of the triangular and quadratic k-NN estimators is

to achieve greater smoothness in the k-NN estimator.

In fact, the NN estimator adapts the amount of smoothing to the
"local" density of data. The degree of smoothing is conditional to
the integer k, chosen to be considerably smaller than the sample

size, although it goes to infinity as T approaches to infinity.

Once we have introduced the NN estimators, it is reasonable to
discuss the reasons why we have not proceeded with this methodology,
discussing its disadvantages with respect to the kernel regression

estimator.

Most of the theory about the NN-estimators has been developed in
an 1.i.d. environment. There are some results on k-NN estimators
under dependence, i.e. by Collomb (1985) and Yakowitz (1987), but
nothing so far as we know which parallels the results of Stone (1977)
for the independence case, which plays a fundamental role in all
semiparametric estimation with the NN methodology. By contrast, all
the theory available for kernel estimators in the i.i.d. case can be
translated, under appropriate conditions, to the time series
environment. Thus, because we are dealing with time series models,

it is justifiable to use kernel regression estimation instead of NN.

Another drawback of the NN-estimator is that it is not
differentiable. This is a serious problem since many semiparametric

models involve the estimation of the derivatives of unknown
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conditional moments, as it is the case in the model of chapter 3.

2,2, KERNFEL SPECTRAL ESTIMATOR

Before introducing the estimator of the coefficients of a time
series regression model in the frequency domain, it will be
convenient to give the definition of the kernel spectral estimator of
the spectral density function of a stochastic process, and some of
its asymptotic properties which will be used to prove the theorem of

chapter 5.

2.2.1.- The Definition of the Spectral Density Function

and its Estimator

In this subsection, we are going to give the definition of the
spectral density function, assuming that it exists, of a real
stochastic process x with autocovariance matrix function

{v(t)}t=o,... o where the ij-th element is 7irJ(t)-E(xiSth+s).

Definition 2.2.1

Let {Xt}t=—w,..., be a (kxl) vector of a real stochastic process
with autocovariance matrix function {7(t)}t__m’___'m. We will define
the spectral density function of the process x. as the (kxk) matrix

£5()), which ij-th element is defined as:
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2.1 =l 3 LIl a-r.x].

2x t=—o

The spectral density function and the autocovariance matrix
function are two equivalent concepts, in the sense that, knowing one

of them you can identify the other completely.

But, y(t) is, of unknown parametric form, and so is f;;(k). An
obvious estimator of the spectral matrix density function, based on T
observations, is the (kxk) matrix f*;;(x)' where the ij-th element is:

T-1
*1i, 1 ~ iex
£ =2y e
2x -T+1
where ;(t), i.e. the sample autocovariance, is an estimator of y(t),
which ij-th element is defined as:
T-1t}

~ 1
T s=1

It can be shown that f%i is not a consistent estimate of the
spectral density function, and therefore it is not useful. But a

slight modification is consistent.

Let us introduce a function K,:[—l,l}—aR, where K, is at least
even and K, (0)=1. Let also M be a nonnegative integer; the larger T
is, the larger M should be. In spectral analysis the function K, is

called the lag-window and M the lag-number.
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Definition 2.2.2

Let {Xt}t=—o,...,» be a (kxl) vector of a real stochastic
process. We define the kernel spectral density estimator of such a

process, based on T observations, as:

M
(2.2)  E_(VD=1,2, 3 K, (Y/p)y(t)eltr |
-M+1

The lag-number marks the cutoff-point of the sample

autocovariance to be used in equation (2.2).

Several K, functions have appeared in the literature. Some of the

most popular ones are:

1 IsIKM
(2.3) Truncated K, (s)=
0 ISI>M,

1-1s1/y 1s1<M
(2.4) Barlett K, (s)=
0 1sI>M,

1—2a+2acos(ws/M) isI<M
(2.5) Tukey-Hanning K, (s)=

0 Isi>M
and
1-6(1s1 /) 2+6 (151 /y) 2 Is1<M/2
(2.6) Parzen K, (s)= 2(1-|s|/M) M/2<|s|<M
A 0 1s1>M.

Like in the kernel density function of section 2.1.1, the

selection of the lag-window is not relevant, what it is more
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important is the lag-number M that we choose.

In order to give some of the asymptotic properties of the kernel
spectral density estimator, we have to introduce the concept of the

characteristic exponent, which plays a fundamental role.

Definition 2,2.3

We define the characteristic exponent of K, as the greatest

integer r for which

K()=1im [12%%2]

u-0

is finite.

Assuming that:

©

1) z 1t19)9(t) i<, q<r, where r is the characteristic exponent
t=—c

and
2) K, is a bounded function

then (see Parzen, 1957 or Hannan, 1970 pp. 280-283) the mean square

error of f;;(X) is O(T™'M+M—29),
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2,2.2.- The Generalized least Squaregs Estimator in
The Frequency Domain

Let the following linear regression model be

yt-ﬂ ' xt+ut
(2.7) €¢ 1.i.d. with zero mean and variance 1.
- ’ -]
ug= 3 ajep—j 3 lojl o
= jm—

Here, we are going to describe two methods of estimating the

coefficients B of the model (2.7) in the frequancy domain.

METHOD 1

Hannan (1963) showed that in the absence of knowledge of the
coefficients @y, we can estimate the parameter 8 of equation (2.7)

efficiently. His estimator is given by:

2.8) B[ _g 1f»n G [T_g 15:1 Sl

vhere fqq()\) is as in definition 2.2.2., but the autocovariances are
estimated with the estimated 0.L.S. residuals instead of the true

ones.

The intuition behind this estimator is given by the fact that, if
outside a frequency interval (suppose X is scalar), X does not have

spectral mass and the spectral density function of the residuals
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varies very little over such an interval, then the efficiency of the

least squares of § will be nearly unity.

Then, if we are able to have a set of mutually exclusive filters,
say r filters, whose union is [0,x] and such that the variation of
the spectral density of u; is small over each interval, then the
efficiency of the estimation of f over each interval is nearly
unity. Therefore, if we combine each of this estimates of S
optimally, we will obtain an estimate of f whose efficiency will not

be less than for each of those estimates.

Although such filters are not available, we can still use an

equivalent approximation. Since f;;(x)‘3f§§(x), then
B(k)y=t—(rk f—(7k
B(k)=t—(**/w) fyx(1r /M)

will be a plausible estimate of 8. This estimate of B has an
asymptotic variance proportional to f“;;('k/n)faﬁ('k/n). Hence,
equation (2.8) will give the optimal weighting of the several é(k) if

the correlations between the several ﬁ(k) are not taken into account.

METHOD 2

The suggestion for this method comes from the fact that
wy(Ag)=wy(Ag)-B'wy(Ng) where w, is the discrete Fourier transform of

{zt}t-a,...,T defined as

1 T
o (N)=—— Y zje
z
/2xT j=1

1)
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where Xs-27s/T, has under regularity conditions an asymptotic
distribution function N(0,f;;()\g)), and the w,(\g) are approximately

independent for different \g.

Then, the G.L.S. principal will suggest as an estimate of @

T T
(2.9)  B= ( zllxos)gaa(xs)“)"( 3 Txy(As)8i5 () )
S= S

where I, (M) =wz(M)wy'(-\) and ggqa(X) is an estimator of the spectral

density function defined as

T
(2.10) 8aa(M)=(27T) "' 3 Ky(A-rg)Iga(\g)
s=1
where Ky(M\)=MYZ, K,(M(A\+2xs)) and K, is a real even function which
integrates 1 and is absolutely integrable. This function is known as

the spectral window.

Here M is not restricted to be an integer, as in method 1. One
difference between the two methods is that method 2 uses (2.10), i.e.
we weight the periodogram instead of weighting the autocovariances as
in (2.2), apart from the formula for the B estimator. Another
difference is that in this method, we use the periodograms in (2.9)

instead of the smoothed spectral estimates as in (2.8)



-38-

2.3.—- THE CONCEPT AND EXAMPLES OF MIXING PROCESSES

The purpose of this section is twofold. First, to give a
description of some of the mixing conditions that have appeared in
the statistical literature, some of which will be used frequently in
chapters 3 and 5. Secondly, and perhaps more important, to give
several sufficient conditions under which a given stationary
stochastic process is mixing, as well as some examples; and therefore
to be able to check that the models used in the simulations of
chapters 3 and 5 satisfy the required conditions imposed in their

respective theorems.

2.3.1.~ Some Definitions of Mixing Processes,

The first question that comes to the mind is, what do we

understand by a mixing process?

Definition 2.3.1

We say that a strictly stationary vector stochastic process {x.}

is mixing if VA,BeFZ, (i.e. the g-algebra generated by {Xt}t=—,...,)

(3.1) 1lim P(AnT "B)=P(A)P(B)
M0

where T stands for the usual shift operator on events in FZ,.

That is, loosely, although events determined by sets of x. may be

considerable dependent on recent events, they are almost independent
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provided they are far apart in time. Thus, mixing is a form of

asymptotic independence.

From this definition, it is readily seen that the mixing property
is a sufficient condition for ergodicity by taking A=B~invariant

where we obtain that P(A)2=P(A) so that P(A)=1 or O.

Several measures of dependence have been proposed. The weakest
one which we will consider is strong-mixing (Rosenblatt, 1956).
Consider all events depending only upon x¢ for t{p. These events
constitute a g-algebra By. Similarly Ap+r is the o-algebra of events
determined by x. t>p+r. Define a(-) as a function such that:

(3.2) sup IP(BRA)-P(A)P(B) I<ax(r), where a(r)»>0 and r>0.

BeB_ AcA
p p+r

Definition 2.3.2

We say that the stationary stochastic process {x.} is

strong-mixing if a(r) goes to zero as r goes to infinity.

It is obvious that strong-mixing implies mixing (i.e. (3.1l)) and

then the ergodicity of the process.

The next measure of dependence, stronger than strong-mixing is the
absolutely regular condition, which was first studied by Volkonskii
and Rozanov (1961) and who attributed it to Kolmogorov. Define B,

and Ap#t as we did above. Define {(r) a function such that:
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(3.3) £(r)=sup E[ sup {|P(A|Bp)—P(A)|].
P Aedp,r
Definition 2.3.3

We say that the stationary stochastic process {x.} is absolutely

regular if {(r) goes to zero as r goes to infinity.

An alternative characterization given by Volkonskii and Rozanov

(1961) is:
(3.4) (n)=} Var[P, P, 5]

where P, j is the measure induced by the process {Xj}i- .. ,-1,0,1,...
on the o-algebra MMy and P, , is the measure defined for AeMp, and

BeM2, given by the equality:

P, n(AnB)=P, n(A) Py n(B).

As Yoshihara (1976) noted, this form of characterizing an
absolutely regular process is more useful from an empirical point of

view.

At this point, it will be worth reciting the fundamental lemma
taken by Yoshihara (1976, lemma 1) and by Denker and Keller (1983,
lemma 6); which is going to be extensively used along the proofs of

theorem 1 of chapter 3 and the theorem of chapter 5.

Lemma 2,3,1

Let {x¢, t=0,¢1,$2,...} be a stationary absolutely regular process
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with mixing coefficient {(n). Let t,<t,<...<tg be arbitrary

integers. For any r (1<r<k-1) put

Pr(K) (E(D)XE(R"T))uP((x¢1, .+ - »Rer) €ECE))P((Rppays -+ - v Xk ) €ECKTT))
and:
B{K) (E(R))=P((x¢ ). .. xe) ) E(R)).
Let h(x,,...,xx) be a Borel function such that for any r:

1+5

IRkp j |h(x1'-'-»xk) dng)<M<w for some >0

then:
pkp [Bexy, .m0 @R80- [ [hex,, .. x0dR (0 1<
a1 0 +8)r 8 /4ol L, ~ty).
Proof:
See Yoshihara (1976) lemma 1.
If the function h(x,,...,xg) is separable in the form
h (x,,...,%p)h,(Xp44,...,%K), $§(n) might be replaced by the

corresponding strong-mixing coefficient and thus, we obtain

essentially the inequality first given by Davydov (1968).

The next measure of dependence which has a close relationship with
the absolutely regular one is the condition proposed by Gastwirth and
Rubin (1975) (GR), and which is defined as follows. Let Y and Z be

(...,x_;,x,) and (Xy,Xp4,,...) respectively. If the conditional
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distribution of Z given Y=y exists, define A,.(y) as

(3.5) sup {fh(z)Py(dz1y)-Sh(z)P,(dz)}
thi<l

where P,(dziy) and P,(dz) denote respectively the conditional
probability distribution of Z given Y=y and the probability
distribution function of Z. As a measure of dependence between Y and

Z we take the LS norm of A, denoted by A llg (O<s<w).

Definition 2.3.4

We say that the stationary stochastic process {x.} satisfies the

GR mixing condition if 11A,11g—0 as r—» for a given O<s<w,

It is clear that if (1A, 11,—0 then also 11A113—0 for every s,
O<s<w, since A,K2. Also it is worth noting that for s=1 this is

exactly the definition of absolutely regular process.

It can be shown a(r)<{(r), and a(r)<&iALl,.

Intuitively, a(r), {(r) or 1A g measure the dependence of events
in Ap4y on those of Bp in terms of how much the probability of the
joint ocurrence of an event in each g-algebra differs from the

product of the probabilities of each event occurring.

2.3.2.- Examples and Sufficient Conditions for Mixing Processes

In the previous subsection we have given several measures of
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dependence on stationary processes. But, once, a particular process
is presented, one may ask whether it satisfies one of the above
mixing conditions and whether it is possible to know the rate at
which the mixing coefficient tends to zero. This is particularly
important in order to be able to give examples of processes where the

conditions of the theorems in chapters 3 and 5 are satisfied.

The first and more trivial example is the independent identically
distributed process. This process for its own definition is GR,

absolutely fegular and therefore strong-mixing.

The second process to consider is the MA(Q) (moving average)
process. Since observations separated by more than Q periods are
independent, it implies that the stochastic process is mixing in the

sense of any of the above four definitionms.

The next process to consider is the linear process, i.e.
[

Xe= Y ajer-y where € are 1.i.d.

Pham and Tram (1985) studied this model, and gave sufficient
conditions under which the above linear process is absolutely

regular. In particular they show that

< [8)

Fm=0( S [ 3 1a1] /Ga)y
k=n j=k

where w>0, 1f:

1) § 1ge(v-u)-ge(v)idv<Ciun  for all t, where g¢(u) is the pdf of



bl

Ct,

ii) § log I <e and Y 0y zj¢0 for all 1zI<1,
j=0 j=0

1ii) Elegl%<eo for all t and w>0, and

(-] (- (D]
iv) 3 [ 3 1ey1] /('+w))<m.
k=1 j=k

Thus, if |aj|-O(j'{a(‘+w)+(‘+zw)’/w) then {(n)=0(n~@). Note that
for autoregressive moving average processes this is true for any o>0,
that is {(n) converges exponentially to zero. Thus, up to now, we
have given a descriptioh of the mixing conditions for any linear
process. But what can we say about non-linear models such as
bilinears or non-linear autofegressive models? All the theory
available about mixing conditions on these models is based on the
ergodicity properties of Markov chains. Thus, we will only discuss

the mixing conditions for Markov Chains.

Before giving sufficient conditions under which a Markov Chain is
ergodic, it is important to ask ourselves: what do we understand by

ergodicity in a Markov Chain?

Definition 2.3.5

A Markov Chain is said to be ergodic if there exists an invariant

probability function «.
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Another concept very useful is geometric ergodicity.

Definition 2.3.6

A Markov Chain is said to be geometrically ergodic if it is

positive recurrent and there exists y (0<y<l) such that:

nP(t) (y, - )-z=0(yt) as t goes to infinity a.e. x, and
VyeR, where P(t)(y,A) stands for the t-th transition probability

function from y to A.

This property plays a fundamental role in checking the mixing
conditions, as it will be seen in the next theorem. Due to Nummelin
and Tuominen (1982), in a Markov chain, geometric ergodicity and

absolute regularity are two equivalent properties or concepts.

Theorem 2,3.1

If a stationary stochastic process is geometrically ergodic, then

there exists <1 such that:

I x(dy)uP(t)(y.')—w(.)n=0(¢t) as t goes to infinity.

Proof:
See Nummelin and Tuominen (op. cit.).
Recalling the absolutely regular mixing condition, we can realize

that it is in fact the above equation. Furthermore, this theorem

tells us that the rate of convergence of the absolutely regular
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process is geometric. Also, we can conclude that the probability

distribution function » is absolutely continuous.

Hence, it only remains to see under which circumstances we can
say that a Markov chain is geometrically ergodic. Two sets of
sufficient conditions will be given. The first set is a theorem by
Feigin and Tweedie (1985). The second set is a theorem by Mokkadem

(1987).

Theorem 2.3,2

Assume that the stochastic process x¢ is a Feller Chain, that is
if for every bounded continuous function Q(x) E[Q(xt+,)|xt-x] is
a continuous function of x, and that there exist a measure ¢ and a

compact set A with ¢ (A)>0 such that:
(i) The chain is ¢(-irreducible.

(ii) There exists a non-negative continuous function g:R—R

satisfying g(x)>1 VxeA. Also for some §>0
E[g(x¢) 1xe—, K(1-8)g(x) xeAC
then the chain is geometrically ergodic.
For the next theorem, we suppose that the process is a non-linear
autoregressive model defined by:
Xe=p(Xe—1)+ee, x, |

where we stand for €t,x._, a process which may depend on x¢_,, for

instance in a bilinear model this proéess can be €exe_,.
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Theorem 2,.3,3

Assume that the Markov Chain is aperiodic and p-irreducible (u

stands for the Lebesgue measure). Also 3 M>0, »<l and s>0 such that:
Elp(x)+eg x15<rixI® Vixi>M
and

sup Elp(X)+€t’x|s<m
IxI<M

then the chain is geometrically ergodic and » admits a moment of

order s.

As a corollary, we can observe that if the function p(:) is
bounded and the innovation €¢,x does not depend on x, the chain is

geometrically ergodic (Doukhan and Ghindés, 1980).
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CHAPTER 3

ADAPTIVE ESTIMATION WITH NON-LINEAR AUTOREGRESSIVE DISTURBANCES

3.1.- INTRODUCTION

In an econometric time series model, serial dependence in the
residuals exists when the expectation of those residuals conditional

on its own past is different than a constant, that is:
E{uciug, s<t J#constant.

In fact, serial dependence may be the rule rather than the

exception in macro-economic models.

In this chapter, we will consider the multiple regression model:
1
(1.1) yt-ﬂ X tu

t

where f# and x. are k-dimensional vectors and y. and u. are scalars.
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Also it is assumed that ug has an autoregressive representation of
B
known order P given by the 3quation(‘) (footnotes are at the end of

the chapter):
(1.2) ut-p(ut_‘,...,ut_P)+et.

where €¢, t=1,2,..., are innovations which are assumed to be an
independent and identically distributed process and with a symmetric
distribution function. 1In the econometric literature up to now, it

has been assumed that the p function is a linear function, i.e.
p(ut—l""’ut—P)-p1ut—1+"'+pPut—P'

Under this assumption, the parameters S of the model (1.1), (1.2) can
be estimated via a non-linear least squares algorithm, given a
generalized least squares (G.L.S.) type estimate. If, in addition,
the innovations e are normally distributed, then this estimate will
be asymptotically equivalent to the maximum likelihood estimate and

hence the Cramer-Rao bound will be achieved.

A frequent assumption behind linear time series models is
Gaussianity. In a Gaussian environment, linear models are
appropriate. But once such an hypothesis of Gaussianity is
abandoned, two possibilities emerge. The first one emerges when the
autoregression function p in equation (1.2) is non-linear and the
innovations €, are either Gaussian or not. The second possibility
emerges when the autoregression function is linear but the
innovations ey are not Gaussian. We share the opinion of Davies,
Petruccelli and Watson (1987) by saying that once the hypothesis of
Gaussianity is abandoned the first possibility is the most likely

that it happens. Thus, non-linear time series models are called for.
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As it was said in the first chapter, recently non-linear time
series models have become popular among statisticians. These models,
unlike linear ones, may capture characteristics like limit cycles and
jumping behaviour which are observed in many time series. The
jumping behaviour in a process may be viewed as a process which
fluctuates around one of its stable singular points(2) and jumps from
one stable singular point to another depending on the innovations of
the model. As regards the limit cycle, it may be observed in time
series which have a periodic character but the time series model is
not constrained to be sinusoidal. The latter type of series implies
that the system has a "self-exciting" mechanism, i.e. for small
values of the process the system tends to "explode" while for large

values the system tends to "damp down" towards its mean, say zero.

We know of no attempt to study the statistical properties of
estimators of f# in the model (1.1) where ug may follow a possibly
non-linear AR model. Hence, it would be interesting to study the
statistical properties of the least squares estimators of B (E) when
the auﬁoregression function p is given but not constrained to be

linear, i.e.

T
min  § (yeB'Xe-P(Ye-1=B'Xe—y .- - Ye—p~B Xe—p)) =
f t=P+l
T ~t an A 2
Y (e B xe—p(Ye-1—B Xt—q+ .., Yt-pB X¢-p))
t=P+1

where B may be obtained via a non-linear minimization algorithm

procedure.
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Once the hypothesis of linearity of the ARMA models is relaxed,
allowing for further scructure;i;s the bilinear, smooth threshold
autoregressive (S.T.A.R.), or exponential autoregressive models, to
identify such structures may be a very difficult task. However, it
is worthwhile noting that the hypothesis of linearity can be tested
in an AR framework via nonparametric methods by using a test proposed
by Robinson (1983). On the other hand, if the interest of the
practitioner is not to model the residual structure itself, but to
get estimates of B, one can ask himself if there is an estimation
method whose asymptotic performance is as good as the estimates that

we would get if the structure of the residuals were perfectly known.

To do so, we use nonparametric estimators of the non-linear
autoregression function of the ut's and, as will be shown in theorem
1 below, we obtain an estimator of B which is asymptotically as
efficient (to first order) as the least squares estimator B- Thus we
would be able to adapt to the unknown autoregressive structure of the
residuals. This semiparametric estimator would be, if the
innovations e, were normal, Cramer-Rao efficient because a would be

the maximum likelihood estimator.

One question arises from all this discussion. In the linear
framework it is very well known that when the true structure of the
autoregression is mis-specified, then the estimator of the regression
parameters may be inefficient (see for instance Hannan (1970) Ch. 7
for an extensive discussion on this point). Moreover, it may happen
that this estimator is more inefficient than the 0.L.S., see for
instance Engle (1974). Hence, in our setting, if the model is

estimated in the belief that the residuals follow a linear AR model,
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what can we say about their asymptotic covariance matrices of that

mis—specified estimator and the least squares estimator 3?

For simplicity, let us suppose until the end of this section that

there is no intercept, x¢ is scalar and P=l.

The asymptotic variance of the g estimator will be given by:

T
(1.3) ol [plim T zz(xt-xt_,p'(uc_,))zl-1
t=

where p'(.) is the derivative of the function p, and ¢2 is the

variance of er. In terms of the spectrum (1.3) is equal to:
(1.4)  og { [T EQOO{1+E(p’ (w)*)-2Ep’ (u) cosh} ar}™"

where f;;(x) is the spectrum of x.

One can mis-specify the p-function, and let us suppose that the
investigator believes that the p—function is a linear function
instead of the true non-linear one. Under this belief, he would
estimate the parameters of the model via a Cochrane-Orcutt or Durbin
algorithm, for example, that is we do a G.L.S. as if the ug has

spectrum f,(\). Therefore, its asymptotic variance is:

[ %; j"fx(x)f;‘(x)dx]2

= [T B2 e an

(1.5)

where £(\) is the actual spectrum of ug. By the Cauchy-Schwartz

inequality we have that:
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1.6) (1.5) > [ 3z [* & a]™

where the RHS of (1.6) is the Gauss-Markov bound achieved when

fo(\)=£(\) and also by Hannan's estimate.

Intuition tells us that the asymptotic variance of the parametric
estimator of B, i.e. (1.4), is lower than (1.5) (the variance under

the mis—specification). A sufficient condition for (1.5) > (1.4) is:
RHS of (1.6) > (1.4)

and a sufficient condition for the last expression is:

(1.7)  0g/, < £EQI{1+E(p' (w)*)-2Ep’ (u) cosA}.

Unfortunately, I do not know how to get a formula for the
spectrum of a non-linear AR model. Also, I do not see how the
derivatives of the p-function enter. However, there is a possibility
about the last point which consists in computing numerically these

expectations using Jones' (1978) approach.
P g

This point deserves much more attention, since it will be
interesting to know under which circumstances equation (1.6) is
satisfied. It would be more interesting and odd, if one finds an
example where the mis-specified model performs better than the
parametric estimator. This would be in view of the maximum
likelihood interpretation of the least squares estimator very
strange, since in this case we will achieve the Craﬁer—Rao bound.
Instead, we will present some Monte-Carlo evidence in the next

chapter about this interesting point, where the M.S.E. of the
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estimates of § is studied under the true and false specification of
the residuals ug, as well as for the semiparametric estimator of @

which will be introduced in section 3 below.

The remaining of the chapter is organized as follows: In §2 we
will describe the kernel estimators which we are going to use. In §3
we will introduce the semiparametric estimator of the parameters f.
Also, we will discuss a computational method for such estimators,
based on a modification of the well known Cochrane-Orcutt algorithm
for the linear AR(l) model. In §4 we will specify the concept of
mixing condition that will be employed. In 85, we .are going to
describe the conditions on the model under which the semiparametric
estimator of B 1s root-T consistent, and has the same asymptotic
distribution as the least squares estimator, and finally in §6, a
summary of the chapter and possible extensions are given. The

lengthy proofs of the theorems are in appendices.

3.2.- THE KERNEL ESTIMATOR

Let z be a random variable and let g(z) be a Borel function such

that E|g(z)i1<=. Let K be a real bounded function such that:

ij(u)du-l.

Let us also assume a positive number a which depends on T, and it

goes to zero as T approaches to infinity. Then we define the
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Watson-Nadaraya type estimator of the conditional expectation of

g(z¢) given y=y by definition 2.1.2 of chapter 2, i.e.:

T
1 —
—_— :g(z )K ﬂk’ _
Tatz1 t [ a ]/(T% z K[ YaY;]

t=1

where ZK((Yt‘Y)/a)/Ta estimates the probability density function of
the process y. at the point y, i.e. f(y), and Eg(zt)K(Yt‘Y/a)/Ta

estimates f(y)E[g(z¢) tye=y].

Thus, if g(z¢)=u¢ and y¢=u._, we have that an estimator of

E[ugiue_,=u], given u, t=1,2,..., will be given by:

T
1 u-u T
(2.1 =— ) uy Kj——Lt=1 _
A .
t=2

It is worth noting that the K function is not constrained to be a
density function itself because, as it will be seen in section 5, we

want to allow K to take negative values.

The above estimator of P(Uj-1)=E[“t|“t—1’“j—1] is not generally
antisymmetric, but a modified version is. We modify it as follows

(and for technical reasons we also use the "leave-one—out" estimator):

T
~ 1 ﬁ-
(2.2) p(Yj_y) =gz z ue{R((uem,=u5oy) za) K ((up_y+ug 1) /) 3 (u,)
) t=2
t#]
where f(uj_,) is the estimator of the probability density function of

uj_, as defined in definition 2.1.1. But this estimator is not
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generally symmetric, as the density function of Uy, is by a result

of Pemberton and Tong (1981), thus we modify it as follows:

T
3z ) K((uemymugoy) /) R (o 4y 7 }=ECug )

t=2
t#]

If we are interested in an estimator of the derivative of
p(Uj_,)-E[ut|ut_‘-uj_|] with respect to Uj—ys this will be obtained
by differentiating the equation (2.2) with respect to Uy, i.e.

definition 2.1.3 of chapter 2.

3.3.- THE SEMIPARAMETRIC ESTIMATOR OF @8

Let the observations {y¢,x¢}t-1,..,T be from a random variable
(Y,X), where x¢ is a k-dimensional vector. The least squares
estimator of the parameters of the model (1.1) which takes into

account that the residuals follow a possible non-linear AR(1l) model,

i.e.
(3.1) ue=p(ue_,,0)+e¢ t=2,...,T

where p is an antisymmetric function in u._, and ¢ is a qxl vector of
parameters, may be obtained, for instance, by the Gauss-Newton

iteration procedure:

B -
(3.2) [aJ-[;]+(zaet/a)‘aet/a)‘u) 'zaet/a)\etl)\-[ﬁ' '3. ]n
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where the summands from now on, unless otherwise specified, run from

t=2 up to t=T, and (E',?')' is a previous estimate of the parameters

(B',6')".

If the initial estimator of the parameters is root T-consistent
then the second round in the iteration procedure is asymptotically
equivalent to the least squares estimator B and # which minimizes the

sum of squares

S(ye-B"xe—p(ue—,,0)) 2.

As was said in the introduction, when the autoregression function
of the residuals u; is linear, i.e. p(u¢_,,0)=fuc_,, the
Cochrane-Orcutt (1949) algorithm is asymptotically equivalent to the
Gauss-Newton procedure described in equation (3.2). It is worthwhile
writing down here the Cochrane-Orcutt algorithm, since the estimation

method is based on a non-linear version of this algorithm:

15t step: The 0.L.S. estimator of B is obtained, i.e g°-1.S.,

2nd gtep: An estimator of 8, 6' is obtained by regressing ug-l-s-

on ut_?-l-s-, where ut°-1~s' for t=1,2,... are the 0.L.S. residuals.

3rd step: We regress Yt=0'Yg-, on X¢—0'X¢_,, and obtaining and

updating estimator of @.

Repeat steps 2 and 3 up to the convergence of the parameter

estimates is obtained.

Step 3 can be rewritten as:
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(3 . 3) B‘E‘P (z (xt—xt_,g) (xt-xt_,a) ' )—‘2 (xt—xt_,a ) (ut-aut_, ) .

This method (Cochrane-Orcutt) is an iterative technique which
disregards the first observation. Therefore, it will be equivalent
to the G.L.S. estimator only asymptotically. We could adopt a G.L.S.
estimator by noting that the expected value of €,2 conditional on u,

is (1-602)u,? and to minimize

S (e B xe=0(Fe— =B Xe—y)) +(y,~B'x,) 2(1-02)

which is known as the iterative Prais-Winsten (1954) algorithm,

instead of minimizing the sum of squares
S (ye-B'xe=0(ye—y=B'X¢—y)) :

The Cochrane and Orcutt and Prais-Winsten are two particular
algorithms. Instead, we can use more general non-linear methods, as
the Gauss-Newton or Davidon-Fletcher-Powell iteration techniques, or
searching algorithms, by selecting a number of values of # over the

interval [-1,1], and to minimize simultaneously upon § and §.

If the innovations ¢y were normal, the maximum likelihood
function of B and # after concentrating out 0?2 ( the variance of the

disturbance ¢¢) and ignoring constants would be:

172 : : 2 2 202
(1027705 o8 xe-0ye-8'xe-1)) *+(7,-6" %)) *(1-07)]

or alternatively:

1/710g(1-6°)-T/210g[5 (y¢-B'Xe=0(ye- =B Xe—y)) +(y,-B8'%,)*(1-07) ].
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The M.L.E. would be obtained by maximizing the above equation in g8
and 6 by iterative or search algorithms. Since the first term of the
above equation does not depend on T, the G.L.S. and the M.L.E., i.e.
the § which maximizes the above term, will be asymptotically

equivalent.

Also, we are aware that the estimation procedure for this simple
AR(1) model can be generalized to the AR(P) or ARMA(P,Q) models, via
iterative and search algorithms, see for example Harvey (1981) or

Judge et al. (1985) for several estimation procedures.

Before introducing the semiparametric estimator of the parameters
f, a word about the reason why we use a non-linear version of the
Cochrane-Orcutt algorithm is worthwhile. The Cochrane-Orcutt method
is a step-wise optimization algorithm. It is based on the fact that
in the Gauss-Newton procedure (in the linear AR case) the asymptotic
covariance matrix for the estimator of B on the one hand and the
estimator of 6 on the other is block diagonal, i.e. they are

asymptotically independent.

In the non-linear framework, unlike the linear model, a closed
formula for the expected value of ¢,2? conditional on u, is not
generally possible. Hence, a "full" optimization algorithm where
"all" the observations were taken into account, as in the
Prais-Winsten (1954) algorithm, for.instance, would be difficult to

implement or impossible.

However, when the autoregression function of the residuals is

non-linear then # and fuc_, in equation (3l3) have to be substituted
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by:

ap(ut-—| lo)
a“t—l

and p(ug¢_,,0) respectively, given the announced non-linear version of

the "Cochrane-Orcutt" algorithm.

By a result of Pemberton and Tong (1981), a necessary and
sufficient condition for the probability density function of the
process u, to be symmetric is that the autoregression function is
antisymmetric given that the disturb;nces of the model, i.e. e, has
a symmetric probability density function. This result will allow us
to say that also in the non-linear framework, the estimator of 8 and
6 are asymptotically independent. So, as long as our interest is
focussed on the asymptotic behaviour of‘B, we can assume that the
parameter 6 is known throughout the remaining of the chapter, since

this parameter may be considered as a nuisance parameter.

On the other hand, in our model no functional form of the
autoregression function is assumed or specified and therefore neither
p(u,8) or its derivative with respect to u is known. Thus, we must
substitute it by a nonparametric estimator as described in §2 and
given by definitions 2.1.2 and 2.1.3 of chapter 2, which do not
depend on any functional form, i.e. equation (2.2) and its derivative
with respect to Uj-,. Since in the model the process ug is not

observed, we should replace the ug by an estimator Gt given by
ug=yeB'xe

which is updated at each iteration. (From now on, we will always let

u. be the t-th residual computed from the estimator of g that we will
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consider).

From now on, we are going to restrict ourselves, for technical

reasons, to discrete sequences of estimators ET according to:

Let § be an initial estimator (for instance the 0.L.S.) of B such

that:

T(B-8)=0p4(1)

then the estimator ET is given by one of the vertices of {f# such that

B=/TV(1,,1i,,....41)", 1,,...,1keZ) nearest to B.

Of course, BT satisfies the following more general discreteness

property.

Definition 3.3.1

A sequence {ET} of estimates is called discrete if there exists a
CeN such that independently of TeN fr takes on at most C different

values in:

Qu={B,¢RP ; JT160‘6I<C} c>0 fixed.

Lemma 3.3.1

Let {¢1(B),TeN) be a sequence of random variables which depends on
Bed,. If for each sequence (B7)<H, satisfying that /T(BT-B) is

bounded by a constant ¢>0 and

ET(ﬁy)-op(l) when 8 holds,
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then also ET(ET)-OP(I) holds under B8 for discrete estimators {ET}

which are root T-consistent.

Proof:

See Kreiss (1987), lemma 4.4.

From this lemma, it will only be necessary to establish theorem 1
in section 5 for sequences of estimators of the form ﬂT-ﬂ+thT".
where hy is a bounded sequence, because of ET is a root T-consistent
estimator and its intersection with any sphere of radius M/T~' center
in f is finite with cardinality bounded independently of T.

Therefore fr may be seen as a generalization of the discretizised

estimator ET-

We are now going to introduce the concept of contiguity of two
probability measures, see for instance the monograph by Roussas

(1972),as a criterion of nearness of sequences of probability measures.

Definition 3.3,2

It is said that two measures Py and Qr are contiguous if and only
if for every measurable sequence of events ATCRT, T=1,...,» fdQr—0

implies that fdPr—0 for such an AT as T— and the other way round.

Consequently, in order to prove theorem 1 of section 5, we will
prove that the probability measures generated by the computed
residuals Gt'Yt“ET'xt and by the true ones ug=~y.—f'x¢, that is the

probability measures generated by ET and by f are contiguous. The
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importance of this result is that if we are able to prove that
theorem 1 of section 5 is true under the probability measure
generated by the computed residuals then it is also for ghe
probability measure generated by the true residuals. Thus, in view
of lemma 3.3.1., the theorem 1 is also true for the discrete

estimator ET‘

Lemma 3.3.2

The measures generated by {Gt)t-u,z,... and [“t}t-1,z,... are

contiguous.

Proof

See appendix C.

As in other uses of kernel regression, the estimator B(Et_1) is
technically difficult to handle owing to the random denominator of
S(Gt_,) unless we assume that ug has a compact support and its
probability density function is bounded away from zero. Therefore,
in order to avoid such an assumption, we "trim" out small values of
f(ﬁt_,) as in Bickel (1982), Manski (1984) and Robinson (1988c). To
do that, we define b>0 which tends to zero as T goes to infinity and
fc_‘-I(lft_1|>b) where I stands for the usual indicator function.

Therefore, the semiparametric estimator of B will be:

x E[ Xe- éﬂ%‘{‘f:l Xy Te-y ](Gt‘;’(at—;)ft-n)-
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where 3/aut_,5(ﬁt_,) is obtained by differentiating equation (2.2)

w.r.t. ue_, and evaluating it at Gt—1.

3.4 .- MIXING CONDITION

As it was seen in chapter 2, the literature on mixing conditions
is very vast. Also throughout the years many definitions of mixing

processes have been discussed in the statistical literature.

For our purposes we are going to use the absolutely regular
condition, that as it was seen in the earlier chapter is stronger
than the strong mixing condition. On the other hand, this condition
is very similar to the one proposed by Gastwirth and Rubin (1975),

being in fact identical for s=1 (see chapter 2 for further details).

The reason why this mixing condition is used and not others is
because it is easier to handle in relation with the U-statistics and
V-statistics that we will encounter along the proof of theorem 1 in
section 5, and to be able to use the results of Yoshihara (1976) on
U-statistics for those processes. However, the strong mixing
condition could be used by employing the characteristic version of
the kernel function as it was employed by Robinson (1984) although we

have, in that case, to strengthen the conditions of theorem 1.
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3.5.— CONDITIONS AND THEOREMS

In the parametric case it was seen that the estimator of 8 was

glven by the equation:

(5.1) &“BT+(E[ xt—xt_‘ap(ﬁt-x'ﬂm ) ]x[xt_xt_lap(u:_],ox) ],)_|
Oug—, due_,

X Z[ xt—xt_‘ M ](ﬁt ‘P(ﬁt—1 vaT))
t—

while in the nonparametric case was given by the equation:

(5.2) F*=Br+(3[xe- Op(ug-) xe_y Loy )% [xe- a"—;‘itﬂl xt—lft—l] )
t-1 t—

x Z[xt— §£é§£:ll xt-tit-1](Gt—a(ﬁt—v)ft-1)'
t—1

The adaptiveness of the semiparametric estimator f* will be
established in two steps. In the first one, it will be shown that
/T(ﬁ—ﬁ*) is op(l). In the second one, it will be proved that the
parametric estimator B is square root T consistent and moreover
/T(B~6) converges in law to a Normal distribution with zero mean and

variance-covariance matrix ¢2V7'.

From equations (5.1) and (5.2) it is easily seen that /T(B—B*) is

equal to:

1 . Op(U¢_,,0 dp (ue_ ,0 '
( Z[Xt-xt-l %o (Ug-,.07) ]x[xt_xt_1 9p(ur—,,07) ] y-!
aut—l due_,

25 [xexe-, 2P Ce=101) | (@e-p (@, 0m)))-

x (
Ti aut—1
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1 Op(Ur_,) = FPUr_y) = Y1y
(7 3[xe*e- e lTpy) Te-s ) [xe%e-s elue-,) Te-, )"
a“t—t aut—l

t—1

In order to prove that Ti(ﬁ—ﬁ*)-op(l), it will be sufficient to
show that the next two expressions, namely:

1 dp(up—,) = p(up_y) = 7!
(5.3) TZ[Xt‘Xt-a—BSEL—*l It— ]x[xc'xt—1-££gs—ll 1t-1]'
aut—l a“t-i

15 [rexe 22802001 Y [pxy, 2000m1:0D) )
Sue_, Ouc_,

and

1 aA-_ - -_— A - —
(.4) = E[xt’ %eue=y) Xe—11e— ][ut'P(ut-1)It-1]
T a“t—l

'[xt‘xt—l ue-p(ug—,, 1) ]

are both op(l).

Recalling that the probability measures under (#,6) and (ET,B),
i.e. P(ﬁ,O) and P(ﬁ,d) at 6—§T, are contiguous, to prove that (5.3)
and (5.4) are op(l), it will suffice to show that they are op(l)
under the probability measure induced by (ET,B), e.g. by Gc'Yt‘ETxt'
since by lemma 3.3.1, it will be true that (5.3) and (5.4) are both

op(l) under the probability measure generated under (f,0).

(5.4) can be split into the following three terms, i.e.

(505) 1/Ti Z(P(Et-q ,OT)'B(Gt-1 )Tt—,)(xt"‘P' (Gt—1 )0T)xt—1 ) ’
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(5.6) bySxeee([-228=a) T, ][22y 0],
aut—l a“t—i

and

(5.7) %52*:-:92535:12 Tt-l(p(at-l'oT)-B(Gt—I)TC-I)'
t-1

As long as interest is focussed on the asymptotic distribution of
B and to show that JT(B—ﬁ*)-op(l), in view of the discussion in
section 3.3 it will be necessary to show that (5.3), (5.5)-(5.7) are
op(l), where instead of writing p(ue_,;01) or its derivatives with
respect to ue_,, we can write p(u¢_,;0) or its derivatives with

respect to ug_, in order to prove theorem 1 below.

Also in theorem 2, we will give a proof for the case in which the
p-function is perfectly known, i.e. its functional form and its

parameters 0.

We will adopt the "higher-order" kernel approach to bias-reduction
proposed by Barlett (1963). Since a sufficiently smooth function
behaves locally like a polynomial of a certain degree, we can exploit
this property by using a kernel function with enough zero moments, so
that the bias can be reduced rapidly enough with a. For a
construction of such kernel functions we refer to Robinson (1988c) or

Prakasa-Rao (1983).

Definition 3.5.,1

Ky r>1 is the class of functions K:R—R satisfying:
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[puik(uwydu=sio 10, ... ,2-1

where 61j is the Kronecker delta.

The classes K, confer increasingly small bias on kernel
estimators as r increases, but also increasingly large vériance, the
latter varying directly with f K(u)2? du. However, the asymptotic
distribution of g* is independent of K, detecting no disadvantage in
a Ky, with even arbitrary large r. Nevertheless, it would be
surprising if, in finite samples, B* did not to some extend inherit
variance properties of the kernel estimators from which it is
formed. Then, while increasingly r cannot shrink, and may widen, the
band of a-sequences satisfying the theorem 1, we caution against

choosing r too large.

Some further, practically unrestrictive, conditions on K will be

imposed, such as boundedness and thin tails. Introduce:

Definition 3,5.2

Ny={K:R—R; f1ul#1K(u) 1du<w}.

Definition 3,5.3

Suu-{v:veR/lu—V|<y} VueR, 4>0.

Choosing KeK, will not work unless the function p and f are

collectively sufficiently smooth, and it seems reasonable to suppose
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that the smoother they are the better g* will on average be.

Definition 3.5.4

A“-{K:R—aR;szp|u|#|K(u)|<m}.

Definition 3.5.5

20={g:R—R; f1g(u)1?® f(u)du<w} and f(.) is the probability density

function of u.

Definition 3,5.6

Xﬁ is the class of g functions belonging to =% such that there

exist heZ® and some 4>0 such that:

1g(u)-g(v)-Q(u,v) |
sup < h(u), a.e. (u)
VESyy lu-vi#

for integer m such that m-1l<uc<m

m-1
r
Q(u,v)= z ;%[ 9 g(“)](u-V)"
r=1

oul

and _9;%&32 =

Loosely speaking, Xﬁ consists of functions g which can be
expanded in a Taylor series of degree (m-1) and with a remainder term
of degree u, whose coefficients have a finite a-th moment as do g and

its first m-1 partial derivatives.
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ASSUMPTIONS

Al.- The process u; is a stationary absolutely regular
process with finite 2+5-moments for some §>0, and where the mixing
coefficient {(n), given in definition 2.3.3, satisfies

f(n)-O(n'[(’+5')/6']) for some &'>0 and 0<§'<é.
A2 .- x¢ are either stochastic or nonstochastic, and in the
former is a stationary and ergodic vector process with

finite second-moments.

A3.- x¢ and ug are independent for all t and s for the

stochastic x¢.
A4.- the p function belongs to X#*® where A>2 and 5>0.

A5.- f(u), the probability density function of u., belongs

to F§ where A>2.

A6.- Ta®b4—o as T—w,

% 1+ 1+
A7.- T "a 2+5 b—» where:
2(5-6") .
5 (245 with 8 and 4 as in Al.

A8.- ar"2b"2,0, where )\ is as in A4 or AS.

A9.- Tadr\—2p—4,0,
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Al0.- The kernel function K belongs to K,, and has first

continuous derivatives.

All.- The characteristic function of K, x(v), defined by
iuv ‘
c(or=[cret

is such that |vk(v)) is integrable.

Theorem 1

Under Al to All:

T (8*-B)=op(1).

Proof:

See appendix A.

Remark:

In appendix A, we will use u¢ instead of Gt to make easier the

notation.

Before writing down the assumptions needed for theorem 2, a

comment about the assumptions A6-A9 is necessary.

While A6-A9 prevent b from converging to O too fast, there is
nothing to stop it converging arbitrary slowly. If the rate of

convergence of {(n) is geometric then 4 can be taken equal to 1. In
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that case, A7 is weaker than A6. This will be the case for all the

examples that they will be studied in the next chapter.

For sake of argument consider the case 9=l1. A sufficient
condition for reconciling A6, A8 and A9 is: b-'-o(az_x/4)- and thus,
A6: T 'a~(4*M)_50 or finite, and A9: Ta3» —0 or finite. Thus, to

reconcile the last two, we can take a-O(T-‘/3x)°

A kernel function which satisfies A10 and All and also definitions

3.5.2 and 3.5.3 is:
(1.5-0.5u?)K(u)

where K(u)-l/ji;exp(—l/zuz).

For the asymptotic convergence of /T(B-B), it will be assumed the

following conditions:

SUMPTIONS

Bl.- Let ¢, be an i.i.d. stochastic process such that:

Eleg)2T<o  where r3l.

B2 .- E[xt-xt_,M]x[xt-xt_,M]'
Jdu
t—1 t=1

exists and is positive definite.
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- 2 2
B3.- [——9—25252—] has finite 1+ moments, where §>0.
dug

Theorem 2 -

Under B1-B3 and also Al-A4 we have that
/T(ﬁ—ﬂ) is asymptotically N(0,02V™') where V is equal to X'®¥X and
¢=diag(l,1+Ep'(u¢)?,...,1+Ep"' (ue) 2)-Ep’' (ue) (JHJ') where J is a matrix
whose (1,j) element is 1 if j=i+l and i=-1,...,T-1 and zero
otherwise. This V matrix is consistently estimated by:

[%Z[Xt—xt—qégsgizll—]x[Xc—xt—n‘égﬂu = )]']
aut- 1 aut_ 1

and being 02 the variance of the residuals eg.

Proof:

See appendix B.

3.6.— EXTENSIONS AND CONCLUSIONS

We have dealt with a very simple linear regression model where the
residuals follow an AR(1) model, but where its functional form is
unknown to the practitioner. A semiparametric estimator of the
regression parameters has been proposed, whose asymptotic

distribution function is the same as that of the parametric
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estimator, although we have posed an open question about the
efficiency of the estimator, which we are only able to answer by a

Monte-Carlo experiment given in the next chapter.

Several extensions could come to our minds in view of the studied

model, but three of them are the most obvious. ' -

The first extension to the model is when the residuals follow a
non-linear AR(P) with P>1. 1In view of the proof of theorem 1, it is
obvious that the proof for this case is only a mathematical

complication in notation terms, although they are the same.

The second extension is when we have lagged dependent variables in
the regression model, i.e. we have Ye-j in the x¢ vector. This
extension could be more interesting from an econometric point of
view, since in a lot of applied work lagged dependent variables

appear in the regression equation.

In this case, the problem of mis-specification might be more
important, because we can have inconsistencies in the estimation of
the parameters affecting the lagged dependent variables, by using
estimation procedures as the Gauss-Newton algorithm, or Hatanaka

(1974) algorithm.

The last possible extension of our model by inspecting the proofs

of our theorems 1 and 2 is the non-linear regression model.

Like in most of the nonparametric literature there exists a

problem in how to choose the "bandwidth" parameter a. This problem
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is far from being solved, although some attempts have been made.
However, some possible cross-validation could be applied to our
problem. This entails a hugéicomputational burden, and whether for
this choice of a theorem 1 still holds is a question that remains to

be answered. Even the consistency of the semiparametric estimator

with this choice of the bandwidth parameter may be difficult to prove.
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ootnotes

(1) Although we are going to discuss the case of a general P in
the introduction, we are going to discuss only the case for P=1 in
the remainder of the chapter, mainly to ease the notation and

arguments.

(2) We understand for stable singular point, a point in which in
the absence of pertubations in the system, this, the system, will
tend to that point. This is analogue to the concept of stable point

in a differential equation system.
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APPENDIX A

NOTATION

From now on we will denote Kj,z and Kj,—z by:

Ky, z=K[ZE] and kg, _~k[ZE].

The derivatives of the above equations with respect to z are

going to be named Kj,z and Kj,—z respectively.

Also we write Ej,z and ﬁj,z for:

Ry, R[S %[5

a

and

KJ,Z-K[51§E]+K[51§E] respectively.

The first lemma is taken from Robinson (1988c), but owing to its

importance we think that it is worthwhile reproducing it here.
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Lemma 1

Let f(u)g(u) be a function that belongs to X§, and the kernel

function KeAgnNynK,. Then, if \ satisfies r-1<i<r where r>1

A1) swp | [ 2Ky EWEWA -£(2)g(2) [-0@.
Z

Proof:

Call the function g(u)f(u)=h(u). Since h(u)eXy, there exists a

function Q(u,z) which is equal to:

r-1
i
h(z)+ z I% (u-z)1%"h(z).
i=1 dul

Define R=E,,uE;,, where p>0 and Ezp={u/1z-ul<p}. Define also

A(z;E) by:

[ea "K[ZE) (b (w)-h(z))au.

Therefore, (A.1) is less than or equal to:

sup|A,(z;Ezp)|+sup|A2(z;Ezp)|+sup|A(z;Ezp)|
¥4 z z

where:

A, (z;EZp)-]Ezpa"K[i;-z-] {Q(u,z)-h(z)}du

and

A,(z;Ezp)-IEzpa"x[“;j]{h(u)-Q(u,z)}du.
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Now then, A,(z;R)=0 since the integrand has only elements of the

form:
[uix(u)du

and they are equal to zero since KeK,. Therefore A,(z;Ezp)s

-A,(z;fzp). Because r>1, we have that:

r-1
IQ(U,Z)-h(z)lI(ueEzp)<M S Iu—ZISI(ueEzp)
s=1

<M |u—zlkl(uefzp).
Recall that we are in the set Ezp, and here ju-z|>p>0. This

implies: ju-z|<Mju-zj2<...<Mju-z|}. Hence, applying lemma 1 of

Robinson (1988c¢c) we can conclude that:

suplA,(z;Ezp)|-0(ax).
z

Because |h(u)-Q(u,z)I<M ju-z|> , ueEzp it implies that:

sup |A2(z;Ezp)|-0(ax) as well.
z

Finally,

sup |A(z;§zp)| <2sup h(z) Iﬁ a-'IK[Egi] |du
z z zp

<M a-1p—x I lu-zlxlk[gif]ldu

=0(al)
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by lemma 1 of Robinson (1988c).

Lemma 2

Let z, be a stationary strong mixing stochastic process as it was
defined in definition 2.3.2., with strong mixing coefficient a(n)

such that:

Zna(n)8/2+6<°°

and g(zy) has finite 2+ moments, and §>0. Let the function g(z)£f(z)

be such that it belongs to X{¥ and All, then:

T
A.2)  sup | — z g(z)K[HZE)- g(2)f(2) [=0p(a*eT78a ™).
z
j=1

Proof:

In order to prove the lemma we are going to use the trick of
employing the characteristic function of the K function, and hence to

be able to avoid the term in z.

The left hand side of (A.2) is bounded by (A.3)+(A.4), where:

T
A.3)  sup | % z g(z§)Kq, 2~ E&(z{)Ky 2
z j-l
and
T .

(A.4) sup I %E z Eg(z§)Ky -£(2)g(2)].
z .
j=1
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- For (A.4) we apply lemma 1 to conclude that it is O(aM).

- For (A.3), we have, by taking into account that «x(z) is the

characteristic function of K(z), that the expectation of this term is

equal to:
T .
E supl Ix(av)e“iuz[% z g(zj)e-iuzj-Eg(zj)e—iuzJ]dvl
z =1
T
(A.5) <I Ix(av)i EI % z g(zj)eiuzj- Eg(zj)eiuzj|dv.
j=1

But, on the other hand we have that :

T
El % z g(zJ)eiuzJ-Eg(zj)eiuzJ 2-O(T—')

3=1

since the L.H.S. of this equation is equal to:

T T
1 z Var[g(zj)eiuzj]+—g z Cov(g(ZJ)eiuzj,g(zm)eiuzm).
T? T2

j=1 m<j

By assumption, g(Zj) has finite 2+é moments, so the first term is

clearly O(T™'). About the second term, its absolute value is bounded

by:

T
2
% z a(j) /2+6E|g(zj)eiuzj|2+6

j=1

by Davydov (1968) inequality, and as the function g(zj) has finite
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2+5 moments we have that also this term is O(T™'). Therefore the

equation (A.5) is Op(a"T—i) by also using All.
Q.E.D.

Lemma 3

Let z; be a stationary strong mixing stochastic process as it was

defined in definition 2.3.2., with strong mixing coefficient a(n)

such that:
3 a(n)6/2+5<w
n

and g(z.) has finite 2+5 moments, and §>0. Let the function

a/azg(z)f(z) be such that it belongs to X¥ then:

T
a.6) sup | 2= J-g(zK* [B7Z)- 8/3,8(2) £(2) |~0pta+ Ea7Y).
z Ta? a
j=1
Proof:

We are going to prove the lemma by the usual trick of employing,
once again, the characteristic function of the kernel function K, and

so to avoid the term in z.

The left hand side of (A.6) is bounded by (A.7)+(A.8), where:

T
(A.7) sup l —l— Z—g(zj)Kj’z- Eg(ZJ)Kj,z
z Tazj_1

and
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T
(A.8) sup | 1 z Eg(z)K],z-3/52£(2)8(2) | .
z Tazj_l )

- As far as (A.8) is concerned, this is equal to:
sup | l‘l; KY,z8(21)£(21)dz§-3/5,£(2)g(2)
z a

and calling g(z)f(z)=h(z), we have that this term is equal, when we

integrate by parts, to:
1 1 _,(z5-2
- £ K[2) h(zj)l [z k[BE]n 2 dzy-h (2)
and arguing as we did in (A.4) of lemma 2 we have that is 0(a}).

- About (A.7), we have that the expectation of this term is equal

to (taking into account that x(z) is the characteristic function of

K(z)):

T
E supl ivx(av)e‘i“z z g(zj)e luz j-Eg(z )e j]dvl
j-l
T
(A.9) <j ivk(av) i EI % Z g(zJ)eiuzJ- Eg(zj)eiuzjldv.
j=1

But, on the other hand we have that:

E| H z g(zpe -Eg(zpe!™ |"0(17")
j=1

if we argue as we did in the preceding lemma. Therefore (A.9) is
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Op(a'zT‘i), and the lemma is proved.
Q.E.D.

For the next lemma we are going to use the following notation:

(A.10) x§f§ - ril K" (2] .
a

where KT¥(u) stands for the r-th derivative of K(u).

Lemma 4

Let {zj’j-1,z,... be an absolutely regular stationary stochastic
process, as it was defined in definition 2.3.3.. Then for r>1 and
a>0, and assuming that the r-th derivative of the probability density

function of zj exists, then:

E|K§f} |a-0(a(1—a)-ra).

Proof:

Pretend for the moment that zj and zj are independent. Then we

have that:
Elkér)la-a(““)'ra [ 1K) (v)188(21) £ (2 +av) dzydv
tal1-0)-ra [ 1K) (v) 1o
(A.11) =0(a(1-a)-ra)

where M is a generic constant.
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But (A.11) also holds for absolutely regular processes in view of

lemma 8 of Denker and Keller (1983).
- Q.E.D.

Lemma 5 -

Let v be a random variable with probability density function f(x)

such that f£(x)#0. Then:
E{Iy}—1 as b—0, where:
1 if f(v)>b

Iy~

0 otherwise.

Proof:

It is immediate.

Lemma 6

Let g(u), ﬁ(u) and f(u) be the kernel estimators of the functions

g(u), h(u) and f(u) respectively such that:

(A.12) supig(u)-g(u) 10y (T~ a™+a}),
u

(A.13) suplﬁ(u)—h(u)|-0p(T‘ia'3+ax)
u

and

(A.14) supiE(u)-£(u) 1=05(T-1a"1+ad)
u
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and assuming that A(ug) is Op(l) and I=I(£(u¢_,)>b) then:

T ]
(A.15) Z A(ug) LB TB(ue)) (Rug) hlug)) §
Thely (up). £(up)

T-3a~(a+B) 4a2rTisar—04 g - ]

=0
p[ bz-bca[T-ta_‘+ax]

Proof:
Using the facts that

1) (f(ug)-supif(ue)-£(ue) NIeiE(ue) 11
ue

and

2) The L.H.S. of the above inequality, i.e. (f(u¢)-
suplf(ut)—f(ut)l)It is a positive random variable except in a set S

which measure tends to zero as T goes to infinity,

we have that the absolute value of the L.H.S. of equation (A.15) is

less than or equal to, for T sufficiently large:

sup |é(ut)-g(ut)| sup|ﬁ(uc)-h(ut)| T
t t

I 1 z IN(ue) i Ie

=
Tem1

£2(ug)-f(ug)supiE(ue)-£lue)
t

but by equations (A.12)-(A.14) and because IN(ug)i is Op(l) we have

that this last term is in fact:

0 [ T-3a—(a+f) 4a2) 7} +a\‘0+aX'B]
p .

bz—bca[T-*a_'+ax]
Q.E.D.
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Lemma 7

Let ug be a stationary absolutely regular stochastic process, as
it was defined in definition 2.3.3.. Assume Al and A6. Let

7-2(6"5')/6c(2+6)>0. Then:

T
(A.16) z [REI_T Z ega K¢, S—1]It-1-op[T(3/z—7/2)a—(’+5/2+6)b-‘]
t- ’ ’
t=2 ‘ s=2
Proof:

We have that the L.H.S. of equation (A.16) is equal to:

T
1 L 1 -1%
(A.17) z Ty 5% Kemr,s—ilemt oy 668 Koot Ts—

t<s

Calling y¢=(e¢,ug-,) we have that (A.17) can be written as:

T
A.18) ) g(ys.ve)-

t<s

On the other hand, we have that the expectation of the function
g(¥s,y¢) with respect to yg or y¢ is equal to zero, since by
construction the function Et-|,s—: is antisymmetric in its
arguments. This implies that as long as the function g is symmetric
in its arguments we can apply the theory already done for
U-statistics to conclude that the expected square of (A.18) is less

than or equal to: ~
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b 17 [E [7: Keoy,s-1) 2Hs] Yaws

and by lemma 4 this is in fact:

1+5

0 3"’&" [2_+6

plr ba).

Q.E.D.
Lemma 8

Let ug be a stationary stochastic process satisfying the same

conditions as in lemma 7. If in addition we assume A4 and A8 then:

T
1V (EQue_,)-f(ue_,)
A.19) — ) 1 — )T =0 (1).
a19) = Zz[ =] p(ue- ) Temymop (1)

t

Proof:

The L.H.S. of (A.19) is equal to:

T
1 Reoy s (ug—y)
- z [_:_155_1 - 2f(ut_1)] %TGLZLY Ie_,-
2T1i t—1
t,s
T
1 Rey sy 1. o o(up_,)
(A.20) ;%Zs[ [Feps=t - 2 o Remy om] Bl Temr
Rey ¢y 1 5 (ug—,)
[_S_é*i.l -2 Et—1Ks—|,t—1] %?G§:TT Is—,]
T

1 Ky oo p(ue_;)
(A.21) — c-2[[ [ =S f(us_,)dus_,]—Zf(ut_l)]TZEtL_:-; Ie,.
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As regards (A.20), call g(ug¢_,,ug_,) the term inside the square
brackets. It is easy to show that the expectation of this term over-
each of the arguments when they are taken as independent is equal to
zero. Also, as long as the function g(.,.) is symmetric in its
arguments we can use lemma 2 of Yoshihara (1976) on U-statistics to
conclude that it is op(l). In fact this term is:

145

oply 772, el 1]

— As far as (A.21) is concerned, it can be rewritten as:

T

-l_i z h(ut_.l)
T2e02

where h(ug_,) is equal to the term inside the summand of (A.21) and
it has zero expectation. Thus, as long as ui_, is absolutely

regular, we have that the second moments are bounded by:

T T
% z Eh2(u,_,)+ z I(n)6/2+5(Eh(ut_,)?+5)2/2+5
t=2 n=1

but we have that the expectation of the term in the square brackets

of (A.21) is o(l) by lemma 2. Therefore the lemma is proved.
Q.E.D.
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- NOTATION
T .
~ -~ 1 —
g(u)-f(u)p(u)-m z ug Kg—y,u
s=2

and g(u)=f(u)p(u).
In view of the contiguity property, I will write always ug
instead of uy, where ug=y.—f'x¢. Also I, will stand for:
1 if £(ue)>d
0 otherwise

and b—0 as T—o,

From now on, t=2 or s=2 below the summand sign means that the
summand goes from t=2 up to t=T or s=2 up to s=T, unless otherwise

specified.

Proposition 1

Let uy be a stationary stochastic process satisfying Al, A4-All.

Then if f(u)p(u)eX$:

(A.22) =} (plugey)=p(g—) ) Tem)p* (upmImop(1).

1
=
T2
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Proof:

The L.H.S. of (A.22) is equal to:

(A.23) 7 ) {plug-y)-P(ve_)}p" (ug-y) e,
T
t=2

(A.ZA) + —% z p(ut_‘)p'(ut_,){l—lt_,}.
T2

— About (A.24), we have that:

E((A.26))= 7 ) Ep?(ug,)p' 2(ue-y) {1-T¢,)?

t=2
T
+ 2 E) (pCug-y)p’ (emy) {1-1e-,}) (oCugoy e’ (s ) {1-Ts, 1)
t<s

which is op(l) by lemma 5 and the mixing condition of the stochastic
process ug. Note that E(p(ug)p'(ue){1-1¢})=0, by symmetry of the
probability density function of ug.

- As far as (A.23).

This term can be split up into two terms:

] p' (Ue—y)I¢—,

and
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1 ) GSRC-I,S-l
S=
(A.26) — z P (ue—y )Ty

Tit_z sgzit-l,s—l

(A.26) is the easiest one. This is equal to

1 ) 8sEt—t,s—t

s=2 . '
(A.27) aT'itzz Tluc—;) p' (ue—y)I¢,

( 3 esKeoy,gq) (Elup—y)-£(ue_,))

1 -
(A.28) * z ==2 p' (Ue— ) Teoy -

ar1it_2 E(ue_,)  £(ue,)

By lemma 7 and since Eilp'(ug_,)1<M<w, we can conclude that (A.27)

is:

1+6

oy 2, ),

Using the facts that:
1 = —3a—1
suplT; ( ZzesK:—1,s-1) =0p(T72a™')
t S=

and

sup (%(ut_,)-f(ut_1))-OP(T-53-1+3X)
t

by lemma 6, we conclude that (A.28) is:

T-$a—2+ar1

=0
p[bz-bca[T-ia_ua)\]

-op(l) if:

Ta%b4—0, and a*~1b~20.



-93-

Thus, the term (A.26) is op(l). Therefore, in order to prove the
proposition it only remains to show that (A.25) is also op(l). Now

then, it is very easy to see that it is equal to:

T
(A.29) 1 Z (g(ue_,)-glue_,)) (£(ue_,)-f(ue_,)) .

-~ t—1P" (ue—,)
Telp f(ue—,) - flue-,) 1 1
T -~
(A.30) + _1 z p(ut_‘)(f(ut—i)-f(ut—j))z It-«|p.(ut’l)
s, Bug-,) £2(ue-,)
T ~
1 (FQue_,)-f(ue_,)) '
(A.31) + —tzzpcut-o ) Eem)) 1 ue )
T ~
1V (g(ue_,)-g(ue_,)) '
(A.32) + —;t-2 tfzut_i) 1 Ieyp' (ue,).

About (A.29) and (A.30), we apply lemma 6 to conclude that they
are op(l). About (A.31) we call for lemma 8. Therefore it only
remains to show that (A.32) is op(l) to conclude the proposition.

But this is equal to:

T
1 Keo . o 1 '
;;Ti z [[p(us_‘) a - Zf(ut")p(ut‘1)] ITGE:TT Ie—yp' (Ue—y)

t<s

B33 4 [ptueyaRemigems - 2ug- I us-y)] Ty Temsp' (851 ],

Let h(ug_,,ug_,) be the term inside the summamd sign and

h(ug—)=Eg— h(ue—, ,ug-,)
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~(JoCus-0Remy 5 ECugoy) fadug-, ~2£(ue,)pup-, IEFRE=LTe .

‘We have that (A.33) is equal to:

T
1 z h(ue_,,ug_y)-h(ue_,)-h(ug_,)
2174

t<s

. L h(ue—,).

For the first term we apply once again lemma 2 of Yoshihara
(1976). And for the second one, arguing as we did in (A.21) of lemma

8 we have that is equal to op(l).

With this term we have concluded the proof of proposition 1.

NOTATION

For the next proposition, g(u)-a/auf(u)p(u) and g(u) is the

nonparametric estimator of this g function.

Proposition 2
Let ug be a stationary absolutely regular process, as it was

defined in definition 2.3.3., satisfying Al to All. Then:

1 o )
(a.34) ;;tzzet[aﬁz:T p(ue—y)Ie—,- EGE:TP(“t—t)]-OP(l)'
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Proof:

The L.H.S. of (A.34) is equal to:

(A.35) 1 z eep' (ue ) {1-I¢,} +
Tit_z

A.36) = ¥ ee(p" (uemy)-p' () Hems
Tit_z

- About (A.35), only it has to be noted that €y is an i.1i.d.
process with finite second moments (p'(u) may be considered as a

bounded function) and using lemma 5 we conclude that this term is

op(l).
~About (A.36). This term is equal to:

1 =
Ta z €sKe—1,s-1
.37y L z €c Srz I,
Tit_z f(ue_,)

1 —_
Ta z €sKt—1,5-1
(A.38) + 1_ z et 5-2 f' (ut—l) It—<|

T 2, E(ue_)) Eue_))

1 —
Ta z p(uS-I)Ké—I,S-1

@.39) L z e s:2 _ gluey) I,
T} f(ue-,) £(ue-y)

t=2

1 —
Ta z p(ug—)Ke—y sy
s=2 %'(ut,l)
E(ue-y) B(ue-,)

(a.40) + L z e[
T 2,
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p(ut-—| )
T £' (ue—y) ey -

- About (A.37). We are going to do the same trick as usual, i.e.

to split it up into two terms:

1 =
Ta / €sKt-1,s-1
a1y L) 522 I,
T 2, £(ue_,)
and
1 1 =1 1 1
(A.42) -—-z et -,E Z €g Kt-‘l,S—'l [A - ] It—‘l'
T 2, o fFlue-,)  £ue-y)

As regards (A.41), this term is equal to:

1 S K K;
e (e R (e R
aT‘tt<s t—1 S—1

and, once again, a straightforward application of Yoshihara (1976)
lemma 2, when we take (e¢,u¢—,)=2z¢, and bearing on mind that EZ
h(zg,z¢)=0, then this term is op(l). (By EZ, is meant the conditional

expectation on zg).

As far as (A.42) is concerned, it is just only an application of
lemma 6 once again, and therefore we have that it is also op(l).

Hence (A.37) is op(l). In fact (A.42) is:

T-3a=3+ar~2
[bz b -4 =1 A :
-bey[T ‘a +a ]
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— About (A.38). Once again we are going to split up into two
terms:

1 1 = £'(ue_
(A.43) E z E¢ ﬁ z €g Kt-l,s-‘l —(_Lll It-l

=2 =2 £2(ue-y)

(£ Qup_ )~ (up_ 1))

~ t-1
£2(up,)

1 1 =
(A.ll[&) + —;— z €t ﬁ z €g Kt_‘ ,S—1
T t=2 s=2

(A.44) is op(l) as we did with (A.42) since:

sup 13egKe—y, 5| 'Op(T5)
t s

and

sup|f'(ut_')-f'(ut_,)l-Op(T'fa‘2+ax")
t -

and if feF{ it implies that f'eF{_,. Hence (A.44) is

T-$a~3+ar"2

2—bco[T_éa_'+a>‘]

=0 =0,(1).
P[b P

About (A.43), we have that it is equal to:

1 1 = £'(ue_,)

_; €t T4 Z €s Ke—q,5-1 _;_—i—l- Te-,*+

T2 s=2 £2(ue-y)

1 1 = £'(ue_ £'(ue_,)

-/ €t Tz z €s Ke—y,5-1 [. (e _ =1 ] It—y-
T 2, o2 £2(ue_,)  £2(ue-y)

Therefore, the first term is op(l) by U-statistic theory (see

Yoshihara, 1976), and using assumption A7 for the rate of
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convergence, and the second by taking the supremums as it was done in
(A.44) for instance, and using assumptions A8 and A9. Thus, (A.38)

is also op(l).

— As regards (A.39). As we did in equation (A.25) of proposition

1, this term can be written down as follows:

T
(A.45) A €¢ (g(“t-l)_gfut—j))(f(ut—l)_f(“t—l)) Te_,+
Ti.2) fF(ue-,) . f(ue-,)
T A
a.46) = ) ey B i) TWe=)) 7y
Tie=) Bug—,) . £2(uey)
T . .
(A.47) _12 ep 8Emy) (B )-FCue))) 4
‘/Tt-Z fz(ut—~|)
T ~
1V (g(up_,)-g(ue_,))
(A.48) f,l‘,t-z fEUt-I) 1 €¢ It—l'

- For (A.45) and (A.46) we use lemma 6 to conclude that they are

op(l), by assumptions A8 and A9.

— As regards (A.48). It is easy to show that this term is equal

to:

T

1 1 — 3
‘}tzsf(uZE‘) [7; P(us—v)KE—u,s-y_[EEE:T f(ut_|)p(ut_1)] Ie,
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and in a more compact notation to:

(A.49) _l; h(ye,ys)

1
T t<s

where y¢=(e¢,up—~,) and h(y¢,ygs) is equal to:

1 % 3
f(uz_,s [ 3 Plus- Kty o lgm— f(ue-)p(ue-y)] Teo,+

1 —_
sy (2 p(uc-,>xa-,,t-,-[3;§:; £(ug—1)p(ug_y)] Is,.

Therefore (A.49) can be written as:

T
@50 L ¥ nyeoy,yee) e Blyanr),
2T'it<s

(A.51) -l; z h(ye-,)
21t &,

and
= 1 = °
B e-)~prmay [ 7 Bys (P (s-1 )Rt 5-1)~ (g ECue-)P(e-p)] Temy-

Thus, the term (A.51) is op(l) since H(yt_‘) is a martingale

difference and by lemma 3

3
t-1

sup |3 By (pCusRemy, sm)= G2 £(ue)pCuey)| Temymop(D)

and as far as the term (A.50) is concerned, once again, we apply the

U-statistic methodology to say that it is
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op[y 172, %;% —lb_'].

- As far as (A.47) is concerned, this term is equal to:

T
1 Uge_ 1 -
—T; z €t 55_2_12 [; Kt—t,s-t-Zf(ut-1)]It-1
2T t#s f (ut_,)

which it can be written into the sum of

T
a.52) L ¥ h(yey Yemi) Ry B(rs-y)
214
t<s
and

(A.53) _l; R(Ye—,)
art &)

where h(y¢—,,ys—)=

(ue_y) 1
ep BEm1? = Ry, ,s—1'2f(“t-1)]1t—1+

£2(ue-,) O
Ug_ 1
€s {us-y) [; Ks—1,t—1-2f(us—1)]ls—1
f2(ug_,)

- 1 -
and h(yt-|)'fffﬁi:7)[ 2 By(Rey,s-0)-26Cue- ) ]8(ue_y) Tey,

Obviously, there is nothing new in this two terms with respect to
what we have said in (A.50) and (A.51) respectively. Thus, these two
terms (A.52) and (A.53) are both op(l).

With this, we conclude that the term (A.39) is op(l). Therefore,



-101-

in order to prove the proposition, it only remains to show that the

term (A.40) is op(l).

- As far as (A.40) is concerned, i.e.:

1 -—
Ta z p(ug—,)Ke—y 5
N T R AICS]
T} f(ue—,) f(ue-y)

p(ut—| )

F{ Crro) £ (ug—y) Pe—y

can be written as:

(A 54) 1 z f (ut—'.) (p(ut—]) P(ut—1))

T t=2 f(ut_‘) t—
Tie2p t“

(B(ue—)-£(ue—y )2 E(ueo,)-£(ue_,)
+ +

E(ue-y)E2(uey) £(ue—,)

(B (up— )£ (up— ) (F(ug—y ) -£(ue—,))

T,
f(ut_,)
(£ ue_)-E'(ue 1)),
(A.56) + — ) eep(ue_,) 1 1
T4 tzz PVt~ [ f(uc_,)
(Fue—)-fue_ 0?2 E(ue_)-f(ue-y)
+ +
%(“t-1)fz(ut—1) f(ue-y)

(B (ug—y)-£' (e ) (BQueo ) -£(ue—y))

- Ie,.

£(ue—,)
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Each term from (A.54)-(A,56) is op(l) since their terms are
nothing different from what we have done in proposition 1 or in

proposition 2 up to now.
Q.E.D.

Proposition 3

Let u¢ be as in proposition 2. Let also assume the same

conditions as in proposition 2. Then:

A5 L) xe, (hlup-y)-plug- N EEE=) 1m0,
Tit_z t—1

Proof:

The L.H.S. of equation (A.57) is equal to:

1 ~ aA - (]
(A.58) ;;tzz xt_,(p(ut_,)—p(ut_,))[—%égfjll - Pt (upmy) Tees

8.59) + 1V xe (lup-)-pugo)) p' (up)Teo,

Ttt_z

The most easy term to show that it is op(l) is (A.59), since in
fact it is nothing different than what we have done in proposition
1. The only difference is that we have x._, in (A.58) and (A.59),
but it does not make any difference at all since it is independent of

ug with finite second moments.

- About (A.58) is evident that it is op(l) since the only thing
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to do is to split it up in

a;;(ut—l )

aut—l

- p(ue-,) and p(ue—,)-p(ue—,)

as we have done in proposition 1 and 2 and to take the supremums as
we did with the terms (A.46) and (A.47) for instance. (See remark at

the end of proposition 4).

Proposition 4

Let uy be a stationary stochastic process as in proposition 1 or

2. Let also assume that Al, A2 and A3 are satisfied. Then:

8.60) Y [(rexeo, Pl 10y Greoxen, Pl 1y
t=2 due—, due-—,
(Re=Xe—yp' (Ug— ) (Xe=Xe—yp' (ue—,)) " Frop(l).
Proof:

The L.H.S. of (A.60) is equal to:

1 dp(ue_ :
T z [®e-1Xe " +xexe-, " J( p(ut-I) Iemyv=p' (e )) ]
t=2

1 - dp(up_,)?
+ 5 Z Xe—1Xe—y " (p' (Ue—,) 2= -gé%f:ll Ie-y)

t=2

1 -
- T z [xt_,xt'+xtxt_, ' ](%&E:—Jl -p' (Ut_1))] It—‘l
t=2
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1
t 5 z [xe-1xe' +xexe—y ' Jo" (Ue— ) {1-Te—y}

t=2

1 dp(up_.)?

t=2

1 ' ' -
t 7 z e X' 1P (Ue—y) 2{1-Te, }.
t=2

Now the second and fourth terms involve only an application of
lemma 5, and the first and third ones are op(l) by lemma 6. Although
we do not have here ¢, there is nothing to worry about since we have
l/T instead of 1/T5~ Thus, only we are going to need that the

difference to be op(l), i.e. its consistency.

Remark:

Take into account that although we have the x¢'s inside the sums,
it does not cause any problem in order to apply propositions 1 and 2,
since by assumption A3, the process x¢ is independent of u; and by

assumption A2 it has finite second moments.

Theorem 1

Under the same conditions of proposition 4, we have that:
* -~
T (6"-B)=op(1).

Proof:

From (5.1) and (5.2) as we have said in section 5 of the chapter
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we only need to show that (5.3) and (5.5)-(5.7) are op(l).

In order to prove the theorem, we are going to use a device by
Hardle and Stoker (1987) of proving that (5.3) and (5.5)-(5.7) are
op(l) for an uncomputable estimator, i.e. when the trimming Tt—1 is

substituted by I_,, i.e. -

1 if |§(ut_,)|>b
It-y=

0 otherwise
is substituted by

1 if f(ue-,)>d
Ie—y=

0 otherwise

and after that, to prove that in fact it does not make any difference
at all asymptotically between the computable (when we use Tt—1) and

the uncomputable one.

Now from proposition 1 through proposition 4 we have seen that

(recall the remark at the end of proposition 4):

D ) e hlen O Teny) (ReRenyp* (8emy)
T
t=2
1 3 - 3
2) -T—itZZGt Xt—y [FC_T p(ue— )¢, - mp(ut—a)]

1 - dp (ue_
3) EtZZ Xemy (Plug-y)-plug- NERE=L) 10,
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1 dp (uy_ 9p(up_ .
4) T z (X=X, —Eéﬁtzfl Te— )X (XX, -féﬁﬁzfz Ie—y )

t=2

(e Xe—y P ' (Ue— ) ) )X (X=X p ' (Ug—y))!

are all op(l), but also this is still true if b, the trimming

parameter, is substituted by:

b-co(T_ia-'+az+x)-b-cT.

Recall that this b-cp still O(b), since b7 'cp—0, so for this

trimming parameter b-ct 1),2),3) and 4) are still op(l).
But by construction:
1 ~ — ~
P{ I’; z xe(p(Uey)=B(ue- ) Temr) [>e, 1B Cue-,)~E(ue ) 1<er, e}
T
1 -~ "~
B{ l—; z xt(P(ut—i)'P(ut—t)It-l)I>€’ 1£(ue)-f(ue—,di<eT, Ve}.
T
But, on the other hand, we have that:
P{ sup 1£(ue_,)~£(ue_,) 1>cT)
t

goes to zero as T goes to infinity, and consequently we can conclude

that:

P{ |-1-; z Xe(p(ue—y)-pue- )Ty ) |>e, 1E(ue)-£(ue—, ) i<er, vt}
T

goes to zero and so:

P{ ll_ Z xt(p(ut_')—ﬁ(ut_')ft_,)|>e } goes to zero.
T!
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Therefore 1) is also true when we substitute I._, by I._,. With

2), 3) and 4) we can .argue in the same way to conclude that:

38" -By=op (1) .

and theorem 1 of section 5 is proved.
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APPENDIX B

In this appendix we are going to give the proof of theorem 2.
Since, as we have shown elsewhere (see section 3 of this chapter),
that the estimation of the parameters § is asymptotically independent
of the parameter(s) 0 of the p-function, we are going to prove the

theorem as if these parameters were known to the practitioner as well.

Before proving the Central Limit Theorem (C.L.T.) of the B
estimates, we are going to prove a previous lemma which turns out to

be a corollary of a theorem by Brown (1971).

Lemma 1

Let v. be a sequence of martingale difference variables such that

they have 2+5 finite moments (5>0). Then we have that:

(B.1) _% S ve
T

has the Central Limit Property, i.e. its limit distribution is a

N(0,0), where o2=1lim 1/TZEvzt.
T
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Proof:

We only need to prove that -

i) plim % S Evélpast-u2
t

and

11) lim EviI(1v,1>€To?)=0.
Let us show first i).

Due to the fact that we do not assume existence of the fourth

moments of v¢ we do the usual trick of truncating the v¢'s.
Calling ve=viI(Ivei<a)
and

Gt-vtl(lvt|>a).

To deal with Evi¢? or EVE no really matters for our purpose since

the difference is equal to

(B.2) Ilvt|>avédFt<

1 245
3 Ilvt|>a'vt' dFe<
a

[ w1 larec

o

a
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ol
=

and for sufficiently large a this is less than or equal to some €.

On the other hand:

1 -2 l o - 2 1 -2 —2.2
(B.3) Mfgaﬂw-fgvé}7;zmaﬂwwa

-3 E(Be_, 5D

a4

<

which goes to zero if a-o(Ti).

By (B.2) and (B.3)

plim [% z ;é - % z Et—1V§] is equal to zero.

So, if we prove that:

(B.4) plim % Y ;é -0 then i) will be proved.

But, on the other hand, we have that the L.H.S. of (B.4) is equal

to:
plim % Z vi - plim % Z vi

and by Chebyshev's theorem and (B.2) we have that the last term of

this difference goes to zero. Hence, part i) is proved.
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Part ii) is obvious since v{? is uniformly integrable. Q.E.D.

Lemma 2

Assume Bl, B2, B3 and A2. Then:

2
% 2 9.2&2&:12 xt_lxé_let—ao in probability.
t auzt—t

Proof:
It follows immediately by noting that e¢¢ is an i.i.d. process and

that:

2 ]
OfeMep)y  xi,
a“t—Iz

which by assumption B3 has finite 2+ moments, where §>0.

This lemma will allow us to say that:

(B.5) % T (XX, ap(u:—’))(xt‘xt—‘ ap(u;_])).
¢ t=1 due—,
and

-l

E(xt-xt—1 §££E£:ll)(xt—xt‘l §££2£:ll )'+
t t-1 aut-l

(azp(ut—|)
auzt_,

L
Xt-1Xe—1€t)
which is the second derivative w.r.t. g of

% % (uc‘P(ut—1))2
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have the same probability limit, and which by assumption B2 is finite

and definite positive.

Let = 3 (xexe-, Belup=y) yep- L 2 vt
T ¢ due_, T: ¢

then under Bl, B2, B3 and A2

L R

Y ve—N(0,02C)
t
where 0<C is the probability limit of (B.S5).

Proof:

E(vt|vt_,....,v‘)-d by B2 and therefore v, is a martingale
difference. Now by B2 and A2 E|vt|2*5<m uniformly, so we apply lemma
1 to obtain the required result.

Q.E.D.

Therefore by lemma 3 and B2 we have that

(B.6) (% Et:(xt-xt-' M)(xt_xt_‘ M)')-l
t— t-1

X l; 2 et(xt-xt—l ée(_ut‘_ll)
T t aut—1

converges to a N(0,0%) where ¢* is given by C 'EeZ because the ¢ are

i.i.d., and where the matrix C is given by (B.S5)

In our Gauss-Newton framework we have:
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B=Br+ (3 (Xe—X¢—, éﬂi&n:ll)(xt‘xt—1 aP(U;-,))v)-,
t t-1 t—1

2 €¢ (xt—xt_ ' ?p_(utll_).
t a“t—1

ar,

Now if f1 is consistent then the limit distribution of /T(E—B)
has the same distribution as in (B.6) because in general if we have
that »7—», in probability and 1Qp(»)—Q(»)190 uniformly in » in

probability then Qr(v1)—Q(v,) also, by lemma 4 of Amemiya (1973).

Therefore Theorem 2 of section 5 has been proved.
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- APPENDIX C

Here, we are going to prove that the measures generated by {Gt)
and {ug¢)} are contiguous. To do that, we have to check all the

assumptions listed in Roussas (1972) chapter 2, i.e.:

dP, (u,,B)
define q(u, ;B.ﬁ*)-[—]
dp, (u,,p*)

and

dP,(u,,u,,B)
q(u2’u1;6:6*)-[ ]. .
sz(ul,uz,ﬁ*)

(A.1) For each B¢8,, the Markov process (ug}, t>l is stationary

and ergodic.

(A.2) The probability measures {Pt,8r3591} are mutually

absolutely continuous for all t>1.

q(u,,u,;8,6%)

q(u,;8,6%)

3
(A.3) Let p,(ﬁ,ﬁ*)-[ ] be ,then

(1) For each BeB,, the random function ¢,(8,6%) is

differentiable in quadratic mean (q.m.) [Pﬁ] with respect to g* at
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g*=B.
Let @,(8) be the derivative in q.m of ¢,(B,B*) w.r.t. ¥ at B.

Then:

(ii) é,(B) is a measurable function.

Let T'(B)~4Eg[p(B)p(B)' ]. Then:

(iii) r'(p) is a positive definite matrix for all Be8,.
(A.4) (i) For each fe8,, q(u‘,uz;ﬂ,ﬁ*)—el in P,’ﬁ as B*—»ﬂ.
(ii) Vvges,, q(u,;ﬁ,B*) and q(u,,uz;B,B*) are measurable.

In the model what we have to check is (A.3), because of (A.l) is
satisfied by assumption and (A.2) 1is satisfied providing that the
probability density function of the disturbances e is different than
zero. About (A.4), if (A.3) is true then the conditional probability
distribution of the residuals under @* converges to the one under g
and the probability density function under g* converges in
probability to the probability measure under f. Thus, the only

problem is to check condition (A.3).

Lemma 1

Assume that the random variable e in (3.1) has a continuously

differentiable probability density function g such that:

(1) g(x)#0 vxeR
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) [p[Ef]) sax<s

and
(iii) Iszg(x)dx<w

and the common distribution of the u¢'s admits the following

decomposition:
T
f~| (u| 9 oo :uT)-f(u|) n g(“t"P(“c-,))
t=2
where uy, t=1,2,...,T, are the residuals obtained from y¢—8'x¢,
t=1,2,...,T,. Then the condition (A.3) is satisfied.
Proof:

Let uf=y.—f*'x, be. It can be seen that:
%y [BLu3=P(uT)) 1
o1 8.8~ (i)

Then, the derivative of this function with respect to g*

evaluated at § is equal to:
g'(u,—p(u,)) -
2g(u,p(u,)) K2 Xip (1))

Hence, we have that:

L — 2 ..
(ump(uy)) 2 i v f(u,)du, du,,

32
E(opaplers) - | SrE e ()

where x=(x,-x,p(u,)).
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Therefore, what we have to prove is that:

1(g}(e,~vh'x, - ~vh'x,)- ' - 2
2 e KO ) D] Bl o) e
g (uz-p(u1)) 2

But the L.H.S. of the above equation is less than or equal to 2

times

E [1[g%(ez-vh'x,—<p<u,-vh-xj)—p(u,>))-gi<gz-vh'x,—vh'x,b<u,)>]’+
ﬂ A'4 5
g (uz-p(u|))

1(gd(e,~v(h'x,~h'x,p(u)))) g8 (e3) 1. : 2
Eg|= 2 2 1 1 -1 h' {x,-x,p(u;)}|.
5[v[ gf(uz—p(u,)) ] 2g(e,) {x.x, 1 ]

Thus, if each of this two terms goes to zero then we have proved
part (i) of (A.3). The proof of the second term is identical to

theorem 3.3. of Kreiss (1987) but instead of having khTZ(j—l,B,ﬂ*) we

have v(h'xz—h‘x‘b(u,)).

About the first term, this is equal (applying the mean value
theorem and ;2 standing for a point lying between

€,-vh'x,~(p(u,-vh'x,)-p(u,)) and ez—vh'xz—vh'x,b(u,)) to:

118 ) (mx,p(u,))- & (pCu,-h'vi,)=p(u,))} 7 £(e,)dE(u,)du,de,.
g g(e,) v
2

Now then:

I % [§é§§z§]2g(;z)dez converges to I % éé%%f;]zg(ez)dez<”
2

since g and its derivative are continuous and also:
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lim { h-x,;:(u,)-1/v(p(u,-vh'x,)—p(u,))-o.
v-0

Therefore we can conclude that (A.3) (i) is satisfied by applying
the Lebesgue dominated convergence theorem since we are able to

introduce the lim inside the integrand sign.

Also I'(B)>0 since by hypothesis the information matrix is less
than infinity (see assumption B2), and the measurability is also true
since the limit of measurable functions is a measurable function as

well.
Q.E.D.
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CHAPTER 4

SOME_FINITE SAMPLE EVIDENCE ABOUT THE ADAPTIVE ESTIMATOR OF CHAPTER 3

In this chapter, we provide some finite sample evidence about the

semiparametric estimator which we have studied in chapter 3.

We simulated a wide variety of models. We report only few of
them, since the findings on the other models are of a similar kind.

Throughout the whole set of simulations the regression model has been:

(1.1) yt-a+ﬁxt+ut

where x¢=0.9%¢_,+Vv¢, and v are independent and identically
distributed zero mean normal with variance equal to 4. We have

chosen o=1 and g=2.

We consider seven different models for the autoregression

function of the residuals u¢. These are as follows:

Ue
Model 1. Uem— ' e,
l+ue_,

Model 2. ug=ue_,(.25+5exp(-u¢_,2))+e¢ ,
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Model 3. ug~ue_,(.25-5exp(-l/guc_,2))+e ,
Model 4. ug~ue_,exp(-1/que_,2))+ee ,
Model 5. ut—Ssinut._,+et ,

Model 6. ug=5(sinug—,+0.5sin(2u¢_,))+eg,

Model 7. ug=.5u¢_,+e¢

where the et's are independent zero mean normals with a variance of 4.

All of these seven models considered above satisfy the
assumptions of theorem 1 of chapter 3, the view associated with
theorems 3.2.2 and 3.2.3 of chapter 2 and by Pham and Tram's (1985)

result for model 7.

By parametric estimator of o and 8 we will understand the least
squares estimator of these parameters when the autoregression
function of ug is perfectly known, i.e. the functional form and the
parameters that the autoregression function may have. On the other
hand, by MIS we will understand the estimator of a and # that we
obtain when we estimate the regression model in the belief that the

autoregression function of the residuals follows a linear AR(1l) model.

In section 4.1, we will see the performance, in terms of the Mean
Square Error (M.S.E.) of the parametric, semiparametric and the MIS
estimators of the model studied in chapter 3. In section 4.2, we
examine the power of a Wald test for the parameters of that model and
for the different estimators, e. g. parametric, semiparametric and

MIS. -
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4.1.— NUMERICAL RESULTS IN FINITE SAMPLES OF THE ADAPTIVE ESTIMATOR

In this section we provide some finite sample evidence about the
performance of the semiparametric estimator of a and B, and give some
evidence through a Monte-Carlo experiment of the open question posed
in the introduction of chapter 3. This turns out to be very
important in view of the inability to give, in mathematical terms, a
proof for the inequality (1.4) > (1.5) or the inequality given in

equation (1.7) of that chapter.

All the computations were carried out in double-precision FORTRAN
on the University of London's Amdahl computer, using a random
generator from the NAG library and the Marquardt subroutine taken
from Press et al. (1986) to minimize the non-linear least squares.
For each of the seven models we generated 1000 bivariates time series

€¢ and x¢ of lengths T=100 and 200.

In tables 4.1-4.7 below, we only report the M.S.E. for a and 8
since the bias is much the same for the parametric, MIS, and the
semiparametric estimator, and its contribution to the M.S.E. is

negligible.
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TABLE 4.1
M.S.E. for model 1 with sample sizes of T=100 and T=200,

and 1000 replicates.

T=100 T=200

o 8 Q g
Parametric .0570 .0029 .0270 .0013
MIS .0650 .0035 .0316 .0016
a=.65 .0670 .0034 a=.35 .0340 .0017
a=.95 .0640 .0033 a=.65 .0310 - .0015
a=1.25 .0640 .0034 a=.95 .0310 .0015

TABLE 4,2

M.S.E. for model 2 with sample sizes of T=100 and T=200,

and 1000 replicates.

T=100 T=200

o B8 o 8
Parametric .0180 .0013 .0058 .0003
MIS .1600 .0071 .0750 .0031
a=.35 .0900 .0031 a=.35 .0300 .0006

a=.65 .0790 .0027 a=.65 .0260 .0007

a=.95 .0850 .0033 a=.95 .0320 .0010
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IABIE 4.3

M.S.E. for model 3 with sample sizes of

and 1000 replicates.

T=100
o 8
Parametric .0082 .0004
MIS .1162 .0066
a=.65 .0154 .0005 a=.35
a=.95 .0157 .0006 a=.65
a=1.25 .0180 .0007 a=.95
TABLE 4.4

M.S.E. for model 4 with sample sizes of

and 1000 replicates.

T=100

Q g
Parametric .0750 .0035
MIS .1200 .0055
a=.65 .0950 .0045
a=.95 .0970 .0042

a=1.25 .0990 .0044

a=.35
a=.65

a=.95

T=100 and T=200,

T=200

.0034 .0002
.0522 .0027
.0120 .0002
.0100 .0002

.0100 .0002

T=100 and T=200,

T=200

.0330 .0014
.0570 .0025
.0480 .0022
.0430 .0018

.0570 .0018
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TABLE 4,5
M.S.E. for model 5 with sample sizes of T=100 and T=200,

and 1000 replicates.

T=100 T=200
o ] o ]
Parametric .0037 .0002 .0017 .00009
MIS .1500 .0096 .0689 .0040
a=,35 .0175 .0006 a=.35 .0110 .0001
a=.65 .0147 .0005 a=.65 .0100 .0001
a=.95 .0194 .0007 a=.95 .0122 .0002
TABIE 4.6

M.S.E. for model 6 with sample sizes of T=100 and T=200,

and 1000 replicates.

T=100 T=200
o g a g
Parametric .0022 .0003 .0008  .00005
MIS .2700 .0130 .1200 .0058
a=.35 .0750 .0015 a=.35 .0170 .00008
a=.65 .0590 .0007 a=.65 .0160 0001

a=.95 .0730 .0014 a=.95 .0250 .0005



-125-

TABLE 4.7

M.S.E. for model 7 with sample sizes of T=100 and T=200,

and 1000 replicates.

T=100 T=200
o g a g
Parametric .1800 .0070 .0900 .0031
MIS
a=.65 .2100 .0083 a=.35 .1000 .0041
a=.95 .1900 .0075 a=.65 .1000 .0036
a=1.25 .1800 .0073 a=.95 .0920 .0034

From the above tables, we can distinguish three different kinds of
results, as far as the M.S.E. is concerned. For model 1, we observe
that there does not seem to be a loss of efficiency when we estimate
the ﬁarameters of equation (1.1) in the belief that the residuals “t‘
follow a linear AR(1l) instead of the true non-linear one. For model
4, we observe that the ratio between the M.S.E.'s of the MIS and the
parametric estimator is near 2, and this ratio gets better as the
sample size increases. And finally, for models 2, 3, 5 and 6, we
observe that this ratio is quite enormous, for example in model 6 it
is as big as 116, and once again this ratio increases with the sample

size.
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This difference in the results may be explained by the severity of
the non-linearity in the autoregression function p. 1In all of these
models, the autoregression function has one singular point at the
mean of the process, that is at zero. But the characteristic which
differentiates models 1 and 4 from models 2, 3, 5 and 6 is that the
latter models have more than one singular point, as it is the case
for model 2, or that the autoregression function induces a cyclical
pattern in the residuals ug, as it is the case for models 3, 5 and
6. These last four models are such that the non-linearity is likely
to be more "severe", and thus its approximation by a linear model may
be very poor, a fact reflected in the M.S.E. of the estimators of o

and B8 for the MIS and parametric estimators.

Although models 1 and 4 have only one singular point and they do
not have a cyclical behaviour, their difference is that for model 4
the non-linearity may be a little more severe than for model 1,
especially for small values of ug, where the distribﬁtion of the u¢
is more concentrated. This may explain why the results for model 4
are better, as far as the behaviour of the parametric estimator is

concerned.

As a whole, the results are very encouraging, showing that there
is going to be a loss of efficiency for the estimators of a and g if
we estimate the model in the manner of a linear AR(1l) model, and this
loss of efficiency depends on the severity of the non-linearity of

the autoregression function.

As far as the bandwidth parameter a is concerned, we observe that
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the a, for which the semiparametric estimate proposed in the previous
chapter performs better in terms of the M.S.E., is quite stable
throughout the models. Also, it seems that the range of "best" a's
is quite wide. This "best" bandwidth parameter a seems to be between
0.65 and 0.95, but with the important characteristic that the
difference in the M.S.E. when the bandwidth parameter a is 0.65 or
0.95 is quite negligible, except in model 6, although for both a=0.65
and a=0.95 the performance of the semiparametric estimator is much
better than the MIS one. For the sample size of 200, the stability
seems greater, and although the bandwidth parameter is between .35
and .65, their difference in performance is very small. It is
worthwhile pointing out that we are aware that this parameter a may
be influenced by the variance of the process ug, although this
influence may be difficult to determine in view of the difficulty to
obtain a close expression for the variance of a non-linear AR model.
But, we can point out that as a rule of thumb, we might choose a to
be a value around T~ -1 which is perfectly legitimate in view of the
assumptions of theorem 1 of chapter 3. All this discussion excludes
model 7, but even in this model, the M.S.E. of the semiparametric
estimator is near identical for all the bandwidths, and very close to

the parametric one.

As it was pointed out earlier, we simulated other models to see
especially the performance of the parametric versus the MIS estimator
of @ and B, in view of the inability to show the inequality of
(1.4)<(1.5) or the inequality given by equation (1.7) in chapter 3.
An important fact that we found, as we might expect, is that the gap
between the MSE's of the parametric and MIS decreases when the

autocorrelation goes to 1. This fact is expected since as the
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autocorrelation goes to 1, ug may be written as a linear combination

of ue_ i.e. the model becomes linear. We have also studied the

1
performance of the parametric and MIS estimators with a sample size
of 1000. Although this sample size is unrealistic for most time
series data sets available, we have done it to see their
performance. We observed two facts. First, for the estimated
asymptotic covariance matrix given by the M.S.E. times the sample
size is "identical" for T=200 and T=1000. And secondly, the
performance of both estimators are more similar than for samples
sizes of T=100 or T=200. These last two points may corroborate the

conjecture that the inequalities given in equation (1.7) or (1.4) >

(1.5) are in fact true.

4.2.- THE BEHAVIOUR IN FINITE SAMPLES OF THE ADAPTIVE ESTIMATOR IN
HYPOTHESIS TESTING

In this section we explore finite sample evidence of test
statistics for the parameters of the regression model using the
parametric, semiparametric and MIS estimators. The reason for this
study is the same as in the previous section. If the inequalities
(1.7) or (1.4) > (1.5) were true, as intuition tells us, then
although we can still form consistent tests under the MIS model,
these tests would have less power than the ones under the true

specification.

Thus, as it was already argued in the previous section, it would
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be interesting to observe the finite sample behaviour of test

statistics of the model for the different estimators.

We have used two sample sizes of lengths T=100 and 200, and
replicated the model 1000 times for both sample sizes. We ﬁave used
the same seven models as in the previous section. All the
computations were carried out on the University of London's Amdahl

computer.

We have to mention that we have changed the regression model
slightly. As we have seen in the tables of section 1, the estimated
variances for the different models were rather small. Thus, this
will imply that unless the difference between the true parameter and
the hypothesized one is rather small, the power of the
test-statistics for the MIS, the parametric and the semiparametric
estimators will be near 1. There are two options whereby the
variance of the estimator could be increased. The first one is to
increase the variance of the innovations e¢¢. The second one is to
decrease the variance of the regressors. We have chosen the second

alternative, and we have chosen for the x the following model:

- +
X =9 HV,

where the vi's are independent zero mean normal with a variance of

0.16.

We also have to point out that we have calculated the power of the
test-statistics in a different way, although it makes no difference
at all, as far as the conclusions that we can draw from it are

concerned. Normally simulation studies of test-statistics are
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carried out by varying the a's and B8's of the model and keeping the
null hypothesis constant. By contrast, we have studied the power of
the tests by keeping the parameters of the model fixed and varying

the null hypothesis. Our test-statistics are given by:
A A -1,~ d 2
=T(a-a)V(1,1) (a—a)—»x‘
and
~ ~ -1,4 d 2
~T(6-BIV(2,2) "(F-B)—x,

where V(i,1) i=1,and 2 stands for an estimator of the asymptotic

variance of /T(a-a) and /T(ﬁ-ﬁ) respectively.

Tables 4.8-4.14 show the proportioq_; of rejections in 1% and 5%
tests for the different estimators. The numbers .35 or .65 or .95 or
1.25 stand for the chosen bandwidth parameter a of the semiparametric

estimator.
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TABIE 4.8

x's for model 1, with sample sizes of T=100 and 200,

and 1000 replications.

T=100 T=200
G,L.S, MIS a=.,35 a=,65 G,L.S, MIS a=,65 a=.95
o~=1.00 .020 .033 .029 .018 .023 .023 .022 .015
o=1.25 .092 .095 .102 .072 .180 .167 .174 .149
o=1.50 .399 .370 .364 .316 .739 .684 .694 .678
a=2.00 .968 .933 .928 .916 1.00 1.00 .998 .998
p=2.00 .027 .023 .023 .021 .021 .015 .020 .018
f=2.25 .112 .062 .091 .064 .181 .128 .167 .145
p=-2.50 .373 .271 .353 .287 .678 .593 .642 .622
p=3.00 .908 .822 .861 .843 .995 .995 .992 .992
oa=1.00 .082 .099 .095 .067 .072 .070 .073 .063
o=1.25 .228 .231 .215 .185 .380 .339 .360 .336
o=1.50 .621 .564 .591 .543 .882 .833 .854 .839
o=2.00 .994 .981 .975 .967 1.00 1.00 1.00 1.00
p=2.00 .075 .064 .096 .064 .073 .067 .077 .064
p=2.25 .233 .184 .218 .195 .352 .294  .325 .316
p=2.50 .591 .478 .543 .506 .842 .770 .805 .795
p=3.00 .971 .926 .938 .945 1.00 .999 .999 .999
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TABLE 4.9

x's for model 2, with sample sizes of T=100 and 200,

and 1000 replications.

T=100 T=200
G S a= a=,65 G,L.S, MIS a=,35 a=,65
o=1.00 .044 .048 .103 .035 .018 .026 .037 .009
o=1.25 .459 ,067 .343 ,088 .833 .091 .600 .205
o=~1.50 .978 .182 .793 .456 .999 .316 .974 .867
o=2.00 .999 .631 .963 .939 1.00 .906 .998 .999
f=2.00 .060 ,019 .092 .021 .031 .014 .028 .006
p=2.25 .401 .040 .310 .078 711  .080 .494 .168
f=2.50 .905 .146 .721 .393 .996 .281 .965 .806
$=3.00 .998 .542 .968 .914 1.00 .880 .998 .999
o=1.00 .106 .110 .168 .063 .061 .086 .082 .027
o=1.25 .698 .164 .536 .275 .943 (199 .772 .425
o=1.50 .994 .342 .886 .710 .999 519 .983 .970
o=2.00 .999 .804 .976 .964 1.00 .976 .998 1.00
f=2.00 .118 .064 .160 .055 .085 .067 .085 .021
p=2.25 .609 .136  .486 .201 .871 .180 .703 .377
f=2.50 .964 .310 .847 .635 .999  .518 .985 .933
p=3.00 .999 .744  .979 .965 1.00 .955 1.00 1.00
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TABLE 4.10

x's for model 3, with sample sizes of T=100 and 200,

and 1000 replications.

T=100 T=200
G.L.S, MIS__a=,65 a=,95 G,L.S. MIS a=,35 a=,65
a=1.00 .030 .028 .015 .007 .019 .011 .036 .016
a=1.25 .680 .056 .483 .329 .957 .067 .918 .897
a=1.50 .998 .160 .978 .945 1.00 .356 .998 .999
a=2.00 1.00 .644 1.00 1.00 1.00 .961 1.00 1.00
p=2.00 .030 .005 .011 .004 .016 .007 .023 .008
p=2.25 .587 .032 .396 .276 .865 .055 .850 .790
f=2.50 .978 .120 .931 .864 1.00 .250 1.00 1.00
f=3.00 1.00 .522 .999 .999 1.00 .851 1.00 1.00
o=1.00 .091 .083 .057 .034 .064 .058 .100 .048
o=1.25 .861 .139 .697 .593 .999 .178 .972 .964
a=1.50 1.00 .344 .988 .985 1.00 .590 .999 .999
a=2.00 1.00 .862 1.00 1.00 1.00 .988 1.00 1.00
p=2.00 .084 044 047 .029 .073 .034 .085 .048
f=2.25 .750 .107 .627 .504 .962 .153 .936 .925
f=2.50 .994 .287 .972 .951 1.00 .498 1.00 1.00
f=3.00 1.00 .724 1.00 1.00 1.00 .956 1.00 1.00
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TABIE 4,11

x's for model 4, with sample sizes of T=100 and 200,

and 1000 replications.
T-100 T=-200

G.L MIS a=,65 a=,95 G,L.,S, MIS a-,65 a=,95

1%

5%

o=1.00 .025 .038 .036 .024 .019 .028 .022 .011
o=1.25 .087 .074 .090 .058 .140 .096 .140 .106
o=1.50 .324 .211 .361 .221 .627 .393 .573 .520
o=2.00 .907 .745 .847 .809 .997 .964 .990 .990
p=2.00 .025 .018 .050 .030 .019 .013 .021 .015
pf=2.25 .094 .059 .099 .063 .157 .091 .146 .107
f=2.50 .332 .170 .295 .226 .601 .359 .555 .495
f=3.00 .860 .649 .813 .760 .995 .938 .984 .973
a=1.00 .086 .114 .110 .o081 .063 .084 .080 .057
o=1.25 .184 .160 ".208 .154 .318 .230 .312 .259
o=1.50 .542 .395 .502 .426 .809 .622 .752 .717
o=2.00 .973 .872 .934 .912 .999 .991 .997 .996
f=2.00 .084 .067 .103 .069 .067 .064 .072 .048
f=2.25 .218 .136 .211 .167 .323 .214  .297 .260
f=2.50 .535 344 482 (331 794 .604 .748 .703
$=3.00 .939 .813 .908 .896 .999 .977 .996 .995
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TABLE 4,12

x's for model 5, with sample sizes of T=100 and 200,

and 1000 replications.

T=100 T=200
G.L.,S, MIS a=.,35 a=65 G,L.S, MIS a=,35 a=.65
o=1.00 .023 .023 .043 .0l11 .024 .025 .038 .019
o=1.25 .968 .040 .831 .678 1.00 .058 .988 .973
_a=1.50 1.00 .120 .987 .993 1.00 .253 1.00 .999
0=2.00 1.00 .551 1.00 1.00 1.00 .894 1.00 1.00
p=2.00 .023 .010 .025 .004 .023  .011 .011 .002
g=2.25 .868 .032 .737 .573 .999  .047 .983 .926
g=2.50 1.00 .097 .989 .985 1.00 .193 1.00 1.00
g=3.00 1.00 .388 .998 1.00 1.00 .734 1.00 1.00
o=1.00 .071 .078 .102 .032 .064 .055 .088 .019
o=1.25 .993 .116 .994 .855 1.00 .155 .990 .989
oa=1.50 1.00 .291 .994 .997 1.00 .479 .997 .999
0=2.00 1.00 .771 1.00 1.00 1.00 .963 1.00 1.00
g=2.00 .098 .057 .078 .023 .073  .061 .053 .019
g=2.25 .950 .101 .865 .774 .999  .134 .998 .983
g=2.50 1.00 .218 .992 .995 1.00 .374 1.00 1.00
g=3.00 1.00 .591 1.00 1.00 1.00 .873 1.00 1.00
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JABLIE 4,13

x's for model 6, with sample sizes of T=100 and 200,

and 1000 replications.

T=100 T=200
G.L.S, MIS a=.,35 a=,65 G.L.S, MIS a=,35 a=.65
o=1.00 .030 .034 .072 .032 .010 .023 .047 .045
o=1.25 1.00 .049 .886 .610 1.00 .051 .990 .933
o=1.50 1.00 .108 .972 .964 1.00 .172 .996 .993
0=2.00 1.00 .379 .991 .990 1.00 .683 .999 .999
g=2.00 .038  .014 .047 .007 .012 .008 .007 .003
B=2.25 .979  .022 .818 .506 999  .040 .991 .904
B=2.50 1.00  .058 .970 .942 1.00 .167 1.00 .999
B=3.00 1.00  .264 .993 .992 1.00 .569 1.00 1.00
o=1.00 .081  .093 .114 .057 .063 .077 .093 .088
o=1.25 1.00 .136 .941 .800 1.00 .146 .994 .973
o=1.50 1.00 .248 .981 .979 1.00 .343 .997 .995
0=2.00 1.00 .601 .993 .991 1.00 .855 .999 .999
B=2.00 .088  .048 .092 .030 .067 .053 .033 .027
B=2.25 .989  .078 .900 .724 1.00 .113 .997 .968
f=2.50 1.00  .164 .979 .976 1.00 .311 1.00 1.00
f=3.00 1.00  .479 .995 .997 1.00 .765 1.00 1.00
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IABLE 4

4

T=100 T=200
G.L.S, MIS 8=,95 a=1,25 G.L.,S. MIS a=,65 a=,95
o~1.00 .039 - .052  .047 .028 - .062 .048
o=1.25 .056 - .087 .089 .078 -  .134 .114
o~1.50 .151 - .190 .202 .248 - .330 .327
o~=2.00 .531 - .591 .622 .820 - .873 .873
f=2.00 .026 - .041 .046 .015 - .047 .040
f=2.25 .145 - .081 .082 .070 -  .l40 .117
f=2.50 .140 - .207 .214 .280 - .388 .359
f=3.00 .530 - .624 .632 .883 - .922 .912
o~1.00 .110 - 139 (142 .083 - .151 .125
o=1.25 .153 - .196 .197 171 - .251 .233
o~1.50 .283 - .333  .337 .437 - .524 508
o~2.00 .723 - .763  .773 .934 - .948 .953
$=-2.00 .077 - .119 (116 .070 - .113 .098
$=2.25 .134 - .190 .192 .190 - .269 .230
f=2.50 .298 - .367 .375 .500 - .574 .560
f=3.00 .736 - .783 .788 .956 - .958 .954
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From Tables 4.8-4.14 we observe that the z's decrease with a,
although their sensitivity to the increase in a seems surprisingly
small. The test seems to rejéct the null hypothesis too frequently,
especially in model 2, without any plausible explanation for this
phenomena in this model. Also, as the sample size increases, it
seems that the number of times that we reject the null hypothesis
when it is true goes to the value predicted by the asymptotic theory
(as we may expect). As far as the power of the tests is concerned,
the power for the MIS estimator is surprisingly small compared with
the parametric and the semiparametric estimators. This is especially
true in those models where the "loss of efficiency", measured by the
M.S.E., is bigger, as we may expect. We also note that the power of
the test, when the semiparametric estimator was used, tends to be
very close to the power for the parametric estimator. Only in model
1 is the power of the tests for the different estimators very close
one from the each other, although the power for the parametric

NN N el

estimator seems slightly better.

Also, it is worth mentioning two further points. Firstly, the
sensitivity of the x's to the bandwidth parameter used for the
semiparametric estimator is less as the sample size increases.
Secondly, the power of the test of the MIS estimator compared with
the parametric will depend presumingly on the severity of
non-linearity of the autoregression function, as we may suspect from

the results obtained in tables 4.1-4.7 of the previous section.
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CHAPTER 5
ADAPTIVE ESTIMATION IN A HETEROSCEDASTIC TIME SERTES REGRESSTION MODEL

5.1.- INTRODUCTION

In econometric regression models serial correlation and
heteroscedasticity are two familiar non-standard features of
disturbance behaviour. In econometric time series models, serial
correlation in the disturbance is a rule rather than the exception.
On the other hand, heteroscedasticity appears when the variance
across the observations varies. Although heteroscedasticity has been
identified more for cross-section data, there is no reason to
restrict it to these sort of observations. In fact, in pure time
series modelling where no regressors appear, Box-Cox transformation
may be a way to eliminate heteroscedasticity. An example is that the
variance depends on the level of the data. A way to stabilize the
variance is to take logarithms of the series. Thus, an econometric
time series model where both serial correlation and

heteroscedasticity are present is not unrealistic.
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There is a large literature concerning efficiency under serial
correlation or heteroscedasticity. The case in which both "problems"
are present has led some research, see for instance.Harrison and
McCabe (1975). In a semiparametric set up Harvey and Robinson (1988)
allow the residuals to be heteroscedastic and serial correlated,
being the serial correlation generated by an AR(P) process with known

P and the heteroscedasticity an unknown function depending on t.

Consider the multiple regression model:

(1.1) yt-B'xt-mt

Ue=0o (xt)vt

where § and x¢ are k-dimensional column vectors and y¢, o(x¢) and ug
are scalars. Let {V¢}tw,,,,... be an unobservable strictly

stationary stochastic process with zero mean and variance 1, defined
as:

©0

Ve= ) O0f Ne— and loug | <o
tj§oj t-J J§oj

where 7 is i.i.d process. It follows that:
]
E[ytlxt]-B X,
and

Var[yt|xt ]-Var(a(xt)vtlxt)

).
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On the basis of T observations y and x¢ t=1,...,T, the
generalized least squares estimator of B has an asymptotic covariance

matrix

[E[X'o—1r—’o_'x]]-'

vwhere o=diag(o(x,),...,0(x7)), I is the covariance matrix of the
process v¢ and X is the regression matrix defined as (x,,x,,...,xT)°',
or in the frequency domain the above covariance matrix can be written

as:
1.2) [ 5 [0 -na]™

where f;;(k) is the spectral density function of v¢ and which is
going to be assumed, from now on, bounded away from zero, i.e. 3 d
such that f;;(k)>d>0 Vke[-r,;] and f;;(X) is the spectral density
function of the process x/a(x)v which unlike f;;(x) is not needed to

be bounded away from zero.

Remark

Here, it is interesting to mention that the spectral distribution
function of x/a(x) need not be absolutely continuous for the results
to follow, although for expositional purposes it will be assumed that

this is the case.

Since o(x¢) and I' are unknown to the practitioner, often he
assumes a parametric form for them and estimates the resulting
parameters based on the 0.L.S. residuals of equation (1.1).

But, an incorrect parameterization of o(x¢) or I', although it will
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not prevent consistency of § in (1.1), will produce inconsistent
estimates of their asymptotic covariance matrix. It is, of course,
possible to estimate consistently the asymptotic covariance matrix of
the 0.L.S. estimator in the presence of both serial dependence and
heteroscedasticity as first shown by Eicker (1963,1967). But on the
other hand, while this leads to asymptotically valid inferences, they
will not be asymptotically efficient, and any test based on 0.L.S.
estimates will be asymptotically suboptimal compared with the G.L.S.

estimator.

Unless the parameterization of both serial dependence and
heteroscedasticity is of interest on its own, it will be better to
avoid some parameterization of them, and to use instead some
nonparametric estimator of I' and o(x). Those nonparametric
estimators are inserted in the estimator of the # para;eters which
would be obtained if T and ¢(x) were known. The goal is to see that
the semiparametric estimator of 8§ does not entail any loss in
asymptotic first-order efficiency relative to the case where I' and

o(x) are known.

This adaptive estimator extends the one studied by Harvey and
Robinson (1988) by allowing the covariance matrix I' to be unknown,
and by not requiring o(x¢) to depend only on t, and that of Robinson
(1987a) and Carroll (1982) by additionally allowing serial dependence
instead of i.i.d. Also our semiparametric estimate extends Hannan's
estimate in the opposite way, by allowing the disturbances to be

heteroscedastic instead of homoscedastic.

The estimator that we are going to use for the parameters g is of
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the same kind as that of Hannan (1963; 1970, chapter 7), 1.e. we use
spectral techniques rather than time domain ones, but the unknown

function o(x¢) is replaced by a Watson-Nadaraya kernel type estimator.

5.2.- SEMIP IC_ESTIMATOR OF # AND NOTATION

Before describing the semiparametric estimator of B and the
natural extension of Hannan's (1963) estimator to the case of unknown
heteroscedasticity, it is worthwhile introducing some notation and

the kernel estimator of the conditional variance o2(x¢).

Let K, be a function defined as in section 2.2.1 of chapter 2 with
characteristic exponent >0 defined as in definition 2.2.3 of such a

chapter.

Let K be a function :RK—R, that it non-negative and integrates 1.
Also, this function is assumed to be even. We define the
Watson-Nadaraya kernel estimator of the conditional variance as it

was defined in definition 2.1.2. of chapter 2 by:
T

@y s )5 Ry § Z e

j=1

where I, is the indicator function defined as:
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1 1f g(xe)>db

0 otherwise

where é(xt) stands for the kernel probability density estimator of
the probability density function g(x¢) of the regressors x¢, Gj
stands for the 0.L.S. residuals Ye—X¢'B°-1:S. of the model (1.1), and
b is a parameter which goes to zero as T—«. Let us also define the
estimator of o(x¢) as the positive square root of 3(xt)2. (Recall
that the estimator of the conditional variance 1s greater than or
equal to zero since the kernel function is greater than or equal to

zero).

Note that 3t2 does use all the ﬁtz, so there is not any element of
"sampling splitting" in B as in Carroll (1982), a feature not
employed by Bickel (1982), Manski (1984) in different adaptive
estimator or Robinson (1987a) where he discards ﬁtz for the

estimation of o(x¢)?2.

Before introducing the semiparametric estimator, some notation

will be needed.

M
fﬁ()‘)'T}r z K,[%]eij)‘ % z Uglips

~M+1 TtTe+]

M
= 1 13 1 Ueu
f;e(k)-i; Z K,[%Je J T z UtUe+j It1t+j .

-M+1 TtTe+]
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e Lo
c~

M

2 1 13

B ) * (e S Teleay
-M+1 Tt0t+]

M
2 1 Jy i3n 1 ugu
SRR R
-M+1 - Tet+]
M
E—(X) 1 z K [%]eij)‘ l Z YeXt+]
yx M7 L L T "_tatﬂ]
-M+
M
"A. 1 l i_‘])‘ l ytxt
t Mg ZIK'[u]e T Z ’—‘—_otot:; Teless
-M+
M
2 1 ijn 1 ¢
fii(k)‘z- z K1 [—‘;—]e j T z xtxt+j ItIt“’j
-M+1 Telt+]

M
| B\ )=y z K, [} XeXte)

-M+1 ' TtTe+]

=3 =
o~

L

M
A;;;(()‘)-I% z K,[%]eij)‘ z ,—,_utxﬁj Telesy
-M+1 TeTe+]

=l

M
Ee (V) z K, (] z UtXes
-M+1 TtTt+j

In the above equations, the second summand runs over all terms for
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which the products are defined.

We already know from Hannan (1963) (see also Hannan (1970)
chapter 7) that if the o(x¢)?'s were known, then an asymptotically

efficient estimator of 8 in equation (1.1) is given by:

(] @R )R] SEEET)

-M+1 -M+1

which may be rewritten as:

2.2) '5"[7-!{ et sl ) = g b TltslE) )

We also know that YT(f*-B) converges, under regularity
conditions, to a normal distribution with zero mean and covariance

matrix equal to the inverse of:

= [T AN .

Observed that the only difference between the g* estimator and the
one proposed by Hannan (op. cit.) is that instead of the spectral
density function of x. we have the spectral density function of the

process Xt/o(x¢).

Remark 2.1

It is worthwhile noting that Hannan (1963 and 1970 chapter 7)

assumes that:
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Vt:'jZ 0§ Ne-j

but by an extension to the well known Paley-Wiener theorem to the

discrete-time case as long as the spectral density function is

bounded away from zero and continuous, then v¢ can be written as

vem 3 o§ fe-
AR
and thus, it does not represent a real restriction to the model.

Of course the o(x¢)'s are unknown to the practitioner and
therefore the estimator of B given by equation (2.2) is not
feasible. Thus, we have to substitute this unfeasible "G.L.S."
estimator of B by its corresponding feasible one, where the o2(x¢)'s
are substituted by some estimated values. In this case the
functional form of the heteroscedasticity is unknown and thus, a
nonparametric estimator is called for. Thus, a sensible estimator of

B will be

M
en rGh) REIRET G HEE )

-M+1 —M+1

The aim will be to see that 3 is an adaptive estimator of 8, i.e.
/T(B—B) is asymptotically normal with zero mean and covariance matrix

given by equation (1.2).

But to show the adaptation of the semiparametric estimator is

enough to show that:
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/T(B*-B)=op(1)

because of /T(f*-B) is asymptotically normal with zero mean and
covariance matrix given by (1.2). Noting that equation (2.3) can be

written as:

M .
ol ) GG ) BEl )

-M+1 -M+1

Then it suffices to note that the following two expressions:

o ) BRG] SRR

and

o ) B ) SR

-M+1 -M+1

are both op(l).

To finish this section it is worth pointing out that several
alternatives to the conditional variance estimator (2.1) have
appeared in the literature. By noting that E[u?¢ix¢ }=
E[y2c1x¢ F(E[ye 1% D2, a natural alternative estimator to (2.1) is

given by:

™

T
2
2 ¥s Kg ¢t It Y ys Kg, & It
s-

* 2
(2.6) o (x0) Ks,t B 2 Kg ¢

Another two alternatives are:



-149-

A
it M2

T
- - T

(2.7) G(xt)’gzl[“j/&;]x[ﬁr’?]lt/ z K[
=1

and
T

ag ® - T
(2.8) F(xe) z_jzl(uj—o‘.-.z_)l([ﬂ;—t]lt/ z K["_J;ﬁ]
§=1

where &sz are nonnegative given proxies or estimated finite
parameterization of o(x.)?, for example the L.S. estimate on, say, a

polynomial of x¢ and Kg ¢ stands for K((xg-%Xt)/a)-

5.3.— CONDITIONS AND ITS IMPLEMENTATION

In order to establish the asymptotic efficiency of B we introduce

the following conditions.

CONDITIONS

Cl.- Let {v¢} be a stationary absolutely regular stochastic
process with zero mean and variance 1 and the fourth cumulant is
absolutely summable in all of its arguments. The absolutely regular
coefficient {(n) satisfies r(n)-O(n-(2+6)/5)’ and v, has finite first

6+35' moments where 0<§<§'. Also:
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(-]
S 1v(s)si%<
s=0
wvhere y(s) is the autocovariance function of the stochastic process

ve and gq>3.

C2.- Let {x.} be a vector stationary strong-mixing stochastic
process with finite first 6+3x moments, for some x>0, and where the

strong mixing coefficient o(n) satisfies:

2 a(n)k/(2+x)<m,

n

C3.- x¢ and vg are independent for all t and s.

C4 .- Maa-kb-‘;ao where M —», a-—0 and b—0
as T— and i(bL;?).

c5.- M a'p ’—0.

c6.— T Mla ¥ 2.

c7.- M T {0,

C8.- The regressors x weighted by the heteroscedascity, i.e.

Xt/o(x¢), satisfy

T
% Z Xe X't ——4~kxk positive definite (p.d.)
d(xt)
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although to some extent C2 will be responsible for this.

Observe that this condition does not permit trending behaviour in
the x¢'s variables, as Hannan (1963; 1970, chapter 7) or Harvey and
Robinson (1988) does, although that case may be handled if o(x¢)
would not depend on the trending variables, and l/T is substituted
appropriately. Also condition C8 is a sufficient condition so that
the covariance matrix of the f§ estimator, i.e. expression (1.2), is
p.d., since the matrix = is p.d. and the spectral density function of

the process v (f;;(k)) is bounded away from zero VA (see Hannan

(1970), pp 427-428).

C9.- K,(s) is a bounded even function defined on (-1,1) and
K,(0)=1 with characteristic exponent, see definition 2.2.3. of

chapter 2, of order r>q, where q is as in Cl.

C10.- a(xt)2>c>0 ve.

This condition will prevent us from having infinite weights in

equation (2.2).

Cll.- a(xt)zg(xt) is twice differentiable with respect to X¢.

This condition will allow the bias of our kernel estimator of

02(x¢) to tend sufficiently fast to zero.

Cl2.- The kernel function K has absolutely integrable

characteristic function x(z).



-152-

Having written down some sufficient conditions to establish the
theorem given in the next section, we now discuss its implementation

and regularity conditions.

Comments on implementation and regularity conditions

The semiparametric estimator B involves two bandwidths or
smoothing parameters which we have called a and M. These bandwidth's
choices are more crucial than the kernel and lag window functions K
and K, respectively. The nonparametric literature discusses several
automatic bandwidth determination procedures based on function
optimization, although reproducing the asymptotic theory with a

data-driven a and M would not be easy to implement.

The choice of the lag window K, has been exhaustively studied in
the spectral estimation literature (see e.g. Hannan, 1970, Ch. 5).
Eicker (1967), Levine (1983) White and Domowitz (1984) use K,= 1,
although it is quite unpopular since it does not sufficiently protect
against influence of spectral peaks at distant frequencies. Newey
and West (1987) used the modified Barlett window K,(m)=l-imi, i.e
equation (2.4) of chapter 2, and Robinson (1987b) used a

Hanning-Tukey type given by equation (2.5) of chapter 2.

In spectral estimation, an automatic method to choose the lag
number M has been justified by Beltrao and Bloomfield (1987). 1In a
time series regression model Robinson (1988a) has established the

asymptotic normality and efficiency of a modification of Hannan's



-153-

(1963 and 1970, chapter 7) estimator, when the parameter M optimizes
a form of cross-validated Gaussian pseudo-likelihood, i.e. Robinson

allows M to be data—-dependent.

The absolutely regular condition imposed on oy is stronger than
-the condition Y1j1919y(j)1<», since a sufficient condition for the
latter to be true is aj-o(j‘q“), as we can conclude for Pham and
Tram (1985), see section 2.3.1 of chapter 2 aj-o(j'z‘a), being q<2
and a-5+2/5>1 as usual. Also note that for the case in which % is a

Gaussian process w may be any positive number and thus aj-O(j'“‘z).

Assumption C7 is a standard one in spectral density estimation.
C5 is true if M is taken to be 0(a~4b2?2). This leads us to say that
C6 is true if T 'a~4(k+1) ig finite or goes to zero, and hgnce C4
will be a stronger assumption than C6 depending on whether 4>§ or
¥<i. So fgr the case 4>4 and k=1, a can be chosen to be of order
O(T‘Q). Then M—O(Tib?) and C7 is satisfied as well. Also condition
C5 could be relaxed if higher order kernels were used, but this would
imply that atz can be negative and this would not be very useful
since in the proofs of propositions 1 and 2 we need an estimate of

the standard deviation instead of the variance.

Finally, one point to mention is that in the semiparametric
eStimator B we have not used higher order kernel functions to
estimate the conditional variances, even in the case of large k.
This is quite unusual in semiparametric problems where higher order
kernels are frequently used to reducerthe bias of the function
estimates especially when the dimension of the nonpgrametfic

function, i.e. k, is large, although it should be noted that neither
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Carroll (1982) or Robinson (1987a) use them.

5.4.— THEOREM

In this section it will be established in the theorem below the
adaptiveness of the semiparametric estimator B. Due to the lengthy
proof, we will prove two propositions which will allow us to follow

the proof of the theorem more easily.

Proposition 1

Under Cl to Cl2:

M M
@D [ ) T ) )-br ) ER ) e ()] —epw
-M+1 -M+1

Proof:
The L.H.S. of (4.1) is equal to:
pu M - M
- A = k
@2 [(m) BEEED &) Sl
-M+1 -M+1
M

s~
(4.3) '[2% w(1 I)[Mk] I[ 1rk]]
~M+1
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“.8) [ Z ) ema-n [40))

-M+1
where:
T-131
ijn 1
(X)Tz [H.] z Xt+j Ut" o+ Telees
-M+1 t=
and
T-131
ijk 1
= (1- 1)“)‘2—2 (B Z Xer] Goves A Telesy).
-M+1 t=
- About (4.4):

This term is op(l) by lemma 2 of appendix A.

- About (4.3)

This term may be rewritten as:

=)
= O~

[~\_n'r(1—1)[M] f o -T) :]]fHI[Lk]
1

+

fr(1-1) [ﬂr;] =1 [‘;—k]
+1

+
)
[« 3 S < 4

where f—'VV(l—I)'f-'VV‘f_'VVI and
T-131,

(*)'7- z [M] 132 1 Z “t“t+j IeIee-

-M+1 t=1 TtIt+}
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The proof that the first term of the above summand is op(l) is
identical to the proof of lemma 2. Also it must be taken into

account that:

M
k) _ £ K11 ( 7k 2,.—1,.,1-2q
mz e R L e B R G B
-M+1
see for instance Hannan (1963).

The second term is more cumbersome.

First note that:

-1 -1
fra-1-Tov T

where
1 T2l tixg 1 T-0
fror 5y g7 @ (3R ety )

Let the term in brackets be h(j)-l/TZIiIi+j, and call
;(j)-y(j)h(j). If f;;l were greater than or equal to d>0, we could
use a theorem due to Wiener (see Naimark 1960, pg-205), and conclude
that the inverse of fgy vl has an absolutely convergent Fourier series,
i.e. their coefficients belong to the L, space. But to prove that
f;;l is greater than or equal to d>0, all that is needed is to_show

that:

sup S (Y@ RN S (et -op ).
I 2_IJI< [ T|j|>'r
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The expectation of the L.H.S. of that equation is less than or

equal (except for the 2x factor) to:

3 1y Eil-h(@i+ 3 iy
131<T 1315T

But E11-h(j)i1=0(1l) Vj by lemma 6 of Robinson (1988c) and lemma 2

of chapter 3, or by using proposition 4 of Robinson (1988c), since

sup 1 g(z)-g(z)1=op(1).
z

Hence, f;;I »d>0 and thus we can conclude that:
-1 Y ijx
1= 2 AQ)e 3
3
where A(j) belongs to the L,-space.

On the other hand we have by definition that:
[ gm)e”*] [ §A<J)e”*]-1

and

[|j§<T?<J>e”*] L3 aret

and also that y(j)-y(j)=op(1), Vj.

From the above equations we can straightforwardly conclude that:

1 ES y@e?h (5 agrelIM-11-0c1)
j j
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and

2)  Ei(§ {a-EP et Bi3 AretIM-o(1)
3 j

since the spectral density function of the process v¢ is bounded away

from zero by assumption.

The next question will be to show that A(j)-Z(j)-Z(j) goes to
zero in probability. But since A(j) belongs to L,, we can say by the

inverse of the Fourier transform that A(s) is equal Vs to:

ijx)e—isx

Z(S)-A(s)—Z(s)-fé I:'(ZZ(j)e dx.
3

Therefore

ElZ(s)l<§% ]IfEnEZ(j)eiJ*)u a

<2017 e an

because the expectation inside the integrand is less than or equal to

¢ and therefore the above equation is equal to e.
Since it is Ve>0, we conclude that Z(j)—eo in probability.

With those ingredients we can show that:

M T-1j1
1V « ijx 1 u
7 z A(J) K,E%]e . (;; Z Xe+] gzgfzj Telesy)

-M+1 t=1

is op(l) by the following argument. We already know that A(J) is
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op(l) and the term in parenthesis is Op(l). But the term Z(j) also
belongs to the space L, thus, we can apply Fatou lemma in order to be
able to introduce the lim operation after the expectation has been

taken, that is:

T-1j1

17 |« AJREL u
lim 52 g fIA(j) K, [i]e G Zl *e+) Froeyy ehen)
—M+ =

which is less than or equal, by Cauchy inequality, to
M T-131
0211 Ei1d tlimE Z —‘-'—II 17y

M+l

but lim E|Z(j)|2-0 since EIZ(j)|?<sup|Z(j)| E|Z(j)| and then, the

above term is less than or equal to
CY 0 =0, and so (4.3) is op(l).

Hence, (4.1) will be true if

M M
@ ()] BERE )R] S,
-M+1 -M+1

But in order to prove this fact, it will be sufficient to show

that the next three terms are in fact op(l), namely

(4.6) B e - £
7--M+ vx vx1
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and

(4.8)

By lemmas 8 and 9 is already known that:
E " o B ”2< ¢ o(T M%a b 4T M%a Fb %4a'b?)
vw vl
except on a set S whose measure tends to zero as T approaches to
infinity.
On the other hand, by lemmas 1 and 3 and since ZK,(S/M)-O(M);

TE " £aom f$§1"2< Op(T"7M’a'kb'2+T“‘M’a"kb"+M’a“b")
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and finally, we know that:

by the same argument as those used by Hannan (1963) pg. 27.

As far as (4.8) is concerned, we can split this term into two

terms:

e |- op 0

M

3
T 1 (fan - £
(4.8.1). ﬁz £ (Fan - £

-M+1
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and

M
3
T 0 67 Y (fan - £—).
(4.8.2) + 2™ ; 1 f;;I fva (%vx vxI)
-M+

— Consider now (4.8.1):
All what we need to show is that

Ti(c.. -c—_) goes to zero in probability where
vx wvxI

T-1j1
u
c - Z _t 1.1
I T t+]j TeTtr] titt]
t=1
and
T-131
u
Cox =T Xe4] e ItIt+]
t=1 Ut0t+j

but by lemma 3 of appendix A, it is of probability order:

Op(r’7/2a’k/2b"+a’b"‘).

— About (4.8.2), it will be of order:
OP(T""Vusa‘kb"+T"u3a"kb"+T"M’a‘b"),

by lemmas 1 and 3 of appendix A and since Zxr(s/M)-O(M).
And thus, (4.8) is op(l).

- About (4.7). Ve already know that:
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%ﬁz I s [17=0p 00
-M+1

which will imply that (4.7) is of probability order:
op(T-2H3a-‘kb—2+T_2H4a-kb-z+H a‘b %)
by lemma 8 of appendix A. Therefore, it only remains to prove (4.6)
to conclude the proposition.
— About (4.6):
If (4.7) and (4.8) are both op(l) evidently (4.6) is also
op(l).

Q.E.D.

The next proposition will prove thaﬁ (2.4) is op(l).

Proposition 2

Under Cl to Cl2

wn ) BEPE ) ST

-M+1 -M+1

Proof:
The L.H.S. of (4.9) is equal to the following three terms:

M M

@10 [m) BEEGE )-lw ) )i )

-M+1 - -M+1
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M
(4.11) -[7%2 ‘fw-r_:r(l-x)[ﬁ'lf]fﬁx[%k]]
-M+1
M
10 . -
(4.12) ’[ﬂz = [ﬁl-(]fga-n[%k]}
-M+1

In order to prove that (4.11) and (4.12) are both op(l), note that
the method follows the same lines as the proof of (4.3) and (4.4).
Also observe that in this case, we do not have the factor T} as

previously.

Now, we will show that the expression (4.10) is op(l). To show
that in fact this expression is op(l), it is equivalent to show that

each of the next three terms are in fact op(l), namely

M

w1 ) (B -

M
1 -1_ %—1 2
(4.14) +mz [E% A
-M+1
M
%.15) + 35 ) B (B - B
’ 2M vl ‘Txx xxI

-M+1

Noting that the basic difference with the terms (4.6)-(4.8) is

that here we have:

f-~ instead of T} f~~ and
XX vX
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f—_ instead of T} f—._.
xxI xvl

In order to show that (4.15) is op(l), we repeat the same
arguments as we did for the term (4.8), but where lemma 1 of appendix
A it is substituted I/JT by l/T and ue by x¢, and in lemma 3 of

appendix A we substitute l/JT by 1/T and v¢ by x¢.

As far as (4.14) is concerned, note that it is identical to what
it was explained for (4.7), with the above remark. Finally, (4.13)

is also op(l) since (4.14) and (4.15) are.
Q.E.D.

THEOREM
Under Cl to C12

) /T(B*-B) is op(1)

and
1 ~—1 7k} 2 -xk -1 .
N z fM[M ]fii{_ﬁ-] ] is a consistent estimator
-M+1
of the covariance matrix (1.2).
Proof:

In order to prove part a) of the theorem it suffices to show that:

M

M

—— /T - ,
(&) B )R] SR
-M+1 -M+1
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and

3 ) S 6] SRR

are both op(l), but they are op(l) by propositions 1 and 2.

As regards part b) of the theorem, we already know that:

] ()

converges in probability to the inverse of (1.2), and so by part a)

M
w10 ) 56T )
-M+1

also converges in probability to the inverse of (1.2). But on the
other hand we know that this matrix is p.d. and therefore the inverse

of (4.16) converges in probability to (1.2).
Q.E.D.

5.5.~ CONCLUSIONS

In this chapter we have studied first order efficiency in
estimating the parameters of a linear regression model, when both
heteroscedasticity and serial correlation are present but neither are

parameterized. The conditions about the regressors and the
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stochastic process v, are not much stronger than the conditions
needed in a parametric setting. The semiparametric estimator of g
turns out to be a natural extension of works by Hannan (1963 and

1970, chapter 7), Robinson (1987a) or Harvey and Robinson (1988).

Some possible extensions come to the mind. The first one, in
view of the works by Hannan (1963) is the multivariate regression
model. A second possible extension, which from an econometric point
of view is more relevant, is the linear simultaneous equation model
with exogenous regressors. And a third one is the non-linear

multivariate regression model, in view of the work of Robinson (1973).
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PENDIX

In this appendix we will prove a series of lemmas which are used
in several places in the proof of the propositions 1 and 2 of the

chapter.

Before attacking the following lemmas, some notation will be

introduced which is used thereafter. We will define ¢2(x{) as:

T
g2 - z o2 K T
t j t,]
j=1 /jzlxt,j
where Kj’t-K((xj‘xt)/a).

Lemma 1
Let the conditions Cl to C3 and C9 hold and 7-2(5"5)/5(2+5v).

Then:

T
1 Ug X¢ [ 1 (22-¢3) K /2, K/,
- — —_ t,§ JIe=0p(T a b ).
JT - (Yt:5 g(xg) T ijl 37%3 ] P
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Proof

The L.H.S. of the above equation can be rewritten as:

1 -
(A.1) Sik Z [zfut ¥t (@]-0]) e, jIet
a t<j t g(xt)

Y % (Gé—dé) K_‘] 'th ]

%3 B(x3)

Here, what has been done is to make symmetric the double sum
and thus, to be able to employ U-statistic theory for absolutely
regular stochastic processes. Also, we have discarded the terms t=j,
since as far as the asymptotic result is concerned it does not make
any difference. Expression (A.1) can be written as:

et

1
T4k LT e

=1 (u}—o}) Kt,j1t+

us X 2 2
J Aj (Ut‘(ft) Kj’th]

05 g(x3)
—go.l.s.y1
BT ) e g g e gl
T ‘a t<i |t g(x¢)
J
;j xj xt U Kj’th]
j 8(x3)
(B-pO-1.s.) Ue X ,
+—H—Z[5 £t xj%j" Ke,glet

T'ia t<j t g8(x¢)

3] fj XeXe! Kj,th](ﬁ'Bo'l's').
7y B(xy)



-169-

If one calls pT(Zj,zt) the term inside the first term of the above
expression where zj stands for (uj,xy), it is straightforward to show
that its expectation is equal to zero when zj and z have been taken
as independent. Therefore, taking the expectations conditional on x4

or X, we can conclude that this term is of probability order:
op[T /22 ¥/2p7" ]
P
by lemma 2 of Yoshihara (1976).

About the other two terms it is obvious that they are also:

0 [T V/2a™%/n7"].
Q.E.D.

Lemma 2

Let the conditions Cl, C2 and C7 hold. Then:

(4.2) 7— z vv [M ] vx(l-I)[ﬁE] -OP(I)'
-M+1

Proof:

The L.H.S. of equation (A.2) is equal to:

z [“' [Mk] f—' 1r] ] fﬁu-n[;—k]

—M+1

M
t -~ x
*%ﬁz £ [M—k] f=1- I)[Mk]

-M+1
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By noting that the difference between fy()\) and fvv(k) is that
the former uses the O0.L.S. residuals and by Hannan (1961) the latter
is greater than or equal to d>0 except in a set S which measured
tends to zero as T approches to infinity, we can say that the squared

norm of the first term is dominated by a constant times

M M
- 2 2
w) & B B =) | s B
M+l -M+1

The first term of the product is Op(T“‘M+M‘2Q) (see Hannan (1970)
or section 2.2.1 of chapter 2). As regards the second term of the

product, one can realize, following standard steps, that it is equal

to:

T-1s1 )

M
2
z K‘[isi] [_1 z Up Xegs (1-It1t+s)].
-M+1 T t=1 Tt Tt+s

This term is very easy to show that it is op(M). Because of
ug=veoe and the vy are absolutely regular, the above term without the
term (1-I¢Igyg) is Op(l). Consequently, using lemma 6 and
proposition 4 of Robinson (1988c) we can conclude by assumption C2
that the E[1—1t1t+s] is o(l), and therefore the above term is in fact
op(M). Hence, we can say that the first term is op(Mz/T+M"ZQ),
which by assumption C7 and q>3} is op(l). Therefore, it only remains

to show that the second term is also op(l). But this term is equal

to:
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M T-s
z A(s) [_l Ut Xt+sg (1'1t1t+s)]
-M+1 t=1 7t Ot+s

For the same argument as above, the term in brackets is op(l) for
all s. Moreover it is known that A(s) belongs to the L, -space.

Therefore we claim the Lebesgue dominated convergence theorem to

conclude that this second term is also op(l).
Q.E.D.

Lemma 3

Given the conditions Cl, C2, C4, C7, C8 and Cl0 then:

T-s
(A:3) %: z ve xt+s(a€ls-3;ls)It1t+s-0p(T'ia'2kb‘2+T"57a'k/2b-1+a2b-1).
Tem1
Proof:

The L.H.S. of (A.3) is equal to:

T-s

1 1 1

o z Ve Xt+s [ — - ]ItIt+s
Ty Ot+s Ot+s
T-s

1 1 1

+ 7: Z Vt Xt+s [ = - ]Ic1t+s

Tt-l Ot+s Ot+s

The second term is a straightforward consequence of lemma 2 of

chapter 3, and so it will be

Op(azb_'+T-ia—kb—1),
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since, although we have the square roots of the variances and Et+s-
it does not make any difference by noting the usual trick of
multiplying and dividing by, Et+s+at+s- and observing that Et+s>c>0

by assumption.

Thus, it only remains to find the probability order of the first
term of the above expression. Using the equality (see Robinson,
1987a):

r+i1_—1_-r—1

r
X ‘= zo(y—x)qy-q—'+(y—x) Xy
q-

we can rewrite this first term of the above term as:

T-s _ .
1 Ot45—0
—_ 45 TL4s’
(A.4) ,-z ve Xers | Diasots )]It1t+s
Tt_]_ Ot+s
T-s 2
1 -— -A
(A.5) +=— z Ve Xt+s [ %ﬁ—g‘&i)—]ltlus-
/Tt-l Ot+s Ot+s

~ As far as (A.5) 1s concerned:

Appealing to lemma 6 of chapter 3 and using the argument of the

above paragraph, we can say that this term is of probability order:
0p(T 2777y,

- For (A.4), we have that it is equal to (multiplying and

dividing by Or4g40ess):
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T
1 Ve Xe4s 1 z 2
=) — _ — _E uJ-O'j) Kt+s,j Peless-
JTt.loé+s(Ut+s+”t+s)8(xc) Ta

Although we have solved the problem of the square roots, we still
have the problem of the denominator (&t+s)- which depends on all the

observations and in particular on u,,...,ur. Thus, in order to

overcome this problem we will use the following device, since

[0 1 _ 1 ] - [ (O't+s‘_0't+s) ]
Ot+stOtes 20¢4s 2;t+s(;;t:+s'“‘;t:+s)

(Oris—Orss)
+ [ t+s t+s ]
= — . 2
20t4+5(0test0tss)

the above term (A.4.1) is equal to:

T
1
Z%Tx%— [— Jlej-w Kees, 3 Pelesss

T-s

1 z _ Ve xE+s [_lE z (ﬁj—dj) Kess,j]
T 218(%e) Te4s Ta j=1

1 1
[ = ~ R ]It1t+s-
(CrastOess)  20¢4s

By lemma 1, the first term is of probability order:

op(T‘7/2a"k/zb"),

and arguing as we did with (A.5), the second term can be shown to be

of probability order:
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op(r'*a"kb").
Q.E.D.
Lemma 4

Let v¢ and x¢ be two stationary stochastic processes as defined in

lemma 2. Then:

T-s t+s
2 2
(A.6) z z (vtvt+§’7(s)3§v3'1)“1 Ky, ¢ 1t1t+s-op(rs5akb'5).
t=1 j=t+1 gt(xe)oe
Proof:

The absolute value of the L.H.S. of equation (A.6) is less than or

equal to:

T-s t+s

VeV (vz—l)a2
z z £Les 13 ] Kyt ItIt+s|
gl (xe)oe

t=1 j=t+l

T-s t+s

+ | z z Y(Zizzi;;é“i Ky, ¢ Teless|-

t=1 j=t+1

About the second term it is very easy to check that it is the

R.H.S. of (A.6) times vy(s), since:

[S(v-1)]"=0p(s) and EIKj, ¢Kg, ¢1=0p(a®).
A

Insofar as the first term is concerned:
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T-s t+s ,

Ivel I (vim1) ] vess<

t=1 j=t+l
T-s t+s
S (Evet) /3B S (V117 /3 (Bivesst ) /3=0(Tsh)
t=1 J=t+l

and as long as E|Kj’tKi’t|-0(a?k) we conclude that the first term is,

also just the R.H.S. of equation (A.6).
Q.E.D.

Lemma 5

Under the same conditions given in lemma 3.

T-1s1 T
2 2
(A.7) z z (Vt"t+f'7(s)_)_§vj"1)"3 Kj,¢e 1t1t+s-op('rs*akb'i).
t=1 j=t+s+l g2 (xe)oe
Proof:
E(a.7)2K

(A.8) EZ (vtvt+s_7(s))(vj_l)ag(vrvr+s’7(s))(Vi-l)a;
1<t +s<r+s<j<icT zi(xt)Eé éi(xr)E:

X [Kj,t Ki’r ItIt+S IrIr+s ]+

(a.9) B) Ceversr(9)) (v Doy (s y(9)) (v Doy
1<t+s<j<r+s<T gt(xp)oe gt (xp)oy

X [Kj,t Ki r Ieltss IrIr+s]-

As regards to (A.8), it can be split up into two further terms:
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+ .
r-t>i-j r-t<i-j

The second term is the simplest one because the proof of its
statistical order is the same as certain steps of the proof of

Yoshihara's (1976) lemma 2, and it is of order:

722 7'S £(K)3/8+2(ke1)= 5 Yo
k
where §{(k) is the absolutely regular coefficient.

As far as the first term is concerned, we can distinguish three
different possibilities, i.e.:
a) r-t<s,
b) s+l<r-t<2s

and

¢c) 2s<r-s.
- About a), it is easy to show that it is

S
T?a?% 7'y £ (k)3/8+2 (ke 1)=0(T?s  Ya? b ")
K

since we consider ug on the one hand and the remaining of the u's on

the other.
— About b), we will have:

2s
127" 5 £(s)3/5%2(ks1)-0(T?s %1 (s) ¥/ 2%8a7D 7).
k=s
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— About c), this last term will-be of order:

12?7 5 r(s+k) /82 (254k)=0[ T V4T5 a2 ).
2s+1

Thus, we have that the term (A.8) is:

[T3—7+Tzs]azkb—'.

Therefore it only remains to check (A.9) to conclude the lemma.
But arguing in the same way as in (A.8) we can conclude that it is of

the same probability order.
Q.E.D.

Lemma 6

Under the same conditions of lemma 2 and C5, C6, we have that:

M T-is1
i e
(A.10) z K, [5] e 5"% z (Vevess—(s))  (Fe' T0¢' IIelers=op(l).
-M+1 t=1

Proof:

The L.H.S. of the above equation can be split up into three terms

(following the same steps as in lemma 2):

M T-1s1
(A.ll) *z K1[}§{] eisk% z (Vth+s_‘Y(S)) ItIt-I-S
t=1

-M+1 ;g g(xt)
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T

x [——-Ez (uj—oj) Kj t]
j-l _

T-1s1
(A.12) + Z [M] 1s) 1 z (Vch+s-7(s))
-M+1 op Ot B[00 ]

Ieltss

T

x [—Ez (uj—dj) Kj t]
j-l

T-1s1
(A.13) +Z (8] < 3 z Veversr(s) g g,

=y %

M+l =1 7t Tt g(x¢)

"[[—EZ j Ky, tl‘[—ﬁz L
j=1- j

(A.12) and (A.13) are both op(l), by arguing as we did with (A.5)

for instance, in fact they will be:

op(T"a"kM b ")

The cumbersome term will be the first one, that is (A.1ll), but

this term is equal to:

T-1s1
(A.11.1) z K, (5] ' 1 (Vtvt+f“)’(3)) IeIgsgt
-M+1 t-1 oe &(xt)

T

X [_EZ (UJ—O’j) Kj t]+
_ 8 y-1
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M T-1s1
(A.11.2) (ﬁ_ﬁo.l.s.),z K:[;] eisx z (vt3§+f—7(s)) Ieless
-M+1 e=1 Ot B(%¢)
T
1
x [-T—EZVjO‘jXJ Kj,t]"’
a0y
M T-1s1
(A.11.3) (B_Bo.l.s.),z K1[§] JREDN z (vtz§+§—7(s)) Ieless
| -M+1 e=1 Ot 8(xe)
T
x [ Z xj xj' Ky,e] (8 6215,
Ta j=1

But (A.11.2) and (A.11.3) are both Op(T"Mb'f), and about

(A.11.1), this is equal to -

M T-1s1 t ) 2
1 s .isx (Vevess—r(8)) (vi-1)oj
P R ) = )ij 3 Ky,e Telesst
& M t=1 j=1 Tc 8(Xc
M T-1st T 5 5
1 s1 _is\ (Vevess—(8) ) (vi-1)o
—Z;TE z K‘I [ﬁ] e Z = A&( )J j Kj,t ItIt+S+
-M+1 t=1 j=t+s+l Tt BElXte
M T-1s1 t+isi R )
1 s is\ (Veve+s—y(8)) (vi-1)o
p— z K,[5] e Z 2 S )J I Ry ¢ Teless.
-M+1 t=1 j=t+l Tc & (Xt

Each term is by lemmas 4 or 5 of probability order:

op(r ',
Q.E.D.
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Lemma 7

Under the assumptions given in lemma 5 and C6, C7, we have that:

M T-1s1
-M+1 t=1
Proof:

By Parzen (1957) theorem 5A, conditional on x¢, (A.1l4) is

OP(T—‘M).
Also we have that:
= =1_ =1, ,~ =1 -1
E[(or -o¢ )(oy -0 )IeI K
— - 2 S 3
[E[at‘—at‘]’It] [E[ar‘—ar‘]’lr]'
Recalling that:

[(0¢ '-0¢') Le=T¢ o¢ (Optoe) ' (og-0e) I

we have, by lemma 6 of the previous chapter, that the supremum of the

above equation is of probability order:
op(a‘b"+T"a"kb")

and thus we conclude the lemma.
Q.E.D.
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Lemma 8

Under the same conditions given in the previous lemma we have

that:
(a.as) I Eon - f;;I"2-0p(T-znsa_kb-2+T—2a_4kM2b-2+a4b—2)-
Proof:

T-1sl

is) 1 1 1
fAA— f— - z [M] z ut ut+s[ . Y - ]Itlt.,,s-
~M+1 Ot+s0t Ot+s0t

On the other hand, the difference between this and the expression
with ue is of order less than T-3. This can be seen very easily.

Hence we should work out:

M -1s
s 1 1 1
z K, [ﬁ] T z ue ut:+s[ — - ]It1t+s

“M+1 Ot+s0t Ot+s0t

which is equal to the sum of the following three terms:

d K
s 1 1 1
(A.16) z K, [‘ﬁ] T z Vet Vt+s “t+s[ - ]Ic1t+s+
-M+1 Ot+s Ot+s
T-isi
isx 1
(A 17) Z ["] s z Vt Vt+s O't[ _— — ItIt+S+
-M+1
T-1si

isx 1 1 1 1
(A 18) z [M] s z Ut Ugeyg :-l - ] [A - ]ItIt+S .
-M+1 Ot O¢) W0tes ~ Ot+s

Therefore, the expectation of (A.15) is less than or equal to:
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Op (T~ ") +4{1IA. 16112+IA. 17112+11A. 18112} .

- About (A.17). This term is equal to:

T-1si
z [H] s 1 z (Ve Veas™(8)) o¢| — - R IeIess
-M+1 t=1 Tt
T-1s1
z [n] 1s) v(8) 5 : z Ut[ = ~ —|Ttless-

-M+1

But by lemmas 6 and 7, the first term of 11A.17112 is of probability

order:

op('r"n a’b T M2 YT 2% T2
while the second term is of probability order:

0 (T-'a-zkb-z+a4b—z)

since the function K, is uniformly bounded and y(s) is absolutely
summable. The term 11A.16112 is identical, and 11A.18112 works in the

same fashion.
Q.E.D.

The next lemma is very important since it allows us to say that:
£ -2 0|l’< ¢ i Eaa(0)-E=00n?
I 5 oo-E5om][ < e w Fgon-E50om

as T goes to infinity, where C is a generic constant.

It is very well known, see Hannan (1961) (since |ajl-0(a‘Q") and
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q>3), that

max | %——(xj)— f(xj)l goes to zero in probability.
j vv

Thus, we only need to establish that:
max | f;;(xj)— f;;(kj)l goes to zero in probability.
A

Lemma 9

Under the same conditions of lemma 6, we have that:

(A.19) m.:x i f‘a’;(x)- %W()\)l-op(l).

Proof:
We have that the L.H.S. of equation (A.19) is equal to:
T-1s1

(A.20) maxl z 5] e ish 1 Z [“t“t+s Teless — “t“t"SJ
—M+1 Tt+s0t Tt+s0t

But the term inside the square brackets is equal to:

UtUgyg —

A~ [ Ielees ItIt+s]_ [ “t“t+s‘“t“t+S]ItIc+s+

OtOt+s Otlt+s Ot Ot+s

Ueu
1.1 tYt+s
(Telees) piptes

and hence, the term inside the vertical bars of (A.20) is equal to:
T-1s1

is) 1 1 1
2 [M] Z “t“t+s[ —— ]It1t+s+

“M+1 Ot+s0t Ot+s0t
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T-i1s81
.l.s.
66" Y R[] o T ) wemers oo - T |TeTerat
M+l t=1 Ot+s0t Ot+s0t
T-1s1
is) 1 1
(-6 "%y z LJ y z “t+sxt[ — ! ]It1t+s+
“M+1 OtssOt  OtesOt
M ~Is
o.l.s. 1 1 1 .1l.s.
B-6°1%) ) K, [§e'* 1 Z tx'm[,‘ - Jreterste-e %)
-M+1 Tt+s0t Ot+s0t
T-1s1
Z ) < 1 Z wex'ers[ —— | (86715
—M+1 Tet+s0t
M T-is1
isa 1 .1l.s.
le[zit] e 1 z “t+sx't[ ] (6-6° "%
—M+1 t=1 i Ot+s0t
T-1s1
(5- Siya z LJ isx 1 z XX t+s[ ] (- Bo 1.s.)+
-M+1 Ot+s0t
T-1s1
i 1
z LJ = Z [ utut+s](1 Teltes)-
—M+1 Ot+s0t

Since by assumption the function K, is uniformly bounded, then
ZIK,(S/M)I-O(H). Also since the 0.L.S. estimator of the parameters @
is root-T consistent, it is very easy to show that the supremum in A

of the second four terms is op(l).

As regards the last term, it is also very easy to show that it
is op(l) since adding and substracting y(s) into the term in

brackets, we have that as long as
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T ' F{1-I¢lees)op(l)

then also this term is op(l). Therefore, in order to prove the
lemma, it only remains to show that the first term of the above

expression is also op(l). Note that this term is equal to:

M T-i1s1
s isx 1 =1 -1
z Kl[ﬁ] e T z (VevessTe) (OtesOt+s) Ieleest
-M+l t=1
M T-1si
isx 1 Amy -
(a.21) z Ki[ﬁ] et 3 z (ViVessOess) (0t —0¢ I Ielesst
M+l t=1
M T-1s1
s is)x 1 ~A—1 -1 A=y -1
z K,[ﬁ] e T z (VeVessOt0t4s) (OregOtsg) (O —0¢ DIele,g
-M+1 t=1

and taking into account that:

T-1s1
1 ey -
T Z (VeVessot) (Teis=0ess) Ieless
t=1
T-is1
1 A—1 -1
=T z (Vevers™v(8))0e(0t4s0e+s) Ieless
t=1
T-is|

1 ~— -
+1 ) v()0eGirs o) Teles
t=1
it is very easy to show that it is op(T‘5)+op(1)7(s). Hence, when
the supremum in A\ is taken, the first term of (A.21) will be op(l).
As regards the other two terms of (A.21), they are also op(l) arguing

in the same way.
Q.E.D.
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CHAPTER 6

A FINITE SAMPLE STUDY OF THE ADAPTIVE ESTIMATOR OF CHAPTER 5

The aim of this chapter is to give some evidence about the
performance in finite samples of the semiparametric estimator which
we have studied in the previous chapter, and also to compare it with
the G.L.S. estimator when the conditional variances are known. Also
it would be interesting to observe how inaccurate is the G.L.S.

estimator when we mis-specify(MIS) the heteroscedasticity.

In this study the semiparametric estimator involves two bandwidth
parameters, i.e. M and a, which, as we have already been seen in
section 5.3 of the previous chapter, are directly related via the

assumption C5.

As it was pointed out in section 5.3 of chapter 5, Robinson
(1988a) allowed the M parameter to be data-dependent, in an
homoscedastic framework, without losing any of the good statistical
properties of the estimated regression parameters. He pointed out
that in a heteroscedastic regression model setting, the bandwidth

parameter a can be chosen to maximize a pseudo-Gaussian likelihood
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allowing a to be data—dependent and establishing asymptotic normality
and efficiency. However, in this case it was decided to choose a set

of representatives M and a's.

Four different models, given by equation (1.1) of chapter 5, were
simulated with k=1, where x¢ and v are both Gaussian zero mean
process Xe=wet7We—,, Ve=fet0&e—,, &t and w¢ are white noise having
unit variances. The value of r was taken as 0.5. The four models
can be distinguished for both the parameter # and the

heteroscedasticity function. We have considered:

Model 1: 6=0.5 o(x¢)=exp(0.125+0.4x¢),
Model 2: 6=0.5 o (x¢)=exp(0.25+0.8x%¢),
Model 3: 6=0.9 o(x¢)=exp(0.125+0.4x%¢),

Model 4: 6=0.9 o (x¢)=exp(0.25+0.8x¢)

although we are going to present only the results for the first two

models since the findings for models 3 and 4 are in the same spirit.

A decision was made to choose #=0.5 or 0.9, since they were used
by other investigators, e.g. Robinson (1988a). Also, two
heteroscedasticity models were used. The severity of the
heteroscedasticity will be measured by the coefficient of variation
of 02(x¢), defined as the ratio of its standard deviation to its
mean. The coefficient of variation for the model
o(x¢)=exp(.125+40.4x¢) is equal to 1.05, while for the second one it

1s 2.84,



-188-

The simulation study was performed using the two different
methods for the estimation of the parameter B as described in section
2.2.2 of chapter 2. By means of method 1, one could understand the
procedure described in chapter 5, i.e. via smoothing the spectral
density estimates. A second method of estimation (method 2) makes
use of the periodograms, as in Robinson (1973,1976,1988a) and Hannan
(1971). For a compléte description of this two methods see for
instance Robinson (1988a) pp. 8-9 and section 2.2.2 of chapter 2.

The only difference is that before getting the discrete Fourier
transform (DTF) of y. and x¢, these random variables are divided by
o(xt)*, where a(xt)* will be an estimate of the conditional variance,
e.g. o(xt)* will be the true ones, the nonparametric estimate defined
by equation (2.1) of chapter 5, or a parametric estimate of the
conditional variance when we believe that it follows a polynomial

function.

Although, only the theorem of chapter 5 was shown for method 1,
i.e. via smoothing the spectral densities, we see no reason why this
theorem will not hold under method 2, since for the paramétric case
the difference between both methods are negligible in large samples,
in fact they converge to the same asymptotic distribution function.
However, it was decided to use this method in this simulation study
since, the results of Robinson's (1988a) study could be used to guess
the possible grid of M's for this particular setting. As a result, a
comparison could be made between both methods of estimation for

finite samples.

In order to see what could happen when the heteroscedasticity

function was mis-specified, a pseudo G.L.S. estimate of @ was
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computed when the o(x{) are estimated from the regression equation:

~2 2
Ue=y, Hy  XetysXe

in the usual fashion.

Two more points have to be mentioned. The first one is that no
attempt was made to get the G.L.S. estimate of f based on parametric
modelling of the disturbances, because the real aim of this
Monte-Carlo experiment is to know how good the adaptive estimator is,
especially against the heteroscedasticity, and because several
Monte—Carlo studies of Hannan's estimate have been reported, e.g.
Duncan and Jones (1966), Engle and Gardner (1976), Robinson (1976).
The second point is that different windows were used for these
methods. In method 1 a Hanning-Tukey type of kernel given by equation
(2.5) of chapter 2 was used, while in the weighted periodogram the
Parzen window was used, given by equation (2.6) of chapter 2 due to
its computational advantage, and also because the Hanning-Tukey type

kernel function has a spectral window which is not positive.

All computations were carried out in double precision FORTRAN on
the University of London's Amdahl computer, using a random number
generator and fast Fourier transform (FFT) algorithm from the NAG
Library. For each of the four models, 1000 bivariate time series ug

and x¢ of lengths T=27 and 28 were generated and 500 for T=29.

In what follows, method 1 stands for the estimate of 8 via
smoothing the spectrum, while method 2 stands for the weighted
periodogram. In tables-6.1-6.6 only the M.S.E. for the parametric,

mis-specified and semiparametric was reported, for different M's and
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a's. Also the M.S.E. for the 0.L.S. estimate was reported. The
reason, why only the M.S.E. was shown, is that the findings of this
study about the bias are exactly the same as those of RobinsoaA
(1988a), i.e. the bias decreases as the sample size increases owing
perhaps to the "imperfection" in the random generator whereby the

"normal®™ deviates were not quite symmetric.

As it is impossible to give a closed formula for the asymptotic
covariance matrix of the G.L.S. estimator of 8, in terms of r and 4,
as it will be the case in the absence of heteroscedasticity, it was
decided to give an estimate of this covariance matrix by the M.S.E.
of the G.L.S. estimate of 8. The values that we have found were:
for model 1 and T=128 {=.00474, for T=256 {=0.00195 and for T=512
{=0.00098. For the second model and T-12§>f-.00115, for T=256

§{=.00039 and for T=512 {=.000172.
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TABLE 6.1

M.S.E. for model 1 with sample size T=128, and 1000 replicates.

0.L.S. 0.0360

Method 1,.-
M=1 M=3 M=5 M=7 M=9
G.L.S. 0.0060 0.0059 0.0051 0.0050 0.0050
a=.4 0.0083 0.0082 0.0075 0.0075 0.0076
a=.7 0.0084 0.0083 0.0076 0.0076 0.0077
a=1.0 0.0097 0.0097 0.0088 0.0088 0.0090
MIS 0.0189 0.0189 0.0175 0.0170 0.0168

Method 2.-

M=3,69 M=4.75 M=5.80 M=6.86 M=7,91

G.L.S. 0.0050 0.0048 0.0048 0.0048 0.0048
a=.4 0.0070 0.0069 0.0068 0.0069 0.0069
a=.7 0.0070 0.0068 0.0068 0.0068 0.0069
a=1.0 0.0081 0.0079 0.0079 0.0080 0.0080

MIS 0.0174 0.0172 0.0171 0.0171 0.0171
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TABLE 6.2

M.S:E. for model 1 with sample size T=256, and 1000 replicates.

0.L.S. 0.0175

Method 1.-

M=3 M=6 M=9 M=12 M=15

G.L.S. 0.0026 0.0021 0.0020 0.0020 0.0020
a=.3 0.0034 0.0030 0.0029 0.0029 0.0030
a=.5 0.0032 0.0027 0.0027 0.0027 0.0028
a=.7 0.0033 0.0028 0.0028 0.0028 0.0029
MIS 0.0087 0.0080 0.0079 0.0078 0.0077

Method 2,-

M=4,24 M=5,45 M=6.67 M=7,88 M=9,09

G.L.S. 0.0020 0.0020 0.0020 0.0020 0.0020
a=.3 0.0028 0.0027 0.0027 0.0027 0.0027
a=.5 0.0026 0.0025 0.0025 0.0025 0.0025
a=.7 0.0027 0.0026 0.0026 0.0026 0.0026

MIS 0.0080 0.0079 0.0079 0.0079 0.0079
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M.S.E. for model 1 with sample size T=512, and 500 replicates.

0.L.S. 0.00874
Method 1.—
M=5 M=8 M=11 M=14 M=17
G.L.S. 0.00102 0.00102 0.00102 0.00104 0.00109
a=.2 0.00151 0.00150 0.00150 0.00151 0.00154
a=.4 0.00125 0.00124 0.00125 0.00125 0.00129
a=.6 0.00125 0.00124 0.00124 0.00126 0.00129
MIS 0.00335 0.00336 0.00336 0.00338 0.00348
Method 2.-—

M=4, 87 M=6.27 M=7,66__M=9.05 M=10,45

G.L.S. 0.00101 0.00100 0.00099 0.00099 0.00099
a=.2 0.00146 0.00144 0.00143 0.00143 0.00143
a=.4 0.00120 0.00119 0.00118 0.00118 0.00112
a=.6 0.00120 0.00119 0.00119 0.00119 0.00119

MIS 0.00344 0.00342 0.00342 0.00342 0.00343
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M.S.E. for model 2 with sample size T=128, and 1000 replicates.

0.L.S. 0.3105

Method 1.-

M=1 M=3 M=5 M=7 M=9
G.L.S. 0.0016 0.0016 0.0013 0.0013 0.0013
a=.4 0.0073 0.0079 0.0080 0.0086 0.0092
a=.7 0.0070 0.0078 0.0079 0.0084 0.0090
a=1.0 0.0092 0.0102 0.0103 0.0108 0.0116
MIS 0.0196 0.0200 0.0188 0.0185 0.0182

Method 2.-

M=3,69 M=4,75 M=5.80 M=6,86 M=7.91

G.L.S. 0.0013 0.0012 0.0012 0.0012 0.0012
a=.4 0.0059 0.0058 0.0058 0.0059 0.0060
a=.7 0.0056 0.0055 0.0056 0.0056 0.0057
a=1.0 0.0074 0.0073 0.0073 0.0073 0.0074

MIS 0.018 0.0186 0.0185 0.0185 0.0186
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TABLE 6,5

M.S.E. for model 2 with sample size T=256, and 1000 replicates.

0.L.S. 0.1596

Method 1.-

M3 M=6 M=9 M=12 M=15
G.L.S. 0.0005 0.0005 0.0004 0.0004 0.0005
a=.3 0.0023 0.0023 0.0025 0.0027 0.0030
a=.5 0.0020 0.0020 0.0022 0.0024 0.0027
a=.7 0.0021 0.0021 -0.0022 0.0024 0.0027
MIS 0.0089 0.0080 0.0078 0.00768 0.0076

Method 2,-
M=l 24 M=S5.45 M=6,67 M=7 88 M=9 09
G.L.S. 0.0004 0.0004 0.0004 0.0004 0.0004
a=.3 0.0018 0.0018 0.0018 0.0019 0.0019
a=.5 0.0015 0.0015 0.0016 0.0016 0.0016
a=.7 0.0015 0.0016 0.0016 0.0016 0.0016

MIS 0.0079 0.0078 0.0078 0.0078 0.0078
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TABLE 6.6

M.S.E. for model 2 with sample size T=512, and 500 replicates.

0.L.s. 0.0789

Method 1.-

M=5 M-8 M=11 M=14 M=17

G.L.S. 0.00019 0.00019 0.00019 0.00020 0.00021

a=.2 0.00089 0.00085 0.00081 0.00077 0.00074
a=.4 0.00077 0.00073 0.00069 0.00066 0.00062
a=.6 0.00075 0.00071 0.00067 0.00063 0.00059
MIS 0.00366 0.00367 0.00371 0.00377 0.00392

Method 2.-

M=4,87 M=6,27 M=7,66 M=9.05 M=10,45

G.L.S. 0.00018 0.00018 0.00018 0.00018 0.00018
a=.2 0.00064 0.00065 0.00065 0.00066 0.00067
a=.4 0.00054 0.00054 0.00055 0.00056 0.00057
a=.6 0.00050 0.00051 0.00052 0.00053 0.00054

MIS 0.00372 0.00372 0.00373 0.00374 0.00375
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From the above tables it can be seen that both methods of
estimating the parameter § perform very similar, although method 2
seems to perform sliéhtly better. However, it seems that the
performance of the weighted periodogram is better across both models
and both sample sizes when the ¢2(x¢) is estimated
nonparametrically. Two additional features are the "stability" of
the M.S.E. across the a's and also the M's, and the similarity
between the G.L.S., MIS and the semiparametric estimator. The second
characteristic is that the "best" M for the G.L.S. and the
semiparametric estimator are the same, as it would be expected from
the conditions of the theorem since in this example k=1. Also O.L.S.
performs very badly in the presence of both serial correlation and
heteroscedasticity, the latter perhaps being the major cause of its

poor performance.

As expected, it was observed that as the severity of the
heteroscedasticity increases, the performance of the mis-specified
estimator under both methods of estimation is worse compared with the

parametric and semiparametric estimators.

Also, it turned out that the "best" a in terms of the M.S.E. of
the estimator of # is the same for both methods of estimation, and
the smooth parameter M seems to be in the same "region" for both

methods of estimation.

Also, as expected the performance of the semiparametric estimator
of B, for both methods 1 and 2, worsens as the severity of the
heteroscedasticity increases. It was observed that in this case a

greater amount of data was needed to adapt to the unknown
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heteroscedasticity, owing to the fact that the estimation of the
residuals via the 0.L.S. estimator is poorer, and the estimator (2.1)

used in this study may be more sensitive to this O.L.S. residuals

than for the estimation of the spectral densities or periodograms.
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