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Abstract

The thesis focuses on estimation of dynamic structural equation models in which
some or all variables might be unobservable (latent) or measured with error. More-
over, we consider the situation where latent variables can be measured with multiple
observable indicators and where lagged values of latent variables might be included
in the model. This situation leads to a dynamic structural equation model (DSEM),
which can be viewed as dynamic generalisation of the structural equation model
(SEM). Taking the mismeasurement problem into account aims at reducing or elim-
inating the errors-in-variables bias and hence at minimising the chance of obtaining
incorrect coefficient estimates. Furthermore, such methods can be used to improve
measurement of latent variables and to obtain more accurate forecasts. The thesis
aims to make a contribution to the literature in four areas. Firstly, we propose a
unifying theoretical framework for the analysis of dynamic structural equation mod-
els. Secondly, we provide analytical results for both panel and time series DSEM
models along with the software implementation suggestions. Thirdly, we propose
non-parametric estimation methods that can also be used for obtaining starting
values in maximum likelihood estimation. Finally, we illustrate these methods on
several real data examples demonstrating the capabilities of the currently available
software as well as importance of good starting values.
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Chapter 1

Background

1.1 Introduction

There is nothing like a latent
variable to stimulate the imagination.!

Arthur S. Goldberger

Latent or unobserved variables have the role of reducing dimensionality in multi-
variate analysis or representing quantities of substantive interest that are themselves
not directly measurable.? Our focus here is on structural models with latent variables
where term “structural” implies specific, theoretically implied relationships among
observable (manifest) and latent variables. A similar definition of structural equation
models, due to A.S. Goldberger, refers to “stochastic models in which each equation
represents a causal link, rather then mere empirical association” (Goldberger 1972a,
p. 979).

Structural equation latent variable models (SEM) emerged from an increasingly
popular but never entirely completed merger of econometric and psychometric meth-
ods, namely structural or simultaneous equation models and factor analysis. The
specifics and common aspects of these two traditions are reviewed in historical
context by Goldberger (1972a). Psychometrics contributed factor-analytic mea-
surement models hence enabling empirical measurement of latent variables, while
econometrics developed structural equation models that incorporate causal, possi-
bly simultaneous relationships among the modelled variables. Combined, these two
approaches yield methods for modelling causal relationships among latent variables.

Joint estimation of a classical simultaneous equations system where all mod-
elled variables are latent (unobserved), but measured by factor-analytic measure-

!Cited from Chamberlain (1990), p. 126.

2Bartholomew and Knott (1999) clarify this by making a distinction between a  realist’ and
an ‘ instrumentalist’ view of latent variables depending on whether latent variables are regarded
as existing in the real (but possibly unmeasurable) world or as merely means of reducing complex
multivariate data to smaller number of more easily interpretable dimensions.
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ment models, was proposed by Keesling (1972), Wiley (1973), and J6reskog (1973).
Joreskog (1973) furthermore gave a full theoretical analysis of this (general) model
and pioneered its computer implementation in the still leading structural equation
programme “LISREL”.

The “Joreskog-Keesling-Wiley model” (commonly known as SEM or LISREL)
can be feasibly estimated in the full-information Gaussian maximum likelihood
framework by minimising the distance between the model-implied (theoretical) and
the empirical covariance matrices. Joreskog has shown that with independent, iden-
tically distributed (i.i.d.) Gaussian data the covariance matrix has Wishart distribu-
tion with the known theoretical covariance structure. Hence, given the parameters
of interests are identified, their maximum likelihood estimates can be obtained using
iterative optimisation techniques such as quasi Newton or scoring algorithms. This
does not necessarily holds for dynamic models and time series or panel data, which
is likely the main reason why SEM models found considerably more applications in
the psychometric and social science literature then in econometrics where dynamic
models and time series data are standard.

Latent variables in econometrics first appeared in the “errors-in-variable” models
and were broadly divided into models with truly latent variables and those with
observable variables that are measured with error (Ainger et al. 1984, Wansbeek
and Meijer 2000).

The gap between econometrics and psychometrics was partially bridged by the
development of the general structural equation model with latent variables due to
Joreskog (1973). However, dynamic structural equation models with latent variables
are rarely used in the empirical literature, in contrast to the static models. This is
largely due to estimation problems and lack of appropriate statistical software.

The existing methods for estimation of dynamic models in econometrics mainly
focus on errors-in-variable models (Ghosh 1989, Tercerio Lomba 1990). These mod-
els are characterized by the assumption of unobservability due to errors in measure-
ment, hence the observable variables are considered as proxies containing measure-
ment error. This is a different and less general assumption from the one in the factor
analytic tradition where the observable variables are assumed to be generated by
the latent variables and thus multiple observable indicators are considered.

There is a large literature on static SEM models with multiple indicators for
independent (cross-section) data (Bartholomew and Knott 1999, Skrondal and Rabe-
Hesketh 2004). The extension of these methods to longitudinal data (i.e. repeated
measurement on the same cross-section) was suggested by Joreskog and Sérbom
(1977). However, longitudinal models were not used as widely in the empirical
literature and the majority of the exiting applications are limited on static models
using data with very small time dimension (see e.g. Jansen and Oud (1995).



More complex dynamic SEM models (DSEM) using time series and panel data®
were not extensively researched or applied in the literature despite their considerable
applicability.

In the most general framework, DSEM model encompass most dynamic linear
models including dynamic simultaneous equations models, where all variables might
be unobservable but measured by multiple observable indicators. Such general set-
ting turns out to be tedious from both theoretical and empirical side. Consequently,
the literature on dynamic models with latent variables focuses on various special
cases of the most general model. However, numerous substantive applications call
for more general framework. The most common case that motivates a general DSEM
model is when the relationship among the modelled variables is dynamic and simul-
taneous while at the same time the error of measurement (or unobservability) is
present in all variables. If multiple observable indicators are available for each un-
observable variable, this situation naturally leads to a dynamic SEM specification
we consider here.

DSEM modelling can be used to address the problems caused by simultaneity
and measurement errors in multivariate models by making use of the information
contained in the observable indicators of latent, or erroneously measured variables.

In particular, we are concerned with time series and panel models that are char-
acterised by the following three points.

(i) All variables in the structural (simultaneous) model may be unobservable (la-
tent);

(ii) Each latent variable is measured by one or more observable indicators;

(ii) Structural relationship can be simultaneous and dynamic, thus lags of both
endogenous and exogenous latent variables are possible.

In the next section (§1.2) we review the contemporary literature on structural and
dynamic latent variable models and suggest that general DSEM models satisfying
the criteria (i)—(iii) above have not been fully treated.

3We distinguish “panel” from “longitudinal” data insofar the former comprises multiple obser-
vations on a time series process of length T that is observed N times, while the later is made of T’
repeated observations on the cross-section of size N. In practice, typical econometric panel data
might have larger T in comparison to N then typical longitudinal data sets used in social sciences,
but the true distinction is in the stochastic properties of the process that generated the data, which
tends to have pronounced dynamic properties in econometric panels.



1.2 Literature review

1.2.1 Structural equation model (SEM)

The general structural equation model with latent variables (SEM) has its roots
in the regression models with unobservable independent variables considered by
Zellner (1970) and models discussed in Goldberger (1972b). Pagan (1973) proposed
a estimation procedure for the models with composite disturbance terms while the
general structural equation model with latent variables, though still without multiple
indicators of the latent variables was introduced by Joreskog (1973). Joreskog and
Goldberger (1975) analysed a special case of the SEM model known as MIMIC
(multiple-indicators-multiple-causes) which is a latent variable model with perfectly
observed exogenous variables (“causes”). Wansbeek and Meijer (2000) currently
gives the most comprehensive review of the static structural equation models with
the focus on the models for independent data.

The SEM model was introduced in the literature by Keesling (1972), Wiley
(1973), and Jéreskog (1973) and is thus also known as the Jdreskog-Keesling- Wiley
model. The first computer implementation is due to Joreskog and S6rbom (1996b)
who developed the LISREL* computer programme (see Czirdky (2004) for a review).
The basic SEM model is specified by three matrix equations as

n = Bn+T€+¢ (1.1)
y = Am+e (1.2)
x = A£€+0 (1.3)

where n = (71,72,...,Mm) and § = (&,&,...,§;) are vectors of latent variables,
y = (¥1,92,-..,y) and x = (x1, 29, ..., Tx) are vectors of observable variables, and
B (mxm), T (mxg), A; (kx g), and A, (I x m) are coefficient matrices. The
vectors of errors in measurement in y and x are denoted by € and 4 and assumed
to be uncorrelated with n, &, and (.

Without loss of generality we assume that variables are measured in deviation
from their mean. Note that (1.1) is a structural equation with latent variables and
(1.2) and (1.3) are measurement models for the endogenous (1) and exogenous latent
variables (&), respectively.

The specification (1.1)—(1.3), however, is not the only one and several alternatives
have been suggested in the literature. The “Bentler-Weeks” and “reticular action
model” specifications are the best known equivalent alternatives and both have
covariance structure identical to that of the specification (1.1)—(1.3). Wansbeek and

4The abbreviation stands for LInear STructural RELations.



Meijer (2000) give a more detail discussion on these alternative specifications from
a comparative angle. We will use the specification (1.1)—(1.3).

Historically, the SEM model (1.1)—(1.3) emerged partly from the econometrics
tradition and it is easy to see the resemblance between (1.1) and the classical econo-
metric simultaneous equation models. The other part came from psychometrics
(factor analysis) tradition thus the measurement models (1.2) and (1.3) have a clas-
sical factor analytic form.

The key characteristic of the SEM model is the joint estimation of both the struc-
tural and the measurement models, which is most commonly done in the covariance
structure analysis (CSA) framework. There is some discussion in the literature of
whether CSA should be considered as the umbrella family of methods that include
SEM as a special case or vice versa. Originally, the method for the analysis of co-
variance structures based on maximum likelihood was suggested as a fairly general
approach encompassing factor analytic and related models by Joreskog (1970).

The CSA approach is based on fitting a discrepancy function that minimises the
difference between the model-implied (theoretical) and data-implied (empirical) co-
variance matrices. The SEM model (1.1)—(1.3) has a theoretical covariance structure
3(0), expressed in terms of the model parameters, of the form

I (D3I ‘A, +0©, AJIT®A, + O,
E(G)Z(A,, (T@I' + ¥)ITA’, + ©, A, +95)’ 1.0

A BT'ITA, + O A BN, + ©;

where II = (I - B)™1, E[¢¢’] = &®, E[((']| = ¥, E[ee’] = ©,, E[§6'] = ©;, and
E[ed’] = Os. Letting z = (y' : x') where Z = (21,22, ...,2y) is a sample with
N observations on z, and z = -]17 Zfil z; is the sample mean vector, we can further
define the sample covariance matrix as
T
— PR 7> v — 7> ,
S=+— ; (z; — Z)(2; — Z) (1.5)

Let F(3(6),S) be a fitting function. While the ACS method is generally appli-
cable to any form of 3(@), the SEM covariance structure (1.4) encompasses many
common static linear models as special cases.

Most commonly used CSA fitting function used to obtain coefficient estimates
that minimise the discrepancy between (1.4) and (1.5) is the Wishart maximum
likelihood function Joreskog (1981). It is given by

F(2(6),S)mz = In|S(6)] + tr SE~1(6) — In|S| — I — k. (1.6)

In addition to the maximum likelihood discrepancy function, there are several non-
parametric alternatives. The most frequently used are the generalised least squares
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(GLS) and unweighted least squares (ULS) criterion (Joreskog and Goldberger 1972,
Anderson 1973). The GLS discrepancy function is given by

F(3(6))ors = (S — X(0)) W™'(S — (9)), (1.7)

where W1 is a general matrix of weights. It is commonly taken that W—! = S—!
in which case (1.7) simplifies to

F(E(6))ozs = 5t (1-S'2(0)),

or if no weights are used, i.e., W=! = I, we obtain unweighted least squares (ULS)

criterion

F(S(0))ozs = 5ir (S~ £(0))" (18)

However, unlike ML and GLS the ULS criterion does not posses scale-invariance
property.® On the other hand while ML and GLS methods require positive definite
covariance matrix the ULS has no such requirement (Joreskog 1981). Note that
under some simple assumptions when plim S = 3(6) then plimé = 0o where 6 =
arg min F(2(0), S) (Anderson 1989). The same results holds for @ that minimises
F(2(0))gLs or F(X(0))uLs. In general, & = arg min F(X(0)) will be a consistent
estimator of @y if F(X,S) — 0 = X*X~! — I (Shapiro 1983, Shapiro 1984, Kano
1986, Anderson 1989).

1.2.2 Dynamic latent variable models

Latent variable models specifically designed for dependent data (i.e. time series)
were introduced in the econometric literature in the eighties and could be divided
into various extensions of the classical factor analysis model and dynamic extensions
of certain special cases of the static SEM model. Unlike in psychometrics, where
the development of the SEM model followed an elegant path of merging the already
existing simultaneous equation models with the factor analysis, the development
of dynamic latent variable models did not follow such path. The SEM model has
not been directly generalised to dynamic cases in its full generality and the factor
analytic model was reoccurring in the literature often in less general settings then
previously considered. In this section we give a brief overview of the main develop-
ments in the literature on dynamic latent variable models and show that most of
these approaches stream from different traditions and thus fail to provide a unified
treatment of the topic.

5Scale invariance implies that the value of the fit function remains unchanged regardless of the
changes in the measurement scale.
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Dynamic factor analysis models

Geweke (1977), Geweke and Singleton (1981) and Singleton (1980) proposed frequency-
domain methods for estimation of a dynamic confirmatory factor model (DCFM).

The DCFM model relates an observed vector x; = (zu, Zi2,. - ., %)  to a linear
distributed lag function of a latent vector of common factors &, = (&, &2, - - -, &)’
and a vector of specific factors 8; = (841, 0s2, - - ., 0n), Wwhere n > k. The model is
specified as
xe= Y Apé i +6, (1.9)
k=—00

and it is assumed that E[x| = 0, E[€] = 0, Cov (8;;, 0;¢) = 0 for i # j, Cov (6¢,&;_;) =
0 Vj, Cov (0¢—;,8:—;) is diagonal for s = 7, and Cov (§,&;:) = 0 Vi # j. Both &,
and &, are allowed to be serially correlated, and in addition &€, can be mutually
correlated.

Denoting the autocovariance function of x; by R.(r) = E(xx},,), for t =
...,—1,0,1,..., the autocovariance function of the DCFM model (1.9) is given by

Rx(r) = i A i Re(r+k — DA +Re(r),

k=—o00 l=—00
and thus the spectral density function S,(w) can be obtained by taking the Fourier
transform of R,(7), i.e., Sp(w) = Yoo __ Ry (r)e ™", for |w| < 7. This gives

r=—00

S:(w) = i i Ag i Rf(r—l-k:—l)A'ze_i“”"—l- io: R.(r)e ™"

r=—00 k=—00 l=—00 T=—00
00 00 00
= Z Ape ik Z R, (u)e ™u Z A e ™% + 8. (w)
k=—-00 U=—00 Z2=—00

The DCFM model can be estimated in frequency domain by firstly computing
the finite Fourier transform of the vector x

T
%(w;(T)) = @aT)™/? Y " xeitr ™),
t=1
for j=1,2,...,T and w;(T) = 275 /T. The likelihood is given by

Lo
L (%(wg), Sa(w?)) = (21) ™IS (w?)| ™" exp (— D & (wy)'Sa(wh) % (wy )) :
h=1

12



where wy, h =1,...,1, is the ¢g-th band with I, adjacent harmonic frequencies that
splits the interval [0, 7] into @ disjoint intervals. An unconstrained quasi-maximum
likelihood estimator of the spectral density matrix is given by

lg
So(w?) =1 Z X(whx(wh)'
h=1
Geweke and Singleton (1981) suggest a goodness-of-fit statistic based on the
likelihood ratio principle as

. -1 e
Sx(w)A’ e~ Tt %Oy %

A=

(1.10)

S, ()| e~ SR RO

where S, (w) 4 and S;(w) are unconstrained and constrained ML estimators of S,(w),
respectively. Asymptotically, 2In A ~ x2 for d the number of distinct elements in
S;(w) less the number of free parameters.

Note that Geweke and Singleton (1981) methods for estimating DCFM models
are in fact based on classical Wishart-likelihood CSA approach where time series
data is initially spectrally decomposed and “prewhitened” to eliminate seasonality
and serial autocorrelation. To see the similarity with the CSA approach described
in section §1.2, note that for a finite Fourier transform of x at the m harmonic
frequencies (X;,Xa, . .. Xn,) the (complex) likelihood is of the form

L(S;(w), %, .., %m) = (21) ™S, (w)| "™ exp (— Zigsx(w)‘lii) :

thus the log of the likelihood is

InL; (Se(w), X1,. .., Xm) = —nmIn(21) — mIn |Sy(w)| — tr CS;(w) ™,  (1.11)

where C = L 5™ %;%]. Geweke and Singleton (1981) re-scale (1.11) by multiplying
it by —m~! and add terms that do not include any unknown parameters to obtain

In Ly (Sz(w), X1, - -, Xm) = In|Sz(w)| + tr CSz(w) ™ — In|C| — n. (1.12)

Hence (1.12) is of the same form as the Wishart maximum likelihood fitting func-
tion (1.6). The main difference between the procedure for estimation of DCFM
models (Geweke 1977, Singleton 1980, Geweke and Singleton 1981) and the Wishart-
likelihood approach (Jéreskog 1970, Joreskog 1981, Anderson 1989) is in initial trans-
formation of the data with spectral methods that aims at rendering data serially

13



uncorrelated and seasonality-free, thus satisfying the i.i.d. assumptions required
for the CSA method. Similarly, the likelihood-ratio goodness-of-fit statistic (1.10)
resembles the usual x? test used in the CSA framework with a transformed data
matrix.

An additional complication due to the use of spectral methods is that the Fourier
transform X; generally includes complex values, hence Geweke and Singleton (1981)
additionally transform the data vector to make it real, and similarly define real-
transform of the parameter vector.

Dynamic multiple indicator multiple causes model

Engle and Watson (1981) proposed a dynamic version of the MIMIC model (Zellner
1970, Goldberger 1972a, Goldberger 1972b, Jéreskog and Goldberger 1975) and
suggested a maximum-likelihood procedure for estimation of a dynamic MIMIC
model (DYMIMIC).® The model they consider is written in the state-space form to
facilitate application of the Kalman filer algorithm and is specified by a state and a
measurement equation, respectively as

Xy = OXp_1+ 72+ Ve
y: = axi+ ,th + ey (113)

where x; (J x 1) is unobservable and y; (P x 1), and z; (K x 1) are observable
vectors. The error vectors vy and e; are assumed to be normally distributed and
mutually independent, i.e.,

oGS w)) o
e; 0 0 R;

The DYMIMIC model (1.13) is more general then the Geweke and Singleton
(1981)’s dynamic factor analysis model insofar it allows for the effects of the exoge-
nous variables measured without error (z;). However, (1.13) does not allow for simul-
taneous relationships among latent variables (x;) and also assumes that exogenous
variables (z;) are perfectly observed. Nevertheless, the DYMIMIC model includes
as special cases several important time series models and it can be easily shown
that models such as ARIMA, time-varying regression models, multivariate ARIMA,
and dynamic factor analysis are all special cases of DYMIMIC model (Watson and
Engle 1983).

Engle and Watson (1981) and Watson and Engle (1983) propose an estimation
approach based on the scoring algorithm and the Kalman filter. The key statisti-

6See also Watson and Kraft (1984) and Engle et al. (1985).
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cal assumption required is multivariate normality and mutual independence of the
measurement and state error vectors (1.14). Note that (1.13) can be re-written as

Vi = oa(@xi_1+72+Vvy) + Pz + ey
= a¢xi1+(ay+0)z + (avi+e),

which now has composite error structure. If we furthermore let av; + e; = u; the

model can be written in terms of innovations as

u; = —a¢Xt_1 — (a'y + ﬁ) Zy (115)

Denoting the contemporaneous covariance matrix of the innovations E[usu’y] =
H,, it follows that the log-likelihood function of the DYMIMIC model is of the form

T
T 1,
lnLt (0) = —E-ln |Ht| — 5 E u th 1l.lt. (116)
t=1

The model parameters (@) can be estimated recursively, using the Kalman filter,
where the recursion is given by

,0lnL
00

Engle and Watson (1981) show that Kalmu@algorithm can be applied to
the DYMIMIC model when the initial state g iS treated as either an unknown
constant (fixed) or a random variable. The former assumption allows estimation of

0+t = 0F + 2, o*. (1.17)

the models containing non-stationary variables.

While relatively simple to implement, the scoring algorithm might be slow to
converge thus Watson and Engle (1983) propose an additional estimation proce-
dure based on the expectation maximisation (EM) algorithm. The EM algorithm
is particularly convenient for estimation of latent variable models because the un-
known values of the latent variables can be treated as missing observations. In the
DYMIMIC context, Watson and Engle (1983) implement the two steps of the EM
algorithm through a multivariate regression (maximisation step) and by calculation
of sample moments of the smoothed values of x; (estimation step). However, un-
like the scoring algorithm, the EM algorithm does not produce an estimate of the
information matrix. Another problem with the EM algorithm is in its insensitivity
to underidentification, thus Watson and Engle (1983) suggest that EM and scoring
algorithms should be combined.

"Hence we have H; = E [(—a¢xi—1 — (o + B) 2¢) (—adxi—1 — (ay + B) z¢)'].
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Dynamic shock-error model

Dynamic shock-error (DSE) model is a single equation version of an autoregressive
distributed lag model with latent variables (Aigner et al. 1984, Ghosh 1989, Ter-
ceiro Lomba 1990). In the DSE model both endogenous and exogenous variables
are measured with error thus a static version of the DSE model is a special case of
the SEM model with only one structural equation. Furthermore, the DSE’s mea-
surement model for the latent variables allows one observable indicator per latent
variable with unit loadings. The DSE model is specified with a single structural
equation and two measurement equations as

P q

me o= 3 Bim-i+ Y vili+ G (1.18)
i=1 i=1

y = m+e (1.19)

Ty = & +0 (1.20)

where 7; and &; are scalars. Therefore, (1.18) is a single equation autoregressive
distributed lag model in latent variables. The variables 7, and &; are not observed,
instead y; and z; are observed with error in the form of (1.19) and (1.20).

Ghosh (1989) proposed an estimation procedure for the DSE model (1.18) based
on the state-space approach of Engle and Watson (1981) and Watson and Engle
(1983). Ghosh (1989) and Terceiro Lomba (1990) suggest a maximum likelihood
approach to estimation of the DSE model, which would be possible if the the model
could be written in the state-space form (SSF).

Similarly to the assumptions required for estimation of the DYMIMIC models,
Ghosh (1989) assumes normal and mutually independent errors in the DSE model,

ie.,
G Ger Gide g¢ 0 0
E EtCt E% €t5t = 0 0'? 0
5tCt 5t5t 5t2 0 0 O'g

The DSE model thus allows for the measurement error in the exogenous variables,
hence latent exogenous variables are permitted in the model unlike in the DYMIMIC
model of Engle and Watson (1981). However, the Ghosh (1989) model is univariate
and each latent variable is measured by a single observable indicator.

Nonparametric principal components

Bai and Ng (2002) consider estimation of the number of the unobserved factors with
dependent data with a focus on applications in finance, which extends the methods
introduced by Stock and Watson (1998) and Forni et al. (2000). They analyse a
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simple linear factor model using principal components estimator in a “ panel” with
i =1,2,..., N cross-section units (or variables) observed over t = 1,2,...,T time
periods. The model is given as

Tt An Az o Ay flt 51t
T A A R P )

2t _ .21 ?2 2 ot n .2t ’ (1'21)
TNt ANT AN2 o ANy Ert Ont

where x;;’s are observed while \ij, &;; and d;; are unobserved. In full-sample notation
(1.21) can be written as

X = EA +E, (1.22)

where X and E are T'x N, Eis T'xr, and A is rx N. This notation and terminology is
somewhat unorthodox since N denotes either the number of variables or the number
of cross-section units. However, the confusion between cross-sections and variables
lessens in the typical finance applications where e.g. asset returns of individual firms
might be considered either as observations on individuals (e.g. different firms each
with specific asset return) or as variables (e.g. different asset returns coming from
specific firms), and the stock market as a whole can be seen as driven by a smaller
number of unobserved factors that account for much of the variability in numerous
observed asset returns. This nevertheless does not cover the classical panel case with
both multiple individuals and multiple variables observed over a given time period.

The methods proposed by Bai and Ng (2002) typically cover multivariate time
series models where N denotes the number of variables, while both multiple indi-
viduals and multiple variables across time are not allowed, thus the model (1.21)
cannot be considered a classical panel model. Note, however that multiple variables
and multiple individuals can considered if the time dimension is absent in which
case N would denote the number of variables (e.g. types of goods) and T would
denote the number of individuals (e.g. households).

Nevertheless, an important distinction can be drawn between classical factor
analysis where either N or T' must be fixed and the model (1.21) which allows both
N and T — oo.

The assumption in (1.21) is that the dimension r of the latent vector £ =
(&1, &ty - - -, €4t) does not depend on N or T'. There is no restriction regarding serial
and cross-sectional dependence and homoscedasticity of the errors is not assumed.
The degree dependence in the errors (idiosyncratic component) is however limited
and in its presence the model will have an ‘ approximate factor structure’.

The key contribution of these methods relates to the situation when both N and
T are allowed to go to infinity in which case the classical eigenvalue and maximum
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likelihood estimation methods tend to produce an estimate of r that increases with
N, while the true r might be fixed in the population.

Bai and Ng (2002) estimate the model (1.21) using the asymptotic principal
component method, which minimises the criterion function

N T
VAT = =33 (X M) (1.23)

i=1 t=1
subject to the constraint 1/N AFAF = Ix or the constraint 1 /TE’“’E’“T = I, where
k < min{N, T} is an arbitrary integer. Bai and Ng (2002) proposed several non-
parametric information criteria for estimating k& on the basis of the principal com-
ponents solution.

Bai (2003) developed an inferential framework for the asymptotic analysis of
the factor model (1.21) suitable for the cases when both N and T are large and
when nether N nor T are fixed. In addition, Bai (2003) allows non-diagonal error
covariance matrix and serial dependence in the latent variables, which can be treated
as either fixed or random, thus extending the work of Chamberlain and Rothschild
(1983), Connor and Korajzcyk (1993), and Forni et al. (2000).

The contribution of the Bai (2003) is the asymptotic distribution of both the fac-
tors and the factor loadings. In both cases it turns out that the asymptotic distribu-
tion is normal, and to obtain this result a specific linear transformation of factors and
factor loadings was applied. In particular if we let H = (A’'A/N) (E’.':':. / T) VT,
where = denotes an estimate of the factor matrix given by the v/T times the eigen-
vectors corresponding to the r largest eigenvalues of the matrix XX, it follows that

plim (E’ = / T) = Q for an invertible matrix Q. Subsequently, the asymptotic
T,N—oo

distribution of the linear functions vT (ét - H’Et) and VT (]\t - H At) will be
multivariate normal.

The methods suggested by Bai and Ng (2002) and Bai (2003) follow a recent
tend in the financial econometrics literature on latent variable models for dependent
data, however they are limited to static factor analytic models and non-parametric
principal components estimation methods. Thus, the applicability of these methods
to more complex dynamic models is only possibly by using the estimated factor
scores. This approach can extended to models for the non-stationary data (Bai
2004), though the same limitations regarding more complex dynamic models still

apply.
SEM models for time series

Structural equation models with latent variables are widely used in longitudinal
analysis with repeated-measurement data and standard structural equation soft-
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ware for covariance structure analysis can be used to fit such models (Joreskog and
Soérbom 1977, Jansen and Oud 1995). Longitudinal studies usually do not treat
repeated measurement as stochastic processes (i.e. time series) and commonly focus
on static models thereby avoiding statistical complications arising from modelling
dynamic structure of the data. A as an example of a typical longitudinal model
consider a sample of ¢ = 1,..., N individuals observed at two time points. Suppose
y;: is brand preference and z;; is personal income where we wish to estimate a simple
model of product-brand loyalty of the form

Yi2 = a + By + VZi2, (1.24)

where current brand preference (y;2) is affected by personal income and previous
brand preference. This model does not treat brand preference as a stochastic process
having specific statistical properties, rather it hypothesises that current preference
toward a particular product brand might depend on the personal income but also it
can be affected by person’s past brand preference.

In the simplest case with no measurement error and y and z being metrical
variables we would typically estimate the coefficient vector 8 = (a, 3, v) by ordinary
least squares as 6 = (X'X)~1X'y,, where X = (y; : ©2), ¥; = (11, ---,Un1),

xo = (Z12,..-,2Zn2),and Yo = (y12,...,yYn2). When T > 2 repeated measurements
are available on the same NN individuals, the usual way to arrange the data would be
into an N x T matrix X = (y; : --- : @), thus X’X ~ T x T. On the other hand,
in econometric literature on panel data analysis it is common to stack all individuals
into an N x T vector Z = (y, : --- : 7)’, which gives Z’Z ~ 1 x 1, a scalar. The
usual approach in econometrics literature is to use p repeated, lagged, values of Z
arranged as
(ya = =)
Y2 Yn —
Yis Yi2 Ui
W = Yia Yi3 Y2 ,

Yypn — =

Yz Y1 —

Y3 Y2 Yjn

\ Yja Y53 Yj2 )
where i and j are two different individuals (we assume N > T individuals are in
the sample, but show matrices for N = 2 to simplify the exposition). Hence, for
p = 2 it follows that W/W ~ 2 x 2. Note that (W/'W)~'W'w, where w is the first
column of W, is the vector of OLS coefficients Bl, 32, and [33 from the autoregression
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Yit = L1Yit + B1¥it—1 + B1¥it—2 + €i. On the contrary, if we arranged the data (for

W* = Ya Y2 Yis ,
Yir Y2 Yjs
then computing (W 'W )~!W ’w* will not produce OLS estimates of the autore-
gressive coefficients computed above by (W’'W)~!W'w. The data structure of the

individuals ¢ and j) as

W* matrix can be termed as “un-stacked” or “wide format”, hence W would be
the matrix with “stacked” or “long format” data.

The “wide format” is a natural way to arrange independent data where each
column corresponds to different variable, as it would be the case with cross-section

”»

data. Once the time dimension is introduced, the “wide format” is still a natural
if temporal dynamics are ignored and hence if the observations taken on the same
variable in different points in time are treated as different (independent) variables.
Structural equation models such as those considered by Jéreskog and Sérbom (1977)
require an empirical estimate of the covariance matrix such as (N — 1)7'W 'W |
when N > T, though the empirical literature is inconclusive regarding SEM esti-
mation when N = 1. In such case we can still compute (7' — 1)"'W'W, but as
remarked above, generally this will not lead to identical estimates.

Nevertheless, a number of empirical papers attempted to use the covariance
structure analysis as implemented in standard SEM software packages such as LIS-
REL to model pure time series data (N = 1) using (T — 1)"'W'W in place of the
empirical covariance matrix and using a fitting function such as Wishart likelihood.
MacCallum and Ashby (1986) suggested using the SEM approach to fit time series
models to cross-lagged (quasi) covariance matrix with data matrix arranged as

(yl— —\

Y N -
Ys Y2 n )

\?/T Yr-1 Yr-2 )

which after deleting rows with missing values becomes

/ Ys Yo U \
Ya Y3 Y2
Y=| % WU Y3 : (1.25)

\IUT Yr-1 Yr-2 )
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Multiple time series and lags > 2 can be arranged as a straightforward extension of
(1.25). Using (1.25) to compute an empirical covariance matrix gives

T 0 T T
Ui Do Uhi-1 D Y2
t=3 t=3 t=3

T-1 T-1 t:z%ytyt—l t=22 Y t=22 YtY—1 | >

T T-1 T-2
S Ylhi-2 Y YY1 D Ui
=3 t=2 t=1
which will converge to a Toeplitz matrix as T — oo for stationary time series
y, t=1,...,T.

Molenaar (1985) and Molenaar et al. (1992) considered estimation of dynamic
factor models using empirical matrices such as T—I:TY' Y. Hamaker et al. (2002) and
Hamaker et al. (2003) investigated this approach to fitting univariate ARMA models
and reported simulation results which implies SEM estimates differs from maximum
likelihood estimates for ARMA(p,q) models with ¢ > 0. These approaches are
similar to the frequency-domain methods of Geweke (1977), Geweke and Singleton
(1981), and Singleton (1980) and differ in terms of whether the data is pre-whitened
using Fourier transform or not before the covariance matrix is computed. Further
review of these and similar approaches is given in Oud (2001) and Oud (2004).

1.3 Conclusion and aims for further research

The literature on dynamic latent variable models so far considered several spe-
cial cases of what could be seen as a dynamic generalisation of the static SEM
model. Simple static factor analysis models can be estimated under certain re-
strictive assumptions about the errors using static SEM methods (Amemiya and
Anderson 1990, Anderson and Amemiya 1988, Browne 1984, Shapiro 1983, Shapiro
1984, Shapiro and Brown 1987).

Dynamic models in the empirical literature are primarily limited to dynamic
factor analysis models (Chamberlain and Rothschild 1983, Connor and Korajzcyk
1993, Dhrymes et al. 1984, Donald 1997, Forni et al. 2000, Forni and Reichlin 1998,
Geweke 1977, Geweke and Singleton 1981, Singleton 1980), or simple static factor
analysis models estimated by principal components methods (Bai and Ng 2002, Bai
2003, Bai 2004).

Generalisations of the SEM models to dynamic structural models are gener-
ally limited to dynamic version of the Joéreskog and Goldberger (1975) MIMIC
model. The dynamic MIMIC model (DYMIMIC) is a structural equation model
with exogenous variables, however the dynamics and measurement errors are lim-
ited to the endogenous variables (Engle et al. 1985, Engle and Watson 1981, Stock
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and Watson 1989, Stock and Watson 1998, Watson and Engle 1983, Watson and
Kraft 1984).

Longitudinal models or models for repeated measurement were considered in the
dynamic SEM context by McArdle (1988) and McArdle (2001). A similar model was
proposed by Dunson (2003) for categorical variables. These models are, however,
quasi-dynamic since they treat repeated measures on the same variable as distinct
variables and thus formulate standard SEM models with repeatedly measured vari-
ables.

The extensions that consider lagged exogenous latent variables or exogenous vari-
able measured with errors along with the lagged endogenous latent variables were
focused on “dynamic shock-error” models and dynamic errors-in-variables models,
which are essentially single equation (univariate) models with univariate measure-
ment models, i.e. the unobserved variables are proxied by a single indicator variable
(Bloch 1989, Deistler and Anderson 1989, Ghosh 1989, Terceiro Lomba 1990). The
approach taken by Ghosh (1989) and Terceiro Lomba (1990) to estimation of the
dynamic shock-error models is based on their re-writing in the state-space form.
However, even with the simplest univariate models the state-space form is difficult
to obtain. Ghosh (1989) solves this problem by introducing an additional autore-
gressive equation for the exogenous latent variable. On the other hand, Terceiro
Lomba (1990) considers models with contemporaneous exogenous latent variables
hence avoiding the problem with lagged exogenous variables which cannot be easily
written in the state-space form.

The existing literature is scarce in respect to dynamic structural equation model
with latent endogenous and latent exogenous variables, multiple simultaneous equa-
tions, and measurement models for the latent variables with multiple indicators.
Such models would present a dynamic generalisation of the static multi-indicator
SEM model, hence, theoretical and practical consideration of dynamic SEM models
would be an important extension of the literature.

In summary, we can identify three main problem areas where further research is
needed.

Unifying theoretical framework Different traditions in the literature deal with vari-
ous special cases of dynamic structural equation models, such as errors-in-variables,
state-space, and latent variable models. There is a notable divergence in the liter-
ature and lack of cross-referencing. Consequently, methods that focus on errors-in-
variables, latent variable models, or state-space models appear to be concerned with
different models rather then special cases of dynamic structural equation models.

Feasible theoretical analysis Standard theoretical and asymptotic analysis is virtually
intractable using classical approaches and methods; Consequently, basic results such
as the analytic derivatives, the Hessian matrix, or the Cramer-Rao lower bound are
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difficult or impossible to obtain for complex multivariate models such as DSEM
using standard methods.

Software implementation The currently available SEM software packages such as
LISREL, AMOS, M-Plus, Mx, and EQS were designed for cross-sectional models
and independent data. While specification of dynamic models in these packages is
possible, it typically requires specifying the modelled relationship for each time point
and subsequently imposing equality restrictions across all time points. Moreover,
with the exception of one package (Mx), dynamic models can be estimated only
with panel data (time series cross-section) but not with pure time series data. In
addition, the Mx package also requires equality restrictions and does not make use
of analytical derivatives in the estimation. These packages also require very good
starting values for estimation; there are currently no specific methods for obtaining
starting values in dynamic models, which is an additional obstacle for empirical
implementation.
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1.4 Outline of the thesis

The thesis focuses on estimation of dynamic structural (i.e. simultaneous) equation
models in which some or all variables might be unobservable (latent) or measured
with error. Moreover, we consider the situation where latent variables can be mea-
sured with multiple observable indicators and where lagged values of latent variables
might be included in the model. This situation leads to a dynamic structural equa-
tion model (DSEM), which can be viewed as dynamic version of the structural
equation model (SEM). Our focus is on obtaining coefficient estimates using both
parametric and non-parametric methods. Post-estimation diagnostics and measures
of overall fit are beyond the scope of the present work and are thus left for further
research.

Taking the mismeasurement problem into account aims at reducing or elimi-
nating the errors-in-variables bias and hence at minimising the chance of obtaining
incorrect coefficient estimates. Furthermore, such methods can be used to improve
measurement of latent variables and to obtain more accurate forecasts.

The literature on dynamic latent variable models can be divided into several
different traditions emerging from fields such as econometrics, psychometrics, and
engineering. Certain special cases of dynamic structural equation models, such as
dynamic factor model, have been extensively analysed in the time series literature.
There is a close link between these methods and the unobservable states models
estimated in the state-space form. In chapter §1 we give an overview of the literature
by addressing the key developments and pointing out to the areas requiring further
research.

Latent variable models have been traditionally analysed as errors-in-variable
models using instrumental variables methods in the mainstream econometrics liter-
ature, as covariance structure models in the psychometrics literature, and as state
space models in both engineering and econometrics literature. Chapter §2 addresses
the a lack of a unifying theoretical framework for dynamic models with latent vari-
ables and suggests such framework based on DSEM model, which can be shown
to encompass numerous specific models considered in the literature. The approach
taken here uses the idea of a Gaussian vector likelihood and specifies the theoreti-
cal covariance structure implied by the DSEM model for a multivariate time series
process that started at ¢ = 1 and was observed till t = T. It is shown that differ-
ent approaches to errors-in-variables and latent variables can be viewed as different
forms of the DSEM model, hence giving rise to specific multivariate likelihoods,
whose parametrisations can be compared within a unifying statistical framework.

Chapter §3 considers maximum likelihood estimation of DSEM models in mul-
tivariate Gaussian context for the N > T (panel) case and gives the analytical ex-
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pressions for the score and the Hessian matrix along with a closed-form (theoretical)
covariance matrix. The closed-form covariance matrix is obtained by making cer-
tain assumptions about the pre-sample values, which requires large-T asymptotics.
Some of the existing theoretical results for the SEM model, namely the analyti-
cal first derivatives, were implemented in SEM software packages such as LISREL,
which can be used to estimate certain DSEM models for panel data with relatively
small T'.

The analytical results obtained in chapter §3 differ from the existing results in
two respects. Firstly, the model is formulated for the time series process, which
eliminates the necessity to specify a separate SEM model for each time point and
then impose cross-equation restrictions across all time points, as it is necessary in
LISREL and similar SEM software packages. Secondly, the analytical results are
obtained using modern matrix calculus methods based on zero-one matrices that
enable derivation of fully vectorised expressions for the first and second derivatives.
Moreover, the obtained score vectors contain derivatives for individual DSEM coef-
ficients thus no equality or symmetry restrictions need to be imposed on the score
vector. Fully vectorised expressions make standard asymptotic analysis straightfor-
ward and facilitate computer implementation in modern matrix languages such as
S, R, or Ox.

Chapter §4 considers maximum likelihood estimation of DSEM models with pure
time series data using a “raw data” maximum likelihood (RD-ML). In this chapter
we obtain the closed-form expressions for the likelihood and analytical derivatives
of the pure time series DSEM model thus providing the analytical inputs for the
RD-ML estimation. Moreover, we outline some S code for estimation of such models
using quasi-Newton optimisers in S-Plus and R environments.

In chapter §5 we propose non-parametric methods for estimation of DSEM mod-
els suitable for both pure time series and panel data. Generalised instrumental
variables (GIVE) and full information instrumental variable (FIVE) methods are
considered for the estimation of DSEM models in the “observed form”, i.e., as errors-
in-variable models with composite error terms.

These methods are specific in terms of model specification and choice of instru-
ments, which are here interdependent. Namely, we specify the latent variable model
as a DSEM model in which measurement errors need to satisfy certain statistical
criteria. These criteria are similar to those in the classical factor analysis and are
based on the validity of observable indicators as measures of the unobservable (la-
tent) variables. Valid measurement models should have uncorrelated measurement
errors, which can be generalised to the time series context by further requiring zero
lagged covariances of the measurement errors. We show that basic specification of
the DSEM model implies lags of the observable indicators as potentially valid instru-

25



ments. Empirical validity of such instruments can be tested using standard validity
of instruments tests. Instrumental variables methods have a well known advantage
of not imposing any distributional assumptions on the data. They also provide non-
iterative estimators that are very easy to compute using standard general purpose
statistical software. An additional purpose of these methods is in obtaining good
starting values for maximum likelihood estimation using standard SEM software
packages such as LISREL.

In chapter §6 the above methods are applied to real-data empirical examples with
two main aims. The first aim is to demonstrate how DSEM models can be estimated
using standard econometric and SEM software packages when starting values are
obtained using the methods suggested in chapter §5. Both fixed and random effects
dynamic panel models are considered in the context of specific empirical applications:
a model of financial development and economic growth and a micro-consumption
model. The second aim is to investigate the limits of the existing SEM software on
data size and model complexity in estimation of empirical DSEM models.

DSEM models can be easily estimated using GIVE/FIVE methods with stan-
dard econometric software packages, which holds for both pure time series and panel
models and for very large data sets. Moreover, these methods provide estimates that
can be used as starting values in standard SEM software packages. Using the LIS-
REL package, we show that even for relatively simple DSEM models convergence
cannot be achieved without starting values that are very close to the maximum
likelihood estimates. Nevertheless, we show that the starting values obtained with
GIVE/FIVE methods can be successfully used as starting values in LISREL esti-
mation.

The ability of SEM software to handle panels with large T is, however, very
limited. Along with the need to specify the model for each time point and subse-
quently impose equality constraints on all parameters across T time points, we also
report computing difficulties associated even with relatively small T. The largest
model we estimate using LISREL in combination with GIVE/FIVE starting values
uses a panel data set with N = 5152 and T" = 13. Using these data, we estimate
a DSEM model with three structural equations including dynamics of up to five
lags, with 37 coefficients, estimated as 13 x 37 coeflicients with equality constraints
across 7' = 13 time periods, which might be one of the largest models estimated with
LISREL. It seems unlikely that similar models could be estimated for much larger
T using standard SEM software such as LISREL. This suggests two limitations of
the currently available SEM software for estimation of panel DSEM models. First
is dependence on externally provided starting values. The second is the “small T
problem”, namely, values of T in the vicinity of 13 (our largest estimated model) are
too small to satisfy the large-T" asymptotics we needed to obtain the close-form the-
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oretical covariance matrix. While it is plausible that somewhat larger panels might
still be estimated using the available software, this will be unlikely with sufficiently
large T needed to justify the asymptotic assumptions.
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Chapter 2

Statistical framework

2.1 Introduction

The literature on dynamic latent variable models can be broadly classified into three
traditions. The first tradition emerged from econometrics literature on the errors-in-
variable models and regression with measurement error (Cheng and Van Ness 1999,
Wansbeek and Meijer 2000). The second one is closely linked to covariance structure
methods and generalised method of moments, streaming from the psychometrics and
multivariate statistics (Joreskog 1981, Bartholomew and Knott 1999, Skrondal and
Rabe-Hesketh 2004). Finally, the third tradition based on estimation of the models
written in “state-space form” emerged from control engineering and was adopted in
econometrics owing to the suitability of the Kalman filter algorithm for estimation of
various econometric models written in the “ state space form” (Harvey 1989, Durbin
and Koopman 2001).

This threefold and apparently diverging developments did not facilitate advance
of dynamic latent variable models matching the expanding literature on static latent
variable models (see e.g. Skrondal and Rabe-Hesketh (2004) for a comprehensive
review). Consequently, specific empirical applications became linked with particular
estimation methods and a lack of a more general framework hindered estimation of
more elaborate empirical models. For example, the DYMIMIC model of Engle et
al. (1985) permits dynamics in the endogenous latent variables but does not allow
exogenous latent variables, which facilitated a number of empirical applications in
which substantive problems had to be limited to static, perfectly observable exoge-
nous variables.

Aside of seemingly diverging and specific directions in the development of partic-
ular estimation methods, a notable lack of cross-referencing among the three main
traditions can be observed in different streams of literature. In summary, an en-
compassing statistical framework that unifies different traditions in development of
estimation methods would facilitate both developments of estimation methods and
implementation of more general empirical models.
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We suggest a unifying statistical framework for dynamic latent variable models
based on the general dynamic structural or simultaneous equation model (DSEM).
DSEM model is general in the sense it subsumes many dynamic (and static) linear
models under a common parametric form.

We develop a statistical framework by making distributional assumptions about
the exogenous components and the measurement errors in the general DSEM model.
We then show how the general model can be formulated following the three main
traditions and compare the models resulting from such formulations by referring to
their stochastic properties. In particular, we show that different approaches do not
necessarily result in identical reparametrisation of the general model, rather some
additional or different statistical assumptions need to be made to make different
models equivalent. Finally, we suggest that some forms are suitable for particular
estimation methods and briefly discuss the implications for the development of such
methods.

2.2 General dynamic structural equation model
(DSEM)

In this section we consider a dynamic simultaneous equation model with latent
variables (DSEM). A DSEM(p, ¢) model at any time period ¢ using the “ t-notation”
as

P g
n = ZBjm_j + Z &, ;+¢ (2.1)

j=0 j=0
Yy, = An e (2.2)
z, = A&+ 0 (2.3)
where , = (i, 782, ..., n™) and €, = (£, €2, ..., £9) are vectors of possibly
unobserved (latent) variables, y, = (yfl), yt(Q), ey ygn))’ and ; = (xﬁl), a:?’, . ,xﬁk) )

are vectors of observable variables, and B; (m xm), I'; (mx g), A, (kx g), and A,
(nxm) are coefficient matrices. The contemporaneous and simultaneous coefficients
are in By, and I'g, while By, By, ..., By, and I'y, I'y, ..., I'; contain coefficients
of the lagged variables.

The DSEM model (2.1)—(2.3) can be viewed either as a dynamic generalisation
of the static structural equation model with latent variables (SEM) or a generalised
dynamic simultaneous equation model with unobservable variables. The static SEM
(LISREL) model (Joreskog 1970, Joreskog 1981) is thus a special case of (2.1)—
(2.3) with B; = I'; = 0, for j > 0. Moreover, the general DSEM encompasses
virtually all static or dynamic linear models, which can be specified by imposing zero

29



restrictions on its parameter matrices. Table 2.1 lists the most common multivariate
models and shows how they can be specified as special (restricted) cases of the
general DSEM model (2.1)—(2.3).

Table 2.1: Special cases of the DSEM model

Model Restrictions

Multivariate regression® B;=0 (), T;j=0(>0),A,=A,=1,
O.=0;=0

VAR(p)*® Ay=I A, =T;=6,=60; =0 (V)

VMA(q)* B;i=0Vj,Ay=1, A, =¥ =0.=60;=0

VARMA(p, q)* IF'o=A,=1,By=4,=60.,=60;=¥=0

Factor analysis® B;=0(Vj), I';j=0(Vj), A, =Os=¥ =0

Dynamic factor analysis® =0 (Vj), A, =0;=0

SEM (LISREL)® B;=0(j>0),I';=0(j>0)

DYMIMIC? A, =1, 05;=0

Dynamic shock-error model® | B; = 3, I'j =, Ay =1, A, =1, ¥ =1,
O.=0,60;=¢

¢ Hamilton (1994), Giannini (1992).

b Bartholomew and Knott (1999), Skrondal and Rabe-Hesketh (2004).

¢ Geweke (1977), Geweke and Singleton (1981), Engle and Watson (1981).
¢ Engle et al. (1985), Watson and Engle (1983).

¢ Ghosh (1989), Terceiro Lomba (1990).

The idea behind the SEM model was to combine multiple-indicator factor-analytic
measurement model for the latent variables with a structural equation model thus al-
lowing for the measurement error in all variables in the structural model (Jéreskog
1970, Joreskog 1981, Bartholomew and Knott 1999, Skrondal and Rabe-Hesketh
2004). The static SEM model can be written as a special case of (2.1)—(2.3), i.e.,

n: = Bon+ '€+ ¢, (2.4)
Yy = Ayn+e (2.5)
Ty = A-’Bét + (St. (26)

Since both 1, and &, are unobservable some reduction or elimination of the unob-
servables would be necessary. An econometric interpretation would consider (2.4) a
simultaneous equation model in the structural form (see e.g. Judge et al. (1988)).
Here, by “ structural” we refer to the model with endogenous variables on both sides

¢

of the equation as opposite to the “ reduced” model, which has endogenous vari-
ables only on the left-hand side. We can easily obtain the reduced form of (2.4) as’
n, = (I — Bo) ™' ('€, + ¢,), which can be further substituted into (2.5) to obtain

the “ reduced ” form of the model

1We assume that I — By is of full rank, hence (I — Bg)~! exists.
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y, = Ay(I- Bo) ' (Lo, + &) + & (2.7)
Ty = Azgt + 4, (2'8)

with has only observable variables on the left-hand side. This enables derivation of
the closed-form covariance matrix of w; = (¥} : })’ in terms of the model param-
eters. For instance, if w; ~ N (u, Y), it follows that (T' — 1)S ~ W(T — 1, %),
where § = 7 ST ww) is the empirical covariance matrix, and W denotes the
Wishart distribution.?

However, the same approach cannot be straightforwardly applied to the DSEM
model (2.1)-(2.3), which contains lagged latent variables. Namely, the reduction
from (2.4)—(2.6) to (2.7)—(2.8) would not eliminate the lagged values of 7,.

The likelihood function for a sample of 7' observations generated by a dynamic
model specified for a typical time point ¢ (i.e. in “ t-notation), such as (2.1)-(2.3),
can be obtained recursively by sequential conditioning (Hamilton 1994, p. 118).
In this approach we would write down the probability density function of the first
sample observation (¢ = 1) conditional on the initial = max(p, q) observations
and then obtain the density for the second sample observation (¢t = 2), conditional
on the the first, etc. until the last observation (t = T'). The likelihood function
would then be obtained as a product of the T' sequentially derived conditional den-
sities, assuming conditional independence of the successive observations. However,
this approach is not feasible for complex multivariate dynamic models with latent
variables as sequential conditioning soon becomes intractable.

An alternative approach leading to an equivalent expression for the likelihood
function would be to assume that the observed sample came from a T-variate (e.g.
Gaussian) distribution, having multivariate density function, from which the sample
likelihood immediately follows (Hamilton 1994, p. 119). This approach might not
be easily applicable to dynamic latent variable models for which we generally wish
to obtain the likelihood in separated form, i.e., with all unknown parameters placed
in the covariance matrix, separated from the observed data vectors. Without such

2The Wishart distribution has the likelihood function of the form

|S|FT17 8 exp [~ 1tr (£718)]

TATT~D2}(T(n k) | 52| 3 (HH) I’—’I r (T-{-l—j)
=1 2

fw(8) =

where T is the sample size; see e.g. Anderson (1984). When a closed form of the model-implied
covariance matrix X is available, assuming the model is identified or overidentified and the data is
multinormal, it is straightforward to obtain the maximum likelihood estimates of the parameters
by maximising the logarithm of the Wishart likelihood. In the later case, a measure of the overall
fit can be obtained as —2 times the Wishart log likelihood, which is asymptotically x? distributed,;
see e.g. Amemiya and Anderson (1990).
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separation we would be left with 7' “missing” observations on the latent vectors n,
and &, instead of only their unknown second moment matrices.

We can solve this problem by specifying a DSEM model (2.1)—(2.3) for the time
series process that started at time £ = 1 and was observed till time ¢ = 7" using a
“ T-notation” defined in Table 2.2. The vector {*}] can then be taken as a single
realization from a T-variate distribution.

Table 2.2: T-notation
Symbol Definition Dimension
Hy | vec{n}y =(m,...,np) | mT x1
Zr | vee{ly = (Cy,-o- Cr) | mT x1
Er | vec{e} = (€., &) | 9T x1
Yr |vee{y} =-..,v5) | nTx1
Ep | vec{e}: =(e},...,ep) | nTx1
Xy |vec{w}] =(a',...,xp) | KT x1
Ar vec{d;}] = (8),...,07) | KT x1

¢

Working with the model in T-notation will enable us to “ reduce” the model
(2.1)-(2.3) and obtain a closed form covariance structure and hence a closed form
likelihood of the general DSEM model.

We make the following simplifying assumption about the pre-sample (initial)

observations.

Assumption 2.2.0.1 (Initial observations) We assume that r = max(p,q) pre-
sample observations are equal to their expectation, i.e., My_p = My—py1) = *** =

Mo =0 and & =&;ryny=""=&p=0.

Anderson (1971) suggested that such treatment of the pre-sample (initial) values
allows considerable simplification of the covariance structure and gradients of the
Gaussian log-likelihood. More recently, Turkington (2002) showed that making such
assumption allows more tractable mathematical treatment of complex multivariate
models by using the shifting and zero-one matrices. In addition, we require covari-
ance stationarity as follows.

Assumption 2.2.0.2 (Covariance stationarity) The observable and latent vari-
ables are mean (or trend) stationary and covariance stationary.
Letting s = ...,—1,0,1,..., we require the following

1. Eln)=E[§]=0=E[y]=E[z]=07

3The cases with deterministic trend can be incorporated in the present framework by considering
detrended variables, e.g. if z, contains deterministic trend, we can define Z, = z, — t, which is
trend-stationary.

32



2. The structural equation (2.1) is stable, and the roots of the equations
|I =ABy—XBy—---—=XNBy|=0and |I —=A'1 —X2Ty—---— XL |=0
are greater then one in absolute value.

3. E[¢£,_,] = &, so that &_, = &..

By Assumption 2.2.0.2 it follows that the observable variables generated by the latent
variables are also covariance stationary, i.e., Vs,k € Z, E [y,¥}_,] = E [y:¥}_s],
E [zx,_,] = E[®x}_;], and E [y,x}_,] = E[y,2;_;]. Next, by Assumption
2.2.0.1 the pre-sample (initial) observations are zero thus we can ignore them and
write the DSEM model (2.1)-(2.3) for the time series process that started at time
t = 1 and was observed until ¢ = T in the “ T-notation” as {n,}1 = (ny,...,77),
or
i o g
3= : ... 1, (2.9)

g™ g

and similarly, {¢,}] = (&,,...,&7) and {¢}] = (¢4, ---,¢7). The structural equa-
tion (2.1) can thus be written for the time series process as

p q
{n}1 =) Bi{n}i ST+ Ii{eh 8T +{¢h, (2.10)
=0 5=0
where we made use of a 7' x T shifting matrix St given by
(0 0 -~ 0 0)
1 0 --- 0 O

Sr=lo0 1 . 0 o |. (2.11)

\0 -~ 0 1 0)
By definition, we take % = Iz. The structural equation (2.10) can be vectorised
using the vec operator that stacks the e x f matrix @ into an ef x 1 vector vecQ,
ie.,veeQ = (q'y,..., q’f)' where Q = (qy, ..., q;). Therefore, from (2.10) we can
obtain the structural equation in the reduced form as

P g
vec {nt}f = (Z S?_}w ® Bj) vec {nt};r + (Z S%« ® F]‘) vec {Et}’f + vec {Ct}f
=0

j=0

p -1 q
_ (zmT-zs4®Bj) ((zs) vec{gt}fwec{ct}f)@.u)
§=0

=0
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where

S%@Bj =
=0
[ By 0

B; By

and hence

=0

Similarly, note that

q
(E S{f@rj) =
=0

which implies that

[ Iy 0
r, r,

(83 ® Bo) + (S; ® B1) +...+ (S% ® By)

0 0 0 0\
0 : :
. 0 0 0
B, By, 0 o |,
B, B, 0
0 B, B, By )

(S st e -

34

( Bon; \
Y i—0 Bin—j)

Z?:o B.‘in(p-l—l—j)
2 i—0 Bilpra—j)

\ Z§=ij’7(T—j) ,

(83 @)+ (S7®T1) +...+ (85 ®Iy)

0 0 0 0\

’ . .

-0 0 0

rr, o - o |,
r, r, 0

0 T, Iy I

(2.13)

(2.14)

(2.15)



( I'v€; \
Yico L€y

q :
=0 Zg=0 r J’g(q+2—j)

\ ioliba—y )
Now let ¢, be an 7 x 1 vector of ones, i.e., ¢, = (1,1,...,1), so that we can write
the mT x m block-vector of identity matrices of order m as (I, Im,...,In) =
(¢7 ® I,). Note that (o7 ® In) (b7 ® Im)' = & (erty ® Iy) and (07 @ I') (tr ® I'ny) =
TI,,.

Writing the measurement equations (2.2) and (2.3) for the process vectors {y,}1
and {z;}} we have the equations {y,}; = 4, {nt}rf + {st}f and similarly {z;}1 =
A, {{t}f + {6t}’f, which after applying the vec operator become

vece {yt}}‘ = (I1 ® 4y) vec {"h}f + vec {Et}f (2.17)
vec {@,} 1 = (I ® Ag)vec{€,}T + vec {8;}] . (2.18)

Finally, using the notation from Table 2.2, the DSEM model DSEM model (2.1)-
(2.3) can now be written as

P -1 g
Hy = (ImT - ZS:}@B]) (Z S‘%«@I‘J) Er+ Zr (219)

mTx1 J=0 - | \=0 gTx1 mTx1
mT;mT R gT‘xrgT B
Yr = (Ir®A,) Hy + Er 2.20
Yr = ( y) Hr + (2.20)
nTx1 nTxmT mTx1 naTx1
Xr = (Ir®A;) Er- + Ar. 2.21
( z) (2.21)
kTx1 kTxgT gT'x1  kTx1

It follows that (2.19) can be substituted into (2.20) to obtain a system of equa-
tions with observable variables on the left-hand side

P -1 g
Yr = (Ir®4,) (ImT -y SJT®B,-> [(Z SJT®1",-) Er+Z7

=0 =0
+E7 (2.22)

We will refer to (2.22) and (2.23) as the reduced form specification.
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2.3 Statistical framework

The DSEM model (2.1)—(2.3) specifies a dynamic relationship among latent and
observable variables. Furthermore, we can view the reduced form model (2.22)-
(2.23) as a mechanism that generated the observed data Vi = (Y7 : X7.)', whose
distribution will be our main focus.

Derivation of the density function of V¢ can be approached in several ways.
Bartholomew and Knott (1999) describe a general theoretical framework for describ-
ing the density of the observables given latent variables. Skrondal and Rabe-Hesketh
(2004) term this conditional distribution reduced form distribution and point out to
two general ways of deriving it. In the first approach, the observable variables are
assumed to be conditionally independent given latent variables. The second ap-
proach specifies multivariate joint density for the observables given latent variables
(Skrondal and Rabe-Hesketh 2004, 127).

We take an approach to formal derivation of the joint density of the observable
variables using the results from the multinormal theory on distribution of linear
forms (Mardia et al. 1979). By considering (2.22)—(2.23) as the mechanism that
generates the observable data, we will be able to fully characterize the distribution of
V r by making distributional assumptions only about the unobservable components
in (2.22)—(2.23). We firstly make the following assumption.

Assumption 2.3.0.1 (Errors) The vectors of measurement errors €; and d; are
homoscedastic Gaussian white noise stochastic processes, uncorrelated with ¢, (er-
rors in the structural equation). Forl=...,—-1,0,1,... ands=...,-1,0,1,... we
require that

O, l=s

’ E[eleg]:{o I#s

E5s) =] O =5

0, Il+#s
where ¥ (m x m), @, (n x n), and Oz (k x k) are symmetric positive definite
matrices. We also require that E [,€;,_,] = F [e:&;_,] = E [6:£,_,) = E [Ciel_,] =
E (6, ,] = E [8:e,_,] = 0, Vs.

. [ w

The joint distribution of the observable vector V1 (reduced form distribution)
can be easily obtained if the observable variables are expressed as a linear func-
tion of the Gaussian unobservable random vectors E7, Ar, &7 and Zr. By As-
sumption 3.2.0.1 these vectors are mutually independent, hence we will refer to
them as to independent latent components. The first two latent components of
Ly = (Ey: AL : EYL . Z%), ie., Ep and Ar, are the measurement errors, while
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E'r contains independent or exogenous and conditioning variables. The status of
Z 7, the error vector in the structural equation, is less clear-cut. It is not uncommon
to specify the structural equation without the error term specially if all variables
in the equation are latent. Namely, if the structural equation is a theoretical re-
lationship among unobservable variables, hence something that is assumed to be
true in population but is not directly observable, then it might be dubious what
is the source of such error. A reasonable explanation would be that Z1 contains
all other un-modelled variables, hence it is itself a latent variable. Clearly, to jus-
tify the omission of such other variables we need to make very strict assumptions
about Zr requiring it to be a homoscedastic white noise process uncorrelated with
independent variables and measurement errors. Thus, statistical properties of Zr
should be the same as those of a classical stochastic error term, though Z might
be interpreted as a composite of “ irrelevant” latent variables.

To fully characterize the distribution of the observable variables we only need
to make additional assumptions about the marginal multinormal densities for the
independent latent components.

Assumption 2.3.0.2 (Distribution) Let E1 ~ Nyr (0, Xz), Z1 ~ Np7 (0, I7 @ P),
Er ~ Nyr (0, I ® 0.), and A ~ Nyr (0,I7 ® Oj). Since Ep, A, Er, and

Zr are mutually independent, E [ErZ7], E[ETEY|, E|[Z7EY], E[ETAY], and
E[Z7AY] are all zero with joint density

Er IT® 6, 0 0 0
AT 0 Ir®6; 0 0
~ N 0, . (2.24
ET (n+k+g+m)T 0 0 EE 0 ( )
Zr ] 0 0 Ir%
N , N — ,
Ly 5 X, -

Given Assumptions 3.2.0.1 and 2.3.0.2 we can infer the distribution of any linear
form in Lt using the following result from the multinormal theory.

Proposition 2.3.0.3 If £ ~ N, (u, ¥) and if y = Az + ¢, where A isany g X p
matriz and ¢ is any g-vector, then y ~ N, (Ap+ ¢, AXA').

Proof See Theorem 3.1.1. and Theorem 3.2.1 of Mardia et al. (1979, pg. 61-62).

Q.E.D.

Using the above result, and defining the following notation makes possible to
obtain different versions of the general DSEM model as simple linear forms in Lt.
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Definition 2.3.0.4 (Parameters) Using the simplifying notation

p -1 q

AY =(IreA) | Ir— S Si.eB; and AD =S"8ier, > A0A?
= (T y) mT z:; T J = Z:; T J = 4=

nTxmT  (nTxmT) J . mTxgT

mTxmT mTxgT

nTxgT

we define the following matrices of parameters

ADAD  AD Iniwr P
P= = 7= = 1, Kg= " , Krp=|(1I P ).
( IT ® A::: 0 0 I(g+m)T ( (n+k)T )

(%)
T

Denote a linear form by F;’ and consider the following two forms

F$ = KsLp (2.25)
F® = KgpLr. (2.26)

It is easy to see that (2.26) corresponds to the reduced model (2.22)—(2.23) hence
F(TR) = V¢ can be interpreted as the observable data generated by the linear form
KpgrLy. On the other hand, Fg‘? ) includes the latent variables ZEr and Z7 as en-
dogenous or dependent. Models with both observable and latent variables treated
as endogenous are commonly termed “ structural” (Aigner et al. 1984, Cheng and
Van Ness 1999, Wansbeek and Meijer 2000), though this can be easily confused with
the structural form of the simultaneous equation system we referred to previously.
To avoid confusion with terminology, we will refer to (2.26) as the reduced structural
latent form (RSLF) model while we will term (2.25) structural latent form (SLF)
model. The emphases on both models being “ latent” will distinguish these forms
from the errors-in-variables models that we will analyse in section §5.

We treat all variables except =; as random, while we will consider both cases
with random and fixed Z;. The later case requires special consideration as it is
obviously not encompassed by the Assumptions 3.2.0.1 and 2.3.0.2, which assume
random =,;. The model with fixed Z,; is generally known as the functional model
(Wansbeek and Meijer 2000, p. 11) in which no explicit assumptions regarding the
distribution of £r are made and its elements are considered to be unknown fixed
parameters or “ incidental parameters” (Cheng and Van Ness 1999, p. 3).

Since we can assume that the observable data V' were generated by linear
forms (2.25) and (2.26), or equivalently by the reduced-form equations (2.22) and
(2.23), we can let F$) = (Y% : X} : By : Z}) and FY® = (Y} : X7). Hence the
distribution of the observable variables will be the same as the distribution of the

linear form form FS,R). Now, by Proposition (2.3.0.3) it follows that
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FY ~ Npikigimr (0, KsZ1K's) (2.27)
F® ~ Npwr (0, KpELK'p) (2.28)

The difference between the structural (2.25) and the reduced (2.26) form is im-
portant insofar (2.26) does not model latent variables, i.e., it takes all latent compo-
nents as independent or exogenous. It might be appealing to think of the reduced
model (2.26) as conditional (on latent variables), however, this turns out to be a
marginal model with =7 and Z1 marginalized or integrated out of the likelihood,
as we will show in section §2.3.1.

A common argument in the literature (Aigner et al. 1984, Wansbeek and Meijer
2000) used to justify this marginalization is unobservability of the latent variables
that necessitates their removal from the model and focusing on (2.26) rather then
on (2.25). This justification is apparently motivated by the choice of the estimation
methods (e.g. Wishart maximum likelihood), which can handle only the reduced
form model (2.26). However, recursive estimation methods using the Kalman filter
(Kalman 1960) and the expectation maximisation (EM) algorithm (?) are poten-
tially capable of handling models such as (2.25) and estimating the values of the
unobservable variables (Harvey 1989, Durbin and Koopman 2001).

Therefore, marginalization of this kind might not be justified in general, and this
matter requires a more formal approach. To tackle this issue, we firstly define the
notion of weak exogeneity on the lines of Engle et al. (1983) as follows.

Definition 2.3.0.5 (Weak exogeneity) Let ¢ and z be random vectors with joint
density function f,, (x,z;w), which can be factorised as the product of the condi-
tional density function of © given z and the marginal density function of z,

Jzz (w;Z;w) = fz|z ((I)IZ;wl) [z (Z;w2)) (2'29)
where w = (W) : wh)' is the parameter vector and §2, and §2; are parameter spaces
of wy and ws, respectively, with product parameter space

2, x 25 = {(wl,wz) twp € 21, wy € 92}

such that w, and wy have no elements in common, i.e., w1 Nwg = ¢. Then, z is
weakly exogenous for wi.

The practical implication of Definition 2.3.0.5 is that if z is weakly exogenous for
wy, the joint density fy, (|2;w;) contains all information about w; and thus the
marginal density of z f, (2;ws2) is uninformative about w;. The following definition
partitions the parameters of the DSEM model (2.1)—(2.3) into non-overlapping sub-
vectors.

39



Definition 2.3.0.6 Parameters Let the vector @ include all unknown parameters
of the DSEM model (2.1)-(2.3). We define the following partition

0= (0B . g/ ; gM) ; ghe) ; g'(%) . g/(T) . g(00) . @O0’ (2.30)

where 0B = vec B;, o) = vec I';, M) = vec 4, %) = vec A,, 6%
vech &, 0™ = vech ¥, 09 = vech ., and 6®9 = vech0;; i = 0,...,p, j =
0,...q.%

2.3.1 Structural latent form (SLF)

Given the linear form (2.25) or the SLF model, we are now interested whether
the conditional model for the observable variables (V1) given the latent variables
contains sufficient information to identify and estimate the model parameters.

By Assumption 2.3.0.2 and Proposition 2.3.0.3 the log-likelihood function of the
SLF model is of the form

ls (F‘f’;e) =a- %lansZ'LKH - %tr P (Ks2 K FY, (2.31)

wherea = —(n+k+g+ m)% In(27). The following proposition shows that the log-
likelihood (2.31) can be decomposed into conditional and marginal log-likelihoods
hence the likelihood can be expressed as the product of the form given in Definition
2.3.0.5.

Proposition 2.3.1.1 (Likelihood decomposition) Let (2.31) be the log-likelihood

of the structural model (2.25), i.e., the joint log-likelihood of the random vector ngs).
Denote the conditional log-likelihood of V 1 given E and Zt by byiz z (Vr|E7T, ZT;61),
and the marginal log-likelihoods of E1 and Z1 by b= (ET1;03) and £z (ZT;603), re-
spectively. Then (2.31) can be factorised as

ls (F&?’; e) = tyez (Vo|Br, Z7:0,) + b= (B1;02) + 65 (Z7:05),  (2.32)

where 8, = (') : @'T) . g'My) . g'Ae) . g/(60) ; @'(89))' ) @, = ), and 65 = 6.
Therefore, E1 and Z1 are weakly exogenous for 6.

Proof See Appendix §2A.

The Proposition 2.32 has interesting implications. Firstly, if all variables were ob-
servable, a conditional model with the log-likelihood ¢viz,z (V7|ET, Z7;60:1) would

4We make use of the vech operator for the symmetric matrices, which stacks the columns on
and below the diagonal.
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provide all information about the the parameters of interest. As remarked above,
some recursive algorithms might handle certain special cases with &1 and Z7 un-
observable, hence by Proposition 2.32 methods based on the conditional likelihood
might be justified.

However, larger models might contain too many unknowns which renders the
conditional model unfeasible. The commonly used covariance structure and GMM
estimators (Hall 2005) require a likelihood in the separated form since these methods
aim at minimising the distance between the theoretical and empirical moments.
Naturally, to make GMM-type of methods feasible, full separation of the latent

¢

and observable variables is necessary. This means the “ modelled” variables must
be observable and expressible as functions of unobservable variables and unknown

parameters.

2.3.2 Reduced structural latent form (RSLF)

The log-likelihood of the RSLF model (2.26) is (n+ k)T-dimensional Gaussian, thus
of the same form as (2.31), though of a lower dimension. The other difference is that
Fg‘R), unlike F%«S) in (2.31) does not contain any unobservables. Since F}R) =Vr,
the log-likelihood of the RSLF model is the log-likelihood of the observable data. It
is given by

lr (F}R’; ) = —(—T%Qj-iln(%r)—%ln |KRELK'R|—%tr F® (K3 K'p) ' F.
(2.33)
It follows that (2.33) will be a closed-form log-likelihood of the RSLF model if a
closed-form expression for K g X1 K'g can be obtained. This would make the RSLF
model suitable for GMM-type of estimation.
The following proposition gives a closed form K X K'g, which in turn makes
(2.33) a closed-form log-likelihood.

Proposition 2.3.2.1 Let the covariance structure implied by the DSEM model (2.19)-
(2.20) be partitioned as

3y X
Kp¥ K'p=X(0) = ( - 212 ) , (2.34)
12 22

where X1y = E[YrY7Y|, X2 = E[Y1 X7, and X9 = E[X1X7], which is a
function of the parameter vector

0= (0'B): 0T ;g™ g'ha) . g/(®) . gV ; g'(O2) . g'(®a))

where 8B) = vec B;, 09 = vecI';, 0™ = vec A,, 84 = vecA,, 0% =
vech &;, 8" = vech ¥, 8®) = vech#,, and 8°9) = vech®;; i = 0,...,p, j =
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0,...q.5 Then the closed form of the block elements X (@), expressed in terms of
the model parameters is given by

P -1
Yn = (Ir®Ay) (ImT—ZSZ_p@)Bj)
=0
q . q . .
x [(ZSJT@)F]-) (IT® 450+Z(SJT®¢,-+S’§1®¢;))
=0

j=1
q . p\ . —1
x (Z 5%.® r;) +Ir® !I/] (ImT -> 8%® B;.)
§=0 j=0
x (Itr® A) +Ir® 6., (2.35)

-1/ 4
P = (Ir®4,) (mT—ZST®B) (nggarj)
§=0
q
X (IT®450 E (S} ® ®; +S”®45’)) (Ir®AL), (2.36)
j=1

and

Yo = (Ir®A;) (IT® @0+Z(ST® D, -|-S’ ® @'))

j=1
x (Ir®A,) + (I ® 65), (2.37)

' .
where It ® @0+ Y, (87 ® $;+ 87 @ ;) = E[E,E7] = =
i=1

Proof See Appendix §2B.

By Proposition 2.32 we have seen that the likelihood of the SLF model (2.25)
can be factorised into conditional and marginal likelihoods rendering the latent
components Z7 and Z weakly exogenous for the parameter sub-vector 8;. Hence,
if 1 and Z were observable we would be able to ignore their marginal distributions
without losing any information about ;. However, if Z1 and Z are not observed,
the conditional log-likelihood 2y g,z (Vr|E7, Z1;01) would not be feasible.

We have obtained the feasible likelihood by using the linear form (2.26) leading
to the RSLF model with the log-likelihood (2.33), however, it is easy to see that this
comes down to replacing the missing values of =7 and Z with their second moment

5We make use of the vech operator for the symmetric matrices, which stacks the columns on
and below the diagonal.
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matrices, which involve the parameter sub-vectors 8; and @3. Thus, obviously the

likelihood of the RSLF model will depend on these two parameter sub-vectors. We

can still invoke Proposition 2.32 noting that RSLF model (2.26) is a simple reducing

linear transformation of the SLF model (2.25) to justify estimation of @; using the

RSLF likelihood. However, in this case we will also need to estimate 6, and 63. In

conclusion, while weak exogeneity in the sense of Definition 2.3.0.5 holds, we still

need to estimate 8; and @3 along 6,, which will require additional knowledge about

0 in the form of parametric restrictions, which cannot be inferred from data alone.
We can easily show that the likelihood of the RSLF model can be obtained
by marginalizing the likelihood of the SLF model in respect to the unobservable

variables. This can be seen by looking at the relationship between the covariance

structures implied by these two models, which is sufficient for the purpose given the

shape of their likelihoods is the the same (Gaussian). Thus we have

In
( (n+k)T 0) FE — pi

AP1rew

0 0
and
> S AVADx. AP, 9w
221 222 (IT®A$) =
KgY¥ K's= .
S L S ZEA,g) A,(El) 25 (IT ® Alz) EE
(Ire @) A'Y) 0 0 It W
thus it follows that
Kp¥rK'p = ( Tegr 0 )KSELK'S( Toor 0 )
> 5> AV AD 5.
_ I(n—Hc)T 0 221 222 (IT ® Az) ZE
0 24040 3o (Ire4',) 5>
(Ir® )4’ 0 0

I(n+k)T 0

< ( 0
Y X
Yo Yo )’

Ir® W

The advantage of having the RSLF model with a closed-form covariance structure

is in the potential to estimate its parameters by minimising some distance between

the theoretical and empirical covariance matrices. On the other hand, the treatment

of latent variables as exogenous and observable variables as multinormal, which

justified this model in the first place, creates conceptual difficulties in special cases

with perfectly observable variables or fixed &,. Then, the endogenous observable
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variables become identical to the exogenous latent variables, which contradicts the
statistical assumptions behind the RSLF model. It is thus appealing to entertain
the idea behind the errors-in-variables or measurement-errors models (Cheng and
Van Ness 1999) where different approach is taken. We will consider this approach
in the following section by firstly placing it in the same framework with the models
discussed so far.

2.3.3 A restricted RSLF

The approach taken in the errors-in-variables literature is to estimate the structural
model (2.1) by replacing each latent variable by a single noisy indicator or a
proxy” variable. Usually, some form of instrumental variables (e.g. other noisy
indicators of the latent variables) are used in estimation with the aim of correcting
the resulting errors-in-variables bias, and the focus is on evaluating and correcting
the bias induced by the measurement error (Cheng and Van Ness 1999).

We will refer to the transformed model in which latent variables are replaced
by observable but noisy indicators as the observed form (OF) model. To study
the OF model we will firstly place it into the general DSEM framework, where
each latent variable is measured by multiple indicators. Choosing one indicator per
latent variable and normalizing its coefficient (loading) to unity leads to a restricted
covariance structure and is thus a special case of the (unrestricted) DSEM covariance
structure (2.34) considered above. Clearly, the unit-loading constrains can be used
to fix the metric of the latent variable, which has only a re-scaling effect, without
affecting the value of the likelihood function.

Imposing unit-loading (UL) restrictions thus leads to a UL-restricted covariance
structure. The UL-restrictions are hence parametric restrictions that result in a
special case of the general DSEM and so do not invoke a different model or assump-
tions. The UL-restriction rescales the measurement model for the exogenous latent
variables whose indicators can be partitioned as

Xr=(x® . x Py (2.38)
~~ N S~
kTx1 (k—g)Tx1 ¢T'x1

while the parametric restrictions are imposed as

(2.39)

Ir® A
IT®A;,¢E( T® a:)’
I,

thus resulting in the UL-restricted measurement model

X(TA) _ Ir® A, =t AW (2.40)
x® I AP
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Therefore, the UL-restricted DSEM model can be written in the reduced form as

P -1 g
Yr = (Ir®4,) (ImT—ZSCJr@Bj) [(ZS’JF®FJ') Er+2r
=0

=0

+Er (2.41)
X = (Ir®4,) Er+ AP (2.42)
x¥ = 2;.+4P, (2.43)

where we partitioned X into a g7 x 1 vector X SFU) and a (k — g)T x 1 vector
X f_,f‘ ), Correspondingly, we have partitioned Ar into sub-vectors A,E,,U) and A(TA).
We partition the measurement error covariance matrix It ® @; as

Ir® @(AA) Ir® @(AU)
It® @ = 2.44
reEre (I @@W“ I@@fg”) 244)
so X', is partitioned as
Ir® 6, 0 0 0 0
0 Ir® @(AA) It® @(AU) 0 0
¥ = 0 Ir® @(U") Ir® @ff{” ) o o0 : (2.45)
0 0 0 Y= 0
0 0 0 0 Ir%
Now, if we define
ADAD 40
Kp= ( Imwr P ) . P=| I;94, 0 |, (2.46)
Iy 0
it follows that
F® = RpLr, (2.47)

thus the density of the restricted RSLF model is the same as of the unrestricted
model but with different parametrisation, i.e.,

F’EPR) ~ NnsryT (0, KRELKIR) ; (2.48)

hence we have the log-likelihood of the form

lr (F‘R) ) —(n+k)—ln(27r)——ln|KRELKR

la® (KRZ‘ KR) TP,
(2.49)
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Next, we partition the covariance matrix (2.34) corresponding to the partition
of the data vector (YT : X&f‘) : XS‘FU)) as

_, o~ -  u ¥ _
K'RZ‘LKRE( ~n _12): 8 2(“) Z‘(AU) : (2.50)
12 Y22 50 Z.(UA) Z(UU)

The block-elements in (2.50) are as follows,

Zvy = A (Ag)SEA’(z?) +1Ir® w) AQ +1r® 6,
58 = QAP (Iro 4L)

50 = AVAP 5.

L0 = (Ir®4,) Z= (IT o A ) + Iz O
2 = (Ir®4,) Z=+Ir0 03V

2% = Ze+Ire0yY.

Note that the upper left block element remains the same, i.e.,

Byy = By = AY (A(2)2 AP 4 I7 @ sp) AV 1 I 6,
while the (1, 2) block is

Tu=(E0:202) = APAP s (IT®Z'E:IT)
(4940 5= [1r0 4,] : AP AP 5=) .

To derive the (2,2) block partition the covariance matrix of the measurement
€rrors as

E[AP A BAP AT _ vo [ Ir® oY I, OhY
EAP A Y] ElAP AP rETENIre @‘U"’ Ir® OV

so we have:

XX

‘(AA) 7 (AU) y
_ X It A =
Yo = ( E(XU‘X) 2{?}6) ): ( e )SE (IT®A'zZIgT)+(IT® 65)
XX
( (Ir® 4;) B= (IT® A) (Ir®

_ (Ir®4;) X= (IT®11, )+IT® @(?A) (IT® 4, )2=+IT®@(?U)
- 25(1T®A )+I ® oM Y=+ Ir @ OV
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Finally, note that the marginal covariance structure of Y7 and X gf\ ), ie.,

= (A = (AA
=20 =%

is given by
AP (4P 5=4Q +Ir0 ) A +Irw 6, AP AP 5 (Ir0 4',)
(Ir @ 4,) S=4'@ 4’ (Ir® 4;) T= (Ir © 4',) + I @ O

2.3.4 Observed form (OF)

Suppose we wish to estimate the DSEM model with the unobservable =7 but instead
specify the model by replacing = with its noisy indicators X S«U). This would lead to
the model with errors in the variables (EIV). Such model can be interpreted in two
ways. Firstly, we can arrive at such model if instead of the true &1 we mistakenly
include in the model its noisy indicators, thus introducing the additional error due

to mis-measurement (noise), which gives

Yr = 4P [AD (x{ - AD)+ 2] + Er (2.51)
—
X = (Lrod) (X - AD) +aP 252
=,
x¥ = x. (2.53)

Alternatively, we can specify the model in its latent form, and use a trivial identity
and re-write it as an EIV model, i.e.,

Yr = APAY (5r+ AP - AP) +402r + By (2.54)
) X;‘U?:A’(I‘U) ’
x® = (Ire i) (8r+ AP - aP’) +ap (2.55)
T X0y
x{ = (8r+af - af)+af. (2.56)
T xoay

In either case, we obtain a DSEM model in the observed form (OF), which can be

seen as a linear transform
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Er

Iy 0 0 ADAD AD AWM Yr
KRLT = 0 I(k—g)T 0 IrQ® /ia,- 0 A%U) = X'S{\)
0 0 I Iy 0 Er X ;U)
VA
(2.57)

We will inspect the OF model (2.57) by comparing its likelihood function to that
of the UL-restricted latent form model considered in previous section. In order to
do so we will need a simple result on the variance decomposition summarised in the
following lemma.

Lemma 2.3.4.1 (Variance decomposition) Let X (TU) be a gx 1 vector containing
observable indicators of a g x 1 vector of latent variables =1, such that each indicator
relates to a single latent variable. We consider the measurement model

x¥=g2r+ 49, (2.58)

where ET can be either random or fized, while X (TU) and ASPU) are both random hav-
ing some probability distributions X1 ~ (0, Z'()?)[(j )) and A(TU) ~ (0, IT® @g{‘”),
respectively. We make two different sets of assumptions depending on whether S
is random or fized as follows.

Random Z7 Suppose E1 has a multivariate probability distribution with zero
mean and covariance matriz X'z, i.e., E1 ~ (0, Xz). We assume that

E [ETA'gE”] -0, (2.59)
E [XS}”A'(TU)] £0. (2.60)

Note that Assumption (2.60) implies a classical rather than Berkson measurement
model (Berkson 1950).%

Fixed Ep For non-random E7 we state the Assumption (2.59) in terms of
probability limits by treating Er as a vector of fixed but unobservable constants
(incidental parameters). Thus we require that

plim %ETA'%” =0, (2.61)

T—o0

6In some cases an additional Assumption that E [A}A) A’ :(FU)] = 0 can be made, which imposes

weaker conditions on the measurement error covariance matrix than classical factor analysis by
requiring block-diagonal rather then diagonal @j.
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In addition, we assume that plim-ql—,ETE"T = XM=, hence in the fired case we con-
T—

sider the unobservable sum of squares E7E"., which is required to converge in prob-
ability to some positive definite matriz X=.” For the random variables X ﬁ}’) and
A it tmmally follows that phm LxOxO — 5T gnqg phm 1 A;U)A'SFU’ =

T—oo

Ir® @ ) respectively. Also note that assumptions (2.59) and (2.60) imply that
plim 7 A(A)A’(U) 0 and plim 7 Lx® Al 2.

T—o0 T—o0
Then the covariance matriz X'= (when E7 is random), or equivalently, the prob-

ability limit of the sum of squares ErE7T (when E1 is fized) can be expressed as

2=:=32D 1,9 @YY (2.62)

Proof From (2.58), using assumptions (2.59) and (2.60), we have

(or-e ) (=r )]

[ErS'7] + B AP A
= ¥+ Ir3 0%V (2.63)

ExPxP] = B
E

and for the fixed case, using Assumption (2.61), equivalently

1 1 ,
plim 2 XP XY = plim~ (=1 + AP (21 + AP

T—o0 T—o0

1 1
= plim=E75'r + plim =AY AP
T—o0 T T—o0 T

= Yo+Ir0 00V (2.64)

hence ¥z = XLy — It ® @fsf{’”, as required.

QE.D.
A simple corollary of Lemma (2.3.4.1), i.e., Assumption (2.60), is that
B xPaP)| = B[(8r+aP) 4]
= B|8ra| +B[aDAD)
= I;2 0%V, (2.65)

"Clearly, the probability limit becomes the simple limit for non-random E7, thus by using the
probability limit we cover both cases.
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and similarly that [X (TU)A’SQ)] =Ir® @fg/\), which would not be the case if
(2.58) was a Berkson measurement model. In a Berkson model we would have
E [ngf)A'(TU)] = 0.

We have seen that by Proposition 2.3.1.1 E¢ can be treated as weakly exoge-
nous, but we also needed to integrate it out of the likelihood because we could not
observe it. On the other hand the OF model, by decomposing =7 into an observable
part and the measurement error, potentially makes the conditional model feasible,
hence it would be of particular interest to investigate under which conditions is such
conditioning valid.

To this end, we firstly define an OF counterpart to the structural form model
considered previously. The relationship between the SLF model and a structural
observed form (SOF) model can be seen as a linear transform of the form LS?F) =
Dor Lt for some zero-one transformation matrix Dop. It can be verified that

Er I 0000 Er
AW 01 000 AW

AV |=]1001 00 A9 |. (2.66)
x 0 0I IO Er

Zr 0 00 01 Zr

o Do Lr

We can now write the OF-transformed DSEM model as a linear form in L%OF) as

Yo I 0 —ADAD ADAD 2D Er

xW 0 I -I;®4, It®4, 0 AW

AP | =0 o I 0 0 AY | (267
x® 0 0 0 I 0 xY

Zr 0 0 0 0 I Zy

F Kor T

Thus we have defined the OF vector as a transformation of the independent
latent components vector. Also we defined the transformation that gives the OF-
transformed DSEM model. Now note that since F(TOF) =K OFL%OF) we have

I 0 0 ADAD 4D Er
0 I 0 IrQA, O AY
F" = KopDorLr=| 0 0 I 0 0 Ay [, (268
0 0 I I 0 Er
0 0 0 0 I Zr
KO:-DOF ];



which has the effect of trivially decomposing =1 into the observable and unobserv-

able part.

We can obtain the covariance matrix of the OF model as follows. firstly observe

we can re-arrange Lp by using a zero-one shifting matrix

I 0

0 1

DsE 0 0

0 0

0 0

and hence obtain

I 0 ADAD o AD Er
0 I Ir®Ad;, 0 0 AP

0 0 I I 0 Er =
0 0 0 I o AY)
0 0 0 0o I Zr
M DsL;

0 0 0
0 0 0
o1 0], (2.69)
I 0 0
0 0 1
AP AP Er+ ADZr + By Yr
 Ir® A,57+ AW x®
ET+A§~U) = X(TU)
ASFU) A(TU)
Zr R Zr
MﬁSLT DSI"',';OF)
(2.70)

Before proceeding further we will need to make an additional assumption about

the measurement errors.

Assumption 2.3.4.2 (Block-diagonal @;) The measurement errors in X %U) are

uncorrelated with the measurement errors in X 59 ), hence Oy is block-diagonal with

UA
@55 =Uv.

Now, by making use of the shifting matrix (2.69) and invoking the Assumption

2.3.4.2, we obtain a re-arranged density of L,

Er
AP

Er
Ay

Zr

DgsLy

~ N('n+k+g+m)T

Therefore it follows that

IT® 0O, 0 0 0 0
0o Iree4M o 0 0
0 0 o 0 0
0 0 0 Ire8%" o
0 0 0 0 IT® W
DsX,.D, ]
(2.71)
DsFP" ~ Nipskigrmyr (0, MDg X D'sM') . (2.72)
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Note that without the Assumption 2.3.4.2 we wold have

Ir® 6, 0 0 0 0
0 Ir® @z(S?A) 0 IrQ® @((;QU) 0
Ds¥ D= 0 0 s 0 0 (2.73)
0 I;¢0YY o0 I1:90%Y 0
0 0 0 0 Ir@ W

We will see that the block-diagonality Assumption 2.3.4.2 has no effect on the
marginal covariance structure (reduced OF model) of Y7, X, and X, but it
does have an effect on the conditional distribution of Y7 and X S_,f\) given X ng).
Moreover, the following proposition establishes the validity of the conditional OF
model given Assumption 2.3.4.2 holds.

Proposition 2.3.4.3 (OF likelihood decomposition) Suppose the Assumption
2.8.4.2 holds. Let DSF(OF) = F7, hence from (2.72) it follows that the log-likelihood
of Ft is

O (Fr0)=a—= ln | M2t M| — —tr Fi (MY M) F's, (2.74)

where 5% = DgX1Dls. Let by xaxv.av z (YT,X(A)|X(U) AD Z1.6: ) denote
the conditional log-likelihood of Y1 and X5 () given X ,E,,U’, A%U), and Zr.
Similarly, let €xv_av (X(TU) — A(U) 02) denote the marginal log-likelihood of

X ‘TU) - Aﬁ_pU) and denote the marginal log-likelihood of Z1 by fav (A(U) 03)
L7 (Z1;0}). Then the OF log-likelihood (2.74) can be factorised as

3(03} (F(OF) 9) = Ly xAaxU AUz (YT,X(A)|X§1U),A§1U),ZT; 9’{) (2.75)

+ lxu_pv (ng” —AY, 92) Flav (A(U) 03) V07 (Z7:6Y),

where 6% = (9"Bf) L AIRY (GO (CORY-ICORY (C ) ),, 0; = 0%, 05 =05 ),
and 0; = 0™ . Thus, X (TU), AS_,WU), and Zr are weakly exogenous for 607.

Proof See Appendix §2C.

A potentially useful implication of Proposition 2.3.4.3 is the validity of the con-
ditional model for Y7 and X 5{\ Y given X (TU), Ag,”), and Z7. Unlike the conditional
model in latent form considered in Proposition 2.3.1.1, the conditional OF model is
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feasible since it was formulated by decomposing =1 into an observable and unobserv-

able part. The observable part, X EFU)

can be taken as given, while the unobservable
part, A7 needs to be summarised in terms of its second moment matrix.

However, while the likelihood decomposition stated in Proposition 2.3.4.3 en-
ables separation of the conditional model, it does not include a separate expression
for the marginal likelihood of X . Instead, (2.75) includes marginal likelihood of
the decomposed =7 into the observable and unobservable parts, i.e., the marginal
likelihood of X — A 1t thus follows that conditioning on X in the OF model
would be valid in the sense of Definition 2.3.0.5 if the Assumption 2.3.4.2 holds, and
if A%U) is known or observable (the same goes for Z, which is always unobservable
but can be taken as zero). Not knowing A(TU) necessitates estimation of its covari-
ance matrix as an additional matrix of parameters eng’. For random X 55” this
leads us back to the reduced-type of a model and we next show the OF model in

the reduced form has the same likelihood (in expectation or in probability limit) as
the RSLF model.

Reduced observed form (ROF)

Consider the OF model (2.51)—(2.53). If all variables in the OF model are random
with zero mean, it follows that

E[Yy] = ADAY (E [ng>] —E [A(TU)D + APE(Z )+ E[E7] =0
B[x{P] = Ire 4, (BE[xY) -E[aP]) +B[aP] =0
E [ng”] = 0.
Being a linear combination of normally distributed quantities,

~ !
FSFR) = (Yﬁ_p : X'EPA) : X'E_pU))

will have (n + k)T-variate multinormal distribution

~ (R ~
FT) ~ N(n+k)T (0> 2) ) (276)
where X is defined as
~ ~ (A ~ (U
Yyy ng))( 2&))(
= ~(A) ~(AA) =~(AU
= 0 00 U9 |. (2.77)

5(U)  gUA)  &(U0)
EXY XX SXX

Therefore, the likelihood of the OF model (2.51)-(2.53) and the likelihood of the
UL-restricted RSLF model will differ only in their covariance matrices 3 and 2.
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The following proposition establishes the equivalence of these two matrices either in
expectation or in probability limit for the random and fixed cases, respectively.

Proposition 2.3.4.4 (OF equivalence) Let X ng) T+ A ), where E1 can
be either random or fized. Let ¥ and X be deﬁned by (2.77) and (2.50), re-
spectively. For random Er suppose Er has a multivariate probability distribution
Er ~ (0,%z). Then E[3] = E[Z)]. In the case when E7 is fized (non-random)
we treat it as a vector of fized but possibly unobservable constants (incidental param-

eters), in which case plim L 3= plim 1 5.
T—o0 T—o0

Proof See Appendix §2D.

Note that that Proposition 2.3.4.4 did not require the Assumption 2.3.4.2. There-
fore, the OF transform of the model with all variables random does not offer any
obvious advantage over the RSLF model. The advantage of the OF formulation
becomes apparent in the fixed case. Before moving to such model, we briefly make
few additional remarks about the random OF model.

The marginal distribution of (Y’T . X4 ))I is T'(n+k—g)-dimensional Gaussian

A ~ n+k— ’ A AA
X "\ =y s

with X SFU) integrated out. The conditional expectation is

Yr (U):I ( =30 O\ )
[ xM 7Y ( )

-1
=% (Z5%%) v

w0y [ et | X5 (2:79)
ZXX (ZXX)

and the conditional variance is

Yo (u>> (EYY =N =7 wuy) ! ©) . 5 U8
(Xg) =8 2oy =40 ( ) ( )

U v\ !« A U v\ 7! A
By - 0 (SU0) " B - 5 (50)” 5
50 _ 300 (2%{1)) 50 5 _ 500 (Zwv)) Y

Thus it is obvious that conditioning on X %U) will be the same as conditioning on
E7 in the special case with no measurement error (A;U) = 0).
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We now turn to the model with fixed Zp. Firstly, consider the standard “
functional” model (Wansbeek and Meijer 2000, Cheng and Van Ness 1999), given
by

Yr = AVAD =, +AVZ,+Er (2.80)
S~~~ N’
fixed part residual
Xr = (IT® Az) Er + Ar, (2.81)
~~ ~~
fixed part  residual

which has residual covariance matrix

AV (T2 #)AD 4 T
QFZ( = Ir® ¥) A’ +1Ir® 6. 0 , (2.82)

0 Ir® 6

and hence the density function

Yr ) N AV AP 2, AV (Ireo w) AL +Ir0 0. 0
Xt (k=0T |\ (Ir® A;)Er |’ 0 It ® 6;

The log-likelihood of the functional model is then

_ n+ k)T 1
ZY,X|E(YT,XT|I"—"T§ 0) = —%111(277’) - Elnlﬂpl
1 Yr—ADA%=2; \ [ Yr-APAP=,
—tr = 8 0 = 8 .
2" \ Xp—(Ir®4,)Er | ¥ \ Xr—(Ir®A,) Er

Note that the log-likelihood (2.83) includes =7, which is unobservable.
Next, consider the OF-transformed model

Yr = ADAD (X - AP + AV 27 + By
= AP APXP + (402 - AP AP AD + Er)  (28)

N J

Uy
x® = (Ire &) (x{ - af) + A
= (Ir@ 4) X+ (AP - (Ir o 4,) AP (2.84)
r(xX) ’
T
X%UL) _ X(TUL)—ArEpUL)—l—ASwUL)
= x¥P, (2.85)
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and denote the covariance matrix of the residuals UY) and U in (2.83) and
(2.84) by

A
2y QY (2.86)
.Q(A) Q(AA) ’ :
xy Yixx

Therefore, the distribution of the OF functional model is given by
YT o) oN, A4S Xy Py O (2.87)
~ n+k—g)T ) 9 .
x5 oot |\ (1ro ) x® )\ a8 o
and the log-likelihood

ey’xAlxu (YT, Xg\)lxgj),e) = _K“_"Ekg ln(27r) _ %111

(55 )

| oy ol

o Yr-AQ42x® vy 0N Yr— ADAD XD
2 x® - (1p ®A)X(U) 2 n("") xM - (17 ®A)X(U)

The structure of (2.86) for the special case with It ® G(AU) = 0 (i.e. under
Assumption 2.3.4.2) is given by the following proposition.

Proposition 2.3.4.5 Assume It ® Q(AU) 0. Then the block-elements of (2.86)
are given by

vy = AP (AP (Ir@ 05") AP + 110 ) AT + 118 6. (2.89)
o = aAPAP (12 08") (Ir e 4%) (2.90)
2 = (Ire &) (Ire ") (Ire 4,) + Ir® 65", (291)

and Q%) = Y. Furthermore, it follows that

vy n(A) _ o

o oun | = KrDsZLDsKp, (2.92)

XY XX

where

I 0000

_ I

R O (2.93)
0 0I 00
0 0001



Proof See Appendix §2E.

Using the above result, we can thus simplify the log-likelihood of the functional OF
model as

Ly x> xV (YT,X;AHX}U);B) = (k0T 1y (or) — L1n ]KRDSZLD{.;KH

!
Yr— ADAD xO) . s 1 v - AP AD XY
—Ltr T rEfElT KpDs¥ DsK) T—refe 0T :
2\ xP - (Ire 42) X (KrDs21D5K) X - (Ir o 4,) Xy

(2.94)

Therefore, the log-likelihood (2.94) of the functional OF model has g7’ unknowns
less then the log-likelihood of the functional model in latent form as a consequence
of not having to estimate Z7.

2.3.5 State-space form (SSF)

Various special cases of the general DSEM model have been analysed in the

state-space” form including dynamic factor model and DYMIMIC model (Engle

and Watson 1981, Watson and Engle 1983) and the shock-error model (Aigner et

al. 1984, Ghosh 1989, Terceiro Lomba 1990). The motivation behind casting partic-

ular dynamic models in state-space form is primarily in the possibility of using the

Kalman filter algorithm (Kalman 1960) for estimation of the unknown parameters.?
The state-space model can be specified in its basic form as

Y= Hdy + wy, (2.95)
Wt = F’l’t + Uy, (296)

where (2.95) is the state equation, (2.96) is the measurement equation, ¥, is the pos-
sibly unobservable state vector, and H is the transition matrix (Harvey 1989, Durbin
and Koopman 2001).° The specification (2.95)-(2.96) is particularly appealing for
dynamic models involving unobservable variables since the state equation can con-
tain dynamic unobservable variables and the measurement equation can link them
with the observable indicators. These attractive properties of the Kalman filter
resulted in numerous empirical papers in the applied statistics and econometric

8The Kalman filter was developed by Rudolph E. Kalman as a solution to discrete data linear
filtering problem in control engineering. The filter is based on a set of recursive equations, which
allow efficient estimation of the state of the process by minimising the mean of the squared er-
ror. The Kalman filter recursive algorithm proved to be considerably simpler then the previously
available (non-recursive) filters such as the Winer filter, see Brown (1992) for a review.

9A simple generalisation of the measurement equation is to include a vector of observable
regressors.
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literature. Harvey (1989, p. 100), for example, calls the state-space form “ an enor-
mously powerful tool which opens the way to handling a wide range of time series
models”.

To enable estimation of a statistical model by Kalman filter, it is necessary to
formulate it in the state-space. We will show that a state-space representation of
the general DSEM model (2.1)—(2.3) and hence of all its special cases listed in Table
2.1 exists. In addition, it can be verified that for the transition matrix H to be
non-singular we will need to make the following assumption.!°

Assumption 2.3.5.1 Let &, follow a VAR(q) process with ¢ > 1

q
£ = Z R;&,_; + vy, (2.97)

j=1
with the roots of |I —AR; — MRy —---— XR,| = 0 greater then one in abso-
lute value and v; is a Gaussian zero-mean homoscedastic white noise process with
Elvw) = X,.

Definition 2.3.5.2 Let IT; = (I — By)"'B;, G; = (I — Bo) ' (I'; + I'oR;), and
K. = (I — Bo)"Y(¢, + I'ovy), where B;, I'j, and {, are defined as in (2.1)~2.3).

The following result establishes the existence of the state-space form of the gen-
eral DSEM model given Assumption 2.97.

Proposition 2.3.5.3 Let &, be generated by a VAR (q) process as in (2.97). Then
the general DSEM model (2.1)—(2.3) can be written in the state-space form (2.95)—
(2.96) as

[ ™ \ [ I Gi I.—, G, H, Gr\ (’77:-1\ (Kt\
& 0 Ry 0 R.,; 0 R, §i1 vt
M1 I 0 - 0 0 0 0 Mes 0
&1 |2l 0o 1 - 0o 0o o o & [+ 0 |

Mt—r+1 0 0 I 0 0 0 Nt—r 0
\ &1/ V0 0 o I o o0)\&,) \o)
(2.98)

and

10Since the state-space representation is achieved by dynamically linking the current state with
the past-period state via a first-order Markov process, the first equation (for time t) is the actual
model, while the rest of the stacked elements (for time ¢t —1,£—2,...,t — q) of ¥, are set trivially
equal to themselves as they appear in both 9; and 9;_;. Hence, if any of the elements of 9,
cannot be related to an element of ¥;—; (such as in the case of white unobservable regressors) the
transition matrix H will contain a row of zeros and thus it will be singular.
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[l
N

M1
4, 0 --- 0 &

_ + , 2.99
s 0) 6o ( ) (2:99)

(%)
Lo )

where r = max(p, q), with notation defined in 2.3.5.2.
Proof See Appendix §2F.

While Proposition 2.3.5.3 gives the state-space form of the general DSEM model,
it is not immediately clear how the state-space form compares with the forms con-
sidered earlier. Namely, the SSF model (2.98) is in a recursive form required for the
Kalman filter, hence it is specified in ¢-notation. On the other hand the T-notation
(Table 2.2) we used to analyse the statistical properties of other DSEM forms leads
to a closed-form rather then a recursive form of the model. Nevertheless, we can
write the SSF model (2.98) for the process (¢t = 1,2...,T) and compare its like-
lihood with those of the other forms of the model. In the context of the RSLF
model, for example, this would call for additional modelling of the VAR(q) process
for =1, thereby increasing the dimensionality of the multivariate density function
from (n + k)T to (n + k + g)T. However, we will show that such extended model
can still be reduced to the (n + k)T-dimensional model.

Given the VAR(q) process for £ (Assumption 2.97), the SLF model will have
to include an additional equation for Z. The structural equation remains as before
and it can be reduce as

q

p
Hr = (Z S%@Bj) Hr+ (Z szf®1’j) Er+Zr
§=0

j=0
p . _1 q .
= (ImT — Z S%@Bj) [(Z S%@Fj) Er+ ZT:I . (2.100)
=0 =0

A T-notation equivalent of the VAR(q) model (2.97) can be written as

I

q -1
T = (Z S%®R3> Er+Yr= (IgT - Z S%@RJ) Yr. (2.101)

Jj=1 j=1

7

(3
Ay
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Finally, the measurement equations as as before

Yr = (IT®Ay)HT+ET (2.102)

Substituting (2.100) and (2.101) in (2.102) and (2.103), respectively, we obtan
the reduced SSF model

(5) = |7, Hgen |(5)(%)
= - q o~
£r |0 Lster [T Tr
j=1
. q -1
( Inr— Y. Si@B; -3 Sher; .
= j= =0, ( TT ) (2.104)
\ 0 Iqr— Y S,QR,; T
j=1

where the inverse of the matrix of parameters in (2.104) is given by'!

-1 -1 -1
D . P . q . q .
(ImT — E S%@Bj) (ImT — Z S%-@Bj) (z S%@Fj) (IgT — Z S#@Rj)
j=0 3=0 7=0 Jj=1

-1 )

q .
0 (IgT — Z S%@Rj)
7=1
(2.105)

therefore the reduced SSF model becomes

p ~1
Yr = (Ir®A) (ImT -y SJT®Bj)

§=0

g g -1
X (Z S’T®I‘j> (I aT— ) S#@Rj) Y7 +Zr| + Er (2.106)
j=0

j=1
q -1
Xr = (IT ® Am) (IgT — Z SJT®RJ> Yr+ Ar. (2.107)
j=1

Using the simplifying notation from Definition 2.3.0.4 we can write (2.106) and
(2.107) as

11'We make use of the result

Dy Dy \7'_( D! -Di'Dy;D3}
0 Dy '



Yr = ADAL AL v +AVZ, + By (2.108)
N
Er
Xr = (Ir® A,) AP Trr+Ar (2.109)
| p——

ot
e

T

Next, we consider the covariance structure of =7, which can be easily obtained
from the reduced form T-notation expression (2.101). The following lemma gives
the required expression.

Lemma 2.3.5.4 Consider the VAR process (2.101). By Assumption 2.3.5.1, E[vv)] =
Y, = E[YrY'7)=I;r®%,. Then ¥z = AP (Ir® X,) A'®), where AY =
q .
(IgT — Z S‘%«@Rj)_l.
j=1
Proof Since E7 = AP Yrand E[E75'7) = ¥z, wehave ¥z = ADE[Y7 77 A'Y =
APE[Yr 77 AY = AP (Ir 0 2,) A'Y as required.

QED

To examine the likelihood of the SSF model firstly note that the reduced SSF
model (2.104) is (n + k)T-dimensional, thus the SSF likelihood will be (n + k)T-
variate Gaussian, thus of the same form and dimension as the likelihood of the RSLF
model given by (2.33). Recall that by Assumption (2.97) as shown in (2.101), the
E7 process can be expressed as a linear function of the residual vector X'7. Defining
L35F = (B'v : A'p: X'r : Z'7)', assuming Y is Gaussian and independent of other
latent components it follows that

ET IT ® @5 0 0 0
Ar N 0 0 Ir® O 0 0
Tr (n+k+g+m)T | U, 0 0 Ir® %, 0
Zp 0 0 0 IrQw
N e’ ~ ~ 4
L“;SF L Xssr g
(2.110)
Now, by letting
(1) 4(2) 4 3) (1)
Kgssp = Lnr 0 Ay Ay Az(s) Ax , (2.111)
0 Iir (Ir®A;)Ay" 0

the reduced SSF model (2.106)—(2.107) can be written as a linear form in L35 i.e.,
as KgspL35F. Therefore, by Proposition 2.3.0.3 it follows that
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L7 ~ Natktgtmr (0, Bssr) = Kssr L™ ~ Niiryr (0, K ssr X ssr K 'ssr) -

Finally, since E1 is a VAR(q) process by Assumption 2.3.5.1 whose covariance
structure, by Lemma 2.3.5.4, is XY=z = Ag‘ ) (IT® X,) A'g’ ), we can parametrise X'y,
as

Ir® 6, 0 0 0
0 IT® B 0 0
X = 0 0 AP (Irex)AY 0 . (2112)
55
0 0 0 Ir@ W

Therefore, modelling the Z1 process as a VAR(q) imposes the parametrisation
Y= = Ag) Ir® X,) A’g‘) on Y. Hence with such structure imposed on X', it
can be easily verified that KgsrX gsrK'ssr = KrX [ K'g, thus the likelihood of
the reduced SSF model (2.106)~(2.107) is equal to the likelihood of the RSLF model
(2.26) with the covariance matrix of Er parametrised as Ag’ ) (IT® X,) A’g).

2.4 Comparison of different forms

There are several possible criteria on which to compare different forms of the general
DSEM model. We have seen that different forms of the general model discussed in
this section are not identical re-arrangements of the same model in the statistical
sense. Rather different assumptions about the modelled variables had to be made as
well as some specific parametrisations needed to be considered. In this respect, while
substantively we are dealing with the same model, its different forms might favour
certain estimation methods and applications over the others. In particular, we would
be interested in the criteria such as 1) choice of estimation method, 2) identification
of the parameters, and 3) statistical assumptions about modelled variables. We
will look into some of these criteria, in turn, by focusing on particular forms of the
general model.

RSLF model. The RSLF model (section §2.3.2) has appealing implications when
repeated observations on the time series process ng’?) are available. Consider N
independent realizations of Fg) are being observed. Then the log-likelihood (2.33)
can be written for a single realization as

(n+ k)T

1 1 _
= In(2m)—> In| K p B, K'rl—5tr F'P (K ZoK'r) " FP,

(2.113)

¢r (ng; o) S
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thus for NV independent realizations, the log-likelihood becomes

+Ek)NT N 1 -
lr (Fgggl;e) - _(_"_2)___ In(2m)-% In |[K R L K'r| -5 tr FO (KpZLK'p) ™ F,
(2.114)
(R) _ (B (R) N ,

where F = (Fi7,..., Fyz). Now, ignoring the constant term and rearranging

the matrices under the trace, and multiplying by —2/N yields
1 a1
In|Kp X K'p| + 5tr (KpZLK'R) ! NF%}F’&’,‘T), (2.115)

which can be minimised to obtain the maximum likelihood estimates of the model
parameters. Inspecting (2.115), we can observe that that N "ngf%F’gf% is the empir-
ical covariance matrix of the observable data, hence making (2.115) is a closed form
likelihood. The log-likelihood (2.115) is asymptotically equivalent to the Wishart
log-likelihood of (N — 1)‘1F$%F'§f%, the empirical covariance matrix of the observ-
able data.

Alternatively, an assumption that the observable variables are multivariate Gaus-
sian along with the independence of the N realizations (hence independence of the
columns of F§AF'%) would imply a Wishart distribution of (N — 1)-1F{&QF"5.
hence a log-likelihood different from (2.115) only in a scaling constant.

The availability of the closed-form covariance structure 2.3.2.1 implied by the
RSLF model also motivates generalised methods of moments or weighted least
squares type of estimators. Consider a quadratic form in a positive definite ma-
trix W,

1

(vech LFB B _ o KpZ K’ R) w1 (vech ~

= FOFQ —vech KpZ K’ R) :

(2.116)

Clearly, (2.116) is a fairly general fitting function not depending on any distributional
assumptions. Various different choices of W might be considered.

The RSLF model summarises the information about the latent variables in terms
of their population moments and hence does not require estimation of the unobserv-
able vectors &1 and Hp. Table 2.3 lists the matrices of parameters in the RSLF
model.

OF model. In section §2.3.4 the reduced structural OF model was shown to be
equivalent to the UL-restricted random-case RSLF model, obviously the number of
parameters to be estimated will be the same hence we do not need to consider the
random-case OF model. It is thus more interesting to compare the fixed OF model
with the RSLF model. The OF model has an immediate advantage of encompassing
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Table 2.3: Matrices of parameters in different model forms

Vector/matrix Dimension Number of parameters | RSLF | OF | SSF
Hr mT x 1 mT - - v
Er gT x 1 gT - - v
' mXxm m(m+1)/2 v v | v
e, nxn n(n+1)/2 v v | VY
O kxk k(k+1)/2 S olv| v
05" k-g)x(k—g) | (k—gk—g+D/2 | v |V |V
05" gxyg 9(g—1)/2 v | V|V
ik (k—g)xg g(k — g) VA I
AY nT x nT m(n+pm—1) v v |V
Ag) mT x gT qmg v v | v
AP gT x gT q9? - |-V
Y= gT x gT 9*(g+1/2+1/g) v - | -
Z5x 9T x gT 9*(g+1/2+1/qg) - vV -
%, gxg 39(g+1) - |-V
AV IreZ)AY | gTxgT g*(q+1/2+1/9) - | -1V

the cases with fixed observables or perfectly observable indicators of fixed latent
variables. The OF model can be estimated with maximum likelihood, but it also
facilitates instrumental variables estimators, hence the assumption of multivariate
normality can be relaxed easily in the context of the OF model.

Another interesting feature of the OF model is its suitability for estimation of
DSEM models with pure time series. We have pointed out to a straightforward
estimation method for the RSLF model when a cross-section time series data is
available. While maximisation of (2.33) for a single realization of Fg) might be
considered, the OF model suggests a more feasible approach. Namely, the log-
likelihood (2.88) is of a standard multivariate Gaussian form but with parametrised
residual covariance matrix, hence it would be straightforward to maximise it in
respect to the model parameters.

SSF model. In section §2.3.5 we have shown that a state-space form of the gen-
eral DSEM model requires modelling £ as a VAR(q) process. This imposes a
parametric structure on the covariance matrix of E¢ given by Lemma 2.3.5.1.
Specifically, estimating coefficients of a VAR(q) process for Er has the effect of
imposing parametric structure Ag’ ) (Ir® X,) A §33) on Y=. Without modelling
the Z1 as a VAR(q) we defined X'z unconstrained with bound-Toeplitz structure
owing to covariance stationarity of Er (see Appendix B). By Proposition 2.3.2.1
we had Xz = It ® @0+ Y1, (57 ® &, + 8% ® b)), where & is symmetric

g % g matrix with g(g + 1)/2 distinct elements. Similarly, for j =1,2,...,q, ®; is
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g x g with ¢? distinct elements. Thus It ® $¢ + Z?Zl (S?F ® D;+ S7® 45;) has
q9®+9(g+1)/2 = g*(¢+1/2+1/g) distinct elements. On the other hand, imposing
a VAR(q) structure on X'z results in parametrisation of the covariance matrix of
Er given by AP (I7® ¥,)A’Y), where AY) = (Igr — 2254 S7®R;)~'. Hence we
have ¢ g x g matrices R;, each having ¢° elements, and a symmetric g x g matrix X,
with g(g + 1)/2 distinct elements. Thus, the VAR(q) parametrisation of X'z results
in the same number of distinct elements of X'z, namely ¢g*(q + 1/2 + 1/9).

However, when the aim of the SSF specification is the application of the Kalman
filter, then the model needs to be in its recursive form (i.e., t-notation) given by
(2.98), therefore, the state vector that includes E7 and Hr will be treated as a
vector of missing values, thus requiring estimation of additional (n+ k)T parameters.
Recall this was not the case in the RSLF model which used the summary information
about these vectors in the form of their second moment matrices.
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Chapter 3

Maximum likelihood estimation
with panel data

3.1 Introduction

The methods for estimating static simultaneous equation models (SEM) containing
unobservable (latent) variables or variables measured with error are widely available
and frequently used in the applied literature. Bartholomew and Knott (1999) and
Wansbeek and Meijer (2000) provide a comprehensive review of these methods.
Panel data methods for models with latent variables or with errors-in-variables have
been considered in the literature in the context of the instrumental variables (IV)
and the generalised method of moments (GMM) estimation (Arellano and Bover
1995, Wansbeek 2001, Arellano 2003, Hsiao 2003). Moreover, static panel random
effects models with latent variables can be estimated in the standard SEM modelling
framework using the covariance structure analysis methods of Joreskog (1981) and
Joreskog and Sorbom (1996a); see e.g. Aasness et al. (1993) and Aasness et al.
(1995) for empirical applications.

On the other hand, dynamic panel models with latent variables have not been
extensively analysed and there is a lack of suitable estimation methods for dynamic
simultaneous equation models with latent variables or with all variables measured
with error. Single equation and systems IV estimators were suggested by Czirdky
(2004d) for time series and random effects panel models.

We consider estimation of dynamic simultaneous equation panel models with
latent variables and fixed effects. Such models include unobservable variables that
are measurable by multiple observable indicators. We consider full information
maximum likelihood estimation, which has the potential advantages over the non-
parametric IV and GMM methods in respect to modelling and testing the implied
(latent) structure rather then merely providing consistent estimates of the structural
parameters. This is an important aspect in the economic applications where the sub-
stantive theory is formulated in terms of the latent variables where the measurement
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of these variables as well as the structural relationships are tested.

3.2 Dynamic panel structural equation model

In this section we consider a dynamic panel simultaneous equation model with latent
variables and fixed effects (DPSEM(p, q)). A DPSEM(p, q) model for the individual
t=1,...,N at time t = 1,...,T can be written for the generic individual at any
time period t using the “ t-notation” as

P q

Mt = Z Bjn;_; + Z ;& j+Cit (3.1)
=0 =0

Yie = AyMi+ By +Eit (3.2)

Tig = Ag€y+ py; + 0y (3.3)

! /
where n;, = (nl(tl),ngf), e ,ngn)) and §;; = ( z.(tl), g), e i(tg)) are vectors of latent

/ /
variables, y;, = ((yg),yg), e ,yg’)) and x;; = (azgtl),azgf),...,x,gf)) are vectors of

observable variables, and B; (m x m), I'; (m x g), A, (k x g), and A, (n x m)
are coeflicient matrices. The contemporaneous and simultaneous coefficients are in
By, and I'y, while By, By, ..., By, and I'y, I'y, ..., I'; contain coefficients of
the lagged endogenous and exogenous latent variables. Finally, p,; and p,; are the
n x 1 and k x 1 vectors of individual means, respectively. We treat u,; and p,; as
vectors of coincidental (fixed) parameters, which makes the DPSEM model (3.1)-
(3.3) a “ fixed-effects” panel model. The statistical assumptions about the variables
in (3.1)—(3.3) are as follows.

Assumption 3.2.0.1 The vectors of measurement errors €;; and 8;; are homoscedas-
tic Gaussian white noise stochastic processes, uncorrelated with the errors in the
structural model (¢;;). We require forl =...,-1,0,1,... and s =...,—-1,0,1,...
that

!I’, l:S,iZ' @, l:s”)::'
E[CilC;s]z{ 0 I#SZ#]J ) E[eils_,js]:{ : . J )

E[az‘la;‘s]: @57 lZS,i:j

0, l#si#]

where ¥ (mxm), O, (nxn), and Os (kX k) are symmetric positive definite matri-
ces. We also require that E [(,€),_,] = E [Cu€ly_,] = E [Cit05i_] = E [6u€)y_] =
0, Vs.
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Finally, using the notation from Table 2.2, the DPSEM model DPSEM model (3.1)-

(3.3) can now be written for the individual i as

P -1 q
HiT = (ImT - Z S‘%@BJ) ((Z S’r}@[‘]) EiT + Z,T) (34)
=0

=0
Yir = (It®Ay)) Hir + (7 ® 1) py; + Eir (3.5)
Xir = (Ir®A;) Eir+ (10 ® I) py; + Aur, (3.6)

using the notation defined in Table 2.2.

It follows that (3.4) can be substituted into (3.5) to obtain a system of equations
with observable variables on the left-hand side

P -1 q
Yo = (IT®A) (ImT - Z S%@Bj) [(Z SJT®I'J'> Eir+ Zir

=0 j=0
+ (r®In)py + Eir (3.7)

Xir = (It®@A) Eir+ (er @ Iy) py; + Asr. (3.8)

By Assumption 3.2.0.1 the unobservable variables in (3.1)—(3.3) have expectation
zero, thus it is easy to see that E[Y ;1] = (¢7 ® In) py; and E [ X 7] = (e1 ® 1) py;-
Therefore, the expectations of the observable variables are the individual fixed-effects
so we can define

_ [ Yo —E[Yir] _ Yir — (ir ® In) pyi
Vir = ( X — E[X 7] ) . ( ) (3.9)

Xy — (e ® Ik) po
Since E [V ;r] = 0 we have Var (V1) = E) - (r]

3.2.1 Maximum likelihood estimation of the parameters

The maximum likelihood estimation proceeds in two steps. Firstly, since we treat
the vectors of fixed effects p,; and p,,; as incidental parameters of no substantive
interest, we concentrate them out of the log-likelihood. Secondly, we maximise the
concentrated log-likelihood to obtain the estimates of the parameter vector 8. We
will assume that sufficient restrictions (e.g. zero restrictions) are placed on the model
parameters so that the model is identified. The following assumption outlines the
basic regularity conditions.

Assumption 3.2.1.1 Let X(0) be a function of the parameters vecB;, vecI';,
vecAy, vecAz,vech &}, vech &', vech @5, and vech @; i = 0,...,p, j =0,...,q,
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where 0 is an open set in the parameter space Y. We assume that X () is positive
definite and continuous in 6 at every point in T'. We also require that 0.X (6) /96’
and 8*X () /00060’ are continuous in the neighborhood of 0y, and that 8 vec X (0) /56
has full column rank at @ = 6y. Finally, Ve > 0,30 > 0: || X(0) — ¥(0y)|| < d =
116 — 8ol| < e.

We firstly consider estimation of the fixed effects parameters p,, and p,. Let

. I 0
M= M), p=(® , (3.10)
Mo 0 LT ® Ik
SO we can write

Yi n i
E v\l -l 0 Pvi )\ = Fp,.
Xir 0 tr @ I Moy

Therefore, by letting Wr = (Y : X/7)', the multivariate Gaussian likelihood of
the DPSEM model for the individual i is given by

L(Wir, M;) = (21)72 |2 (6)] ™/ exp ( = (Wi — FM,) 571 (6) (Wi — FM ,.)) ,

2

and thus the log-likelihood is

InL (Wi, M;) = —%ln(Zw)—%ln]E(Gﬂ
1

2(W'iT"FMi)’E_l(o)(WiT_FMi)- (3.11)

The maximum likelihood estimate of M; can be obtained by solving the first-order

condition

alnL(W,;T,Mi)
OM;
which gives the ML solution

=F'X'0)(Wq—-FM;)=0 (3.12)

M;=(F'F)'F' W, (3.13)

Substituting (3.13) into (3.11) yields the concentrated log-likelihood of the form

A

L (W, M) = —gm(zﬂ) _ -;-m|z(o)|
- % [(1-F(FF)'F) Wi '»-1(p) [(1-F(FF)"' F) W]
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which, by letting W = (I — F(F'F)™ F) W ir, simplifies to

—%ln(27r) - %m 132 (6)] - %W;Tz—l 0) War. (3.14)

The concentrated log-likelihood (3.14) is the log-likelihood for the within-group
(WG) transformed data. To see this, note that (I —F(F'F)" F’) is the WG
transformation matrix, i.e.,

_ 1 [ e ®1 0
(I —~ F(F'F) 117*/) = Inikyr — = ( To n o I, ) ) (3.15)
T

which follows from the fact that

PFF - eI, 0 I, 0
0 v ® Iy 0 ir @ Iy

_ ( (er® L) (e7 ® I,) 0 )
o (e ® It) (er @ I)

_ T(In o)’
0 I,

and thus (F'F)™" = T~'I(,,x). Therefore,

F(F’F)'IF’zl @I, 0 vr®I, 0 ’
T 0 ir @ I 0 v ® I

which yields (3.15). It now follows that the Gaussian log-likelihood for the sample
of N mutually independent time series process Wir = (Y : X'7)' is the concen-
trated likelihood given by

i TN N 1 . "
Y InL (Wm Mz) = —— In(27) - - In|X(0)] - 52 Wi X7 (6) Wip
i=1 i=1

- —]-sz In (27) — %m 13(0) - %tr 51(0) W Wy

(3.16)

where Wy = (Wir,... Wyr) and Wyp = (I — F(F'F)™! F') W nr is the
within-group transformed data matrix. It thus follows that the maximum likelihood
estimator of @ solves

N
Our = arg max (ZlnL (WiT, Mi)) , (3.17)

i=1
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Equivalently, the maximisation problem (3.17) can be turned into an equivalent
minimisation problem

N
i J—— min (—2 D (WiT, M)) , (3.18)

i=1
ignoring the constant term. Optimisation of (3.17) or (3.18) requires numerical
methods such as the method of scoring or the Newton-Raphson algorithm. We will
derive the closed form expressions for the analytical first and second derivatives in
§3.2, which facilitates both methods. As we will show, the expectation of the Hessian
matrix (or its probability limit) turns out to be notably simpler then the Hessian
itself. Therefore, the method of scoring, which requires only the expectation of the
Hessian matrix, is simpler to implement. The parameters’ estimates can hence be
obtained by iterating

8lnL(WNT)

00 ’
0f_1

which can be implemented by using the closed form analytical expressions for the

0;=0;1+%7(6;1)

(3.19)

score vector and the information matrix provided in §3.2 and §3.3. The method of
scoring generally requires good starting values, which can be provided using the IV
methods suggested by 7.

At this point construction of the empirical covariance matrix merits few remarks.
The 1/N times W y7 W;VT is the empirical covariance matrix of the within-group
transformed data on N individual time series vectors W,;T. To show this, we point
out that the within-group transformed data for the individual ¢ for 7' time periods
can be stacked into the (n + k)T x 1 vector

[ Ga )

< YVir Uit
Wo=|( 27 ) =| Y7 | 3.20
T ( % ) (3.20)

Ti1

& )

where
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(v -

y —

(1)
zT

\ o —

l flyg;)
TZJ lyﬁ(Jl)
TZ:J 13!1(:}")
1 ;Flyzl)/

b

and )’fiz

( x(l)

20
1.1

(1)
i1

\ 2 —

(3.21)

l T M

=1 Tij
TZJ =1 Ef)
TZ, L)
1 Z‘lxg_c)

are nT x 1 and kT x 1 vectors, respectively. We now define an (n+ k)T x N matrix

whose columns are data vectors on N individuals as

( Yn Ya
YN\ | 97 Yor
XN Ty T
\‘EIT Tor

a1 )

YnT
TNt

TNT )

(3.22)

hence W yr is the empirical data matrix for the entire sample (panel) of N individ-
uals observed over T time periods. The (n+k)NT x (n+k)NT empirical covariance

matrix can be computed by noting that

I X7/
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Yir Yor
«’511 T

~/

\ Tir Tor
( ?j lyzl

i Mz

<
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which can be written more concisely as

WNT W’NT = i}:vl . iil . ., (323)
XY, Y XX,
=1 i=1

Letting * = T-13°T lyg) and a‘c,(-*) = T1 ZT_I z,; ) it follows that the typical
elements of Z Y, YZ, Z X, Y,, and Z X, X are of the form

i= i=1
. SO S ) 6 o)
oyt = : )
;yuw N (1 _(l) M _ =) ... v 0 -(l)
i (v -°) (lf - 9”) (-0
: LE ) S ) ()
I :
;%W (k) _ _(k) (1) _ (1 (k) 7 2
Ez 1( i )(:Bif - I; ) El_ ( ; )
and
N N 1( (1) _(1))2 oYM ( (1) -(1)) (m§f)—a‘:§k))
ol — :
gzwzd N (a:(k) _j(k)) (x(l) —:E(k)) N ( (k) :E(k))2
=1 i i if ] i=1 i

respectively. By assumption (2.2.0.2) the time means converge in probability to the
population individual means

A IT K A IT k
phm(TZ yf])) :“gn) and phm(fzj . 53)) )

T—o0 T—o0

which implies that

phm Wi = W,; — M,;. (324)

T—o0
Therefore, the covariances of the within-group transformed data converge in proba-
bility limit to

1 1 k) (k N 1 ! k k
phmz (y,(s) ( )) (yﬁs) yf )) Z (yz(s) :uz(n)) (yz(s) l”'!(/z))
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Hence, the within group estimator requires that T — oo. Sequentially, if we let
N — o0, we obtain the convergence in probability of the the empirical covariance

matrix as

ol
plim =Wy Wiy =X (60). (3.25)

3.2.2 Analytical derivatives and the score vector

We derive the closed form analytical expressions for the first and second derivatives
of the DPSEM model, thus enabling the construction of the score vector and the
information matrix.

Derivation of the analytical derivatives and components of the information ma-
trix is a difficult problem for complex multivariate models, nevertheless, the modern
matrix calculus methods (e.g. Magnus and Neudecker (1988), Turkington (2002))
make possible to obtain these results. However, detailed derivations of the score
vector and the information matrix for multivariate models is not frequently under-
taken and the theoretical literature is rather scarce in this area. Turkington (1998),
for example, derives the score vector and the information matrix in the closed ana-
lytical form for the simultaneous equation model with vector autoregressive errors,
which is so far the most complex linear model for which full analytical results were
obtained.

While the main motivation behind the studies such as Turkington (1998) was to
obtain the basic analytical results needed for the classical statistical inference and
derivation of the Cramer-Rao lower bound, which can in turn be used for bench-
marking the efficiency of various estimators, the motivation here is additionally in
providing analytical inputs for implementation of efficient estimation algorithms.
The computational efficiency is a major issue with complex multivariate models,
specially dynamic models with unobservable variables, hence the availability of the
analytical results might greatly facilitate practical implementation of the various
special cases of the general model considered here. In particular, we give fully vec-
torised expressions for analytical derivatives and the Hessian matrix, which can be
easily programmed in modern object oriented languages such as S or R.

The maximum likelihood estimator (3.17) can be interpreted as a covariance
estimator, where all the unknown parameters are contained in the model-implied
covariance matrix X (8). To obtain the closed-form analytical derivatives of the
log-likelihood (3.16) it is necessary to obtain the derivatives of X (@) in respect to
particular elements of the parameter vector @ given in (2.3.0.6). We achieve this by
firstly expressing the X' (@) as a linear function of its block elements X;;, and then
trivially by expressing its derivatives as linear functions of the derivatives of the X';
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blocks.

Lemma 3.2.2.1 Let X' (0) have the partition into (n + k)T columns as

11 11 12 12
“\ 5. » = @y @y @) @ | &
21 222 my m,r" My Myt
us each block is partitioned into columns as Xy = (m{?---m2)), so tha
th h block is partitioned into col 5 (i) ) that
.. . . !
vec Xy = (m’ @ ... ,m’fyp)) . Then vec X (@) can be expressed as a linear combi-

nation of its vectorised columns as

vec X (0) = Hqyvec Y11+ Hy veec X9y + Higvec Yo + Hog vec Yoo, (3.27)

where the T?(n+k)? x nT zero-one matrices H;;, and the T?*(n+k)* x nkT zero-one

matrices H o, i = 1,2 are specified as

(Ir 0 o0 0 ) [0 o o 0 )
0 0 o0 0 Iir 0 0 0
0 I 0 0 0 0 0 0
0o 0 0 0 0 I O 0
0 0 I, 0 0 0 0 0
0 0 o0 0 0 0 I 0

H; = : Hj = 0 0 0 0
0 0 0 I.r :
0 0 0 0 0 0 0 Iir
0 0 0 0
a
\ o0 0o o0 o0 o0 ) \ 0 0 0 0o o)

and
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: : : b
0 0 0 0 : :
Ir 0 0O 0 0 0 0 0
0 0 0 0 Ior 0 O /]
Hy = 0 I, O 0 Hayy = 0 0 0 0
0O 0 0 0 0 I, O 0
0 0 I, 0 0 0 0 0
0 0 0 0 0 0 Ir 0
: : 0 0 0 0
0 0 o --- 1 : : : -

\ o 0 o0 --- 0 ) \ 0o 0 0 --- IkT)

where a = T?k(n + k) — kT, b= T?k(n + k), and c = T?*k(n + k) — nT.

Proof See Appendix §3 A.

Corollary 3.2.2.2 The first derivative of the vec of a 2 x 2 block matriz X (0) is
a linear function of the derivatives of its vectorised block elements of the form

6V€CZ(9) . BHHVGC 211 + 6H21VGC 221 + 8H12VBC 212 + 8H22VGC 222

00 29 50 56 50
2
_ ZZ (avec E“) H';. (3.28)
i=1 j=1

Proof By the chain rule for matrix calculus (see Magnus and Neudecker (1988,
pg. 96) and Turkington (2002, pg. 71)) we have

6H,-jvec Zij . O vec Z'ij 0 H.ijVCC E'ij _ O vec E'ij H
a0\ 06 dvecxy )\ 00

Therefore,
2

ZZ (BHi]g;cEﬁ) _ Zi: (BvecEU) -

i=1 j=1 =1 j=1
as required.

Q.ED.
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The following proposition gives the general expression for the analytical deriva-
tives of the log-likelihood, &1n [, ( WNT) 196.

Proposition 3.2.2.3 The score vector 0ln L (W NT) /0 6@ of the log likelihood (3.16)
has the jth component of the form

!

2 (6vec ; (0)) [Vec 371 (0) Wyr Wyr Z71(8) — Nvec X7 (0)] - (329)

065"
Proof See Appendix §3 B.

To obtain analytical expressions for the partial derivatives dvec X (0)/0 0§*) in re-
spect to particular elements 05-*) of the parameter vector 8, we firstly introduce some
new notation. We will make use of two special types of zero-one matrices, K, and
D,. We define the commutation matrix K, as an orthogonal ab x ab zero-one
permutation matrix

Kp=I,®e}:I,9€}:---: I,®¢€}) (3.30)
such that K, vec X = vec X', where e? is the jth column of a b x b identity matrix,
ie, I, = (e} :e}:---:eb). Additionally, let

K =devec, Koy = [Ir ® (€3) : I, ®(e3) : -+ : I, ® (e2)]. (3.31)

The a? x a(a+ 1)/2 duplication matrix D, is defined as a zero-one matrix such that
for an a x a matrix X, D, vech X = vec X. To further simplify the exposition, we
define some abbreviating notation as follows.

-1
P q

X = (ImT_ZS%‘®Bj) (ZS#@I'J')
3=0

=0

M-

[n@ S+ (S 2 +5%¢e ¢;)] +Ir® !P))
j=1

j=0

-1
q P

" (ES'W% (’"‘T-ZS”T“;’) |
=0

Da?n

Il
=

=1

q q
T®T; ([IT® ¢O+Z(S{p®¢j+s’§n® @9)} +Ir® stl)) (ZS"T®T§-),
=0
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-1
P
A = (Ir®A4,) (ImT—ngpch,-) ,

i=0

q
F = [IT®¢0+Z(S§®¢j+S’§®¢;)] ,

=1

-1
P q
zZ = (IT®Ay)(ImT“E S’:’p@BJ) (E S%@Fj),

=0 =0

=0 7=0

-1
p q
D = (IT®A,) (ImT—ZsJTcaBj) (ngrcprj),

-1
P q
Q = (Inr-) S, ®B; > sjer;],
3=0 3=0
q . .
F = |Ire®+) (She2+5%08)|.
j=1

Proposition 3.2.2.4 The the partial derivatives of 8 vec X' (6)/0 0§~*) in respect to
the elements of the parameter vector 0 are of the form

2 0 vec E,J

where the analytical expressions for the matrices 0 vec X;;/0 Og.*) are as follows. The
derivatives of the block elements of X1y, Y12, and Yoo in respect to 0B for any

i=0,...,p arel
P -1 » -1
avecZ'll * i . .
ovecB, — Etm{Imr®87)® Iy (ImT—jXZ:OS%r@ij) ® (ImT—jZ:OS'?,-@B;)
-1
p .
=0
p -1
+ Y’ (I'mT_ZS';;,®B;‘> Q@ Im7 | KmTmT X(IT®A;)®(IT®A;)
=0

1Since X'15 = X'%; we do not need to give a separate expression for X's;.
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P

-1 1
p -
S = Ein(arest)el] [(I"‘T - she B,.) @ (’mT -y s%e Bs-) ]
i pr =
q o
x Y 8jerl;|F(IreAL)| ® (It ® 4)
=0

dvec Yoo - 0

dvecB;
In respect to 079, for any i =0,...,q, the derivatives of the individual blocks are

dvec 211 * v ; ' , ; ,

dvec T (Khy (Irg®5') @ In] [¥ (S5 ® I2) ® Imr + Y (S © ) © I'm)|

X Kmrmr (A'® A')
dvec X2 . .
dvecl; [K7g (Tgr ® §'7) ® I
» -1
X ([F(IT@’A;)]@ [(ImT—ZS%@B;) (IT®A;)D
j=0
dvec 222 - 0
dvec'; ~

In respect to O™Y) | the derivatives are

%vec 20 (K ® L) ([X (Ir ® 4)) © Tr] + [X (Ir ® A1) ® Lug] Korar)
vec A, .

Ovec X

8 vec Af = [In® (vecIT)'| (Knr ® IT) ((QF (Ir ® A7) ® Inr)

Bvec 222 — 0

dvecA,

In respect to 02, the derivatives are

ovec 211 — 0
dvecA,
Ovec X
vec 211 — [I’n ® (VeC IT)’] (Kk,T ® IT) Kk’T (IgT ® FQ/ [(IT ® A;)])
Ovec A,
dvec X
DB _ (Khy® 1) (IF (Ir® 42) @ Tirl + [F' (I1 @ 4,) © Tir] K1),

The contemporaneous covariance matriz @ of the exogenous latent variables appears
on the diagonal of the block Toeplitz matriz (8.12), while for any other j # 0, both
®; and 45;- appear off-diagonally. Hence we differentiate each X';; separately for &g
and ®; (j # 0) in respect to 8, which yields
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ovec 211

Ovech &

ovec 211

0 vech @;
Ovec X 12

0vec Py
ovec Xy

Ovech &;
Ovec X 29

O vec Dy
Ovec X 22

Ovech &;

D, [I,® (vecI7)| (Kor® I7)(Z' ® Z')

]

K, (I

]

]

D

(1
Al
ol
o [Kg (I
o Lo
[

i ®8T) @I (Igp+ Kyrgr)(Z2' ® Z')

I,® (vecIr)] (Kor ® I7) [(Ir ® 4,) © Q' (It ® A)]

i ® 5%) ® I] (Igr + Kyz,47) [(I7 ® 4,) © Q' (I ® 4,)]

® (vecI7)| (Kgr ® IT) (It ® A}) @ (It ® Ay)]

D, (K7, (I,r® 8'%) ® Iy] (Igr + Kyrgr) [(IT ® Ay) ® (It ® A)].

Finally, the derivatives in respect to the error covariance matrices are as follows.
For 6™ we have

o0 vec 211

Ovech ¥

ovec XY

Ovech ¥

0 vec 222

Ovech ¥

For 6®9) we have

and for 0(®9),

ovec Y1,

Ovech @,

0 vec 212

Ovech @,

ovec Yo

O vech @,

ovec X1

Ovech O

ovec 212

Ovech @

o vec 222

0 vech @5

Proof See Appendix §3 C.

D, [In,® (vecI7) ]| (Kmz® IT)(D'® D)

m

o

0.

D, [I,® (vecIr)] (Knr® I7)
=0

= 0,

= 0
= 0

= Dy (Ik®(vecIT)') (Kkr® I7).

The score vector can now be constructed by substituting the partial derivatives

given in proposition 3.2.2.4 into the general expression for the components of the

score vector given by the expression (3.29).
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3.2.3 Asymptotic inference

The basic inferential properties of the multivariate Gaussian models whose likelihood
can be written by separating the unknown parameters from the observable variables,
e.g. the likelihood of the DPSEM model (3.16), are asymptotically equivalent to the
properties of the Wishart estimators analysed by Anderson and Amemiya (1988),
Anderson (1989), and Amemiya and Anderson (1990). In addition to these known
results, we give the analytical expressions in the closed form of the Hessian and
information matrices.

We make the standard assumption that X' (@) is twice continuously differentiable
in a neighborhood of 8y, and that 0 vec X' () /0 05-*) has full column rank at 6 = 6.

Proposition 3.2.3.1 Let 0™ denote any component of the parameter vector 8, as
defined in (2.3.0.6). Then the Hessian matriz is of the form

oL Wyg oL Wr

H(0)= : : (3.32)
8lnL WNT 8lnL WNT
Y P, L Y- KRy )

where the typical element is given by

8*InL (WNT) 1 { 8%vec X (6) _ P -
TS (W) ([ =72 @) Wur Wiar 27 (6) - Nvec 7 (0)] 0 1,,)
_ % l(_a";;?)(e)) [(Z71(0) @ X1 (9)]
X ([WNT WyrE™ (9)®ImT] - [ImT ® Wyr WyrE™! (9)])
I

Proof See Appendix §3 D.

Proposition 3.2.3.2 The information matriz is of the form (6p) = —H (6y)
with typical block elements given by

&InL ( /4 NT)
plim
TN-w 963700’

. _ (Bvezacezg‘*geo)) (271 (80) ® 571 (69)] (BveCZ' (00)) ,

where 0 is the population value of 0.
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Proof See Appendix §3 E.

The information matrix (3.34) can be constructed by using the analytical expres-
sions given in the proposition 3.2.2.4 for the partial derivatives of the log-likelihood
in respect to the particular elements of the parameter vector 8. Note that the
asymptotics in the temporal dimension (i.e., T — o0) are required only for the
consistent estimation of the time-means (fixed effects).

The asymptotic normality of the maximum likelihood estimator of @ can be
established in the standard way by using the Taylor series expansion of the log-
likelihood

amL(WNT) alnL(WNT) 821nL(WNT) X
50 Y LT T (8312~ 00) = 0,
0=0s. 6-6, -6,
which implies
~ -1 ~
é 0 1 82IIIL(WNT> GlnL(WNT)
ME—R0 = 5 86,06, 86,
o1l Ovec X (6)
X [vec X1(60) Wyt Wy ™1 (80) — N vec X1 (00)] +0p (%) .
(3.35)
From (8.45) now have that
VN (éML — 00) 2 N[0,2H(6y)]. (3.36)

Subsequently, hypotheses of the goodness of fit of the form Hy : E [W NT W;VT] =

X7 (@) can be tested using the statistic T = Nln L W (é M L), which is asymptot-
ically x2 distributed with degrees of freedom d (for the proof see Anderson (1989)’s,
theorem 2.3; see also Browne (1984)). The degrees of freedom parameter d is the
difference between the number of distinct elements in the data covariance matrix
(1/N) W W' and the number of elements in 0, i.e., the number of parameters to
be estimated. This x2-distributed fit statistic can be used for testing the null hy-
pothesis corresponding to a particular model-implied covariance structure against
the alternative of a completely unconstrained covariance matrix.

In practice, the reliance on this statistic must be taken with caution as it is
known to be sensitive to departures from normality. While here we have assumed
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normality, Amemiya and Anderson (1990) have shown that this statistic will be
still asymptotically valid for the non-normal data as well as for certain classes of
dependent data, though the model they considered is somewhat less general then

the one we are analysing in here.?

3.3 Conclusion

We considered maximum likelihood estimation of dynamic panel structural equation
models with latent variables and fixed effects (DPSEM). The methods considered
in this chapter derive from the structural equation modelling tradition where latent
variables are measured by multiple observable indicators and where the structural
equations are estimated jointly with the measurement model. Here, these methods
are generalised to dynamic panel models with fixed effects. The DPSEM model
encompasses virtually any dynamic or static linear model, and it can be trivially
shown that classical dynamic simultaneous equation models, vector autoregressive
moving average models, seemingly unrelated regression models with autoregressive
disturbances, as well as factor analysis models and static structural equation models
can all be specified by imposing zero restrictions on the parameter matrices of the
general DPSEM model.

We derived analytical expressions for the covariance structure of the DPSEM
model as well as the score vector and the Hessian matrix, in a closed form, and
suggested a scoring method approach to the estimation of the unknown parameters.
The closed form covariance structure allowed us to write the likelihood function of
the DPSEM model by separating the observable covariance matrix from the model-
implied covariance matrix in the likelihood function, which enabled application of
the existing asymptotic results for the general class of Wishart estimators.

Further research should consider small-sample properties of these estimators as
well as their properties when the observable variables are not normally distributed.
Another extension of the present research framework would be to obtain an analyti-
cal expression for the Cramer-Rao lower bound, which would provide a general lower
bound for virtually any linear model and thus enable benchmarking of asymptotic
efficiency of alternative estimators. This would require analytical inversion of a the
information matrix derived here.

2The asymptotic results of Amemiya and Anderson (1990) strictly apply to models without the
stochastic error term in the structural equation; the extension of these results to the non-zero error
case is not straightforward and it requires a more general framework.
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Chapter 4

Maximum likelihood estimation
with pure time series data

4.1 Introduction

In this chapter we consider estimation of DSEM models with pure time series data,
i.e., the case with N = 1. There appears to be a growing interest in SEM models
for such data in the literature (Oud 2001, Oud 2002, Hamaker et al. 2002, Hamaker
et al. 2003, Oud 2004). With pure time series data it is not possible to compute a
sufficient statistic in the form of an empirical estimate of the covariance matrix, S,
which was needed for the methods considered in chapter §3. Namely, with N = 1
manipulation of the log-likelihood (3.16) that allowed us to replace the raw data
with the empirical covariance matrix is not possible. Thus in such case we need to
consider estimation using raw data. To see this, note that the log-likelihood for a
sample of N independent Gaussian observations z; ~ .i.d.N(u, X),

L(6) = 2r)~ "5 |2 (0)| zexp( ;zllzgz—l(e)zi) (4.1)

can be rewritten as

InL(6) =

~N(I+k) N-1
— Sz

In(27) — %’- [m IS(6)] + tr ( —l(e))] D)

by noting that we rewrite the term in the trace as
1 1
E ZZ;E_l(G)Zi = —E Etr (Z;E_I(G)Zi)
i=1
Y Z N_lzizgz—l(a))

— %t (N = -1(9)), (4.3)
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where S is the empirical covariance matrix that can be calculated separately and
used as a “sufficient statistic” in the maximisation/minimisation of the (log)likelihood
function. Joreskog (1981) and Anderson (1989) pointed out that maximising (4.2) is
equivalent to minimising the Wishart log-likelihood In L(0)* = In |2(6)|+tr SX~1(8)—
In S| — I — k, therefore, the use of S in the numerical optimisation of the likelihood
function has firm theoretical grounds and leads to the “standard” SEM estimation
approach based on covariance structure analysis.!

This problem lead some authors to consider computing an artificial covariance
matrix where lagged values of the time series vectors are treated as additional vari-
ables. This allows computation of a k£ x k matrix of variances and lagged covariances,
where k denotes the number of observable variables in the model including lagged
ones (Hershberger et al. 1994, Hershberger et al. 1994, Molenaar 1985, Molenaar
1999, Van Buuren 1997). This approach, however, does not yield maximum likeli-
hood estimates, rather it results in the method of moments estimates.

In chapter §2 we showed that the general DSEM model can be written in the
state space form. Hence, we might consider using the Kalman filter to recursively
evaluate the likelihood of the model, where at each step new parameters estimates
are obtained until convergence Terceiro Lomba (1990).

This approach was shown to be feasible for simple univariate dynamic models
(Engle and Watson 1981, Engle et al. 1985, Ghosh 1989).

Engle et al. (1985) and Ghosh (1989) estimated similar univariate models using
an expectation-maximisation (EM) algorithm to update the likelihood, which was
calculated using Kalman-filtered estimates of the unobservable state variables.

However, these methods have not been widely applied to estimation of multi-
variate dynamic models such as DSEM, although some simple special cases of the
general DSEM model (i.e. univariate models) can estimated in the state-space form
using the SsfPack in Ox (Koopman et al. 1999) or in the S+FinMetrics module of
S-Plus (Zivot et al. 2002).2 Maximum likelihood estimation of the unknown param-
eters for certain univariate models is straightforward and SsfPack provides built-in
functions for placing these models in the state-space form. Kalman filtering and
smoothing can be applied efficiently for such models, however, estimation is difficult
if gradient and good starting values are not provided.

One reason is the difficulty in providing analytical derivatives for such models,
without which minimisation using e.g. quasi-Newton methods in combination with

INote that by ignoring the constant term (—N (I + k)/2) In(27) in (4.2), and noting that since

. 1 N ! — . 1 N ! . . o N-—-1
Nh_xgo T Diny ZiZh = Nh_r’nocJ ~ 2_i—1 ZiZ;, the unbiased covariance matrix =S can be replaced

by the asymptotically equivalent S. Multiplying (4.2) throughout by —2/N and replacing the
constant term by —In |S| — [ — k yields the Wishart log-likelihood.

2The SsfPack is a suit of routines for state space modelling, which implements the Kalman
filter and smoother.
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the Kalman filter is likely to fail in multivariate models.> Another reason is the
recursive nature of such estimation, which contributes to slow convergence problems
with large models due to the necessity of using the Kalman filter recursions at each
evaluation step.

An alternative to fitting the theoretical covariance structure to an empirical
covariance matrix, or to using recursive estimation, is the raw-data maximum likeli-
hood (RD-ML), where the likelihood function is written for the entire sample. Such
an approach was considered by Neale et al. (2004) who implemented an actveset
QP optimisation algorithm NPSOL for the estimation of standard SEM models in
the software package Mx (Gill et al. 1998). However, the use of purely numerical
methods to optimise the likelihood proved to be feasible only for low-dimensional
problems and small data sets. In a recent paper, Hamaker et al. (2003) report
difficulties in estimating even simple univariate ARMA(1,1) models with 7" > 50
using Mx. An additional problem with the full-sample ML implementation in Mx
is the necessity to specify the time-series relationship among variables for each time
point and subsequently impose a series of equality constrains to obtain the required
stationary dynamic structure.

Note that in the context of dynamic SEM models, the derivation of the theoretical
covariance structure in chapter §2 did not assume that N > T nor did require
computation of a sufficient statistic (i.e. empirical covariance matrix). Thus, the
closed-form covariance structure derived in §2 remains valid for the case when N < T
including the case with N = 1 (pure time series data). What differs is the log-
likelihood, which can no longer be simplified by replacing the data with the sufficient
statistic S, and the analytical derivatives are consequently different.

In the next section we provide a suitable parametrisation for the full-sample
likelihood of the DSEM model and obtain analytical expressions for the gradient
using the matrix calculus methods based on zero-one matrices (Turkington 1998,
Turkington 2002). This aims to make a contribution to the literature by provid-
ing general and programmable closed-form expressions for both the likelihood and
the score. We aim to obtain expressions that can be written in terms of param-
eter matrices/vectors and zero-one matrices, and are hence easily implementable
in modern object-oriented programming languages such as S or R (Venables and
Ripley 2000, Venables and Ripley 2002).

In addition to providing the analytical results needed for full-sample maximum
likelihood estimation of DSEM models, we suggest a simple approach to program-
ming the estimation algorithms.

In the next section we specify the DSEM model in the form that enables us

3The gradient (analytic derivatives) are not provided in the S-Plus version of SsfPack, while
the Ox version provides the gradient only for certain parameters of the model.
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to obtain a closed form likelihood and covariance structure for pure time series
data. Third section derives the analytical derivatives and develops functions that
implement the likelihood and score formulae in the S language. The fourth sec-
tion outlines an approach to estimation of the parameters by using the suggested
functions in combination with the existing optimisation routines in S-Plus and R
environments.

4.2 The likelihood function

Consider the DSEM(p, q¢) model suggested in section §2. The model can be written
in the recursive form (i.e. for a typical time t) as

P q
m = Z Bjn,_; + Z & ;+¢ (4.4)

Jj=0 =0
Y. = Amn,t+e (4.5)
T, = AL +0, (46)
where n, = (nﬁl),n?), e ,nt(f))’ and €, = (§t(1), t(2), ey t(g))’ are vectors of possibly
unobserved (latent) variables, ¥, = (3,3, ..., y™Y and z, = (z{", 2, ..., 2P

are vectors of observable variables, and B; (f x f), I'; (f x g), 4, (n x f), and A,
(k x g) are coefficient matrices. The contemporaneous and simultaneous coefficients
are in By, and I'g, while By, By, ..., By, and I'y, I'y, ..., I contain coefficients
of the lagged variables.

The structural part of the model (4.4) is a standard dynamic simultaneous equa-
tion system, but with measurement error in all variables or with all variables un-
observable (latent). Therefore, the unobservable variables need to be measured by
observable indicators. This is achieved by the equations (4.5) and (4.6), which are
specified as factor analysis models.

By making an additional assumption that &, follows a vector autoregressive pro-
cess of order s, i.e., VAR(s) process with s = max(p, q) we can append the model
(4.4)—(4.6) with

&= R+, (4.7)

Jj=1

which allows us to write (4.4)—(4.7) in a simplified form as
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() -2 2)(e) ()
& §=0 0 R, & . Ut

"—/ N  \
e

h. (mx1) C;(mxm) h, (;rnxl) Z; (mx1)
v\ _ [ M O m) [ &
Ty 0 A, & 6. )’

N, e’ LA A e S

W: (rx1) A (rxm) h,(mx1) ©€:(rx1)

where Ry =0, m = f+g, and r = n+k. We will hereafter work with the simplified
notation writing the DSEM model (4.4)—(4.7) as

8
ht = Z tht + 2 (48)
j=0
w; = Aht + €. (49)

Note that (4.8)—(4.9) can be interpreted as a state-space form of the model (4.4)-
(4.7).

The formulation (4.8)-(4.9), however, contains too many unknowns and we need
to factor out the latent variables, for which purpose we will revert to the vectorised
version of the model. Hence, by vectorising (4.8)—(4.9), we obtain

8

vec{h;}T = SL.®C; | vee{h}T + vec{z:}T 4.10

)] (z ) ) BT+ veelzd] (410
H ; (mTx1) I HimTx1) Zr(mTx1)

T T T _

vec{w = (IT®A) vec{h;}; +vec{e:};, 4.11

{w:}y (It ® A) vec{h;}; {e:h (4.11)
W (rTx1) Hy mTx1) Er (rTx1)

which now enables us to re-write the model with only observable variables on the
left-hand side and latent vector Ht factored out

-1
8
WT:(IT®A) (ImT_ZS%"®Cj> Zr+ Erp. (4.12)

=0

Let

U=F CtC't Ctv,t ©=F e’y €0’
v’y vy ’ 0.’y 6,.0';

It follows that the model-implied covariance matrix is of the form X () = E [W W],
which can be evaluated as
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2(6) = E[(Ir®A)X'Zr+EBr) (Ir® A) X' Z1+ Er) |
= Ir®A) X 'E(Z:Z7) X' 1 (Ir @ N') + E[ErE}]
N— S——

IT®\I’ IT®9
= (It@A)X 1 (Ir¥) X 1 (IrAN)+Ir®0 (4.13)

where X = I,y — 5. 8- ®C; and @ = [(vecC;)’, (vec A, (vech ¥, (vech ©)'],
=0

where for simplicity, we write only the j-th (generic) lag-coefficient matrix C;. By
introducing further simplifying notation A = IT ® A, and B = It ® ¥ we obtain
a more compact expression for 3(6),

2(0)=AX"'BX'A+I7®0 (4.14)

The X (@) matrix (4.14) can be easily programmed using object-constructor func-

8 .
tions as follows. Firstly, we define the S function that constructs X = I,y — Y ST ® C;
=0
as

"Xsum" <- function(x,m,ss,tt)
{
Cm=array(dim=c(m,m, (ss+1)))
for(i in O:ss)
{
Cm(,,i+1)=matrix(x[(i*x(@m~2)+1) : ((i+1)*m~2)] ,m,m)
}
Xm=kronecker (power.shift (tt,0),Cm[,,1]1)
if (ss>=1)
{
for(i in 1:ss)
{
Xm=Xm+kronecker (power.shift (tt,i),Cm[,, (i+1)]1)
}
return(solve(diag(m*tt)-Xm))
}
else
{
return(solve(diag(m*tt)-Xm))
}

Similarly, the constructor function for A = I+ ® A can be written as

"makeA" <- function(x,m,r,ss,tt)

{
Ad=(ss+1)*m"~2
kronecker(diag(tt) ,matrix(x[(Ad+1): (Ad+r*m)],r,m))
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Next, the B = It ® ¥ matrix can be built with the following function,

"makeB" <- function(x,m,r,ss,tt)

{
Pd=(ss+1)*m"~2+r*m
kronecker(diag(tt),SymMat (m,x[(Pd+1) : (Pd+m* (m+1)/2)]1))

Finally, the last component we need is I ® ©, which can be constructed simply
as

"makeT" <- function(x,m,r,ss,tt)
{

Td=(ss+1)*m~2+r*m+m* (m+1) /2

kronecker(diag(tt) ,SymMat (r,x[(Td+1): (Td+r*(x+1)/2)]1))
}

where we made use of a function that constructs a symmetric matrix, SymMat,* by
taking a vector argument, i.e.,

"SymMat" <- function(k,x)

{

M = as.matrix(bdsmatrix(k, x))
return(M)

With these functions at hand, we can programme an expression for DSEM co-
variance matrix (@), namely,

"mSigma" <- function(x,m,r,ss,tt)

{
Xm=Xsum(x,m,ss,tt)
Am=makeA(x,m,r,ss,tt)
Bm=makeB(x,m,r,ss,tt)
Tm=makeT (x,m,r,ss,tt)
SM <- Amj*%Xm%*7Bm%*%t (Xm) %*%t (Am) %*%Tm
}

Note that (4.14) gives the expression for the theoretical covariance matrix of the
DSEM model in a closed form as a function of model parameters only. Therefore,
the closed-form log-likelihood of the DSEM model is

InL(Wg) = “% In (27) — %m I(6)| - %m-w'Tz—l 0) Wr. (4.15)

To obtain the maximum likelihood estimates of @ note that maximising the log-
likelihood (4.15) is equivalent to minimising®

4Note that our SymMat function makes use of the bdsmatrix, which is included in S-Plus, but
not in R.
5Note that ttW5 X! (0) Wr = WiE ! () W since Wi X! () W is a scalar.
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max (In L (Wr)) = arg Irgn (In|z(0)|+ Wz (0) W),

thus our objective function is

Fyr=1n |2 (0)| + W}E‘l (0) Wr. (4.16)

The log-likelihood (4.16) is a function of the X (@) covariance matrix, hence it
can be easily programmed using the mSigma function, thus we can construct Fjr, as

"makeFML" <- function(x,data,m,r,ss,tt)

{
Xm=mSigma(x,m,r,ss,tt)
vecWm=vec(as.matrix(data))
LnS=1log(abs(det (solve(Xm))))
trWm=as.numeric(crossprod(vecWn,Xm) %*%veckm)
return(LnS+trWm)
}
Table 4.1: S+ functions for likelihood evaluation
Matrix/vector Dimension | S+ function Arguments
8
(Inr - Y. S5 C;)! mT x mT Xsum makeC, f,9,s,T
j=0
A=Ir®A rT x mT makeA Ay, A,
B=IrQWV rT xrT makeB v, T
Ir®0 rT xrT makeT e,T
»1(0) rT x rT mSigma | makeA, makeB, Xsum, makeT
In|=(0)|+WrE!(0) Wr 1x1 makeFML mSigma,
m X m data matrix X
- - DSEMObj Bl,---,Bs, P],...,Ps,
R17 s 1R31 ‘I,) Ay;
A, T, 0O

In the next section we will derive the analytical expressions for the derivatives of
(4.16) and thus obtain the score vector.

4.3 The score

We make use of several useful zero-one matrices, S7, K4 and D,. The S’ is the
general (integer) power of the shifting matrix S, defined in (2.11), which can be
constructed as
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"power.shift" <- function(x,p)

{
if(p==0) {diag(x)}
else if(p==1) {shift.mat(x)}
else {
sl=diag(nrow(shift.mat(x)))
s2=shift.mat (x)
while (p>0)
{
if (pih%2)
sl=s1%*%s2
p=ph/%2
s82=52%*%s2
}
return(sl)
}
}

where the shifting matrix S can be obtained with a simple function

"shift.mat" <- function(x)

{
S1 <- diag(x - 1)
S2 <- cbind(S1, rep(0, x - 1))
S3 <- rbind(xrep(0, x), S2)
S3
}

We define the commutation matrix K 4, as an orthogonal ab x ab zero-one per-
mutation matrix

KabE(Ia®ell’:Ia®eg:-~:Ia®eg) (4.17)
such that K, vec X = vec X', where eg is the jth column of a b x b identity matrix,
ie, In= (e} :e}:---:eb). The S+ function that constructs K matrix is given
by
"K.mn" <- function(x,y)

{
K = kronecker(diag(x), e.vec(y,1))
for(i in 2:y)
{
K = cbind(K, kronecker(diag(x),e.vec(y,i)))
K
}
return(K)
}

Additionally, let
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K;b = devechab = [Ib ® (C?), . Ib ® (eg)’ AR Ib ® (e:)’] y (418)
which can be constructed as a simple zero-one matrix using the following S+ function

"K.s.mn" <- function(y,x)

{
K = kronecker(diag(x), t(e.vec(y,1)))
for(i in 2:y)
{
K = cbind(K, kronecker(diag(x),t(e.vec(y,1i))))
K
}
return (K)
}

The a? x a(a + 1)/2 duplication matrix D, is defined as a zero-one matrix such
that for an a x a matrix X, D, vech X = vec X. Computer implementation of the
duplication matrix is somewhat more involved and it can be written as

"D.n" <- function(x)

{

"make.D" <- function(j,x)

{
r =(j-1)*x - sum(1:j-2)
v=r+x-j
m = x*x(x+1)/2
D = diag(x~2) [r:v, 1:m]
return(D)
}

"make.block.D" <- function(i,x)
{

m = xx(x+1)/2

D.d = make.D(i,x)

D.e = matrix(NA,i,m)
for(j in 1:1i)

{
D.el[j,] = e.vec(m, (i+1)+(j-1)*x - sum(0:(j-1)))
}
D = rbind(D.d,D.e)
return(D)
}
if (x==1) return(matrix(1,1,1))
else if(x==2) return(matrix(c(1,0,0,
0,1,0,
0,1,0,
0,0,1),4,3,byrow=T))

else if (x>2)
{
D.mat = make.block.D(1,x)
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for(i in 2:(x-1))

{
D.mat = rbind(D.mat, make.block.D(i,x))
}

D = rbind(D.mat,make.D(x,x))

return(D)

}

Note that the generalised inverse of D,, can be obtained simply as

"D.rev" <- function(x)

{
solve(t(D.n(x))%*%D.n(x))%*x%t(D.n(x))
}

This matrix is important since for a symmetric m x m matrix X

ovecX |

OvechX ™
where Dj, is the generalised inverse of Dy, i.e., D}, = (D,,Dy)"'D;,, hence
vechX = D7 vecX. Note that unlike D,,, D;, is not a ‘zero-one’ matrix. Turking-

. . . BvecX _ 7 . .
ton (2002) (p. 112) gives an incorrect expression oty = Dy, To see this consider

a simple numerical example,

> cbind(vech(SymMat (3, 1:6)), D.rev(3) %% vec(SymMat(3, 1:6)))
(.11 [,2]
1 1

DO WwN
DO WN

hence vechX = D; vecX. On the other hand,

> cbind(vech(SymMat (3, 1:6)), t(D.n(3)) %*) vec(SymMat(3, 1:6)))
[,11 [,2]
1 1
4
6
4
10
6

DG WD

[1,]
[2,]
(3,1
[4,]
(5,]
[6,1]

thus vechX # D; vecX.
In addition, we will need convenient constructor functions for vec and vech op-
erators, we use the following:
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"vec" <- function(x)
{
if (lis.matrix(x))
{
stop("The argument must be a matrix")
}
n=dim(x) [1]
m=dim(x) [2]
d=n*m
vecM=as.numeric(x)
return(as.matrix(vecM,d))

}

and

"vech" <- function(x)

{
if(tis.matrix(x) & dim(x)[1]==dim(x) [2])
{
stop("The argument must be a square matrix")
}
vechM = x[,1]
for(i in 1:(dim(x) [1]-1))
{
vechM = c(vechM, x[-c(1:i),(i+1)])
vechM
}
return(as.matrix(vechM))
}

Finally, we will make use of a simple function that builds columns of an identity
matrix,

"e.vec" <- function(x,y)

{
e = as.matrix(rep(0,x))
ely,1] <- 1
return(e)

}

Preliminaries. Note that from (4.14) it follows that the derivative vector of X (8)
in respect to any coefficient vector contained in 8, i.e., 6; is of the form

OvecX (0) Ovec (AX'BX''A'+Ir ® ©)
00; 00,
dvec (AX'BX'1A) N ovec (IT ® O)
00; 00; '

Additionally, by the chain rule of matrix calculus we have

(4.19)
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oln |X (6 OvecX (0 oln |2 (0 OvecX (0
o () () (3520)

We can now derive the components of the score vector for the likelihood function
(4.16). We shall do so by obtaining the expressions for partial derivatives of (4.16)
in respect to the components of the parameters vector 8, namely (vec C;), (vec A),
(vech W), and (vech ©®). The score vector is then constructed from these individual
vectors of partial derivatives (see e.g. Turkington (2002))

(i) Partial derivative in respect to C;, F)/0 vec C;

The first component of the score vector is the derivative of log-likelihood (4.16) given
by

OFur . Oln IE (O)I BtrW’TE“l (9) W
dvecC;  OvecC, dvecC; '
We will evaluate the two components of (4.21) in turn. Firstly, we have

(4.21)

Oln|x(0)]  (0OvecX(0) -1
dvecC; dvecC; veeX™ (6)
_ Ovec(AX'BX''A'+Ir®0O)  dvecAX 'BX''A'
- dvecC; - dvecC;

OvecX\ [OvecX 1\ [OvecX 'BX'1\ [(OvecAX'BX'1A
(Bvech-) ( OvecX ) ( dvecX ! ) ( dvecX 'BX'1 )
= [Kip (Imr®S%) @I, (X 1@ X'

x [BX'" '@ Inr+ (B'X'"™' ® Inr) Kmrymr] (A’ ® A')vecEZ ™ () (4.22)

where we made use of the following results

8 .
dvec (ImT -y 5 Cj)

OvecX _ 3=0

O vecC; OvecC;
- ‘&ecag,eZi Ao x, (Imr ® S'T) ® I{f.23)
%‘% = - Xlgx"! (4.24)
ave;)v(c;??ﬂ = BX''®@Iur+ (B'X"' ® Int) Kmrmr  (4.25)

OvecAX 1BX' 1A’
dvecX 'BX'!

The second part of (4.21) is

= ARA. (4.26)
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trW'r ™1 (0) W (6ve02 (0)\ [ dvecx~1(0) (BtrW’TE_l (OWr
OvecC; dvecC; OvecX (9) dvect ™! (6)
= — K (Inr® 8%) @ I} (X' @ X'7)

X [BX’_1 ® ImT + (B,XI_1 &® ImT) KmT,mT]
x (A@A)[Z10)ex(0)WreWr, (4.27)
noting that
dvecx ™1 (0) _ 1
HTW'rE 1 () W ovecW'rE1 () Wy
= =Wr@Wrg (429
dvecs 1 (6) dvecE 1 (9) r®@Wr.  (4.29)

Therefore, it follows that the first component of the score vector is given by

OF ML

seos. = Erm(Imr®8'7) @ In) (X' @ X'™) [BX'™ @ It + (B'X"™' ® In1) Kt mr]

x (A®A)[vecE™'(6)— (Z71(O)@Z1(0)WreWr]. (4.30)

The above expression can be easily programmed in an object-oriented language
such as S. Namely, we can define functions that construct components of the score
vector using zero-one matrices such as K7, and S’%- . The general structure of
these functions relies on a list object ”x” constructed with the DSEMobj function,

"DSEMobj" <- function(x,m,r,ss,tt)

{

list(X.sum=Xsum(x,m,ss,tt),
A.mat=makeA(x,m,r,ss,tt),
B.mat=makeB(x,m,r,ss,tt),
T.mat=makeT(x,m,r,ss,tt),
S.mat=mSigma(x,m,r,ss,tt))

which computes and collects necessary matrices needed for constructing the deriva-
tive vectors. The following function constructs the partial derivative 0 Fys/0vecC;
as a single object by taking as arguments a DSEMobj list object (x), an r x T data
matrix data where each row represents a single variable, and model parameters m,
T, and j, denoted by m, tt, and j, respectively. The following function constructs
the required derivative equation for the j* coefficient matrix C s

6Note we need to avoid using characters such as T, which are reserved characters in the S.
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"dFmlCj" <- function(x,data,m,tt,j)

{

}

VCi=kronecker (K.s.mn(tt,m)%*)kronecker (diag(m*tt) ,t (power.shift(tt,j))),diag(m))
VC2=kronecker (x$X.sum,t (x$X.sum))

VC3=kronecker (x$B.mat%*%t (x$X.sum) ,diag(m*tt))

VC4=kronecker (t (x$B.mat) %*%t (x$X.sum) ,diag(m*tt) ) %*%K.mn (m*tt ,m*tt)
VC5=kronecker (t (x$A.mat) ,t (x$A.mat))

VC6=vec (x$S.mat)

VC7=kronecker (x$S.mat ,x$S.mat) %*%kronecker (vec (Wm) ,vec(Wm))

return (VC1%*%VC2%*% (VC3+VC4) %*%VC5%*% (VC6-VCT) )

Putting a simple loop around j it easy to build a vector that contains all s derivatives

(where s is the lag length),” namely we can write

"dFmlC" <- function(x,data,m,ss,tt)

{

}

if (ss>0)

{

DC <- dFmlCj(x,data,m,tt,j=0)
for(k in 1:ss)

{
DC = rbind(DC, dFmlCj(x,data,m,tt,k))
}
return(DC)
}
else

return(dFmlCj(x,data,m,tt,j=0))

(ii) Partial derivative in respect to A, 0F)/0vec A

The second component of the score vector is given by

OFmL . 0ln |3 (0)] 6131‘W’TE_1 (0) W

dvecA  HOvecA O vecA ’ (4.31)
where
OIn|X(0)] [0Ovecx(0) _1
dvecA | OvecA vecX™. (4.32)

It follows that

dvecE(9)  Ovec(AX 'BX''A'+Ir®0O)

0 vecA OvecA
dvec (AX'BX'A)
O vecA
_ <6vecA) (6 vec (AX_lBX’_lA’))

OvecA OvecA
= (K, L)(X'BX'A'®I,7) + (X 'BX'A'® I7) K,147],

"We use ss rather then s for the lag arugment.
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where we made use of the following results

ovecA  Ovec(IT®A) .,
OvecA O vecA = (Kin ®I)

-1 1—1 A/
3veC(A§veCiX 4) _ (X'BX'A'® Ir) + (X' 'BX A’ ® It) K17

It now follows that

Ol | B (6)] lglliff)l = (K1n®Ir7) [(X'BX''A' @ I7) + (X''BX A’ ® I7) | KrpprvecE™ (6),
and

W (@)W (avecz: (0)) (avecz-l (0)) <8trW’TE’1 (9) WT)
dvecA N dvecA dvecX (0) dvecx ™1 (0)
— (Kfm®I)[(X'BX''A'®I,1) + (X' 'BX'A'® I,7)| K\1sT
(="' (0) =7 ()] Wr o Wr,

X

where we made use of the results (4.28) and (4.29). Finally, by combining the above
derived terms we obtain

0 vecA

= (K5, ®IL)[(X'BX'A'®I,7) + (X 'BX'A'QI,7)| K11
x [veex™1(0) — (T71(0) X7 (0)) W1 ® W1 (4.33)

An S function that constructs this derivative is given by

"dFmlL" <- function(x,data,m,r,tt)

{
VCi=kronecker (K.s.mn(tt,m),diag(r))
VC2=kronecker ( (x$X.sum*%x$B.mat)*%4t (x$X.sum) %*%t (x$A.mat) ) ,diag(r*tt))
VC3=kronecker ((t (x$X.sum) % *%x$B.mat¥*%x$X. sum¥*/t (x$A.mat) ) ,diag(r*tt))
VC4=vec (x$S.mat)
VC5=kronecker (x$S.mat,x$S.mat) %*%kronecker (vec(data) ,vec(data))
return (VC1%*Y% (VC2+VC3) %*%K .mn (r*tt , r*tt) %*% (VC4-VC5))

}

(iii) Partial derivative in respect to ¥, 0Fy/0vec ¥

The third component of the score vector is the partial derivative

OFyr  8ln|=(0)|  otrWirE ' (0) Wr
Ovech®  OvechW OvechW ’
where the first part can be evaluated as

(4.34)
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Oln|X(0)] [ Ovec¥ dvecX (0) 1
Ovech®  \ Hvech¥ OvecW veeX™ (6)
= D,(Kp,®I,) (X 'A'® X' A) vec=™ (0), (4.35)

where we used the following results

OovecW D

Ovech® ™ (4.36)
dvecE ()  OvecAX 'BX''A’
Ovec® Ovecl
-1 =1 41
_ OvecB OvecAX "BX A (4.37)
OvecW OvecB
OvecB ovec (It ® ¥)
= = (K% 4.
Ovec¥ Oveclr (K7 ® Im) (4.38)
dvecAX 'BX'1A 1=1 A1 o yri—1 A7
Svech = XTARX A (4.39)
The second part of (4.34) yields
HWrE ()W (8vec‘1’) (6vec2 (0)) <8vec2_1 (a)) (8trW’TZ_1 (9) WT)
dvech® ~  \ dvech¥ dvecW dvecX (0) dvecE ™1 ()

= D5 (K7, ®I,) (XA ®X'1A) (Z71(0)®XZ 7' (0)) Wr Wr,
using the results (4.28), (4.29), and (4.36)—(4.39). Finally, we can obtain the required
result as

OFML
OvechW¥

= D}(K5n®In) (X' 1A' © X' 71 A') [vecZ ™ (0) — (71 (0) @ =71 (0)) W @ W,
(4.40)

which can be implemented as an S function as follows,

"dFmlP" <- function(x,data,m,tt)

{
VC1=D.rev(m)*/kronecker (K.s.mn(tt,m) ,diag(m))
VC2=kronecker (t (x$X.sum) %*%t (x$A .mat) ,t (x$X. sum) %*%t (x$A.mat))
VC3=vec (x$S.mat)
VC4=kronecker (x$S.mat,x$S.mat) %*)kronecker (vec(data) ,vec(data))
return(VC1%*%VC2%*% (VC3-VC4))

}

(vi) Partial derivative in respect to ©, 0F),/0vec ©

The final, fourth, component of the score vector is
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OFuL . Oln |2 (0)] 6tl’W’TE_1 (0) Wr

Ovech® = Ovech® Ovech® ’ (4.41)
where
Oln|X(0)] = [OvecX(0) 4
Fvech®  ~ \ gveano ) V= O
= D:K%, ®I,)vecS ™ (0), (4.42)

which is obtained by noting that

Ovecx(0)  Ovec(IT®©) [ OvecO Ovec (It ® O©)
167 = () (Toeie ) @)

Ovech®@ Ovech©® Hvech®
O vec® .
dvech® D; (4.44)
ovec (It ® O) .
Ovec® (KT'r ® I’I‘) (445)

The second part of (4.41) yields

MIWLE 1 (O)Wr  OvecWiE1 () Wr

Ovech® Ovech©®
_ ( dvec® ) (8ve02 (0)> (8vec§]_1 ) (avecWEpE'l () WT)
~ \ Ovech® Ovec©® dvecX (0) dvecx 1 (0) ’

where we made use of (4.28), (4.44), (4.45). It follows that

Ovech©®

= D; (K}, ® I,) [vec=™ (0) - [£71(0) © £7(8)] (W © W)

(4.46)
which completes the derivation of the score vector. The required S function can be
written using similar approach as before, i.e.,

"dFmlT" <- function(x,data,r,tt)

{
VC1i=D.rev(r)/*)kronecker (K.s.mn(tt,r),diag(xr))
VC2=vec (x$S.mat)
VC3=kronecker (x$S.mat,x$S.mat) %*%kronecker (vec(data),vec(data))
return(VC1%x%(VC2-VC3))
}

Note that we might wish impose diagonal structure on the © matrix (as in the
classical factor analysis model, for example). This can be accomplished by modifying
the above derivative as follows. It is easy to see that
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e'i o ... 0

ovec® | 0 e
O0diag®

('()‘x o

0 0
which can be implemented simply as

"D.diag" <- function(x)

{
D=matrix(0,x,x"2)
D[1,1]=1
for(i in 2:x) D[i, (i+(i-1)*x)]=1
return(D)
}

which leads to the modified derivative expression

Ovech®

= Dyiog (K7, ® I) [vecE™ (8) — [E71(6) @ 271 (0)] (Wr @ Wr)]

(4.47)
Should we need to impose diagonal structure on ©, matrix, we can use the following
modified function,

"dFmlTdiag" <- function(x,data,r,tt)

{
VC1=D.diag(r)%*%kronecker (K.s.mn(tt,r),diag(r))
VC2=vec(x$S.mat)
VC3=kronecker (x$S.mat,x$S.mat)¥*%kronecker (vec(data),vec(data))
return(VC1%*%(VC2-VC3))

}

Collecting the terms, the score vector is therefore given by
SF,
( aveC%1 \

dF.

AFyL = Gg%cﬁs (4.48)
Bvecrl‘t
BF.

avecht
OFMmL )

dvech
which can be straightforwardly translated into an S function as

"ScoreFml" <- function(w,data,m,r,ss,tt)

{
DSEM=DSEMobj (w,m,r,ss,tt)
VC1=dFml1C(DSEM,data,m,ss,tt)
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VC2=dFmlL (DSEM,data,m,r,tt)
VC3=dFm1P (DSEM,data,m,tt)
VC4=dFml1T (DSEM,data,r,tt)
return(rbind(VC1,VC2,VC3,VC4))

Therefore, we have a single function that constructs the entire score vector in

a single call.

Along with the likelihood evaluation function makeFML, the score

(analytic derivative) function ScoreFml provide the necessary inputs for standard

optimisation routines.

Table 4.2: S+ functions for score evaluation

Matrix/vector Dimension/type S+ function Arguments
St T x T matrix shift.mat T
Sy, T x T matrix power.shift T4
vee(X) ab x 1 vector vec X (axb)
vech(X) a(a +1)/2 x 1 vector vech X (axa)
e? (7* column of I,) a x 1 vector e.vec a,j
D, n2 x n(n + 1)/2 matrix D.n n (dim.)
D;, n(n + 1)/2 x n? matrix D.rev n (dim.)
Do n x n?/2 matrix D.diag n (dim.)
K., m X n matrix K.mn n, m (dim.)
K., m X m matrix K.s.mn n, m (dim.)
Ea%?ﬁ%’ m? x 1 vector dFmlC DSEMobj, Wy
%’7"( rm X 1 vector dFmlL DSEMobj, W
8‘3:; A mtl) 1 vector dFml1P DSEMobj, W
" Xt 1 vector dFmlT DSEMobj, Wr
AFyr m(jm +r) + 2ottt | gcoreFml | DSEMobj, Wr

4.3.1 Estimation of parameters

In the previous sections we gave the S/R functions for the likelihood (objective)
function and analytic derivatives of the DSEM model, which take data argument
and model specification arguments and are the functions of the parameter vector 6
only. This enables us to use the native S or R optimisation routines such as nlminb
and optim.® The nlminb function allows box constrains on the parameters, which
facilitates convergence and allows restrictions on the parameters. The function call

has the form

nlminb(start=w0,makeFML,data,m,r,ss,tt,

8See Venables and Ripley (2002) for discussion of the alternative optimisers in the S-Plus and
R environments.
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gradient=ScoreFml,lower=-Inf ,upper=Inf)

While nlminb does not compute the Hessian matrix, this can be done with the
vcov.nlminb function provided by Venables and Ripley (2002) in the MASS library.
An alternative that is available both in S-Plus and R is optim, which allows a choice
of several optimisation algorithms and computes numerical Hessian matrix.? The
optim has several different optimisation algorithms, out of which the "L-BFGS-B”
algorithm allows box constraints. Hence optim with L-BFGS-B algorithm is similar
to the nlminb algorithm. The advantage of the optim is in computing Hessian
along with the parameter estimates in a single call. The application to DSEM
models requires the following form

optim(par=w0,fn-makeFML,data,m,r,ss,tt,
gr=ScoreTest ,method = c("L-BFGS-B"), hessian-=T,
lower=-Inf ,upper=Inf)

Note that both optimisers have infinite box constraints as default. It is simple to
change them by specifying lower and upper bounds as numerical vectors of length
equal to the number of elements in 6.

We can illustrate the specification of particular DSEM models using the above
optimisation routines on the following example. Consider the a DSEM model for a
time series data with 7" = 50 where the structural part given by

1 1 1 1 2 2 1
(m() Y NN X AL z)
2 - 1 1 2 2 2 2
@) = a0 a0 J\a® ) T La2 a0 )\,

él §2
) 2 (1)
11 Y11
+ o )ft—1+ @ >5t 2+ < ) )
Y21 Y21
—— N—_——
I‘l I‘2

with
&= P11 §i—1+ P §t 2+U()
R1 R2
Therefore the coefficient matrices C; and C, are

1 1 1 2 2 2

:3§1) §2) ’Y§1) fl) §2) 7&1)

1 1 1 2 2 2

Ci= 51) .5.2) 'Y( ) , Cp= 51) 52) ’)’( )
0o 0 Y 0 o o

9Note that optim is part of the MASS library.
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Suppose the measurement model is specified as

[y

o
y)
Y
o
3
"

)

with the residual covariance matrices

vl ud i

¥ =
(v¢)
31

WO gy
(v¢)
32

(1 0 o0 ) [P
AW 0 o0 e?
0 o0 e
DY 2 (N e®
0 1 0 a e
0 A o 222) N
0 ¥ o0 ' e |’
0 A o ' o
0 0 1 o)
0 0 2gs 5
0 0 AE; &
\ 0 0 s \ &9
A
(639 -~ 0 0 0
, @=] o 68 o 0
S o g0 :
\ 0 - 0 o0 6

The above model has a 72-dimensional parameter vector @ = (61, 02, 03) where there

are 26 free and 46 zero-restricted parameters. Thus we have

0,

05

(vecC1q,vecCy) = (

(vecA) = (1, A

0,0

1

(2)

21 » M31 1 N31
,0,0,1, A%,

1 1
11 ﬁ§1)7 07 /6§2)’ 22 Oa ’711 )

(1) (1)

2

,0’ O? O, 0) 07 0’ O) 07
AW AW 0,0,0,0,

0,0,0,0,0,0,0,0,1, X2, AT, A{Z)s)

)
6

(vec ) = (5, 55, 45, 08P, us, wis”)

(vec®) = (657, 683,082,652, 063 0, 02,

) ) 8
69,69, 6%)
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We can initialise the parameters by generating a random (e.g. uniform) 72-
dimensional vector. The restricted parameters can be bound using equal upper and
lower box constraints (e.g. 0 or 1). Suppose we wish to impose —1 and 2 as upper
and lower constraints on the free parameters, respectively. Note we have 2 latent
endogenous and 1 latent exogenous variables, hence we have m=3 and also we have
r=12 since there are 8 + 4 observable variables in the model. Maximum lag is ss=2
and the length of time series is tt=50. Hence, the nlminb call to estimate such
model would be

wO=runif (72)
nlminb(start=w0,makeFML,data=data,m=3,r=12,ss=2,tt=50,gradient=ScoreFml,
lower=c(-1,-1, 0,-1,-1, 0,-1,-1,-1,-1,-1,0,-1,-1,0,-1,-1,-1,
1,-1,-1,-1, 0, 0, 0, 0, 0, 0, 0,0,

0,0,0,0, 1,-1,-1,-1, 0, 0, O, O,
0,0,0,0, 0, 0, 0, O, 1,-1,-1,-1,
0,0,0,0, 0, O,
0,0,0,0, 0, 0, 0, 0, 0, 0, 0, 0)
upper=c( 2, 2, 0, 2, 2, 0, 2, 2, 2, 2, 2,0, 2, 2,0, 2, 2, 2,

1, 2, 2, 2, 0, 0, O, O, O, O, 0,0,
0,0,0,0,1,2,2,2,0,0,0,0,
0,0,0,0,0,0,0,0,1,2,2,2,
0,0,0,0,0,0,
0,0,0,0,0,0,0,0,0,0,0,0 )

Aside of using full-sample ML approach for estimation, the suggested approach is
considerably simpler in specification of multivariate DSEM models then the alterna-
tive approaches. For instance, the use of SsfPack to specify the above DSEM model
would require programming a particular function that will cast the model into the
state-space form and derivation of the analytical derivatives (should we wish to use
them) for each specific model. On the other hand, the above considered approach
uses the general expressions for the likelihood and derivatives of the DSEM models,
which allows simple specification of specific models by only defining the model di-
mensions (i.e., number of observable and unobservable variables and lag length) and
specifying upper and lower bounds (including fixing constraints) on the coefficient

vector.

4.3.2 A numerical example

As a simple numerical illustration, consider estimation of a bivariate DSEM asset
price model where each of the two market factors is modelled with three different
observable asset returns. Such model can be specified as
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Estimation of this model using daily data from 22 October 2001 to 30 November

2001 (T = 30) on the Dow Jones asset returns (in this example we use tickers MMM,
AA, MO, AXP, AIG,and BA), took 43 iterations with the nlminb call

nlminb(start=rep(0,44) ,makeFML,data=Wm,m=2,r=6,ss=1,tt=30,
gradient=ScoreFml,
lower=c(0,0,0,0,-1,0,-1,-1, 1,-1,-1,0,0,0,0,0,0,1,-1,-1,
rep(0,3),rep(0,21)),
upper=c(0,0,0,0,2,0, 2, 2, 3, 2, 2,0,0,0,0,0,0,1, 2, 2,
rep(5,3),5,rep(0,5),1,rep(0,4),5,rep(0,3),5,
rep(0,2),5,0,5))

producing the following coefficient estimates

1 1
DB ) _(-0m0 —o021
0o gY 0o 003 /'’

1 0\ (1 o)
PV 0.66 0
W oo | | o8 o0
o 1 | | o 1|
0 Y 0 071

\ 0 Y \ 0 031)

U= ( 104 0.61 ) ., © =diag(0.53,1.56,0.40,1.69, 1.82,1.37).
0.61 1.27

The above estimation took approximately 5 minutes on a 2GHz machine, while
a similar call to optim took over 20 minutes. A gain in efficiency could be achieved
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by re-writing the pure S code in C++ or Fortran and wrap it into a .Call or .For-
tran interfaces as e.g. S.dll compiled code. In addition, the nlminb and optim
routines are fairly modest in terms of optimisation capabilities and would need to
be replaced by more powerful optimisers. A possible approach would be to use the
S+NuOpt optimiser, which is a special optimisation module for S-Plus, though a
similar industrial-strength routine is currently not available in the R environment.
With these modifications it might be possible to move closer to a commercial-
capacity package for estimation of DSEM models. It is unlikely that further theoret-
ical development, e.g., derivation of the Hessian matrix, would improve the efficiency
of the software implementation, leaving the feasibility issues largely in the domain
of using compiled vs. run-time code and more powerful optimisation algorithms.

4.3.3 Conclusion

We have considered a DSEM model for pure time series data and proposed esti-
mation methods based on the closed form likelihood function for the entire sample
and the analytical derivatives. Our approach was to obtain the required analytical
formulae and demonstrate how these can be programmed in the S language. With
S/R functions that compute the likelihood and analytical derivatives we can use
the readily available optimisation routines in the S-Plus and R environments for
estimation of the unknown coeflicients.

We provided S/R functions written in pure S code that can be used for evalua-
tion of the likelihood and the score vector. The likelihood evaluation can be done in
a single step, i.e., non-recursively, which can be contrasted with the recursive evalu-
ation using the Kalman filter. In additional we outline an approach giving a simple
numerical example of how DSEM models can be estimated using such functions.
However, our aims were to suggest an approach that can be used in programming
estimation algorithms noting that development of a commercial-strength software
package is well beyond the scope of the present work.
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Chapter 5

Instrumental variables estimation

5.1 Introduction

In this chapter we propose non-parametric instrumental variables (IV) methods
for estimation of DSEM models suitable for both pure time series and panel data.
There is no requirement that N > T. We consider generalised instrumental variables
(GIVE) and full information instrumental variable (FIVE) methods for estimation
of DSEM models in the “observed form”, i.e., as errors-in-variable models with
composite error terms.

These methods are specific in terms of model specification and choice of instru-
ments, which are here interdependent. Namely, we specify the latent variable model
as a DSEM model in which measurement errors need to satisfy certain statistical
criteria. These criteria are similar to those in the classical factor analysis and are
based on the validity of observable indicators as measures of the unobservable (la-
tent) variables. Valid measurement models should have uncorrelated measurement
errors, which can be generalised to the time series context by further requiring zero
lagged covariances of the measurement errors. We show that basic specification
of the DSEM model implies lags of the observable indicators as potentially valid
instruments. Empirical validity of such instruments can be tested using standard
validity of instruments tests.

Instrumental variables methods have a well known advantage of not imposing
any distributional assumptions on the data. The IV methods also provide non-
iterative estimators that are very easy to compute using standard general purpose
statistical software.

An additional important purpose of these methods is in obtaining good starting
values for maximum likelihood estimation using standard SEM software such as
LISREL.
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5.2 Generalised instrumental variables (GIVE)

Consider the DSEM model (2.1)—(2.3) in ¢t-notation, with added intercept terms,

p q
N =0+ Z Bjn,_; + Z L&+ G (5.1)
=0 =0
Xy = ag + A&, + Oy, (5:2)
yi = oy + Ayn, + € (5.3)

Since instrumental variables methods can easily estimate intercepts we include them
in the measurement and structural equations (5.1)—(5.3). Equivalently, we can con-
sider zero-intercept models with variables measured in mean-deviation form.

We can re-write the measurement models for x; and y; as

X1t 0 I 01
- = + + 5.4
()b ) (ap )er(B) oo
Yit 0 I €1t
- — + + 5.5

Note that the observed indicators with unit loadings were placed in the top part

and

of the vectors for x; and y; and thus the upper part of the lambda matrix is an
identity matrix. Having divided x; into x;; and x;o, note that for x;; it holds that

X1t =& + 01t = & = X3: — Oy (5.6)

and, similarly, for y;; we can replace the latent variable with its unit-loading indi-
cators

Vit =N, + €1t = M, = Y1t — €1t (5.7)

It is now possible to use the relations in (5.6) and (5.7) to re-write the measurement
model for x; as
Xot = agx) + Agx) (xlt — 5lt) + 62t

5.8
= agx) + Agz)xlt + (62t - Agz)élt) ( )

and for y; as
Yo = aéy) + Aé”) (Y1t — €11) + €2t (5.9)

— o + APy + (o — APer)

Following the same principle it is possible to re-write the structural part of the
model using definitions (5.6) and (5.7) as follows
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p g
Yit —€n = Qyn+ Z B;(yit—j — €1t-5) + er(xlt—j —01—5) + ¢ (5.10)
3=0 j=0

Separating the observed part of the model from the latent errors we obtain

p q P q
Yit = oy + Z B,y + erxlt—j + (Ct +e1 — szelt—j - er(slt—j) , (5.11)

=0 =0 =0 =0

with the measurement model for the latent endogenous variables

yor = & + APy, + (€2t _ Agweu) , (5.12)

and for the latent exogenous variables

xat = &P + AP %y, + (52t - Ag")au) . (5.13)

Aside of the specific structure of the latent error terms, (5.11)—(5.13) present a
classical structural equation system with observed variables. However, the OF form
of the DSEM model differs from the standard econometric simultaneous equation
system in respect to the exogeneity status of the OF variables, which are generally
observable indicators of the latent variables.

It can be shown that estimation of the OF equations might be possible by the
use of the instrumental variable (IV) methods. Furthermore, it can be shown that
IV estimation might be based on model-implied instruments in the form of various
lags of the OF variables.

We propose a limited information generalised IV (GIVE) technique for consistent
estimation of the OF equations by using the model-implied instruments in the form
of the lagged indicators of the latent variables.

5.2.1 Full-sample specification

Estimation of the OF equations aims at consistent and, possibly, efficient estimation
of the structural and measurement-model parameters. However, the structural (la-
tent) errors cannot be directly estimated. Therefore, ignoring the specific structure
of the measurement error terms, let uy = ¢, + €15 — E?:o B,y — Z?:o T;01—;,
Uy = E€9p — Agy)elt, and uy = 0y — Agx)élt the structural OF equations can be
written as

p q
Yiu =g + ZB,-ylt_j + Z ijlt—j + uyy, (514)
j=0 j=0

with the measurement models
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Yot = aéy) + Ag))ﬁt + uy, (5.15)

and

Xop = C\ﬁgl;) + Ag”)xu + ug;. (516)

For notational convenience, we switch to full-sample notation, assuming that
a max(p,q) pre-sample observations are available for estimation. Define yy; =
(yékj), yikj), ce ygcj)), and xy; = (ngj), x(12j), ey xg,?j)), for k = 1,2 where
the “ j ” subscript refers to the j** equation where there are m individual y; equa-
tions, n individual ys equations, and h individual x; equations. Further define

Ylj = (Ylthljt—k), and le = (let,let_k), where

11 12 1 11 12 1
e L MOV C RN R
1y (12 1 1) (12 1
I I 0 g o
1) (12 1 1) (12 1m
Yye=| 80 o o o™ |, Xy=| & P - o™ |
(1) |, (12 1 11) 12 1
\yT yT) yé’m)} \‘”g’ x’(I‘) zf(rm))
and
1y (12 1m 1) (12 1
(?/(—1) y(—1) y(_l) y(_p) y(_p) y(_;”)
1) 2 1 1) (12 1
R PR SO NP e SR, QPP i
1) (2 1 1 (2 1
Yin= | o8 P o g™ DM 0m ]
1) (12 1 1) (12 1
R SRR i GRS A S NRRRY ool
21 0D L g o g0 g0 ) \
11 12 1 11 12 1
0 g0 L 00 L W) @ e
1 12 1 1y (12 1
S [ U RN RSN
1y (12 1 1) @2 1
0 o o o o

In addition, we define the following notation for the parameter vectors
® — (@D (22 e\ (@) — (1) y(22) @h)’
by =(>\w. LR\ ) A :(/\mj D8 )
/

ﬂj = (:3(()11)3 18(()12)7 vy ﬂélm)y %11)7 ,3512), sy ﬂ§lm)7 RS ﬁg()u)a :B;()12)7 vy ﬂz()lm))
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and

/
R (R O N T T T IR A ) I

Using the above notation, we can now write the (5.14)—(5.16) as

i = o + Y18, + Xyv; +uy, (5.17)
Y2 = ‘123) + Yl]tA(y) + uyy, (5.18)
Xgj = 0ty + XA + ug;. (5.19)

Note that the individual OF equations are specified as

1k), (1 1k), (1k
j= o)+ S ALY ey,

k=1 i=0 k=1 i=0
for the structural part of the model, and as

m
= o) SN b = o)+ 3o

for the measurement models. This completes the spec1ﬁcat10n of the DSEM model.

It remains to show that the available instruments in the form of lags of the
observed variables can enable consistent estimation. The issue of the choice of
instruments is also discussed in Bollen (1996; 2001), however he does not discuss
this issue in the context of dynamic models. The following discussion takes into
account the specific structure of the OF system and the implications derived from
the composition of the latent errors. This (known) composition of the latent error
terms and their implied relation with the observed components of the model, as a
consequence of the latent structure, presents the major difference between the DSEM
OF equations and classical econometric models. Specifically, it is not possible to
simply assume the availability of external instrumental variables that satisfy some
general conditions such as being uncorrelated with the errors and correlated with
the regressors. Rather, it will be necessary to show under which conditions the
lagged modelled variables can serve as valid instruments in the estimation of the OF
equations.
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5.2.2 Consistency conditions and instrumental variables

The standard consistency conditions needed for the validity of instrumental variables
(see e.g. Judge et al., 1985) and Davidson and MacKinnon, 1993) can be stated in
terms of the data matrix X defined as X = (¢, Y;, X;) where Yy; = (Y11, Y1je—k)
and Xy; = (Xyjt, X1je—k), as defined above. Let Z be a matrix of valid instru-

ments defined as Z = (Y7, Y3, X3, X3) where Y7 = (Y3, Yio, .-, Y1), Y5 =
( ;1’ 52?"'7Y;b)1 XI = (XII; I2a---’ Ic)> X;E (XEI’ 32""’ ;d), and
11 12 1 2 22 2
y(_,,lk y(_ )—k y(_:i)k y(_ll) y(_ ) yf_ln)
a1) ah (1m) @)  (22) (2n)
y%ﬁ —k 9}1_2 —k y%i—p-)—k (-211 1 y(—zzz 1 y&z+)1
* m * n
1k = Y2-p—k Y2p—k Y2—p—k y Yo = Yire Y-ito Y iy
11' 12' 17;1 '21 52 én
AR Ll ki SR, o ver)
200, 20, 20, 22D 2D 2
an a9 (tm) @) @) (2n)
Tig—i Ti—g—i Ti—q—i Tojit1 Tjh T_j1
. (11 (12 (1m) . @) (%) (2n)
1= | P2-q-i F2-g-i To-g—i |- X3 =| T-it2 Tjt2 T_j+2
W i 2y o 2
e 2l i 20 22 z)

where k =1,2,...,0;1=1,2,...,b;i=1,2,...,c;and j = 1,2,...,d.
We state the general conditions for these instruments in terms of the joint ma-
trices X and Z though, in practice, only subsets of these matrices will be used in

estimated models. It is generally necessary that

plim (T7'Z'Z) = lim (T7'Z'Z) = £z,

T—o00

and also that

. —1rps 1 —1rp/ —
plim (T7'Z'X) = 711—120 (T7'Z'X) = 23x,
where Y77 and X zx are positive definite matrices. These conditions will generally

hold for the case of lagged instruments given they satisfy certain stochastic condi-
tions. In addition, we assume homoscedastic residuals, i.e., F [u;u’;] = 03;I and,

specially, E [Z'u;] = 0.
To assure the consistency of the IV estimator we will need to make the following

assumption about the stochastic properties of the observed variables.

Assumption 5.2.2.1 For stochastic processes {y;} and {z:} suppose that:
Al Elyy] = w, Wt
A2. FE [x‘ijt] = ﬂ«g(), A7
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A3. F (yz'j,t—r - ﬂgg))(yef,t—w — ﬂ'g?)] = ’7|(:161£I)’ vt
A FE -(xij,t—r - lig_;'c))(xef,t—w - l‘«(e?)] - 61(:{63’ Ve
A5. B [(isor = 1)) @erew — )] = wi0), w1

o= () o= £(.) ()
AGE'Yk <OO,Z(5k <00>2¢k < oo
k=0 k=0 k=0

We will also need the following two lemmas.

Lemma 5.2.2.2 Let w; be a covariance-stationary process with finite fourth mo-

ments and absolutely summable autocovariances. Then the sample mean satisfies
-1 T m.s. .

T~1Y,_ w — Wy where m.s. denotes convergence in mean square.

Proof. Omitted. See Hamilton (1994: 188), Proposition 7.5.

Lemma 5.2.2.3 Lety; and x; be stochastic processes satisfying Assumption (5.2.2.2).
Then the following convergence results hold:

e P )
(i) 7 t;)yz'j,t—s —E [yij) = Hij
1,2 P 2 (1) (¥)y2
(ii) Tt;)yij,t—s =E [y%]) =% + (ki)
T

voe p ..
(lll) %t;)yij,t—ryef,t—w —F [yij,t-—ryij,t—w] = 7|(:J_e£|) + /"'g)ﬂgf)

a1 T p (z)
(vi) 7 tgoxij,t—s =B [Zie] = pj

12 P 2 (49) (z)y\2

(v) T;_%mij,t—s =k [x'ijt] =0y + (k')

N 1w P (igef) (@), ()
(vi) T ;)-’Eij,t—rxef,t—w -k [zij,t~'r$ij,t——'w] = 5|,._w| + [ Hef

oy 1w P (iGef) | (), (@)
(Vll) T gyij,t—'rxef,t—w - E [y'ij,t—rxef,t—w] = Tblr_w| + p’ij :u'ef

Proof See Appendix §5A.

Proposition 5.2.2.4 Let X = (¢, Y;, X;) where Yq; = (Y1, Y1jt-k) and Xy =
(X1jt, X1jt—-k)- Let Z be a matriz of valid instruments defined as Z = (Y3, Y3, X3, X3).
Assuming that E [u;u';] = 051, the following result holds

(i) plim ($Z'Z) = Xy

(i) plim ($Z'X) = Xzx

(iii) E[Z'w) =0
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Proof See Appendix §5B.

However, using lagged instruments reduces the effective sample size available for
estimation, thus we might consider filling the missing observations with the leads
(future values) of the observable indicators. The use of leads along with lags in the
instrumental variables estimation was suggested by Griliches and Hausman (1986),
see also (Wansbeek and Meijer 2000, Wansbeek 2001, Arellano 2003).

In particular, for a DSEM(p, q) model lagged observable indicators z;_,, Z;—5-1, - - -
and Y;—s, Ys—s—1,.-. for 8 = max(p,q) + 1 will be valid instruments. Assuming a
causal process, leads or future values of x; and y; will also be valid instruments. Gen-
erally, the set of valid instruments might include xzg, z1, . .., Zt—s—1, Tt+1, Tt42, - - - , LT

and Yo, Y1, - - - Yt—s—1, Ye+1, Y4425 - - -, YT-
Using the operator

0 I, 0

Si,=In® || 0 o | +S%|, (5.20)
0 0 0

the instrumental variables can be constructed as combinations of lags and leads

stacked together into vectors of instruments my‘; using the S%;, operator as

) = §i xr. (5.21)

This has the effect of replacing the missing values of the lag-only instruments with
the future values (leads) as

&= wAl\ (=5 [=5) [«5])
R izh =Tl |5
= = e R
sk e i || e e e
= ot [o3] [=33
\aih s a3\ e e )

The above results allow consistent GIVE estimation of the OF equations using
the available, model-implied (lagged) instruments contained in Z, which includes all
available eligible instruments that do not come from outside the modelled data. It
must be mentioned that nothing precludes availability of valid instruments that are
not merely lags of the modelled variables. However, the nature of structural equation
models with latent variables casts doubt that such variables will be available. In
any case, valid variables will satisfy the same conditions, but we have shown that
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available instruments already might exist in the used data in forms of lagged values
not already included in the model.

5.2.3 Consistent generalised instrumental variable estima-
tion of the OF equations

Formulation and estimation of the OF equations requires reliance on specific struc-
ture and status of the modelled variables. This structure is determined by the
latent-form specification and makes specification of the OF equations rather com-
plex. In order to derive generalised instrumental variable estimators (GIVE) for the
OF equations, we start from the system of equations given in (5.17), (5.18), and
(5.19) and write it by positioning its matrix and vector elements in the way that
will facilitate the use of more concise notation, i.e.,

Y1 ~—a1]) +Y1;8; +Xyv; + uyy

Y2 = a%) + Yl]tA_g'y) + u2_7 (522)
X2 = ag';) + letA‘gm) + I.I3j

We are now able to simplify our notation by stacking all of the right-hand-side
variables of each of the three parts of the system (5.22) by making the follow-
ing definitions: Wy; = (¢, Yy, XU) Wy = (¢, Yit), W3 = (¢, Xyje), 61]) =
( %')I, B, 'yj) 6(”) = (a%’)l, A(y)’) and J(I) = (ag) , A(x)) It is now possible

to re-write the system (5.22) in a simpler, more concise notation as

Yi; = le‘s%{) +uyy
yo; = Waos) +uy

An appropriate matrix of instruments Z need not contain all available eligible
instruments, but it needs to have at least as many of them as there are endogenous
variables in each equation. The matrix of instruments Z can differ across different
(individual) equations of the system (5.23). For simplicity we assume that Z is
correctly specified.

We proceed in defining the GIVE estimator. First, by premultiplying each part
of the system by Z we obtain matrix equations Z'y,; = Z' W1]5(y) +Z'yy, Z'yy; =

Z'Wy;0%) + Z'uy;, and Z'xy; = Z'W3;05) + Z'uz;. We now define usual GIVE

estimators for coefficient vectors 5(11;), ég), and 32) as

2(v)

&) = Wz @z 7wy, | Wy Z(Z2) 2y, (5.24)
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8 = [W’QJZ(Z’Z) z'w2j] W'y Z (Z'Z) " Z'y,,, (5.25)

and

85) = |W'yZ(22)™ ZWy| W'y Z (22)™" Zixs;. (5.26)

It is easy to show that the GIVE estimators given in (5.24), (5.25), and (5.26)

are consistent estimators of the unknown coefficient vectors 6(1’;), 6(2?, and 621) To
show this note that

(%)

8 =85+ |W'yZ(Z2) ZWyy| WyZ (22)™" Zluy

Taking probability limits we obtain

plim (35;)) = 6{ + [plim (AW';; Z) - plim (% (Z'Z) ") plim (LZ'W;)]

xplim (+W';; Z) - phm (% (Z'Z)™") plim (2Z"u;;)
= 53) + (EW,-,»ZEEIZEZW, ) Xw,z%77 0
= 5(’9

The above results holds for each of the vectors 6(17;), Jg), and 623 , where super-

scripts (y, x) were replaced by asterisks, and subscripts (1,2) by 7. For computational
purposes, the GIVE estimators using the OF notation defined above can be written
in more detail as follows. Firstly, the three sets of coefficient vectors in the structural
part of the model are estimated by

&y ’Z(Z’Z)‘IZ’ VZ(Z'Z)T'ZY;  VZ(Z'Z)T'ZXy
B, |=| Yyz2(Z2)'2 Y'Z(ZZ)'ZY; YZ(Z'Z)ZX;
4 X', Z(Z'Z) ' 2 X'GZ(Z'Z)'2Yy XZ(Z'Z) 2Ky,

VZ(Z'Z) " 2y,
x | Y',Z(Z'Z)" 2y,
X', Z(Z'Z) 2y,

Secondly, the GIVE estimators of the measurement model are given by

&\ _( YZ(ZZ)'Zv  VL(ZZ) LYy - VZ(Z'Z) L'y,
A Y G Z(ZZ) T Y, Z(ZT) LY Y Z(ZZ) 2y )

and

-1
¥\ [ YZ(ZZ)T'Zv  VL(Z'Z) LY VZ(Z'Z) 2y,
AY Y13 Z(ZZ) 2 YR Z(ZZ) LY 1 Y1, Z(ZZ) " 2y, |
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Asymptotic distribution of these estimators does not depend on the assumption
that the modelled data is multivariate normal and, thus, GIVE estimators of the
DSEM model are asymptotically distribution free. This is an advantage over the
maximum likelihood estimator of the static structural equation model, and therefore,
GIVE estimator can prove to be more robust to both misspecification of certain parts
of the model and to departure from normality.!

The asymptotic distribution of the GIVE estimators is normal and it can be
derived by noting that

-1

VT (85 - 65) = [(3W'y2) (+ (Z2)™") (FZ'Wy)]
x (3W'yZ) (3 (22)™) (FpZy) -

If we assume that 7-1/2Z/ u;; 4N [0,0,;X7z), we can conclude that the asymptotic
distribution of the DSEM coefficient estimates is

VT (8 - 8) 4N [0, 04 (Sw2¥7; %o, ]

The asymptotic covariance matrix ;; 1[W’ 4Z (Z'Z)" Z'W ;] ! can be estimated
with X = 645 [W'Z(Z'Z)" ZW ]~ where

R - . 20\’ a(%)
Oij = T 15 ) uU =T (y,-j - Wijéij ) (y,;j — W,-jJij ) .

The empirical validity of instrumental variables, as opposite to their model-
implied eligibility, is empirically testable. The validity of the choice of the instru-
mental variables can be tested by the Sargan (1988) x? test. Applied to the OF
equations, the Sargan test can be calculated as

- (*) (%)
WAV VARV AAS W', Z (Z'Z) Z7W ] 6,
( ) Y‘LJ [ ij ( ) 'U] ~ X(d), (5.27)

T— uz_., app

where d is the number of over-identifying instruments, assumed to be independent of
the equation error. It is important to note that selection of the IV’s on the basis of
the model-implied eligibility without testing for their empirical validity can result in
considerable bias in the estimated coefficients. As the choice of instruments affects
consistency of GIVE estimates, inappropriate IV selection might result in estimates
that will not be robust to misspecification. Therefore, testing for the validity of IV’s
should be an important part in empirical estimation of DSEM models.

Misspecification of one OF equation will not necessarily affect coefficients of other equations
since these are estimated separately using a limited information estimator
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5.3 Full information estimation (FIVE)

While consistent and possibly robust to certain forms of mis-specification, the GIVE

estimator is not necessarily asymptotically efficient. A full-information instrumental

variables (FIVE) efficient estimator for classical simultaneous equation systems is
developed by Zellner and Theil (1962). The requirement for the use of the FIVE
estimator we propose for the DSEM model is to have a common matrix of instru-

ments (Z) that can be applied to all equations in the OF system. Such matrix of

instruments for dynamic models might be made out of lagged modelled variables

that are eligible for all equations in the system.

FIVE is a systems estimator and can be obtained by staking all equations (pre-

multiplied by the common IV matrix Z) in a single matrix equation

\ z';% )

[ Wi )
Wlm
Wa

P
Il

W2n
Wi

\ Wan /

Using definitions (5.29) we can re-write (5.28) as
Note that dim (X) =

= diag

<
il

(Z'Wyy,)'
(Z'W3,)'

(le\

Yim
ya

Yon

X21

\ o J

[ (ZW)

(ZW 1)
(Z'Wa,)'

\ (Z'Wsh)l

The matrix equation (5.28) can be simplified in the following way. Define

\

/

On
1]

( 5(:/) \
5

5%

6(21)
5(3)

\ 65“,?

( 5(2/) \

5(11)
5(3/)

6%’:3
&5

\ 55

expression for the asymptotic covariance matrix as
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I®Z)y =
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Z/u(Y)
Zl (Y)

!
Z u21

\ Z

Ugy

(X)

ug) /

(o))

£

o)

"
ol

uy /

(5.28)

(5.29)

IQZ)Xé+(I®Z)a
(p+1)m+(q+1)g+n+h. It is also possible to write a compact



E[leZ)ad (I®Z)] = E[(IQZ)(ER)(IKRZ)]
= TQE[Z'Z].

We can now define the FIVE estimator for the OF equations as

6 = {5(' 1e0Z) [21'e(ZZ) | (IeZ) 5(}_1 X(IQZ)
x[5'e (ZZ2)'| 1. Z)¥ (5.30)
— {5’( [(E'QZ(ZZ)'Z] 5’(}'1 X [ '0Z(ZZ)'Z]7.

The matrix equation (5.30) enables non-iterative estimation of all structural
parameters and measurement model coefficients, jointly. This procedure, given the
Z matrix is valid for all equations in the system, yields consistent and efficient
estimates of the parameters of a dynamic SEM model.

Finally we briefly discuss computation of the residual covariance matrix ¥. First
note that

wu'; wu'y ugu’
3 = E(ﬁlﬁll) =F u2u/1 u2ul2 u2u/3 c R(m+n+h)x(m+n+h)' (5'31)

us 1-1/1 11311,2 uj u’3

The individual scalar elements of the block elements of X are calculated as
follows. We have u;u’; = {E (u(f{)u%))} € R™*™ with typical element

/
o =T (1 — W16 (vyy - Wiy6)
Similarly, we have uju’y = {E (ug)u%))} € R™* " and symmetrically usu’y; =

{E (ué’{)ug))} € R™™ with typical elements of the form

/
G =171 (YIj - W1j5%)) (”J‘ - W2j‘s%'))

and

!
5’%} =7 (Y2j - sz‘s%)) ()’m‘ - W1j5(1g)) ,
respectively.

Note that the (1,3) block element of (5.31) is merely a transpose of the block
(3,1), thus the individual elements can be estimated in the same way, namely

wu'y = {E (u%’)ug))} € R™" and uzu’; = {E (ug)ugf))} € R"™™ which has a
typical element of the form
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sws) _ -1y wo.sWY W08
013ij — Yij 15915 X2j — VV3j .
Finally, for the remaining two blocks we have usu’ys = {E (ué?ué’f)} e R™x"
where scalar elements can be estimated by
%) =T (m - W215§§)) (Y2a - W2a5(y)) ,
and uzu' = {E (ug’)ug))} € R"*" with typical element estimated by
14
&5 =T (x2j - Wsﬁg)) (Xzy W3J¢S(”))
Consistency of the FIVE estimator of the OF model can be shown in a similar

way as is usually shown for classical simultaneous equation systems.? Consistency
of this estimator can be shown by noting that

ST
|

{ [2 ® Z(Z'Z) z'] } X' [2‘1®Z(Z’Z)_1Z’]§r
- 5+ { [2 ®Z(Z'Z)” ] } X' [2—1®Z(Z'Z)"1z'] i

Proposition (5.2.2.4)—(i) implies that

phm (T~IZ’Z) = Ezz,

therefore it follows that plim (2-1 ® T(Z’Z)‘l) = X-'®¥;L, and by (5.2.2.4)(ii)
it follows that

1 * ) 1
plim (—T-Z’X ) = plim (T (Z't,2'Y 4, Z’le))
= phm (% (Z,L, Z/Ylj, ZIYlj’t_i, Z,X1jt, Z,le,t—i))
= (B26,Zzv,, B2y, Xzxe, Bzx,_;) = Szx* (5.32)

Using Proposition (5.2.2.4)—(iv) and expanding the Kronecker products we get the
following convergence results

2However, in the OF case, similarly to the GIVE case, consistency will depend on the assumed
properties of the model-implied (lagged) instruments.
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plim

From (5.32) it follows that

plim

Therefore, we have specifically

, .
plim (Z—‘;’U—) = plim(

= (2(27372(272’0 2(Z:‘)Yt —3? E(ZJ;Q’EZ%Q 1) = Z(ZJ‘)/Vl’

I .
plim (———Z \7)372] ) = plim

and

Finally, it follows that

mm(zyﬁ)=mm

We can now derive the probability limits for the matrix (5.33) as

IQZ)a

(I®Z)X

) = diag

( plimg—(fﬁ \

T

. 7w
plim ———lmT
) o
phm—zl—T

/4 (y)
phm

Z'u (9?)

phm——fpﬂ—

phmu?- }

[ (plimZ¥a

T

(plimZWa

(plimZ%za

(phm Z'W3;

\ (plimzl—wﬁ

T

T
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(5.33)



plim = diag

(=5m)
(5)
I1e9Z)X (EZWZ)
(53)
(=5)
(5)

Using the above results, it follows that

plim(8) = & + plim {5'(' [2—1 ®Z(Z'Z)"! z'] 5(}_1
X' [2-1 ® Z(Z'Z)™ z'] i
=é+pim {X (e 2) [$ 0 (22)] 102) )"c}'l
| xX'(1® Z')' [z‘:—l ® (z'zrl] I9Z)a
=6+ { [plimgn%z')—l] plim [f)‘l QT (Z'Z)_I] [plimﬁm;?,lz] }_1
x [pim X022 | plim [$51 © T (2/2) "] [plim T2 ]
5+ {z7 (B @57}) By} iz (BT @27) -0
=35

Therefore, the FIVE estimates are consistent if applied to the OF model. It
is also possible to show that FIVE is asymptotically more efficient then the GIVE
estimator.®

The FIVE estimator, just like the GIVE estimator, is distribution-free in the
sense that it is asymptotically normally distributed, with the assumption of Gaussian
disturbances and no distributional assumptions about the modelled variables.* To
see this, note that

VT(5 - §) = {T—lf'(' Iz [53—1 ®T (Z’Z)‘l] T-1(1®Z) )’(}_1
x T1X' (1@ Z' [2-1 QT (Z’Z)‘l] T2 (18 Z)d

Assuming Gaussian disturbances,

3Such proof is similar to the one for the ordinary simultaneous equation systems (see e.g. Judge
et al., 1985.

4This is unlike to the Gaussian covariance structure based static SEM method which generally
requires the modelled variables to be multivariate Gaussian.
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i~ N[O, ZRI=>T2(1I02Z)i~N[0, 20T 'Z2'Z],

therefore asymptotic normality immediately follows, i.e.,
VT(@-8)~ N [0, (Bxz (B ®37%) Tu) 7,

where [Sx, (57 @ 371) B4¢] ' ~ [X (871 @ 2(22)7' ) 5(] 7 and 3,4 =
ISP

It is worth emphasizing that the above results apply only if the IV matrix Z
is valid for all equations of the system. Practically, this means that for estimation
of the j* equation there might be eligible instruments that are not eligible for
estimation of the it* equation for j # i. Formally, Z that is eligible for the entire
OF system contains the intersection of the rows of Z;, i.e., instruments for each
j* equation in the system. If there is enough instruments® such matrix Z can be
constructed so to enable identification of each equation in the system and consistent
FIVE estimation.

However, as already mentioned, model-implied validity might by misleading if
the model itself is mis-specified, thus empirical testing of IV’s validity is essential.

5.4 Identification

Identification of the static structural equation models with latent variables is gen-
erally problematic. An early discussion of this topic can be found already in Wiley
(1973), but a simple and straightforward procedure still does not exist. On the other
hand, identification is well defined and straightforward in classical econometric si-
multaneous equation systems, and a similar approach can be developed for the OF
equations.

We propose a simple procedure that uses only the coefficient matrices from the
latent specification for identifying the OF estimation equations. The following tech-
nique provides sufficient conditions for identification of all equations in the systems.

Proposition 5.4.0.1 Given a DSEM model with the structural equation of the form
Ny = o+ 35 o Bymy_; + 37 T&_; + ¢, and the measurement model given by
X; = oz + Ag§, + 6, and y, = oy + Aym, + €, define

SGiven sufficiently long time span of data, there will always be enough lagged variables to satisfy
this requirement
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-B;, 0 0

B, 0 0

I-B,) -AY o : : :

K= 0 I, o], G=| -B, o 0
0 0 I T 0 —A®

B 0
\-I',y 0 o0 )

Then, the j** equation of the system will be identified iff

ra,nk[Rj(Ié)]Zm-l—n—f—h—l (5.34)

where R; is a zero-one selection matriz having one’s in places of omitted variables
and one row for each omission. Note that if the equality holds the equation is exactly
identified, otherwise it is overidentified.

Corollary 5.4.0.2 A corollary to Proposition (5.4.0.1) states that unless

rank(R;) >m+n+h—1 (5.35)

the j* equation is not identified. The condition (5.35) is necessary for identification,
while condition (5.34) is sufficient.

Proof See Appendix §5C.

It is therefore possible to use these rules to check for identification of each in-
dividual equation. The relevance of this approach lies in its ability to check for
identification of the model that is specified in latent form and thus it avoids the
need to derive the OF equations. In addition, this method is equally applicable for
both static and dynamic structural equation models with latent variables.
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Chapter 6

Empirical applications

6.1 Introduction

This section applies DSEM/PDSEM models to empirical data, focusing on fixed
and random effects dynamic panel models, using the available SEM /econometric
software packages.

This application has two main aims. First is to demonstrate the effect of using
the starting values obtained by the methods proposed in chapter §5. Second aim is to
test the capabilities of the existing commercial software packages, such as LISREL,
in estimation of DSEM models for panel data.

Firstly, we will estimate a fixed-effects DPSEM model using a cross-country panel
data set, where the sample size is moderate and time dimension is small. This is an
example of a dynamic panel model with fixed effects, T < N, and both 7" and N
relatively small.

The second application is to a micro (household) panel data using 13 available
years of the British Household Panel Study (BHPS) to estimate a random effects
dynamic micro consumption model. The BHPS data span over 13 years and include
over 5,000 individuals, which are traced over time. This is, hence, an application to
a very large data set with more pronounced temporal dynamics.

We will use the LISREL package (J6reskog and Sérbom 1996b) for maximum
likelihood estimation of the SEM models, and obtain starting values using instru-
mental variables methods and other software packages.

LISREL has its roots in a software package for estimation of structural equa-
tion models using ACS methods developed by Gruvaeus and Joreskog (1970) as
a Fortran-IV programme. Its predecessors were the ACOVS programme (for the
analysis of covariance structures), and the FIELES programme (for the classical
simultaneous equation models without measurement error) both due to Jéreskog et
al. (1970). These programmes played a seminal role as ancestors of the LISREL
package (Joreskog and Sérbom 1996b), the programme that became synonymous
with structural equation modelling. We will briefly describe this packages.
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Model specification in LISREL is designed in a very general way, and in princi-
ple most linear models can be formulated and estimated with the LISREL syntax
language. This syntax language is, however, designed primarily for cross-section
(independent) data and hence the matrices that need to be specified as input to the
programme refer those of a static model. Estimation of simple models for panel data
is nevertheless possible by forcing the programme into estimating multiple equations
with cross-equation equality constraints—a trick that specifies a dynamic covariance
structure by treating the lagged endogenous variables as distinct exogenous vari-
ables. In summary, the specification of DPSEM models is not simple in the LISREL
syntax, which is best suited for estimation of static SEM models (2.4)—(2.6), as
the syntax refers only to the elements of the general B and I' matrices. Though
not easily, DPSEM models can be formulated in the LISREL syntax by treating
all parameter matrices as belonging to a single matrix and then imposing various
restrictions on the parameters to obtain the required DPSEM structure.

However, as the time dimension of the panel data increases, the number of equa-
tions with equality constraints also increases making the syntax very difficult to
build and manipulate. In addition, dynamic panel models with pronounced time
series dimension present a considerable optimisation challenge in practice.

LISREL uses numerical optimisation based on a modified Davidon-Fletcher-
Powel (DFP) quasi-Newton algorithm (Joreskog 1973, Joreskog et al. 1970, Gru-
vaeus and Joreskog 1970, Joreskog 1977, Lee and Jennrich 1979). The modification
due to Karl Joreskog adds several iterations of the steepest decent preceding the
DFP iterations, which lead to more rapid convergence.

The analytical first derivatives d1n L/06@ are obtained without taking into ac-
count equal elements in the symmetrical coefficient matrices, which are in turn
handled by the equality constraints on the off-diagonal elements (Joreskog 1977).
Letting the unconstrained parameter vector is @ = (6y,...,6,,), suppose r3 — 7o
elements of @ are known constants (e.g. fixed to zero), with ro < r; free param-
eters @* = (0f,...,0F). Further, suppose that out of r, free parameters r, — 73
are equal and r3 < ry are distinct, with free distinct parameters now assembled in
6** = (6fP,...,0FP). If we let R (r; X r3) be a zero-one selection matrix that
deletes the elements of the score vector corresponding to the fixed parameter such
that RO = 0* the constant restrictions can be imposed by solving the restricted
score equation R[0InL/060] = 0, where L denotes the likelihood function. The
equality restrictions can be imposed similarly by defining another zero-one matrix
K (ry x r3) with elements {k;;} such that

1, 6f =6/P
kij = F 4 gFD
0, 6F #0!

Therefore, the constant and equality restrictions can be imposed directly on the
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score vector as K'R[01n L/66] = 0.

Numerical optimisation algorithm implemented in LISREL uses an initial esti-
mate Eq = K'RFE{(8InL/00)(01n L/86)|R' K, which is ppdated by five iterations
of the steepest decent algorithm (a modification due to Kdrk Joreskog), followed by
DFP iterations until convergence to the estimate E!

'While leading to faster convergence then the basic DFP algorithm, the modified-DFP is found
to be inferior to Gauss-Newton algorithm and also it is known to produce incorrect standard errors
(Lee and Jennrich 1979).
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6.2 Application I: Modelling finance and growth

Panel models with simultaneity, dynamics, and latent variables are common place
in empirical econometrics. A widely researched example is the relationship be-
tween financial development (FD) and growth. This is a theoretically ambiguous
relationship since economic models indicating both positive and negative relation-
ship exist in the literature. King and Levine (1993a), for example, suggest a pos-
itive FD-growth effect, while Bencivenga and Smith (1991) and Bencivenga et al.
(1995) indicate a possibility of both positive and negative effects. Lucas (1988), on
the other hand, dismisses the FD-growth effect altogether. Levine (2003) gives a
detailed review of this literature. Without unambiguous theoretical implications,
the finance-growth relationship thus remains an empirical issue. Nevertheless, the
empirical literature failed to give a conclusive answer although preponderance of
the empirical studies claim a positive FD-growth effect (Levine 1997, Levine and
Zervos 1996, Demetriades and Hussein 1996, Levine and Zervos 1998, Neuser and
Kugler 1998, Levine 1999, Rousseau and Wachtel 2000, Levine et al. 2000, Hali et
al. 2002, Levine 2003).

The key statistical issues in the FD-growth research relate to the modelling and
testing of the substantively implied latent structure of the unobservable (latent)
financial development. While the mainstream FD-growth literature based on the
IV/GMM methods does not explicitly test for the measurement errors by estimating
formal statistical measurement models for the latent variable, it does suggest various
observable FD indicators on the substantive grounds. Naturally, this introduces the
problem of whether and how well the available indicators measure a single latent
construct and how much error is contained in such indicators. In addition, the FD-
growth simultaneity is held to be an important consideration and the dynamics and
lagged feedback effects are both implied by the substantive theory.

Earlier studies (Levine 1997, Levine and Zervos 1998) used simple cross-country
OLS regressions of GDP growth on the separate FD indicators without accounting
for the cross-country heterogeneity or simultaneity problems. Separate growth re-
gressions with individual observable indicators containing measurement error might
result in the errors-in-variables problem and thus produce biased or inconsistent coef-
ficient estimates. The inconsistency of the regression coeflicients due to the measure-
ment error is potentially considerable, which most profoundly concerns the actual
relationship between the financial development and economic growth. In homoge-
neous random samples the measurement error biases regression coefficients towards
zero, however, with heterogeneous cross-country data with fixed country-specific ef-
fects, the bias can go either way and the problem can be further magnified by the
inclusion of other variables in a multiple regression setup (see e.g. Wansbeek and
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Meijer (2000)). A major complication arises with heterogeneous samples (such as
cross-sections of countries) where individual (fixed) effects might be correlated with
the measurement-error components resulting from using noisy indicators in place of
the (unobservable) latent variables (Griliches and Hausman 1986, Wansbeek 2001).
Consequently, the more recent empirical literature uses panel data and instrumental
variable methods (Rousseau and Wachtel 2000, Neusser and Kugler 1998, Levine
1999, Levine et al. 2000, Hali et al. 2002). While the panel studies suggested a
similar positive finance-growth relationship, it was shown that even with similar
methods and data different conclusions can be reached (Favara 2003). The most
likely source of the problem is the failure to model the measurement structure of
the latent financial development along with modelling the simultaneous and dy-
namic effects. Consequently, on the basis of such results we cannot assess validity
of the substantively suggested FD indicators even if the errors-in-variables problem
is corrected by using the IV methods.

The measurement error problem

There is a large body of empirical literature that investigates the FD-growth rela-
tionship using multiple observable indicators of the latent (unobservable) financial
development. Commonly used indicators include various measures of the bank-
ing sector such as liabilities of commercial and central banks, domestic credit, and
credit to the private sector (King and Levine 1993a, King and Levine 1993b, Levine
1997, Levine and Zervos 1998, Neusser and Kugler 1998, Levine 1999, Rousseau
and Wachtel 2000, Levine et al. 2000, Hali et al. 2002, Levine 2003, Rousseau and
Wachtel 2000, Neusser and Kugler 1998, Levine 1999, Levine et al. 2000, Hali et
al. 2002, Favara 2003).

The observable indicators are generally identified on substantive grounds and
used as individual regressors in separate growth regressions. The measurement issue
is not addressed in this literature through statistical testing, which might have
resulted in the collection of inappropriate indicators or produced wrong conclusions
about the FD-growth relationship. This constitutes a major omission since the
availability of multiple indicators allows identification of the measurement error
components and statistical evaluation of the FD measurement models.

The errors-in-variables problem arising from the latent nature of the financial
development can be generalised to the case of multiple observable indicators by
a factor-analytic model. Suppose we can observe m; noisy indicators x;; of the
unobservable variable §;. Then we can specify a factor model

Tij = Nj&+ 0, i=1,...,k, j=1,...,9, (6.1)
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where z;; is the ith observable indicator of the jth latent variable ;, and ¢;; is
the measurement error. The error covariance matrix is required to be diagonal,
E[66'] = diag (03,...,02 ). Though implicitly, a factor model for the latent FD
variable is implied by the substantive theory which suggests multiple indicators
and linear relationships between the indicators and the unobservable components.
Obviously the classical errors-in-variables model z = £ + § is a special case of the
general factor model with one observable indicator and A fixed to 1.

Once the latent structure is explicitly recognized and modelled the main issue
becomes whether and how well the observable indicators measure the postulated
latent construct(s), which can be easily tested by simple confirmatory factor analysis.
To illustrate these issues, we will give some new empirical results using the same
data as in the existing literature.

For the first empirical illustration, consider the FD measurement models implied
by Levine and Zervos (1998) who investigate the relationship between economic
growth and various stock market development indicators. In addition, they also
consider multiple indicators of economic development using the following observable
variables in their analysis GDP growth, capital stock growth, productivity growth,
savings, capitalization, value traded, turnover, CAPM integration, ATP integration.
Using data from a cross-section of 47 countries, time-averaged over the 1976-1993
period, Levine and Zervos (1998) estimated a series of separate growth regressions of
the particular economic growth indicators on the various stock market development
indicators without testing the measurement models for the two latent concepts. The
key underlying assumption was that these indicators indeed measure the economic
growth and the stock market development, respectively. This implies a two-factor
model with GDP growth, capital stock growth, and productivity growth measuring
the latent economic growth and with savings, capitalization, value traded, turnover,
CAPM integration, and ATP integration measuring stock market development. Us-
ing the same data as Levine and Zervos (1998), we fitted the two-factor model with
maximum likelihood, which produced a x? fit statistic of 125.81 with 26 degrees of
freedom. This strongly rejects the model. Furthermore, the estimated error vari-
ance of the GDP growth is> —0.11 (0.09) while the correlation between the two latent
variables is 0.33 (0.13). Individual (cross-sectional) correlations between growth in-
dicators and FD indicators are all positive but the mis-fit of the measurement model
is problematic. Namely, the postulated indicators of the financial development and
the economic growth do not seem to measure the hypothesized latent variables well,
which brings in question the conclusions about the FD-growth relationship made by
Levine and Zervos (1998).

As a second example we take the Hali et al. (2002) study of the international

2Standard error is in the parentheses.
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financial integration and economic growth, where the latent international financial
integration is measured by several observable indicators. Hali et al. (2002) use
panel data from 57 countries over five 5-year periods (1976-1980, 1981-1985, 1986-
1990, 1991-1995, 1996-2000) and investigate the effect of the international financial
integration on the GDP growth. The observable indicators are capital account re-
striction measure, stock of accumulated capital flows divided by GDP, capital inflows
and outflows divided by GDP, stock of accumulated capital inflows divided by GDP,
capital inflows. We fitted a single factor model to these indicators obtaining a x?
goodness-of-fit statistic of 725.793 (d.f. = 5), which strongly rejects the hypothe-
sis that these five indicators measure a single latent variable. A trivial modelling
exercise easily identifies the source of the problem which turns out to be associ-
ated with the capital inflows indicator. Re-estimating the model without capital
inflows produced an insignificant x? of 5.879 (d.f. = 2). These results suggests that
capital inflows does not measure the same latent variable as the other indicators.
Interestingly, the growth regressions estimated by Hali et al. (2002) using individual
indicators in separate regressions find significant effect of financial integration on
GDP growth across various specifications mainly when capital inflows is used the
financial integration indicator.

The above two examples illustrate the likely drawback of not estimating the
measurement errors and of selecting noisy indicators of latent variables without
empirically testing the implied measurement models.

Our final example considers the possible bias of the regression coefficients due
to the measurement error. It is known that measurement error in the regressors can
bias the regression coefficients downwards (Aigner et al. 1984, Wansbeek and Meijer
2000). However, in heterogenous samples such as cross sections of countries, due to
the possible correlation between the fixed effects and the measurement error, the
direction of the bias cannot be easily determined. We will illustrate this problem in
the context of the FD-growth models when financial development is unobservable but
measured by various noisy indicators. We use the same data as Demirgii¢-Knut and
Levine (2001a), on 84 countries averaged from 1969 to 1995 where the variables are
several indicators of the financial development, GDP growth (AGDF;), logarithm
of the initial GDP (i;), government expenditure (gov;), change in consumer prices
(Ap;) and a sum of exports plus imports divided by GDP (trade;). We estimate a
simple FD-growth model

AGDP; = 1FD; + v2i; + v390v; + 74Ap; + trade;, (6.2)

as commonly done in the literature (e.g. Demirgiic-Knut and Levine (2001b)). Es-
timating the regression equation (6.2) by using individual noisy indicators such as
liquid liabilities of the banks (I;), share of domestic credit from deposit banks (b;),
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or credit to private sector (p;) produced three separate regression equations with y;
coefficients 1.92 (0.84), 3.767 (1.31), and 1.34 (0.765), with [;, b;, and p; as regres-
sors, respectively. When (6.2) is estimated as a SEM model with the latent financial
development measured with all three observable indicators, the ; coefficient is 1.21
(0.45). The coefficient estimates of 7,, 73, and -4 were very similar across all four
equations. It is immediately noticeable that -; differs considerably in magnitude
across different models, which is indicative of the measurement error bias. In this
case the bias from using individual noisy indicators seems to be upward. However,
it is difficult to make valid conclusions without modelling the possible feedback from
growth to financial development with a temporal lag and without accounting for the
country effects.

Data and variables

We will estimate an empirical DPSEM FD-growth model to illustrate the above
discussed methods using panel data on 45 countries observed over 25 years, running
from 1970 till 1995, and averaged over 5-year periods.® Our data come from the
same sources as the data used by Demirgiic-Knut and Levine (2001b) and Levine
et al. (2001), thereby avoiding possible data-induced effects in the empirical results.
The empirical studies such as Beck et al. (2000) and Beck and Levine (2003) use
data averaged over the five years periods in order to abstract from the business cycle
effects and we follow the same approach here.

While a criticism that business cycle dynamics should be better modelled by
using temporally less aggregated data (e.g. quarterly or annual series), the use of
a relatively small number of time averages does not itself cause asymptotic difficul-
ties for our purposes. While the maximum likelihood estimator of the fixed effects
requires the “T" — oo” asymptotics for the consistent estimation of the time means,
this primarily concerns the time span of the data rather then how the series were
aggregated.*

We estimate a simple FD-growth model that accounts for the dynamics and the

3For 25 years of annual data the use of the 5-yea.r averages requires computmg Wy = % E;Ll w;,

Wy = =5 LS Wsti, W3 = £ Y Wiogis Wa = £ 35 Wiss, and @5 = £ 35, w04
Generally, for the [-period time averages, the overall time mean can be written as

1 T T/l
th=1 t=T Z Zz_ Wjl+iy

which implies that

T/l
Jim 53 we=gim 7 ST ST e
Therefore, the use of time-averaged data does not introduce the “ short I problem in respect

to the maximum likelihood estimator of the individual fixed effects since the consistency of this
estimator will still depend on the length of the original (un-averaged) time series of length T'.
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measurement error. Formulating such model as a DPSEM model enables us to si-
multaneously model the measurement structure of the latent financial development
and its possible effects on the economic growth. Since DPSEM is a multi-equation
model, it is straightforward to include the second equation in which financial de-
velopment is endogenous, possibly affected by the lagged economic growth. The
variable definitions are given in Table 6.1.

Table 6.1: Observable and latent variables
Observable variables
Symbol Definition of variable
b, Deposit bank domestic credit divided by the sum of deposit
bank domestic credit and central bank domestic credit

Dt Currency plus demand and interest-bearing liabilities of
banks and nonbank financial intermediaries divided by GDP
Iy Value of credits by financial intermediaries to the

private sector divided by GDP
Gt Rate of real per capita GDP growth
it Log of real GDP per capita in beginning of the period
Latent variables
G, Economic growth
F; Financial system development
I Initial economic development

The indicators of the financial system development are constructed in the same
way as the indicators in the mainstream empirical FD-growth literature to avoid
introduction of data-specific differences in the results (see e.g. Back et al. (2000)
and Demirgii¢-Knut and Levine (2001b)). The empirical density plots (Figure 6.1)
suggest the observable indicators have reasonably symmetric bell-shaped distribu-
tions, thus can be treated as approximately normally distributed, which might be
of concern in maximum likelihood estimation given the modest sample size.

A naive finance-growth model

We will illustrate this important difference in the approach by considering a simple
“naive” finance-growth model

GDPt =+ ,Blbt + ﬁQit + ’YIGDR‘,—I (63)

that uses a single financial development indicator (e.g. b;) and ignores the possible
measurement error problem.

Consider first the panel data set consisting of N observations on each each of
the variables from (6.3), observed at T" time points and placed in the “wide” panel
matrix Xw of the form
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GDP?=2 <+ GDP; " — =
= 2 m2 m m =1 ! 64)
vGDPfsf mm GDPfi , y = A =
which allows computation of the covariance matrix
=N (6.5)

The standard approach to estimate the parameters of model (6.3) with standard
SEM software package such as LISREL is to specify a multi-equation model and
impose cross-equation equality constraints. In LISREL notation this model can be
specified as

30 GDP j Share of deposit bank domestic credit
20 10
10
hia'd
-05 0 05 2 0 1 2
75 Liabilities of banks and non-banks as share of GDP Credits to private sector as share of GDP
4
2
25
) 0 2 4 5 -25 0 25
Log of real GDP per capita in the beginning of period
10
5

Figure 6.1: Empirical density of the observable variables
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GDP;—o 0 0 0 0 GDP;—9
GDPi—3 | | B O 0 O GDP,_3
GDP;—y - 0 B2 0 O GDP—y
GDP;_s 0 0 PB4 O GDP;_s
7 B 7
for
bi—2
it=2
Mt M2 m3 0 0 0O O O O b Gi=2
L0 0 0 s 0 0 0 0 iy || 4=
0 0 0 0 0 7 77 0 O b:4 Gt=4
MO 0 0 0 0 0 0 ws ow/ | Ge=s
r bi—s ¢
\ it=5 )
S
¢ (6.6)

subject to equality constraints

P21 = PBa2 = Pas =711 = [
V12 =Y24 =736 = V8 =N
Y13 ="Y25 =V37 = Y59 = V2 = V2
Va2 = P33 = Yaa = P55
A path diagram corresponding to specification (6.6) is given in Figure (6.2).
The LISREL syntax needed to estimate this model can be written as

TI

DA NI=35 NO=225 NG=1 MA=CM

CM=widepanel.CM

SE 8 15 22 29 1 10 14 17 21 24 28 31 35 /

MO NX=9 NY=4 BE=FU,FI GA=FU,FI PH=SY,FR PS=DI,FR
FR BE(2,1) BE(3,2) BE(4,3) GA(1,1) GA(1,2) GA(1,3)
FR GA(2,4) GA(2,5) GA(3,6) GA(3,7) GA(4,8) GA(4,9)
EQ BE(2,1) BE(3,2) BE(4,3) GA(1,1)

EQ GA(1,2) GA(2,4) GA(3,6) GA(4,8)

EQ GA(1,3) GA(2,5) GA(3,7) GA(4,9)

EQ PS(1,1) PS(2,2) PS(3,3) PS(4,4)

0U ME=ML ND=5

where the "EQ” lines serve the purpose of imposing the cross-equation equality
constraints on coefficients and error variances. We obtain the following empirical
estimates

GDP, =0.112b, — 0.0434; — 0.133 GDP;_;. (6.7)
(0.012) (0.016) (0.037)
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Similar results could be obtained by using standard econometric software such as
PcGive or Ox and estimate a system of equations with cross-equation restrictions

such as
GDP=2 =D + & y[I"GDPt=i
GDPt=3= pl[l=3
GDPt=i= /84 + M3)*=4+ TPGDPU
GDPt=$ =N 4S5+ 4 P+

with cross-equation equality constraints

/> = [22>=/7P>=/7"4)=/31
T« = T1>=7f =74,S71

In PcGive batch language, for example, this model can be estimated by running the
following code, where letters “A”, denote different time periods,

module("PcFiml");

GDP
BTOT,
GDP
BTOT,
GDP,
GDP

Figure 6.2: Single equation model
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usedata("widepanel.x1ls");
system
{
Y
YA

BGDP, CGDP, DGDP, EGDP;

AGDP, BBTOT, BINI, CBTOT,

CINI, DBTOT, DINI, EBTOT, EINI,
Constant;

}
estsystem("0LS", 1, 1, 45, 1);
model
{
BGDP
CGDP
DGDP
EGDP

BBTOT, BINI, AGDP, Constant;
CBTOT, CINI, BGDP, Constant;
DBTOT, DINI, CGDP, Constant;
EBTOT, EINI, DGDP, Constant;

}

estmodel ("FIML");
constraints

{

&0=&12; &4=&12; &8=&12;
&1=%13; &5=&13; &9=&13;
&2=14; &6=414; &10=%14;
&3=&12; &7=&12; &11=§12;
}

estmodel ("CFIML");

which computes constrained full-information maximum likelihood (CFIML) esti-
mates, but does not impose equality constraints on the error variance across all
time periods, hence the empirical estimates would be numerically slightly different
from those obtained by LISREL. However, standard econometric packages such as
PcGive are generally not used for estimation of “wide-panel” models, rather the com-
mon approach is to estimate the “long-panel” models. We consider this approach
next.

The approach taken in the panel-econometrics literature is based on what might
be called the “long panel” format. Let Yg\l,)T denote a cross-section time series data
on N individuals observed over T time periods for variable “/”. Also let I’ be a lag
operator resulting in jth lag of Yg\l,)T. For a simple case with N =2, T' = 3 we have

() (0 (3\

2 Y1
) Y13 l _ l Y12 1 _ l Y
Yo = Yo1 ) Yg()3—1) =r Ygzg = 0 ] Yg()3—2) =L’ Ygg = 0

Y22 Y21 0
\ 123 \ ¥22 ) \ v

Since by assumption the pre-sample observations are zero, applying the jth lag
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operator will have the effect of shifting the values in the variable vector down j

places and replacing first j places with zeros for each i = 1,..., N. This operation

can be concisely written in matrix notation as

(ngT Y%)T) © (v ® Ster)

where ©® denotes the Hadamard product. For the special case with N = 2, T' = 3,

we have
(000000 (wu
100000 Y12
010000 Y13
SYi =
001000 Yor
0 00100 Yoo
\000010)\ s
and
0 0O 1
. 1 1
L2®S3L3=(1)® 1 00 1 :(1
010
therefore,
(o) (o)
yn 1
1
(553 Ygg) ® (2 ® Szes3) = S I
Y13 0
Y21 1
\v2) \1)
Note that
0 0 10 00
I,® S; = ®| 01
0 I;, 01
00
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hence we can alternatively write

(Skr Yir) © (on ® Shur) =

(0 o0 .
Iy® ST ( 0 Ir. )] SrYir,  (6.9)
—j

which gives us a concise full-sample matrix formula for the jth panel lag operator

L = (Iy® 84D;) S (6.10)

0
0 I,

Note we can write an S/R function that will compute panel lags as

where

lag.panel <- function(x, p, n, t)

{
dl <- power.shift(n * t, p) % * % x
d2 <- kronecker(rep(1, n), c(rep(NA, p), rep(1, t-p)))
dl = d2

}

We can now construct a “long” panel data set as

X, = [VecX'GDP : (IN ® SlTDl) Shrvec Xopp : vee X} : vecXQ] ) (6.11)

Note we used the panel lag operator (Iy ® S?}Dj) S only to lag GDP variable
once as this is the only lagged variable we use in the model. Our data matrix for
the special case with T' = 5 is thus given by

( GDPE' 0 hE g )
GDPL' GDPI b 5
GDPS' GDPR b= a5
X, = R (6.12)

GDPEY 0 o g
GDPE" GDPEY bl i

\ GDPEN GDPEY b"~” z?:%v)

Thus, the model (6.3) can be written in full-sample notation as
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vec Xgpp = a+ fivec Xy+Gavec X+ mvec Xgpp + ¢
= Z0+¢

where Z = (v : vec X}, : vec X ;pp) and @ = (a, B1, B2, m1)'. A standard econometric
approach to estimate @ would be by OLS using the formula

Oors = (Z'2)™ Z'vec X 5 pp. (6.13)

Estimating the single equation model (6.3) with OLS using PcGive, with data
in the “long panel” format, gives the following estimates

GDP,=a+0.121b; — 0.032 3, — 0.122GDP;_,
(0.025) (0.0136) (0.077)

Such model can, of course, be estimated using LISREL language using the following
simple programme

TI

DA NI=4 N0=225 NG=1 MA=CM

CM=longpanel.CM

LA

gbigli

SE

1234/

MO NX=2 NY=2 BE=FU,FI GA=FU,FI PH=SY,FR PS=DI,FR
FR BE(1,2) GA(1,1) GA(1,2) GA(2,1) GA(2,2)

0U ME=ML ND=5

where the maximum likelihood would give the OLS estimates. Estimates obtained
from LISREL are virtually identical, namely

GDP;, = —-0.001+0.121b; + 0.032 3; — 0.122GDP,_;
(0.001)  (0.025) (0.0317) (0.077)

We can note that the simple naive model using a single mis-measured financial
development indicator leads to the conclusion that financial development (proxied by
b;) has a positive and significant effect on economic growth. We will reconsider this
conclusion later one after estimating the model with multiple indicators of financial
development explicitly treated as a latent variable.

To conclude the comparison of the two approaches to the analysis of panel data
we can point out that the use of standard SEM software such as LISREL for the
estimation of simple single-equation models, such as (6.3), has no advantage over
the classical econometric approach and software. Namely, such model can be easily
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estimated with OLS (or IV if desired) using the “long panel” data vector of length
NT. However, the comparison is a useful exercise that illuminates the specifics of
each approach. It is easy to see that the reason why SEM software packages, such
as LISREL, need the “wide” approach is because a sufficient statistic in form of
the covariance matrix is needed for discrepancy function estimation implemented in
LISREL (minimising distance between theoretical and empirical covariances), which
cannot be be computed from data matrices made out of “long panel” NT-vectors.

We will now compare these two approaches in the case when more then two
equations are estimated simultaneously using full-information methods. While we
showed that single equations without measurement errors can be equivalently esti-
mated in both “long” and “wide” approaches, where the “long” approach leads to
the simple OLS estimator, the two approaches might lead to different results when
systems estimators are used.

Estimation of simultaneous equations with cross-equation restrictions is the area
where SEM software has a strong advantage even for models without latent vari-
ables (or measurement error) when the “wide panel” approach is taken. This is
simply because standard SEM software packages allow cross-equation restrictions in
respect to all components of the model, including error variances, and not only the
regression coefficients. On the other hand, pooling the data into the “long panel”
format and estimating a model that does not need to impose any cross-equation
restrictions might be simpler to implement, but it could lead to different results.
We will illustrate these issues on a real-data example.

Consider a simple two-equation simultaneous equation model

GDPFP;, = ag+ aiby — agiy — asGDP;_4 (6.14)
by = o4+ asiy—asGDP;_y, (6.15)

which simply adds to (6.3) the equation for financial development as a function
of the initial growth and lagged economic development. The “wide panel” SEM
approach can be illustrated by specifying (6.14)—(6.15) as a LISREL model
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(GDR2\ ( 0 G2 O 0 0 0O 0 0 \ (GDPtQ\
bi—o 0 0 0 0 0 0O 0 O bi—o
GDP,_3 B 0 0 By O 0 0 O GDP,_3
bi=3 | B O O O O O O O be=3
GDP—y | | 0 0 B3 0 0 B 0 0 GDP;—y
bi—4 0 0 Bez O 0 0O 0 O bi—4
GDP;—s 0 0 0 O Bz 0O 0 fBrs GDP—5
Nbes / N0 0 0 0 B 0 0 0 )\ bes )
n B
(M m2 0 0 0 ) (Clt 2\ ’
Y1 Y2 0 0 O GDP,_, Cot=2
0 0 ~v3 0 O it—;— gu“s
0 0 Y43 0 0 o 2¢=3
" 0 0 0 74 O =3 + Cit=4
0 0 0 14 O b=4 Cot=4
0 0 0 0 s \—Zt\z,.s_/ C1t=5
No 0o 0 0 mw : Nonss )
r

(6.16)

and impose cross-equation equality constraints on regression coefficients and error
variances as follows

Biay = Bs3) = Brs) = Y1)
Ba1) = Bes) = Bes) = V1)
B2) = Baa) = Bsey = L)
Y(2) = V(33) = Y(54) = V(75)
Y(22) = VY(43) = V(64) = V(85)
Y1y = Ya3) = Yss) = Yy
Y(22) = Vaa) = Y(e6) = P(s8)
Estimation in LISREL using maximum likelihood yields the following results

GDP, = 0122bt—0043zt—0133GDPt 1

(0.012) (0.015) (0.039)
b = —0.2754; — 1.152GDP;_,,
(0.047) (0.112)

which is obtained by running the LISREL syntax that imposes cross-equation re-
strictions by specifying an equation for each time point, namely

TI :

DA NI=35 N0=225 NG=1 MA=CM

CM=widepanel.CM
SE
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8 10 15 17 22 24 29 31 1 14 21 28 35 /

MO NX=5 NY=8 BE=FU,FI GA=FU,FI PH=SY,FR PS=DI,FR

FR BE(1,2) BE(3,1) BE(3,4) BE(4,1) BE(5,3) BE(5,6) BE(6,3)
FR BE(7,5) BE(7,8) BE(8,5) GA(1,1) GA(1,2) GA(2,1) GA(2,2)
FR GA(3,3) GA(4,3) GA(5,4) GA(6,4) GA(7,5) GA(8,5)

EQ GA(1,2) GA(3,3) GA(5,4) GA(7,5)

EQ BE(3,1) BE(5,3) BE(7,5) GA(1,1)

EQ BE(4,1) BE(6,3) BE(8,5) GA(2,1)

EQ BE(1,2) BE(3,4) BE(5,6) BE(7,8)

EQ GA(2,2) GA(4,3) GA(6,4) GA(8,5)

EQ PS(1,1) PS(3,3) PS(5,5) PS(7,7) PH(1,1)

EQ PS(2,2) PS(4,4) PS(6,6) PS(8,8)

EQ PH(2,2) PH(3,3) PH(4,4) PH(5,5)

OU ME=ML ND=5

noting that we specified NT = 225 as the sample size instead of N = 45 to make it
comparable with the the sample size used in the “long panel” estimation.
The same model can be estimated using the “long panel” approach by computing

Sr=(N-1)"'X. X',

as an input matrix for LISREL. Estimating (6.16) by LISREL using maximum
likelihood yields the estimates

GDP, = 0.122b, — 0.0324; — 0.122GDPFP;_,

(0.012) (0.032) (0.077)
by = —0.2994% — 1.0563GDP,_;,
(0.093) (0.219)

which was produced by running a considerably simpler LISREL syntax that does not
specify the model for each time point and hence does no impose any cross-equation
restrictions, i.e.,

TI

DA NI=4 N0O=225 NG=1 MA=CM

CM=longpanel.CM

LA

gbig.l1

SE

1234/

MO NX=2 NY=2 BE=FU,FI GA=FU,FI PH=SY,FR PS=DI,FR
FR BE(1,2) GA(1,1) GA(1,2) GA(2,1) GA(2,2)

0U ME=ML ND=5

Here we have used the 4 x 4 S, as an input covariance matrix “longpanel. CM”,
letting LISREL treat it as a ’sufficient statistic’ covariance matrix. The results are
similar to those obtained before by using the 15 x 15 S matrix (“widepanel. CM”).
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Similar results can be obtained using PcFiml or any other package for systems
estimation that uses full-sample maximum likelihood rather then sufficient statistics
such as Sy, or Sy. This conclusion changes when latent variables are present, as we
will show next. Before proceeding, we should additionally note that we encountered
no convergence problems while estimating the above simple models. It turns out
that this also will change with inclusion of latent variables and complication of the
model, which calls for starting values different from those automatically generated
by LISREL.

Empirical modelling

We consider the the measurement model for the latent financial development by us-
ing the observable indicators b;, p;, and l;. Beck et al. (2000), for example, run three
different sets of growth regressions using b;, p;, and [;, which importantly assumes
that these three indicators indeed measure financial development. A factor-analytic
interpretation of the first assumption is that these indicators measure a single latent
variable (factor) or that a single latent variable accounts for the observed correlations
among b, p;, and l;. To this end we specify the following measurement model

bt /\11 E Eb)
p | = 2 | B+ | 2 |, (6.17)
lt )\31 Egl)

where the measurement error covariance matrix is of the form

6 o0 o0
O.=| 0o 6% o |. (6.18)
o o 6%

We allow a third-order autocorrelation process in I;, which can be specified as®

1 0 0 0 O

3 ér 1 0 0 0
> (Si® &) ¢ ¢1 1 0 O (6.19)

§=0 ¢3 2 1 1 0

0 ¢3 ¢2 1 1

This specification implies that the observable indicators measure a single latent vari-
able over the entire sample period. Correlated measurement errors are not permitted
but (6.19) allows fairly general dynamics in the exogenous latent variable process.
As the first step, we estimate only the measurement model (6.17) obtaining
the maximum likelihood estimates reported in table 6.2. This was achieved using

5We only specify the lower triangular of this autocorrelation matrix due to symmetry.
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LISREL 8.54 with default starting values (i.e. computed by the programme), which
encountered no convergence problems.

The estimated coefficients (table 6.2) are all of the same sign and statistically
significant. The overall fit of the model, however, is rather poor with the 2 fit
statistic nearly five times greater than its degrees of freedom parameter. This brings
in question the empirical results based on the separate growth regressions, but it also
calls for considerable extension of the FD-growth research framework in the direction
of searching for additional or better FD indicators. Recalling the example of the Hali
et al. (2002) study where we showed how dropping a single indicator can considerably
improve the fit of the model, the search for better indicators might be awarding in
this case too. Another immediate implication for the empirical literature would be
in using formal statistical procedures for the assessment of the measurement models
as tools for selecting the observable indicators rather then guiding the selection only
on the substantive grounds.

Table 6.2: FD measurement model estimates

All countries Developed countries Developing countries
6; Estimate (SE) Estimate (SE) Estimate (SE)
A11 0.018 (0.003) 0.007 0.002) 0.026 (0.005)

A21 0.063 (0.005) 0.077

(
( 0.009) 0.053  (0.006)
a1 0.096 (0.007) 0.106
2 (
(

0.012) 0.076  (0.008)
0.006  (0.001)
0.002  (0.000)

o 0.004 (0.000) 0.001

€1

o2 0.003

€2

(
(
E
0.000)  0.003  (0.000
(
(
(
(

)

)
o2, 0.006 (0.001) 0.007  (0.001) 0.004  (0.001)
b1 0.023 (0.012) 0.023  (0.018) 0.022  (0.017)
¢ 0682 (0.031) -0.662 (0.041)  —0.691  (0.044)
¢s  -0.671 (0.031) -0.652 (0.042)  —0.678  (0.045)
v 543.489 266.492 333.820
d.f. 111 111 111

Next we divided the countries into developed and developing (Table 6.3), con-

sidering the possibility that these two groups of possibly quite different countries
might have differently measured financial development.
The estimates in Table 6.2 indeed suggest that separate models fit better. The error
variances and autocovariances of the latent variable F; are fairly close between the
two groups, though some differences can be observed in the factor loadings, which
might be one of the sources of the improved fit. Namely, it seems that I; (value
of credits by financial intermediaries to the private sector) has greater weight in
measuring financial development for developed countries, while the opposite holds
for b; (ratio of domestic and domestic plus central bank credit).

Finally, we aim to estimate the full DPSEM model including economic growth
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Table 6.3: Country groups

Developed countries Developing countries
Australia UK Cameroon Kenya Syria
Austria Greece Colombia  Korea Thailand
Belgium Ireland Costa Rica Sri Lanka Trinidad & T.
Canada Italy Ecuador Malaysia Venezuela
Switzerland Japan Egypt Pakistan South Africa
Germany Netherlands | Ghana Philippines -

Denmark Norway Guatemala Papua N.G. -

Spain New Zealand | Honduras Rwanda -

Finland Sweden India Senegal -

France USA Jamaica El Salvador -

and an additional exogenous control variable, the initial GDP per capita. The
first equation is a dynamic FD-growth relationship, which includes lagged economic
growth, while the second equation accounts for the possible feedback from the lagged
growth back to the current financial development. The DSEM specification is of the
model is as follows. Structural model is given by

G\ _(0 B3¢ W0 (G w4

= 1 o o |t

F 0 O F o1 0 Fi Y21 t
S N— e N e N SN———r

' < v o - ~ - Et
nt Bo "7: B1 nt—l I'o Ct
(6.20)

while the measurement model assumes that economic growth (G;) and initial GDP

(I;) are measured without error, while the financial development is measured by the
same three observable indicators as before,

gt 1 0 0

b 0 A G ®

t = 2 el | (6.21)

Dt 0 s F &

lt 0 A42 n, Egl)

LA U

Y. Ay &
e = 1 .
(7 t (6 22)
L+ &

This specification postulates a possible FD-growth effect, while in the same time it
considers the alternative explanation, namely that higher levels of financial develop-
ment occur in those countries which had higher economic growth in the recent past
(i.e. over the past five years period). The parameter matrices to be estimated are
specified as follows
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0 0 G
B (0 ﬁ”) B_(ﬁ’O) P_(7§1)) I,_( 9 o0 )
0= ’ 1= (1) ) 0 — (0) ) - (F) 3
0 0 51 0 Y21 0 22

¢ 0 0 0 O
3 1 ¢ 0 0 0O 6% 0 o0
Y (Sio®)=| ¢ 61 60 0 0 |, O.=| 0 62 0
=0 $3 ¢2 é1 ¢o O o o oY

0 ¢3 ¢2 &1 o

The above specification utilised the DSEM parameter matrices which require
recursive specification of the relationship using the “t-notation”. Estimation in
LISREL requires re-casting of the DSEM model in the form of a LISREL model,
which can be best illustrated in the standard LISREL path diagram. Using LISREL-
style notation (b = yt( ), P = ytZ), l; = yt(3), gt = 2, 1y = Xy, Gy = n(l) F, = ntm,
I; = &) the above model can be represented with the path diagram shown in Figure
6.3.

The LISREL syntax corresponding to the path diagram in Figure 6.3 is given in
Appendix §6B. However, running this syntax with the default starting values gen-
erated by LISREL does not lead to convergence, which appears to be the case even
after several thousand iterations. Some experimentation with random or arbitrary
starting values equally lead to convergence failure.

The starting values that enable fast convergence of the LISREL’s algorithm can,
nevertheless, be obtained by using the instrumental variables estimates obtained by
estimating the model in its OF form using the methods outlined in chapter §5. To
obtain the OF-1V estimates we need to re-write the DSEM model (6.20)-(6.21) in
the observed form. Using l; as a unit-loading indicator (proxy) for F;, the structural
equation model can be written as

(1) (0) Ie)
gt 0 BY gt Y o gt—1 Y e
( e — 6(1) > ( 0 0 I, — 8“) * S) 0 i1 — 6(1) * (O) e Ct(F) ’

which can be re-written as

o 0 5O 69 0 [ g A0\ (O 500
( l:) (0 ﬂO > ( I >+( 5(1) 0 ( l:_ll >+ %l) it C(F)+e(l) .

Collecting the measurement errors that appear in each equation, we can deter-
mine which lagged errors are uncorrelated, i.e.,
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Figure 6.3: FD path diagram
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which implies that, e.g., €£l) appears in the first structural equation, and it is uncor-

related with efi)j, 5?';)]., and sgl_)l_j for j =1,2,.... We can use similar notation to

identify the model-implied valid instruments as

avy _(Iv) ;av)
( . ) = ( ity "y ) , i20,

t—j o Pi—j > bt—1-j
which indicates that, e.g., bgf‘;), pﬁ‘i‘;), and l§£‘1’)_] for 7 > 0 are valid instruments in
the equation for ;. It is easy to see that in the case of the two variables that are
assumed to be measured without error, g;; and 4,_; are valid instruments for all j.

The measurement model (6.21) can be written in the observed form by substi-

tuting l; for F; as

gt 1 0 0
bt = 0 )\22 ( ?t ) + €§b) - /\nggl)
Dt 0 As2 i e?) — Agel)

Lagged errors that should be uncorrelated with the measurement errors appearing
in the equations are

b !
, 0 , Egg_)j, Eg_)j, 51(31:)3', 5%_)_«,
Eg ) )\225§) = 5@;',5@1—3‘,5@9"5%—)1—1' , 720,
! b l
59’) — )\325§) sﬁ“i)j,sg_)j,eg’i)l_j, EE_)l_j

which implies the following lagged indicators as valid instruments

v v v v

gt gt(—j )’ br(t—j) ) Pg—j)7 l§—j)
v v 1v v .

be | = | ol 60 eI L =0 (6.23)
v IV v v

Di gg—j)a bz(t—j) ) pg—l)—j’ lg—l)—j

Of course, instrument validity is an empirical issue and we should proceed by
testing it by considering different sets of the model-implied instruments. We con-
struct the instruments for an indicator x; by applying the instrument generating
operator S%;, defined in (5.20) thus constructing the instruments as §%, a; for j > i
where 4 is the minimum lag length implied by (6.23). The panel lags are computed
with the S+ function panel.lag(), and the panel instruments are computed with
the S+ function instrument (), both defined in Appendix §6A.

Selection of instruments in practice is often a subjective process based on trial
and error, where an instrumental validity statistic, such as the Sargan (1988) test
(5.27), is used to asses empirical validity of a particular instrument set. However,
given our intention to use the OF-IV estimates as starting values for the maximum
likelihood estimation we need simple rules for testing alternative sets of instruments.
If the instrument-selection rules can be made automatic, there would be a potential
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for programming an algorithm that can generate OF-IV starting values automati-
cally.

We suggest the following simple method for grouping the potential instruments.
First, divide all eligible instruments into groups of instruments lagged once, twice,
and three times. We restrict the maximum lag length to three here given T' = 5. For
example, using only the indicators of the latent financial development as potential
instruments, we can define the j-th lagged set of instruments as

1V; = (S4yby - S4ypy : Sil) . (6.24)
It is possible to consider sets of instruments at given lag lengths combined together,
which aids the simplicity and automatisation of the selection procedure. We will
consider a minor complication in adding instruments based on g; and #; necessary
to decrease the Sargan test statistic. As a simple decision rule for selection of the
“best” set of instruments we suggest using a tradeoff of the minimised Sargan’s x?
test criterion and the minimum regression standard error (5). The results of the
IV tests shown in Tables 6.4 and 6.5 were obtained by the GiveWin 1.30 using the
batch code given in Appendix §6B

Table 6.4: IV validity tests: Structural equations
Structural equation g;

Instruments sets IV validity x* d.f. i

Iy, IV, IV 20.805 8 0.02054
IV, 1V, 15.748 5 0.02070
Iy, 1V; 13.794 5 0.02047
IV, 1V3 14.140 5 0.02047
i 9.388 2 0.02066
Vi v 2.176 2 0.02772
IVs 5.161 2 0.02060

Structural equation /;

Instruments sets IV validity x* d.f. G

Iy, IV, IV3 86.678 12 0.144074
vy, IV, 69.606 7 0.149933
vy, 1Vy 67.744 7 0.151216
1V,, 1V, 39.697 8 0.15143
W 39.628 2 0.175956
y* v 3.834 3 0.141764
1V, 27407 3 0.167316

Using the selected instrument sets (marked with v* in Tables 6.4, 6.5) we obtain
the GIVE and FIVE (3SLS) estimates reported in Table 6.6. Using the GIVE
estimates as starting values in LISREL enabled convergence in only 22 iterations,
with the resulting ML estimates given in Table 6.6. Using FIVE estimates as starting
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Table 6.5: IV validity tests: Measurement equations
Measurement equation for b;

A

Instruments sets IV validity xy* d.f. E
IVy, IV, IV3 42246 8  0.06326
v, 1V, 40.753 5  0.06335
IAZAA 9328 5  0.06347
IVy, IV3 36.393 5  0.06323
v, 6.578 2 0.06402
1V, 28.398 2 0.06998
V3 v 5690 2  0.06289
Measurement equation for p;

Instruments sets IV validity x* d.f. b
Vi, 1V, IV 76.452 8 0.061783
vy, IV, 64.454 5 0.062349
vy, 1V3 54493 5 0.061419
IVy, IV; 99.895 5 0.061671
A% 34.122 2 0.062206
Vv, v 12946 2 0.073943
1V3 44668 2 0.061336
* (IV)

g; ' and z'g.lv) included in the instruments set.

values enabled LISREL to converge in 18 iterations, however it was necessary to set
the ,Bﬁ) coeflicient to zero, as the programme failed to converge using the FIVE
estimate B2 = —0.1270, which is of the wrong sign. The LISREL syntax along
with the syntax that specifies starting values that use FIVE estimates is given in
Appendix §6B.

Estimation of the DPSEM model (6.20)—(6.21) by maximum likelihood produces
the estimates reported in table 6.6, which also reports the GIVE and FIVE estimates.
It is notable that GIVE estimates have larger standard errors then either ML or
FIVE estimates.

In addition to the full-sample estimates, we estimated two separate models for
the sub-samples of developed and developing countries, with the results shown in
Table 6.7.

Similarly to the results obtained above for the measurement model alone, the
full model (6.20)—(6.21) fits considerably better in the two sub-samples than in the
overall sample. The apparent lack of the close fit might be due to departures from
normality, which is not an ignorable issue with small samples such as this. Thus,
we test the normality of the model residuals (see figures 6.4 and 6.5).% Using the
Doornik and Hansen (1994) normality test we obtain the normality x? statistics with

6The residuals here refer to the differences between the corresponding elements of the fitted
and observed covariance matrix.
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Table 6.6: FD model estimates

FIML GIVE FIVE (3SLS)
Parameter Estimate (SE) Estimate (SE) Estimate (SE)
-0.0077 (0.0114)  -0.0068 (0.0210)  -0.0089 (0.0185)
A\] 0.0035 (0.0747) 0.0063 (0.0769)  -0.1270 (0.0706)

09841 (0.4560) -0.5262 (2.0922)  0.4001 (0.5054)
-0.0800 (0.0267)  -0.0742 (0.0370)  -0.0560 (0.0333)

799 07402 (0.1564)  -0.2413 (0.8133)  -0.8658 (0.2148)
Aoz 0.1569 (0.0429)  0.0754 (0.0620)  0.1818 (0.0541)
Asz 04349 (0.0808)  0.7326 (0.2672)  0.5246 (0.0536)
e 1.0000 - 1.0000 - 10000 -
W 0.0039 (0.0004)  0.0040 - 0.0041 -
0.0042 (0.0004)  0.0055 - 00039 -
) 0.0005  (0.0006) - - - -
47 0.0138  (0.0029)  0.0201 - 00189 -
42 0.0004 (0.0000)  0.0004 - 00004 -
P 0.0026  (0.0003) - - - -
0i** -0.0004  (0.0001) - - - -
(7 -0.0015  (0.0002) - ; . -

* Fixed parameter.
** Sample (auto)covariance for GIVE and FIVE.

2 d.f. of 30.584, 2.840, and 49.816 for the full sample, developed, and developing
countries’ models, respectively. Clearly, we cannot reject the normality only for the
model estimated with the sample of developed countries, hence caution is needed in

interpreting the x 2 fit statistics reported in table 6.7.

Residual density
225 Residuals Nls=1 98)

175
125
075

.05

025

Figure 6.4: Density plot of the standardised residuals: Overall sample
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Table 6.7: Sub-sample estimates
Developed countries Developing countries
Parameter Estimate (SE) Estimate (SE)

/3 0.0020 (0.0057)  -0.0044  (0.0253)
4> 02229 (0.1012)  0.0383  (0.1011)
41> 50018 (1.7091)  0.4468  (0.4007)
02275 (0.0402)  -0.0742  (0.0392)
729 -0.3048  (0.7068)  -0.5530  (0.1465)
" 0.0387 (0.0277) 02901  (0.0898)
A 04634 (0.1673) 04660 (0.1052)
A 1.0000 - 1.0000 -
52> 0.0011 (0.0001)  0.0056 (0.0008)
0.0057 (0.0011)  0.0029  (0.0006)
o -0.0006  (0.0044)  0.0010  (0.0020)

0.0181  (0.0072) 0.0087  (0.0023)
0.0001  (0.0000) 0.0006  (0.0001)

0o 0.0004  (0.0001) 0.0038  (0.0005)
01 -0.0001  (0.0000) -0.0007  (0.0001)
02 -0.0002  (0.0000) -0.0020  (0.0003)
310 310

d.f. 622.6845 620.1287

i

1

-7 I)en;i(’ty -5 <4 3 2 [ O 1 2 3 4 5
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Figure 6.5: Density plot of the standardised residuals: Sub-samples

Conclusion

Despite the normality issues, the results contrast the mainstream empirical FD-
growth literature. The first is a clear difference between the models for the two
groups of countries, which suggest a more elaborative substantive theory should be
developed to explain the FD-growth relationship relative to the level of development

155



of the analysed countries. The second finding is that financial development has no
significant impact on growth (ﬁ§2’), while lagged growth has strong positive impact
on the current financial development ( ﬁ)), which equally holds in the full sample
as well as in the two sub-samples, separately. We also find that initial capital
significantly affects both growth and financial development in the overall sample,
but its effect on growth diminishes for the developed countries, while its effect on
financial development is insignificant for the developing countries. The coefficients
of the measurement model are similar to those estimated before, with generally
significant loadings and error variances. We note that the smallest error variance
belongs to y3 (credit to private sector), which suggests that this indicator might be
somewhat better then the other two.
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6.3 Application II: UK micro consumption model

The relationship between consumption expenditure and personal disposable income
is a widely researched topic in the empirical economics literature. The cornerstone
of most of the debates has been the relationship between consumption and income in
relation to the permanent income hypothesis (Friedman, 1957) and the life-cycle hy-
pothesis (for a review see Deaton (1992)). This theoretical framework predicts a rela-
tionship between permanent income (annuity of the life-cycle income) and consump-
tion, but does not predict strong relationship between current income and consump-
tion. In theory, rational consumers should not respond to windfall gains and tempo-
rary income increase in increased consumption, rather their consumption should be
smooth across the life-cycle, which is achieved by borrowing when income is low and
repaying the debts when income increases (e.g., later in life). However, preponder-
ance of the empirical studies using either micro or macro data reject the permanent
income hypothesis insofar they find strong and statistically significant relationship
between current income and consumption. Such empirical finding is known as ex-
cess sensitivity of consumption (Hayashi 1982, Campbell and Mankiw 1989, Camp-
bell and Mankiw 1990, Campbell and Mankiw 1991, Deaton 1992, Browning and
Lusardi 1996, Madsen and McAleer 2000, Madsen and McAleer 2001).

There are several theoretical explanations for the excess sensitivity of consump-
tion in the literature. These explanations can be classified into three main groups,
the liquidity constraint approach (Flavin 1981, Hubbard and Judd 1986, Jappelli and
Pagano 1989, Scheinkman and Weiss 1986), the uncertainty hypothesis (Blanchard
and Fischer 1989, Zeldes 1989, Deaton 1991, Aiyagari 1994, Muellbauer and Lattimore
1995, Carroll 1997, Ludvigson and Paxson 2001, Hahm and Steigerwarld 1999, Gour-
inchas and Parker 2002) and the behavioural life-cycle hypothesis (Madsen and
McAleer 2001).

An important question is what happens to income elasticity (i.e. coefficient of
income in the regression of consumption on income) if the consumption function is
estimated as a latent-variable model.

The statistical explanation of excess sensitivity finding might rest in the effect
of contemporaneous correlations among income and consumpt'\ n indicators on the
relationship between income and consumption itself. Larsen| (R002) suggested to
estimate the latent total consumption in a household aiming‘e{ improving the ac-
curacy of permanent income studies. He noted that, while the sum of individual
expenditures (in a housshold) is an unbiased estimator of latent total household
consumption, it is also\in- ptimal as such sum is an unweighted sum of components
that contain measurement error. It can be added that not all expenditures are
always reported, thus even if we accept to operate with an unweighted sum, such
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variable might still not resemble total household consumption expenditure, and a
similar thing holds for income (where non-reporting of some types of incomes is a
well known problem in household surveys). Larsen (2002) derived an alternative
estimator of total household consumption, based on latent variable methods, that
is unbiased and variance minimising. Essentially, by estimating a latent-type of
model for household consumption, Larsen (2002) derived weights for various con-
sidered types of consumption expenditures (including also non-expenditure indica-
tors). This line of research extended the previous efforts of estimating household
consumption more precisely though still relying on total purchase expenditure (Kay
et al. 1984, Aasness et al. 1993, Aasness et al. 1995).

Empirical studies that attempt to model the income-consumption relationship
using latent variable techniques are scarce in the literature. There were few attempts
to use the latent variable methods for this problem, primarily due to dynamic na-
ture of the income-consumption relationship and inability of the typical covariance
structure based models to handle data with pronounced dynamic component. For
example, Ventura and Satorra (1998) use Spanish household data to estimate life-
cycle effects on some product expenditures with only two years of data.

We will estimate a latent consumption function model that incorporates possible
liquidity constraints effects using micro data from the British Household Panel Study
survey and incorporating data for the 13 currently available waves (years).

Data and variables

The data for this empirical analysis comes from the British Household Panel Sur-
vey (Taylor 2005), which has 13 waves (years) of data available. For a number of
variables all 13 years can be merged into a joint panel. The available variables on
consumption expenditure and types of income, as well as potential liquidity con-
straints indicators vary across waves, and as our primary purpose is to illustrate
dynamic latent variable modelling using data with pronounced time-series dimen-
sion we make a compromise by using only variables that were available across all 13
waves.

Specifically, we are forced to give up otherwise relevant durable expenditure
data that are available only for the last six waves. The variables that we use in the
model (with original BHPS codes) are shown in Table 6.8. By a BHPS convention,
the variable codes are prefixed by wave identifiers a, b,...,m. Household data
(expenditures) were first spread onto individual level, and subsequently combined
with the individual level income data, thus creating all-individual data files for all
waves. Finally, wave-specific files were merged into a joint panel for all individuals
across all waves in the both ”long panel” and “wide panel” formats.

The data is a panel of 5,152 individuals observed over 13 years, hence NT =

158



Table 6.8: BHPS variables used in the model

BHPS code | Description

HSIZE Number of persons in household

XPHSD1 Housing payments required borrowing
XPHSD2 Housing payments required cutbacks
XPHSDB Been 2+ months late with housing payment
XPHSDF Problems paying four housing over the year
XPFOOD Total weekly food and grocery bill

XPHSG Gross monthly housing costs

QFACHI Highest academic qualification

HGEMP Employment status

FYRL Annual labour income

FIYRNL Annual non-labour income

FIYRI Annual investment income

SAVED Amount saved each month

Table 6.9: Data transformation and variable names

Symbol | Description Transformation
fi Annual personal food expenditure 52*(XPFOOD/HSIZE)
hs Annual personal housing costs 12*(XPHSG/HSIZE)
1 Annual labour income FYRL
it Annual investment income FIYR
St Annual personal savings (FYRL + FIYRNL + FIYRI
- XPFOOD - XPHSG)
Tt Cumulative credit repayment problem | (YPHSD1 + XPHSD2
+ XPHSDB + XPHSDF + HGEMP?)
et Highest level of academic education GFACHI

@ HGEMP was recoded so that 1 = working; 0 = not working

66,976. Data transformations used to create substantively relevant quantities are
specified in Table 6.9. We create observable indicators for three latent variables: con-
sumption, income, and liquidity constraints. The variable transformations allowed
us to compute all quantities on annual, individual level. The variable cumulative
credit repayment problem (r;) was created in an attempt to extract the informa-
tion on possible credit constraints; it sums indicators (0 and 1) of several types of
credit repayment problems, thus cumulating to total number of credit difficulties
(see Table 6.9). Personal savings is another variable frequently used in liquidity
constraints modelling (Hayashi 1982) where individuals (or households) with posi-
tive saving rates are assumed to be liquidity un-constrained. Note that values for
all variables were created on the same (annual) level thus the monthly (XPHSG) was
multiplied by 12, and the weekly food expenditure variable (XPFOOD) was multiplied
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by 52. The expenditures were further divided by household size (HSIZE) to obtain
an approximate estimate for individual household members.

Empirical modelling

We consider a dynamic structural equation model that relates current consumption,
modelled as a latent variable, to current (latent) income, past consumption, past
income, and current and past liquidity constraints. The model also relates current
income to past income and education, which is assumed to be time-invariant and
measured without error. Finally, the (latent) liquidity constraints are also modelled,
and are assumed to depend on its own past as well as on the past consumption. Table
6.10 lists latent variables and their observable indicators.

Table 6.10: Latent and observable variables

Latent variable Symbol Observable indicators
Consumption C; Sty e
Income I; l;,
Liquidity constraints L, St, Tt

We suppose that excessive spending in one year causes greater degree of liquidity
constraints in the following year(s). This model can be specified as a special case of
the PDSEM model

5
n = Z Bjn,_; + I'o&; + G, (6.25)
=0
Yy, = Amn t+e (6.26)
z; = & +0; (6.27)

The measurement model(s) for the latent variables C;, L;, and I; are specified as

() (1 0 o) ()
hy AP0 0 c e
I, 0 1 0 ! e
= . I + . , 6.28
0 a3 o || ]| (625)
Ly (8)

St 0 1 N, s’ o

0
\r) o og) T\
Y, 7;; E:

while the single-indicator education variable F; has the measurement model

€ = Et + 5,53) . (629)
L & .
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The structural part of the model describes the relationships among the latent
variables and is specified as

Cy 0 82 B3\ [ C BY B BE\ [ Cia
Lo | =0 o g || L |+| 8% 62 8% || Liw
I, 0 0 O I, o o g% A
7, B, n, B, Moy
D 82 B\ [ Ca 0 0 0 Cis
+ e e Lo |+| 0 8% 89 Lis
0o o BY Lo o 0o BY Lis
é 2 7’:—2 ﬁg n:—a
P o o Cia 00 0 Crs
+ 0 A% o Les |+] 00 o0 Li_s
0 o gy T4 00 A5 L5
34 "7::4 55 n::5
0 Y
+ 0 E,+| ¢ | (6.30)
(0) 4 I
Y31 gt Ct
N’ N
r, Ct

The covariance matrix of the measurement errors does not permit correlation
(and autocorrelation) among measurement errors and is thus specified as

(60 0o o o 0 0 )
o & o o 0o o
0
e, = 0 0 5 ((), 0 g (6.31)

o 0o o0 62 o
0 0 0 0 62 o
\ 0 0 0 0 0 6F

Finally, the covariance matrix of the errors in the structural equations is specified

as diagonal, i.e.,

C
© 0 0

T=| 0o ¢ o |. (6.32)
0o o0 P

While the above (DPSEM) specification is relatively simple, specifying the same
model in LISREL syntax is exceptionally tedious due to the necessity to specify
all relations for each of the 13 time periods separately and impose cross-equation
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equality restrictions. To illustrate the drawbacks of LISREL specification consider
the path diagram of the above model specified as LISREL path diagram. Figure 6.6
shows only one half of the full path diagram for the this model, i.e., for the first 7
time periods only, whereas the specification for the remaining periods remains the
same.

Evidently, the descriptive clarity of SEM models’ graphical representation by the
means of path diagrams is largely lost for dynamic SEM models specified as LISREL
path diagrams. Moreover, the LISREL package fails to generate or interactively
build path diagrams beyond certain size and complexity, the diagram in figure 6.6
is an example of a path diagram that cannot be handles by LISREL, though the
programme was capable of estimating the coeflicients when good starting values
were provided.

As in the previous section, we firstly estimate the OF model. The observed form
of the structural part of the model is

e\ (08 AN (A=) (8D 8D D) [ amd
ly — & = 0 0 52) ly — & Y+ ﬁél) 92 ﬁzs) b1 — 55—1
sy — el 0 0 0 5 — &8 0 0 ﬂ§§) 841 — efs_)l
(B A AN (fa e\ (0 0 0 [ feame
3 3
N ¥ Ao e R e
\ 0 0 ﬂé? St—2 — €§s_)2 0 0 33 §t—3 — e§_)3
Y o0 o A 00 0 15 — €0
1 4 +=5
+ 0 é;) 0 lt_4 - E§Q4 + 0 0 ?5) lt_s — Egl_)s
\ 0 0 :gg) St—4 — Egs_)4 00 1333 St—5 — 553_)5

+

0 C
( 0 )Et+(c?), (6.33)
%P d

hence by collecting the terms, we can see that the composite additional error terms

due to measurement error is given by

1 1 . 1 2 2) (U 2 3) ( 3 5 ( 1
5£ S 351)5291 + 5&2)55—)1 + ﬁés)eu(:i)l + ﬁ£1)€§£)2 + ﬂéz)sg—)z + 353)555—)2 + ﬂ;2)5£—)3 + 353)5@3 + ﬂ£2)5§24 + Eg )

0) (1 0 1 1) @ 1 2 2) ( 2 4

( () ﬂ£2)€‘(5 )+ ﬁgs)sgs) + .3{1)5&91 + ﬁ§2)€£—)1 + ﬂga)ey-)l + ﬂil)sgz + ﬂgz)eg-)z + 3{3)553-)2 + 5%1)5&)4 + EE”

Boa ’
BSRel, + BB e, + B el + B e, + A5 el + el

thus (6.33) can be rewritten by separating and collecting the errors as
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fi—2 0 0 0 fi-3
(lt_g ) +| o 82 5D b3
o o g $t-3
Y o o

fi—4 00 O fis 0
+ 0o 8% o g |+ 00 0 s |+ 0 Je
0 0 ,Bé‘;) St—4 00 ﬁgg) 8t—5 7§2)
(0 B2 By (eﬁ” ol B ﬂ%)) ey
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523) Ct

hence the uncorrelated error components are

1 . . .
D, 5=0,12 e, 5=0,1,2,3,4 e, 5=012

Sg)!egl—)l’5§22 ’ Eif)1€§i)l’ 5$£)215£i)4 ’ €£S)’€£a—)1’5§8—)2 ) ® D @ o "
(f h i i s r

69 ) Ey_)l ’ Egl_)gv Egl_)a, €§l_)4 ’ Egl:)l ’ Egi)g ’ €£3_)1y Egs_)g ) 55?3 Et_5—j1€t—j1E4_3_j» Etj-j’ Et—3—j ’ Et—j
= n (hy (B (B _(9) (r) ,

~ RN / \ J
v v

€4 3—j18¢_j164_5_51E 151604 j2& 5

) (€2 . (s) _ 1
() (8 _(8) _(8) _(s) _(s) N .
€f €L 1164 2,643,646t 5 >0

-

e, 7=01,23,4,5

which implies the following valid instruments for the structural equations

f aV) pUv) Jav) av) (v) (V)
t t—5—77 "bt—j5 2 %4—8—j> “t—j »°t—-3—jr"t—j
IV v v (IV IV IV
lt = t(—3lj> hg—j)v lé—s)—j’ Zg—j)’ 1(:—4)—j’ 'ré—j)
(V) (V) 4Iv)".avy vy " av)
St t—j 2 Mg s bt—j b5 St—6—j> Tt—j

The observed form of the measurement model is
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MY (AR 0 0\ [fhi-P\ [P
) 0

w | = 0 A9 L—el | +]| ¥ (6.35)
Tt \ 0o o0 A9 K sy — e elr)
(0 0\ () [P oA
= 0 XY o Lo+ P -a0e0 |, (6.36)
Vo0 a8/ s e — AQel?

hence the uncorrelated lagged errors are

h h h i 4
5§ )~ )‘(21)5§f) Eg—)l—j75§]:)1—jv51§2i’Eg—)iiegi)i’gr(ts—)i

55.1) - )‘4(112)55) = Eé—)i’ ggf)‘i’egz—)l—j?sg—)l—jlegi)i’gr(:i)i , §20,
h ] l
o aeo )\ dedm o T

which implies the following instruments

v vy (V) ,dv) _av) IV
Py hr(ﬁ—l)—j7 t(—lljﬂg—i),l£—1)7r§—i),3§—i)
. V)" p(Iv) IV v vy (v .
w | = hg—i)’ t(—i)77’2—1)—]'7lg—lz—jvrt(—i)?sg—i) , J20

h(IV) vy .(Iv) l(IV) T'(IV) Iv)

Tt t—i v Ji—i 2 ¥—i - Te—1-4> St—1—j

We estimate the OF model (6.34) using the GIVE and FIVE methods suggested

in chapter §5, using the instruments listed in table 6.11. As in the previous section,
we use symbols for instruments such as fi(IV) to denote f; lagged 4 periods. The
particular choices of instruments in table 6.11 are made by considering various com-
binations of eligible instruments and choosing the instruments sets that minimise
the Sargan’s validity of instruments x? test. These instruments are selected for each
equation separately, estimated with the limited-information GIVE methods. Hence,
particular instruments sets are chosen for equations where h;, i;, etc. are endogenous
variables.
The same approach to selection of instruments cannot be taken on the equation-by-
equation basis when FIVE methods are used to estimate multiple equations jointly.
Therefore, we chose the union of instruments sets to estimate multiple equations,
where instruments used in GIVE estimation for each individual equation are used
together in FIVE estimation.

However, the instruments sets used for estimation of measurement and struc-
tural equations are notably different thus we estimate these two sets of equations
separately using the FIVE methods. While the entire model including both mea-
surement and structural equations could be estimated jointly, we chose to estimate
the two sets of equations separately aiming to improve the validity of instruments.
The estimation code, with the instruments used in both GIVE and FIVE estimation

is given in Appendix §6.
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Figure 6.6: BHPS model path diagram

GIVE and FIVE estimates of the model (6.34) are reported in tables 6.12 and
6.13. Both sets of estimates can be used as starting values in LISREL maximum
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Table 6.11: TV tests: BHPS model

Equation | Instruments x° | d.f. o
hy FSV) V) 04597 | 1 | 0.9989
iy ) av) 0.0609 | 1 | 0.9932
re s V) 0.0058 | 1 | 0.9902
fi fiV) V) £ IV) 0.1923 | 2 | 0.9986

l(‘7V) ’l(I6V> 1’(1‘7/) L)
4 )y U5 16 ) v7
S(IV), sgIV), S(SIV), 8(71V)
3 V) V) (V) 0.7159 | 1 | 0.74969
V) V) 4av)
5 » Y6 Y7

(rvy avy avy .(v)
S y Of ,36 ’87
L V) fV) (V) (V)1 47685 | 2 | 0.9287

iéIV), iSIIV) z.2(31V)

?

likelihood estimation. We can observe some differences between GIVE and FIVE
estimates, mainly in the precision of the estimated coefficients, where FIVE coefli-
cients have generally smaller standard errors. For example, the GIVE estimates of

g) and ﬂg‘;) (lagged autoregressive coefficients in the equation for income) are not
significant and in fact are of the wrong sign, which is not the case with their FIVE
estimates.

Maximum likelihood estimation using LISREL fails using the default starting
values generated by LISREL, and this holds too when various arbitrary starting
values such as setting all starting values to 0.5 or choosing randomly generated
starting values are used. We also tried to estimate a “shorter” version of this model
using only first several years of data thereby having to estimate a considerably
smaller and simpler model. This also failed using the default starting values. On
the other hand, the GIVE/FIVE estimates proved to be fairly successful as starting
values when instruments are carefully chosen. The minimum Sargan x? criterion
appears to be sufficient for selecting the suitable instruments sets for this purpose.

The convergence of the LISREL’s ML algorithm proved to be exceptionally sen-
sitive to how close the starting values are to the maximum likelihood estimates.
While we did not encounter multiple optima problems (all converged ML solutions
converged to the same estimates), we found that even minimal alterations to the
“working” starting values lead to non-convergence. In such cases, LISREL stops
responding or crashes eventually if we specify a very high number of iterations.

The full information maximum likelihood (FIML) estimates reported in table
6.12 were obtained by LISREL with the FIVE estimates used as starting values.
The use of GIVE estimates lead to the same solution, but some of the insignificant
coefficients had to be set to zero to achieve convergence. We also set to zero error
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Table 6.12: Coefficient estimates

FIML GIVE FIVE (3SLS)
Parameter Estimate (SE)  Estimate (SE) Estimate (SE)
A 0.1433 (0.0052)  0.2524 (0.0867)  0.1395 (0.0037)
A% 0.0573 (0.0047)  0.1738 (0.0058)  0.0835 (0.0038)
A0 -0.1469 (0.0047) —0.2254 (0.0062) —0.1503 (0.0036)
) 0.5377 (0.0093)  0.6776 (3.2684)  0.4181 (0.0039)
(2) 0.2217 (0.0059)  0.2830 (2.6170)  0.1230 (0.0039)
() 0.0838 (0.0063)  0.0110 (0.0392)  0.0025 (0.0039)
9 0.0999 (0.0130)  0.0322 (0.5893)  0.0225 (0.0431)
(0 -0.0977 (0.0147) —0.0575 (0.8276) -0.0682 (0.0291)
2) —0.0606 (0.0139) -0.0366 (0.5221) —0.0121 (0.0205)
9 ~0.0647 (0.0140) -0.0088 (0.8990) —0.0377 (0.0413)
) 0.0974 (0.0161)  0.0441 (0.2354)  0.0573 (0.0248)
2 0.0449 (0.0149)  0.0670 (0.2592) -0.0061 (0.0194)
o) 0.4935 (0.0121)  0.7095 (1.9488)  0.4510 (0.0041)
2) 0.2280 (0.0069)  0.5721 (1.2515)  0.2405 (0.0046)
3) 0.1382 (0.0075) -0.1853 (1.0921)  0.1790 (0.0045)
() 0.0212 (0.0028) -0.0396 (0.0687)  0.0390 (0.0024)
() 0.0098 (0.0020)  0.0529 (5.2649)  0.0047 (0.0012)
(2) 0.0096 (0.0021)  0.0973 (4.1640)  0.0033 (0.0012)
(0) 0.9067 (0.0045)  0.1672 (0.6912)  0.8707 (0.0059)
0 -0.4326 (0.0116) —0.7318 (2.4364) —0.3816 (0.0067)
(2 ~0.2187 (0.0062) -0.2021 (1.3866) —0.2271 (0.0054)
(3) —0.1372 (0.0069) —0.2884 (1.0763) —0.1779 (0.0052)
i 0.5132 (0.0055)  0.7609 (0.4588)  0.6955 (0.0041)
(2 -0.0313 (0.0053) —0.0184 (0.5904) —0.0168 (0.0054)
(3 0.0386 (0.0052)  0.0778 (0.5799)  0.0534 (0.0061)
(4 —0.0181 (0.0054) —0.1931 (0.3195) —0.0273 (0.0065)
(&) -0.0528 (0.0050) —0.0423 (0.3310) —0.0491 (0.0057)
A9 0.4507 (0.0081)  0.0253 (0.0223)  0.4879 (0.0024)

variances that were not estimated by the IV methods. Convergence with FIVE
estimates used as starting values was achieved in 37 iterations, which took 56.131

seconds on a Pentium(R) 4, 2.00 GHz CPU machine.

The reported model specification (6.30), path diagram (figure 6.6) and estimates
in tables 6.12 and 6.13 resulted from a general-to-specific modelling approach we
took initially by estimating model (6.30) without dynamic restrictions for up to 6
lags in each variable, and subsequently dropping the insignificant coefficients. Thus
the reported model and estimates refer to a parsimonious specification arrived at
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Table 6.13: Variance estimates

FIML GIVE FIVE (3SLS)

Parameter Estimate (SE) Estimate (SE) Estimate (SE)
© 0.4708 (0.0133) 05971 - 05243 -
L 0.0692 (0.0028)  0.5620 -  0.0901 -
{0 0.2890 (0.0026) 0.8624 - 03263 -
g4 0.0064 (0.0100) - - - -
o) 0.9817 (0.0067)  0.9998 - 09991 -
o) 0.0109 (0.0012) - - -
65 0.9978 (0.0068)  0.9864  —  0.9938 -
6L 0.0255 (0.0024) - - - -
o) 0.9800 (0.0066)  0.9806 - 09781 -

empirically. We can note that our basic approach of estimating OF equations with
IV methods and subsequently using the IV estimates as starting values in maximum
likelihood estimation worked well for sequential reduction of the model, i.e., we did
not encounter non-convergence difficulties as a consequence of changes in retained
coefficients estimates after dropping insignificant coefficients. This should be ex-
pected if the dropped coefficients were numerically close to zero and uncorrelated
with the retained coefficients. Thus, there would be no need to provide new or
different starting values for the retained coefficients and hence a general-to-specific
model reduction strategy, common in dynamic econometric modelling, proved to be
feasible in this case.

Table 6.14 summarises the significant contemporaneous and lagged effects in all
equations, where symbols @ and & indicate significant positive and negative effects,
respectively (lack of any indicator implies insignificant or zero effect). The results
suggest that current income has positive effect on current consumption, however,
one- and two-year lagged income has negative effect. It thus seems plausible that
increase in current consumption due to higher current income might be offset by
higher past income, which could have raised past consumptions above its long-
run value. This negative feedback could be interpreted as a form of correction of
overspending induced by windfall gains in income, which might be consistent with
the permanent income hypothesis.

In conclusion, by a combination of IV and ML methods we were able to estimate
a dynamic structural equation model with latent variables using 13 waves of the
British Household Panel Study. If estimated as a single equation, ignorant of mea-
surement error, the income-consumption relationship would be a trivial estimation
task, even if dynamics are included. However, possible simultaneity and feedback ef-
fects in the consumption equation calls for simultaneous estimation of equations for

168



Table 6.14: Significant contemporaneous and dynamic effects
Lag length (t—5),7=0,1,...,5

Dynamic effect Coefficient 0 1 2 3 4 5
Income — Consumption 93) ® 6 o

Income — Liquidity é?,) ® © 6 ©

Income »— Income §J3) ® 6 & O =
Consumption ~ Liquidity §’1’ o &

Consumption >~ Consumption ﬂ) ® @ @
Liquidity ~ Consumption {Q e & ©

Liquidity ~— Liquidity 92) ® & & &
Education » Income ’yé’i) @

income and liquidity. Furthermore, consumption, income, and liquidity constraints
are all classical examples of latent variables, hence any of their proxy measures such
as various types of expenditures and personal income most likely will confound con-
siderable measurement error. Dynamic effects in the form of lagged values of both
endogenous and exogenous variables are essential in this type of models and hence
undoubtedly need to be modelled.

DSEM model that meets all these requirements, as we have shown, can be esti-
mated, yet we believe that capabilities of the currently available software packages
most likely would not suffice for estimation of any more complex models, particulary
with larger time series dimension. A major difference is made by using the starting
values obtained with the OF-IV methods, without which successful estimation of
PDSEM models with LISREL would be very difficult or impossible.

169



Chapter 7

Conclusion

We have shown that dynamic structural equation models with latent variables can
be formulated and theoretically analysed in a unified statistical framework that can
encompass different traditions arising from errors-in-variables, covariance structure
analysis, and state-space form modelling literatures.

Using modern matrix algebra methods we have derived closed form of the likeli-
hood and covariance structure of the general DSEM model and gave the vectorised
analytical derivatives for this model. The practical utility of this approach is in that
it allows maximum likelihood estimation of DSEM models without imposing cross-
equation equality constraints over all T' time points and provides analytical first and
second derivatives that can be easily implemented in modern matrix languages such
as S and R.

These methods were used to propose a new maximum likelihood estimator that
uses raw-data rather then sufficient statistics based on closed form likelihood and
analytical derivatives. A suggestion to programming the estimation functions in
S/R language along with some simple practical examples were also given.

Non-parametric estimation methods based on limited and full information in-
strumental variables estimation were proposed and applied as both a stand-alone
estimation approach and as an auxiliary method for obtaining suitable starting val-
ues for the maximum likelihood estimation using software packages such as LISREL.

Using empirical data, we have shown that certain DSEM models, namely with
N > T and T relatively small, can be estimated using the already existing analytical
results implemented in SEM software packages such as LISREL. In general, we found
the starting values based on the suggested IV methods make considerable difference
in LISREL estimation thereby enabling estimation of more complex dynamic models.
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Chapter 8

Technical Appendices

8.1 Chapter §2 appendices
Appendix §2A

Proof of Proposition 2.3.1.1 We will show that the log-likelihood (2.31) can be written as a
sum of the conditional log-likelihood of of V1 given E1 and the marginal log-likelihoods of E¢
and Zr. By Definition 2.3.0.4 the matrix Kg is upper triangular with identity matrices on the
diagonal and from (2.24) ¥ is block diagonal. It follows that the determinant of the product
KX K’ is equal to the product of the determinants of the block-diagonal elements of X,

|KsZ K| = |Ks||ZL||Ks|
[T} 2| ||

= |ITQ® O||Ir® O] | X=||IT® ¥|,

which further simplifies to T2 |O,||Os]| ¥||Xz|. Note that

-1

I 0 ADAD AL I 0 -ADA®
K-l = 0 I IT®A, 0 _ 0 I —-Ir®A;
S 0 0 I 0 0 0 I
0 0 0 I 0 0 0
and
IT® 6, 0 0 ] -1 Ir® 6! 0
o1 0 Ir®65 0 0 _ 0 Ir® 651!
L - 0 o XY= 0 - 0 0
0 0 0 IrQV¥ 0 0

tr (Y'r: X'r: E'7: 2'r) (KsZLKS) " | o

=tr (Y'r:X'r:E'r: Z'r) K32 K3} £
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~AD
0
8.2
. (82)
I
0 0
0 0
z! 0
0 Irew!
Yr
X , (8.3)



and multiply

Yr I 0 —APA® _4D Yr Yr—AD APsr 42z
1| Xr | _[ 0 I -Ir®4: 0 Xr | _ Xp—(Ir®A4;)E
Ks'| =¢ 0 0 I 0 Er Er *
Zr /] 0 I Zr Zr

Thus (8.3) can be re-arranged as

tr (YT — Ag) (Ag)ET + ZT))I (IT® 95_1) (YT — A(El) (A(Ez)ET + ZT))
+ tr (XT —(Ir®A;) ET)’ (IT ® 95_1) (X1 - (IT ® Az) ET)
+ tr (ErE'rESY) +tr (202’7 (Ir@ ¥7Y)). (8.4)

Therefore, the joint log-likelihood (2.31) can be written using (8.1) and (8.4 as

1 1 1 1
es (F;0) = a—In|Ir® O]~ 3In|Ir ® 85| — 51| Tz| - s In|Ir ® ¥|

1 gr\\ [ Ir® 6;! 0 Er
- ¥ (VT"P(ZT ))( 0 It® 65! Vr=P{ gz,

~ =tr (ErE'rZZY) - §tr (Z7Z'r (Ir® ¥71)). (8.5)
Note that the conditional log-likelihood of Vr given E7 and Z 7 is

py_ (n+ KT 1 IT® 61! 0
tyizz (Vr|ET, ZT;01) = 5 In(27) 510 0 Ir® 6;!

5t (VT A( Zr ))( e 5 6;' ) (VT_A( z )) /(86)

while the marginal log-likelihoods of E1 and Zr are

¢z (Z1;02) _——1 (27r)——1n|z' |—ltr (ErE'72ZY), (8.7)

=

and
mT 1 1 , -1
Lz (Z1;03) = —— In(27) — 3 In|Ir® @|— §tr (ZTZ T (IT QW )) , (8.8)

respectively. It follows that £g (F§~S); 9) =Llyiz,z (Vr|ET,Z71;01) + L= (ET;02) + €2 (ZT;03),
as required.

Q.ED.

Appendix §2B

Proof of Proposition 2.3.2.1 Firstly note that by Assumption 3.2.0.1 implies we have the
following results for the time series processes {¢ }’f, {e}f, and {5}?,
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B[Catind = {‘p E S SB[l ) (Crth)] = Tre @

0, k+#s
O, k=s
Eleise,_,] = {o,f Fts =>E[(e'l,...,si_,-)'(e'l,...,e’T)]=IT®@E

E [6._10,_,] { s, k=3 = B[ (8}, 87) (81,---,67)] = Ir © 65,

0, k#s

therefore, in T-notation (Table 2.2) we have

E(Z:25) = E[(vec{¢.}H) (vee{¢i}])] = (Ire ) (8.9)
E[E.E}] = E [(vec {e]) (vee{en}] )] =(Ir® 6,) (8.10)
E[ArAL] = [(vec (6.} ) (vec {8}} )] =Ir® 65). (8.11)
By the reduced-form equations (2.22) and (2.23) for Y1 and X the block-elements of (2.34)

can be derived as

Fu = E[YrYy)

-1
p q
= E||(Ir®A4,) (ImT—"ZS?p®Bj> ((ZS?F®I‘J’) ET+ZT)+ET
j=o0

j=0

li
( P - . .
x | Ir®4y) [ Imr -y 8% ® B; Y 8ier;|Er+2Zr | +Er| |,
\ =0 3=0

By = E[YrXYy)

-1
14 q
= F (IT® Ay) (ImT—ZS%-®Bj) ((ZS#@I}‘) 5T+ZT)+ET
j=0

=0
x (I7 ® A;) E7+ Ar)],

and

E» = E[XrXT]
= E[((IT®Ax)ET+AT)((IT®A;,;)ET+AT)I]’

which by using (8.9)—(8.11) evaluate to (2.35), (2.36), and (2.37), respectively. Note that by
covariance stationarity (Assumptions 3.2.0.1 and 2.2.0.2) ¥z has block-Toeplitz structure
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$ & P - S,
P, & :

[\
)
Il

D & & &
¢T—1 T ¢2 ¢1 ¢0
-1
= Y (she )+ (she )

j=1

~

-
=

[y
il
o

If

~

-1
= Ir2 &+ (Sh® 2+ 5T e ), (8.12)
j=1

and also note that E [ZrZ7| = IT® ¥, E [ErEy| = IT® O, and E[A7A}] = IT ® Os.
Typically, most of the block-elements @; of the second-moment matrix E [E7E r] will be zero,
depending on the length of the memory in the process generating £,, which for the reason of
simplicity we take to be ¢q. Thus, for j > q, #; = 0. It follows that (8.12) can be simplified to

[ %o & 0 0\
@o KR
& 0 g ) .
q =5}ed+> (Shed;+5tee)), (813
0 &, i=1
Do gy
\o - 0 o, &0 |
which consists of only ¢+ 1 symmetric matrices @y, ..., $,. Finally, note that X7, = ¥y;.
Q.ED.

Appendix §2C

Proof of Proposition 2.3.4.2 The proof proceeds similarly to the proof of Proposition 2.3.1.1.
Firstly note that (2.74) can be written as

s OF (n+k+g+m)T
65 (F©P;0) = -

1
5 In(27) — 5 In|ME M|

1 _
—5tr (Yo X x@ A zr) (mEpm) T x|, (819)

which can be rearranged by following the same procedure we used to derive (8.5) as
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—{ntktotmT 15 (2n)

IT® 6, o wu)
1 1 1 1
—Eln 0 IT®9§§A) —5ln IT® B4 —5111,25 —§ln|IT® |
x@O N\ -1 x®
Yo N Ir® 0 0 Yr < &
—3tr n —A AZZ’) € AA)_ ) A -4 AW
2 x4 - 0 Ir® e5h-1 x@® 7
)
) X (U) | ArU I -1
—Ltr (I:-I) A§U> ) xPaP T oz )

o AW 1r06lfY T -l Zpz'r Ir@ v
(8.15)
where
ADAD AP AP 4D
= == = = = . 8.16

Note that A(EI)A(EZ)E'T = A(al )A(Ez X %U) — A(EI)A(EZ) Ang). Finally, we can observe that

by xaixv,av 2 (

Y1, XX, AP, 203 67) = — 0T 10 2m)

IT® O 0
—1mm &
2 ( 0 IreeaM
x®\7’
Yr [ 2T
—jtr ( X ) —4l ap
T
Zr
: W)
y IT® @;1 0 Yr i )A(?U)
0  Ireef Y x{M 7
(8.17)

is the conditional log-likelihood of Y1 and X &f\ ) given X ,SHU), AY

17’y and Z7. The marginal

log-likelihoods of X :(TU) - A}U), Lav, and Z7 are given by

U U *
fM(X,gq)—Agw );02) =
—;—tr ((I:

2 (A(Tm;e;) = —%ln(%r)—%ln |IT ®

and

. mT 1 1 -
eM (ZT;04) = —Tln(27r) - '2-ln|IT ® !PI - §tr (ZTZIT (IT W 4 1)) ’

_9T A

x{ U . A1) I 4
_I)(Aﬁ.ru) (P aP) () =),

1 -1
63| -5t (A(TU)A',}U) (tre 6§") ) , (8.18)

(8.19)

respectively. Hence (2.74) factorise into (2.75), as required.

Q.ED.
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Appendix §2D

Proof of Proposition 2.3.4.4 We will compare (2.77) and (2.50) by comparing their correspond-
ing block-elements in expectation and probability limit. Recall that by Lemma (2.3.4.1) we have
Y= Z‘ggg U T® Qfgu). Therefore, we can evaluate the block elements of (2.77) as follows.

Xyy

(484X - 4D 4D AP + 4D 21 + Br)
X ( XD 4D 40 _ A 4D g0 | g 41D E’T)]

AP E[xPxP| 4@ 4 - 4D AP E [ xP 4P| 4P 4P
N — — N e’
44 1;004"
R 0
N———— N, e’
I:20" Ir005"
AP AP E[aP 77| a0 - 4D AP B[ AP By |
0 0
AP E|2: x| AP A - 4D B 2240| 4D AQ + AP B [272'1] 4D
N— D —
0 0 IoW

AV E([Z7E'1)+E [ETX',E,U )] AD40 _ g [ETA’(TU )] AP0
_\6_—, 0 0

FE [.ETZ'T] A'g) + F [ET.E’T]
N— Ne——

0 IT®6€
AP (a2 (20 -1r06{") 4@ + e #) 4V +Ir 0 6. (8.20)

By (2.63) for the random case or by (2.64) for the fixed case (8.20) becomes

AY (A‘;) 2=AP +Ir® w) AP 41100, = Zyy.

For 57§ﬁ‘ ,)( we have
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Syx = B[(4ADA9xY) - 4P 4D AP + 4P 71 + Br)
y (X'(TU) (IT®Z'z) _ Al'g“U) (IT®Z’1) +Alg‘rA))]

= AP B[ xPxP) (Ire 4;) - AP AP E [ xP 4| (Ir 0 &)
L , hV—J
0 I;005"
APA B[] ADAD [0 (10 1,
| S N———
Ir® @(UA) Ire Q(UU)
+ AP B[P AP (e £y) - AP AV B[4 &P
L b—,—/
1600 I005"
+ ADE[2:x'Y)] (Ir 0 42) - AQ B[2:4] (170 4,)
0 0

+ AP E[zraP) +E[Brx] (Tr o 42)

0 0
- E [ETA'g,U )] (IT ® Z’z) +E [ETA',E,{‘)]

. | S
0 0

= 4DAQ (50 - 1r0 63" (Ir ¢ 4%) (8.21)

Similarly, (8.21) evaluates to A(sl )A(Ez )3z (I r®A ) Z'(A) Next, for Z:‘;U,)( we have

vy = B[(aADaPx() - 4D AP AP + AP 721 + Br) X'
1) 2 U) 31U 1) (2 U) 51U
— A(E)AS:.‘)E[X%)X,’(T)] _A(E)A(E)E[Ag‘)xl’(r )]
D N

P9 IO

+ AQE[2: X0+ B [Erx'D]

0 0
= P4 (20 -1re 6§, (8.22)

which can be evaluated as AN AP 32 = 59 For 2%‘,’{" we have
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5% = E [((IT ® 4,) X{) - (It ® 4,) AP + AD)

x (X’(TU ) (IT ® /i’x) e (IT ® Z’z) + A'gf‘))]

= (Ir® L) E[XPx'P] (Ire 4,) - (Ire 4,) E[x{ AaP] (Ir 8 4%)
——————— N, e’
Eg?;(]) IT® @(UU)
+ (Ir® &) B XPAP| - (Ire 4,) B | a0 x| (Ir 0 1)
N — e
Ir® @(UA) IT®@(UU)
+ (Ire ) E[AD AP (Ire 4,) - (Ir® A.) E [P a'Y]
N e/ N !
I.0%Y I.e@Y"Y
+ E[aPxP) (fre 4%) -E[aPaP)] (1re 4,) + B [aP 4P
N ! N———— N e’
I:204Y I:00%Y I:e@%Y
= (Ir®A,) (23?”’ Iro 0¥ U’) (IT ® A x) +Ir@ YN (8.23)
which becomes (It ® 4;) X'z (I T® ]l'z) G(AA) Z‘(A ) Similarly, for e X X ) it follows

that

549 = B[((1r® ) X — (Ir® 4s) AP + aAD) x'P]

(Ire 4,) E[x{ x| - (Ir @ A;)E [A(U x'F] + E [A(A)X’(U 4
- 4 ’ 2

T 1,608 Ir00%Y
= (Iro &) (30 - re 65") + Ir® 637, (8.24)

which evaluates to (I ® 4,) Tz + It ® @4Y) = £¢1. Finally,

Fex = B[x{PxPP] = 580, (8.25)
thus trivially we have 2}? = E(UU) Therefore, E[X] = E[Z] or phm 1/TY = plim1/TX, as
T—oo
required.
Q.E.D.

Appendix §2E

Proof of Proposition 2.3.4.5 We firstly derive (2.89)-(2.91) from (2.83)—(2.85) using Assumption
3.2.0.1. For 2yy we have
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Qvy = E [(Ag)zT — AP AP AD + Br) (274D - AP 4P 4 + E’T)]
= AP E[2:a 0| a0 + AV E(2:2'1) 40 + AP E [Z7E'1]
[ S—— Ny e’

0 I.e¥ 0

+ E[BraAP]| 4P 4 + AP 4D B (AP AP] 4P 4L

(S — [ —
0 IT® @ggu)
— ADAPE [Aﬁ_r" ) z'T] AD AP AP E [Aﬁ_p” )E'T] +E[ErZ'r) AD + E[ErE'r)
————— —_——— S S ——
0 0 0 IT® 93

A (49 (172 6]V) 4@ + Iz 0 ¥) AP + Ir 0 B, (8.26)

which gives (2.89). Next, for .(2 X we have

2 - E [(A(EI)ZT —ADADAYD 4 ET) (4';@ — AP (IT ® Z’x))]

= AV E([2raP|-a0 E[2:47] (Ir0 4;) - 4D 4D B [aD aY]
+ AP AP E[AD AP (Ire As) + E[Era'P] - E[Era{) (IT ®4.)
I:008Y I S

AP A (1re 6{") (1re 4;) - 49 4P (11 0 6{"), (8.27)

O _

which, since IT ® = 0, yields (2.90). Finally, .Qg?,’}) can be evaluated as

) = B[(aP - (1re 1) aP) (a9 - 4V (1o 1))
- B[aPa] -5 [aP al] (1ro 1) - (v &) B[4 Aaw]
+ (Ir® Aw )E [y )A"TU ) (IT ® 4’,)
= Ir@ 0" + (Ire 63" (Ir® 4.) - (Ir ¢ 4;) (Ir® 6§V
+ (I7® 4g) (IT 2 oYY )) (IT ® ]1’,5) , (8.28)

yielding (2.91) again by noting that I'T ® Q(AU)

Definition 2.3.0.4,

= 0. Secondly, we derive (2.92) as follows. By

I 0 ADAD AW
Krp= g4z A2 ) 8.29
" (0 I Ir®4, 0 (8:29)

hence
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IT® 6, 0 0 0

_ _ 0 Ir® OWN 0 0
Dgx, D= L , 8.30
sELTs 0 0 ;00" o (8:30)
0 0 0 Ir® ¥

where X, is defined as in (2.24). Finally, premultiplying and postmultiplying (8.30) by (8.29)
yields (2.92), as required.

Q.E.D.
Appendix §2F
Proof of Proposition 2.3.5.3 We will show that the general DSEM model (2.1)—(2.2) can be

written in the state-space form (2.95)-(2.96). Firstly, the structural part of the general DSEM
model (2.1) and the VAR(q) process for €, (2.97) can be written as a system

7, _ Bo TI'o Mt
&) 0o 0 3
Bl Fl Ne— Br I'r Ni—r C
(5 m)(E) e (5 R ) (8 )+ (5) o

or equivalently as

(o ) () - (% =) (%)
0 I & 0 R, &1

B, I, MNi—r Gt
. (832
+ +(0 Rr)(&_r + o (8.32)
Therefore, the reduced form of (8.31) is

() - (3 7l )
£, 0 I 0 R, [

B, I, Ne—r ¢
e (5w () (8]
Note that
(I—Bo) -Io\ [ (I-By)™ (I-By) ' I
0 I - 0 I ’
hence

(I-By)™" (I-By)'ry B; I;
0 I 0 R;

[ (I-Bo)™'Bj (I-Bo) 'I'j+(I-Bo) IR,
_( ) J R, ),(8.34)

and
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0 I Ut Uy

( (I-Bo)™ (I-Bo)™'rIp ) ( ¢ ) _ ( (I - Bo)™ ¢, + (I - Bo) ™ Ty ) (8.35)

Therefore, using (8.34) and (8.35), the reduced form of the system (8.31) can be written as

n\_( I, G: Me— I, G, My K,
(Et)‘( 0 R1>(£t_I)+...+< p Rr)<£t_,.)+(vt)' (8.36)

making use of the notation from Definition 2.3.5.2. Finally, we stack the current and lagged 1, and
&, into a single column vector, collect all coefficient matrices in a single block matrix, and stack

the residuals into a single as

( ¢ \ ( Hl Gl Hr-—l Gr—l Hr Gr \ ( Kt \
& 0 R 0 R, 0 R, vy
N1 I 0 1 0 0 0 0
U = €1 JH = 0 1I 0 0 0 0 | w=| 0 |,
Ni—rt1 0 0 I 0 0 0 0
Eiri1 / \ 0 o0 0 I o o0 ) \ 0 )
(8.37)
and

| v ({4 0 --- 0 _ [ &
W, =  F= = :
' (:ct) ( 0 A, - 0) " s
therefore, (8.36) can be written in the state space form (2.95)—(2.96), as required.

Q.ED.
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8.2 Chapter §3 appendices
Appendix §3A

Proof of Lemma 3.2.2.1 Firstly, let G1,..., G4 be some zero-one matrices such that
X x
u 12 =G1X11+G20X¥+G3®@ T2+ Gy ® X,
2o Yo

which, by applying the vec operator yields

X X

vee [ <M T2 ) = vec(G1® 1)+ vec (G2 ® Fay)
Yo Yo

+vec (G3 ® X12) + vec (G4 ® Xa2)

= Hjvec¥ 1 + HyvecXs + HavecX 12 + Hyvec X,

for some zero-one matrices Hy,..., H4. Note that for any Gy (axb) and ¥;; (¢ x d) it holds that

vec Gx®X; = (It ® Kaa) (vec G ® I4) ® I.] vec X;;, therefore Hy = [(Ipy ® K4a) (vec Gk ® I4) ® I.].
Now, to show that vec X' (6) can be expressed as a linear function of the vectors vec X;; =
(m(lij)’ cee mfg-)’),, i,7 = 1,2 we will show that H,,...,H4 are of the required form. Note

that the dimensions of the blocks of ¥ (8) and their columns are

1) (11) (12) (12)
X1 312 my e Moyt My T Mg
N ~~ N’ —— N
nTxnT nTxkT _ nTx1 nTx1 nTx1 nTx1
= 21 22 22
X Yoo m?” o mSLT) mg ). miT)
~— ~— ~—— ~— e S’ ——’
kTxnT kTxkT kTx1 kTx1 kTx1 kTx1

Applying the vec operator to the columns-partition (3.26) of X (8) produces a T2(n + k)2 vector

((m{ )

vec X (0) = vec ( %21) (22) (22 | = i
ml 1 e

= 12
m (12)

mD . gD 02 a2 m
mfle) m

Now we have
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and

H11 vec 211 =

Hy vec Yo =

H12 vec 212 =

( InT

QS QDO

Q .-

QQQQQ?E‘Q

QQ...

S Q

T~
3
[ QS QO 2

Q .o

S OO

Igr

S OO

Q -

~
Q--Qﬁﬂ SO QOO

Q -

QEQQQQQ
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LA OO O

S -
N—

QOO O

SO QOO QO Q-

mﬁu)
mgu)
mgll)

(11)
m,r

m§21)
mgm)
mgm)

21
mSzT)

mgm
m§12)
mgIZ)

(12)
My

( mgu)
0
méu)
0
mgn)




(0 0 0 - 0 [ 0
0o 0 o0 0 m{*» 0
I.r 0 0 0 mg22) m§22)

22
H iy vec Xog = 0 0 0 0 my™ | = ?22) ’

0 L 0 0 : m§
0o 0 0 0 (22) 0
0 0 Iir 0 Myt mgzz)
0 0 0 o 0

\ 0 0 0 - Lr)/ \ m& )

therefore, it is easy to see that

Hyvec X1 + Hoyvee ¥oy + Higvee X1 + Hog vec Yoy = vecZ‘(O)

as required.

Q.E.D.

Appendix §3B

Proof of Proposition 3.2.2.3 Firstly note that differentiating the log-likelihood (?7?) is equivalent
to differentiating

8lnL (WNT) _ _Nom|z(@g) 1 dtr 71 () WNTW;VT

)

where, by the chain rule for matrix calculus, the first term evaluates to

on|X(0)] [0vecX(6)\ (0ln|Z (0)]\ _ [Dvec Z(6) _
80§*) _( 60§*) )(BveCZ(O))_( 305.*) )vecz 1),

and for the second term we obtain

8tr Z~1(0) War Wr <6vecZ (e)) <8vec x-1 (0)> (8tr =-1(0) Whr W;,T)

P ,,g_*) 5 9§_*) dvec X () dvec X~1(0)
- - (—3 vee ¥ (0)> [571(0) ® 51(6)] vee Wr Wiyr,
26"
where we used the results
Oln|¥(0)| _ -1
dvecz (9~ O
and
dvecX71(0)
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Differentiating the log-likelihood now yields

M _ N (OvecZ(0)) .. 51 (0)
560" 2\ o6
+l Ovec X () (2—1 6)® 31 (8)) vec W T I"i";\rT
2\ a6
= (22 O)) (1571 (6) © 5 (6)] vee Wiz Wiy — Nvec 57 (6))
2\ a6y

_ L (M) [vec 21(8) Wyr Wip 21 (6) — Nvec 51 (0)](8.38)
2 aog*)

which is equivalent to (3.29), as required.

Q.ED.

Appendix §3C

Proof of Proposition 3.2.2.4 We derive the components 8 vec ¥;;/0 02.') for each ¥;; block,
in turn. The derivatives for vec ¥'1; are obtained as follows. For X;; we obtain the derivative in
respect to particular components of 8 as follows. Using the result that

P
O'vec (ImT - Z S%-@B;,) .
j=0 _ Ovec (St ® B)) B R ,
Ovec B; - dvec B; - KT,'m (ImT ®S T) ® Iy,

we obtain the partial derivative in respect to vec B; as
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-1 -1
P . P .
dvee (IT®Ay) (ImT_ ;)S%@Bj) Y (ImT — E S’%@B;) (IT®A;)/

Ovec Xy J =0
OvecB; dvec B;
-1
P p .
(c')vec (ImT— b S%@B,-) dvec (ImT— > S?_,~®Bj)
§=0 =0
- dvec B; P
\ ovec | It — 3 S} ® B;
=0
» -1 » -1
O vec (ImT— > S%«@B,-) Y(ImT— ZS'{}@B;)
% Jj=0 ]_:]-.0
P
\ dvec (ImT— ES§1®BJ-)
=0
( 2 j B P 13 ! - [
ovec (IT® Ay) ( Imr — > ST ® B; Y{Inr—) S79B;| (Ir®4)
=0 i=0
x - - d p—
2 J L 13 /
\ dvec ImT—JZ:()ST@B,- Y ImT—JE:OST®Bj
-1 -1
. p 3 p .
= [K},m (ImT ® S’}) ® Im] (ImT - X%S?p ® Bj) ® (ImT - ZO S":_’r ® B;)
J= =
—1 ~1
P L
x ||y (ImT -3 st B;.) @ Imr|+|Y’ (ImT -y 58%e® B;) ® Int | KmT,mT
j=0 3=0
X (IT®AIy) ® (IT®A;) .

Next, we obtain

dvec Xy,  OvecA(Sy®@T;) F( }@I‘,-),A’

oveclI'; Ovecl';

_ (avec( é‘®1",~)) (Bvec (Sh-®I) Y(g;p@ri)/)

OvecTl; dvec (ST ®I;)
(6vecA (St ® I\) F(SyoT;) A')

X - .
dvec (Sh@ ') F(SheTI;)
= (K1, (I1,®8%) ® I,]
X [¥ (8581 8 Loz + V' (858 1) © Lt)] Kimr (43 4),

where we used the result that

a .
Ovec ( STt ® I‘j) ]
7=0 _ Ovec (ST Ty) .
Ovecl'; o Ovecl; _KT,g (IyT@ST) QInm.

The derivative in respect to vec A is obtained as
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dvec Xy dvec (IT® Ay) X (It ® A))
OvecA, Ovec Ay

_ (Ovec (IT®A,) [Ovec (IT® 4y) X (IT® 4,)
- dvec Ay dvec (IT ® Ay)

(Ktm ® 1) ([X (IT® 4,) ® Int] + [ X' (IT ® A) ® Int] Knr,nr)

-1 -1

p P
vec ¥11 = vec L ImT——ZS%éij Y ImT—ZS'Q_prB; L'+vec (IT® O,).
Jj=0 ) j=0
(8.39)

To obtain the derivatives in respect to vech @o and vech &; firstly note that for a symmetrical
a x a matrix X, dvec X /0vech X = D/,. Hence we have

dvec Xy dvec Py OvecZ (IT® D) Z'
O vech & dvech b dvec Dg
_ D Ovec (IT® Do)\ (OvecZ (It ® ®o) Z'
g dvec By dvec (IT® Do)
= D) [I,®(vecI7)](Kor®IT)(2' ®2Z'),
and
dvecZ Sled;+87.0 8|2
Ovec ¥y, Ovec &; LE=:1 ( T ! T j)
O vech &; O vech &; Ovec D;
q , g .
dvecZ |- (S} ® Qj) Z' Q8vecZ [E (S'#@ 45;) A
- D j=1 ji=1
9 vec B, + vec &,

Ovec &; Ovec &;

_ Kavec (5o ds,-)) (avecz(sg@) z.) z’)

dvec P; dvec (S%~ ® ¢,~)

 [OvecZ (S{r ® Qi) Z' 9vecZ (S5 ® Qi)’zl
= D, +

L (2 (S5 @ &)\ [Bvec (S-® &)\ [Ovec Z (Si-® &;) Z'
0 vec ¢i dvec (S?p ® Q,) dvec ( 7:'1.,® Qi),
= D} [K7,(I;r®8'%) @I, (Igr+ Kgror) (2' ® Z')
while for vech ¥,
dvec Xy Ovec ¥ dvecD (It ® ¥)D’
Ovec ¥ Ovech ¥ Ovec ¥
- dvec (IT® ¥)\ (OvecD(Ir® ¥)D’
m Ovec ¥ Ovec (ITQ® W)

= D, [In®(vecIr)'| (Kmr®IT)(D'®D').
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Finally, we have

dvec X1 ( dvec O, ) (Bvec IT® @)

Ovech O, ~ \ Bvech O, Ovec &,

The derivatives of vec X'12 are similarly obtained as

) = D;z [In ® (VeCIT)I] (Kn,T ® IT) .

-1
P . q .
dvec (IT®Ay) Inr— Y S’T®B,-) P S’T®1‘,~) F(IT @ A,)
=0 7=0

Ovec X 12 _
dvecB; dvec B;
-1
dvec Inmr — f sglqu,-) dvec Inp— zp: sg;@Bj)
_ j=0 =0
- dvec B; P
vec Inpr— Y S%.@Bj)
i=0
P N
dvec (Ir® Ay) Imr— 3 S;®B; Y. 88T | F(Ir ® A;)
% j=0 Jj=0 —
P .
dvec Imr— Y S%-@Bj)
=0
» -1 » -1
= [K*T,m Imr ® S'% ®1m] [(ImT—Zsz_;,@Bj) ® (Imr—zs';ma;) ]
j=0 j=0
q
X ({(ZS;®rj) F Ir® 4} ] ®(IT®Ay)') ,
=0
» -1
dvec (It ® Ay) | Imr— Y. S5 ®B; | (St ®I:)F(Ir® A})
Ovec Xy 3=0
dvecl; Ovecl;
-1
P )
: dvec (It Ay) | Inr— >, S?.® B; 2 F (IT® Al
e (shory) | 27 Uro A (TS sten,) (sreryF(tre )
B dvecT; dvee (S ® I';)
» -1
= [K’;’:g (I,r®8'%) ®Im] [F(Ir®A})]® (ImT—ZS'z_'r@B;.) (Ir®4)]| |,
3=0
dvec ¥y,  Ovec(IT®4,) QF (Ir® A})
dvecA, OvecAy
dvec (It ® Ay)\ [Ovec (IT ® Ay) QF (It ® A)
Ovec Ay dvec (IT® Ay)
= [In®(vecIr)] (Knr®Ir)([QF (IT ® A})] ® IT),
dvec Xy Ovec (It® Ay) QF (It ® A,)
dvecA, Ovec A,

Ovec Ay Ovec (IT® Ay) Ovec (IT® A;)
= [In® (vecIT)](Krr @ IT)Kix (I;r @ FQ' [(IT ® 4,)]),

_ (avec (IT®A,E)) (8vec (IT®A;)> (8vec (Ir® A,) QF (IT®A;))
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dvech &g dvech & O vec Py

- D dvec (IT ® Bo)\ [ Ovec (It ® Ay) Q (IT® $o) (IT ® A})
g O vec ¥ dvec (It ® Do)

= D)[I,®(vecI7)| (Ko7 ®I7) [(IT® 4,) ® Q' (IT® A)],

dvec ¥y ( dvec B ) (avec (Ir® Ay) Q (It ® &) (I ® A;))

and
g ) )
Ovec (IT® A4,)Q S@b;+STe P IT® AL
Ovec Xy dvec D; Y j=1( T ’ T J) ( )
dvech &; Ovech &, Ovec D;

dvec 8, \ [Ovec U7 ® 4,) @ (S} 2.) (Ir® 42)
B (Bvech 45:') dvec P;

dvec b;

D l:(avec (S%@ 515,-)) (6vec (IT®4,)Q (Sﬁ« ® 45,-) (IT® A'z))

dvec &; O vec (S?_p ® 45,-)

dvec (I7® A,) Q (S ® ;) (IT ® A) )

. !
dvec (ST ® &;) dvec (8t ® 45i)l dvec (Ir® 4,) Q (S%T ® di,-) (Ir® 4.)
dvec &, dvec (Sh ® D;) dvec (S'} ® 451‘),

= Dy [Ki, (I, ®S'7) ® I (Iyr + Kgrer) [(I7 ® 47) ® Q' (IT ® 43)] .
Lastly, the derivatives of vec X925 are obtained as follows

Ovec Xyy dvec (IT® A;) F (I ® A)
OvecA, dvec Ay

_ (Ovec (IT® Ay)\ [Ovec (IT® A,) F (It ® A7)
- Ovec A, dvec (IT ® Az)

= (K1, ®Ix) ([F (Ir ® 4;) ® Iir] + [F' (I ® 4;) ® It K1),

Ovec Xy O vec &g Ovec (IT® A;) (I ® Do) (IT®A$)'
dvech &y dvech & dvec Dg

_ p (2vec (IT® o)\ (Ovec (I7 ® 45) (IT ® Po) (I ® Ax)’)
9 Ovec Qg dvec (IT ® Qo)

= D; [Ig®(vecIT)'] (Kgr®IT) [(IT®A;) ® (IT®A;)] ,
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q X )
dvec (ITR4:) S S, @8,;,+870 8, |(IT®4,)
Ovec X2 dvec &; * j=1 T 7 T J x

dvech &; dvech &; dvec D;

q )
dvec (IT ® Az) [E 55 ® &, ] (I7® Az)
j=1

g dvec &;

Jj=1
Ovec &;

q )
dvec (IT® Ay) [Z EEN-E A ] (I Q@A)

~ (Bvec (IT®4z) S} ® P (IT®AI)I+aveC (Ir®Az) S5® & '(IT®A¢)')
g9

'
Ovec &; dvec &;

dvec Sh.® P dvec (It ® 4:) 55.® #: (IT ® As)
dvec &4 dvec ST.® &;

dvec Sh® &; dvec 85 @®; '\ Ovec(IT®Az) S5 ® %; '(IT ® Az)
dvec &; dvec SL® &; dvec SL® B; '

= D |\Kfy, I,r®8% @I, It +Kgrgr IT®A4, ® IT®A,
g g

and

dvec Xy ( O vec O ) (Bvec (IT® Os)

7 14
_ _ I7).
5vech ©5  \ Ovech ©; Bvec 05 ) D, (I ® (vec Ir)) (Kkr @ IT)

The remaining derivatives are zero trivially in all cases where particular component of the param-
eter vector @ is not contained in X';;.

Q.ED.

Appendix §3D

Proof of Proposition 3.2.3.1 We obtain the general form of the second partial derivative (3.33)
by differentiating the typical element of the score vector

OlnL ( W NT) 1 [ dvec X (0)
_ = -1 ~ ~ 1 _1 _ -1
™ A Y Cl [Vecz () Wnr Wy X7 () — Nvec X (0)]
20, 86;

(8.40)
in respect to the component 05*) of the parameter vector 8. Note that (8.40) is the partial derivative

of the log-likelihood (3.16) in respect to the component Bg.*) of the parameter vector 8. We make
use of the generalised product rule for matrix calculus

0G(z)h(z) OBvecG(2) O h(z)
0z ~ 7 8z 0z
where G(z) is a matrix function of the vector z, h(z) is a vector function of z, and d is the
dimension of the vector z. Letting 8 vec ¥ (8)/0 0§.') = G(z) and

[h(z)®14] + G(z) (8.41)
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vec 271 (8) Wt Wy E71(8) — Nvec 71 (0) = h(z),

we firstly differentiate the two additive components of 9 h(z)/8 z. Differentiating the first compo-
nent of h(z) in respect to 0,(*) we obtain

O vec (2"1 (6) Wnr W,NTE—I (0))

a6
_[8vec 2 (0) (6vec z-1 (e)) dvec X1 (0) Wnr Wyr X1 (6)
- agg*) dvec X (0) dvec £~1(0)
dvec X (0)\ , s . dvec X1 (0) Wyt Wy Z1(6)
=—|—} (7T 02X (0
( 200 )( ©)s =7 (©)) dvec Z1(8)
_ aVeC b (0) -1 -1
== (60—2*)> (ZTH O X7 (9)
x ([WNT WhrE1(0)® ImT] + [ImT ® Wy Whyp B! (0)]) , (8.42)
where we used the result
Avec X1 (0) WarWnrE71(0) [ <4
S eec 28] = [WNT WirZ1(6)® ImT] (8.43)
+ [ImT ® WnrWiyp X! (a)] (8.44)
For the second component we have
dvec 71 () __[OvecX(6)) (9vec z1(0)
6% B 86" dvec X (0)

- _ (__‘9 V;C;)(e)) (271(0)® =71 (8))

Substituting (8.42) and (8.44) into (8.41) yields

2L Wy
) g*)a g"‘)l

N =

) .
(%) ["602—1( ) Wt Winr 71 () — Nvec £ ( )] ®Ip
j i

W=

!
Bvec -1 () War WipZ~1( ) _ yOveeZ71( )) dvec X ()
8 S*) Py gt) 9 ;*)

[y

= = (M) [vecz-l( YWNr WnrE~1( )= Nvec X1 )] ® Ip,

2 3§*)3 15*)
_ 1 dvec X () 1 1
[ 220) 500

x  [WnrWirE ()@ Inz| - [Imr ® Wnr Wiyr 271 ()]

N -———6";"’?( )> Fr)eZ i )] (——a";c?( )) ,

which gives the expression (3.33), as required.

Q.E.D.
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Appendix §3E

Proof of Proposition 3.2.3.2 We will show that the probability limit of the typical element of
the Hessian matrix (3.33) is given by (3.34). By (3.24) and (3.25) it follows that

plim [vec x-1(6) 1 Wt W;VTZ"I (0)] =vec 71 (0),
T,N-—oco N
and hence
plim [vec x1(6) % W e WyrZ~1(0) — vec X1 (0)] =0. (8.45)
T,N—oco

Therefore, the first term converges in probability to zero,

1 (82vec X (0)

26796

p ([vec z-1(0) L War Winr X1 (6) — vec 1 (0)] @I ,.) = 0.
T,N—oo 2 N

Next, note that

1 -~ ~
phm (— WNTW;VTE_I (o)®ImT) =ImT®ImT;
T,N—o0 N

and

1w ot
plim (ImT®_WNTWINT2 1(‘9)) = It @ I,
T,N—o0 N

thus we have

plim ([i War W Z~1(0)® ImT] —~ [ImT & = Wy Whyp 5! (0)]) =0.
T,N—oo \ LIV N

This implies that the second term converges in probability to zero,

1 (avec:;(e)

260 ) (27 (0)® =77 ()]

T,N—o0 2

X% ([WNT WINTE_I (0)®Im'1‘] - [ImT® WNT W;VTE—I (9)]) =0

This leaves us with the remaining term as required by (3.34).

QED
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8.3 Chapter §5 appendices
Appendix §5A

Proof of Lemma 5.2.2.3 Results (i) and (iv) follow directly from assumption Al and Lemma
(5.2.2.2). To prove (ii) note that the convergence in mean square in Lemma (5.2.2.2) implies that

(%gt—r 2yijt— rﬂ(y) (uff)) )]
z]t—'r] (ﬂg)) )

'ﬂl

[ > (eor s )2] -

where for r = w, this is equal to <, thus

T
E %Zy?jt—r] _7(()1]) (""’E_?]J)) ’
t=1

and similarly for (v),

I

o3 5 o]

t=1

i( 2%y, — 2Tijerbs) + (ﬂff)) )]
w?jt—r] (.“ng))

Tzwm_r} 567 (ﬂff)) :

N~

1
i E[T

I M"] i

establishing (v).
To show (iii), the above is easily generalised for higher moments by noting that

1
E T Z yij,t—ryef,t—w] #E,y)ﬂ.(f})
=1

= vf?_iff uul,

T
1
E [fZ(yiJ’,t—-r—ﬂg))(yef,t—w Mff}))] =

t=1

and similarly for (vi)

T T
1 z 1 z
E lT ; (mij,t—r - ng ))(xef,t—w ﬂ',(gf) )] = E I:T Z xij,t—rxef,t-—w] /"'S;)Ngf)
— 5(1J€f) /‘5;)”2?),
Finally, for (vii) we have
1 — 1
E [T‘ E (yij,t—r - ﬂvg'l))(xef,t-w - ILS))] = E I:T Z yij,t—rmef,t—w] /J'gl)l-l'g_zf)
t=1 t=1

= WD -

Q.ED.
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Appendix §5B

Proof of Proposition 5.2.2.4 To show that plim (T~'Z'Z) = X3z, where zz # 0, define a
general matrix of eligible instruments Z = (Y7, Y3, X}, X%). First, we have

YYD YIY; YiXP YiX;
zz—| YiYi YiY: YiXi Y;X]
XY xXPyY; XXy XyX:
X3Y: X3Y: X3Xi X3'X;
The upper-left block of Z'Z is given by
17y 14) 14 14)/ o N7 .
o A o )
J J J J J J 2
e Yo 2 ] . : Yp-2Y¥p-1 Yp-2¥p-2 Yp-1Y¥p-
YV = p: (y}()lj% 3’;1—]% y;}_;()1 ) _ 2 : 2 P : P P : p—a
i) 1'; 15 1'; 17 1'; 15
v vy vy Oy
Note that, e.g., the upper-left block element of the YI'Y{ matrix is of the form
11 12 (1m
(11) (11) (11) (11) y(_pll y(_ 11 y_p_)l
Yp_1 VN—p-1 ¥Yop-1 Y1_p—1 (11) (15) (1m)
BT [C I R A2 Vg1 Vg Y
1) . (15 —-p-1 Yi—p-1 Y2-p-1 T—p-1 m
Y;()—Jl Ypo1 = P P P ? Y2-p-1 Y2-p1 Y2-p-1
am) (im)  (im) m : : :
Yp-1 Y1—p-1 Y2-p1 y’.g"—p)—l (11) (12) (1m)
T T 'I?T—p—l yT—p—l T—-p-1
a1 \? a1y (12) 1)  (1m)
( (yt—p—1> > Yi—p—1Yt—p—1 > yg—p—lyt—p—l \
= t=1 \ t-1
(12) (11 12 (12)  (1m)
yt-—p—lyt—p—l E (yg—p)—l) Z yt—p—lyt——p—l
=| t=1 t=1 t=1
T ' T ’ T 2
(1m)  (11) (m1)  (12) (1m)
K t=z:1 Yi—p_1Yt—p—1 ; Yi—p1Yt—p—1 tgl (yt—-p—-]_) }
Taking probability limits gives
plim (%yﬁ_’% yél_q) =
T 2 T T
(ot (45 (2)") w3 Z ) o et (42 0 0f ) )
T T 2 T
. . . 2 1m
plim (3 2085 0t )  wtim (b5 (6220)°) o wlim (4 2 055 )
t=1 t=1 t=1
T T T 2
. m 1 .
o (4 S0 ) pim (3 2Tl ) - wim (4 (5)°)

We can now apply the convergence results implied by Lemma (5.2.2.3) to obtain
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([ & [(yﬁilp)_l)z] E [y

Pt B[]

B[y ]

_ E ['yt(l?—w&?ll]

. 15 (15
plim (4y{) ygf,_’i)

1 11 1 12
\ © [yf_'ﬂlly§_,3.1] E [yt(Tpllyg—p)—l]
AW 4 @2 A 4 )

0 a9+ ()

(e’

1,1
’7{)12 lm; N u%]{;/“"?r}
Jim
o + 115 i

M)

v, W 7(()1""12) + Y

1m11) |
'7(()m )+p‘1m“11

which gives the required results for the upper-left block element of Y{'Y{. However, note that all
other block elements of this matrix can be written in the general form

(11) (12) (1m)
(11) (11) (11) (11) Y—pw —p—w Y_p-w
Yp—r Yi—p—r Y2-p—+ ~°° YT—p—r (11) (12) (1m)
y(12) y(12 512‘1)] (12f y%ﬁ’)'_w y%l_ —w y%l_p)_w
Y (1 (12) e e Yp m
yz()—‘??)' yI()—.?'t)u = p " :P " P r :p " Yo2p—w Yop-w 2—p—w
1. 1 : 1 , 1 :
E—;ri)r y&—"p})ﬂ' yg—TZLr y’_g“Tp)—r y(ll) (12) y(lm)
T T TT—p~w T—p—w T—p—w
11 11 11 12 11 1
( t_Zlyt(_J_ryt(_}_w t_Zlyﬁ_p)-ryﬁ_p)-w > gD gm0 )
T T T
12 11 12 12 12 1
_ t_zlyg—p)—ryi—p)—w 4 yg—p)—ryt(—p)—w & yg—p)—ryt(—rz’)l—)—w
T T . T
1 1 1) (12 1 1
\ X TR e > ym) D = gy
and thus, from Lemma (5.2.2.3), it follows that each block element of Y}'Y? converges to
[ (11 11 [ (11 12 [ (11 1 ]
E y§_£~ryt(_,3_w_ E yt(_ﬁ-ryﬁ_p)-w_ E _y§_3_ry§_'§1w_
, (1 By vl u| Eu iy E |y vy
pi (21 i) = | Prtie] Pl S
(1 ' 11 [ (m1 ' 12) ] [ (1 . 1 1
E ylg—r;lryé—p)—w E yg:npz-ryg—p)—w e B yt(—";lryt(—rg-)-w
" (11 ¢ (11,12 ‘ (11,1 X
SRR 7 1) L LS U Yot + u )
12,11 12 12,1
Vool +uiButl D+ (i) Tl + uif i
1m,11 ) 1m,12 ' 1 '
R L S L Yo + (u)?

Therefore, a typical scalar element of Y} Y7 has a non-zero probability limit of the general form

. — T 14 15
plim (T 13 y§_',3_ry§_’3_w)

= 7|r—'w|

(14,15)

+ ).

Now, the second block element of Z'Z is given by
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s WY YOI Ly,
vivi- [ (G g e, )| PV R e

) YYD SO by,
Similar to the above derivation, we can write the typical scalar element of Y} Y} as 23;1 yt(l_i;__ryg’;l,
and therefore plim (T_l >T, yt(li,),_ryt(iﬁ) = 7|(;f,2i)w| + u%’)ug).

Following the same principle and applying again Lemma (5.2.2.3), we can write typical elements

of each of the blocks of the matrix Z'Z as

Yi'Yi: plim (T~ L, 5109 ) = i + pf Y
YiY3&YyYi: plim (TS0, ) 0)) = 1052, + u¥uy)
Y53 plim (T4 =L, 4#00%9)) =122 + uPuy
YiX1&Xy'Y1 e plim (T2 L, 6 al)_) = v, +uPul
Y5 X1&XyYs: plim (T 2L, y®0el)_,) = 62, + uu?
Y3'X;3: plim (771 =L, 402} = 922 4+ P )

Xy'Xi : plim (771 ©7_, %, 2{9)_,)) = 6022 + uPuf?
X{'X3&X5 X1 plim (T S7, 21 a)) = 60529, + P )

X3 X3 plim (T~ 07, 222} = 6242 4 u$uf)

This proves (i) by showing that Xzz # 0.

To show that (ii) holds, define X = (¢, Yy , Xy;) where Yi; = (Y1j:, Y1ji—k) and Xy; =
(Xijt,X1jt—k). Let Z be defined as above. Therefore, the matrix Z’X is given by

YI'L Y}"Yut YI'Yljt—k Yflxljt
2% - Y;L ngut'ygvuhk Y{xut
XI’L XIIYU: XIIYljt~k XI'let
st X5V X5 Y X5 Xy

Y1 Xuje—k
Y3 Xije—k
XT’let—k
XE'Xut—k

(8.46)

Using the same technique and applying Lemma (5.2.2.3) we derive typical elements of the
blocks of specified in (8.46) and show that they have non-zero probability limits. Namely, we have

Yyt plim (T~ S, {19 _,) = ¥

s plim (72 37, 427) = ufy
Xi'y: plim (T 17, 21, ) = uff)
X3 plim (T~ 0L, 227) = )
Yi'Yye: plim (TS0, o) =10 + u{Puy
Y3 Yy plim (77020, y200) =989 4 u@ufy
X{Yy,:  plim (T—1 Yoz y{ )) =i + P
X3Yye:  plim (77120, 20y() = 99 4y py
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Y$Yiji-r: plim ( 1T ngl—z;);—-rytgljgi) 7|(,}i:]—)w| + l‘(y) W
Y35 Yijek: plim (T S0 p3000) = 900 + i u)
XTIYUt—k :  plim ( -1 Zt 1 $§1—23—ryt(1—731) = ¢|(;1_’:]_)w, + ugf)uﬁ’)
X3 Yijox s plim (77020, o000 = 700 + P ufy)
Yi'Xye:  plim (T2, o) al?) = 9 + u{Pul?
Y5 Xy plim (T70 5L, o?00{9) = 419 4 )
X{Xie:  plim (TS0, 2 af?) = {1 + uPuf?
X5 Xize:  plim (77150, o2 = 6209 4y )

Y Xyjer s plim (T2, 4 af0)) = oo, + uPuy
Y3 Xyjek s plim (771 2L, y®al)) = w23) + uPuly
Xt Xijes s plim (T2, o) af)) = 60500, + P u?)
X3 Xyje-x: plim ( -1y T :z:gz‘nglJz,) 6(3 b 1le|) + pgf)ugj)

This proves (ii) by showing that Xzx # 0, as required.
Finally, to prove (iii), let u; = (uy, uz, u3), using the notation from (5.14)-(5.16). We require
that F [Z'u;] = E [Z'uy] = E [Z'ug] = 0. From (5.11), (5.12), and (5.13) this implies that

[ P q
EZw] = E|Z'|( +ew~— ZBjslt—j - Erjlslt—j
| 3=0 =0
E[Zw] = B[Z (ex- Agﬁeu)]
E[Z'u) = E[Z (62— Ag")au)]

Using the definition of Z we have

4 Y;'
Y;I P q
E[Z'a] = E | X+ C:+ewe— > Bjer—j— > Lo
1, j=0 7=0
([ X3
[ ’ ' P ’ q B -
Yi¢, +Yien— ) YiBjen—j— EOYI | T P
j=0 =
’ ’ P ’ q ,
Y;¢+Ysen— Z Y3 Bjer—; — EOYE L;61:—;
=E 20
X1'¢ + Xt e — Z Xi'Bjeq—; — ZOX'{ Tjo1—;
J_
X3¢, + X5 1 — Z X3 Bjere—; — ZOXE'IWM—J'
L =0 i= i
_ q )
Y it—p—rC: + Y 1tprerr — Z Y'1t—p-rBj€1e—j — ZOY'lt—p—rI‘j51t—j
j=o0 =
P q
Yo vCi+Yorere — ), Yo wBjien—j— 3 Yo oTj01e—;
-F -
X'1t—q—rCs + X'1t—g—r€1t — ) X'1t—g—rBjers—; — on'lt—q—rrﬁu—j
j=0 3=
P q
L X'?t—rct + X9 r€1: — Z X’Zt—rBjEn—j - Z:()le—rrj(su_j
=0 j= i

=0.
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Similarly, it easily seen that E [Z'uy] = E [Z'u3] = 0, as the lagged variables are uncorrelated
with the contemporaneous latent errors.

Q.E.D.

Appendix §5C

Proof of Proposition 5.4.0.1 We show that a general DSEM model can be written in the form
VK + WG = u. Then the result follows since rank [R; (K’ : G)’] > M — 1,' where M is the
number of the left-hand side variables, i.e., number of the equations in the system and where R;
is the selection matrix for the j** equation, therefore M = m +n + h.

Note that the DSEM model (5.14)—(5.16) can be written as

Yit = op +Boyit + Biyu—1+ ... + Bpyit—p + Toxae
+ DiXpe—1 + ... + DgX1e—g + uge

Yo = aéy) + Agy)YIt + ug

Xgt = aé’) + Ag’)xlt + us:

(8.47)

By rearranging by moving the endogenous variables on the left hand side (8.47) can be written as

(I-By) 0 O Yt
-AY) I, o Yot
0 0 I, Xot
-y, -B; -By .- —Bp -y -I't - —I‘q
¥ o o - 0o o o0 - o0
—a® o0 o - 0 AP o - o0
, Ui
X(L Y1 Yi—2 Y’lt—p e STRES ST xllt—q) =1 ux
gt

Transposing the entire system we get

(I-Bo) —-AY o

(Y1t : yor : Xot) 0 I, o0 |+
0 0 I,
[ oy o —af )
-B’; 0 0
-B/y 0 0
(l'y Yit—1y Y1t—25--+5 Yit—p, X1ty X1t-15-++ xlt—q) _BIP 0 0 ,
'y 0 —AQ®
-y 0 0
\ -I';, © o )

= (ult cugg u3t),
(8.48)
which can be written in full-sample notation

1See e.g. Judge et al. (1985)
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(Y155 Yo5, X25) 0 I, 0
0 0 I,
[ oy o) o)
-B/; 0 0
~B/y 0 0
= (¢, Yije—k, Xujt, Xije—k) | —Bp O 0 [=u
_I\IO 0 _Agz)
-’y 0 0
v o o )

where u = (uy, Uy, us:). Now define V = (y15, y2;, X2;) and W = (¢, Yy¢, Xuje, Xije—k),

(o o o )
-B/;

0 0
-B', 0 0
@-B%) -AY o : : :
K= 0 I, 0|, and G=| -B’, 0 0 ,
0 0 In -I's 0 —Agz)

-IYy O 0

\-I';, 0 0
therefore the system (8.48) can be written as VK + WG = u, as required.

Q.E.D.

199



8.4 Chapter §6 appendices: Estimation code
Appendix §6A: S matrix functions

Lag operator

Note that for pure time series data (N = 1) the power.shift() function can be used in its own
right for computing lags. For example,

> x_1 <- power.shift(120,1)%*%x
computes the first lag of variable x, thus having the effect of a simple lag operator. The p-period lag
for data in the “long panel” format can be computed using the vectorised S+ function 1lag. panel()

defined as

"lag.panel" <- function(x,p,n,t)

{
lag <- power.shift(n*t,p)%*/x
eliminator <- kronecker(rep(1l,n), c(rep(NA,p), rep(1,t-p)))
lag*eliminator

}

where p denotes the lag, n is the cross-section sample size and t is the time-dimension of the panel
and z which needs to be lagged. Thus, if x is a vector of N = 200 individuals observed over T' = 10
time periods, stacked in the “long panel” format, the first lag can be computed by executing the
command

> x_1 <- lag.panel(x,1,200,10)
For very large panels, the vectorised function panel.lag() might require large RAM memory
and tends to be very slow if virtual memory is used via paging files. Therefore, with large panels

it might be necessary to use a looping version lag.1p() defined as

"lagp.lp" <- function(x, p, n, t)

{
m <- n-1
v <- lag.df(x,p)
for(i in O:m)
{
for(j in 1:p)
{
vit * i + j] <-0
}
}
v
}

which makes use of the function lag.df() that returns the lagged vector of the same length as
the original vector,

200



"lag.df" <- function(x, p)
{
g <- length(x)
v <-X
for(j in 1:p)
{
v[jl <- 0
}

q <- pt1
for(i in q:g)
{
v[i] <- x[i-p]
}

}

Instrumental variable operator S},

We define an S function that has the effect of applying the operator S}v, defined in (5.20), on the
variable z, where j denotes the lag, n is the cross-section sample size and ¢ is the time-dimension
of the panel,

"instrument" <- function(x, j, n, t)

{
dl <~ power.shift(t, j) + rbind(cbind(0, diag(j),
+ matrix(0, j, t - j - 1)), matrix(0, t - j, t))
d2 <- kronecker(diag(n), d1)
d2 % * % x

}

The instrument() function makes use of the power.shift() function defined above. As an
illustration, suppose we wish to create a 2-period lagged instrument for the variable “income” and
name it as “IVincome2” in a panel with N = 200, T" = 10. This can be achieved by writing

> IVincome2 <- instrument(income,2,200,10)

from the command line in S-PLUS. The above function uses matrix operators, namely shifting
matrices and is hence a fully vectorised function. For very large panels, it might be necessary to
use loops and apply the following S+ function

"instrument.lp" <~ function(x, p, n, t)

{
m <- n-1
v <- lag.df(x,p)
for(i in O:m)
{
for(j in 1:p)
{
v[t*xi+j] <- 0
}
}
v
}
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Note that the functions instrument() and instrument.lp() have the same arguments and will
return the same result.

Appendix §6B: Estimation code
GiveWin batch syntax for FD model

The GIVE estimation code for the two structural equations of the FD model (in GiveWin batch
syntax), which can be run with GiveWin 1.30 or later. The equation for g; using the IV, set can
be estimated with

module ("PcGive");
usedata("FDpanel.x1ls") ;

system

{
Y = g(t), 1(v);
Z = Constant, g(t-1), i(t);
A = IVb_2, IV1_2, IVp_2;

}

estsystem("IVE", 1, 1, 180, 1);

while the code for the second structural equation (I;) using IV, that includes lags of g; and i, is
given by

module ("PcGive") ;
usedata("FDpanel.x1ls");

systenm

{
Y = 1(t), g(t-1), i(t);
Z = Constant;

A =1IVb_2, IV1_2, IVp_2, IVg 2, IVi_2;
}
estsystem("IVE", 1, 1, 180, 1);

The measurement model (equations for b; and p:), using l; as the unit-loading proxy for latent
financial development, can be estimated with the following code

module ("PcGive") ;
usedata("FDpanel.x1ls");

system
{

Y = b(t), 1(¢t);

Z = Constant;

A = IVb_3, IV1_3, IVp_3;
}

estsystem("IVE", 1, 1, 180, 1);

where IV; is used as the set of instruments. The second measurement equation uses IV, set of
instruments and the code is

module("PcGive") ;
usedata("FDpanel.x1ls");
system
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Y = P(t)a l(t);
Z = Constant;
A = TIVb_2, IV1_2, IVp_2;

}
estsystem("IVE", 1, 1, 180, 1);

The FIVE (3SLS) estimation code that estimates the structural model jointly with the mea-
surement model is given by

module ("PcFiml");
usedata("FDpanel.x1ls");

system
{
Y = g(t), b(t), 1(t), p(t);
Z = i(t), g(t-1), Constant,
IVvb_2, IV1_2, IVp_2, IVg_ 2, IVi_2,
IVb_3, IV1_3, IVp_3;
}
estsystem("OLS", 1, 1, 180, 1);
model
{
g(t) = 1(v), i(t), g(t-1);
1(t) = i(t), g(t-1), Constant;

b(t) = 1(t), Constant;
p(t) 1(t), Comstant;

}
estmodel ("3SLS", 0);

where IV, and I'V; are used as instrument sets.

LISREL estimation syntax for the FD model

The following LISREL syntax uses the covariance matrix saved in the file wgpanel.CM and does
not specify user-defined starting values,

TI

DA NI=40 NO=20 NG=1 MA=CM

CM=wgpanel.CM

SE

6789 10 16 17 18 19 20 21 22 23 24 25 26 27 28
29 30 36 37 38 39 40 /

MO NX=5 NY=20 NK=5 NE=10 LY=FU,FI LX=FU,FI

MO BE=FU,FI GA=FU,FI PH=SY,FR PS=DI,FR TE=DI,FR TD=DI,FI
FR LY(6,1) LY(7,2) LY(8,3) LY(9,4) LY(10,5)

EQ LY(6,1) LY(7,2) LY(8,3) LY(9,4) LY(10,5)

FR LY(11,1) LY(12,2) LY(13,3) LY(14,4) LY(15,5)

EQ LY(11,1) LY(12,2) LY(13,3) LY(14,4) LY(15,5)

VA 1.00 LY(16,1) LY(17,2) LY(18,3) LY(19,4) LY(20,5)
VA 1.00 LY(1,6) LY(2,7) LY(3,8) LY(4,9) LY(5,10)

VA 1.00 LX(1,1) LX(2,2) LX(3,3) LX(4,4) LX(5,5)

FR BE(6,1) BE(7,2) BE(8,3) BE(9,4) BE(10,5)
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EQ BE(6,1) BE(7,2) BE(8,3) BE(9,4) BE(10,5)
FR BE(2,6) BE(3,7) BE(4,8) BE(5,9)

EQ BE(2,6) BE(3,7) BE(4,8) BE(5,9)

FR BE(7,6) BE(8,7) BE(9,8) BE(10,9)

EQ BE(7,6) BE(8,7) BE(9,8) BE(10,9)

FR GA(1,1) GA(2,2) GA(3,3) GA(4,4) GA(5,5)
EQ GA(1,1) GA(2,2) GA(3,3) GA(4,4) GA(5,5)
FR GA(6,1) GA(7,2) GA(8,3) GA(9,4) GA(10,5)
EQ GA(6,1) GA(7,2) GA(8,3) GA(9,4) GA(10,5)
FI PH(5,1)

FI PH(5,2) PH(4,1)

EQ PH(1,1) PH(2,2) PH(3,3) PH(4,4) PH(5,5)
EQ PH(2,1) PH(3,2) PH(4,3) PH(5,4)

EQ PH(3,1) PH(4,2) PH(5,3)

EQ PS(1,1) PS(2,2) PS(3,3) PS(4,4) PS(5,5)
EQ PsS(6,6) PS(7,7) PS(8,8) PS(9,9) PS(10,10)
FI TE(1,1) TE(2,2) TE(3,3) TE(4,4) TE(5,5)
EQ TE(6,6) TE(7,7) TE(8,8) TE(9,9) TE(10,10)
EQ TE(11,11) TE(12,12) TE(13,13) TE(14,14) TE(15,15)
EQ TE(16,16) TE(17,17) TE(18,18) TE(19,19) TE(20,20)
0U ME=ML ND=5

Starting values based on the FIVE (3SLS) estimates are given below. The ST command lines
should be include anywhere before the OU command in the above LISREL syntax.

ST 0.1818 LY(6,1) LY(7,2) LY(8,3) LY(9,4) LY(10,5)
ST 0.5246 LY(11,1) LY(12,2) LY(13,3) LY(14,4) LY(15,5)
ST -0.0089 BE(6,1) BE(7,2) BE(8,3) BE(9,4) BE(10,5)
ST 0.4001 BE(2,6) BE(3,7) BE(4,8) BE(5,9)

ST 0.0000 BE(7,6) BE(8,7) BE(9,8) BE(10,9)

ST -0.8658 GA(1,1) GA(2,2) GA(3,3) GA(4,4) GA(5,5)
ST -0.0560 GA(6,1) GA(7,2) GA(8,3) GA(9,4) GA(10,5)

ST 0.0000 PH(1,1) PH(2,2) PH(3,3) PH(4,4) PH(5,5)
ST 0.0000 PH(2,1) PH(3,2) PH(4,3) PH(5,4)

ST 0.0000 PH(3,1) PH(4,2) PH(5,3)

ST 0.0189 PS(1,1) PS(2,2) PS(3,3) Ps(4,4) Ps(5,5)
ST 0.0004 Ps(6,6) Ps(7,7) Ps(8,8) Ps(9,9) Ps(10,10)
ST 0.0000 TE(6,6) TE(7,7) TE(8,8) TE(9,9) TE(10,10)
ST 0.0000 TE(11,11) TE(12,12) TE(13,13) TE(14,14) TE(15,15)
ST 0.0000 TE(16,16) TE(17,17) TE(18,18) TE(19,19) TE(20,20)

IV GiveWin batch code for the BHPS model

Measurement equations:

module ("PcGive");

usedata("bhps.long");

system
{

Y=h, £f;

A = fiv4,fivh;
}
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estsystem("IVE", 1, 1, 66976, 1);

module ("PcGive") ;

usedata("bhps.long");

system
{
Y=1i, 1;
Z = Constant;
A = 1ivb,1iv6;
}

estsystem("IVE", 1, 1, 66976, 1);

module ("PcGive");
usedata("bhps.long");

system
{
Y=r, s;
Z = Constant;
A = sivb,siv6;
}

estsystem("IVE", 1, 1, 66976, 1);

\noindent Structural equations:

module ("PcGive");
usedata("bhps.long");

system
{
Y =+¢£,f1,f2,f4,1,11,12,s,s1,52;
Z = Constant;
A = fiv5,fiv6,fiv7,1iv4,1ivb,1iv6,1iv7,siv4,sivb,siv6,siv7;

}
estsystem("IVE", 1, 1, 66976, 1);

module ("PcGive");

usedata("bhps.long");

system
{

Y = s,s1,s2,s3,s4,f1,f2,1,11,12,13;

Z = Constant;

A = fivs,fiv6,fiv7,1iv4,1ivb5,1iv6,1iv7,siv4,sivb,siv6,sivT7;
}

estsystem("IVE", 1, 1, 66976, 1);

module("PcGive");
usedata("bhps.long");
system

{
Y=1,11,12,13,14,15;
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N
]

Constant,e;

=
1]

fivb,fiv6,fiv7,fiv8,iiv6,iiv7,iiv8;
}
estsystem("IVE", 1, 1, 66976, 1);

FIML code:

module("PcFiml");
usedata("bhps.long");

system
{
Y = h,i,r;
Z = Constant,f,l,s,fiv4,fivb,1ivb5,fiv6,siv5,siv6;
}
estsystem("OLS", 1, 1, 66976, 1);
model
{

= f,Constant;
i = 1,Constant;

s,Constant;
}
estmodel ("3SLS", 0);

module ("PcFiml");
usedata("bhps.long");

system
{
Y =f£,s,1;
Z = Constant,f1,f2,f4,11,12,13,14,15,s1,s2,s3,s4,¢,
fivb,fiv6,fiv7,fiv8,
liv4,1iv5,1iv6,1iv7,
siv4,sivb,siv6,siv7,
iiv6,iiv7,1iiv8;
}
estsystem("OLS", 1, 1, 66976, 1);
model
{
= f1,f2,f4,1,11,12,s,s1,s2;
s = s1,s2,s3,s4,f1,f2,1,11,12,13,Constant;
1l=11,12,13,14,15,e,Constant;
}

estmodel ("3SLS", 0);

module ("PcFiml");
usedata("bhps.long");
system
{
Y =h,i,r,f,s,]l;
Z = Constant,e,f1,f2,f4,11,12,13,14,15,s1,s2,s3,s4,
fiv4,fiv5,fiv6,fiv7,£fiv8,
liv4,1ivb,1iv6,1iv7,
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siv4,sivb,siv6,siv7,
iiv6,iiv7,1iiv8;

}
estsystem("0LS", 1, 1, 66976, 1);
model
{
h=1;
i=1;
r = s;
f =f1,f2,f4,1,11,12,s,s1,82;
s = si,s2,s3,s4,f1,£2,1,11,12,13;
1=11,12,13,14,15,¢;
}

estmodel ("3SLS", 0);

LISREL syntax for the BHPS model

TI

DA NI=104 NO=3347 NG=1 MA=CM

KM=bhps .KC

LA

AF0OOD AHOUSING ALABOUR ANLABOUR AINVEST ASAVINGS AED ACREDIT
BFOOD BHOUSING BLABOUR BNLABOUR BINVEST BSAVINGS BED BCREDIT
CFOOD CHOUSING CLABOUR CNLABOUR CINVEST CSAVINGS CED CCREDIT
DFOOD DHOUSING DLABOUR DNLABOUR DINVEST DSAVINGS DED DCREDIT
EF00D EHOUSING ELABOUR ENLABOUR EINVEST ESAVINGS EED ECREDIT
FFOOD FHOUSING FLABOUR FNLABOUR FINVEST FSAVINGS FED FCREDIT
GFOOD GHOUSING GLABOUR GNLABOUR GINVEST GSAVINGS GED GCREDIT
HFOOD HHOUSING HLABOUR HNLABOUR HINVEST HSAVINGS HED HCREDIT
IFOOD IHOUSING ILABOUR INLABOUR IINVEST ISAVINGS IED ICREDIT
JFOOD JHOUSING JLABOUR JNLABOUR JINVEST JSAVINGS JED JCREDIT
KFOOD KHOUSING KLABOUR KNLABOUR KINVEST KSAVINGS KED KCREDIT
LFOOD LHOUSING LLABOUR LNLABOUR LINVEST LSAVINGS LED LCREDIT
MFOOD MHOUSING MLABOUR MNLABOUR MINVEST MSAVINGS MED MCREDIT
SE

1917 25 33 41 49 57 65 73 81 89 97

2 10 18 26 34 42 50 58 66 74 82 90 98

3 11 19 27 35 43 51 59 67 75 83 91 99

4 12 20 28 36 44 52 60 68 76 84 92 100

5 13 21 29 37 45 53 61 69 77 85 93 101

6 14 22 30 38 46 54 62 70 78 86 94 102

8 16 24 32 40 48 56 64 72 80 88 96 104

7 15 23 31 39 47 55 63 71 79 87 95 103/

MO NX=13 NY=78 NK=13 NE=39 LY=FU,FI LX=FU,FI BE=FU,FI GA=FU,FI PH=SY,FI PS=DI,FR
MO TE=SY,FI TD=DI,FR

LE

aCons bCons cCons dCons eCons fCons gCons hCons iCons jCons kCons 1lCons mCons
alncome bIncome cIncome dIncome eIncome fIncome gIncome hIncome iIncome jIncome
kIncome lIncome mIncome

alQ bLQ cLQ dLQ eLQ fLQ gLQ bLQ ilLQ jLQ kLQ 1LQ mLQ

LK
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aEd bEd cEd dEd eEd fEd gEd hEd iEd jEd kEd 1Ed mEd

1 LY(1,1) LY(2,2) LY(3,3) LY(4,4) LY(5,5) LY(6,6) LY(7,7) LY(8,8) LY(9,9)
1 LY(10,10) LY(11,11) LY(12,12) LY(13,13)

LY(14,1) LY(15,2) LY(16,3) LY(17,4) LY(18,5) LY(19,6) LY(20,7) LY(21,8)
LY(22,9) LY(23,10) LY(24,11) LY(25,12) LY(26,13)

LY(14,1) LY(15,2) LY(16,3) LY(17,4) LY(18,5) LY(19,6) LY(20,7) LY(21,8)
LY(21,8) LY(22,9) LY(23,10) LY(24,11) LY(25,12) LY(26,13)

1 LY(27,14) LY(28,15) LY(29,16) LY(30,17) LY(31,18) LY(32,19) LY(33,20)

1 LY(34,21) LY(35,22) LY(36,23) LY(37,24) LY(38,25) LY(39,26)

VA
VA
FR
FR
EQ
EQ
VA
VA
FR
FR
EQ
EQ
VA
VA
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
EQ
FR
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR

LY(40,14) LY(41,15) LY(42,16) LY(43,17)
LY(47,21) LY(48,22) LY(49,23) LY(50,24)
LY(40,14) LY(41,15) LY(42,16) LY(43,17)
LY(46,20) LY(47,21) LY(48,22) LY(49,23)

LY(44,18) LY(45,19) LY(46,20)
LY(51,25) LY(52,26)

LY(44,18) LY(45,19) LY(46,20)
LY(50,24) LY(51,25) LY(52,26)

1 LY(53,27) LY(54,28) LY(55,29) LY(56,30) LY(57,31) LY(58,32) LY(59,33)
1 LY(60,34) LY(61,35) LY(62,36) LY(63,37) LY(64,38) LY(65,39)

LY(66,27) LY(67,28) LY(68,29) LY(69,30)
LY(73,34) LY(74,35) LY(75,36) LY(76,37)
LY(66,27) LY(67,28) LY(68,29) LY(69,30)
LY(72,33) LY(73,34) LY(74,35) LY(75,36)
BE(2,1) BE(3,2) BE(4,3) BE(5,4) BE(6,5)
BE(11,10) BE(12,11) BE(13,12)

BE(2,1) BE(3,2) BE(4,3) BE(5,4) BE(6,5)
BE(10,9) BE(11,10) BE(12,11) BE(13,12)

BE(3,1) BE(4,2) BE(5,3) BE(6,4) BE(7,5)
BE(12,10) BE(13,11)

BE(3,1) BE(4,2) BE(5,3) BE(6,4) BE(7,5)
BE(11,9) BE(12,10) BE(13,11)

BE(4,1) BE(5,2) BE(6,3) BE(7,4) BE(8,5)
BE(13,10)

BE(4,1) BE(5,2) BE(6,3) BE(7,4) BE(8,5)
BE(12,9) BE(13,10)

BE(5,1) BE(6,2) BE(7,3) BE(8,4) BE(9,5)
BE(5,1) BE(6,2) BE(7,3) BE(8,4) BE(9,5)

LY(70,31) LY(71,32) LY(72,33)
LY(77,38) LY(78,39)

LY(70,31) LY(71,32) LY(72,33)
LY(76,37) LY(77,38) LY(78,39)
BE(7,6) BE(8,7) BE(9,8) BE(10,9)
BE(7,6) BE(8,7) BE(9,8) BE(10,9)
BE(8,6) BE(9,7) BE(10,8) BE(11,9)
BE(8,6) BE(9,7) BE(10,8) BE(11,9)
BE(9,6) BE(10,7) BE(11,8) BE(12,9)
BE(9,6) BE(10,7) BE(11,8) BE(12,9)

BE(10,6) BE(11,7) BE(12,8) BE(13,9)
BE(10,6) BE(11,7) BE(12,8) BE(13,9)

BE(6,1) BE(7,2) BE(8,3) BE(9,4) BE(10,5) BE(11,6) BE(12,7) BE(13,8)
BE(6,1) BE(7,2) BE(8,3) BE(9,4) BE(10,5) BE(11,6) BE(12,7) BE(13,8)
BE(1,14) BE(2,15) BE(3,16) BE(4,17) BE(5,18) BE(6,19) BE(7,20) BE(8,21)
BE(9,22) BE(10,23) BE(11,24) BE(12,25) BE(13,26)

BE(1,14) BE(2,15) BE(3,16) BE(4,17) BE(5,18) BE(6,19) BE(7,20) BE(8,21)
BE(8,21) BE(9,22) BE(10,23) BE(11,24) BE(12,25) BE(13,26)

BE(2,14) BE(3,15) BE(4,16) BE(5,17) BE(6,18) BE(7,19) BE(8,20) BE(9,21)

BE(10,22) BE(11,23) BE(12,24) BE(13,25)

BE(2,14) BE(3,15) BE(4,16) BE(5,17) BE(6,18) BE(7,19) BE(8,20) BE(9,21)
BE(9,21) BE(10,22) BE(11,23) BE(12,24) BE(13,25)
BE(3,14) BE(4,15) BE(5,16) BE(6,17) BE(7,18) BE(8,19) BE(9,20) BE(10,21)

BE(11,22) BE(12,23) BE(13,24)

BE(3,14) BE(4,15) BE(5,16) BE(6,17) BE(7,18) BE(8,19) BE(9,20) BE(10,21)

BE(10,21) BE(11,22) BE(12,23) BE(13,24)

BE(1,27) BE(2,28) BE(3,29) BE(4,30) BE(5,31) BE(6,32) BE(7,33) BE(8,34)
BE(9,35) BE(10,36) BE(11,37) BE(12,38) BE(13,39)

EQ BE(1,27) BE(2,28) BE(3,29) BE(4,30) BE(5,31) BE(6,32) BE(7,33) BE(8,34)
EQ BE(8,34) BE(9,35) BE(10,36) BE(11,37) BE(12,38) BE(13,39)
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FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ

BE(2,27) BE(3,28) BE(4,29) BE(5,30) BE(6,31) BE(7,32)

BE(10,35) BE(11,36) BE(12,37) BE(13,38)

BE(2,27) BE(3,28) BE(4,29) BE(5,30) BE(6,31) BE(7,32)

BE(9,34) BE(10,35) BE(11,36) BE(12,37) BE(13,38)

BE(3,27) BE(4,28) BE(5,29) BE(6,30) BE(7,31) BE(8,32)

BE(11,35) BE(12,36) BE(13,37)

BE(3,27) BE(4,28) BE(5,29) BE(6,30) BE(7,31) BE(8,32)

BE(10,34) BE(11,35) BE(12,36) BE(13,37)

BE(4,27) BE(5,28) BE(6,29) BE(7,30) BE(8,31) BE(9,32)

BE(12,35)

BE(4,27) BE(5,28) BE(6,29) BE(7,30) BE(8,31) BE(9,32) BE(10,33) BE(11,34)

BE(11,34)
BE(15,14)
BE(22,21)
BE(15,14)
BE(21,20)
BE(16,14)
BE(23,21)
BE(16,14)
BE(22,20)
BE(17,14)
BE(24,21)
BE(17,14)
BE(23,20)
BE(18,14)
BE(25,21)
BE(18,14)
BE(24,20)
BE(19,14)
BE(26,21)
BE(19,14)
BE(25,20)

GA(14,1) GA(15,2) GA(16,3) GA(17,4) GA(18,5) GA(19,6) GA(20,7) GA(21,8)

BE(13,36)

BE(12,35)
BE(16,15)
BE(23,22)
BE(16,15)
BE(22,21)
BE(17,15)
BE(24,22)
BE(17,15)
BE(23,21)
BE(18,15)
BE(25,22)
BE(18,15)
BE(24,21)
BE(19,15)
BE(26,22)
BE(19,15)
BE(25,21)
BE(20,15)

BE(20,15)
BE(26,21)

BE(13,36)
BE(17,16)
BE(24,23)
BE(17,16)
BE(23,22)
BE(18,16)
BE(25,23)
BE(18,16)
BE(24,22)
BE(19,16)
BE(26,23)
BE(19,16)
BE(25,22)
BE(20,16)

BE(20,16)
BE(26,22)
BE(21,16)

BE(21,16)

BE(18,17)
BE(25,24)
BE(18,17)
BE(24,23)
BE(19,17)
BE(26,24)
BE(19,17)
BE(25,23)
BE(20,17)

BE(20,17)
BE(26,23)
BE(21,17)
BE(21,17)

BE(22,17)

BE(22,17)

BE(19,18)
BE(26,25)
BE(19,18)
BE(25,24)
BE(20,18)
BE(20,18)
BE(26,24)
BE(21,18)
BE(21,18)
BE(22,18)
BE(22,18)
BE(23,18)

BE(23,18)

GA(22,9) GA(23,10) GA(24,11) GA(25,12) GA(26,13)

GA(14,1) GA(15,2) GA(16,3) GA(17,4) GA(18,5) GA(19,6) GA(20,7) GA(21,8)

BE(20,19)
BE(20,19)
BE(26,25)
BE(21,19)
BE(21,19)
BE(22,19)
BE(22,19)
BE(23,19)
BE(23,19)

BE(24,19)

BE(24,19)

GA(21,8) GA(22,9) GA(23,10) GA(24,11) GA(25,12) GA(26,13)

BE(28,27)
BE(35,34)
BE(28,27)
BE(34,33)
BE(29,27)
BE(36,34)
BE(29,27)
BE(35,33)
BE(30,27)
BE(37,34)
BE(30,27)
BE(36,33)
BE(31,27)
BE(38,34)
BE(31,27)

BE(29,28)
BE(36,35)
BE(29,28)
BE(35,34)
BE(30,28)
BE(37,35)
BE(30,28)
BE(36,34)
BE(31,28)
BE(38,35)
BE(31,28)
BE(37,34)
BE(32,28)
BE(39,35)
BE(32,28)

BE(30,29)
BE(37,36)
BE(30,29)
BE(36,35)
BE(31,29)
BE(38,36)
BE(31,29)
BE(37,35)
BE(32,29)
BE(39,36)
BE(32,29)
BE(38,35)
BE(33,29)

BE(33,29)

BE(31,30)
BE(38,37)
BE(31,30)
BE(37,36)
BE(32,30)
BE(39,37)
BE(32,30)
BE(38,36)
BE(33,30)

BE(33,30)
BE(39,36)
BE(34,30)

BE(34,30)
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BE(32,31)
BE(39,38)
BE(32,31)
BE(38,37)
BE(33,31)

BE(33,31)
BE(39,37)
BE(34,31)
BE(34,31)

BE(35,31)

BE(35,31)

BE(33,32)
BE(33,32)
BE(39,38)
BE(34,32)
BE(34,32)
BE(35,32)
BE(35,32)

BE(36,32)

BE(36,32)

BE(8,33) BE(9,34)
BE(8,33) BE(9,34)
BE(9,33) BE(10,34)
BE(9,33) BE(10,34)

BE(10,33) BE(11,34)

BE(21,20)
BE(21,20)
BE(22,20)
BE(22,20)
BE(23,20)
BE(23,20)
BE(24,20)
BE(24,20)
BE(25,20)

BE(25,20)

BE(34,33)
BE(34,33)
BE(35,33)
BE(35,33)
BE(36,33)
BE(36,33)
BE(37,33)

BE(37,33)



EQ BE(37,33) BE(38,34) BE(39,35)

FR BE(28,1)
FR BE(36,9)
EQ BE(28,1)
EQ BE(35,8)
FR BE(29,1)
FR BE(37,9)
EQ BE(29,1)
EQ BE(36,8)
FR BE(30,1)
FR BE(38,9)
EQ BE(30,1)
EQ BE(37,8)
FR BE(27,14)
FR BE(34,21)
EQ BE(27,14)
EQ BE(33,20)
FR BE(28,14)
FR BE(35,21)
EQ BE(28,14)
EQ BE(34,20)
FR BE(29,14)
FR BE(36,21)
EQ BE(29,14)
EQ BE(35,20)
FR BE(30,14)
FR BE(37,21)
EQ BE(30,14)
EQ BE(36,20)
FR BE(31,14)
FR BE(38,21)
EQ BE(31,14)
EQ BE(37,20)
VA 1 PH(1,1)
VA 1 PH(9,9)
VA 1 PH(2,1)
VA
VA
VA
VA
VA
VA
VA
VA
VA
VA
VA
VA
VA
VA
VA

e N N T e N e e = S e

BE(29,2) BE(30,3) BE(31,4) BE(32,5) BE(33,6) BE(34,7)

BE(37,10) BE(38,11) BE(39,12)

BE(29,2) BE(30,3) BE(31,4) BE(32,5) BE(33,6) BE(34,7)

BE(36,9) BE(37,10) BE(38,11) BE(39,12)

BE(30,2) BE(31,3) BE(32,4) BE(33,5) BE(34,6) BE(35,7)

BE(38,10) BE(39,11)

BE(30,2) BE(31,3) BE(32,4) BE(33,5) BE(34,6) BE(35,7)

BE(37,9) BE(38,10) BE(39,11)

BE(31,2) BE(32,3) BE(33,4) BE(34,5) BE(35,6) BE(36,7)

BE(39,10)

BE(31,2) BE(32,3) BE(33,4) BE(34,5) BE(35,6) BE(36,7)

BE(38,9) BE(39,10)

BE(28,15)
BE(35,22)
BE(28,15)
BE(34,21)
BE(29,15)
BE(36,22)
BE(29,15)
BE(35,21)
BE(30,15)
BE(37,22)
BE(30,15)
BE(36,21)
BE(31,15)
BE(38,22)
BE(31,15)
BE(37,21)
BE(32,15)
BE(39,22)
BE(32,15)
BE(38,21)

BE(29,16)
BE(36,23)
BE(29,16)
BE(35,22)
BE(30,16)
BE(37,23)
BE(30,16)
BE(36,22)
BE(31,16)
BE(38,23)
BE(31,16)
BE(37,22)
BE(32,16)
BE(39,23)
BE(32,16)
BE(38,22)
BE(33,16)

BE(33,16)
BE(39,22)

BE(30,17)
BE(37,24)
BE(30,17)
BE(36,23)
BE(31,17)
BE(38,24)
BE(31,17)
BE(37,23)
BE(32,17)
BE(39,24)
BE(32,17)
BE(38,23)
BE(33,17)

BE(33,17)
BE(39,23)
BE(34,17)

BE(34,17)

BE(31,18)
BE(38,25)
BE(31,18)
BE(37,24)
BE(32,18)
BE(39,25)
BE(32,18)
BE(38,24)
BE(33,18)

BE(33,18)
BE(39,24)
BE(34,18)
BE(34,18)

BE(35,18)

BE(35,18)

BE(32,19)
BE(39,26)
BE(32,19)
BE(38,25)
BE(33,19)
BE(33,19)
BE(39,25)
BE(34,19)
BE(34,19)
BE(35,19)
BE(35,19)
BE(36,19)

BE(36,19)

BE(33,20)
BE(33,20)
BE(39,26)
BE(34,20)
BE(34,20)
BE(35,20)
BE(35,20)
BE(36,20)
BE(36,20)

BE(37,20)

BE(37,20)

PH(2,2) PH(3,3) PH(4,4) PH(5,5) PH(6,6) PH(7,7) PH(8,8)

PH(10,10) PH(11,11) PH(12,12) PH(13,13)

PH(3,2) PH(4,3) PH(5,4)
PH(10,9) PH(11,10) PH(12,11) PH(13,12)
PH(3,1) PH(4,2) PH(5,3) PH(6,4)
PH(11,9) PH(12,10) PH(13,11)
PH(4,1) PH(5,2) PH(6,3) PH(7,4) PH(8,5) PH(9,6) PH(10,7) PH(11,8)
PH(12,9) PH(13,10)
PH(5,1) PH(6,2) PH(7,3) PH(8,4) PH(9,5) PH(10,6) PH(11,7) PH(12,8)
PH(13,9)
PH(6,1) PH(7,2) PH(8,3) PH(9,4) PH(10,5) PH(11,6) PH(12,7) PH(13,8)
PH(7,1) PH(8,2) PH(9,3) PH(10,4) PH(11,5) PH(12,6) PH(13,7)
PH(8,1) PH(9,2) PH(10,3) PH(11,4) PH(12,5) PH(13,6)
PH(9,1) PH(10,2) PH(11,3) PH(12,4) PH(13,5)
PH(10,1) PH(11,2) PH(12,3) PH(13,4)
PH(11,1) PH(12,2) PH(13,3)
PH(12,1) PH(13,2)
PH(13,1)
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PH(6,5) PH(7,6) PH(8,7) PH(9,8)

PH(7,5) PH(8,6) PH(9,7) PH(10,8)

BE(35,8)
BE(35,8)
BE(36,8)
BE(36,8)
BE(37,8)

BE(37,8)



FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ
FR
FR
EQ
EQ

pPs(1,1) PS(2,2) PS(3,3) PS(4,4) PS(5,5) PS(6,6) PS(7,7) PS(8,8) PS(9,9)

PS(10,10) PS(11,11) PS(12,12) PS(13,13)

Ps(1,1) Ps(2,2) PS(3,3) PS(4,4) PS(5,5) Ps(6,6) PS(7,7) PS(8,8) PS(9,9)

PS(9,9) PS(10,10) PS(11,11) PS(12,12) PS(13,13)

PS(14,14)
PS(21,21)
PS(14,14)
PS(20,20)
PS(27,27)
PS(34,34)
PS(27,27)
PS(33,33)

PS(15,15)
PS(22,22)
PS(15,15)
PS(21,21)
PS(28,28)
PS(35,35)
PS(28,28)
PS(34,34)

PS(16,16)
PS(23,23)
PS(16,16)
PS(22,22)
PS(29,29)
PS(36,36)
PS(29,29)
PS(35,35)

PS(17,17)
PS(24,24)
PS(17,17)
PS(23,23)
PS(30,30)
PS(37,37)
PS(30,30)
Ps(36,36)

TE(1,1) TE(2,2) TE(3,3) TE(4,4) TE(5,5)
TE(10,10) TE(11,11) TE(12,12) TE(13,13)
TE(1,1) TE(2,2) TE(3,3) TE(4,4) TE(5,5)
TE(9,9) TE(10,10) TE(11,11) TE(12,12) TE(13,13)

TE(14,14)
TE(21,21)
TE(14,14)
TE(20,20)
TE(27,27)
TE(34,34)
TE(27,27)
TE(33,33)
TE (40,40)
TE(47,47)
TE(40,40)
TE (46,46)
TE(53,53)
TE(60,60)
TE(53,53)
TE(59,59)
TE(66,66)
TE(73,73)
TE(66,66)
TE(72,72)

TE(15,15)
TE(22,22)
TE(15,15)
TE(21,21)
TE(28,28)
TE(35,35)
TE(28,28)
TE(34,34)
TE(41,41)
TE(48,48)
TE(41,41)
TE(47,47)
TE(54,54)
TE(61,61)
TE(54,54)
TE(60,60)
TE(67,67)
TE(74,74)
TE(67,67)
TE(73,73)

TE(16,16)
TE(23,23)
TE(16,16)
TE(22,22)
TE(29,29)
TE(36,36)
TE(29,29)
TE(35,35)
TE(42,42)
TE(49,49)
TE(42,42)
TE(48,48)
TE(55,55)
TE(62,62)
TE(55,55)
TE(61,61)
TE(68,68)
TE(75,75)
TE(68,68)
TE(74,74)

TE(17,17)
TE(24,24)
TE(17,17)
TE(23,23)
TE(30,30)
TE(37,37)
TE(30,30)
TE(36, 36)
TE(43,43)
TE(50,50)
TE(43,43)
TE(49,49)
TE(56,56)
TE(63,63)
TE(56,56)
TE(62,62)
TE(69,69)
TE(76,76)
TE(69,69)
TE(75,75)

FR TD(1,1) TD(2,2) TD(3,3) TD(4,4) TD(5,5)
FR TD(10,10) TD(11,11) TD(12,12) TD(13,13)
EQ TD(1,1) TD(2,2) TD(3,3) TD(4,4) TD(5,5)
EQ TD(9,9) TD(10,10) TD(11,11) TD(12,12) TD(13,13)
0U ME=ML IT=55 ND=4
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PS(18,18)
PS(25,25)
PS(18,18)

PS(24,24)

PS(31,31)
PS(38,38)
PS(31,31)
Ps(37,37)

TE(6,6) TE(7,7) TE(8,8) TE(9,9)

TE(6,6) TE(7,7) TE(8,8) TE(9,9)

TE(18,18)
TE(25,25)
TE(18,18)
TE(24,24)
TE(31,31)
TE(38,38)
TE(31,31)
TE(37,37)
TE(44,44)
TE(51,51)
TE(44,44)
TE(50,50)
TE(57,57)
TE(64,64)
TE(57,57)
TE(63,63)
TE(70,70)
TE(77,77)
TE(70,70)
TE(76,76)

TD(6,6) TD(7,7) TD(8,8) TD(9,9)

TD(6,6) TD(7,7) TD(8,8) TD(9,9)

PS(19,19)
PS(26,26)
PS(19,19)
PS(25,25)
PS(32,32)
PS(39,39)
PS(32,32)
PS(38,38)

TE(19,19)
TE(26,26)
TE(19,19)
TE(25,25)
TE(32,32)
TE(39,39)
TE(32,32)
TE(38,38)
TE(45,45)
TE(52,52)
TE(45,45)
TE(51,51)
TE(58,58)
TE(65,65)
TE(58,58)
TE(64,64)
TE(71,71)
TE(78,78)
TE(71,71)
TE(77,77)

PS(20,20)

PS(20,20)
PS(26,26)
PS(33,33)

PS(33,33)
PS(39,39)

TE(20,20)

TE(20,20)
TE(26,26)
TE(33,33)

TE(33,33)
TE(39,39)
TE(46,46)

TE(46,46)
TE(52,52)
TE(59,59)

TE(59,59)
TE(65,65)
TE(72,72)

TE(72,72)
TE(78,78)
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