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Abstract

The Karhunen-Loeve Expansion (K-L expansion) is a bi-orthogonal stochastic process
expansion. In the field of stochastic process, the Karhunen-Loeve expansion decom-
poses the process into a series of orthogonal functions with the random coefficients.
The essential idea of the expansion is to solve the Fredholm integral equation, asso-
ciated with the covariance kernel of the process, which defines a Reproducing Kernel
Hilbert Space (RKHS). This either has an analytical solution or special numerical
methods are needed.

This thesis applies the Karhunen-Loeve expansion to some fields of statistics.

The first two chapters review the theoretical background of the Karhunen-Loeve ex-
pansion and introduce the numerical methods, including the integral method and
the expansion method, when the analytical solution to the expansion is unavailable.
Chapter 3 applies the theory of the Karhunen-Loeve expansion to the field of the
design experiment using a criteria called “maximum entropy sampling”. Under such
setting, a type of duality is set up between maximum entropy sampling and the D-
optimal design of the classical optimal design. Chapter 4 uses the Karhunen-Loeve
expansion to calculate the conditional mean and variance for a given set of observa-
tions, with application to prediction. Chapter 5 extends the theory of the Karhunen-
Loeve expansion from the univariate setting to the multivariate setting: multivariate
space, univariate time. Adaptations of numerical methods of Chapter 2 are also pro-
vided for the multivariate setting, with a full matrix development. Chapter 6 applies
the numerical method developed in Chapter 5 to the emerging area of multivariate
functional data analysis with a detailed example on a trivariate autoregressive process.

vii



Introduction

One of the fundamental methods with a wide range of scientific applications, such as
solving partial differential equations, signal processing and option pricing, is Fourier
analysis. It is a decomposition of a real function into an infinite linear combination of
orthogonal basis terms, usually the trigonomet‘ric basis functions, together with the
Fourier coefficients. In practical applications , it is usual to use only a finite number
of terms, say p. Moreover, when p increases to infinity, it can also be shown that
under certain conditions the mean squared error using the finite representation in the
space of the deterministic function converges to zero.

The Karhunen-Loeve expansion can be regarded as an extension of Fourier analysis
from deterministic functions to stochastic processes. The Karhunen-Loeve expansion
is a representation, in which the process is decomposed into a series of orthogonal
functions, analogous to Fourier analysis. The process of finding the coefficients is
similar to that of Fourier analysis, which is to minimise the mean squared error of the
finite representation. The minimisation process involves solving an integral equation,
the Fredholm integral equation. Using a finite representation of the Karhunen-Loeve
expansion (the truncated Karhunen-Loeve expansion), when the order, p, of the or-
thogonal functions increases to infinity, the mean squared error decreases to zero in

the space of the stochastic process. Whereas, for Fourier analysis, the coeflicients are



deterministic and the orthogonal functions are usually the trigonometric functions,
the coefficients for the Karhunen-Loeve expansion are random and the orthogonal
functions are derived from solving a Fredholm integral equation related to the covari-
ance function of the process.

Early work on the Karhunen-Loeve expansion includes that of Karhunen (1947),
Loeve (1948) and Trees (1968). More recent research includes (i) contributions to
its numerical methods (see, for example, Boente and Fraiman (2000), Phoon et al.
(2002b), Phoon et al. (2002a) ), (ii) finite element methods (see, for example, Ghanem
and Spanos (1991)), (iii) model reduction using the Karhunen-Loeve expansion (see,
for example, Newman (1996b), Newman (1996a), Glavaski et al. (1998)), (iv) func-
tional data analysis (see, for example, Ramsay and Silverman (1997), Ramsay and
Silverman (2002)), (v) application in the field of finance (see, for example, Vargiolu
(1998), Cont and Fonseca (2001), Schmidt (2004)), (vi) application in pattern recog-
nition (see, for example, Kirby and Sirovich (1990)), and (vii) application in machine
learning (see, for example, Rasmussen and Williams (2005)).

This thesis applies the Karhunen-Loeve expansions to some fields of statistics.
Chapter 1 reviews the background of the Karhunen-Loeve expansion. It starts from a
brief introduction to the Reproducing Kernel Hilbert Space (RKHS), which is isomet-
rically isomorphic to the space our process lies in. It also provides a key theorem for
the Karhunen-Loeve expansion and explains the optimality of the expansion in terms
of the mean squared error. For examples such as the Browninan motion, the Brow-
nian bridge, the Ornstein-Uhlenbeck process and the integrated Brownian motion, it
is shown how to find the Karhunen-Loeve expansion analytically. The extension from

the univariate Karhunen-Loeve expansion to the spatial Karhunen-Loeve expansion



is also discussed briefly.

Chapter 2 deals with the situation when the analytical solution to the Karhunen-
Loeve expansion are unavailable. Numerical methods, instead, play an essential role
in finding the expansion. The integral method and the expansion method (are ex-
plained in detail with examples of both the Ornstein-Uhlenbeck process and the
Gaussian process with squared exponential kernel. Numerical methods for the spa-
tial Karhunen-Loeve expansion is expléined briefly with an example provided on the
Brownian sheet.

Chapter 3 applies the theory of the Karhunen-Loeve expansion to the field of the
design experiment using a criteria called “maximum entropy sampling”. Under such
setting, a type of duality can be set up between maximum entropy sampling and
the D-optimal design from the classical optimal design. Two kinds of algorithms,
which are the “greedy exchange algorithm” and “DETMAX?” | are served to check the
duality numerically.

Chapter 4 uses the Karhunen—Loeve expansion to calculate the conditional expec-
tation and the conditional variance for the conditional on a set of observations. The
behaviour of the generalised mean squared error for using the conditional expectation
as the prediction is studied in detail. This chapter also develops an alternative way
of treating conditional data, which is to calculate a “conditional Karhunen-Loeve ex-
pansion”. Examples for both the Markovian process and the non-Markovian process
are provided for the conditional Karhunen-Loeve expansion.

Chapter 5 extends the theory of the Karhunen-Loeve expansion from the uni-
variate setting to the multivariate setting. “Multivariate”, in this chapter, refers

to multivariate state, but univariate time. For multivariate process satisfying certain



condition, the multivariate Karhunen-Loeve expansion is closely connected to the uni-
variate Karhunen-Loeve expansion. Adaptations of multivariate numerical methods
are also provided for this setting.

Chapter 6 applies the numerical method developed in chapter 5 in the field of
multivariate functional data analysis. An example on trivariate AR(1) process is
studied in detail for the decomposition of the process, the reconstruction of the pro-
cess, and the smoothing and the prediction of the process using the knowledge of both
the covariance and the cross-covariance function under the multivariate Karhunen-
Loeve expansion. The theory from chapter 5 proves useful in pointing to appropriate

numerical methods.



Chapter 1

Introduction to the
Karhunen-Loeve Expansion

The Karhunen-Loeve Expansion (K-L expansion) is a bi-orthogonal stochastic process
expansion. It was derived and investigated by a number of researchers (see, for
example, Karhunen (1947), Loeve (1948), Ghanem and Spanos (1991)). The essential
idea is to solve the Fredholm integral equation, associated with the covariance kernel
of the process, which defines a Reproducing Kernel Hilbert Space (RKHS). This
gives either the analytical or the numerical expressions for the kernel’s eigenvalue
and eigenfunction. In this chapter, section 1 introduces the RKHS of the kernel and
shows it is isometrically isomorphic to the space of our stochastic process. Section 2
presents the main theorem of the Karhunen-Loeve expansion and some properties of
its eigenvalue and eigenfunction. Section 3 studies examples of some commonly used
Gaussian processes. Section 4 extends the univariate Karhunen-Loeve expansion to

the multivariate time, univariate state (spatial) Karhunen-Loeve expansion.



1.1 Reproducing Kernel Hilbert Space (RKHS)

A Reproducing Kernel Hilbert Space (RKHS) is a Hilbert Space of functions. It can
be thought of as a space containing smoother function than the general Hilbert space.
This section provides a’ brief introduction to it. See, for example, Aronszajn ( 1950),
Kailath (1971), Wahba (1990), for details.

We start with a formal definition of the RKHS and present some main properties
of this space. Then the RKHS is related to another commonly used subspace of the
Hilbert Space, which is L.

Definition 1.1.1. A Hilbert Space is called a Reproducing Kernel Hilbert Space H,
if for every function f € H defined on E, there exists a function K : E x E — R,

such that
(1) For all y, as a function of z, K(z,y) € H

(2) Reproducing property: for all z € E
f(@) = (K(,z),/()) (1.1.1)
Function K (z,y) is called the reproducing kernel of the space H.

The reproducing kernel has the following properties, which make it possible for

covariance functions to lie in this space.

Theorem 1.1.1. If a reproducing kernel K exzists, it is unique.



Proof. Assume there exists another reproducing kernel K’ then

0 < |[K(z,.) — K'(z, )|
= (K(z,.)— K'(z,.),K(z,.) — K'(z,.))
= (K(z,.)— K'(z,.),K(z,.)) — (K(z,.) — K'(z,.), K'(z,.)

/

= (K(z,z) — K'(z,z)) — (K(z,z) — K'(z,2)) =0

Theorem 1.1.2. A reproducing kernel K is non-negative definite.

Proof. For all y; € E, on which the kernel is defined, and a;,a,, - ,a,

ZZK(%%‘)@L‘%
- ZZ(K(v,yi)vK('7yj))a‘iaj

i

= (ZK(',yi)ai,ZK('ayj)aj)
i J
= I KGwal? =0
i
O
The following theorem is a key theorem in the RKHS theory. It states that

the relationship between the RKHS and its corresponding kernel is one-to-one. See

Aronszajn (1950) for detail.

Theorem 1.1.3. (Moore-Aronszajn theorem): To every Reproducing Kernel Hilbert
Space H, there exists a unique non-negative definite function K(.,.). Conversely, for
every non-negative definite function K(.,.), there exists a unique Reproducing Kernel

Hilbert Space H.



Proof. In a Reproducing Kernel Hilbert Space H, uniqueness and non-negative defi-
niteness of the kernel are guaranteed by theorem 1.1.1 and theorem 1.1.2 respectively.
This proves the first part of the theorem. In order to prove the second part, the fol-

lowing two lemmas are required.

Lemma 1.1.4. The reproducing kernel K(.,z),z € E, on which the kernel is defined,

spans a Reproducing Kernel Hilbert Space H, i.e.
H = Closure(lin[K (., z)]) = Closure{z MK(Lz), N\ € R} (1.1.2)

where lin[K (., z)]) = {3, MK (., i), \i € R}

Proof. The zero vector is the only vector orthogonal to K(.,z),Vz € E, since

fz)=(f(),K(,z))=0 (1.1.3)
O

Lemma 1.1.5. Norm convergence implies pointwise convergence in the Reproducing

Kernel Hilbert Space H.

Proof. Assume a Cauchy series f, € H and Vz

[falz) = f(@)] = [(fa() = FC) K (2D <l () = FOUITEC, 2)]] (1.1.4)

The inequality above uses the Cauchy-Schwartz Inequality. Hence ||f.(.) — f(.)|| — 0
implies |fn(z) — f(z)| — 0. a

Lemma 1.1.4 and 1.1.5 suggest a way of constructing the Reproducing Kernel
Hilbert Space. This comprises all the linear combinations of the kernel function and

the pointwise limit to all the sequences, to complete the space.



Assume Hy = (lin)[K(,,z)] and f(.) = >_; a;K (., ;) € Ho,g(.) = 22, b;K (., y;) €

Hy. The inner product is defined as

(FO90) = 33 asby Kz, 3y) (1.15)

The above double summation is well defined since ). > jaibi K (z;,y;) € Hp. It meets
the requirement of the inner product as well. Linearity and symmetry are satisfied
because the double summation is a linear term. Hence it only needs to be shown that

for all y, (f(y), f(v)) =0, f(y) = 0. The reproducing property holds since,

(f(), K(y)) = ZaiK(xi, y) = f(y) (1.1.6)

Then, using Cauchy-Schwartz inequality, for all y, we obtain

0 < [ < IFOIME ) (1.1.7)

Since (f(.), f(.)) = 0 implies [|f(.)|| = 0, then f(y) =0, for all y.
Finally, we complete this space by including all the limits of all the Cauchy se-
quences. Pointwise limit is enough, i.e. include all f(y), for all y, such that for the

Cauchy sequence f,,(y) € Hy

|fa(y) = f(y)| — O (1.1.8)

Hence the unique Reproducing Kernel Hilbert Space required is H = span[K(., z)).
d

The L, space is another typical subspace of the Hilbert space, but the Ly space
and the RKHS are not equal to each other. The L, space, in general, is a “rougher”

space. It does not certainly contain functions that are pointwise convergent. However,
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as is shown in lemma 1.1.5, norm convergent always implies pointwise convergent in
the RKHS. The following example shows that norm convergent does not equal to
pointwise convergent in L.

Example Consider the function in Lq

1 O<t<% if n is odd
g(t)=¢ -1 0<t<i if n is even (1.1.9)
0  otherwise
This is norm convergent to zero, since
1
||gn—g|l=/" ldt =2 50 (1.1.10)
0 n

where ¢(t) = 0, for all £. Hence g, is norm convergent to g. However, when ¢ ap-
proaches to zero, g,(t) oscillates between 1 and —1, which does not support pointwise
convergent.

Another function, which belongs to the RKHS, but not the L, space is the Dirac

delta function defined as

oo =0
6(z) = { 0 240 (1.1.11)

The Dirac delta function has the property that [ f(z)é(z)dz = f(0). From this
property, it can be seen that §(z) belongs to the RKHS, but not the L, space.
Under certain condition, the RKHS can be regarded as an embedded space of the

L, space. The following theorem shows this result.

Theorem 1.1.6. Assume K(.,.) is an Ly kernel, i.e. [ [ K(s,t)*dsdt < co. For all

[ € La, assume that the Fourier coefficients for f is fi, i.e.

fi= /f(a:)qbi(a:)dx (1.1.12)
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where ¢; is defined in equation 1.1.15. Then f € RKHS if

il Z— < 00 (1.1.13)

For all f € Ly and g € Lo, the inner product in this RKHS is defined as

9=> fff , (1.1.14)

where f;,g; are the Fourier coefficients for f,g respectively. The series {¢;} is an

orthogonal series in Ly. Both \; and ¢; are from Mercer’s theorem, i.e.

K(s,t) = Z/\igbi(s)qsi(t) (1.1.15)

(This equation for K can also be derived from the Karhunen-Loeve expansion, which

will be introduced in the next section.)

Proof. The Fourier expansion for f(.) and K(z,.) can be written as

() = Zfi¢z‘(-)
K(z,.) = Z[)\zﬁbz(x)](bl()

Since

Z )\2(]51 1)2 Z)\ ¢1 113)2 CE iE) < 00 (1116)

i

the inner product (f, K(z.)) makes sense and its value is

(f, K(z,.)) Zf’w’ Zfzcbz(fc)

This means that K(z.,) is a reproducing kernel and thus f € RKHS with norm

2
£ =3 & O
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Remark 1.1.1. In the space of L,, unless specified, the concept of orthogonal refers

to orthonormal in this thesis. It means that if {f;(¢)} is an orthogonal series in Lo,

/fz-(t)fj(t)dt =5, (1.1.17)

Remark 1.1.2. For any function f € Ls, only the condition Y, f2 < oo is required.
What the above theorem states is that if the function f also lies in the RKHS, an
extra condition ), i; < oo should be assumed, which might not be satisfied by all

the L, functions.

1.2 The Karhunen-Loeve expansion

In the Karhunen-Loeve expansion, we represent a stochastic process {X(t),t € T}
via a sequence of independent simple random variables {;,7 € N}. Assume that the
random process X (t) is a zero mean second order process. Its corresponding kernel
K(s,t) = cov(X(t), X(s)) is in the RKHS with its unique kernel function K(.,.).
Assume that {¢;(t)} is a series of orthogonal functions in L, derived from certain

integral equations, the process can then be written down as

X0 = Y Ve
1
& = o5 /[ X (0)i(t)dt

The basis function {¢;(t)}, together with the uncorrelated random coefficients

{&;} constitute a bi-orthonormal system. That is, the basis functions are orthogonal
as functions and ¢; are independent in the sense that E(¢;) = 0 and cov(&£;) = d;;.
The following theorem provides a sufficient and necessary condition for the de-

composition of the process.
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Theorem 1.2.1. Let {X(t),t € T} be a zero mean second order process. Its covari-
ance function is continuous and denoted as K(s,t) for the covariance in between time
s and time t.

Let {¢s,i € N} be the set of orthogonal functions of Lo.

1. Assume that A\; and ¢; satisfies the following equation

/ K(s,t)¢;:(t)dt = \igi(s) (1.2.1)
T
where {¢;,i € N} and {\;,1 € N} are called the eigenfunctions and eigenvalues
respectively.
Furthermore, choose
1
P = X(t)p;(t)dt 1.2.2
&= = [ X0a) (122)
Then,
P
X(t) = lim > v/ N&idi(2) (1.2:3)
P

uniformly, in the sense that

E(X(t) - Z}fﬁ@ (1.2.4)

uniformly.

2. Conversely, if X(t) = Y o) VAiii(t), where {&} is identically independent
distributed (i.1.d.) with mean O and variance 1, then

LK@@@@&=&@@ (1.2.5)

Proof. (a) From the construction of &; , it is easy to see that E(§;) = 0 and E(§¢;) =
d;;. Since,

BE) = } / X (£)6i(t)dt)

- / ()61




E(ﬁzfj) = E

1 % / / X (£)¢s(t) X (s);(s)dtds)

f 7 = | [ BxOX@)e00(s)as

Also, note that

Hence,

X(t) — Z Vkidi(1))?
X(t)?* -2 Z V&)X (2)

v ver
— &
E(X()&) =

J_ \/_ / K (t, 5)6:()dt)d;(s)ds

\/_\/_/m )®;(s)ds

51'_7'

/X Ybi(s)ds)

X)X (s))pi(s)ds

\/_

\/_/\_i/TKt,sgbi)

1
ﬁ&@(t) .

Viti(t)

+ Z \//\_i\//\_jfifj¢i(t)¢j (t))

) Z Vo (OEEX (@) + Z Z VAV/0:() 85 (t) E(E:&5)

X(t)?*) -2 Z VAidi(t)V/ Xii(t) + Z Aigi(t)?

E(X(t)

Zm

i=1

14
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uniformly as p — oco. This convergence follows directly from Mercer’s Theorem. (See,
for example, Appendix 7.1, Mercer (1909), Porter and Stirling (1990), for details.)

(b) I X(t) = £, VAkidi(t), then
K(t,s) = E(X(1)X(s))

= Z VA A0i() ¢ (s) B(E€;)
= Z)\i(bz’(t)qsi(s)

Hence,

/ K(s,t)gi(t)dt = / D Xidi(0)85(5)i(t)dt = Aighi(s) (1.2.6)
T T
Thus, [, K(s,t)¢:(t)dt = X\pi(s), using the fact that {¢;(¢)} is orthogonal. O

Theorem 1.2.1 provides a one-to-one relationship between equation 1.2.1 and the
Karhunen-Loeve expansion. Equation 1.2.1 is well known in mathematics as the Fred-
holm integral equation. Only in a limited number of cases can the explicit solution to
the integral equation be found. Numerical solutions play a major role in applications.

Assume that X(t), t € 7 is a family of zero mean Gaussian processes with
E[X(t)X(s)] = cov[X(t),X(s)] = K(t,s), where t,s € T and E represents the
expectation.b Now a space, Hx, which is isometrically isomorphic to the RKHS with

reproducing kernel K can be defined in the following way. We construct the space

Hy spanned by X(¢),t €T, ie.
Hx = span{X(t),t € T} (1.2.7)
with the covariance as the inner product. It means that for X,,, X, € Hx, i.e.

Xm =Y a;X(t:), Xo=)» bX(t) (1.2.8)
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where ¢; € 7, then the inner product (X, X,) = cov(Xm, X,) = E[X»X,|. This
inner product is valid, since its properties, such as linearity and non-negative defi-
niteness, can be checked using the properties of the expectation.

Meanwhile, because Hyx is a closure, it should contain all the limits of all the

Cauchy sequence, i.e. if X,, is a Cauchy sequence in Hy and X satisfies

1X = X[ = E[X = Xpn]2 = 0 (1.2.9)
then X € Hx. The space of Hx, and the RKHS are isometrically isomorphic, since

fort,se T

(X(2), X(s)) = E[X(8)X(s)] = cov[X(2), X(s)] = K(t,5)

= (K(t,.),K(s,.))

In practice, only p terms is used in the Karhunen-Loeve expansion. The expression
with a finite number of terms is called the truncated Karhunen-Loeve expansion. The
use and the optimality of the truncated Karhunen-Loeve expansion is one of the main
features of this thesis. The truncated Karhunen-Loeve expansion is optimal in the
following sense:

Let {X(t),t € T} be a zero mean second order process with covariance function
K(s,t) s,t € T. Let {¢;,i € N} be the set of orthogonal functions in Ly. We can
then expand X (¢) as an infinite series of ¢;(t) as

X)) =) VNg:(0)& (1.2.10)
i>1

where

1
&i ¢xﬁxmmwm (1.2.11)
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The truncated version of X(t) at order p is expressed as

=2 V(b (1.2.12)

Then, the error of the truncated expansion can be defined as
=Y VA& (1.2.13)
i>p+1
The truncated Karhunen-Loeve expansion is optimal in the sense that its inte-
grated mean squared error is minimised. This will be shown in theorem 1.2.2.

Theorem 1.2.2. Among all the truncated expansion expressed as

Xp(t) = Z Vi) (1.2.14)

where ¢;(t) satisfies
/Tqbi(t)qu(t)dt = & (1.2.15)

the Karhunen-Loeve expansion minimises the integrated mean squared error, i.e.

/ E(e(t))dt | (1.2.16)
T
where E(.) represents the expectation and

6p(t Z V ¢m m (1217)
m2>p+1
Proof. The square of the error can be written as

ef,(t) = Z Z \/)\‘m\/x¢m(t)¢n(t)fmgn

m2p+1n>p+1

> X atnl®) | [ XX (0)0m(0)0(o1)0851

m2>p+1n>p+1

Then the mean squared error can be expressed as

E@) = > Y én(t)ealt) //K(t1,51 Gm(t1)bn(s1)dbrds,  (1.2.18)

m2p+1n>p+1



18

Integrate both sides of the equation and use the orthogonality of eigenfunctions, then
the integrated mean squared error can be obtained.

/7 E@@ydt = Y Y / P (t) b (t)dt / / K (t1,81)bm(t1)bn(s1)dtrds,

m2>p+1n>p+1
= Z //K(tl,sl Gm(t1)Pm(51)dt1dsy
m2>p+1

Now the integrated mean squared error can be minimised given the orthogonality
condition for the function ¢;(t), i.e.

min / E(eX(t))dt, st / $2(t) =1 (1.2.19)
T T

Therefore, the target function for minimisation can now be re-written as
Q= > [/ / K (t1, 51)bm(t1)dm(51)dt1ds, — / ¢2 (t1)dt; —1)]  (1.2.20)
m>p+1

Differentiate @ with respect to ¢;(t),7 > p + 1. Notice that this is a functional
derivative. Then we obtain

d
W —2/ K(s,t)b:(s)ds — 2rhi(t) (1.2.21)
Setting the above equatlon to zero results in the following equation
/ K(s,t)p:i(s)ds = Xigi(t) (1.2.22)
T

This is the Fredholm integral equation. Since the Fredholm integral equation and the
Karhunen-Loeve expansion have one-to-one relationship, the Karhunen-Loeve expan-
sion minimises the integrated mean squared error among all the expansion expressed
in equation 1.2.14. t

Remark 1.2.1. The functional derivative, used in deriving equation 1.2.21, is a gen-
eralisation of the directional derivative. Instead of a differentiation with respect to
a variable, functional derivative is a differentiation of a function with respect to the
function. It is defined as follows

d A = i, ELO() +e6(t" —t)] — E[o(t')]
0 =~ E[p(t)] = lime_ p (1.2.23)

Functional derivative arises from calculus of variation, which can be regarded as an

extension of calculus. For details of calculus of variation, see, for example, Sagan
(1992).
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Remark 1.2.2. If the stochastic system {X(t),¢ € 7} is a non-zero-mean process, we
can subtract its mean first before applying the Karhunen-Loeve expansion, i.e.

X() = BX0) + 3 VA (06 (1.2.24)

Remark 1.2.3. In some literature, especially that on the integral equations, compact
integral operator theory is used. A compact integral operator K for the Fredholm
integral equation is defined as '

Kf() = /TK(S, Vf(s)ds (1.2.25)

Hence the integral equation for the Karhunen-Loeve expansion can be written com-
pactly as K¢ (t) = Ap(t). Using properties of compact operators, it can be shown that
if there are infinitely many eigenvalues {);,7 € N} satisfying the Fredholm integral
equation, then A; — 0 when i — oco. See, for example, chapter 4, Porter and Stir-
ling (1990), for details. Using an integral operator is helpful to solve certain integral
equations, such as those related to the integrated Brownian motion. This will be
presented in section 1.3.

1.3 Analytical examples

For certain processes related to the Brownian motion, the analytical solution to the
Karhunen-Loeve expansion can be found. Four analytical examples will be discussed
here, the Brownian motion, the Brownian bridge, the Ornstein-Uhlenbeck process
(O-U process) and the integrated Brownian motion. For simplicity, the time interval

for all the processes here are assumed to be at [0,1], i.e. T =[0,1].

Example 1: The Brownian motion
The covariance function K(s,t) for the Brownian motion is min(s,t). Hence, the

integral equation is written as

/Tmin(s,t)qﬁ(s)ds = (1) (1.3.1)
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Or equivalently

/ t sé(s)ds +t / : sé(s)ds = A (t) (1.3.2)

0 t

Note that the above equation implies the boundary condition ¢(0) = 0. Evaluating

the first derivative to both sides of the equation, we obtain

1
d
/ sd(s)ds = ALg(2) (13.3)
¢ dt
Take the derivative one more time,
o(t) = )\— 3.
~(t) = A S58(0) (13.4)
Solution to this ordinary differential equation is of the form
t 13
t) = Asin(—=) + Bcos(—) , " 1.3.5
¢(t) ( ﬁ) ( \/X) (1.3.5)
where A and B are constants. Since ¢(0) =0, then B =0 and ¢(t) = Asin(%).

For eigenvalues, ¢(t) is substituted into the first derivative equation.

! S t 1
A/ sin(—=)ds = AMAcos(—=)—=
S R
t
Acos Acos = Acos(—
(5) — Acos( ) ()
Hence, cos( \/1/\—1) = 0, which implies
4
= > 3.
i TR i>1 (1.3.6)

The constant A can be found through the orthogonality condition for ¢;(¢)

Rt = 4 [ syt = 4 [ sinfl(i - Dede =2 (137)
1=/¢itdt=A/sin dt=A/sin i — =)mtldt = — 1.3.7
0 0 Vi 0. 2 2

Thus, A = v/2. Therefore, the Karhunen-Loeve expansion for the Brownian motion

can be represented as
2 1
— 2 [ -1 | ) — — . 0.
V2 i§>1 @i 1)7r31n[(z 2)7rt]§1 (1.3.8)

where {;} are i.i.d Gaussian process with mean zero and variance one.
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Remark 1.3.1. The integral operator KC for the Brownian motion can be expressed as

a multiplication of two simplified operators defined as the following

Tod(t) = / Cg(s)ds, Tig(t) = / #(s)ds (1.3.9)

Then the integral operator for the Brownian motion is 7377, since

/01 cov(W (u), W (t))p(v)du = /01 min(u, t)¢(w)du
= /Otu¢(u)du+/tl¢(u)du

= /Ot /Ou ¢(u)dsdu+/t1/ol ¢(U)d§du
- /Ot/sl ¢(u)duds+/0t/tl ¢(u)duds
= /Ot/sl ¢(u)duds=/0tT1¢(8)dS

(t)

= T()Tl(,b t

This result will be shown to be useful for finding the eigenvalues of the integrated

Brownian motion in example 4.

Example 2: The Brownian bridge
The Brownian bridge X (¢) can be derived from the Brownian motion W(t) by con-

ditioning on W (1) = 0. The analytical relationship can be written as
X(t) =W() —tWw(1) (1.3.10)
The corresponding covariance function for X(s) and X (t) can be expressed as

min(s,t) — st
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Hence, the integral equation is written as

/ (min(s, £) — st)pu(s)ds = Nigi(t) (1.3.11)
T
Differentiate with respect to t for the first time,
1 1 d

/ é(s)ds — / s6(s)ds = A2 (t) (13.12)

Take the derivative one more time,
—(t ' 3.
8(6) = 1500 (13.13)

This is exactly the same second derivative as that for Brownian motion. Hence,

combining with the boundary condition ¢(0) = 0, we have

(1) = Asin(%

Now ¢(t) is substituted into the first derivative equation to obtain

) (1.3.14)

t 1 1
vV cos(—) — VA cos(—=) — Asin(— +\/Xcos— —/\—cos —) (1.3.15
() (<)~ Asin(—) () () (315)
Hence, sin(%) = 0, which implies
1
A= —Z'QWQ’Z >1 (1.3.16)

As before, the orthogonality condition of ¢;(t) is used to find A

2 Yoo A
A / sin (\/_)dt ‘/Osm (tmt)dt = 5 =1 (1.3.17)

Again, A = /2. Therefore, the Karhunen-Loeve expansion for the Brownian bridge

can be represented as
1
=V2 —sin(int)é; 1.3.1
\/—;msm(zmﬁ){ (1.3.18)

where {¢;} is a i.i.d Gaussian process with mean zero and variance one.
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Remark 1.3.2. It can be seen that the Brownian bridge is the Brownian motion W (t)
conditional on W(1) = 0. Therefore, the Karhunen-Loeve expansion for the Brow-
nian bridge can be regarded as an extension of the Karhuneen-Loeve expansion of
the Brownian motion. This extension is related to a concept called the “conditional
Karhunen-Loeve expansion”. We refer to section 4.5, chapter 4, for a detailed discus-

sion.

Remark 1.3.3. The Karhunen-Loeve expansion of the Brownian bridge can be applied
to the goodness of fit test, since the asymptotic behavior of the test statistic involves

a multivariate Brownian bridge. See, for example, Cheng and Jones (2004), for detail.

Example 3: The Ornstein Uhlenbeck process (O-U process)
For f > 0 and p > 0, We have a stochastic differential equation (SDE) for the
stochastic process Z(t)

dZ(t) = —BZ(t)dt + pdW (t) (1.3.19)

This SDE can be solved and the corresponding solution is

Z(t) = Z(0)e™P +p / t e PU=9)qW (s) (1.3.20)

0

If Z(0) ~ N(0,c), where ¢ = £, Z is called an O-U process with parameters § and c.

26 )
Note that

cov(/ —At-vgw, / (s~ dW,) —E(/ —Alt=wqw, / —Als=v)gw,)

mingt,s) min(t,s)
= e PURIE(( / P dW,)?] = e Pl / e dw,,
0 0

_ e Plt+s) (ezﬂmin(t,s) _1)= e=Plt=sl  o=P(t+s)

2p

20 20




24

Hence,

t s

cov(Z(t),Z(s)) = e'ﬂ(Hs)Var(Z(O))+pzcov(/ e‘ﬁ(‘_“)qu,/ e PE—vgw,)
0 0

2e—ﬁlt—s|

— —-B|t—s]

= ce

Once p and [ are fixed, cis a constant. A constant term will not affect the calculation
procedure of the Karhunen-Loeve expansion. The reason is as follows. Assume that

there are two Fredholm integral equations.

/ K(s,)1(s)ds = Mon () and / CK(s,)ba(s)ds = Dadho(t) ,  (1.3.21)

where c is a constant. It can be seen that the relationship between A; and Ay, ¢;(2)
and ¢»(t) is _
)\2 = C)\l and ¢1(t) = d)z(t) (1322)

Hence the constant term ¢ in the Fredholm integral equation will only affect the
eigenvalues by multiplying ¢, while the eigenfunctions remain the same.

For simplicity, in this example, it is assumed that ¢ = 1 and therefore, only fhe
covariance function exp[—0|s — t|] is decomposed. This involves solving the following

integral equation.
1
/0 exp[—B]s — t]6(s)ds = A(t) (1.3.23)

Expand the left hand side of equation 1.3.23, we obtain,

1 t
/ exp[—B(s — t)]¢p(s)ds + / exp[—0(t — s)]p(s)ds = Ap(t) (1.3.24)
t 0
Differentiate equation 1.3.24 with respect to t for the first time, we obtain

dg(t)

B[ expl=f(s = Dlo(s)ds — [ expl-ple—s)p(s)asl = AT (13.25)
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Differentiate equation 1.3.24 with respect to t for the second time, we obtain

1 t Lot
61200+ [ Boxpl-pls=p(o)ds [ Sexpl-5(t-9)lo()ds) = ATAL (1326
t 0
Simplifying equation 1.3.26 results in
2 _ 32

d;;gt) +w?é(t) =0 where w? = %—A—ﬂ—i (1.3.27)

Solving the differential equation 1.3.27, we obtain
@(t) = Acos(wt) + Bsin(wt) (1.3.28)

Notice that the boundary conditions in the O-U process involve both the original

eigenfunctions and their first derivative, since
1 d 1
20(0) = [ exp(~09)6(6)ds, A 5:0(0) = B [ exp(-B5)a(s)ds
1 d 1
20(1) = [ exp(=B(1 = 5)o(s)ds Ag;0(1) = =6 [ exp(=B(1 - 5))o(s)ds
0 0
This gives the boundary conditions

d
Z0(0) - 66(0) = 0

d
(1) + B9(1) = 0

These can be expressed as

A — Bw =0

A(8 — wtan(w)) + B(fBtan(w) + w) =0

In order to obtain non-zero solutions for A and B, we need

det ( b v ) ~0 (1.3.29)
B — wtan(w) Ptan(w) +w
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which means that

2 _ 32
cot(w) = w2ﬂwﬂ & wsin(w) — Fsin(w) = 2Bwcos(w) (1.3.30)
After solving for w, A can be derived via A = w22—fﬂ2 For the unknown parameters A

and B, using the fact that B = gA and the orthogonal condition for the eigenfunction

fol ¢?*(t)dz = 1, we obtain

A = 2w?
28 4+ w? 4 (2
_ B, 2p?
B = EA_ 20 + w? + (2

Then, when k > 1, the eigenvalue and the eigenfunction can be expressed as

_ _2%
e = e (1.3.31)
2w? 242

Now we can present the asymptotic behaviour for Ax. Assume that wy is an increasing
function of k and wy — oo when k& — oo. This assumption makes sense since,
according to remark 1.2.3, A is a decreasing function of k£ and Ay — 0 when k£ — oo.

Then
wi — 32
Zﬁwk

The asymptotic behaviour of wy is therefore,

— 00 whenk — oo

cot(wg) =

w ~ kr  whenk — o0

Replacing wy in Ay with k7, we obtain the asymptotic behaviour of A,

2p

A > ~
k= p2n2 + 52 k272

when k — oo (1.3.33)
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Example 4: The m-integrated Brownian motion

The general m-integrated Brownian motion is defined as

Xm(t) Z/ /T /T Wio(to)dtodtldtm_l (1334)
m m—1 1

where 4 is either 0 or 1, Wy(t) = W (t), which is a Brownian motion, Wi (t) = W (1—t),

and
,ﬂz[oati] or [ti’l], tiE(O,l), 1=1,---,m-1

T =1[0,t] or [t,1], t €(0,1)

The above multiple integral will be shown to be related to the Sturn-Liouville problem
in this example.
We start by recalling operators Ty and 73, which have been introduced for the

Brownian motion in example 1.
t 1
Too(t) = [ dls)ds, Tuo)) = [ os)ds (1.3.35)
0 t
Using the operators Ty and T}, the m-integrated Brownian motion can be written as
X(t) =Ty T, Ty Was(t), 45 €{0,1}, 5=0,--,m (1.3.36)

Then the integral operator for X, (t) is expressed through the following two proposi-

tions.

Proposition 1.3.1. Define Wy(t) = W(t), which is a Brownian motion and Wy(t) =
W(1 —t) =Wy(1 —t). Then the integral operator for W;(t) is T;T1_;, 1 € {0,1}.
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Proof. In remark 1.3.1, proposition 1.3.1 has been proved to be true for i = 0. For

1 = 1, the proof follows the same procedure. a

Proposition 1.3.2. Let {X(t),t € [0,1]} be a zero mean second order process with

the integral operator K. Then the integral operator for T; X (t) is T,KTi1_;, i € {0,1}
Proof. Notice that
t 1
ToX(t) = / X(s)ds, TiX(t)= / X(s)ds (1.3.37)
0 t

When i = 0, on one hand

t
Tg}CTl(ZS(t) = A ]CT1¢(S)dS

_ /Ot /O K (s5,0) Ty () duds
/Ot /01 K(s,u)/u1 ¢(v)dvduds
_ /Ot /01 /ulK(s,u)qﬁ(v)dvduds

il

On the other hand

1

/0 cov(To(X (1), To(X(0)p()dv = | E(To(X(£)To(X (v))p(v)dv

_ /D /0 / K (s, u)dsdud(v)dv
_ /D/Ot/Ksu (v)dudsdv
- /Ot//Ksu v)dududs
_ /0 /0 /u K(s, w)(v)dvduds

Hence, ToKT19(t) = fol cov[To(X (t)), To(X (v))]#(v)dv, i.e. the integral operator for

L ST

To(X(t)) is ToKTy. The proof for i = 1 follows similarly. O
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Combining the above two propositions and using induction, corollary 1.3.3 can now

be derived.
Corollary 1.3.3. The integral operator for the m-integrated Brownian motion is

K= szTz e TiOTl_ioTl_iQ o Tl—im (1338)

m—1

Proof. This is a direct result from the above two propositions.

Using induction, when m = 1, since the integral operator for W, is K = Ty 1144,
the integral operator for T;, W,  is T, lClTl_i1 =TT, Th =iy Th—4,

Assume the result holds when m = n — 1, i.e. the integral operator for X,,_; =

T, - Ty,Wy, is

n—1

"

}C = 711'”_1 e 'TioTl—io et Tl—in._l (1339)
Then when m = n, the integral operator for X,, = T; X,_; is

T K Ty, = T Tioy - TioTimio Thminy Ticin (1.3.40)

—in n-—1

as is required. O

Using corollary 1.3.3, in order to derive the Karhunen-Loeve expansion for the

m-integrated Brownian motion, the following integral equation needs to be solved.

T Ti o TiTicigTiviy - Tis, $(£) = A(E) (1.3.41)

m—1

After differentiating equation 1.3.41 (2m + 2) times, the following is obtained.

d2m+2

(=)™ () = Srreidl) (1.3.42)
with boundary conditions
' d ' am ] dm+l ' d2m+1 ]
i) = Gr0limnr) = - = Zoblin) = (1l = i) = -+ = T d(1 — i) =0

~—
m+1 conditions

(1.3.43)
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This system of equations is known as the Sturm-Liouville problem. See, for example,
Zill and Cullen (2001), Naimark (1968), for details.

There are two special cases worth discussing here. One is defined as

t ptm—1 t1
X(t) = / / . / Wolte)dto - - - dtm_1 (1.3.44)
0 JO 0

with the corresponding boundary conditions

am dm+ 1 d2m+1

B0 = S90) = = L 4(0) = Sd) == T p(1)=0 (1345

We call X! the m-integrated Brownian motion of the first type. Its integral operator

18

Ty TyTi-Th (1.3.46)
—_—— ——
m+1 m+1
X, (t) can also be written as
t
XL (t) = / X 1 (s)ds (1.3.47)
' 0

with Xo(t) = W(t). In some literature (for example, Chen and Li (2003), Rue and
Held (2005)), X! can also be expressed as

X0 = [ v
_ % /0 (t — 5)™ W (s)ds

The other special example of the integrated Brownian motion is defined as

fot ftinwl T f(fl Wi(to)dto - - dtm—1 if m is odd

X2 =4 54 ] (1.3.48)
fO ftm—l e fil Wo(to)dto A dtm_l lf m 1S even
with the corresponding boundary conditions
d dar dntt d2mtl1
$0)=—¢(1) =+ = ——¢(0) = ——=¢(1) = -+ = ——=0¢(1) =0 (1.3.49)
dt | dt dt dt

n IS even
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We call X2 the m-integrated Brownian motion of the second type. The covariance

operator for X2 is

ToTTo - - TVToTy | (1.3.50)
277:12 '

The covariance function for X} and X2 can be expressed as follows. The covariance

function for X}, is

min(s,t)
KL (s,1) = ﬁ /0 (s — W)™ (¢ — u)™du (1.3.51)

and the covariance function for X2 is

K2 (s ) = /0 /0 (min(s, s1))(min(s1, 85)) - - - (min(spm, £))ds1dss - - - dsys (1.3.52)

Normally, the Karhunen-Loeve expansion is derived from solving an integral equa-
tion involving a covariance function. However, in this example, due to the complicated
structure of the covariance function, it is very difficult to solve the integral equation
directly. Nevertheless, using the operators discussed above, the analytical solution
to X2 is straightforward to derive, while the analytical solution to X}, remains in-

tractable. After finding the eigenvalues and eigenfunctions for X2

m?

we provide a

simplified example of X} when m = 1.
Theorem 1.3.4. The eigenvalue and eigenfunction for X2, are

m+1
N
(21 — 1)272

8:(t) = v/2sin](i — %)m:]

1>1

respectively.
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Proof. The integral operator for X2 is

TIT - TToT, (1.3.53)
27;;2

Define C' = TyT7, which is the covariance operator for the Brownian motion, W (t).

We denote the eigenvalue and the eigenfunction of W (t) as AW and ¢" (¢)
Co" (1) = A" (1) ,
where, when ¢ > 1

w 4

8 (8) = Vasinl(i — 3]

Now the integral operator for X2 is C™*!. Hence
Ap(t) = K7g(t) = C™ () = (A7) (1)

This means that when i > 1

M= AWyt — {@_4—1)2;]"1 (1.3.54)
b(t) = O (£) = /Zsin](i — %)mﬁ] (1.3.55)
O

Although X} looks less complicated than X2, no analytical solution to the Karhunen-
Loeve expansion exists for X} . In theorem 2, Gao et al. (2003), the asymptotic

behavior for the eigenvalue of X} is derived, and can be seen as

M ~ (k)= @m+2) as k — 00 (1.3.56)
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This is the same result as that provided by proposition 10, chapter IV, Ritter (2000).
For X}, only m = 1 is considered. Using the formula provided above, it is easily

shown that the covariance function for X7 is
1 1 . 2 1. 3
Ki(s,t) = émln(s,t) max(s,t) — amm(s,t) (1.3.57)

Hence the corresponding integral equation fol Ki(s,t)¢p(s)ds = Ag(t) is expressed as

t1 1 ' 1
/ Loz = Lnp(s)ds + / Eezs = Liayg(s)ds = ao() (1.3.58)
0 2 6 ¢ 2 6
Differentiating equation 1.3.58 successively, we obtain
d4
with the boundary conditions
d d? d? i
#(0) = Z9(0) = 56(1) = S=6(1) = 0 (1.3.60)

The real solution to the differential equation 1.3.59 with the boundary condition
1.3.60 is
. t t .t t
#(t) = eysinh(—) + cocosh(—) + ezsin(—) + cqcos(—) (1.3.61)
Ad A1 Ad A1

The boundary conditions imply

#(0)=0=>cy3+c4=0

d

d? 1 1 1 1

2 6(1) = inh(— h(—) — cssin(—) — )=
dt2¢( ) =0=>¢sin (/\%)+c2003 (/\%) c3s1n()\%) c4cos(/\%) 0
d3¢(1)—0=>ccosh( ! ) + cpsinh( ! ) — czcos( ! ) + cqsin( 1 )=20
s T PR TN TN TN T
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Substitute ¢3 = —¢; and ¢4 = —c¢j into ;—;qﬁ(l) = %qﬁ(l) =

o [sinh(il) + sin( O+ eafoosh(—) + cos(/\ii)] —0

%
a [cosh(—) + cos(/\4 )]+ cz[smh()\%) - sin()\—li)] =0

Or equivalently,

o _ _cosh(/\%z) + cos(;%)
o sinh(A—l%—) + sin(/\—lg)
a_ sinh(,\—lzr) — sin(;l%—)
cs cosh(;‘l%—) + cos(;l%-)
Hence,
cosh( ) + cos(—r) sinh(-) — sin(%)
- A% A (1.3.62)
smh(/\—{) + sm(/\—%-) cosh(;—{) + cos(rz)
Simplifying equation 1.3.62 results in
1 1
1+ cosh(—)cos(—) =0 (1.3.63)
i A1

Hence, the eigenvalues for X](¢) are obtained as real solutions of the equation

1+ cosh(—r)cos(—l-) = 0, or 1 + cosh(zg)cos(zx) = 0, where z; = _11_ Using the
)\ ’\k

Taylor expansmn of cosh(z)

2
cosh(z) = ;0 2 =1+h(z) , (1.3.64)
where
o) .’I)zi 21'
h(z) = ; 20 and lim,_ . h(z) = hmx_.ooz 22)|
According to remark 1.2.3, limg_,,Ar = 0. Since zx = —%—, T, — 00 is equivalent to
Ak

Ar — 0 when £ — oo.
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At the same time, according to equation 1.3.63,

cos(zg) = -1 ! (1.3.65)
k) = cosh(zy) 1+ h(z) o
Therefore,
1
cos(zx) =0 <& cos (T) — 0 when k — o0 (1.3.66)
A
This is equivalent to
4
Ak o (%) when k£ — oo (1.3.67)

Remark 1.3.4. All the covariance functions which have been discussed as examples in
this section satisfy the so-called Sacks-Ylvisaker Regularity conditions. These were in-
troduced by Sacks and Ylvisaker in a series of papers (see, Sacks and Ylvisaker (1966),
Sacks and Ylvisaker (1968), Sacks and Ylvisaker (1970a) and Sacks and Ylvisaker
(1970b)). The essential idea of Sacks-Ylvisaker condition is to ensure that the pro-
cess has no quadratic mean derivative. Typical examples on kernels of such processes

are

min(s,t), min(s,t) —st, 1+ min(st),

S0=ls =t gexp(—ls —t)

The above class of kernels was also called by Ritter (See Ritter (2000)), Sacks-
Ylvisaker conditions of order r = 0. Ritter extended the idea of Sacks-Ylvisaker
condition to order r > 0. Typical examples of processes with kernels satisfying Sacks-
Ylvisaker condition of order » > 0 are the r-integrated Brownian motion of the first
type and of the second type. Ritter further developed an important theorem for the
behaviour of eigenvalues in the Sacks-Ylvisaker family. He proved that if a process

with the covariance kernel K satisfies Sacks-Ylvisaker conditions of order » € N, the
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asymptotic behaviour of the eigenvalue J; is
i & (i)~ C3r+2) (1.3.68)

The asymptotic behaviour of the eigenvalues from equation 1.3.68 for the Sacks-
Ylvisaker family of order r is a general result. Ignoring the constant term, equation
1.3.56 and equation 1.3.54 for the eigenvalues of the r-integrated Brownian motion of
the first type and of the second type respectively match equation 1.3.68 when r > 0.
When r =0, \; = ﬁ This matches our previous analysis on the eigenvalues of the
Brownian motion, the Brownian bridge and the Ornstein-Uhlenbeck process ignoring

the constant term.

1.4 The spatial Karhunen-Loeve expansion

In certain fields, such as geostatistics and weather forecasting, researchers are in-
terested in the multivariate Karhunen-Loeve expansion. Multivariate in this section
refers to multivariate time, and univariate state. This concept of multivariate is dif-
ferent from that in chapter 5, where multivariate refers to multivariate state, but
univariate time. The multivariate time and univariate state Karhunen-Loeve expan-
sion is also called the spatial Karhunen-Loeve expansion.

Let X(t) € Hx be a spatial process, where multivariate time t is a vector time
andt € 7 = 7; x T, x --- x T;. To be more clear, X(t) can be written down as
X(t1,ta,+- ,ta), where t; € T;, 1 < i < d. Its correspondiﬁg covariance function

between s € 7 and t € 7 can then be represented as

- K(s,t) = cov[X(s1, 82, ,84), X(t1,t2, -+ ,td)] (14.1)
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For the Karhunen-Loeve expansion of X (t), it follows directly from the univariate
Karhunen-Loeve expansion. We need to solve the integral equation [ K(s,t)¢(s)ds =

A¢(t), which is equivalent to the following equation.

/ / / COV[X 81, 82, asd)7X(t1)t21"' ,td)]¢($1,82,"‘ )Sd)dsld‘SQ"'dsd
T VT3 Ta :

= )‘(b(tlvt% ) d

where X\ and ¢(ty,ts, - ,tq) are the corresponding eigenvalue and eigenfunction re-
spectively. Since the eigenfunction is orthogonal, it should satisfy the orthogonality

condition [ ¢;(t)¢;(t)dt = &;;, which is equivalent to the following equation.

/ / @it ta, - ta)di(ty, o, -, ta)dtidty - - - dty = &y (1.4.2)
ThJT2 Ta

Then the Karhunen-Loeve expansion for X(t) is X (t) = 37,5, v Ai¢i(t)&, which
is equivalent to
X(tr, g, ,tg) = Z Vdilti ta, - ta)s (1.4.3)
i>1
where {;} is a series of independent process with mean 0 and variance 1.
In general, the analytical solution to the spatial process X (t) is very difficult to
obtain, since the Fredholm integral equation involves d-times integration. However,

for a certain class of covariance function, which is separable, i.e. for s;,t; € 7;

K(s,t) = cov[X(s1, 0, ,8a), X (tr, ta, -  ta)] = [ [ cov[X(s:), X (t:)] = [ K (s, )

i=1 i=1
the eigenvalue and the eigenfunction for X (t) are also separable. Both are the product
of their univariate counterparts in X(¢;),1 < ¢ < d. This result is summarised in

theorem 1.4.1.
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Theorem 1.4.1. Let X(t) € Hx be a spatial process, where t is a vector time and
te7 =T, xTyx---xT;. Assume that the covariance function K(t,s) is separable,
and the univariate Karhunen-Loeve expansion for X (t;), t; € T; is

X(t)=> MWl t)el tieT; (1.4.4)

k>1

Then the multivariate Karhunen-Loeve expansion for X (t) is

X(t) = X(t1’t2’ e ’td) = Z V Ak¢k(t1:t2a T atd)fk (145)
k>1
where
d ' d .
Ak = H/\§j), Br(tr,ta, - ,ta) = H¢g)(t]’) i; €EN,1<j<d
Jj=1 j=1

Proof. Assume the above eigenvalues and eigenfunctions are the solutions, then it
only needs to be shown that the orthogonality of the eigenfunctions and that both
satisfy the Fredholm integral equation. Due to the one-to-one relationship between
the Fredholm integral equation and the Karhunen-Loeve expansion, the expansion

listed above for X (t) can then be proved. For t;,s; € 7; and i; € N,1<j <d

/ / / cov[X(s1,82, - ,8a), X(t1,t2, -+ ,ta)Pr(s1, 82, -, Sa)dsidsa - - - dsq
7% T

- /C,1 /Tz"’/TdﬁK(tj»Sj)[ﬁrbg)(sj)]dsldsg...dsd

j=1 j=1
d

d
:=[/Km@wwwwm4]wwﬂm
J T] j=1
d

=L@

1

Also, for ki, ks, mj,n; € N, 1< j<dand

d d
¢k1(sla827“' ,Sd) =H¢£7‘ZL1(SJ)) ¢k2(81a32,"' ,Sd) =H¢7(7:7])(8-7) y (146)
j=1
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the orthogonality condition can be proved, since
/ / v | By (81, 82,0, 8a) By (81, 82,00+, 8a)ds1dsy - - dsg
T JT, T4

:ﬂéé LH%]HUm%m% dsq

7=1

d
j=1

5k1 k2

Hence the eigenfunctions are orthogonal. Together with eigenvalues, they satisfy the

Fredholm integral equation. O

Example: The Brownian sheet in [0, 1]
The Brownian sheet X (¢, s),t,s € [0, 1], is a biparameter Gaussian random field with

mean 0 and covariance function
cov[X (t1, 1), X (ta, 82)] = min(sy, s2)min(¢1, t2) (1.4.7)

It can be seen from the covariance function that in the two coordinate directions,
a slice of the Brownian sheet looks like a Brownian motion multiplying by a constant.
Since the covariance function is separable, we can use the result of the univariate
Brownian motion to express the Karhunen-Loeve expansion for the Brownian sheet.
X(t: 8) = Z V >\k¢k(ta S)gk (148)

k>1

where &, ~ ...dN(0,1) and

16

M= T 1y~ DR

¢gmg=2gmu—%nﬂmqu_%hq ii>1
(1.4.9)



Chapter 2

Computational Methods

As explained in section 1.2, chapter 1, in order to derive the Karhunen-Loeve ex-
pansion for the stochastic process {X(t),t € T}, it is often necessary to solve the

Fredholm integral equation

/TK(Sat)QSi(t)dt = Xigi(s) (2.0.1)

where K (s,t) is the covariance function for X(s) and X(t)

However, the analytical solution to the integral equation only exists for particular
covariance functions. Numerical solutions often have to be sought in practice. This
chapter deals with two commonly used numerical methods, the integral method and
expansion method. The integral method proves to be computationally easy and quite
fast (Ramsay and Silverman (1997)). However, it does not treat the eigenfunction as a
real function, since it only discretises the time interval 7 into a finite number of small
intervals and approximates the eigenfunction interval by interval. The expansion
method, on the other hand, expands the eigenfunction as a function using certain
bases. With suitable basis functions, the expansion methods are computationally

efficient and provide quite good approximations.

40
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2.1 Integral method

This method focuses on a direct approximation for the integral, i.e.

n+1

/0 fOdt~ Y wif (k) (2.1.1)

i=0

To use the formula, we only need to know the discretised points ¢; (0 =tp < t; <
to <.+ <t, <tpy; =1 and n is the total number of these points) and the weights
W;.

A simple example is to discretise the integral range [0,1] into equally spaced
intervals, i.e. tj4, —t; =h = n%q, 0 £ 7 £ n. The length of the interval A is usually

chosen to be very small and n very big, for accuracy. For each f(¢;), the weights w;

are the same, i.e. w; = —+5. This is called the uniform scheme. Under the uniform
scheme,
1 1 n+1
t)dt ~ —— t; 2.1.2
|| o g 3 se (212

Another frequently used integral numerical scheme is the trapezium scheme, it is

also based on n equally spaced points. Assume that t;41 —t; =h = 1l 0<j<n,

then
1 n
/0 f)dt =~ : E(f(ti) + f(tiz1))
= h(f(zto) + ft) 4+ fltasy) + f(t72z+1))

Other approaches, like the Gaussian quadrature approximation (see, for example,
Cheney and Kincaid (2007), for detail on other numerical methods), greatly increase
the accuracy of the numerical calculation. However a special placement of the discre-

tised points needs to be considered, which is often not suitable in practice. In practical
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applications, observation points are usually equally spaced, for example when data
arise as a time series.

The Fredholm integral equation can be approximated as follows:

1 : ,
/ K (s, Ddu(t)dt = 3 K (5,1)1(t5)w; = M (5) (2.1.3)
0 .
J
Furthermore, the orthogonality of the eigenfunctions ¢; means that
1
| 00050t = 55 % 3 iyt (214)
0 . '
When written in the matrix form, the above integral equation can be written as
KW¢; = Mg (2.1.5)
where
cov(X(to), X(to))  cov(X(to), X(t1)) -+ cov(X(to), X(tnt1))
K = cov(X(t1), X(to))  cov(X(t1),X(t1)) -+ cov(X(t1), X (tn+1))
cov(X (tny1), X(to)) cov(X(tns1), X(t1)) -+ cov(X(tn+1), X (tnt1))
Wy 0 T 0
0 wp - 0
W =
0 o - Wn+1
¢ = (¢i(t0)» ¢i(t1), -+, ¢i(tn+1))

Defining u; = W'/2¢;, we obtain a symmetric eigenvalue problem of the form
W2KWiu; = A (2.1.6)

The vector ¢; is then recomputed via the inverse transformation ¢; = W_%ui. Notice

that using a uniform scheme, W is simply —157, where [ is the identity matrix, while
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using the slightly different trapezium scheme,

(2(n1+1) U 0 0
0 E% .. 0 0
w=| .. (2.1.7)
0 0 n+r1 0
\ 0 0 2(n+1)

2.2 Expansion method

Numerical methods, such as the Galerkin method (see, for example, Porter and Stir-
ling (1990) for detail), usually employ certain basis function to expand the eigenfunc-
tions up to M terms. The advantage of the Galerkin method over the integration
method is that the eigenfunction is treated as a function and the accuracy of the
approximation can be controlled by choosing sufficiently many basis terms. The com-

monly used basis functions are the trigonometrical functions or the wavelet functions.

Algorithm 1: the Fourier method

Using the Fourier basis to expand the eigenfunction is one of the first expansion
methods that researchers have investigated. See, for example, Ghanem and Spanos
(1991) and Huang et al. (2001). The calculation process is as follows.

Firstly, a set of M adequate basis functions {6;(t),7i = 1,2,--- , M} is chosen. For
the Fourier basis defined on [0, 1], M is chosen to be odd, so that the basis functions

can be written down as

81(t) = 1,65(t) = cos(2nt), 65(t) = sin(2rt), - - - ,

0a:(t) = cos(2mit), bg;41(t) = sin(27it),i = 1,2, , ———



Then, the eigenfunction is expanded as a linear combination of the basis functions up

to term M v
¢i(t) = Zdikek(t) =0(t)"D; = Do) , (2.2.1)
k=1 .

where

0O = (6:00), 6a0), -, 6ua())
DiT,Mxl = (dil; diz,"',diM) J
while {d;} are the unknown coefficients for this expansion.

Substitute (2.2.1) into the integral equation on the ith eigenvalue and the ith

eigenfunction,

/ K (5, 1)éu(s)ds = Mdn(t) € DT / K (s,0)6(s)ds = DTAH() (2.22)
0 0

Integrate both sides of (2.2.2) with respect to t after multiplying both sides by 6(t):

DT /0 /0 K(s,t)0(s)8T (t)dsdt = DI\ / 6(t)67 (t)dt (2.2.3)

0

Using the first p eigenvalues and eigenfunctions, equation 2.2.3 can be written in

matrix form:

DA = ADB < ADT = BDTA (2.2.4)

where
A= / K5 00()07(dsdt (Aye = / 1 / K (s, 8)0(5)6;(t)dsde)
B= / 0T0d (By = / 0.(06;(0)dt)

DT A 0 - 0

DT 0 X -+ 0
Dpo= 2 s Apxp= 2

DT 0 0 - XN
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This is an example of the so-called the generalised algebraic eigenvalue problem
or the generalised eigenvalue problem. See, for example, chapter 12, Laub (2004)
for details. Since A is a symmetric positive definite matrix and B is a diagonal
positive matrix, the generalised eigenvalue problem can be solved in the following

way. Express B as B %B%, where B7 is the usual symmetric square root, then

ADT = B:B3DTA (2.2.5)
Multiply both sides of equation 2.2.5.
B 1AB :1B:DT = B:DTA (2.2.6)
Assume £ = B %DT, then equation 2.2.6 can be simplified to
B iAB :E = EA (2.2.7)

The eigenvalue A and the eigenfunction £ for B~3AB~3 can now be computed using
equation 2.2.7. Then convert E to D via D = ETB-3.

Although using the Fourier basis provides more flexibility than the integration
methods, the accuracy in estimating the eigenfunctions is worse (see chapter 2,
Ghanem and Spanos (1991)). Moreover, in practice it takes a relatively longer com-
putational time, even for small M.

After obtaining the ith eigenvalue \; and the ith eigenfunction ¢;(t), we can now

construct the truncated covariance function at order p.
p
K(s,0) =) Adi(s)gi(t) = ¢(s)"Ag(t) = 6(s)" DTADO(2) (2.2.8)
i=1

where

6O = (£1(0), d(t), . (1)) (2:29)
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Algorithm 2: the Haar wavelet method

Using the wavelet basis to expand the eigenfunctions was mentioned in Ramsay
and Silverman (1997) and detailed calculations appear in Phoon et al. (2002b) and
Phoon et al. (2002a). Here, the algorithm from Phoon et al. (2002b) is adapted to
both the stochastic process satisfying Sacks-Ylvisaker condition and the stochastic
process with the smooth covariance function, such as the squared exponential kernel.
For simplicity, only the bounded interval [0, 1] is considered again. Any function f

between [0, 1] can be expanded using the wavelet basis function ;(z)

flz)=aox 1+ Zaiwi(m) (2.2.10)

The Haar wavelet is the simplest wavelet basis function in the Daubechies’s family.
See, for example, Nievergelt (1999), for details of the Daubechies’s family in wavelets.

The Haar wavelet is defined as

1 O0<z<g
Y(z)=¢ -1 1<z<1 (2.2.11)

0  otherwise
A family of the orthogonal Haar wavelets can be constructed through shifting the

above (), i.e. for j,k € Z

1 k27 <z <2971 4 k277
Yie(@) =4 =1 27971 4 k279 <3 <279 4 k277 (2.2.12)

0  otherwise

They are orthogonal because

1
/ $34(@) pmn(2)dz = 2765
0]
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Now, M = 2™ orthogonal basis functions on [0, 1] can be constructed in the following
way
=1 wizwj,k(x) 7‘22]+k'+1,_]-_—0,1,,Tl—l,k}:O,l,Q]—].
(2.2.13)
Hence the eigenfunction and the covariance function can be expressed using the above

basis function, i.e.

pi(t) = f:dikgbk(t):‘llT(t)Di (2.2.14)
ey
K(5,1) = D> ) Gmathm(s)¥n(t) = U(s)TAU(t) (2.2.15)
where e
V(W = (1(0), wa(t), -, bal0))
Dl = (da, do, -, d)
Amxm = {ai}

The matrix A can be derived through the 2D wavelet transform. In order to
perform the wavelet transform, M time points need to be chosen at t; = %;[—1, 1<i<
M, and M should be a number a power of two. In application, when the covariance
function is known, M points satisfying the above conditions can always be chosen.

The integral equation involving the ith eigenvalue and the ith eigenfunction can

now be written down as

1
Ait) = [ K(s x(o)ds (2.2.16)

0
The expressions of ¢;(t) and K (s,t) in equation 2.2.14 and equation 2.2.15 respec-

tively are substituted into equation 2.2.16.

MYT () Dy = VT (t)AHD; | (2.2.17)



48

where
hy 0 -+ 0
0 A 0
H= 2
0 0 - hy
hy=1h; =279,

i=24+k+1,7=01,---,n—landk=0,1,.--27 -1

Combining the first p eigenvalues and eigenfunctions, we can express equation

2.2.9 in matrix form.

ApxpDpxrs ¥ () mrx1 = Dpxrr Haurse e Anrxar W () mrxa (2.2.18)
where
DT MM 0 - 0
Dy = Dz D A= | D0 (2.2.19)
Dg 0 0 -+ A

Equating the coefficients for ¥(t), we obtain AD = DHA. Multiply by H 3 on both
sides,

ADH? = DH*H:AH? « AD=DA , (2.2.20)
where D = DH %, A= H:AH? and A is a symmetric matrix. Solving equation
2.2.20 results in M eigenvalues and M orthogonal, linearly independent eigenvectors.

The eigenfunction can now be written as
é(t) = DU(t) = DH 2 W(t) (2.2.21)
In terms of the truncated covariance function.

K(s,t) = U(s)TDTADY(t) (2.2.22)
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2.3 Numerical examples

The Ornstein-Uhlenbeck process

The covariance function for the Ornstein-Uhlenbeck process is given in chapter
1, %exp(—mt — s|). For simplicity, it is further assumed that § = 1 and p = /2.
So that the covariance function is exp(—|t — s|). Figure 2.1 plots the solution to
the eigenvalues. From section 1.3, chapter 1, it is known that for the’eigenvalues,
cot(w) = % is needed to be solved, and then we convert w to A using the formula
A= 522? Since the negative and the positive solution for w produce the same value
of A, figure 2.1 only covers the positive part of w. In the left plot of figure 2.1, the blue
line plots cot(w), while the red line plots %—1 It can been seen that at each interval
[km, (k + 1)7],k € N, there exists an intersection, which represents one solution to
w. Since k is an integer, the total number of intersections should be countable and
the bigger the k is, the closer is the intersection to km. The right plot of figure 2.1

plots A = which reduces to zero very quickly. For positive w, the relationship

T
between A and w is one-to-one. One can see in this way how a countable number of
eigenvalues is obtained.

Figures 2.2, 2.3 and 2.4 provide an idea_of the performance of the analytical
solution to the covariance function exp(—|t — s|) under different orders. This is
helpful in suggesting a suitable order for the truncated Karhunen-Loeve expansion.
Figure 2.2 shows the convergence in the Karhunen-Loeve expansion compared to the
targeted covariance function. Define the time lag as h = [t — s|. Since the Ornstein-
Uhlenbeck is a stationary process, we only need to plot the covariance for the targeted

or the truncated covariance using the Karhunen-Looeve expansion versus A to study

the convergence. It can be seen that the difference between order 10 and order 30 is
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o
3

0.6
0.4

0.2

Figure 2.1: Graphical solution to cot(io) = (Left) Blue line y =cot(io); Red
iine y = (Right) A=

much bigger than that of order 30 and order 50.

Figure 2.3 serves to check stationarity for the different starting pointt, 0 < < 0.5
under the same time lag # = 0.5. Theoretically, the targeted covariance function
without the truncation should be a constant under the same # whatever the starting
point ¢ is. It should also be expected that the better the approximation using the
truncated Karhunen-Loeve expansion is, the closer the truncated covariance is to a
constant whatever the staring point ¢ is. Again, it can be seen from the plot that the
higher the order is, the better is the performance of the approximation. It is clearer
from this plot that there is some improvement when the order is increased from 30
to 50, although not very big.

Figure 2.4 explains the cumulative expected variance preserved in the expansion.

The cumulative expected variance is defined as

A
(2-3.1)
27i=1
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Convergence
target
order=10
0.9 order=30
order=50
0.8
S 07
=
8
1S
]
>
S 0.6
0.5
04
0.3
0 0.2 04 0.6 0.8 1
time lag

Figure 2.2: The analytical performance of the truncated Karhunen-Loeve expansion
for the kernel exp(—I\t —s|): covariance function versus time lag.
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Stationarity with [t-s|=0.5
0.913
target
0.912 order=10
order=30
0.911 order=50

0.91
0.909

E 0.908
0.907
0.906
0.905
0.904

0.903
0 0.1 0.2 0.3 04 0.5

starting time

Figure 2.3: The analytical performance of the truncated Karhunen-Loeve expansion
for the kernel exp(—\t —s|): stationarity checking when |\t —s| = 0.5 for different
starting points.
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Cumulative Expected Variance

0.95

0.9

0.85

0.8

Cumulative Expected Variance

0.75

0.7
0 10 20 30 40 50

order p

Figure 2.4: The analytical performance of the truncated Karhunen-Loeve expansion
for the kernel exp(—jt —s|): cumulative expected variance versus order in the trun-
cated Karhunen-Loeve expansion.
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If the original stochastic process X(t) and the truncated stochastic process X,(t)
using the truncated Karhunen-Loeve expansion at order p are expressed respectively

X(t) =3 Vas& X(t) =3 Vb (23.2)

where §; is i.i.d. with mean 0 and variance 1, the integrated variance using the

untruncated expression and the truncated expression can be calculated as

S = / Var(X (8))dt ZP:AF / Var(X, (£))dt (2.33)
i=1 T i=1 T

Therefore, the cumulative expected variance can also be expressed as

[ Var(X,(t))dt
[ Var(X (t))dt

(2.3.4)

For the Ornstein-Uhlenbeck process on [0, 1], fol Var(X(t))dt = 1. Hence the cumu-
lative expected variance is only the numerator of equation 2.3.4, fol Var(X,(t))dt. It
can be seen that the rate of the change of the cumulative expected variance decreases
when the order p increases. When the order p approaches 50, the cumulative expected
variance is quite close to 1.

Now, the analytical solution to the eigenvalues is compared with that derived from
the integral method, the Fourier method and the Haar wavelet method respectively.

The result is summarised in table 2.1. The error in the table is calculated as follows.

Numerical Solution Using Certain Numerical Scheme — Analytical Solution

1
Analytical Solution x100%

Error =

(2.3.5)
From table 2.1, it can be seen that in the integration methods, the trapezium
scheme performs much better than the uniform scheme. The error dramatically de-

creases under the same number of points. The reason for using 11 basis functions in



1st 2nd 3rd 4th 5th
Analytical 0.7388108 | 0.1380038 | 0.0450885 | 0.0213289 | 0.0122789
Uniform (n = 200) | 0.7378086 | 0.1384447 | 0.0452880 | 0.0214326 | 0.0123420
Error 0.14% 0.32% 0.44% 0.49% 0.51%
Trapezium (n = 200) | 0.7388105 | 0.1380060 | 0.0450919 | 0.0213327 | 0.0122828
Error 0.00% 0.00% 0.01% 0.02% 0.03%
Fourier (M = 11) 0.7388075 | 0.1299146 | 0.0451686 | 0.0198488 | 0.0122810
Error 0.00% 5.86% 0.18% 6.94% 0.02%
Haar (M = 256) 0.7388147 | 0.1380069 | 0.0450912 | 0.0213316 | 0.0122815
Error 0.00% 0.00% 0.01% 0.01% 0.02%
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Table 2.1: The first five eigenvalues comparison among different numerical schemes
for the kernel exp(—|t — s|).

the Fourier method is that it is computationally expensive for higher orders. It takes
the computer a longer time than the time involved in any other method, even using
11 basis functions. Using the Fourier basis, the result is quite volatile, with the error
as big as 5.86%, which is the biggest among all the methods. Using the Haar wavelet
method, on the other hand, is computationally fast, although 256 basis functions are
used. Its error is the smallest among all the methods. Although the results from the
trapezium integral method and that from the Haar wavelet method are quite good
and close to each other, it is the Haar method that regards the eigenfunction as a
function. The accuracy of the Haar wavelet method can be controlled by the number
of the basis functions involved.

Since the Haar wavelet method provides the result both computationally reliable
and accurate, we take a further look at its result in terms of different number of basis
functions involved. This result is shown in table 2.2.

It can be seen that the error dramatically decreases when the order needed for
the expansion of the eigenfunction is doubled from 8 to 16. At the order of 16, the

error is already quite close to that derived from the Fourier method. Although using



1st 2nd 3rd 4th 5th
Analytical 0.7388108 | 0.1380038 | 0.0450885 | 0.0213289 | 0.0122789
Haar (M=8) | 0.7428125 | 0.1412251 | 0.0480043 | 0.0242416 | 0.0153110
Error 0.54% 2.33% 6.47% 13.66% 24.69%
Haar (M=16) | 0.7398109 | 0.1388036 | 0.0458001 | 0.0220190 | 0.0129669
Error 0.14% 0.58% 1.58% 3.24% 5.60%
Haar (M=32) | 0.7390608 | 0.1382034 | 0.0452653 | 0.0214992 | 0.0124469
Error 0.03% 0.14% 0.39% 0.80% 1.37%
Haar (M=64) | 0.7388733 | 0.1380537 | 0.0451326 | 0.0213713 | 0.0123207
Error 0.01% 0.04% 0.10% 0.20% 0.34%
Haar (M=128) | 0.7388264 | 0.1380162 | 0.0450995 | 0.0213396 | 0.0122893
Error 0.00% 0.01% 0.02% 0.05% 0.08%
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Table 2.2: The first five eigenvalues comparison of the Haar wavelet scheme using
different number of basis functions for exp(—|t — s}).

the order 32, 64 and 128 provide slightly worse results than that from the integral
method, especially the result using the trapezium scheme, it takes less computational
time. Hence in practice, when the covariance function is known, it is reasonable to
use lower orders when applying the Haar wavelet method.

Now consider the eigenfunctions. In the integration method, only the trapezium
scheme is considered, since it is in general better than the uniform scheme.

The first two eigenfunctions in figure 2.5 and figure 2.6 correspond to the first
two biggest eigenvalues. It can be seen that both the trapezium integration method
and the Haar wavelet method perform quite well. The eigenfunctions from these two
methods are almost the same as those from the analytical method. However, the
eigenfunctions derived from the Fourier method are not smobth and exhibit oscilla-
tion. This oscillation might be caused by the cyclical variation in the trigonometric
function. The oscillated eigenfunctions might cause problems in the reconstruction

of the covariance function. Now the values of the first two eigenfunctions at the
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Analytical Solution Integration Trapezium Rule (200 points)
0.9 0.9
0.8 0.8
0 0.5 1 0 0.5 1
Fourier Method (11 basis) Haar Wavelet Method (256 basis)
1.1 1.1
1 1
0.9 0.9
0.8 0.8
0 0.5 1 0 0.5 1

Figure 2.5: Comparison of the first eigenfunction between the analytical solution and
three other numerical schemes for exp(—\t —s|).

beginning few time points are listed in table 2.3 and table 2.4.

Notice that although both the Haar wavelet method and the integral trapezium
method provide similar results, the value provided by the integral trapezium method
is more accurate. The difference between the analytical value and the value by the
integral trapezium method is of the order 10-6, while the difference between the
analytical value and the value by the Haar wavelet appears at around 10-3. This

small difference 103 might affect our analysis when the accuracy needed is smaller
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5 Analytical Solution Intzegration Trapezium Rule (200 points)
1 1

0 0

1 1

20 0.5 1 20 0.5 1

5 Fourier Method (11 basis) 2Haar Wavelet Method (256 basis)

1 1

0 0

1 1

20 0.5 1 20 0.5 1

Figure 2.6: Comparison of the second eigenfunction between the analytical solution
and three other numerical schemes for exp(—\t —s|).

than or equal to 10-3. For the Fourier basis, the result is quite unstable. For the
second eigenfunction listed in table 2.4, the error in the first few time points could be
as big as above 100%, while the error using other methods are less than 1% for the
same time points.

Further checking of the eigenfunctions can be implemented by introducing two
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Time 0 ﬁ % 5—(% 2%
Analytical 0.8516555 | 0.8558746 | 0.8600575 | 0.8642040 | 0.8683141
Trapezium (n = 200) | 0.8516566 | 0.8558757 | 0.8600587 | 0.8642053 | 0.8683154
Error 0.00% 0.00% 0.00% 0.00% 0.00%
Fourier (M = 11) 0.8672837 | 0.8675013 | 0.8681515 | 0.8692274 | 0.8707174
Error 1.84% 1.36% 0.94% 0.58% 0.28%
Haar (M = 256) 0.8533158 | 0.8566203 | 0.8599025 | 0.8631624 | 0.8696145
Error 0.19% 0.09% 0.02% 0.12% 0.15%

Table 2.3: The first eigenfunction comparison for the first few time points for

exp(—|t — s|).
Time 0 o= = 53 =
Analytical -1.2791384 | -1.2852884 | -1.2910091 | -1.2962986 | -1.3011553
Trapezium (n = 200) | -1.2791395 | -1.2852898 | -1.2910109 | -1.2963008 | -1.3011579
Error 0.00% 0.00% 0.00% 0.00% 0.00%
Fourier (M = 11) 0 -0.147933 | -0.2944067 | -0.4379873 | -0.577291
Error 150.19% 132.89% 115.88% 99.32% 83.36%
Haar (M = 256) -1.2816094 | -1.2863361 | -1.2908039 | -1.295006 | -1.3026096
Error 0.29% 0.12% 0.02% 0.15% 0.17%

Table 2.4: The second

exp(—|t — ).

eigenfunction comparison for the first few time points for
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b 1 2 3 4 5 6
Trapezium 0.0000029 | 0.0000067 | 0.0000075 | 0.0000074 | 0.0000082 | 0.0000074
Fourier (M = 11) | 0.0000827 | 0.0194733 | 0.0000411 | 0.0231734 | 0.0005216 | 0.0141584
Haar (M = 256) | 0.0000360 | 0.0001514 | 0.0002740 | 0.0003003 | 0.0001275 | 0.0004956
Table 2.5: The difference of the eigenfunction between the analytical solution and the
numerical solutions for the Ornstein-Uhlenbeck process in terms of {; measure.
lo,i 1 2 3 4 5 6
Trapezium 0.0000031 | 0.0000073 | 0.0000144 | 0.0000219 | 0.0000295 | 0.0000370
Fourier (M = 11) | 0.0029384 | 0.2640940 | 0.0048725 | 0.3074980 | 0.0052781 | 0.3409438
Haar (M = 256) | 0.0004141 | 0.0004141 | 0.0025289 | 0.0025289 | 0.0049991 | 0.0049991

Table 2.6: The difference of the eigenfunction between the analytical solution and the
numerical solutions for the Ornstein-Uhlenbeck process in terms of [, measure.

measures /; and ly, which are defined as

ll,i -

lay =

where f;(t;) and fi(tj) represent respectively the analytical solution to the ith eigen-

function and the approximation of the ith eigenfunction using the numerical method

at time point ¢;, 7 > 1 and 1 < 7 < n. Using a statistical interpretation, /; can be

treated as a measure for the bias, since its power in the summation is 1, while /5 can

be treated as a measure for the standard deviation, since its power in the summation

is 2. In this example, n = 202 and ¢; = ;;L:il, 1<j7<n

Table 2.5 and table 2.6 show [; and [y of the first six eigenfunctions using three

different numerical methods. In terms of [;, the bias measure, the trapezium integral
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method is the best, since all its values of {; are between 1078 to 10™°. The second
best numerical scheme is the Haar wavelet method, since most of its values of [; are
between 107* to 1073. The difference between these two methods is again around
1073, which matches the result from table 2.3 and table 2.4. The result from the
Fourier method is not stable, since I; for its first eigenfunction is as small as 8 x 1073,
while /; for its second eigenfunction is around 2 x 1072. I, the standard deviation
measure, provides similar information to /;. Although the trapezium integral method
is better than the Haar wavelet method in terms of both {; and I, the Haar wavelet
method takes less computational time. Again, the Haar wavelet method also treats
the eigenfunction as a function expanded by the wavelets, while the eigenfunction
from the integral based method depends on the discretisation of the interval. Hence,
when the covariance function is known, the Haar wavelet method is still preferred in
the following analysis.

Figure 2.7 shows the reconstruction of the covariance function under three different
schemes with order 11. The truncated covariance function K (s, ) between time s and

time ¢ is expressed as :
11
Ku(s,t) =Y Xi(s)ei(t) (2.3.6)
i=1
For the integral method, the Fourier method and the Haar wavelet method, the key
equations for deriving the eigenvalues and the eigenfunctions are equation 2.1.5, equa-
tion 2.2.4 and equation 2.2.20 respectively. 11 is chosen since it is computationally
doable for the Fourier basis and a universal order is preferred when comparing dif-
ferent numerical schemes. The analytical covariance structure is also provided for

comparison. It can be seen that the Fourier basis method provides the worst result,
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with variations almost everywhere. Again, this is due to the property of the trigono-
metric function itself. More order can be used to solve this problem. However, it will
dramatically increase the computational time. The trapezium integration method
and the Haar wavelet method provide the similar results. The difference between
the covariance reconstruction using these two numerical methods and the analytical
covariance function is further compared using the measure [{ and 5, which are defined

as

iy = | O feov[X(8), X(1)] - WX (1), X (&)}

. %ZZ{COV[X(E),X(Q)]—@{X(ti),X(tj)]}z,

where cov|[X(t;), X (t;)] represents the analytical covariance function between X (t;)
and X (t;), while ¢ov,[X (t;), X (t;)] represents the covariance function using the nu-
merical approximation between X (¢;) and X(¢;). The subscript p is the truncation
order for the Karhunen-Loeve expansion when approximating ¢ov,[X (¢;), Y (¢;)]. The
construction of [§ and [§ is very similar to that of [; and [, hence the statistical
interpretation of [ and [§ is also the bias and the standard deviation respectively. In
this example, again, n = 202 and ¢; = E, 1<j<n.

Table 2.7 shows [§ and [§ using the trapezium integral method and the Haar
wavelet method for the truncation order 10, 20, 30, 40 and 50. The reconstruction
from both of these two methods are quite good, since I§ and [ are generally very
small. In terms of [f, the bias measure, I{ using the trapezium integral method is
roughly between 10=7 and 107%, while [§ using the Haar wavelet method is around
5 x 107°. It means that the bias using the integral trapezium fnethod is smaller

than the bias using the Haar wavelet method. In terms of /5, the standard deviation
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I 10 20 30 40 50

I, Trapezium | 0.0000008 | 0.0000003 | 0.0000002 | 0.0000001 | 0.0000001
5, Trapezium | 0.0040156 | 0.0013963 | 0.0007721 | 0.0005164 | 0.0003833
¢ Haar | 0.0000520 | 0.0000524 | 0.0000525 | 0.0000527 | 0.0000527
5, Haar | 0.0041782 | 0.0018280 | 0.0014174 | 0.0012998 | 0.0012544

Table 2.7: The difference of the covariance between the analytical solution and the
solutions from two numerical schemes for the Ornstein-Uhlenbeck process in terms of
[ and [§ measure.
measure, [§ decreases when the order p increases, since the higher the order, the
better the approximation, and therefore the less the variance. When p = 10, I§ for
the trapezium integral method and the Haar wavelet method is very close to each
other. Both are around 4 x 1073. However when p = 50, IS using the Haar wavelet
method, with value 1.25 x 1073, is about three times as big as IS using the trapezium
integral method, with value 3.8 x 10™%. It shows again that the trapezium integral
method performs better in terms of the standard deviation in the reconstruction.
From figure 2.7, another issue worth mentioning is that although both the trapez-
ium integral method and the Haar wavelet method produce similar results, they do
not perform well in the diagonal part of the covariance when p = 11. Since the
Ornstein-Uhlenbeck process satisfies Sacks-Ylvisaker condition, it does not have con-
tinuous first derivative in its covariance function, which is the reason for the peak in
the analytical covariance. However, using numerical schemes with not enough order,
this peak character can not be well-captured. One way of solving this problem is to
introduce higher orders in the truncated Karhunen-Loeve expansion.

The Haar wavelet scheme is chosen as a representative numerical scheme to show

how the higher order in the truncated Karhunen-Loeve expansion affects the diagonal
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part in the covariance function. Figure 2.8 shows the reconstruction using the Haar
wavelet with four different order p. It can be noticed that the higher the order is
in the model, the better the performance of the numerical scheme is in the ‘“peak”

diagonal part. It becomes sharper when the order is increased from 11 to 50. From

50 to 100, the difference is not that obvious.

Analytical Covariance Integration Trapezium Rule (200 points)
0 0 0 0
Fourier Method (11 basis) Haar Wavelet Method (256 basis)

Figure 2.7: Comparison between the covariance of the analytical solution and the
covariance reconstruction of three other numerical schemes with order 11 for exp(—t—

s).

The squared exponential kernel exp{~/3(t —s)2)
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Haar Wavelet: order=11 Haar Wavelet: order=30
0 0
Haar Wavelet: order=50 Haar Wavelet: order=100

Figure 2.8: Comparison of the covariance reconstruction under different order, using
the Haar wavelet with 256 basis, for exp(—\t —s]).

The most often used covariance kernel in practice is probably the squared expo-
nential kernel, also called the Gaussian kernel, expressed as exp(—3{t —s)2). For
simplicity, /3 is assumed to be (3 = 1. This means that the covariance function is
exp(—(t —s)2). The analytical solution is very difficult to obtain for this covariance
kernel. Some researchers assume Gaussian measure between 0 and 1, and then intro-
duce Hermite polynomials to solve the problem. See, for example, Rasmussen and

Williams (2005). Since only Lebesgue measure is used in this thesis, the analytical
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1st 2nd 3rd 4th 5th

Uniform (n = 200) | 0.8637518 | 0.1271495 | 0.0087074 | 0.0003791 | 0.0000122
Diff 0.13% 0.74% 1.74% 2.76% 4.27%
Trapezium (n = 200) | 0.8648371 | 0.1262215 | 0.0085601 | 0.0003692 | 0.0000118
Diff 0.00% 0.00% 0.02% 0.08% 0.85%
Fourier (11 basis) 0.8614099 | 0.1299146 | 0.0455937 | 0.0198488 | 0.0123127
Diff 0.08% 2.93% 432.75% | 5280.54% | 105136.75%
Standard
Haar (256 basis) 0.8648431 | 0.1262178 | 0.0085582 | 0.0003689 | 0.0000117

Table 2.8: The first five eigenvalues comparison among different numerical schemes
for exp[—(t — 5)?].
solution they derived is not really helpful to the current problem.

Table 2.8 provides the eigenvalue comparison among different numerical schemes.
When comparing the eigenvalue, the result derived from the Haar wavelet method
(256 basis function) is used as the standard. Since from the example in the Ornstein-
Uhlenbeck process, the Haar wavelet method with M = 256 has shown its accuracy
in deriving eigenvalues. Similar to the “Error” in the Ornstein-Uhlenbeck process, a

measure called “Diff” used in this example is defined as

Other Numerical Solution — Numerical Solution by the Haar Wavelet

Diff = Numerical Solution by the Haar Wavelet

x100%
(2.3.7)
Like the solution to the Ornstein-Uhlenbeck process, the perfofmance of the
trapezium integral method is very close to that of the wavelet method. The uni-
form integral method provides a bigger difference in the eigenvalues compared to the
wavelet method. In terms of the Fourier method, the approximation to the first two
eigenvalues is not bad, since Diff is 0.08% and 2.93% for the first and the second eigen-

value respectively. But from the third eigenvalue and onwards, Diff for the Fourier
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1st 2nd 3rd 4th 5th

Standard: Haar (256 basis) | 0.8648431 | 0.1262178 | 0.0085582 | 0.0003689 | 0.0000117
Haar (M=8) 0.8662842 | 0.1253201 | 0.0080818 | 0.0003062 | 0.0000075
Diff 0.17% 0.71% 5.57% 17.00% 35.90%
Haar (M=16) 0.8652013 | 0.1259949 | 0.0084399 | 0.000353 | 0.0000103
Diff 0.04% 0.18% 1.38% 4.31% 11.97%
Haar (M=32) 0.8649315 | 0.1261628 | 0.008529 | 0.000365 | 0.0000115
Diff 0.01% 0.04% 0.34% 1.06% 1.71%
Haar (M=64) 0.8648641 | 0.1262047 | 0.0085512 | 0.000368 | 0.0000117
~ Diff 0.00% 0.01% 0.08% 0.24% 0.00%
Haar (M=128) 0.8648473 | 0.1262151 | 0.0085568 | 0.0003688 | 0.0000117
Diff 0.00% 0.00% 0.02% 0.03% 0.00%

Table 2.9: The first five eigenvalues comparison of the Haar wavelet scheme using
different orders for exp[—(t — s)?].

method dramatically increases. In other words, using the Fourier method, the rate of
the decrease of the eigenvalue is much slower than other methods. However, it must
be noticed that the eigenvalues are already very small from the third eigenvalue and
onwards using the Haar wavelet method and the first two eigenvalues explain more

than 99% of the cumulative expected variance, i.e.

A1+ A2

——————— = A1 + Ay = 0.8648431 + 0.1262178 > 99%
iy e~t=02dt

(2.3.8)

where the values to A; and Ay are derived from the Haar wavelet method. Hence the
bad performance from the third eigenvalue and onwards using the Fourier method
might not affect its overall performance.

Table 2.9 takes a further look at the eigenvalue result provided by the Haar wavelet
method with respect to different orders M, with the result by order 256 as the com-
parison standard.

Again, for order M = 64 and onwards, the values almost converge, since the

relative difference is very small. The result from lower orders of the Haar wavelet
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Analytical Covariance Integration Trapezium Rule (200 points)
0.5
00 00
Fourier Method (11 basis) Haar Wavelet Method (256 basis)
051
00 00

Figure 2.9: Comparison between the covariance of the analytical solution and the
covariance reconstruction of three other numerical schemes with order 11 for exp[—{t—

»n

method is still more reliable than that from the Fourier basis method, and again,
computationally fast. However, in practice, when data can be sampled at any point
on [0,1], higher order of the wavelet basis will be preferred, since it provides the result
both accurate and computationally efficient.

Now the covariance function is reconstructed using the order 11 in the truncated
Karhunen-Loeve expansion. Figure 2.9 shows the reconstruction. Since the first two

eigenvalues explains about 99% of the cumulative expected variance, 11 should be a
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reasonable choice. As expected, the Fourier method does not perform very well, with
oscillation everywhere. The covariance reconstructions from both the Haar wavelet
and the trapezium integral method are very close to the analytical solution (without
truncation). Another point worth mentioning here is that the squared exponential
kernel is differentiable everywhere, which does not have any peak in the diagonal
element of the covariance function. This is another reason that higher order is not
required in the Karhunen-Loeve expansion to recapture the squared exponential ker-
nel.

Table 2.10 provides a further check on the covariance reconstruction between the
trapezium integral method and the Haar wavelet method using the measure {§ and the
measure [§ again. Since the first two eigenvalues explains about 99% of the cumulative
expected variance, table 2.10 only shows the reconstruction for order 1, 2, 4, 6 and 8.
In terms of [§, the bias measure, for the order 1 and 2, I§ using the trapezium integral
method, with value 4 x 1072, is about four times as big as I using the Haar wavelet
method, with value only about 1075. However, when p is larger than 4, I{ using the
trapezium integral method reduces dramatically, with ¢ resulting in about 5.8 x 1071¢
when p = 8, while [$ remains between 107° and 10~* using the Haar wavelet method.
For [§, the standard deviation measure, the result is still similar. When p is 1 and 2,
I using both methods is very close to each other. But when p is bigger than four, I§
for the trapezium integral méthod reduces much faster than that for the Haar wavelet

method.

Simulation
This thesis is not concerned with simulation but we now show briefly the appli-

cation to simulation using the truncated Karhunen-Loeve expansion. For one sample
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5 1 2 1 6 8
I, Trapezium | 0.0000448 | 0.0000448 | 32 x 107° [ 1.9 x 10 | 5.8 x 10 1°
Is,, Trapezium | 0.1274479 | 0.0087160 | 0.0000122 | 6.6 x 10~ | 1.9 x 1012
[f, Haar | 0.0000108 | 0.0000108 | 0.0000551 | 0.0000551 | 0.0000551
5, Haar | 0.1274000 | 0.0088000 | 0.0009272 | 0.0009272 | 0.0009272

Table 2.10: The difference of the covariance between the analytical solution and the
numerical solution for the process with the squared exponential kernel exp[—(t — s)?]
in terms of I§ measure and [§ measure.

path of the Gaussian process, using the truncated Karhunen-Loeve expansion till

order p, the truncated process can be expressed as
p
Xp(t) = Z VA&
i=1

It can be observed that only p standard normal random variables {£}, 1 < i <p
'need to be simulated.

Figure 2.10 provides five simulated sample paths for the Ornstein-Uhlenbeck pro-
cess with covariance function exp[—|t — s|] using the truncated Karhunen-Loeve ex-
pansion at order 50. The eigenvalues and the eigenfunctions follow the analytical
expression in equation 1.3.31 and equation 1.3.32 respectively. The speed of the

simulation is pretty fast.

2.4 Summary

This chapter contributes to the numerical solutions of the Fredholm integral equa-
tions. It provides a computational foundation for the later chapters, and the methods
introduced here are applied throughout the thesis. The numerical methods discussed

in the chapter are the integral methods, including the uniform integral method and
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5 Simultaed Paths, order=50

0.5

-1.5
0.2 0.4 0.6 0.8

time

Figure 2.10: The simulation performance of the truncated Karhunen-Loeve expansion
for the kernel exp(—\t—s|): five simulated paths using the truncated Karhunen-Loeve
expansion when p = 50.
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the trapezium integral method, and the expansion methods, including the Fourier
basis method and the Haar wavelet basis method. The integral methods discretise
the time interval 7 and transfer the Fredhom integral equation into a generalised
eigen-equation problem, while the expansion methods employ certain basis functions
to expand the eigenfunction. The examples being implemented are the Ornstein-
Uhlenbeck process, whose analytical solution to the Karhunen-Loeve expansion is
known, and the process with squared exponential kernel, whose analytical solution is
not known.

Among all the four methods, the Fourier basis method is the worst performing
method in terms of its computational speed and computational accuracy. In either of
the examples, the Fourier method requires the longest computational time, although
only 11 basis functions are involved, compared to 256 basis functions in the Haar
wavelet method. This is due to the calculation of the integral involving both the
kernel function and the basis function. The approximation of the eigenfunctions
using the Fourier basis method result in non-smooth oscillated function. It might be
caused by the cyclical variation existing in the trigonometric function. The eigenvalue
approximation provides reasonable result, although the value is still not as good as
that provided by other numerical methods.

According to the two examples provided in this chapter, the third best numerical
method is the uniform integral method. The uniform integral method divides the time
interval 7 into small intervals with equal length and then assigns equal weights to
each interval. The speed of the integral methods can be controlled by the number of
intervals involved. Using the uniform integral method, the error of the approximation

of the eigenvalues is in general smaller than that provided by the Fourier basis method
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and the computational speed is much faster.

The calculation procedure of the trapezium integral method is very similar to that
of the uniform integral method, except for the weights. The weights assigned to the
first and the last small intervals are only half of the Weights assigned to the rest small
intervals. Although only the weights are different compared with the uniform integral
method, the result improves dramatically. In both examples, for the approximation
of the eigenvalues, the error using the trapezium integral method is all below 1%,
while the error using the uniform integral method sometimes goes beyond 4%. The
approximation to the eigenfunction is very close to the analytical solution, in the
example of the Ornstein-Uhlenbeck process, and very similar to that provided by the
Haar wavelet method, in the example of the squared exponential kernel.

The Haar wavelet method utilises the easiest basis function in the Daubechies’s
wavelet family. In order to facilitate the calculation, both the number of the basis
functions M and the number of sampled points are often chosen to be the power
of two. The computational speed using the Haar wavelet method is very fast even
with M = 256 in our example. Its approximation to the eigenvalues is the closest
to the analytical solution, in the example of the Ornstein-Uhlenbeck process, and
therefore is regarded as a comparison standard in the example of the squared expo-
nential kernel. In terms of the approximation to the eigenfunctions, both the Haar
wavelet method and the trapezium integral method provides similar results, and very
close to the analytical solution in the example of the Ornstein-Uhlenbeck process.
However, what is worth mentioning here is that if judging from both /; measure and
[f measure, 1 = 1 and 2 depending on whether the bias or the standard deviation is

concerned, the trapezium integral method outperforms the Haar wavelet method in
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the approximation of the eigenfunctions and the covariance function reconstruction.

So far, the best two numerical methods are the trapezium integral method and the
Haar wavelet method. Both of them are computationally accurate and fast. When
the covariance function is known, the Haar wavelet method is preferred in the later
chapters. Since it is the expansion methods which indeed regard eigenfunction as a
function, which is one of the key ideas to some applications, such as the functional
data analysis. The integral trapezium method can only obtain the value at the time
points used in the approximation of the integral, although it is more accurate in terms

of [; measure and [ measure, ¢ = 1 and 2.

2.5 Numerical method for the spatial Karhunen-
Loeve expansion

The spatial Karhunen-Loeve expansion has been discussed separately in section 1.4,
chapter 1. The derivation of the spatial Karhunen-Loeve expansion follows directly
from the univariate Karhunen-Loeve expansion, except for the time changing from
the scalar to the vector.

In terms of the numerical methods, spatial processes with high dimensional time
cause computational problems in practice. One one hand, the amount of calculation
involved is huge. In d- dimensional time spatial processes, each time point s € 7
is a d-dimensional column vector, i.e. s = (51, So, v, sd)T. If n points are
chosen in the direction of s;,1 < 7 < d, the total possible number of the points

d

for s is n. Even if in the two dimensional case, if n is 100, the total possible

number of the points involving in the calculation is 104, hence the covariance matrix
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is with dimension 10* x 10%. This is beyond the computing power of some popular
mathematical package, for example, Matlab 7.0.4, in a normal computer, with CPU
Pentium 4 3.6GHz. On the other hand, using the expansion method, for example,
the Haar wavelet method, it requires 2d-dimensional wavelet transform. This causes
furthers delay and results in even longer time in practice. Therefore, the integral
method is used as the numerical method here.

The result derived at the univariate case can still be applied. The major difference
is that the vector time needs to be substituted for the scalar time. The calculation
procedure for the two dimensional spatial process is discussed in detail in this section.
It can be easily generalised to the d,d > 3 dimensional case.

t

Assume that t = ( ) €T, t; €[0,T;,i=1,2. For each direction of t;, i = 1,2,

12
n; + 2 points are chosen, including the boundary points, i.e. 0 = ;g < ;3 < tjp <
<+ < tign;+1) = T;. Hence the total possible number of points for t is (n, 42) x (ng+2)

and can be expressed as

t10 t1o 137, ti(ni+1
tO = s tl = y T T tk = ( l> y T t(n1+1)(n2+1)-1 = < (ru+)
2 to1 to; to(na+1)

(2.5.1)

where 0 <7< n;+1,0<j <ny+1and k =i(ny+2)+ 7. For simplicity, it is further

1

assumed that 71 =Ty, n =n; =ny, t; =t1; =195, 0 < j <n+land i, — b = 37,

0<k<n.
For s,t € 7, the Fredholm integral equation on the ¢th eigenvalue and the ¢th
eigenfunction can be approximated as follows.

(n+2)?

[r K(t,S)pi(s)ds = Agi(t) & S K(by, s)di(se)wn = Milts)  (25.2)

k=1
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Its corresponding orthogonal condition of the eigenfunction is

(n+2)?
/ BiS)d()ds = 85 & S dulse)y(se)wk = b, (2.5.3)
T k=1
wy, is the weight and equals to
wy =wjw; 0<4,j<n+landk=1i(n+2)+ (2.5.4)
where w; is the weight in the univariate case. For the uniform scheme, w; = 7—1}5, 0<
i < n+1; while for the trapezium scheme, wj = =5,1 <4 < n and wy = w, ., =
1
2(n+1)"
Equation 2.5.2 can also be expressed into the matrix form.
KW¢,, = /\i¢i y (255)
where
K (to, to) K(to,t1) e K (to, t(nt2)2-1)
K = K (t1,t0) K(t1,t1) K(t1, tni2)2-1)
K(to, t(ni22-1) K(to,t(iop-1) -+ K(tmi22-1,tme)2-1)
/wo 0o .- 0
0 w --- 0
W =
0 0 - W(n42)2-1
¢; = (¢i(t0)7 ¢i(t1), -, ¢i(t(n+2)2—1))

Equation 2.5.5 is equivalent to equation 2.1.5 in the univariate case. The remaining
numerical procedures are exactly the same as that in the univariate setting. See

section 1 of this chapter for details.



7

1st(1,1) | 2nd(1,2) | 3rd(2,1) | 4th(3,1) | 5th(1,3) | 6th(l,4)
Analytical | 0.1642557 | 0.0182506 | 0.0182506 | 0.0065702 | 0.0065702 | 0.0033522
Numerical | 0.1642817 | 0.0182651 | 0.0182651 | 0.0065837 | 0.0065837 | 0.0033654
Error 0.02% 0.08% 0.08% 0.21% 0.21% 0.39%

Table 2.11: Eigenvalue comparison for the Brownian sheet. Numerical method is the
integral trapezium method when n = 50. (7, j) in the first row represents the ith value and
jth value used in equation 1.4.9.

Example: The Brownian sheet in [0,1] (numerical solution)

This example follows the analytical solution to the Brownian sheet derived in
chapter 1. The analytical solution will be used to compare with the solution derived
from the trapezium integral method. Due to the lack of computing power, we use
n = 50. Table 2.7 compares the first six eigenvalues. Error is computed using equation
2.3.5.

The difference between the analytical solution and the numerical solution does not
appear until 10~°, which is relatively small. Although the error calculated in the table
is bigger than that in the univariate case, the result is still very close considering only
n = 50 points are used. More n could be considered to improve accuracy. In terms of
the eigenfunctions, since the eigenfunction is now a function of two dimensional time,
both the 3D plot and its corresponding contour for the first four eigenfunctions are
plotted in figure 2.11 and figure 2.12 respectively. The straight line in the contour
is where the eigenfunctions equal to zero. For example, for the second eigenfunction
$o(t, s) = 2sin(37t)sin(37s), it equals to zero when sin(37t) = 0. It is equivalent to
say that t = %

In terms of the performance of the numerical method for the eigenfunctions, which
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is shown in figure 2.13 and figure 2.14, the approximation gets worse when the eigen-
function’s corresponding eigenvalue becomes smaller. Using the numerical method,
the first eigenfunction is very like the analytical solution, while some deviation from
the true value start to appear in the second and the third eigenfunction. For the
fourth eigenfunction, the approximation is very unsatisfactory. It is quite different
from the analytical solution. Again, one of the reasons is due to the limited number

of points used in this example, which is n = 50.

first eigenfunction second eigenfunction

S 0 0 t

third eigenfunction fourth eigenfunction

Figure 2.11: 3D plot for the first four analytical eigenfunctions of the Brownian
sheet. 1Ist: 2sin(|7r£)sin(|7rs); 2nd: 2sin(§7r£)sin(|7rs); 3rd: 2sin(|7r£)sin(§7rs); 4th:
2sin(|7ri)sin(|71s).
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second eigenfunction

0.5 1
t
fourth eigenfunction

0.5 1

Figure 2.12: Contour for the first four analytical eigenfunctions of the Brownian
sheet. lst: 2sin(|7r£)sin(|7rs); 2nd: 2sin |7ri)sin(|7rs); 3rd: 2sin(|7rt)sin(|7rs); 4th:

2sin(|7rt)sin(|7rs).
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first eigenfunction second eigenfunction

third eigenfunction fourth eigenfunction

Figure 2.13: 3D plot for the first four eigenfunctions of the Brownian sheet using the
integral trapezium scheme (n = 50).
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first eigenfunction second eigenfunction
1
0.8 0.8
0.6 0.6
w
04 0.4
0.2 0.2
0
0 0.5 1 0 0.5 1
t t
third eigenfunction fourth eigenfunction
1
0.8 0.8
0.6 0.6
w
0.4 04
0.2 0.2
0
0 0.5 1 0 0.5 1

Figure 2.14: Contour for the first four eigenfunctions of the Brownian sheet using the
integral trapezium scheme (n = 50).



Chapter 3

Maximum Entropy Sampling for
Gaussian processes

In this chapter, the Karhunen-Loeve expansion is related to maximum entropy sam-

pling in the Gaussian case. Entropy, or the Shannon entropy, is defined as
Ent(T") = Er[—log{p(I")}] (3.0.1)

The following formula related to the entropy is used throughout this chapter. See,

for example, Cover and Thomas (1991).
Ent(I") = Ent(I's) + Er,{Ent(T's|T5)} (3.0.2)

In our case, define Xg = {X;}ics, Xs = {Xi}ies and X = {X;}icse, where the
index set S = {1,2,---, N} represents the whole “population” and s C S, |s| =n is

a chosen sample. The the above formula can be rewritten as:
Ent(Xs) = Ent(X;) + Ex, {Ent(X,|X;)} (3.0.3)

It means that the entropy for the “population” can be decomposed as the en-

tropy for the sample set and the expected posterior entropy of the unsampled set.

82
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Maximum entropy sampling claims that the expected posterior entropy of the un-
sampled population s¢ should be minimized in terms of the entropy sampling. Since
the left hand side of equation 3.0.3 does not depend on the experiment, minimizing
the expected posterior entropy is equivalent to maximising the entropy of the chosen
sample, which is the first term of the right hand side. The idea of maximum entropy
sampling was first introduced by Shewry and Wynn (1987). Since then algorithms
have been developed by Lee (1998) and Hoffman et al. (2004). Later discussions on
this topic can be found at Sebastiani and Wynn (2000) and Wynn (2004).

In the Gaussian case, the entropy is related to the logorithm of the determinant
of the covariance matrix. Assume X is a n-dimensional multivariate Gaussian distri-

bution with mean y and variance ¥, i.e. X ~ N(u,X), then

1
Ent(X) = g + glog(%) + 5log(IZ)) (3.0.4)

Hence for a Gaussian process, given fixed N and n maximising the entropy is equiva-
lent to maximise the determinant of the covariance matrix comprising of the sampling

points.

3.1 Karhunen-Loeve expansion, maximum entropy
sampling and D-optimality when n =p

In this section, using the truncated Karhunen-Loeve expansion, the true covariance
matrix of the sample set is approximated by the truncated covariance matrix defined
in equation 3.1.2. Then applying the General Equivalence Theorem (theorem 3.1.2),

the maximum entropy sampling is connected with the D-optimal design.
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Assume {Y(t)} is a centered Gaussian process, i.e. E[Y(t)] = 0. Using the
Karhunen-Loeve expansion, it can be expressed as
Y(t) = Z Vaigi(te (3.1.1)
i>1
where ¢; ~ 1.3.d.N(0, 1).

In practice, only the finite order of the expansion is used. In this section we further
assume that the true stochastic model for Y(¢) is under truncation at order p and is
written as Y () = >_7_, v/Ai¢i(t)e;. Then with n design points ¢1, 3, - - - , ,, using the
truncated Karhunen-Loeve expansion at order p, we can approximate the covariance

matrix as K,, which is

K, =®TAd (3.1.2)
where
$1(t1). d1(ta) -+ dultn) Ay 0 - 0
o | P2(t) &at2) - daltn) A @ P2 O (3.13)
Gp(t1) Pplta) -+ Bp(ta) 0 0 - A

According to chapter 1, each element of K, is a truncated version of the true
covariance function. The accuracy of the approximation can be controlled by choosing
an adequate order p. Assuming a suitable choice of the order p, the rest of this chapter
concentrates on maximising the determinant of the truncated covariance matrix K,
rather than that of the true covariance matrix. From now on, the design maximising
the determinant of K, will be referred to maximum entropy sampling.

In order to set up a duality between maximum entropy sampling and the D-
optimality, the condition that n > p is required.

In this section we concentrate on n = p.
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Proposition 3.1.1. When n = p, K, = ®TA® with ® and A defined in equation
8.1.8, then det(K,) = det(®dT)det(A)

Proof.
det(K,) = det(®TAD) = det(PPTA) = det(®dT)det(A) (3.1.4)

O

According to proposition 3.1.1, when n = p, the determinant of the covariance
matrix can be expressed as det(®®7)det(A). Hence maximising the entropy is equiva-
lent to maximising det(®®7T)det(A). Since det(A) is fixed whatever design we choose,
maximising det(K),) for the maximum entropy is further equivalent to maximising

det(®®T), in this case.

Remark 3.1.1. When n > p, K, is a singular matrix, i.e. det(K,) = 0, so that
no equivalence is obvious. However, under a certain setting, we can still argue the
equivalence between maximum entropy sampling and maximising det(®®7), as long
as p is big eﬁough to capture most of the cumulative expected variance. This will be

discussed in section 3.2.

We further denote X = ®7 to match the standard notation of the D-optimality, so

that
0" = XTX = f(t)f"(t:) (3.1.5)
where ;
FET = (it &t . 6ults)

XT = (fw), 5w, s ()
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Now define the information matrix F' needed for the D-optimal design. In general,

the information matrix F' for the design £ is expressed as

F(§) = /f(t)f(t)Tpc(t)dt= Zf(ti)f(ti)p(ti) (3.1.6)

where p.(t) is a continuous measure and p(t) is a discrete measure. The first equality
is for the continuous design while the second equality is for the discrete design. We
also need to define a sensitive function written as d(z,&) = f(z)TF~1(£) f(=).

The following equivalence theorem plays a major role in the optimal design of this
chapter. It builds a bridge between maximum entropy sampling and the D-optimal
design. See, for example, Kiefer and Wolfowitz (1960), Kiefer (1974) and Fedorov
(1972), for details.

Theorem 3.1.2. (General Equivalence Theorem, GET) The following assertions are
equivalent

(1) the design £* mazimizes det(F(£))

(i) the design £* minimizes max,d(t, &)

(111) max,d(t,&*) = p, where p represents the number of unknown parameters.

A design measure ¢ maximising det(F(£)) is called a D-optimal design measure.
The GET provides a way of checking the D-optimality by plotting d(¢,£). When
n = p, maximising K, is equivalent to maximising det(X TX). Under the discrete
uniform design, the information matrix F' is expressed as F' = XTTX Hence, given
an adequate order p, maximum entropy sampling aims at maximising det(F'). Or
using the GET, given an adequate order p, a sampling £* is a maximum entropy
sampling if max,d(t,&*) = f (t)[w]"1 f(t) = p. For processes satisfying the

Sacks-Ylvisaker conditions (see remark 1.3.3, chapter 1), there is a lot of “energy”
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in the tail, i.e. p needs to be very big to make any connection between maximum
entropy sampling and the D-optimal design. However, for the process with smooth
covariance kernels, like exp[—(¢ — s)?], p can be chosen as small as 2 to establish a
strong connection between these two sampling schemes. Both types of processes will
be discussed in more detail in the examples in the later sections of this chapter.
Now using the GET, we provide a simple example for the Brownian motion under
a discrete uniform design. For simplicity, we only assume n = p = 2 in this case.
However, using order 2 is not an accurate way of describing the covariance of a
member of the Sacks-Ylvisaker family. The optimal points, although D-optimal, do
not maximise the entropy. However this example goes some way towards explaining
the connection and is analytically tractable. The optimal points will be used to

compare with the result from numerical algorithm in section 3.4.

Example: The Brownian motion on [0,1], when n =p =2
As a prior knowledge, time point 1 is always chosen as one of the D-optimality points
in the Brownian motion. The choice of 1 will be shown reasonable on the sensitivity
function in figure 3.1 when n = p = 2. For bigger n and p, refer to theorem 3.3.1 on
the equivalence of the D-optimality and maximum entropy for the Brownian motion.

In the n = p = 2 case, since 1 has been chosen as one of the design points, only
one more point ¢ (0 < ¢ < 1) needs to be chosen. Under the discrete uniform measure,
p(t) = p(1) = 3.

When p = 2, f(t) gives two eigenfunctions.

V2sin(irt)
= 3.1.7
1) (ﬂsin(%nt)) (317)
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Therefore, F = 32| f(t:)fT(t:)p(t:), (t1 = t,ta = 1), ie.

P sin®(%) + 1 sin(%)sin(32t) — 1
sin

(%t)sin(%) -1 sin®(32%) + 1

(3.1.8)

Then, det(F) = (sin(Z) + sin(35t))2. Since sin(%) +sin(3Zt) > 0 when 0 <t < 1,
maximising det(F) is equivalent to maximising sin(%t) + sin(32t).
Set @ = sin(%) + sin(32t), then

(_i._:Q_. = lcos(’n-—t) + §(_’:OS(§gIE) (319)

a 227 2
RV
The optimal point can be found by setting éd% = 0. Hence, t = m& ~ 0.3918

18r

16

14t

121

d()

08

06

0.4r

0.2+

Figure 3.1: d(t) = f(t)TF~1f(t) for the Brownian motion, when n = p = 2 and
0<t<L1.

Figure 3.1 plots d(t) = f(¢t)TF~'f(t) under the optimal design points we just

found. It shows that maxg>>1(d(t)) = 2, which is the number of the parameters.
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N
It confirms that 22X°°%(3) and 1 are the D-optimal design points. However, as we

have mentioned earlier, p = 2 is too small to approximate the covariance matrix for
the Brownian motion. Although the two points we found are D-optimal, they are not

the optimal points for the Brownian motion under the maximum entropy criteria.

3.2 Equivalence of D-optimality and maximum en-
tropy sampling when n > p

In this section, we cope with the condition n > p. As is mentioned in remark 3.1.1,
when n > p, the truncated covariance matrix K, is singular if the true stochastic
model is the truncated version of equation 3.1.1. Hence an alternative stochastic
model should be considered under the current setting.

We assume that the true stochastic model is a regression model defined as follows.
Yo = XV +e,

where |s| =n < N, V ~ N(0,W) and error term € ~ N(0,%). Since the number of
the sampling points is n and the number of the parameters is p, X is with dimension
n X p, while V' is with dimension p x 1. We assume that V' and ¢ are independent
and ¥ = 02/, so that the model for Y; is a Gaussian model with the independent
noise. In some literature, the Gaussian model with the independent noise is called the
Gaussian regression model. See, for example, Rasmussen and Williams (2005) and
MacKay (2003). A Gaussian regression model is a good stochastic model in dealing
with the case when the number of the observations is bigger than the number of the
parameters, i.e. n > p. Application of this model will be used in both chapter 3 and

chapter 4.
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For this chapter, it is further assumed that W is diagonal. When n > p, we will
argue that if the first p parameters can explain almost all the cumulative expected
variance, maximum entropy sampling for the.process Y is equivalent to the D-optimal
design.

We start from decomposing the entropy of Y.

det[Var(Y,)] = det(X;WXT + 0%l,yn)
= det(UDUT + ¢*UUT)
= det[U(D + o*I)U7]
= ¢g3n-p) lﬂ[(,ui(Dl) +0?)

=1

— 02(n_p)det(W%XZXsW% + 02[pxp) 3

where UDUT is the eigenvalue decomposition for X,W X7T; u;(D,) is the ith eigen-
g s

value for Dy;

D X 0 X(n— 0 D . 0,
D= ( Lpxp pX(n—p) ) and D, = p2(Dr)
0("—P)XP 0(n—p)x(n--p)
0 0 Mp(Dl)

If n and p are fixed, o2 is fixed. Hence maximising the entropy of Y, is equivalent

to maximising det(W2XTX,W? + 02I,,,). In the case that 0% — 0,

det(W3iXTX, W7 + o2])
P .
= [](w(D1) +0?)

i=1
P

= H[#i(Dl)] +0(0?)

i=1

= det(W2XTX,W2) + o(0?)
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If we further assume that X, = ®T = X and W = A,
Var(Y;) = ®TA® + 0?1 = XAXT + 0% (3.2.1)

The first term on the right hand side is the same as equation 3.1.2, which is the
covariance matrix expressed by the truncated Karhunen-Loeve expansion at order p.
Since the true covariance function can be expressed by the un-truncated Karhunen-
Loeve expansion, i.e. an infinite sum, the second term on the right hand side %I
only captures the tail Y32 ) Mi@?(ti), i = 1,2, -+, n for the diagonal elements in the
covariance matrix. When the first p eigenvalues can explain almost all the cumulative
expected variance of the original process, i.e. %;:—:\\—: is close to 1, the majority of the
variance of Y; can be mainly captured by the truncated Karhunen-Loeve expansion
with the remaining energy in the tail very small, implying very small o2. In the
extreme case that %%i% — 1, 62 — 0. Therefore, maximising det[cov(Y)] is equiva-
lent to maximising det[A2 XT X Az] = det(A)det(XTX). Since A is not related to the

design, maximising the entropy of the process is the same as maximising det(X7 X).

~This is the same result as what is derived in section 3.1.

Remark 3.2.1. In Wynn (2004), the model for Y is regarded as a Bayesian model,
where the distribution for the parameter V' needs to be updated. In order to. have
the maximum posterior information on V, we aim to minimize the posterior entropy
of V, which is Ent(V|Y;). Using Shannon’s theorem, there are two ways to express

the joint entropy of V' and Y;.

Ent(Y;,V) = Ent(V)+ EvEnt(Y;|V)

Ent(Y;,V) = Ent(Y;) + Ey,Ent(V|Y;)
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The first equation shows that Ent(Y;, V) is independent of the design, i.e. indepen-
dent of s, since Ent(Y;|V) = Ent(e). Therefore minimizing the posterior entropy of
the parameter V, (second term of the second equafion) is equivalent to maximising
Ent(Y;), which provides the same result as maximum entropy sampling.

In short, under the Bayesian setting, we quote the result by Wynn (2004)

Theorem 3.2.1. Under a suitable Bayesian regression model, mazimum entropy sam-
pling for choice of a subsample s from a population S is equivalent to
(i) minimisation of expected posterior entropy for the unsampled population units.

(11) Bayes minimum entropy design for the regression parameters.

Remark 3.2.2. Another reason that eigenvalues will not change our result is as follows:
For the Gaussian regression model Y; = X,V + 0%I, we can also define X, =
®TA2 and W = I. Then using the same arguments as those in the rest of this

section, maximising the entropy of Y; is the same as maximising det(XSTXs) =
det[Y 7, fl(ti)f’T(ti)]. where
VA1 (t)

ro=| V| Zatg (322)

V()

’. : ’ n PRV PRy
Under the uniform design, the information matrix F' is expressed as F' = zimlf (:)f ()

]

’
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then the sensitivity function d (t) can be written down as
d(t) = FOTFT @)
= nfT(AI[ATH(XTX) T ATHAZ£(2)

- m0(55) 10=rore
= d(t)

Now following the GET, minmax d (t) is the same as minmax d(t), which is equivalent

to maximising det(X7X). This is not related to the eigenvalues.

3.3 Brownian motion on [0, 1]

In this section, it is proved that, for the Brownian motion, the maximum entropy
sampling is an approximate D-optimal design when conditions provided by theorem
3.3.1 are satisfied.

We have shown an example on the Brownian motion in section 3.1 whenn = p = 2.
However as we have mentioned, p = 2 is not big enough to capture the true covariance
function, since the first two eigenvalues only explain about 90% of the cumulative
expected variance.

We now show that analytically the optimal design points for maximising the en-
tropy of the Brownian motion should be equally spaced. For the Brownian motion,

the analytical covariance function K(s,t) = min(¢,s). Hence the covariance matrix



for the discrete time points 0 <t; <ty < --- <t, <1is

ti 4t
t1 1o
K = tl to
t1 1o

and det(K) = (t; —to)(t2 —t1)(ts — t2) - - - (tn — tno1) = [

t
123
t3

i3

1 )
to
i3

)
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(3.3.1)

1 Ui, where U; = ti — ti—l)

1 <4< nandty=0. Notice that } ., u; = t,. Maximum entropy sampling problem

has now been transformed to finding the points ¢;, 1 <7 < n, so that

max(det(K)) = maxﬁui = max ﬁ(ti_— ti_1)

n
subject to Zui =1t, and t3 =0

i=1

The solution to u; is u; = %, 1 < i € n. Therefore, the solution to t; is t; = i%,

1 < i < n. In our case we always choose t, = 1, so that our sampling scheme is

an equally spaced sampling on [0, 1], with 1 as one of the design points, i.e. t; = %,

1<i<n.

It is further assumed that the measure here is the uniform discrete measure £*,

i.e. for n design points on [0, 1], p(t;) = % In the Brownian motion, the eigenfunction

can be written as ¢;(t) = v/2sin[(i — 1)7t], ¢ > 1, hence for a,b € N
3 bult)u(t) = 2 sinl(a — 2y Lsin](b — Ly
i=1 o l i=1 20 n 27 n

= Z{cos[(a - b)w%] —cos[(a+b— 1)”%]}

i=1
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It can be further calculated that

n a=b -1 a=b

Z COS[(a_b)W%] =4 0 |a—b| even ZCOS[(Q-H)—].)W%] =< —1 |a—b| even
= ~1 la—b| odd 0 |a—b| odd
(3.3.2)
Hence
n n+l a=0b
Z Ba(ti)s(ts) = ¢ 1 la — b| even (3.3.3)
= ~1  |a—?b| odd

Whatever p is even or odd, the calculation procedure for finding the D-optimality

points is the same. Here, only the result for even p is demonstrated. When p is even

(n+1 -1 1 - 1 —1
-1 n+1 -1 .-+ =1 1
XTX =
1 -1 1 n+1 -1
—-1 1 -1 -1 n+1

det(XTX) = nP'(n+p)

. . . . T .
Therefore the inverse of the information matrix F' = ¥ is expressed as

(n+p—1 1 -1 . -1 1
1 n+p—1 1 - 1 -1
n
F1= 3.3.4
n(n + p) ( )
-1 1 -1 - n+p-1 1
1 -1 1 .- 1 n+p—1

with f(&)T = (ﬁsin(%m \/é—sm(gﬂ) \/Esin((p-—%)wt)). The sensitivity



96

function under the uniform design £* is

dt,e) = JOTF i =2" Z Zi p) sin”[(i — —;—)wt]
i=1
+ 22 1)t nZ— o) sin[(7 — %)mﬁ]sm[(] - %)mﬁ]
i#]

Also notice that

23 sin{i = )rt] = 31— osl(2 — e} = p - SHTEEEED)

(3.3.5)

Now the equally spaced uniform sampling can be related to the approximate D-

optimal design for the Brownian motion. The result is summarised in theorem 3.3.1.

Theorem 3.3.1. For the Brownian motion on [0, 1], the uniform sampling design &*
with the sampling points t; = %, 1 <7 < n is optimal in the following two senses

(1) It is a mazimum entropy sampling.

(7i) It is an approximate D-optimal design in the sense that: for all € > 0 and any
point t € [e,1 — €], if n — o0 and p — oo in such a way that n > p, limp o™ = c,

where ¢ 18 a constant and ¢ > 1, then

limy—oo =1 (3.3.6)

Proof. The first part of the theorem on maximum entropy sampling is shown at the
beginning of this section. The equally spaced design on [0, 1] maximises the entropy

of the Brownian motion. We only need to show that the second part of the theorem
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d(t, €")
= 2 2: E%{—E)—l—)sm G = )t] +2 ; 1) s - 2 tlsin((j — 2]
- :i; lz'i:snﬁ[(z ~ Y
+- +p{;”; le( 1)™*7* sin[(i - —)thsm[(J - —)Wt] ;( 1)*~sin?((i *)Wt]}

_ QZsinz[(i ~ 2yt - %{Z(—l)isin[(i ~ Symtly? |

sin(r¢)sin(2mtp)

- P cos(2mt) (" + l)p{z( 1)’sin{(i — _)ﬂt]}Z

Then we obtain d(t dte7)
d(t,&*) 1 lsin(mﬁ)sin(?wtp) - 2 { 1 (=1)sin[( — §)t] 1 (3.3.7)
D p 1 — cos(2nt) (; +1) P

For interval [e,1 — €], there always exists M; > T—_céls—@re_) > (0 such that

sin(mt)sin(27tp) 1
| 1 — cos(2mt) < 1 — cos(2me) ~ 1 439
Hence
1 sin(nt)sin(2mtp) -0 (3.3.9)

lim, oy~
iy p 1— cos(2nt)
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Also, for interval [e, 1 — €], there always exists My > ol > 0, such that

AT=CoSTre)
z i, . 1 1 1 .
| Z,(—l) sin[(z — a)ﬂ't]l = |§[—é—o—s—(m{(—l)pcos(§7rt)sm[7rt(p + 1)]cos(mt)

i=1

+ (—=1)Psin[nt(p + 1)]cos(%7rt) - (—l)Pcos(%wt)cos[wt(p + 1)]sin(nt)
— (—l)psin(%ﬂt)sin[vrt(p + 1)]sin(nt) — (—l)psin(%wt)cos[wt(p + 1)]cos(mt)

— (=1)Pcos[nt(p + 1)]sin(%7rt) — cos(%wt)sin(mf) + sin(%wt) + cos(ﬂt)sin(%wt)ﬂ
9

< —m8M < M.

= 2(1=cos(me)) = 7

Therefore

P \(=1)isin{(i — ] _

=
b

lim, &

0 (3.3.10)
Since limp_.oo% = ¢, where ¢ > 1,

2 ) { f=1(—1)is;n[(i = Pmi] } _ o

(3.3.11)

Then we can conclude that for all € > 0 and any point ¢ € [¢,1 — €], if n — oo and
p — o0 in such a way that n > p, limp_.oo% = ¢, where c is a constant and ¢ > 1,

then, (3.3.9) and (3.3.11) hold. Following equation (3.3.7), we obtain,

hm,,wii(t—;c—) =1 (3.3.12)

(]

Theorem 3.3.1 shows that when both n and p are quite big in a certain relationship
such that limp_,oog = ¢, where ¢ > 1, then we can almost get a straight line p for
the sensitivity function across the interval except for the bounds. Figure 3.2 and
figure 3.3 further confirm the result. In figure 3.2, limp_,oo% = 1, while in figure 3.3,
Iimp_,oo% = 5. When n and p becomes bigger, the variation at the bounds becomes

smaller. The value of d(t,£*) across the interval is almost p, when p goes to 1000.
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Figure 3.2: The sensitivity function d(t) of the equally spaced uniform design for the
Brownian motion, when choosing n = p = 50, 100, 500 and 1000 using the truncated

Karhunen-Loeve expansion.

Remark 3.3.1. When n — o0, the discrete uniform design becomes a continuous

uniform design. We denote the continuous uniform design as £**

In the continuous uniform case, measure p(t) = 1,0 < ¢ < 1, hence the information

matrix can be calculated as follows
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Figure 3.3: The sensitivity function d(t) of the equally spaced uniform design for
the Brownian motion, when choosing p = 50, 100, 500 and 1000 using the truncated
Karhunen-Loeve expansion and n = 5p.
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Since the eigenfunctions are orthogonal, i.e. fol ¢i(t)p;(t)dt = 6; j, F = I,xp. Then

__ sin(mt)sin(27tp)
1 — cos(2nt)

d(t,€") = J(OTF (1) Zq&? ZQsin2[(i —~ %)m:] =

Following the same calculation procedure as that for the proof of theorem 3.3.1,

we can show that for all € > 0, there exists an interval [¢, 1 — €], such that

d(t, &)

=1 (3.3.13)

limy,

It means that the continuous uniform design is also an approximate D-optimal design

in the Brownian motion case on the interval [e,1 — €.

Remark 3.3.2. The second type integrated Brownian motion is defined, in chapter 1,

as

L fti,,_l o O Wato)dto - dtmey 0<t < if m is odd

Xn(t) =
Otm ftin—1 ces fti Wolto)dty - dtm_y 0<t<

3= 3=

if m is even
(3.3.14)

with covariance function

K2 (s,t) = /0 . ./o (min(s, s1))(min(sy, s2)) - - - (min(s,,, t))ds1dsy - - - ds,, (3.3.15)

The eigenvalue and eigenfunction for X?2, are

4 ™ 1 . |
Ai = ((—-——> . ¢i(t) = V2sin[(i — 5)7rt] i>1 (3.3.16)

21 — 1)272
Its eigenfunction is the same as that of the Brownian motion. For the D-optimality,
since it is the eigenfunction, not the eigenvalue, which relates to maximum entropy
sampling. Hence the optimal sampling for the second type integrated Brownian mo-

tion is the same as that for the Brownian motion.
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3.4 Numerical methods

In practice, the analytical solutions to the Karhunen-Loeve expansion are quite re-
stricted to certain processes. The numerical methods have to be implemented instead
to derive the Karhunen-Loeve expansion for many processes. In this section, in order
to relate maximum entropy sampling to the D-optimality in the numerical setting,
the expansion method is mainly considered. Since it is the expansion method which
treats the eigenfunction as a function, so that the sensitivity function d(z) can be
calculated under the optimal design in the continuous interval. For the integration
method, very fine intervals are required for d(z). It involves loads of data, which
might not be computationally efficient. For the sake of accuracy, we discuss the
expansion method using the Haar wavelet here.

Although the uniform equally spaced design is one of the easiest designs to handle,

2i—1
2n ?

it is not always D-optimal. We choose n equally spaced design points t; =
1 €% < n to show this result. The condition required for these design points to be
D-optimal is that the number of the eigenvalues used in the truncated Karhunen-
Loeve expansion should be equal to the number of the basis functions, i.e. M = p.
However, the condition M = p does not allow p and M to go to infinity at different
rates, which does not reflect the reality.

We assume that both M and n are specifically chosen, so that n > M and both
of them are the power of 2,ie. M =2, n=2Y, y > z, z,y € N. Using the same
notation as that in chapter 2, matrix ¢ for the eigenfunctions containing all the n

design points of order p can be expressed as ® = UT DT where U is a matrix involving
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the Haar basis functions of order M, i.e.

vho= (¢’1, Yo, e, %DM)
o = (wlt), ilta), - wilta)
Vi(t) = Yju(t) =(2t—k),i=24+k+1,0<j<z-10<k<2 ~1

The equally spaced design points under consideration are t; = 22—:}, 1 <i<n,
where i = 27 +k+1,0< j<z-1,0<k <2 —1. In each ¥; (i > 2), from
the 73k + 1th elemént to the 77k + 575+rth element, the element value is 1. From the
7wk + 77 + 1th element to the 3+ (k 4 1)th element, the element value is —1. The

values for the rest elements are 0. It means that, when i > 2

1[)_ O’ O, Tty Oa 17 17 T la _]-a _11 T, —'1) Oa Oa Tty 0
%k 2-1-1—1— Eﬂ+—f n—z—’;-(lc-l-l)
(3.4.1)

1 1’ cee 1
P = (\’ ,)
(1,1, ) 1, =1, =1, -, -1
wz = A" -~ o N v
3 3
(17 ]-a B 1) _17 —la ) _1a 07 O) T 0
'd)3 = - ~ s . -~ /. ~ »
; : :
/01 01 ) 07 1) ]-a T 17 _1, _la ) -1
1/)4 == N ~ /N ~ 7\ -~ vl
: i
07 07 ) 07 11 17 ) 1’ —17 _la ) -1
¢M == ~ 7 O\ ~ s\ ~ ,



104

Therefore,
b 0 0
vyt = 2 (3.4.2)
0 0 --- Iy

where l; =1 and [; = . It means that Y¥7 = nH.

In order to derive the coefficient matrix D, the eigenvalue problem A(DH %) =
(DH?)(H2AH?) needs to be solved. After solving for D, the matrix X in the D-
optimality can be expressed as X = ®7 = DU ;x,,. Then the information matrix F'

is simply an identity matrix, since,

1
F= %XTX = -DVUTDT = %DnHDT =1 (3.4.3)
n .

The last equality comes from the fact that in the eigen-equation A(DH %) = (DH %)(H 2 AH: )
the eigenvectors DH 3 are orthogonal. Under the equally spaced uniform design &, if

f(t) = D(t), the sensitivity function d(t,€) is

ate) = fOTFA()
= ()" DTFIDy(t)

= ()" DT Dy(t)

Up till now, the order p for the truncated Karhunen-Loeve expansion can be
chosen freely, as long as n > p for the consideration of the inverse calculation of F'.
If the uniform equally spaced design is D-optimal, d(t,£) = p. However, d(t,&) = p
does not necessarily hold unless further assumptions on DT D are made. One of the

possibilities to support d(¢,€) = p is to assume DTD = H~!.. This equality holds
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when M = p. Hence under M = 2% = p,

dt,§) = w(t)TH‘lw(t>=1+szw3(t)

z—127-1 z—1
= 1+ Z Z e (t) =1+ sz
j=0 k=0 Jj=0

Since for 0 < ¢t < 1, and for each level j, there exists one and only one k, such that
V5 1xp1 (t) = 1, while the rest 2, ., (t) = 0.

However, as we have mentioned at the beginning of this section that M = p is not
a realistic assumption in practice. M and p should be able to be raised at different
rates to serve different approximation purposes. M should be able to increase for
the accuracy of the eigenfunction, while p should be able to increase for the better
approximation of the original process. Hence M = p lacks of flexibility in reality and
therefore we cast doubt on treating the uniform equally spaced design as D optimal.

In practice, finding the D-optimality points depends on the eigenfunctions of the
process, which is not always analytically tractable, hence we can not always derive
the analytical solution to the optimal points. The rest of the chapter contributes
to an algorithm looking for n design points to maximise the information matrix, i.e.
maximise nF = det(XTX), where X = DV using the Haar wavelet method. The
algorithm we are using is called the “DETMAX”. DETMAX was first introduced
by Mitchell (1974) and then improved by Galil and Kiefer (1980). The DETMAX
algorithm is an exchange algorithm. Each time it adds a point out of all the N
candidate points or subtracts a point out of all the current chosen design points that
can maximise det(X T X). It also defines a failure set F comprising of designs that does

not improve determinant after each excursion. At the beginning of the algorithm, F is
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set to be an empty set and a random initial design with size n out of the N candidate
points will be chosen. Each excursion starts from a set of design points with size n
and then randomly decides whether to add or subtract a point first. With the size
of the current design D denoted by n’, we continue an excursion following the rule

suggested by Mitchell (1974)

e If n/ > n, we subtract a candidate point if D is not in §. Otherwise we add a

candidate point.

e If n’ < n, we add a candidate point if D is not in §. Otherwise we subtract a

candidate point.

Here, “add”a point means that with the current det(X g Xe), we choose a point t
out of N candidate points to add to our design, so that we can maximise

det[(xg, (t)) <f§§T>] = det(X] Xe)[1 + f(0)T (X Xe) 7' £ (1) (3.4.4)

while “subtract” a point means that with the current det(X gT X¢), we choose a point

t to remove out of the current design so that we can maximise
det(X7 Xe)[1 — f(1)T (XF X&) (1)) (3.4.5)

Each excursion stops when n’ = n. If there is an improvement in the information
matrix, § is emptied. Otherwise, all the designs during the excursion will be added
to §.

The algorithm stops when |n’ —n| < 6 to avoid the problem of longer algorithm
and longer time. As is mentioned by Mitchell (1974), a longer algorithm does not seem

to provide a better result. The other problem of the DETMAX algorithm is that it is
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very easy to get stuck in a local maximum and does not guarantee a global optimum.
In our case, the local maximum happens quite often and the algorithm continues with
adding one point and then subtracting the same point. Once the excursion has run for
more than a certain number of steps, say 200 in our case, and the algorithm still gets
stuck in the local maximum and does not able to get out, we also stop the algorithm
for the sake of computational efficiency. One way of improving the performance of
the DETMAX algorithm is to run the algorithm several times with different starting
points. We follow the method suggested by Galil and Kiefer (1980> to choose the
initial design. It is found to be computationally faster than a completely random
start.

Another drawback of the DETMAX algorithm is that it can not handle very big p
due to the current computer power, although DETMAX is generally regarded as one of
the fastest algorithms to maximise det(X7 X). For the process in the Sacks-Ylvisaker
family, p is usually chosen to be big, say 1000, so that its first p eigenvalues can explain
almost all the cumulative expected variance, i.e. —%—%ﬁ% is almost 1. Since n > p is
required for the singularity of the information matrix, big p implies bigger n and even
bigger N. In this situation, an extremely long computational time is usually expected
and the algorithm is very likely to get stuck in a local maximum. Hence the most
suitable process to implement the DETMAX algorithm is the smooth process whose
cumulative expected variance can be almost captured by the first few eigenvalues, for
example, the Gaussian process with the squared exponential kernel exp[(—(s — t)?].
Its first two eigenvalues already explain more than 99% of the cumulative expected
variance. Therefore they allow big choice of n under small p, and the current computer

power can handle the calculation.
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For accuracy, when using the DETMAX algorithm, we always assume that the

candidate points are t; = Z=1, 1 < ¢ < N, N = 5000, and the order for approxi-

mating the eigenfunction using the Haar wavelet is M = 256. The following figures
on log[det(X7 X)] and max[d(z)] at each iteration only show the results when each
excursion finishes and succeeds, i.e. n’ = n. When n = p, the algorithm stops at the
last excursion that results in n’ = n, while when n > p, the algorithm stops at the
optimal design with size n’ rather than n with 0 < |0’ — n| < 6.

We first consider the case when n = p. In order to show that the DETMAX
algorithm can actually provide the optimal points in terms of D-optimality, we start
from the example of the Brownian motion when n = p = 2. Although in this case,
the optimal points we find is not optimal in terms of the maximum entropy criteria
due to small p, the solution could be used to compare with the analytical solution we
derived in section 3.1. |

Figure 3.4 shows the result for n = p = 2 using the DETMAX. The result for the
determinant converges in the first few iterations. The optimal points are 0.3907 and
0.9961, who are the 1954th and the 4981th point out of our 5000 candidate points
respectively. They are very close to our analytical solution M ~ 0.3918 and
1. Both of them are equally chosen with probability 3.

As we have mentioned, due to the limitation of the computational power, the
Brownian motion is not a very good example to show the power of the DETMAX
algorithm, since it has too much energy in the tail. The DETMAX algorithm is
more useful in the process, whose cumulative expected variance can be explained by
the first few eigenvalues. In order to show that the optimal points we find through

the DETMAX algorithm under the D-optimality criteria is also the optimal points
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Figure 3.4: The Brownian motion when n = p = 2. (Top left) log[det(XTX)] vs
iteration; (Top right) max(d(x)) vs iteration; (Bottom left) Histogram for the optimal
points; (Bottom right) Sensitivity function d(x,£*) under the optimal design.

under the maximum entropy criteria, we need to use another algorithm on finding the

optimal points that maximise the entropy. The most common algorithms to maximise

the entropy are the greedy exchange algorithm and the branch and bound algorithm.

See, for example, Ko et al. (1995), for detail. The greedy exchange algorithm is fast in

practice. The idea behind it is essentially the same as that behind the DETMAX. The

algorithm starts from a random set with size s < n. Then at each step it increases

the size of the design space by one so that the current design has the maximum



110

entropy. The greedy exchange algorithm also has the same drawback as that of the
DETMAX, which is that the algorithm sometimes gets stuck in the local maximum.
The branch and bound algorithm iinproves the greedy exchange algorithm, however,
it takes extremely long time for the computation. We tried to choose 30 points out of
60 points using Matlab 7.0.4. It took the computer for more than 2 days’ work, dnd
it still did not return a result. Therefore, we only use the greedy exchange algorithm
as a method for finding the optimal points under the maximum entropy. Due to the
computing power, the size of the candidate points are set to be N, = 1024 with each

point t; = ?_,"1;;,1 <4 < N,. We try to avoid the local maximum by running the

algorithm several times.
We now focus on the Gaussian kernel with the covariance function exp[—(¢ — s)?|
when n = p, since its first two eigenvalues explain more than 99% of the cumulative
expected variance. We expect that sampling using either the maximum entropy
criteria or the D-optimality should result in more or less the same solution. We
start again from the easiest case when n = p = 2. In fact, for n = 2, the analytical
solution is still tractable. Assume we want to choose points ¢; and t; (¢; < t3) on
[0,1], so that we can maximise the following
et (exp[—(tl ~ )] expl~(t2 — )’
exp[—(ty — t1)?] exp[—(t2 — t3)?]

1 — {exp[—(t2 — t1)?]}? can be maximized, if |t; — ¢;| can be maximized. In our case,

) =1— {exp[—(t2 — t1)*]}? (3.4.6)

the optimal points should be the bounds of the interval, i.e. t; =0 and ¢, = 1. The
result provided by the greedy exchange algorithm matches this. For n = 2, it ends
up choosing 0.000488 and 0.99951, which are the first and the last points respectively
in its candidate points set.

Figure 3.5 uses the DETMAX algorithm for the D-optimality points when n =
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p = 2. The solution it provides is | = 0.0001 and /2= 0.9961. They are the 1st and
the 4981th point of its 5000 candidate points in on [0,1] respectively. They are also

very close to our analytical solution.
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Figure 3.5: Kernel exp/—t—s)2] when p = 2. (Top left) log[det(XTX)] vs iteration;
(Top right) max(d(x)) vs iteration; (Bottom left) Histogram for the optimal points;
(Bottom right) Sensitivity function d(x,£*) under the optimal design.

Figure 3.7 further investigates DETMAX algorithm on kernel exp[—(¢# —s)2] from
n=p=2ton=p=11. It plots the sensitivity function d(z,£*) under the optimal
design. For small n, the optimal points the DETMAX chooses satisfy D-optimality,

since maxd(£,£*) = p. When n > 6, there appears some strange behavior in the
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sensitivity function, whose peak is bigger than p. If we run the algorithm for several
times, the peak might move up and down due to the different choice of the optimal
points. The peak bigger than p could be caused by three possible reasons. Firstly,
as we have mentioned, the DETMAX algorithm is very likely to get stuck in a local
maximum rather than a global maximum. Secondly, the rounding error is very easy
to accumulate in the algorithm with big number of points and iterations. Last but
not least, although our size of the candidate points is as big as N = 5000, it is still an
approximation to the continuous interval. The exact location of the optimal points
might not be included in the candidate points set. Hence strange behavior of the
sensitivity function can be regarded as acceptable and is due to the numerical error.
The reasons mentioned above also implies that the sensitivity function itself is
very sensitive to the choice of the optimal points. Even a small difference in the
points could result in a big difference in the sensitivity function. Figure 3.6 and table
3.1 show four different tries of DETMAX when n = p = 6. The first try is the best,
maxd(t, £*) is very close to 6, hence its det(X7 X) is also the highest among the four.
The second try and the third try have one peak above 6, but the location of the peak
is different. det(X7X) of the second try is bigger than that of the third try. It is not
only due to its optimal points much closer to the real solution, but also its sensitivity
function more symmetric and more regular. The last try involves 2 irregular peaks
above 6, which result in the worst det(X7 X ) among all. Therefore, one way of getting
out of local maximum using the DETMAX is to try the algorithm several times.
The DETMAX algorithm does provide reasonable optimal points after choosing
the best results among all the tries. Figure 3.8 explains this by comparing the cumu-

lative distribution function of the optimal points provided by the DETMAX with that



113

n=p=6, Try 1 n=p=6, Try 2
7 8
6
—~ —_ 6
¥s )
© ©
4
4
3 A 2
0 0.5 1 0 0.5 1
t t
n=p=6, Try 3 n=p=6, Try 4
10 10
8 8
2. g s
© ©
4 4
2 2 .
0 : 0.5 1 0 0.5 1

t t

Figure 3.6: The sensitivity function d(¢,£*) for four different tries using the DETMAX
algorithm on the kernel exp[—(t — s)2] when n = p = 6. (see, also, table 3.1)

provided by the greedy algorithm. Each jump in the y axis (cumulative distribution
function F'(t)) represents an optimal point in the z axis (time ¢) on [0, 1]. Since our
optimal measure is uniform, the magnitudes of the jump are the same within each
plot, which is % With low n and p, the optimal points for both algorithms are almost
the same. When n and p are increased, the difference of the optimal points between
both algorithms is still relatively small. In fact, the closer the optimal points are to

the bounds, which is 0 and 1 in our case, the smaller the difference is between both
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1st point | 2nd point | 3rd point | 4th point | 5th point | 6th point | log[det(X7T X)]
Try 1| 0.0001 0.1291 0.3663 0.6525 0.8791 0.9961 13.1954
Try 2 | 0.0001 0.1211 0.3351 0.6681 0.8791 0.9961 13.0932
Try 3| 0.0001 0.0899 0.3947 0.6405 0.8791 0.9961 12.9989
Try 4 | 0.0001 0.1055 0.3791 0.5939 0.8947 0.9961 12.9795

Table 3.1: The optimal points of four different tries using the DETMAX algorithm
on the kernel exp[— (¢t — 5)?] when n = p = 6. (see, also, figure 3.6)

algorithms. Also there are more optimal points that are closer to the bounds than
the optimal points in the middle.

We now turn to the other situation when n > p. Using the DETMAX algorithm,
we find out that out of the n design points found by the algorithm, quite a few points
overlap. The number of the different optimal points is ng, where n > ny. Therefore,
the frequency for each ny optimal point might be different (;lepending on the number
of points collapsing on it. The frequency for the optimal points can be treated as the
design measure.

Theoretically, when measure is not uniform, and n > p, our argument for the
equivalence of maximum entropy sampling and the D-optimality still holds after ad-
justment. The model we use is still the truncated Karhunen-Loeve expansion, plus
the independent noise. However the variance of the noise should be defined as oW !
instead of 02I, where W is a positive diagonal matrix not depending on the design

points. Hence we need to maximise the entropy of the process
det(®TA® + o*W ) (3.4.7)

We can multiply the determinant of W to the above formula. Since W has no rela-

tionship with the design points, maximising the entropy of the process is equivalent
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to maximising the following

det(W)det(®TAD + oW ™)
= det(W2DTAOW? + 02,r)
= 2P det(ASOWBTAS + 021,x,)

= ¢ P[det(A)det(XTWX)] + 0(c?)] if 02 — 0

When the order p for the truncated Karhunen-Loeve expansion can explain almost

all the cumulative expected variance, o2

— 0. Hence maximising the entropy is
equivalent to maximising det(X7WX), where X = ®T and W can now be re-
garded as the weighting matrix comprising of the design measure. Notice that when
n = p, the optimal measure for the D-optimal design is simply uniform. Since
det(XTWX) = det(XTX)det(W), when n = p. W can then be maximized if all
its diagonal elements are equal, which implies a uniform measure. Hence maximising
the entropy is equivalent to maximising det(X7 X), which is the old problem we meet
in section 3.1.

However, in practice, using the DETMAX algorithm, not only n points collapse
to ng points, but also ny points have tendency to collapse to p points. Since there
are a couple of points out of the ny points, that are very close to each other. They
could be considered to be combined into one optimal point. If further comparing ng
optimal points provided by the DETMAX and p optimal points provided by the greedy
algorithm, they are quite close to each other, except for the measure. This will be
gone through in detail in the following example on the Gaussian kernel exp[—(t — 5)?]
still, but with n = 500 and p = 11. The reason we use such big n is that we hope to

capture the right measure for each optimal point the DETMAX chooses.
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Point | 0.0001 | 0.0353 | 0.1173 | 0.2111 | 0.2267 | 0.3555 | 0.3673
Measure | 0.0918 | 0.1796 | 0.0060 | 0.0040 | 0.0878 | 0.0758 | 0.0160
Point | 0.4923 | 0.5001 | 0.5041 | 0.6291 | 0.6329 | 0.6407 | 0.6603
Measure | 0.0200 | 0.0040 | 0.0619 | 0.0020 | 0.0020 | 0.0838 | 0.0020
Point | 0.7697 | 0.7853 | 0.8829 | 0.8947 | 0.9611 | 0.9649 | 0.9961
Measure | 0.0778 | 0.0140 | 0.0858 | 0.0040 | 0.0878 | 0.0020 | 0.0918

Table 3.2: The optimal points and their corresponding measure using the DETMAX
for the kernel exp[—(t — s)?], when n = 500 and p = 11.

Figure 3.9 shows the best result (in terms of maximising det(X7 X)) after sev-
eral tries. m = 500 initial points collapse to ny = 21 points (see table 3.2). Since
max|[d(t, &*)] is very close to 11, where £* is the optimal design, the algorithm provides
reasonable optimal points meeting the D-optimality criteria. Within several tries of
the algorithm, most of the points remain the same, while several points still change.
It might be these minority points caused by the local maximum of the DETMAX,
that will affect our further analysis when we compare the points with that provided
by the greedy exchange algorithm. Nevertheless, most tries result in the points that
make the sensitivity function close to p.

Another phenomenon worth mentioning here is that, although 500 points already
collapse to 21 points, some points among 21 points are very close to each other, for
example the 4th and the 5th point (0.2111 and 0.2267 respectively), or the 19th and
the 20th point (0.9611 and 0.9649 respectively). If we combine these close points,
the total number of optimal points could be further reduced to 11, which is the
number of the parameters p = 11. Hence the number of the optimal points found
by the DETMAX could be believed to be p, even when n > p. This can be further
confirmed by comparing the results from the DETMAX and that from the greedy

exchange, which is shown in figure 3.10.
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In figure 3.10, although the optimal points from the DETMAX collapse to 21
and are D-optimal, these 21 points are quite different from the 21 points chosen by
the greedy algorithm. In fact, after combining the close optimal points from the
DETMAX and their corresponding measure, the new points almost match the 11
points chosen by the greedy algorithm to maximise the entropy. The only difference
is on the measure. While after combination, most new points have the measure very
close to ﬁ = 0.0909, there are 2 exceptions: the 2nd point 0.0353 with the measure
as big as 0.1796 and the 3rd point 0.1173 with the measure as little as 0.006. This
might be caused by DETMAX stuck in the local maximum. Although several other
tries show that we can assign the right measure to these two points, there are other
points whose measure might be affected.

In short, when n > p, the support of the optimal points found by the DETMAX
are almost p. Except for the measure, which might be caused by the local maximum
of DETMAX, the points (after combination) are also very close to the p optimal
points found by the greedy algorithm. Hence the D-optimality and the maximum
entropy criteria are almost equivalent even when n > p. Further research could be

focused on the improvement of the DETMAX so that global optimal points could be

found to maximise det(X7X).
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Figure 3.7: The sensitivity function d(z,£*) for the kernel exp/—t —s)2] under the
optimal design, » = p ranging from 2 to 11.



119

09
06
07
(G
s 05
04
02
01
0 0. 04 0.6 08 1
C 09
0 06
07
06
0 02
0 Qe
0 o
G 02 04 06 08

Figure 3.8: The cumulative distribution function for the optimal design points of the
kernel exp[—(* —s)2] using the DETMAX algorithm(blue solid line) and the greedy
exchange algorithm(red dash line), » = p ranging from 2 to 11.



120

Log determinant vs iteration Maximum sensitivity vs iteration
72.125 1.2
7212 11.18
X 11.16
o0 72115
T3 14
D
o 7211 11.12
72.105
0 10 15 0 5 10 15
Histogram of the optimal points Sensitivity function for optimal points

IMA A/ WYV

Figure 3.9: Kernel exp/—(t—s)2] whenp = 11 and n = 500. (Top left) log[det(XTX)]
vs iteration; (Top right) max(d(a;)) vs iteration; (Bottom left) Histogram for the
optimal points; (Bottom right) Sensitivity function d(x,£*) under the optimal design.
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Figure 3.10: Cumulative distribution function for optimal design points of the kernel
exp[—(t —s)2] using the DETMAX algorithm when » = 500 and p = 11 (blue solid
line), the greedy exchange algorithm when n = 21 (green solid line), and the greedy
exchange algorithm when n = 11 (red dash line).



Chapter 4

Prediction and Mean ‘Squared
Error

Assume that there is a set of the sampling points (design) for the centered Gaussian
process D = {t;,y(t;),t; € 7,1 < i < n}, where y(t;) are assumed to be sam-
pled from a “true” stochastic process, i.e. a process with an infinite order of the
Karhunen-Loeve expansion. Then based on the sampling points, the value of y at
{t|t € T,t # t;,1 < i < n} can be predicted at any other point in the interval 7.
In this chapter, the prediction for y(t) is calculated from the conditional expectation
based on the sampling points. This can be interpreted as the Bayes estimator un-
der quadratic loss. Then the truncated Karhunen-Loeve expansion is used for the
approximation of the covariance function. Section 1 provides a brief introduction to
the calculation of the conditional expectation from the perspective of the Bayesian
analysis and the perspective of the functional analysis. Section 2 calculates the mean
squared error (MSE) for the prediction derived from the truncated Karhunen-Loeve
expansion and the generalised MSE. Section 3 concentrates on solving the inverse
problem for the truncation version of the covariance matrix and puts forward two

possible solutions. Section 4 calculates the generalised MSE numerically using the
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Haar wavelet method, described in chapter 2. Section 5 provides an alternative way

of modelling the conditional data using the conditional Karhunen-Loeve expansion.

4.1 Prediction

Given the sampling points y, = {y(t:),t; € 7,1 < i < n}, we try to predict y(t) at
any other point t # t;. One way of computing this is. through the Bayesian analysis.
The distribution for ys, before sampling, can be regarded as a prior distribution.
After being given a new time point ¢, we can update the distribution for y(¢) and
obtain its posterior distribution. The other way of predicting y(¢) is to derive a
minimum norm interpolant through siﬁple kriging. Refer to remark 4.1.2 for a brief
on kriging. We assume throughout that all the covariances are known, and where
necessary, distributions are the univariate or multivariate normal.

Assume that K, is the covariance matrix for n sampling points, i.e. (Kp);; =

cov(y(t:),y(t;)). With a new time point ¢, a new covariance matrix K,,; can be

written as
K, k
K1 = (k K) , (4.1.1)
where (k7) = (cov(y(t),y(tl)) cov(y(t),y(tn))> and K = cov(y(t), y(t)).

Using the partitioned inverse equation (see, for example, Press et al. (1992)), K}
can be expressed in terms of K.

M m
K;+11=( - > , - (4.1.2)

m u
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where

m = —uK,'k
1
M = K1+ ZmmT
u
Then since y(t) and y; follow the normal distribution, the posterior distribution

for y(t) given the sampling points y, can be calculated as

1 _ Ys
t)|ys) o exp[—= (y7, K.}
Pyl o expl=3 (47, u() (y(t))]

1 . My, + y(t)
o< exp[—é (ys, y(t)) (mTys + Uy(t)>]

1
o exp|—3 (uy()® + 2y my(t) + y; Mys)|
U 2
o expl—3 (y(t)* + —y; my(t))]
Hence the posterior mean and the posterior variance are as follows
1 7 T, 717 1 T -1
E(y®)lys) = ——ysm=(yuK k) - =k K"y (4.1.3)

1
Var(y(t)lys) = —=r—k Kk (4.1.4)

Denote §(t) = E(y(t)|ys), i.-e. §(t) is the posterior mean, since the posterior mean
minimises the posterior mean squared error.

In fact, from the perspective of simple kriging, together with the functional anal-
ysis, §(t) can also be regarded as the minimum norm interpolant of y(t) in Hy onto
span(ys). Under this setting, a set of coefficients {a;} needs to be found, so that the

following can be minimised

ly(t) — Zaiy(ti)liiry (4.1.5)
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Since the norm in Hy and RKHS are isometrically isomorphic, it is equivalent to
minimise ||K(¢,.) — 3, aiK(ti, )||4x g Using the properties of RKHS (see, section

T

1.1, chapter 1, for detail) and using the notation a* = (al, as, -, an), equation

4.1.5 can be further simplified as

<Kt ), K(@t,.) > 2<Za1K(tz,)K(t)>+<Zaz (ti,.) >
= tt—2Za1 tmﬁ—’;—ZZaza] (t;,t;)

= k—2aTk + aTKna

The last equation can be minimised through the differentiation with respect to
the vector a. It results in a = K;'k. Hence §(t) = kT K 'y, as in equation 4.1.3,
which is an orthogonal projection.

Using a truncated Karhunen-Loeve expansion of order p, and with notation

oW = (hit), dalt) . B0))

@ = (ot), B(t), -, ()
M O - 0

A = ?
0 0 - X

The prediction g(t) defined as the conditional expectation E(y(t)|ys) can be ex-
pressed as

g(t) = @(t)TAD(PTAD) 1y, (4.1.6)

Remark 4.1.1. we shall use the term “prediction”, although when the time point is

in the region of interest, it can be considered as interpolation or smoothing.
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Remark 4.1.2. In general,\ the statistical technique on interpolating the value y(t),
using the minimum norm interpolant, from the prior observations y, = {y(t),t; €
7,1 < i < n}, where t; # t, is often called kriging. The kriging model for y(¢;) is
usually expressed as

y(t:) = u(t:) + €(t:) (4.1.7)

so that E(y(t;)) = wp(t:) and covly(t:),y(t;)] = cov[é(t:),&(t;)]- In this chapter,
wu(t;) = 0. This is called a simple kriging. Under simple kriging, the minimum
norm interpolant is expressed in equation 4.1.3. In practice, there are more com-
plicated kriging models, such as “ordinary” kriging, which assumes u(t;) to be a
constant, or “universal” kriging, which assumes a general linear trend model on u(t;),
Le. p(t;) =Y b_, Bufr(t:), where fi(t) can be treated as a basis function. For details
on kriging, see, for example, Sacks et al. (1989), Cressie (1993) and Wahba (1990).
One can apply the current methods by making the §; random and incorporating these

random effect into the covariance but we omit these calculations.

4.2 Mean squared error (MSE)

In this section, the sampling points are assumed to be from what is called the “full”
model, which is a true model of the process expressed by the infinite sum of the
Karhunen-Loeve expansion. At the same time, the model for the prediction of y(t)
is assumed to be from what is called the “reduced” model, where only p terms are
used for the approximation of the covariance function. The reduced model is also
called the truncated model in the previous analysis. The main task of this section is

to calculate the mean squared error and the generalised mean squared error for the
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prediction under the reduced model when the true model is the full model. Analytical
expression will be derived. It can also be shown that under certain conditions, the
generalised mean squared error decreases when the order p increases in the Karhunen-
Loeve expansion.

To make the notation clear, since the number of testing points is always assumed
to be n, we omit the subscript n from the covariance matrix K. Furthermore, since
both the full and the reduced version of the covariance matrix/vector will be involved
in the calculation, we distinguish them by using the subscript f. Thus K,k and
Ky, ks represent the covariance matrix/vector from the reduced model and from the
full model, respectively.

Under the reduced model, §j(t) = aTy,,a? = kT K as explained in equation 4.1.6.
Under the full model, using the same calculation, the prediction at time point ¢ can

be written down as ﬁ(t) = bTy,, where
o' = kiK;!
kf = (221 VAgi(t)di(t1), Doy VAhi(t)bilta), -0 Doy \//\—i¢i(t)¢i(tn))
Y VAgi(t)di(t) 32 VNdi(t)eilta) oo 302 VAi(t)diltn)
(tn)

K; = S VAB(t)di(t1) ooy VAbi(ta)@i(ta) o Yooy VAGi(ta)dilta

Soro i VA (tn)di(ty) Yooy VABi(tn)@i(t2) - Doy VAidi(tn)di(tn)

Both §(t) and §(t) are the linear combination of the centered Gaussian process .

Hence

E(y(t)) = E(G(1) = E@G(1) =0 (4.2.1)
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Now the mean squared error for the reduced model can be calculated as
MSE((t))
= E[(g(t) - y(1))] = E[(§(t) - E(@(1) + E@G®)) — y(t))*]
= E[5() — B@(®) + E()) — y(&))4 = Var(i(())) + Var(y(t)) - 200v(5(2), y(2))
= &+ Var(aTys) — 2cov(a”ys,y(t)) = £ + a" Kja — 2aT ks
= k+kTK KKk — 2kT Kk
Remark 4.2.1. The mean squared error can also be calculated from the MSE con-

ditioning on the sampling points (conditional MSE). The conditional MSE can be

decomposed as the conditional variance and the square of the conditional bias, since

MSE(@(®)lys) = E[(@(t) — y(t))*lys] = Var((#(t) — y()lys) + {E[G(t) — y(t)lys]}?
= Var(y(t)lys) + {E[F(t)lys] — Ely(®)lys]}*
= Var(y(t)lys) + [§(t) = (1))
Then the unconditional MSE is the expectation of the conditional MSE.

E[MSE(§(t)]ys)]

= EVar(y(®)lys)] + E[§(t) — §())* = E[Var(y(®)lys)] + E[§(¢)* + 9(2)* — 29(£)9 ()]

= Var(y(t)) — Var[E(y(t)ly,)] + Var(ii()) — (E[§(t)])* + Var(§(t)) — (E[3(1)])’
—2cov(§(2), §(1)) + 2E[H(1)] E[5(1)] |

= Var(y(t)) — Var[E(y(t)|ys)] + Var(§(t)) + Var(§(t)) — 2cov(§(t), §(1))

= Var(y(t)) — Var(g(t)) + Var(§(t)) + Var(§(t)) — 2cov(§(t), §(t))

= Var(y(t)) + Var(§(£)) — 2cov(§(t), §(t)) = & + Var(a"y,) — 2cov(a”ys, b7y,)

= k+ad"Kra—2a"Kpb=r+k"K'KiK 'k —2kT KKK ky

= k+kTK'K Kk — 2kT Kk
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Notice that the expectation of the conditional variance E[Var(y(t)|ys)] is expressed

~
~

as E[Var(y(t)|ys)] = Var(y(t)) — Var(g(t)), which does not depend on the truncation
at all. It is the expectation of the conditional bias that plays a role in affecting the

MSE when the order p in the truncated Karhunen-Loeve expansion is changed.

Remark 4.2.2. Using the same method, the MSE for yj(t) can also be calculated, i.e.
the mean squared error for the full model when the true model is the full model.
Notice that under this setting, the unconditional MSE and the conditional MSE are

the same.

MSE(§(t)) = E[(§(t) - y(£))?]
= Var(§((t))) + Var(y(t)) — 2cov(§(2), y(2))
= K+ Var(bTys) — 2cov(bTys, y(t))
= k+b Kpb—2bTks
= K+ kiK' KiK' kp — 2k K7 'k
= k—kjK; ks
E[MSE(§(t)|ys)] = Var(y(£)) — Var(§(t))
= & — Var(b'ys)
= k—bTKyb

= K- k}“Kf_lkf

In the experimental design literature, e.g. Sacks and Ylvisaker (1978), Muller-
Gronbach (1996) and Mukherjee (2006), and machine learning literature, e.g. Opper
and Vivarelli (1999), Sollich (1999) and Rasmussen and Williams (2005), are inter-

ested in the generalised mean squared error, which is defined as the integral of the
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MSE of the prediction with respect to t. For the experimental design, the optimal
design points can be chosen so that the generalized mean squared error is minimised.

The generalized MSE for prediction using the truncated Karhunen-Loeve expan-
sion of order p can now be calculated. We will first give some formula for the inte-

gration of some quadratic forms. With notation

& = (pult), bulta), -, dultn))
oW" = (hi(t), B0, . B(0)

o = (2(t), o), . B(t))

E = ®TAD(t)

B = {b;}=A0ADTA

A quadratic form based on a fixed matrix A = {a;;} can be calculated as

T _ T T
/[ KT Akdt = / B(H)TADASTAD(t)dt = / ZGZS;@,@ 65()
= Zzbw/ ¢i(t)o;(t)dt = Zb“ = trace(B

i€S je8 €S

= trace(A®APTA)

Another quadratic form based on the fixed matrix A can be expressed as

/ kT Ak;dt
= / > aikikyjdt = ZZ%ZAuqsu /qbu cov(y(t), y(t;))dt
i€S jES i€s jEs u=1
= Z Z Q5 Z )\u(pu(t u¢u Z Z Qi Z /\2 ¢u
i€s jEs u=1 1€s jEs u=1
P
= Z A2 " aydults Z Aot Agy =Y (M) A(Mudy)
=1 i€s jESs u=1

= trace(ACDA(A@) )
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For the integfation involving the variance k, we obtain

B o0 ) B o]
/Tndt_/T;/\mu(t)dt_;)\u (4.2.2)

Therefore, the generalised MSE, using the truncated Karhunen-Loeve expansion,

can now be expressed as
0
/T MSE(j(t))dt = » X —trace(A®(2K ™ — K K K1) ®TA)
i=1
K = 9TA®

As is mentioned in remark 4.2.1, the MSE can be decomposed into two parts:
the expectation of the conditional variance and the square of the expectation of the
conditional bias. Since the expectation of the conditional variance does not depend on
the order p in the truncated Karhunen-Loeve expansion, the change in the MSE due
to the different order p is caused by the change in the expectation of the conditional
bias. After integrating the MSE to derive the generalised MSE, the change in the
generalised MSE for the different order p should also be caused by the change in the
conditional bias. Therefore it might be expected that when the order p increases, the
bias decreases, and therefore so does the generalised MSE. The conditions for this
to hold are not obvious and the rest of this section is devoted to finding a tractable
version. To make the notatioh clear, the truncated covariance matrix/vector of order
p will be denoted as K, k,, while the true covariance matrix/vector is still denoted
as Ky, ky.

Denote the generalised MSE for the order p as [, MSE,(§(t))dt and

® A, O
Qpi1 = (¢Tp ) Api1 = ( g ) X, =Ks— K, (4.2.3)

p+1 0 )\P+1
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where @, is a p x n matrix comprising of the first p eigénfunctions, and ¢,41 is a
n X 1 column vector comprising of the (p + 1)th eigenfunction. For the simplicity of

theorem 4.2.1, the following notations are further defined.

A = ¢ K0T O K S K
C = Gk, SpK,  pn
b = ¢p K, b
d = ¢l K 'OTAZD, K G
= 24b—Cd—C+b—bd

A = 5%~ 16A4b°

Then, following the calculation in appendix 7.2, the difference of the generalised

MSE between the order p and the order p + 1 is,

[ ME,ae)ar — [ MSEw(3(0)

/\P‘H- 2 2
A 2b°) + App1S + 24
(1 +'Ap+1¢g;11(51¢p+1)2[ p+1( ) p+1 ]

Since b is a quadratic form of a positive definite matrix Kp‘l, b > 0 if ¢p41 is a non-

AB+1

I+ Ap4107 41 K5 bpr1)?) which is positive, the

zero «vector. Except for the constant term
remaining term is a quadratic form of Ap41, when b > 0.

It is expected that the difference of the generalised MSE between the order p and
the order p+ 1 is non-negative, so that the generalised MSE is a non-increasing func-
tion of the order p. The conditions required for the above statement is summarised

in theorem 4.2.1.
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Theorem 4.2.1. If one of the following statements is true, the change of the gener-

alised MSE from the order p to the order p+ 1 is non-negative, i.e.

/ MSE, (§(t))dt — / MSE, 11 (§(t))dt > 0 (4.2.4)

(i) fA>0,A<0,S >0, or

(i) fA>0, A<0,58<0, or

(i) IfA>0,A>0,5>0, or

() fA>0, A>0,S5 <0,M1 <z, Or
(v) IfA>0,A>0,5 <0,A41 > 22, OF
(vi) If A <0, A\p1 >

where 1 and x4 are the roots for the quadratic equation (2b%)z%+Sz+2A and z; < zo.

Proof. Since all the eigenvalues of the Fredholm integral equation are positive, as is

. . . Ap+1 ;
mentioned in appendix 7.1, A,41 > 0, and therefore Trmdl K g > (0. Notice
that b = 0 if and only if ¢, is a zero vector, which also implies that A =C =d =

S = 0. Hence

[T MSE, ((£))dt — /T MSE, . (§(£))dt = 0 (4.2.5)
When b > 0, it is enough to show that when z > 0, the quadratic form (20?)z% +
Sz +2A > 0. Since 2b? > 0, the quadratic form is a convex parabola. Geometrically,
when A < 0 as stated in the condition (z) and (¢7), there is no intersection between
the parabola and the horizontal axis. This implies that the quadratic form is always
non-negative. Using the properties of the convex parabola, the other conditions are

shown similarly. a

Remark 4.2.3. When ¢4, is a zero vector, b = 0. It means that there is no increase

or decrease to the generalised MSE when the order p changes to the order p+ 1. The
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rest of this section contributes mainly to the other case when 4 > 0, i.e. not all the
elements of (p+1is zero, since this is the more confusing case and worths more effort.

Therefore, in the rest of the section, unless specified, we always assume that 5> 0.
Remark 4.2.4. The above conditions are written down as the disjoint sets. The first
three conditions can also be expressed as A < 0 (implying 4 > 0)and 4 > 0, S > 0,

which have some overlapping.

decision

0.175

5 10 15 20 25 30 35 40 45 50
order p order p

Figure 4.1: (Left) Reason checking for the difference in the generalised MSE for the
Brownian motion due to the change of the order from p to p+1, whenn = 1, ¢ = | and
1<p <51.:4>0A<0,§>0,24>0A<0,5§<0;,34>0A>0,85>¢0;
4 4 > 0,A > 0,5 < 0,Xp+ <xl\ 5 4 >0,A >0 < 0,Apt > Xz; 6
A < 0, A+t > Xz. (Right) the generalised MSE for the posterior prediction when
n=1¢t=]and 1<p <5l

From figure 4.1, figure 4.2 and figure 4.3, it can be seen that in the Brownian mo-
tion on [0,1], it is the first three conditions that decides the change of the generalised
MSE when the order in the truncated Karhunen-Loeve expansion changes. When
there is only one condition (» = 1), the change in the generalised MSE is mainly due

to S > 0. When the number of the prior observations increases to » = 30 or even

n = 100, the reason for the change moves to A < 0.
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Figure 4.2: (Left) Reason checking for the difference in the generalised MSE for the
Brownian motion due to the change of the order from p to p + 1, when n = 30,
U= 1<i<30and 30<p<80. I: 4 >0,A<0,§>0,2: 4>0,A<0,§ <0
34>0A>05>044>0A>0,5<0ApH <m; 5 4>0A>0,5<
0, Apti > X201 60 A4 < 0, Apti > Xzm (Right) the generalised MSE for the posterior
prediction when n = 30, U= 1 <i<30and 30 <p < 80.

However, theorem 4.2.1 is somewhat difficult to use in application, since there are
six conditions in total to check whether the generalised MSE increases or not. Theo-
rem 4.2.2 provides a simplified version of theorem 4.2.1. If two additional constraints

are placed on ” and d, the generalised MSE does not increase when p increases.

Theorem 4.2.2. If~ > Apti and d < I, the change of the generalised MSE from

the order p to the order p-\-1 is non-negative, i.e.

J MSEp(y(t)dt - J MSEp+i(y{t))dt > 0 (4.2.6)

Proof Since K ~ FKp% K » is non-negative definite, d > 0. If d further assumes to

be d < 1,
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order p order p

Figure 4.3: (Left) Reason checking for the difference in the generalised MSE for the
Brownian motion due to the change of the order from p to p + 1, when n = 100,
U= "j,1 < i< 100 and 100 < p < 150. 1: 4 > 0,A < 0,S > 0; 22 4 >
0,LA <0,5<0;3 4>0A>05>044>0A>05<0Apti < xx|5:
A>0A>0,5<0,ApH >X216 4 < 0,Apti > £2- (Right) the generalised MSE

for the posterior prediction when n = 100, # = ,1< i < 100 and 100 <p < 150.
JME,(j)(t))de- J MSE Pri(y(t))
1

(1 + \pH#A+IKJ I4p+H Y

+2XI+HI#+IK ; N pH) (M Ik, I A PK™ EPK; I¥pt])
2\ 1 4+M P T.PK ; ™ pHi)]

+W +H « +iN“Vp+.) + 2AM1( N +1A:;V PH)2 -
I

- (A+V A-HV A+

+ [NPIM 1 +HK~I9pH)2] > 0
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The second inequality uses the condition that g > Apy1. Since C > 0 and

Api1 >0, A>0. O

Remark 4.2.5. In theorem 4.2.2,-the condition g > Ap+1 can be explained as follows,

A= ¢l K OTA20, K S, K b

p+1-tp

a7 A - -
= M(oiaK; IQZA—J:A,,QPKP YK pin)
4

Since, A; > Api1, 1 <7 < p, /\—fﬁ > 1. If @g(ﬁz—lAp — A,)®, is positive definite,
and its multiplication with the other two positive definite matrix K, and K; !X, K

is still positive definite,

_ A
Apit (B0, K 9T 22

p+18p p)\m_l

Mos1 (o K g Ay @ K B K )

Ap®, K S, K i)

%

= AP+1(¢]I;—}-1K;IEZ)KP_1¢P+1) = Ap1C

When n = 1, all the key terms in the difference of the generalised MSE are the
scalars, including A, C, b, d, S and A. Theorem 4.2.2 can be further simplified to

equation 4.2.7 exhibited in theorem 4.2.3.
Theorem 4.2.3. When the number of the design points n =1, if
p P
Spa1(t) Y A1) <D M) (4.2.7)
i=1 i=1

the generalised MSE expressed by the truncated Karhunen-Loeve expansion is a non-

increasing function of p, i.e.

/T MSE, (§(t))dt — [[ MSE, 1 (§())dt > 0, p> 1 (4.2.8)
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Proof. When n =1, i.e. we only have one prior observation at time ¢. Using theorem
4.2.2, if it can be shown that d < 1 and g > Ap41, the generalised MSE is a non-
increasing function of p.

d <1 can be simplified as

o1 ()2 30 Ni(t)?

<1 4.2.9
S NGO (4.2.9)
It is equivalent to
P P
Gpr1 (82 Ni()? < D Ngi(t)) (4.2.10)
i=1 i=1

As to £ > Ay, it always holds for n = 1, since both K;* and K;'S,K? are the

positive scalars. Then i A:if"(t)z >3 Xigi(t)?, because A\py1 < A, 1<i<p. O

The upper bound of the generalised MSE can also be calculated, when its expres-
sion using the truncated Karhunen-Loeve expansion is a decreasing function of the
order p. The upper bound is obtained when the order p equals to the number of the

design points n. The result is being summarised in theorem 4.2.4.

Theorem 4.2.4. When the generalised MSE expressed by the truncated Karhunen-

Loeve expansion is a decreasing function of the order p, i.e.

/ MSE, (§(£))dt — / MSE,1(3(£)dt >0, p>n | (4.2.11)

where n represents the number of the design points, there exists an upper bound for
the generalised MSE.
/ MSE, (§(t))dt < / MSE,(§(t)dt = 3 X + tracelS,(97®,) 7], p>n |
T T i=p+1
(4.2.12)

where X, = Ky — K, and ®, is a p xn matriz comprising of the first p etgenfunctions.
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Proof. The condition p > n guarantees the existence of the inverse of the covari-
ance matrix using the truncated Karhuhen—Loeve expansion. With fixed n, when
J MSE(§(t))dt is a decreasing function of p (p > n), an upper bound for the gen-
eralised MSE can be obtained. The upper bound is obtained when the order of
the Karhunen-Loeve expansion p achieves its minimum possible value, which is the

number of the prior observations n, i.e.

/ MSE, (§(t))dt (4.2.13)

When n = p, the generalized MSE can be further simplified, since the inverse of K
can be calculated matrix by matrix now, i.e.
K, =002, K1 =(2)7"(A)71(2))7"

Therefore, the integration of a quadratic form based on the symmetric fixed matrix

K~! can be calculated as
/r kDK kpdt
= trace[Ap@pr_l(Ap@p)T] = trace[qu)p((I)p)—l(Ap)_l((I)Z)nl(q)p)TA;’{]
= trace(Ap)
Meanwhile, when n = p, using the same expression for K 1. the integration of the
quadratic form based on the fixed matrix K, ' KK, can be calculated as
T 71— —
/Ikp K, leKp Yk, dt
= trace[A,®, K, 'K K (A,9,)]
— traceA,®,(®,) " (A,) (@D) K (8,) 7N (A,) 1 (@D) N (@,)TAT)
= trace[(®,)TK;®;!] = trace[K;9, " (2, ")7]

= trace[K (Pl ;)]
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Hence, we can conclude that in the case of n = p,
/ MSEL(§(#)dt = 3 A+ trace[K;(®70,)"] — trace(A,)
T i=p+1

= Z Ai — trace(A,) + trace[K(®] ®,) 7]

i=p+1

= Z A; — trace(A,) + trace[K,(®] ®,) ] + trace[S,(@1®,) ]
i=p+1

= Z A; — trace(A,) + trace[(@?)‘légAp@pfb;l] + trace[S, (22 ®,) ']
i=p+1

= ) i+ trace[S,(®] 2,) 7]

t=p+1

Example: The conditional Brownian motion on [0, 1] with y(1) =a
There is one observation here at time 1, i.e. n =1 and ¢t = 1. Using theorem

4.2.3, it only needs to be shown that

Bon (1) 3N < Do M0 (42.14)

i=1
where eigenfunction ¢;(t) = v/2sin[(i — 1)xt], < > 1 in the Brownian motion.

When ¢ =1, ¢i(1)2 =2, i > 1.
P P
G ()Y Nt = 4 N
i=1 =1
P p
oMb = A
i=1 i=1
Slnce( P 1Ai)2 i=1 z +Zz¢g/\/\ >Zz 1 1’

bpra(1)° Y N0:(1) < D X)) (4.2.15)
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Therefore, the generalised MSE is a non-increasing function of p based on one
prior observation at time 1. Furthermore, the upper bound for the generalised MSE

can be calculated using theorem 4.2.4. Whenn =1and p=1

L = Kf(l) -Ki(1)=1- )\1¢?(1) =1-2)\

oT0, = ¢i(l)=2

[e) o) 1 1
A= A — A = Var(W(t))dt — A\ = = — A
Son = Lh-h= [ Ve d=g -

Hence, for the Brownian motion with y(1) = a, the upper bound for its corresponding

generalised MSE is

1-2)\
2

1
/ MSE(§(2))dt < % — A+ =1-2)\ (4.2.16)
0

This seems to be new.

4.3 Markovian processes and the Gaussian regres-
sion model

Although the analytical form for the generalised MSE can be derived based on the
truncated Karhunen-Loeve expansion, the inverse for the truncated covariance matrix
K requires the order of the Karhunen-Loeve expansion p at least not less than the
number of the observations n, i.e. p > n. However, in practice, we sometimes
hope that n > p. Moreover, when p > n, with large n and even larger p, it is
computationally expensive to calculate the inverse matrix. If p can be chosen so that
p < n for fixed n, computational time could be saved. In order to solve this inverse

matrix problem, two suggestions are put forwarded in this section. The first method
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Figure 4.4: The géneralised MSE for the conditional Brownian motion based on
y(1) = a. Blue line: the change of the generalised MSE with the order p; Red line:
the upper bound for the generalised MSE.

can be used when the process is Markovian. Under the Markovian model it can be
shown that p can be chosen to be any number as long as p > 2. The second method
involves the extension of the reduced model from the truncated Karhunen-Loeve
expansion to the Gaussian regression model, which has been discussed in chapter 3.
The added independent noise in the Gaussian regression model provides flexibility
for the inverse. In the machine learning literature (See, for example, Rasmussen

and Williams (2005)), researchers further assume that the true model is indeed the



143

Gaussian regression model, as well as the model for the prediction. Their results will
also be stated in equation 4.3.8.
A process y(t) is called a Markovian process, if the process only depends on the

latest information, i.e.

p(y(®)y(s), y(r)) = ply()ly(s)) r<s<t (4.3.1)

Processes, like the Brownian motion or the Ornstein-Uhlenbeck, satisfy the Markovian
property.

In order to get the posterior prediction §(¢) for y(t), the inverse truncated co-
variance matrix K~! comprising of the sampling points needs to be calculated. If
the number of the sampling points n is too big, the inverse matrix is usually not
analytically tractable. However, for the processes satisfying the Markovian property,
the calculation for §(¢) can be simplified.

Assume that the process lies in the interval T = [to, tpy1] with g <t; <ty <t3 <

- < t, <tyy1 wherety,ty, -+, t, are the time points for the sampling data. Now we
try to calculate the posterior distribution p(y(t)|ys) = p(y(®)|y(t1), y(ta), -, y(ta)),

where t; <t < tj41,1 <1 < n—1. It can be shown that p(y(t)|y(t1),y(t2), - ,y(tn)) =

p(y(t)‘y(tz)a y(ti+1))) since

ply®ly(t1), y(t2), -+ y(tn))
ply(t), y(tiv1), y(t z+2) L y(ta)ly(t ,y(tz) - y(t:)]
Ply(tiv1), y(tiva), -, y(ta)ly(ta), y(ta), - ,y(tz)]
_ p[-’;f[t;ggf;%:;%)_’_ ;jgi)|y)('f)]l>] — IOl (t), 9t W(Era), - (6]
ply(tia), y(tirzs), - - (tn)ly(t)y() y(tir)lply (), y (1), y(tisa)]
Ply(tiva), y(tirs), - y(ta)ly(t), y(tirn) Py (), y(tisr)]
p[y(ti+2)7y(ti+3)’ LY ( n)ly( l+1)]p[y(tl),y(t),y( z+1)]

R W R (o e T e P e e A QLA ALY
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If one of the bounds of £ is one of the boundary points, i.e. t( <t <tyandt, <t <
tn+1, using the same argument, it can be derived that p(y(¢)|y(t1), y(t2), - ,y(ts)) =
p(y(®)ly(t1)) and p(y(t)|y(t1), y(t2), -+, y(ta)) = p(y(¢)|y(ts)) respectively. In short,
the density function of y(¢) conditional on all the sampling data is the conditional
density function depending on the nearest sampling points of .

Now the posterior mean can be calculated. For ¢t; <t <t¢;,,,,1<i<n-1,

9() = Ely®)lys]

= El®lyt:), y(tis)] 5

Kig kit Yi
= (kt,iy kt,i+l)( ) ( '
ki,i+1 ki+1,i+l Yi+1
1 kiviq —k;; i
_ = (kt,i> kt,i+1) ( i+1,i+1 i, +1) ( Y >
iyit1 —kiiv1 ki Yit1

1

= 3 (ktikiv1,i+1Yi — ktiv1kiiv1¥s — keikiitiYio + Keimkialien)
ii+1

where k;; = cov(y(t), y(ti))aki,j = cov(y(ts), y(tj)) and A; ;11 = kikig141 — ki2,i+1
For to < ¢ <ty and tn < ¢ < tus, §(8) = Ely(0)lys] = Ely(8)ly(t1)] = “padalady(n,)

and §(8) = Bly()lyna) = Bly(®)ly(tn)] = S22y (t,) respectively. Since only
the nearest points are required in the Markovian model, K is at most 2 x 2 (n = 2).
Then any p > n = 2 satisfies the condition for the inverse of the truncated covariance

matrix K.

For simplicity, 7 = [0,1], i.e. ¢ = 0 and ¢,4; = 1. Under the Markovian
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assumption, for ¢; < t < t;41 (1 <7< n—1), denote

20" = (610, dat) s (1) Bltstin) = (), B(tinn))
k(tiati-H) = [‘b(tiatiﬂ)]TA@(t) kf(tiatiH)T:(kt,i, kt,i+1)

kii ki
K(titiv1) = [®(ti, tig1)]TA[® (i, tign)] Kf(tiuti+1)=( +1>

Gitl Kitdi41
At the boundary points, ®(to,t1) = ®(t1), ks(to,t1) = ki1 and Ky(to,t1) = ki1 for
0 <t <t and Oty try1) = B(tn), kf(tn,tasr) = kin and Kf(tn,thir) = knn for
t, <t<l1.

Therefore, for t; <t < t;;

MSE(§(t)) = &+ [k(ts, tap)]T 1K (i, tie1)) T K (b, tan) [K (b, tie1)) ety tig)
—2[k(ti, tiy 1)) [K (fiy tig1)) " kg (ts, tig1)
= K+ O()TAD (b, tign)[K (b, tin)] T K by tip1) (K (8, tig)] 7 P (Es, tirn)]TAD(2)

=20 ()T AD (s, tis1)[K (L, ti+1)]—1kf(ti: tip1)
Now assume that A(t;,t;11) = {aus}, which is a p by p matrix, then

/:m BT At )DL /:m DO audu(t)du(t)dt

ti1

= > aw ) $u(t)du(t)dt = 1T[A(t;, tir1) © B(ti, tin)]1

where

T
1=(1, 1, 1, -, 1)

bt nxl
Blts tin) = { /t T oDty

(Ao B);j = A;jB;j,0 represents Hadamard (or Schur) product
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A(ti,tiv1) = {auw} = APy, tig)[K (i, tog1)) 7 K p (i, tia) [K (i, tign)] 7 [P (ks )] TA

On the other hand, if E(t:,;,tﬂ.]) = {euv} = [K(ti,tﬂ_l)]_l,
tit1 T
/ [k(ti, tiv1)]” E(ts, tig1) ks (i, tiga)dt
ti

— / o D> ew D Ambm(t)dm(tu)cov(t,, t)dt

ts u

= Z Z Euy Z Am®m(tw) /t - dm(t)cov(t,,t)dt

u i

= Z >\m Z Z euvd)m(tﬁ)Dm (tv; tia ti+1)
= Z Mm@k (i, tir1) E(ti, tig1) D (ts, tivr)

= trace(fb(ti, ti+1)E(ti, ti+1)D(ti, tH_l)A)

wherefor 1 <i<n-—1

tit1
D (ty; iy tiva) = GOm(t)cov(ty, t)dt

ti
Do(ti tig)T = (Dm(ti;tiatH—l)a Dm(ti+1;tiati+l)>
Fnltotie)” = (9m(t), omltins))

D(ti, tiy1) = (Dl(tiyti+1)a Dy(tistiv), -+, Dp(tiati+1)>

At the boundary point, 0 <t < t;

bmtistiv1) = ém(t1)

D(t;,tiy1) = (Dl(tl;oatl)) Ds(t1;0,t1), ---, Dp(t1;0,t1))

(4.3.2)
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while ¢, <t <1

¢m(tiati+l) = ¢m(tn)

D(ti7ti+1) = (Dl(tn;tm 1)3 DQ(tn;tml): T, Dp(tn;tml))

Hence the generalised MSE can be expressed as

/ MSE(j(t))dt = n+zn:1T[A(ti,ti+1) o B(ti, tiv1)]1

=0

-2 Z trace(®(ti, tiv1) E(ti, tiy1) D(ti, tis1)A)
i=0
where

Altitiv1) = AO(i i) K (o tin)) Kp K b, tig1) @7 (B3, tig1)A

E(titi1) = K 't tin)

The other way of solving the inverse matrix problem is to use the Gaussian regres-
sion model, which has been mentioned in chapter 3. Now the reduced model contains

the noise term, as well as the truncated Karhunen-Loeve expansion, i.e.

P

u() = 3 VR + 7 (43.3)
i=1
where {&} ~ 1.1.d.N(0,1), {n} ~ i.1.d.N(0,0?) and &, 7; independent. Hence K =
®TA® + 021. The formula for the generalised MSE remains the same form except for
the change in K, i.e.
/ MSE((£)dt = 3 A — trace(AG(2K ! — K~1K,K~1)0TA)
T

i=1

K = ®TAD + 2]
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There are two ways to estimate the hyperparameter o2. Assume that the length

of the interval 7 is T'. If we know the covariance function

2T = /(;Edt:/Var(Tt)dt
T ya
= /TVar(Z VAii(t)& — Z Vidi(t)&)dt

>

i=p+1

- / Var(y(8))dt — trace(A)
T

It is equivalent to
o? — J Var(y(t))dt — trace(A)
T

(4.3.4)

The approach to estimate o2 using equation 4.3.4 is called the eigenvalue approach.
If the covariance function is not known, the other approach, called the maximum

likelihood approach can be used. The likelihood function for y; is expressed as

1
(27) % |det(®TAD + o21)|2

1
p(ys) = exp[—ﬁy? (®TA® + 021 )y, (4.3.5)

0? is chosen so that p(ys) is maximised. Or equivalently, minimize —log(p(y))
1 1
—log(p(y)) = 510g[|det(<I>TA(I> + 1) + i[yz(CPTAQ + 021ty (4.3.6)

However, the estimator of o2 roughly decreases with the increase of the order p.

When the first p eigenvalues can explain almost all the cumulative expected variance,

. PN . . .
le. %1—7 — 1, the estimator of 02 becomes very small, i.e. ¢2 — 0. This can be
i=1"

seen from equation 4.3.4. When the covariance function is known, equation 4.3.4 can

also be written as

i i
A D DD Nl v iy
D Dl TE=1 S > P (4.3.7)
T2
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Therefore, when %:—:o—:% — 1, 02 — 0. When the covariance function is not known,
which means that the likelihood method will be applied to find the estimator of o2,
the trend in the change of the estimator of o with respect to the order p remains more
or less the same. Again, the higher the p is in the model, the smaller the estimator
of o2 is. Refer to figure 4.6 for an example.

For the Gaussian regression model, the covariance matrix K is expressed as
K =®TA® +o%I

It can be seen that the noise is only added to the diagonal element of the truncated
covariance matrix K, but not the off-diagonal element. When %"ﬁ% is not very
close to 1, to the diagonal element of K, 02 tends to capture the true covariance func-
tion in addition to the truncated Karhunen-Loeve expansion, but to the off-diagonal
element, only the truncated expansion is used without the added noise o?. Under
relatively small %&; 5 the quality of the approximation using only the truncated
IKarhunen-Loeve expansion could be poor. This unbalance covariance matrix struc-
ture between the diagonal element and the off-diagonal element might result in a big
generalised MSE. When p is increased so that —%—E‘—A approaches 1, it is expected that
the unbalanced structure due to o2 on the covariance matrix becomes smaller, since
the estimator for o2 decreases. Thus the generalised MSE also becomes smaller.

When both the true model and the reduced model are the Gaussian regression

model, i.e. K; =K = ®TA® + 02 and k; = k = ®TAD(¢),

MSE(j(t)) = k—kTK 'k
/ MSE(§(t))dt = traceA — trace[A®(®TA® + o21)1®TA|
T

= trace[A — A®(®TAD + o21) 10T A]
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Hence,

/h@E@umu:uqu*+aﬁ¢6ﬁﬂ (4.3.8)

Equation 4.3.8 uses the matrix inversion formula
(A+UWVD 1= A71 - AlUW L + VT ATID) VT A!

The following example analyses the generalised MSE for the Brownian motion, in
terms of the analytical solution as well as the Karhunen-Loeve approximation. Notice
that the Brownian motion is a Markovian process. The computational time will be
dramatically reduced, since the dimension of the truncated covariance matrix K is
at most 2 x 2. In the second step of the analysis, the Gaussian regression model will

also be used as the reduced model to investigate the change in the generalised MSE.
Example: The Brownian motion on [0, 1]

The analytical solution to the generalised MSE and the optimal design
points in terms of the generalised MSE

The analytical solution to the generalised MSE of the Brownian motion is de-
rived in the same way as that of the Ornstein-Uhlenbeck process in Rasmussen and
Williams (2005). The covariance function of the Brownian motion is expressed as
cov(y(t:),y(t;)) = min(¢;,t;). Assume 0 =¢) <t <ty <tz <+ <t St =1

where t1, 1, - ,t, are the sampling points, then for ¢; <t <t;;;,1<i<n-—1
A = titigr — 8 = ti(tipn — i) = t:d;

ktikiv1iv1Yi — keiv1kiiv1¥Vi — keikiiv1Yiv1 + Kk il

= tiftiv1 — tlyi + ti(t — t)yir1 = 6:0iys + (6 — 6;) i1
/

906 = Fa6) + (1= Phyltens) = ra(e) + (1 = rylisn)

1
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O

1
i

where (Sl = ti+l — ti, (5; = ti+1 —t and T, = 3.

For the boundary points 0 < ¢t < t; and t, < ¢t < 1, §(t) = £y(t1) and §(t) =

2y(tn) = y(tn) respectively.

Now the mean squared error can be calculated.

MSE(3(t)) = Var(§((£))) + Var(y(t)) — 2cov(g(), y(t)) (4.3.9)

Fort; <t<ti11,1<i<n—1

MSE(ﬂ(t)) = t+ T?ti + (1 —_ ’f‘i)2ti+1 + 27’i(1 — T'i)ti — 2riti — 2(1 — T‘.L')t

= —1— Tl-zti + i1 — 2ritic1 + tz’+17'i2 + 27t

(t —ti)(tir1 — 0)

liy1 — ¢

For 0 < t < t;, MSE(j(t)) = t + &t; — 28 = 4= For ¢, <t < 1, MSE(j(t)) =
t+1t, —2t, =1 —t,.
Hence the generalised MSE can be expressed as

/ 1 MSE(j(1))dt =) |

n
i=0 /i

tig1

MSE(§(t))dt

tit1

= [ MsE@@) dt+z / MSE(j(t))dt + / MSE(3(0))at

0
n—1

2 (1—t,)?

E — )2 A

. (t1+1 t) + = 6 + 2

D=

3
—_

1—t,)?
(tigr — t:)* + '(——Zt—)—

| =

=0

The sampling points {#;}, 1 < i < n can be chosen, so that the generalised MSE is

minimised. This can be performed through the differentiation of the generalised MSE
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with respect to each time point ¢;
8 1
a—t / MSE(Q(t))dt =0=2t; =1t +ti11 1<:<n-1
i Jo

1
9 / MSE(§(t))dt = 0 = 4t = o1 +3
ot J,

After the rearrangement, ¢; = 72 and the min| fol MSE(g(t))dt] = m

The generalised MSE for the Brownian motion under the Markov as-
sumption

Under the Markov assumption, the covariance matrix K and K are either 2 x 2
matrix or are scalars depending on whether the nearest sampling point is a boundary

point or not. The generalised MSE is expressed as

i=0

/l MSE(?)(t))dt = K-+ i lT[A(ti, ti+1) o B(ti, ti—}—l)]l

n
—2 Z trace(® (i, tiv1) E(ti, tiv1) D(ts, tiy1)A)

i=0

where

Altiytisr) = MO, tis)[K (i, i) T K (i, i1 [K (i, tign)] 7 T (23, tign)A

E(ti,ti.,.l) = [K(ti)ti+1)]_l

For the Brownian motion, the main term B(t;, t;+1) and D(t;, t;4+1) can be calculated
as follows

tiy1 tivy 1
Dm<t“ ti, ti+1) = / ¢m(t)m1n(tz, t)dt = \/58111[(777, - 5)7Tt]t1dt
ti

i

_ ﬁﬁ[cos((m - %)m) _ cos((m — %)mm)]
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lit1 tit1
Du(tivniti tiny) = b (H)min(tiyy, £)dt = \/Esin[(m—%)wt]tdt
ti t;
\/5 tit1 1
- Y2 [Ty R
Ty . tieosm — )]

V2

1 1
= ——;)[thOS((m — =)mtiyr) — ticos((m — S)mt:)

(m—3)m 2
. ]. . 1
— i %)W(Sln((m — 5)7rti+1) — sin((m — 5)”1))]
Buy(ti tiv1) = tv i+1 du(t)dy(t)dt = [a+llzsin[(u — —;-)mt]sin[(v — %)mt]dt

— /t ™ cos|(u — v)mt] — cos[(u + v — 1)me]de

(Ifu#v) = @tl—;)—?—r[sin[(u — v)mtipa] — sin[(u — v)7ty]]

1

“lut o= D el Ty = Drtia] = sinf(u v = D]

tit1
(If u=v) = / 1 — cos[(2u — 1)mt]dt
ti

— b —li— m[sin[@u — D)tina] — sin[(2u — 1))

Figure 4.5 shows that assuming the optimal sampling points, the generalised MSE
of the truncated Karhunen-Loeve expansion (p = 55) under the Markovian assump-
tion and the analytical generalised MSE are quite close to each other. If we further
check the value for this difference, it is around 1075 — 1075 (see, table 4.1). Also
notice that under the Markovian assumption, we can choose any n as long as n > 2
instead of p > n, which provides flexibility and eases the‘computation.

Both figure 4.5 and table 4.1 imply that it is reasonable to use the truncated

Karhunen-Loeve expansion for the prediction in the Brownian motion.

The reduced model is the Gaussian regression model
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Figure 4.5: Under the optimal scheme, i.e. U= the generalised MSE using the
Karhunen-Loeve expansion and the Markovian assumption vs the analytical solution
in the Brownian motion, p = 55 and 5 < n < 100.

We now consider the case, when the reduced model is the Gaussian regression
model expressed in equation 4.3.3, which contains the added noise in addition to the
truncated Karhunen-Loeve expansion, while the full model is the original process.

In order to apply the Gaussian regression model, the hyperparameter a2 needs
to be estimated first. As is mentioned previously there are two approaches, the
eigenvalue approach and the maximum likelihood approach, to estimate the hyper-

paramters depending on whether the covariance function is known or not. Both
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n S 25 45 65 85 100
Markovian | 0.0312594 | 0.0066426 | 0.0036987 | 0.0025588 | 0.0019574 | 0.0016646
Analytical | 0.0312500 | 0.0065789 | 0.0036765 | 0.0025510 | 0.0019531 | 0.0016611

Table 4.1: Comparison between the solution using the Markovian assumption and
the analytical solution to the generalised MSE in the Brownian motion when p = 55.
approaches will be used to estimate o2 first since the covariance function for the
Brownian motion is known to be min(s,t). In the maximum likelihood approach, the
data is simulated at the sampling points.

It can be seen from figure 4.6 that o2 derived from both the eigenvalue approach
and the maximum likelihood approach follows the same pattern. When p increases,

o2

roughly decreases. However, o2 from the likelihood approach appears to be more
volatile, which feﬁects the unpredictable characteristic of the stochastic process in re-
ality. In the following analysis, for simplicity, the result from the eigenvalue approach
is used, i.e. o2 derived from equation 4.3.4.

Figure 4.7 shows the performance of the generalised MSE under the Gaussian
regression model with different p and n. As is expected, it does not perform very well
under small p. For n = 50, and p = 5, %—%i% = 0.9596, i.e. there are still about 4%
of the cumulative expected variance that can not be explained. The difference of the
generalised MSE between the Gaussian regression model and that of the analytical
solution is almost 10~2. The reason appears to be that the balance is not well kept be-
tween the diagonal and the off-diagonal elements of the truncated covariance matrix.
With lower p, the approximation of the covariance function at the diagonal elements

relies more on bigger o2 to capture the true covariance function, while the approxi-

mation of the covariance function for the off-diagonal elements remains using merely
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Figure 4.6: The estimator of a2 using both approaches, when order increases from
5 to 100. Red line: the eigenvalue approach; Blue line: the maximum likelihood
approach.

the truncated Karhunen-Loeve expansion. The bigger the p, the less the diagonal
elements rely on a2, and thereafter the more improvement there is in the generalised
MSE. Furthermore, when p > n, the result under the Gaussian regression model (with
c2) can be compared with the result under the truncated Karhunen-Loeve expansion
(without c2). It is shown in the plot that the result with a2 actually performs better,
although the difference between them are only 10-6 —10-5. When #n is increased to

200, and the p is used at a relatively big value, which lies in between 150 to 250,
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Figure 4.7: The generalised MSE using the Gaussian regression model, the truncated
Karhunen-Loeve expansion and the analytical generalised MSE. Blue: The generalised
MSE using the Gaussian regression model; Green: The generalised MSE using the
truncated Karhunen-Loeve expansion; Red: The analytical generalised MSE. Left:
n =50 and 5 < p < 100; Right: n =200 and 150 < p < 250.

the difference between the generalised MSE of the Gaussian regression model and

that of the analytical solution reduces to only 10~%. In fact, Z:,;% i ~ 0.999. This

means that the majority of the cumulative expected variance has been explained by
this higher order p. The result derived by the Gaussian regression model continues to
outperform the result derived by merely the truncated Karhunen-Loeve expansion.

Their difference remains around 10~6 — 1075,
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4.4 Numerical methods for prediction and gener-

alised MSE

For most processes as mentioned, where analytical solutions to the Karhunen-Loeve
expansion are not applicable, numerical solutions play an important role. The numer-
ical method under here is the Haar wavelet expansion method described in chapter
2, which has shown to be both computationally fast and accurate and treats the
eigenfunction as a function, when the covariance function is known.

Use the same notation as chapter 2, when the reduced model is the truncated

Karhunen-Loeve expansion and p > n
o(t) = DY(¢)

® = DV

K = ®TA® =VTDTAD®

E = ®TA®(t) = VTDTADY(t)
Hence the prediction and its corresponding generalised MSE can be expressed as
follows

§(t) = V()T DTADY(YTDTAD®) 1y,

/ MSEj(£)]dt
T

Il

> i —trace[AQ(2K ™ — KK K1)@TA

i=1

= ) A\ —trace{ADV[2(¥"D"ADT)™
i=1
—(WTDTADU) ' K (YT DTADY) | UTDTA}
When the reduced model is the Gaussian regression model with o2 added as the

variance of the independent noise for the prediction, the only change is that K =
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UTDTADV + ¢2. When the covariance function is known, and the time interval is

on [0, 1], o2 can be estimated as
1
o? = / Var(y(£))dt — trace(A) (4.4.1)
0

We still consider the Brownian motion first. Since the analytical solution of its
generalised MSE is known under the optimal sampling points, a comparison can be
made between the analytical solution and the solution from the numerical scheme.

In figure 4.8, 50 optimal design points at ¢; = 1 <7 <50, together with

3x50+1 ’
3i—-2

50 testing points at t; = 5555

are simulated. They are displayed on the top left
plot. For the prediction performance shown on the top right plot and the bottem
left pl(;t, both the truncated Karhunen-Loeve expansion and the Gaussian regression
model perform quite well, since most of the predictions are within the 95% confidence
interval. The way of constructing the confidence interval is quite like that used in the

regression analysis. Denote §(t) = aTy,, where o = kT K1, then

Var(y(t) — §(t)) = Var(y(t) — a’y,)
= Var(y(t)) + aTVar(ys)a — 2a”cov(y(t), ys)

= k+kTK'K;K 'k —2kT Kk

Since E[y(t) — g(t)] = 0, then

g -9
/Var(y(t) — 4(t))

Therefore, the 95% confidence interval for y(t) is calculated as

N(0,1) (4.4.2)

[9(8) — 1.96y/Var(y(®) — 9(0)), 5(2) + 1.96y/Var(y(®) — 3(0)) (4.43)

For the generalised MSE with the change of p shown on the bottom right plot, the

results derived from the numerical schemes using the Haar wavelet method are slightly
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Figure 4.8: The numerical scheme for calculating the generalised MSE using the
Haar wavelet when M = 256 for the Brownian motion. Top left: the simulation path
of the Brownian motion (red), 50 sampling points (blue), together with 50 testing
points (green); Top right: the prediction of the testing points using the truncated
Karhunen-Loeve expansion (p = 100), with the corresponding 95% confidence inter-
val; Bottom left: the prediction of the testing points using the Gaussian regression
model (p = 100), with the corresponding 95% confidence interval; Bottom right: the
generalised MSE comparison between the analytical Karhunen-Loeve expansion and
the numerical scheme.
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different from the one derived analytically using the Karhunen-Loeve expansion. The
difference is about 1073, which is also the difference between the approximation of
the eigenfunction using the Haar wavelet (M = 256) and the analytical solution (see,
section 2.3, chapter 2). This value of 1072 could also be the reason why the generalised

MSE derived from the Haar wavelet is below the analytical solution when

2T
p approaches around 60. Moreover, the generalised MSE derived from the Gaussian
regression model has generally even smaller error. This matches our previous analysis.
The reason that the Brownian motion is used as the first example is because its
analytical solution can be used to compare with the numerical result. Next, another
example will be shown, whose analytical solution is untractable. It is the stochastic
process with the kernel function (1 + |t — s|)exp[—|s — t|]. This time the sampling
2

points are chosen to be t; = 325, 1 < ¢ < n, while the testing points are ¢; =

2i—1
2n+41?

1 <€ i < n, when n equals to 50. The eigenvalues for this covariance function share
the same character as that for the squared exponential kernel in the sense that the
first two eigenvalues counts for 99% of the sum of all the eigenvalues. The first five
eigenvalues (from highest to lowest) are 0.9435229, 0.0508775, 0.0043546, 0.0008119
and 0.0002382 respectively.

Figure 4.9 provides the same information for the kernel (1 + |t — s|)exp[—|s — t]]
as that for the Brownian motion in figure 4.8. The variance for this prediction is
relatively small, only about 10~*. That is why the confidence interval is so narrow.
In terms of the prediction shown on the top right plot and the bottom left plot, both
the truncated Karhunen-Loeve expansion (without noise) and the Gaussian regression
model (with noise) perform quite well again with most of the predictions lying within

the 95% confidence interval. The generalised MSE displayed on the bottom right
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Figure 4.9: The numerical scheme for calculating the generalised MSE using the
Haar wavelet when M = 256 for the process with the kernel (1 + U —s|)exp/~—ls —
11]. Top left: the simulation path of the process (red), 50 sampling points (blue),
together with 50 testing points (green); Top right: the prediction of the testing points
using the truncated Karhunen-Loeve expansion (p = 100), with the corresponding
95% confidence interval; Bottom left: the prediction of the testing points using the
Gaussian regression model (p = 100), with the corresponding 95% confidence interval;
Bottom right: the generalised MSE comparison between the numerical scheme with

c? and that without cr2.
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order 50 70 130 150

with 02 | 4.8613191 x 10=° | 8.9756746 x 10~ | 8.9761501 x 10~7 | 8.9640381 x 107
without o2 | 1.7192874 x 10~* | 8.9676508 x 10~7 | 9.022133 x 10~7 | 8.9157505 x 10~7

Table 4.2: The difference of the generalised MSE using the truncated Karhunen-
Loeve expansion (without ¢?) and using the Gaussian regression model (with o?),
when n = 50 for the kernel (1 + |t — s|)exp[—|s — ¢t]].

plot is very small using both of these two models. Table 4.2 lists the value of the
generalised MSE for the order 50, 70, 130 and 150, when n = 50.

Except for the result at order 50, which has relatively bigger difference (107%), the
majority of the orders bigger than 50 result in the difference as small as 10~7. This is a
quite different result compared with that of the Brownian motion. One of the reasons
is that we do not need such high orders in the model, since the first two eigenvalues
already explain more than 99% of the cumulative expected variance. However for the
truncated Karhunen-Loeve expansion (without noise), the calculation has to meet the
assumption p > n, which means that p could be too big in this case if n is already
50. Hence the Gaussian regression model would be preferred as the reduced model in
this problem to break the above assumption.

From figure 4.10, it shows that the generalised MSE dramatically decreases in the
first few orders. When the order is 10, the generalised MSE is already quite close to
0 and remains stable for the later orders. This matches our expectation, since it is
the first few terms in the truncated Karhunen-Loeve expansion which play a major

role in this expansion.
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Figure 4.10: The numerical generalised MSE under the Gaussian regression model
for the kernel (1 + \t —s|)exp/—\s —£]], when n = 50.
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4.5 Conditional Karhunen-Loeve expansion
We assign value a to the sampling points ys = {y(¢;),1 < i < n}, where
aTz(al, S an); G eR,1<i<n (4.5.1)

Then the conditional expression y(t)|{ys = a} is a new stochastic process, which can
be approximated using a Karhunen-Loeve expansion. In this section, this expansion
under the conditional setting is called the conditional Karhunen-Loeve expansion.

In this section, the conditional Karhunen-Loeve expansion is derived for two types
of processes, which are the Markovian process and the non-Markovian process. It is
shown that the solution to the Markovian process can be calculated at each interval,
whose boundary points are the sampling points, while the analytical solution to the
non-Markovian process is in general more difficult to obtain than the solution to the
Markovian process.

Using equation 1.2.24, chapter 1, we can now expand y(t)|{ys = a}

y(Ol{y. = a} = E@®)H{ys = a}) + ) VAh(D& (45.2)
i>1 :

where ); and ¢;(t) solves the Fredholm integral equation

/7_ cov(y(t), y(s)lys = @) (s)ds = Ahi(2) (453)

and &; is the independent random variable with mean O and variance 1. If each
y(t;) is a Gaussian process, y(t)|{ys = a} is also a Gaussian process, and thereafter
& ~1.4.d.N(0,1).

Using equation 4.1.3, the conditional expectation can be modelled as

E(y(t){ys = a}) =k"K;'a , (4.5.4)
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where

(Kn)ij = cov(y(ts),y(t;), 1<4,5<n

= (cov(y(®), y(t), covu(®),u(ta), -, covly(t),u(tn))

Section 4.2, chapter 4 provides a detailed explanation on the approximation of the
conditional expectation using the truncated Karhunen-Loeve expansion and its corre-
sponding generalised mean squared error. In this section, we try to capture the whole
stochastic part of y(t)|{ys = a} using a biorthogonal system as defined in equation
4.5.2. For simplicity, it is further assumed that for each sampling point, y(¢;) = 0,
1<i<mn,ie a=0. Then E(y(t)|{ys =0}) =0 and

y(O)l{ys =0} = D> Vhidi(0)é (4.5.5)

i>1

In terms of the conditional covariance, the partition inverse equation can be applied

twice. For time s and time ¢, the conditional covariance is
cov(y(s), y(t)|ys = a) = cov(y(s),y(t)) — kI K ke (4.5.6)

When there is only one prior observation, i.e. n =1

cov(y(s), y(t1))cov(y(t), y(t1))
Var(y(t1))

Equation 4.5.7 can be applied to derive the covariance function of the Brownian

cov(y(s), y(O)ly(tr) = a1) = cov(y(t), y(s)) — (45.7)

bridge, since the Brownian bridge is constructed using the Brownian motion W (t)
conditional on W (1) = 0. Then the conditional covariance function for the Brownian
bridge is

_ cov(W(s), W(1))cov(W(¢), W(1))

cov(W(s), W)W (1) =0) = cov(W(t), W(s)) Var(W (1))

= min(¢,s) — st
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which is exactly the covariance function we expect.
After obtaining the conditional covariance function, the corresponding Fredholm

integral equation can now be solved.

/T cov(y(s), y(O)lys = @)(s)ds = Ad(t) (458)

Applying equation 4.5.6, we obtain
[ covtulo) venss)ds - [ (K r0(5)ds = xa0) (45.9)
T T

If denoting K;! = {a;;}, equation 4.5.9 can be written down as

/TCOV(y(S),y(t)M(S)dS - /TZ ;aaCOV(y(S), y(t:))cov(y(t), y(t;))¢(s)ds = Ag(t)

(4.5.10)
Notice further that if one of the points (¢ or s) is one of the sampling points, i.e.
t=1t;or s=t;, 1 <1t <n, the conditional covariance equals to zero. This could be

seen from equation 4.5.6 directly. Therefore, when solving the integral equation

/T cov(y(ts), y(s)lys = a)(s)ds = A(t,) (45.11)

with cov(y(¢;), y(s)|lys = a) = 0, a boundary condition for the eigenfunction can be
obtained, which is ¢(t;) =0, 1 <i < n.

The rest of this section presents some examples on deriving the conditional Karhunen-
Loeve expansion.

Example 1: The Brownian motion on [0, 1] with two prior observations y(1) =0
and y(3) = 0.

We need to solve the following Fredholm integral equation.

/ {min(t, s) ~ T [min(t, ;)mm( ;) + ;st— %mln(t ;)s - %min(s, %)t]}¢(s)ds — (1)
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Differentiating it twice results in

d2
—¢(t) = A5 6(t) (4.5.12)

It is the same differential equation as that of the Brownian motion. Since the bound-
ary condition at % divides the whole interval into two parts, the eigenfunction can
then be solved in these two intervals separately. Denote
t) 0<t<i
(1) ={ f@) 3 (4.5.13)

glt) 3<t<1

On one hand, for 0 < t < 3, the boundary conditions are f(O) = f(3)=0. f(0)=0

provides the functional form for the eigenfunction

) = Asin(%) (4.5.14)
Since f(3) =0, |
- 9—223;2 (4.5.15)

Using the orthogonality condition, A = /6. Then f;(t) = v/Bsin(3mit)
On the other hand, for % < t < 1, the functional form of the solution to equation

4.5.12 is

g(t) = Asm(\%) + Bcos(%) (4.5.16)

The boundary conditions g(3) = g(1) = 0 suggest that

1 1 1
Asin(——=) 4+ Bcos(—=)=0 and Asin(—
G7R) B3 ) 7

Further simplification of equation 4.5.17 results in

) + Beos(—=) =0 (4.5.17)

-

2

m) _0 (4.5.18)

sin(
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which implies that \; = 5 zﬁg
Therefore the functional form of g(t) is g(t) = Asin(3("¢) + Bcos(2.Zt). Applying the
boundary condition ¢(3) = 0 again, (Or alternatively we can also use ¢(1) = 0. Both

of these conditions result in the same solution.)
Asin(%) + Bcos(‘%) =0 (4.5.19)

Therefore, the solution to the eigenfunction is

3jmt
(=5~ )
3jmt
)

jodd— A=0— ¢;(t) =B

j even —» B =0 — ¢,(t) = Asin(——

Using the orthogonality condition, A = B = /3.
The eigenvalues for this problem are a combination of both @1—;5, i1 >1forl<

t <3 and j>1for % < t < 1. Since the eigenvalue is calculated interval by

95 1r2’
interval, it implies that the eigenfunction can also be expressed interval by interval,
i.e. the ith eigenfunction is ¢i(t) = fi(t)/ocrcty + Gi(E) (1 cpcr)- When A;
$i(t) = filt) [ocrcty; When N = 5555, 6i(t) = gi(t) (1 crcn)-

Hence the conditional Karhunen-Loeve expansion for this process can be expressed

- 91271.2 9

as
1 1
y(®){y(3) =0,3(1) =0} = > —3—75\/—ésin(37rit)l(o<t<é)§i
i>1

2 3r(2j — 1) ,
" ; mﬁcos[—g_ﬂ[(éqﬂ)f%q

/3 n[37r(22j)

t]l(§<t<1)€éj

where &;, &5 ~ i.1.dN (0, 1)
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1st 2nd 3rd 4th 5th 6th
Analytical o = 3or7 Sin? a7 3607

Analytical value | 0.045032 | 0.011258 | 0.011258 | 0.005004 | 0.002814 | 0.002814
Numerical(Haar) | 0.045033 | 0.011259 | 0.011259 | 0.005005 | 0.002816 | 0.002816

Table 4.3: The analytical and the numerical solution to the first six eigenvalues of
the conditional Brownian motion on y(3) = y(1) = 0.

Now the performance of the numerical solution using the Haar wavelet method is
briefly compared with the analytical solution. For the accuracy of the Haar wavelet,
256 basis functions are chosen. (see table 4.3 and figure 4.11)

Whatever the eigenvalue or the eigenfunction, solutions from both the Haar wavelet
numerical scheme and the analytical solution are very close to each other. It can reas-
sure us again that the eigenvalues for the conditional Brownian motion are a combi-
nation of the eigenvalues from different intervals, while the eigenfunctions only have

non-zero values in the interval from which the corresponding eigenvalues calculate.

Remark 4.5.1. Now take a further look at the conditional covariance function for the

Brownian motion in this problem,
1 . 1
cov(y(s),y(t)|y(§) =0,y(1)=0)=0 min(s,t) < 3 < max(s,t) (4.5.20)

Hence the Fredholm integral equation we need to solve can be separated into two
parts.

s 1 1
[ covlus), v®lu(3) = 0.0(1) =07 ()ds = AF®) 1) = £(5

0

)=0

|| eovu(s),u(®lu(3) = 0.5() = O)g(s)ds = Ngft)  g(3) = 9(1) =0

3

Differentiating either part results in the same differential equation as that in the

Brownian motion case, except for different boundary conditions. The above argument
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Figure 4.11: Comparison of the first two eigenfunctions between the analytical so-
lution and the solution derived from the Haar wavelet (M=256) of the conditional
Brownian motion on =y =0.

provides an alternative way to understand why the final solution to the eigenvalues is
a combination of the eigenvalues of two different intervals and why the eigenfunctions

only have non-zero values in one of the intervals.

Remark 4.5.2. Remark 4.5.1 also shows a fact that the conditional covariance function
for the Brownian motion has a non-zero value if there is no sampling point in between
s and t.

This is actually true for any Markovian process. We only show the case if neither

of the closest sampling points of ¢+ and s is the boundary point. It can be easily
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generalised to the situation involving the boundary points.
Assume y(t) is a Markovian process. It has n sampling points ¢;, 1 < ¢ < n with

t; <ty <--- <t,. It needs to be shown that for j+1<iandt; <s<t;;1 <t <
t < tiy1, cov(y(s),y(t)lys = a) = cov(y(s), y(O)ly(t1) = ar,--- ,y(ta) = as) = 0. This
is true for the Markovian process because

PO @) = PEOE), 1P E).)

= ply)ly(t), y(tis1))p(y(s)ly(t;), y(tj+1))

p(y(®)lys)py(s)|ys)

Hence cov(y(s),y(t)|ys = a) = 0 if there is sampling point(s) in between y(t) and
y(s).

Example 2: The Brownian motion on [0, 1] when y(¢;) = 0, 1 <1 < n is observed,
where 0=t <t <ty < ---<t, =1

Example 2 is a generalisation of example 1.

Since cov(y(t;), y(t;)) = min(t;, t;), after denoting a;; = min(¢;,¢;), the Fredholm
integral equation can be written down as

/0 min(s,t)qS(s)ds—ZZaijmin(t,tj) /0 min(s, t;)¢(s)ds = Ag(t) (4.5.21)

%

It is equivalent to

/01 min(s, ) f(s)ds — > > aijt /01 min(s, &;)é(s)ds

1 t<t;
1
it 0

Differentiating it once, we obtain

/t ¢(s)ds — Z Z aij /0 min(s, t;)p(s)ds = )\%qﬁ(t) (4.5.22)

i t<t;
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Differentiating it a second time, we obtain

d2

—¢(t) = A@

(t) (4.5.23)

Since the Brownian motion is a Markovian process, we can solve the above differential
equation at each individual interval [t;, t;41], 0 < i < n — 1. Assume at the interval
[tiytiv1], 0 <4 < n — 1, we have the eigenvalue A+ and the corresponding eigen-
function ¢(*+1). Then the differential equation, together with its boundary conditions,

are

2
—gt(t) = A““)%(ﬁ(i“)(t) ¢ () = ¢V (ti11) = 0,0<i<n—1 (4.5.24)

Equation 4.5.24 results in the functional form of qﬁ(i“)(t),

P (t11) = AP Vsin(——— = ———) + B eos(———

\/)\( \/)\( i+1)

For the first interval 0 < t < t;, using the boundary condition ¢ (0) = ¢ (¢;) =

) (4.5.25)

0, the functional form of the eigenfunction is ¢,(cl)(t) = A(l)sin(f—ft) with the eigenvalue

)\E:H) = k—ﬁr—z Combining with the orthogonality condition, f[;l[f,b,(cl)(s)]QdS =1, it can

oD (t) = \/%sin(:—kt) (4.5.26)

1

be obtained that

For the rest intervals t; < t < t;41, 1 <i < n— 1, we have the boundary conditions

¢(i+1)(ti) - ¢(i+1)(ti+1) = (0. It means that

. t; t
A(H_l) . i + B (i+1) =0
sm(\/.,_) cos( )\(1+1))
A t;
A(7,+l) ti1 B(H‘l) i+l =0
sm(\/_) cos( )\(i+1))
Simplifying the above equations, we obtain,
sin( K(lm) )=0 (4.5.27)
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Hence the eigenvalue AU+ is

+1) _ (i1 —)?

A1) and BG+Y can be decided by looking at the boundary condition ¢(+1(¢;) =
¢ (t41) = 0 again, as well as the orthogonality condition fti"“ [#0+D(s)]%ds = 1.

Hence, after solving for AG+1) and B@*1 | the conditional Karhunen-Loeve expan-
sion can be expressed as

t :
yOHy(t:) =0,0<ty <ty <+ <ty —1}—2 - \/ESID( Hio<t<t)1,k

k>1

i+1 — i wk
+ZZ s b g +1)sm(——t)+B(‘“)cos(— ) (<t )€in) i

i=1 k>1 +1 b Liv1 — s

where & ~ 1.0.d.N(0,1),1 <i—1<n,k>1.

The conditional Karhunen-Loeve expansion changes frequency in the eigenfunc-
tion, while the functional form of the expansion remains as a linear combination of
the trigonometric functions.

For the Ornstein-Uhlenbeck process, a general solution given n sampling points
will also be provided. Notice that the Ornstein-Uhlenbeck process is again a Marko-
vian process, hence the integral equation can be solved interval by interval.

Example 3 The Ornstein-Ullenbeck process on [0,1] when y(t;) =0, 1 <i<n
is observed, where 0 =tg <t) <ty < --- <tp, < tpy1 = 1.

For the Onstein-Uhlenbeck process, the covariance function is exp(—/S|t — s|) up
to a scalar multiplier. Given n prior observations, the conditional covariance function

can then be expressed as

exp(—0t — s|) ZZakhexp Bt — tu])exp(—0]s — ti]) (4.5.29)
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where ay, = exp(—08|te — trl)-

Since the Ornstein-Uhlenbeck process is a Markovian process, it is assumed that
for each interval [t;,t;11], 0 < i < n, we have the eigenvalue A1), together with the
eigenfunction ¢(+1)(t). Then the integral equation at each interval [t;, t;11], 0 < i < n,
is

ti+1
[ exlle = shot(s)as
. tit1
= S auenp(—Ble—tal) [ exp(=Bls = ¢tV (s)ds
h

k 1

)\¢(i+1) (t)

Differentiating the integral equation twice, we obtain

2 4 (i+1)

—2B6%0(t) + BN () = A ——

(4.5.30)

Simplifying equation 4.5.30, we obtain

d2¢(i+1) (t)
dt? +

2ﬂ _ ﬂ2/\(i+1)
= NG+
(4.5.31)

(wHD)2¢0+D (1) = 0 when setting  (w(+Y)?

Again this is the same differential equation as that of the unconditional case. Hence

the functional form of the eigenfunction at interval [¢;,¢;11] is

D (1) = A D cos(w V) + B sin(w V) ¢ (1,,4) = ¢V (E) =0
(4.5.32)
For any interval whose both bounds are the sampling points, i.e. [t;,tiy1], 1 <4 <

n — 1, the boundary conditions are ¢(+1(t;) = ¢+ (t;,,) = 0. It implies that

A+ Deos(w D) + BEHsin(wH) = 0

A Deog(w D¢, 1) + BEHsin(w¢,,) = 0



Solving the above equations is equivalent to solving

sin(w(i"'l)(tiﬂ — tl)) =0

Therefore the solution to w,(:H) is

i i km
w,(c +1)(ti+1 —t;) =k w,(c +1) P
3 7
Hence the solution to the eigenvalue )\,(CHI) is
NG 20 2Bt —t)?
T =

(w,(:“))2 + 32 K2 4 Bt — )2
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(4.5.33)

(4.5.34)

(4.5.35)

. For the boundary points, the equations for deriving the eigenvalues are slightly dif-

ferent. In the interval [0,t;], the boundary conditions are as follows

4y _ a0 —
£ 50(0) - 690(0) =0

¢ (t1) =0
Replacing the eigenfunction with its functional form, we have

ADG — By g

AWcos(wWt)) + BWsin(wMt;) =0

Solving the above equations is equivalent to solving

cot(wMty) = — 51_)

For [t,, 1], the boundary conditions are

4 L (nt1) (1) (1) —
& jn(1) 1 gm0 (1) = 0

¢(n+1)(tn) =0

(4.5.36)
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Replacing the eigenfunction with its functional form again, we have

A(n+1)(ﬁ _ w("H)tan(w("H))) + B(n+l)(ﬂtan(w(n+l)) + w(n+1)) =0

A("+1)cos(w("+1)tn) + B("“)sin(w("“)tn) =0

Then the above boundary conditions can be simplified as

— w™ Dtang®™+D)
(1), y_ B—w anw
cot(w' ™ Vt,) = Frana( D § o@D (4.5.37)

Combining the above results, the eigenvalues for the conditional Onstein-Uhlenbeck
process can be obtained. A®*+D and B@*D can be further solved using the orthogo-

nality condition of the eigenfunction.

The above three examples calculate the conditional Karhunen-Loeve expansion
for the Brownian motion and the Ornstein-Uhlenbeck process. However, both these
two processes are Markovian. In practice, when the process is not Markovian, the
analytical solution is usually very difficult to obtain, or at least not as simple as the
solution for the Markovian process. Now the process with the kernel function 1—|t—s|
based on one prior observation at time S will be used to demonstrate the calculation
procedure of deriving the conditional Karhunen-Loeve expansion in general.

Example 4: Process with the kernel 1 — |t — s| on [0, 1], conditional on
one observation at time S

After observing at time S, we can express the conditional covariance function.
1—-jt—s|—(1-t=S)1—-1|s=9|) (4.5.38)

It is further assumed that the eigenfunction ¢(t) is

¢(t)={ ft) 0<t<T

gt) T<t<1 | (4.5.39)



178

Hence the following integral equations need to be solved

([l —t+s—(1—S+t)(1—S+s)f(s)ds

+ Pl —s+t—(1—-S+t)(1—S+s)]f(s)ds
+fsl—s+t—(1—S+t)1—s+8)g(s)ds = Af(t) 0<t<S$
fOT[l—t—}-s—(1—t-+—S)(1—S+s)]f(s)ds
+fil—t+s—(1—t+8)(1—s+9)g(s)ds

L+ [l —s+t—(1—t+8)(1—s+8)g(s)ds = Ag(t) S<t<1

Differentiating the equation twice with respect to t, the following differential equation

is obtained

2f()) +Af () =0 2g(t)+Xg (t) =0

or f'(t)+wif(t)=0 g (t)+w’g(t)=0 where w®= ;

Therefore, the solutions to f(t) and g(t) can be expressed as
f() = asin(wt) + cecos(wt)  g(t) = czsin(wt) + cacos(wt) (4.5.40)
The boundary conditions of the process can be found as follows
f(8)=g(5)=0 [(0)=—g(1) = f(0)+g(1) (4.5.41)

With the functional form of the eigenfunction, the boundary conditions can be sim-

plified as

co = —tan(wS)c; ¢ = —czcos(w) + ¢4sin(w)

cqg = —tan(wS)cz  cqw = ¢3 + czsin(w) + c4cos(w)

After combining these boundary conditions, we can solve for the eigenvalues out of
the following equation

2

tan(w — wS) + tan(wS) +w =0 I= " (4.5.42)
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As an example, we assume that an observation is observed at one time point

S = % The analytical solution can now be plotted in figure 4.12.

20 T T T

20

1L T i T T T
tan(w-w/3)+tan(w/3) —— A=2(WP)
-w 18 1
15} ]
16
10
14
Sr 12
0 < 10
_5 - 8 I
6
—.10 b
\ 4
-15} 2t
-20 . : 0 ;
0 5 10 15 20 0 5 10 15 20
w w

Figure 4.12: The analytical solution to the eigenvalues for the process with the kernel
function 1 — [¢ — s|. (Left) tan(w — %) + tan(¥%) vs —w; (Right) A = %.

w

The' left plot of figure 4.12 plots tan(w — zw) +tan(%w) and —w respectively. Each
intersection in the plot represents one solution to w. After obtaining the solution to
w from the left plot, the solution to the eigenvalue A can be obtained from the right
plot, which shows the inverse quadratic relationship between A and w.

The eigenvalues from the analytical solution can now be further compared with
the solution from the Haar wavelet method with 256 basis functions, i.e. M = 256.
Table 4.4 lists the first six eigenvalues. It can be seen that they are very close to each
other. The difference does not appear until 1073. The numerical solution confirms
again the validity of the calculation procedure in deriving the analytical solution.

The above process with 1 sampling point can be generalised to n sampling points.
The calculation procedure should still be the same, although it is usually difficult

to derive the solution analytically. It should be noted that deriving the conditional



Analytical | Numerical Haar (M = 256)
1st eigenvalue | 0.2696687 0.2696716
2nd eigenvalue | 0.0727949 0.0727979
3rd eigenvalue | 0.0375350 0.0375377
4th eigenvalue | 0.0141320 0.0141346
5th eigenvalue | 0.0097205 0.0097232
6th eigenvalue | 0.0072675 0.0072701
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Table 4.4: Comparison of the analytical solution and the numerical solution to the
first six eigenvalues of the process with the kernel function 1 — |t — s].

Karhunen-Loeve expansion is closely related to deriving the univariate time, multi-

variate state Karhunen-Loeve expansion using the “lining-up” method, which will be

discussed in detail in the next chapter.



Chapter 5

Multivariate Karhunen-Loeve
Expansion

In the previoﬁs chapters, we mainly deal with univariate stochastic processes. How-
ever, in practice, researchers and practitioners are also interested in the multivariate
setting, either multivariate in time or multivariate in state. Multivariate in state and
univariate in time have an important practical impact on the fields like finance, while
multivariate in time, and univariate in state has been discussed in both chapter 1
and chapter 2 and is used for example in imaging and spatial methods. This chapter
concentrates on the former multivariate setting. Section 1 starts from a univariate
time, bivariate state Karhunen-Loeve expansion. Examples, like the Brownian mo-
tion and the Ornstein-Uhlenbeck process will be provided. Section 2 extends from the
univariate time, bivariate state to the univariate time, multivariate state and presents
the main theorem of the multivariate Karhunen-Loeve expansion. Section 3 explains
the numerical methods in the multivariate setting. Section 4 applies a theorem in
section 3 and further relates it to the linear stochastic differential equation (SDE) in

the narrow sense.
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5.1 Bivariate Karhunen-Loeve expansion

Assume that there are two correlated time series X (t) and Y (¢). Although the analysis
is harder than the analysis for one dimension, the problem of finding the Karhunen-
Loeve expansion can be reduced to a one-dimensional problem under certain special
condition (equation 5.2.21 and equation 5.2.22). We refer to this method of reducing
the problem to the univariate setting as the “lining-up” method. For convenience,
we assume the special condition is satisfied and only consider the time interval 7
starting from O with length T. It can be easily generalised to any interval with any
starting point.

Define a new series U(t) with X (¢) as its first part and Y () its second part, i.e.

X(t 0<t<T
U(t) = Q = (5.1.1)
Y(t-T) T<t<2T
Hence the covariance function for {U(t),t € [0,2T]} can be written down as
cov(X(t), X(s)) 0<t,s<T
X(t),Y(s— 0<t<T<s<2T
K(t,s) = con(U(e), U(s) = { XY= 0st<Tss
cov(X(s),Y(t—T)) 0<s<T<t<2T
cov(Y(t—-T),Y(s—T)) T <t,s<2T
(5.1.2)

The Fredholm integral equation is fOZT K(t, s)p(s)ds = A¢(t) with eigenfunction ¢(s)
defined over two intervals [0, 7] and [T, 2T separately.
f(s) 0<s<T
¢(s) =
g(s=T) T<s<2T
Depending on the location of t, there are two integral equations which need to be

solved. When 0 <t < T,

K(t, s)p(s)ds = Ap(t) (5.1.3)

0
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Using the expression of K (¢, s) in equation 5.1.2, equation 5.1.3 can be reduced to

—/0 cov(X(t), X (s))f(s)ds +/0 cov(X(t),Y(s))g(s)ds = Af(t) (5.1.4)
When T' <t < 2T,
/0 K(t,s)¢(s)ds = Ap(t) (5.1.5)

Using the expression of K (t, s) in equation 5.1.2 again, equation 5.1.5 can be simplified

as

/0 cov(X(s), Y (t = T))f(s)ds + /0 cov(Y(s), Y (t = T))g(s)ds = Ag(t — T) (5.1.6)

Since T <t<2T,0<t—T < T. Hence equation 5.1.6 is equivalent to

T

/0 cov(X(s),Y(t))f(s)ds +/0 cov(Y(s),Y(t))g(s)ds = Ag(t) (5.1.7)

for 0 <t < T. The orthogonal condition in the bivariate setting is

2T

¢i(s)¢j(s)ds = 6ij (518)

0

Equation 5.1.8 is equivalent to

T T
/ £(8);(s)ds + / 0:(5)g; (s)ds = 6, (5.1.9)
0 0

After solving the integral equation 5.1.4 and 5.1.7, we can use Mercer’s theorem
to decompose the covariance function. Assuming that the covariance function is

continuous after lining up the process, we have

K(t,s) = Z Aihi(t) i (s)

cov(X (t), X(s)) = Y, Mifi(t) fi(s) 0<t,s<T
) cov(X @), Y(s = T) = X, hgi(®) fi(s = T) 0<t<T<s<?2T
] cov(X(s), Yt =T)) = i higi(t — T) fi(s) 0<s<T<t<2T
covlY(t=T),Y(s=T)) =3 ; Mgt —T)gi(s = T) T <t,s<2T
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Orfortime 0 <s,t<T
cov(X (t), X Z MfOfi(s)  cov(X(2), = Z Xifi(t)gi(s)
cov(X(s),Y(t) = Z Xigi(t) fi(s)  cov(Y(t),Y(s)) = Z)“g‘ (t)g:(s)

In summary, for the bivariate state, univariate time process X (t) and Y (¢), t €

(0,7, the bivariate Karhunen-Loeve expansion for them can be written down as

(o) 25 ()

where & ~ 1.3.d.N(0, 1), \;, f; and g; are derived from the matrix form of the Fredholm

integral equation

/T (cov(X(t),X(s)) cov(X(t),Y(s))> (ﬁ(s)) e (ﬁ(ﬂ)
o \cov(X(s),Y(t)) cov(Y(t),Y(s))/) \&i(s) “\ait)
with the orthogonality condition

/ (fz(s) gl(s))( E;)d s = 0y (5.1.10)

Mercer’s theorem can now be expressed as

(cov(X(t),X(s)) cov(X(t),Y(s))) _ Z)\ (fz( )
cov(X(s),Y(t)) cov(Y(t),Y(s)) 9:(t)

Notice that in the bivariate case, the eigenfunctions are a two dimensional column

)(fz(s) gz(s)) (5.1.11)

%

vector but the eigenvalues are still scalars.

Example 1: The bivariate Brownian motion

Assume that there are two correlated Brownian motion { X (¢),t € [0, 1]} and {Y'(¢), ¢

[0,1]} with the covariance matrix defined as follows. For p > 0,

(cov(X(t),X(s)) cov(X(t),Y(s))) _ (min(t,s) pmin(t,s)> (5.1.12)
cov(X(s),Y(t)) cov(Y(t),Y(s))

pmin(s,t) min(t,s)



185

The bivariate Fredholm integration equation is

/1 (mi.n(t, s) Pnfin(tﬁ)) <f(8)> ds = ) (f(ﬂ) (5.1.13)
0o \pmin(s,t) min(¢,s) g(s) 9(t)

Decomposing min(t, s), equation 5.1.13 can be simplified as

{ Jo s1(s) + psg(s)ds +¢ [ £(s) + pg(s)ds = Af(t) (51.14)
Jo psf(s) +sg(s)ds +t [ pf(s) + g(s)ds = Ag(t)
with the boundary condition

f(0)=g(0)=0 (5.1.15)

Differentiate equation 5.1.14 once,

{ i £(s) + pg(s)ds = Af'(2)
N pf(s +g(s)ds = Ag'(t)
Differentiating equation 5.1.14 one more time results in the following differential equa-

tions.

{ —f(£) = pg(t) = Af"(2) (5.1.16)

—pf(t) — g(t) = Ag"(t)

Solving these differential equations provides the functional form of f(t) and g(t)

f(t) = cicos 1/ SLt) + cosin( ,/ X2t + czcos( 1+"t) +c4sm(,/ (5.0.17)
g(t) = —cycos(y/152t) — cosin(y/ 158¢) + cacos(y/ 32t) + casin( ,/ ) '

Considering the boundary conditions in equation 5.1.15,

f(0)=0=>01+03=0

= c=c=0 (5.1.18)
g(O) =0= —c14+c3=0

Hence the solution to f(t) and g(t) can be further simplified to

ft) = Czsin(\/%t) T C4Sin(\/¥t) (5.1.19)
g(t) = —@sin(ﬁﬂ + ¢ysin( %Et)
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Substitute the above solutions into the first differential equations to find eigenvalues

c(p—1) l‘tﬂcos(\/»)-f-c4 P+1)\/—cos \/17 _
c2(p~1) %BCOS( li L) —calp+1) \/TCOS(\/T = (5:1.20)

Solving equation 5.1.20 results in two possible solutions.

c—Ocos Lip or
? x) = (5.1.21)
cs =0, cos( —173)—-0

Thus there are also two possible solutions to the eigenvalue A and the eigenfunction

t
(fg ;) Denote the jth possible solution to the 7th eigenvalue and the ithe eigen-
g(t

fj,i (t)

95i(t)
equation 5.1.19 are equivalent to

function as A;; and ( ), where j = 1,2 and ¢ > 1, then equation 5.1.21 and

2 =0, = (%l(lli)%,fl (1) = c4sm&—1)—’g,gl,i(t) = c4sin£—2—i——2l)it (5.1.22)
Cq4 = 0) AQ,i - (21_1)27‘-27]“2 l( ) = CQSIH%&,gz,i(t) = _CQSin@E
Using the orthogonality condition
1
/jﬂﬂ+ﬁ@ﬁ=1 (5.1.23)
0
and the result that
1 t 1
/ AL - (5.1.24)

The value for the other coefficient can be obtained, i.e. when ¢, =0, ¢4 = 1 or when
Cy = 1, Cq = 0.
Hence, the complete solution to the original integral equation is

Mi = gt fa(t) = sin @5, gy (1) = sin®0T o

i—1)m i—1)m (5125)
Mai = iorerrs fau(t) = sin@52T o (1) = —sin 0Tt

In short, the bivariate Karhunen-Loeve expansion to the bivariate Brownian motion

can be summarised in lemma 5.1.1.
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Lemma 5.1.1. The bivariate Karhunen-Loeve expansion to the bivariate Brownian

X(t)
motion with the covariance matrix
Y(t)
cou(X (t), X (s)) cov(X(t),Y(s)) min(t,s) pmin(t, s) (5.1.26)
cov(X (s),Y(t)) cou(Y(t),Y(s)) pmin(s,t) min(t,s)
can be expressed as
X)) 5 2T p [ sin®Fm ey o0yT=p [ sinZm 6’
Y () = (20 — 1)m sin(%_;)m " = (2t — D7 _Sm(m—zl)n v
or
X(t 22V (&) 2v2 2i — 1)mt
B _ 2 2 — \/; sint2 > ™ (s197)
Y () i>1 e /2] \¢ (2i = )m
where & and €; are mutually independent standard normal random variables.
X(#)
Also, can be written in terms of two independent univariate Brownian mo-
Y(t)

tion Bi(t) and Bs(t)

xo|_ (v V2| (B0 5125
vw) \yE -5 \Bo h

Example 2: The bivariate Ornstein-Uhlenbeck process
Assume that there are two correlated Ornstein-Uhlenbeck process { X (¢),¢ € [0,1]}
and {Y (t),t € [0,1]}, i.e. for £ >0

dX(t) = —BX (£)dt + rdW (t)

dY (t) = —BY ({)dt + rdWy(t)
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with '

(Wlm) _ (\/z Ve ) (Blor)) 5100
wat)  \i -y%2) \Bu() -
where Bj(t) and By(t) are two independent Brownian motion.

Assume further that the initial conditions for X (¢) and Y (¢) are: X(0) ~ N(0, %),
Y (t) ~ N(0, %) and cov(X(0),Y(0)) = p% (p > 0). The covariance matrix for X (t)

and Y'(t) is expressed as

(cov(xm,x'(s)) cov(X<t>,Y<s>)) e (exp(—ﬁlt—SI) pexp(—mt—sn)

cov(X(s),Y(t)) cov(Y(¢),Y(s)) 28 pexp(—pf|s —t|) exp(—p0|t — s|)
(5.1.30)
Except for a constant term —2’—%, the Fredholm integral equation is
/1 (exp(—ﬂlt —sl)  pexp(-Blt - sl)) o= (f(t)) (5131)
o \pexp(—pls —t]) exp(-fJt—s|) 9(t)
This is equivalent to solving
Jo expl=B(t = )£ (s) + pexp[~B(t ~ )lg(s)ds
+ J; exp[=B(s — ))f (s) + pexp[~B(s — )]g(s)ds = Af(t)
Jy pexpl=B(t = $))f(s) + exp[~p(t = s)lg(s)ds
+ f; pexp[—B(s — )] f(s) + exp[—B(s — t)]g(s)ds = Ag(t)
Differentiating the above equations once, we obtain
[ —B [ expl=B(t = $)|f(s) + pexpl—A(t - )lg(s)ds
) 8 [} expl-B(s = 01£(s) + pexpl—5(s = O]a(s) = A () 5.3

—B [y pexp[—B(t — 5)]f(s) + exp[—B(t — s)]g(s)ds
| +8 [} pexp[—B(s — t)]f(s) + exp[-B(s — t)]g(s)ds = Ag'(¢)

Differentiating one more time results in

{ (N2 — 2B) f(t) — 2pBg(t) = Af"(t) = 2L f(t) + 22q(t) + f' (1) = 0

(A2 — 28)g(t) — 208f(t) = Mg (t) = 222 g(t) + 22 f(t) +¢"(£) = 0
(5.1.33)
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Define
28 — AG? + 2
wt = P i+ PP (5.1.34)
28 — A3 — 2
i = 2 [f\ o (5.1.35)

Then equation 5.1.33 is equivalent to

wi+w? wi—w? N
{ sl 54y + g0 4 (1) = 0 5056
w24w? w2 —w?2 " T
HTg(t) + () + 9" (1) =
Hence solutions to f(¢) and g(t) are |
f(t) = cisin(wat) + cacos(wat) + casin(wit) + cycos(wit) (5.1.37)
g(t) = —cisin{wst) — cacos(wat) + cssin(w;t) + cocos(wit) h

with the boundary conditions,

{ f'(0) = Bf(0) =0, g'(0) — Bg(0) =0
F)+8f(1)=0, ¢(1)+Bg(1) =0
Substitute the functional form of f(t) and g(t) into the boundary conditions.

¢y (wacos(ws) + Psin(ws)) + co(—wasin(wsy) + Beos(ws))
+es(wyicos(wy) + Bsin(wy)) + ca(—wisin(w;) + Beos(wy)) =0
—c; (wecos(wg) + Bsin(ws)) — co{ —wasin(wy) + Beos(ws)) (5.1.38)
+cs(wicos(wr) + Bsin(wi)) + cs(—wisin(wi) + Beos(wr)) = 0

—Cciwy + e + cswy —cyB =0

| aws — B+ cawy —cyB=0

In order to have non-zero solutions, the determinant of the following matrix should

be equal to zero.

wycos(wy) + Bsin(wy)  —wasin(wy) 4+ Beos(wy) wicos(w) + Psin(w;) —wisin(w;) + Beos(wy)
—wpcos(wy) — Psin(wg)  wasin(wsy) — Beos(wy)  wicos(w;) + Psin(w;) —w;sin(w ) + Beos(w)
—Wws p wy -8
Wo , -3 wy -
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Calculating the above determinant results in the following equation

4(2Bwsycos(wy) + Bsin(wsy) — wasin(wy))(B%sin(w;) + 2Bw;cos(w;) — wisin(w;)) = 0

(5.1.39)

This means that
B2sin(w;) + 2Bw;cos(w;) — wisin(w;) =0  or, (5.1.40)
2Bwscos(ws) + Bsin(wy) — wisin(wy) = 0 (5.1.41)

Solving equation 5.1.40 is the same as setting ¢; = ¢; = 0. The reason is as follows.

When ¢; = ¢, = 0, equation 5.1.38 can be reduced to

{ ca(wycos(wi) + Bsin(wr)) + ca(—wisin(wy) + Beos(wr)) = 0 (5.1.42)

cswy; — ey =0
For non-zero solutions, the determinant of equation 5.1.42 is zero, i.e.

wycos(wy ) + Psin(w;) —wssin(w;) + Beos(w)

w1 —ﬁ

= B*sin(w;)+2Bw,cos(w; ) —wisin(w;) = 0

(5.1.43)
Equation 5.1.43 is equivalent to equation 5.1.40.
Similarly, it can also be shown that solving equation 5.1.41 is the same as setting
c3=c4 = 0.

Since equation 5.1.40 and equation 5.1.41 are essentially the same and both of
them are equivalent to equation 1.3.30 in the univariate case, the solution to w; and
wq should also be the same as that of equation 1.3.30. Notice also that if the ith
smallest solution to w; and wy is denoted as w; = wy ; = wq;, ¢ > 1, w; can be derived

through a simplified version of either equation 5.1.40 or equation 5.1.41,

(5.1.44)
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Please refer to section2.3, chapter 2 for the detailed illustration of finding w;.
In terms of eigenvalues, after obtaining w; and applying equation 5.1.34 and equa-

tion 5.1.35, the ith eigenvalue is

26(1 +

Ay = —w§+ﬁ§) (5.1.45)
26(1 —

Agi = —w§+5§) (5.1.46)

As to eigenfunctions, the ith eigenfunction related to the ith eigenvalue A;; is
fri(t)

denoted as (
g1,:(2)

). Using equation 5.1.37 and the condition that ¢; = ¢, = 0 and
C3 = w£104,

() = B c,sin w;t) + cqcos(w;t

Falt) = Ecasin(uit) + cxcos(u) G.04)
914(t) = wﬁic‘tsin(wit) + cqcos(w ;t)

The unknown coefficient ¢4 can be solved using the orthogonality condition, as well

as the fact that f7;(t) = g%,(t). Since fol fLit) + g2 ,(t)dt = 1

1
: 1
/ fla(t)dt = 5 (5.1.48)
0o 2
Hence, the solution to cq4, f1:(t) and gy :(t) are
2
W
— i 5.1.49
c 208 + w? + (2 ( )
w?
R — 'L
fr:(t) = 1,4(t) = T 12 cos(wzt) + o + e ——————sin(w;t) , (5.1.50)
where w; solves the equation cot(w;) = wz ﬁufz

Similarly, the ith eigenfunction related to the ith eigenvalue A,; is denoted as

il .
(f2’ E ;) . Following the same calculation procedure for finding f;(t) and g1 ;(t), the
92,i t

value for f,;(t) and go;(t) ar

e
f2i(t) = —go:(t) = a5 27008 (w;t) ”25 +w +ﬁ251n wit) , (5.1.51)
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2 2
wi—f

where w; solves the equation cot(w;) = .-

In short, the bivariate Karhunen-Loeve expansion to the bivariate Ornstein-Uhlenbeck

process can be summarised in lemma 5.1.2.

Lemma 5.1.2. The bivariate Karhunen-Loeve expansion to the bivariate Ornstein-

Uhlenbeck process with the covariance matriz
Y(t)

couX (), X(s)) couX(e),Y(s)) 12 [ exp(=Blt—s|) pezp(~Blt - s|)

cou(X(s),Y(8) con(Y(t),Y(s))| 2P\ pesp(~Bls—t]) exp(—Blt - s|)
(5.1.52)

can be expressed as

xw) _ s (VE VE) (), [
Y (%) \/— \/—;‘ g) Vwi+p

/ 20 [ 2p ,
[ mcos(wit)+ msm(wit)} :

where & and &, are mutually independent standard normal random variables and w;

solves the equation

w? — 32
t(w;) = — .1.53
cot(ws) = 2 (515
X(¢) .
The bivariate process can also be-expressed as a linear combination of two
Y (t)

independent Ornstein- Uhlenbeck processes X'(t) and Y'(t). That is

xw) _ (V¥ ) (Xo 5150
v \V& V&) \re) B
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where

dX'(t) = —BX'(t)dt+ rdB(t)

dY'(t) = —BY (t)dt+rdBsy(t) ,

with initial condition X (0),Y'(0) i4.d. ~ N(O,%) and Bi(t) and By(t) are two

independent Brownian motion.

In the above two examples, the bivariate Brownian motion and the bivariate
Ornstein-Uhlenbeck process share almost the same covariance structure, which is
1 p
cov(X1(t), X1(s)) (5.1.55)
p 1
This covariance structure results in the same Karhunen-Loeve expansion for both of
the processes, which is
X(t N Ve & (
( ( )> = li f_ ,( ) , (5.1.56)
Y (t) Vi /52 \Y'®)
where X(t) and Y(t) are the correlated processes, while X'(t) and Y'(t) are the
corresponding independent processes. This is not a coincidence. The following the-
orem guarantees that equation 5.1.56 is the right Karhunen-Loeve expansion for the

bivariate process with the covariance structure mentioned in equation 5.1.55.

Xi(t
Theorem 5.1.3. Assume that X (t) = () is a bivariate process with the co-

Xo(t)

I p

variance matriz cov(X;(t), X1(s)) , where t € T and 0 < p < 1. If the
p 1

univariate Karhunen-Loeve expansion for X1(t) and Xo(t) is

Xi1(t) =Xa(t) =Y VNtt): i~ iidN(,1)

i>1
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there exists a bivariate Karhunen-Loeve expansion for X (t) expressed as

X] (t) ‘Jsi(t) (bl_(t)_ ,
:§:V(1+P)/\i v2 §i+E V(1 =p)X v2 &
- ®i(t) - _$i(t)
Xg(t) i>1 V3 i1 V2

where &; and &, are the mutually independent standard normal random variables.
If AW 1.(t) and g;(t) represent the ith eigenvalues for the bivariate expansion,
the ith eigenfunction for X;(t) and the ith eigenfunction for X,(t) respectively, the

above expansion means that

= an H0=20  a0-2 o
WUk f0=22 am=-2
Proof. The bivariate Fredholm integral equation in this case is
/ cov(Xi(t), X1(s)) ARERR ds = APV () (5.1.57)
T p 1] \ais) g:(t)
This is equivalent to
/ K(t,s)fi(s)ds + p/ K(t,8)gi(s)ds = A€W (1) (5.1.58)
T T
p /7 K(t, 5)fi(s)ds + /{ K(t, s)gs(s)ds = \P¥g.(t) . (5.1.50)

where K (t,s) = cov(Xi(t), Xi(s)).

Subtract equation 5.1.58 multiplied by p from equation 5.1.59, we obtain
(1—p?) / K(t, 8)gi(s)ds = AREW g (2) — XBEW 571 (5.1.60)
T

Similarly, subtract equation 5.1.59 multiplied by p from equation 5.1.58, we obtain

(1- ) /T K(t, 5)fi(s)ds = APV £(t) — APEW pg.(1) (5.1.61)
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Add equation 5.1.60 and equation 5.1.61.

(1+p) /TK(t, $)[fi(s) + gi(s)lds = NV £i(t) + g:(t)] (5.1.62)

Subtract equation 5.1.60 from equation 5.1.61.

(1—-p) /7_ K(t, s)[fi(s) = gi(s)lds = NV [[i(t) — gi(t)] (5.1.63)

Both equation 5.1.62 and equation 5.1.63 can be now treated as the Fredholm
integral equation for the univariate process with kernel function K(t,s). Therefore,
the eigenvalues and the eigenfunctions can now be derived using the result of the
univariate process. In terms of the eigenvalues, from equation 5.1.62, APV = (1 +
p)X;, while from equation 5.1.63, AW = (1 — p)\;. Since both of the eigenvalues
should solve the integral equation 5.1.57, the possible solutions to the eigenfunctions,

as well as the eigenvalues, should be
MW = (140, filt) +9:(t) = args(t), fi(t) —g:(t) =0 or
N =1 =pAi;,  filt) = g:t) = cadi(t),  filt) +a:(t) =0 ,

where ¢; and ¢y are constants. Both ¢; and ¢, can be derived using the orthogonality

condition
[ 5050 + (05,0 = 3 (5.1.64)
When APV = (1 + p)A;, fi(t) = g:(t) = $¢i(t), hence
2 . c
1= /Tff(t)+gi (t)dt = 31 (5.1.65)

Hence ¢; = v/2. Similarly, ¢; = v/2. Therefore, the ith eigenvalue and the ith

eigenfunction are

AW (14 ), fi(t)z“bj;’ gz-(t):@(;) or
¢i(t) #i(t)

ANV =(1-pX  filt) = NG gi(t) = — 7
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d

In the next section, theorem 5.1.3 will be extended to a more complicated multi-

variate setting.

5.2 Multivariate Karhunen-Loeve expansions

In this section, the results from the univariate time, bivariate state, Karhunen-Loeve
expansion are extended to the univariate time, multivariate state, Karhunen-Loeve ex-
pansion. The idea behind both is the same. Assume X(t)7 = (Xl ), Xa(t), -, Xd(t))
is a d-dimensional stochastic process. Each X;(t) is defined on the interval [0, T]. X(t)
is further assumed to lie in the multivariate Hx space eqﬁipped with the finite energy

Ele E(X2(t)) < co. Its inner product is defined as
d
< X(t),Y(t) >= EX@®)TY () = > EXi(H)Yi(t)] (5.2.1)

given X(t), Y (t) € Hx. Using properties of the expectation, the above inner product
can be shown as a valid inner product. In the multivariate setting, assume that the
eigenfunction for each X;(t) is f@(2).

Under certain condition (equation 5.2.21 and equation 5.2.22), which assumes
continuity of the covariance function after lining up the process, the lining-up method
is used again to this d-dimensional process and a new stochastic process U (t) is formed

and defined on the interval [0,dT]. The corresponding eigenfunction for U(t) can be
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defined in the same way as that in the bivariate case.

’

X (t) 0<t<T
Ut) =  Xit—G-1T) G-1)T<t<iT (5.2.2)

X4(t — (d—1T) (d—1)T <t<dl

\

' FAO() 0<t<T

p(t) = § fOU-(G-1T) G-DT<t<iT (5.2.3)

fOt—(d-1T) d-1DT <t<dT
Then for 1 —1)T <t <iT,1<i<dand (j-1)T <s<j7T,1<j<d, the

covariance function Kj ;(t,s) between U(t) and U(s) can be expressed as
K i(t,s) = cov(U(t),U(s)) = cov[Xi(t — (¢t — 1)T), X;(t — (j — 1)T)] (5.2.4)

For d-dimensional processes, the Fredholm integral equation is equivalent to the d
simultaneous integral equations. Each of them corresponds-to a specific time interval

of U(t). For (1 —1)T <t <iT, 1 < i <d, the Fredholm integral equation yields
T
/ cov(U(), U(s)b(s)ds = \é(t) (- T <t<iT,1<i<d (525)
0
Replace U(t) with the corresponding X;(t),
T
/ cov[Xi(t — (i — 1)T), X1(s)) P (s)ds
0

2T

+ / cov[Xi(t — (i — )T), Xa(s — T)] f P (s)ds

T

+...+/( cov[Xi(t — (i — 1)T), Xu(s — (d — 1)T)] /D (s)ds

d-1)T
= MOt - (- 1)T) (-1)T<t<il,1<i<d
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After some rearrangements, the above equation can be simplified to

d T
3 [ eonlt = (1= D), XD s = 27O - 6~ 1))
j=170
(i—-1DT<t<iT,1<i<d
This is equivalent to the statement that when 0 < t < T, the Fredholm integral

equation is expressed as

d T
S / cov[Xi(t), X, ()19 (s)ds = A\ () 0<t<T (5.2.6)

In the multivariate setting, the orthogonality condition is

dT d kT
| asi()ds = by 3 /() S(s = (k=T P (s = (k= )T)ds = 8
- (5.2.7)
This is equivalent to
d T
> [ 10 Pes = s, (5.2.8)
k=1

A version of Mercer’s theorem in the multivariate setting has been rigorously
proved in Mahram et al. (2002). See, appendix 7.1, for the statement of the generalised
Mercer’s theorem. Here the result for the covariance function is briefly shown using
the lining-up method.

Assume that the covariance function is continuous after lining up the process. For
t—-1DT <t<iT,1<i<dand (j—1)T < s < jT,1<j <d, the covariance

function K;;(t, s) between X;(t) and X;(s) can then be expressed as

K;i(t, s) = cov(U(t), U(s)) = cov(X;(t), X;(s))

= Do NBe(s) = D WSt~ (= DD (s - (G- DT)

k>1 k>1
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This is equivalent to the statement that for 0 <¢,s < T,
Kii(t,s) = > Mf ()£ (s) (5.2.9)
k>1
The above results could be further expressed in the matrix form. Defining the covari-

ance matrix K(¢t, s) = cov(X(t), X(s)) and the eigenfunction f(t) as follows

cov(X;(t), X1(s)) cov(Xi(t), Xa(s)) . cov(X1(t), Xa(s))
K(t,s) = | cov(Xa(t), X1(s)) cov(Xz(t), Xa(s)) cov(Xa(t), Xa(s))

cov(X4(t), X1(s)) cov(Xa(t), Xa(s)) - cov(X4(t), Xa(s))
o7 = (00, o0, -, f90)

Notice that f(t) defined above is a column vector, while f(t) in the previous section
represents the univariate eigenfunction for a univariate process. For the multivariate
process X(t), t € [0, T, its multivariate Karhunen-Loeve expansion can be expressed

as

X1 () fiC >

(2)

x@ = | Y meafo
Xa(t) ﬁ%ﬂ

where &; ~ 1.5.dN(0,1). Then, the Fredholm integral equation is

/‘Kst s)ds = Mf (1) (5.2.10)
with the orthogonality condition
T
| 56 fis)ds = & (5.2.11)
0
Mercer’s theorem is
K(t,s)=>_ Mfi(t) I (s) (5.2.12)

i>1
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In the multivariate setting, the eigenfunctions are vectors, while the eigenvalues are
still scalars.

The multivariate results for the Karhunen-Loeve expansion will now be expressed
using the generalised Mercer’s theorem. A theorem, similar to theorem 1.2.1 in chap-

ter 1, will be proposed and proved here.

Theorem 5.2.1. Let X(t) € Hx, t € T be a zero mean vector process with 3o, E(X2(t)) <
oo. Its covariance matriz is denoted as K(s,t) for the covariance between time s and

time t.

Let {fi} be the orthogonal eigenfunction vector, i.e.

/ fi@®)T f;(t) = 6 (5.2.13)
T

1. Assume that \; and @i(t) satisfy the following equation ,

/7 K(t, 5) fi(s)ds = Afi(t) (5.2.14)

where {fi,i € N} and {\;,i € N} are called the eigenfunctions and eigenvalues

respectively in the multivariate setting.

Furthermore, choose

o = / FOTX()dt (5.2.15)
T
Then
X(t) = lim 3= pifi(t) ~ (6216)

The limit is defined in the sense of mean square convergence.

2. Conversely, if X(t) = > 2, pifi(t), where {p;;i € N} is i.i.d. with mean 0 and

variance A;,

/T K(s, ) fi(s)ds = Aifi(t) (5.2.17)



Proof. The proof is also similar to that in the univariate case.

(a) We first show that E(p;) = 0 and cov(p;, p;) = Xidy;

E(p) = E / LOX(8)dt) = f f(OE(X (@)t = 0
cor(pepy) = Blows) = [ [ F@) BOXEX () f(o)dsae
- /T 0 /T K(s, 1) f;(s)dsdt = fT £ N f (8t

Moreover,

= Aiby

E(piX()T) = / fi(s)TX(s)X(t)ds)
= /fl(s)TE t)T)ds
= )‘f’L

Therefore,

|1X(¢) — Zpiff(t)l|2
< X(t) - Zpifi(t)7x(t) - Zpifi(t) >
< X(t),X(t) > -2 < X(2), szﬁ <Zp £), > pifi(t)

1 =

> E(pifi(t)T pi £3(2))

Mv

EX(t)"X(t) — 2ZE ()T pa) fi(t) +

=1 i=1 j=1
E(X(t)TX(t) )—22,\f O L@+ Elppi) fit) f5(t)
i=1 i=1 j=1

E(X@®)TX(t) )—Z)\f )T fi( t)_ZEX Z)\tracefl T £(1))

=1

trace(K(t,t)) Z/\ trace(fi(t) fi(t)T) = trace[K(t,t) Z)\ fi(?)

201
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The limit follows from the generalised Mercer’s theorem. Appendix 7.1 states the

generalised Mercer’s theorem. See, for example, Mahram et al. (2002), for proof.

(b) Conversely, if X(t) = Y2, pifi(t),

K(t,s) = EXOX()) =Y E(pifi(t)pif;(s)7)

i=1 j=1

= 35" E(pin) i) f;(5)" = ZA fi@) f:(1)T

i=1 j=1

and the integral equation is

/T K(t,5)fi(s)ds = /7_ S A1) uls)ds
= S50 [ K6 s

= Afi(t)
O

We use two approaches above to derive the multivariate Karhunen-Loeve expan-
sion. One is to use the lining-up method to transform the multivariate problem to
a univariate problem, when the covariance function, after lining up, is continuous.
The other approach relies on the generalised Mercer’s theorem and derives the mul-
tivariate Karhunen-Loeve expansion to all X(¢) in the space of Hx. The latter is a
more general approach, while the former might cast doubt on applying the univariate
Mercer’s theorem after lining up, since the corresponding covariance function might
not be continuous. For example, to the d dimensional vector Brownian motion X(¢)
with cross covariance function cov(X;_1(t), Xi(s)) = pmin(t,s), 0 < t,s < T, if the

covariance function is continuous after lining up,

lim; ,rcov(X;_1(t), Xi(0)) = lim, rrcov(X;_1(t), Xi—1(t)) , (5.2.18)
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where the limit in the equation is a limit from the left. However

limt/'TCOV(X,;_l(t), Xf,,(O)) =p X 0=0 (5219)

lim; rcov(X;_1(t), Xi—1(t)) = lim, pomin(t) =T (5.2.20)

Since equation 5.2.19 and equation 5.2.20 are not equivalent, the continuity assump-
tion in the univariate Mercer’s theorem, after lining up the vector Brownian motion,

is not satisfied. Hence the lining-up approach is not suitable in this example.

Remark 5.2.1. As mentioned in Mahram et al. (2002), checking the continuity in the
covariance function is the same as checking the mean square continuity of the process
after lining up. In the multivariate setting, this is equivalent to checking the mean

square continuous at the transition point in the process X(t), i.e.

limarE[| Xi(t = T) - X;(0)]] =0 1<i<d (5.2.21)

lim, 7 E[|X;1(t) = X:(0)’) =0 2<i<d (5.2.22)

The first equation is a limit from the right, which is always right, since it involves
only one process. However, the second equation, which is a limit from the left, goes
through two processes and does not equal to zero to some often used processes in
this thesis. Again use the example of the vector Brownian motion with the cross

covariance cov(X;_;(t), Xi(s)) = pmin(¢,s), 0 < ¢, s <T

lim, 7 E[| Xi-1(t) = Xi(0)’] = Var[X;_1(¢) — X:(0)]

= 1imt/~TVar[Xi_1(t)] + Var[Xl(O)] - 2C0V[Xi_1(t), Xl(O)] = limt/Tt =T 7é 0

If the vector process X(t) is mean square continuous, both approaches are equivalent,

since the covariance function is continuous after lining up the process.



204

Theorem 5.1.3 in the last section is extended to a more complicated multivariate
sett‘ing. It can be proved that if the vector process X(t) = AY(t), where Y(¢)
is independent and A is orthogonal, the multivariate Karhunen-Loeve expansion of
X(t) can be expressed in terms of the univariate Karhunen-Loeve expansion of Y (t)

of each its component.

Theorem 5.2.2. For a vector process X(t)T = <X1(t), Xo(t), -+, Xd(t)), t e
T, assume X(t) = AY(t), where A is an orthogonal matriz, i.e. ATA = I, and

Y(t)T — (Y1 t), Ya(t), ---, Yd(t)) is an independent vector process, i.e.
cov(Yi(t),Y;(s)) =0, if i #

If the univariate Karhunen-Loeve expansion for Y;(t) is

Yi(t) =) /A ibea(t)es (5.2.23)

k>1
and A{; # AL ; when i # j, the multivariate Karhunen-Loeve expansion for X(t) is a

linear combination of the univariate Karhunen-Loeve expansion of Y;i(t), i.e.

SN, 0 0 ba® 0 -0 -
0 AY, .. 0 0 ty --- 0 €
X(t) = ZA A/ A2 Pr,2(t) k2

k>1
0 0 - /A 0 0 - alt)) \€ra
(5.2.24)

where {€x;} is a series of independent standard normal random variables.
Proof. Since X(t) = AY(t), its covariance matrix is cov(X(t), X(s)) = Acov(Y(t), Y(s))AT.

Hence the integral equation we need to solve is

/T Acov(Y(£), Y(s)) AT f(s)ds = Af(£) | (5.2.25)
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where f(t)T = (f(l) ®), fO@), -, f@ (t)) and each f(®(¢) is the eigenfunction
for X;(t) in the multivariate setting.

Since matrix A is orthogonal, equation 5.2.25 is equivalent to

[r cov(Y (£), Y (s)) AT f(s)ds = AATf(2) (5.2.26)
We can further assume that
fit)=ATf(t) = ( FO®), fAe), -, ff(d)(t))T (5.2.27)
The orthogonality condition of f/(¢) follows from f(£).

/T LT f(t)dt = /T Fi)TAAT f;(t)dt = /T Hi®Tf;)dt = by (5.2.28)

Therefore the Fredholm integral equation can now be expressed as

cov(¥1(s), Ya(t)) 0 e 0 O (s) FO(t)
/ 0 cov(Yy(s), Ya(t)) - 0 @ (s) IO)
X ds = A
T
0 0 -+ cov(Ya(s), Ya(®)) ) \SD(s) F ()
(5.2.29)

This is the same as the following d simultaneous equations.
/ cov(Y;(s), V() fD(s)ds = \f'O(t) 1<i<d (5.2.30)
T

Now, the multivariate Fredholm integral equation of X(t) has been transformed
to the univariate Fredholm integral equation of Y (¢) of each its component. For the

tth equation

/Tcov(ms), V() f'9 (s)ds = M f'D(t) (5.2.31)
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where )i ; is the kth eigenvalue and f,'c(i) (t) is the kth eigenfunction,
Mi=My fOW) =¢rat)  1<i<dk>1

Since Af; # A{; when i # j, Ag; # A; when @ # j. However, Ax; should be the
common eigenvalue for all the components of the process X(¢). Hence the solution

to the above d simultaneous equations is

Mep = M 00 = 6@, 20 = QW) = - = f[;P(t) =0, or
MQ—MmS&0=&ﬁ%ﬂ=mxﬂ’@m— =91 =0, or
Mea = Moo 20 =[O = = ;4D =0, £9(8) = pralt)

where f,/c(;) is the jth possible solution to the kth eigenfunction of the process Y;(t).
Notice that f,'c(;) follows the orthogonality condition in equation 5.2.28.

Alternatively all the possible solutions to the kth eigenfunction can be written

down in the following matrix form

ARl0) %) MY (ea® 0 0

/(2) N (C))

IAUORAL0 AAOR BN IO 0 5232
@ £90 - f9m) o 0 - dralt)

Since f(t) = Af'(t), all the possible solution to the fi(t) can now be expressed as
SO {OREEIN A0 rat) 0 0

(2) (2) (2)
(0 £330 - S| ] 0 gkl 0 (5.2.33)

Gty f90 - 490 0 0 - Gral)
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Therefore, the multivariate Karhunen-Loeve expansion for X(t) is

8=

(0@ 9@ - fOO) (e 0 0\ (o)
(2)(t) (2>(t) o fB 0 Mo -+ 0
k,d k,2 €k,2
X(t) = Y,
k>1
\“”(t) 0 - A/ o 0 wma) \ea)
i 0 o 0\ [ea® o 0\ fen
0 )\k’g 0 0 ¢k,2(t) 0 Ek,2
= }: A
k>1
0 O /\k,d 0 0 (f)k’d(t)) fk,d
[}

Remark 5.2.2. Sometimes, although the correlated vector process X(t) can be written
down as a linear combination of the independent vector process Y (), i.e. X(t) =
AY (t), A may not be orthogonal. However, it is still possible to write down the
multivariate Karhunen-Loeve expansion of X(¢) in terms of the univariate Karhunen-
Loeve expansion, if A satisfies the following three conditions.
(i) A=UD
(ii) UUT = I, i.e. U is an orthogonal matrix
(iii) Y'(t) = DY(t), where Y (¢)T = (Yf(t), Yi(t), -, YZ@))’ is still an inde-
pendent vector process, with the different eigenvalue for each new process Y/ (t) after
transformation. Then X(t) = AY(t) = UDY(t) = UY'(t), where UUT = 1.

If AAT is a symmetric positive definite matrix, i.e. AAT = UTU7?, the above
conditions satisfy if the new independent process has different eigenvalues for each of
its component. Since A can be written down as A = UT'z, Y'(t) = [2Y(t) is the new

independent vector process. If each Y]/(t) has different eigenvalues, X(t) = UY'(t),
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with orthogonal matrix U. The multivariate Karhunen-Loeve expansion of X(t) can

now be expressed using theorem 5.2.2.

Remark 5.2.3. If there is no decomposition of A of this kind, the multivariate Karhunen-
Loeve expansion of X(¢) might not be expressible as a linear combination of the uni-
variate Karhunen-Loeve expansion of Y (t) following theorem 5.2.2. Since this linear
combination might not solve the multivariate Fredholm integral equation. However,
this linear combination can still be defined as so-called the Karhunen-Loeve-like ex-
pansion. Although it might lack some attractive properties of the Karhunen-Loeve
expansion, like the minimal mean squared error, analysis like simulation and covari-

ance reconstruction can still be implemented.

Theorem 5.2.2 can now be applied to prove the following corollary, which is an

extension of theorem 5.1.3 in section 5.1.

Corollary 5.2.3. For a vector process X(t)T = (Xl(t), Xo(t), ---, Xd(t)>, as-
sume its covariance matriz K(s,t) can be expressed as K(s,t) = cov(Xi(s), X1(t))B,
where B is a symmetric positive definite matriz.

Then the multivariate Karhunen-Loeve expansion for X(t) can be written down as

€i,1
61,
X(t)= Ur: B RVETOR (5.2.34)
i>1 P
€id

where X219 and ¢;(t) is the ith eigenvalue and the ith eigenfunction for X,(t) respec-

tively. {e;j,1 > 1,1 < j < d} is a series of independent standard normal random
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variables. U and T' come from the eigenvalue decomposition of the matriz B, i.e.

B =UTUT.

Proof. Since B is a symmetric positive definite matrix, it can be decomposed as

B=UuruT , (5.2.35)
v 0 - 0

where UTU =T and ' = | ¢ yo oo+ 0|, >0,1<4i<d, v #; when i # j.
0 0 - 74

Hence the covariance matrix for X(t¢) can also be expressed as
cov(X(t), X(s)) = Ulcov(X1(t), X1(s))T)UT - (5.2.36)

An independent vector process Y (t) can now be defined with cov[Y;(t),Y;(s)] =
yicov[X1(t), X1(s)]dij, such that X(t) = UY (¢). Therefore the kth eigenvalue and the
kth eigenfunction for Y;(t) are v;A24, k > 1 and ¢, (¢),k > 1 respectively. Since the
eigenvalue for Y;(t) is different from that for Y;(t), i.e. 1A # ;A2 when i # j,
and U is an orthogonal matrix, the result in the corollary is a direct application of

theorem 5.2.2. O

Remark 5.2.4. Corollary 5.2.3 can now be applied to prove theorem 5.1.3 in the

bivariate case in section 5.1. Since B = P )
p 1
1+p 0 S %
= U=|v: V2 (5.2.37)
1 1
0 1-p i T/
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Hence using equation 5.2.34, the bivariate Karhunen-Loeve expansion for the bivariate

Xi1(t)

process is

Xa(t)

X)) _ \/7 V5 (60 =
o) B\ ) () e e

where &1 and &, o are the mutually independent standard normal random variables.

This is the same result as what is derived in section 5.1.

5.3 Numerical methods

There are two approaches to implement the multivariate Karhunen-Loeve expansion
in the multivariate setting. When the process is mean square continuous, the lining-
up method can be applied to transform the multivariate problem into the univariate
problem. The details of the numerical methods with respect to the univariate problem
have been discussed in chapter 2. However, in practice, not all the processes are mean
square continuous. A more general approach using the generalised Mercer’s theorem
has to be applied, as discussed in section 5.2. Correspondingly, some adjustments to
the numerical methods are required. This section can be treated as a generalisation
of section 2.1 and section 2.2, chapter 2. The main numerical methods discussed here
are still the integral method and the expansion method using the Fourier basis and
the Haar wavelet basis. For simplicity, the interval 7 = [0, 1]. Other intervals could

be easily generalised.

Integral Method

Suppose that we have a vector process X(t)T = (Xl(t), Xo(t), -+, Xd(t)).



211

X and f(™(t) are used to denote the eigenvalue for the multivariate Karhunen-Loeve
expansion and the eigenfunction for X, at time ¢ respectively. The Fredholm integral

equation here is

cov(X1(t), X1(s)) cov(Xi(t),Xz2(s)) -+ cov(Xi(t), Xa(s)) FO(s)
/1 cov(Xa(t), X1(s)) cov(Xa(t), Xa(s)) -+ cov(Xa(t), Xa(s)) fA(s) i
cov(Xa(t), X1(s)) cov(Xa(t), Xa(s)) -+ cov(Xa(t), Xa(s))] \fD(s)
o)
NG
o)

Assume that n points ¢;, 1 < ¢ < n on [0, 1] are used to approximate the integral,
with 0 =t; < t; <ty <+ <t, < tpy1 = 1. Then the approximation using the

integral method can be expressed as

COV(X] (tj), X1 (t,)) COV(Xl(tJ’), Xg(tl)) e COV(X1 (tj), Xd(tz))
g cov(Xa(t;), Xi(t:)) cov(Xa(t;), Xa(ts)) -+ cov(Xa(ts), Xalti))
i=0
cov(Xa(t;), X1(t:)) cov(Xa(t;), Xa(ts)) -+ cov(Xa(t;), Xa(t:))
™ 9 ... o0 FO) FO()
- 1w | _, | 12w
0 w? .. 0 =\
0o o
FO) FO(t;)
When the uniform integral method is used, ng) = n+r2, 0<i<n+2,1<j5<d,
while when the trapezium method is used, w{’ = wgl.l = m, 1<j<dand

w? =5 1<i<n 1<j<d



Or after re-arrangement with the notation

X5 = (Xn(tr), Xm(t2),

and the jth eigenfunction for the process X,,,

U = (1 0), 1),
the approximation to the integral equation is

cov(Xy, XT) cov(Xy, XT)
cov(Xz, XT) cov(Xq, XT)

-~ cov(Xq, XT)
-~ cov(Xa, XT)

cov(Xa, XT) cov(Xa, XT) ---cov(Xy, XT)

1 1 1 1 1
oY ey oY
2 2 2 2 2
F2 R A RERR fl) 2
d d d d d
;952 £ e @9
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] Xm(tn)): (531)
s (b)) (5.3.2)
w® 0 ... 0
0 wW® ... 0
0O ..- w@
f(n+2); M0 0
f(n+2)d 0 A -+ 0
fokza) \ O 0 An+2)d

The following notation is introduced so that the notation used here is consistent with

that in the univariate case.
cov(Xy, XT) cov(Xq, XT)
cov(Xq, XT) cov(Xz, XT)

cov(Xa, XT) cov(Xq, X7)

(6 B¢ N f(l)
1 2 (n+2)d
(2)  £(2) (2)
I Fint2)a
f =
(d) f(d) (d)
\f 2 Jint2a
1
(W(n+2)x(n+2) 0
2
Wint2)ax(nt2a = 0 Witkayx(ns2)

L o

: 'COV(Xl,X;'iT)

- cov(Xg, XT)

A=

(56.3.3)
-~ cov(Xq, XT)
M 0 .- 0
0 Ay - 0
0 0 /\(n+2)d
0
W(d)

(n+2)x(n+2)
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W is a weighted matrix for the approximation. When the uniform integral method
is used, W = n—1+—2-1 (n+2)dx (n+2)d- When the trapezium method is used, each submatrix

W® is identical and equals to

(s 0 0 0 )
I R M
wo | (5.3.4)
0 0 L0
1
\ 0 0 0

Thus, the Fredholm integral equation has been changed to the eigenvalue problem
KWf=fA (5.3.5)

under the orthogonality condition fTW f = I. With ¢ = W2f, we need to solve
a symmetric eigenvalue problem WiK W%¢ = ¢A with the orthogonality condition
¢T¢ = I. After obtaining ¢ and A, the inverse transformation can be computed,
f=W-ig.

The covariance matrix between X,,, and X,,, can now be expressed as

M O -0 ()T
T (m1) (m) (1) 0 Ay --- 0 (f2(m2))T
cov(Xim,, Xm,) = (fl y fa f(n+2)d) e
0 o - /\(n+2)d (f((:fz))d)T
(5.3.6

If the first p < (n + 2)d eigenvalues can explain most of the cumulative expected

variance, the approximation of the covariance matrix at order p can be used.

M 0 .- 0 ( 1(mz))T

0 X --- 0 (ma)\T
COV(Xml,ng) ~ (fl(ml)’ 2(m1)’ e p(’”u)) | 2 ( 2 | )

0 0 ) \Gm

(5.3.7)
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Expansion Method 1: the Fourier method
Let X(¢)T = (X1(t) Xo(t) --- Xd(t)) be a d-dimensional vector process and
{6;,1 < i < M} be a series of M adequate Fourier basis functions. Denote fi(m) (t)

the 7th eigenfunction for the process X,,(t) and f™(t) can be expanded as

£ =S dPow(t) = (DI™)To(t) (5.3.8)

where

0 = (010, 0a(t), - 6u(®))
(D)™ = (a2, a5, d))
while dg:’) are the unknown coefficients for the expansion of the eigenfunction fi(m)(t).
As in the univariate case, both sides of the integral equation are multiplied by each
basis function and are then integrated one more time. Then the following equation

can be obtained on the process X,

M 1 pl1 M 1 p1
S d) / / K (5,8)64(5)6; () dsdt + 3 d? / / K™ (s, )0, (s)6; (£)dsdi + - -
k=1 0 0 k=1 0 0

M 1 1 M 1
+ ng,‘? / / K(m’d)(s,t)&k(s)ej(t)dsdt—)\ingkm) / O (t)0;(t)dt =0 ,
k=1 0 70 k=1 0

where K@) (¢, s) = cov(X,(t), X5(s)), a,b=1,2,--- ,d.

Denote

1 1
Al = / / K9 (s,4)0(s)0(t) T dsdt
0 Jo

B = / 1 0(t)0(t)  dt

(D{™)T Ay 0 .- 0
(DT 0 Ay -+ O

Apxp =

(Dy™)” 0 0 - X
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Then the equation on the process X,, can be written down in the matrix form

A(m,l)(D(l))T + A(m,Z)(D(Z))T 4+ A(m,d)(D(d))T — B(D(m))TA

DO AmD) 4 D@ gm2) .. 4 D) gmd) - A pm) g

The matrix form can be extended to the whole vector process X(¢) by further denoting

AL pA@D o A@D) B 0 --- 0
A2 422 .. A@2) ) 0 B ..+ 0
Apmdaxmd = y Budaxmd =
AMd)  A@Rd .. A@d) O 0 ..- B
Dde::(Dm,Dm,”.,Dm>

Finding the eigenvalue and the eigenfunction in the Fredholm integral equation is

reduced to solving the equation

DA=ADB (5.3.9)

This equation matches the one in the univariate case and is also a generalised
algebraic eigenvalue equation.

Expansion Method 2: the Haar Wavelet method

Under the same notation as chapter 2, the eigenfunction, using the Haar wavelet

basis function {1« (t)}, can be expanded as

() = % dipe(t) = W (t) D{™ (5.3.10)
k=1
where
V) = (0@, w0, -, b))

(m)h\T __ m m m
(D) = (d§1)7 d§2), o dz(M))
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Using the Haar wavelet basis function, the covariance function can be expressed

as

M M
K (s,1) = " aleWpi(s)s(t) = UT(s) AW (2) (5.3.11)

i=1 j=1

Given data and the basis function, 2-D wavelet transform can be performed to com-
pute the matrix A®®  where A®b) = {al(-;’b)} MxMm- As in the univariate case, M time

points need to be sampled at t; = 43+, 1 < i < M and M should be a number which

is the power of two.

The integral equation on X™ for the ith eigenvalue and the ith eigenfunction is
1 1 : 1
/ K™ (s,0) fVds+ / K™ (s,0) fP ds+ / K™ (s,0) f0ds = A f{™ (5.3.12)
0 0 0
This is equivalent to

T () AV E DY + WT () AmDHDP ... 4 W () A DD = 0T () D™ |
(5.3.13)
where H = [ U(s)¥T(s)ds is a diagonal matrix. Or written in a matrix form for the

first p eigenvalues and the first p eigenfunctions, equation 5.3.13 can be expressed as
DWHAMDY(t) + DAHAMDY(t) + ... + DDHFA™IT() = AD™Y(t) (5.3.14)
The coefficients of W(t) should be equal to both sides of equation 5.3.14.
DWHAMD 4 DA FAm 4 ... 4 DO FAMmD = A pim) (5.3.15)
Multiply both sides of equation 5.3.15 by H 2

DYWHIH: A™VH: + DOHIHIAM™IH: ...+ DOH3H: A |3 = ADM™ 3
(5.3.16)
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Furthermore, for 1 < 4,5 < d, define
DO = pOg:
A6 = giAG)H3

Then equation 5.3.16 is also equivalent to

DWAMY 4 D@ AMD 4. 4 D) A0md) = A Hm) (5.3.17)
Denoting
A0D AGD .. A
. A0 4@ ... AN
Apmdxmd =
A0d jed ... j@d
Dpsrra = (f)m, [ D<d>)

Finding the eigenvalue and the eigenfunction of the Fredholm integra equation is
reduced to solving

DA=AD (5.3.18)

The eigenfunction can now be written as
F(t) = DT (t) = DM H-3 0T (1) | (5.3.19)

where [0 = (£M(0), K@), . f70)

Example: The bivariate Ornstein-Uhlenbeck process

X(t
Assume that there is a bivariate Ornstein-Uhlenbeck process (Y(( ))) with the
t

covariance matrix exp(—|t — s|) < f) p is chosen to be 0.3 here. Since the ana-
o

lytical solution has been calculated in section 5.1, the analytical solution can be used
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Ai 1 2 3 4 5 6

Analytical 0.9604541 | 0.5171676 | 0.1794049 | 0.0966026 | 0.058615 | 0.0315619

Trapezium(n = 200) | 0.9618451 | 0.5179166 | 0.1794054 | 0.0966029 | 0.058835 | 0.0316804

Error 0.14% 0.14% 0.00% 0.00% 0.38% 0.38%

Haar (M=256) 0.9604591 | 0.5171703 | 0.179409 | 0.0966048 | 0.0586186 | 0.0315639

Error 0.00% 0.00% 0.00% 0.00% 0.01% 0.01%

Table 5.1: The eigenvalue comparison between the analytical solution and that from
the numerical methods for the bivariate Ornstein-Uhlenbeck process.
to compare with the solution from the numerical methods. We mainly concentrate
on the performance of two numerical methods here. One is the integration method
using the trapezium rule, while the other is the Haar wavelet method, because both
of them provide good result in the univariate case.

The performance of the eigenvalues A;, ¢ > 1 is analysed first. Table 5.1 provides
a comparison for the eigenvalues between solutions from the numerical methods and
the analytical solutions.

The error is defined in the same way as that in chapter 2

Numerical Solution — Analytical Solution

Error = x 100% (5.3.20)

Analytical Solution

It can be seen that both these methods perform consistently well again with the
difference to the analytical solution smaller than 1%. The Haar wavelet method
outperforms the trapezium method in this case, and its difference with the analytical
solution does not appear until 5th decimal and onwards.

For eigenfunctions, the first two eigenfunctions are plotted for both X (t) and Y (¢)
in three different figures. Figure 5.1, 5.2 and 5.3 show the eigenfunctions using the
analytical method, the trapezium method and the Haar wavelet method respectively.
Notice that in all these three plots, the first eigenfunctions are the same for both X (t)

and Y (¢), while the second eigenfunctions are different in sign, but same in modula.
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Is 1 2 3 4 5 6

Trapezium | 0.0014685 | 0.0014685 | 0.0000047 | 0.0000047 | 0.0037380 | 0.0037380
Haar 0.0000635 | 0.0000635 | 0.0001779 | 0.0001779 | 0.0000517 | 0.0000517

Table 5.2: The difference of the eigenfunction between the analytical solution and
the numerical solution for the bivariate Ornstein-Uhlenbeck process in terms of [;
measure.

This matches our analytical result.
The results by all these three methods are very close to each other. The difference
between the analytical method and the numerical method can be measure by the I,

and [y, which has been mentioned in chapter 2 and defined as follows

lx(m) l
1,4
n

Z[fi(m) (t5) = FI ()

B = \l U ) - B

=1

where both 1™ and ;™ measure the difference of the ith eigenfunction between
its analytical solution, fi(m)(tj) 1 < 7 < n, and its numerical approximation, fi(m) (t;)
1 < j < n, for the process X™)(2). In this example ¢; = 1=}, where 1 < j < n and
n = 202.

X (m) X (m)
™ and I

The powers in the summation of are 1 and 2 respectively, hence
the information they provide is similar to the information provided by the bias and
the standard deviation respectively. According to theorem 5.1.3, in this example the
eigenfunction for X (t) and Y (t) should be the same except for the sign, hence I;
and [}, (k =1,2 and 4 > 1) should be equal to each other and they can be further
denoted as i, where ly; = I, = ;, k=1,2and 1 > 1.

Table 5.2 and 5.3 measure the difference of the first six eigenfunctions between
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loi 1 2 3 4 S 6

Trapezium | 0.0017583 | 0.0017583 | 0.0000052 | 0.0000052 | 0.0126944 | 0.0126944
Haar 0.0004141 | 0.0004141 | 0.0025289 | 0.0025289 | 0.0049991 | 0.0049991

Table 5.3: The difference of the eigenfunction between the analytical solution and
the numerical solution for the bivariate Ornstein-Uhlenbeck process in terms of [y
measure.

the analytical solutions and solutions from the integral method and the Haar wavelet
method, in terms of /; and l,. In general, both [, and l, are quite small, which
implies good approximations using both of the numerical methods. For the first two
eigenfunctions and the fifth and the sixth eigenfunction, both l; and Iy using the
Haar wavelet method is smaller than that using the trapezium integral method. It
means that the bias and the standard deviation for the eigenfunction approximation is
smaller using the Haar wavelet method. For the third and the fourth eigenfunction, on
the contrary, the trapezium integral method outperforms the Haar wavelet method,
since both [; and l, is smaller using the trapezium integral method.

Figure 5.4 shows the reconstruction of the covariance matrix for X (¢) and the
cross covariance matrix for X (¢) and Y (¢) using the trapezium method and the Haar
wavelet method. The difference between two methods is still very small. As what is
expected, the cross covariance matrix is actually squashed by the covariance matrix
by p = 0.3.

At the same time, the difference between the analytical covariance matrix and
the numerical approximation can be further checked using {(X,Y) and §(X,Y),
where both the process X(t) and the process Y (t) takes the value at time point ¢,
1 < i < n for the covariance function if the analytical solution is known, or the

covariance reconstruction if the numerical methods are used. As is mentioned in
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first eigenfunction for X(t) second eigenfunction for X(t)
0.8 0.8
0.75 0.75
0.7 0.7
0.65 0.65
0.6 0.6
0 0.5 1 0 0.5 1
first eigenfunction for Y(t) second eigenfunction for Y(t)
- 0.6
0.75 0.65
0.7 -0.7
0.65 0.75
0.6 0.8
0 0.5 1 0 0.5 1

Figure 5.1: Comparison of the first two eigenfunctions of the bivariate Ornstein-
Uhlenbeck process, the analytical method.
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first eigenfunction for X(t) second eigenfunction for X(t)
0.8 0.8
0.75 0.75
0.7 0.7
0.65 0.65
0 0.5 1 0 0.5 1
first eigenfunction for Y(t) second eigenfunction for Y(t)
. 0.6
0.75 0.65
0.7 -0.7
0.65 0.75
0 0.5 "% 0.5 1

Figure 5.2: Comparison of the first two eigenfunctions of the bivariate Ornstein-
Uhlenbeck process, the trapezium integral method (n = 200).
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first eigenfunction for X(t) second eigenfunction for X(t)
0.8
0.75 0.75
0.7 0.7
0.65 0.65
0 0.5 1 0 0.5 1
first eigenfunction for Y(t) second eigenfunction for Y(t)
0.8 0.6
0.75 0.65
0.7 -0.7
0.65 0.75
0 0.5 1 -9, 0 0.5 1

Figure 5.3: Comparison of the first two eigenfunctions of the bivariate Ornstein-
Uhlenbeck process, the Haar wavelet(M = 256).
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cov for X (Haar) cross cov between X and Y (Haar)
00 00
cov forX (Integral) cross cov between X and Y (Integral)
00 00

Figure 5.4: Covariance matrix reconstruction of the bivariate Ornstein-Uhlenbeck
process between the trapezium integral method (n = 200) and the Haar wavelet
method (M = 256), when the order for the Karhunen-Loeve expansion is p = 50.
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chapter 2, I$(X,Y) and I§(X,Y) are defined similar to [; and 5.

LO0Y) = | oSS oo X(6), V(1) — %X (), Y (1))

i=1 j=1

B,(,Y) = |2 35 ool X (0, ¥ ()] ~ X (1), Y ()]

i=1 j=1

where cov[X(t;),Y (¢;)] represents the analytical covariance function between X (t;)
and Y'(t;), while cov,[X (¢;),Y (¢;)] represents the covariance function using the nu-
merical approximation between X(t;) and Y'(¢;). The subscript p is the order for
the Karhunen-Loeve expansion when approximating ¢ov,[X (¢;), Y (¢;)]. In this exam-
ple t; = J;:_i’ where 1 < j7 < n and n = 202. Again, the information provided by
15 ,(X,Y) and I5 (X, Y) are similar to the information provided by the bias and the
standard deviation respectively.

Table 5.4 and table 5.5 show If, and I$, for the covariance of X(t) and the
cross covariance between X(t) and Y(¢), versus the order p in the Karhunen-Loeve
expansion using the trapezium method and the Haar wavelet method. For If ,, in
both the covariance and the cross covariance, it almost remains the same whatever
the order p is. Since [f, provides the information on bias, the bias using the Haar
wavelet method is smaller than that using the integral method. For (3, in both the
covariance and the cross covariance, it decreases when the order p increases. The
rate of the decrease is not linear with p. For example, to I5 (X, X) using the integral
method, it reduces from 0.01 to 0.004 when p increases from 10 and 20, while the
further reduction, when p increases to 30, is only about 0.0013, ending at 0.0027
when p is 30. Since [5, to both numerical methods are quite close to each other, the

performance of both methods should also be quite similar in terms of the standard

deviation.
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c
ll,i

10

20

30

40

50

15 (X, X), Trapezium
15 (X,Y), Trapezium

0.0004625
0.0001370

0.0004607
0.0001382

0.0004607
0.0001382

0.0004607
0.0001382

0.0004607
0.0001382

1§ (X, X), Haar
15 (X,Y), Haar

0.0001226
0.0000398

0.0001265
0.0000380

0.0001267
0.0000381

0.0001268
0.0000381

0.0001269
0.0000381

Table 5.4: The difference of the covariance between the analytical solution and the
numerical solution for the bivariate Ornstein-Uhlenbeck process in terms of I mea-

sure.

c
l2,1ﬁ

10

20

30

40

50

15 (X, X), Trapezium
15,(X,Y), Trapezium

0.0104989
0.0058256

0.0040907
0.0016355

0.0026866
0.0010530

0.0022628
0.0008267

0.0021003
0.0007232

15 (X, X), Haar
I5 (X,Y), Haar

0.0104070
0.0058122

0.0038221
0.0015714

0.0022435
0.0009473

0.0017045
0.0006863

0.0014753
0.0005589

Table 5.5: The difference of the covariance between the analytical solution and the
numerical solution for the bivariate Ornstein-Uhlenbeck process in terms of I mea-
sure.
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Ist 2nd 3rd 4th 5th 6th
Trapezium (n = 200) | 1.7517087 | 0.6256485 | 0.2547128 | 0.2267902 | 0.0909744 | 0.0329771
Haar (M=256) 1.745239 | 0.6233377 | 0.2547053 | 0.2259525 | 0.0909717 | 0.0329618
Diff 0.37% 0.37% 0.00% 0.37% 0.00% 0.05%

Table 5.6: The eigenvalue comparison for the tri-variate process with Gaussian kernel
between the trapezium method and the Haar wavelet method.

Example: The tri-variate process with Gaussian kernel
When the dimension of the process is more than 2, i.e. d > 2, it is harder to

derive the analytical solution. An example, whose analytical solution is untractable,

X(t)
is presented now. The example analyses a tfi-variate process | Y(¢) | with the co-
Z(t)
1 pr po
variance matrix exp[—(s —¢)*] | p1 1 ps |. Assume that p; = 0.3, po = 0.5 and
pz p3 1

p3 = 0.7. Notice that the covariance kernel here is a generalisation of the squared
exponential kernel exp(—(t — s)?) in chapter 2. The performance of the numerical
solutions using the trapezium integral method and the Haar wavelet method will be
briefly discussed.

For eigenvalues, table 5.6 looks at the difference between two numerical methods
in this case, since no analytical solution can be found and therefore be regarded as a
standard. Diff in the table is defined in the same way as that in chapter 2.

Diff Trapezium method — Haar wavelet method
1T =

x 100% (5.3.21)

Haar wavelet method
Again eigenvalues calculated from both methods are close to each other. However the
difference between both methods, which could be observed from the 2nd decimal and
onwards, is slightly larger than that in the univariate case.

Also notice that the covariance structure in this example satisfies the condition
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Aold [y =2.0179834 | 4o = 0.7207524 | 75 = 0.2612642
0.8648431 | 1.7452390 0.6233377 0.2259525
0.1262178 |  0.2547054 0.0909718 0.0329762

Table 5.7: The first two eigenvalues from the univariate squared exponential kernel
exp[—(t — s)?] using the Haar wavelet (M = 256) and a further calculation for the
eigenvalues of the corresponding tri-variate process with Gaussian kernel.

in corollary 5.2.3. Hence the eigenvalues can be alternatively derived from those in

the univariate squared exponential kernel exp(—(s — t)?). Using corollary 5.2.3, the

1 03 05
matrix [ 0.3 1 0.7 | needs to be decomposed into UTU7, where
05 07 1
2.0179834 0 0 0.4896118 0.8314071 0.2627595
I'= 0 0.7207524 0 U=10.5873968 —0.5372107 0.6052848
0 0 0.2612642 0.6443953 —-0.1420105 —0.7513906

(5.3.22)

Then the eigenvalues can be calculated from 2.01798342°1d 07207524014 and
0.2612642)\Old, where A°M is the eigenvalue from the univariate squared exponential
kernel exp(—(s —t)?) (see section 2.3, chapter 2). Table 5.7 shows the first six eigen-
values for this tri-variate process with Gaussian kernel derived from its univariate
counterpart. Comparing the result between table 5.7 and table 5.6, the eigenvalues
agree very closely using both approaches.

Since no analytical solution is provided to this tri-variate Gaussian process, the
reconstruction of the covariance matrix can be implemented to assure that the numer-
ical methods for the truncated Karhunen-Loeve expansion can actually approximate
the true Gaussian kernel. Only the Haar wavelet method is used for the reconstruc-

tion, since in general it provides consistent result and regards the eigenfunction as a



5, 1 2 4 6 8
I (X, X) | 0.44412172 | 0.0154236 | 0.0000980 | 0.0000980 | 0.000141
I5(X,Y) | 0.2412762 | 0.0357256 | 0.0000294 | 0.0000294 | 0.0000406
1€ ,(X,Z) | 0.1176594 | 0.0444346 | 0.0000490 | 0.0000490 | 0.0000730
1£,(Y,2) | 0.0550000 | 0.1023139 | 0.0000686 | 0.0000686 | 0.00010416
K, 10 20 30 40 50
I£_(X,X) | 0.0001414 | 0.0001414 | 0.0001414 | 0.0001414 | 0.0001414
l¢(X,Y) | 0.0000424 | 0.0000424 | 0.0000424 | 0.0000424 | 0.0000424
£ ,(X,Z) | 0.0000707 | 0.0000707 | 0.0000707 | 0.0000707 | 0.0000707
1£,(Y,Z) | 0.0000990 | 0.0000990 | 0.0000990 | 0.0000990 | 0.0000990
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Table 5.8: The difference of the covariance reconstruction between the analytical
solution and the numerical solution using the Haar wavelet method, for the tri-variate
process with Gaussian kernel in terms of [{ measure.

function indeed.

Figure 5.5 shows the reconstruction. Again as what is expected, the plot for the
cross covariance between X (t) and Y (¢) (top right plot), the plot for the cross covari-
ance between X (t) and Z(t) (bottom left plot) and the plot for the cross covariance
between Y (t) and Z(t) (bottom right plot), are squashed compared with the plot
of the covariance of X (t) (top left plot) by the corresponding proportion, p; = 0.3,
p2 = 0.5 and p3 = 0.7 respectively.

Further checking of the covariance reconstruction using the Haar wavelet method
can be performed by [{ measure and [§ measure. In terms of [{, which can be regarded
as the bias, whatever the covariance function or the cross covariance function, I
decreases dramatically in the first few orders. The reduction of I§ (X, X) is about
0.429 when the order p increases from 1 to 2, while the reduction of I§ (X, X) is only
about 0.015 when the order p increases from 2 to 4. From the order p = 2 to the

order p = 8, If (X, X) decreases first, and then increases. When p is bigger than
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cov for X cross cov between X and Y
00 00

cross cov between X and Z cross cov between Y and Z
00 00

Figure 5.5: Covariance reconstruction for the tri-vairate process with Gaussian kernel
using the Haar wavelets (M = 256), while the order for the Karhunen-Loeve expansion
isp = 50.
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1 2 4 6 8

15 ,(X,X) | 0.4637025 | 0.1283918 | 0.0662803 | 0.0087658 | 0.0010238

(X,Y) | 0.2452395 | 0.0524192 | 0.0356934 | 0.0026297 | 0.0004755

15 ,(X,Z) | 0.1342348 | 0.0778016 | 0.0178559 | 0.0043829 | 0.0006684

(Y,Z) | 0.1049386 | 0.1360755 | 0.0101084 | 0.0061360 | 0.0012397

5, 10 20 30 40 30

15 ,(X,X) | 0.0009552 | 0.0009347 | 0.0009347 | 0.0009347 | 0.0009347

15 ,(X,Y) | 0.0002996 | 0.0002804 | 0.0002804 | 0.0002804 | 0.0002804

15 ,(X,Z) | 0.0004702 | 0.0004674 | 0.0004674 | 0.0004674 | 0.0004674
(Y,Z) | 0.0006548 | 0.0006543 | 0.0006543 | 0.0061360 | 0.0006543

Table 5.9: The difference of the covariance reconstruction between the analytical
solution and the numerical solution using the Haar wavelet method, for the tri-variate
process with Gaussian kernel in terms of I§ measure.

10, I§ (X, X) almost becomes a constant. Similar reduction trends exist in other If
measure with respect to the cross covariance functions.

The reason for the dramatic reduction of [{ in the first few orders can be explained
as follows. Assume that the ith eigenfunction for the vector process X(t), t € T
is f(t). Then K;(t,s) and K’z’(t,s), the full covariance matrix and the truncated

covariance matrix at order p between time ¢ and time s respectively, are expressed as

(K (t, )}y = cov(Xi(), X,(s)) (K3, o)) Z/\fz DEET  (53.23)

Therefore,

ZAft Ofi(s)T Ki(t,s) = E/\fz ) fils  (5.3.24)

Integrate K, (¢,t) and apply the trace,

trace[/ Ki(t, t)dt] = Z)\/trace Fi) fE@®))dt = Z)\trace[/ fi)T fi(t)dt]
T

=1
00

= Z N\
i=1
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Similarly, integrate K5(¢, s) and apply the trace,

trace] /T K2(t, £)dt] = zpjxi (5.3.25)

Combine the results for K5(t, s) and K; (¢, s) together,

P oA trace[ [ K5(t,t)dt]
Yooy A trace[ [ Ki(t, t)d]

(5.3.26)

Equation 5.3.26 can be regarded as an generalisation of equation 2.3.1 in the
univariate setting. It can also be interpreted as the cumulative expected variance
explained by the first p eigenvalues. In this example, 7 = [0, 1]. Since the diagonal

elements of K;(t, s) are all equal to exp[—(t — s)?], then

1
trace| / Ky (t, £)de] = 3 / exp[—(t — £)?dt = 3 (5.3.27)
T 0
Use the first 6 eigenvalues listed in table 5.6.

6
DY

%ﬁj—lﬁ = 0.9911 (5.3.28)
i=1"M

It means that the first six eigenvalues already explains more than 99% of the cumula-

[

tive expected variance. This explains why [f ,

which can be treated as bias, reduces
dramatically for the first few orders and then remains very small.
Wherever for the covariance function or for the cross covariance function, the

other measure IS, which can be regarded as a measure for the standard deviation,

2,77’
decreases when p increases from 1 to 20. When p is bigger than 20, I3 , varies little
and performs almost like constants. Again, [5,, decreases dramatically in the first few

orders. This could also be explained by the cumulative expected variance, which is

more than 99% using the first six eigenvalues.
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5.4 The analytical multivariate Karhunen-Loeve
expansion for the stationary linear stochastic

differential equation (SDE)

In the above section, theorem 5.2.2 is derived for the analytical solution to the multi-
variate state univariate time Karhunen-Loeve expansion from its corresponding solu-
tion to the univariate Karhunen-Loeve expansion. If a correlated vector process X(t)
can be written down as a linear combination of the independent vector process Y (t),
ie. X(t) = AY(t) and A is orthogonal, the multivariate Karhunen-Loeve expansion
of X(t) can be expressed in terms of a linear combination of the univariate Karhunen-
Loeve expansion of each component of Y(¢). In this section, theorem 5.2.2 will be
related to the setting of the stationary linear stochastic differential equation (in the
narrow sense). The stationary linear stochastic differential equation (in the narrow

sense), according to Arnold (1974), is defined in the following theorem.

Theorem 5.4.1. Denote W(t) as an independent d dimensional Brownian motion.

A stochastic differential equation
dX(t) = AX(t)dt + FdW (t) , (5.4.1)

is a linear stationary Gaussian stochastic differential equation (in the narrow sense)
for a d dimensional vector process X(t), if the eigenvalues of A have negative real

parts, with initial condition X(0) ~ N(0, K). K solves the following equation.
AK + KAT = ~FFT (5.4.2)

or written as K = [ exp(At)FFTexp(ATt)dt
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Then for the process X(t),
EX(t) =0 (5.4.3)

Kexp[AT(t—s)] t>s
Var(X(s), X(t)) = (5.4.4)

explA(s —t)|]K s>t
The proof of theorem 5.4.1 provided in this section is shorter than that provided
by Arnold (1974), since we only concern with the special case when the linear term A
can be diagonalised and all the eigenvalues of A are real. The proof using is through
a transform of X(t) to another process Y (t) = U~!X(t), where U is the eigenvector

matrix of A with each column of U corresponding to a eigenvector. The stationarity

of Y (t) will be proven first. We shall use the following lemma
Lemma 5.4.2. Consider a stationary Gaussian process
dX(t) = AX(t)dt + FdW (t) (5.4.5)

If Y (t) is a linear combination of X(t), t.e. Y(t) = LX(t), Y (t) is still a stationary

Gaussian process when L is invertible.

Proof.

dY (t) LdX(t) = LAX(t)dt + LEdW (t)
= LAL'LX(t)dt+ LFdW (t)

= A Y(R)dt + RdW(2)

where Ay = LAL™! and F; = LF. If the initial condition for X(t) is X(0) ~
N(0, K), the initial condition for Y (¢t) is Y(0) ~ N(0, K;),where K, = LKLT. Since
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E(Y(t)) = LE(X(t)) = 0 and Var(Y(0)) = Var(LX(0)) = LVar(X(0))LT = LKL".
Then K, satisfies the following equation.

AsKy + K AT = LAL'LKLT + LKLT(L7H)TATLT (5.4.6)

= L(AK + KAT)LT = —LFFTLT = -FR,Ff  (5.4.7)

Moreover, A and A, share the same eigenvalue. Let v be an eigenvalue of A;. Then

< solves the following equation
0=|Ay —~I|=|LAL™' —yLL™}| = |L(A —~I)L7}| (5.4.8)

Hence when A has negative eigenvalues for the stationarity of X(t), Ay = LAL™!
also has the same negative eigenvalues. Since K, satisfies equation 5.4.7 and A has
negative eigenvalue, applying theorem 5.4.1, Y (¢) is a stationary Gaussian process.

O

Theorem 5.4.1 can be proved when A can be diagonalised and all the eigenvalues

of A are real.

Proof. (Proof of theorem 5.4.1)

We have the SDE for the d dimensional multivariate process X(t)
dX(t) = AX(t)dt + FAW (t) (5.4.9)

with initial condition X(0) ~ N (0, K).

Assume that matrix A has negative eigenvalues and can be diagonalised , i.e.
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U~'AU =T, where

Mmoo 0 e 0
0 .0

r— " (5.4.10)
\0 0 - 7

In order to calculate matrix exponential, a new random vector Y (t) = U~*X(t)
is defined. We only need to prove that Y(t) is a stationary Gaussian process, since
X(t) is a linear combination of Y (¢) and X(t) = UY(t). Using Ito’s lemma, the SDE
for Y(t) is

dY(t) = U 'dX(t) =U'AX(t)dt + U ' FdW(t)
= UTTAUU'X(t)dt + UT'FdW (t)
= TIY(t)dt+ U FdW(t)
The solution to the above SDE is given by Arnold (1974).
¢
Y (t) = ®(¢)[Y(0) +/ ®(s) U FAW (s)] (5.4.11)
0
where ®(t) is the solution to % = I'®(t) with ®(0) = I, i.e. ®(t) = exp(T't). Since

dt

I' is a diagonal matrix,

exp(nt) 0 0
0 ex t) --- 0
B(t) = p(rat) (5.4.12)
0 0 - exp(yat)

Notice that E(Y (¢)) = ®(t)E[Y(0)]. If the expectation of E(Y (¢)) is independent of

time ¢, E[Y (0)] = 0. For covariance function between ¢t and s,

mings,t)
cov(Y(s), Y(£)) = &(s)[Var(Y(0)) + /0 B(w) U FET(UT) 1 (w) " du] (1)
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Assume V = U'FFT(UT)™! = {v;;}, then
W)U FFTU®(u)™ = &(u)"'Vo(u) ™ = {v exp[— (v +v)u]}  (5.4.13)

Hence the integration of equation 5.4.13 is

mings,z) ) L |
/ O(u)"'Vo(u)tdu = {—U’JGXP[ (v + 75)u] mm (s, t)}
0 Yi + 4

_ vii(exp[—(vi + y;)min(s, )] — 1)
{ Yi +; J

Therefore,

min(s)
B(s) / B(w) U FFTU-®(u) " dud ()T
0

vi;(exp[— (7 + v;)min(s, )] — 1)
(s){= Yi + Jo )

= {- exp(v;s)exp(v;t)(exp[—(vi + v;)min(s, t)] — 1)}

’Yz+%

{525 lexp(vis + 75t) — exp(y;(t = )]} t>s

{:,%;’Tj[exp(ws +y;t) —exp(vi(s —t))]} s>t

If Y(t) is stationary, cov(Y(s), Y(¢)) is only dependent on the difference of s —
~t, hence the initial condition for Var(Y(0)) should be chosen to cancel the term

{Lexp(%8+’7jt)}. Set Ky = Var(Y(0)) = {“ " } then ®(s)Var(Y(0))2(t)" =

Va5

{— 7+7 —L-exp(yis +v;t)}. Then

{~5r5exp[y;(t — 8)]} = Kyexp[[(t = s)] t>s

{—%:WLjexp[fyi(s —t)]} =exp[l'(s —t)|Ky s>t

Var(Y(s), Y(£)) = (5.4.14)

Notice that V = UT'FFT(UT)™! is a symmetric matrix, it means that v; > 0.

Since Ky is a covariance matrix, the diagonal element of it should be non-negative.
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This implies that v; < 0. Actually in the matrix form, the initial variance K+ is also

the solution to the equation
'Ky + KyI'= -V (5.4.15)

Equation 5.4.15 matches equation 5.4.2 in theorem 5.4.1. The matrix Ky is chosen
so that Var(Y(s), Y(¢)) is a function of s — ¢t. Together with E(Y(t)) = 0, Y(¢t) is
stationary. Therefore X(t) is also stationary.

After obtaining E(Y (t)) and Var(Y(s), Y(t)), we can calculate the corresponding
expectation and variance for X(t). With the initial variance matrix K = UKyU T

EX(#) = UE(Y()=0
Var(X(s), X(¢)) = UVar(Y(s),Y(t))UT
When t > s,
Var(X(s),X(t)) = UVar(Y(s),Y(t))UT = UKvyexp[['(t — s)]UT
= UKyUT(UT)lexp[[(t — s)]JUT = Kexp[AT(t — s)]

When t < s

Var(X(s), X(t)) UVar(Y(s), Y(t))UT = Uexp[['(t — s)| Ky U™

= Uexp[[(t — s)[lU'UKyUT = exp[A(t — s)|K
(]

Thus, the process X(t) has been represented as a linear combination of an an-
alytically tractable process Y (t). If Y(¢) is an independent process, we can write
down either the multivariate Karhunen-Loeve expansion or the Karhunen-Loeve-like
expansion depending on whether U satisfies the condition mentioned in remark 5.2.2.

The following theorem provides a way of checking whether Y (¢) can be independent.
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Theorem 5.4.3. Assume the SDE for the vector process X(t) is
dX(t) = AX(t)dt + FdW(t) , (5.4.16)

where A can be diagonalised and all the eigenvalues of A are real and negative. Y (t) =
U~1X(t) is independent if and only if FFT = UDUT, where U is the eigenvector

matriz for A and D is any diagonal matriz.

Proof. Y (t) is independent if and only if matrix V = U-'FFT(UT)~! is diagonal.

Assume this diagonal matrix is D, then

D=UFFT(UT)! (5.4.17)

This is equivalent to
FFT =UuDUT (5.4.18)
O

Combining the above theorems, under certain condition, we can write down the
multivariate Karhunen-Loeve expansion of X(t) as a linear combination of the uni-

variate Karhunen-Loeve expansion of Y(t) of each its components.

Theorem 5.4.4. Assume that the SDE for the vector process X(t) is
dX(t) = AX(t)dt + FAW (t) (5.4.19)

If A can be diagonalised, i.e. U *AU =T, where I is diagonal matriz, the eigenvalues
of A are real and negative and FFT = UDUT, where D is any diagonal matriz. The

process X(t) can be written down as a linear combination of an independent vector

process Y'(t) and X(t) = U, Y'(t), where
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(1) U = U D,

(ii) UoUT = I, i.e. Uy is an orthogonal matriz

(i11) Y'(t) = Dy Y (t) is still an independent vector process, with different eigen-
value for each new process Y(t) after transformation.

Then the multivariate state univariate time Karhunen-Loeve expansion of X(t) is
a linear combination of the univariate Karhunen-Loeve expansion of Y'(t) of each its

component.

Example: A is negative symmetric matrix and F =1

The SDE for the stationary Gaussian process X(t) can now be expressed as
dX(t) = AX(t)dt + IdW (t) (5.4.20)

Since A is negative symmetric, A can be diagonalised as UT AU =T, where UTU = I.
We choose D = I, so that FFT = | satisfies the condition that FFT = UIUT = I.
The process X(t) can be expressed as X(t) = UY(t). Since U is orthogonal, the
multivariate Karhunen-Loeve expansion of X(t) can be derived from the univariate

Karhunen-Loeve expansion of Y(t) of each its component, where Y (¢) satisfies SDE
dY (t) = TY (t)dt + UTdW (t) (5.4.21)

Example: Conditional independence structure in F and A = -/
The linear SDE (in the narrow sense) can sometimes be regarded as a continuous ver-
sion of AR(1) process. For AR(1) process, research on the conditional independence
has been performed by Caines and Wynn (2007). This example extends the discrete

case to its continuous counterpart in a special situation.
Xi(t)
Assume that there is a tri-variate process X(t) = | X,(t) |. The SDE for X(¢)
Xs(t)



241

here is written down as

Xu(1) X1(t)
d| x| = =1 | Xo00) | dt + FaW 2y | (5.4.22)
X;(t) Xs(t)

where 7 is an identity matrix and

fu 0 fi3
F=10 fao fas (5.4.23)
0 0 fs
Since, A = —I, any inverse matrix can be its eigenvector matrix. We therefore

choose U = F, so that FFT = UIUT = FFT. The process X(t) can be expressed as
X(t) = FY(t), where Y(t) satisfies SDE

dY (t) = —IY (t)dt + IdW (¢) (5.4.24)

Depending on whether F' satisfies the condition in theorem 5.4.4 or not, we can
decide whether the multivariate Karhunen-Loeve expansion for X(¢) can be written
down in terms of the univariate Karhunen-Loeve expansion.

For the conditional independence structure, only the inverse of the initial covari-
ance matrix K for the process X(t) needs to be calculated. See, for example, Rue

and Held (2005). K can be derived through solving
AK + KAT = —FFT | (5.4.25)

where A = —J. Hence

fh+fE fisfes fiafas
1 . 1
K= 2FF = ) fi3fes f222f223 f23f33 (5.4.26)
fisfss  fasfsz  fa
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and
1 0 ___Ji3
71T1 f33f11
-1 _ 1 _ _Je3
K= 0 7 Yo (5.4.27)

Equation 5.4.27 contains the conditional independent structure and it matches the
information in F'. Hence one possible conjecture is that the conditional independence
structure lies in the deterministic coefficient term of the Karhunen-Loeve expansion,
since in this example X(t) = FY (t).

The original research of the conditional independence structure related to the
multivariate Karhunen-Loeve expansion is to put the structure into matrix A, rather
than matrix F. However, it is very difficult to derive an analytical expression for K~!
using the truncated Karhunen-Loeve expansion, and the numerical calculation of K !

does not provide satisfactory results. Further research is needed in this direction.



Chapter 6

Multivariate Functional Data
Analysis

The idea of functional data analysis starts from Ramsay and Silverman (1997). ItsA
property and application have drawn the interest from a wide range of researchers,
see, for example, Boente and Fraiman (2000), James et al. (2000), Ramsay and Sil-
verman (2002), Yao et al. (2005) and Hall and Hosseini-Nassab (2006). Functional
data analysis can be regarded as an extension to a functional version of the principal
component analysis. The canonical principal component analysis treats each data
point in the data set as an individual discrete point and try to find a direction in
which the variance of the data set is best explained, while the functional data anal-
ysis regards each data point from the data set as an observation from a continuous
process and tries to find certain deterministic functions out of the process so that the
variance of the process can be captured mostly by these deterministic functions. In
this sense, the main idea of the functional data analysis is essentially the same as the
Karhunen-Loeve expansion. In most of the literatures, the applications of functional
data analysis have been restricted to the univariate case, where both the state and

the time are one-dimension. In the time series applications, however, interest lies

243
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more in finding the relationship among different series. Since most time series in
practice only have one-dimensional time, what is called “multivariate” in this chap-
ter restricts to the process with the multivariate state and the univariate time. In
summary, this chapter deals with multivariate functional data analysis (MFDA). It
draws for intuition on chapter 5, in which a theoretical background of the multivari-
ate Karhunen-Loeve ekpansion is investigated. Section 1 introduces the data set we
use. Section 2 explains the decomposition using the numerical methods and the re-
construction of the covariance and the cross covariance function. Section 3 provides
a method for the smoothing and the prediction using the truncated Karhunen-Loeve

expansion.

6.1 The introduction to the data

The method discussed in this chapter applies mainly to the weakly stationary time
series. Since for the weakly stationary time series, the empirical version of the covari-
ance matrix (see, equation 6.2.1) needed for the numerical methods can be calculated
using the autocovariance function, while for the non-stationary time series, the empir-
ical version of the covariance matrix might not be easy to derive. Once the covariance
matrix is available, the method can be generalised to any other time series.

In time series analysis, a considerable number of statistical methods are based on
the assumption that the series can be transformed approximately to weakly stationar-
ity, so that the statistical analysis, such as the prediction can be performed relatively
easily. However, most economics and finance data in reality are far from stationary.
They can be observed non-stationary characteristics, such as trend and seasonality.

In the case of non-stationarity, transformations, such as de-trending and differencing,
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can be made to produce a new series which is approximately stationary.

In the multivariate setting, a d-dimensional series
XOT = (Xu(t), Xat), -, Xa)), tEN (6.1.1)

is weakly stationary, if
(i) E[X(?)] is independent of ¢.
(ii) T(h) = cov[X(t + h), X(t)] is independent of ¢ for each h.

The data set used throughout this chapter is a tri-variate TAR(1) process. As
a representative process of the multivariate ARM A process, the multivariate AR(1)
process has been proved to be stationary and its structure is analytically tractable
(see, for example, Brockwell and Davis (2002)). A tri-variate TAR(1) process is

defined in the following way.

X(t) Xi(t-1)
%0 | =4 Xt-1 | +e@), (6.1.2)
X3(t) X3(t—1)

where €(t) ~ N(0, I3x3). For the existence of the unique stationary solution to
TAR(1), A is chosen so that all its eigenvalues are less than 1 in absolute value.
We further assume that we have n = 300 observations, i.e. t = 1,2,---,n = 300.
Then the data set can be regarded as a simulated version of the daily observation for
about a year time.

As an example of TAR(1), A is chosen as the following matrix,

04 0 —09
A=] 0 05 —089 (6.1.3)
—054 0 01

Its corresponding eigenvalues are 0.5, 0.96309 and —0.46309, which are less than 1 in

absolute value.
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Figure 6.1: Three simulated paths for the series x1¢¢), x 2¢1) and x 3(1) respectively
from TAR{1).

Three correlated paths for the series Xi(t), X2(t) and X3(t) («+ = 1,2, ***,300) are
simulated from the above TAR(1) with the initial value A'i(O) = X2(0) = X3(0) = 0.
For simplicity of the future work, notation = 1,2,3 is further adjusted to
denote the series after removing its mean (centerised series), which is calculated as
Xi(t) - ¢ BILi Xi(j)\ ¢ = 1,2,... ,7,i= 1,2,3.

Figure 6.1 shows one sample paths for x \(£), x 2¢») and x 3¢). It can be seen that
xi¢t) and x 2¢y are quite close to each other, while x 3/1) has a negative relationship
with the rest two series. This relationship can be roughly checked through the corre-

lation coefficient, which is listed in table 6.1. Although the correlation coefficient is
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Xi(t) Xa(t) Xs(t)
X1(t) 1 0.8813226 | -0.8022594
X,(t) | 0.8813226 1 -0.7926202
X3(t) | -0.8022594 | -0.7926202 1

Table 6.1: The correlation coefficients for X;(t), X2(t) and Xs(t).

mainly used_to check the linear relationship among different series in statistics, it can
still provide us a brief idea of how the multivariate series is correlated. From table
6.1, the correlation coefficient between X;(t) and X,(¢) is about 0.9, while the corre-
lation coefficient between X3(¢) and the rest series is about —0.8. The sample paths
simulated in figure 6.1 will be used to demonstrate the truncated Karhunen-Loeve
expansion in the covariance reconstruction, the smoothing and the prediction in this

chapter.

6.2 Empirical MFDA

In practice, numerical methods play an important role when little is known about
the time series data. In this chapter, the numerical method is the trapezium integral
method. Although we have shown in the previous chapters that the Haar wavelet
method is also numerically accurate and efficient, the number of the points involved
to perform the wavelet transform is a power of two. However, in practice, the number
of the data points varies, which might make the implementation of the Haar wavelet
method inefficient. The trapezium integral method, on the contrary, does not have
any restriction on the number of the data points as long as the number is suitable for

approximating the integral. The main condition that the trapezium integral method
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has is that the data points are equally spaced, which satisfies most time series data
sets. Therefore, the trapezium integral method is more practical to use and more
flexible when dealing with the real data.

For the multivariate series, the trapezium integral method has been discussed in
detail in chapter 5. Although X(¢) are only sampled at the integer points in this
chapter, i.e. t =1,2,--- ,n, when approximating the Fredholm integral equation, the
time interval involved is still assumed to be [0, 1] for accuracy. Therefore, X(t) can
actually be regarded as an observation at time point % in the approximation.

In order to approximate the Fredholm integral equation, we need to calculate the
covariance matrix K defined in equation 5.3.3 for multivariate series, i.e.

cov(Xy, XT) cov(X1, XT) ---cov(Xi, XT)

K cov(Xo, XT) cov(Xg, X3) ---cov(Xa, X7) , (6.2.1)

cov(Xa, XT) cov(Xa, XT) - cov(Xy XT)

where

X; = (6.2.2)

Xi(n)
Since TAR(1) is a stationary series, K can be derived through the sample auto-
covariance function I'(h) defined as follows

I'(h) = %i[X(t +h) = X][X(t) = X]T for 0<|h<n—1 (6.2.3)

t=1
Since all the series have been centerised, X = 0. Properties of the sample autocor-
relation function can refer to, for example, Brockwell and Davis (2002) and Brockwell

and Davis (1991).
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Figure 6.2 shows the covariance and the cross covariance function for X\ (£), X 2{t)
and X 3(¢) using the sample autocovariance function. Since the number of the pairs in
estimating the autocovariance function 7(4) for lag & is n —h, the higher the lag, the
less pairs are used in the estimation, hence the more variation there are in the result.
It can also be clearly observed from the figure that X${#) has negative correlation

with the rest two series, while the correlation between X\(7) and X 2{t) is positive.

cov for X1 cross cov: X1 and X2 cross cov: X, and X3

4 Poo* AW @

cross cov: X and X 1 cov for X cross cov: X. and X3

% 0>"10170(?200 "9 00"V io”~00 *°900"m j!0(?00

cross cov: Xj and X1 cross cov: Xg and X2 cov for X%

WS A ° Q0P % AA< 2003 A o< ?O0

Figure 6.2: The covariance and the cross covariance for X\(?), X 2{t) and Xs(¢) using
the autocovariance function.

Using f (h), 0 < 4\ < n —1, we can estimate the covariance matrix K and denote
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A~

the estimator as I X
'y Ty -+ I'ig
. Py Ty - T
po |2 2 . (6.2.4)
fcu 1Aﬂd2 fdd

where T'y; is

L'4(0) Ly(1) Lyj(n—1)
A f‘z ]. fz 0 f"L - 2
Fij— J() ]() J(n ) 1<4,j<d (6.2.5)
Iij(n—1) Ty(n-2) -+ Ty(0)

and T';;(h) = {T'(h)}:;. Based on the covariance matrix estimator T, the eigen-

equation for the eigenvalues and eigenfunctions can be solved. As shown in section

5.3, chapter 5, the eigen-equation is expressed as

TWf=Af (6.2.6)

For the trapezium integral method, the notation in equation 6.2.6 is the same as the

notation in section 5.3, chapter 5, i.e.

1 1 1
fl( ) fz( b f((nl-Z)d
2 @ . f(2)
f — 1 2 (n+2)d
d d d
fl( ) fz( b f((nzuz)d
N OO e 0
A 0 X --- 0
0 0 - Amt2y
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(WO o0 ... 0
W = 0 W@ ... 0
0 0 W
1
2(n+1) o0 - 0 0
0 ;i_l e 0 0
wo = 1<i<d
0 o --- n%l 0
\ 0 0 o 0 oy

Figure 6.3 shows the performance of the first 40 eigenvalues after solving the eigen-
equation using the TAR(1) data. The left plot of figure 6.3 displays their values. It
can be seen that the eigenvalues decay relatively slowly. The value of the first 6
eigenvalues are above 1, with the biggest eigenvalue at about 2.2527. For the next
8 eigenvalues, i.e. from the 7th eigenvalue to the 14th eigen{/alues, they appear to
be clustering, with value in between 0.7857 and 0.4062. For the rest eigenvalues, i.e.
from the 15th eigenvalue to the 40th eigenvalues, the decay rate is even slower than
that of the first 14s, with the value for the 40th eigenvalue at around 0.0408.

The right plot of figure 6.3 shows %‘i—:—, which is roughly the cumulative expected
variance, discussed in section 5.3, chapter 5. Theoretically, when the analytical so-
lution to the covariance function of the process is known, the cumulative expected
variance should be expressed as

PN

i=1
Z;Zl Ai

where the number of the eigenvalues in the denominator of equation 6.2.7 is infinity.

(6.2.7)

However, in practice, only finite number of eigenvalues can be derived. In this exam-

ple, the denominator of equation 6.2.7 is roughly approximated using ngl Ai, since
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for the order higher than 40, the numerical calculation sometimes results in complex
eigenvalues, due to the limitation of the computer package we use (Matlab 7.0.4).
From the plot, it can be seen that the first 6 eigenvalues explain around 56.26% out
of the first 40 eigenvalues, while the first 14 eigenvalues explain around 86.55% out of
the first 40 eigenvalues. Again this means that the decay of the eigenvalues is quite

slow. This is due to the complexity and the variation in the real data.

o~
1 1 1 1 1 T = 4 1 1 1 1 |

1
5 10 15 20 25 30 35 40 [} 5 10 15 20 25 30 35 40

Figure 6.3: (Left): The first 40 gigenvalues of TAR('1). (Right) The cumulative
expected variance (rough) using 1-.

Figure 6.4 shows the first three eigenfunctions. Although the original three series
Xi(t), X2(t) and X 3(¢) are very volatile due to the existence of the noise, the first
three eigenfunctions are quite smooth. The first eigenfunction corresponds to the
biggest eigenvalue. The direction of the first eigenfunction more or less follows the
real series, except for the variation. Hence the first eigenfunction may be interpreted
as a very rough “trend” factor. More accurate trend could be modelled using more

eigenfunctions. The second and the third, possibly later eigenfunctions, start to
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capture the variation in the series. The figure also shows other three facts. Firstly,
since the original noisy series can be decomposed into a brunch of smooth series,
it is possible to use the truncated Karhunen-Loeve expansion to smooth the data
in practice. Secondly, if the original series is reconstructed using the Karhunen-
Loeve expansion, higher orders are preferred, since the first few eigenfunctions are
too smooth to capture all the variance. In other words, it means that there are
a proportion of the “energy” containing in the lower tail of the Karhunen-Loeve
expansion. Last but not least, the correlation among three series is kept in the
eigenfunctions. It can be seen that the eigenfunctions for X;(t) and X»(t) are highly
positively correlated, while the eigenfunction for X3(t) is highly negatively correlated
with that for the rest two.

The covariance function can now be reconstructed using the truncated Karhunen-
Loeve expansion. The order p is chosen to be p = 40. On one hand, the 40th
eigenvalue is quite small, compared with the first few eigenvalues. Its value is actually
0.0408. On the other hand, as is mentioned, order higher than 40 sometimes results
in complex eigenvalue due to the limitation of the computer package we use (Matlab
7.0.4). However, as we have examined previously, there is a lot of energy in the tail
terms of the process. Truncation at order 40 might affect the overall performance
of the reconstruction. This problem might be able to be resolved using higher order
through more stable and more powerful software, such as C or C**.

The other problem for reconstructing the covariance function using the truncated
Karhunen-Loeve expansion is that the covariance matrix is no longer stationary after
truncation. We now denote the truncated covariance function between X(t) and

X(s) straightly after solving eigen-equation 6.2.6 as cov,[X(t), X(s)]. To the TAR(1)
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Figure 6.4: The first three eigenfunctions for X\(z), Xz2(¢) and X${1).

process plotted in figure 6.1, although both cov[X(£i),X(ti)] and cov[X(i2),X(£2)]
represent the covariance function for lag 0 and are supposed to be equal to each

other, their value after truncation at p = 40 is different.

(53076  6.4255 -3.2874\
covpfXM .Xfa)] = 6.4255  8.0213  -4.0437
y-3.2874 -4.0437 2.1216
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5.8108  7.0219 —3.5476

covp[X(t2),X(t2)] = | 7.0219 87409 —4.3615

—3.5476 —4.3615 2.2742
The way of resolving this stationary problem in the current chapter is to replace
each cov,[X(t), X(s)] by the average of the truncated covariance matrix with the same
lag. We further denote the truncated sample autocovariance function with order p
and lag h as f‘;‘(h) after adjustment through averaging, the relationship between

cov,[X(t), X(s)] and T'4(h) is as follows. When 1< h<n-—1

- %Zcovp[xm, X ()] (6:28)

n—h

TA(h) = {Z covp[X (i + h), X(&)] + > cov,[X (i), X(i + A)]} (6.2.9)

i=1

Correspondingly, the covariance matrix estimator I', after averaging, is denoted

as I'.
fﬁn Fz/},lZ Fﬁld
R 4, T4, ... T4
A _ 21 22 ,2d
I4= P P P , (6.2.10)
F;‘dl I‘ﬁ,dz Fl;dd
A .
where I‘p i 1
p'LJ(O) pzy(l) o ng(n )
. 1 0) - —2
L= ””() 7 ) Lln=2) 1<i,j<d  (62.11)
F;)ql_] (n - 1) p'LJ (n - 2) to f;‘l] (0)

p,tj
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True covariance function Truncated covariance function

X1(1) | X2(1) | X5(1) X:(1) Xo(1) X3(1)

Xi(1) | 7.5631 | 7.5493 | -3.7207 | 4.2102/5.8543 | 5.2752/7.0777 |-2.6317/-3.5970

X2(1) | 7.5493 | 10.1721 | -4.2506 | 5.2752/7.0777 | 6.6754/8.8820 | -3.2866/-4.4367

X3(1) | -3.7207 | -4.2506 | 3.6355 | -2.6317/-3.5970 | -3.2866/-4.4367 | 1.6575/2.3775

Table 6.2: The covariance and the cross covariance function for X;(1), X(1) and
X3(1) using the untruncated (true) version and the truncated approximation. From
the second to the fourth column: the true version; From the fifth to the seventh
column: the truncated version. Value above “/”, p = 10; Value below “/”, p = 40.

FAigure 6.5 and figure 6.6 show the covariance and the cross covariance function
reconstruction for X;(t), Xo(t) and X;3(t) for the above TAR(1) process, using the
truncated Karhunen Loeve expansion after truncation and averaging. The truncation
order is 10 and 40 respectively. Since the first 10 eigenvalues only explain about 73%
of the first 40 eigenvalues as mentioned above, the covariance reconstruction is not
very good. Compared with the true covariance function, some values in the covariance
function using p = 10 are much smaller. When the truncation order p increases from
10 to 40, the performance of the approximation using the truncated Karhunen-Loeve
expansion improves a lot. The shape of the true covariance function and that of
the truncated version are quite similar to each other. However, some values using
the truncated approximation are still smaller than that from the true function, even
when using p = 40.

Table 6.2 further displays the value comparison of the covariance and the cross
covariance function between the untruncated version (true version) and the truncated
version for the lag h = 0. For both the covariance and the cross covariance function,
when p increases from 10 to 40, the difference of the value between the true version
and the truncated version decreases. It implies that higher order p can be introduced

for better approximation. However, as is mentioned, current computer package used
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Figure 6.5: Reconstruction of the covariance and the cross covariance function for
X\ (1), X2(¢) and Xs(£), using the truncated Karhunen Loeve expansion when p = 10.
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Figure 6.6: Reconstruction of the covariance and the cross covariance function for
X\ (1), X2(t) and X3 (?), using the truncated Karhunen Loeve expansion when p = 40.
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here (Matlab 7.0.4) is not powerful enough to handle large p.

In general, we can summarise the procedure of dealing with the multivariate data
when using the multivariate Karhunen-Loeve expansion. The multivariate data can
be the data either from the simulation or from the real database.

Step 1: Stationarise the data using certain transformation techniques, such as de-
trending and differencing, so that the data after transformation is weakly stationary.

Step 2: Obtain an estimator I for the covariance matrix K, as shown in equation
6.2.3.

Step 3: Perform the multivariate Karhunen-Loeve expansion using certain numer-
ical scheme and decide the order p for the truncation. In this section, the numerical
scheme we use is the trapezium integral method. The key equation to solve is the
eigen-equation 6.2.6.

Step 4: Obtain f’;‘, which is the truncated covariance matrix after averaging. The
average procedure is defined in equation 6.2.8 and equation 6.2.9. f‘z’,‘l is also the

covariance matrix used for the reconstruction.

6.3 Smoothing and prediction

For the noisy process, it can be decomposed into an infinite sum of relatively smooth
functions using the Karhunen-Loeve expansion. If the expansion is truncated and only
part of these smooth functions are used, we should be able to capture some charac-
teristic, such as the patterns of the original series, while leaving out the substantial
random noise. This reconstruction of the original series using the finite smooth func-
tions is called “smoothing” in this section. In the multivariate setting, this smoothing

process uses not only the knowledge of one series, it utilises the knowledge from the
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other correlated series as well.
The method for smoothing in this chapter is an extension of the method intro-
duced in chapter 4 from a univariate setting to a multivariate setting. The smoother

is the conditional expectation. Assume that there is a d-dimensional correlated

T
series X(t) = (Xl(t), Xo(t), ---, Xd(t)> , t =1,2,---n, we try to calculate
E(X(t)|Xs), where

X(1)
X(2)
X(n)

Using the partition inverse equation and following the same procedure as that

described in chapter 4, we can derive that

EX@®)|X,) = kTK;'X, (6.3.1)
where
bnaxa = (cov[X(5), X(1)], cov[X(5),X()], -, cov[X(t),X(n)])T
cov[X(1),X(1)] cov[X(1),X(2)] --- cov[X(1),X(n)]
Koo — cov[X(2),X(1)] cov[X(2),X(2)] -+ cov[X(2),X(n)]
cov[X(n),X(1)] cov[X(n),X(2)] -+ cov[X(n),X(n)]

When smoothing the data, we will use the truncated version of E(X(t)|X5),
t=1,2,---n to represent the original data point at time ¢. When using the original
covariance function without truncation, E(X(t)|Xs) = X(t), t = 1,2,---n. Hence,
under this case, we are only able to obtain the original value at time point ¢ rather

than the smoothing value. Using the truncated Karhunen-Loeve expansion, on the
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other hand, approximates the covariance function in equation 6.3.1, so that an es-
timator of E/(X(t)|Xs) can be calculated, which can be regarded as the smoothing
value. Nevertheless, using the truncated Karhunen-Loeve expansion only, one of the
problems we meet in chapter 4 arises again. When n is big, such as 300 in this
chapter, and n > p, the truncated version of the matrix K, is singular, hence not
invertible. One way to solve this problem is to add an extra noise term o2 to the
diagonal element. This can be regarded as a regularization. It is equivalent to treat-
ing the original process as coming from the Gaussian regression model, which is the
truncated Karhunen-Loeve expansion with added independent noise. However, since
K, after the truncation has been adjusted to reflet stationarity and the analytical ex-
pression of the covariance is unknown, the maximum likelihood approach in equation
4.3.5 can not be simply applied, to find o?. The adjusted method used here to find
0? is to minimise the mean squared error instead. For the process, X;(t),1 <1 < d,
denote the value at time ¢ after smoothing as X;(t), then we need to minimise the

following.

d n
MSE = % S5 ) - Kl (6.3.2)

i=1 t=1

We continue with the example of TAR(1) in the first section. In order to smooth
the data, a suitable 02 needs to be sought after first to minimise the mean-squared
error. Figure 6.7 lists o2 for four different orders, p = 1, p = 10, p = 20 and
p = 40. Due to the limitation of the computing power, o2 is chosen to be the integer
in between 1 and 40. When p is chosen to be lo§v, such as 1 and 10. There exists
some variation in the mean squared error. Moreover, under small p, since not much
cumnulative expected variance can be explained by the first p eigenvalues, o2 needs to

be relatively big to recover the “energy” in the tail. For p =1 and p = 10, 02 = 29
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Figure 6.7: The mean squared error for choosing a2 using equation 6.3.2 for TAR(1)
using the truncated Karhunen-Loeve expansion when p is 1, 10, 20 and 40 respectively.

and cj2 = 38 respectively. When the order p increases, the plot for the mean squared
error gets smoother. Not only the mean squared error exhibits less variation, a2
dramatically decreases as well. For p = 20 and p = 40, a2 has been reduced to 5 in
both cases.

Figure 6.8 plots X\ (1), X 2(t) and X%(?) after smoothing using the truncated orders
p=1p =10, p = 20 and p = 40 respectively. When only the first eigenfunction

corresponding to the biggest eigenvalue is used in the smoothing, the shape of the
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0 100 200 300 0 100 200 300

Figure 6.8: Smoothing for TAR(I) using the truncated Karhunen-Loeve expansion
when p is 1, 10, 20 and 40 respectively. Blue line: smoothing for X\ (t); Red line:
smoothing for A2(t); Green line: smoothing for X$(z).

series after smoothing is more or less the same as that of the first eigenfunction itself.
It is too smooth to capture any variation in the original series. When p is increased
to 10 and 20, more variation of the original series has been captured by the local
minimum or local maximum appearing in the smoothing series. It is still too smooth
though. Using the biggest p in this example, i.e. p = 40, some zigzag patterns exhibit
in the series after smoothing. It is a reflection of the noise lying in the original series.

In short the smoothing performance using the truncated Karhunen-Loeve expansion
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can be controlled by the truncation order p. The bigger the p, the more variation

there is after smoothing.

X, (1)

X0

X5t

Figure 6.9: The original series of TAR(1) and its smoothing version using the trun-
cated Karhunen-Loeve expansion when p = 40. Blue line: original series; Red line:
smoothing series.

Figure 6.9 further plots the original series and the smoothing series under p =
40 altogether. It can be seen that the smoothing series performs quite well. The
smoothing series more or less follows the patterns of the original series without sudden
change, which is caused by the big noise in the original series. If more noise is intended

to be captured after smoothing, even higher order of p can be used.
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Another smoothing technique, which has been proved to be successful and similar
to the smoothing using the Karhunen-Loeve expansion, is called singular-spectrum
analysis (SSA). SSA has been widely used in the field of climate, meteorology and
geophysics, see for example, Vautard et al. (1992), Allen and Smith (1996) and Yiou
et al. (2000). The core step of SSA is also to find eigenvalues and eigenfunctions, but

through singular value decomposition. Detail of SSA can refer to Golyandina et al.

(2001).
For time series X(t), t = 1,2,--- ,n, smoothing discussed above is a process to
reduce random fluctuations and identify patterns to its existing data t = 1,2,--- ,n

using certain smoother. In this chapter, the smoother is the conditional expectation,
ie. E(X(t)|Xs),t=1,2,---,n. The conditional expectation can also be used to fore-
cast the future value for the series at ¢ > n + 1 using the same calculation procedure.
This time the conditional expectation is called a predictor rather than a smoother.
The performance of the prediction using the truncated Karhunen-Loeve expansion
is analysed through one-step ahead prediction using the above TAR(1) process. The
one-step ahead prediction is calculated at each point from ¢ = 251 to t = 300,
while the information which is conditional on is from the original series and kept in
the window [t — 249,¢ — 1] with window length 249. Each time, when a prediction
point moves from ¢ to £ + 1, the information window moves correspondingly from
[t —249,t — 1] to [t — 248, t]. Such setting allows us to compare the prediction using
the truncated Karhunen-Loeve expansion with the original value from the series. o2

used to adjust the covariance matrix is calculated using the data points from ¢t =1

to t = 250 through minimising the mean squared error using equation 6.3.2.
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Figure 6.10 shows the original series, the prediction using the truncated Karhunen-
Loeve expansion when p = 40 and the prediction using the untruncated Karhunen-
Loeve expansion (full covariance function without the truncation and without o?
adjustment) from ¢ = 251 to ¢ = 300. It can be seen that using the truncated
Karhunen-Loeve expansion when p = 40, the prediction does not strictly follow the
original series, although it is performing quite well in capturing the trend of the series.
The prediction under the current truncation version p = 40, in some sense, is still like
smoothing. It mainly goes through the main pattern without considering too much
on the sudden movement due to the big noise. However, when using the untruncated
Karhunen-Loeve expansion, which is to use the true covariance function without any
truncation, the one-step ahead prediction performs quite well. Its difference from the
value in the original series is relatively small. This implies that better prediction can
be conducted when p increases so that variability in the tail can be retrieved and be
contributed to the calculation when dealing with the real data.

Table 6.3 further lists the value using the truncated Karhunen-Loeve expansion
when p = 40, the prediction using the true covariance function and the real value of

TAR(1) for the first three points and the last three points. The error in the table

prediction-real value

is defined as
. real value

x 100%. It confirms again that the prediction
performance using the truncation version is not very satisfactory. Although the error
for the prediction using the untruncated true covariance function is still about 5% or
even more, it generally performs much better than the truncation version. Hence, we

can increase the order p for the better prediction if computing power allows.
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Figure 6.10: The original series of TAR{\) (blue), the prediction using the trun-
cated Karhunen-Loeve expansion with p —40 (red) and the prediction using the true
covariance function (green) from ¢ = 251 to ¢ = 300.
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t 251 252 253 298 299 300

X (real) -2.8461 | -6.7093 | 1.579 -0.1876 | 0.617 | -0.2296

X, (untruncated) | -2.5866 | -6.5303 | 1.7899 -0.1141 0.581 | -0.1305

Error 9.12% 267% | 13.36% 39.18% | 5.83% | 43.16%

X (truncated) | -2.4464 | -3.7849 | 2.3913 -0.1746 | 0.0074 |-0.1615

Error 14.04% | 43.59% | 51.44% 6.93% | 98.80% | 29.66%

X, (real) -1.4543 | -3.7284 | -0.8105 0.7089 | 1.4439 |-0.5675

X, (untruncated) | -1.3289 | -3.934 | -0.3366 0.4209 | 1.3277 |-0.4675

Error 8.62% 5.51% | 58.47% 40.63% | 8.05% | 17.62%

Xy (truncated) | -3.1262 | -3.9827 | 1.3701 0.1948 | 0.6285 | -0.0691

Error 114.96% | 6.82% | 269.04% 72.52% | 56.47% | 87.82%

X (real) 1.4771 | -1.2949 | 1.3572 0.6538 | 0.0623 |-0.7967

X3 (untruncated) | 1.3776 | -1.5471 | 1.4226 0.514 0.4961 | -0.2797

Error 6.74% | 19.48% | 4.82% 21.38% | 696.31% | 64.89%

X3 (truncated) -1.599 | -2.7318 | 1.9004 0.4005 0.881 |-0.3161

Error 208.25% | 110.97% | 40.02% - 38.74% | 1314.13% | 60.32%
Table 6.3: The original series of TAR(1), the prediction using the truncated

Karhunen-Loeve expansion with p = 40 and the prediction using the true covari-
ance function (untruncated) for ¢ = 251, 252, 253, 298, 299 and 300.



Chapter 7

Appendix

7.1 Mercer’s theorem

As is introduced in chapter 1, one of the key formulae of this thesis is the Fredholm in-
tegral equation. Using the compact integral operator defined in remark 1.2.3, chapter

1, the Fredholm integral equation is expressed as

Ko(s) = LK(S, t)p(s)ds = Ap(t) (7.1.1)

where 7 is often a compact interval and K(s,t), the kernel of a certain stochastic

process X (t), is an L, kernel satisfying the condition,

/T/TK(S,t)2dsdt<oo (7.1.2)

If X (t) is a zero mean stochastic process, K (s,t) = E(X(s)X(t)), where E represents
the expectation. According to theorem 1.1.6, chapter 1, when the Ly kernel K (s, s) <
oo, for all s € T, K(.,.) also belongs to RKHS.

In general, there are infinite number of eigenvalues A;, ¢ € N. We assume that

all the eigenvalues have been ordered so that A\; > Ay > A3 > ---. Correspondingly,
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there are infinite number of eigenfunctions as well, ¢;(.), ¢ € N. The eigenfunctions
are orthogonal in the sense that [ ¢;(s)¢;(s)ds = d;;.
Mercer’s theorem (see, for example, Porter and Stirling (1990)) provides a way of

expressing the kernel K(s,t) in terms of the eigenvalues and the eigenfunctions.

Theorem 7.1.1. Assume that K(s,t) is a continuous, symmetric, positive definite
Ly kernel of the stochastic process X (t). K(s,t) is defined on T x T, where T is a
compact interval. Then there exists a Ly orthogonal basis consisting of {¢;}, which
are the eigenfunctions of K, together with the corresponding eigenvalues {A; > 0}.

The kernel K(s,t) has the representation

K(s,t) =Y \tu(s)$(t) (7.1.3)
i=1
where the series converges absolutely and uniformly in the sense that
> higi(s)g(t)] (7.1.4)
i=1

converges uniformly with respect to both variables simultaneously.

Theorem 7.1.1 states the expansion of the kernel K (s,t) in the univariate set-
ting. It can be generalised to the multivariate setting, which is useful in chapter 5.
Multivariate, as is described in chapter 5, refers to the multivariate state, and the
univariate time.

Assume that we have a zero mean d-dimensional stochastic process X(t)T =
(Xl ), Xa(t), ---, Xd(t)) defined on a compact interval 7. The process X(t)
is with finite energy, i.e. Y0 | E(X2(t)) < co. The kernel K(t, s) of the process X(t)

defined as K(t, s) = E(X(t)X(¢)T), is usually a multivariate L, kernel satisfying

ZZ /T /T [E(Xi(s)X;(t)]*dsdt < o0 (7.1.5)
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Then the Fredholm integral equation on the kernel K(¢, s) and its relevant integral

operator Ky can be expressed as

Kaf(s) = /T K(s, £)f(s)ds = Af (1) (7.16)

where ), the eigenvalue, is a scalar, while, f(t), the eigenfunction, is a d-dimensional
vector. The same as that in the univariate setting, there are infinite number of
eigenvalues \;, ¢ € N, with the infinite number of eigenfunctions f;(t), ¢ € N, in the
multivariate Ly space. The orthogonality of the eigenfunctions in the multivariate Lo

space refers to
/Tfi(t)Tfj(t) = 0;j (7.1.7)
Generalised Mercer’s theorem (see, for example, Mahram et al. (2002) is an exten-

sion of the Mercer’s theorem, which provides a way of expanding the kernel K(¢, s).

Theorem 7.1.2. Assume that K(t,s) is a continuous, positive definite, multivariate
L, kernel of the d-dimensional stochastic process X(t) with finite energy. K(t,s) is
defined on T x T, where T is a compact interval. Then there exists a multivariate Lo
orthogonal basis consisting of {f;}, which are the eigenfunctions of K, together with

the corresponding eigenvalues {\; > 0}. The kernel K(s,t) has the representation

K(s,t) = Y Afils)filt)" (7.1.8)

and the converge is uniform in both s and t.

7.2 Change in the generalised mean squared error

This section provides the detailed calculation for the difference of the generalised

MSE between order p and the order p + 1. To make notation clear, the truncated
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covariance matrix/vector of order p is denoted as K,/k,, while the true covariance

matrix/vector is denoted as Ky /k;.

® A 0
Ppyr = ( TP ) Apr = ( g ) Lp =K — K, (7.2.1)
¢p+1 0 AP‘f‘l

where @, is a p X n matrix comprising of the first p eigenfunctions, and ¢,4; isan x1

Define

column vector comprising of the p + 1 eigenfunction. Then

Kpp1 = ®5 1M1 Ppis
= @Zqu)p+Ap+l¢p+l¢Z+l

= Kp + /\p+1¢p+l¢;7;+1

Using the inverse matrix formula, we obtain

Ky =K' - 1+ >\p+1¢);§:K;1¢p+1 K by Ky
Kp_+11KfK =Ky leK- 1+ )\p+1;\§:K51¢p+1KP_leK;l‘ﬁpH‘ﬁgﬂKp_l
- 1+/\p+1;§:K;71¢p+1 K;1¢p+l¢g+lK;1KfK;1
+ (1 + >\P+1;\§:11K_1¢p+1 )2K ¢P+1¢p+1 le ;1¢P+1¢Z+1KP_1
2K1;+1 Kp+leKp_+1
= 2K - 21 + /\p+1€/b\§:KEI¢p+1 1¢p+1¢p+1K
- KJUKGKST+ 1+ /\p+1<l/:§:K;1¢p+1 K KK G K
toTT /\p+i<;5\§:jf(;1¢p+1 K, $pr1¢p 0 K KK
- Ao VK prdln K KK S 8L K

1+ >‘p+1¢g‘+1Kp_l¢p+l
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Therefore, denoting the generalised MSE of order p [, MSE,(7(t))dt, the difference

in the generalised MSE between the order p 4+ 1 and the order p is

| MsE, 0t — | MSE, (i)
- K

= trace[(2K,} p+1Kpr+1)((I);’I;+1Ap+lq)l?+l)] - trace[(ZKp"l - K, leK )(‘I’TA2 o)

p+1

= trace[(zKp—Jrll Kp+1Kpr+1)((I)TA2¢) +)‘2+1¢p+1¢p+1)]

—trace[(2K, ' — K, KK, ') (8T A2,)]

= 2on(fpnk ) - 21 - )\p+1§;\§:11K;1¢P+ P K O A B G
_21 + Ap+1;\§:K51¢p+1 (¢§+1K”—1¢”+1)2 - )‘zza+1¢§+1Kp-leKp-l¢p+1
+1+)\p+12::11 K $pia porfGy By M Bl K K T

1+ )\p+1;\§:K—l¢p+l( 1 Ky 0p11) (851 K VK K )
1+>\p+1</b\::K Lo Gpit Iy KK 2y A2 K
+1+)\p+1;\§:11Kp—1¢p+1( b1 I 8pn) (8 G K K i)
- (1+ )\p+1¢):2'):;1}{p Lfpi1)? ((ﬁZHKp_leKp_l(b”H)(¢Z+1K;1®§A§@PK;1¢1)+1)
Mo (621 Ky pi1) (D K K K )

(1 + /\p+1¢p+1K l<]5p+ )2
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1
(1 + )‘p+l¢g+1K_l¢p+l)2
[2>‘ +1¢p+1 1¢p+1 + 4)‘p+1( p+1 p—lqbp‘f'l) + 2)‘p+1( p+1 ;1¢P+1)3

— 221 (D K T OT A2, K 1) — 202 1 (60, K bt ) (90 K PRI A2 K pt)
=203 1 (Br 1 Ky bpa1)® — 20041 (D541 K i)

X (PR K KK 1) — 200 1 (08 K bt ) (B0 K VK K )
_)‘fﬂ»l(¢Z+1Kp_l¢p+1)2(¢£+le—le 1¢P+1)+)\p+1(¢p+1 l‘bTA2‘I’ K, leKp—1¢p+1)
FA 1 (B Ky bp) (G K Op AR K K K 1)
+2)‘p+1( p+1 1¢p+1)(¢ +1K leKp_lﬁt’pH)

22011 (G511 Ky 8 (S K KK i) + Mot (B0 K K KT OTALR K 1¢p+1>
A2 (Br 1 K i) (g K K K OT AR, K i)
N (g K K K 1) (g1 K @ A2, K )

+1(¢p+1 ;1¢P+1)2( p+1K leK (:bp—{-l)
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1
1+ /\P+1¢Z+1K—l¢p+l)2
[2)\2+1¢p+1K Pp+1 + 2X; +1( p+1Kp—l¢p+l)2

—2Ap+1(¢Z+1K;l(pgAz®pK;1¢p+l) 2)\?)+1( p+1 1¢p+1)( p+1 1(I)TA2@ K 1d’p+1)

A2 1 (G K VKK  bp) 4 Apa (651 K P OT AR K K K )
A2 1 (p K o) (00 K OT AL O K K K )
i1 (O K K K T AR, K 1)
X2 (D K i ) (OF K KK 'oTA2D, K bpi1)

+1(¢p+1 leK 1d’p+l)( p+1K;1cDZA§(I)PK;1¢p+1)}
1
(1 + X105 1 K bpi1)?
[/\p+1(¢g+1K£1®§A§‘PpK512pK51¢p+1)

Tt 1 (B K S, K OTAZD K )

AN 1 (DL K b )( 1 K OT A O K L K )

AN 1 (B K i) (b K TS, K O A0, K )
X1 (B K S K p) (91 K ) AS D K )
p+1(¢p+1K T, K, ¢P+1)]+[)‘p+l( p+1 p_1¢p+1)

+2’\p+1( p+1 ;1¢p+1)2 - )‘127+1( Z+1Kp_l¢p+l)( p+1 IQTAQ(I) K— ¢p+1)]



For simplicity, we define,

1

(1+ )‘p+1¢z;+1K_1¢p+1)2
2Apr (741 K 0T AR K18, K )

+2)‘p+1( p+1K ¢P+1)( Z:—HKp—l(I);Ag(Dpr—lszp_ld)P—H)

A1 (G K o K 1) (G401 Ky O Ap R K )

_)‘2+1( p+1K 12 K ¢p+1)]+[ p+l( p+lK ¢p+1)

+2/\p+1( p+1K ¢p+1)2

A
o

S
A

T K T A2, K T, K

o1 K S K

T
p+1

Kp_lqsp-i—l

oK TN K

24b-Cd—-C+b—bd

SQ

— 16 Ab?
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A (D51 Ky o) (hm g1 Ky @F A2, K )]

Then the difference of the generalised MSE between the order p and the order

p+1is,

/ MSE, ((t))dt — / MSE, 1 ((£))dt

Ap+1

(1 + /\p+1¢g+1Kp_l¢p+1)

S[A241(26%) + Apy1S + 24]
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