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Abstract

The Brownian excursion is defined as a standard Brownian motion
conditioned on starting and ending at zero and staying positive in
between. The first part of the thesis deals with functionals of the
Brownian excursion, including first hitting time, last passage time,
maximum and the time it is achieved. Our original contribution to
knowledge is the derivation of the joint probability of the maximum
and the time it is achieved. We include a financial application of our
probabilistic results on Parisian default risk of zero-coupon bonds.
In the second part of the thesis the Parisian, occupation and local
time of a drifted Brownian motion is considered, using a two-state
semi-Markov process. New versions of Parisian options are introduced
based on the probabilistic results and explicit formulae for their prices
are presented in form of Laplace transforms. The main focus in the
last part of the thesis is on the joint probability of Parisian and hitting
time of Brownian motion. The difficulty here lies in distinguishing be-
tween different scenarios of the sample path. Results are achieved by
the use of infinitesimal generators on perturbed Brownian motion and
applied to innovative equity exotics as generalizations of the Barrier
and Parisian option with the advantage of being highly adaptable to

investors’ beliefs in the market.
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Chapter 1

Introduction

1.1 Motivation and Literature review

An option is a derivative financial instrument that gives the buyer the right, but
not the obligation, to buy or sell an underlying asset at a certain price on or before
a specific date. A Call option offers the right to buy the underlying asset, whereas
a Put option holder has the right to sell the underlying asset. The price at which
the underlying transaction will occur, is called the strike price, denoted by K.
The payoff is defined as (Spr — K)* for a Call option, and (K — Sr)* for a Put
option, where St is the price of the underlying asset at expiration date 7. The
simplest options are European options, which can only be exercised at the expira-
tion date and their values depend merely on the underlying asset at that time. In
contrast, Barrier options are path-dependent and the underlying asset up to the
expiration date has to be considered. The terminal payoff depends on whether
the price of the underlying asset reaches a certain barrier before the expiration
date. The four main types of these options are Down-and-Out, Down-and-In,
Up-and-Out and Up-and-In, i.e. the right to exercise either appears ("In”) or
disappears ("Out”) at some barrier B. This barrier is either set below ("Down”)

or above ("Up”) the underlying asset at the start time ¢t = 0. The Down-and-In



Call option, for instance, has final payoff (Sr — K )+1{0212T s,<p}- These Barrier
options have major disadvantages concerning risk management. The discontinu-
ity of the payoff at the barrier makes price manipulation by driving the underlying
possible. Furthermore, take the Up-and-Out Call option as an illustration. An
accidental price jump across the barrier can wipe out a buyer’s entire investment,
in spite of having the correct view on the overall market trend. Also the dis-
continuity of the Delta at the barrier for all times and its unboundedness when
maturity approaches, makes it hard to find a replicating strategy based on the

Black-Scholes theory.

In order to counteract these problems, Parisian options were introduced by Ches-
ney, Jeanblanc-Picqué, and Yor [1997]. They are similar to path-dependent Bar-
rier options, where the contract is defined in terms of staying above or below
a certain barrier L for a fixed time period d before maturity date, instead of
just touching the barrier. Similar to Barrier options, which are limiting cases of
Parisian options, they can have the form of a Down-and-Out, Down-and-In, Up-
and-Out, Up-and-In Call or Put. The payoff of the Parisian Down-and-In Call,
for instance, can be found to be (Sp — K)*l{T;d(SKT}, where 7 ,(S) accounts for
the first time the excursion below L exceeds option window d. We also call this
time the Parisian time below L. One motivation of introducing Parisian options
lies in the insensitivity to influential agents; it is a lot more expensive to manip-
ulate these kind of options. Furthermore, this Parisian criterion is to smooth the
option value and consequently the Delta and Gamma near the barrier, prevent-
ing the option’s Gamma to undergo an infinite jump. In contrast to a standard
Barrier option, where small price movements around the barrier result in large
changes of Delta, the hedging ratio of the Parisian option varies smoothly when

crossing the barrier.



Even though Parisian options are not exchange traded, they are used as building
blocks in structured products, such as convertible bonds, which offer the holder
the right but not the obligation to convert the bond at any time to a pre-specified
number of shares. Most convertible bonds contain the call provision, allowing the
issuer to buy back the bond at the so-called call price, in order to manage the
company’s debt-equity ratio. Upon issuer’s call, the holder either redeems at
call price or converts. Apart from the hard call constraint, which protects the
conversion privilege to be called away too early, the soft call constraint requires
the stock price to be higher than a certain price level. This is sensitive to market
manipulation by the issuer, which can be counteracted with the Parisian feature.
The Parisian feature requires the stock price to stay above a level for a certain
time. These callable convertible bonds with Parisian feature are commonly traded
in the OTC market in Hong Kong , see Avellaneda and Wu [1999], Lau and Kwok
[2004].

Pricing derivatives in the Black-Scholes framework rely on the distribution of
Brownian functionals. Familiar functionals, such as the first hitting time or the
maximum, have been well studied and used for pricing Barrier or Lookback op-
tions. The key in pricing Parisian options lies in deriving the distribution of
the time above or below a certain barrier. In the case of consecutive Parisian
options we are interested in the excursion time, which denotes the time spent
between two crossovers of the fixed barrier. In the cumulative Parisian case we
are interested in the occupation time, which is the summation of all excursion
times above or below the barrier up to a certain time. This has been studied by
Chesney, Jeanblanc-Picqué, and Yor [1997], Dassios and Wu [2011d], Cai, Chen,
and Wan [2010] and Zhang [2015]. Variations of the Parisian option can be found
in the double sided Parisian option by Anderluh and van der Weide [2009] or
the double barrier Parisian option by Dassios and Wu [2011b]. American-style



Parisian options have been studied by Haber, Schonbucher, and Wilmott [1999]
and Chesney and Gauthier [2006]. If we do not specify the term, we consider con-
secutive European-style Parisian options. Taking thoughts about Parisian-type
questions any further, one can bridge financial application to insurance mathe-
matics. Ruin probabilities of risk models with Parisian delay have been studied by
Dassios and Wu [2009b], Dassios and Wu [2008], Dassios and Wu [2011c], Loeffen,
Czarna, and Palmowski [2013], Landriault, Renaud, and Zhou [2011] and others.
This concept occurs if the surplus process stays below zero for a continuous time

period longer than a fixed time.

1.2 Organization and Outline of the thesis

The thesis is structured as follows. In Chapter 3 we explore functionals of the
Brownian excursion, including first hitting time, last passage time, maximum and
the time it is achieved. The Brownian excursion is defined as a standard Brow-
nian motion, conditioned on starting and ending at zero and staying positive in
between. Using conditioned martingales, we relate the excursion to Brownian mo-
tion and the three-dimensional Bessel process. Referring to Doob’s h-transform
we find the dynamics of the Brownian excursion, leading to the derivation of the
first hitting time with three different methods. Our proofs use elementary argu-
ments from probability theory and emphasize the nature of excursions. Our main
result of Chapter 3, which is new as far as we are concerned, studies the joint
probability of the maximum and time it is achieved. We find the financial appli-
cation of our probabilistic results in Parisian default risk of bonds. The principal
difference between stocks and bonds is that the latter reaches a predetermined
face value at maturity, whereas a stock’s final value is unknown a priori. Brow-
nian excursions possess the features of being non-negative and taking a specific

value at maturity, being a suitable model for bond prices.



Chapter 4 deals with the joint probability of Parisian, occupation and local time
of drifted Brownian motion. The results are achieved via a two-state semi-Markov
model on a perturbed Brownian motion, which has been proposed by Dassios and
Wu [2009a]. This perturbed Brownian motion has the same behaviour as a drifted
Brownian motion, except it moves toward the other side of the barrier by a jump
of size € each time it hits zero, disposing of the difficulty of the origin being
regular. The semi-Markov process allows us to define an infinitesimal generator,
where the solution of the martingale problem provides us with the triple Laplace
transform of Parisian, occupation time and number of downcrossings of the per-
turbed Brownian motion. The relation between the number of downcrossings by
the Brownian motion and the Brownian local time, manifested by Lévy [1948],
motivates our study of downcrossings and yields the triple Laplace transform of
Parisian, occupation and local time of the drifted Brownian motion. The connec-
tion between the local time and the drawdown time stimulates research on the
relative drawdown process serving as an indicator of market stability. It has been
noted that the relative drawdown process is low in stable periods and shoots up
during market recession [see e.g. Vecer et al., 2006]. It can be assumed that a
realization of a large drawdown is followed by a default happening at the first
instance the relative drawdown exceeds a threshold. We extend this definition to
default occurring with Parisian delay, i.e. if the underlying process stays below
zero for a pre-specified time period. We consider this to be a more realistic mea-
sure of risk, giving regulators more time to react to shortfalls and keeping in mind
that relative drawdowns cannot be monitored continuously. To insure against the
event of the relative drawdown exceeding some percentage with Parisian delay we
introduce the so-called Parisian Crash option with digital payoff and the Parisian

Lookback option.



Chapter 5 is devoted to extending the Parisian concept and introducing innova-
tive equity exotics which are generalizations of Barrier and Parisian options and
extremely adaptable to investors’ needs and beliefs in the market. One version
of the so-called ParisianHit option, the MinParisianHit, gets triggered if either
the age of the excursion above a level reaches a certain time or another barrier is
hit before maturity. The MaxParisianHit on the other hand gets activated when
both excursion age exceeds a certain time and a barrier is hit. The advantages of
our options are cost benefits for investors, insensitivity to market manipulation
and smoothening of the Delta around the barrier in order to find a replicating
strategy. The key for pricing these kinds of options lies in deriving the joint law of
Parisian and hitting time which we have achieved via a three-state semi-Markov
model indicating whether the process is in a positive or negative excursion and
above or below a fixed barrier. Results are found in terms of double Laplace

transforms.



Chapter 2

Nomenclature

For any stochastic process Y and probability measure P, we use P, to denote
P(.|Yy = y). With the subscript behind the expected value we denote the starting

position of the stochastic process Y, i.e. for any function f
E,(f(Y)) =E*(f(Y); Yo = y).

The superscript announces under which probability measure we take the expec-
tation, i.e.

B (7)) = [ " H@P(Y € dr).

We fix the notation for inverse Laplace transforms. Given a function F(/3), the
inverse Laplace transform of F, denoted by £L™'{F(/3)}, is the function f whose

Laplace transform is F, i.e.

F0) = SHEO = L{I0}(8) = / e ()t = F(B).

Note, that we consider the inverse Laplace transform with respect to the trans-



formation variable [ at the evaluation point t. If not otherwise stated we take

from now on Lgl{F(ﬁ)Ht as a function of the time variable t.

In the same way we define the triple Laplace transform F' for a given function

f(y,z,t) of three variables y,z,t > 0 by

F(y, 1, 8) = LeLaLy {f (y, 2, )} (v, 1, B) - /e e / e " f(y,x, t)dy dr dt.
t=0 x=0 y=0

Hence, the inverse triple Laplace is

LgnglL;l{F(’%M? 5)”(%%,1‘,) = f(y>$at)7

where (y, x,t) are the evaluation points. Analogously, inverse double and quadru-

ple Laplace transforms are defined.

Stochastic Processes

(Wi)eso0 standard Brownian motion
(Wl)is0 = (ut 4+ Wy)i>0 - Brownian motion with drift g > 0
(Wb’"(t))t>0 Brownian bridge, i € N
(Re)e>0 three-dimensional Bessel process
(M) o< Brownian excursion of length T
(M) o<t<T price process of risky zero-coupon bond paying $1 at

time T if no default occurs and $0 otherwise
(St)>0 risk-neutral geometric Brownian motion solving SDE
dSt = T’Stdt + O'Stth

(W) is0 perturbed Brownian motion with drift, see (4.10)



(Xt)e=0

(Xt)i=0

two-state semi-Markov process with state space {1, —1},
see (4.11)
three-state semi-Markov process with state space

{2,1,—1}, see (5.1)

Random times

9:(Y)

d(Y')

gL,t(Y)

SUPg<s<; Ys - running maximum of a generic stochastic
process Y

Y, — Y, - Drawdown of process Y

ﬁ%tn - relative Drawdown of process Y

inf{t > 0|Y; = b} - first hitting time of constant b

inf{t > 0|Y; = a or Y; = b} - first exit time of interval
(a,b) with a,b € R and a < b

sup{t > 0|Y; = b} - last passage time of constant b
inf{0 < s < t|Y, = Y;} - first time the maximum is
achieved before time ¢

inf{0 < s < t|Y; = ming<,<; Yy} - first time the mini-
mum is achieved before time ¢

sup{s < t| sgn(Y;) # sgn(Y;)} - last crossing time of 0
before time ¢

inf{s > t| sgn(Y;) # sgn(Y;)} - first crossing time of 0
after time ¢

sup{s < t:Y; = L} - last crossing time of L # 0 before

time ¢



inf{s > t:Y, = L} - first crossing time of L # 0 after
time ¢

inf{t > 0|(t—g:(Y))1y,50 > dy } - first time the excursion
above 0 exceeds time period dy, or alternatively, Parisian
time above 0

inf{t > 0[(t—g:(Y))1ly,<o > do} - first time the excursion
below 0 exceeds time period ds

inf{t > 0|(t — gr.+(Y))1ly,~r > d} - first time the excur-
sion above L exceeds time period d

inf{t > 0|(t — gr.+(Y))1y,<r > d} - first time the excur-
sion below L exceeds time period d

min{7; (Y), Hy(Y)} - minimum of the two stopping
times

max{7, (Y), H,(Y)} - maximum of the two stopping
times

number of downcrossings from € to 0 of the process W#
fg 1y, ~ods - occupation time above 0

f; 1y, <ods - occupation time below 0

t—g,(Y) - time elapsed in current state, either above or
below 0

local time of a for the process Y

10



Miscellaneous

(A—B)t = max{A— B,0} - positive part
AANB = min{A, B} - Minimum
Q equivalent martingale measure
S, = - Dirac function with [ §,dz =1
oo Lifr=0 o
N(z) = ] 1l \/%e_y?dy - cumulative distribution function of the

standard normal distribution
Aij transition intensity from state ¢ to 7 of process X, see

(4.12), (4.13)

pij(t) transition density of X, see (4.15)
Pi(t) survival probability in state i, see (4.14)
Pi(B) = fodi e Ppi;(s)ds, see (4.17)
Py(B) =[5 e ?py(s)ds - Laplace transform, see (4.18)
S\ij transition intensity from state ¢ to j of process X , see
(5.2), (5.3)
(1) transition density of X, see (5.5)
Qi(t) survival probability in state i, see (5.4)
Qu(B) = J3 e Pq(s)ds, see (5.6)
Qi;(8) = Jy" e P4q;j(s)ds - Laplace transform, see (5.7)

11



Chapter 3

Functionals of the Brownian

excursion

The relationship between the Brownian excursion and the three-dimensional
Bessel bridge is well understood in the literature. We provide three proofs
of the result on the first hitting time of the Brownian excursion, use time
reversion and derive the density of the last passage time. As a consequence
we derive the law of the maximum of the Brownian excursion and extend
this result to the joint law of maximum and the time it is achieved. As an

application we discuss default probabilities of bonds.

3.1 Introduction

We study functionals of the Brownian excursion, including first hitting time, last
passage time, maximum and the time it is achieved. The Brownian excursion is
defined as a standard Brownian motion, conditioned on starting and ending at
zero and staying positive in between. Using conditioned martingales, as intro-

duced in Perkowski and Ruf [2012], we relate the excursion to the Brownian mo-

12



tion and the three-dimensional Bessel process, abbreviated with BES(3). Since
the work of Doob [1957] and McKean [1963], the connection between Brownian
motion and Bessel process has been well known. Williams [1974] shows that these
two processes are dual and establishes path decomposition theorems, which can
even be extended by use of the method of random time substitution. Chung
[1975] explores maxima of the Brownian excursion using the last exit decomposi-
tion, whereas Durrett, Iglehart, and Miller [1977] and Durrett and Iglehart [1977]
develop various relationships between meanders, excursions and bridges by using
limit processes of conditional functionals of the Brownian motion. Density fac-
torization makes it possible for Imhof [1984] to derive joint densities concerning
the maximum of the Brownian meander and the BES(3) process. McKean [1963]
and Williams [1974] derive path decompositions of one-dimensional diffusions by
welding together various conditioned processes relying on Doob’s h-transforms
[Doob, 1957] and the Martin boundary. A representation of the BES(3) process
in terms of the Brownian motion was given by Pitman [1975]. Kennedy [1976] de-
rives the distribution of the maximum of the excursion via limiting processes and
relates it to the standard Brownian motion. Pitman and Yor [1998] find the max-
imum of the Bessel process and its Mellin transform through the Gikhman-Kiefer
formula. The relationship between the Brownian excursion and the Bessel bridge
goes back to McKean [1963] and was formalized by Pitman [1975]. Hernandez-del
Valle [2013] shows the relationship of the hitting time of a moving boundary by
Brownian motion and excursion by means of the Girsanov theorem leading to

Schrédinger’s equation with linear potential.

The survey of last passage times play an important role in financial mathematics.
Since they look into the future and are not stopping times, the standard theorems
in martingale theory cannot be applied and therefore they are much harder to

handle. Since Madan, Roynette, and Yor [2008] discovered that European option

13



prices can be written in terms of last passage times, where they allow great flex-
ibility to the local martingale modelling the stock price, they came into focus of
interest for option pricing. Last passage times also play an important role in path
decomposition of diffusions [see.e.g. Williams, 1970] and enlargement of filtration
[Barlow, 1978] [Nikeghbali and Yor, 2006]. Other applications can be found in
Imkeller [2002] about insider trading or default risk [see e.g. Elliott, Jeanblanc,
and Yor, 2000]. Probabilities of last passage times have been found for drifted
Brownian motion yielding European option prices in the Black-Scholes framework
[see Madan, Roynette, and Yor [2008], Cheridito, Nikeghbali, and Platen [2012]].

We, on the other hand, focus on the last passage time of the Brownian excursion.

To the best of our knowledge, there has not been any study of the last passage
time of the Brownian excursion and the joint density of the maximum and the
time it is achieved. We start this chapter by fixing notations in section 3.2 and
refer to Doob’s h-transform and conditioned martingales in order to find the dy-
namics of the Brownian excursion in section 3.3. In section 3.4 we derive the
density of the first hitting time with three different methods. Our proofs use
elementary arguments from probability theory and emphasize the nature of ex-
cursions. We show that Brownian excursions are reversible relying on Pitman’s
Bessel bridge representation [Pitman, 1975, 1999a] in section 3.4.4. Our focus lies
in reversing the process and deriving the last passage time. Using the law of the
hitting time, we derive the law of the maximum in section 3.4.5, which coincides
with known results by Chung [1975], Bertoin, Chaumont, and Pitman [2003],
Kobayashi, Izumi, and Katori [2008] and others, relying on a different approach
and argument. In section 3.5 we conclude with our main result, studying the
joint probability of maximum and time it is achieved, followed by the law of the
time of the maximum. Section 3.6 is devoted to an application on default risk of

bonds. The principal difference between stocks and bonds is that the latter reach

14



predetermined face values at maturity whereas a stock’s final value is unknown a
priori. Brownian excursions possess the features of being non-negative and taking

a specific value at maturity, being a suitable model for bond prices.

3.2 Definitions

In order to fix notations we define (W;):>o to be a standard Brownian motion and
(Rt)i>0 to be a three-dimensional Bessel process starting at zero with probability

measures Q and Q respectively. For fixed ¢ > 0, let

9:(W) = sup{s < t| sgn (W;) # sgn (Wy)},
dy(W) = inf{s > t| sgn (W,) # sgn (W;)}

denote the last passage time of zero before time t and first hitting time of zero
after ¢ respectively. The time interval (d;(W), g:(1W)) is the Brownian excursion
interval straddling time ¢. Using Brownian scaling we fix the excursion length to
be T > 0, hence, W restricted to this interval is the excursion process (m¢)o<i<r
with probability measure P. The first hitting times of a constant a > 0 by the

processes are defined as

H,(W) = inf{t > 0|W; = a},
H.(R) = inf{t > 0|R; = a},
H,(m) = inf{t > 0|m; = a}.

The last passage time of the Brownian excursion of length 7T is denoted by

15



Go(m) = sup{t < T|m; = a}.

For the maximum and the time it is achieved, we define

mr = max My,
0<s<T

Or(m) = inf{0 < s < T|ms = mr}.

An illustration of a Brownian excursion, where the excursion length is fixed to

T =1, is given in Figure 3.1.

Figure 3.1: Path trajectory of an excursion process

Brownian Excursion

1.2

m t
00 04 038

0.0 0.2 0.4 0.6 0.8 1.0

time
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3.3 Dynamics of the Brownian excursion

We want to derive the dynamics of the Brownian excursion m by conditioning
a standard Brownian motion on starting and ending at zero and staying pos-
itive in between. The tool is given through Doob’s h-transform [Doob, 1957],
where an additional drift arises. H-transforms have the intuitive interpretation

of conditioning a Markov process on its behaviour at maturity of the process.

Theorem 3.3.1 (Doob’s h-transform). Let X be a Markov process, i.e. a solution
of the martingale problem for the infinitesimal operator A, and let h be a harmonic

function. Define the measure Ph s.t. for any Fy-measurable random variable Y,

ER(Y) = ——E,(h(X,)Y).

h(z)

Then P is the law of a solution of the martingale problem for the generator A*

defined by

~

At 2) = %

This means in particular, assuming the original diffusion X having the generator

0 0 1 0?
Af(t,z) = a—{ + b(x)g—i + §a(x)a—x];

it follows

17



. AU 1 [o(fh) o(fh) 1 *(fh)
A f(t,x) = iL(t, o) = iL(t ) ( o +b(:p)—ax + 2a(x) B2 )
_Of  foh 20 fah 1 82f a(z) Of Oh 1 fo%h

ot j ot 8
f (oh oh O%f af of 1, 9*f  a(x)df Oh
( ’ _>+ F ()8x+§a(x)@+ j Oxox

1

Assuming that h is harmonic, i.e. Ah = 0, the new generator becomes

) _of 1oh\ 0f 1 , 0%f
We notice that the new process has an additional drift component a(x )lllgh. It

is shown by Perkowski and Ruf [2012] (Prop. 3.2), that this conditioned process
is indeed a diffusion. We refer to Doob [1957], Williams [1974] and Chung and
Walsh [2005] for greater detail on Doob’s h-transform.

The Brownian excursion m is a continuous inhomogeneous Markov process (see

Knight [1980] for its Feller property), which is distributionally defined as

Po(my € dx) = Qo(W; € dz|Ws > 0 for all 0 < s < T and Wr = 0).

2 . .
The generator of the Brownian motion is A = m + %%. We now condition on

the event of hitting zero at time 7" and not before, hence we choose h to be the

first hitting time density

18



This function can easily be checked to be harmonic with respect to the generator

1 0

of the standard Brownian motion A = 2 + 2527

ot
Hence, the additional drift component becomes

1 dh(t,x) 1 x

~

h(t,z) dv o Tt

and the generator of the Brownian excursion m is therefore

of (t,x) (1 @ )6’f<t>w>+132f<t’f”>, (3.1)

* (¢ _ I\
A St ) ot + x T—t dz 2 dzx?

This yields the dynamics of the Brownian excursion to be

m():O.

We refer to Pitman and Yor [1982] for further reference. It is a remarkable fact

that conditioning can be exactly reproduced by applying the right drift.

Remark 3.3.1. Note that conditioning a Brownian motion with non-zero drift on
the first hitting time provides us with the same dynamics as a Brownian mo-
tion without drift. In particular, a drifted Brownian motion conditioned to hit

zero at time 7 is indistinguishable from a standard Brownian excursion (my)o<t<7-
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3.4 Density of the First Hitting Time of the
Brownian excursion

Referring to Doob’s h-transform the dynamics of the Brownian excursion for
0 <t < T has been found (see also Bloemendal [2010] and Hernandez-del Valle
[2013)),

1 my

mon.

This stochastic differential equation has a unique strong solution [see Campi,
Cetin, and Danilova, 2013, Prop. 3.5]. As our first result on functionals of the

Brownian excursion, we derive the first hitting time of a constant barrier a > 0.

Theorem 3.4.1. The first hitting time of level a > 0 by the Brownian excursion

m is given by

277 IR 2 2
Po(Ha(m) € dt) =a me 2(T—t) % ((2]{? + 1) a” — t) e

_ (2k+1)%a2
2t

(3.3)

We proof this theorem with three different methods. The purpose is to emphasize
the probabilistic nature of Brownian excursions and the relationship to similar

stochastic processes.

3.4.1 Proof using Bessel process

The next two methods are probabilistically straightforward and accentuate the
behaviour of excursions. The connection between Brownian motion and the three-

dimensional Bessel process, abbreviated by BES(3), has been well studied. Our

20



motivation for using the BES(3) process lies in Pitman’s Bessel bridge represen-
tation [Pitman, 1999a,b] of the Brownian excursion. For the BES(3) process,
the Laplace transform of first hitting time of a starting in x where 0 < x < a is
known to be [see e.g. Borodin and Salminen, 2002, formula 2.0.1]

5 _asinh(zv2a)

Eg(e—aHa(R)

x sinh(av/2q)

By using L’Hopital’s rule and letting x approach zero, we find

av 2o

EB@(B_QHCL(R) —
sinh(av2«)

Using series expansion and inverting term by term, gives us the density

Z ((2k +1)%a* —t) e_(2k+21t)2a2 dt. (3.4)

k=—00

Qo(Ha(R) € dt) = m

In order to derive the first hitting time H,(m) of a Brownian excursion, we
multiply the first hitting time H,(R) of the BES(3) with the transition density
of getting from a to € from time ¢ to time 7" and divide by the density of going

from zero to e from time zero to time 7T'. Finally we let € go to zero,

. Qu(Hu(R) € dt)pr_i(a,e)
Po(Hy(m) € dt) = 11_1}(1) 5r(0.0)

. (3.5)

For the BES(3) process we know, that the transition density is given by [see e.g.
Going, 1997][Going-Jaeschke and Yor, 2003]

21



5 y 1 _@—y)? _(ty)?

T,y) == e 2 —e 2 , 3.6
o) =2 ) 39
_ 2 5
p:(0,y) = —Eye (3.7)

Using L’Hopital’s rule we can find the limit for e — 0 to be

3 2

Po(H,(m) € dt) = Qo(H,(R) € dt) (TT_—LL)ae‘zd‘w

/ K L2 & 2 2 _(2k+1)%a?
=aqa m@ 2(T—1) k:ZOO ((2k' + 1) a” — t) (& 2t dt.

This finalizes the proof of Theorem 3.4.1 by splitting the infinite sum into positive

and negative parts.

3.4.2 Proof using Brownian motions

In the case where we want to model the excursion using a conditioned Brownian
motion, we have to be more careful, since the Brownian motion might return
to zero before time T'. Hence, we decompose the hitting time of the Brownian
excursion into the probability that the Brownian motion starting at € hits a > 0
before hitting zero at time t and the hitting time of zero starting at a at time

T — t and divide by the hitting time of zero at time T starting at e, i.e.

Po(H,(m) € dt) =
I; Qe(Ha(W) A HO(W) S dta Ha(W) < HO(W))Qa<HO(W) € d(T B t))
0 Q.(Ho(W) € dT) '

(3.8)
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We know the hitting time distribution for a Brownian motion absorbed at zero

[see e.g. Karatzas and Shreve, 1991, p.100] to be

1 > 2nata—x)>
Qu(H (W) € du, Hy(W) < Hy(W)) = T 3" (2na+a—z)e T du

Lemma 3.4.1. The hitting time of a Brownian excursion starting at 0 < z < a

18

T3 _ ll2 ﬁ s na+-a—=x 2
Po(Ho(m) € dt) = %\ [ me AT T Z (2na+a — :B)e_%.

Proof. This lemma is a generalization of Theorem 3.4.1 with the starting position
of the excursion not being fixed to zero. We will see later that this result yields
Theorem 3.4.1 by letting x approach zero. But in the meantime we take it as a

separate result.
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P,(H,(m) € dt)
 Qu(HL(W) A Hy(W) € dt, Hy(W) < Ho(W))Qu(Ho(W) € d(T —t))

a
(2na+2jfz>2 ae 20T=0)

i: (2na +a —x)e”

27rt ~ 27 (T—t)3
= - dt
T _zZ
V2rT3 e =r
o
a T3 _ a? ﬁ o (2na+a—m)2
4 g T Y (o)

]

Hence, taking the limit of x approaching zero yields the hitting time of the ex-

cursion.
S na+a—x 2
e Vw3 (Prata—a)e T
ae - ™ =0
Po(Hy(m) € dt) = = lim ~ dt
27T(T — t) z—0 2:frT3 e 2T
T3 2,2
=a W@ 2<T t) Z 2/{3 + 1 a — t) (2k+21t) dt
T
k=—oc0

This finalizes the proof of Theorem 3.4.1 by splitting the infinite sum into positive

and negative parts.

3.4.3 Proof using conditioned Martingales

The similarity in dynamics suggests the change of measure from Brownian excur-
sion to BES(3). Hernandez-del Valle [2011] (Theorem 2.9) provides us with the

relevant formula. Compare the dynamics of the BES(3) process, which is known
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as

1
dR;, = —dt + dW,
t i + t

[see e.g. Borodin and Salminen, 2002, Chapter IV.6. Bessel processes|, with dy-

namics (3.2).

Theorem 3.4.2 (Hernandez-del-Valle). Let W denote a Brownian motion and let

kD) and k@ both satisfy the heat equation —8’511) = %6;’;(21) and —8’;;2) = %52’;(22).

We assume that we can write the diffusions X, Z and'Y with probability measures

P, Q and Q respectively as

1 0kt Xy) 1 okW(t, Xy)
dXt — +
I{?(Q) (t, Xt) ox k(l) (t, Xt) ox
1 0kA(t, X))
k(Q) (t, Xt) ox

dY, = dW,.

> dt + dWi,

dZt -

dt + dW,,

Then assuming W)%s 5 ‘%(ZS’Z) k(l)%s 5 8k(18)£s’z) # 0 for some strip Ry x R the fol-

lowing identity holds

e 1 ak(2) (s,25) 1 Qk(l)(s,Zs)dS
Po(X, € 4) =B [kt Z)e B imezm ™ o wz w1,

- X 1 ok(2) (s,Ys) 1 Bk(l)(s,Ys)dS
= B3 { kO, YO (¢, Yo P i o i g,

The dynamics of the BES(3) process is given by dR, = Ritdt + dW; [see e.g.
Borodin and Salminen, 2002, Chapter IV.6. Bessel processes].
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22

Take kM (t, ) = ﬁei 27 and k@ (t,r) = 2. Both functions satisfy the

heat equation and we can write

1 8k(2) (t, mt) 1 ak(l)(t,mt)
dmt = +
k@ (t,my)  Im EO(t,my)  Om
1 0kW(t, Ry
k@ (t, Ry) or

)dt+th,

th — dt + th,

and with Theorem 3.4.2 the change of measure becomes

P e 1 k(2 (s,Ry) 1 8k(1)(s,Rs)ds
RN — S,fis 0 S,fvg
d~ k‘(l)(t, R))e ° @ (s,Rs) k(D (s,Rs) 0T
dQls,
R2
I S et
27(T —t)
T R}
= —6_ 2(T—t)
3 )
2n(T —t)

which is indeed a local martingale up to time 7.

We now calculate the first hitting time of the Brownian excursion using this

change of measure and a normalization factor:
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VorTs | - T "

3 . o2
\/27TT T . mlH( et
| V2r(T — H(R))?

/1/ —536 ~ = 2= Qo (H,(R) € ds).

Hence, with (3.4) we derive

T3 > (2k+1)2a2

2
BEcen) 2 2 — (@kt)%e?
BT k;m ((2k + 1)22 — ) e~ =5 at.
(3.9)
Splitting the infinite sum yields Theorem 3.4.1. All three proofs explore excur-

Po(Hu.(m) € dt) = a

sions from different perspectives making use of relations to Brownian motion and

BES(3) process.

3.4.4 Density of the Last Passage Time of the Brownian

excursion
We now want to use our results on the first hitting time to derive the probability
of the last passage time of the Brownian excursion. Since they look into the

future and are not stopping times the standard theorems in martingale theory

cannot be applied and therefore they are much harder to handle. Relying on the
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Bessel bridge representation formalized by Pitman [1999a], we derive the following

Corollary.

Corollary 3.4.1. The distribution of the last passage time of the Brownian ez-

curston 1s given by

[§)

2 a > (2 1)20,2
Po(Ga(m) € dt) = a - 5t3€ Ty ((2k+1)%% — T + 1) o S gt
k=0

Proof. The excursion starts and ends at zero. Pitman [1999a] allows the following

representation for 0 <t <T

my = \/(V[/{"“(t))2 + (W () + (Wi ()7, (3.10)

where W/, i = 1,2,3, are three independent Brownian bridges. Hence, the
Brownian excursion can be identified with the three-dimensional Bessel bridge
from zero to zero. Hence, m is reversible. Denote by m; := mp_; the time-
reversed excursion with my = mr = 0 and let H,(/m) be the first hitting time
of level a of the reversed process. Let G,(m) = sup{t < T'|m; = a} be the last

passage time of the original excursion. Then, trivially

Po(Gy(m) € dt) = Bo(H, (1) € dt),

which completes the proof after applying the result from Theorem 3.4.1 for 7' —1¢.
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3.4.5 Density of the Maximum of the Brownian excursion

Having derived the law of first hitting time, we can deduce the law of the maxi-
mum of the Brownian excursion. Our outcome coincides with well known results
by Chung [1975], Bertoin, Chaumont, and Pitman [2003], Kobayashi, Izumi, and
Katori [2008] and others. However, our approach differs in terms of derivation

and only uses standard theorems in probability theory.

Corollary 3.4.2. The distribution of the maximum of the Brownian excursion

of length T 1s given by

0<s<T T

> 2ak)? 2ak)?
Po( max ms > a) = 2 ((a) —1)@—(2?7

ol

=1

and its density is

2 (4aPkt 3ak?\ _caw?
PO(O?%XT mg € dCL) =38 2 (W — T ) e” 2T da. (311)

Proof. We integrate up the hitting time density of the excursion and derive the

distribution of the maximum of the excursion, i.e.

/T Po(Hy(m) € dt) = Po(Hy(m) < T) = Po( max ms > a).

0<s<T

Let b = (2k + 1)a, then
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T o0 T
Po(H,(m) € dt) = V2113 / Y
/0 olHa(m) € di) k;}@ 0 \2r(T —t)° 27 t5
a 2 2

— —67 2(%70

2n(T —t)? V2rt3

The r.h.s. of (3.12) can be written as the convolution of the functions

a b b2
M) = ¢ 6_2; @) = e 2,
FO(0) = e, o) =~

The Laplace transform of the convolution

FEOT) = (fY % fO)(T)

is the product F®(z) = FW(2)F®)(2). The Laplace transform of the Inverse

Gaussian distribution is given by
FO(z) = / e D (t)dt = e=*V??, F@(z) = V2,
0

and
F(3) (Z) _ e—(a-i—b)\/ﬂ

Hence, the inverse Laplace transform f©®)(T') becomes

a-+b _ (atp?

(1) 4 +@Y (T — e :
(P05 1)) = (313)

Differentiating both sides of equation (3.13) with respect to b yields
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d T o2 b 2 d a+b _ (atn?
2T

T2(T—-1)

e 2tdt = — e
\/74 V23 db \/27T3

ae D ( v’ 1 > 2 ((a—i—b) 1 ) _(at)?
e 2dt = — e~ 2T .
\/271' \/27Tt5 V2rt3 V2rT5  /2xT3
(3.14)

T

Notice that the Lh.s. of (3.14) is exactly the same as the convolution on the r.h.s.
of (3.12). With this trick we can now calculate the probability of the maximum

of the excursion.

o0

/OTPO(Ha(m) ed)y=Y" (@ - 1) s

k=—o0
22 < 2CLIC ) 67(2(21;)2 .

This concludes the first part of the Corollary. For the density we differentiate

with respect to a. Straightforward calculation yields

d d -
Py( max mseda):d—PO(max msga):% (1—1—22(

(221?)2> o (2%)2)

0<s<T a 0<s<T
. (4aPkt  3ak? (2ak)?
DN LA PR )
T2 T
=1

[]

As a generalization we also compute the probability of the maximum for an
excursion starting at = € (0,a). This coincides with Corollary 3.4.2 by letting =
approach zero and applying L’Hopital’s rule.
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Corollary 3.4.3. The law of the maximum of a Brownian excursion of length T

starting at x, 0 < x < a, 18

=, [4na 2nax 2nax _ (2na)?
Pz(orélg)%mSZa Z(—snh( T )—2cosh( 7 >)e oT

n=0

and its density is

P,( max ms € da) =

0<s<T
4 2 2 na 2
;} TZ ((T 4a*n® — 2°) sinh ( ZSLI) + 4nax cosh ( n;x)) e 5

Proof. From Lemma 3.4.1 we derive

T

P,( max mg > a) = m) € dt)
0<s<T
oo _ (2nata—x)?
+ na+a—r
P Y=t 2(T ntor 2na+a—=x 2t
/ 27Tt3 —t)3 ( Je”
n=—oo
27TT3 i 277/@ + a—X (2na+a—:c)2

- ¢ 2(T t) I 2t

Y [ e
T —1)3 2mt3

=, [ 4na 2nax 2nax (2na)?
= ——sinh — 2 cosh T,
; ( . sin < T ) CoS ( T )) e

For the density we differentiate with respect to a
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P,( max mg € da) = i (1—}}”0 (max My Za))

0<s<T da 0<s<T
e 27?, (2na)2—4naz
= Z T—(4a2n2 —dnax — T + x*)e™ or
x
= 4n 2nax 2nax (2na)?
=Y — ((T —4a*n* — 2%)sinh 4 h T,
kZ:O T (( a“n® — x°) sin T + 4nax cos T e

3.5 Joint law of the Maximum and the Time it
is achieved by the Brownian excursion

We recall the definition of the first time the maximum of the Brownian excursion

is achieved,

Or(m) = inf{s < T|my, = mr}.

Theorem 3.5.1. The joint probability of maximum and the time it is achieved

for Brownian excursion is given by

Py (mT € da, QT(m) S dS)

3 x> 1202
- (? 55 2o 2 (217 —s) e

2ms5(T —
n=0 k=0

(2k+1)2a2

x ((2k +1)%a*> = (T —s)) e” 279 da ds. (3.15)
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Before we prove this proposition, we firstly derive the joint law of an excursion
starting at , 0 < z < a, and let x approach zero in a next step. We empha-
size the speed of convergence of the infinite sums, which will be demonstrated in
Appendix 7.1, Table (7.2). Numerically, we will not need to compute more than

three terms to get precision up to four decimal places.

Lemma 3.5.1. For the Brownian excursion starting at x, 0 < x < a, we find the

joint distribution to be

P, (mr € da,fr(m) € ds) =

[e.e]

273 1 (2k+1)2a2
= 2k +1)%a®> — (T —s)) e 209 x
73 (T — 8)° o= it kZ:O ( ) ( )
N entnZa?4s? 2n + 1 2n + 1
XZ e {(271 + 1)asinh (M) — x cosh (Mﬂ da ds.
s 5

n=0

(3.16)

Proof of Lemma 3.5.1. We recall Pitman’s Bessel bridge representation [Pitman,

1999a),

= (W) + (W) + (Wir(e)™. (3.17)

Let R be a BES(3) process with probability measure Q, then the well-known

change of measure allows us to represent it as a Brownian motion W,

Qu(A, R, € dz) = %Qx(A, W, € dz, Ho(W) > t) (3.18)
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for any measurable event A.
Imhof [1984] shows that the joint distribution for a standard Brownian motion is

given by

Q.(W; € dy, 0,(W) € ds, W, € dz) = 2Q,(H,(W) € ds)Q.(H,(W) € dt—s)dy dz,
(3.19)
where H,(W) denotes the first hitting time of y for a Brownian motion and W,

its running maximum up to time t. Together with equation (3.18) it becomes

Qu(R; € dy,0,(R) € ds, R; € dz) = ng(Wt e dy, 0,(W) € ds, W, € dz) =

%@w(Hy(W) € ds, Hy(W) > H,(W)Q.(H,(W) € di—s, Ho(W) > H,(W))dy dz,
(3.20)

where R denotes the running maximum of the Bessel process. The joint den-
sity of maximum and the time it is achieved for Brownian excursion therefore

decomposes into

P, (mr € da,0p(m) € ds) = Q,(Rr € da,0r(R) € ds|Ry = 0)

. Q.(Ry € da,07(R) € ds, Ry € de)
0 Q.(Ry € de)

. (3.21)

The hitting time distribution for a Brownian motion absorbed at zero is commonly

known [see e.g. Karatzas and Shreve, 1991, p.100] to be

> 2
_ @nyty—=)

Q.(Hy(W) € ds, Hy (W) < Hy(W)) = > @ny+y-—a)e = ds.
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Hence, with equation (3.20) the numerator of (3.21) becomes

oo oo
€ Z 2na —|— a—X (2na+a 5)2 2]{0, + a — € (2ka+a75)2
—= 2

2
— 2T=s) ds da de.
v 2783 \/27r — )3

For the denominator of (3.21), we know the density of the BES(3) process from
equation (3.6) to be

€ ( ()2 _(e+x)2> p
6 2t _ 6 2t 6‘
27T

Applying L’Hopital’s rule on € leaves us with

T3 1
P, (mr € da,f0r(m) € ds) = — X
2183 (T — )% otz
> nata—z)2 > (2K )2a2
X Z (2na +a — I’)e_(24§s : Z ((Qk; +1)%a® — (T — 3)) e~ 2 ds da
n=-—oo k=—0c0
273 (2k+1)242
= 2k+1 20> — (T —s)) e~ 2T x
83T = 5)° pe—%r kzo ( )
X Ze’w% {(Qn + 1)asinh (—( nt >GI) — x cosh <—( nt )GI)]
— s s

This yields the claim of the Lemma.

]

Proof of Theorem 3.5.1. For the Brownian excursion pinned at both endpoints

to zero, we let the start point x from Lemma 3.5.1 approach zero, i.e. equation

(3.21) yields
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Py (mr € da,0r(m) € ds) = Qo(Ry € da,6r(R) € ds|Ry = 0)

... Qu.(Ry € da,b0r(R) € ds, Ry € de)
= lim lim — .
z—0e—0 Qx(RT c dE)

(3.22)

Using the result from Lemma 3.5.1 we apply L’Hopital’s rule in order to find the

limit of x approaching zero,

_ , T3 1
Py (mr € da,0r(m) € ds) = QIUILI(I) 2T =5 o B X
> 2nata—z)2 > 2k 1)2112
X Z (2na +a — x)e_( . Z (2k+1)%a* = (T —s)) e 9 ds da
n=—00 k=—o0

T3 > (2n+1)2a2
=44/ — E 2 1)%a® — T X
2185 (T — s)° — (( nt1)a S) ‘

_ (2k+1)%a?

X Z ((2k+1)%a®> — (T —s)) e 209 ds da.
k=0

O

Remark 3.5.1. Integrating over s using Laplace transforms yields the density of
the maximum of the Brownian excursion which coincides with equation (3.11)
T

Py (mr € da) = / Py (mr € da,0r(m) € ds)

s=0

| 2rT® = S(T —5) [ 8(n+k+1)3a°
= _SQ(T _ 8)2 n;m k;oo /27TT3 ( T2

_ 6(n+k+ 1)) 6_4(n+l€2;1)2a2 i

T

37



S 31.4 2 2
s> (Y- M ) e

As an immediate result we derive the density of the time the maximum is achieved.

Corollary 3.5.1. The distribution of the time the maximum 1is achieved by the

Brownian excursion is given by

Py (01(m) € ds) = 62 Z(2n+1)2(2k+1)2\/[(2n (T ;SQST):_ (2k + 1)2s]5 ds.

n=0 k=0

Proof. For the distribution of the time of the maximum we integrate (3.15) over

a.

o0

Py (Or(m) € ds) = / Py (mr € da,fr(m) € ds)

=0

_(2n+1)2a2
E E 2n+1 a—s)e 25 X
27TS
n=0 k=0
(2k+1)2a2

(2k+1)%a® — (T —s)) e 29 da ds. (3.23)

We will be using moments of Gaussian distribution to evaluate the integral on

the r.h.s, which we denote by (A). Let ¢? := (2n + 1)? and d? := (2k + 1)2.

(c2(T—s)+d25)a2

(A) = /000 [Pda* — (P(T — s) + d®s)a® + s(T — s)| e~ =0 da

Let b := % and with substitution a = v/bx we have
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(A) = / Vb | Ad?b2t — (02(T —5)+ d23)b:102 +s(T —s) e_édx =
0 Q

s(';:s)

\/g (c2d2b5/2E(N(o, D) — s(T — s)b?E(N(0,1)%) + s(T — s)b'/? /_Z V;_We‘fd:ﬁ :

where N(0,1) denotes a normal distributed random variable and E (N(0,1)™)
describe the moments. We know E (N(0,1)?) =1 and E (N(0,1)*) = 3, hence,

(A) = 3c2d2b5/2\/§.

Inserting (A) into equation (3.23) yields the proposition.

3.6 Application to Default Probability of Zero-
Coupon Bonds

Let (my)o<t<r denote the price process of a risky zero-coupon bond paying $1 at
maturity 7', if no default occurred and $0 otherwise. Since the final state of a
Brownian motion is uncertain, it is not suitable for modelling an asset, where the
final value is known a priori. A bond gets redeemed at the par value at maturity,
hence, the stochastic process has to be tied down to the final state. This gives us
the motivation to use the Brownian excursion to model the bond price process.
We notice here that by reflecting and shifting m starting at zero and ending at

1 has the same distribution as the Brownian excursion m starting at 1 and tied
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down to zero with dynamics

1
dm, = ( 1 t) dt + dW,

m():l.

We modify the definition of default occurring if the bond price process m goes
below a certain barrier —b < 0 and the minimum is being reached before a spec-
ified time u < T, in which case regulators are advised to take action. This is
highly adaptable to the situation where a company does not default, if it is short
of reserve for a brief time period of time, but default happens, when the minimum

is reached too close to maturity.

The time at which the minimum is reached, is denoted by () := inf{0 < s <
T|ms = 01;111<nT m,.}. This is equivalent to saying that default occurs as soon as the
maximum of the Brownian excursion starting at 1 reaches 1 + b before time w.
Here is where the importance of knowing the default probability comes in. The

probability of default can now be calculated via Lemma 3.5.1.

Po(mmm5< bGT =Pi(my > 14 b,070(m) < u)
0<s<T

2 > _ (2k+1)%a?
g - 5 (2k+1)%a® — (T —s)) e 209 x
ws3 (T — s)° =37

b s k=0

n+1)2a2+41 2 1 2 1
X e { (2n + 1)asinh (M> — cosh (M)l ds da.

S S
n=0

(3.24)

Numerical computations can be found in Appendix 7.1.
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Chapter 4

Joint distribution of Parisian,
Occupation and Local times of

Brownian motion

This chapter studies the joint distribution of Parisian, occupation and local
times for Brownian motion. Relying on Lévy’s representation of drawdown
processes, we find explicit expressions for the Laplace transform of Parisian
drawdown times which can be exploited for pricing innovative options.
As applications we introduce the Parisian Crash option and the Parisian

Lookback option under the Black-Scholes framework.

4.1 Introduction

Pricing derivatives in the Black-Scholes framework rely on the distribution of
Brownian functionals. Familiar functionals such as the first hitting time or the
maximum have been well studied and used for pricing Barrier or Lookback op-

tions. In this chapter we concentrate on Parisian-style options.
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The key in pricing Parisian options lies in deriving the distribution of the time
spent above or below a certain barrier. In the case of consecutive Parisian options
we are interested in the excursion time, whereas in the cumulative Parisian case
we are interested in the occupation time, which is the summation of all excur-
sion times above or below the barrier up to a time ¢. Occupation times are also
fundamental for pricing a-Quantile options (see Akahori [1995], Dassios [1995]).
As in Chesney, Jeanblanc-Picqué, and Yor [1997], Dassios and Wu [2009a] we
reduce the problem to finding the Laplace transform of the first time the ex-
cursion exceeds the option window, which we call the Parisian time. Chesney,
Jeanblanc-Picqué, and Yor [1997] relied on Brownian meander and the Azéma
martingale, which have the restriction of relying heavily on the properties of the
Brownian motion, making the results inflexible for extension. We do not rely on
excursion theory techniques, but rather derive Laplace transforms using Brown-
ian perturbation. Applying our result to risk management, we consider contracts
on drawdown processes which have come into focus a few years ago. Vecer [2006],
Cheridito, Nikeghbali, and Platen [2012] and Carr, Zhang, and Hadjiliadis [2011]
introduce methods to control the maximum drawdown by proposing Vanilla or
Barrier options as hedges. Vecer, Novotny, and Pospisil [2006] discuss techniques
for relative drawdowns and coin the term Crash option. Yamamoto, Sato, and
Takahashi [2010] find analytical approximation formulae for drawdown options in
a stochastic volatility environment. Recently, Zhang [2015] considers both draw-
down and drawup times and finds probabilities of one preceding the other. As an
important byproduct he proves that in the case of the Brownian motion and the
three-dimensional Bessel process the distribution of the occupation time is the
same as that of the first passage time of a barrier. Kudryavtsev and Levendorskii
[2011] derive general formulae for pricing options with barrier and lookback fea-

tures.
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We, on the other hand, include the Parisian criterion and consider contracts to
insure the event the relative drawdown process exceeds a certain percentage and
the underlying stays below a level for longer than a fixed period of time. In case
of this default event our so-called Parisian Crash option pays off $1 whereas our
so-called Parisian Lookback option pays off the difference of relative drawdown

and fixed percentage at maturity.

This chapter is structured as follows. In section 4.2 we introduce a two-state
semi-Markov model on a perturbed Brownian motion with drift, which has been
proposed by Dassios and Wu [2009a]. This perturbed Brownian motion has the
same behaviour as a drifted Brownian motion, except it moves toward the other
side of the barrier by a jump of size € each time it hits zero, disposing of the dif-
ficulty of the origin being regular. The semi-Markov process allows us to define
an infinitesimal generator, where the solution of the martingale problem provides
us with the triple Laplace transform of Parisian, occupation times and number
of downcrossings of the perturbed Brownian motion. The relation between the
number of downcrossings by the Brownian motion and the Brownian local time,
manifested by Lévy [1948] (proof can be found in Karatzas and Shreve [1991],
Theorem 2.21), motivates our study of downcrossings and yields the triple Laplace
transform of Parisian, occupation and local times of the drifted Brownian mo-
tion in section 4.3. We extend the result to the quadruple Laplace transform of
Parisian, occupation, local times and position of the Brownian motion in section
4.4 by applying the Girsanov theorem. Amongst all times studied, we are most
interested in the drawdown time which we will relate to Lookback options. In
section 4.5 we provide the tool to connect the distribution of local times and
drawdown times, which is given in Lévy [1939]. As an application we suggest two

classes of equity exotics in section 4.6: Parisian Crash options and Parisian Look-
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back options with the advantage of smoothening the Delta around the barrier and
being less sensitive to price manipulation. These options are extremely innova-
tive in the sense that they not only take the Parisian time but also the drawdown
process into consideration, insuring against the event of a market crash. Parisian
Crash options get triggered if the relative drawdown at Parisian time exceeds a
certain percentage, whereas Parisian Lookback options payout the drawdown at

Parisian time.

4.2 Perturbed Brownian motion and the Mar-
tingale problem

For a continuous stochastic process Y we define for fixed ¢ > 0 the times

9i(Y) = sup{s < tsgn(Y;) # sgn(¥)}, (4.1)
d,(Y) = inf{s > t|sgn(Y;) # sgn(¥4)}, (4.2)
75, (V) = inf{t > 0|(t — g:(Y))1yiz0 = di}, (4.3)
74, (Y) = inf{t > 0](t — g:(Y))1yico = do}, (4.4)
CHY) = /O t 1y,~o0ds, (4.5)
CY) = /Ot 1y, <ods. (4.6)

The time interval (dy(Y'), g;(Y")) is the excursion interval straddling time ¢ and
the time ¢;(Y) — d(Y) is called excursion time. C}(Y) denotes the occupa-

tion time above zero; obviously we have for the occupation time below zero,

C2(Y) =t — CL(Y).

Let W#, with W} = W, + ut, be a Brownian motion with drift 4 > 0 and
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W§ =0, where W is a standard Brownian motion under the probability measure
Q. Let N; denote the number of times the Brownian motion W* crosses down
from € > 0 to zero by time t. We notice that the origin zero is a regular point
of the process, resulting in the occurrence of infinitely many small excursions. In
order to counteract this problem, the perturbed Brownian motion W* has been
introduced by Dassios and Wu [2009a] as follows. Define the sequence of stopping

times for € > 0 and n € Ny,

5o = 0, (4.7)
on, = inf{t > 6,|W}' = —€}, (4.8)
Ont1 = inf{t > o, |W}" = 0}. (4.9)

Define the perturbed drifted Brownian motion

Wi+e |itd,<t<o,
W;”U‘ — (410)

Wt'u 9 lf O-TL S t < 671-1—1

By introducing the jumps of size ¢ towards the other side of zero whenever zero
is hit by W# we get a process W with a very clear structure of excursions
above and below zero, making zero an irregular point. This construction has
been introduced by Dassios and Wu [2009a]. See Figure 4.1 for illustration. With
the superscript € we denote quantities based on the perturbed process W*, e.g.
Hy(WeH) = inf{t > 0|W;" = b}. By construction we have W * 2% W/ for all
t > 0, as € approaches zero. The quantities defined based on W/ also converge
to those of the drifted Brownian motion W/'. This has been proven in Dassios

and Wu [2009a], Dassios and Wu [2011a] and Lim [2013].
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Figure 4.1: Sample paths of W# and W#  see Dassios and Wu [2009a]
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It becomes clear that so far we are only concerned about two states, namely above

and below zero. We introduce a new process based on W* by

1 LW >0

-1 it Wo* <.

Clearly, definitions (4.1), (4.2), (4.3), (4.4)and (4.5) hold similarly for the pro-
cess X. Define Uy(X) =t — ¢:(X) to be the time elapsed in the current state.
(X, U(X)) becomes a Markov process. Hence, X is a two state semi-Markov

process with state space {1, —1}, where 1 denotes the process X above zero and
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—1 the process below zero. The transition intensities \;;(u) for X satisfy

Q (Xerar = j,i # jIXe = 1, Up(X) = u) = Aij(u) At + o(Al) (4.12)
Q (Xppar =Xy =, Uy(X) =u) = 1= Nij(u)At + o(At)  (4.13)
J#i

for 7,7 = 1, —1. Define the survival probability and transition density by

. —Jo X is(w)dv
Bt)=e A, (4.14)
pij(t) = Xij (£) Pi(t). (4.15)
In particular we have the densities
€ _M € _ (ef,ut)2
p17_1(t) = ng:’»e 2t p—l,l(t) = 2ﬂ-t36 2t (416)
In order to simplify notations, we define P,;(3) and P,(8) to be
A~ dl
P;(B) = / e P pij(s)ds, (4.17)
0
Po() = [ e po)ds (1.18)
0

We consider a bounded function f : {1,—1} x R* — R. The infinitesimal gener-

ator A is an operator making
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t
F(X, Ul(X), Ny, t, CHWEH)) — / A(X,, Uy(X), Ny, s, CHW))ds
0

a martingale. Throughout the chapter we shall use the shortcuts f;(u,n,t,¢) =

f(’l, u,n, t, C) and .AXt(Ut(X), Nt, t, Cg(Wﬁyﬂ)) = .A(Xt, Ut(X), Nt, t, Ct1<W5’M)).

Hence, solving A f = 0 will provide us with martingales of the form
Ix, (U(X), Ny, t, CHW<#)), to which we can apply the optional sampling theorem

in order to obtain the Laplace transforms of interest. We have for the generator

(9f1(u,n,t,c)_I_afl(u,n,t,c)+8f1(u,n,t,c)+

AR = du e
+ M —1(u) (f21(0,n+1,¢,¢) — fi(u,n,t,c)),
Af_1(u,n,t, c) :afq(u,n?t, c) i af—l(u,n,t,c)+

ot ou
+ A11(w) (f1(0,n,t,¢) — fo1(u,n,t,c)).

We assume f; having the form
fi(u,n,t,c) = e Ple™me %N, (u),

where 3,7,0 € Rt are positive constants and h; a bounded function. We are

interested in the stopping times 7,7 (W*#) and 7, (W*), hence, we solve

Af = 0 subject to hi(dy) = oy and h_q(d2) = as, (4.19)

where a1 and ap are arbitrary constants.

48



Lemma 4.2.1. With the above definitions (e‘ﬁte”Nte—‘scthXt(Ut(X)))t>0 is a

martingale with

d
h1(u) = aqe” I3 B464+A1,—1(v)dv + e'yhl(O)/ ' A\ ,1(w)e’ J 5+6+,\1,4(v)dydw7
0 S Uu S dl
da
h_l(u) = (e f;iz B+A—1,1(v)dv + h1(0> / /\—1,1(10)6_ I '8+>"1'1(U)dvdw,

0 S Uu S d2
and initial values

hi(0) =

e~ OFBd o= [iT M @y |y o=Bda o= [5 A1 (v)dv j’odl e~ (BOw N, | (w)e™ S5 M1 @dv gy
1— e [ e BtA_y (t)e o Ara@dvgy [ e=(B+Ow ), (w)e o 110y

h_1(0) =

(rae B2 0 [2 211 (v)do + e (B+)di - [ A1 (v)do fd2 e BUN_y 1 (w)e™ S A1 @)dv gy,

0
1—e fodl e~BHEN, (e o dma@ldvgy f0d2 e PNy 1 (w)e Jo A-ta®)dvgy,

Y

Proof. Solving Af = 0, where f has the form f;(u,n,t,c) = e Ple™ e %h,(u)

becomes
oh
_ ﬂe*ﬁtef'yneféchl(u) 4 e*ﬁtef'yneféc aliu) + )\17,1(u)e*ﬁtedﬂn“)e*ach,l(O)—
— A1 (w)e Pleme N, (u) — SePle™ e, (u) = 0,
Oh_
— Be Pte™me N _ (u) + e_ﬁte_me_&# + A (u)e e me%h, (0)—

— M a(w)e Pl meh_ (u) = 0,
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simplified to

dhaliu) — (B+ M _1(u) +0)hy(u) = =X _1(u)e "h_1(0),
dha; (w) (B4 A1 (w)h_1(u) = =11 (u)hy(0).

Using the integrating factor method to solve ordinary differential equations and

the constraints hy(d;) = oy and h_1(dy) = g, we find

d

d
hl (U) — age” S B+6+A1,—1(v)dv + e—yh_l(o) / 1 /\17_1(w)6_ I ﬁ+5+)\1,_1(v)dvdw’
0 S u S dl,

da
h,,l(U) = e fj2 B+A-1,1(v)dv + h1(0> / )\,1’1(?1))67 J ,8+)\_171(U)dvdw’

(4.20)
Setting u = 0 and solving the system of equations
dy d1 w
hl(()) = ae” Jo } B+5+A1,—1(v)dv + e‘”h_l(())/ )\17_1(w)e— Jo ﬁ+5+)\1,—1(v)dvdw’
0

da
h_l(O) = age” fi2 B4A_1,1(v)dv 1 hy (O) / )\,171(11))67 N BHA11(W)dv g,
0

provides us with the initial values of hy(0) and h_;(0):
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h1(0) =

ye~ 0T o= [§1 M @) |y o =Bl [5 A1 ()d fodl e~ B+ ), (w)e= I M1 @)dv gy
1—e de2 eBA_ 1 (t)e Jo A-1a@)dvgy f0d1 e=B+w), (w)e Jo A-1(0)dv gy,

h_1(0) = (4.21)

(e B2 2211 (v)dv + ale_w”)dle—fodl A1 (v)dv fodz e‘ﬁ“’)\,l,l(w)e_fow A-11(0)dv gy,

1— e f0d1 6_('B+§)t)\17_1(t)6_ fg Al,,l(v)dvdt deQ e_ﬁw)\_l’l(w>€_ fow Afl,l(v)dfudw

Finally, plugging (4.21) into (4.20) we derive the solution h;(u) of the ordinary

differential equation. As a result, we have obtained the martingale

M, = fx,(U(X), Ny, t, Co(WH)) = e Plem Mg 0V p o (U, (X)).
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Lemma 4.2.2. The triple Laplace transform of Parisian, occupation times and

number of crossings of the perturbed Brownian motion W is

oC

+ €,
_Ble (WeH) T;; Wk

—yN _
Q wf, (wen) )
OélEe (6 T;’l(We,p.)<Td2(WE,p.) +
7,87';2(W5’“)77N -

€ —6C__ €
TdQ(W sH) Td2(W vl’f)l B

Tdy (WW‘)<7';1 (WW‘))

dy — € —pudy — €
_ ~0rB)d (1 _ gm2mey (A ) _N< N )> o
{ale ( ‘ ( N Vdy e 8

« [1 N <ILLd2 — 6) i 62,u,eN (_MdQ — E) ] [6_(\/ 2(5+5)+M2+H)6X

+ OéQE? <6

Vs Vs
< N <¢(2(5 F0) + pu2)d; — J%Tl) (V2 =)y
x N (—m(ﬁw) + p2)dy — W_) ] } X {1 —e
x N <\/m - \/Ldj) + elrtV/28)ey (- (28 + 12)d; — \/Ld_z) ] X

X [6—(\/ 2(B+8)+u*+p)en (\/(2(5 +0) 4 p2)dy — L) + oW 2(B+0)+p?—me o

e(ﬂ_ V 28+pu?)e X

Vdy

N (—\/(2(5 +0) + p2)dy — \/id_l) ] }_1,

where ay and oo are arbitrary constants.

Proof. Lemma 4.2.1 provides us with a martingale of the form
My = fx,(U(X), Ny, t, CL(WeH)) = e Bte Mg 0V o (U,(X)).

The optional sampling theorem on martingale M, with stopping time 7';; (WA

75, (W) At yields
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E? (MT;(WW)AT;Q (Www> = ES(Mp).

hi(u), i = 1,—1, are continuos functions and therefore bounded on the compact
intervals [0, dy] or [0, da] respectively. Hence, there exists a constant K, such that
|hi(Up(X))] < K for all Uy(X)1 € [0,d;], i = 1, —1. Hence, Lebesgue’s Dominated

Convergence Theorem is applicable, yielding

. Qv _®Q ()
lim EE (MTJl(We,H)/\Td;(WE,u)M> = ]EE <MTJ1 (We,u)/\Td;(We,u)>

t—o0
—Brd, (W)
= alE(E@ (6 dl

e ey
T4, (Wﬁv“)<7'al2 (Wer)

7B7'd; (WeH)—yN__

€ —6C__ €
Td2(W ) ‘rd2(W v#)l 3

+ aQE? (6 TdQ(We’“)<T;1(WE*“)> 3

da

notice, that hyx , (UT;r (X)) =hi(d1) =g and hx  (U_- (X)) = ha(ds2) = as.
Tdy 1 Tdy
Also, EQ(My) = hx,(0), where hx,(0) is (4.21) respectively, depending on the

state it starts.

We are starting in state 1 by definition, hence from equation (4.21), we follow

e OO Py (dy) + 0426_5[12_”3—1((12)]51,—1(5 +9)
1-— 6_7P,171(5)P1,71(ﬁ + 5) .

hi(0) = (4.22)

Straightforward calculation yield for (4.14), (4.15), (4.17) and (4.18):
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t t
P _(B+6) = / e~ BrvN (w)e — o A gy — / e~ vy (w)dw
0 0

— o~ (V2B tu2 tme (\/(2(5 +0) + p2)t — %)

1 (V2B 2 —pen (_\/(2(5 + ) + p?)t — %) ) (4.23)

pﬁ _ ! 7ﬁw>\7 o' A=11(v) dvd _ d
1,1(5) /0 € 1,1(w)€ /0 e "p_ 11 ) w
= VTN (BT 2 )+ VIR (- - ).

\/E
(4.24)
Pu(t) = e~ o ey _ gmmey (“tﬁ E) N (‘“\t/; E) L (4.25)
Py(t) = e o Arala 1—N(“t\/_;) —eQWN(_M\t/;E). (4.26)

Inserting calculations (4.23), (4.24), (4.25) and (4.26) into equation (4.22) yields

the result of the proposition.
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4.3 Laplace transform of Parisian, Occupation

and Local times

We now relate the number of downcrossings to the local time via Lévy’s Down-
crossing Theorem (see [Revuz and Yor, 1999, pp.227-228]). For a continuous local
martingale M the local time for every a and ¢ is
1 t
Lo(M) = lim — / Laemso (MM, M), as.
0

e—0 2¢

Lévy’s Downcrossing theorem (Chung and Durrett [1976], Revuz and Yor [1999])
states that

Qo Qii% eN, = L?(M)) ~ 1. (4.27)

We will use this result to derive the triple Laplace transform of Parisian, local
and occupation times for a drifted Brownian motion W*. This is done by firstly
replacing the number of downcrossings by the local time yielding results for the
perturbed Brownian motion. Finally we examine the limiting behaviour of the

perturbed process, which by construction is the drifted Brownian motion.
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Proposition 4.3.1. The triple Laplace transform of Parisian, local and occupa-

tion times of the drifted Brownian motion WH is

g <y, (W”) ’

—B1, (WH)—y L0 _ (WH)— oC_—
Q 2 . (W)
+ sl (6 » e 7y WH)<Th (Wu))

9 2
= {ale (0+B)da (Q,uN (u d1> ”7rd dl) + e Ph (Vﬁe_ B2
1 2
(2,8+u )d2 (2(5+5)+M )dl
_9 N /2 [ 2
. ) } { 7Td2€ 7Td16

+ 2208 +9) +u2N V2B +0) + 42 d1>+2\/25+MN<\/2ﬁ+u2)d2>+
—1
—\/2B+u2—\/2(ﬁ+5)+u2}

=BT (WH)—L° | (WH)—5C'
mEQ( T, I g v

where aq, ao are arbitrary constants.

Proof. Equation (4.27) suggests replacing v with ey in Lemma 4.2.2. Lemma
4.2.2 can then be transformed into the triple Laplace transform of Parisian, local
and occupation times of the perturbed Brownian motion. The next task is to let
e approach zero. By construction of our semi-Markov model, we have for all t > 0

€l0

Wt —=— W} as.

The stopping times based on W, converge almost surely to those of the drifted

Brownian motion W}'. Furthermore,

“BrE (Wom) AN 4 50,
e 1 le(W )] le(W M) < 1
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and

—Brr (WeM)—AN _ . _6C _
d ( )= 7oy (W) Tay (WEH) <1,

thus dominated convergence applies to get the result for W,

=BTl (WH)—y L0, (WH)=3C 4
1 T T (WH)
o EY (e 4 4

17;1(Wu)<7d2(wu)> +

=BTy (WE)=y L0 (WH)=3C _— 10
+asEg (6 = 2wyt (e
2 1

_ B+t €Y _
_ hm a EQ e Ble (W ) ’YNTC-l{»l (We) 607_2»1 (WEH) . B +
50 15¢ Tdy (WE"U')<Td2(W€’M)

— - (Y2 P —
ﬁTdQ(W ) ’YN_,.d—z(WE,M) 607.‘1_2(‘/‘/6,;1,)1 B N
Tdy (Wﬁ“)<7'd1 (Wenr)

— lim are” O Py (dy) + ape PPy (dy) Py 1 (B + 6)
=0 1—e"P_11(B)P1,_1(B+ )

+O!2E(E@ <€

(4.28)

See Dassios and Wu [2009a] for further reference. Therefore, letting € go to zero
in the result of Lemma 4.2.2 will provide us with the triple Laplace transform
for the drifted Brownian motion. In particular, plugging in calculations (4.23),
(4.24), (4.25) and (4.26) into equation (4.28) and applying L’Hopital’s rule, we

obtain the result in Proposition 4.3.1.
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4.4 Laplace transform of Parisian, Occupation,
Local times and Position of Brownian mo-
tion

Proposition 4.3.1 gives us the triple Laplace transform of Parisian, occupation
and local times for both scenarios, 7, (W*) < 7, (W*) and 7, (W*) < 75 (W*),
indicated by a; and ay respectively. Now we also want to include the distribution
of the position of the Brownian motion at Parisian time. This will be achieved by
applying Girsanov theorem on results for drifted Brownian motion in Proposition
4.3.1. For reasons of clarity we distinguish between the cases 7; (W) < 7, (W)
and 7, (W) < 7, (W).

4.4.1 Case 7; (W) <7, (W)

Proposition 4.4.1. The joint moment generating function and Laplace trans-
forms of Parisian, local, occupation times and position of the standard Brownian
motion W when the excursion above zero exceeds dy before the excursion below

zero exceeds ds 18

_B+F _~L0 _
e (6 Brih (W)=1L0 (V) 60Td+1(w)+uwfjl(w)>
0

= { 2By g~ (u\/_ ) } { 2 oy
T e
+~/7ji —(Bo)dr 1 9, /2 5+5N(\/ 6+6d1>+2\/_3\f<\/26d2>+

+v—\/ﬁ—\/2(ﬁ+5)}

Proof. Under probability measure QQ, W* is a Brownian motion with drift p.
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Girsanov theorem provides us with a measure Q under which W* is a standard
Brownian motion. The proposition follows after applying the change of measure

to Proposition 4.3.1 with § = + “72 and Radon-Nikodym derivative

1
dQ %

— Wi guPt

4.4.2 Case 7, (W) <7, (W)

Proposition 4.4.2. The joint moment generating function and Laplace trans-
forms of Parisian, local, occupation times and position of the standard Brownian
motion W when the excursion below zero exceeds dy before the excursion above

zero exceeds dy 1s

—Br7 —~L0 —
5o (6 iy (W) =1L (W)=8C ¥ (W)>
0

— ie‘5d2—2ue‘ﬂd2+”22d23\f (‘M\/d_2> X ,/ie‘ﬁd“m [ 2 oy
Tdy Tdy wdy

+21/2(B + )N (\/2(5 T 6)d1> +21/2BN (\/wdg) +y—/28—/2(8 + 5)}

Proof. This proposition follows in the same way as in Proposition 4.4.1.
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4.5 Lévy’s Theorem and Drawdown processes

The reflection principle implies, that the maximum of a Brownian motion at a
certain time ¢ has the same distribution as the absolute value of a Brownian mo-

tion at time t. This results does not extend to the maximum process (Wt) >0’

where W, = sup Wj, and the reflected Brownian motion (|W;]),s,. However,
0<s<t -

Lévy [1948] described a similar relationship.

Theorem 4.5.1 (Lévy 1948). The pairs of processes (Wt — Wi, V_Vt) and

t>0

(W, 2L)(W)) »g have the same law. In particular, (Wy — W), is a Markov

t>0

process.

It is clear that 2Qy(W; > a) = Q(|W| > a) for all @ > 0, hence it follows directly

—y L0, (W)W 4 —aW +ulw W
EBQ (e T 4, W) :Eg 0 T2\ et o T )

and similiarly

SIS

—yLO_ (W)+uW__ —IW _ o+ (W =W )
EE)Q (6 Td2 Td2<W>) _ EB@ e 2 -rd2(W) Td2<W) Td2(W) . (429)

We distinguish between the case where we are only concerned about the excursion
above and the case below zero. In the latter case, the time the excursion above
zero reaches dy, which we exchangeably call the Parisian time above zero, vanishes

by letting d; approach infinity and hence 7} (W) — ooc.

1
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Corollary 4.5.1. The joint moment generating function and Laplace transform

of Parisian time below zero and drawdown and mazimum at Parisian time is

given by
EQ (e W (o Vo )

2 ~Pdy _ gy e-Blat2Pda N (2 /d)

2o~ 4 2\/28N (V2Bdy) + 2

Proof. Apply equation (4.29) into Proposition 4.4.2 and set 6 = 0 in order to dis-
pose of the occupation time. Letting TCZ (W) approach infinity yields the Corol-
lary.

O

Similarly, we treat the case where we are only concerned about the Parisian time

above zero. Here we suggest 7, (W) — oo and yield the following Corollary.

Corollary 4.5.2. The joint moment generating function and Laplace transform
of Parisian time below zero and drawdown and mazimum at Parisian time is

given by

_B+t —_~W T _
Brd, (W) 7WT;1(W)+” <WT(‘;1(W) WT;I(W)>

/ﬂ_idle—ﬂdl + dpe PN (20/d,)
\/ e Ph 4 2(/28N (V2Bdy) + 2y
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4.6 Application to Risk Management

The relative drawdown RD D of an underlying process S is defined as the percent-
age drop of the underlying price from its running maximum. This concept serves
as an alternative measure of risk, which has the advantage of capturing the path
property of the price process in contrast to the commonly used Value-at-Risk

measure. We make the definitions

gt = Ssup 857

0<s<t
DDt(S) - St - St,
. St - St

RDDy(S) = 2=
t

We notice that in the context of risk management, the relative drawdown RDD
serves as an indicator of market stability, where the relative drawdown process
shoots up during market recession and is low in stable periods. It can be assumed,
that a realization of a large drawdown is followed by a default, motivating a new

definition of a market crash introduced by Vecer, Novotny, and Pospisil [2006],

T, = inf {t > 0‘ (1 - %) > a} . (4.30)
t

In order to insure the event the maximum relative drawdown Inax, RDD,(S)
t

exceeds a certain threshold, Vecer, Novotny, and Pospisil [20006] ‘introduce the
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crash option with digital payoff. This contract pays $1 at the time the relative
drop of the asset from its maximum exceeds a percentage a before maturity and

expires worthlessly elsewise. The value of this binary option becomes

E (G_T(T“_t)l max RDD,(S)>a

0<s<T

9}) =E (e g, 2|F) .

Vecer, Novotny, and Pospisil [2006] find the price and the Delta hedging strategy

for this crash option.

Our contribution lies in extending the definition of default, see (4.30), to default
occurring with Parisian delay, i.e. if the underlying process stays below zero for a
pre-specified time period d > 0. We consider this to be a more realistic measure of
risk, giving regulators more time to react to shortfalls and keeping in mind that
relative drawdowns can not be monitored continuously. To insure against the
event of the relative drawdown exceeding some percentage with Parisian delay,
we introduce two related contract: The Parisian Crash and the Parisian Lookback

option.

4.6.1 Parisian Crash Options

In this section, we suggest a new class of equity exotics: Crash option triggered
at Parisian time. This so-called Parisian Crash option pays $1 at the time the
underlying price process stays underneath a barrier, which we without loss of
generality assume to be 1, for a consecutive time longer than option window
d € [0,T], if the relative drawdown exceeds a certain percentage a € (0, 1].

Otherwise, the contract expires worthless. The payoff at Parisian time becomes
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1RDDTd, (S)>a17id(s)<T'

We assume the Black-Scholes model and let our underlying process be generated

by a geometric Brownian motion
dSt = ,LLStdt + O'Stth.

The measure Q, under which the discounted process is a martingale, is called
the equivalent martingale measure. Under the equivalent martingale measure Q
and risk-free interest rate r > 0 and no dividends, the underlying asset and its

standardized log function Z; = ilog St have the following dynamics respectively

dSt = TStdt + O'Stth,

1 2
A7, = = (7’— %) dt + dW,

o

with Zy = 0 and Sy = 1. By the standard pricing formula under the equivalent
martingale measure Q, we find the value at time ¢ of the Parisian Crash option,

denoted by PCO(t,T,r,d,a), to be
:ﬂ) .

The fair price can be expressed in terms of the drawdown and maximum of a

T1,d

PCO(t,T,r,d,a) = E%O <6r(TLd(S)t)1RDDT_ (S)>ali= ()<
1,d

standard Brownian motion and the Parisian time in the following way:
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PCO(0,T,r,d,a) = Ego (G_TTd(S)lRDDT_d(S)>a1 - (S)<T)
1,

T1,d
_wmQ [ i (9) _
=Eg, (e 1,d 1{1STl_d/STI_d>a,TLd(S)<T})

m2 —
=E (e‘”d_ @)y~ T )

(2 —z__>=2U=0) 7 (7)<T}
d d
o) Yy T
m?2 = =
_ / / / e~ (5 Hm—) (ZT; €dy.Z,- — 7, €du,7; (7)€ dt) ,
y:O —In(1—a) t=0

with the following definitions

1 o?
= -5 4.31
= (r 2 ) ’ (4.31)
71,4(S) = inf{t > 0[1g,<i (¢t — g;) > d}, (4.32)

Td_(Z) = mf{t > 0|1Zt§0(t — gt) > d}, (433)

and Girsanov theorem, where QQ is a new measure under which Z; = mt + W, is

a standard Brownian motion. The Radon-Nikodym derivative is given by

aQ

m2
Qlss = emér=5 T, (4.34)

The pricing of the Parisian Crash option has now been reduced to finding the
joint distribution of the drawdown and maximum of a standard Brownian motion

and the Parisian time.

Applying Corollary 4.5.1, the fair price of the Parisian Crash option can be writ-

ten in terms of the triple Laplace transform in the following way.
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PCO(0,T,r,d,a) =

[e’e) Yy T

= / / / em =R e VLT F (y, =, B) gyt diz dy,

y:ﬂ o= In(l—a) t=0
o

where
Q —Br; (Z)_,YZT*(Z)J'_‘U' (ZT*(Z)_er(Z))
F(y,—u,B) =Eg | e ‘ ’ ‘
2 ape N (/)
_ (4.35)
/Wzde—ﬁdz — 22BN (—+/25d) + 2y
and

4.6.2 Parisian Lookback Options

The second hybrid exotic option we are introducing, is the so-called Parisian
Lookback option, which can be regarded as a combination of a Parisian option and
a Lookback Put option with floating strike. Lookback options with floating strike
have payoffs being the drawdown DD with the disadvantage of possibly having
a final drawdown far below the maximum drawdown. Our proposed Parisian
Lookback option expires worthless if the stock’s Parisian time underneath the

barrier 1 exceeds option window d. Otherwise, the option has the lookback’s
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payoff at Parisian time 7, ,(.5). Hence, the payoff of the Parisian Lookback option

becomes

( 1a(S) T S@(S)) L)<

Using risk-neutral valuation the fair price can be written as

PLP(0,T,r,d,a) = EZ (e*”fd“) (&;d(s) — ST;d@)) 1T;d<s>gr>

_ S -
—EY [ g 1 Za® g
So Tl’d(S) S _ ) led(S)gT
T1,d

2
_er (Z)+0Z ,(Z)—O—mZ —(2) — -1, (Z) 1

y T
/ /e t+o’y+m(y ) (1 _ i) %
60'1'
=0

y=02=01

m2
with m = % (7" — %2> and change of measure Z%‘SFT = emZr—5 T,
As in section 4.6.1, this joint density can be found by inverting our results on the

triple Laplace transform of maximum, drawdown and Parisian times. The fair
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price becomes

PLP(0,T,r,d,a) =

1
/ / / By tm(y-a) (1 _ _) L3LT LT F(y, — )Y dt d dy,

y=02=0t=

where the function F' is defined in equation (4.35).
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Chapter 5

Joint distribution of Parisian and
Hitting times of Brownian

motion

We study the joint law of Parisian time and hitting time of a drifted Brow-
nian motion by using a three-state semi-Markov model, obtained through
perturbation. We obtain a martingale, to which we can apply the optional
sampling theorem and derive the double Laplace transform. This general
result is applied to address problems in option pricing. We introduce a
new option related to Parisian options, being triggered when the age of
an excursion exceeds a certain time or/and a barrier is hit. We obtain an

explicit expression for the Laplace transform of its fair price.

5.1 Introduction

In this chapter we introduce a new type of option, the so-called ParisianHit option,

which in contrast to the Parisian option takes both the Parisian time and the hit-
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ting time of a pre-specified barrier into account. One version of this modification,
called MinParisianHit option, is triggered if either the age of an excursion above
a level reaches a certain time or another barrier is hit before maturity. The Max-
ParisianHit, on the other hand, gets activated when both excursion age exceeds a

certain time and a barrier is hit, making market manipulation extremely difficult.

The key for pricing these kind of options lies in deriving the joint law of Parisian
and hitting times. Here, we study the Parisian and hitting times using a three-
state semi-Markov model, indicating whether the process is in a positive or neg-
ative excursion and above or below a fixed barrier. This will allow us to compute
the double Laplace transform of these two times, which can be inverted numeri-
cally using techniques as in Labart and Lelong [2009]. The study of this combined
element of Parisian and hitting times is very difficult due to the amount of pos-

sible scenarios that can happen. Each case has to be considered individually.

The chapter is structured as follows. In section 5.2 we introduce a three-state
semi-Markov model on a perturbed Brownian motion with drift, which has been
introduced by Dassios and Wu [2009a]. This perturbed Brownian motion has
the same behaviour as a drifted Brownian motion, except it moves toward the
other side of the barrier by a jump of size € each time it hits 0, disposing of
the difficulty of the origin being regular. The semi-Markov process allows us to
define an infinitesimal generator where the solution of the martingale problem
provides us with the single Laplace transform of Parisian and hitting times in
section 5.3. Dividing up into the two possible cases in section 5.3.1 and 5.3.2 we
derive an explicit form of the double Laplace transform of hitting and Parisian
times for drifted Brownian motion. Section 5.4 is devoted to the application to
option pricing and introduces the MinParisianHit and the MaxParisianHit op-

tion. Using results about the double Laplace transform, we will be able to price
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ParisianHit options.

5.2 Perturbed Brownian motion and the Mar-

tingale problem

Let W* be a drifted Brownian motion under the probability measure Q and define
for fixed time ¢ the endpoints for the excursion interval (g.(W*),d;(W*")) as in
section 4.2. H,(W") denotes the first hitting of b and H,,(1W*) denotes the first
exit time of interval (a,b) where a < b and a,b € Rj. 7 (W") is the Parisian

time above zero.

Hy(W*#) = inf{t > 0|W}" = b},
Hopy(WH) = inf{t > 0|W}' = a or W}’ = b},
g W) = inf{t > 0|(t — g:(W"))1ywpso > d}.

We define the perturbed Brownian motion W* as in section 4.2, equation (4.10).
Recall that this is necessary to escape the occurrence of infinitely many small
excursions around the origin. So far, we are only concerned about two states,
namely above and below zero. Since we will be working with the hitting time
Hy(WH), we construct an artificial absorbing state for the time the process W

spends above a specified barrier b > 0. We introduce a new process based on
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Wer by

2 WS>

Xi=4q1 Jif0o<W<b (5.1)

—1 LW <.

We will see later, that we are only concerned about the minimum of hitting and
Parisian times of the perturbed process, even though we will also derive the joint
law of the maximum of both times. Hence, we define state 2 to be an absorbing
state, i.e. once b is hit, the process does not return to state 1 anymore. Define
U, (X) :=t — ¢(X) to be the time elapsed in the current state, either state —1
or state 1 and 2 combined. Note, that Ut(X ) only distinguishes between above
or below zero and converges to Uy (WH) =t — g,(W*), the time elapsed above or
below zero in the current excursion of the drifted Brownian motion W*#. If the
notation is unambiguous, we will abbreviate the definition of the time elapsed
for the Brownian motion, U, = U,(WH). (X, U;(X)) becomes a Markov process.
Hence, X is a three-state semi-Markov process with state space {2,1,—1}. The

transition intensity \;(u) for X is defined similarly as in (4.12), (4.13):

Q (Xt-i-At =Jj,i # j|Xt =1, Ut(X) = u) = j\z’j(u)At + o(At) (5.2)
@ (Xt-f—At = Z|Xt = i, Ut<X ) = ]_ — Z Al] At + O At) (53)
J#i

for 7,7 = 2,1, —1. Define the survival probability and transition density by
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— _fo Z /\LJ
Qi(t) =e 7 , (5.4)

0 (t) = Ay (1) Qi(t)- (5.5)

In order to simplify notations we define Qij(ﬁ) and Qij(ﬂ) to be

d;
e~ q” (5.6)

o0

Qz]

=
=)

Qw qw (5.7)

We consider a bounded function f : {2,1,—1} x R*> — R. The infinitesimal

generator A is an operator making
P U0 — [ ASEL 00, 9

a martingale. We shall use the shortcut f;(z,u) = f(i, z,u) and Ath(Ut(X), t) =
Af(Xy, Uy (X)), t).

Hence, solving Af = 0, subject to certain conditions, will provide us with mar-
tingales of the form fg (Uy(X (), t), to which we can apply the optional sampling

theorem to obtain the Laplace transforms of interest. We have for the generator

AfiCuty =20 O S w) (Fa(0.8) — fulunt)) +

ot Ou
+duafu) (ol ) — ilu 1),
A a(ut) = 2 ) ((0,0) = ().

Since we are not interested in what happens after the absorbing state 2 has been
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reached, we do not define A fs, the generator starting from state 2.

We assume the function f having the form f;(u,t) = e #*h;(u), where 8 € R*
is a positive constant, and solve Af = 0 with the constraints hi(d) = B and
h_1(00) = 0 with constant B. Since state 2 is an absorbing state, we may assign
any bounded function at will. We choose hy(u) = Ah(u), where A is an arbitrary
constant. The function 2 will be motivated and defined in the proof of Proposi-
tion 5.3.2. The intuition behind choosing the constraint h_;(co) = 0 is, that in
this chapter we are not concerned with the time elapsed below zero, hence, we let
the excursion window below zero approach infinity. A and B on the other hand

are constants, indicating different scenarios and clarified in Lemma 5.2.2.

Lemma 5.2.1. Using the conditions above, the initial value of the function

f1(0,0) = hq(0) is given by

_ Be=P4Q,(d) + A fod e P h(w) qra(w)dw
1= Q11(8)Q1,1(8) |

h1(0) (5.8)

Proof. Af = 0 transforms into

dh;qiu) — (B4 M—1(w) + A2 (u) Ry (w) + Ay _1(w)h_1(0) + Ao (w)h(u) = 0,
dhd;(u) —(B+ X—l,l(u))h_l(u) + 5\_171(u)h1(0) —0.

Using the integrating factor method for ordinary differential equations and the

constraints we find
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~ Ed d 1
h(u) = Be~ B0 0) ) +/ (A1 (w)h_1(0)+
+ Adpg(w)h(w)) e~ PR @FAe@dvgy, 0 <y < d

h_i(u) = hl(O)/ Aia(w)e” LA @dv gy, u>0.

Setting u = 0 and solving the system of equations gives us

Be- fod /3+5\17,1(v)+5\12(v)dv + A fod 5\12(10)}~l(w>6_f0w ﬁ+5\1,71(v)+5\12(v)dvdw
1= A (w)em ARy [1) om0 B @) R @)dv gy,
_ Be™7Qq(d) + Afod e P h(w)qra(w)dw

1= Q-11(8)Q1,-1(5)

h1(0)

)

where Q;(t), qia(t), Aij(u), Qi;(8) and Q;(3) have been defined in (5.4), (5.5),
(5.2), (5.6) and (5.7).

For the transition densities we use results from Borodin and Salminen [2002] (for-

mula (2.0.2) and formulae (3.0.2), (3.0.6)). Without loss of generality we assume

b > € > 0. Therefore, it is not possible to go straight from state —1 to state 2

and vice versa, i.e. ¢g_12(t) = q2_1(t) = 0.

With the following definition

H.p,(Y) =inf{t > 0]Y; =a or Y; = b}

for the first exit time of interval (a,b) with a,b € R and a < b by a general

stochastic process Y, and the function
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o0

3 (2k+ Dy —a __ ek

sst(x,y) - 27Tt3

)

k=—o00
[see e.g. Borodin and Salminen, 2002, Appendix 2, 9. Theta functions of imag-
inary argument and related functions|, the quantities g¢;;(t), Qij(ﬂ), Qij (8) and
Q;(d) can be calculated:

1 2
d_Pe(Ho,b(WE’”) cdt,Wy' =0)=e"" R sst(b —€,b)
_ e_ug_u Z €+ ka %

V2 t3

q-1(t) =

,M,uit {ka + € (@kbteo)? 2kb — € (2rv—c)? € (e4ut)?
=€ 2 Z e 2t — [ 2t — e 2t
o Lv2nt? V23 NG
€ (e—pt)?
q t e 2
1a(f) V27t3
L e i (o) 15"
qi2(t) = EPE(HOJ,(W H) € dt, Wy, =b) = ¢ 7 55:(€,0)
w2t = b—e+2kb _mcta?
Z V27t3 ¢
— eMb- *‘jti 2k+1b_6(3%_(2k+1)b+66—%

k=0 2mt3
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Qra(B) = 3 el @rinv/25 [ee(\/2ﬁ+u2—u)N (_(%Jr—\/l_)b—ﬁ V@B P ;ﬂ)d) B
d
k=0
o2 ) (_(% tObte,  ere d) .
Vd
+ el (2k+1)4/26+u2)b [eﬁ(\/W“”)N (_ (2k +1)b—e —/ 26+ /ﬂ)d) _
d

_ o (V/2B+uP =) (_ (2k +\/1£b +e 25 + /ﬂ)d) ]

d
o
O11(6) = /eﬁseue“;s 3 {2kb+ee<zk§e>2 - 2kb—€e<2kgge>z} )

2o o L V2ms? v 2ms?
s € _ (etut)?
—e e 2 ds
V2ms3
ad 2kb + €
— o he e~V 2B+1 (2kb+e) (_ + 28 + u? d) +
{; [ NG (28 + p?)
+ e\/25+#2(2kb+e)j\r <_2kb +e _ (25 I Iu2)d> — e V28412 (2kb—e)
Vd
2kb — € 2 2kb — €
x N[ — + /(28 + 2d)—e 25*“(2’“’6)N<— — (28 + 2d> —
(-2 VT ) - e o V)

— e~V (—% +/ 28+ ,ﬂ)d) — eV (—% — @B+ ,ﬂ)d) }
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Q1(d) = P (Ho(WH) > d, Hy(W") > d)

/ e T (e—ﬂfsst(b —€,b) 4 V55, (e, b)) dt
d

- 2kb 2kb
_ Z {eu(ka+2e)N( \/g € /“/EZ) _ 2kbury (_ \/g € u\/g) _
k=0

— e 2kbuy (Zkf/c_; £ u\/3> + eHZRb=2e) (—%f/c_; ‘- u\/c_l) +

2k +1)b — 2k +1)b —
N (( +\/§ € ,u\/a) _ 2kbut2u(b—e) (_( "‘\/;2 € M\/E) B

. 672kb,u72u6N (2k + 1)b te o \/C_i 4 €2kbﬂ+2ﬂbj\f _M _ \/E —
d : Vd 8

\/_
() ex (o)

Lemma 5.2.2. For the perturbed Brownian motion with drift, we find the Laplace

transform to be

_ &p) 5 € _B+t €1
AE (& O R, (W) L ey <veon ) HBES (€77 7 sy e )
B Be™PQ,(d) + Afod e P h(w)qra(w)dw
1—Q_11(8)Q1,-1(B)

, (5.9)

where A and B are arbitrary constants.

Proof. Solving Af = 0 with constraints h;(d) = B and h_;(c0) = 0, provides
us with a martingale of the form J\th = th(Ut(X),t) = e‘ﬁthXt(Ut(X)). Recall
that state 2, which denotes the perturbed Brownian motion above barrier b, is an
absorbing state. Hence, we may choose hy to be any arbitrary bounded function.

We assign hy to be hy(u) = Ah(u), where A is a constant and h is a bounded
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function, which will be specified in the proof of Proposition 5.3.2.
Let 7(W#) = min{ H,(W**), 7./ (W*")}, then optional sampling theorem applied

to martingale M, with stopping time T(Wer) At yields

~

E(g (MT(Wev“)/\t> — E?(Mo) (510)

hi(u) is a continuous function and therefore bounded on the compact interval

[0,d]. Hence, there exists a constant K, such that |hi(Uy(X))| < K for all

A~

Ui(X) € [0,d]. Furthermore, we have assumed that hs(u) is a bounded function.

Therefore Lebesgue’s Dominated Convergence Theorem applies, yielding for the

Lh.s. of (5.10):

i 8 () =25 ()
= ]E(? <€75Hb(ws7u)h2(UHb(We*“)(W€7u>>1Hb(W€1H)<T;'(W61u)) +
—BrF(Wer €,
+E2 (6 Pra | )hl(UT;(WW)(W #))1T;(W€’”)<Hb(we"u))
— AE? (6"3 H*"We’“)il(UHuww(WE”‘))1Hb(We,u><T;<ww>) +

_BrT(Wen
+ BE? <€ fra( )1T;(W5w“)<Hb(W5n“)) .

For the r.h.s. of (5.10) we have IE‘E@(]\%) = h1(0) and the claim follows from
Lemma 5.2.1.
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5.3 Laplace transform of Parisian and Hitting
times

This section is the main part of this chapter and devoted to finding the double
Laplace transform of Parisian and hitting times. We firstly derive the limiting
Laplace transform through results on the perturbed process and distinguish be-

tween the two possible scenarios H,(W*) < 77 (W#) and 7]/ (W*) < H,(W*H).

Proposition 5.3.1. The Laplace transform of the hitting and Parisian times for

drifted Brownian motion W is given by

_ = gt
AEBQ (6 BHb(WM)h(UHb)1Hb(W“)<T;(W/"‘)> + BEé]Q (6 B d (WM)]'TJ(W“)<Hb(W“)> =

= {Be_ﬁd (i 2 {z(k, 0, 1) — e’z (k + %, 0, u)} — 2(0,0, ,u)) +

k=0
d - I 27,2 okt 11252
+ A/ e‘ﬁwh(w) i?’e:“b_T Z (M _ 1) e_( k-;w) : dw} X
0 V mw pard w
00 —1
x { > 2 [Z(k, Bom) + /26 + p2eV 2‘”“22“’} — 2(0, 8, 1) — 2¢/28 + /ﬂ} ,
k=0

where the function z is defined as

2(k, B, 1) =

/%GWM;P B m(€\/25+u22kbN (_2_\52 N GT uz)d> "
T

+ e~V 2B+u72kby (2_2 — /(26 +/1J2)d) ) (5.11)
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Proof. In order to find the Laplace transform for the drifted Brownian motion,
we take the limit from results about We* and therefore we let € approach zero in
equation (5.9). In particular, notice that by construction we have W* 2% W/
for all > 0 as € approaches zero. The quantities defined based on W;"* also con-
verge to those of the drifted Brownian motion W}'. Furthermore, e~ ##(W h(U ,)

and ¢4 V") are both bounded functions. Recall, that U m, is the abbreviation

for Up,wwy(W*). Thus dominated convergence applies to get the result for W/,

—Brt
AEé]Q < ﬁHb VVM h(UHb> Hb W“)<T+(W“)> + BEBQ (6 B d (Wu)lT;(W”‘)<Hb(W“)>

= lim ARZ ( —AH, (W) B(UHb(We,u)(WE’”))le(We my<rd (Weu)) +

e—0
1 BE? (e—ﬁr,j(we,u)l +(Weu)<Hb(W6v“)>

o BeHQud )+ A J e P h(w) g (w)dw
e—0 1— Q—l,l(ﬁ)Ql,—l(ﬁ)

(5.12)

We refer to Dassios and Wu [2009a], Dassios and Wu [2011a] and Lim [2013] for
further details. Therefore, letting € go to zero in the result of Lemma 5.2.2 will
provide us with the Laplace transform for the drifted Brownian motion. In order
to apply L’Hopital’s rule, we take the derivative with respect to ¢ and find for
the denominator of (5.9):
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(- iQa(8) —

86 e—0
> (2 23 + pi2

: 2
AN (— N7 u?)d) -
k=0

Vi
\/28+p22kb 2kb 2 _@B4pPd_2(kb)?
—e RN ——= = V(28 + p?)d ) | + 24/ —e 2 |-
Vd wd
. 2
7rde

. 2\/2/8 T ILL2N (\/<2B T M2)d> (28+u3)d

eV 2BHIE2b _ o—/2B+p22kby (2—\;{:2 — V(268 + Mg)d> —
— eV 28+u22kby; <_2_kb o /(25 + Mz)d)

49 [ 2 7(2ﬁ+2u2)d72(kdb)2
_e p—
Vd md

—2/28 + 2N <\/(2ﬁ + /ﬂ)d) - %e@“f” (5.13)

o0

(2 206 + p?

k=0

For the numerator we find

g@l(d) _0> {2 %6_(25?2_@ -2 %B—W—‘i‘i+ub+
€ €—> \/ T \l T

2k +1)b _ (2k+1)b
(2k+1)pbtpbng _@k+1)b \/E) 4o (@h+Dubrubys (— —uvd) =
e e
(- vi "

o (g ) () |y e

+2u

(5.14)

and

0 2 42 e (2k + 1)%p? _(2k+1)2p2
prnalt) 3y e s Y (B ) o (515

e—0 7Tt3 t
k=0
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Inserting calculations (5.13), (5.14) and (5.15) into equation (5.12) yields the

proposition.

5.3.1 Case H,(WH) < 1] (WH)

In the case where the barrier b is hit before the excursion above zero of length d
is completed, we have found the single Laplace transform of the hitting time of

the drifted Brownian motion in Proposition 5.3.1.

Lemma 5.3.1.

]Ef((()2 (e_BHb(WM)h(UHb)1Hb(W“)<TJ(W“)>

d —puj _iw N [ (2k+1)%2 _ kD22
[ e B (w) [ Zzerh="2" S (% _ 1) JCES L

k=0

i 52 [Z(k’, Bo1) + /28 + eV 25*“2%”] —2(0,8, 1) —2¢/28 + 2
k=0

where z is defined as in (5.11)

2(k, B, ) =

2 (2ﬁ+u )d 2(kb>2 2 2kb
2 2 \ 28+4 kaN /v 2 2)(
—¢ — V284 p (e 7 (28 +p2)d ) +

+ o7 V2R <2\2’ (28 + M)d) ) (5.16)

We are now interested in finding the double Laplace transform of hitting and

Parisian times in the case that b is hit before excursion exceeds d. We will now
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make an appropriate choice of the bounded function l~z, where the intuition will

become clear in the proof of the following Proposition.

Proposition 5.3.2. The double Laplace transform of hitting and Parisian times

of a drifted Brownian motion W*, where H,(WH) < 77 (W*H), is

_ ot
E((? (6 P (W“)le(Wu)<7'd+(WH)> -

[l (oo () ()

+E(e7) (6( VI (\/ (27 +p?)(d —w) -

=)
+ eV2rhE iy (—J(% + p?)(d —w) — ' ) )] X

d—w
/ 2 b,@ = (2k+ 1)2b2 _(2k+1)%p?
X ﬁe“ 2 Z <—w —1])e 2w dw %
k=0
00 —1
k=0

where

24
20N (/) + ([ Ze0=F
EB@(Q—’Y%;—(WH)> _ Iue ,u\/_ + ﬂ_de 2
Y ALL2
21/27 + 12N ( 27+ u2)d) b/ Ze B
e 74(2(0,0, 1) + 2p)

20,7, 1) + 2/27 + 42

and the function z is defined in equation (5.11).
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Proof. In order to find the double Laplace transform

—BH,(WH) —~7 i (WH
EF (e P Lyt )

in the case where Hy(W*") < 77 (W*), we define our previously generic function
h to be
h(Un,) = Eg <€_W;(W”)|3FHb(W#)> :

where {F;};>¢ denotes the standard filtration associated with the Brownian mo-

tion. Hence, the 1.h.s. of Lemma 5.3.1 becomes

]EBQ <676Hb(wu)h(UHb)]'Hb(WH)<T;(WN)>
_ _ 7_+
= E(&Q (e IBHb(Wu)E(OQ (6 TTa (W'u) ‘?Hb(wu)) 1Hb(W“)<T;(W“))

—BHy(WH) ,—~y1 1 (WH
_ EQ (e BHy(WH) =7 ( )1Hb(WM)<T;’(W“)>

with our choice of k. On the other hand, we have

B(UHb) — EBQ (e_v(Hb(W”)‘f'd—UHb)1H0(W”,)>d_UHb ‘gHb(WH)> +
+ E((I)2 (e_W(Hb(WM)—FHO(WH)—F%;(WM))]‘ﬁo<d—UHb ‘?Hb(W“)>

= e VH(WH) {G_W(d_UHb)Pb(ﬁfo(W“) >d—Up,)+
_~H 3t
+E/ (e 7HO(WH)11510(1/1/u)<deHb) Eg (e (Wu))} :
where Hy(W*) is the first hitting time of zero restarted at time H,(W*") and

hence independent of Hy(W*) and 7, (W*) is the first time the excursion lasts

time d above zero restarted at time Hy(W*) and therefore also independent of
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Hy(W*#). For the derivation of the Laplace transform of 7] (W*), we refer to

Appendix 7.2. It is shown there, that

2
2pe~ V4N (uﬂ) + 4/ %de*’yd*”Td

_Cvtu?)d’
24/27 + 2N <\/(27 + M)d) +4/Ze 2

E¢ <e_77d+ (W”)> =

For the other quantities, straightforward calculation yields

°° b _ (b+ut)?

e 2t
d-Up, V 27t3

Pb(ﬁo(WM) >d— UHb) =

—~H W —(+/ 2 b
E, (e T )1FIo<d7UHb> = e~ (VN (\/(2’7 +p2)(d—Ug,) — —m)
b

+ eV2rtrtomby (—\/(27 +p2)(d — Up,) — L)

Vd—Up,

Inserting these calculations into Lemma 5.3.1 yields the proposition.

]

Remark 5.3.1. The single Laplace transform of 7] (W*) can be derived by setting
A = 0, B = 1 and letting b approach infinity in Proposition 5.3.1. Notice
that 77 (W*) and 7 (W") are identically distributed, due to the strong Markov
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property of the Brownian motion. It immediately yields

EY (e—vnf(vw)) _eM(2(0,0, 1) +2p)

20,7, 1) + 2/27 + 2

where the 24 in the numerator comes in from the odd case in equation (5.14).
However, we find it easier and more intuitive to use a two-state semi-Markov
model. This will be demonstrated in the Appendix 7.2. Certainly, with both

methods the results coincide.

5.3.2 Case 7; (WH") < Hy(WH)

In the case where the excursion has exceeded length d before hitting the barrier

b > 0, we conclude from Proposition 5.3.1

Lemma 5.3.2.

gt
E((%D (e o (WM)ITI(WMKHb(W#))
e 2 [a(0,0,0 = (b + 5.0, - 20,0,
=0

B 52 [Z(k, Bo1) 4 /28 + pPeV 26*“22’“’7} —2(0, 8, 1) — 24/28 + p?
k=0

where the function z is defined in equation (5.11).

This lemma allows us to compute the probability, that the Parisian time happens
before the hitting time of b by setting 5 = pu = 0, as outlined in the following

corollary.
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Corollary 5.3.1. For the standard Brownian motion W the probability that the

excursion exceeds time d before hitting barrier b is given by

2T e 1
Q (T;(W) < Hb(W)) =1- =0 _ (2kb)2

25,0 1

Now, the double Laplace transform of hitting and Parisian times in the case where

the excursion has exceeded length d before hitting b, can be derived.

Proposition 5.3.3. The double Laplace transform of hitting and Parisian times
for the drifted Brownian motion W*" in the case where 7, (W") < H,(W") is

given by

=BT (WH)—yHy(WH
]Ef? (e BT (WH)—~Hy( )17;(Wu)<Hb(W#)> =

{e‘ﬁd [e_b(\’ 2ytp? =)\ (%{ —v(2y+ Mz)d) — W 2rtn?—p) o

Z 2 {z(k:, 0, 1) — e’ z(k + %, 0, y)] —2(0,0, u)}x

k=0

WN (—% /T u2)d>

% { [i2 [Z(k,ﬁ +v,1)+V2B+7)+ M%*W%b] B

() ()]

where the function z is defined by (5.11).

—2(0, B+, 1) =2v/2(8 + ) + p?

Proof. In order to find the double Laplace transform in this case, we define a new

infinitesimal generator for the perturbed Brownian motion W* starting at time

38



7S (We#). We can do this due to the strong Markov property of the Brownian
motion. State 2, which stands for W* above barrier b, is an absorbing state,
hence nothing comes back from there. Also, we are not concerned with state —1,
which denotes W* below zero, because our excursion has already exceeded time
d and we are now only interested in hitting b. With this motivation the generator
becomes

of | Ofi

Afi(u,t) = o T Mz(u) (folu,t) — fi(u,t)),

where we choose fy to be fo(u,t) = e 7. Since state 2 is absorbing, the function

f2 can be assigned arbitrarily. Note, that our choice of f5 is a bounded function.

Furthermore, at time 7 (W) we are in state 1. Similar to the proof of Lemma
5.2.2, we solve Af = 0 in order to derive a martingale of the form M, =
th(Ut(X),t) = e*ﬁthxt(Ut(X)). However, notice that we have fi(d,0) = hi(d),
because by definition our time elapsed at starting time 7,7 (W) is d. Since we
have already achieved an excursion above zero of length d, we are not concerned
about any excursions any longer, hence we choose the constraint hy(oco) = 0.

Solving Af = 0 yields

hl (U’> - / )\12(71))67 f;} VJF)\IQ(’U)dvdw ) 0 <u< 00,

where

b—e  (b—e—un?
2t X

)\12(15)67 fot Mz(v)dv = p12(t) = Pe(Hb(Wu) € dt) = me
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Hence,

e [T e pia(w)dw

hi(d) =
1— [ pra(s)ds
= {e”d [e‘“"e)(v SOIN) (b}e — V(27 + ,u2)d> -/ 2R o
d

XN<_b\;Ez€_ (27 +w?)d ”x {1—N<&é_’i—e))_

)
_ p2ulb= (M) }—1

Vd

As a result, we have found a martingale M, := th(Ut(X), t) with My = f1(d,0) =
hy(d). Also, with Hy,(TW*) being the first hitting time of b of our process restarted
at 71 (W) and hence Hy(W ) = 77 (W) + Hy(W*). Furthermore, note the

following:

9 A

. _ A 2 . B (e
Mg awremy = U ey (X), Hy (W) = €77 .

Notice that at hitting time of b, the process W# is in state 2.
Hence, the optional sampling theorem on martingale M, with stopping time

ﬁb(WE’“) At yields

Q (M- _ R0
K (meevuw) — EQ(Ny).
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Notice, that by construction
EZ(Mo) = h(d).

Furthermore, h(u) is continuous and decreasing due to the integral limit. Hence,

~ A

there exists a constant K, such that |h(Up(X))| < K for all U;(X). Therefore,

Lebesgue’s Dominated Convergence Theorem applies and we derive

hmE9QW: ):E?

t—o0 Hy(Wer)NAt

o _ w0 —vﬁ (Wek)
(Mﬂbww) = I (6 ' )

Hence, hi(d) = E?(e*'yﬁb(wé’“)) and the double Laplace becomes

FQ ( —Bry (W)~ Hi(

D

Wen
)1T;(W6»u)<Hb(W6»u))
_ ,r+ €, — €, 67

E (6 I ey <anwenBE (D | (W u”)

B (BT e B IOV ) )

_ H(wer
=M (d)E9 <6 (Bama | )1Tj(Wé»u)<Hb(W€»u)> )
Together with Lemma 5.3.2 we conclude the proposition.

]

Remark 5.3.2. Until now we have only discussed the case, where the excursion
above zero and level b > 0 is considered. In the case, where we are interested in

excursions below zero and b > 0 we define the first time the excursion below zero
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exceeds time period d to be
7, (WH) = inf{t > O[Lyp ot — g(W")) > d}.

The infinitesimal generator naturally becomes

Ofi | Oh

Afi(ut) = 22+ — = + A1 () (F1(0,8) = fi(u, 1) + Ma(w) (Ae™ — fi(u,1)),
Afaty =20 P05 ) (10) — fatw ).

We solve Af = 0 subject to hy(c0) =0 and h_;(d) = B and find

AE(E@ <6_5Hb(W6”u)1Hb(W€’ll)<T;(WE’“)) + BE(GQ <€_ﬁT;(W€’H)17-(;(W€’N)<Hb(W€’“)>

_ AQu(ﬁ) +~B€_BdQ},—1(5)Q—1(d).
1 —Q1,1(8)Q-1.1(8)

In both cases Hy(W*) < 7, (W) and 7, (W) < H,(W*) we start a new
Markov model and derive the double Laplace transform. The other two cases

where b < 0 can be treated similarly.
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5.4 Pricing ParisianHit Options
In the Black-Scholes framework, let (S;);>0 be the stock price process following a
geometric Brownian motion, i.e. solving the stochastic differential equation
dSt = ,LLStdt + UStth
and call L the level. We define the times

gr+(S) =sup{s <t:S, =L},
dr(S)=1inf{s >t: S, =L}.

The trajectory of S between g, +(S) and dp+(S) is the excursion of S at level L,
which straddles time t. The variables g1, ,(S) and d(S) are called the left and
right ends of the excursion. Assuming that the interest rate r is constant, the

process representing the risk neutral asset price is given by

-2
St _ Soe(r—T)t—&-JWt’

solving the stochastic differential equation dS; = rS;dt + 0.5;dW;. We denote the

equivalent martingale measure by Q.

We define 7 (S) as the first time the age of an excursion above L for the price
process is greater or equal to d and Hp(S) as the first hitting time of a barrier

B>1L,ie.

71 4(S) = inf{t > 0|1s,.(t — g7 ,) > d},
Hg(S) = inf{t > 0|S; = B}.
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We introduce the notation

and define the process (Z;)i>0 = (W; + mt)i>o. We write S; = Spe??t with
Zy = Wy + mt. The condition S; < L becomes Z; < [. Using Girsanov’s theorem
we introduce a new probability measure Q, which makes Z a Q-Brownian motion.

The Radon-Nikodym derivative is given by

dQ Zp_m
_= = M4r— 3 4 1
0o, e (5.17)

We define the first time at which the age of an excursion above the level [ for the

process (Z;)i>o is greater than or equal to d:

7(Z) = inf{t > 0[1z,5.(t — gi) > d}

q+(Z) =sup{u < t|Z, =1}

In the case where [ = 0, we shall use the shortcut 7, (Z) and g,(Z2).

5.4.1 Option triggered at Minimum of Parisian and Hit-
ting times

Our so-called MinParisianHit Option is triggered either when the age of an ex-
cursion above L reaches time d or a barrier B > L is hit by the underlying price

process S. More precisely, a MinParisianHit Up-and-In is activated at the mini-
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mum of both stopping times, i.c. min{r; ,(S), Hz(S)}. This time is illustrated
by the blue line in Figure 5.1.

Figure 5.1: Minimum of Parisian and hitting times

Path trajectory of underlying asset
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To simplify calculations we assume from now on that the underlying process starts
at the barrier, i.e. Sy = L or equivalently [ = 0, hence we can use results from
our three states Semi-Markov model. The more general case, where Sy # L and
the strong Markov property of the Brownian motion applies, will be discussed in

Appendix 7.3.
The MinParisianHit Up-and-In Call option has payoff

(57 = K) iy (9).Hp(s)) <1

where K denotes the strike price.

95



Using risk-neutral valuation and Girsanov’s change of measure (5.17), the price

of this option can be written in the following way.

minPHC(S0, T, K, Lyd,r) = € "EE, ((Sr = K Lsaro s1.1p(51 )
—(r+im?2 o m
—e (r+3 )TE((%D ((Soe Zr K)+€ ZTlmin{T;(ZLHb(Z)}ST)

_ e(T+§m2)T/ K (Soe™ — K)e™ Qo (Zr € dz,min{7 (Z), Hy(Z)} < T)
1n K

o So

(5.18)

Hence, finding the fair price for a MinParisianHit option reduces to finding the

joint probability of position at maturity and minimum of Parisian and hitting

times.

Proposition 5.4.1. The joint density of position at maturity and minimum of

hitting and Parisian times for standard Brownian motion is

T

KT//ﬁ

t=0 w=—00

(z—w)?

Qo(Zr € dz,min{7] (Z), Hy(Z e 2TD X

z w+2kb (w+2kb)

k=—o00 _ _
" [ (2kb)2 (2k+1)2p2 Lﬂl{Hl(ﬁ)}lt+5(w_b)Lﬂ1{H2(ﬁ)}|t dw dt
e
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with

—pd (2 i [2(k,0,0) — 2(k + 3,0,0)] — 2(0,0, 0))

Hi(B) = —=
25 k10 + Ve ] —(0,5.0) 273
2 i 2(k+ 3, 8,0) + /2Be” RV
Hy(B) = =0

22[41@5, 0) + v/ZBeVZ] — 2(0, 3,0) — 2y/2B

and z defined by (5.11) and §, being the Dirac delta function.

Proof. Let Z denote a standard Brownian motion and 7(Z) := min{7; (Z), Hy(Z)}.
The joint probability of position at maturity and minimum of Parisian and hitting

times can be decomposed in the following way:

T b
Qo(Zr € dz,min{7} (Z),Hy,(Z)} <T) = / / Qo(Zr €dz,7(Z) € dt, Z, € dw)

t=0 w=—00

Qo(Zr €dz|T(Z2) =t,Z, € dw)Qy(7(Z) € dt, Z, € dw)

—

g

T
:/0
T b 1
(z—w)?
= — ¢ 2T-0 (2 Z)edt, Z, € dw
|/ o Q(r(2) )
t=0 w=—o00
T b 1 )
— / / gy (Qu(r(2) € dt, 7. € dulHy(2) < 7 (2))x
J, 2n(T —t)

g
i
8

Hy(Z) < 1(2)) + Qo(7(Z) € dt, Z, € dw|t] (Z) < Hy(Z))x
1(2) < Hy(2))

X
)
S

X Qo(r,
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We find

Qu(T(Z) e dt, Z, € dw|t] (Z) < Hy(Z))Qo(7] (Z) < Hy(Z))
= Qo(Z,+ € dw|r(Z) =t,7] (Z) < Hy(2))Qo(7(Z) € dt|7] (Z) < Hy(Z))x
x Qo(7/ (Z) < Hy(Z))
= QO(ZT; € dw|t(Z) =t,7](Z) < Hy(2))Qo(7(Z) € dt, 7§ (Z) < Hy(Z)).
(5.19)

For the first term on the r.h.s. we notice

QO(ZT+ € dw|T(Z2) =t,7](Z) < Hy(Z))

—thE(Zd € dw| mf Zs >0, sup Zs < b)
0<s<d

Qc(Zy € dw, mf Zs >0, sup Zs <b)

. 0<s<d
= lim

€0 QE( inf Z, >0, sup Zs <b)

0<s<d 0<s<d

(w—e+2kb)2 _ (wet2kb)?
2d

Y. e o —e
= lim — dw
(z—e+2kb)? (z4-e+2kb)2
o Je T —e 2 dz

(w+2kb)2

Z w+2kb

k=—o00

(2kb)2 (2k+1)2b2 dw
2 Z ( — e T 24 )

(5.20)

Notice that the first equality results from the position at Parisian time, ZT;,
being independent of time 7, (Z) = t. See Chesney, Jeanblanc-Picqué, and Yor

[1997], section 8.3.1, for further details. Formulae for the third line can be found
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in Borodin and Salminen [2002], Chapter 1. Brownian motion, formulae (1.15.4)
and (1.15.8). The second term on the r.h.s. of equation (5.19) can be calculated
via inverting the Laplace transform of the minimum of hitting and Parisian times.

The Laplace transform has been found in Lemma 5.3.2. With u = 0 we derive

_ B+
Q(7(2) € dt, 7 (2) < Bi(2)) = £5* {BS (e D11y i) } |,
e~ (Z 2 [2(k,0,0) — z(k + 3,0,0)] — 2(0,0, 0))
= L5 E= dt
> 2 [2(k, B8,0) + /2Be~ V22| — 2(0, 8,0) — 2¢/28 | It
k=0
where z(k, B, i) is defined as in (5.11) to be
2(k, B, 1) =
2 (ZBW -2 \/m<e\/w2kbj\f <_2_kb — V(28 + ,uQ)d>
rd° Vid
§ e VBN (%’ (26 + u2)d> ) .

We also have in the case that Hy(Z) < 7} (Z),

Qo(7(2) € dt, Z; € dw|H,(Z) < 77 (Z))Qo(Hy(Z) < 7/ (Z))

=Qo(Zn, € dw|T(Z2) =t, Hy(Z) < 7, (2))Qo(7(Z) € dt, Hy(Z) < 7] (2)).

Since Zpy, conditionally on Hy(Z) is deterministic the probability becomes the
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Dirac delta function at point b, hence

Qo(Zn, € dw|T(Z2) =t, Hy(Z) < 7 (Z)) = dw-pydw,

where the Dirac delta function is defined for all z € R as

0 ,ifz#0
5y =

oo Lifx=0,

and also satisfying the identity

/ 0, dx = 1.

By inversion of the Laplace transform in Lemma 5.3.1 with h = 1, we firstly

derive for the numerator

0 > 2 (2k+1)262  (2844u2)d

2 ub— ) — 5 2./9 2 ub | —(2k+1)/284u2b
—aEle(ﬁ) — kE:O \ g€ d - B+ u2e [e V X
x N (_% +/(28 + /~L2)d) _ e(2k+1)/28+u%b¢ (_(Qk—\j_al)b -8+ ,ug)d> ]

- 1
=26 2k + 5, B, 1) + /26 + e OV,
k=0

Setting p = 0, we yield

Qo(7(2) € dt, Hy(Z) < 77 (Z)) = L5 {EBQ (6_5Hb(z)1Hb(Z)<T;(Z)>} Lt
2 5% 50+ 4,5,0) + yIBe ROV
s | k=0
=L dt.

t

23" [2(k, 3,0) + VZBeVTM] — 2(0,5,0) — 2/28
k=0
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Putting things together the proposition follows.

O

We are now able to price a MinParisianHit option by combining Proposition 5.4.1
and equation (5.18), in particular the fair price of a MinParisianHit Up-and-In

Call option can be calculated via evaluating the integral

minPHC"(Sy, T, K, L,d,r)
— e—(r+§m2)T/ (Soe” — K)e™ Qo (Zr € dz,min{7] (Z), Hy(Z)} < T),
ilns—lz

(5.21)

where the joint probability has been derived in Proposition 5.4.1.

5.4.2 Option triggered at Maximum of Parisian and Hit-
ting times

Our so-called MaxParisianHit Option is triggered, when both the barrier B is hit
and the excursion age exceeds duration d above L. Hence, the payoff of a Call

option with strike K becomes

(ST - K)+1{7Zd(5)§T,HB(S)§T} = (ST - K)Jr1{max{TZd(S),HB(S)}§T}‘

The maximum of Parisian and hitting times is illustrated by the blue line in Fig-

ure 5.2.
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Figure 5.2: Maximum of Parisian and hitting times

Path trajectory of underlying asset
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As in the previous case the problem reduces to finding the joint density of hitting
and Parisian times and position for a drifted Brownian motion which then can be
related to the joint density of hitting and Parisian time for standard Brownian
motion due to Girsanov. We also assume Sy = L, thus 7,7,(Z) = 7;(Z), and

discuss the more general case Sy # L in Appendix 7.3. The fair price becomes
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mazPHC!(So, T, K,L,d,r) = e ""Eg, ((ST - K)+1{T;d(5)gT,HB(S)gT}>

—(r lTI’LZ g m
= UTITE] <(50€ T —K)te ZTl{r;(Z)ST,Hb(Z)ST}>

(e 9]

= e~ (rtgm)T / (Soe”* — K)e™Qo(Zr € dz,max{7] (Z), Hy,(Z)} <T).
1 X

s M5,

(5.22)

Hence, finding the fair price of a MaxParisianHit option reduces to finding the

joint probability of position at maturity and maximum of Parisian and hitting

times.

Proposition 5.4.2. The joint probability of position at maturity and mazimum

of hitting and Parisian times of standard Brownian motion is

Qo(Z7 € dz,max{7] (Z),Hy(Z)} < T)

T o
/ / 1 _mw)?® |w] w?
= — ¢ 2I'-){ —————— ¢ 2d —
\2m(T —t) T/ (t — d)d?

t=0 w=—o00

io: w+d2kbe,(w+22dkb>2
k=—oc0 _ —
S (2kb)2  (2k+1)262 Lﬂl{Hl(ﬁ)Ht dt+5(wb)L71{H3(7)}|t}dw dt dz,
Z <e 2d — e 2d )
k=—o00
where
o—Bd (kao [2(k,0,0) — z(k + 3,0,0)] — 2(0,0, 0))
Hy(B) —

R 2 i [Z<k7670) +meim2kb} _2(07570) - 2\/%’

k=0
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Hg(fy):{[e‘/ﬂbﬁ\f (%l_ 27d) — VPN (—%Z—\/Q’y_d)}x
xZZ[ (k,0,0) —z(k;+; 0 0)] —z(0,0,0)}x

x{ Li;o 2 [z(lm, 0) + me*mm} —2(0,7,0)—2 27] X [1 N (—%H }_1,

with z defined by (5.11) and 0, denoting the Dirac delta function.

Proof. Let 7(Z) = max{7; (Z), Hy,(Z)}, we again have the following decomposi-

tion:

Qo(Z7 € dz, max{7] (Z),Hy(Z)} < T) (5.23)
= / / Qo(Zr € dz,7(2) € dt, Z; € dw)

t=0 w=—o00
T

— / / Qo(Zr € dz|7(Z) = t, Z> € dw)Qu(7(Z) € dt, Z- € dw)

t=0 w=—0o0

T 00
_G—w)?
—e =0 Q(7(Z) € dt, Z> € dw)dz

t/(]w—/oo _t

T

/ / \/7_75@ -5t [QO(T’(Z) €dt,Z; € dw, Hy(Z) < 75 (Z))+
t=0 w=—00
+Qu(7(Z2) € dt, Z, € dw, 7 (Z) < Hb(Z))] dz. (5.24)
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For the second part of the r.h.s. of equation (5.24) we have

Qu(7(2) € dt, Z: € dw, 7 (Z) < Hy(Z))
= Qo(Zn, € dw|Hy(Z) = t,7,(Z) < Hy(2))Qo(H,(Z) € dt, 7/ (Z) < H,(Z))

= O(w-t) L5 {Hs(7)}eduw,

where we know from Proposition 5.3.3 with 4 =0 and =0

_ _ b
Hs(vy) = E(e ’YHb(Z)]'T;(Z)<Hb(Z)) = {[e VN (ﬁ Y 2’7d) -

27vb b - 1
_ VTN <_ﬁ - \/27_d> ] Zzlz(k;,o,()) — 2(k + 5,0,0)] —z(0,0,0)}x

k=0

x{ [i 2 [z(k, 7,0 + \/z_fyefmm} —2(0,, o)—zﬁ] X {1 N (—id)} }_1.

k=0

Notice the Dirac delta function which is motivated by the deterministic behaviour

of Zy, conditioned on Hy(Z) = t.
For the first part of the r.h.s of equation (5.24) we have
Qu(7(2) € dt, Z; € dw, Hy(Z) < 75 (Z))

= Qo(7](Z) € dt, ZT; € dw, Hy(Z) < 71 (2))
= Qu(Z,+ € dw,7/(Z) € dt) — Qo(Z,1 € dw, 7, (Z) € dt, 7, (Z) < H(Z)).

We have found in section 5.4.1, that with equation (5.19) and (5.20) combined
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we derive

QO(ZT; € dw, 7] (Z) € dt, 7] (Z) < Hy(Z))

z w+2kb

k=—o00

(2kb)2 (2k+1)2b2 >

22( —e 2

_ w+2kb)

L5 {HL(8)} ), dw dt.

Also, Chung [1976] provides us with

|wl

(t—d)d®

11)2
Qo(Z+ € dw, 7 (Z) € dt) = e 2 dw dt.
Hence, putting terms together we derive the proposition.

]

Proposition 5.4.2 allows us to derive the price of a MaxParisianHit option, in
particular with equation (5.22) we find the fair price of a MaxParisianHit Up-
and-In Call option

maxPHC! (S, T, K, L,d,r)

oo

= ¢ (rgm))T / (Soe”* — K)e™Qo(Zr € dz,max{7] (Z2),H,(Z)} <T),

l
In & S0

(5.25)
where the joint probability has been found in Proposition 5.4.2.
In Proposition 5.3.2 and 5.3.3 we have derived the double Laplace transform of

hitting and Parisian times for drifted Brownian motion. This main result leads

to finding the joint distribution of the final position of Brownian motion and the
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minimum or maximum of hitting and Parisian time. We have established pric-
ing formulae for MinParisianHit and MaxParisianHit options. These fair prices
contain single Laplace transforms which need to be inverted numerically using
techniques as in Labart and Lelong [2009], Abate and Whitt [1995] and Bernard,
Courtois, and Quittard-Pinon [2005].
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Chapter 6

Conclusion

This thesis investigates Parisian-style questions in risk management and option

pricing. The main focus is put on Brownian excursion theory.

We have derived the distribution of functionals of the Brownian excursion, such
as the first hitting time, the last passage time, the maximum and the time it is
achieved. Our results rely mainly on conditioned martingales and reversibility,
making use of the relationship to similar stochastic processes. We present ana-
lytically closed-form solutions and apply our results to the calculation of default

probabilities of bonds.

Furthermore, the joint probability of Parisian, occupation and local times has
been studied. We use the method of Brownian perturbation and a piecewise de-
terministic semi-Markov model to achieve results in form of explicit triple Laplace
transforms with respect to the maturity time. Relating the local time to down-
crossings allows us to introduce the so-called Parisian Crash options and Parisian

Lookback options.

In the field of option pricing under the Black-Scholes assumptions, we extend the

Parisian concept and introduce the so-called ParisianHit option, a generalization
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of Parisian and Barrier options, with the advantage of being highly adaptable
to investors’ beliefs in the market. Fair prices are found through a piecewise
deterministic semi-Markov framework yielding results in terms of double Laplace

transforms of Parisian and hitting time.

The models used in this thesis do not rely heavily on the properties of the Brown-
ian motion and can be extended to more general Markov processes, such as Bessel
processes, Ornstein-Uhlenbeck processes, just to name a few. Strong relationships
to financial processes, such as geometric Brownian motion or Cox-Ingersoll-Ross
processes suggest consideration with Bessel processes as a direction of future re-
search. Cox-Ingersoll-Ross families of diffusions have been proposed to model
short term interest rates [see e.g. Cox, Ingersoll, and Ross, 1985] and stochas-
tic volatility [see e.g. Heston, 1993]. Not only this family of processes, but also
Ornstein-Uhlenbeck processes and geometric Brownian motion can be represented
in terms of Bessel processes, suggesting the extension of our results concerning
the joint probability of hitting, excursion, occupation and local times to Bessel

processes.

Numerical inversion of single Laplace transforms with respect to maturity time
has been well studied [see e.g. Labart and Lelong, 2009]. Recovering the function
from its Laplace transform has been done using a contour integral represented
by a series, a method proposed by Abate and Whitt [1995]. The accuracy and
efficiency of this methods has been tested with Monte Carlo. Bernard, Courtois,
and Quittard-Pinon [2005] provide an algorithm to invert the Laplace transform
of the Parisian densities by approximating with a linear combination of fractional
functions, for which Laplace inverse functions are known. However, new chal-
lenges arise when dealing with the inversion of triple Laplace transforms. New

discretisation errors demand careful use of theory and open up directions of fu-
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ture research.

Taking into account the recursive formulae for the density of the Parisian stop-
ping time by Dassios and Lim [2013] and Dassios and Lim [2015], it remains
an open question whether ParisianHit, Parisian Crash and Parisian Lookback
option prices can be found recursively, avoiding numerical inversion of Laplace

transforms.

Another direction of future research might be the investigation of the Delta and
Gamma of these innovative options, as well as hedging strategies. The Delta and
Gamma of Parisian options have been studied in Bernard et al. [2005] by giving
closed formulae of the Laplace transforms. The strategy of Delta hedging is a
standard technique used in practice, where portfolio weights are adjusted on a
continuous basis. However, this has several drawbacks. Firstly, the value of the
Delta is very high and changes rapidly near the barrier when the time is close to
maturity and the Gamma gets very large near the barrier. Also, continuous weight
adjustment is not possible, therefore the adjustments made in discrete time cause
small errors, which accumulate over the lifetime of an option and result in big ac-
curacy problems. Thirdly, enormous transaction costs will be generated through
frequent trading. Avellaneda and Wu [1999] test the Delta hedging performance
for Parisian options and the effect of the option window d on the option values
and Deltas. The alternative to Delta hedging is the Static hedging method. Given
a target option, e.g. a ParisianHit option, one constructs a portfolio of standard
options with different maturities, strikes and weights, which will exactly replicate
our target option and just needs very few rebalancing. Work has been done by
Carr and Bowie [1994] as well as Carr and Chou [1996] for Barrier option within
the Black-Scholes framework making use of the Put-Call symmetry [Carr, Ellis,
and Gupta, 1998]. Carr and Chou [1996] use a continuum of Arrow-Debreu se-
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curities to decompose a Barrier option. They utilise a modification of the Taylor
expansion to derive the adjusted payoff, which is not path-dependent any longer.
This is used to derive the initial purchase for the static hedge only consisting of
liquid derivatives, such as Puts, Calls, Bonds and Stock. Carr and Nadtochiy
[2011] derive exact static hedges via Laplace transformation assuming that the
underlying asset is a time-homogeneous diffusion. We believe that the literature
is broad enough to find efficient hedging strategies for Parisian options, and even

ParisianHit options, in the future.

In conclusion, we realise that the study of Parisian-type questions exerts immense
fascination. It can be applied to many different areas in Financial Mathematics
with the motivation of being a better measure of risk in the case of ruin probabili-
ties with Parisian delay and of being insensitive to price manipulation and highly

adaptable to investors’ beliefs in the market in their practical use as derivatives.
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Chapter 7

Appendix

7.1 Numerical results on the Default Probabil-

ity of Bonds

This is the R script for deriving the default probability of our newly defined risky
zero-coupon bond using the parameters maturity 7" = 10 years, barrier —b =
—0,7 and minimum being reached by time u = 6 years. It remains important to

mention, that the infinite sums in equation (3.24) converge extremely fast. To

_t

compute the semi-infinite integral we perform the change of variable a = y + -,

7f(a)da0/1f(y+1tt) (1_1t)2dt.

The default probability can be computed in the following way using the R package

cubature.
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Table 7.1: R Script for default probability with 7" = 10, u =6, b = 0.7, n = 100

1 # Parameters
> T <— 10

3 u<— 6

1+ b <— 0.7

5 suml <— 0

6 sum2 <— 0

s # x[1] = a, x[2] = s
9 # first infinite sum
10

11 summel <— function (x){
12 for(n in 0:100 ){

13 t1 = (2xn+1)x ((14+Db)+(x [1] /(1=x[1]) ) )* (exp (= ((2+n+1)* ((1+b) +(x [1]
f(A=x[1])))=1)"2/(2+x[2]) )=exp (= ((2*¥n+1)*((1+b) +(x[1] /(1-x[1])))
+1)72/(2%x[2]) ) ) =(exp (= ((2*n+1)*((1+b) +(x [1] /(1—x[1]) )) —=1) "2/ (2+x
[2]) )orexp (= ((25n1) ((1+b) +(x [1] /(1—x[1]) ) )+1) "2/ (2x[2]) ) )

14 suml = suml + t1

15 }

16 return (suml)

17}

18

19 # second infinite sum

20

21 summe2 <— function (x){
for (k in 0:100){

w62 = ((2xk4D) 26 ((14b)+(x[1] /(1=x[1]) )) "2~ (T-x [2]) ) xexp (—((2+k
1) 25 (14b) +(x [1] /(1% [1]) ) "2) / (25 (Tx[2]) )

24 sum2 = sum2 + t2

25 }

26 return (sum?2)

27 }

20 # integrand

31 £ <— function (x){
sqrt ((2«T73) /(pixx[2]"3*(T—=x[2]) "5))=*exp(1/(2%T))«summel (x)ksumme2
(x)(1/(1-x[1]) *2)

33

34

35 # double integration

36

37 adaptIntegrate (f, lowerLimit = ¢(0,0), upperLimit = ¢(1,u), maxEval
=10000, tol = le—05)
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The numerical result for the parameters T = 10, u = 6 and —b = —0.7 is
0.6998403. In order to demonstrate the speed of convergence for the infinite
sums, we calculate the default probability with respect to the number of sum-

mands n = 1,2,3,4... in the two infinite sums.

Table 7.2: Default probability with "= 10, u =6, b = 0.7

n Default Prob.

1 0.6581729
2 0.6987304
3 0.6998313
4 0.6998403
) 0.6998403

100 0.6998403

The following table gives the default probability of a zero-coupon bond with ma-
turity 1" = 10 and barrier b = 0.7 for different values of u.
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Table 7.3: Default probability with 7" = 10, b = 0.7, n = 100

u Default Prob.

2 0.0774475
4 0.3570686
6 0.6998403
8 0.9516138

10 0.9999969

On the other hand, we provide a table of default probabilities for different values
of the barrier b. Maturity and u are fixed to be T'= 10, u = 6.

Table 7.4: Default probability with T'= 10, u = 6, n = 100

b Default Prob.

0 0.6998427
2 0.6321395
3 0.3450696
4 0.1061302
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7.2 Laplace transform of the Parisian time

This section is devoted to an alternative derivation of the distribution of the
Parisian time, which appears in Proposition 5.3.2. We want to derive the Laplace
transform of the time the excursion exceeds time d in the one barrier case by

introducing a two-state semi-Markov process for an intuitive approach.

Lemma 7.2.1. The Laplace transform of the age of an excursion above zero

reaching time period d for the drifted Brownian motion W is

2
—~d 2 d,”d
2ue™" N(uﬂ) +/ e

5 _ (@yt+u?)d

24/27 + 12N (\/(27 + /ﬂ)d) + 4/ e

EBQ (fz_”d+ (W”)> =

Proof. With the same definition of the perturbed Brownian motion with drift as
in (4.7), (4.8), (4.9) and (4.10), we define a two-state semi-Markov process as in

(4.11):

1 fwWr>0
Xt —

_]_ ].f Wtﬁ,,ll < 0

The transition densities of X have been found in (4.16) to be

€ (etput)? € (e=pt)?
P1,— t) = e 2t D1, t) = e 2t
= n=

With U;(X) = t—g:(X) to denote the time elapsed in the current state, (X¢, Up(X))

is a Markov process. Hence, X; is a two state semi-Markov process with state
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space {1,—1}. We consider a bounded function f : {1,—1} x R*> — R. The

generator A is an operator making

F (X U0, 1) — / Af (X, U(X), 5)ds

a martingale. We shall us the shortcut f;(z,u) = f(i,z,u) and A fx, (U:(X),t) =
Af(Xy, U(X),t). Hence, solving Af = 0 provides us with martingales of the

form fx,(U:(X),t). We can find for our purposes that

Afifust) = P00 PIOD) 4y ) (714(0,8) = fufust).

Gf_l(u, t) 4 af_l(u, t)
ot ou

‘Af—l(uv t) = + >‘—171<u) <f1(07 t) - f—l(u’ t)) :

We assume f; having the form
fi(u, t) = e Phy(u),

where [3 is a positive constant. We solve Af = 0 with constraints lim hA_;(q) =0
q—0o0

and hy(d) = 1. This construction ensures 7, (W**) — 0o as ¢ — oo and hence

min{r; (W), 7,7 (W)} — 75 (WH) a.s.

Recall that we are only interested in the excursion above zero reaching time d
in Proposition 5.3.2. Proceeding just as in section 4.2, we solve the martingale
problem and apply optional sampling theorem in oder to derive the following

expression for the perturbed process We#:
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e~ fod YA, —1(v)dv

EQ (e 077 = t
1— f()oo )\_171(?5)6_ Jo ’Y+)\,1,1(v)dvdt fod /\17_1(10)6_ i ’Y+>\1,71(v)dvdw

(7.1)

In Chapter 4 we have already derived in equations (4.25), (4.23) and (4.24), that

the following holds:

eifod)\l’,l(v)d'u —q1_ 672#63\11 (Md — €> N (—,ud — 6) |

d d
/ e Ny (w)e o 1O gy — / e "p1,—1(w)dw
0 0

= oy (- ) VIR (- )

/ e‘”w)\fm(w)e_fowA‘l’l(”)d”dw = / e p_a(w)dw = eV 2rtu?)e
0 0

Inserting these calculations into equation (7.1) yields
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Applying L’Hopital’s rule and taking the limit distribution for € — 0 gives us the

Laplace transform of 7] (W*), as proposed in Proposition 5.3.2.

2
2pe V4N (uﬂ) - @/%eﬂd*%‘i

_ (2y+wp?)d
24/27 + 12N (\/(27 + M'A’)d) +/Ze 2

EBQ ((B_Wd+ (W”)> =

Note that 77 (W*) (from Proposition 5.3.2) and 7 (W*) are equally distributed

relying on the strong Markov property of the Brownian motion.
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7.3 Laplace transform of Parisian and Hitting

times with Sy, # L

In the case where the underlying asset does not start at the level L, i.e. Sy # L,
we want to make use of the strong Markov property of the Brownian motion. We
distinguish between two possible scenarios, Sy < L and Sy > L. From a financial

point of view, we are only concerned with L. < B, and therefore [ < b.

The price of the MinParisianHit Up-and-In Call option (5.21) can be rewritten

in the following form,

minPHC}(Sy, T, K, L,d,r)

b [ e 3y (2 € il <)
%ln%

whereas the MaxParisianHit Up-and-In Call option (5.25) becomes

marPHC! (S, T, K, L,d, )

_ ot / (Soe™ = K)e™“Qo(Zr € dz, max{r/y(Z), Hy(2)} < T).

K

1
=ln S

The proofs of Propositions 5.4.2 and 5.4.2 suggest, that the pricing reduces to
finding the Laplace transforms of hitting and Parisian time. This can be achieved

by decomposing the stopping times and using known results for Sy = L.

We look at the case Sy < L first. By definition it follows [ > 0. Define the first
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hitting time of [ for the Q - Brownian motion Z, with Zy = 0, to be H)(Z) =
inf{t > 0|Z; = [}. By definition, we have

744(2) = Hi(Z) +14(2),

where Z stands for a restarted Brownian motion at time H;(Z), i.e. Zy = L.
Hence, we have equality in distribution of TZZ(Z) and 7 (Z). By the strong

Markov property of the Brownian motion, we therefore have

—Br(Z - —Br(Z
Eg (6 P +(Z><Hb<Z>) =Eg (") B/ (6 a1 +<Z><Hb<2>> :

Ti,d Ti.d

Clearly, Qo (H,(Z) < Hy(Z)) = 1duetol < b. Notice, that Qy (le(Z) < Hy(2)) =
Q (Tffd(Z) < Hb(2)>, since [ < b and 7', is concerned with the Parisian time

above [. It is not difficult to see that

—Brt(Z ar
E;@ (e Ara(Z)q | (Z)<Hb(2)> = E? (e By (Z)lTj(Z)<Hb(Z)) )

T,d

which has been calculated in Lemma 5.3.2 with ¢ = 0. Also, according to Borodin

and Salminen [2002], Chapter 1. Brownian motion, formula (2.0.1), we have

E%@ (e—BHl(Z)) — V2B

Y

yielding
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Q (8742
g (6 b 1rlfd(Z)<Hb(Z)>

e~IV2B-pd {éz [2(k,0,0) — z(k + 1,0,0)] — 2(0,0, 0)}

5 2 [2(k, 3,0) + yZBe V] — (0, 3,0) — 2/28
k=0

In the second case where Sy > L, we have by definition [ < 0 < b. Then Tffd(Z )

can be decomposed into

. d Jif H(Z) > d
Tl,d(Z) =

Hl(Z)—i_TlE(Z) 7lf HI(Z) <d

where Z is a restarted Brownian motion at [. Hence,

—Brt(Z
EE)Q <€ B l,d( )1Tle(Z)<Hb(Z)>
- —BH|(Z2)-B1",(Z
:Eg (6 6d17ﬁd(2)<Hb(Z)1Hz(Z)>d> +E9 (e P =FTa(#) ] +(Z)<Hb(Z)1Hl(Z)<d)

T,d

Bt (2
= e PQy (Hy(Z) > d, Hy(Z) > d) + ES (e PH D1 1 .g) B (e 8 z,d<Z>1Tﬁd(2)<Hb(Z))

According to Borodin and Salminen [2002], Chapter 1. Brownian motion, formula

(1.15.4),
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Qo (Hy(Z) > d, Hy(Z) > d) = Q (z < inf Z,, sup Z, < b>

0<s<d 0<s<d

b
1 e (z+2k(b M2 (z— 2l+2k(b )2
E e —e dz
2w

k=—o00 .

S8

Also, we can calculate

]
273

l2
e 2dt

d
Eg (7" L (z)<a) = / -

(- ) o (e )

Again, we have the equality in distribution

Q .z —RQ (o BiZ
El ( Bld( )1Tl+d(Z)<Hb(Z)> —EO (e Bry ( )17—;'(Z)<Hb(Z))’

which has been calculated in Lemma 5.3.2 with 4 = 0. Altogether, it becomes
Q ( —B7'4(2)
g ( e 1n+d(Z><Hb( ))

\/ﬁ Z / ( (42k0-0)? €(z2z+35<b1>>2) Qo
(v e )
pd (202 [2(k,0,0) — 2(k + £,0,0)] — 2(0,0, 0))
kfjoz [2(k, 8,0) + \/2Be~v2B2k] — 2(0, 8,0) — zm'

X

Analogously, similar results when Hy(Z) < 74(Z), | < b, can be achieved.

123



References

Joseph Abate and Ward Whitt. Numerical Inversion of Laplace Transforms of
Probability Distributions. ORSA Journal on Computing, 7(1):36-43, 1995.
107, 109

Jir6 Akahori. Some Formulae for a New Type of Path-Dependent Option. The
Annals of Applied Probability, 5(2):383-388, 1995. 42

Jasper H. M. Anderluh and Johannes van der Weide. Double Sided Parisian
Option Pricing. Finance and Stochastics, 13(2):205-238, 2009. 3

Marco Avellaneda and Lixin Wu. Pricing Parisian-style Options with a Lattice
Method. International Journal of Theoretical and Applied Finance, 2(1):1-16,
1999. 3, 110

Martin T. Barlow. Study of a filtration expanded to include an honest time.
Zeitschrift fir Wahrscheinlichkeitstheorie und Verwandte Gebiete, 44(4):307—
323, December 1978. ISSN 0044-3719. 14

Carole Bernard, Olivier Le Courtois, and Frangois Quittard-Pinon. A New Pro-
cedure for Pricing Parisian Options. The Journal of Derivatives, 12(4):45-53,
January 2005. ISSN 1074-1240. 107, 109, 110

Jean Bertoin, Loic Chaumont, and Jim Pitman. Path transformations of first

124



REFERENCES

passage bridges. Flectronic Communications in Probability, 8:155-166, 2003.
14, 29

Alex Bloemendal. Doob’s h-transform: theory and examples. 2010. 20

Andrei N. Borodin and Paavo Salminen. Handbook of Brownian Motion: Facts
and Formulae. Operator Theory, Advances and Applications. Birkhauser Ver-

lag, 2002. ISBN 9783764367053. 21, 25, 75, 76, 99, 121, 122

Ning Cai, Nan Chen, and Xiangwei Wan. Occupation Times of Jump-Diffusion
Processes with Double Exponential Jumps and the Pricing of Options. Math-
ematics of Operations Research, 35(2):412-437, April 2010. ISSN 0364-765X.
3

Luciano Campi, Umut Cetin, and Albina Danilova. Explicit construction of a
dynamic Bessel bridge of dimension 3. FElectronic Journal of Probability, 18:

1-25, February 2013. ISSN 1083-6489. 20
Peter Carr and Jonathan Bowie. Static simplicity. 1994. 110

Peter Carr and Andrew Chou. Breaking Barriers: Static Hedging of Barrier
Securities, 1996. 110

Peter Carr and Sergey Nadtochiy. Static Hedging under Time-Homogeneous
Diffusions. SIAM Journal on Financial Mathematics, 2(1):794-838, 2011. ISSN
1945497X. 111

Peter Carr, Katrina Ellis, and Vishal Gupta. Static Hedging of Exotic Options.
Journal of Finance, 53(3):1165-1190, 1998. 110

Peter Carr, Hongzhong Zhang, and Olympia Hadjiliadis. Maximum Drawdown
Insurance. International Journal of Theoretical and Applied Finance, 14(8):

1195-1230, December 2011. ISSN 0219-0249. 42

125



REFERENCES

Patrick Cheridito, Ashkan Nikeghbali, and Eckhard Platen. Processes of Class
Sigma, Last Passage Times and Drawdowns. SIAM Journal on Financial Math-
ematics, 3(1):280-303, 2012. 14, 42

Marc Chesney and Laurent Gauthier. American Parisian options. Finance and

Stochastics, 10(4):475-506, August 2006. ISSN 0949-2984. 4

Marc Chesney, Monique Jeanblanc-Picqué, and Marc Yor. Brownian Excursions
and Parisian Barrier Options. Annals of Applied Probability, 29, 1997. 2, 3, 42,
98

Kai Lai Chung. Maxima in Brownian excursions. Bulletin of the American

Mathematical Society, 81(4):742-746, July 1975. ISSN 0002-9904. 13, 14, 29

Kai Lai Chung. Excursions in Brownian motion. Arkiv foer Matematik, 14(1-2):

155-177, 1976. 106

Kai Lai Chung and Richard Durrett. Downcrossings and local time. Zeitschrift
fiir Wahrscheinlichkeitstheorie und Verwandte Gebiete, 35(2):147-149, 1976.
ISSN 0044-3719. 55

Kai Lai Chung and John B. Walsh. Markov Processes, Brownian Motion, and
Time Symmetry, Volume 13. Number v. 13 in Grundlehren der mathematis-
chen Wissenschaften. Springer Science & Business Media, 2005, 2005. ISBN
9780387220260. 18

John C. Cox, Jonathan E. Ingersoll, and Stephen A. Ross. A Theory of the Term
Structure of Interest Rates. Econometrica, 53(2):385-408, 1985. 109

Angelos Dassios. The Distribution of the Quantile of a Brownian Motion with
Drift and the Pricing of Related Path-Dependent Options. The Annals of
Applied Probability, 5(2):389-398, 1995. 42

126



REFERENCES

Angelos Dassios and Jia Wei Lim. Parisian option pricing: A recursive solution
for the density of the Parisian stopping time. SIAM Journal on Financial
Mathematics, 4(1):599-615, 2013. 110

Angelos Dassios and Jia Wei Lim. An analytical solution for the two-sided
Parisian stopping time, its asymptotics and the pricing of Parisian options.

Mathematical Finance, 2015. 110
Angelos Dassios and Shanle Wu. Parisian ruin with exponential claims. 2008. 4

Angelos Dassios and Shanle Wu. Perturbed Brownian motion and its application
to Parisian option pricing. Finance and Stochastics, 14(3):473-494, November
2009a. ISSN 0949-2984. ix, 5, 42, 43, 45, 46, 57, 70, 81

Angelos Dassios and Shanle Wu. On barrier strategy dividends with Parisian

implementation delay for classical surplus processes. Insurance: Mathematics

and Economics, 45(2):195-202, October 2009b. ISSN 01676687. 4

Angelos Dassios and Shanle Wu. Brownian excursions in a corridor and related

Parisian options. 2011a. 45, 81

Angelos Dassios and Shanle Wu. Double-Barrier Parisian options. Journal of

Applied Probability, 48(1):1-20, 2011b. 3

Angelos Dassios and Shanle Wu. Ruin probabilities of the Parisian type for small
claims. 2011c. 4

Angelos Dassios and Shanle Wu. Semi-Markov Model for Excursions and Occu-

pation time of Markov Processes. 2011d. 3

Joseph L. Doob. Conditional Brownian motion and the boundary limits of har-
monic functions, volume 85 of United States. Air Force Office of Scientific
Research Technical Note No. United States Air Force, Office of Scientific Re-
search, 1957. 13, 17, 18

127



REFERENCES

Richard Durrett and Donald L. Iglehart. Functionals of Brownian Meander and
Brownian Excursion. The Annals of Probability, 5(1):130-135, 1977. 13

Richard Durrett, Donald L. Iglehart, and Douglas R. Miller. Weak convergence
to Brownian meander and Brownian excursion. The Annals of Probability, 5

(1):117-129, 1977. 13

Robert J. Elliott, Monique Jeanblanc, and Marc Yor. On Models of Default Risk.
Mathematical Finance, 10(2):179-195, April 2000. ISSN 0960-1627. 14

Anja Going. Some Generalizations of Bessel Processes. Risklab Report, (April),
1997. 21

Anja Going-Jaeschke and Marc Yor. A Survey and Some Generalizations of Bessel

Processes. Bernoulli, 9(2):313-349, 2003. 21

Richard J. Haber, Phillip Schonbucher, and Paul Wilmott. Pricing Parisian Op-
tions. Journal of Derivatives, pages 24-29, 1999. 4

Gerardo Hernandez-del Valle. Changes of measure and representations of the first

hitting time of a bessel process. 2011. 24

Gerardo Hernandez-del Valle. On hitting times, Bessel bridges and Schrodingers
equation. Bernoulli, 19(5A):1559-1575, 2013. 13, 20

Steven L. Heston. A closed-form solution for options with stochastic volatility,

with applications to bond and currency options. Review of Financial Studies,,

6(2):327-343, 1993. 109

Jean-Pierre Imhof. Density Factorizations for Brownian Motion, Meander and
the Three-Dimensional Bessel Process, and Applications. Journal of Applied
Probability, 21(3):500-510, 1984. 13, 35

128



REFERENCES

Peter Imkeller. Random times at which insiders can have free lunches. Stochastics

and Stochastic Reports, 74(1-2):465-487, 2002. 14

Ioannis A. Karatzas and Steven E. Shreve. Brownian Motion and Stochastic
Calculus. Graduate Texts in Mathematics. Springer-Verlag GmbH, 1991. ISBN
9780387976556. 23, 35, 43

Douglas P. Kennedy. The Distribution of the Maximum Brownian Excursion.

Journal of Applied Probability, 13(2):371-376, 1976. 13

Frank Knight. On the Excursion Process of Brownian Motion. Transactions of

the American Mathematical Society, 258(1):77-86, 1980. 18

Naoki Kobayashi, Minami Izumi, and Makoto Katori. Maximum distributions of
bridges of noncolliding Brownian paths. Physical Review E: Statistical, Non-
linear, and Soft Matter Physics, 78:1-15, 2008. 14, 29

Oleg Kudryavtsev and Sergei Levendorskii. Efficient pricing options with barrier
and lookback features under Levy processes. Social Science Research Network,

2011. 42

Céline Labart and Jerome Lelong. Pricing parisian options using laplace trans-

forms. Bankers Markets € Investors 99, pages 1-24, 2009. 70, 107, 109

David Landriault, Jean-frangois Renaud, and Xiaowen Zhou. Occupation times
of spectrally negative Lévy Processes with applications. Stochastic Processes

and their Applications, 121(11):2629-2641, 2011. 4

Ka Wo Lau and Yue Kuen Kwok. Anatomy of option features in convertible
bonds. Journal of Futures Markets, 24(6):513-532, June 2004. ISSN 0270-
7314. 3

Paul Lévy. Sur certains processus stochastiques homogenes. Compositio Mathe-

matica, 7:283-339, 1939. 43

129



REFERENCES

Paul Lévy. Processus stochastiques et mouvement Brownien. Gauthier- Villars,

Paris, Suivi d'un, 1948. 5, 43, 60

Jia Wei Lim. Parisian excursions of Brownian motion and their applications
in mathematical finance. PhD thesis, The London School of Economics and

Political Science, 2013. 45, 81

Ronnie Loeffen, Irmina Czarna, and Zbigniew Palmowski. Ruin probability with
parisian delay for a spectrally negative Levy risk process. Bernoulli, 19(2):

299-609, 2013. 4

Dilip B Madan, Bernard Roynette, and Marc Yor. An alternative expression for
the Black-Scholes formula in terms of Brownian first and last passage times.

Preprint IEC' Nancy, 8, 2008. 13, 14

Henry P. McKean. Excursions of a non-singular diffusion. Zeitschrift fuer

Wahrscheinlichkeitstheorie und Verwandte Gebiete, 1:230-239, 1963. 13

Ashkan Nikeghbali and Marc Yor. Doob’s maximal identity, multiplicative de-
compositions and enlargements of filtrations. Illinois Journal of Mathematics,

50(1-4):791-814, 2006. 14

Nicolas Perkowski and Johannes Ruf. Conditioned Martingales. Electronic Com-

munications i Probability, pages 1-12, 2012. 12, 18

Jim Pitman. One-dimensional Brownian motion and the three-dimensional Bessel

Process. Advances in Applied Probability, 7(3):511-526, 1975. 13, 14

Jim Pitman. Brownian motion, bridge, excursion, and meander charaterized
by sampling at independent uniform times. FElectronic Journal of Probability,

pages 1-33, 1999a. 14, 21, 28, 34

130



REFERENCES

Jim Pitman. The SDE Solved By Local Times of a Brownian Excursion or Bridge
Derived From the Height Profile of a Random Tree or Forest. The Annals of
Probability, 27(1):261-283, January 1999b. 21

Jim Pitman and Marc Yor. A Decomposition of Bessel Bridges. Zeitschrift fuer
Wahrscheinlichkeitstheorie und Verwandte Gebiete, 59:425-457, 1982. 19

Jim Pitman and Marc Yor. The law of the maximum of a Bessel bridge. FElectronic

Journal of Probability, 4, 1998. 13

Daniel Revuz and Marc Yor. Continuous Martingales and Brownian Motion.
Grundlehren der mathematischen Wissenchaften A series of comprehensive

studies in mathematics. Springer, 1999. ISBN 9783540643258. 55

Jan Vecer. Maximum Drawdown and Directional Trading. Risk, 19(12):88 — 92,
2006. 42

Jan Vecer, Petr Novotny, and Libor Pospisil. How to Manage the Maximum

Relative Drawdown. 2006. 5, 42, 62, 63

David Williams. Decomposing the Brownian Path. Bulletin of the American

Mathematical Society, 76(4):871-873, 1970. 14

David Williams. Path decomposition and continuity of local time for one-
dimensional diffusions 1. Proceedings of the London Mathematical Society, 28

(3):738-768, 1974. 13, 18

Kyo Yamamoto, Seisho Sato, and Akihiko Takahashi. Probability Distribution
and Option Pricing for Drawdown in a Stochastic Volatility Environment. In-

ternational Journal of Theoretical and Applied Finance, 13(2), 2010. 42

Hongzhong Zhang. Occupation times, drawdowns, and drawups for one-
dimensional regular diffusions. Advances in Applied Probability, x(x):1-24,
2015. 3, 42

131



	Contents
	List of Figures
	List of Tables
	1 Introduction
	1.1 Motivation and Literature review
	1.2 Organization and Outline of the thesis

	2 Nomenclature
	3 Functionals of the Brownian excursion
	3.1 Introduction
	3.2 Definitions
	3.3 Dynamics of the Brownian excursion
	3.4 Density of the First Hitting Time of the Brownian excursion
	3.4.1 Proof using Bessel process
	3.4.2 Proof using Brownian motions
	3.4.3 Proof using conditioned Martingales
	3.4.4 Density of the Last Passage Time of the Brownian excursion
	3.4.5 Density of the Maximum of the Brownian excursion

	3.5 Joint law of the Maximum and the Time it is achieved by the Brownian excursion
	3.6 Application to Default Probability of Zero-Coupon Bonds

	4 Joint distribution of Parisian, Occupation and Local times of Brownian motion
	4.1 Introduction
	4.2 Perturbed Brownian motion and the Martingale problem
	4.3 Laplace transform of Parisian, Occupation and Local times
	4.4 Laplace transform of Parisian, Occupation, Local times and Position of Brownian motion
	4.4.1 Case d1+(W) < d2-(W)
	4.4.2 Case d2-(W) < d1+(W)

	4.5 Lévy's Theorem and Drawdown processes
	4.6 Application to Risk Management
	4.6.1 Parisian Crash Options
	4.6.2 Parisian Lookback Options


	5 Joint distribution of Parisian and Hitting times of Brownian motion
	5.1 Introduction
	5.2 Perturbed Brownian motion and the Martingale problem
	5.3 Laplace transform of Parisian and Hitting times
	5.3.1 Case Hb(W) < d+(W)
	5.3.2 Case d+(W) < Hb(W)

	5.4 Pricing ParisianHit Options
	5.4.1 Option triggered at Minimum of Parisian and Hitting times
	5.4.2 Option triggered at Maximum of Parisian and Hitting times


	6 Conclusion
	7 Appendix
	7.1 Numerical results on the Default Probability of Bonds
	7.2 Laplace transform of the Parisian time
	7.3 Laplace transform of Parisian and Hitting times with S0 =L

	References

