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To maintain and augment...consunption
is the sole end and purpose of both
fixed and cireunlating capitals,

SHITI.

Machinery and labour are in constant
competition with each other snd the
former can frequently not bve employed
until labour rises.

RICARDO.

We can have no reference to the use of
cepital, without introducing time as
the essence of the mattexr.

JEVONS.

It eppears to me of the higheat possible

importance that we should be quite clear

in our science about the causal inter—

relation of goods.

sssssessssthe idea of causal connection is

inseparable from the idea o0f time@ssssssse
MENGER.

Time is the formal conditlon g prioxi
of all phenomena whatsoever. R

"The passage of time" - there is no
such thihge.
WITTCENSTEIN.



IMAGING SERVICES NORTH

oooooooooooooooooo

BEST COPY AVAILABLE.

TEXT IN ORIGINAL IS
CLOSE TO THE EDGE OF
THE PAGE
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The Scope and the Abstract of the thesis:

My purpose is to build an explenation of procduction that
tokes img into account. Adsm Smith and the English Classicol
economists approached the problem by studying the relogion
between profits end woges or wages and capital, MW
the time aspect of production by saying that capitolists "ade
vance” wages to labour long before its final conswiption pro-
duct is read,, On the back ground of that conception they
peinted a rough picture of production through time,

I follow the classical tradition both in the title of my
work and in perts 2. ond 3. of iy work where I sppyoach | the
problem of pwoduction by studying equilibrium between the
rates of interest and wages.

some light is thrown on the nature of this equilibrium
by the statistics of dlstribution of the nationalincome,

Ky main results are in part 4, which containg a fadrxly
genornl theoxy of production that takes fime into account., I
found the use of mathemntics indispensable,

The best known attempts to formmlate such a theoxy ave
BohmeBawerk's, Professor Fisher's and J.B. Claxk's (which 4s
exanplified by Dr. Hicks® Theoxy of Wages)s As I show ,
W'ltmmt:dm of tie “avernge period of pro-
duction"is based on & mathemnticel misteke, Frofes:or Fishex's
enolysis of the "output streans® while very instructive, ocon=
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tains a greater number of unknowns then eguations to determine :
them, Dr. Hicks assumes that capitel is a homogeneous factor
«f production assisting the production of consumption goods
which 'mrgo either instanteneously or after time lags., 1f
there are time -~ lags, Dr. Hicks assumes it makes ng difference
what these lags ave. This is en attempt to deal with the time
aspect of production by means of abstracting from it.

In recent articles (Egonomica snd the Eoonomic Jowrnal
nﬁq distinguished economist, rofessor F. Knight, appears to
think that the problem of capitel is incomprehensible snd that 4
is no use txrying to understand it.

All these difficulties of theory mean that the pronounce=
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nentsof econondists on every concrete question of production -
such as wage policies - are necessarily surrounded by a penumbrs |
of considerable doudbt, And no substantial improvement can take
place until matters of general prineciples are cleared up,

I txy to clear them up. The essence of ny analysis in
part 4 is this. Assuning for simpliecity thet each competing
firm controls & vertically completely integrated process of
production of & consumption good, and writing t:0 as "the
present”, an entrepreneur finds himself in possession of a set
of goods g at ¢=0 and is aware of a large number of alternative |
production plnns.r Each plan provides for future investment =t 1

|

a rate £(t) in value terms and for output of the consumption
good at a rate u(t). For simplicity we can take the good &as

‘
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the "numeraixe". As between all the alternative plans the
functions u(t), £(t) ere different. I.e. they have certain
fields of variation. The central idea of the analysis is
this: fox e i t function £(t) the ocutput
fune 4 wi [ £
the methods of production. This is the "missing link® which
the earlier theories failed to bring out.

Given the interest rate p, the condition which determines
wiich plan is chosen is that the present value of the collection
of goods ¢

2 = B
x= Jefru-gt)] dt -
(I'Spméte 5:/lnoe P>O)0
is maximised, I.e. that the present value of future profits

is maximised (and is zero under perfect competition), ,
1
That means that for each possible input function £(t) such
an output function u(t) has to be considered as maximises x. i

I.e. the first partial variation

g'x:o , (2)
“w

As £(t) is varied, different output functions u(t) become
possible, and for each £(t) an output function u(t) is segre-
gated which maximise X i.e. satisfies (2). Thence, in (1)
£(t) becomes the only independent variable, and the equilibrium
condition is that x is maximised with respeet to the input
function £(t), i.e.

dx =0 (3)
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This condition determines which plan is chosen i.e. deterrines
the unknown functions £(t), u(t).
From (1) (2) (3)

5’/ P (t) dt - 5’/ ;(f/ozz‘

1.o.mpnsmtmotmmmmwm
the present value of the future naxginal cost.

In this woy & merginael productivity theoxy is built wp
which takes time into account.

Then the theory is extended: eccount is taken of
uncertainty, of "vertical disintegration® etc., etec., until
a fedrly comprehensive picture is reached of the course of
production through time.




INTRODUCTION

I wish to explain the course of procduction
through time.

To explain how planners (entrepreneurs) adopt
production-plans and "revise" them as they learn new
facts.

In spite off appearance .to the contrary, that
explanation was attempted by the so called "theory
of productivity of cspital”. The his$ory of the
theory 1is glven in part 1.

Part 2 1s a comment on the state of the theory
to date, and part 3 deals with some statistics.

Part 4 1s completely self contained and provides
a better (more general) "picture" of the course of

production through time.

Note: Peano's system 1s used to number the parts
of this work %ith integral figuregs, and the sections
with decimals. Equations have nuﬁ%rs in brackets.
Parts, sections and equatlions are referred to by their
numbers. Thus 2.1 means 'part two, section one',

and (5) means'equation number five'.
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s Historical Introduction

1.1 Frangois Quesnay, the founder of the French

A
school of Eysiocrats or Les Economistes, gives the

earliest analysis of the process of production as a

whole, Tableau Oeconomigue 1759, ef bibliography.

The tahle describes behaviour of production in a
country during a short interval of time. It shows
production in a statlonary equillibrium, p i. A
given money investment 1n agriculture - and 1in
extractive industries in general - produces a return
sooner or later, greater than the lnvestment by a
surplus which gives a Revenue to the '"proprietor"
who is assumed to have made the lnvestment called

an "advance". The return is double the advaneceg,
and produces a surplus of 100% . Agriculture is
"productive" in the sense of being productive of a surplus
over investment.

Certaln adwances of food and materials produced
by agriculture are made to certain producers - as
town artisans - who transform these advances into
manufactured goods - "clothes, utensils, instruments",
pii. They merely transform Tood and materials into
manufactures and they add nothing to their value.

They produce no surplus over the - advances. Hence
mayufaeturing industry is "Sterile" - sterile of a

surplus.

Economlc crierla are not used and the distinction
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between productive and unproductlive investments is
a

due to Physioceratic - view of production as mere
physical process. :

The germ of truth is that land rent 1s, 1n the
Ricardian sense, a surplus. Further, the distinction
ijg artificlal:if we consider advances in agriculture
to comprise advances to proprietors as well as to
farmers and labourers, the return is equal to the
advances, 1n equilibrium,and agriculture becomes as
"unproductive" as manufacturing.

The table shows transactions between three classes:
proprietors, agriculturalisss and manufacturers. The
annual ;ncome consisting of consumption goods, materials
and instruments exchanged is 15001iv. 600 is the "Revenue"
of landowners 600 of agriculturalists and 300 of
manufacturers, The 300 of madnufacturers is not an
addition to material income but is a result of double
counting. The 300 is the value of food and materials
advanced to them by landlords and agriculturalists,
which are merely transformed into manufactures, Hence
only 1200 1liv. worth 1is produced during the year. It
is the value of the output of food and materlals by the
extractive industries, The annual advance of 600
to agriculture produces - sooner op later - the 1200
1iv. of output which 1s distributed in the manner

described. The annual adwanece of 600 worth of food

and materlals and instruments maintains an output of
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1200 liv ,piii, every year and the whole process of

prodaction is in equilibrlum, pil.

The zlgzag of the table indlcates that the
transactions between the classes of soclety do not
take place in lump sums once &a year, but continuously
during the year.

If the 'productive' advance is diminished from
600 to 500 agriculturi}capital is not maintained and the
output falls to 1000 1liv, pilil, If productive invest-
ment is increased to 700 the annual output rises to
1400, pii.

Quesnay analyses the maintenance, decumulation
and accumulation of capital and vaguely suggests that
the rate of output of consumption goods varies in the
gsame direction as the value of capital.

~ Theory
1.2 Physiocpaticpreaches in many ways 1ts fullest
expression in Turgot's Reflexions.sur la Formation et
1a Distributfn des Richesses, written in 1766, But

Turgot's weakness is that he gives no view of

production 4dn an economy as a whole. In 811

the time factors necessitating “advances" are brought

out. Production takes time. "Even if one should

t111 the land with one's hands, it would be necessary

to sow before reaping: it would be necessary to live until
after the harvest." A workman must have an advance

of tools and materials before he can set to work,

and food to enable him to'subsist while waiting for

the sale of his finished goods." gLil) describes
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the primitive process of production through time

of 2 hunter who turns cultivator.

§ Lx describes several time-stages of leather
making from construction of "“canals and different
buildings" and training of apprentices to the
apolieation of labour of workmen "during several

months until the leather 1s sold". Certaln productive
acts are roughly repeated, wear and tear of tools and
cattle etc. must be annually replaced §Lxii. and
"materials must be replaced as they are being consumed "

§va1.

Advances in production yield a surplus over
investment. Hence business men are preparedto
pay interest on the capital they borrow, §Lxx .

The normal rate of interest 1s determined by
conditions of supply of, and demand for, loans,

"A loan..... is the use of a certain
quantity of values during a certain time,"
The rate of interest tends to fall as capital ims

aceumulated, § Lxxxii, xc.



Adam Smith describes the behaviour of production
both over a short and a long period of time.

The behaviour of natloﬁféroduction over a long
perlod 1s described 1in the sections on divislon of

labour, Wealth of Nations 1776, Introduction,

Bk. 1. chs. I, 11., and the chapser on the component
parts of price, Bk. l. Ch, vi, It i1s shown that
production of consumption goods 1is a process which
spreads over a long perlod of time, involves 'vertical
division of labour, and the function of intermediate
products - fixed and circulating caplital goods - is
explained. Ch.vl explains that the amount of money,
for which a unit quantity of a consumption good is bought,
is equal to the wages and rents of all the labour and
land which have céntributed to its production over a -
long period of time, plus interest on these "advances"
earned before the commodity is "brought to market"

It 1s seen that Prof. Tausslig's statement on

p. 150 of his "Wages and Capital" that Smith did not

describe the process of production through time as a
whole 1s quite incorrect.

Moreover, the process through time 1s implicit
in any analysls of 'using up and of production of
qﬁdital goods, and is implicit 14 Smith's analysis
in Bk. 2, Chs. 1, 2, 3 of the behaviour of the process

of production during a short interval of time, one

year,
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In ch 1, on the Division of Stock, the using
up and production of intermediate and final
products 1s described 1ln terms of a distinction
between "fixed" and"circulating" capital.

Smith means by fixed capltal goods those which
are sold slowly, and by circulating those sold
quickly in the form of products of a business.
The first include durable equipment of the
entrepreneur. The second also lncludes
durable goods, but those only which are held
for sale by their makers or middlemen.
"Circulating capital" goodes include various mater=
ial and consumption goods 1n shops.

In the beginning of ch 1i distinction is
made between"gross" and"net" annual revenue.

"The gross revenue of all the inhablitants of
a great country comprehends the whole annual
produce -{sic) of their land and labour; the
net revenue, what remains free to them after
deducting the expenses of maintaining, first
their fixed, and secondly thelr circulating
capital, or what, without enroaching upon their

caplsésl, they can ....spend upon their
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subsistenece, convenlences and amusements.

d.e. Gross revenue 1ls the value of all

the intermediate and final products produced

during a year. To illustrate the concept:

in a stationary equilibrium groes revenue is

equal to the value of nqp;gpalﬁggplggg\ e
multiplied by one year, Total débreéia%ion

during the year 1s the value of capital -

multiplied by one ygarvand, in this casé, the value
of cabital 1s maintained constant. The "net revenmye"
1s the difference between"gross revenue" and total
depreciation, during a year, and is the value

of the annual 1lncome of consumptlon goods

( + net appreciation or - net depreciation

of the value of national capital), Smith

does not deal with changes 1in the

value of capital which are due, as one

could put 1t, to changes 1m stock-exchange
valuations. He thinks only of genulne

investment (positive or nefgative) of

money’yhich would otherwlse be spent on

consquion; Hence his net revenue

alWays equals the value of the
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national income of consumption goods. All these
concepts are fundamental and in their terms Smith
outllnqithe process of using up of capital goods
and production of capital and consumption goods,
in a country during a year.

In Ch. 111 On the Accumulation of Stock there
is a change of definitions. While in Ch., 11
"annual revenue" is"gross revenue", in Ch.1ii
"annual revenue" signifies the income of consumption
goods, and "Negt" revenue 1is annual profits plus
rehts, and 1is ﬁ;t to be confused with "net" revenue
of Ch.ii, which means the income of consumptlion goods.
Prof., Cannan does not see thils change in definitions

and his attack on pp75-7 of his "Production and

Distribution" 3rd ed. against Smith 1s based on

a misunderstanding. Smith also draws a curious
distinction between "productive" and"unproductive"
labour. Labour producing intermedfate "products"
is called"productive", that yielding consumable
services - as servants - is"unproductive".

In the case of the first interest accumulates

on the wage advance before the final product is
sold, in the case of the second the product is
imnediate and there 1is no time in which interest
cah accumulate. Hence "productive" and "“unproductive"
labour means "productive" or "“unproductive" of a

surplus over the wage advances of interest. In this
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distinction Smith follows the Physlocrats in

calling something"pboductive" 1if it yield a
surplus over the advances. Only the Physiocrats
thought that natural resourees alone were
productive of such a surplus. Smith's analysis
of land in this connection 1s sketchy and as such

is criticised by Ricardo, "Principles" xxi pl74

of "Works" ed. McCulloch, and Mill, "“Principles"
Bk iv. Ch. iv Q1.

In terms of all these distinctions 1in Ch., 111
Smith again shows how the value of the national
capital may be maintalned, increased or dlmin&shed.
His analysis of gross and net saving ls remarkable
and contains most of the best 1deas of Mr., Keynes'
"Preatise on Mone¥". E.g. of net saving Smith
writes "What 1s annually saved is as regularly
consumed, and nearly in the same time too; but by a
different set of people."

smith's theory of the productivity of capital
is set out in his chapters on division of labous,
and Bk 1i: introduction and Che 1iii, v.

Smith's view 1s well summarised in a quotatton-
f£ram Bk. 11 Ch. 111: "“The productiwe power of the
same ( a gilven) number of labourers cannot be
increased, but in consequence elther of some addition

and improvemente to those machines and instruments
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which facilitate and abridge labour; or of a more
proper (vertical) division and dlstribution of

employments. In either case additional capital

is almost always reguired."

Smith well observed the positive correlation,
in a country in the value of caplital per head and
the annual income of consumption goods. e explailned
this fact by superior productiveness, in the long run,
of the more capitalistic methods of production,

As to the detalls of the theory of capital, he
observed that increase in the value of capital per
head tended to increase real wages and diminished
the market rate of interest, and conversely ,

Bk 1 Ch. ix , Bk i1 Ch v, c.f. Bibllography.
' Adam Smith provides an outline of all the

essentials of the theory of capital.

1.4

These essentlals were brought out more clearly
by Ricardo. An account of Ricardo's theory of
capital, with exact page references to his wrltings,
is avallable in the article "The Ricardian Theory

of Profits" , Economica Feb. 1933, According to

Ricardo tlme 1s the essence of capital., He writes
about "the ... time that must elapse before the
results of ...labour can be brought to market," and

adds, "All questlons of fixed capital come under
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the ... rule, which I will endeavour to explain to
you if you should wish it." (Ricardo, Letters to
MacCulloch, p.65.) Elsewhere he writes that

circulating capital goods involve time in the same
way. Ricardo calls intermedlate products fixed and
circulating according as they are durable or not.
The distinction, he wréte, 1s one of degree only.
The difference between Smith's and Ricardo's
definitions of the terms 'fixed' and'circulating'
capital should be noted.

As to the productivity of capital, Ricardo shows

that the annual output of consumption goods and the

rate of real wages are increasing functions of
"the proportion capital bears to the population!
and the rate of 1nterest”& diminishing function

A
of that proportion. The concept of the value of

capiltal per head, as B8hm shows in an appendix to
the later editlons of his Positlve Theory, is

equivalent to the average period of production.

It should be noted that Ricardo and his school

used the word "capital" in several senses, and in
two senses when wrlting of the proportion of capital

to labour. In the first sense "capital",as above
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means the value of all the intermediate products.
In the second, it means consumption goods advanced
to labour as wages. Using the second sense, "the
proportion of capital to labour" equals the average
real wage, which 1s the famous ldentity of the theory
of the wages-fund.

In Ch., 1 Sec. 1ii of his "Principles"

gives an example where

Ricarqua given output 1s produced by 100 men
working during a year or by 85 making a machdne
in one year, the machine ylelding the following
year the same output as that of 100 men., The first
is direect process, the second, roughly, 1s of one
yearcaverage duration (walting). The average period
in the first precess 1s O in the second 1. The

example shows that the process of longer average period

1s more productive per capita . Rlcardo implies

that 1n general the longer the average period, the
greater the product p.c. ° "...1ln real value
(labour cost) commodities made by machines fall, and

fall in proportion to theilr durability."

Ricardo adds that the lower 1s the market rate
s
of interest, the longer the average period of the
processes employed and the higher the real rate of

wages tends to be. It should be noted that in
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ch 1 and sometimes edsewhere, the term "wages"

1s used in a curlous sense of, roughly, the

inc@mse of the rate of interest, and the phrase,
"rigse of wages" means a fall in the rate of interest.
This point which 1s essentlal for the understanding
of Ricardo 1s explained at length in the article

"The Ricardian Theory of Profits" B8hm (@apital

and Interest) and particularly Wicksell (Uber Wert

Kapital Und Rente plQ, Vorlesungen n 233, Untersuchungen

IJn.16;7 ) realise that this example of Ricardo
11lustrates the fundamental proposition that the total

product depends on the way that 1t acerues through

time, Ricardo shows that, 1n the language of
mathematies, the total product 1s a functional of
time.

1.5.

John Rae in his New Prineiples of Political
Economy 1834, writes that capital goods produce

future consumption goods, With glven labour force
and state of knowledge different sets of capital
@oods can be produced and arranged in order according
as they yleld consumption goods more and more
distantly on the whole, in the fubure, Sets giving
more future consumptlon output yield a greater

total output, but at a diminishing rate,

A horizon of foresight is
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implied. The 1ncrease of durability of fixed

capital goods ~houses- 1s shown to be one of the
further

printipal ways of projecting final outpugxinto the
future and increasing its total amount.

Rae anticipates the concept of T 6‘2)
for a fixed set %, esn L

m
"instruments" adopted depends on "the effective

4. The set of

desire of accumulation." Inventlon 1s analysed.

1.6

Stanley Jevons in Theory of Political

Economy 1871 illustrates production through time
by diagrams similar to flg. &, 2.3. He calls the flow
of consumption goods advanced as wages 'capiltal
investment' and the value of capital in terms of
wage-goods 'capital invested', his formula for the
latter 1s restated by (6),

ﬁe formulates final product as a function of
time. He assumes a case described in 2.2, 2.6
where a glven labour force is appllied at a moment
say t=o and 1ts whole final product f(t) emerges
at t. If t 1s lengthened and f(t) potponed by
4t the product increases by f(t+—$%) - f(t).
f(tnf&%) - f(t) is the amount of&nterest ciy
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the principal f(t) earned durl 83 R )
on jo) P ),_&_M‘e ng atv Te

/
rate of interest per 7. is in the limit :((t)) ox St o
4 ?
p 346 4th.ed. Its dimenston is f(t).t".f({fi

-1
= t, p249,
If f(t) is written for anything which grows
‘/
ret) becomes th 1 : 1
e es the general expessio
f(t) & % "

for the rate of interest per moment.

with time,

The rate of interest can only be >0 1if
£(t) being >0, t/(t)>0 , eg. f(t)= a.t, f/(L)H;. )
where a 1s a positive constant, p 247;:5;[7§:)< (8]
pp254-5, and 246-7.

Jevons hints that in f(t), t can also be
interpreted as an average perlod of production,
pp228-9, 246.

Jevons expositlion 1s explicit. He begins by
saying p223 that he agrees with Ricardo that the
egsence of caplital 1s time., "The views which I
shall endeavoul to establish on this subject are
in fundamental agreement with those adopted by

Ricardo".

1.7.
Carl lMenger 1s the founder of the Austrian

theories of wants and producﬁtion. In his

grindsitze der Volﬁ%értechaftslehre 1871 he writes
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that man has a system of wants. Certain goods -
bread, dwellling houses- directly cause satisfaction
of wants. They are consumption goods: "goods of the
first order." Goods of the first order are caused
by goods of tbe”higher order" - instruments,
materials, natural resources, labour pp 7-10. Goods
of higher order produce elther consumption goods
directly or other goods of less high order and through
a more or less long series of good of diminishing
order they indirectly produce consumption goods.
This causal system 1s called production. All causal
connections imply time, hence production takes time, I § L,
The value of all goods depends on the satisfaction
they are expected to cause, pl33. This value is found
on the basisiof the principle of marginal productivity,
pp 138-. The behaviour of production as a whole over
a long perlod of time 1s described, pp 129 - 30,

The greater,on the whole, is the period between
the application of goods of the highest order and
the emergence of the imputed consumption goods, the
greater is the total final output. Or else combinations
of different flnal products can be produced by longer
methods which are preferable to any combinations of
goods producible by the shorter methods., All this

1s due to the utilisation of different lawa of nature
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pp 131-2, 136 footnote,.

Menger's article, cf. bibliography, adds
that in a changing economy the value of capital
goods extant at a moment of time is not equal to
their cost of productlion incurred in the past.
Thelr value depends on the future satlsfactions
they are expected to cause. In that sense 1n

economics the past is irrelevant, cf. 4.2.

1.8

BYhm Bawerk in his Positi¥e Theorie des

Kapltales , 1888, elaborates lMenger's theory
about time in production (c.f. bibliography) .
The central concept 1s the average period of
production. At any given technical knowledge,
enterpreneurs can choose among certaln alternative
methods of productlion lnvolving different averape
periods. With a given labour-force and with a given
average period, the method selected 1s the one
giving the largest output.,

The market rate of interest cannot be >
unless product p.c. 1s an lncreasing function
of the average period of production. It is an

empirical law that, within limits, the product
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of a given labou® force 1s an increasing function
of the average perlod, and increasing at a dimin-
ishing rate, cf 2.7 and 2.13)4: Y
(zyéggivee the definition of BYhm's average period.
In Part i1 Book 1iv sectlion 11 ¢ on the
determination of equilibrium in the labourscapital
market the following is impllied. Of the rates of
interest and wa-es, one belng glven, such an average
period is adopted by the entrepreneur, that the other
is maximised. The more coherent part of BShm's
theory 1s mathematically restated in 2.3, 2.7,

2.11; 2.7 shows that it is necessary for B8hm to
assume the rates of wages and interest constaat
through time at undetermined levels, Otherwlse
equllibrium is undetermined. His analysls 1s

limited to stationary equilibrium and non-durable,
circulating, capltal goods.,

1.9.

In Uber Wert Kapital und Rente 1893, pp 95-105,
Wicksell mathematically res#ates B8hmds theoryand
on ppl2l-3 adds that land 1s on the same footing
as labour and writes p=F(t,h), where p is product

per man, h land per man, and t the duration of the
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process. He real'y means F(t,h,1), 1 standing for
unit-labour., Application of the unit-labour and h

t b
i1s evenly spread during ¥ and 2 1is the average

period, cf 1.11, There are three equilibrium

equations p= (g.,. A.,.)( | + 111 )

where 1= wages per man, r = rent per acre and z is
slmple rate of interest. Given 1l and r, z 1s
maximised and the four unknowns h, p, %1,z are

Thie
determined by, four equations.

Similarly equilibrium is determined if 3,z
or r,z are supposed glven,
Wichksell determines 1l,r by equatlons

%
; K= 2 x (A.14B.r) (7)

|t

h=

where B 1s acreage, A the number of workers

and K the capital in a country. A, B, K are supposed

given. Given A, B, for each glven value of K

the six equations determipg a speclfic equilibrium.
Wicksell shows 1m a si%&le example how the

theory of production-through time applies to
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foreign trade, ppl28-9, and to internal trade in
two commodities, ppl30-5. The analysis is limited
to stathonary equilibrium, eonétanéy-%h&ough time of
the levels of the rates of wages; feﬁt”énd.interest,
and to circulating capital. — CFf 2.3, 7'én&T5“2 6.

In an article, ctf bibliography, chksell gives
an analy51s of two cases of durable goods. - The

analysis is reformulated in O. 4, 2 8
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1.10

Irving Fisher's Capital and Income 1906 distinguishes

between various meanings of "capital" and “income™

It contains two false propositions.

First, that "services" of goods (events
caused by goods, pl45) are not goods but are
“abstract" (?), plOS ete.

Second, that the total of "services" consumed
by consumers is identical with "net income", pl58 etc.

These two fadse propositions are supressed An
the following summary.

"Pgychic income--------- 1s one's whole conscious
life", pl76.

It 1s a succession of “satisfactions" (atomic
mental states).

To a man, possible psychie incomes are ends.

Goods are "material objects owned by human

beings", p2.

Gooda are part-causes of satlsfactions. Thgy
are means to psychic incomes (ends).

The ends are chosen by choosing the means.
To a man: "The desirability or utility of goods

(of a totallity of goods) is the present esteem
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in which the future satisfactlions from these goods

are held", pp43-4.

Comment: I think the proposition: "¥here are

scales of value £or goods (material objects)"

has no sense. Because material objects are

not conerete expe@elences but are formal space:e

time aspects of experiences. Il.e. because of

"complemé;&arlty" between goods and satlsfactions.
Only concrete experiences exist. Only

alternative totalities of them (psychic incomes)

can be objects of valuation--can be arranged in order

of‘ preference. C. f- 4‘ . /8 -—

Inc stc. for goodg &are

. ef. §
Continuing the summary, "capital® means
the col’ection of goods "éxisting" during 4an
"instant" (a very short interval) at a time t, p 51.
Symbolizing, capital = S 9(‘t>
meaning: "sum" from good « otfo good &, of the
quantity of any good G(t) extant at t. Money

value of capital - 3 P(t)' g(t)

m (o8
where p(t) sy"bolllea price of any good, at t.

-
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"Gr-ose income" during 4n interval (a, b)

"’S f‘Lg (t) , Where Otg (t) 1s
L t-a P
quantity of any good produced at &t-” ppll9--.

Logical genasis of the integral jq(tjie complicated,
2.1 .,

w b
"Outgo" :dSa[ c('t) where d.qc(t)

is quantity of any good consumed at t.

"Net income" S fal C‘t’) -d_gc (’t)
Its money value = S j p(t) [g(f) "‘9("(')]

N.B. Net income consists of © 3220 5 £ O
quantitles of every kind of good: foods, machines,
men ete. etc. , and not only of “consumption"
goods. |

These concepts (Capital, groes and net income,
and thelr money values) are originally due to
the Physwperats |/  alsal.2,3 |

The dimension of capital and gross and net

incomes are complexés of the dimenslions of the
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zood of which they are composed.
Thas, if B, 5, C signify the dimensions of

bread beer and cheese, respectlvely, annet
income consisting of bread, beer, cheese.....ete
is of dimensions B, ﬂ, g.......etc.
Rates of income per interval of time have
a dimenslon T-' » say where T 1s the time~dimension.

Thus average net poney income during (a,b)

1 v fm Lo(g (- dg.ct) |
b -

and is of dimension £T° o , wWhere £ means the

dimension of money.

Supnose a business own:a collection of
goods in the “"oresent", at t =o. Let f(t). dt ve
the money value of 1ts product sold at t. The
total ;gture net lncome from the collection 1s

J’ £ (t) at.

L‘\

In equilibrium, the present value of the

collection LS

v _pt
f{(t)&’,r dt, where

F is the market ¥Wite of interest, p384.
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a time 4t and income which is not. The dimension
of the value of capltal is M.t and that of money
income is the timeless dimension M,

In the Ratg _of Interest . 1907 Flsher analyses
the technical opportunities to produce in their
time aspect as a determinant of the rate of interest.

The 1930 version, Bhe Theory of Interest, 1s quoted.

Stated rigorously his theory is as fodlows;
A given collection of labour and other capltal
goods exlsting in the present moment tzo, produces
a future income stream f(t) over a period of time.
By vanrying the methods of production the "time
shape" of f(t) can be varied within limits sets
by the glven technlcal knowledge. Mathematically
we have a functional f(t) = F [f(t.)] . TM#@M [F(t)i

denotes all streams which are technically possiblge

Fisher calls[f]"ths investment opportunity...

the opportunity to shift from one optional stream

to another" pl5l. Given the rate of interest

such a stream f(t) is selected which has the

maximim pﬁssent value, viz. maxlmises the integral
'y £(t)dt which is the present value of the

giveg collectlon of capital goods, pl75. Different

shapes of 1income streams are illustrated on pp 169-T0.
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The analysis i1s restated 1in detail in 2.9 where

@('r) :jff(t)dt, and for simplicity only
labour 1is %ssumed in place of Figher's hetero-
geﬁpus collection of capltal goods,

Unliké the theory of B8hm and Wicksell,
Fisher's analysis 1s explicitly future-looking
and 1s not limited to stationary equilibrium,
Capital and fncome deals with fluctuating interest ,
p390, and risk, Ch xvi and pp403-11,

Fisher's analysis had two limitations. He does
not show how parts of the stream f(t) are ditributed
between seperate capital goods and labour %2 ;?;en
colleection, anJ:;(t) itself 1s segregated from the
total stream of a soclety. Secondly he assumes
£(t) to be independent of - for example- the
quantities of labour with whilch the glven collectimn
may have to co-operate at t=o and 1n the future at
suceessive moments t (Present factors co-operate
with future labour via intermedlate products).

He assumes that the "investment opportunity"
[f(t}] 1s glven independently of future labour

etc. and that the form of the stream f(t) can be

varied independently of the future labour etc.



- % =

which 1s never really the case.

These problems are solved in 4.

1.11.

Biblliography on the time aspect of production,

Frangols Quesnay Tableau Oeconomique

First printed in 1758, reprinted by the
R. E. S., then Britlish Econ. Association,

in 1894, with a preface and a bibliography.

Dr, Bauer Commentary on the Tableau, Economic

Journal, March, 1895 appending the letters
of Quesnay about his table, or Schmoller's

Jahrbuch of about the same date,

Turgot Reflexions sur la Formation et la

Distribution des Richeses 1770, in
English 1898.

Adam Smith  Wealth of Jations, 1776, 78, 84

corrected and augmented, 86, 89, 93 aug-

mented, Cannan's ed.

An emact account of Physiocratic
theory 1is given and "the capital error
of this systemn" 1s analysed in Bk 1iv

Ch ix. Posltlive theory: Introduction,
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Bk 1 Chs i, 1i, vi, 1ix, x, Bk 11 introduction
and Chs 1, 11, 111, v. On the relation between
wages interest and capltal, Cannan ed, Vol 1

pp 14, 15, 56, 67 - 71, 73-5, 81-2,95, 258, 316,
320 - 5. The influence of Physiocrats on Smith
is established by internal and external evidence.
It is outlined in Ashley's preface to his

translation of Turgot's Reflexions and in Cannan's

intpoduction to his ed., of the W, N,

e ————

Ricardo Essay "On the influence of the héw

Price of Corn on the Profits of Stock"

1815. Principles of Politlical Economy
and Taxation , 1817, in 2nd. ed. expos-

ition of ch 1 altered, in 3rd.ed Ch 1
modified and ch xxi "on Machinery"
added.

Letters: To McCulloch ed Hollander,
to lMalthus ed Bonar.

Notes on Malthus written 1820, ed

Hollander and Gregory. Essay On

Protection to Agriculture 1822,

Victor Edelberg  "The Ricardian Théory of
Profits" Economica Feb 1933,
analyses and reformulates Ricardo's

%
Theory glving page references to



- 3% =

everything that Ricardo writes about capital.

John “ae. New Principles of Political Economy

1834, reprinted as Sociological Theory of

Capital 1905, chs 1ii, iv, v, vii - x,

Cairnes Some Leading Principles of Political

Economy 1874, part 1i, rigorously restates
the Smith-Ricardian Theory of capital and
wages-fund. On p82 he zives three con#itions
determining the market rate of interest:
present provieion with consumption goods,
psyéblogical time-preference, and the
"Op;;rtunity of making a profit" or

"The extent of the field for investment"

Thus Cairnes anticipates both the term
"Investment Opportunity" and the form of

analysis of Irving Fisgher.

Jevons Theory of Political Economy 1871, ch vii,

and aprendix i1 of 4th. ed. 1511,24. He
interprets the theory of the Wages Fund in
a very magrow sense-as Mill did - and his
criticisms of 1t are limlited to that
interpretation, ppvi,268-9, ﬁ%h, ed.
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Carl Menger  Grunds#tze der Volkswirtschlafts-

lehre, 1871; article "Zur Theorie des

Kapitals, Jahrblcher flir National-oekonomie,

Neue Folge, 1888, ppl-49.

BR8hm Bawerk Positive Theorie des Kapitals 1889

English translation. Posltlive theory of

Capital, Smart 1891. Appendices are added
in 3rd and, in a seperate volume, 4th, 1921

ed, 3rd ed is avallable in French

Knut Wicksell Uber Wert Kapital und Rente. 1893,

Finanztheoretsche Untersuchungen Vorlesungen
7

uber NationalBkonomie 1913, restates the

analysis of the U, #. K. R 1n the way shown
in 2.2,6.
English translatlon from 3rd. Swedish ed

Lectures on Rolitical Economy 1934,

article on fixed capltal written as a review

©
and restatement of his student's G. Agkerman: 's

book Realkapital und Kapltalzins, Economisk

Tidskrift nos., 5-6, 1923, translated as

appendilx 11 to the Lectures

Irving Flsher  Capital and Income 1906, The Rate
Interest
of Interest 1907, Theory. of < 1530 inscribed
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"To the memory of John Rae and Eugene von
B8hm-Bawerk who laid the foundations on

which I have endeavoured to build."

On history of the theory:

BYhm Bawerk Kapital und Kapitalzins 1884

Capital and Interest 1890

translated by Smart;

B8nms interpretations are more accurate than
his evaluations. E. g. he outlines

correctly the theorles of Ricardo and Jevons,
and then dismisses Ricardo as "colourless" and
Jevons as an "eclectic....a genlus - perhaps -

but still an eclectic."

Tausslg  Wages and Capital 1896

reprinted by the London School of Economics
1932,

The positive part describes the time-structure
of produestiocon, The period of production is
projected into the past pp 10-13 and so is made
irrelevant to questions of productivity since
nothing which has hanpened in the past can be
influenced by anything in the present, 4.2.
Hence the productivity aspect is neglected.

Erroneously change in technical knowledge,
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invention, 1s sald to be a necessary condition
of superior productiveness of more roundabout
methods, pp9-10. It is not stated that the
superior productiveness of more roundabout methods
ositive

is a pre=-condition of a + ve market rate of
interest.

The historlecal part accurately brings out
what the maln theories studled have to say on
the time=-structure of productlion and omits what

they have to say on the productivity aspects,
except pp 311, 313

Palgraves Dictionary of Political Economy.
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A n of esses in e brium,

If some propositions of the tabdble 2.1 orye
not clear on & first re-ding, they can bde
méerstood by studying porticnlar cases 2,2 -

2.5

Teble of general definitions snd expressions,

The concrete historie pyfeess of production
of consumption soods is causslly organiec. A1l
goods produced in en interval -f time have some
comnon ?ausal antecedents, e.g. invention of the
steem engine.

But for certoin theoreticsl yrurposes inderendent
processes having simultaneous ports and yet having
no comnon causal sntecedents or corsequents
vithin the f4eld of description, can be imagined,
Postulating for sinplicity homogeneous labour
and homogeneous conswmption goods, we do not
dnquire into the causes of labour and the
consequences of consumrtion goods, but suprose

lebour to be the uvltimante causel antencedent of
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consunption goods within the field of description
delimited by labour and consumpiion goods,

This implies that production rust start
with an epplication of labour without co=operation
with eny factor. The first application ceuses, sz,
céme intermediate product with which anothex
epplication of labour will co-operazte cnd 80
the process is started, The process is cormpleted,
41f ever, when no more labour is a;yplied and no
more consmption goods are produced which are
ddrect or indirect (via the intermedicte products)
offecte of the previous applications of lebour,

Theoretically, several such processes can
pe started simlteneously and in succession.
The condition of independence of one such process
fyom another is this: no labour a: plicaticn in
one pedcess is a part cause of any cons'mption
good in snother process, This is & formal or
tautological definition of independent processes,
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is a point on the continuous time-scale.
is the precsent.

The time=scale and the time=dimension of oods are
anzlysed in 4,1-8,

A unit of & concrete gquantity has » duration St.
E.ge 8 unit of labour "labour x hour"” has a durztion
St - one hour.

Writing X for a quentum of labour, i:?ta_is the rate
of flow of labour per unit time. Economising symbols
and using same symbols for the dimensions of quantities

. -1
as for the quantities themselves, dimension X-Xt ;

3
and the dot is used to indicate clearly that in constructe
ing i;%f-the time-dimension of the concrete quantity X

is absfracted (cancels out) end that X is a timeless
quantity. In what follows I use the dot notation in the
same way. A dotted symbol represents a rute of a con=
crete quantity per unit time i.e. represents & timeless
quantity.

I acsume that in a fiym independent processes are
started one at a time continuously 1.0; at successive
moments dt. I study a process which starts at t=0 and
ends at t=s, The meaning of starting and ending a
process has been explained above.,

is the rate of labour input into the process at %.
is the rate of output of the consuuption good from the
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.
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s written for a3 A

is the total zute of oytput up to t=7, 1.6, itdf
is the totel output in the process up to t.

A unit of good ¥ in its timeless dimension
§ i1z tcken o5 a unit of accou . t. All prices are
axpressad in teims of it.
is the rate of wages, a r:;;o t 'whi'ch a rute S'}
of the gocd is exchangoed eguinst a labour rate :X -
in the market,
is the rite of wrge=bill input ut L.

In cuses of "point input” 242,445,648
is wxitten fox (lio
1é‘wr1tten for $at

fs written for bat
In cases of "point output® 2,2,%,6,7

is written for dﬁ; i
is written forxr Srdt

. The gmounts x,b.y depend on dt and ave the
exbitrary. They sre intef®duced in order to éu able
to speak simply otilnputs and outyuts ete., instead
of the input and o;tput rates.
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“Miis especiclly sinplifies exrositicn in coses 2.3=5
dnvolving second derivativea of ;J{xcrete quantities with
rospeat to tile esge in 243 if&%‘%dt
is she cowpouwnd r1ate of .ultore.n.: Intercst is assumed
to accumilate contliaouslye
is the bao of nagtural lossrithas,

J?E(T'” (5 =Ty ) vooassensell)

t=o0
. -
15 tle sum of net increments DB=AY¥ invested plus intercst

won themy upy 0 t =7 o

&)

the coat of the rute of flov of the intermedinte products

I~

in the procegss at 7T .
mcor perfect cowpetition, when the process finishes the

cnixeproneux ll..u.bu uel..hu r%)zoi‘lt on it oxr loss Xe€.

,~t_
O:ZS il e —J‘e d}'t 000000(2)
Irﬁ. 11.' (%)
- J th - C.At L

s tha net velue Lwcsted ess luterest acoumidatad wp 0

T o et wiy ea~bill xute, drwested up-to 7 or tho wage

Lt~ w ¥t (4)

T
"*Lt . '.o-oconootaoo.uoooooo:-..(5)

(1), integrrting by poxte and usiug {2),

‘ | PT =~ FT : S
- [— ?- je-, £ ('Ir—cxr}]

> > . 'r:u'
end writing s =[\Wto Bg = | 4543
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P“ .0..‘000‘..‘..(5')

$s of dimension Y= ¥.t since the dimension of p is t,

is (a) value of "capital disposal® or “walting" necessary

to finance the whole process from t- 0 to t- 8 (is ane=

logous to Prof, Cassel's concept in his Nature and

Necessity of Interest and Theoxy of Social Economy)

1s (b) the sum of values of intermediate products extant

at t= 8 of a contimmm ®/8t of coexisting identical

proeesses started successively at intervals dt from

t-0 to t=s.

is (¢) the value at any moment of the stock of intermediate

products owned by 2 firm in a state of statuary equilibe

rium gnd amploying labour at a constant tetal rate

i. = g li‘, identical processes being u%od successively
and contimaously.

(5') proves the familiar proposition that the value
of capital equals the total income from it per annum
1a:.vid»od by the rate of interest.

: | ircr (6)
4s the femous Jages~Mund (the source of wages) of the
ctlssical economists snd BohmeBawerk, extent in stationary
equilibrium; to be distinguished from i- which the
classics also called the weges—-fund (source) conceived as
a rate of flow.
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A — [ B dt (1)

“4s the calssical concept of capital as agcumilated

ldsboux extant in stationayy equilibrium.

Roint imput, Point output.
This is the simplest (Wieksell-Lectures) case to consider.

Here 2 labour force x is applied et & point dt of time and no
labour is applied later in the process = point input,
After an interval of time a consumption product y emerges =
also at a point of time = point output.
An example is a labour force preparing raw wine = in a mglmml
time - which matures, some years later, into a consumable wine
which is then sold and consumed at once, Wicksell. The input
separated tron: the output by

”~

8y the duration of the process.

ﬂ 4

a !

L

rig. 1.
Fig. 1. depicts the process. At § -0, a labour

force X is applied i.e. the wiges~bill w. X measured by
28 is invested and eamns compound interest, the value of the
intermediate product at each moment being measured by the
ordinate of the dotted curve which is exponmmtial. At Lt 3
the output y emerges at once and is indicated hy the line gy,
The area under the curve oy measures K, the capital disposal.
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The area also measures the sum of the values of intexmediate
products, existing at £=3 1if the like processes were contin-
uously started from t=0 to t=s8, i.e. measures the value
of capital in stationary equilibruim. The area
of the rectangel 9 g ¢ 8 is capital as the'wages~
fund' and is equal to the area 9 8 ¥ 8, K, less
area g J 8, representing interest accumlated.
If we take y=1 then area of the rectangle
S 8 & § measures also cepital as 'accumlated
labour® A.
Analytically, in the Point = input -
point - output case:

ax,- x and all other  dX's axe o
d§o=¥.> essocscesssssse UB'E cedes
a¥g-y cestrdsivessss I8 1ivee
2. from (1) 2, — be'®
from (2) bef®= ¥ (8)
from (5) x:ﬂ%—) ssensses (9)
from (6) F=bs Jessises (1)
and from (7) A=Xs sesesses (A1)

.- Continuous input and point output.

In this case labour is applied gradually
through time (gradual inmput) from t =0 when a
process is started to t =8, vhen the final
produet point output emerges all at onee.
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Fig. 2 depicts the specisl Bohm - Bawer(- Wicksell
U, W, E. R. case in which gontinuous input takes place

at a constant rate.,

]“‘f Taking w equal to unity,
| the scme line o a is the

/T curve of labour and wages-
el input up to t; o0 a
el ) |
o Fh e S ¢ 1s a straight line the

slope ot' w;uch indicates the constant rate of
input; © Yy is the curve of the value of the
intermediate product at it; g y shows the output y,
g 8 the total wuges bill and g y the interest
component of the output. The value of capital K
4s shown by the area g 8 ¥, the wages fund 7

and capital as 'accumulated labouxr' A by the area

2258
m;]ytigamz
—::t is constant between t. o and s.
-::—f— is constant=k say, between t= O and s

(taking w constant)

n.' = }, an%all other dY's are O,
. from (2) K(ee=1 _ s

A P P . . (12)
fron (5) K=+1& ;'):‘“'; z ’%% (13)
from (6) ¥ - 'X:ff: B S (14)
trom (1). A= XSt (15)

2
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which is the well known formmla of Bohm Bawexk,
2.4 koAnk ingut = contimuous output.

In this process all the labour force is applied
at one moment :nd the cutput accrues contimuocualy
from the begimning of the process until it stops
at which moment, t=8, the process is said to bde
completed. This is & case of a duruble consumption
good produced by labour in a negligible time dt. Acexmen
end Woksoll assune the rute of outyut gy ¥, 4t to be
constant, (for eech value of Jf) say kit between t 0 end it -s.
\../o“' = Tig. 3 represonts this process
i The stxaight lime g9 X

it of which the slope measures
'\/ > the constant rute of output,
L | is a portion of the graph of
’ 180 30 +—mmut'!‘o‘i’-mnﬂn-duvtot.
Beyond g the graph becomes parallel

to the § axis, indicating thét no further output
asccrues., The gemeral relations (1) = (7) of the
toble 2.1 cen be flimstrated in the point-input-
continuous=output case on a three dimensional

. - Cc

h o RSB
The area'g § 4 § represents

the woges bill rate b, or the

o
3=
§
>
.
W



a, (e

e

2%  value of the intermediate
product rete at t=o. The value
of the intexmmedisie product rate
at any woment t -7 is measured
fig. by swxee g ok 4', where
b8 =7 The integral of these areas x dat
between 7- © and T =g 4s the volune o @ o8 d
of fig. 5, and represents the value of cupital K.
It ﬁ; i't is not taken constunt, geometire representation
becomes even more Cumbersone.
Analytically:
nmmmn-ﬁanm case of point=inpute
continuous~cutput we have:

X~ x all other aX's = o

dﬁozui sssanespes EVR = B
dit-mtant k between t-o0 and t -s,
L from (2) b - KO- 7Y (16)
«  (5°) E Kb oF (1)
(6) F o= b3 55 (18)

Note: The volume 9 8 ¢ £ 8 4 (whore gg is exponential)
“mwmmm-wuw
et first stght. It roprosents ff" 'f”‘oa s

!miohi.snupoo:.;Ameof//(dlj o[}é)d#‘

which is a purely artificial :xpression,
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sy
from (7) A = X 3— -—»!E—"W— (19)
2,5 Roint input - general output.

Let x be the point input snd Ydt- O (t) (20)
its finsl output up to $. In the most general case O can be
of any form either contimaous or discontimmous or both.
2.1, 2.2 and 2.3 &are special cases of ®
from (2) b= j”c”touic (21)
K _to __96:,(1_ (22)

etc. d

The output ~ (t) can be interpreted as éither

independently given, or, mere generally, as

imputed to X according to its total margindl 'prodnotiviw. 4.
5.6 The second interpretation of & (t)cam be

4llustrated as follows,

A house may be imagined constructed by a

gontimious input of labour and when ready, giving

continuous output of consumable house service, in

co-operation with the labour of a housemaid.

For simplicity we take the rate of continuous

i4nput in house-building, the rate of service from the

house, and the rate of servant's labour all constens,

we assume that the rote of interest f is sero, and for further

simplicity, contemplate & state of stationary equilibruim
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to describe which in temms of & O(t)
function is the purpcse of the present illustration.

Let x be the total labour foxce employed,
consisting of two components x,, bullders and x,
servants, let ¥ be the time it takes to build a
house, and 5 the life of a house. Let any moment
when X begins to be applied be taken as t=0,

The output imputtble to the servants x,
accrues at once and is fét The house builders x,
are spread evenly between all the houses undex
construction in a stationary .qunm at t=0,.

It is easy to see that on the above as:sumptions
the quentity of finished houses imputable to xy, will
sccrue at & constant rate k from t= 0 when the house
which was at the point of completion Just before t=0,
is ready, to t- u, when the house just started at
t=0 is completed.,

From t=u to t=n the quantity of houses
standing, imputable to %,y 1s constant (since n
is the life of a Louse) and diminishes at a constamd
rate k to mexoc between t-2 and t=1 fU.

The rate of service from houses is proportionate to
the number of houses. Therefore the rate of service
imputable to x;, increases from g at a constant rate k from
t-0 to t-), is constant betweem t-3u and t=}, and
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diminishes to gzero, at a constant rate k, between
t=n and t-nfu.
Henoe the graph of output &(t)
imputable to X is as shown in fig. 6. It starts at Y,
at t= 0, is a quadratic between t-=0 and t -u, linear
between t-u and t-n, and quadratic again between
t-n and t-n-+u, and is parallel to the 1t axis beyond.
In general notatio(g_m:_;.
6(¢) L} A= ‘The general method of de-
. ’ riving &(t) functions
\}M‘, applicable to nonstationary

o W o g ¢ cases, is given in 4,

B.

First are examined product functions on the
basis of the special kinds of processes studied by
the earlier writers. Then those founded omnf (t)
output-functions. I write ¥,dt=Y  snd Bydt=3,.

The form of the productivity functions will de
determined By the empiricel condition that the relative
gshares of capitalists and labour in the final product
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are constent i.e. that Y : B, 1s constant,
based on the statistical evidence of 3.

To avoid irrelevant complieation, the labour
force 13 employed by an entrepreneur is assuned
constent and “"economies of scale" are abstmacted
from. All productivity functions are assumed

nomogensous end linear with respect to X..

Poxrfect competition is postulated.
Total output !s is now exprossed by the
letter P,

Boint imput - poirt output.

It is supposed that the Imown technical
methods of production consist of a domain of
point input-point=gutput processes of various
durations §.
i.e. P is a functional of the output function X,
1e00 P=F [rt]
Given the rate of interest, the entreprencur
will select such a method (such a ,t) that the rate of wages
he pays is maximised, o pS

1.,e. using (8) w.x= b =Pe (23)



is maximised,
vhence, yegarding !0 as an independent variable, we
can write the out ut P as a function of g.

i.e. P = f(a) seessesnsnsmny (“)
which 1is Wicksell's period productivity functionm,
Lectures.

From the above maximal condition it follows that f£(s)
mezns that for a given duration g,

only the method giving the greatest output 2 is
used, in & case, if there is one, where there is
more then one method of the same duration.

s:.me/oil given end b is at & maximumm, using (23)

_dr
=3 ds :’P AR R R R L RN RN (25)
That b is maxiimm mes=ns
aL(Pe )
and ‘[ (Pf\ﬁ‘) {0 § wvhence using (25)
ol s
OBP (c/_f) 2 '_
cls

which is tho ccndition of the puuma.ty of
paximicing t, i.e. of the possibility of
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competitive equilibrium at glven rates of intexest.
dasp
Therefore ) can be positive in some cases
s b
©.8. when 1C (5)A: <
From (25) if POy ';LTﬁ mst be positive, since P cannot
S
be negative i.e, the technical condition for the
existence of a positive raté of interest is the
condition that the methods of longer dur:tion

are more productive.

The empirical ionditioa 3. 1is

Y
:“E)‘: 69 - constant
<y F-s — constant,
= X say,

~ is > O sinee in general P >b, or the
output is greater tham the wage—input
using (25) *f/(‘s) o

f(s) <
. \ o<
: f(s) = (s teessonnes(26)
(where C is an integration constant) which
is the empirical form of the function.

o g
2lso % ~ _ K3 €Oy 8ince KA 7 O

All the above conclusions are similarly obteined
M;nrmmﬁupmand)o &8 maximised.
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2.8 InBaln‘scagana functional er.tJotthoﬁmc-
tion X = Xyat- atj dksdt waich is linear in the
intexvel (0,8) and constant Tor ¢ /8. As X = x at 4s
constant (for each value of dt) _?SL_ is deterzined by
Se ’
Of the rates of interest [ and wages w
being given, such an xt is selected that the other is

maximised in the equationfs
1)

X w(e -
g e e
P m 3 (12)
Made subject to this maximsl condition

the functional r[xtj becomes 2 function
P =-1£(s), say.

Bolm and Wicksell U, W, K. R. meke ¥
detexminate by assuming 1t to bs constant
during a process of production. This assumption
limits analysis to stationary equilibria. This
is an indephigdent assumption as there is no
reoson why in a world of Bohm's processes with
rigid linear inputs w should be so constant and
determinate.

But granted thelr assumption, we have
X;“"' the empirical condition is F t By is




=’ G-
constant whence using (12) s is constant ns
between cifferent stationnry equilidruim

positions., Using (12) =nd t=king say given
and B maximised we have

8 _
o{b ) D) : S
O = 3 = E ((f—))'(bdz— rr’/\rsrgf
£s
G!/_l = [ Sﬁ € B (&) h/)Lunt
2 ads P VETE )‘\'g Sm
e ‘P: L$ 00.000000000-00000(27)

Ve now suppose that all the known methods
are o8 that type, studied in 2.4, and are of
various durations 3.

As before P is a functional of the output fumetion Y,
P-7 LYtJ
Given the rate of interest, the entrepreneur
uses such a Y as maximises the presant

t
value -3
t (1-¢")
...r_)__,‘—- — “8 ......o.....ou.(lﬁ)
3 P
of the output.

Therefore P can be regarded as a function
of 8 P=12(s).
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From the above maximal ccnditién, using (16)

and differentiating 1ogar1thmically

o4t Al pefl”
Tos. c[s }/ |=-&~F 3
If relative shares are constant
P s+ 0D and ... ¥ 5 (ar:nzor(uza;nt
, us |
d P o .
. d<s. P s where o is = constamt
. (=8
. o :P'- Cs (28)
te.

This is the form which Wicksell selected
at random and deduced from 1t the constancy of
the relative sharcs, his article, c¢f 1,11, instead
of ylgce vexsa, Also, follewing Rae and
Kkerman s he formulates it in a roundabout
way, which leads to circumlocution in his
mathematics., He writes & = n” 3 where g
4s the amount of labour invested in each fixed
capital good, k and v are constants,

and n-3 is the life time of the capital good,

the goody, of whatever life-time being supposed

to yeild services at a constant rate as n varies.



.
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In his article Wicksell also studles the
following case: A fixed capital good (&uradle
consumption good) is constructed by a point input
X, while another labour force x, co-operates
with extant capital goods cnd the output Pjp
imputed to x, 1s direct, i.c. emerges all =t
once. The output Pl irmputatle to x,, emerges
continuously at a constunt rate 73 ¢« The
1ife 8 of the fixed capital good is assumed constant,
though in other respects its quality can be
altered, but total output P-Py+ P, ocan
be varied by sltering the ratio —“ ==,

x4 X
keoping x, + X2=x = constant, i.e., ¥ =

"I.-JC.

1597 by wsing a smaller or greater proportion of

of the labour force x Mﬂm@ the
intermediary of the capital goods, i.e. P=£(x)

Assuming the rzte of wages y given and constant
through time and using (16) we have

PSS wx, £ wr e,
PR Py= Wy s T wlx - x)) + — e S
sinoo’o is then maximised
wes o, e, "
AP  es e, de e

d v dv P dn dy - e
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r.f, — are pod.tive, hence is positive
uf sy (1= c ), which is so, since 3>0

This analysis is limited to a comparison of
different states of stationaxy equilibxium by:

(a) %he assumption that the rate of wnges
paid to the makexrs of capitel poods is the same
as that paid later to labour co-operating with
these capital goods, and (b) the assumption that
tha total output P is imputedtothe nse of
the labour forge x for a small intervel dt,
which presupposes that for each value of ¥
a full stock of capitel goods has been
accumuloted (i.e. thet at any moment the runter
of cepitel goods made by X3 , is equal to
the numbery, of the same kind, that become worn
out end foll out of use).

This part of Wicksell's work,as he himself
realises, does not state the conditions or the
possible causes of stationary equilibrium. It
does not explein the transition from one stetionary
equilibrium to another, or what can prevent such
a transition, it does not study the process of
displacement of some lquof capital goocds by
others, but merely compares the different states
of stationary equilibrium: 4.e. shows how
P is correlated with r in different stationary
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equilibria. The "neighbouring point® of 2 stationaxy
equilibrium is not snother statidnary equilibrium,

But kis gnalyses of point input - point
output, and point-input=contimuous cutput do
state the conditione of stotionory emilibrium
(2t a uniform rate of interest) becsuse neither
of the above assumptions (a) (b) has to be
made in these cnses, In these cases only one
rate of wares - that at the moment of inrut is
to be determined and the product of the labour
input is independent of the co-operation of the
extont capital goods, beceuse the noint input
is assumed to take place without co=operation
with extant capital goods: Hence given either
por ¥ the eugqilibrium 1s determined in these
tow cases. But all his analysis is limited by the
postulate that pis constant through time at
en undetermined level.

2,10  Roint input - general output.
On the assumption that € (t) 1s
capeble of independent veriation e.g.
is independent of the future labour with
which X may co-operate we have the following
anclysis.
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A given state of technical knowledge implies
a domnin of A (t) functions vime output up to
L is a fmctlonal of G(t) i.es ¥ - r[@ (t)J
Undex competition, given the rxute of Interest
P the entrepreneur mném that the rrte
of wages j and the weses bill D are greater than
17 any other O(t) had been adopted

A

vis L:f@f,e_ft d+t ‘>j@/e~rtolt

vhere § signifies sy sltermative cutput function
other than the selected ome &, For simplicity
4n notution Osare ascumed to e confiumouss

The snalysis in ecse of ddscontimueus Ois the
same in principle. The upper iimite of the
integrels are written as o instead of s to avoid
distinguishing between different vrlues of s
when different 6’; a+sad. This does wot vifeot

(29)

the values of the lnegrals because afier t- 8 d!t = Qe

(29) mmsnhotutsimgﬁgima
greater rute of interest ( mmm@
Henoe whether P or b of the inequulity (29)
are regurded as piven, the method edopted by the
WnMsmé}'t
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Inequelity (29) iathe conddition of equi-
librium at a given rate of interest or wages,
I.es (29) explains the eugqilibrium,

2,11 Paremetric method will be uvsed to yield detiuils,
Let ¢ be the hypothetical interest rate so that
supposing the market rante were § s the entrepreneur
would regard § as given and would adopt such a 6
a8 wonld (:uiniu the present velue
f 5 e £t 1t -

By imgi;lins different values of ; to be successively
given to the entrepremeur, from {:- = to ¢ - o
contimiously, there will be 2 particular 6; edopted
at each supposed value of § .
The totality of these 05 forms a surface

Y =0(t, &) (am

vhere !t is the Lypothetical equilibxium output
up to § at the market rate § , emd the index ¢
ozegu now put inside tha brackets and is a
parameter (contimuous index).

One purpese of introlucing theberwueter §
is that each potential equilibrium output function &
should have a nsme = & particuluy, corresponding, i
value of ¢ - attaded to it.
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Assuming the field of varistion [&(t)]
to bde contimaous, the surface (30) is also contimous.
As betore.'o is the actual market rate of
interest. Given P the entrepreneur maximises the
present value of output and the equillbrium ocondition
(29) can now be stated as follows,

Oo- | - _t
bog,p) = [5p0. ) at
the maximal condition is o

2k 5 DECh) (44
2% d2¢*
and the solution which satisfies (31) is b(¢ f)
in which § = P
1.e. is T o f’t
{(pp) * Jog Ot p)e dt
if there are several n:unab at differemt values of ¢ ,
the cntrepreneur selects the greatest maximm viz, b(mo ) )
(31) states that at the market rate © the

output funotion with an index {:Ff ,G(t,p) gives
greater present value, by definitions of (30), than
sny function with a neighbouring index §:e+ ¢,
e(t,p+&)
If the market rate o changes, the total derivetive

of the equilibrium wages bill, keeping {-p, is

d & Cep) 2 ; s
Lp z —ﬁ—ﬂ- («‘,. f)* ‘-5‘5“@(&17) (32)

using (31) =-Tt. %T Blt,f) <t o

o

Writing present value
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Excluding negat:l.go goods, the rate of output -g : t«
cannot be negative and is positive at some values

2 - f
of t; also ¢t =0, e > 0

‘“l—éi’f—ﬁ/ < C (34)
d ¢

Viz. if the market rate of interest rises, the

e

equilibrium wages bill and the wages rate

w :g—éip—z diminish,. If the market interes}

rate falls the wages bdill and the wage rate increase.,
This projostion is stated by Smith, Rlcardo,

Bohm, Wicksell, 1.3, 1.4, bibliography, and readily

follows 1‘ the special cases 2,7,8,9.

The total potential :‘quilibrinn output

P(é)f‘g;ﬁ&(t,t)#

unlike ./ ,f) is a function of the parameter %
only. The equilibrium total output is
-

Ple) = (e tr) dt
and the maximal cond;fion (31) tells us nothing
about the sign of ddPCi)

d P) >
and el “dp - © (35)

P &

viz, The total equilibrium output can increase, diminish
and remain constant, or oscillate, as the market rate )0
rises or as it falls,



i

Big. 7 shows a oase in which totel output P(p)
diminishes as the rate of interast rises, At the
rate = 5 , the output stream% givu{tho - 5
greatest present value (@5 - edf )j(j ¢! St
end 18 adopted. Ifthorrto rises to o - ;
enother streem 6 is adopted, which yeilds
autpntatamatcrmtoatﬁrstmdatamanu
rate later, This ccn be the case because a rise

in discount rate /o

>B6 ,

/
4 é/)e ddminishes the present
N //"/ ,@; values 6 ¢ 4 t
| l of nnsﬁﬂxm of
- < t output/in a smeller degree
fig. 7 than the present values of

the later items. As they ave dram, the streem &3
ma-:.ybopnrm-edto& Mp-,B.Utho
mormwgmwaPMt-au )
pumwmthommotmtwtgimwé’
before t= &. 3

ge.1z  [(6/-6])d 1(6 &) dt
i.e0 1.-‘.6 yuldssrcamtotnloutput
uthlratootintorcatmuhe-/a to /),
total output diminishes from tiet indicated by
mmmeﬁumtmarmmé‘y

Fig. 8 shows a case in which total output increases
as the rate of interest rises,

b



x - ,
/ mamaundcreia
111 c )e '6 r

i Area 0 a c e g 1is common
1 | B tothctwoaroase}ndnoednot
g h  be considered. £, is ndopted
Mv,‘.-..anno’;/n

adopted vhen (<) >: , and the following possible
condition holds:
at P> present value of area abe + present

value of area gefh is « present value

of area odej

and
at (- y>> the inequality sign < is reversed.
mmzumnumutoy,thooﬂm
ofthnmnnzofoutputh:@,htho inmediate
future outweighs the effect of the emcess of 6’3
given somewhat later, om the present value fhte({ t)e
Bohm and his followers ( in comnection with his
famous theory of 'lohrorshbi%kdt' of more
' roundabout® methods) believed thatuthomnot
rate of interest falls, the total equilibxium out;ut
pex capita necessarily increases.
Thedr belief was due to mistakes about the
saverage period of production,®
2,12 The average period of production ‘m(f,f)
is defined as that single period for which the

/
y greater tham the area under € ,

vt
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total output P({) has to be discounted at the
mexket rate of interest p in oxder to obtain its

prosent value b({, . D3hm, Wicksell article,
cf. bibliography,

e, Pt O (e )

”‘kﬁ'f'):f'[“f}?“i)‘ Loy l"({,f)_} (36)
x 2O it
_ -‘l_l" B '()’ _~f :
= PL ?J t— Ot ,§)k &- O(t,f)fdtj
2mltp) | WY | 35(¢/r)°
& - (37)
2 4 ?(g) 28 gty 28 v
At §: f l%%ﬂ =8 {5 !
2tF)
fjg‘ ™M (P, F) = ?() bg— (38)
Gince F, ( axe positive, ‘
F(F) > ‘
e LA

‘he equilibrium period is

m(fF) = -f«’ [ Cog PCP) = togbie,g) |

Amne) | o (p gy = N LHO 1 db(ee) ‘

T ap Py dE (e AP (40)
aw’,r) z
- d:f‘.. ¢ 0 (34), and P.}),m are positive !
*, for d PLF) 2 5 |

A



~6T=
ameee) » . Lpe)_ dw‘”;m(%')(u)
ey 4F cen 4P ¢
o accoxrding as
[ d P(es) (42)

e

. an¢ for dFs) ol m(f,’r)
._.(I_P_. (o -_(I_E*
L_ dbGke) >

" Thp ap L™ 5 e
I.e. The egquilibrium average period of production

Fiiv

can shorten, remain constant or increase as the
merket rate of interest rises, and the period can
increase, remain constant or diminish as the rate

falls,
}3 Bohm says that certaia propositions must hold
in all cases of competitive equilibrium and thaf.?nloaa
they hold, coypetitive equilibrium is impdssible.
‘ I mark his generalisations with letters, and
my comments with the same letters dashed.
Such a generalisation must be true in all cases
of competitive equilibrium. If it is not true in

some cases I say that that generalisation is false, i
A. The product per capita depends on the average
period of production.

A's There are tow meanings to the average period:
the non=equilibrium concept m(§ ¢ ) and the
equilibrium concept n(f‘f )e

Eron (37)’ P( g ) cam vary (oxocyt at g: ‘:)
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es u(§, §) remains censtant, and from (41), (42)
the equilibrium output P( £ ) can vary while the
equilibrium average period m{ £ f) remains
constent.,

A is false.

ol

Given tie market rate, the entrepreneur so
edjusts the everage period that the rate of

vvvvv ages he pays is maximised (competition),

2 (E)p) o )

3' B moans LY '\m(z, £)
g
Bt;:("o From (37) thu is true if
0
/’_am(g_,_) is indeterminnte since l%ﬂ%g_)‘:o

B is falose.
c In equilibrium, the marginal product of the
average period is proportional to the market

rote of interest.
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c* Bohm deduces C from A znd B, and as A, B are

false, C is false.
NOTE: Bohm's school confuses (40) with (37). They

think that since in (37)

2P0
‘ . | e
f= then in (40) = "~ vy
? () D m (F.P) P(r) m(tg)
26
wnich 1s f=lse. 1In (40);
e L dPw) | dblee)

U " dmiee) | PCp) ol Lo de
D The market rate of interest cannot be positive,
unless more 'roundabout’ methods are more
productive.
D* By more ‘roundaboiit’ methods Bohm mesns methods
of production invowling longer average periods. D
means either

2 P(¢) /
. A ¥t
, / pae il BT L O
3%/. 27;{’(}‘,1") ©  or L m (ep) 7o

is deduced from A, B, C and is false, Bohm also thought

ac;fl))(lf) ¢© . Tor details see (37), (41) and

(42).
E The eugilibrium avergge period lengthens as the



«T0=

market rate of interest rises, and shortens if the
rate falls.

B! From (41), (41) 31_’_35& f_‘)_ can be - O

... The E is false, :

¥ The equilibrium output diminishes if the
market rate rises, cnd increases if the rate
falls.

r F is deduced from D and E.

o & F is false. 1Is false from (35).

¢] The equilibrium wage rate increases as the
equilibriun average period lengthens, etc.

G G i3 deduced from B and is false, Is fAlse
from (34), (41), (42).

H The equilibrium wage rate diminishes as the
market rate of interest rises, and falls as the
latter Fises.

ue H meens "L%_ﬁ‘_f_)- (o end is txue from (34).
lﬁhoouldh.nf;dly fail to see proposition H,
E 1.e. (34) easily follows from the pringéiple that
given the rate of interest, the present value of output

is maximised, (29), (31)%
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Rriigale

«Tl-

The analysis of 2,11, 12, 13 applies to the
particular cese studied by Bohm as follows:

The less restricted case of Bohm assumes point-
output accrues in the present t = @ sand is produced by a
continuous labour input commenced in the indefinite
past ¢ =-®,

The tétal labour applied is constant, x say,
but 4t can spead over the past differently, and
gives rise to different point=outputs P, say.

As in 2.1 let Xi= I4dt be labour input up to t. Simple
rate of interewt is used. The rate of wages w, say,
1s assumed uniform from €t --0 to ¢ =0 .

Suppose the simple market rate is E .

Then w is defined by the equation: .- Tcl X-(/J:g't)_-_- P
Supposing ¢ given, such an :anut-fmfc;'fﬁn *i.‘

is used as maximises we VWe can write the maximal
function X, = X(t, £ ) and the maximised w-w(?¢ ),

and jeerresponding output P({ ), say, By assigning

& continuous ramge of values to { , X(t {) becomes

a surface of potential equilibrium input-functions,

X(t, { ) is similer to (30) and { as before is a
parameter.,

Let the actual simple market de 1,

The wage rate to be maximised 4is

PCE)
w($,1) ° o ) (43)
JAX@ 0 t)

t



S 2 t)
end the maximal condition is Q- 5,¢) _:ng%}- au
9%
end the solutions are w(i,i), X(t,i), and P(1).

The average jeriod R( ¢ ) is the single period for which
the outyut P(: ) hos to be discounted at the market
rete 4 to obtain the wnges bill x.w: (£ ,1),

o (8 41)e (A+R(5).1) = B(})

. ) ”L_ /P(}.)__ o
e o R(G) = 7 L,%.L) ] (45)
using (43) mlino‘fd}(::r
>} .‘L
[ dxtg)-t
= Y (46)
/d/Y(t,J)

— 0o
is & weighted average, is independent of i, znd is

a function of theJ=3lllF-t-n.é'cnlr.
Differentiating (45) In%zu)u‘ (44)
2 PG

o,tgzl, L DR(L) ¥ .'bﬁ— "
XY X - w(c, L) d (47)
, : ) w (e, L)
enfd L _id:__g_(.‘:.).: . +R(L) ("(‘- L)"L“ P(L) o (48)
d v e EMCC, L)]‘z

end sirdlarly to 2,11, 12, 13

¢
deL)_Ao
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according as ——'b——i— -2 (o] 5 —__(L,_ = ’

and B;hn's proposiions A to G are false and H right.

The possibility of the equilibrium average
pexiod lengthening as the market rate risel d ’?ol(: L) ]
i1s suggested by the possibility that the 1noreas¢
in R(1) and in the discount rate from i, to 4,
say, is offset by an increase in cutput from P(4,)
to P(1)), so that wld, ,4)> w4 ,i,) I.es 2 larger
output is discounted at a higher rate over a longer average
perlod,

In Bohm's more restricted case Xy is limeer = L. -1
2,%,8., sSubstituting in (46) R(4) = -g which “
45 Bohm's femilddr formula., In the lineny input
case, &ll thﬂ'l conclusions A to H are true, see 2.8
But in the analysis of the linear input case the 1
independent variable is the togal period of production,
the concept of the averange period is superfluous
and thereforg senseless, In fact Wicksell, see 1.9,
does not regard ;~ as independent end differentiates
with respect to g, in restating the case,.

Bohm's mistske was to think that all that is true in
his'linear®' case is true in all cases,



2415 I revert to the point inpute=continuous output

cane,

What can be called the equilidbrium average
) . -5t
Jj.‘;g Ot ple e
[ =)
f 2 8(¢,5) A&
2t
. (49)

investment period is m(d) =

using (33)

dwn (b)_ _
A ¢

The aversge investment period m(b) is lescs

?
affected by the future item— Q dtsz output
than the average procduction period m(¢, §), (36).

Because m(b) is not defined in terms of
undiscounted output, but discounted output.
Nevertheless, the aversge investment period m(bd) can

rat

lengthen as the market ©f interest rises.
It s impossible to assign empirical

probabdldty of truth of puwpositions & prioxi whehter
the average period — on any definition-— is most



likely to ddxdnish, remain constont, or ‘noxease in
prietice, if meixket rate of intere.t elther rises or
fallsh

But using the statistical datum of 3 that
releotive shares are canstenty

e (s 7 )= conntent = « say, (36)
‘}f-;’-g\'e)a-;;%(o since x > O,

In thd"statistical” case the avarspe period
ghortans if the market interest rnte rises,

The statistics place 1ittle other restriciions
on the csonclusions of 2,11, 12, 13,

In partioular, we still don't imow enough
about 400 4n (40) to find the

dwm (9,9)

empiricsl foxm of the product as a funotion of the
sverage period m( £, f )y AL such & function exists, .
The empiricel fesms of similar periode=productivity-functions
nove been found in the sicgple ouses (26), (27), (28)%
liothing of the sort van be done in the cnse of point
input and contimuous outjut, Because the output

funotion O (t) has R high degree of fyeedom,
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201lecvesseses 2315 clear up Bohm's errors.

thm tried to solve a mathematical problem
of variations without using mathematics. He
thought (eontimuous inpul - point output case)
that output and wages depned on the weighted

average value of t in the input funetion ut
and not at all on the foxrm of dxt.

2.14 show .sthet wages w( i.i) and output
l'(%) depend on the form of dXg¢ and need not be
correlated with the average period R (),

Bbbm thought that his "triangle"

("linear case™ 2.3.fig 2, 2.8) is a good model
of the resl world.

2o1lecccceccsss 2415 prove that the world generzlly is
not like Bahn‘s *"triangle".

Note. ~ Many authors fall inte the same exrors as Bzhl-lawork.
Eegs Mx. C. Gifford (BEgonomic Joumsel Dec. 1933, Econometrica
April 1935), assumes the case of continuous iaput~-,point
output. He does not restrict the input lt to linear
functions. Yet he says that the cost per unit output is
minimised and the wage rate W maximlsed with respect to
the aversge pericd Re This is felse:s As I showed in
general w cannot be regarded as function of R.

Ve have an unknown input function X,
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on wihich w depends i.e. of which w is o functional.

The equilibrium conditlon 1s that ¥ is meximised with respect
to the variable functiox x i.e, the first variation

Sl’ = 0 and Sw £ 0.

Thet does not imply that w is mdm.sed with respect
to R 1.6, tt-et:";:— OLRQ ™n soying that cw' °
implies Y = 0, Bohm=Bawerk and Mr, Cifford make
a purely maothemetical mistake, Mr. Giffoxd's
Dundomental equation is illecitimete. The mistake
arises from txying to solve 2 problem of variamtions
without using the celculus of vsriastions, This
shows how importent it is to use this caluclus if

we exre to understand the "prodlem of capital®,
While with Wicksell 1,7 the sasumption of siple

interest is made only as & sulilication fox puxposes
of teuching, with Nre Giffoxd 4% plays & morye important
role: all his conclusions are bused on it and foxr his
pu;}?g%cu. a2 he sayst}? assumption of compound interest
is Munmsnaseable® and destroys &1l his conclusions.

This is so beceuse in (45) the sssumption of siuple interest

renders the concept of the average period R independent
of tie n-yket rate of intexest, which is not the ocase

vhen the compound rate P is aasumeds

It 4s thorofonf-orth pointing out thet the sssumption
of simple interest is quite unreasonable, For it mewns
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that £100 invested for two years at 5% p.a, sirple interest
is worth £105 at the end of the first ye.xr and that this
£105 earns the same £5 during the second ye'r ns 2100
invested at the end of the first yecr for cne yerr. l.e.
the assurmption of simple interest means that during

the some yesr the seme interect of £5 is ecrned by £100

as by £105., VWhich eannot be the case in the recl world.

2,17 In the point-fmput « contimmous output case,

using (5°) . :
P('i\ " ’\.- dP(s) B dbCf,5)

l,f are positive
. igj?(—- %O sccording u(%\m-%ﬂ)%k (50)
N.B. (33). f y

I.e. the equilibxium capital disposal K can
increase, remain constant, or diminish if the market
rate of intere:t rises, cnd can increase, remain constant
or diminish if the rcote of interest fml1$,

Be8e A rising demsnd curve fer capit=l (disposal)
is possible undnzéonutim of competition, Yig, ©,
Trat curve is similar to the rising demend ocurve of

Pareto, Monuel :nd of Dre Hicks, Loonowice  March, 1934.

-~ - - - -y In fig, 9 atl o given value
| of =n entrenreneur uses the

___,// : amount of cupital indicated,
| He will not use more, since

5 b p i he did, he would fail to

fig. 9. maximise the present value.




b(¢,p) of his output.

2.1° 2xoduotivity of copital.
There is a theory that in equilibeinm the marsinal
productivity of capital equals the nnrket rute of

interest; that %—P-é&) =f
That theoxry is fulse,
Fox, using (37) )
.dr(r)- LKAE L dEChr)
P oU< d 1K
'\ nxoopt wien Loth @K 0
f MK P dg(P.P)
dK oK
2.1° Remanl cuzve fox laboury

In 2 theoreticel econoey in which &)l fiims
axe identicnl, let U sdgnify the totel capital
d4sposal, snd D the totel lahour-fores ewployed,

U is ascuned given and constant,
miwe D= %L _ w(p)= @(r,f’)
K x
and D(w) is the labour-force employed as a function
of the morket woge rates The grer: of O(w) is e
total demand curve foxr labouxsforce.
adb Ly r2dK dp

—

oLur(f) o(p déf(f’?) ’




LU, K >0 o oA (r,r)
de €
ll/ - & un d K -
dLo(F ¢ JF—‘;U(BJ')-

and falling, horisontal and rising demend grsphs
(w) are possible, HN.B, the demand curves D(w)
end X(p ) have the saue sense,
Lot D = the olasticity of oow).
: " ¥ LodrF
0 - JJ()M(F):‘K', d |

€ dw(f) [ (w) d ¥ (rfJLlf ?{g(Ff/
and is Z as —— — = o . (52)

Z o ]
I.e. under coupeiition the (c:af:'thl‘) elesticity
of demand For labour ccm be negative, sero, ox
poasitive,

According to stetistics of 3, M )id(f, £) =
consssnt — ¢, w.

men & = (<) é(ﬁ F)

) Far_ &crp)
and D.— =+ d &(P‘ P) P ‘53)
and 18 ¢ — | using (33).

From (52) the conditions of cogpetition cre
g0 wnrestrictive that they tell us nothing about the
degree of (portial) elasticity of the totnl demand
foxr labour-"crce.
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From (53) the statistics suggest that in the
reel world the demend Tor lanour ls “"glagtic", If 80,
and if the national sup:ly of capital disposal
does not incxease, the effect of a rise in wuges,
due to Trade Undon and Stete intervention, will be
to diminish the nationcd real wuges bill,
’hzc. Dwotunting P s
If at t-0 21 aay is invested and boco;nu
£(t) at §, the rnte of irtereat at ¢ 4is lfcga
1,5 end pis defined by the equation

Pro) =fet) e’
()~ (o
tog £ t boagf(e) _ P 1)

So faxr o (t) hes been asmumed o ma.tent.
which ensc £{t) i1s an exponentdal, emd *f

But in the more ;enercl cc.se/o(t) can voaxy
with %. |

then  (t) veries with t, the potentiole
eqdlibriun output surfoce (30), amd the sverfige
periods (36) (45) (49) cannot even be cmatructed;
(5') bresks dowm but (5) stands,

The equilibrium conditdom (29) is stdll vulid,

2,27 The analysis of point input- general output
2,10, 11, 12, 13, 15, 16y 1Ty 18, 19 is n useful

whence (= "
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pEopanedeutic. Because every application of a
factor at & moment of time constitutes a point
inpnt.

It does not assume the rute of wages constant
through tima, Hence it is not limited to siutionary
ecuillibrium as are 2,8 2.9 (sccond case).

True, ( is token as constent et an undetermined
level, But this is a feir zprroximation to the
real world,

4, examines tho restrictions imposed on 24104444018,
15¢ccceces 19 by the assumption that sll the altermative
outrut funmctions (%) ore independent of the factors
applied after t = o.
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Statistics of \A f th k
National Ingomes

By the "national income®” I mesn the sum of woney poyments
to all the inhabitants of a country during a yecr, for the use
of their labour and (roperty in production,

In the case 2,10 O (t) is so unrestricted that statistics
of nationsl income can help us to draw only a few conclusions

2e The more generuvl theory of jroduction in 4, is still less

restricted and the statisticel detum that relative sheres are
constant is insufficient to lead to any particular conclusions.
It scems possible so to restrict the models of production in 4.
as to enable the st: tistics to be used cnalogously as in 2,

But at the moment I have not develppéd sy theory far enough

to be able to use the statistics very much. Therefore I shall
content myself with only a short note on the inccome statistics
for the United Kingdom from 1843 to 1924.

R. Giffen gives a t:ble showing the distribution of the
national income in 1843 with & reservation that his "figures.... |
moke no pretence to exactness®. (Egsays in Finance second
series p.467).

Using his figures we Lave the following: table: distixie

gxog 190
Innomz of al asses from work 325
Total 515
The proportion of the total going

to woxk 63%
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z,4 Frofessoxr Bowley (Chenges in the Kationel Income 1880=1913,
De 24~6) gives the prororiion of the nationel income “eeymed" as
62i% 4n 1880, rising to an enmal aversge of sbout 65¢ 4in the
next twenty yeors, and folling again to 6274 in 1913, Professoxr
Bowley estimotes (Eogmomic Jouzmel 1904 p. 459) that in 1060
the proportion was neaxrly the s=me as in 1913,

"he word 'eoimedl 4o used in the speciesl sense employed
in essessing income tax and includes not only income fyom woxk
but zlso income derived by persons from enployment of their omn
ecapital in private firme,

Profeasoxr Bowley ectirctes that sudbtrecting from the °
*enxned”® cuategory the income éue to eapitsl in privete firme
omes ty their members, the proporiien of income from work in
1913 43 61%, This is to bde conpared to Giffen's ectimute for
1843 of 634, Profescor Bowley soys (pe.24) thet formers® incomes
which are mainly due to Work sreunderestimated in Schodule B,
and therefore the proportion due to work should be tcken gre: ter
than 615, Wmnm:motmmnqtocm
ucmm-nnmatbammmum,;um
national inccme in 1913, Giffen's ectimnte of 634 can deo token
ag relating to eammed incomes

The orproxiaate constangy of the enmod proportion in the
poriod from 1843 to 1913 is remuxkebhle. Comparing 1880 with
1913 Professor Bowlay writes “though it is not proper to lay J
stross on the exect equality of the projorxrtions ot the two dotes,
yot the evidence is suffislent that ony change there mey have
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been is inconsidercble. The constancy of so meny proportions
found in the investig:tion scems to point to a fixed system
of causaticn and has «n appearance of inevitebleness",

A pert of tie income from property is interest on capital
invested abroad. Interest from abroad in 1880 was about £50
ms, ond in 1913 about £200 mns,

The "home produced national income®™ is the naticnal income
less net interest, from abrocd. Using Professor Bowley's
figures the e:rned income as a ;roportion of the home=produced
income in 1880 is 653% and in 1913 is 69%.

The difference 34% between the two prorortions is not
great.

7,5  Professor Bowley and Dr. Stamp exclude Southern Ireland
and estimote the e:rmed proportion for 1911 as 754 end for
1924 us T8% (Mational Income in 1924, p. 50, using Professor

Bowley's estimates fox 1911 published in his Division of the
Product of Industry).

The difference between T75% for 1911 and 69% for 1913 is due
to a difference in the basis of the two estimates, In estimute
ing for 1913 Professor Bowley eppecrs to tike one quarter of
the gross assessment under Sch.D as earned (B[, 1880-19i3,
P.24) and & grecter proportion for 1911 (H.l, 1924 p.51).
Southern Ireland accounts for some 4% of the national income
snd its inclusion or omission affects the proportion negligibly.

Using the figures of NI, 1924,the earned proportion of
the nationel income in 1911 (including £194 mns interest from
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abroed) is TO%., This is to be compered to 62¢% for 1013 end
the Aifference j‘_‘}iﬁ be due to the change of "basis®, t

Conclusion: whether we tike the amnusl national income or
its hore=produced component, the ecrmed ;rojortion is roughly
constent between 1843 and 1913 on the o0ld (Giffen] basis snd
as between 1911 snd 1924 on the new Bowley=Stemp basis., The
estimete of the income from work should be necrly the same os
for the eaxned income. Hence, the proportion due to work was
roughly constant,

Br, Claxk carries analysis of the income statistics up to
the recent yesrs (National income 1924-1031, end Economic Jous
nel 1933,4). But they are not comparable to the Bowloy-Stump
estimates, Thus instead of the Bowley-Stenmp estimote of the !
euamed proportion T5¥%4 for 1911 My. Clark gives only 544% in \ \
toble XXV of his dooke I @ not go into Mr. Clark's figures
becoucse it seems difficult to reccst them for purposes of

comparison with the earlier estimates, especi:lly as his wethods
present certein difficulties which heve been pointed out in o

review of his book (Statistiesl Jowmel 1955, p. 110).
2.6 There cre three moin diffioulties cbout the income statis-
tics.
a) The distinction between the volue of a fimm's copital
and its profits (on ordinary shares) is somewhst arbitrary.
The fimm's pbyss srmusl profits are the difference between what
it pays out end what is p&m~ fo 4t during a year,. Its ne}&:o-
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are gross profits less "normcl cipitel depreciation® und net
borrowing during the yesr,. "Noxmal depreciation? is an or-
bitrary thing it includes neither capitel written off norx
*"capitel sppreciation” such as may be due to o stock exchange
boom or to monetary inflation. Profits are arbitrary because
normal depreciation is so. Profits are what the business world
thinks they ought to be.

But in the mass and in the long run profits are not ax=
bitraxry. It is found that the avernze rete of profit on the
nominal value of ordinary shares over ten oxr twenty years
gpproximctes to the avera e rate earned, by debentures, The
gough rule which directors follow in declaring profits is thiss
they declare such a rate &as is compatible with maintaining ﬁro—
fits at the above aversge rate in the long run.

b) The estimate of profits is complicated by the fact
that Schedule D of income tax returns does not separate income
from capitel in private businesses from income due to work
of the owners of these businesses. Dre. Stamp (British Incomes
gnd Property) goes into this, as also Re Giffen and Professor
Bowley (log git). A conventional basis is adopted for divie
ding income under Sch. D between worxk and property., Till
the recent growth of the mumber of the small reteiling busines- |
ses, the proportion of the national propert; controlled by
1imited companies has been constantly gsrowing. "tThere has beer
a transfersnce of income from the esxned to the undarned |
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cotegory without any real chonge in its source®, (N.J. 1924).
Hence the use of a fixed basis for dlviding the gross assessment
under Sche D into the earned and uneaxrned components over long
periods is misleading. Unfoftun: tely statistitians hove not
been able to separacte income from work and income from pmoperty
in private firms. $hat would have solved the nbove difficulty.
In theory the two components are separrble nacovding to the
principle of marginal productivity. With reference to the
purpose to which I put the stotistics, there is a third 414~
culty » economic

¢) A country is not a olosed )mun. Production
in United Kingdom is only & pexrt of the world process of pro=
duction. This country imports materisls and foodstuffs mmd
exports memufagtures, etes I want information on income dip=
tributiem in the whole process but only a part of it is covered
by the statistics I use. I canmot use the steotistios for
Germeny, The United States eto., ete., &8s it is a grester task
than & single investigator can safely undertoke. Foreign
statistics of distribution present difficulties of interpretation |
ond comparxison.

There is no reascn why the relative shares of laboux
end property in the mational incomes of @ifferent countries
be the sames Yot among industrialised countries they do not
seen to differ very much. Thus for the United States in 1910
King estimates the proportion of the notional income due to
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work as T447 (Zhe Wealth ond Income of the United Stutes, table
XIXI). This is very close to Professor Bowley's estiuwcte of

75&%/@0 earned share of the home produced income of United
Kingdom in 1911.

As a rough approximation I could yerhaps assume for my
purposes that the relative shares for the whole world are the
same &8 in the home-produced income of the United Kingdom.
But thexe is no need to assume that.

Instead, I regard this country as a guasi closed economy.
This is done by regarding imported goods &s produced in this
country. They are produced by producing the exporte—goods
wvhich are exchanged for them, In that sense we have a closec
structure of production, The total income yielded by this
structure is the home=produced national income.

From 3.3=5 the relative shares of property and labour in
this were roughly constent. Assuming the relative share of
land as an original factor wes also constant (as in U,.S.a-,
D.W case it 4s mmall) we can say roughly that the relative

share of labour and lend together hag been congtunt, HMeons
while, the rate of interest and national cepital per head varied |

(there was great capital consumption during the war). So
we can say that while g varied the relative shares (2 )remained
constant (though b,P are not simultaneous as ave the income

3
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ond its origsisnl foctor component). Hence we get the period
procuctivity functions (26),(27),(28) vhere originel fuctors
ore reprosented by homogeneous lobour. These functions are
simple models of the laws of distribution of the home= produced

income dbetween ccpital on the one hand =smd ltbouwy ond land
on the other.

=,7 In connectiomn with the stotistics I shall discuss tie
point inyutepoint outjut case in some detrdl and try tocestimnte
the mmericel value of X in (26), To estimote~ I use the "
following stotistics for 1911, cxrunged for convenience in the ‘
foop;, of o Seble showing cpounte in £ millions, from table,

L1 lad. 2024 n

The home produced income less pensions

end nationnl debt interest 1868

Esxned 1409

From table II, "Rlviodon of the

Exoduct of Induptxy”

omershiy “of londsr 34
" * buildings 144

“Duildings® Sncixde land on which they stend, snd the Shess |
of the land in the income from building has boen veriously
ostinated to be from + to # of the total (Bxitish Incomon cad
Zxonoxtyy PPe 344=5), end I teke ite share as, ooy, £50 ms.
Trecting earned income as from voxk, the totsl income of land
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and labour is £14937 mns,

Using the point=input point output model 2, and zssuming
all f4rms #n the econony are homogeneous (though they need not
be of same size) end expressing

1868

)+

g

as the ratio of the national income to its origimal factorx
component, end using 2.7
log(%) = 224 = 48 - aprroxi. ctely.

A slight inoccurccy is introfuced by the faet that in
(26) P 15 e rate of output of consumption goods whereas the
home produced income in 1911 conaisted of about 90% of the
volue of consumer's goods and of 10% of capital saved,

The inmput b occurs g yeers (taking 1 year as unit) enrlier
thon the output rate P. Therefore above I should not heve
used the 1911 estinmcte of £1493 mms, as the correlative of b
but an estim te relating to & date g years before 1911,

A e

Py

T T e ——

Roughly g equals the rutlo between the value of the nationd
ecapitel end the nationol income g.a’. For ) re=war yeoxs the

(rrecked from s=-

retio 4s orowd 5.  Therefore to oslculate X I would have to
use the share of* the "originol factors® ebout 6 years before 1911;
scy the share in 1905 instead of using the 1911 estimite of |
£1493% ms. Also, to compare incomes on different dates I
ghould express them in money of the scme puunchasing power in !
tems of conswmption goods, This to eliminate off.ots of =
chenges in the consunption price level.
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T7he naticnal income in 1905 wans between 1700 and 1800Lms.
(cefe Lritich Incomes ond FProperty pe.427)e 1 take it as
£1800 mns. wihich is an overestimate, to corpensate for the fall
in purchasing power of monay between 1905 cnd 1911,
e shoare of the original factors in 1905 is roughly

%a.
Hence 105(:?-):. 336
md A= approxinntely.
Using o higher value for g of 8 years (as the equation s :—O—(—
suspesta) does not anlter the estinmcte dz% appreciably. Begauu
tle notional income in 1903 is over 1700Lmms.
The real income of the original factors is greater in 1911

than in 1905 becouse of invention anﬁ the growth of the cuployed |

population. The effect of invention is to inoroase the
coefficient C in (26).

The first estinnto—r 1is obtadned by regording the 1911
position as if it were o position of "stationary equilibrium”
ond the amount of the national income and the absolute shares
were the same yeonr after yoeuxr., This is o first gpproximation.
Then an allovence is node for "progress™ and tn estimnte u=§ is
obtained. The two ostimates oxe not very different. Only a
vexy rough eatimnte 1o needed for the conclusiongwhich follow,
In what follows Imd-’*marmmhontimuotuwvnlmof x
which would be obtained (using the point input = point output

nodel) 4f exoct meagurements were available of the corponents of

tho notionnl incone. (2G) becomes
PsCo (54)

et s e




P
tnd 48 plotted in Pg. 10.
. - — .
From (54) %12:?!5 Cs’ and for s>1 year P and the productivity
per capita ; vary little with s.
From (9) and using the result obtained in 2.7 that PR = ok

. v'd
K= aP (.l'( /

and we see that for X > lym:nnu: little with XK, This anggcstlii
that in the real world neither capital consumytion nor accumm= '
lation influences productivity (i) per capita very mmch, |
I.e, o change in the plamned capital=disposal does not lead to |
expect any great cehnge 4n the consumption product per head in

the (finite) future.

S0 far the labour foree % epxployed in the firm was assumed
constant, Now I allow X to vary snd nssume that the rote of
output P is proportional to X
1. P - Cka® (26%)

The rate of wiges x.aaid is

W o n
Using (26') end since b - e B,
w = Q‘TCC*. |
and s =(6 €)% w™
writing (9) as L
g - (e-1) o |
A (& O'L",lv"(' +i!')

— -
Putting the constants Voale” (f.' (l )X, C, end 1+
‘3 -

-
;2 =

o l: 3
o i
-

x = C'll"

which is sn ecuation of demand for labour force x in texms
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of carital and the rite of w: ges. The formula has the civane—
toge of showing succinctly how a demond for labour derends not
only en the rcte of wages (as is usually emphasised) but also

on the amount of ca itecl availsble to the enirepreneur to finence
the process started by irvesting 1.: .

Assuning an econom; consisting of identical fiyms (except
they need not be of the sazme size) and mungi for the total
employed lobour-force and M the capital disposal avsilable'teo
finance to their completion the processes started by investing
L (in the whole economy ),

A v ¥= c,uw /3 |
is the lobour force demanded in the economy as a whole as a |

fumction of tlLe wige rite W and the crpitzl disposal M. In
this formila M signifies the amount of eapital-disposal which
the entreprereurs éxpect at the moment of inver+ing ] to be
forthcoming in the future to finance the processes so sgarted
t411 their completion. This concept of M applies to dynamic
problems where we assume wicertainty,

Putting « =L

3
L =caw (55)

which is 2 model of demand conditions for labomxr in this

we have en ordinary demand curve foxr labour, It is plotted
in fig. 11, and logarithmically in fig.ll,
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In (55) the elasticity of the demand with respect to w is

LY - _3 -4
2wl T }
end is very high, This suggests that the elastiecity of the to-

tal demand for labowx in this countxy is high, and that employ-
nent could be increased by 4% if the aversge real wage rate
were lowered by about l%. Stress should not be lsid on the
exact number = 4 as a2n estimate of the partial labodr demand
elasticity with respect to woges in this countyy. Nevertheless
the result suggests that the real partiel elasticity must be of
that ordexr and I should expect it to lie between - 2 and - 6.

It seems very unlikely that it is numerically lower than
2 because ’3: 1 +&L and even if o were unity (and there were
no @iminishing returns to the production period g, i.e. in (26)
Ar - C)the slasticity would be - 2, and higher then - 1 for
gg finite positive value of .

The partial elasticity in (55) with respect to the capital
disposal M is positive and equal to wndty.

The conclusion from theoretical considerations thet the
elasticity of demand with respect to the real wage rote w
(4t will be remembered that I was tak ng the timeless dimen—

sions i of the consumption good as numerasire) is becrne out by

observation, It has been observed that trade unions were
powerless to raise the rates of wages appreciably above what
they probably would have been in the absence of thair pressure.

O
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It seems probable that Trade Union pressure and the state re-
gulation of minimum wage rantes were partly responsible for the
post war unemployment of about 1l mn, without influencing recl
wage rates appreciably, The high elasticity of the demand for
l:-bour with respect to the aversge wage rate is a disadvantage
in ti.at wages can not be raised institdtionally without causing
great unemployment, It is an advantage in that a small reduc=
tion in woges will expand employment considerably.

The analysis suggests that the real incomes of the wage-
earners as a class cannot be increassed by raising wages in -
stititionally. It can be diminished if wages are so ruised,
by the increase in unemployment. The only effectivn woy of ine
creasing the reanl incomes of the wage earning class is through
taxing the incomes of the xich,

Thet latter policy has its limits. Texation dspecially
the death duties tend to diminish the supply of capital dise
posal, Using the simple model (55) they tend to diminish M,
end since the partial oluticit;?;o—i'ﬁ;gi /y they tend to diminish
enployment. '

_ The total "elasticity differential® (55) is
Ww dw f2tL g M-_dM-udw
v L
and taking di,dw as unities is - 3 when w and M are increased
simltsnesously, and is = 5 when w 1s increased and M diminisheds

In the second case it is partiocvlarly high, This suggests ‘
that in the real world a oonu_nual institutional upward pressure
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on woges and a dovmword pressure on saving will in combination
ecsily lead to severe and prolonged unemploymente On the other
hand it oppecrs that if deteimination of wmpges is le®€'to con=
petition whi’2 @ polic favourauble t{o saving is persued, the
problem of "pemmanent uwneumployment® would diseppear because

its mein couses will have been eliminated.

The apperent high demand elasticity for lobour has long
been noted. But the explanctions of it that were fothcoming
were of & purely ypothetéical nature {e.g. Professor Pigou's
Unew loyment; Dr. Hicks] ®heoxy of Wepes)s Ihey say the
elosticity 48 high if the “"productivity" functions heve certain
properties. The prupose of 3, is to discover thoﬁo properties
(P =cs* ete.,) from statistics (g postexiord).

The point input= point output case is very simple,

50, it 1s not & good model of productions But it encbles

us to use interesting stutistics, And it is notewoirtly'that
teking cccount of the facts of distribution of the national
income leads to the same genersl results as huve been reached
by other methods. Only the analysis 3. yeilds the results
in o more congrete formr of empiriccl functions and mmerical
solutions.
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In 4, I €xy to explain the course of production through
time. It will be useful to have o precise notion of time,

4.1 Deduction of Time.

Men has "impressions® (Hume), or obsexves phenomena (kant),

events, or facts,

/. phenomenon happens before another, is copresent with it,
or succeeds it,

A "successlon® is a set of phenomens Gy Dy Sy Gy sccececess

no one of which is coperesent with any othexs E.g. ) occures
after g, ¢ comes after b, 4 after g, etce An example of
successions is the succession of days and nights,

If we tcke a succession gy Dy Ceeseseesy 8nd abstract
from the particular phenomens g, Dy Geeeeesy We ore left with
the mere grder of their succession, Thus, if we tuke a
guccession of days and nights and abstroct from the "light"
of the days and the"@axk "of the nights (for ease assuning
"light® and "dark" are the only qualities of doys and nights),
we are left with the mere order of the succession of doys

end nightSe  qrat order is called gime. Time is the form

comzon to £ll successlens. Time is entirely g priorxd (XKent).
I.e. tine caniiot be an object of experience, Time is not &
fect. It is the form of all successions of ficts., "Tire
is the universal foxm of perception of all phenomena whatever®
(Kemt), Becouse every fact is a member of a succession.

4
|
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Spuce (form) is deduced similarly.

Logiccl forms are a bit difficult to think about,
Time is simply a rule that we do distinguish vhether
an event huppens before or after another, or is

copresent with it.

4.2 Time scales.

For convenlence a succession is often used as a
standard to compore other successions. E.g. they
are compared by means of the succession of anpular dis—
plocements (Hours, minutes, seconds) of a hand of
o clock. The order of events of 2 succession
(e.g. trains leaving Waterloo Station), is expressed
ny noting the angular displacements copresent with
the events (trains leaving) of that succession.

A railwey time=table is an example of a succession
expressed in that way.

A clock "succescsion"™ is a conerete time=scale. Any

"guccession®" actually observed l:s a finite number of terms
(is discontimous).

A gontinuous "succession" such that between any two

events in it we can imagine to ocour as many other successive

events as we pleasc. The lmaginary events are, say, imaginary
engulay displacements which are as symll as we please. By

narking off the imaginary events copresent with the events
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of some recl succession (say clock=revolutions), we

get a continuous time=scezle of which the "marked" events

are the degrees (hours). The time-scale is a succession

(imaginary) cnd therefore las time form. Above the

concrete successions tnd the continuous time-scale

are gordincl. Sultably restricting the contimuous

ordinal time-scale, we construct & c ntinuous gardinal

tioe-scale, The intervals of the scale are continuously

divisible. The cardinal contimxous time scale is universally
gnonsk tp evpyese even the most freanuent

aprlicable (it is "frequent /maginnry successions of |

physics). It lends itself to mathematical handling,

It is also used in every day life,

The word "time" merns either the time form, or the
time scale. The time form is the universel form of
all successions according to which all phenomena are
observed, and is fundamental, The contimuous cardinal
time scale is srbitrary and is mercly useful,

4.3

It follows that the answer whether goods (materisl
objects) and "satisfoctions” 'ave a time dimension
(durction) or not, is arbitrary.

"Durction” cnd “time dimension" are alternative |
nemes for the time form of successions.

Only successions have time form. A term of

a succession is not itself a succession and therefore
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has no tiue form,.

But o single term (a phenomenos) c=n have time form at
second hand, so to speak. I.@. a phenomernn can be ' cepresent
vith a number of events not copresent ~+vith each other, i.e.
c:n be copwesént*with 2 succession. Thus Waterloo Station
is copresent with the succession of departing trains, A
phenomeno” copresent with a succession borrows the time form
of that succession,

The only way in which we can conceive a rhenomenon
to be copresent with a ruccession is to regard it as itself
being a succession (reretition) of terms which ere all
identical with ecch other. These identical terms are
copresent with some of the terms of the given successions,

The phenomenon copresent with a succession is
itself a succession (repetion) and therefore has time f m,

There cre cases of an event (lightning) not copresent with

any concrete successions Such events hhve no time form,

Therefore some phenomena have time form and
some have not.

But if we agree to use the contimious time scale,
then every phenomenon has time form. This is shown as
follows. Every concrete event is copresent with
a contimuous succession of identical terms, Bvery
event is a succession and therefore has time form,
or duration, or a time dimension.
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Bverybody cssumes the arbitarary contimous
tine scule, Therefore from everyone's point of

view, 0ll goods and satisfoctions have durction

or o tire dimension.

4ol
Writing & for o volue on the continuous time scele
o phenomencn has & duration$ti This £ has a minimum
and o meaximmam,
For exammple in the cose of a houseft is a
movdmum 4f we regard {t es the intervel during
vhich the house does not visibly slter; and it
is minimm 4if we define it &s the smallest time
4in vhich a house can be observed,
It would be convendent to define nll :henomens
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as having the same standard duration (t. But
the maximum duration of one kind of phenomena (a
house) can be greater than the maximun of another
kind (lightning)e.

For this resson (as for reasons of lncoliinnsur-
abllity) we cannot reduce all phenomena to a standard
empirical (finite) duration. It is obviously
inconvenient to specify the duration of each “good"

peperately. This inconvenience 1s removed by the

foldowing artifice.

Let G be a good having empirical duration St.
Then G is the (average) rate of flow of the good
per u::t time at every inastant during the 8t. It
does not matter 1f we take the maximum duration 8t,
or the minimum, or any intermediate value. The rate
g! is independent of the possible values of 8t. We
can specify the rate of flow at a moment of time,
without troubling ourselves to speeify the duration
8t of the good. Adopting a"dot" notation, we can write
the rate of flow g G. An “instant" 1s dt, and Gdt
ie the guantity of the good at an instant. The rate
& 1s independent of the size of the Instant dt, The
quantity of the good (Gdt at an instant depends on the
size of the instant dt, and to make (Gdt determinate

we have to specify dt. ience, 1n describing a good
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at an instant it is easler to speak in torn; of the
rate G than in terms of the smount ddt. For in this
way we avold having to fix the size of the instant.
In the same way we can describe all kinds of goods
in terms of rates at an instant. The advantage of this
precedure is that we avold having to specify particular
empirieal durations of "goods™ out of all possible
durations, that we don't have to fix the size of the
instant, and that infinitesimal calculus becomes
applicable,

If a rate of flow of a good G is regarded as a
function of time t, the function is often assumed to
be continuous. The assumption rules out the concept
of the conerete good G. Secause G has a finite duration
Bt and é:.gi cannot vary in the 1?&09-11 8t. But once
having constructed the concept of Giét we leave out of
consideration the real good G altogether. We treat
henceforth ¢ dt as an independent concepti as an
imaginary event of infinitesimal duration dt. Having
done that, 3.4t can be regarded as varying continuously
at succensive moments dt. Similarly we can regard
G as a continuous function of § ( if we want to for
mathematics). © has the advantage over Gdt of
eliminAting the arbitrary element dt. G itself is not
of arbitrary size as it 1s obtained by construsgion



- 107 =
ngt where G 1s a quantum of a real good, and (,St
are given empirically.

A slightly different manner of constructing G
is this: we take a quantum G of a good -nd abstract
from the interval of time St it takes to observe it
(whatever the length of St 1s). I.e. we consider the
quantun C in all 1ts aspects except 1ts duration. We
get a time-leas entlty G which 18 in all respects
indentical with ¢ except that it has no"time dimension".
This is done when we measure a quantum of a good in
units of space (yarde ete.) or wdight( pounds ete.)
or a number of elements (number of loaves eté), and
leave out of account (abstract) the time taken to
mae these neasurements and the time goods take to
observe. #And we do not abstract other attributes
pesides duration. This "a néund of applo‘l does

not mean'a mere pound weight".

Having abstracted the duration we can assume for
mathematical convenience that a measurement of the
good (welght ete.) 1s a continuous function of time.
But empirically the measurememt can vary only
discontinuously. It varies by Jerks from one
interval §t to another.

4.6
Loglecally, the way of abstracting duration 1



have just deseribed is the same as the way when G

18 defined as G . Therefore G stands for the size

of the good mS:n its dimensionscexcept duration,

The two ways are different ways of expressins the

same thing. But the two ways of expression lay
emphasis on different aspects. The definition

b‘&t stresces that G is a pate of flow of a concrete
good per unit time. But saying that 8t 1s abstracted
emphasiges that G is some quantus which is timesless,
and does not make clear that G is a rate of Tlow

of a conorete good per time, Hence this way of abstract-
ing duration % ten leads to the confusion of tha rate
of flow of the good & with the conorete good G itslef.
In written and spoken discussion economists often
speak of a conerete good when they mean its rdate of
flow., But often the meaning is indeterminate, Thus
Prof. Fisher says " A stook of wealth (goods) existing
at an instant of time 1s called capital"(Nature of
Capital and Insome p52) By “Wealth" he means "material
object owned by human beings" p3. But he does Hot say
whether by"a material object at an instant® he nedfs

a conerete good & with a duration 8t conthaming that
nstant® @f tthe mwate c@f  Inw of tha ol © -vitz: 1

’ ‘ g wn i ST L Wy
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flow of the goed C at that 1n§€;E§N§~3£. Quite
rightly he finde that "It 1¢ no exaggeration to
gay that at present the state of economie opinion
on this important subject 1s deplorably confused
and oonflicting”, plOl.

In 1,0l have rectated his theory on the
agsumption that by a concrete good he means a good
with an empirical duration ft. Then agsuming
continuity he must mean either C or (Gdt. The whole
of his theory can be mogt coanvenlently formulated
on the aassumption that by a "conerete" good he means
the rate C. Dut the word "conerete" frequently used
by him in thls connectlon in inappropriate, For
“ooncrete" meana'"observable" and neither the good at
::l instant G.dt nor the rate ¢ 1a observable.

It may e thought that my diatinetion between

(> and : is the famillar one between "stock" and
“rate of flow" That is not the case. My distinction
is a special case of the popular distinotion.
Acgording th the popular distinction (Fisher and others)
a ntock“ can be G, o~ ¢ or Gdt, and a rate of flow
¢can be ——= , or &_ or ggg; respectively., According
to ny doflnition 3 or Gat 1s a"stoek" and az8, 1sa

rate of flow (where 5t 1s the empirical duration of
the 60“).
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Agpin, Jevons and othner say that "stotic economics® is timeoless
becouse it deals with rotes of flow, They say that the time
dimension disappecrs by dividing, sg;, the output of a good
produced Guring a wiit=time by the unit of time.

The proposition is txrue ir by the amount of good we mean

L]
Ge The propositioh is false if by the good is meant G (as

is often done) for & hes no time dimension and in this case there |

is no time dimension to disappear vhen dividing by the unit

of tinme., Profescor Cassel's proposition that the dimension

of cr;ital disposal K is money x time (5) is true if by "money"”
he mecns C.; and not Ge Usunlly the term "good"™ oxr "object"

ctces is cpplied to certein phenomena ond is used in the

conse of G 10 use the same texm "good" for the "good with
durction ebstracted® (G) 1s very confusing,

A cese of this confusion is the popular definition of

mloboure=really=lobour X tle". A recent writer suys "A Unit
of Leboux 1s defined as equal to a unit of population (i.e.

ne m'n) maltiplicd by & unit of time"™, Hexre the ™unit of J.abou;
ond "one men® have different dimensions and “one men® is timeless
(E.) due to an implicit abstraction of the man's empiricel

duration é)t.

4.7
HeBe A remark is required on the measurement
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of E. é is time-less and 1te slze can vary in some
dinensiong and not in others. /. varlation of a good
can be 1aea;;ured onlyg in a dluension in which it can
verye FEage nn amount of mdlk produced can vary in
volume (spece dimensions) but not in colour (its
colour dimension). When by an amount of a good we
menn the nunber of elements (loaver) in a collection
of poods (loaves of bread) 211 the elementary dimensions
of ¢ are fixed and only the'pure nusber® of elements
can vary. The colleetion as a guantum can be written

el

a8 ".Cy vhere C 18 a wvariable integers

48 o i

The traditional obscurity of econocmlc discussion
of the time dlmension of goods 1s due to two difficulties.
Firdt, the propositlon that every gocod has a duration
ot (bas a time dimenslion) is true only on the arbitrary
ascsumption of the continuous time--scale. OSecondly,
the concepts of the good G and 1ts rate of flow E}
are easlly confounded with each other.
A4e9

Causallty is the form of successlions whose term
are causally connected. If we have a succession of two
phenomena A, B and if it 1e belleved (g priopri) that 1if
A occurs then B necessarlly occurs also, then A and B

are sald to be causally connected and A is called the
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"eause™ and 7 the"effect” (Hume, ant) . We can
write this causal succession as A—B, and the other
0133l asuccessions similarly.

causality (causal necessity, is the form (—>)
of causal successions of events (A—>3) and 1is hot
itself an event.

Thic elear notion of causality will be useful
because (a) economie analyais deals with causal

contectlons, and (b) the economic subject (consumer,

nroduecer) also deal with 4ham.
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BOOHOMIC CONDUCT,

lan hes wents.
(Menger).

Man hes Libicdo,
‘F”Ud Je

Know thyself, |
(Apollo's Temple - .
4410, There are two theories of vslue.
One is payehologiesl (Manger, Freud ste.).

The othar i- spaychologiesl (Pareto etc.).

The "apsychologienl theory of velue® sounds & contradiction
in terme, It is better nemed "the theory of exchsnge" « of the
externslly observable acts of buying end -oillng eto, !

4,116 it (Pareto) ssys: supposs sn individusl hes a "sesle of
preference” for nll meterial goods (sbout detnrils gee the Hickse
Allen “Reconsiderstion of the Theory of Velue", §-onomice 1934),
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