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Abstract

In this thesis, I study the effects of market power and financial constraints on arbitrage,
liquidity provision, financial stability and welfare. In Chapter 1, I consider a dynamic model
of imperfectly competitive arbitrage with time-varying supply. The model can explain the
well-documented empirical features that (quasi)-identical assets can trade at significantly
different prices; these price differences vanish slowly over time, resulting in apparently slow-
moving capital; the price differences can invert over time; market depth is time-varying. I
also show that entry does not necessarily correct these effects, although the mere threat of

entry may improve liquidity.

In Chapter 2, I introduce in the model the realistic feature that trading requires cap-
ital and assume that arbitrageurs’ positions must be fully collateralized, which rules out
default. I compare liquidity provision, asset prices and welfare in the monopoly case to the
perfect competition case studied by Gromb and Vayanos (2002). I show that relative to
the competitive case, the monopoly is less efficient but also less capital-intensive, as rents
captured over time allow her to build up capital. Consequently, when capital is scarce,
financially-constrained competitive arbitrageurs may provide less liquidity at later stages
than an unconstrained monopoly. In some cases, this increases aggregate welfare but with-

out being Pareto-improving. I discuss implications for market-making via a specialist.

In Chapter 3, I assume that some arbitrageurs have deeper pockets than others and allow
for default. The capital-rich arbitrageurs (predators) either provide liquidity to other mar-
ket participants (competitive hedgers) or engage in predatory trading against a financially-
constrained peer (prey). In this strategy, predators depress the price of the asset to trigger
a margin call on the prey’s position and gain from her subsequent firesales. I show that
the hedgers’ reactions to the possibility of predation can make predatory trading cheaper,
reducing the prey’s staying power. In anticipation of the prey’s firesales, hedgers may run
on the asset, strengthening and to some extent substituting to the predators’ price pressure.
Further, their reaction leads to a reduction in the prey’s price impact, which decreases her
already limited ability to support the price and avoid a margin call. Predatory trading is

likely to occur when hedgers are sufficiently risk-averse or the asset sufficiently risky.
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Chapter 1
Dynamic Strategic Arbitrage

Abstract: Real-world arbitrage often involves a limited number of large financial intermediaries
(e.g. dealers, hedge funds) with price impact. I study a multi-period model of imperfectly com-
petitive arbitrage, in which supply shocks generate price differences between two identical assets
traded in segmented markets. Arbitrageurs seeking to exploit these price differences split up their
orders to limit their price impact. I show that order split-up and specific supply shock patterns
can explain the empirical evidence that i) identical assets can trade at different prices, ii) these
price differences revert slowly over time, as if capital was slow-moving, and iii) the sign of price
differences can switch over time. The model also yields new predictions about the determinants
and evolution of market depth, about which arbitrage strategies attract arbitrageurs in equilibrium,

and how the number of arbitrageurs in a given strategy evolves over time.

1.1 Introduction

In contrast to the textbook case, in which many atomistic investors ensure that the law of
one price holds, arbitrage opportunities and mispricings are often chased in the real world by
only a limited number of large, highly specialized financial institutions (e.g. broker-dealers,
hedge funds, proprietary trading desks). These arbitrageurs manage sizable portfolios and
recognize that their trades affect asset prices, implying that arbitrage should be studied as a
strategic choice.ﬂ In this chapter, I study how the behaviour of a limited number of strategic
arbitrageurs affects the dynamics of asset prices and market liquidity. I also determine which
markets attract arbitrageurs and how the level of competition between arbitrageurs changes

over time.

!For instance, Quantum Fund and Tiger Management closed funds in 2000 because their sizes impaired
their ability to take advantage of pricing anomalies (Attari and Mello, 2006). Chen, Stanzl and Watanabe
(2002) find evidence of substantial price impact costs in equity markets.

7



8 CHAPTER 1. DYNAMIC STRATEGIC ARBITRAGE

Arbitrageurs who recognize their price impact avoid trading too aggressively against
mispricings and split up their orders to preserve the profitability of their strategy. Based on
this simple insight and variation in the supply of assets that can be arbitraged, I show that
imperfectly competitive arbitrage can explain three well-documented empirical phenomena:
i) assets with identical cash-flows can trade at different prices, ii) this price difference vanishes
only slowly over time, resulting in apparently slow-moving capita]ﬂ iii) price differences
between identical assets may switch sign over time (sign inversion). Sign inversions between
pairs of similar assets have been documented during the recent crisis in the interest rate

swap spread and the municipal bond market (Bergstresser, Cohen and Shenai, 2011).

In addition to these price dynamics, I determine how the endogenous number of arbi-
trageurs depends on entry costsEL the risk-return profile of the arbitrage opportunity, or the
existing market structure. This allows me to characterize which markets or arbitrage oppor-
tunities are likely to be - or remain - concentrated, and the implied effects on asset prices
and liquidity. First, the model predicts a non-monotonic relationship between the volatility
of fundamentals and the number of arbitrageurs, confirming a conjecture made by Shleifer
and Vishny (1997): more volatile markets do not necessarily attract more arbitrageurs,
in particular if the risk-bearing capacity of other market participants is low. Second, the
model generates new predictions about the evolution of competition and its implications
for liquidity and the speed of arbitrage. When new arbitrageurs can enter a strategy over
time, incumbents attempt to deter them. They are likely to succeed when entry costs are
sufficiently high, so that a concentrated structure may persist over time even though con-
centration means that large rents are available. With lower entry costs, however, the mere
threat of entry can bring prices closer to fundamental values. With even lower entry costs,
the model predicts that liquidity, defined as market depth, improves ahead (more precisely,
in anticipation) of future entry. Hence a novel prediction of the model is that market depth

should be a leading indicator of the number of arbitrageurs active in a given strategy.

I consider a setting with two identical assets (say A and B) traded in segmented markets

and a risk-free asset. Risk-averse local investors operate in the segmented markets and receive

2Price differences between (quasi) identical assets are well-documented for Siamese stocks (Froot and
Dabora, 1999, Lamont and Thaler, 2003), on-the-run / off-the-run bonds (Krishnamurthy, 2002). The swap
spread and the CDS-bond basis are two other prominent examples. The second phenomenon - slow-moving
capital - has been documented at different frequencies and in various markets. See, for instance, Duffie
(2010), Mitchell, Pedersen and Pulvino (2007) and Coval and Stafford (2007).

30ne can imagine that trading across different exchanges, identifying mispricings and / or setting up
arbitrage desks require some fixed investment in the first place.
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endowment (liquidity) shocks over time. The shocks are correlated with the fundamental
of the assets, and thus affect local investors’ valuation for their local assets. Since local
investors in market A receive opposite shocks to local investors in market B, trading would
help investors to fully share risk, but cannot take place because of market segmentation.
This pushes the prices of assets A and B apart. Another group of risk-averse investors,
the arbitrageurs, have the ability to trade freely across markets and can exploit this price
difference by intermediating trades between A- and B-investors. There is however only a
finite number of arbitrageurs, who understand how their trades affect prices in each market.
In particular, arbitrageurs understand that by fully intermediating the trades across markets,
they would bring prices in line with fundamentals, and earn zero profits. As a result, they
limit the quantities they buy from local investors with low valuation for the asset and sell to
investors with high valuation, keeping the spread between the prices of assets A and B open,
and earning profits. Of course, as competition among arbitrageurs intensifies, the pressure
to intermediate trades increases and the spread decreases. Hence the model predicts that the
magnitude of mispricings should increase in the concentration of arbitrageurs. Ruf (2011)

finds evidence consistent with this prediction in the commodities options market.

As arbitrageurs’ trades bring prices closer to each other in a permanent manner, ar-
bitrageurs are willing to split up orders to limit their price impact over time and exploit
mispricings as long as possible. Time-variation in the endowment shocks received by local
investors cause changes in the supply of assets that arbitrageurs can arbitrage. Changes in
the supply may be known in advance or be uncertain. The first contribution of the paper
is to provide an interesting laboratory to understand the effects of known (and potentially
time-varying) and risky shocks on the dynamics of asset prices.ﬁ When shocks are constant
over time, corresponding to a constant arbitrage supply, arbitrageurs increase gradually their
positions to limit their price impact, which leads to gradual convergence of prices towards
fundamentals. Hence the arbitrageurs’ strategic considerations can account for the observed
slow movement of capital towards buying opportunities documented after supply shocks
(Oehmke, 2010, Duffie, 2010). Again, an increase in competition reduces this effect, and

increases the speed of convergence of the arbitrage.

When shocks are known to decrease over time, arbitrageurs’ activity leads to sign inver-

“In papers analyzing price impact in other Cournot-based models (e.g. DeMarzo and Urosevic, 2007,
Pritsker, 2009), the supply of the asset is constant. Introducing time-varying shocks is equivalent to consider
a time-varying risky asset supply in these models. The model also allows for uncertainty about future shocks
/ asset supply. See Section for an analysis of arbitrageurs’ risk-management strategies in the presence
of uncertain shocks.
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sion. Suppose for instance that a large positive shock in market A is followed by a small
positive shock (and vice versa in market B)EI In this case, the equilibrium spread is first pos-
itive and then negative, even if the sign of shocks is unchanged, implying that the same asset
should be more expensive throughout. A-investors, who receive a positive supply shocks,
first sell the asset to hedge their risk. As shocks decrease, they find that they have oversold
the asset, and seek to buy back. Arbitrageurs limit liquidity, pushing the price of asset A
above its expected value. It is then optimal for A-investors to remain excessively short the
asset, as the price of asset is expected to revert to its expected value (on average) when the

asset pays off.

The prediction of sign inversion may shed light on recent anecdotal and empirical ev-
idence. In 2010, the swap spread turned negative for the first time. Bergstresser, Cohen
and Shenai (2011) find that insured municipal bonds became cheaper than similar uninsured
bonds issued by the same city. The present model highlights the role of the market struc-
ture of dealers / arbitrageurs to explain sign inversion in these markets. Further, one can
interpret the decrease in shocks as an easing of supply imbalances or liquidity needs in the

market, which seems to correspond to a post-crisis situation.

If the magnitude of future shocks is uncertain, arbitrageurs face a risky trading oppor-
tunity. Uncertainty about future shocks increases local investors’ willingness to hedge, and
consequently the profitability of the arbitrage. However, arbitrageurs do not necessarily re-
act to an increase in uncertainty by an increase in their positions, even if they tend towards
risk neutrality. In fact, as uncertainty also raises local investors’ reluctance to hold their
assets, arbitrageurs’ price impact increases, and this may prompt them to decrease their
positions. Further I show that even if arbitrageurs increase their positions, their reaction
does not offset local investors’ increased liquidity demand, so that in equilibrium, heightened
uncertainty about future shocks always leads to less efficient pricing. These predictions are
novel relative to the limits of arbitrage and noise trader risk literatures, which focused on the
level rather than the uncertainty of supply imbalances / noise trader risk (see e.g. Shleifer
and Vishny, 1997, Brunnermeier and Pedersen, 2008).

These predictions obtain with a fixed market structure. However rents available from

strategic arbitrage should attract new players over time. Indeed, successful trading strate-

5For the sake of exposition, I assume that shocks are known in advance, i.e. the arbitrage is risk-free.
I show that similar effects obtain when the arbitrage is risky, i.e. when future shocks are random. In this
case, there is an additional effect since arbitrageurs must also adjust their strategies when they learn about
the size of the shock.
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gies or financial innovations tend to attract copycats and imitators. For instance, LTCM’s
relative-value and convergence strategies became increasingly popular as the hedge fund
produced double-digit returns in the 1990sf| What determines the number of arbitrageurs

active in a given strategy? How does the market structure evolve over time?

The second contribution of the paper is to formally address these questions by i) analyzing
a simultaneous entry game between risk-averse arbitrageurs - the previous literature has
considered risk-neutral arbitrageurs; and ii) analyzing a strategic deterrence game between

incumbent arbitrageurs and new entrants.

My results about simultaneous entry show that allowing for entry does not necessarily
correct the strategic rationing of liquidity (measured as the spread) caused by imperfect
competition among arbitrageurs. The risk-averse arbitrageurs must decide ex-ante whether
to enter (and sink a fixed cost) under uncertainty about the arbitrage profitability. An
increase in average shocks makes the arbitrage more profitable, and increases entry. But
an increase in the volatility of shocks does not necessarily increase entry, in particular if
local investors are sufficiently risk-averse. Indeed, on one hand, a higher volatility makes
the arbitrage more risky, which hurts the risk-averse arbitrageurs, and on the other hand,
it increases local investors’ willingness to hedge their exposure to liquidity shocks (indirect
effect), and thus the arbitrage profitability. The first effect dominates and reduces entry
if the risk-bearing capacity is small (highly risk-averse investors), and / or the market is
concentrated, and / or if volatility is small relative to the average shock (most likely, a
large shock will hit the market). Hence entry depends on the “market structure of risk-
bearing capacity” (Pritsker, 2009). These results imply that, all else equal, the number
of arbitrageurs may first decrease or be stable and then increase along the northeastern

direction of the mean-variance frontier of arbitrage opportunities (Figure |1.1)).

Once arbitrageurs are in place, their ability to move prices can help them limit future
entry, in particular if entry costs are high for new arbitrageurs, and even if the arbitrage
is risk-free. Deterring new entrants requires to decrease the profitability of the arbitrage,
i.e. by reducing the spread between A- and B-asset prices more quickly. This contradicts
arbitrageurs’ objective to decrease the spread only gradually. When entry costs are suffi-

ciently large for the entrant, the cost of deterrence is low for incumbents. As entry costs

6Similarly, there is anecdotal evidence that Leland and Rubinstein’s portfolio insurance strategy became
widely imitated in the 1980s: “The LOR principals could do little to prevent rivals from producing similar
portfolio insurance products. (...) the competition accelerated and firms like Morgan Stanley, Bankers Trust,
Chase Investors Management and Kidder Peabody entered the business.” (Kyrillos and Tufano, 1994)
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decrease, arbitrageurs must tackle the mispricing more aggressively ex-ante, which increases
liquidity and the speed of arbitrage. In this sense, the arbitrage is contestable and the mere
threat of entry improves market efficiency. As entry costs decrease further, this deterrence
strategy becomes very costly as incumbent arbitrageurs must bear the cost of their adverse
price impact. As a result, they engage in less aggressive preemptive buying and let the new

arbitrageur enter.

When entry occurs in equilibrium, market liquidity improves along two dimensions. First,
arbitrageurs keep trading more aggressively than without entry threat, which decreases the
spread. This effect is consistent with evidence presented by Tufano (1989), who shows
that intermediaries launching new financial products charge nearly competitive prices even
during the early stages where they enjoy a monopolistic position in the product. Second,
local investors’ current demand becomes more elastic as they rationally anticipate a more
favourable market structure in the future. This leads to an increase in market depth and
shows that with low entry costs, an improvement in market depth should be a leading
indicator of an increase in the number of arbitrageurs. More generally, this result highlights
a key feature of the model: market depth is endogenously determined by the current and
anticipated market structure, as arbitrageurs’ market power and its evolution determine the
risk-sharing opportunities available to local investors, and thus the prices at which they are

willing to absorb arbitrageurs’ trades.

This paper introduces time-varying and uncertain shocks and an endogenous market
structure in models where large investors competing a la Cournot trade with a competitive
fringe of investors (e.g. DeMarzo and Urosevic, 2007, Pritsker 2009).|Z| The time-variation
in shocks generates time-variation in the arbitrage profitability and encompasses “gradual
arbitrage”, as in Oehmke (2010), with the difference that the market depth is endogenous.
Time variation in shocks also generates a novel sign inversion effect, in which arbitrageurs
prevent prices from converging. Arbitrageurs’ destabilizing behaviour arises as an endoge-
nous response to the deterioration of the arbitrage profitability. This is in contrast to the
predatory trading literature, where arbitrageurs can be destabilizing as a response to the
need of other traders to reduce their positions, or to induce them to do so (Brunnermeier
and Pedersen, 2005, Attari, Mello and Ruckes, 2006, Fardeau, 2011a).

The analysis of arbitrageurs’ entry in the literature has been either informal (e.g. Shleifer

"There is another class of dynamic models of imperfectly competitive trading without competitive fringe:
see Vayanos (2001) and Rostek and Weretka(2011). I draw some comparisons between the two types of
models in Section
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and Vishny 1997, Kondor 2009) or based on risk-neutral arbitrageurs (Oehmke, 2010, Zi-
grand, 2004 and 2006). Allowing for risk-averse arbitrageurs generates new effects such as the
non-monotonic relationship between entry and volatility conjectured by Shleifer and Vishny.
More generally, the model shows that entry decisions depend on the interaction between the
market structure and the risk-bearing capacity of all market participants. Pritsker (2009)
highlights the role of the “market structure of risk-bearing capacity” in a related paper about

large investors, but does not consider entry.

Sequential entry of arbitrageurs has - to the best of my knowledge - not been studied
in an asset pricing context. While the literature has traditionally focused on information
asymmetry and traders’ risk-aversion (or inventory effects) as determinants of market depth,
the model highlights market structure and its potential evolution as a new determinant
of market depth. Sequential entry and contestability are the subjects of classic papers in
Industrial Organization (e.g. Fudenberg-Tirole, 1987, Baumol, 1982)E| In a financial market,
it is interesting to see that the anticipations of consumers (here local investors) of the product
(liquidity) play an important role and make the equilibria self-fulfilling. For instance, the
mere anticipation of entry improves market depth, which makes it harder for arbitrageurs to
deter new traders from coming in. In other words, while classic IO papers typically assume
that there exist a representative consumer with a continuum of asset valuation, here the
elasticity of the liquidity demand (price impact) is endogenous. It affects and is affected by

the firms’ (i.e. arbitrageurs) strategic entry decisions.

Some predictions of the model are observationally equivalent to predictions delivered by
limits of arbitrage modelsﬂ In particular, both types of models predict that assets with
identical cash-flows and risks can trade at different prices and that the spread between these
assets should decrease over time. The drivers of these effects are imperfect competition
on one hand, and capital constraints on the other hand, therefore it should be empirically
possible to disentangle these theories. Ruf (2011) shows that both effects matter to explain

the skewness risk premium in options market.

Imperfect competition among financial intermediaries (market-makers) is the subject of

an extensive literature in market microstructure (e.g. Dennert, 1993, Biais, Martimort and

8Note that simultaneous entry is also studied in the literature on non-competitive foundations of general
equilibrium. See Zigrand (2004) and references therein.

9Some examples of this extensive literature include Shleifer and Vishny (1997), Xiong (2001) , Kyle and
Xiong (2001), Gromb and Vayanos (2002, 2009, 2010) and Brunnermeier and Pedersen (2009). A related
strand of literature attempts to explain the well-documented slow movement in capital (Duffie, 2010, and
Duffie and Strulovici, 2010)
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Rochet, 2000). The key difference with these papers is that I assume that all information
is public, which allows me to isolate the effect of market power on liquidity. Instead, Den-
nert considers price competition in a framework were market-makers face adverse selection.
Further, in his model, market-makers post quotes first, while here arbitrageurs compete in
quantities taking local investors’ schedules as given. In Biais et al., market-makers supply
liquidity by posting limit order schedules, whereas in my set-up arbitrageurs submit market

orders (Cournot competition).

I proceed as follows. In section [[.2] T describe the model. I solve for the equilibrium
with a given market structure in Section In Section [I.4] T endogenize the number of

arbitrageurs. Section concludes. All proofs and figures are in the appendix.

1.2 A model of imperfectly competitive arbitrage

The model features two markets for identical assets (A and B). Some investors (arbitrageurs)
can trade freely across both markets, while others (local investors) are constrained to trade
in only one market, a building block similar to Gromb and Vayanos (2002). A key difference
with this paper is that arbitrageurs are imperfectly competitive and are not financially

constrained.

1.2.1 Set-up

Assets and timeline. The economy has three periods 0, 1 and 2, and consists of two
identical risky assets (A and B) in zero net supply. The risky assets pay off a liquidating
dividend at time 2, Dy = D + €; + €9, where ¢, are iid normal variables with mean 0 and
variance o2. The fundamental shocks €, and e, are realized at time 1 and time 2, respectively,
and are publicly observed. I denote D; = E;(D,), the conditional expected value of the
dividend. There is also a risk-free asset in perfectly elastic supply with return r normalized

to 0. Trading takes places at time 0 and time 1 and consumption at time 2.

Agents and preferences. The economy is made of two types of traders. First, there are
local investors in markets A and B, each represented by a competitive agent with CARA util-
ity and absolute risk-aversion coefficient a: u (Cé:) = —exp (—aCéc), with £k = A, B. Second,
there is a finite number n of arbitrageurs indexed by i (i = 1,2,...,n < 00)). In the basic

version of the model, n is fixed. Later on, I endogenize the number of arbitrageurs and allow
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for n to change endogenously over time through the entry of new arbitrageurs at time 1. Arbi-
trageurs have CARA utility with absolute risk-aversion coefficient b: U (C%) = — exp (—bC4%),
with ¢ = 1,...,n. Arbitrageurs have no endowment in the risky assets. Importantly, local
investors are restricted to trade their local risky asset, while arbitrageurs can trade all risky
assets. In other words, markets A and B for the risky asset are completely segmented. All

investors have access to the risk-free asset.

Liquidity / supply shocks. The local investors in market k receive endowment shocks
ske, at time 1 and ste, at time 2. I assume that shocks are opposite across markets: si* =
—sP = s, for t = 0,1. The shocks are correlated to the payoff of the risky asset, and
are opposite across markets. Since risky assets are identical and A- and B markets, local
investors could achieve perfect risk sharing by trading with each other in the risky asset.
However market segmentation prevents direct trading between local investors and creates a
trading opportunity for arbitrageurs, who can intermediate trades by buying from investors
with low valuation (in market A) and selling to investors with high valuation (in market B).
Doing so, arbitrageurs will contribute to integrate markets A and B and provide liquidity
to local investors. Thus the endowment shocks create a demand for liquidity and constitute

the “supply” of assets available for arbitrage from the point of view of arbitrageurs.

I consider two situations. In the first situation, all traders know in advance the values of
so and sy, i.e. they know the magnitude of the supply. In this case, the trading opportunity
corresponds to a textbook arbitrage since it involves no risk. Allowing for sq to be different
from s; helps me understand how changes in supply affect the dynamics of arbitrage. Many
results can be derived in this simple risk-free arbitrage case, in particular gradual arbitrage
and sign inversion. The second situation is closer to a real-life arbitrage opportunity, because
it entails some risk. I assume that the magnitude of the second shock, s;, is random from
the point of view of time 0 for all traders: s; is normally distributed with mean §; and
variance z%, and is independent of ¢;. This risky arbitrage case allows me to investigate how
uncertainty affects the dynamics of strategic arbitrage and arbitrageurs’ risk-management

strategies.

Discussion. The framework has two different interpretations. In the first one, arbitrageurs
stand for market-makers providing immediacy for traders with opposite trading motives who
arrive in the market at different times, as in Grossman-Miller (1988). In this interpreta-

tion, assets A and B stand for the same asset in two different subperiods of each time and
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arbitrageurs smooth out the temporary order imbalances by holding the asset in between
subperiods. In the second interpretation, arbitrageurs can be thought of as large hedge funds
or prop trading desks chasing mispricings between identical or quasi-identical assets, such
as on-the-run and off-the-run Treasuries, Siamese stocks (e.g. Royal Dutch and Shell), etc.
Long-Term Capital Management (LTCM) is a standard example of this kind of tradersH
The shocks affecting local investors can stem from institutional or regulatory frictions. For
instance, index trackers and mutual fund managers must rebalance their portfolios following
index additions or deletions because of benchmarking constraints. Negative shocks in one as-

set can force portfolio managers of open-ended funds to sell other assets to meet redemptions,

etc.@

1.2.2 Maximization problems
Local investors. At time 2, local investors consume their entire wealth:
Cy=WF=vY"D, + EF, k=AB

In this equation, Y}* and E¥ represent investors k’s end-of-period positions in the risky and
risk-free assets at time 1. That is, local investors in market & enter period 2 at which they
only consume with a position Y}* in the risky asset and E¥ in the risk-free asset. I denote
yF the time t trade in risky asset k& and p¥ its price. The law of motion of positions is:
Y =Yk, +yF for the risky asset and EF = EF | — y¥ + sFe;, 1, for the risk-free asset, for

k=A,B E The local investors’ dynamic budget constraint follows:
Wl =W+ Y (08 —pr) + ste, k=AB (1.1)

This equation shows that local investors’ wealth changes either because of capital gains,

Y[ (piﬁrl = pf)7 or because of shocks, s¥e; ;. The local investors maximize the expected

OLTCM also provide a good illustration of the issue of size and market impact. As Pérold (1999) puts it:
“The firm had also experienced many instances in which prices moved adversely while LTCM was attempting
to exit a position after it had converged, suggesting that the firm’s trades were having a larger market impact”
(than previously).

1 Gromb and Vayanos (2010) provide more details and other examples.

120bserve also that at time 2, each market is perfectly liquid, so that p§ = Ds.

13Since local investors have CARA preferences, we can set their initial endowment E*; = 0 without loss
of generality.
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utility of consumption subject to the dynamic budget constraint:

fork=AB, max E [u(C})] (1.2)
) 1z
s.t. Wt’il = Wtk + }/;f (pf+1 - pf) + Sf€t+1

Arbitrageurs. Arbitrageurs face a different budget constraint because they can trade in
both markets. Their final wealth W is equal to:

Wy=Bj+ Y X{*Dy i=1,..n (1.3)

k=A,B

Note that Xf’k and xik represent the arbitrageur ¢’s position and trades at time ¢ in asset &,
and are related as follows: Xti’lC = Xffl + xik The position in the risk-free asset evolves as:

Bi=DB;_ =Y, _ip x;kpf . Therefore the dynamic budget constraint is:

Wi, =W+ Z Xk (pff+1 —pf), 1=1,...,n
k=A,B

As in Gromb and Vayanos (2002), I will focus on equilibria in which arbitrageurs take
opposite positions in each market: for ¢t = 0,1, x;‘;’A = —xﬁ’B = xi. Given that assets A and
B are both in zero net supply, this implies that arbitrageurs do not bear any aggregate I‘iSkE

With opposite positions in markets A and B, the dynamic budget constraint becomes:
WtiJrl == Wti + Xt (ptB _p}/A - (pEH _p%A+1)) = Wti + Xt (At - At+1) R 1= 1, o, (14)

The arbitrageur’s dynamic budget constraint shows that their wealth changes via capital
gains in the arbitrage. The arbitrageurs’ problem is to choose trades x%, t = 0, 1, to maximize
their expected utility of consumption subject to and the price schedules for assets A
and B. The price schedules are derived from local investors’ inverted demand schedules, and

imposing market-clearing:

YE+Y XiF =0, k=A B, t=0,1 (1.5)

i=1

141n the more general case where the supply is different from zero, an additional risk-sharing motive would
emerge along the results presented in the paper.
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The price schedules map the effect of arbitrageurs’ trades into the price in each market. That
is, a price schedule represent the market-clearing price at which the competitive fringe of local
investors in each market is ready to trade all possible quantities submitted by arbitrageurs.
Hence arbitrageurs will internalize their price impact in each market when choosing their
positions in the risky asset. Of course, the specific form of the local investors’ demand
schedules also depends on the liquidity / supply shocks, and in particular, on whether future
shocks are known in advance or are random. In the next section, I derive the equilibrium in

the risk-free and risky arbitrage cases.

1.3 Equilibrium with risk-free and risky arbitrage

In this section, I solve for local investors’ and arbitrageurs’ equilibrium strategies, taking the
number of arbitrageurs as given. When the arbitrage is risk-free, the price dynamics depend
crucially on whether the supply shocks are constant or not. The risky arbitrage case allows

me to analyze in details arbitrageurs’ risk-management strategies.

1.3.1 Risk-free arbitrage

Price schedules. Here I assume that sy and s; are positive shocks and are known in

advance by all market participants. As a first step, it is useful to look at the price schedules

faced by arbitrageurs at time 1. In our standard CARA-normal framework, local investors’
demand in market A is:
E (Ds) — p

yA=—2_ 1.6

1 o2 1 ( )

Local investors in market A experience a positive shock s;, which reduces their demand

for asset A. In market B, local investors have similar demand functions (in p¥), except

that they experience an opposite shock, increasing their demand for asset B. Using the

assumption of opposite positions in markets A and B, and imposing market-clearing (1.5,

these demand functions generate the following price schedules p¥ (Q;), where I use as a
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shorthand @Q; = > | Xi:

p Q1) = Ei(Dy) —ao® |s; — ZX{ =E, (Dy) — ac? |51 — Zx% — Zx’l
L i=1 L i=1 =1

PP (Q1) = Ei(Dy) +ac? |s; — ZX{ =E, (Dy) +ao? |5, — Zx% — lel
L =1 L i=1 i=1 |

Note that we used the assumption that arbitrageurs have no preexisting position in any of

the risky assets, i.e. zi = X¢. Combining the two schedules, we get the following schedule
for the arbitrage spread, Ay (Q1) = pP (Q1) — pit (Q1):

A () = 2a0? [31 - Zx6 - Zxﬁ] (1.7)

The schedule has an intuitive form. The first component, 2ac?s; is the price wedge that
would prevail between assets A and B in the absence of trading. That is, A-investors, who
experience a positive liquidity (supply) shock, would have to hold all the additional supply
and would thus value the asset at a discount ac?s; relative to its expected payoff F; (D).
B-investors would value the risky asset at exactly the opposite premium, as they experience
a negative shock of similar magnitude. Hence in total the price wedge would be 2ac?s,
increasing with the risk of the asset, o2, the risk-aversion of local investors a, and the size of
the liquidity shock s;. The second component of represents the impact of arbitrageurs’
trades. Arbitrageurs can bring prices of assets A and B closer by setting up a long position

in the spread (corresponding to a long position in asset A minus a short position in asset B).
A
axi
risk of the fundamental[’] When they are more risk-averse, local investors are more reluctant

= 2a0?, depends on local investors’ risk-aversion and the

Arbitrageurs’ price impact, |

to hold the risky asset, and thus will require larger price concessions when trading, resulting

in a larger price impact.

Equilibrium strategies and spreads. To illustrate the strategic choice faced by arbi-
trageurs, note that because arbitrageurs set up opposite positions, their objective at time
1 boils down to maximizing the trading profit, z¢A; (.), where A; (.) is given by and
depends not only on arbitrageur i’s trade, z}, but also all other arbitrageurs’ trades y_ x’,
with Y 27"+ 21 = > 2%, and on the positions established at time 0, 3. z. Hence at

time 0, arbitrageurs takes into account the dynamic impact of their own trades as well as of

15T take the absolute value of the derivative as it is more intuitive to compare positive numbers.
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other arbitrageurs’ on the spread. In the appendix, I work backwards to derive arbitrageurs’

optimal trading strategies and obtain the following result:

Proposition 1 In the risk-free case, there is a unique (symmetric) equilibrium in which

arbitrageurs’ trades in market A are:

. 1 n—1

Ty = Top=—8g+ ——5—51 1.8
0 gbn (n+1)2 an ( )
) n _

r; = x1=———"—""—50+ OpS1, 1.9
1 1 CESI N Pns1 (1.9)

The equilibrium spread is:
Ao = 2a0” [tnso + Pnsi] (1.10)
n _

A, = 2a0? | ——————50 + OnS 1.11

1 Tt B (1.11)
344n +3 2 - 1 -1
with ¢, = n’ + n+2n+ 5 = _n(n 3)
(n+1) ntl (n+1) ¢,
b = n?+n+2 = 3n? 4+ 5n + 2

B2 +3n+2 " B aAn? +3n+2

Gradual arbitrage with constant liquidity shocks (sq = s; = s)

To gain intuition into the equilibrium, it is useful to consider the special case sy = s1 = s,

with s > 0, to fix ideas. Then arbitrageurs’ trades are i, = kg s and =% = k1,5, with for all
_ 1 —1 — Y

n>1 ko = g- (1 + (nn+—1)2> € ]0,1[ and K1 = — 75557 + @n € ]0,1[. Further, the total

purchases are:

n n
i d 1 __
Ty = NKopS < § an Ty = Nk1npS < S
i=1 i=1

Hence arbitrageurs never fully absorb the asset supply caused by the liquidity shock in each
market. As a result, the spreads between A- and B-asset prices remain strictly positive in

equilibrium:

Ay = 2CLO'2I_i0’nS >0, A = 2a027i1,n8 >0
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Why does competition not eliminate the mispricing as soon as n > 17 It can be seen

from the time-1 objective:

max 75 A () = max 2a0*x! (s - Zm% - foi - xﬁ) (1.12)
i=1 —i

1 1
Ty T

For a given liquidity shock s, given other arbitrageurs’ trades ) , x7", and initial positions
>, @b, arbitrageur ¢ has no interest to buy the entire residual supply, s —Y i, 2 — > . T
for he would then close the spread and make a zero profit on his trade. Instead, his best

response, from the first-order condition of problem ([1.12)), is to trade half the residual supply:
S 1 TH = mfi

Tl = 5 . Since each arbitrageur has the same impact on the price, all arbi-

trageurs play a symmetric role, and in the unique (subgame) equilibrium, all arbitrageurs
. i _Z?: 7

trade the same quantity, § = *—==5170

n

This quantity is negatively related to the arbitrageurs’ first period trades, > i | xf. In-
deed, to keep the spread open, arbitrageurs need to limit their price impact, which is perma-
nent, as shown by equation . The reason why price impact is permanent is that for local
investors in, say market A, who have a low valuation for the asset, selling the asset to arbi-
trageurs helps insure against the first liquidity shock, but also, to some extent, against the
second liquidity shock. Indeed the second shock is also correlated with the asset payoff (and
has same constant part s). Hence hedging at time 0 can serve as proxy hedging for time 1.
Thus there is some substitutability between insurance (liquidity) received from arbitrageurs
at time 0 and that received at time 1. The fact that the liquidity received by local investors at
time 0 “durably” reduces their hedging demand at time 1 erodes arbitrageurs’ market power.
Hence providing liquidity by intermediating trades across markets bears resemblance to the

provision of a durable good by a monopolist and is subject to similar Coasian dynamicsm

The equilibrium implication of these dynamics is that when the profitability of the arbi-
trage is constant over time (sg = s; = ), arbitrageurs increase their positions only gradually.
This results in gradual convergence of prices towards the fundamental, even more so if the

market is particularly concentrated. When competition increases, each arbitrageurs buys

16Coase (1972)’s intuitions about the durable goods problem for a monopoly have been formalized by
Stockey (1981), Bulow (1982) Gul, Sonnenschein and Wilson (1986) and Kahn (1986), among others. In an
asset pricing context, see Vayanos (1999), Kihlstrom (2000), DeMarzo and Urosevic (2007), Pritsker (2009),
and Edelstein, Sureda-Gomilla, Urosevic, and Wonder (2010). Here the fixed horizon of the model works as
a commitment device for arbitrageurs. The discrete trading periods also limits the substitutability between
time 0 and time 1 liquidity. In a full-fledged model, with shrinking time among trading periods and an
infinite horizon, the Coase conjecture would apply and the spread would always be zero.
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(sells) a smaller amount in market A (B). However the aggregate quantity traded in equi-
librium increases, as Figure [I.3] shows. In the limit, arbitrageurs fully intermediate trades
between A- and B-investors and the equilibrium spread converges to zero. The following

corollary summarizes these results:
Corollary 1 Suppose sg = s1 = s, then

e the spread is always positive and decreases with the number of arbitrageurs at time 0
and time 1: % <0,t=0,1,

e the spread decreases over time: Ay =0 < A1 < Ay,

B[AlfAO

#<O'

e and it decreases faster as n increases: B

e When n — oo, the arbitrageurs absorb the entire liquidity shock at time 0 and time 1,

and the spread converges to zero: lim,,_,. Ay =0, t =0, 1.E]

These results generalize the idea of “gradual arbitrage” developed in Oehmke (2010) in a
setting where the price schedules against which arbitrageurs trade are endogenous. Owing
to imperfect competition, arbitrageurs can slow down the speed of arbitrage across markets,
resulting in gradual convergence of prices towards the fundamental value.lﬂ Said differently,
as arbitrageurs will set better prices in the future, it is optimal for local investors to hold
some of the excess supply created by their liquidity shock. As Oehmke points out, this mech-
anism can account for the observed slow reversal of prices towards fundamentals following
shocks documented, for instance, by Mitchell, Pulvino and Stafford (2002) in the convertible
arbitrage market, and Coval and Stafford (2007) in the equity market.

Time-varying price impact. In Oehmke’s model, as in other related papers in the liter-
ature (e.g. Carlin, Sousa-Lobo and Viswanathan, 2007, Brunnermeier and Pedersen, 2005),
arbitrageurs trade against an exogenous price schedule with constant price impact coeffi-
cient E With endogenous price schedules, the arbitrageurs’ price impact is no longer constant

over time. It decreases as time passes and depends on the market structure:@

I"Note that this result does not depend on the assumption sy = s; = s.

18In Oehmke’s model, the arbitrage is risky but arbitrageurs are risk-neutral.

19 As some of these models are framed in continuous time, there is also a temporary price impact component
that helps pin down the equilibrium speed of trading.

20This result is general and does not depend on the assumption that shocks are constant over time, or
that shocks are known in advance.
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Corollary 2 Price impact decreases over time, even more so if the market is concentrated
(n small):

0A1

2ot =2a0® (1=1,...,n)

o At time 1, arbitrageurs’ price impact is |

o At time 0, the equilibrium spread schedule is

S1 n+2 ;
A = 2a0?2 + — ol 1.13
0 (Qo) = 2ac* |sg i+l ntl % x (1.13)
i.e. arbitrageurs’ price tmpact is |%§§ = 2a02—2ﬁ > —%ﬁ{ :

The spread schedule at time 0 has two components. The first component, 2ac? <so + (nil))’
is the spread that would obtain if arbitrageurs did not trade at time 0 in equilibrium. It is
increasing in sy and s, because local investors anticipate that risk-sharing at time 1 will be
limited due to arbitrageurs’ market power. Indeed, an increase in market competitiveness

improves risk-sharing and in the limit eliminates s;. The second component represents the

2n+2
n+1°

impact over time. First, given that new information accrues over time, the conditional

arbitrageurs’ price impact, ac Two opposite effects determine the evolution of price
variance of the asset payoff is decreasing over time as uncertainty realizes. This implies that
local investors in each market are “more risk-averse” at time 0 than at time 1. Since the
variance of each innovation ¢; is constant over time, price impact should be twice as large
at time 0 than at time 1. This is not the case, however, because a second effect tends to
reduce price impact.@ As local investors anticipate that arbitrageurs will provide further
liquidity at time 1, they understand that they will have another trading opportunity to
share risk, and this reduces their effective level of risk-aversion ex-ante. Said differently,
local investors are less desperate to receive liquidity if they anticipate that more liquidity

is coming later on.@ The more concentrated the market is, however, the more rationed

2n+2
n+1

time 0 if the market is concentrated - or, more precisely, expected to remain concentratedﬂ

liquidity will be (ao is maximal for n = 1), and therefore price impact is higher at

Note that at time 1, arbitrageurs’ price impact depends only on risk-aversion and not on

the market structure. This is because at time 2, the asset pays off, which is equivalent to

211t is easy to see that, indeed for any n > 1, 2“‘72% < 4ao?.

22 As noted above, these Coasian dynamics crucially depend on the fixed horizon of the model, and arbi-
trageurs’ inability to commit to trade only once.

ZIn Section I allow for a new arbitrageur to enter at time 1 upon sinking a fixed cost, therefore
local investors’ expectations about the future number of arbitrageurs determines price impact at time 0.
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restoring perfect liquidity in the market. If the market was perfectly competitive also at

time 1, the market structure adjustment of time 0 price impact would disappear, and price

2n+2

2
| — ao”.

impact would be constantac

This dynamic “contamination” of illiquidity from period 1 to period 0 is therefore due to
imperfect competition and the limited risk-sharing that it implies. The same dynamic effect
is present in Rostek and Weretka (2010), who study a setting with n strategic arbitrageurs
and no competitive fringe. Their model, however, predicts that price impact should increase
over time, because only the second effect, stemming from the opportunity to retrade and
diversify risk further in the future, is present. The comparison of our results therefore reveals
that the direction of change of market depth over time - whether it increases or decreases
over time - should depend not only on the market microstructure but also on the uncertainty
surrounding the asset payoff. Here the model predicts that price impact should decrease as
the date of the asset payoff approaches, but even more so if only a few large arbitrageurs are

active in the trade.

Optimal execution with endogenous market depth. An interesting implication of
the time-varying price impact is that a monopolistic arbitrageur does not equally split his
2, ie. g > 1. (More generally, for
an arbitrary number of arbitrageurs, xo > x;) This is a key difference with the literature

trade across periods: for n = 1, ko1 = % > K11 =

on optimal execution of large orders (e.g. Bertsimas and Lo, 1998), which shows that with
constant price impact, it is optimal for a monopolistic trader to break up orders equally over
time. Thus the model highlights that in concentrated markets, optimal order execution and
market depth are jointly determined and depend on the deep characteristics of the market,

such as investors’ risk-aversion, asset volatility and the market structure.

Sign inversion with changing supply shocks (so > 0, s; > 0)

The case where the supply of arbitrage changes over time brings further insight into the
mechanisms and generates new predictions. First, proposition [1|shows that the time-0 trade
depends on both sy and s1, unless there is a single arbitrageur. This shows that when
competition increases, the pressure to share risk with local investors increases, so that local
investors are able to start hedging their future risk. Note that, independently of the number
of arbitrageurs, the time-0 equilibrium spread always depends on both sy and s;, because

future certain shocks are immediately reflected in asset prices.
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Sign inversion. Changes in shocks, i.e. variation in the arbitrage supply, generates sign
inversion: when both shocks are positive, A; may become negative, even though s; > 0.
Remember that a positive shock implies that A-investors should value the asset less than
B-investors, suggesting that A; should be positive. Note from equation , that Ag is
always positive with so > 0 and s; > 0. The sign of the spread can switch over time if the

profitability of the arbitrage deteriorates:
Corollary 3 Suppose that sg and s1 are positive.

o At time 0, the spread is always positive and decreases with the number of arbitrageurs:
800 < 0.
mn

o At time 1:

— The spread is negative if and only if s1 is small enough relative to sq: A1 <0 &

s1 < apSo, with 0 < a, < 1.

The condition for sign inversion is that liquidity shocks decrease sufficiently over time, i.e.
that the arbitrage profitability decreases sufficiently. An interpretation of the condition is
that sign inversion may occur in the aftermath of a large shock, and close to the time where
assets mature, or where convergence occurs for exogenous reasons (e.g. when an on-the-run
bond is close to becoming off-the-run). Hence the model predicts that sign inversion should

occur following periods of low liquidity (or equivalently large price divergence).

To understand the intuition of the mechanism, consider an example in which sy > 0
and s; = 0. In this case, local investors in market A initially short the asset, receiving
partial insurance against the positive supply (liquidity) shock from arbitrageurs who limit
the amount they buy thanks to market power. At time 1, since there is no reason to hedge
anymore (s; = 0), local investors seek to close their hedge by buying back the asset (indeed,
yd > 0). However, arbitrageurs continue to limit liquidity at this time, so that local investors
cannot fully close their short position. This pushes the price of asset A above its expected
value. As a consequence, local investors remain short, Y;* < 0, as one can see by setting
s1 = 0 in equation (|1.6)). This is optimal since the price of asset A will (on average) drop
at time 2. (Arbitrageurs are not subject to this effect since they are not exposed to market
risk, taking opposite positions across markets.) Since the opposite must occur in market B,
the price of asset A trades at a premium relative to the fundamental and the price of asset B

at a discount, resulting in a negative spread at time 1. Of course, arbitrageurs earn a profit
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even if the spread sign inverts, because their profit depends on the fact that prices do not
converge and not on the sign. As I show in the proof of Proposition [I] the trading profit at
n ) 2 n 7 _ n 7
—(81_(2312%) , with o = —Srgﬁl% and Ay = 2q0?2—=i=1% %Tl%.
Hence, arbitrageurs care about the magnitude of the mispricing rather than the sign.

time 1, 214\, is equal to 2ac?

As Lemma (3| shows, s; does not have to be zero, but small enough relative to so. Intu-
itively, the need to revert the hedge must simply be large enough for the spread to invert at
time 1. Hence, the time-1 spread can turn negative even though all liquidity shocks imply
that it should be positive. Interestingly, it is precisely when local investors’” demand pres-
sures decrease that arbitrageurs push the spread to invert. Hence it is when asset prices
should converge towards their fundamental value that arbitrageurs cause a breakdown of the
intuitive relationship between A-and-B asset prices. What causes this breakdown is that
arbitrageurs limit liquidity both when local investors need to sell and to buy. Because it is
driven by the variation in the arbitrage profitability, this result is not present in Oehmke
(2010) in which only the initial shock matters [

This result may shed light on recent puzzling evidence about closely-related assets. Indeed
several standard and intuitive relationships broke down in the aftermath of the 2007-2009
financial crisis. For instance, the 7-and 10-year swap spread turned negative for the first time
in 2010 (Business Week, 23/03/2010). Uninsured municipal bonds became more expensive
than similar insured bonds issued by the same city also in 2010 (Bergstresser et al., 2011)@
The extent of the mispricing, in particular in the municipal bond market, makes standard
explanation implausible. For instance, a negative swap spread may be justified by heightened
concerns about sovereign risk. Similarly, concerns about monoline insurers may reduce the
premium attached to insured bonds to zero. However, it is hard to see how it could generate a
negative premium. Although these explanations may be partially correct, the model offers a

single complementary mechanism based on market structure and easing of demand pressures.

2 Gpecifically, Oehmke considers the time-inconsistent trading strategies of strategic arbitrageurs facing
two exogenous demand curves for the same asset. Since the strategy is solved ex-ante, all results are a
function of the initial liquidity shock, which eliminates the possibility of time variation in the arbitrage
profitability.

ZInflation-protected Treasuries also became cheaper than similar nominal bonds (Pflueger and Viceira,
2011). Although our explanation could be appealing, the timing seems less consistent with our mechanism,
since the sign inversion occurred in 2009, presumably, in the middle of the crisis instead of at the end.
Pflueger and Viceira show that the negative breakeven inflation in the Treasury market can be attributed
to a larger liquidity discount for the TIPS and not to a sign of deflation expectations.
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1.3.2 Risky arbitrage

In this section, I assume that s; is not known at time 0. Investors only know that it is
normally distributed with mean 5; and variance 2?. I also make the following assumption

about the parameters:

: 2 2.2 _ (nt1)?
Assumption 1 a*o%2 < 575

Since the second shock is random from the point of view of time 0, the arbitrage is no
longer risk-free. Therefore, even if arbitrageurs can eliminate all fundamental risk by taking
opposite positions in assets A and B, they face uncertainty about the future profitability
of the arbitrage. As in standard noise trader risk models, the potential deepening of the
mispricing is short-lived, and the prices assets A and B converge at time 2 when the assets
pay off. This risky arbitrage case allows me to delve more deeply into the mechanisms and

to analyze arbitrageurs’ risk-management strategies.

Price schedules and equilibrium

At time 1, the problem is not different from the risk-free case. However at time 0, all investors
face uncertainty about the magnitude of the future liquidity shock. I show in the appendix

that at time 0, the spread schedule faced by arbitrageurs is the following:

S n—+ 2 i
Ao () = 2a0? |so+ EEE (1+¢a)zx0] : (1.14)
2.2.2 2 1
with ¢, = % and r, =1 — a2022%ﬁ (1.15)
n+ Tq n +

There are two key differences with respect to the risk-free case, in which the schedule is given

by equation ([1.13)), which I reproduce here for convenience: Aq (.) = 2ac? [30 + (ns—il) — Z—ﬁ Jxh|

The first part of the schedule, sy + (nfﬁ, represents the price divergence that would pre-

vail in equilibrium in the absence of trade. Given that r, < 1, we have: sy + (nfﬁ >
Eq [So + ﬁ] , which captures the effect of convexity, as in Jensen’s inequality. The second
part represents arbitrageurs’ price impact. It increases by a factor 1+ ¢, > 1 relative to the
risk-free case. The increase is larger if the volatility of the liquidity shock zf, fundamental
volatility o2, or risk aversion a is large. The effect of the market structure, captured by
the term Z—ﬁ, is amplified by the uncertainty about future liquidity shocks. Price impact
increases because local investors require larger discounts to hold their risky asset when future

shocks are random.
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Uncertainty about future liquidity shocks also affects arbitrageurs’ strategies at time 0,
both through their own risk aversion and through the change in the price schedules. The

different channels appear clearly in their value function:

Proposition 2 At time 0, the arbitrageurs’ value function is given by

i -3 2 [ .. A (> 376)2
Ji = max —r, 2 exp [—2baa (xOAo + (1 — o) (1P - (n n 1 <2 Zxo - 31>>]

g

R An (. dabo? 2 Aabo? 2
where g = 0(), rbzquGbLzl2 and gbb:Lzl (1.16)
2a0? (n+1) (n+1)"m

Arbitrageurs’ value function is made of three components:

1. Their time-0 trading profit 0, xéAo, i.e. quantity times (normalized) price gap A.

2. The time-1 continuation profit, in which we can distinguish two parts, depending on

their relation to risk aversion:

(a) The first part, (1 — ¢) ((%;:?;2 ’

more generally in 2?2, oy, and a. Hence I will refer to it as the precautionary (or

is decreasing in arbitrageurs’ risk aversion b, and

hedging) motive. The coefficient ¢, measures by how much arbitrageurs reduce
their aggressiveness in tackling the arbitrage gap at time 0 for fear of facing too
much risk at time 1. Note that ¢, depends on the product of a and b because
an increase in local investors’ risk-aversion makes them more reluctant to hold
the risky asset and thus restricts arbitrageurs’ risk-sharing opportunities. The
hedging motive is, perhaps surprisingly, increasing in the total size of previous
trades, >, z{. This is because trading aggressiveness at time 0 works as an
indirect hedge against large shocks at time 1 by reducing the spread permanently.
The strength of the hedging motive also depends on the number of arbitrageurs.

A change in market structure has two conflicting effects:

Corollary 4 At time 1, when the number of arbitrageurs increases, there is

3;
e a business-stealing effect: M < 0, which reduces the coefficient =2

(n+1)*7
9(1—¢s)
on

® a co-insurance effect: > 0, which increases it.
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1—gy
(n+1)2
on <

The business-stealing effect always dominates the co-insurance effect, i.e.

0.

The business-stealing effect is the standard consequence of stronger competition
in a Cournot setting. The co-insurance effect is positive because as n increases,
risk-sharing becomes more effective: more competition means that arbitrageurs

supply more liquidity and each arbitrageur benefits from this collective effect.

(b) The second part of the time-1 continuation payoff represents the “strategic mo-

tive”:

51 o
—— |2 E Th— 3§
(n+1)°r ( - 0 1)

It is increasing in arbitrageurs’ risk-aversion b and decreasing in previous trades,
as arbitrageurs have an incentive to strategically limit their positions at time 0
to be able to fully exploit the arbitrage opportunity later. The key driver of the
strategic motive is the expected level of arbitrage risk 5; instead of the risk of the

arbitrage risk 27, as explained in more details below.

Proposition 3 When arbitrage is risky, there is a unique (symmetric) equilibrium charac-

terized by:
S 25
IZ' 80 + (ﬂ*f’i)?"a - (’rLJrl;QT'b (1 17)
’ On + (0 +2) da + 20 ’
= 51, % (1.18)

n+1

The equilibrium spread between asset B and asset A is

5 25
Ay = 2a0? | D, [ so+ L) + (1 -9, —1} , with &, € 10,1 1.19
0 [ < 0 (n+1)7“a ( )(n+1)2rb [ ] ( )
2a0? n n o (n+1)r,—2r,_
A = —— — 1.20
! n+1 [ a”° * (81 (n+1)° drary . (20

with d = ¢, + (n + 2) ¢ + 20y,

The time 1 subgame is similar to the risk-free case, thus I focus on time 0 where uncertainty
about future shocks generates a number of interesting effects. By comparing (1.8]) and

(1.17), one can see that arbitrageurs equilibrium trades generalize in a very intuitive way.
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To understand the mechanisms, it is helpful to decompose xq in two terms:

25
So + (n—l—l)ra . (n—l—l;Qrb (121)
¢n (n + 2) (ba + 2n¢b (bn + (TL + 2) ¢a + 2n¢b

o =

of the expected spread

The first term shows that arbitrageurs buy a fraction p—cn +21) S Tond

that would prevail in the absence of liquidity provision (the maximum spread), so +

(n+l)
This maximum spread represents the demand for liquidity addressed to arbitrageurs at

time 0. Only part of this demand is served as arbitrageurs’ market power allows them to
ration liquidity. Arbitrageurs serve a smaller fraction of the demand as their risk aversion
b increases, due to precautionary concerns, and as local investors’ risk aversion a increases,
because arbitrageurs have a larger price impact at time 0, which prompts them to scale
back their trade (as captured by the coefficient ¢,). What is interesting is that arbitrageurs
provide less than a fraction of the maximum spread, since the second term in is
negative. The second term captures the effect of the arbitrageurs’ strategic motive. It
becomes more negative as risk-aversion decreases. In the limit, as arbitrageurs become risk-

neutral, the strategic motive is strongest:

So + 251 2
(n+1)7“a _ (n+1) (122)
oot (n+2)da  n+ (n+2)

when b — 0, z{ —

In fact, the strategic motive is present even in the absence of uncertainty about liquidity
shocks. To eliminate uncertainty, consider the limit case where arbitrageurs are risk-neutral
b — 0, and uncertainty vanishes z; — 0. Then xy converges to (|1.8)), its equilibrium quantity
when the arbitrage is risk-free (assuming s; = 3;):

251

. 0+n 102 1 —1
When z; = 0,6 — 0, x5 — (ntl) )" _ n

¢n ¢n ¢n o (n + 1)2 qbnSl

Hence in hindsight, this decomposition highlights a fact that was hard to identify when

the arbitrage was risk-free. Arbitrageurs respond to their commitment problem by buying
25

o (n+1;2rb ’

because arbitrageurs strategically refrain from tackling the spread too aggressively at time

arises

less than a fraction of the maximum spread, s + (njﬁ This reduction,

0, in the hope that a large shock will increase the local investors’ risk-sharing needs at time
1. Arbitrageurs “speculate” more when the market is more concentrated (n small) and the
expected shock §; is large. Given the partial substitutability between liquidity provision at

time 0 and time 1, arbitrageurs must reduce liquidity provision, i.e. decrease z(, to exploit
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large liquidity needs as much as possible later on.

The strategic motive resembles the standard risk-management mechanism that arises
in models where competitive arbitrageurs face financial constraints. Several papers in the
limits of arbitrage literature (e.g. Shleifer and Vishny, 1997, Gromb and Vayanos, 2002)
show that financially-constrained arbitrageurs refrain from taking on too much risk early on
in order to save capital and be able to exploit potentially large price discrepancies at later
periods. This mechanism is based on the limited amount of capital available to competitive
arbitrageurs in the short-term. Here the effect is related to market power and is a response
to the perfect foresight of local investors, which erodes arbitrageurs’ market power as in
the classic durable goods monopoly problem. Interestingly, the strategic motive is strongest
when arbitrageurs are risk-neutral, precisely when they are most likely to aggressively tackle

arbitrage opportunities.

Since the precautionary and the strategic motives have opposite dependence on arbi-

trageurs’ risk aversion, an increase in b has an ambiguous effect.

Arbitrageurs’ risk aversion and liquidity

According to Friedman (1953), speculators reduce price volatility by smoothing out tempo-
rary price fluctuations. Given that this view implies a contrarian behaviour, it may seem
desirable to have risk-loving arbitrageurs for markets to be efficient. This is no longer the
case when arbitrageurs have price impact: the spread between assets A and B may increase
as arbitrageurs become risk-neutral. On one hand, a decrease in risk aversion increases
arbitrageurs’ trading aggressiveness to tackle the arbitrage. On the other hand, a lower
risk-aversion makes them more likely to engage in strategic “speculation”; as shown by the

following result:

Corollary 5 An increase in arbitrageurs’ risk-aversion may result in them providing more

or less liquidity at time 0. There are two opposite effects:

i
o,

5 2
o —n(n+1)2(so+L>+ 51(d+—n> , k>0

(n+1)r,

J/

precautionary motive < 0 reduction in strategic motive > 0
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The reduction in strategic motive dominates iff s is large enough relative to sq:

i
Oxy,

0b

n((n+1)r, —2r,)
TaTp

20@51(61— )Zn(n+1)230

The following lemma shows a special case in which the strategic motive is so strong that a
decrease in risk aversion does lead to an decrease in liquidity provision (and conversely, an

increase in risk aversion leads to higher liquidity):

Lemma 1 Suppose that so — 0. If n < 2 and local investors’ risk-aversion a is small
enough (or equivalently, o® or z? small enough), then, following a small increase in their
risk-aversion, arbitrageurs provide more liquidity, which decreases the time 0 spread and
increases the expected return of the arbitrage. This effect is stronger if they are not very

risk-averse.

Unsurprisingly, the strategic motive dominates in a very concentrated market, and even
more so if arbitrageurs are not too risk-averse. Note that if sy is very small, on average, the
spread will decrease between time 0 and time 1, implying a negative return. As b increases,
arbitrageurs increase their trade at time 0, and this reduces the time 0 spread more than

the time 1 spread, leading to a less negative return.

How do arbitrageurs respond to an increase in arbitrage risk?

In the presence of arbitrage risk, it is important to understand whether arbitrageurs’ reac-
tions to changes in risk are stabilizing (i.e. leading to smaller spreads), or destabilizing. In
the limits of arbitrage literature, it is common to study how positions and prices respond to
an increase in “noise trader risk” (Shleifer and Vishny, 1997), or demand pressures / supply
imbalances (Gromb and Vayanos, 2010, Brunnermeier and Pedersen, 2009). It is shown
that arbitrageurs do not necessarily increase their positions ex-ante when they face larger
future shocks, and this may push prices further away from their fundamental values. Here, I
analyze arbitrageurs’ responses to an increase in the level of the future shock, 51, and in the
volatility of the shock z;. Surprisingly, the literature on limits of arbitrage has to the best

of my knowledge focused only on the first comparative static (dubbed noise trader risk).

Corollary 6 Following an increase in the expected shock sy, arbitrageurs increase their po-

sitions at time 0, but the spread nevertheless increases: g—if‘ll) >0 and %—?10 > 0.



1.3. EQUILIBRIUM WITH RISK-FREE AND RISKY ARBITRAGE 33

The two parts of the result may seem contradictory, as one would expect the increase in
arbitrageurs’ positions to lead to a smaller spread. It is not the case because an increase in
51 also causes an increase in local investors’ liquidity demand, and arbitrageurs’ response,
albeit positive, is not commensurate with local investors’ increased need for liquidity. This is
in particular due to the fact that an increase in §; increases the profitability of the arbitrage
butt also arbitrageurs’ strategic motive. This result contrasts with predictions in models of
financially-constrained arbitrage, where an increase in positions leads to more efficient prices
(e.g. Shleifer and Vishny, 1997, Brunnermeier and Pedersen, 2009).

Next, it is interesting to understand how arbitrageurs respond to increased uncertainty
about the future profitability of the arbitrage. As one would expect, increased uncertainty
reduces arbitrageurs’ strategic motives and increases their precautionary motives. However,
uncertainty about future profitability matters even when arbitrageurs are risk-neutral, as it

affects local investors’ liquidity demand, as well as arbitrageurs’ price impact.

Corollary 7 Consider the limit case where arbitrageurs are risk neutral, i.e. b — 0. Then
arbitrageurs respond to an increase in arbitrage risk 2% by taking larger positions if and only
if wolatility is small enough and the expected shock is large enough relative to the current

shock. Otherwise, arbitrageurs decrease their positions.

2n+1
022 —

. 2
Oxpy 0 a20222 < ¢, with ¢, < L
S1 2 en,as[)

No matter how arbitrageurs respond, the spread always increases following an increase in 23 :

0Ap

The result shows that even if arbitrageurs are risk-neutral, they may scale down their posi-
tions when uncertainty about arbitrage profitability increases. There are two effects: first,
local investors are demanding more liquidity, as the convexity effect (i.e. the need to insure
against shocks) increases with z; (see equation . This increases the arbitrage supply,
which prompts arbitrageurs to increase their positions, but also increases the spread. Second,
an increase in uncertainty steepens local investors’ demand for the asset in each market, as
local investors are more reluctant to hold the asset. This results in larger price impact, which
pushes arbitrageurs to decrease their positions. When volatility is already high, this effect
dominates, and an increase in volatility leads to a reduction in arbitrageurs’ positions. In-

terestingly, whether arbitrageurs increase their positions or not, the spread always increases,
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showing that the increase in liquidity demand always outweighs the increase in arbitrageurs’

positions.

Market power and spread autocorrelation

Arbitrageurs’ activity also implies a number of properties for the behaviour of the spread
between assets A and B. First, one can see in Proposition |3 that at time 0, the spread is a
weighted average (since @, € [0, 1]) of the maximum spread (so + (nfﬁ)
strategic motive. At time 1, the spread is decreasing in the previous shock and reflects

and arbitrageurs’

the adjustment between the expected shock 5; and its realization s;. Market power also

generates autocorrelation of the spreads at one lag:

Corollary 8 The spread has the following properties:

o Comparative statics: the current shock increases the spread.

0A

——t>0, t=0,1

88t

e Serial correlation: suppose sqg is random from the point of view of time -1. Then, when
the number of arbitrageurs is finite, the half spread exhibits negative serial correlation

between time 0 and time 1:

t Bo &1 <0
autocov_ _—,
'\ 279

When perfect competition obtains, the serial correlation vanishes:

Ay A
lim autocov_q (—0 —1) =0

n—o0 272

Given that arbitrageurs revert trades in proportion of previous shocks to keep the spread
open as long as possible, previous shocks continue to affect the current spread. This generates
serial correlation at one lag. As competition increases, arbitrageurs absorb liquidity shocks

fully in each period, thus serial correlation disappears.
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1.4 Entry

I now turn to endogenize the number of arbitrageurs. I consider ex-ante free entry, as well as
gradual entry. I assume that arbitrageurs only know the distribution of future shocks when
they decide ex-ante. High ex-ante uncertainty about the profitability may in this regard
reduce risk-averse arbitrageurs’ incentive to enter if there is enough risk-bearing capacity.
When new arbitrageurs can enter gradually, arbitrageurs already active can deter new ones
from entering, perpetuating market concentration. The mere threat of future entry, however,

can improve liquidity.

1.4.1 Simultaneous (free) entry

I assume that arbitrageurs must sink a set-up cost I at time -1 to enter the market. Through-
out this section and the next, one can think of I as the investments required to set up an

arbitrage desk, gather information, subscribe to data-providers, etc.

Risk-free arbitrage

For the sake of tractability, I consider the special case sy = s; = s and assume that from the

perspective of time -1, s is random and normally distributed with mean 5 and variance z2.

Proposition 4 At time -1, the arbitrageurs’ expected utility from entering the market (net

of entry cost) is:

~. 1 2 2 =2
Ji = exp [—b( U — I)} (1.23)

a V1 + 4dabo?22m, 1+ 4abo?227,

J is decreasing in n. Thus there exists n*, defined as the first integer such that

Note that as long as I is not too large, arbitrageurs will enter the trade even if there will
be no liquidity shock on average, i.e. even if § = 0. This is because the random nature
of local investors’ liquidity shocks (from the point of view of time -1) creates “optionality”

in the trade, and this induces arbitrageurs to enter. Since J is decreasing in n, there is a
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single Nash equilibrium in the free-entry game. The equilibrium number of arbitrageurs n*

depends on the characteristics of the segmented markets as follows:

Corollary 9 There is more entry into markets characterized by large arbitrage risk and /

or risk-averse local investors: n* increases with 5, a, and o® and decreases with I.

The effect of an increase in the volatility of the arbitrage risk, z, is ambiguous:

e n* decreases with z when the market is initially concentrated, or if local investors
(or arbitrageurs) are sufficiently risk-averse, or equivalently, if the asset is sufficiently

risky, and increases in the opposite situations.

e Hence markets that are likely to be illiquid from an ex-ante perspective attract fewer

arbitrageurs.

Arbitrageurs prefer to enter in markets in which the arbitrage gap is large (on average).
However, facing an increasing uncertainty about the size of the arbitrage gap may lead to
more or less entry depending on the level of risk-aversion of investors and arbitrageurs in
the economy. Intuively, uncertainty can be desirable because it increases the “optionality”
of the trade, but at same time, it can be costly because arbitrageurs are risk-averse. I
show in the proof of the corollary that a key driver of the comparative static is the variable
0 = 2abo?m,, which measures the risk-bearing capacity of the market. If the market has a
small risk-bearing capacity, an increase in the volatility of shocks may discourage arbitrageurs
from entering. Because the concentration of the market is also a (negative) determinant of
risk-bearing capacity, the same applies if the initial number of arbitrageurs is smallm The
dependance on n highlights the fact that there are both strategic substitutabilities (business-
stealing) and strategic complementarities (co-insurance) between arbitrageurs. Note that
this result does not depend on the entry cost: the effect is present even when I — OH
Intuitively, if the market cannot absorb enough risk, arbitrageurs will be reluctant to enter.
Thus, the markets that are the most likely ex-ante to be illiquid (high volatility of arbitrage
risk, and low risk-bearing capacity) are those in which arbitrageurs enter the least. However,
the picture is not entirely bleak because, as shown above, a high level of arbitrage risk attracts

arbitrageurs, which then exert a corrective force on market liquidity:

260ne can imagine a situation in which, at ¢ = —1, all investors believe that the volatility of the arbitrage
risk is z and the number of entrants is determinant. Then at t = —1°, investors learn that the volatility is
actually z > z. The corollary states that if the market was concentrated at —1¢, it will be even more at
—1°. Intuitively, the presence of many arbitrageurs has a positive externality in terms of risk-absorption.

27As I decreases, there is more and more entry. However, an increase in the uncertainty about the
profitability of the arbitrage dampens the effect of a reduction in entry costs.
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Corollary 10 Entry of arbitrageurs counters the effect of an increase in local investors’

risk-aversion (or equivalently volatility of the fundamental) on the spread:

dAO - a¢n* 87vEn*
- = 20° [1hn=50 + n=s1] + 2a0” 50 0T g, %
>0 —— ——

<0 <0

Oehmke (2010) derives results that are similar in spirit. He finds, however, that illiquid
markets attract less arbitrageurs, taking the coefficient of short-term price impact as a
measure of illiquidity. Here, an increase in local investors’ risk-aversion makes the market
more illiquid but also attracts more arbitrageurs. An increase in @ in my model would

correspond to an increase in the coefficient of permanent price impact in Oehmke’s model.

Combining the two previous results, we can predict what kind of risk-return profile is
most attractive to arbitrageurs. The number of arbitrageurs unambiguously increases with
the average magnitude of the mispricing 5. However, there is a non-monotonic relation
between entry and the volatility of liquidity shocks z. I show in the proof of Corollary [0 that
an increase in volatility reduces the equilibrium number of arbitrageurs if

22 < —

4abom,

Hence for z small enough, an increase in volatility reduces entry. The constraint is looser (i.e.
one can meet the constraint with larger volatility z), if risk-aversion (a or b) is high or the
fundamental is risky (high o) or the market very concentrated (small n, leading to a large
). Figure illustrates the analysis. It shows that for a high enough level of volatility
(z > 2*), there should be more arbitrageurs as one goes in the northeastern direction of the
risk-return diagram. In this region, entry plays a corrective role against illiquidity (caused
by large shocks and large uncertainty). It is the opposite in the left-hand side of the graph.
In this region, the number of arbitrageurs should be about stable as one goes towards the
northeast, since two forces work in opposite directions: large shocks (on average) attract
more arbitrageurs, while an increase in volatility reduces entry. The cutoff z* increases as
the market structure of risk-bearing capacity in the market becomes weaker and converges

to s as risk-aversion increases.
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Figure 1.1: Entry as a function of the risk-return profile of the arbitrage

Risky arbitrage

In this section, I assume that the first shock, sg, is unknown at time -1, when arbitrageurs
must decide or not to invest and that it is randomly distributed: sy ~ N (50, 23). The
expected utility of entering the market, net of entry cost, is given in the following proposition.
Proposition 5 At time 0, arbitrageurs’ certainty equivalent is given by

CEé = 7T08(2) + 7T18% + 7T07180§1 (124)

At time -1, arbitrageurs’ expected utility, net of entry cost, is:

7ro,1(5051—3W0,1§%38)+”0§3 =2
N exp {—77 ( a2 +m35; ) | exp (bI)
Jo=—

., with n = 2abo> (1.25)
V1 (14 2nm2d)

Although the expected utility can be calculated in closed form, it is hard to produce

general comparative statics or monotonicity results as the coefficients m, m and my; are
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complex functions of the parameters. Instead, I investigate some numerical examples.

Numerical examples. Figures[I.5 [1.6|and [[.7] show comparative statics of the endoge-
nous number of arbitrageurs with respect to risk-aversion, and the level and volatility of
arbitrage risk. The figures show that J is decreasing in the number of arbitrageurs, ensuring
that there is a unique equilibrium to the entry game. Arbitrageurs respond positively to an
increase in local investors’ risk-aversion, or equivalently, in the volatility of the risky assets.
The sensitivity to the level and volatility of the arbitrage risk is more complex and seems to
be different across periods. For instance an increase in §; seems to increase n* more than
an increase in s;. This seems intuitive, because local investors have more opportunities to
handle future shocks than the immediate shock. The comparative statics with respect to
the volatility of the liquidity shocks at time 0 and time 1 are interesting. An increase in zg
seems to play the same role as z in the risk-free case: it may decrease the number of entrants,
as shown in panel a of Figure or increase it (panel b), depending on the risk-bearing
capacity of the marketﬁ Intuitively, the volatility of the first shock is undiversifiable, since
there is no trading at time —1, thus the risk-bearing capacity of the market plays a key
role in arbitrageurs’ entry decisions. An increase in the volatility of the second shock, z1,
however, seems to have an unambiguous positive effect on n*. In this case, arbitrageurs can
manage risk ex-ante by trading in the risky asset. Figure puts this analysis in perspective
by comparing the impact on n* of different parameters in the risk-free and risky arbitrage
cases. For the comparison to make sense, I set the level and risk of arbitrage risk to be
equal from an ex-ante perspective. Namely, I set 2% = 22 + 27. When the total volatility
of the arbitrage risk increases, whether it comes from zy or z; makes a difference. In the
risk-free case, if 22 increases from 1 to 3, n* tends to decrease (for other parameter values,
there could be an increase, see Corollary E[) In the risky case, if the increase in volatility is
matched through an increase in z, the effect is similar: n* tends to decrease (panel a). If it

is matched by an increase in z1, the effect is opposite n* unambiguously increases (panel b).

1.4.2 Gradual entry and strategic deterrence

I the previous section, I analyzed which markets are likely to attract arbitrageurs ex-ante. In
practice, there are many reasons for financial markets to be concentrated at the early stages
of their development (e.g. because of financial innovation, learning, uncertainty etc.), but one

could expect the degree of competition to increase over time as strategies become copied and

28Note however, that it is much harder to obtain the case in which the number of entrants increases: the
variance must be multiplied by 10, while risk-aversion of market participants is divided by 3.
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rents lure new players in. This is particularly true in the financial industry, where trading
strategies are difficult to patent, and personnel mobility, as well as business relationships (e.g.
with broker-dealers and other counterparties) make it hard to keep strategies secret. For
instance, there is anecotal evidence that LTCM’s strategies were widely copied on Wall-Street
following the fund’s high returns between 1994 and 1997@ Similarly, portfolio insurance

strategies became widely popular in the 1980s, as they were easy to copy and implementm

To assess whether and when concentration is likely to persist, I now assume that there
are n arbitrageurs in place at time 0 (incumbents) and that at time 1, a new arbitrageur
may enter upon sinking a fixed cost, I. For simplicity, I focus on the risk-free arbitrage case
and assume that the liquidity schocks are identical at time 0 and 1: sy = s; = s. The new
arbitrageur (indexed by n + 1) will enter if her expected payoff at time 1 is larger than the

entry cost:

A 2
_ n J
(s—>pa)

o (1.26)

2a0

However, as equation shows, because the new arbitrageur enters with a lag, the
expected payoff depends on the previous trade by the n incumbents. It may be in the
incumbents’ interests to decrease the rents available at time 1 in order to prevent entry
(deter). When entry costs are low, this can however be significantly costly, as incumbents
must alter their trading strategies and tackle the spread more aggressively at time 0 than
they would otherwise do. Hence incumbents may as well choose to accommodate and let the

new arbitrageur enter. The following result describes the equilibrium.

Equilibrium
Proposition 6 Suppose that s = s; = s and define p = \/#.

If there is a monopolist arbitrageur at time 0, the new arbitrageur enters at time 1 if and

only if p < p. If p > p™*, the incumbent arbitrageur can deter at no cost.

If there is an oligopoly of n > 2 arbitrageurs at time 0:

o [fpe }O,B] , tncumbent arbitrageurs accommodate and the new arbitrageur enters.

29Gee Perold (1999) and Lowenstein (2000).
30Kyrillos and Tufano (1994) note: “the basic ideas underlying the product were well described in the
academic literature and could not be patented”.
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Figure 1.2: Equilibrium with sequential entry and strategic deterrence

o If p € ]p,0), incumbents deter the new arbitrageur from entering. If p > p"™* > p,

the incumbents deter the new arbitrageur at no cost.

o ifpec }B, ﬁ} , the two equilibria coezist.

The equilibrium has a very intuitive form, summarized in Figure [[.2, When entry costs
are low (or the arbitrage is very profitable because of high local investors’ risk-aversion or
equivalently large volatility of the fundamental), incumbents accommodate and the new
arbitrageur enters at time 1. Given the low entry costs, deterring would carry a large
opportunity cost. Indeed note that if entry costs are particularly high (p > p*™ or p > pPm*

in the monopoly case)), there is no need for incumbents to deter.

When there is an oligopoly of incumbents, the two types of equilibria may coexist. The
multiplicity of equilibria stems from a coordination problem between arbitrageurs at time
0. For instance, when his current competitors decide to deter the new arbitrageur, an
incumbent may decide between altering his optimal strategy to avoid losing market power,
or sticking to it and keep the same market structure. Local investors play an interesting
role for the outcome of the game, even though they take prices as given: if they anticipate
entry, their liquidity demand at time 0 decreases, because they expect the market to be
more competitive in the future. One can see this by comparing the price schedule for the
spread between both assets faced by arbitrageurs at time 0. I show in the appendix that
if local investors anticipate entry, the price impact coefficient decreases from Z—ﬁ to Z—I‘z
This optimal delaying of liquidity demand adds a self-fulfilling flavour to the equilibrium
that generates the multiplicity: the anticipation of entry by local investors makes it harder
for an incumbent to decrease the spread and deter the entrant, which, in turn, makes the

anticipation more likely to realize.

When does entry occur in equilibrium? Proposition [0, shows that entry costs are the

bmk

key driver of the equilibrium. But the thresholds p, p and p”™" are functions of the liquidity
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shocks s and the number of incumbent arbitrageurs n. Hence it is possible to calculate the
likelihood that the market remain concentrated as a function of the number of incumbent ar-
bitrageurs. The model delivers an interesting prediction regarding the persistence of market

concentration over time:

Corollary 11 If I, a, o, s and n are such that p < p, i.e. entry occurs in equilibrium,
then, all else equal, a decrease in the number of incumbent arbitrageurs n does not modify

the equilibrium.

If parameters are such that p > p, i.e. the incumbent arbitrageurs deter at mo cost in
equilibrium, then all else equal, a decrease in the number of incumbent arbitrageurs can shift
the equilibrium towards entry, multiple equilibria, or deterrence. The more concentrated the
market initially is, the more likely it is that the equilibrium remains deterrence (assuming

uniform distribution for p).

Intuitively, there are two effects driving this comparative statics. On one hand, a smaller
number of incumbents means that there are larger rents available, which for a given entry cost
will make entry more profitable for the new arbitrageur. On the other hand, a small number
of incumbent arbitrageurs makes coordination on deterrence easier to achieve. Figure [I.T]]
illustrates the second effect: I plot the likelihood of the accommodate and deter equilibria,
assuming that the variable p is uniformly distributed between 0 and p"*, i.e. I normalize
entry cost to be always sufficiently low, so it is not possible to deter at no cost. The graph
shows that concentration benefits coordination among incumbents to deter new entrants: the

light-shaded grey area, which represents the deter equilibrium, is largest when n is small.

To take into account the first effect, I construct a different comparative statics. Starting
from given entry costs, number of incumbents and determinants of arbitrage profitability,
I compare the equilibrium that results from an increase in market concentration for the
different regions given in Proposition |§| Since p is decreasing in n, for a given level of entry
cost such that p < p, an increase in market concentration can only widen the region in
which entry is the equilibrium. In this region, the first effect always dominate. Given that
the other thresholds p, p”™* are also decreasing in n, it is not necessarily the case when the
initial situation is that p > p or p > p”™*. A new equilibrium may arise following an increase

in market concentration.

To calculate the probability of the new equilibrium, consider the following example where
p > p"™F (n) for a given level entry costs, volatility, liquidity shock and number of incum-

bents. I assume that p is uniformly distributed between p™* (n) and p"* (n — 1), with
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P (n) < p"™ (n —1), and calculate the thresholds p(n —1) and p(n—1). I find that
P’ (n) < p(n—1) and p(n) < p(n — 1), which implies that the equilibrium must shift if
p e [p" (n),p(n—1)[orpe [p(n),p(n—1)[. Using the uniform distribution assumption
for p, I then calculate the probability of shifting to entry, multiple equilibria or remaining
a deterrence equilibrium. My calculations show that the probability of remaining in the
deterrence equilibrium increases as the market becomes more concentrated. For instance,
when the number of arbitrageurs decreases from 4 to 3, and 3 to 2, the probabilities of the
different equilibria are given in Table [I.I] Note that the assumption that p’s distribution

Table 1.1: Probability of equilibrium change if p > p*™*

Probability From n=4 to n=3 From n=3 to n=2
Switch to Entry 0.44 0.41
Switch to Multiple 0.14 0.10
Remain Deterrence 0.42 0.49

has an upper bound understates the likelihood that the equilibrium remains deterrence.
Overall, the key insight from Corollary [11]is that when entry costs are sufficiently low, the
first effect dominates, and a decrease in market concentration makes it (all else equal) even
more profitable for a new arbitrageur to enter. Instead, if entry costs are high enough, the
second effect dominates and as the market becomes more concentrated, then the probability
of remaining in the deterrence equilibrium increases as arbitrageurs are able to coordinate

on deterring.

Implications for liquidity and predictions

Since reducing the available rents require to decrease the spread, strategic deterrence leads
to an improvement in liquidity along several dimensions, provided entry costs are sufficiently

low:

Corollary 12 Liquidity, measured by the spread, improves at all dates for any p < p’™*.
Liquidity measured by the price impact coefficient (“Kyle’s lambda”) improves at time 0 for

any p < p.

The speed of convergence towards the fundamental value is higher than in the benchmark

case without entrant if p < p.

Panel (c) of Figure plots the time-0 spread as a function of p. A similar pattern would

emerge at time 1. If there is entry, the spread remains strictly positive as I assumed that



44 CHAPTER 1. DYNAMIC STRATEGIC ARBITRAGE

there is only one entrant ﬂ Corollary|12|shows that liquidity improves in terms of the spread,
the price impact and speed of convergence if and only if p < p, i.e. when there is entry in
equilibrium. Hence the model predicts that faster price convergence and a deeper market
should lead the increase in the number of traders. If entry is simply a threat, the model
predicts only a decrease in the spread. When arbitrageurs deter the entrant, the spread

exhibits surprising properties:

bmk |:

Corollary 13 For p € [ﬁ, p , the spread increases with the entry cost I at all dates and

with the number of arbitrageurs at time 0, and is independent of the liquidity shock s.

A decrease in entry costs can cause a discontinuous increase in liquidity (measured by

the spread and the price impact).

Based on Corollary , the model predicts that when entry costs are in the middle range (i.e.
when the market can be contested), the spread should be higher at time 0 in more competitive
markets. The intuition for this result is that more competition exhausts rents available for
the entrant, meaning that the incumbents need not decrease the spread as intensively at time
0. Of course, on this interval, there is substitutability between the size of entry costs and the
deterrence, meaning that the spread will decrease the lower the entry costs are. Because of
the multiplicity of equilibria, there is an interval in which the equilibrium is undetermined. A
small decrease in entry costs can then lead to downward, discontinuous jump in the spread,
as illustrated by Figure [I.11]

1.5 Conclusion

In this chapter, I study an asset pricing model in which market segmentation and demand
pressure effects cause the prices of two identical assets to diverge. Only a small number of
strategic arbitrageurs can exploit this price difference and internalize their impact on asset
prices. I show that this results in rationing of liquidity, a gradual convergence of prices
towards fundamentals, and, when the demand pressures decrease, an inversion of the spread
between the two assets. I also highlight the role of the market structure of risk-bearing
capacity, i.e. the interaction between the market structure and the risk-bearing capacity of

the economy, as a determinant of asset prices dynamics and the arbitrageurs’ entry decisions.

31With an arbitrary number of potential entrants, the spread would certainly be lower. Discontinuities
due to integer issues may however prevent the spread from falling to 0, even when the entry costs converge
to 0.
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The model shows that arbitrageurs do not necessarily enter more aggressively in markets
with more volatile price differences, although this increases potential rents from liquidity
provision. This holds in particular if the market structure of risk-bearing capacity is not
strong enough. Another interesting conclusion is that the mere threat of entry can improve
liquidity (i.e. reduce price differences), and that the prospect of future entry also improves

market depth ex-ante.

An important feature of real-world arbitrage this chapters abstracts from is that trading
requires capital. In the next chapter, I study how the market structure interacts with
financial constraints. I focus on the case of constant profitability and show that relative to a
competitive market, a monopolistic arbitrageur provides less liquidity but also operates with
less capital in equilibrium. As a result, when capital is scarce in the economy, the monopoly
may provide more liquidity than the competitive market at certain dates. These results
stress the importance of analyzing arbitrage as a strategic choice for our understanding of

capital markets.
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1.6 Proofs and Figures

1.6.1 Two useful results

Lemma 2 Let (p,q) € R* with p # q and consider the (n,n) matriz

M, is invertible and its inverse is given by:

p+(n—2)q —q —q

Proof. M, being a square matrix with independent lines and columns, it is invertible.

It is straightforward to check that M, .M 1= M 1 M, =1 m

Lemma 3 Let (A, B) € R* and X ~ N (u,0?), then

2 exp (y) - B20242u(B—Ap)
E (exp (—AX + BX)) = m, with Yy = W

Proof. Since X is normally distributed:

oo exp (—Ax? + Bx) exp (— (362_0’;)2)
/ dx

[e%e) O'\/27T
2402%+1 .2 +02B
/ooexp<— e :v—l—“gg x—gg“—Q

o) O'\/27T

E (exp (—AX* 4+ BX)) =

dx
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Rewrite the exponential in the integrand as exp (—(x;:;‘)Q) exp (y). This gives, by identifi-

cation of the terms:

1 240% +1 ) o?
— ===
222 202 2A0%2 4+ 1
m -+ Bo? N u+ Bo?
- = - m=——
22 o? 2A02 + 1
This implies that % —y= -2%, le. y= %. Thus,
exp (y) o0 exp <— (x;:;)Q) exp ()
E(exp (—AX2+BX)) = dr =

B V2Ac2 +1 ) 2\ 21 V2A0? + 1

1.6.2 Risk-free arbitrage
Proposition

Proof. At each date, going backward, I first solve for the demand of local investors in

markets A and B, and then solve for the arbitrageurs’ optimal trades.

Time 1 - local investors’ problem It is enough to solve for the demand of local
investors in market A, as market B is the symmetric case, thus I drop the superscript A. At

time 1, Wy = Ey + Y1 Dy = Ey — y1p1 + S1€2 + Y1 Ds. 51 is revealed to all agents at time 1.

The local investors’” maximization problem is

2
Vi = max E (W,) = max — exp (—a (EO —uyp1 +Y1Dy — a7 (Y1 + 31)2>)
Y1

v1 2

D, —
From the FOC, Y, +s = — 2p1 (1.27)

ao
Using market-clearing, p{! = D; — ao? <51 — ZXli’A> (1.28)

i=1
By analogy, p? = D) —ao® (—51 — ZX{’B) (1.29)
i=1

Arbitrageurs’ problem at time 1
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Starting from arbitrageurs’ wealth at time 2 given by equation ([1.3), and using the

assumption of opposite positions, we can rewrite wealth as:
Wy = Bi+a (Y —pi)
n
= B} +2a0’x} (31 — ZX{) ,
i=1
where the second line of the maximization problem comes from equations (|1.28)) and (|1.29)).

Note that by an abuse of notation, I use i both as a counting variable and to

refer to arbitrageur i. Arbitrageurs maximize their expected utility of wealth, thus:

U (Bé + 2a0°x! <51 — ZX{))]
i=1

SN v Ny N iy i N i N i -
We can write ) " | X7 =>"" | X{+> "o+l =" oy +>.", 27+, where —i denote

all arbitrageurs but arbitrageur ¢, and solve for the zero of the first-order condition for each

Ji = max[E
xi
1

arbitrageur i:
n
22 + E x" = s — E x, t=1,...,n
—i i=1

n n
thus,le%—g r] = sl—E zh, t=1,...,n
i=1 i=1

Stacking the n equations together and using matrix notation gives:

Ani’l = (81 — Zl’a) H,
i=1

where A,, is an (n,n) matrix with 2’s on the diagonal and 1’s elsewhere, #; is a (n, 1) vector
of trades, ;' = (x1,...,27) and I is the identity matrix. We can then use Lemma [3[ to find

A1 invert the system and get the equilibrium trade at time 1,

P 51— 2%
1‘12710,2:1,...,77, (130)

Then, plugging equation ((1.30]) into (1.28) and arbitrageur i’s objective function gives the
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equilibrium price and value function in the time 1 subgame:

no i
251 — Ei:l )

n+1

(51— 21 x(i))Q)

p} = Dy —ao

Ji = wul B+ 2a0?
! ( 0 (n+1)2

Similarly, plugging the previous expression for p?' into (1.27) gives the local investors’ equi-

librium certainty equivalent in the subgame:

2
ao
CE, = Ey+Yopi +Yi(D1—p1) — 7(5/14-31)2
ao? (s — S 2t)’ s — > @t
— E Y, =10 o 2 =10
0o+ Yop1 + 5 (n+1)2 e

with Ey = E_1 — xopo + So€1 = —XoPo + So€1, for simplicity.

Time 0 - local investors

Going backward and using the expression for their certainty equivalent and for Ej, the

A investors’ problem is:

ac? (s; — 3. 2i)? sp— > . al
Vo =max—Eexp | —a | —yopo + Yop1 + (51 =2, 20) — aazsll—Z’O + Sp€1
Yo 2 (n+1) n+1

Hence, evaluating the expectation,

PR g 2
Vo = max —exp —a (—yop0+Yo(D—a<72 1= 2 0) — (Yo—l—so)2
0

y )
exp—a ao® (s1 — 3, 5523)2 _ ac® 81— 35,7
2 (n+1) 2
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From the first-order condition,

n+1
ie.py = D— a0251;—+21i1’6 — ao’sy + ac? zl: x, by market-clearing
ie.pg = D—ac? (80+nil)+21iaa2;x6
By analogy, pOB = D+ ao? (SOJrnjil) —ZiiaaQZ:xg
where T also used the fact that z! = b A= —a:i’B for the last equation. The spread between

A and B is thus

S1 n—+ 2 i
AO :p?-pé:QaUZ <80+n+1 —n—HZLE[))

Time 0 - Arbitrageurs

Using this expression for Ag and Bi = B' | — 3, _, p 25" pk = —20A¢ (again I assume

that B®, = 0 for simplicity and wlog in this setting), arbitrageur i’s problem is:

i\2
Jé = max —Egexp —b 2&0’21’6A0 + 2&0’2M , with Ay =
) (n+1)

2
= max —exp —b <2a0 <so + o1 e Zx()) +2aa ( _'_21)920) )

Zo

From the first-order condition,

w22 (Sae) = (e S

o422, n?43n < N n—1
ie. x b = So+ ——=95
p 0 (n+ 1)2

Stacking the n equations together and solving for the equilibrium using Lemma [3] T get after

some simple algebra:

) SO 1 Sl . 3 4 2 3 2
rh=—+ ——-—, with ¢, = n-tdn”+3n+2
° on (n +1)% bn i (n+1)*
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The equilibrium quantities for z¢, Ay and A; follow from plugging x, into (1.30) and the

price schedules. m

Corollary
This result is proved in the proof of Proposition [I}

Corollary

Proof. If sy = s; = s, then after some algebra, we get:

4n? +6n +4
Ao = — 2 s
n?+4n® +3n + 2

RO,n
n+2
= S
p3+4n2+3n—|—2

-~

Ay

Rl,n

Clearly, for any n > 1, Ag > A; > 0 = A,, and % < 0 (t=0,1). Further, ﬁ—é = #@i% is

decreasing in n and lim,A; = 0(t = 0,1).

In the more general case with sg, s1, lim,, .o ¢, = 0 implies that Ay and Ay converge to

0 when n becomes large. =
Corollary
Proof. The first comparative statics is straightforward.

For the second part of the result, note that A; < 0 iff 51 < %so = a,5y. The

RHS is smaller than s( for any n.

I now calculate the first derivative of A; with respect to n:

0 <<n+q)¢n> ot 20 P —dn -2
on - (n® + 4n2 + 3n + 2)°
and 0o, _ 0%+ 6n° + 200" 4-46n° + 37n* + 16n + 2
on (n+ 1) (n® + 4n2 + 3n + 2)°
Hence % > 0 & Kpso > 51, with Kk, = — +gs;f§§;&";; %f&ﬁ’rlén —- Clearly, x; < 0 and

Vn > 2, 0 <n®44n° +6n* — 9n? — 12n — 2 < n® + 6n° + 20n* + 46n3 + 3% + 16n + 2,
thus if n > 2, k,, €0, 1[.
m
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1.6.3 Risky arbitrage
Proposition

Proof. At time 1, the problem is similar to the risk-free arbitrage case. From the proof
of Proposition [T} recall that:

A 251 = D iy T
— D, — 2l Z4i=170
P1 1A n+1
n i\2
Ji = u| B!+ 2ac? (51 = 20 7o)
! ’ (n+1)
2
ao
CE, = E0+}/bp1+Y1(D1—P1)_T(Y1+51)2
ao? (s; — " ai)? S — > Tk
— F Y, =10/ 2 =10
o+ Yop1 + 5 (n—|—1)2 ao 51—n+1

Hence, after rearranging terms,

n 7 n i\2
CE, = Ey+Y, (D + aaQ—Zizl aso) + aaQ—(Zizl %2)
n+1 (n+1)

Y n 4 2n+1

2 0 i 2 2

— — E — _— 1.31
e (n—i—l n+14 %) “ 2(71—1—1)281 (131)

with EO = —YoPo + So€1-

Time 0 - local investors
At time 0, the local investors in market A solve the following problem:

Vo = max E*v [—exp (—a (CEY))]
Yo

B [—exp (—a (CEy))] = —exp

n ) n N2
- (—yopom (b oSt +<Z_>>]

n+1 (n+1)°
2 Y, ot 2 1

e [exp<_a(_£(yo +SO)2_a0281< 5 _nzlx%>_aa2 ol ng
2 n+1 (n+1) 2(n+1)

By Lemma , and setting —A = &202%, B = a*0? (anl - ?Elg)?), =35 and 02 = 2},
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we have:

E [exp (—As] + Bsi)] = ra?exp {LC]

2
Yi » Y
with ¢ = a'o’z} I 5 ng +251a%0° L —
n+1l (n+1) n+l (n+4+1)

and r, = 1—a“c"z

Thus investors in market A solve the following problem:

1 S (> 20)?  ac? 9
max —7rq 2 exp —a | —xopo + Yo | D + ac? S0 ) 4 qo? =200 Yy +s
1 a p ( 0Po o( n+1) (n+1)2 B ( 0 0)

34,2 Y, i\ 2 22 Y, o 9 1
.exp—a(—aa%( 0 nzlaso) _ao 31( 0 nzzx0+ n+ )231>

2r, \n+1 (n+1)? re \n+1 (n+1)? 2(n+1

The FOC yields

S xh N adotz? Xo ny.. xd ao?s;
D+ ac? =20 — ao® (Xo + 80) — — ! - =
n+1 (Xo +50) (n+1)ra \n+1  (n+1)° Ty Po
By market-clearing: Yy = — Y. @, since 29 = X, by the assumption of zero net supply of
the asset and that arbitrageurs do not initially hold the risky asset. After regrouping terms,
this gives:
= D —ao? — —— (14 ¢, ! 1.33
Po ao (80+(n+1)ra)+agn+1( +¢)Xi:$o (1.33)
22,2
with ¢, = LA
(n+1)"r,

By symmetry, the price schedule faced by arbitrageurs in market B is:

_ 5 '
e =D +ac’ s+ S —a02n+ (14 ¢a) Y (1.34)
(n+1)r, n+1 -

Arbitrageurs’ problem at time 0
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Arbitrageurs’ value function:

Jo = maxE {u <Bé + 2a0251(_—m)]

) n+1)>°
‘ —2 )2
= max—E |exp—b | x{A¢ + 2a0°" 512250+ (0 %) (1.35)
) (n+1)°

Using Lemma 3] T get

n+1)° " (n+D2
1 8a2botz2 (3. i)’ 51
r, 2exp—b| — Lot 07 4ac® g —5 1.36
b P ( (n+1)"r, (n+1)° Z 1) (1.36)

From equations ([1.33)) and (1.34)), T get Ay = 2ac? (so + (n+1)ra - Z—ﬁ (1+¢a) D, 966) De-
noting Ay = 26%, and using equations (L.35) and (1.36)), and rearranging terms gives the

value function stated in the proposition. m

Corollary
Proof. Direct from Proposition[2 m
Proposition

Proof. Using Proposition [2] the first-order condition gives, for all ¢ € {1, ...,n}:

st — M2 (Z$O+x0>+2(1— )(Z‘/’”0 P T

(n+1)r, n+l n+1)7?  (n+1)7°n

Stacking the n equations together and using Lemma 2] to solve for the equilibrium, gives,
after some algebra:
o 251

. So -+ 5

i (n+1)7“a (n+1)2ry

. 1.37
O b, + (n+2)¢, + 2ndy ( )

Note that the facts that 1 — ¢, < 1 and ”+2(1 + ¢q) > Zﬁ > 1 ensures that the maximand

is concave in x{), which guarantees that the optimum is a maximum.

Using equations ((1.33) and ([1.37]), one can get the equilibrium price of asset and the
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spread between assets B and A:
Z i n s & 51 25,
Ty, = — —
- 0 A1 (n+D)re (n+1)2n

S1
i = D-art (s ) oot

n -+ 2 ;

= p64 = D- a02<13a50 — aa2¢aﬁ — 2&02 (1 — q)a) ﬁ
a b
‘ n(n+2)
th®, = 1—-————=(1 a
b (n+1)d( + %)

d = ¢n+(n+2)¢a+2n¢b

n(n+2)(1+ ¢,)
(n + 1) (an + (n + 2) Oq + 2n¢b)
D2 | (n+2) ¢ + 20 (0 + 1) ¢y

(n+1) (o + (n+2) ¢ + 2n¢y)

Note that &, = 1-—

The second equation follows from the definition of ¢, given in Proposition[2] Since (n + 1) ¢,, >

TLQ T
nn? P, € [0,1]. =

Corollary

Proof. From the expression of | given in Proposition ,

(”+811)27“b
(bn + (n + 2) ¢a + 2?”&(251)

Oy _ 0 | 0+ G L9
Ob  Ob | b+ (n+2)dg + 200y ob

I first calculate the second term in brackets.

First, note that (n + 1)%r, = (n+ 1)*+ 4abo?2?
51 51 : _ (nf1)?
Th th f(b) = 5=
R A T A () T = a3
0 1 1 dao?z} 1

: -
0b (n+ 1)27“b

- N _4ab2022f 1+ f (b>]2(1,38)

(4abo?22)* [1 + f (b)]?
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e A T W N )
Second By = (1+f<b>> A+
. Lo (1) f(b)
Noting that f'(b) = “PdatZ T b
. O0dp f(b)
SIVES o = b+ f (O (1.39)

Hence, using equations (|1.38)) and (|1.39)), and the notation d = ¢,, + (n + 2) ¢, + 2n¢y, gives:

S1

0 i _oam[ ____d anf (1)
b o+ (1 +2)but2mdy B[ 2o [+ fOF B[+ fOF (0t 1)7n,
_ S1 2n
T o[+ f () (“ 7) (140

fo)  _ 1
b(n+1)2 ~ 4ab?0?

The second line follows from the fact that . I now turn to the first term in

brackets:

2n¢, <50 + Gt ) 2nf (b) (so - ﬁ)
- 5 = — 5 (1.41)
d bd? [1+ f (b)]

2 So + (n+1)r
On + (n+ 2) Qg + 21y

2
Comibining equations (1.41)) and (1.40), noting that @ = 427;;;1222 and rearranging terms
1

gives:

oz 1 9 < 51 ) _ ( 2n>}
= —n(n+1 b 5 (d+
o 2abe?2[1+ f (D)L [ n(n+ D7 (st Gy, ) T b

The rest of the corollary follows immediately. m

Lemma (1]

Proof. The result follows as a limit case of two lemmatas:

Lemma 4 It holds that:

i) The sign of 66—326 is independent of b.

ii) If n <2, d+ i—z — n(nH) > 0 if a®c?2} is small enough. Thus, in this case, abo >0 s
equivalent to i—; large enough if so >0, and is always satisﬁed if so < 0.
iii) If n > 2 orn < 2 and a®c22?* is large enough, 22 > 0 is equivalent to % small

S0
enough for sy < 0, and is never satisfied if sq > 0.
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w) 5 6% >0 = 68;20 <0.

Proof. Recall from Corollary [f] that

81'6 . 2 51 _ 277/
b —m{—n(TH—l) (50+ (n+1)ra) + 5 <d+ Tb):|

1
2ab20222d2[1+ f(b)]?
parenthesis. Given that d = ¢,, + (n + 2) ¢, + 2n¢y, the terms in b are given by

with k =

Hence the sign of the derivative depends on the expression in

on 4dabo?2? n
ngy+— = o4
Tp (m+1)"r, T

2n 4abo?z? 2n
= — |1+ —s | == 2n
T (n+1) T

This proves i).

As a consequence, one can write:

d+—

3
2n n(n+1) bt (14 2) du n(n+1)+2n:¢n+2n+(n+2)aJz%—n(n—l—l)
Th Tq Tq (n+1)>°r

Developing and rearranging the terms,

d+2n nn+1) 3n3+8n2+5n+2+(n+2)aazf (n+1)3
Tp Tq (n+41) (n+1)°r
—TL4 + 572,2 4 An 1 9 _ n(6n3+18n2—214n+4) 20_2 9
_ (n+1)
(n+1)%r,
Note that if n = 1, the numerator equals 10 — 42a20221 From Assumption 1, a202,z% < 2

Hence, d + 2% — "("“ > 0 iff a (or 02 or z7) is small enough. The same applies if n = 2. If
n> 2, —n*+5n? —i— an +2<0, thus d + 32 — "(nH) < 0. ii) and iii) follow.

Finally, I compute the second derivative of z}, with respect to b:

0% _2n:§§1 — K}, <—n (n+ 1)2 <so + (n+1) ) +5 <d + i—f))

ob? K2

: / _ 2,22 72 2 _ (n+1)?
It is easy to see that r; > 0. Recall that k = 2ab’c°27d” [1 + f (b)]°, with f (b) =

dabo?z3 "

V2 [1 + f (b)]” increases with b. Further, d® and r, increase with b. Hence, s increases with
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b. Given that Bmo >0 & —n(n—l—l)2 (50—1-(715%) + 5 (d—i— i—?) >0, aa—gif) > 0 implies

0?2 aco
2

< 0. This proves iv). =
Lemma 5 Define the expected return of arbitrage ro; = E [ﬁ—; — 1] , then if

%Zl =0 then Oroa
’ 0b

50 >0

5 > =
L= ?ﬁ(l‘i’ﬁba)*

1
(n+1)rq

Proof. Recall from the proof of Proposition (3| that

Ay = 2a0?
0 “ (n—i—l)ra

2a0° i
Ay = 1 <51 —Z:c[,)
Thus using the definition of 7 ;:

Oro1 oz 51 n+2 .
b > — ,L
ob 0 < Z <S n—l—l)ra) n+1(1+¢a)zi %o

n+2(1+¢) oxh 51— Y, xh
n+1 ¢

oz 51 n+2 _
o E — + + ¢ >
— 0b ( %0 (n+1)r, n+1(1 a)sl)_O

(2

S n+2
So + L (1+ ¢a) Zx()]

>
ob n+1 =

Note that n+2(1+¢a)— L — (n+2) (n+1)"ry + a0z} 20> + 4n 4 3) — (n 4+ 1)°
n+1 (n+1)r, (n+1)7’
o+ 1)?— (n—1)a20%2
B (n+1)°r
Thus ™2 (14 ¢,) — ﬁ >0 & a?o?f < "(2%)2 Note that (;:if < n(Zi)Q, hence
Assumptlon 1 implies that 242 (1 + ¢,) — m > 0. Therefore if 88—:]655 > 0 and 5, >

———2———, then the derlvatlve is positive . m
1 (1H9a)~ Grgyg

The results of Lemma [I] obtain by taking sy — 0 in Lemmata [4] and [f
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To plot Figure|1.10} I calculate E (A;)—Ay. The following lemma gives two useful results:

Lemma 6 When sq — 0, Ag > 0.

Ifn <2, E(Ay) [s5—0 >0

~ 2ano*[(n+2)(1+¢,) —1] (1 2 5
Vn > 1, E(A; — Ao) |s—0 = (n+ 1)2d <E - m> .

Proof. The first result follows taking the limit of Ag given in Proposition[3| when sq — 0.

For the second result, let’s start from equation (|1.20)):

2002 n n n+1 2
E(A) = ——So+(1— R— 5
(A1) n—i—l[ d” ( (n+1)2d< Ta Tb))&}

We can prove that 1 — W (”T—tl - E) [0,1] when n < 2. Let’s show first that 1 is an
upper bound. Skipping some lines of algebra, I get:
2 dabo?z?  2(2 1
- n N n2 1 o dabo’z (n+2)<n_1
(n+1)dry  (n+1)"dr, n+1 (n+1)

n 2n
i Ddra T (nr1)2dn

(n+1)2 ntl 2 . . . a’o?2? 4abo?2?
Sd > mE == Given that d = ¢+ (n + 2) o+ 2ndy = ¢+ (n + 2) it T2 e

The second inequality is always verified. Second, 1 —

> ( is equivalent to

the inequality is equivalent to

(n+ 1) ¢, N (n+2)a*0?z —n(n+1) N 2 (1 + 4abo?23)

5 >0
n (n+1) T (n+1)"r

The third term is clearly positive. Thus it is sufficient that the sum of the first two terms is

positive. Using the definition of ¢,, the sum of the first two terms is equal to:

(n+1)° ¢nra + (n+2) a20222 —n(n+1) B
nre

34 4An? +3n+2) (1 — 2255020222) + (n+2)a%0222 —n(n+1
(n+1) ! !

nrg
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2 1) (n®+4n? +3 2
The numerator is  n® + 3n® + 2n + 2 + a®0°z} (n—|—2—(n+ ) (0" + n2—|— n >>>0
(n+1)
s 0o  (M+1)7 (P +3n2+2n+2)

= <
Goa 2n (n3 4+ 4n2+3n+1)

(n+1)2(n3+3n2+2n+2) (n+1)2 (n+1)2(—n3+n2+3n+2)
Note that 2n(n34+4n2+3n+1) T 2n+1 T 2n(2n+1)(nP+4nZ3n+1) "
positive for n = 1, and n = 2, and negative for n > 2. Hence for n < 2, Assumption 1

implies that 1 — @ +71‘) ot " Jj;é > 0, which implies that E (A;) [sy—0 > 0. =

This expression is strictly

Finally, I calculate the expected change of the spread E (A; — A) using equations (|1.19)
and (T20):

2@ = 2t [ (1o o ) - (i e )

2a0 ((n+1)d+¢)a) S0

Recall that &, =1 — W, we have:

2an02[(n+2)(1+¢a)—1](1 2 )
(n+1)°d ro  (n4+1)r

E (A1 = Ag) [sg—0 =

Corollary [6]
Proof. From the expression of the equilibrium spread ((1.19)), %—?10 = 2a0? [(nff)ra + (Qn(:;};‘;)b] >
0 since ®, € 0, 1[. Similarly, from equation ([1.17]),

oz 1 1 9
== — - . h — 2 2
=i <n+m%)’“td On (1 +2) 60 + 20,

Replacing r, and 7, by their expressions, and rearranging terms, this simplifies into:

. dabo? 22 2.2 2n+1
az n—1+ P 1+2a021ﬁ
agfo = = d (1) > 0, for any n > 1
S1
|
Corollary

Proof. Since both the denominator and the numerator of = depend on z%, T first

calculate the derivative of each part. Starting from the expression of the equilibrium trade
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z} given by (1.17)), and the definition of 74, ¢4, 7, and ¢, given by equations ((1.15) and
(1.16), we get:

Ora _  pge 20+l . 094 _ ao® (n+1)°ri + a®o® ato?s] a0
o m< L oat (n+1)*r2 _(n+1)27‘3>0
Ory dabo? o,  dabo® (n+ 1)*r, — (iﬁ)?;—ﬂxabcﬂz% 4abo?

Wi >0, — _ »

o4 (n+1)° 04 (n+1)*r} (n+1)%r7

This implies that the derivative of the numerator of z, is:

351 251

9 (n+1)rq o (n+1)27~b _ S 87“;1 B 2 87’;1
022 n+1{022 n+10922
51 | (2n+1)ac? 8abo?
n+1 (n+1)2r2 (n—l—l)grg

Similarly, the derivative of the denominator of x}, is:

O (fn + (n+2) ¢g +2n¢y)  (n+2)a’c? 5 4abo?

+2n
022 (n+ 1)2 r2 (n+ 1)2 r2

Thus combining both derivatives and using the notation d = ¢,, + (n + 2) ¢, + 2ney, 1 get:

. ds; | (2n+1)a?s? 8abo? | 5125 (n+2)a?c? 4abo?
8126 _ntl (n+1)?r2 + (n+1)3r£ So + (n+1)rq (n4+1)%rp (n+1)?r2 + 2n(n+1)2r§
0% d?

1

Thus 2% > 0 iff
1

ds;
n+1

2 2 2 s _ 2 2 2
(2n+1)a’c 8abo ] > (So+ 51 ((n+1)m 2ra)) ((n+2)a o 4abo )

+on— 0
(n+ 1)2 r2 (n+ 1)3 r? (n+ 1)2 Talh (n+ 1)2 r2 (n + 1)2 r

Now let’s consider the limit case where arbitrageurs become risk-neutral, b — 0. The

previous condition becomes:

8x6>0 o

d*=%; (2n + 1) a*o? - N 51 (n+1-2r,)\ (n+2)d’s?
s
03 = nt1l (n+ 1) ’

(n+ 1)2 Ta (n+ 1)2 r2
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Since d*7% = ¢,, + (n + 2) ¢,, we can rearrange terms and get:

Hb_ﬂ)aﬂ N <@n+rm@ﬁwn+m¢g_n+1—2m>§25

023 ~ (n+1)(n+2) (n+1)%r

S}

N

2 2
After a simple calculation, T get © > 0 iff a®0%2} < ¢, = (Z:ﬂ (”+1(Zfiq;“(;)71¢:;;g:i;i’g+l)

2 2
(”’Ll()n(ﬁ;ré)n‘b:;;gﬁ;i’?l) (721:;&)1 . Hence there are two cases:

Clearly,

< 1, thus ¢, <

o If ¢, < a?0?2% < (Zf)l , then © < 0 and 4 <0

o If 0 < a?0%2? < ¢, then © > 0 and gﬁ;;l > 0 iff s > 07l
1

In the result, I use the notation 6,,, = S

To derive the comparative statics of the spread, I start from the expression of the spread

schedule ([1.14)), and get:

OA 0 <30 Tw > 2 o> p ba
—20 = 2a0? (2 H) -t (1+ ¢a) (22:21 “0) S, Z 92
027 023 n+1 027 n+1<= 23
When b — 0, this gives:
dsy 2 .2 _ 2n+l1 51(n+1-2ry) \ (n+2)a0?
AN 2n+l 5, nt2 190 Gy (30 + i > (n+1)%r2
2 3 ,40 51— ( + ¢a) 2
0z (n+1)°r2 n+1 d

51(n+1—2r,)
o n+2 a*e? M (50 - 1(n+1)§7‘a )

n+1(n+1)%r2 d

After rearranging terms, I get:

HA 5 1—2r, ,
_20 = aa’c?5, + pfa’c? (so 3 (n+ 5 T )) , with
9z (n+1)
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2n+1 (n+2)(2n+1) 2n+1  [n®+2n’+n
@ = 3 5 1 (14 ¢a) = 1

(n+41)"r2 (n+1)"r2d (n+1)"r2d n+1
(n+2)2(1+¢a)_ n(n+2)

(n+41)%r2 (n+1)*r2d

+(n4+2)(n—1)¢a| >0

2
— —(ni;grg)d (n+2)¢p —n+¢a (n+2) (¢ + (n+2) ¢ +n+2)
¢ >0

Hence with « and ( strictly positive, the derivative is positive. m

Corollary
Proof. Follows from Proposition [3} =

1.6.4 Entry

Simultaneous (free) entry

Risk-free arbitrage Proposition

Proof. From Proposition [I} I calculate the arbitrageurs’ certainty equivalent in equilib-

rium. Skipping a few lines of algebra, this gives, assuming w.l.o.g. that B = 0:

CE(Z) = 2&0‘2 [WOSS + u)18% + WOJS()SJ
. n* +3n3 +6n% +5n + 2
with wy = 5
(n® +4n? 4+ 3n + 2)
AnS + 14n® + 21n* + 2202 + 2102 + 14n + 4
w _—
! (n+ 1) (03 + 4n2 + 3n + 2)°

2nt +5n2 +8n% +3n+2

Wo,1 =

(n3 + 4n2 + 3n + 2)°

_ TnS+428n5454n* +66n34-55n2+30n+8 : _ _
Note that wy+w;+wp 1 = (nE D2 (B dn? 31 2)? = 7,. Thus assuming that sp = s; = s

and s ~ N (5, 2?), we have by Lemma [3| (with “B”= 0):
exp |- 25z |

—E (exp —2ab027rn52) =— -
(1 + 4abo?22m,,)?
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Let us denote § = —2abo?n,,.

_ exp (% + b]>

Fio 1.42
0 V1 — 2022 ( )

J must be compared to the payoff from the alternative, which consists in doing nothing and
brings the agent a utility of —exp (0) = —1. To see that J is decreasing in n, note that J is
decreasing in 6. Since 6 decreases with 7, and 7, decreases with n, 6 increases with n, i.e.

J decreases with n. m
Corollary [9]

Proof. J decreases with I, hence J° decreases with I. Since 8 = —2abo?m, increases
with n, n* decreases with I. Since J increases with 3, the same logic applies and n* increases
with 5. Further, 6 decreases with a and o2. Since J increases in both a and ¢2, J~! also

does and therefore n* increases in a and o2.

The comparative static with respect to z requires to calculate the derivative. Using

equation ((1.42), and noting that

052 _
e 26°5°

92> (1—2022)

~. 2025%\/1-2022 032 0 035>
a‘](l) _ (1720,22)2 exp (1—29z2> + V1-2022 eXp (1—29,22)
02 1— 2022
052
Y (1—2022> 20232
- (1— 2922)% 1 — 2022
Hence ?)7@ <0 < 1%050522 +0>0 < % +1 <0, because 8 < 0. This is equivalent to
—1 1
2 2
22> =
— 20  4abo?m,

The condition is satisfied if a or b or o2 are large, or if m, is large, i.e. if n is small. Since .J
decreases with n, n* decreases with z if @ is large enough. 6 is large when a or b or o? are

large or n is small. m

Corollary
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Proof. ¢, and v, are given in Proposition . It is easy to see that they are decreasing

in n. Since n* is increasing in a, ¥,,« and ¥,« are decreasing in a. W

Risky arbitrage

Proposition

Proof. To

calculate arbitrageurs’ certainty equivalent in equilibrium, recall from the

proof of Proposition [3| that

i
Lo

)
2
7

Ao

with @,

Thus, skipping

CE, =
with mq

™

To,1

so (m4+1)r,—2r,_
d (n+ 1) ryrpd
n n(n+1)r, —2nr, _
= =S+ 5 S
d (n+ 1) ryrpd
(n+1)ry®, + (1 — D) 2r, _
5
(n+1)*ryr '
- nn+2)1+ ¢,
n+1 d

= (I)as() +

some tedious algebra, arbitrageurs’ certainty equivalent is given by

xéAo + (1 — o) (3, %) — 51 <2 Zw% — 31>

(n+ 1)2 (n + 1)2 T

2 2 -
TSy + ™18 + To,15051

= &4 - 7 1.43
d (n+1)2 d? ( )
n

(n+1)2 ¢, —nn?+2n+2)+n+1) (n+2) s +n(2n2+2n+2) ¢,

(n+1)%d2
_ [(n+1)7"b—27‘a]2 [ M}
(n+1)* r2r2d? ¢ (n+1)°
(n —: 1) Ty — 27, 1

— 2(n—-1) (nt 1) rar2d | (nt1)r (1.44)

alp b
_ 2[(n+ 1) — 2] n 1 2(-1)
- (n+ 1) roryd [ ot (n+1)? d} (n+1)2ryd (1.45)
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Therefore at time 0 arbtrageurs’ equilibrium utility is
_1
2

J = —1, 2 exp (—2@1)02 (Wosg + 187 + 7To,180§1))

_1
= —r, % exp (—Qabazmgl) exp (—2ab027r03(2) — 2ab027r07150§1)

Hence assuming that sy ~ N (5, 22), and using Lemma [3}

2a2 b20'47r3 15% zg +30 <72ab0'27r071 51—2abo?mg 50)
exp - >
1+4abo?mozg

E_q |exp —2abo?mys? — 2abo?my 1505 =
' |: ( om0 o0 1)} 1+ 4&[)(727102(2)
2 2.2

= = = 2
. 280(71’0’181-1-7r080)—ab0' T5,15120
exp ( 2abo 1+4ab027r0z3

1+ dabo?myz3

This implies that arbitrageurs’ expected utility at time -1 (net of entry cost) is:

A 1+2777r02()
Ji—  with = 2abo?  (1.46
0 \/rb (14 2nmz3) 1 ( )

1.6.5 Gradual entry

Proposition [6]

Proof.
I start with the oligopoly case ( n > 2). The proposition is based on the following three

results.

Proposition 7 Arbitrageurs accommodate entry iff p < p. There is no accommodate equi-

librium if p > p*© > p. The equilibrium trades are:

(n+1)(n+4)
n3 +6n%+9n +6
S_Zz'x%)

n 4+ 2
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Proof. At time 1, following arguments given in the proof of Proposition [I} the payoff

(certainty equivalent) of the subgame is given by 2ac % Hence, the new arbitrageur
enters iff
)
s—) .
J 0> ! 2
(n+2)? = 2q07 P (1.47)

In the benchmark case with no gradual entry, the equilibrium trades are (from Proposition

1):

; n*+ 3n
Ty = 5 s
n3 +4n? + 3n + 2
This implies that s — Zj mé = %s. Plugging this expression into condition |1.47
shows that at time 1, if p > pP™* = Wh , it is not profitable for the new arbitrageur

to enter. Thus incumbent arbitrageurs can deter the entrant without altering their trading

strategy, i.e. at no cost.

Let’s now assume that local investors believe at time 0 that entry will occur at time 1
and that incumbents trade accordingly, i.e. assume that n 4 1 traders will be active at time
1. Following the same steps as in the benchmark case of Proposition [l the spread at time
0 is:

Ay = 2a0?
0 aog n+2

3
so+ o n Z%]:Qaa

s—Zxé] , with sp =51 =5
J
Hence incumbents solve the following problem:

OEi,acc ot 2
02 :max 1 S_Zxo szO)
2a0 i (n+2)°

o

Solving for the first-order condition:

n+3
Vizl,...,n, ol —l | - ——— | s— xy | =0
( Z ’ O) <”+2 ( Z O)

Collecting the n equations and stacking them together in vectors, and applying Lemma
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gives the equilibrium trade:

(n+1)(n+4)

i

T =
O n34+6n2+9n+6
As aresult, s — > xé.: %s, and the anticipation that the new arbitrageur enters

s d)?2
% >pt e p < ptt = 85 Of course, the above strategy is

is verified iff = e ionT6
a Nash equilibrium only if the entrant can commit ex-ante to enter no matter what. Since
it is not possible here, we must take into account the possibility for arbitrageurs to deter

entry by deviating at time 0. When p < p?“, the incumbents’ certainty equivalent is

32 (n?+5n+5
(n+3)" (n"+5n+ 2)325M32 (1.48)
(n? 4+ 6n% 4+ 9n + 6)

i,acc
CE =

Since each incumbent is pivotal, a deviation by one incumbent arbitrageur can deter the

new arbitrageur from entering by reducing the available rent at time 1. In this case, the
(=%, xfﬁ)g
(n+1)
incumbents (indexed by —i) trade z;* =
2(n2+5n+5)
BrenZroni6°"
n>+6n<4+9n+-6

. To analyze the deviaton, let’s assume that n — 1

(n+1)(n+4)
n34+6n24+9n+6

time 1 payoff changes to 2ac?

s (“accommodate”). This implies that

55— ), .Tg t = A deviating incumbent thus solves (holding local investors’

beliefs fixed){”|

i,dev,acc —1 i)2
CE! n+3 L) - 1)
———— = max To|s— Ty — g | +

2a0? o n+2 (n+ 1)

(S_Zz‘xé)2< 2 (1.49)

Ignoring the constraint first, and solving the maximisation problem gives:

xi,dev_ n3+5n2—|—5n—1 S_ini B (n3+5n2+5n_1> (n2+5n+5> .
O 23 +5n2+6n+1) — "0 | (n® 4 5n2 + 6n + 1) (n® + 6n2 + 9n + 6)

One can check whether by deviating to this quantity, an incumbent deters entry: in this
i i (n®+5n24n+3)(n24+5n+5)
case, § — Z*i Lo —Tp = (n3+5n2+6n+1)(n3+6n2+9n+6)
(n®+5n2+7n+3) (n?+5n+5)
n+2)(n34+5n2+6n+1)(n3+6n2+9n+6)

acc acc A __ n24+9n+9
[07 p [7 and P P = (n42)(n34+5n2+6n+1)(n3+6n2+9n+6)

s and therefore the no-entry constraint is

satisfied iff p > ( s = p. However, we are considering the interval

< 0. This means that to deter entry,

32Gince I assumed that p < p?°°, the only potentially optimal deviation is to prevent entry. Without the
2(n2+5n+5)

5 ren ot S by definition.

constraint in the maximisation problem, the solution would simply be z} =
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the deviating incumbent must trade mé’de” to meet the no-entry constraint (|1.49)), i.e. such
that:

i i,dev 2
i ,
(5 — > Ty — Ty )

(n+2)°

<p

Assuming that s — 3. 25° — 25" > 0 (which will be true in equilibrium), this amounts to

i,dev —1
zg 5=y,
n+2 > n+2 ) .
arbitrageur chooses 5" = s — 3 _a5" — (n 4 2) (p — €), with ¢ > 0 and small, i.c.

— p. Since it is suboptimal to increase his position too much, the deviating

, 2(n2+5n+5)
1,dev

phaer — _ 2N (p —
0 n3+6m2+9n+6 (n )( 6)

We can thus compute the payoff from deviating. Skipping a few lines of algebra, I get:

CEge (n+2)(n®+5n2+6n+1) ,
© 2a0% (n+1)?
2(n+3)(n*+5n+5) 2(n+2)(n®+5n*+6n+1)
( n 4 6n+n+6 (n+1)° e)p
(n+2)(n*+5m*+6n+1) , 2(n+3)(n*+5n+5)
- (n+ 1) T T B reniton+6

We can derive the condition under which accommodate is a Nash equilibrium in rational

expectations by comparing payoffs:

—1 Eev,acc
2a02 (OE&LCC - OB ) o > 0& ap®+ap+az >0
with @ = (nH2) (0’ +50° +6n+1)
1 (n+1)°
Gy = _2(n+3)(n° +5n+5)
C n3 +6n% + 9n + 6
a (n+3)2(n2—|—5n+5)82
’ (n3 + 6n2 +9n—|—6)2
. .. 2 . (n+3)2(n2+5n+5> < ‘
The discriminant of a1p” + agp + a3 is A = As? with

(n346n24+9n+6)2

- 2) (n? 2 1 2
A:(n2+5n+5)—(n+ ) (n +5n2+6n+ ): n+32 (1.50)
(n+1) (n+1)




70 CHAPTER 1. DYNAMIC STRATEGIC ARBITRAGE

There are two positive roots p; and po, with p; < po, given by p; = _wiVA — 5 and
P P P P2, 8 y P 2%, = P
= %E. After some simplifications, I get:
n+3 (n+1)° (un — \/Aun> (n+1)° —V Aun)
ﬁ — S = pacc (1 5_L}
n3 4 6n?+9n+6 (n+2) v, (n—|—2
n+3 W+1VQM+ A%> (n+12um+VA%)
= = p*° SRR
P2 n3 +6n%+9n+6 (n+2) v, T (n+2)v, =’

with u, = n>+5n+5
v, = n*+5ni+6n+1

; _ ace(m+1D)’un (n+1)%un,
It is clear that py > p, = p CEEy Further, the fact that for all n > 2, e 1,

implies that py > p®.

Regarding the position of p relative to p®*, note that V(a,b) € (R+)2, with a > b,
a—b— \/a (a—0b) =+va—>b [\/a —b— \/5} < 0, as the square root is increasing. Rewrite
A =u, — 22,4, and apply the previous result to the thresholds:

(n+1)
(n+ 1)2 (un — Aun)
p< P & <1
p=r (n+2) v,

n+2 ( n+ 2 )
S Uy — 73U <Y Up | Up — 3 Un
(n+1) (n—l—l)

The previous inequality holds. Thus incuments accommodate iff p < p < p?“. Note that for

P > pPace, the payoff from deviating will always dominate the payoff from accommodating,
as can be seen from Figure m The constrained part of CE;™"* is above CEG™ when
p > p™ because the function is still increasing after p for some time: the peak of C Eg%"

is p" > p

@¢ > p. This can be verified by direct calculation. m
Proposition 8 If p > p"™*, arbitrageurs deter without altering their optimal strategy. Equi-

librium trades are as in Proposition 1], with sg = s; = s.

bmk

If p < p"™*  arbitrageurs deter iff p > p, with p > p. Arbitrageurs must alter their

trading strateqy as follows:

, 1
Vi=1,....n, 25 = —[s—(n+2)p+e, e>0ande=x=0
n
Viel.n o = S fith

n—+1
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Proof. The case p > p"™* was treated above. I focus instead on p < p™*. 1 assume that
local investors believe at time 0 that the new arbitrageur will not enter the market in the next
period, meaning that the incumbent arbitrageurs face the following schedule for the spread:
Ay = 2a0%7E2 <s -> i x%) When p < p?™*incumbents must alter their benchmark trading

n+1
i\2
(s=%; 9) 2 s
Tr2? < p7, le.

assuming that s — > ) > 0 (which will be true in equilibrium ), > x> 5 — (n+2)p.

strategies to decrease the time 1 payoff and prevent entry. x, satisfies:

Since incumbents have an interest in minimizing the deviation from their optimal strategy,
they choose the smallest quantity such that the previous inequality is satisfied. Imposing

symmetry across incumbents, this gives the following candidate equilibrium strategy:

. 1
Vi=1,...,n, 25 =—[s— (n+2)p+¢|, with € positive and small (1.53)
n
The objective function of arbit s CEY sy, o208 (s Y af) 4 LX)
e objective function of arbitrageurs is =27~ = max,s g (s i o i
Plugging the strategy (1.53) into the objective function, and skipping a few lines of calcula-
tion, I get:
CEL™ n2+2n+2)(n+2)7° , | (n+2° 2(n2n+2)(n+2)
= — S €
2a0? n(n+1)> n(n+1) n(n+1)° g
2 244 2
nt nrdndt 2, (1.54)

—s€ €
n(n+1) n(n+1)2

This is the payoff from deterring entrance, when local investors believe that there will be no
entry in equilibrium. Since deterring requires to alter the time-0 trading strategy, it may be
too costly for incumbent arbitrageurs. I now analyze under which conditions (1.53|) forms a

Nash equilibrium in rational expectations.

Suppose n — 1 incumbents, indexed by —i, follow the deterrence strategy and trade
25" = 1[s—(n+2)p+e]. Thisleads to s — Y . ag? = & + =00t ), n-le Thep for
0 [ ( P i o P -

T n n n
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incumbent arbitrageur 7, A deviating incumbent solves the following problem:

CEi,dev,det n+2 ; L ; (S — Z,i xal - $6)2

2002 L (n+ 2)2
’ 1
sit.oxy' = ﬁ[s—(n+2)p+e]

n i\2
2(3_21‘:1%) > T

2a0 1.55
(n+2)? (1.55)
Solving the first-order condition (assuming the entry constraint is satisfied) gives
, n3 4 6n? +10n + 6 (n—1)(n+2) n—1
6= — 1.56
To 2(n®+6n2+11n+7) o n P n (1.56)

Note xf > 0. Further, 2;° > 0 < s> (n+2)p — ¢, which is verified for any p < p'™*.

We can check under which condition the deviation leads to the new arbitrageur’s entry
at time 1. Given the construction of the deterrence strategy z;°*, it is sufficient to compare

zb and 5" In particular if § < 23", then the deviation leads to entry. Skipping a few lines

of algebra,
i i n4+6n2+12n+8 s n*4+mm3+16n2+18n+8 [n+2 €
oyt —ah = - — - —
0 0 2(n®+6n2+1ln+7)n 2(n®+6n2+11n+7) n ' n
i ; € (n+2)°s
H s gl e p— —— < plev = 1.57
CHee: %o Yo TP e S T A T 41602 + 180 + 8 (1.57)

Comparing p? with p"* shows that Vn > 1, p% < p?™* Hence if p € [p?, p™*], the
deviation does not lead to entry. Since on this interval f > z;*, the deviating arbitrageur
would have to buy x5’ —7, with eta > 0 and small. This strategy must be dominated, since it
implies a strictly lower time-1 continuation payoff (for the entrant steals some business), but
only a very small gain at time 0, relative to the deterrence strategy. Thus if p € [pd“’, pomk [,

then deterring is optimal.

If p < p, there is a trade-off between deviating and letting the new arbitrageur enter
and deterring for arbitrageur . I plug (|1.56|) into the objective function and, after rearranging
terms, I obtain the payoff from deviating for arbitrageur i:

C’Eé’dev’det (n+2)* m—1)(n+2) n—1 2

_ 1.58
2a0? 4(n+1)(n34+6n2+11n+7) o n P © (1.58)
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I now derive under which condition the strategy is a Nash equilibrium in rational ex-
pectations by comparing payoffs. Recalling equation ((1.54)), and rearranging terms, I take
e — 0, and get:

CEi,det - CEi,dev,det
0 0 > 0<:>b1,02+62p—|—b320

2a0?
2)? | n?+2n + 2 — 1%,
with b, = —nFApm At ozl
n (n—i—l) n
b (n+2? 2(n-1)(n+2)u, .
? n(n+1) n?
bs = —U—282<0
n
and v, = (n—|—2)4

4(n+1)(n3+6n2+11n+7)

After some algebra, I get the following expressions for by, by and the discriminant:

poo— (n+ 2)2 W,

' 4n2 (n +1)* (n3 4 6n2 + 11n +7)
; (n+2)* (n* + 7Tn® + 16n2 4 18n + 8)
? 2n2 (n + 1) (n® + 602 + 11n +7)
A (n+2)*A

An4 (n +1)° (n3 4 6n2 + 11n + 7)°
with w, = n’ 4 11n° 4+ 47n° + 101n* + 132n3 + 12002 + 72n + 16

_ 2)?
A = (n4+7n3+16n2+18n+8)2—m n
n+1
~ n?(Tn* +60n® 4 160n* 4 188n + 84)
B n+1
The discriminant being positive, there are two roots p3 = % =pand py = %Z with
ps > p > 0. It is possible to calculate these roots explicitly. Skipping a few lines of algebra,
I get:
(n+1) (n4 +7n® 4 16n? + 18n + 8 — (—1)* \/Z)
P3+k = s, k=0,1

Wn

(n+1)(n?+7n3+16n2+18n+8)

Wn,

Finally, I compare the roots to the threshold p""*. Note that p; >
n(n+1)(4n3+10n%—2n—12)
(n34+4n2+3n+2)wy,

Py Further, P, — prmE > 0 > 0, which is true Vn > 2. Hence
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P4 > Pomk-

Further, note that

popter (1) (nt 470 + 1607 + 180+ 8 — VA ) (n+2)°
s Wy, nt 4+ ™3 + 16n2 + 18n + 8
(n+1) [A — (n* + Tn® + 16n? 4+ 18n + 8) \/Z}
wy, (n* 4+ Tn3 + 16n2 + 18n + 8)

Then write A = a — b, with a = — (n* + 7n® + 16n% + 18n + 8)° and b = (7;;21)210,1. A >0

= a > b, hence a —b— \/a(a—b) =va—b[vVa—b—+/a] <0 (since a —b < a and VAt
increasing). Thus, p < p. Since pdev < pbmk, p< P’ Summing up, deterring is a Nash

bmk] )

equilibrium in rational expectations on [E’ p ]

Proposition 9 Vn > 2, p < p.
Proof. By direct calculation. Recall from the proofs of Propositions [7] and [§] that

(o7 o VB

= aCt

po=" (n+2)v,
< 2n+3 n+3
ithv, = n’+5n°+6n+1, A=—9 p“=
with v n° +on”+6n+1, (n_l_l)gap W L 6nZ+ 90 16
(n+1) {zn_\/Z}
and p =
P W,

with w, = n’ 4 11n° 4+ 47n° + 101n* + 132n3 + 12002 + 72n + 16
2, = nt4+ P +16n>+18n+8
n? (Tn* + 60n3 + 160n? + 188n + 84)

A =
n—+1

Hence p > p < (n + 1) p*“wy, [un — \/A_un] — Uzt VA >0 & (n+ 1) p*w, —v,2, >
(n+1) p“ccwn\/A_un — VA, Skipping several lines of algebra, I find that the numerator of
the LHS is g, = n'' 4+ 19n'0 +156n° + 72908 +2160n7 +4134n° +6107n° + 6454n* + 5254n> +
3142n° + 1172n + 192. Since u, < (n +3)%, V/Au, < CHVIES o (90D Hepee, it is
sufficient to prove that ¢, > (n + 3)* (2n + 3) w,. After some algebra, I find that the LHS
is equal to 2n'0 + 37n? + 29518 + 1330n" 4 3768n8 + 7215n° + 9423n* + 899613 + 6072n2 +

2520n 4 432 < q, for all n > 2. Hence p > p. n
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Monopoly case.

Last, I consider the case n = 1. If there is a monopolistic arbitrageur at time 0, the
equilibrium at time 0 is not a Nash equilibrium in rational expectations, but simply a rational

expectations equilibrium.

The thresholds p*™ and p®* remain the same, with n = 1. From the results of Proposi-
tion @, I get: p™* = 0.2 and p** = 2. For p > p"™*, the monopolist has no interest to let

the new arbitrageur enter. For p < p’"*, the monopolist compares the payoff from accom-

24 2
ik

from equation (1.48). If he deters, since p < p""F, he must set o} such that the time 1
pP=p 0

payoff is smaller than the entry cost for the new arbitrageur, i.e. @) = s —3p — ¢, with €

modating and deterring. If the monopolist accommodates, his payoft is CE{* = 2ac0

small and strictly positive. The payoff, for € very small, is C E* = 2a0? (—gp2 + %sp).

Given that there is no coordination problem, I compare directly the payoffs C'E§* and
CEZ, while in the n > 2 case, I was holding the local investors’ beliefs fixed and checking
each arbitrageur’s incentives to deter or accommodate. After a straightforward calculation,

I find that CE§® > CE§" < p < por p > ff, with p = 1 — 2V/5 and §/ = 1+ 20,

V747 bmk

where § = 2 N Clearly, p/ > 1 > p"™* > p®° > p. Thus, in equilibrium, the monopolist

accommodates if p < p and the new arbitrageur enters, and the monopolist deters if p > p,

with no entry. The deterrence is not “costly” if p > p"™*. m

Corollary

Proof. Using the results of Propositions[7]and[§] I get, after straightforward calculations:

2
If p > pbmk AbE = 2007 (n+2) s (1.59)
n3 +4n2 4+ 3n + 2
2 Abmk
AMF = 2q0? n 5= —"
n3 +4n? 4+ 3n + 2 n+2
+3)(n+2)
If p< p AT — 9402 " 1.60
P=£ S0 “ n3+6n2+9n+6 ( )
n + 2 AGCC
A% — 9 2 — 0
! O 6n2+9n+6  n+3
d 2 (n+ 2)2
Ifpe [ﬁ, pbmk], and € small AJ" = 2ac n—+1p (1.61)
+ 2 Adet
Adet — 2 2” — 0
! “ 1’ T e

Comparison of spreads across the three regimes
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First, a simple calculation shows that Vn > 2, Af™ > Ag* which implies that Ab™* >
Agee,

2
Second, A (p) > Adc iff (7:“2) p > ngi;i)z(f;ﬂGs = I peec. Recall from equation

1
(n+1) Aun,

in the proof of Proposition (7| that p = p* Ry . Hence A% (p) > Agee

iff v, — (n+Du, +(n+1)v Au, < 0, which is equivalent to \/A_un < ("121 . Using

the definition of A, this simplifies to (2n +3)u, = (2n43) (n? +5n+5) < (n+2)*, ie

2n® 4 13n2 + 251 + 15 < (n +2)*, which holds for any n. Hence A% (5) > A& . This

implies that A (p) > Agee.

Third, consider Af (p) — Ag™ = 2a0? (n+2) s ((HZ)(;:_\/Z) — n3+é22+jzm+6>' Hence
Adet (p) > A ff (n +2) (0 + 6n% + 9n + 6) 2,— (1 + 3) w,— (n® + 612 + 9n + 6) VA > 0.
By the definition of A, and given that (n +2) (n®+6n%+9n+6)z, — (n +3)w, = n’ +

13n°+75n54-233n* +394n3+-360n2+176n+48, this is equivalent to \/7”4+60”3+160”2+188”+84 <

n+1
n74+13n5475n54+233n% +394n34+-360n2+176n+48
n(n+2)(n3+6n24+9n+6)

check that this inequality is always satisfied after some tedious algebra. Hence Ag! (/_)) — A,
and thus A (p) — A

. Taking the square on each side and developing, one can

Fourth, it is immediate that Ag (p"™*) — A¥m* = 0. This implies that the inequality is

also verified at time 1.

Note that A% (p) is increasing in p on its interval, so that it was sufficient to compare
the spread at the thresholds p and p, Pk Figure represents A, as a function of p, and

summarizes all the previous results.

Speed of convergence

Adet 1__n+1 > A¢1zcc 1:_n+2

Abmk
Clearly, W —1= Adet BT I n+3°

n n

The price impact coefficient is +2 when p > p and +3 when p < p. Thus arbitrageurs

have a lower price impact when p § p- =

Corollary

Proof. The first part of the corollary follows from the definition of (1.61]). The second
part follows from the facts that A§™ < Ad (p) < Ag (p) and the multiplicity of equilibria

on [p,p]. m
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Figure 1.4: Trades (panel a) and decay rate (panel b and c) of arbitrageurs’
position at time 0 as a function of the number of arbitrageurs. In all cases, the
parameters are: so =1, s =5, =1, 22 =1, 0> =0.1.
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Figure 1.5: Comparative statics of the equilibrium number of arbitrageurs n* in
the risky case. The baseline parameters are: a = 2, b = 2, 5o = §; = 2, 22 = 27 = 0.5,
c?2=01,1=0.1.
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Figure 1.6: Comparative statics of the equilibrium number of arbitrageurs n* in
the risky arbitrage case. The baseline parameters are: a = 2, b = 2, 59 = § = 2,
2 =21=0502=01,1=0.1.
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Figure 1.7: Comparative statics of the equilibrium number of arbitrageurs n* in the
risky arbitrage case. The baseline parameters are: a =b =3, 50 =5, =4, 25 = 2} = 0.2,

0o2=0.1,1=1.
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Figure 1.9: Comparing entry in the riskfree and risky arbitrage cases. Effect of
a change in the volatility of the arbitrage risk at time 0 or time 1. The baseline
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Chapter 2

Market Structure and the Limits of
Arbitrage

Abstract: How does imperfect competition among financially-constrained arbitrageurs affect lig-
uidity and asset prices? I study a multi-period model in which arbitrageurs (e.g. market-makers,
dealers, hedge funds) provide market liquidity and face capital constraints, and compare monopo-
listic competition to the competitive case studied by Gromb and Vayanos (2002). I show that the
monopoly is both less efficient and less capital-intensive, as rents captured over time allow her to
build up capital. Consequently, when capital is scarce, arbitrageurs may provide more liquidity at
later stages under monopolistic competition than under perfect competition. In some cases, this
increases aggregate welfare but without being Pareto-improving. Further, when a monopolistic ar-
bitrageur has an intermediate level of capital, she may tackle the arbitrage in a way that leaves her
constrained in the future. Surprisingly, this may improve liquidity relative to a situation without

financial constraints. I discuss implications for market-making via a monopolistic specialist.

2.1 Introduction

In line with the theoretical predictions of the limits of arbitrage literature, there is a growing
body of empirical evidence showing that the amount of capital held by financial institutions
affects market liquidity and asset pricesE] The theory is based on the assumption that
arbitrageurs are competitive, and predicts that the aggregate amount of arbitrageurs’ capital
matters. In practice, however, arbitrage is carried out by large, highly specialized financial

institutions (hedge funds, proprietary trading desks, broker-dealers, etc.), who recognize their

'For recent empirical evidence, see for example Hu, Pan and Wang (2011), Mitchell and Pulvino (2011)
and Jylha and Suominen (2009).
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price impact. Hence in reality capital is often concentrated in the hands of a few large,
strategic players instead of being distributed across a large number of small competitive
investors. This implies that the market structure and the distribution of capital should be

an important determinant of asset prices and liquidity.

To understand how the size of arbitrageurs and the distribution of capital affect market
efficiency, I extend Gromb and Vayanos’ (2002) model of financially constrained compet-
itive arbitrage to the non-competitive case. In Gromb and Vayanos’ model, competitive
arbitrageurs exploit price differences between two identical risky assets traded in segmented
markets. Market liquidity, defined as the spread between the prices of the risky assets, de-
pends on arbitrageurs’ aggregate capital: with abundant capital, competitive arbitrageurs
eliminate the spread immediately. With a smaller amount of capital, financial constraints
bind and the spread decreases gradually over time, as capital gains captured by arbitrageurs
progressively relax their financial constraint. By contrast, I study a situation in which all
the capital is deployed through a single, monopolistic arbitrageur who recognizes her price
impact. This allows me to compare liquidity and welfare across the two market structures. I
show that switching from perfect to monopolistic competition (or equivalently from a largely
disaggregated capital distribution to an extremely concentrated one) has substantial impli-
cations for liquidity provision, asset prices and welfare that go beyond the simple efficiency

loss associated with market power.

First, I show that when capital is concentrated in the hands of a single arbitrageur, a
trade-off between market efficiency and capital intensity appears. A monopolistic arbitrageur
(““the arbitrageur”, or “the monopoly”) internalizes her impact on the spread. Thus, facing
a positive spread between the two identical assets, the arbitrageur trades in a way that keeps
the spread open in equilibrium, even if her financial constraint is not binding. This allows her
to reap profits over time and therefore to increase her capital. Understanding that the price

of each asset will not converge to its fundamental value for this precise reason (even in the

2See Chen, Stanzl and Watanabe (2002) and references therein for empirical evidence of institutional
investors’ price impact. Numerous firms propose algorithms or programmes to help institutional investors
minimize their price impact. In extreme cases, one trader may become the dominant player in one market
or in a specific strategy, such as LTCM with relative-value and convergence trades or Amaranth and Enron
with energy derivatives.

3There is a large theoretical literature on limits of arbitrage. See for example, Shleifer and Vishny (1997),
Gromb and Vayanos (2002) and Brunnermeier and Pedersen (2009). In effect, the assumption of perfect
competition also means that entry has already occurred in the market, so that an increase in capital cannot
stem from new players. Attari and Mello (2006) do analyze the trading strategy of a monopolistic financially-
constrained arbitrageur but do not draw comparison across market structures. I discuss their paper in more
details when I review the literature below.
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absence of risk), financiers demand less collateral to fund the arbitrageur’s position. Hence
in equilibrium the monopoly prevents the arbitrage to close while competitive arbitrageurs
would eliminate all mispricings. At the same time, the monopoly requires less initial capital

to do so than a competitive market.

The key driver of this result is the modeling of the arbitrageur’s financial constraint which
implies that the arbitrageur’s financiers are sophisticated enough to understand the impact
of the market structure on the equilibrium price. Indeed, in the model, the arbitrageur is re-
quired to post collateral in each leg of the arbitrage only to cover the risk associated with the
position, which depends on the volatility of the fundamental. Predictable discounts/ premia
arising from the monopoly’s rationing lower the collateral requirement, because financiers
realize that they are not facing additional risks. In other words, margins have a counter-
cyclical effect relative to liquidityE] Although arguably strong, this assumption constitutes
an interesting and unavoidable benchmark: according to Brunnermeier and Pedersen (2009),
countercyclical, stabilizing margins are “hard to escape in a theoretical model”. Moreover, if
the market is concentrated, the dominant arbitrageur is likely to be visible to other market
participants and financiers may understand how she affects liquidity. There is anecdotal
evidence that LTCM, which held very large positions in fixed-income markets, had access to

cheaper funding than its Competitorsﬂ

An interesting consequence of the efficiency - capital intensity trade-off is that, contrary
to the competitive case, an increase in the volatility of the fundamental does not necessarily
tighten the arbitrageur’s financial constraint. There are two opposite effects at work. On
one hand, an increase in volatility increases the maximum potential loss on the arbitrageur’s
position and makes it more risky for financiers to fund it, which tightens the constraint.
This effect is the same as in the competitive case (Gromb and Vayanos, 2002, 2010). On the
other hand, an increase in volatility increases the profitability of the arbitrage opportunity,
which lowers collateral requirement. The reason is that the arbitrage opportunity arises
in the first place because of demand pressure stemming from local investors who trade in
segmented markets. These investors receive liquidity shocks that are correlated with the
payoff of the risky asset. Local investors in each market (say A and B) receive opposite

shocks and would thus benefit from trading with each other to share risk but are prevented

4T keep Gromb and Vayanos (2002)’s modeling of the financial constraint in order to facilitate comparisons.
Brunnermeier and Pedersen (2009) consider closely-related constraints but allow for the financiers to be
imperfectly informed about sources of illiquidity in the market, and show that this can generate procyclical
margins.

5See Pérold (1999).
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to do so by market segmentation. The arbitrageur instead is the only investor who can
trade across both markets. As volatility increases, local investors are ready to accept larger
price concessions to share their risk, which benefits the arbitrageur. Financiers recognize

this second effect, which loosens the financial constraint.

Second, and quite surprisingly, I show that the arbitrageur may choose to be constrained
at certain dates in equilibrium. Specifically, when the amount of capital is intermediate, and
volatility sufficiently low, the monopoly trades in a way that makes her financial constraint
binding in the future, even though with a different trading strategy, the amount of capital she
holds would allow her to remain unconstrained until the assets pay off. The reason for this
behaviour is that to maximize profits, the arbitrageur seeks not only to keep the arbitrage
spread open while buying, but also to keep it open as long as possible. Since the positions
already established continue to affect the spread over time (permanent price impact), the
arbitrageur split up her order and increases her position progressively over time. Local
investors anticipate that this will gradually reduce the arbitrage spread. This reduces their
willingness to accept large price concessions at present dates, which erodes the arbitrageur’s
current market powerE] In this context, the financial constraint can work as a commitment
device for the arbitrageur to keep the spread open over time: if the constraint binds, future
spreads will be large, which increases the local investors’ willingness to share risk and accept

a large price concession early on.

This equilibrium arises only for an intermediate level of capital. Indeed, if the arbitrageur
had a large amount of capital, her trading strategy would not be dynamically consistent:
she would be able to reoptimize in the future, which would be optimal from her viewpoint.
Since local investors are smart, they can foresee this behaviour and therefore the commitment
power of the financial constraints unravels if the arbitrageur is too well-capitalized. At the
same time, if capital is too scarce, the arbitrageur cannot respond to the increase in local
investors’ demand for liquidity at earlier dates that result from the anticipation that her

constraint will be binding in the future.

Third, I compare liquidity provision and welfare across market structures. When there is

abundant capital, the market is perfectly liquid under perfect competition and imperfectly

SHence providing liquidity is subject to the same dynamics as a durable good provided by a monopolist.
In the model, trading happens at discrete dates and the spread closes as the asset matures. These features
represent “frictions” that limit the substitutability of one trade with another. With an infinite horizon, or
with a shrinking time between two trading dates, the Coase conjecture would apply, i.e. the spread would
immediately reach zero. See Vayanos (2001), DeMarzo and Urosevic (2007, and Pritsker (2009).
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liquid under monopolistic competition, because the monopolistic arbitrageur limits liquidity
to extract rents. Since the monopoly is less capital intensive than the competitive market, a
more interesting case is where there is not enough capital for the competitive market to be
unconstrained but enough for a monopoly to be unconstrained (or voluntarily constrained).
I show that in this case the monopoly may provide more liquidity, resulting in a tighter
spread, before the asset matures. For some parameter cases, I can show analytically that
the improvement occurs only close to the date at which the asset matures, and is associated
with a reduction in liquidity before. Suppose for instance that the monopoly is voluntarily
constrained. The monopoly is able to decrease the spread in the future precisely because
she limits liquidity further at the beginning. Doing so, she maximizes intermediate capital
gains, which relaxes the financial constraint and results in lower future spreads. I show that
this change can hurt local investors’ welfare, as the deterioration of current liquidity offsets
the benefit of the future improvement. Arbitrageurs, however, benefit from this change in

market structure. In an example, I show that aggregate welfare may increase as a result.

The analysis has implications for the debate about the size of financial intermediaries
and how much capital they should hold. The debate about the size of intermediaries follows
from the failure of large institutions during the 2007-2009 crisis. In the media or among
economists, it often revolves around the lack of competition in the financial industry, and
the implicit government protection on large systemically important institutions. This paper
abstracts from government protection in case of default but shows that market power has
consequences not only for market efficiency and the law of one price but also for margins and
access to funding liquidity. The model predicts that large institutions with market power can
operate with less capital and that this may be beneficial for market liquidity in situations
where capital is scarce. However, the benefits in terms of liquidity seems small (in numerical

examples) and involve some wealth transfers to arbitrageurs.

I show that, when dividend volatility is not too large, voluntarily-constrained monopolis-
tic arbitrageurs provide more liquidity than unconstrained monopolistic arbitrageurs. This
has implications for the level of capital monopolistic market-makers, such as NYSE special-
ists, should hold, depending on the underlying characteristics of the market they make. In
assets with limited dividend volatility, it is preferable, surprisingly, that specialists are not
too much capitalized if one cares about market liquidity. This however leads to transfers rel-
ative a market with many competitive market-makers. Thus opening specialists businesses
to competition would redistribute gains from trade to customers and liquidity consumers

but may reduce aggregate welfare and affect the provision of liquidity through time (better
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liquidity ahead of dividend payoff, lower close to payoff).

This paper departs from the literature of limits of arbitrage by studying the effects of the
concentration of capital into a large arbitrageur. Consistent with the idea that the capital
is concentrated, I relax the assumption of price-taking behaviour that prevails in models of

financially constrained arbitrageﬂ

Attari and Mello (2006) also study the trading strategy of a monopolistic arbitrageur.
There are two key differences with my analysis. First, in Attari and Mello, the arbitrageur
faces a constraint based only on current prices, which generates an immediate feedback
effect from capital to asset prices. This effect is absent in my model, as I assume that
the financial constraint is forward-looking and is based not only on current but also future
pricesﬂ Second, all investors are rational in my model. In particular, local investors’ demand
for the asset is endogenous. By contrast, Attari and Mello assume that local investors
have an exogenous downward-sloping demand curve. This assumption has two important
consequences: 1) it allows me to carry out a welfare analysis under different market structures;
ii) it plays a central role in the dynamics of market depth and asset prices. It generates
Coasian dynamics: as local investors rationally anticipate the price path, a monopolistic
arbitrageur competes with herself over time. Vayanos (1999, 2001), Kihlstrom (2000) and
DeMarzo and Urosevic (2007) have emphasized the analogy between the durable goods
problem studied by Coase (1972) and asset pricing with non-competitive investors. Basak
(1997) studies a Lucas economy with a monopolistic trader able to make future commitments.
To the best of my knowledge, this paper is the first to solve the dynamic problem of a
monopolistic investor under realistic financial constraints when all investors are rational and
the monopolist cannot commit ex-ante. My contribution in this context is to show that
financial constraints may alleviate the arbitrageur’s commitment problem by providing a
credible commitment device without impairing market liquidity.ﬂ Finally, this paper builds
on a companion paper (Fardeau, 2011), where I derive the trading strategies and entry
decisions of an oligopoly of unconstrained arbitrageurs. There I focus on price effects, and

derive new predictions about the dynamics of entry.

"Gromb and Vayanos (2010) survey this extensive theoretical literature. My model is similar to a two-
period version of Gromb and Vayanos (2002) with risk-free arbitrage and mean-variance preferences.

8Both constraints are plausible, but may stem from different contractual frictions. However, financial
constraints of financial firms is a largely unexplored area. As an exception, He and Krishnamurthy (2011)
embed a static contractual problem & la Holmstrom Tirole (1997), which generates an equity constraint, into
an asset pricing model. The mechanisms generated by this constraint seems consistent with our results.

9There is a loose analogy between this effect and the use of leverage as a strategic bargaining tool by
shareholders against unions (Perotti and Spier, 1993).
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I proceed as follows. I present the model in the next section. In section [2.3] I review the
competitive equilibrium and its properties. In Section 2.4 T study the monopolistic equi-
librium. I compare liquidity across market structures in Section [2.5] Section [2.6] concludes.

The appendix contains the proofs.

2.2 Model

The model extends Gromb and Vayanos (2010)’s setting to imperfectly competitive arbi-
trageurs. It has three periods, indexed by ¢t = 0, 1,2. The financial market is open at time
0 and time 1, and consumption takes place at time 2. There are two identical risky assets,
A and B, and a risk-free asset with return r; normalized to 0. Assets A and B are in zero
net supply and pay a dividend Dy at time 2, with Dy = D + €; + €5, where ¢ is a random
variable with a symmetric bounded support [—é, €], a mean of 0 and volatility o. The dis-
tribution need not be further specified, but to facilitate the interpretation of the results, I
will sometimes use a particular distribution described below. The information ¢, is revealed
to all investors at time t before trading. The price of asset k at time t is denoted p¥. Each

asset k is traded on its own, segmented market.

There are two types of investors. First, in each market, there are risk-averse local investors
with mean-variance preferences: for k = A, B, U (ng) =E (er) -5 (WQk) Local investors
experience liquidity shocks se¢; that are correlated with the dividend of the risky asset. That
is, at time ¢ = 0, 1, local investors in market A receive a shock se;; 1, where the magnitude
of the shock, s > 0, is deterministic. B-investors receive opposite shocks, —setﬂm Since
k-investors have only access to asset k (market segmentation) and the risk-free security,
they cannot share risk, although they could perfectly insure each other. The shocks and
market segmentation imply potential price differences between assets A and B, although
their cash-flows are identical. In particular, A-investors have a low valuation for the asset,

and B-investors a high valuation.

At time 2, local investors consume their wealth WF. Let EF and Y/} denote their end-

of-period positions in the risk-free and risky asset k, respectively. Then we can write local

10The results do not depend on the mean-variance framework. I use these preferences because they offer
greater tractability when liquidity shocks are stochastic, an extension that I am planning to consider in
future work.



94 CHAPTER 2. MARKET STRUCTURE AND THE LIMITS OF ARBITRAGE
investors’ final wealth as follows:
for k= A, B, W¥ = EF + Y} D,,

The dynamic budget constraint follows from the dynamics of asset holdings: Y}* = ;¥ | +¢F

and EF = EF | — yFpF + se;1, where y* denotes the time-t trade of investors k.

There is an additional investor, the arbitrageur, who can trade all assets without re-
striction. The arbitrageur is also endowed with mean-variance preferences over wealth:
u(Wa) = E (W) — 2V (W), albeit with a potentially different risk-aversion b. Given that

she has access to all securities, the arbitrageur’s final wealth is

Wy = Z X{CD2+B:[

k=A,B

with for each asset k, XF = X* | + 2% denotes the end-of-period position at time ¢ in asset k,
z¥ the corresponding trade, and B; = By — >, _ AB xkpk. the arbitrageur’s risk-free asset
holdings at the end of period t. I assume that the arbitrageur has no endowment in the risky
assets X*, =0, k = A, B and starts with an initial wealth W_, = B_;. Apart from Section
2.3] where I assume that the arbitrageur stands for a continuum of competitive investors, I
assume that the arbitrageur is a price-setter in both A and B markets. Specifically, I assume
that the arbitrageur chooses positions, knowing the local investors’ demand in each market,

and imposing market-clearing.

Whether the arbitrageur is price-taker or price-setter, she needs capital to trade the
risky assets. I model the financial constraint in the same fashion as Gromb and Vayanos
(2002, 2010). Arbitrageurs have a margin account V¥ in each market, and their positions
must be fully collateralized. That is, the arbitrageur’s wealth in this account must cover the

maximum possible loss on the position over the next period:

k k k k
Vil = HkaXXt (pt _pt+1)
Piyq

Hence, in total, the arbitrageur’s wealth must cover the total maximum loss on each ac-
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count E-l

Wiy > Z H}caXth (pr — pi1) (2.1)
k=A,B Pt+1

The presence of the financial constraint implies that arbitrageurs may not be able to fully
eliminate the price differences between A and B assets. The modeling of the constraint also
implies that asset A cannot be used as collateral for asset B (and vice-versa). In other words,
cross-collateralization is not allowed, which can be viewed as a consequence of the assumption
of market segmentation. In practice, cross-collateralization is often limited by financiers who
are concerned about imperfect correlation between assets (although this would not be an
issue here). Sometimes traders also voluntarily avoid it in order to avoid revealing their
trading strategiesE The full-collateralization of each separate account rules out default in

equilibrium.

The constraint corresponds to one-periods VaR constraint at the 100 percent level (as
implied by the assumption of full collateralization). The 100 percent level is for simplicity
only, as it rules out default in equilibrium and thus makes welfare comparisons simpleﬂ,
but the constraint is motivated by real-world margin Setting.m An important feature of the
constraint is that it is forward-looking, in the sense that it is based on both current and
future prices. This is in contrast to Attari and Mello (2006), who also study the trading

strategy of a monopolistic arbitrageur but consider a constraint based only on current prices.

Following Gromb and Vayanos (2002), I will focus on equilibria in which the arbitrageur

holds symmetric positions in both assets, i.e. X! = —XP = X;. Given that the arbitrageur
starts with no endowment in the risky assets, this implies that z* = —28 = z;, for t =

0,1. Using the symmetry assumption, we can rewrite the arbitrageur’s budget constraint as

HT define W;_1 as the end-of-period wealth, while Gromb and Vayanos (2002) use W, as the beginning-of-
period wealth. Given this difference in notation: W;_; = W,. The same applies to the definition of margin
accounts.

12For instance, Pérold (1999) reports: “LTCM inernalized most of the back-office functions associated
with contractual arrangements, due to the complexity and and advanced nature of many of the firm’s trades.
This also helped maintain the confidentiality of its positions. LTCM chose Bear Stearns as a clearing agent
partly because Bear Stearns was committed to customer business rather than being focused on proprietary
trading, and thus there were fewer conflicts of interest.”

BThere is no need to compute the welfare of financiers on the other side of the constraint.

14See Brunnermeier and Pedersen (2009), Appendix A, for additional institutional details.
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follows:

Wo=W_1+ Yz, with A, = pP —pf!

t=0,1

The equation shows that by setting up opposite position in each leg of the arbitrage, the
arbitrageur eliminates all fundamental risk and derives all her profits from exploiting the
price difference A between the two markets. The symmetry assumption also simplifies the
financial constraint, because it implies that the risk premia on asset A and B are opposite.

That is, ¢! = D, — p* = % = —¢B, where D; is the conditional expected value of the asset

at time t: Dy = Dy_1 + ¢. This implies that pf — pf , = ¢F,; — ¢F — €41 = Dtz ¢

2
As a result, we can rewrite the financial constraint (2.1)) as follows:

Wi > ) max X[ () —pfyy)

k=A.B Pt
A — A A — A
> max Xy e €41 | + max —X; Sl Bl €111
€t4+1 2 €t+1 2
Ay — A
Z 2Xt ( t+12 t) -+ max Xt (_EtJrl) -+ max —Xt (_6t+1>
€41 €t41

> 20Xife — Xi (Ar — Apya)

The last step follows from the symmetric support of the distribution. Since the arbitrage
is risk-free, the arbitrageur will hold a long position in equilibrium, X; > 0. Thus, we can

rewrite the right-hand side as m;X;, where the margin m; is
my = 2é — (At — At+1)

The properties of the margin are key for the dynamics of the model. Clearly, margins increase
with the dispersion (and consequently, volatility) of the fundamental e. A more volatile
asset leads to a larger potential loss on the position, which induces financiers to ask for more
collateral. Margins also depend on the mispricing between asset A and B. More specifically,
they depend on the change in the mispricing, A, — A, 1. If financiers expect market liquidity
to improve, i.e. Ay < Ay, they reduce current margins. Hence, the financiers’ behaviour
assumed here leads to countercyclical margins relative to mispricings (illiquidity). Said
differently, margins play a stabilizing role for asset prices. If a drop in liquidity (i.e. large
A;) is temporary, then financiers do not necessarily ask for more capital. This stands in sharp

contrast to the financial constraint considered in Attari and Mello (2006), which is based
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only on current prices. It also differs from the uninformed financier case in Brunnermeier
and Pedersen (2009), in which uncertainty about whether the mispricing will decrease or not

in the future can lead to procyclical, destabilizing margins.m

Remark: volatility, tail risk, and dispersion of the fundamental. [ show in section
that the ratio J—EQ plays an important role for the equilibrium. Since the dispersion of
the fundamental e and its volatility are related, it is useful to specify a simple distribution
of fundamental shocks. The following coarse four-point symmetric distribution is enough to

gain intuition:

Lemma 7 Let (u,p) € ]0,00[ x |0, 1], and ¢, ~ E [—€, €], where the random variable £ takes

the following values:

—e with probability % —p

€

- with probability p
with probability p

D = o

with probability % —p

Then B (€) = 0 and o =V (€) =& [1+2p (%~ 1)].

112

This example shows how the variance of fundamental shocks relates to the support boundary;,
€. Although this distribution is just meant to fix ideas, the relation between o2 and &2 is
more general. Further, this example can help us clarify how the volatility in a symmetric
distribution can relate to the shape of the tails. The parameter p measures how far the
median values are from the mean 0, while p measures the weight of the tails: a small p
means that tail events in which ¢, takes the extreme values e or —e are likely. Clearly the
variance decreases with p and with p (since % — 1 < 0). Hence, when extreme events are
likely (small p), the variance is large. More generally, this example shows that while an
increase in the boundaries of the distribution of fundamentals é always increases volatility,
volatility may also increase because of a change in the shape of the distribution, without

changing the dispersion e.

5 Brunnermeier and Pedersen show that a margin spiral, in which low liquidity leads to higher margins,
which further limits the ability of arbitrageurs to provide liquidity, can result from the uninformed case.
This margin spiral complements and amplifies the loss spiral created by the financial constraint (“a decrease
in arbitrageurs’ capital impairs their ability to provide liquidity and eliminate the mispricing, which in turn
reduces their capital”). Under our assumptions, there can be a loss spiral, but no margin spiral.
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2.3 Competitive equilibrium benchmark

In this section, I briefly recall the competitive benchmark derived in Gromb and Vayanos
(2002). The model illustrates how liquidity (given by the spread between assets A and B)

depends on arbitrageurs’ capital.

Proposition 10 (Gromb and Vayanos, 2002) There exists a unique symmetric competitive

equilibrium given by:

o IfW_1 > w* = 2se, the financial constraint never binds, the arbitrageurs absorb the
liquidity shock s, i.e. Xy = s att = 0,1, and the spread between assets A and B is
always 0: Ag = A1 = Ay =0

o If0 < W_; < w*, the financial constraint binds at t = 0 and t = 1 and the spread
between assets A and B narrows over time and is closed only att = 2, i.e. Ag > A1 >

Ay = 0. The arbitrageur position in asset A is given by:

ao? (s — x) W_4
S S S A — 2.2
To — Zo P 9 ( )
2
- X
Xl - )(1&_1 = X (23)
3

The equilibrium links liquidity (via the spread) to arbitrageurs’ initial capital and has a
simple form: if arbitrageurs’ capital is large enough, then the market is perfectly liquid,
as reflected by the absence of spread between assets A and B; if instead arbitrageurs start
with less capital, then the financial constraints are binding, and assets A and B trade at a
positive spread, which decreases over time. An increase in the liquidity shock s affecting local
investors or in the dispersion of the fundamental (increase in €) tightens (proportionately)
the financial constraint: the financiers anticipate that the price divergence between assets A

and B is potentially larger and demand more collateral.

To facilitate comparison with the monopolistic case and gain further insight, I derive the

equilibrium positions and spread as a function of arbitrageurs’ capital:

Corollary 14 [f0 < W_; < w*, the arbitrageurs’ positions in asset A are:

aazs—é%—\/@‘x ac’s —e++\U
) 1=

To —

2a02 2a0?
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with Q = (€ — ao2s)’ + 2a0?W_, and U = (€ — ao®s)’ + 4ac?ze.
In equilibrium, the spreads are:

A0:2(a025+é)—\/@—\/ﬁ; Ay =ac’s+e— VU

This result shows how the positions and the spreads depend on arbitrageurs’ capital: clearly

OA:
oW_1

the spread at time 0 and 1 decreases with capital W_; (i.e. < 0, and even more so if

. . . . %A 16
capital is low, a non-linear effect (i.e. iz < O)

2.4 Equilibrium with a monopolistic arbitrageur

In this section I derive the trading strategy of a monopolistic arbitrageur and compare it to
the competitive case. In the monopoly case, market power allows the arbitrageur to limit
liquidity but also to operate with a much lower level of initial capital thanks to rent capture.
However, the arbitrageur also faces a commitment problem as local investors recognize that,
even though the arbitrageur can limit liquidity at the current stage, she always has an interest
to provide further liquidity at a later stage. Liquidity provision by a single arbitrageur
thus resembles the provision of a durable good by a monopolist. In this context, financial
constraints can work as a commitment device to limit liquidity at a later stage. This device
is credible, however, only if capital is not too abundant. If instead the arbitrageur’s capital is
sufficiently large, this device does not work as local investors recognize that the arbitrageur

has an incentive to deviate at a later stage (time inconsistency).

2.4.1 Liquidity provision and time consistency

I start by introducing some useful notation and presenting the solution method. Since the
arbitrageur may be constrained (superscript ¢) or not (superscript u) at each date, there are
two payoffs associated with the different combinations at time 1: J;* and J;", and four at

time O: J(T)Ll ;U0 , JSLI €O , gl ;U0 , OCI ;€O .

At time 1, the arbitrageur enters with a position xg in the asset A (and the opposite in

asset B). The local investors’ first-order conditions and market-clearing imply that A; (X;) =

16See also Brunnermeier and Pedersen (2008).
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2a0? (s — X1), where X; = Xy + z; = ¢ + 7. The arbitrageur’s maximization problem is
thus:

J1 = maxBy+ 1A (X;)
1
st Wo>2X;[e— (A — Ay)]

Therefore, denoting z{ = 5™ the first-best solution, and ¢ the constrained solution (which

saturates the constraint: Wy = 2X7{[é — (A; — Ay)]), the two possible payoffs at time 1 are

given by:
U 2 a0.2 2
Ji" (zg) = Bo+ 2ao0 x?(s—Xlu):Bg—i-T(s—xo)
J& (29) = By +2a0%2S (s — X{), with XF =g+ 2% k=u,c

Of course, by construction Ji* (zg) < Ji"* (xp). Similarly, the time-1 equilibrium spread
depends on the state and the arbitrageur’s beginning-of-period position xo: A; = A" (x0)

if the constraint is slack, and A; = AJ' (zg) otherwise.

At time 0, the relation between the four payoffs is more complicated: local investors being
forward-looking, the price schedule A, () depends on their beliefs about the state of the
market in the next period (constrained or unconstrained arbitrageur). In particular, their
first-order conditions and market-clearing always imply the following price schedule (shown

in the appendix):
AO (ZE()) = Al (l’o) + 2(10'2 (8 — l’o)

That is, we can define Ay (), and Ag' (zo) the time-0 price schedule implied by the corre-
sponding beliefs about the state at time 1. Depending on the anticipated time-1 state, the

arbitrageur’s maximization problem is:

Jo' = maxW_y + 2oy (zo) + 2a0’z} (s — XY)
xo
s.t. W,1 2 2550 [é — (Ao - Al)]
or J§' = maxW_i + zA§ (20) + 2a0°x] (s — XT)
xo

st. W_1>2xgle— (Ao — Ay)]

Local investors have rational expectations and can anticipate the price path, and thus

whether the arbitrageur’s constraint will be binding or not. Hence a necessary condition
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for the maximization problems to make sense is that in equilibrium, the time-0 trade does
satisfy the time-1 constraint if local investors expect the arbitrageur’s constraint to be slack,

and vice-versa if they expect the constraint to be binding. The condition is:

Lemma 8 Suppose that in equilibrium the arbitrageur chooses to trade a quantity xq at time

0. It is consistent with being unconstrained at time 1 if and only if

2
Y
W_, —se+ aaz% + (2a0®s — €) zo — 5@021:% >0 (2.4)

Depending on whether the constraint binds or not at time 0, the arbitrageur can trade

the first-best quantity z{ or the constrained quantity xf which “maxes out” her financial

constraint[l’] The corresponding payoffs are J5", Jg», J5+", Jg°, which are functions
of the base parameters.
The arbitrageur chooses max (Jy""°, Jy'", J5", Jg). By definition: Jg'™* > Jy"

and Jg"" > JgV, i.e. conditional on the state at time 1, it is better to be unconstrained
at time 0. However, because the price schedule is different at time 0 depending on what
local investors believe about time 1, it is not guaranteed that Jy'"* or Jy»® are greater
than J5"". In other words, from the point of view of time 0, being unconstrained at time
1 may not be more profitable than being constrained. In particular, when capital is large
enough, the first-best solution is likely to be feasible, and so are other trading strategies. In
the absence of competitive pressure, the arbitrageur can in principle deviate from, say, the
unconstrained strategy to a constrained strategy if this raises her profit. This yields a time
consistency issue. Suppose, for instance, that Jg"“° > Jy"* for some parameter region.
Then it is in the arbitrageur’s interest to trade in a way that leaves her constrained at time
1. However, if the arbitrageur has abundant capital, she may have enough dry powder left
when time 1 comes to be unconstrained. She may therefore be able to re-optimize and trade
her first-best quantity, a time-inconsistent behaviour. This will be the case if inequality
in Lemma [§] is not satisfied. This should not occur in equilibrium, however, because local
investors are rational: their expectations must therefore be correct in equilibrium.ﬁ The

definition of the equilibrium in the monopoly case summarizes this discussion:

17This is optimal, since the arbitrage is riskfree.
18This rules out any exogenous commitment device that the arbitrageur could credibly use to “tie her
hands” in such cases.
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Definition 1 An equilibrium is a collection of arbitrageur’s trades (:zrt)t:(),l (or equivalently

positions xg, X1) in asset A and opposite trades (positions) in asset B, such that
e given prices, the local investors maximize their expected utility of final consumption,

e the arbitrageur maximizes her expected payoff subject to financial constraints, local

1nvestors’ demands and market-clearing,

e local investors have rational expectations.

I now describe the strategies, under which conditions they are feasible and / or credible and

the equilibrium.

2.4.2 Equilibrium
Scarce capital

I start with the case where the arbitrageur’s capital is low. Then the arbitrageur has no
financial flexibility and there is only one feasible strategy, so that the equilibrium is easy to

determine:

=< i %, then the financial constraint binds
att =0 and t = 1, and the arbitrageur’s trades and the equilibrium spreads are the same as

in Proposition [10] and Corollary[14.

Proposition 11 If W_; < w® = Ise — Lac?s® —

If W_1 > w®, it is always possible for the arbitrageur to be unconstrained at time 1 and

s—xg
2

periods are also feasible.

trade =i = Other strategies in which the arbitrageur is constrained in one or two

It is already clear from this result that the condition under which the arbitrageur is fully or
partially constrained is very different from the competitive case. In particular, the threshold
w®is no longer linear in s and € and also depends on volatility of the fundamental o. I proceed
with the analysis of the more complicated abundant capital case and relegate comments and

intuitions to the end of this section.

Strategies with more abundant capital

If capital is more abundant (W_; > w°), the arbitrageur has more financial flexibility and
can choose from a larger set of strategies. I first describe the strategies available to the

arbitrageur, starting with the case where she chooses to be unconstrained at time 1.
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4 12 7 9

_ _ =2
Lemma 9 Denotew]® = s5e—5a0’s, wi* = Isé—15a0’s?, and note that w® = wi'— = <

m
wl.

5 5 10

The following holds:

o I[fW_1 > max (wj",wi"), the arbitrageur can be unconstrained at time 0 and time 1.

The unconstrained strateqy (uq,ug) consists of the following trades

2 3
Tog= =8, T1 = —8§
0 5 ) 1 10
and yields a payoff Jy""* = W_1 + s5a0”s>.

If W_; € [w max (wi*,wi")[, then the arbitrageur must reduce her time-0 position in
order to remain unconstrained at time 1 (if wy* < W_y < wi*) or to satisfy the time-
0 constraint (if w* < W_; < wi'), or to satisfy both constraints (if w® < W_; <

min (wg’, wi")). The arbitrageur’s constraints are:

at time 0: W_{ —2 (é — aazs) To — 2a02x3 >0
5

2
S
at time 1: W_{ — sé + aJZE + (2(1025 — é) To — iaa%g >0

The arbitrageur’s strategy to remain unconstrained at time 1, if feasible, is the maxi-

mum of four quantities, saturating the time-0 and time-1 constraints:

20— aags—é+\/Q>0 xO/:a02s—é—\/@<O
0 2a0? P 2a02
. 2a0%s —é — R, 2a0’s—é+ VR

X — €T =
0 Sac? P o Sac?

where R = 10a0?W_, + & — 14ac?*sé + 9a’0*s®>. The sign of x} and x} depends on

the ratio afzs and the position of arbitrageur capital relative to the threshold wP =

se — %aasz.

The payoff of this strategy, as a function of the time-0 trade, is Jy"° (xg) = W_1 +

2 5,22
+ 2a0°sxg — 5a0°xg.

ac?s?
2

The intuition for this result is straightforward. With abundant capital, W_; > max (w{*, w}"),

the arbitrageur is unconstrained. With a somewhat lower level of capital, the arbitrageur
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must alter her trading strategy if she wants to remain unconstrained at time 1. Since capital
is relatively abundant (W_; > w®), other strategies in which the arbitrageur chooses to be
constrained at time 1 or at both time 0 and time 1 are feasible too, but may not be time

consistent. (I refer to a time consistent strategy as “credible”.)

Lemma 10 Suppose W_y > w®. Then strategies (c1,up) and (¢y,¢o) in which the arbitrageur
voluntarily chooses to be constrained at time 1, or at time 0 and time 1, are available under

the following conditions.

e The (c1,u) strategy consists of the following positions:

o ST
- e—, with U™ = (€ — ac?s)” + 2a0?W_, + a20*s?

S
Tog = —
2 2a02

S
— X —
27 1

It is feasible and credible (i.e. time consistent) if and only if W_1 > wP = sé — %aazg?
and W_y < @b = 3se—Zao?s?, withw? > w°. Its payoff is J;""* = £ [\/ Um — (e —ao?s)|.

ac?

e The (c1,co) strategy is given in C’orollary and its payoff is

e
Jg = — |:CLO'28 — e+ \/a2a432 —e?+ 25\/@1
ao

It is credible if and only if h (W_1) < 0, with

1 1 se e? 3¢ — ao’s
h(W_1) = —=W_1 + ~d®c's* — — 2.5
(W) 4 * 1477 4 * 2a0? * 4ac? Ve (2:5)

Given the feasibility and credibility conditions, determining the equilibrium requires to com-
pare Jy'" to JgV" or JgV if the unconstrained strategy is feasible at time 1, and J;"® to

Jot" or JgV® if it is not. This is no easy task given that the order of the thresholds wj’, wi®,

w’, wP and WP changes with the ratio afgs. Further, note that the last credibility condition
is not explicit since () depends on W_;. In spite of the large number of cases, it is possible
to derive some general results. There are three main regions for the equilibrium. I now state

the main results of this section:

Abundant capital: trading off efficiency and capital intensity

Proposition 12 The following holds:
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o IfW_, >w™ = Ase —Tao?s?, there exists a unique equilibrium in which the financial

constraint is slack att = 0 and t = 1, the arbitrageur’s trades in asset A are o = %s
and T = %s and the equilibrium spreads are AJ' = %aa%’ and AT = %CLO’QS.

e A and I are such that 0 < A < 2 and 0 < T' < 1, and depend on the ratio Mis as

follows:

—4 — Ly
A=%andT zfaazs ,10 1+\[ [

A—1+fcmdF—

ol

ac?s — 10(1+f)

e Relative to the benchmark competitive case, there is a trade-off between liquidity pro-

viston and capital intensity:

— Foralle, a, o, s, W™ < w*, i.e. the monopolistic arbitrageur can remain uncon-
) ) 2 2 2

strained with a lower initial capital.

— However, the monopoly provides less liquidity: A7* > Ay, t =0,1.

This region is comparable to the first region of the competitive case (W_; > w*). There are
three noticeable differences. First, although the arbitrageur is unconstrained, assets A and
B trade at a spread, i.e. liquidity is imperfect in the economy. This is simply due to the
arbitrageur’s market power. Given the absence of competition, the arbitrageur limits the
amount she buys from local investors with low valuation for the asset and sells to those with
high valuation. This keeps the spread open in equilibrium, which allows the arbitrageur to
make a proﬁt.ﬂ Second, and consequently, the financial constraint is no longer linear in the
dispersion of the fundamental € and the liquidity shock s. In fact, it is now quadratic in s{ﬂ,

so that the following comparative statics obtains:
Corollary 15 The threshold @™ features the following comparative statics:

o If — [0, ﬁ {, i.e. if volatility is high enough, then a small increase in the

liquidity shock s loosens the financial constraint,

o If —- 10(11/5)’ i.e. if volatility 1s low enough, a small increase in s tightens the

financial constraint.

YTndeed in equilibrium the arbitrageur’s position is X; < s. (note that zg = Xj)
20Tt is also quadratic in € since o? is a function of &2.
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The intuition for this result is simple. On one hand, an increase in the dispersion of
the fundamental € increases its volatility ¢, which in turn increases the magnitude of the
potential divergence from fundamental in the next period and makes a default by the arbi-
trageur more likely from the viewpoint of financiers. This tightens the financial constraint,
an effect akin to the competitive case. On the other hand, under our modeling assump-
tions, the financiers (implicitly) recognize that an increase in volatility is equivalent to an
increase in the willingness of local investors to share their risk and to accept large price con-
cessions. This increases the profitability of the arbitrage strategy and allows the arbitrageur
to capture larger rents. The arbitrageur reaps larger capital gains, which relaxes the finan-
cial constraint. This second effect relies on the assumption that financiers understand the
sources of illiquidity and the dynamics of liquidity provision, which generates countercyclical

(stabilizing) margins "]

Bearing this simple trade-off in mind, it is easy to interpret w™ as the sum of two terms:
the first term, Asée, represents the maximum loss on the position caused by a change in the
fundamental and is therefore a multiple of e, which measures the largest possible change in
the fundamental. Note that it depends on the arbitrageur’s position , which is less than 2s.
By contrast, in the competitive case, w* = 2se, because arbitrageurs fully absorb the liquidity
shock affecting market A and B, which is 2s in total (corresponding to a position of size s
in each leg of the arbitrage). The second term in @™, —T'ac?s?, is an adjustment measuring
how much past or future profits due to rent extraction lower the capital requirement. It is
thus specific to the monopoly case, as financiers anticipate that perfect competition drives

profits to zero.

The third noticeable difference is that there are two different regions for the threshold
w™, while there is a unique threshold w* in the competitive benchmark. These regions can be

expressed in terms of low or high volatility since by using the four-point distribution given
e _ 1

aé2(1+2p(ﬂ%—1))s aé(l+2p<ﬁ—l))s'

I will refer to a situation with large fundamental dispersion € as high volatility and small

in Section 1.2} the ratio —5- becomes For simplicity,
fundamental dispersion as low volatility.@ Note that w™ = w(" in the high volatility region,
i.e. the time-0 feasibility constraint is binding in this case. In the region of low volatility,

@™ = vy, where v, is the threshold such that Jy**° > J;"“°. The interpretation is in terms

21 Brunnermeier and Pedersen (2008)’s model nests both stabilizing and destabilizing margins. With
destabilizing margins, the second effect would remain but would bite less.

2ZEquivalently, low volatility can stem from low risk in the tail (large p or low p), so that we could rephrase
the analysis in terms of large or small tail risk. Note that because the distribution is symmetric, tail risk
equally includes good and bad events.
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of which effects of the maximum position loss and the profit adjustment dominates. When
volatility is high, the profit adjustment is large and therefore v; < w(’, because v; takes into
account all expected profits, while w® reflects only one period expected profits. It is the
opposite in the low volatility region, where the profit adjustment is small, meaning that the
feasibility constraint is not the binding constraint. The uniqueness of the threshold in the
competitive benchmark is due to the absence of profit adjustment, since competition drives

profit to zero.

Intermediate level of capital: voluntarily-constrained trading

When the arbitrageur has less capital, she may credibly choose to be constrained at time 1.

€
ao?s ac

Proposition 13 If -5- € [%5,1[ and W_y € (WP, v| orif =5 > 1 and W_; € [w]", 1],

then the unconstrained strateqy is feasible. However, in the unique equilibrium, the financial

constraint is slack at t = 0 and binding at t = 1, 1.e. the arbitrageur’s positions are:
zo = % and X; = £ — Y50 The equilibrium spreads are AG™" = 2a0*s + & — VU™ and

AP = ac?s +e— VU™

The result shows that the arbitrageur voluntarily chooses to be constrained when volatility
is low enough and her level of capital is intermediate. The reason why being constrained at
time 1 might be optimal is related to the Coasian dynamics of the model. Intuitively, the
arbitrageur chooses her trading strategy to keep the spread open as long as possible. Since
the asset matures only at time 2, local investors have some freedom to chose the date at
which they consume liquidity. They rationally anticipate that after providing liquidity (i.e.
tackling the arbitrage opportunity) at time 0, the arbitrageur will provide further liquidity
at time 1, further decreasing the spread. Hence providing liquidity early, at time 0, reduces
the profitability of later liquidity provision for the arbitrageur, unless she is able to credibly
commit to keep the spread large in the future. To this extent, the financial constraint works
as a commitment device for the arbitrageur, who can then extract larger rents at time O.
Indeed, in equilibrium, local investors anticipate that the arbitrageur’s constraint binds time
1, which increases their willingness to accept large price concessions at time 0, increasing

the potential price gap and thus the arbitrageur’s capital gain.

When does this occur in equilibrium? The conditions on capital and volatility given
in Proposition [13| have an intuitive interpretation. First, the arbitrageur’s capital must be

below some threshold v; < &P, which guarantees that the arbitrageur cannot re-optimize
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(by Lemma . Intuitively, if the arbitrageur has a very abundant capital, local investors
anticipate that she will not be actually constrained at time 1, and the equilibrium unravels.
If capital is too low, however, the arbitrageur cannot serve the additional liquidity demand
at time 0 and cannot benefit from committing to be constrained. These conditions on

arbitrageur’s capital are combined with the requirement that the volatility be low enough,

i.e. that Mis is low enough. Intuitively, if this was not the case, the unconstrained strategy
would be so profitable that the arbitrageur would not be tempted to boost her trading profit
by organizing a liquidity shortage. In particular, I show in the appendix that for a high
enough volatility, the feasibility of the ¢, uy strategy always implies that it is dominated by

the unconstrained strategy.

At a deeper level, one may wonder how it is possible for the constraint to be binding
only at one date in equilibrium, while in the competitive case, either the constraint binds at
all dates or never. This point is related to the trade-off between position funding and profit
adjustment. The position funding effect depends on the size of the arbitrageur’s position.
The profit adjustment depends on expected profits. As time passes, the position increases,
and therefore the constraint should tighten. But at the same time, the profit adjustment also
increases, so that the constraint at time 1 may be less severe than the constraint at time 0.
When arbitrageurs are competitive, they collectively fully absorb the liquidity shock in each
period, so that their total position is always 2s. Further, perfect competition eliminates the
arbitrageurs’ profits, hence there is no profit adjustment, and the constraint either binds all

the time or never.

Similarly, one can wonder why the arbitrageur chooses to make her constraint binding at
time 1 and not at time 0. Intuitively, from the viewpoint of time 0, there are larger rents to
collect since local investors are aware that they will face two liquidity shocks and therefore
have a larger willingness to share risk. At time 1, only one shock remains and it is too late

to hedge the first one. Hence the arbitrageur prefers to be constrained at time 1.

When the arbitrageur chooses to be constrained at time 1, she has just enough wealth
to respond to the increased willingness of local investors to diversify risk at time 0. The
arbitrageur responds to this additional liquidity demand by tackling the arbitrage gap more
aggressively at time 0 than in the unconstrained case: she sets up a trade xg = 5 instead of

%s. Conversely, her time-1 trade is lower than if she were unconstrained.

Corollary 16 In the (c1,up) equilibrium given in Proposition the arbitrageur trades a

larger quantity at time 0 and a smaller at time 1, than if she were using the (feasible)
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unconstrained strategy, i.e. in the relevant parameter space, xy""" > xq™"° and V" <
u1,u0
xl .

The overall effect is that the arbitrageur builds a larger position in the (c1,ug) equilibrium

than if she chose to remain unconstrained if W_; € [w, v1], with w = gsé — %

ac?s?.

It is interesting to see that the arbitrageur’s increased trading aggressiveness at time (
may be so strong that she may be able to build a larger position than if she was unconstrained,
even though she is financially constrained at time 1. The condition that the arbitrageur must
hold enough capital to build a large position is intuitive, since in this equilibrium trade size

is increasing in the arbitrageur’s capital.

Implications for market liquidity and empirical predictions. The arbitrageur trades
more aggressively in this equilibrium than when she is unconstrained. But her behaviour is
motivated by the fact that local investors shift liquidity demand towards the first period,
pushing the prices of assets A and B further apart. Given these conflicting effects, it is
natural to analyze the overall impact on the equilibrium spread. The following result shows

that the increased trading aggressiveness always dominates:

Corollary 17 The spread is lower at all dates when the arbitrageur chooses to be constrained

in equilibrium, i.e. A" < APt =0,1.

This improvement in liquidity means either that the arbitrageur more than compensates the
additional liquidity demand at time 0, or that her trades have a larger price impact than
in the unconstrained case. Even more surprising is the result that the liquidity improves
at all dates: this is related to the fact that trades have a permanent impact on the price.

Moreover, the arbitrageur may acquire a larger position than if she was unconstrained.

More generally, this result implies that a drop in arbitrageur’s capital may not have a
monotonically decreasing effect on market liquidity. If volatility is low enough, a reduction
in the arbitrageur’s capital may first leave market liquidity unchanged (if W_; > w™), then

improve it and decrease it again later. This is in contrast to the competitive case.

NYSE specialists can be seen as real-world counterparts to our monopolistic arbitrageur,
and one can use effective spreads as proxy for market liquidity as in Comerton-Forde, Jones,
Hendershott, Moulton, Seasholes (2010)@ The model prediction is that for firms with

23To strengthen the analogy with market-making, consider that market A and B at time ¢ may represent
two subperiods t4 and t? of date t. Thus A-investors may come to the market at time ¢4 to share the risk of
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low enough dividend volatility, effective spreads should increase in the amount of capital
available to the specialists running the stock, for capital large enough. For capital low
enough, effective spreads should be decreasing in the amount of specialists’ capital, and even
more so if specialist capital is low, for any level of dividend volatility. Comerton-Forde et al.
find evidence for the latter, but base their tests on the assumption that there are two regions
for market-maker capital (as in the competitive case), and not three as in the monopolistic
case. Instead of the cross-section, the test may be run in the time-series, i.e. by comparing

spreads in times where specialists appear to be more constrained than others.

Another interesting implication of Proposition [13] is that when the arbitrageur is con-
strained at time 1, the amount of capital she owns affects her price impact at time 0@
Further, an increase in capital has an ambiguous effect on the arbitrageur’s price impact
(Kyle’s lambda):

Corollary 18 Under the conditions of Proposition[13 or if W_y < w°, then the arbitrageur’s
price impact at t=0 (Kyle’s lambda) depends on her initial capital and following an increase

m capital,
e the arbitrageur’s price impact increases for small trades (1o < 35)

e the arbitrageur’s price impact decreases for large trades (ro > 5 )

This result is based on a substitution effect between the arbitrageur’s initial capital and her
intermediate capital gain. If the arbitrageur’s capital increases, it must be that her capital
gain between time 0 and time 1 decreases for her to remain constrained. The difference
between the effect of small and large trades on the price comes from whether the trade will
increase or decrease the capital gain between t = 0 and ¢t = 1. If 2y < 7, a small increase
in the trade following from an injection of capital would raise the intermediate capital gain,
which is equal to zg2ac? (s — xy). Therefore, for the arbitrageur to remain constrained at
time 1, it must be that her capital gain is small, i.e. that her price impact increases. This
result has an interesting implication. Suppose capital is injected into the arbitrageur with the

view to improve market liquidity. If capital injections are too limited to push the arbitrageur

their liquidity shocks, while B-investors with whom there would be gains from trade arrive only later at time
tB. Arbitrageurs fill the gap between the two subperiods, providing immediacy as market-makers smoothing
out order imbalances. See Gromb and Vayanos (2010) for further details on this alternative interpretation
of the model.

24This point holds for the ¢, ug equilibrium, as well as the ¢1, ¢ equilibrium. It also holds more generally
in the competitive case, if one think of the arbitrageurs’ collective price impact.
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out of the constrained region, using the spread and the arbitrageur’s price impact to assess
the effect of the policy on liquidity may produce conflicting results. The model predicts that

the spread will decrease, but the price impact may either increase or decrease.

Low capital: semi-constrained trading

When the arbitrageur’s capital is below max (wP,w]") or if volatility is high enough, it is in
general not possible to determine the equilibrium analytically, because equilibrium conditions

are implicit. The following result summarizes the equilibrium conditions:

Proposition 14 Suppose that W_; € [w min (w",w]")[ U [min (w§*, w]") , max (w{*, wi")],

then at least one constraint is binding in equilibrium.

o If anS € [0, % [, then remaining unconstrained at time 1 involves saturating the t = 0
constraint, which is the most tightly binding, i.e. the uy, cy strategy involves trading x

at time 0. Further, the c1,uq strategy is never feasible / credible.

— IfW_1 > wP, an equilibrium always exists. If h(W_1) >0, or if h (W_1) > 0 and
e (W_1) > 0 the equilibrium is uy,co. If h(W_1) >0 and g. (W_1) <0, then the
equilibrium s ¢y, cg.

— If W4 < wP, then if h(W_q1) > 0, it is not possible to satisfy the financial
constraints and there is no equilibrium. Otherwise, the equilibrium is the same as
for W_1 > wP.

o If afz,s > 1—70, then remaining unconstrained at time 1 involves saturating the t = 1
constraint, which is the most tightly binding, i.e. the uy, cy strategy involves trading x}

at time 0. There are two cases:

— Ifw]* > WP the equilibrium is as in Proposition
— Ifw" < WP, the equilibrium is uy, co with xo = xy if L (W_1) > 0. If h(W_1) <0,

the equilibrium is uy, co if g (W_1) >0, and c1,co otherwise.

The functions g and g. are defined in Lemma |14 and Lemma |15 in the appendix.

Contrary to the previous case, the unconstrained strategy is not feasible anymore, so that it
is the lack of capital and not strategic considerations that dictates the arbitrageur’s trading
strategy in equilibrium. Even in this case, however, the arbitrageur may keep some financial

flexibility by reducing her time-0 trade in order to remain unconstrained at time 1@ Note

25Consistent with the previous section, I have not been able to find numerical examples where this strategy
is an equilibrium.
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that the equilibrium may not exist if capital is low and volatility large enough. The reason
is that for such parameters, the thresholds, w®, w{’, etc. may be negative. As a consequence,
the arbitrageur’s capital is in some cases negative as well, and this explains why trading may

not be feasible.

2.5 Market structure, liquidity provision and welfare

When the competitive economy is unconstrained, because capital is abundant, it is clear
that the market is more liquid than in the monopolistic economy. However, given that the
monopoly is less capital-intensive than a competitive market, it is natural to ask whether the
monopoly can provide more liquidity than a constrained competitive market when capital is
relatively scarce. In this section, I show that a monopoly - whether it is unconstrained or
voluntarily constrained - may provide more liquidity than a constrained competitive market

but only at time 1, just before the asset matures.

2.5.1 Constrained perfect competition vs unconstrained monopoly

Given that the thresholds w™ and wi® associated with the monopoly are lower than the
threshold w* of the competitive market, there is a parameter region in which the competitive
market is constrained but the monopoly is unconstrained in equilibrium. I denote A} and

A" the spreads at time ¢ in the competitive and monopoly cases, respectively.

Proposition 15 At time 0: Suppose that W_; € [w™,w*[. The constrained competitive

market features more liquidity than an unconstrained monopoly at time 0 if a;s < 10<12i\/5)

3 > 21

5 2 0(15) and W_; € [@,w*[ with @ > w™.

or if

At time 1: Suppose that W_; € [wi*,w*[ and h (W_1) >0 or h (W_;) <0 and f (W_y) >
0, then

o If

than the constrained competitive market, and less if W_; € [w,w*|,

€
2

5 > T+q, then if W_y [, 0|, the unconstrained monopoly provides more liquidity

s =

o [f Mégs < 7+ q, then constrained competitive market always provide more liquidity than

the unconstrained monopoly.



2.5. MARKET STRUCTURE, LIQUIDITY PROVISION AND WELFARE 113

Since the ratio ao—é% can be rewritten as a function of €, a and s only, we can discuss

the result in terms of high and low volatility regions (or dispersion of fundamental €). To
understand the result, note that volatility has different effects in the constrained competitive
case and the unconstrained monopoly. For the unconstrained monopoly, volatility has an
unequivocal positive effect. It increases local investors’ demand for liquidity, making the
arbitrage opportunity more profitable. Thus the spread increases with volatility ¢? (and
thus with €). For the constrained competitive market, volatility has two opposite effects:
first, it increases local investors’ demand for liquidity, as in the monopoly case, thus pushing
asset prices apart. Second, by making the arbitrage more profitable, it can increase the

intermediate capital gain and relax the financial constraint.

As a consequence, in the high volatility region (low %25)7 the unconstrained monopoly is
less liquid than the constrained competitive economy. This is because the constrained com-
petitive economy benefits from the softening effect of volatility on the financial constraint.
In the low volatility region, this effect is reduced, and thus there is less liquidity in the
monopoly case only if arbitrageurs’ capital is large enough at time 0, and there can be more
liquidity in the monopoly case at time 1. Intuitively, the intermediate capital gain is small in
this case, thus the constrained competitive economy remains severely constrained at time 1.
The condition on capital is intuitive, since when competitive arbitrageurs are constrained,
the spread decreases in the amount of capital they hold. Note that this result obtains only
when considering wi” instead of v; as a lower threshold for an unconstrained monopoly. This
requires that the conditions h (W_1) > 0 or h (W_;) < 0 and f (W_;) > 0 be satisfied. In

numerical examples, these conditions seem easy to meet.

My results do not rule out the possibility of having more liquidity in the monopoly case
also at time 0. However, even if I do not have an analytical proof, I have not been able
to generate this case numerically, suggesting that liquidity improvement may occur only at

time 1.

2.5.2 Constrained perfect competition vs voluntarily constrained
monopoly
When capital is relatively abundant but close to the constrained region, the monopolistic

arbitrageur may find it optimal to be constrained at time 1. I showed that this decreases

the spread relative to the unconstrained case in Section [2.4] Hence from Proposition [I5] one
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would expect that the monopoly provides more liquidity than the constrained competitive

market at least at time 1. The following result confirms this conjecture.

Proposition 16 If 5 € [%g’ 1[ and W_1 € [wP,vi[ or 5 > 1 and W_; € [w]*,v1[ then
the voluntarily-constrained monopoly provides more liquidity at time 1 than the constrained

competitive market.

Given Corollary , it is not surprising to see that the condition for A} > AT is easier
to satisfy than in the unconstrained monopoly case. In particular, there is no condition on
arbitrageurs’ capital, although we are looking at the same region with W_; > wi". The
result, however, holds only at time 1. At time 0, I show in the proof that for the monopoly
to provide more liquidity at time 0, a non-trivial condition on parameters must be satisfied.
In numerical examples, I have always found a larger spread in the monopoly case than in

the constrained competitive case. This is confirmed by the following result:

Corollary 19 Under the conditions of Proposition[10, the voluntarily constrained monopoly
captures the largest possible intermediate capital gain, xo (Do — A1), by rationing liquidity

more than the constrained competitive market: xg""" < xb.
0 0

This implies that under these conditions, Ag— Ay is larger in the voluntarily constrained

case than in the constrained competitive case, and thus Ag™"* > A

It may be surprising that the competitive market yields a tighter spread at time 0 and a
larger one at time 1, all the more than the model features permanent price impact, implying
that a large spread at time 0 should translate into a large spread at time 1. However,
the intuition is simple. The monopoly improves liquidity at time 1 relative to competitive
arbitrageurs because she captures a larger intermediate capital gain. The larger capital
gain, xg (Ag — A1) = 2a0%zo (s — ), follows precisely from the fact that the monopoly
limits liquidity more at time O by buying a smaller amount, which causes the spread to
be larger at time 0 than in the competitive case. In particular, I show in the proof of the
Corollary that the intermediate capital gain in the monopoly case, U™, is greater than that
of the competitive case, U, and that this implies A} > AT,

2.5.3 Welfare

Given that liquidity may improve at time 1 when the market is monopolistic, it is natural
to study whether investors’ welfare improves. As a first step, I calculate the expression of

local investors’ welfare as a function of the spreads.



2.5. MARKET STRUCTURE, LIQUIDITY PROVISION AND WELFARE 115

Lemma 11 Let x{ denote A-local investors’ welfare, and let autarky (Xg"“) define a sit-
uation without arbitrageur (n = 0), i.e. where there is no trade across markets, and full
msurance (Xg‘* ) the situation where a continuum of unconstrained competitive arbitrageurs

trade across markets.

Then we have:

s (Ao — Ay)® + A2

— 1 _ fA
Xo 8ao? 9=
Xo " = —ao’s < xg™" < xpT =0

The arbitrageur’s profit is larger in the monopoly case than in autarky or full insurance cases.

As expected, for local investors, autarky and full insurance form two polar cases, and the
monopolistic case is somewhere in the middle. In autarky, local investors have no options to
hedge, and their certainty equivalent is minimal. When there is a continuum of unconstrained
competitive arbitrageurs, local investors can trade the asset at its fair value, and can access
a perfect hedge thanks to arbitrageurs’ intermediation to market B, resulting in perfect
insurance. When there is a monopolistic arbitrageur (whether she is constrained or not),
local investors receive some imperfect insurance as the market is imperfectly liquid. To
understand how the investors’ welfare with an unconstrained monopolist (Xg"’”) compares
to a constrained competitive market (Xg‘ “) when we place ourselves under the conditions of
Propositions [15] and [I6], we could directly compare welfare. However, it is difficult to derive

analytical results. Thus I use an indirect approach based on comparative statics.

Corollary 20 The following holds:

. . A
e Local investors” welfare decreases with Ay, aLA% <0

o [fA; < %Ao, then local investors’ welfare decreases with the time-1 spread and with a
8)((‘)4 8)(6‘ BXA

decrease in liquidity: aa; <0, BB < 0, and a(T—OAz) <0
An immediate implication of this result is that, if A; is small enough relative to Ay, the
improvement in liquidity at time 1 - because it is due to a larger difference Ag— A; as numer-
ical results and analysis suggest - may not be Pareto improving. Put differently, switching
from a constrained competitive market to a monopolistic market unambiguously increases
arbitrageurs’ welfare but may decrease local investors’ if the improvement in liquidity at

time 1 does not offset the worsening at time 0:
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Corollary 21 If A < %Ao, and the conditions of Proposition are satisfied, switching
from a competitive market to a monopolistic market increases the arbitrageur’s welfare but

can decrease local investors” welfare. Aggregate welfare may rise.

Intuitively, the improvement in liquidity at time 1 is associated with a decrease in the
improvement of liquidity between time 0 and time 1, measured by Ay — Ay, and a quicker
improvement between time 1 and time 2, A; — Ay % Under the conditions of Corollary [21]
the first effect can outweigh the second. There are two reasons why it can be the case. 1)
Since local investors experience two shocks, they face higher risks at time 0 (conditionally),
thus receiving liquidity at time 0 matters more than receiving liquidity at time 1. ii) The
improvement in liquidity at time 1 may require a large worsening at time 0, implying that
% = %dAo + gLASIdAl < 0 (see numerical example below). The condition for the result of
Corollary [20]is that A; < %AO. In practice it seems verified. In many numerical examples,
including the one reported below, the spread at time 1 is somewhere between a third and a

half of the spread at time 0. I prove the result on aggregate welfare on a numerical example:

Aggregate welfare. It is interesting to study the aggregate effects of the change in mar-
ket structure. Although some redistribution effects may be negative, aggregate welfare may
increase with a change in market structure (This, of course, takes into account both A
and B local investors). For instance, assume that ¢, follows the example distribution de-
scribed in Section [1.2] and consider the following parameter values: a = 9, s = 0.1, e = 1,
p = 0.48, pn = 150, and set the arbitrageur’s capital W_; to wi® ~ 0.1368. We are then under
the conditions of Proposition [16, and if the market is competitive, the arbitrageurs would
be constrained, since w* = 0.2. The equilibrium spreads in the monopolistic (voluntarily-
constrained) structure are A" ~ 0.058, and A" ~ 0.0216. The spreads in the con-
strained competitive case are Ag"“ ~ 0.044 and A" =~ 0.0217, implying that the spread
at time 1 is less than a half of that of time 0. Comparing the market structure shows that
the improvement in liquidity at time 1 is moderate relative to the deterioration at time 0.
(observe that we assumed a value of the arbitrageur’s capital at the low end of the possible
range) This implies that local investors’ welfare decreases from -0.0019 to -0.0023. Instead
arbitrageur’s profit increases 0.1398 to 0.1401. The total effect (taking into account both
markets A and B) is positive: 0.013.

26Recall that Ay = 0 and that Ay > A;.
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2.6 Conclusion

In this chapter, I studied a model of financially constrained arbitrage and relaxed the as-
sumption that arbitrageurs are price-takers. I show that a monopolistic arbitrageur reduces
market efficiency but is less capital-intensive. I also emphasized the role of financial con-
straints as a commitment device for the monopolistic arbitrageur. Since the arbitrageurs’
trading counterparties understand that she will push prices further to their fundamental
value in the future, the arbitrageur loses market power today. Thus, in some cases, the arbi-
trageur may choose to be constrained in order to solve this commitment problem. Relative
to the competitive case, a monopolistic arbitrageur does necessarily provide less liquidity. If
capital is scarce in the economy, liquidity may improve relative to a constrained competitive
market when the asset is close to maturity, since the single arbitrageur’s superior financial

flexibility loosens her financial constraint.

I have studied a textbook situation in which the arbitrage is risk-free. In practice, ar-
bitrage strategies such as relative-value and convergence trading entail risk. Gromb and
Vayanos (2002) show that in this case competitive arbitrageurs may not take the efficient
level of risk, as they fail to internalize the effects of their strategies on others’ financial
constraints. With imperfect competition, one can expect that arbitrageurs would to some
extent internalize the impact of their decisions, even though this would also decrease effi-

ciency. Hence, extending the model to risky arbitrage is an interesting research avenue.

Similarly, considering the effects of entry is a promising topic and would help disentangle
the effects of an increase in capital for existing arbitrageurs from an increase in capital

resulting from the entry of new arbitrageurs.
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2.7 Proofs

2.7.1 Competitive equilibrium

Proposition

Proof. The result is a special case of Proposition 1 in Gromb and Vayanos (2002) with
T =2, and f'(z) = ac’z. m

Corollary

Proof. I solve the system of equations (2.2))-(2.3). Rearranging terms in equation (2.2)

gives:
2a0°zy + 2 (€ — ao®s) wg — W_1 = 0
Since 2ao?s > 0 and —W_; < 0, the unique positive root is

_ao’s—e++/Q

2a02

T , with Q = (€ — ao?s)” + 2a02W_;. (2.6)

Similarly, reshuffling terms in equation ({2.3)) gives:
ao?X, + € —ao2s — 19 = 0 (2.7)

ac? and —zy€ have opposite signs and € — ao2s > 0, hence the unique positive root is

ac?s —e+\U
2a02

Xq = , with U = (¢ — ao?s)” + 4ac2xe.

To derive equilibrium spreads, I use the first-order condition of local investors’ maximiza-
tion problems. At time 0, ao? (z5 +s) = Eo (pf!) — p§f = 20521, Similarly at time 1,
ao? (Xf1 + s) =E, (pg‘) —pit = % = %. Market-clearing for asset A requires z§+xy = 0,
and X' + X; = 0, hence

A = 2a0*(s— X))
B0

5 = ac? (s — xg) + ao® (s — X;)
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I get the equilibrium spreads by plugging equations (2.6) and (22.7)) into the above equations.
n

2.7.2 Monopoly equilibrium

Lemma

Proof. At time 1, local investors in market A solve the following problem:

i = max U, =E, (WQA) — ng (WQA)

Y1

A A a4 G0°
= maxEy +Y"Dy —y;p; — —

A 2 <Y1A + 31)2
1

From the first-order condition, ac? (YlA + 51) = D —p{!, and market-clearing, Y,* + X, = 0,
I obtain the price schedule faced by the arbitrageur in market A:

pf‘ (X1) = D1 — ac?s; + ac?X,
By symmetry, in market B: pP (X)) = D, +ao?s; —ac?X;. With A; = pP — p#, this gives:
Al (Xl) :26L0'2 (S—Xl) (28)

The arbitrageur takes the price schedule as given and solve the following maximization

problem:

: . b .
Ji = maxE; (W) — 5V (W3)
1
st. Wy > 2X;[e—ao’®(s— Xy)]
Wy W1 = By —$1p14+$1p{3 = By + 2141 A (X)) = 2a0” (s —X1)

where x; is the arbitrageur’s trade in asset A. Given that opposite positions in assets A and

B eliminate all fundamental risk, the problem can be rewritten as:

Ji = max By + 2a0’z; (s — X;)
1
st. Wy > 2X, [é —ao® (s — Xl)}
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From the first-order condition, and using X; = x¢ + 1, the unconstrained solution is

s—x
n=" 0 (2.9)
This trade satisfies the ¢ = 1 financial constraint if
WQZB_1+ZE0 (Ag—Al) Z 2X1 [é—a02 (S—X1>] (210)

To express this inequality as a function of the time-0 trade xg, it is necessary to derive the
price schedule Ay, which is a function of xy. Coming back to the local investors’ problem,

plugging their demand into the value function 7!, we get:

(Dl - pf)Q

A A A, A
=E'+Y +
X1 0 o P1 2a02

— 51 (Dl - pf)

At time 0, the local investors choose their holdings (trades) in the risky asset y3'. We can

rewrite their final wealth as
B4 —yi'py + soer + Y'pi + X[ (D2 — p1) + 5160

In equilibrium, the price p{! is the sum of the expected conditional value of the asset, D; and
the liquidity discount, -¢4!. Hence D; — p; is independent of €;, which implies that Dy — p;

depends only on €,. This means that at time 0,

Eo (WzA) = B4 —yipd + V' Eo (pfl) +X{(Dy = p1)
Vo(W5) = o (V' +50)" +0” (1 +51)°
Therefore the local investors’ time-0 problem is{'|
X = maxo (W) = 5Vo (W)
= max B —yipg + Yi'Eo () + Y1 (D1 =) = S0t (V5 +50)” = So? (v 42s1)]

The first-order condition is:

Eo (p}) — p64 = ao’ (YOA + 50)

2"Note that following Basak and Chabakauri (2009) we could write a recursive representation for the local
investors’ problem, using the law of the conditional variance. This would yield of course the same solution.
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Using the symmetry of the B-market, and market-clearing in both markets, gives:
Ay — Ay = 2a0” (5 — x)

Using this result, equation (2.9)), the fact that X; = xo + x1, the notation B_; = W_; and
the financial constraint (2.10)), I can rewrite the condition under which the constraint is slack

as

W_ > é(s+x0) —ao’ (s — xq)

2
5
which gives W_; — se + aa2% + (2a02 — é) To — aaazxg >0

Proposition

S—xg
2

as long as the left-hand side of inequality ([2.4)) has a solution, i.e. as long as the discriminant

Proof. Building on Lemma we know that the unconstrained trade x; = is feasible

is positive:

2
R = (2@023 — é)2 + 10ac? (W_l — se+ aaQ%)

Hence, rearranging terms, I get that R > 0 if and only if

9
W_; > —sée— 10905 ~ e = w® (2.12)

Let us assume that W_; < w® so that the arbitrageur is necessarily constrained at t = 1,

i.e. there is no position zy such that x; = *5* is feasible. The arbitrageur’s position must

therefore saturate the financial constraint, i.e.:

Wo = W_1 + 2a0°zg (s — 19) = 2X; (€ — ao®s) + 2a0° X7
ie. —2a0?X? -2 (é — (ICTQS) X, 4+ W_1 4+ 2a0%zq (s — 29) = 0
At time 1, the arbitrageur’s position, xy, is given, and we can view this equation as a

second-order equation in X; . The constant term, W_; + 2ac?xq (s — ), is positive, since it

represents the wealth accumulated so far, which will be positive in equilibrium. Hence there
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is a unique solution:

. ac?s — e+ U™ . _
Xt = 9002 , with U™ = (€ — a0?s)” + 2a0? (W_1 + 2a0%0 (s — x9)) (213)

The time-1 payoff in this constrained case is 2a0?X; (s — X1). Plugging the quantity
(2.13) into this expression gives after some algebra:

200° X (5 — X{1) = % [a025 —e+V Um] — (W_1 + 2a0?z0 (s — 20)) (2.14)

ao

At time 0, as we proved in the previous result, the local investors’ first-order condition

and market-clearing imply that

Eo(pf — i) = ao®(s — o)
Similarly, in market B, E, (pf — pg) = ao?(—s+ xo)
= Ag— Ay = 2a0” (s — x0) (2.15)

As a consequence, Ay = Aj+2a0? (s — xp). Plugging equation (2.13)) into AT = 2a0? (s — X7')
gives AQ' = ao?s + & — v/ U™. Using (2.15]), this implies that

A (z9) = ac®s + & — VU™ + 2a0* (s — ) (2.16)
I can now solve the arbitrageur’s problem at time O:

J§t = max W_y + 20Af (z0) + 2a0 X! (s — XT1)
Zo

s.t. W_q > 2z (€ — ao® (s — m9))

A (1) = ac®s + & — VU™ + 2a0* (s — x)

Using equation (2.14)) and plugging the spread schedule into the maximand, the problem

boils down:

Jot = maxi2 [\/Um - é+aa2s}

o Ao
s.t. W_q > 2z¢ (€ — ao® (s — x9))

. _ 2 . . ..
Since U™ = (€ — ao?s)” + 2a0? (W_; + 2a0?z (s — 1)) is concave in zy, the maximiza-
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tion problem admits an interior solution (ignoring the constraint for now):

e VU

FOC: — 0
ac? 0xg
NT™ aaUm 4a?0*(s—2x0)
Since Sr= = J5n = TO’ the unconstrained optimum is

S
To = =
2

Let us now check under which condition this strategy satisfies the time-0 financial constraint.

The constraint is satisfied if
W_, > 2x (é— ac? (s — xo)) = S€ — 5@0 s° =P

To determine whether this condition is compatible with the initial assumption that W_; <
w’, I compare the two thresholds:
2 5, e (¢ — 2a02s)”

2
‘> s —se— - - & —
S R T 10a02

>0

Since the last inequality is never satisfied, w® < wP, implying that for any arbitrageur capital
W_y strictly below w€, the arbitrageur is constrained at both ¢ = 0 and ¢ = 1. The time-0

position and the equilibrium are thus the same as in Proposition 10}

Conversely, for W_; > w€ not only the fully constrained strategy is financially feasible,

but for W_; > wP, but also the ¢, ug strategy. m
Lemma

Proof. Let’s assume that W_; > w®, so that there is always a time-0 trade such that

1y = 5 satisfies the financial constraint at ¢ = 1.

The uq,uy strategy. I first derive the conditions under which the unconstrained strategy

is feasible. Plugging x; = *5* into the arbitrageur’s objective function yields her value

function in the unconstrained state of the world:

2

JU = By + % (s — o) (2.17)
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From local investors’ first-order conditions and market-clearing, and the symmetry assump-

tion xf = —axF = 20, I get that

Eo (pi' — py)) = a0® (s — a0)
Eo (pf — pf) = a0” (a0 — 3)

Subtracting the first line from the second gives:
A — Ay = 2a0” (z9 — 5) = AY (20) = 3a0? (s — x) (2.18)

where the second equation follows from equations (2.8) and (2.9). Hence, using equation
(2.17)), the arbitrageur’s problem at time 0 (if he is unconstrained at time 1) is:

2

Joul = max W,I -+ l’oAgl (%0) + % (S - 1’0)2
Zo

s.it. Ay (x0) = 3ac? (s — x0)

W_y > 2w [e — ao” (s — z9)]

Taking the first-order condition and solving for its zero (ignoring the financial constraint),

the unconstrained optimal strategy is

2
Tt = 55 (2.19)
3
This implies: """ = 08 (2.20)

Plugging this quantities into (2.8)) and ([2.18)), this trades translates into the following equi-

librium spreads:
9 3
Ay = Zac’s; A} = —ao’s (2.21)
5 5
Further, from equations (2.19)) and (2.20)), I get the payoff

9
Jy =Wy + 1—()&0'282 (2.22)

I now derive the conditions under which these trades are feasible. Plugging equations
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(2.19)-(2.20]) into the financial constraints, I get:

4 12
At t =0, Wy > 2z [6 — ac” (s — z9)] & W_1 > w' = gsé — 2—5a0232 (2.23)
7 9
Att=1,Wy>2X [e—ac’(s—X1)] & Wi >wl'= gsé - 1—Oaa252 (2.24)

From the expressions of wi® and w}’, one can see that a slack constraint at ¢ = 0 does
not necessarily imply the same at ¢ = 1, in particular, wi" > wi® & € > %cw?s. Moreover,

: m c c_,,m e m
by comparing wi* and w®, one can see that w® = w" — ;55 < W™

I show in Lemma below that w® > wi' & [3 - 2\/§, 3+ 2\/§].

The u,, ¢y strategy. Since there are two thresholds wj’, wi", and given that their relative
order changes, one constraint may be saturated at a time. To remain unconstrained at time

1, the arbitrageur must trade a quantity that jointly satisfies the following inequalities:

t=0: W_; > 2x [é —ao® (s — xg)]
5+ 5xg
2

t=1:W_; >eée(s+z0) —ac® (s — x0)

I showed in the proof of Proposition [10|that the time-0 constraint has two roots, one positive
(denoted z3) and one negative (denoted 23 ). The time-1 constraint has at least one root if
its discriminant R > 0 (defined in the proof of Lemma[8). Let 3 and z}" denote the roots
if R > 0. Since the arbitrageur’s problem and the constraints are second-order equations in

o and have an inverted U shape, if one constraint is binding, it means that its roots are

smaller than the peak of the arbitrageur’s the value function at zy"*" = %s, and at least

one root of the non-binding constraint is greater than %5. If both constraints are binding,

2
5

trade the largest quantity such that both inequalities are weakly satisfied. This may not

then all four roots are smaller than £s. Then to remain unconstrained, the arbitrageur must

always be feasible, for instance if z{ < 2} < 0 and 2§ > x{. The time-1 constraint has two

negative roots if W_y < w? = sé — ao?s?, and —5 > 2. Similarly, if W_; < w* < w{", and

xh > ap > ad > 0.
]

Lemma [10]

Proof.
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The ¢, uy strategy was derived, in part, in the proof of Proposition [I1} I recall the main

equations here for convenience. The positions are:

ciug 3
Ty 5
Xc1,uo — aO-QS —€+V um
! 2a0?
where U™ = (é — a02s)2 + 2a0? [W_l + 2a0° x5 (s — xglv’”o)}
= 2a0*W_, + (é — (w2s)2 + q%0ts? (2.25)
The payoft is:
Jo" = % [\/W —e+ aa2s] (2.26)
ao

From Proposition [I1] the time-0 trade is feasible if and only if W_; > w”. I now check under
which condition the arbitrageur is indeed constrained at time 1 after trading xo = 5. It must

be that if the arbitrageur re-optimizes at time 1 with a starting position 3, her financial

S

=3,
Plugging this quantity into the time-1 financial constraint gives:

constraint binds. The unconstrained trade at time 1 is *=* resulting X; = 5+ 7 =

W_1 + 2a0zq (s — z0) > 2X; [é —ao® (s — Xl)} s Wo > 556 — —ao?s =P

To sum up: the ¢y, ug strategy is
e feasible if and only if W_; > w?,

e credible if and only if W_; > @P.

The ¢, ¢y strategy is described in Corollary [I4 Plugging the positions into the arbi-
trageur’s profit function, W_; + 2ac%zg (s — o) + 2a0?X; (s — X1) gives the payoff:

Joreo = © [aa% —e+ \/(é — a025)2 + 2¢e (a023 —e+ \/6)]

ac?

As shown above, a necessary and sufficient condition for the arbitrageur to be constrained
at time 0 is W_; < wP, with w? > w®. When W_; € |[w® wP|, one must therefore check under

which condition the strategy is credible. The arbitrage cannot re-optimize at time 1 if the
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. . . . . .. _ 24 65—
time-1 constraint is binding when it is evaluated based on z; = == and zy = %/@
s—xo

2
From Lemma , the time-1 financial constraint based on x; = *5* is W_; — se + aa2§ +
(2a0%s — &) xg — gaa%% > 0. Plugging o = “‘7252;%‘/@ into this equation and rearranging

terms gives inequality (2.5). =

The following result will be useful to determine the equilibrium:

Corollary 22 suppose that W_1 < wP, then if W_1 > &P, the c1,uq strategy is not credible

and it implies that the cy,cy is not credible either.

Proof. This follows from the relative position of time-0 trades:

s
xg 0 < agh"0 = ; © e—/Q>0

82

= ¢ >Q < W, §sé—a025:wp
Then, note that the time-1 constraint, based on z; = *5* is an inverted-U shaped parabola
in zo: g(xg) = Wy —se+ cw?% + (2a0?s — €) xy — Sao?z}. By Lemma , W_y > &P
implies that g (zg""°
root of g(xg) = 0. Further, if W_; > wP, ag"® < zg""° < z}. Thus on this interval,

g(z5"") >0 = g(z5"°) > 0, i.e. the fact that ¢y, ug is not credible implies that ¢, ¢ is

) > 0. Note that g is decreasing for all zy < x}, where z} is the largest

not credible. m

Equilibrium

Propositions [12]and [L3| are based on a number of intermediate results that I present here.
I first compare the payoffs of the different strategies, then derive parameter conditions to

order the capital thresholds, and finally determine the equilibrium in each region.

Lemma 12 The uy, ug strategy (weakly) dominates the ¢y, ug strategy if and only if W_1 < vy

or W_1 > vy, with vy = <1 — \%) s€ — ao’s? and v, = (1 + \%) s€ — ao’s?.
Proof. I recall the expressions of the respective payoffs for convenience: Jy'" = W_; +
+ao?s®, and JiH° = 5 [\/U — (e — aO'QS)]. This gives:

9
Jgt > JgE & ac®Wo, + et + 1—0a2a452 —ac’se > eV U™
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From Proposition a necessary condition for consider the uq,ug strategy is W_; > w°,
which implies that ac?W_; + &2 + %aza‘lsz —ao?se > 0. Hence elevating to the square each

side will not change the order of the previous inequality. I get:
[aaQW_l — a02wl]2 > &2U™, with w! = sé — %a0232 — %
Using U™ = (¢ — ao?s)” + 2a0*W_; + a20*s? and developing and regrouping terms gives :
a’c*W_, — 2a0? (aazwl + 62) W_, + a®c? (wl)2 — & (éz — 2a0?se + 2a20432) >0
The left-hand side is a second-order equation in W_;. Its discriminant is:
§ = 4a*o* [aale + 62]2 — 4a*o* [a204 (wl)z —é (é2 — 2a0?se + 2a20432)}
Using the definition of w' and regrouping terms yields:
0= §a4083262 >0

2a02 (aa2wl+62)+\/g 2a02 (aazwl—é2>+\/3
20254 and Vg = 20254 )

with vy < wq, so that the inequality is satisfied for W_; < vy or W_; > v1. v; and vy can be

This proves that there are always two roots v; =

simplified to the expressions given in the lemma by replacing § and w' by their expressions.

It is easy to check that the conditions are both necessary and sufficient. =

Lemma 13 The uy,uy strategy weakly dominates the cy,cq strategy if

fW_) = —a*c*W?, 4+ 2a°0*@'W_; — a?c? (@1)2 +2e%/Q + &' — a’ols?e? <0 (2.27)

Proof. From the expressions of Jy""** and J3"“, I get:

9
JoHO > Jo & ao?W_y — ao®se + Ea20432 < é\/a20432 —e2+2e\/Q

The assumption that W_; > wi* implies that the left-hand side is positive. I take the square

on each side, which gives:

112 _ _ _ . _ _
a’o? [W_l — wl} > a’ols’e? — et + 2e3\/Q, with &' = se — %a0232
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Developing and rearranging terms yields condition (2.27)). =

Lemma 14 Ifwi < W_; < wi*, or W_1 < wi" < wi*, the uy, co strategy involves trading a

quantity xj, given in Lemma@ at time 0. In this case,
o the uy,cy strategy is always dominated by ¢y, ug,

e the uy,cy strategy dominates ¢y, cq if

2 12 42 2 4
g(W_,) = gaUZW,l—2—56120482—1-%62-1-%&0'285—1—% (ac®s +28) VR > 26\/Q (2.28)

u1,c0

Proof. First, I plug the expression of z} into Jy"*® (xg) to the payoff of the strategy

using the results of Lemma [0} This gives:

U1 ,C 1\ _ _
T (o) = Wor 10ac? ~ a2 5977 * 5

9a204s2—<e—\/ﬁ>2 e [7 , VR-—e¢

Then using the expression for J;""° given in Lemma , I find that

(ac®s + 2¢) + \/TE > VU™ >0

Jéu,Co (l’é) Z JSLUO o=

(G20 )

Taking the square on each side yields, after developing and rearranging the terms,

2

(ac®s + 2€) VR > 10ac? (W_, — w°), with w® = Dse— 2ao?s? —

Given that W_; > w® by assumption, and that w® > w® the right-hand side is positive
and taking the square on each side does not change the sign. This yields the following

second-order equation in W_:
—100a%0*W?,+10ac? [20aa2gc + (aa25 + 26) 2} W_1—10ac> [(a025 + 26)2 w + 10ac? (gc)ﬂ >0
The discriminant of the equation is:

2
d = 100a%* |20a0%° + (a0s + 2¢)°| ~400a%* [10a0? | (a0®s + 2¢)" w* + 1000 (w°)|
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Developing and regrouping the terms gives

d =100a’*c* (ac®s + 25)2 [(aa2s + 26)2 — 40a0* (w® — w°)

: c__,,c_ 1.5 1. 2.2 &2
Since w® — w® = {58€ + 7a0°5° + 15—

5, the discriminant boils down to
d = —900a*c®s> (a02s + 26)2 <0

Therefore, given that the coefficient of the second-order term is negative, the inequality is

never satisfied.

I now turn to the second point:

2 R
Tz g e 2 (ac?s + 2¢) + % > \/a2o4s2 — &2 +26\/Q

This yields condition ([2.28)), after elevating both sides to the square and rearranging terms.

Lemma 15 Ifw]' < W_; < W, or W_; < w" < WI, the uy, ¢ strategy to trade x), given
in Lemmal9. Then

e the uq,cy strategy dominates c1,uq if

(5e — ac?s) V/Q + 2:0256 —é% + a*ots? VT

1
gu (W_1) = —ZGO'QW_l +

o the uy,cy strateqy dominates cy,cq if

1 56 — 2 2 205 _ 52 2 4.2
f]C(W_l):—ZaJQW_l—i—( C=ar’s) VA ZJ Sl 25\/a2a432—é2+2é\/§

u1,co

Proof. By plugging z into Jy"® (x¢), both given in Lemma |§|, I get the payoff of the
strategy

a’c*s? + 6ao?se — 5e* + (be — ao?s) /Q
dao?

T (a) = W +

Comparing this payoff to J5"** and J;»* and rearranging terms gives the conditions given

in the result. m
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Lemma 16

1. If -5

ao

2. If &

The thresholds are ranked in the following order:

6[0,%[ then w® < W < v <P < WP < Wi,
179 _
E[I_O’EO[’ thenw0<w1 Svlgwpsw()ngwp}
79 thenwc<w1<vl<wm<wp<wp

4 1If o5

10. If &

ac?s

Proof. I start by recalling the expressions of the different thresholds:

v =

Vg =

m

€ %,3—2\/2[, then w® < w{' < w" <v; <wP < WP,

€ %5,1[, then wf’ < w® < w* <wP < vy < WP,

€ 1,3—1—2\/%[, then wi’ < w® < w? <wl* < v < WP,

>34+2 g, then w® < wf < wP < w* < vy < wP.

7 9 L, e
—Sé — —ao”’s
5 10 10a0?
4 12,
—sé — —ao’s?
5 25
[ 9 22
586 — ECLO‘ S
1
s — —ao’s?
2
3 7
556 — ga0232
5 9
(1 + %) se — 1—0(10282
5 9
(1 — g) se — Ea02$2

I now determine relative positions.

€13-2 62\[[ then wi’ < w® < wl* < v <wP < wp,

131
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wy' Vs we
wt>wy & zsé — 2@0252 — ¢ > ilsé — 2&0'282
- 5 10 10a0? = 5 25
& 6ao’se > %a%%z + &
&  — &+ 6ao’se — %a20452 >0 (2.29)

One can view the left-hand side as a second-order equation in €. The discriminant of the
left-hand side is D = 9—§a20432, and given that the coefficient of the second-order term and
the constant have the same sign, and that the coefficient of the first-order term is positive,
there are two positive roots, given by (3 — 2\/§> ac?s ~ 0.81ac?s and (3 + 2\/§> ac?s ~

5.2a0?s. Hence w® > wi* if and only if —%- € [3 - 2\/§, 3+ 2\/5]

ao?s

wP vs wi" and w(":

1
wh>wit & e> Eaa%
wf > wi' & e < ao’s
wP vs w:
2 2 2
WP <wt & Zse— —ac’s® — >
- 5 5 10ao0? —
_ 2
€ — 2a0?s
10ac?

= impossible, hence w? > w*

WP vs wP: WP <P & > %aazs.
WP vs w{ and wi":

_ _ 19

W >wit & e> —ao’s

140
w>w' & e> —4ac?s which always holds
m m. m = 7.2

wy' vs wi't wi' Swit & € > 5a0s
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v; vs W', wi', wP and w?:

v > w{nsincel+‘/?5>§
21

vy > Wt e > —— qo’s

e =10 (1+ v5)
24/5

v > Wb e GZT\/_CLO'QS

v < @Psince 2 >1+‘[and%>§

Note that vy < wi® hence the condition W_; < vy is not going to bind, and therefore it is

not useful to study the relative position of wvs.

Overall, without condition on the parameters, we have: @w? > wi’, w® < wi*, w® < WP,
v > wit, WP > v; and vy < wi’. For the other relationships, there are 9 thresholds, in

: 179 21 6 2\/
ascending order: 15, 175, 0(14vE)’ 1—0, Z’ 3—24/z, =, 1 3+2f

Proposition Proof. For uj,ug to be an equilibrium, it must be i) feasible, ii) weakly
dominating ¢y, ug and ¢y, ¢g. Note that if a strategy dominates ¢y, ug, it also dominates ¢y, ¢y
(whether ¢y, ug and ¢y, ¢y are credible or not), but the converse is not necessarily true. A
necessary and sufficient condition for i) to hold is that W_; > max (wi’,w}") by Lemma [J]
A necessary and sufficient condition for ii) to hold is that W_; > vy or W_; < v,. Given
that vy < wi® and v; > wi* for all parameter values, one can eliminate W_; < vy from the

equilibrium conditions. Hence a necessary condition is W_; > max (vy,wy"). Lemma

21

é
5 > 0(1v5)’ hence the result.

shows that v; > wy® if and only if

Note that wuy,uy may be an equilibrium for a larger parameter interval, because the
previous points are based on the weak dominance versus ¢y, ug, which implies weak dominance
of ¢1, ¢o, and do not take into account credibility and feasibility conditions. There are cases
(see Lemmata below) where ¢y, uy dominates uy,ug but is either not credible or not
feasible. This is the case in particular if v; < w? and / or v; > wP. If at the same time,
u1, up dominates ¢y, g, and / or ¢, ¢p is not credible, then uq, ug is an equilibrium, but these

cases are not accounted for by the proposition. m

Corollary . Proof. Building on Proposition (12 if ~ (.65, the equilib-

ao2s - 10(1+\f)
rium condition is W_; > w{" = 3s¢ — $2ac*s?. Since wyj" is highest for & > 2ao?s >

21

25 0(1+\/5) ’
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. . . =3 21 . e
an increase in s decreases wi* if -5 < . Conversely, if >
0 ™ ao®s = 10(14+5) Y b oo 10(1 f)
9

is vy = (1 + \%) se — I—Oaa s2. Taking the first-order condition shows that v; is increasing

the threshold

. P > L s ‘ . 9
insife> 10<1 - ) 0.62. Given that 10(1 - ) < 10(1+\/5>, an increase in s tightens the

NG

V5

int if —€_ 21
constraint if —- > 0(v5)

Proposition Proof. The result requires that the ui,uy and ¢, uy are both feasible
and that ¢, ug is the dominant strategy. The first point requires W_; > max (w§*, w}") and
W_; € [wP,wP] (by Lemmata [9 and [10). The second point requires W_; < v; (Lemma [12).

Hence we must have W_; > max (wf', w}",w?) and W_; < min (v1, ). From Lemma [16]

this interval is non-empty only in the two instances stated in the result. =

Corollary Proof. Recall the expressions of z5' ™, "™ and X" from Lemma [10}

cuo S, etuo VU™ cluo_@UZS_é‘i‘ vum
Ty T =55 X = —, X0 =
2 2a0? 2a0?
Using the results of Lemma [J] it is immediate that ('™ > 5.

. - vum—e 3 3
I’lho xll’OZW—ES> <:>\/Um>€+5a0'5

Taking squares on both sides and rearranging terms yields:

8 41
W_4 >g é—ga025>w{”

Further v; > %se — %aUZS & ‘/55 > 225(1023 which never holds since v/5 — 3 < 0.

Thus the equilibrium condition W_; < v; can be satisfied at the same time as W_; > §sé —

451 ac?s, which implies that for all parameter values satisfying the conditions of Proposition

$C1 ,UQ < qul UO

Turning to the total position:

2 5 /TTm 2
ao’s —e+vU —ls :W_l_gse—z—iaUQSQ

X'Chuo X'ULUO _
1 At - 2
2a0 10

- _ 1) p 9,22 T, 23
Smcevl—<1+\/5>se 5a0°S%, £5€ — 52

. ao’s®> <vy. m
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Proposition Proof. The result can be derived from Lemmata below or directly
by using Lemmata [9] [I0] [16], [14] and u

For the sake of exhaustiveness, I now derive the equilibrium for each of the parameter
regions of Lemma [I6] Since the algorithm for the equilibrium determination is always the

same, | write the proof only in the first case. Note that:

Lemma 17 If ﬁ;s <T7—2V10 or =% > 7+ 2v/10, w® < 0. Thus some parameter regions

ao?s

may imply a negative capital (i.e. debt) W_; < 0.

2.5 02,42 =2 .
Wao=se9a"0 s"—€" = ne can view the numerator as a second-

10ac?
order equation in € and calculate its discriminant, § = 160a’0*s?.

(7 — 2v/10) ao?s ~ 0.67ac?s and (7 — 2v/10) ao?s ~ 13.3a0?s m

Proof. Rewriting w® as

There are two roots,

This result matters as it can explain why in some regions the equilibrium with may not

exist. Capital may be so negative that no trade may be feasible. I recall some notation.

Notation 17 The following notation is used as a shorthand:
o Weakly dominant strategy:

— uy, ug dominates c1,co if f(W_1) > 0 where f is defined in Lemmal[13,

— uy, Co, with the time-0 constraint most severely binding, dominates c1,co if g (W_1) >

0, with g defined in Lemma

— uq, ¢, with the time-1 constraint most severely binding, dominates ¢y, ug if g, (W_1) >

0, with g, defined in Lemma

— uy, ¢y, with the time-1 constraint most severely binding, dominates ¢y, co if g, (W_1) >
0, with g. defined in Lemma[15

o Credibility and feasibility conditions:

— ¢1, ¢ is credible if and only if h (W_y) < 0, where h is defined in Lemma[10)

I now present the equilibrium for each parameter region:

Lemma 18 Case A: If % € [0, %[, then w® < W < v <P < WP < Wi,

aoc“s
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1. If W_1 > wy', the equilibrium is uq, uo,

2. If W_y € [wP,wi], then if W_y is such that h (W_1) > 0, the equilibrium is uy,co with
Ty = x3, otherwise, a necessary condition for this equilibrium to hold is g. (W_y) > 0.

If g. (W_y) <0, the equilibrium is cy, co.

3. If W_y € [@P,wP| then the equilibrium is ci,uy with xg = 23 if ) > x5 and may not

exist otherwise.

4. If W_y € [v1,wP] or [wi*, v1], or W_y € [w w]"[, then the equilibrium is ci,uy with
zo = 23 if ) > x) and h(W_y) > 0. If h(W_)) < 0, the equilibrium is ui,cqo if
Ge(W_1) >0 and 23 > 2. §.(W_1) <0, then the equilibrium is ¢, co. If xo < x}, it

s mot possible to satisfy the financial constraints.

Proof. If W_; > w{', w1, up is feasible, and u;, ¢y is feasible but not credible since
W_1 > @P. Given that W_; > vy, uy,uy would dominate ¢y, ug, hence dominates ¢y, cg.

Hence the equilibrium is wuq, ug.

If W_; € [wP,wi[, then uy,ug is not feasible, with the time-0 constraint binding, hence
one must compare u,cy with zg = z0 to c¢1,ug or ¢1,¢o. ¢1,up is still not credible, hence
uy, o must be compared to ¢y, o if the latter is credible, i.e. if h (W_;) < 0 according to
Lemma [10] By Lemma [15] if ¢, ¢ is credible, it is dominated if g. (W_;) > 0.

If W_; € [wP,wP], then the time-0 constraint is still the most severely binding. However,
since W_; < wP, there are two positive roots to equation (2.4). One (z{) is greater than %s
since the time-1 constraint is not binding, and one is smaller (2} ). From Corollary [14] the
time-0 constraint has always a positive and a negative root: 23 > 0 and z3 < 0. If 2) < 2)"
then the two constraints do not cross in the upper-quadrant, meaning that no trade ensures
that the time-0 constraint is feasible and x; = *5% is feasible. Given that W_; € [P, w?],
the fact that cq,ug is not credible implies that ¢, ¢y is not credible by Corollary . Hence
if ) < x{’, there may be no equilibrium. If 3 > z}', there is always an equilibrium, and the

equilibrium is uy, ¢y with z¢y = ).

If W_; € [vy,wP[ or [w}", vq], then the analysis is similar, with the exception that Corollary
cannot be used anymore. Hence if h (W_1) < 0, ¢y, ¢ is a credible strategy and it is played
in equilibrium if g (W_;) < 0.
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If W_; € [w® w]"[, the analysis is similar: given that W_; < w]", the time-1 constraint is
also binding but since wj* > wi", zf < xj, the time-0 constraint remains the most severely

binding constraint. m

Lemma 19 Case B: If 5 € [, 15[, then w® < w* < v <@P <wf' < WP,
1. If Wy > wP or W_y € [wit,wP][, the equilibrium is uy, uo,

2. If W_i € [@P,wi[, the equilibrium is uy, co with o = x3 if 2] > x} . Otherwise, it is

not possible to satisfy the financial constraints (A.3.).

3. If W_q € [v1,&P] or [wi*,v1[, the equilibrium is the same as A.4.

Lemma 20 Case C: If M‘ZS € {%, ﬁ {, then w® < wi* < v < wf < WP < WP,

1 IfW_y > wP or W_y € [WP,wP], or [wy",wP[, the equilibrium is uy, ug.

2. If W_q € [vg,w'[ U [wi", v1[ U [w, Wi, the equilibrium is the same as A.4.

. _E€ 21 7 _
Lemma 21 Case D: ﬁ € {m, 10 |:, then w® < w{n < w6” < V1 < P < wp)

1. IfW_y > wP, or W_q € [WP,wP[ or [vy,wP], the equilibrium is uq, ug.

2. If W_y € [wi",v1[, then the equilibrium is uy,ug if R (W_y >0). If h(W_1) <0, then

the equilibrium is uy,uo if f(W_1) >0 and ¢y, ¢y otherwise.

3. If W_y € [wi*,wi'[ or [w®,wi*], then the equilibrium is as in A.4.

Proof. The first case is immediate: one must compare the strategies uq,uy and ¢y, ug,
and the latter is either not feasible / credible, or dominated in these three intervals, since

W_1 > vy. (this implies that ¢, ¢g is also dominated)

The second case is new and follows from Lemma [10] and Lemma [I3] It differs from A .4.
because one mus compare uq, ug to ¢1, ¢y, while in A.4. one compares uy, ¢y to ci,cg. This

case arises because for —&- > —21
ao?s 10(

61+ vE)’ wy' < v1. The third case has already been analyzed.

Lemma 22 Case E: If 5 € [£.3], then w® <wf' <w" < v < @P < WP,
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1. IfW_y > wP, or W_y € [WP,wP| or [vy,wP], the equilibrium is uy, ug.
2. If W_y € [w", vy, the equilibrium is as D.2.

8. If W_y € [wi', [ or [w wi], then the equilibrium is uy, co with xg = x} if h (W_1) >

0. If h(W_1) <0, the equilibrium is uy,co if g(W_1) >0, and c1,cy otherwise.

Lemma 23 Case F: If Mis € [%,3 -2 g[, then w® < W < wp* < v < wP < WP,
1. IfW_y > &P or W_q € [WP,0P[ or [uy,wP], then the equilibrium is uy, ug,

2. If W_y € [w, v1], then the equilibrium is as D.2.

3. If W_y € [wit,wi| or [we,wi[, the equilibrium is as E.3.

Lemma 24 Case G: If —5- € [3—2 g,%g[, then W < w® < WM < v < WP < WP,
1. IfW_y > &P or W_q € [WP, 0P| or [v,wP], then the equilibrium is uy, ug,
2. If W_q € [W", v1[, then the equilibrium is as D.2.

3. If W_q € [w¢,wi], the equilibrium is as E.3.

o2s

Lemma 25 Case H: If —5- ¢ [%5,1[, then wf* < w® < W' < wP < v < WP,
1. IfW_y > &P or W_q € [v1,@P[, then the equilibrium is uq, uo,
2. If W_q € [wP,v1], then the equilibrium is c1, uy,
3. If W_q € [w]",wP[, then the equilibrium is as D.2.

4. If W_y € [w® W[, the equilibrium is as E.3.

Lemma 26 Case I: If —5- ¢ [1,3 + 2\/§[, then w* < w® < wP < W < vy < WP,
1. IfW_y > &P or W_q € [v1,@P|, then the equilibrium is uy, uo,
2. If W_q € [W*, v1] or [wP, W[, then the equilibrium is ¢y, ug,

3. If W_y € [we w"[, then the equilibrium is as E.3.
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Lemma 27 Case J: If —5- > 3+24/2, then w® < wi’ < wP < wi* <oy < WP,

1. IfW_y > &P or W_q € [v1,wP], then the equilibrium is uy, uo,

2. If W_q € [W",v1] or [wP,w]"[, then the equilibrium is ¢y, ug,

3. If W_y € [wi',wP[ or [we,wi'[, then the equilibrium is as E.3.

2.7.3 Liquidity and welfare comparisons

Proposition

Proof. First I recall the expressions of the spread at time 0 in both cases:

9
Ay = gaa2s; Ay =2(ac’s+e) — VQ - VU
with Q = (€ — ao2s)> +2a02W_, and U = (€ — ao?s)’ 4 4ac2xoe. It is convenient to rewrite

U by plugging the expression for the time-0 constrained trade given in Corollary

U (é — a028)2 + 2e (a023 — é) + 26\/@

= a’ots? — &+ 26\/6

1
AL > AT & gaa2s+2éz\/@+\/ﬁ

This implies that

1
5@023 +26>Q+U+2,/QU

Since Q+U = 2a’0*s% —2a0?se+2e+/Q +2ac*W_y, the condition becomes, after regrouping

terms:

14 49
—2a0°W_q + Faazsé — %aQJA‘sQ + 4e% > 2\/6 (é + \/ﬁ)

A necessary condition for this inequality to be satisfied is that the LHS is positive, i.e.

. T 49 2e*
W, <w= 558 %aasz + s (2.30)
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The interval of interest to compare @ to is [wy',w*[ if 5 < ﬁ, [o, W[ if 5 >
ﬁ and [vy,w*[if % > & and A (W_1) > 0 or h(W_1) < 0 and f(W_;) > 0. Note

that the latter case is not given in Proposition [I2] which gives only a necessary condition

and not a sufficient one. I compare @ to the different thresholds:

5 (/5 — 2) ac?se — 2a’0%s? — 50e>
Nl () L i >
25a02

We can consider the numerator of the LHS as a second-order equation in é. Calculating the
discriminant d = <25 (V5 - 2)2 - 400) a’0%s? < 0 shows that the LHS is always negative

(since the second-order term has a negative coefficient), i.e. v; < @.

Next, I compare w and wy':

—6ac?se + balots? — 20e>
10ac?

wy' <w &

The LHS in the numerator can be seen as a second-order equation in e, I calculate its
discriminant: d = 436a?0c%s®> > 0. Since the constant and the second-order term have

opposite signs, there is a positive and a negative root. The positive root is equal to

V109 ~ ~ e e
00?5 ~ 0.68a0?s > ﬁaa% ~ 0.65a0”s. Hence if —5- < 10(12+1\/5), (2.30) does
not hold. If

To complete the time-0 case, I assume that h (W_;1) > 0or h (W_1) < 0and f(W_;) > 0.

The relevant threshold for the monopoly is then wi™:

a*ols®*  ,  _ _ao’s
<e® &e>

25 )

wi'<w & (e>0)

Next, I compare the time-1 spreads, A* = ao?s + & — /U and A7 = 2ao?s:
" m 4 5 o2 21 5 04 o
AT > AT & il se + 2e” — TR > 2e/Q (2.31)

I study the sign of the LHS, taking it as a second-order equation in €. The discriminant is

d= 12%4@20432 and given that the constant and the second-order term have opposite signs,

there is a positive and a negative root. The positive root is V62526 ~ (0.48a02s. Hence

10
e < ‘/E_2, A7 < AT, Otherwise, one can take the square in each side of inequality
ao?s 10 1 1

for
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(2.31]), which gives, after a few lines of algebra:

7 21 441 a®o%s* 21 a20%s?
A*>A" = W <d=-—s6— —ao =2 il
1=21 1 S0 = ps8 - pa0’s’ e — 1o

To assess the existence of this case, I compare @ to the thresholds vy, wi' and wi".

v

w

o o 2—+5 3 5,5, 21 a0t [21@023_1] >0

5 T T s e |10 e

It is not possible to derive the roots of this equation analytically. However, one can look at

sufficient conditions. There are two options and both are not satisfied. i) It is enough that:

2lac’s _ 1 > () s < 0.
{40 E = N : 5 & <0.525

2’5‘/535—1— Ba02s? > 0 e < = ~ 1.27 aaQS

aoc?s — 10

. . . . . o . . 21 ~ .o
This is not compatible with the initial assumption that —5- > ) 0.65. ii) Another

sufficient condition is:

2,43 e > 14
2ac?s? > 12215“ s - ao?s = 5 .
€ 441)3
4410364 - < @3 ~1.23
5000e 10(\/5_2) 3

These two conditions are contradictory.

Now compare w and wy':

39 o, 441 @%%s* 21 a?ots?
s°+ —— — — 2
5) 25 5000 &2 125 e

vV
)

|
V2]
Q)

|

|
o
R
o

Again, there are two types of sufficient conditions and both are not satisfied. i) It is enough
that:

IN IV
»Jkll\.'J [S[Y)
Ol

3se > Lao?s? e

5 25 = ac?s

441 a30%s3 > 21 a?0?s? e
5000 &2 <= 125 &

These two conditions contradict each other. ii) Another sufficient set of sufficient conditions

is:

VT 2 0.53

21
151/820.49

IN IV

55 A0~ S

21 a?otsd €

55e 2 105 g = ao’s

441 a30%s3 > 9 2.2 €
5000 &2 = 25
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Again these two conditions contradict each other. Last I compare wi* and w:

RN 3 4 2, 441 a®o%s® 21 a?o’s?
w w —Qaog s -_— —_ —
- 50 5000 @2 125 ¢

>0

. 025(300e2+441a%0*s% —4200a0? se .
We can rewrite the LHS as > s(3008+ 5500628 ¢ Se), which can be seen as a second-
order equation in é. The discriminant of the numerator is d = (4200? — 1200.441) a?0's* =
q?a’0*s®> > 0. The constant and the second-order term has the same sign, and the first-

order term is negative, thus there are two positive roots. The smallest root is equal to

which is lower than the threshold —2—ao?s, and
10(14+V/5)

A > AT W € [wi, @,

(7T —q)ac?s ~ 0.lac?s, with ¢ = %7

the largest root is (74 ¢) ao®s ~ 14ac?s. Hence if —5% >

]
Proposition

Proof. The equilibrium spreads in the constrained competitive and voluntarily con-

strained cases are given in Corollary [14] and Proposition A time 0:

N> AT o U+ e<\/Q+VT>0=U" - (Q+U)+e* > /QU —2eVU™
Since U™ — (Q + U) = 2e? — 2e,/Q, the previous condition rewrites as:

2 > \/QU - 2¢ [VU™ - /]

I now show that the inequality is not trivially satisfied because the RHS is always positive.
To see this, note that U™ = Q + a?0%s> > Q, hence VU™ < /Q + ac®s by Cauchy-
Schwartz inequality. Hence 0 < 2e [\/W . \/@] < 2ao0?sé. Further, we can write U
as U = (€ —ao s) + 4ao?z¢e. Since the financial constraint is binding at time 0 in the
competitive case, W_; = 2w€ — 2a02x¢ (s — ). Hence U = Q + 4a’ctzo (s — 1) > Q,
because the second term represents the time-0 trading profit which is positive in equilibrium
given that the spread does not close. Since Q >0, U > Q = UQ > @Q* Taking the square
root on each side gives: /UQ > Q. Then using the expression U = Q +4a’c*zq (s — x0), we
have QU = Q? + Q4a*c*zo (s — xp). Then, applying Cauchy-Schwartz inequality to v/QU,

we obtain: Q < UQ < Q + 2a0?\/Qxg (s — xg). This, combined with the inequalities
about U™, implies that

UQ —ée (VU™ —1/Q) > Q — 2a0?sé = &> + a*c*s2ac*W_1 > 0
v (v :
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Next, I consider the time-1 spreads:

A > AP & U >U < 28° 4 d’o's® — 2a0°se + 2a0°W_, > 26\/@

2

I first check the sign of the LHS. It is positive if and only if W_; > sé—%aa%’z—% = wP—&;

ac?”

This inequality is always satisfied since by definition W_; > w” in the c;, ug equilibrium. I
2

rewrite the LHS as 2a0? (W,l — (wp — é—)) The above inequality gives:

ac?

) 2
4a*o’ (Wl - (wp - 6—)) > 4e() = 4é* (é — a02$)2 + 8ac’eW_,

ac?
Developing each side and skipping some lines of algebra, I find that the previous inequality
is equivalent to:

1 2
Wzl — 2WPW_q + §* (e — iaazs) >0

Since s? (e — %a023)2 = (se — %a0232)2 = (wP)?, the LHS is equal to (W_; — wP)? which is

always positive. This proves the result about time-1 spreads.

Finally, the result about the time-0 spread follows from the facts that under the assump-
tions of Proposition [16] i) z§" > ™" and ii) A} > A",

]

Corollary

Proof. I showed in the proof of Proposition that the capital gain is larger in the
monopoly case by showing that U™ > U. Further, recalling that :ESI’CO =3 — %ZQ and
rg"" =5, 1 get:

1
" <xg? & JQ>e=W_ > se— 5@0252 = wP

This is always true for the ¢1, uy equilibrium under consideration. m
Lemma [11]

Proof. Starting from equation (2.11)), and using the expression of local investors’ de-
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mand, Eq (p$) — pi = ao? (YOA + so), we can rewrite local investors’ equilibrium utility as
2 2
Eo (p') —p3)” + (D1 — p1) ac? 2 2
Xo = (Bo (p1) ZLQ —S(Eo(pf)_pg‘"‘Dl—m)—T[(YOA‘FS) +(Y1A+81)}
Eo (pt') — p6)" + (D1 — p1)°
(B (p1) ;)2 5 (B (p) — g+ D1 — 1) (2.32)
ao
Given that risk premia are symmetric, we have: ¢f = D — pi = %1 and [E, (—gb‘f‘) =

Eg (p{l — Dl) = —%. Further, g (A1) = A; since the spread, unlike the individual price,

does not depend on €;. Hence local investors’ welfare is

Ay — A+ A2
i = Bo= Bt LA (2.33)

Sao?

When unconstrained competitive arbitrageurs are present, all spreads are 0, as shown in
Proposition , hence XE)LL* = 0. In the autarky situation, local investors are constrained
to hold their local asset in equilibrium. Hence using market-clearing and investors’” demand

functions, we have Y4 = 0, hence Y + s = s, which implies from investors” demand that

Eo(pf')-pg
ac?

it = Eqg (plA) — ao?s = D — 2a0?s. The prices in market B are opposite, by construction.

Plugging this prices into the local investors’s welfare function gives Xé = —ao?s.

pft = Dy—ao?s. At time 0, by market-clearing, Y;* = 0, hence Y +s = = s. Hence

To rank x; ™ relative to 5" and y§"*, note that

0<E, (pf‘) — p{]‘ < 2a0?s
0 < D; —pi <2a0?s

Using these four inequalities and equation ([2.32)) yields the result.

Finally, it is clear that in the full insurance and autarky cases, arbitrageurs do not make
any profit, while they do in any of the monopolistic cases. m

Corollaries and Proof. The comparative statics in Corollary [20] obtain by
differentiation from equation . The first part of Corollary [21| follows immediately. The

second part about aggregate welfare is proved on an example in the text. m



Chapter 3

Runs, Asymmetric Price Impact and

Predatory Trading

Abstract: Predatory trading is a strategy whereby some traders (predators) amplify or induce
adverse price movements of an asset to trigger a margin call on a rival trader’s (the prey) position
and gain from her subsequent firesales. Given that predation involves a temporary and artificial
mis-valuation of the asset, shouldn’t smart investors step in and take advantage of predators’ price
pressure? I show that when they anticipate the prey’s firesales, smart investors may actually run on
the asset, strengthening, and to some extent substituting to, the predators’ price pressure. Further,
their reaction leads to a reduction in the prey’s price impact, which decreases her already limited
ability to support the price and avoid a margin call. This negative feedback loop reduces the
cost of predatory trading for predators. The key driver of these results is smart investors’ limited
risk-bearing capacity. Consequently, I find that predatory trading is likely to occur when smart

investors are sufficiently risk-averse or the asset sufficiently risky.

3.1 Introduction

Asset prices can at times exhibit sharp fluctuations. During these episodes, traders marking-
to-market or relying on short-term funding (e.g. hedge funds, broker-dealers, investment
banks) may become distressed and forced to sell assets at firesale prices. In some cases,
it seems that the price movements causing these firesales can be exacerbated by deliberate
strategies from traders seeking to profit from a rival’s financial difficulties. There is evidence
that such predatory trading occurred against LTCM in 1998 (Cai, 2009), and against several

hedge funds during the recent financial crisis, in particular in the aftermath of Bear Stearns’

145
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and Lehmann Brothers’ collapseq']

Predatory trading strategies consist of two stages. First, some traders (predators) seek
to cause or exacerbate price movements decreasing the marked-to-market value of a rival’s
portfolio. This tightens the prey’s financial constraint, eventually leading to firesales. In
a second stage, the predators gain by exploiting the firesale prices. Hence, on one hand,
predatory trading relies critically on the market being imperfectly liquid: the predators
must be able to move asset prices against the prey, and the prey’s firesales must also affect
prices. On the other hand, market liquidity should also depend on the possibility of predatory
trading. Indeed, smart investors should anticipate that liquidity may temporarily dry up if
a large trader liquidates her positionsﬂ While predators manipulate the price to push their
rival into distress, do smart investors absorb the predators’ trades, thereby countering the

predators’ impact, or instead run for the exits, thus magnifying the liquidity dry-up?

Existing theories of predatory trading (e.g. Brunnermeier and Pedersen, 2005, Attari,
Mello and Ruckes, 2005) are largely silent on this issue, because they assume that the
predators and the prey trade with a competitive fringe of long-term value investors, whose
demand is ﬁxedE| This implies that these investors are less-than-fully rational in that they
disregard future price movements. Without this assumption, it is not clear to which extent
the results of these papers would remain or be qualified. In this paper, I show that predatory
trading may occur even in the presence of smart investors who understand that the asset can
be artificially and temporarily undervalued due to predatory trading-induced price pressure.
Since holding the asset is risky, smart investors’ willingness to “lean against the wind” and

absorb predators’ price pressure is limited by their risk-bearing capacity. Hence even if the

'For instance, in March 2008, Focus Capital, a New York-based hedge fund specialized in mid-caps, was
forced to close in the aftermath of Bear Stearns’ collapse. The Financial Times wrote: “In a letter to
investors, the founders of Focus, Tim OBrien and Philippe Bubb, said it had been hit by ’violent short-
selling by other market participants’, which accelerated when rumours that it was in trouble circulated.” (J.
Mackintosh, FT, 4 March 2008). Similarly, in October 2008, the Financial Times wrote: “Hedge funds prey
on rivals (...) the increasingly cannibalistic activity stems from a wave of redemptions hitting hedge funds ”
(H. Sender, FT, Oct 2008). See Brunnermeier and Pedersen (2005) for additional anecdotal evidence. Cai’s
(2009) paper documents dealers’ predatory behaviour against LTCM in 1998, using a unique dataset of audit
trail transactions.

2The financial constraints of a large trader may be known to other market participants. For instance,
broker-dealers or lenders have information about the positions and balance sheet of large traders. Regulatory
constraints sometimes impose to reveal positions, and although traders’ identities may be concealed, market
participants can often infer the positions of others from this information. For instance, Amaranth’s positions
in the natural gas market became known to other traders, who observed from the exchanges data that a
single market participant had accumulated very large positions in the futures market (Levin and Coleman,
2007).

3That is, long-term value investors in these papers have exogenous downward-sloping demand curves.
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mis-valuation is expected to disappear in the future, smart investors are unwilling to take
unbounded positions ex-ante because it would expose them to too much risk. In fact, I
show that smart investors’ reactions to predatory trading may actually reduce the cost of

predation for predators ]

When the competitive fringe of the market is made of smart, rational investors, the
predators’ and the prey’s price impacts, and more generally market liquidity, not only affect,
but also are affected by the possibility of predatory trading. This two-way relationship can
generate self-fulfilling liquidity dry-ups and make predatory trading cheaper. I show that
when smart investors expect the prey to fail in the future, current prices adjust to reflect the
fact that the prey’s firesales will lower the willingness of other market participants to hold
the asset. Further, if investors believe that the prey will fail, she loses price impact and her
trades move prices less than opposite trades by predators. That is, price impact becomes
trader-specific and becomes an increasing function of a large trader’s financial strength -
or at least the smart investors’ perception of it. This reduces the prey’s ability to resist
predatory trading by supporting prices to avoid reporting a low marked-to-market wealth.
Hence the mere anticipation of the prey’s firesale can generate a vicious circle in which
predatory trading causes smart investors to “rush for the exits”, which in turn facilitates

predatory trading.

This negative feedback loop materializes in equilibrium when smart investors are suffi-
ciently risk-averse (or equivalently, if the asset is sufficiently risky). A novel prediction of the
model is thus that the link between market liquidity and a trader’s funding liquidity depends
on risk-aversion in the market: in times of high risk-aversion, a trader’s price impact becomes
an increasing function of her (perceived) funding liquidity, while with low risk-aversion, a
trader’s price impact is independent of her funding liquidity. This trader-specific prediction
complements the results of the limits of arbitrage literature, which predicts a positive link
between market liquidity (defined as the spread between two identical assets) and aggregate
funding liquidity (Gromb and Vayanos, 2002, Brunnermeier and Pedersen, 2009). Another
key driver of the equilibrium is the distribution of initial asset ownership. When smart in-
vestors start with a small position in the risky asset, an increase in their position increases

the probability of predation, and decreases it otherwise.

4Note that there are theories of front-running with rational market participants (e.g. Pritsker, 2009),
whereby strategic traders exploit their advanced knowledge of a rival trader’s future liquidation. In this
paper, strategic traders engage in predatory trading, i.e. they induce the need for another trader to liquidate
his positions.
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The model has three periods, with a risky asset and a risk-free asset. There are three
types of market participants: a finite number of predators (e.g. hedge funds, dealers) and
one prey (e.g. another hedge fund), the rest of the market being made of a continuum of
smart competitive investors. The prey faces a financial constraint: She must liquidate her
entire portfolio if her marked-to-market wealth falls below some threshold, e.g. because this
triggers margin calls or redemptions. The prey is initially long the asset, so that her financial
constraint is likely to bind if the asset price falls below a certain threshold. Finally, I assume
that the prey cannot hold more than a certain quantity of the risky asset, i.e. her ability to

lever up is limited ]

Smart investors are risk-averse and seek to offload a long position in the risky asset in the
market, i.e. they demand liquidity. For brevity, I will therefore refer to them as hedgers.ﬂ
The predators and the prey are risk-neutral. Hence, in the absence of financial constraints,
they would provide hedgers with liquidity by buying the asset. However, being finite in
number, they have market power and thus ration liquidity by buying only limited quantities
over time. As a result, the asset trades at a discount relative to its fundamental value, i.e.

it is imperfectly liquid.

Now consider the effect of the prey’s financial constraint. The predators may be tempted
to buy less or even short the risky asset in order to ensure that its price is low enough and
force the prey to liquidate. Such a strategy involves an opportunity cost: since the asset
trades at a discount, the predators would prefer to buy the risky asset by spreading trades
over time. However, there is also a benefit from predatory trading. Indeed, eliminating
the prey reduces the competition in the provision of liquidity, allowing predators to capture
larger rents. Further, the prey’s liquidation itself increases the demand for liquidity, which

benefits the remaining liquidity providers.

I first study the prey’s ability to resist predatory trading by buying the asset in a bid to
support its price. This ability may be limited, first, by her leverage constraint, and second
- and more interestingly - by the hedgers’ anticipations about predatory trading. There are
two effects. First, when hedgers expect the prey to liquidate, price impact becomes trader-
specific (even though all information is symmetric). If the prey buys the asset to support

its price, her trades move the price less than opposite orders by predators. Indeed, hedgers

5Both the limited borrowing capacity and the marked-to-market wealth constraint may stem from agency
frictions arising in the process of delegation of funds by outside investors (Shleifer and Vishny, 1997).

SHedgers may stand for market-makers trying to reduce their inventory, or insurance companies seeking
to sell assets following or in anticipation of downgrades or other regulatory constraints.
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anticipate that for each share they sell to the prey, with some probability, that share will
have to be liquidated in a firesale, reducing future liquidity. Hence selling a share to the
prey provides them with only partial, temporary insurance. This reduces the gains from
trading with the prey. In this sense, the reactions of rational hedgers to the possibility of
predatory trading can be “destabilizing”: the mere anticipation of the prey’s distress reduces

her ability to resist predatory trading.

The second effect is akin to a financial market run: the hedgers are more reluctant to
holding the risky asset when they believe that the prey will be distressed. As a result, they
are ready to sell their endowment at a lower price. This selling pressure can thus turn into
a financial market run, as the hedgers attempt to reduce their asset holdings ahead of the
prey’s ﬁresaleﬂ If the hedgers are sufficiently risk-averse, their run may even be such that
predators need not sell the asset: it may be enough for them to reduce the quantity of the
asset they buy, i.e. “hoard” liquidity, and let the hedgers’ trading push the prey into distress.
This implies that short-selling bans may be ineffective to prevent predatory trading, and that

there is no direct link between selling an asset and predatory trading.

The hedgers’ risk appetite plays a key role in both effects. Their risk appetite depends
on the size of their initial position, and the slope of their demand curve (i.e. the product of
their risk-aversion and the asset volatility). The change in price impact and the run effect
depend primarily on hedgers’ risk-aversion. If the hedgers hold no initial positions in the

asset, the effects are still present, and is stronger with long positions.

The size of the hedgers’ initial position has a non-monotonic effect on the likelthood of
predatory trading: the likelihood first increases and then decreases with hedgers’ initial
position. This results from two conflicting effects. On the one hand, the hedgers’ behaviour
can decrease the cost (to the predators) of predatory trading, because the hedgers’ run
is stronger. This is especially true if they start with a long position in the risky asset.
On the other hand, the hedgers’ initial position also affects predators’ outside option, which
consists in providing rather than withdrawing liquidity: if hedgers generate significant selling
pressure (if they have a large enough initial position), liquidity provision is very profitable.
As a result, an increase in hedgers’ selling pressure (via an increase in their initial position

in the risky asset) does not necessarily generate more predatory trading.

"The difference between the traditional models of market run (e.g. Bernardo and Welch (2004)) and this
one is that the probability of the liquidity shock is endogenous. The liquidity shock (the prey’s firesale)
depends on the first-period price, which is determined in equilibrium.
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The analysis has implications for regulation and risk-management. The model predicts
that a destabilizing feedback loop can occur when hedgers are sufficiently risk-averse. This
prediction is in line with anecdotal evidence that predatory trading occurs during flights-
to-liquidity episodes (e.g. LTCM in 1998, predatory activity among hedge funds in 2008).
The analysis shows, more precisely, that flight-to-liquidity and predatory trading phenomena
feed each others when hedgers are sufficiently risk-averse. If hedgers’ risk-aversion in utility
proxies for risk-aversion stemming from various constraints limiting the market’s risk-bearing
capacity, the model suggests that to avoid predatory trading, one should attempt to relax
these constraints or provide additional risk-bearing capacity. Since hedgers’ risk-aversion
translates into high permanent price impact, and assuming that it is possible to classify
assets by their coefficient of permanent price impact, another interpretation of the results
is that financially-constrained strategic traders are more exposed to predatory trading risk

when they hold assets with high permanent price impact.

Finally, the model has also implications for the relation between turnover, liquidity and
welfare. The analysis shows that proxying for liquidity by turnover or price impact can
be misleading. In a special case of the model where it is socially optimal not to trade
because initial endowments are Pareto-efficient, I show that the mere presence of the prey’s
financial constraint can induce (predatory) trading and thus a positive turnover. Further,
although liquidity worsens - the asset trades at a larger discount -, the prey’s price impact
decreases. Hence in the presence of large investors, traditional measures of market depth

can be misleading to assess liquidity and welfare.

This paper departs from the recent literature on predatory trading (Brunnemeier and
Pedersen (2005), Attari, Mello and Ruckes (2005), Parida and Venter (2009), Laé (2010))
and front-running (Pritsker (2009), Carlin et al. (2007)) by combining the assumption that
all market participants are rational and that the prey’s liquidation depends on her marked-
to-market Wealthﬁ My analysis shows that rational hedgers’ optimal behaviour can make
predatory trading more likely. My model is close to Pritsker’s, who also considers rational
market participants, but in a setting with exogenous distress, i.e. in which the prey is forced
to liquidate at a given time, independently of her marked-to-market wealth. Considering
endogenous distress allows me to link the hedgers’ optimal behaviour to the probability of
predatory trading. It also generates the novel state-dependent link between market liquidity

and a trader’s funding liquidity.

8Note that some of these papers include front-running under the umbrella of predatory trading.
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Endogenous distress is also the main difference between this paper and Carlin et al.
(2007) and explains why our findings differ. I find that predatory trading is likely to occur
when the slope of hedgers’” demand curve is steep, while Carlin et al.’s model predicts the
opposite. In my setting, high price impact allows predators to move prices to induce the
prey’s distress. In Carlin et al. (2007), a high price impact allows the prey to retaliate

against predators in a repeated interaction.

Modeling all market participants as rational also allows me to connect the literature
on predatory trading to that on runs in financial markets and more generally destablizing
speculation. The economic force triggering what I call run here is not a sequentiality issue
as in Bernardo and Welch (2004), but the prospect of the prey’s firesale (i.e. a supply
shock) and of the predators’ increased market power. A feature common to our models is
the market’s limited risk-bearing capacity. While Bernardo and Welch assume that hedgers
are myopic, in my setting all market participants are rational and forward-looking. DelLong
et al. (1990)’s model relies on the presence of positive feedback traders. In my model, the
positive feedback stems from the fact that low marked-to-market wealth is followed by the

prey’s liquidation.

The chapter proceeds as follows. Section [3.2] presents the model. Section [3.3| studies the
special case where the hedgers have no endowment in the risky asset. Section [3.4]studies the

case with positive endowments. Section [3.5| concludes. The appendix contains the proofs.

3.2 Model

The model has three periods: ¢t = 0, 1,2, and a risky asset, in finite supply S > 0. It pays off
a dividend 152 at t = 2, with 152 =D+ € + 6, D > 0. The innovations €; and €5, revealed
at t = 1 and t = 2 respectively, are independent and identically distributed normal variables
with mean 0 and variance o2. I denote p; the price of the risky asset. There is a risk-free

asset in perfectly elastic supply with return r¢ normalised to 0.

There are n+ 1 market participants, divided in two classes: hedgers and strategic traders.
The hedgers are treated as a representative competitive trader (with subscript 0) with ex-
ponential utility over final consumption. Their coefficient of absolute risk-aversion is a. The
hedgers start with an endowment X%, > 0 in the risky asset.ﬂ Since they have CARA

9Hedgers may stand for a competitive market-making sector. Their endowment, in this case, represent
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preferences, their initial wealth is irrelevant for the problem, hence I assume without loss of

generality that they start with cash B, = 0.

The hedgers trade with n > 2 risk-neutral strategic traders, who start with endowments
X", i=1,..,n, in the risky asset and B’ in cash. For trader i = 0,1, ...,n, ! denotes the
time ¢ risky asset trade and X, the end-of-time ¢ position. Strategic traders and the hedgers

face the same dynamic budget constraint:
Vi=0,1,...,n, Wy =Cl,=B", —alpy— 2ip1 + X| D, (3.1)

Strategic traders account for the impact of their trades on the price. At time 0 and 1,
the hedgers set their demand for the risky asset as a function of its price, and strategic
traders compete in quantities (a la Cournot) for the risky asset, taking this demand as
given. Strategic traders can be seen as sophisticated investors such as prop trading desks,
dealers or hedge funds, who have a superior understanding of the trading environment and
the “order-flow”, and therefore internalize the impact of their own trades on the priceH For

simplicity, strategic traders’ identities are observable, i.e. trading is not anonymousﬂ

The group of the strategic traders consists of one prey (trader 1, “she”) and n — 1
predators. The prey faces financial constraints, while predators do not. In particular, the
prey is distressed and must liquidate her position in the risky asset when her marked-to-

market wealth is lower than a threshold V:
Assumption 1 If Bl + Xlpy <V, then X{ = 0.

The prey’s liquidation consecutive to a low wealth may follow from large capital outflows as
a response to a poor performance. A number of financial constraints are based on prices,

e.g. VaR constraints, stop-loss thresholds or high-water marks. The relation between past

market-makers’ aggregate inventory, which can result from a temporary order imbalance, in the spirt of
Grossman and Miller (1988). Hedgers may also stand for the demand of two groups of local traders subject
to endowment shocks in segmented markets, as in Gromb and Vayanos (2002).

0For instance, investment banks often have a good understanding of the order-flow. Similarly, Perold
reports that LTCM “believed that most of its trading opportunities arose as a result of dislocations in the
financial markets caused by institutional demands”. The hedge fund “would build models to find mispricings
created by such demands, but would also identify the reason for the mispricing before initiating a trade”
(Perod (1999)).

See Foucault et al. (2003) and references therein for a description of non-anonymous trading environ-
ments . I discuss further the role of this assumption in the model in Section W
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performance and fund flows has been documented for both equity and debt ﬁnancingE
Agency concerns resulting from the delegation of funds from investors to strategic traders
can rationalize this behaviour: Bolton and Scharfstein (1990) show that a termination threat
can arise as a disciplining device in an optimal contract, even if it exposes the agent to

predation risk.

In addition to the marked-to-market wealth constraint, the prey faces a leverage con-

straint. She cannot take a position X} larger than X E
Assumption 2 X! < X

For simplicity, I assume that predators are cash-rich or able to secure better funding condi-

tions and do not face any financial constraints/]

Given that all market participants are informed about the prey’s constraints, they take
into account the possibility of her being distressed in their maximization problems. The
hedgers choose trades x) and z! to maximize their utility subject to their dynamic budget
constraint, while taking prices and the prey’s constraints as given. Their problem is given
by:

max — Fy exp [—aCY]
fEO fEO
071

s.t. C9 = Bgl —:c8po - x?Pl +X?D2
By+Xepo <V =X =0
X; <X

Strategic traders maximize their expected wealth by choosing trades x% (t = 0,1 and
i = 1,...,n), subject to their dynamic budget constraint, the price schedule which results

from the hedgers’ demand and market-clearing, and the prey’s financial constraints. The

12For instance, open-end mutual funds experiencing large outflows after a string of poor returns exert
significant price pressure in equity markets (Shleifer and Vishny (1997), Coval and Stafford (2007)). The
repo market is also prone to runs (see, e.g. Gorton and Metrick (2010)).

13X may depend on the prey’s initial cash, the first period price, and be correlated with the severity of
the wealth constraint.

l4Gtrategic traders such as hedge funds may have some leeway in chosing their capital structure. For
instance, some hedge funds are able to impose better lock-up periods or gates to their investors than their
rivalsand is optimal differentiation in strategic traders’ capital structure can arise in equilibrium in an optimal
contract setting (Hombert and Thesmar (2009)).
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optimization problem of a strategic trader is given by

Vi=1,...,n, Hl_lagiEo [qu

i @
st. Ch =B —xlpo — 2ip1 + X| Dy
hedgers demand at t =0, 1

market — clearing at t = 0,1

Bi+ Xopo <V = X{ =0

X; <X

Since each strategic trader has price impact and is informed about the prey’s financial
constraints, these constraints enter not only the prey’s optimisation problem, but also that

of her rival strategic traders.

Strategic traders have a higher apetite for risk than hedgers. Hence, absent financial
constraints, trading is motivated by the hedgers being (strictly) long the risky asset. In
that case, the hedgers would offload some of the risk of this position onto the risk-neutral
strategic traders. To isolate the effect of the financial constraint in the model, and show
how it leads to predatory trading, I start with a special case, in which the hedgers do not

initially hold the risky asset.

3.3 Predatory trading vs no trading

In this section, I solve the model in the case where the hedgers have no initial position in the
risky asset (i.e. X%, = 0), which implies that the strategic traders initially hold all the asset
supply. With no risks to hedge, there should be no trading. However, the presence of the
financial constraint may generate predatory trading, in particular if the hedgers have a low
risk-bearing capacity. In the predatory trading equilibrium, the traders’ financial strength
(or at least the hedgers’ perception of it) affects their price impact. In particular, I show
that the prey’s price impact decreases, while the predators’ increases, which reduces the

probability of survival of the prey.

3.3.1 Liquidity rationing during firesales

Since she is initially long the asset, the prey becomes distressed when the price of the asset

at time 0 is low. In particular, by rearranging the terms in the marked-to-market wealth
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constraint, one can see that the prey is in distress when the price falls below pg, where py,

the prey’s distress threshold, is given by

_V-B,

Do = X7, (3.2)

Note that the higher the distress threshold is, the more exposed the prey is to a forced
liquidation. The threshold is increasing in V, which measures the severity of the constraint,
and decreasing in the amount of cash the prey initially holds, B!,. T assume that parameters

are such that 0 < py < D, i.e.
Assumption 3 0 < X!, D <V — B!,

This assumption implies that the prey remains solvent if the asset trades at its expected
value. At time 1, all market participants are aware of whether the prey is in distress or not.
The following lemma summarizes the equilibrium at time 1, depending on whether the prey

is distressed or not.

Lemma 28 When the prey is solvent, there is a unique symmetric equilibrium at time 1,

given by:

i _2?21 x%

Vi=1,..,n, zj 3.3
! n+1 (33)
When the prey is distressed, the unique equilibrium at time 1 is given by:
r; = —X;
A XL o4l =3 a2l
Vi=2,..,n, . = (X2 + o) =3 (3.4)

n

Equation shows that when the prey is solvent, strategic traders trade in the opposite
direction to the time 0 aggregate order flow, Z?zl xé. Note that because of imperfect
competition, the total order nx; does not completely offset the time-0 aggregate order-flow:
1> i | < |- > i z})|. If the prey is distressed, she no longer behaves strategically and
liquidates her position by submitting an order 1 = —X| at the prevailing market price. In
other words, the prey behaves as a liquidity trader. Equation shows that the predators

take the opposite side of her trade and of the previous aggregate order flow, Z;L:1 xé. They
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do so, however, only to a certain extent. Indeed, the predators gain market power and can
thus limit further the quantity they trade. This can be seen by comparing equations ((3.3))

_n_

n+1
of the supply in the no-distress case and "T_l of the supply in the distress case, with for all

and (3.4): for a given supply, strategic traders’ aggregate order at time 1 is a fraction

n>2 5> "T_l I denote this effect the rationing of liquidity provision. It implies that,
during a firesale, the predators do not completely offset the selling/ buying pressure of the
distressed prey. Hence, in equilibrium, the hedgers will have to absorb some of the prey’s
asset firesale. Because there is still uncertainty at time 1 about the fundamental value of the
asset, the hedgers are unwilling to hold large quantities. Therefore, at time 0, the hedgers

take into account the possibility of the prey’s distress when setting their demand.

3.3.2 Run and asymmetric (trader-specific) price impact

Since hedgers understand that predators will ration liquidity further during firesales, their
demand changes depending on whether they expect a firesale or not at time 1. This affects the
properties of the price schedule (i.e. the inverted demand schedule combined with market-

clearing) faced by the predators and the prey at time 0.

Lemma 29 Let p2? and pd denote the price schedule when hedgers expect no-distress and
distress, respectively. The price schedule depends on the hedgers’ beliefs about future distress

as follows:

n

nd n -+ 2 i
= D+ E 3.5
Py ﬂn 1 2 Ly (3.5)

LI 1 [
P = D+52xé+ﬁﬁ (Zx{)—xg) (3.6)
j=1 j=1

Strategic traders’ identities are public information, hence, using the dynamics of asset hold-
ings, X§ = X', + ), equation (3.6)) can be rewritten as:

1 n+1g~
py=D—f-X1 +B——> '+ fry (3.7)

n -
Jj=2

Comparing equations (3.5) and (3.7)) shows that when the hedgers believe that the prey

will be distressed, price impact becomes trader-specific. In particular, the prey’s trades now
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move the price less than predators’, while all traders have the same price impact when the

hedgers expect no distress.

The intuition for this result is that the price impact coefficients reflect the differential
marginal gains from trading across different types of strategic traders. If the hedgers think
that the prey will have to liquidate and anticipate that they will have to hold some of the
prey’s position in equilibrium (equation (3.4)), they believe that they will gain marginally
less from, say, selling to the prey than to predators at time 0. Indeed, selling to predators
has some advantage in terms of hedging: predators will keep this asset until time 2, i.e. until
the asset pays off and returns to perfect liquidity. This is not the case when selling to the
prey: if the hedgers are right, the asset sold at time 0 to the prey will return to the market

at time 1, while the predators will ration liquidity.

Further, equation (3.6)) shows that hedgers are now ready to sell the risky asset at a lower
price than when they believe that the prey will stay in the market. For instance, consider

the following thought experiment: suppose that all strategic traders buy # > 0 in both cases.

The overal impact of the trades is 3 %i in the (anticipated) distress case, and [ n2+2n 5

n+1
2 2, . . .
ntan > ninl and given that the constant is lower in the

bad scenario, the same purchase translates into a lower price in the distress case than in

in the no-distress case. Since

the no-distress case. The intuition is simply that, in anticipation of the firesale, hedgers are

unwilling to hold a long position in the risky asset.

Another way to gain intuition in this effect is to assume that predators and the prey do
not trade at time 0, Vi = 1,..,n, z{ = 0. Then if the hedgers believe that the prey will be
solvent, the price is pi? = D. Since all the asset supply is initially the hands of the predators
and the prey, who are risk-neutral, the price must coincide with the expected value of the
asset. If the hedgers anticipate the prey to be distressed, the price is pd = D —6%. That is,
the hedgers, anticipate that the prey will have to liquidate her position, X!, > 0, and that
because of the predators’ liquidity rationing, they will have to hold some of this additional
supply. Hence the price adjusts downwards at time 0 in anticipation of this supply shock.
In particular, the more concentrated the market is (i.e. the smaller n), and / or the more
risk-averse the hedgers are, the larger the discount the price will exhibit at time 0. More
concentration means that a tighter rationing of liquidity in the future, which will force the
hedgers to absorb more of the supply. Of course, their valuation for holding the additional

supply of risky asset decreases with their risk-aversion.I summarize these results as follows:

Lemma 30 When the hedgers expect the prey to be in distress att =1,
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e they are ready to sell at a lower price than when they expect no distress [run] :

pgd(£)>pg(:f:), xé:xézizo, j=2,...,n

e the prey has less price impact than predators [asymmetric price impact] :

Op? /0ty _ 0w/ Ot

Vi =2, ..
P Gpytjoxy < opgjou)

Note that the run effect is stronger when the prey has a large initial position in the risky
asset, since all else equal, its liquidation will hurt the hedgers more in case of distress. The
fact that price schedules depend on the hedgers’ expectations about the prey’s distress has
important consequences for the equilibrium determination: the predators’ ability to move
the price (and the prey’s ability to counter them) vary depending on the hedgers’ beliefs

about future distress.

3.3.3 Equilibria

Taking hedgers’ beliefs as given, I determine conditions under which no trading and predatory

trading arise in equilibrium.

No trading

Suppose that hedgers anticipate no trading, and thus no distressﬂ It is never in the interest
of the prey, who is risk-neutral, to exit the market. The predators, however, may have
an incentive to deviate from the no-trading situation to push the prey into distress. This is
costly, because it requires to manipulate the price and tighten the prey’s financial constraint.
But a deviating predator may benefit from the increase in the asset supply resulting from

the prey’s firesale, and the decrease in competition among the remaining strategic traders.

Predators’ trade-off. Since all predators have price impact, each of them recognizes he
is pivotal for the outcome of the game. Deviating from the no-trading strategy can be

profitable, however, only if this leads to the prey’s distress, which require to push the price

15From equation (3.5)), if all strategic traders do not trade (i.e. submit orders xf, = 0), the asset will trade
at the fundamental value - and therefore the prey will not be distressed.
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to pp. A predator thus faces a trade-off between manipulating the price and gaining from

the prey’s firesale. The predator’s problem is:
Vi=2,..,n, max, L (Bi — zhpo + C’Tf)

n n—|—2
stpd - n—l—lzxo

)

Vi#i, x) =
Po < Do = I} = _Xi1

CT} denotes the continuation payoff of the predator, which is contingent on the prey’s
distress. From equations ({3.3]) and ( . I get:

o (s’ :
OTi XoD+ —=F g if po > Po
1 ) 1y g i)?
3D 4 Bty <

Using the price schedule and the conjectured strategy for the other strategic traders, the

predator’s problem can be rewritten as follows:

; i\ 2
: - n+2 e (—ap) (XL, — =)
\v/ :27”'7 9 a Ei + - L +—_[ = +—I = s
2 n HiéX 1 ﬁ n+1 (xo) (n + 1)2 Po>Po n2 PoSP(l
—— ~~
t =0 cost profit if distressed

profit if solvent

with E* | = B" | + X', D, the expected value of the predator’s endowment, and I, a dummy
variable that equals one when the condition ¢ is satisfied. This maximization problem illus-
trates the predator’s trade-off. If the predator chooses x{ = 0, the price will be above the
prey’s distress threshold py, and the predator’s profit is thus @ If the predator chooses to
push the price down to pg, he can benefit at time 1 from the decreased competition and the
prey’s firesale - the numerator of the profit in the distressed case is n? instead of (n + 1)2,
and the numerator increases by X!, > 0, the prey’s initial position in the asset. However,
to trigger the prey’s distress, he must short the asset, and this involves a quadratic cost at

time 0, 242 (560)2.

16Note that since Vn > 2, 22 > _L_ " 3]] other strategies leading to py > po are dominated by zf = 0.

) n+1

(n +1)
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Ruling out “self-fulfilling” distress. By inspecting the maximization problem, one can
also see that the prey’s distress can be “self-fulfilling”. Namely, ex-ante, it is optimal to take
a short position in the asset if one expects a negative supply shock in the future (i.e. the
prey’s ﬁresale)m Since the predators’ trades affect prices, the anticipation by a predator
that the prey will be distressed at time 1 may indeed lead to a price below py and trigger

the prey’s distress. The self-fulfilling distress can be defined more formally as follows:

Definition 2 Suppose that strategic traders —i choose x," = 0. The prey’s distress is self-
fulfilling if po (&%) < po, where

Ty

n+2, ,\2 (Xll—xf)y
e

N i
To =argmax B + [ | —
%o

To focus on predatory trading as a strategy aiming at eliminating a rival trader, I rule out
self-fulfilling distress by imposing the following condition throughout:
Lemma 31 There is no self-fulfilling distress if and only if 8 < Bna, where

— D 2
Do ith b, — n
nd—2n2—n-+1

_ D
5nd - hnX£17

On this parameter interval, inducing distress requires a predator to trade

: n+1ﬁ0—D
0= <0 3.8
o n+2 0 (38)

To rule out self-fulfilling distress, one must focus on situations in which the hedgers’ demand
curve has a flat enough slope, i.e. if f < B,q. Intuitively, in this case, the price is not
responsive enough to trades, such that a short position taken by a trader anticipating distress
does not automatically lead to the prey’s firesale. The predator’s order, given by equation

(13.8]) is just enough to push the price to py.

ITMore specifically, if the predator “anticipates” the prey’s distress, he expects an increase in the asset
supply and less competition in the future. Therefore the marginal cost of buying one more unit at time 1
decreases. Hence it is optimal for the predator to buy less at time 0 (i.e. here, short the asset) and exploit
the negative price pressure exerted by the prey’s firesale at time 1.
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Proposition 18 There exists a no-trading equilibrium in which the prey remains solvent if
and only if B < (8

nd’

with 0 < ﬁn JRS Bra. Equilibrium prices are:

po = D (3.9)
p o= D+e (3.10)

This result shows that the no-trading equilibrium holds in the presence of financial con-
straints only if the slope of the hedgers’ demand curve is flat enough. Intuitively, if the slope
is steep, a predator can easily move the price against the prey - see equation - and this
reduces the cost of predation - equation . Further, a steep slope means that hedgers are
reluctant to bear risk (or equivalently that the asset is very risky), implying that the firesale

exerts a strong negative pressure on the price at time 1.

Predatory trading

I now assume that the hedgers believe at time 0 that the prey will be distressed in the future.

As shown above, the price schedule in this case is:

n ) 1 n )
pg:Dﬁ—ﬁZxé—i—ﬁﬁ (Z%-)g}) (3.11)
j=1 =1

I conjecture that there exists an equilibrium with predatory trading in which the prey’s and

the predators’ strategies are given by:

g = X —X', (3.12)

Vi=2,..,n, 1) = nil {Xﬁl + ni : (g —X)] with R = py — D (3.13)
These strategies are constructed in a way that, in equilibrium, (i) it is too costly for the
prey to stay in the market (i.e. keep the price above py); (ii) in particular, the prey’ leverage
constraint is binding, and (iii) the predators push the price to the distress threshold py.
Further, I continue to assume that the prey’s distress is not self-fulfilling. Since the price
schedule is different, the condition under which one can rule out self-fulfilling distress are

also slightly different:

X_ the prey’s leverage capacity (i.e. a > 1). Predatory trading is
~1

Lemma 32 Denote a = <
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o ncver self-fulfilling if a > a,,, where ¥Yn > 2, a,, > 1.

o not self-fulfilling if and only if B < Bq, if a < @, where

2 D — po o (n+1)?
/6d N Po n—lel - an7 with = n?-n+2

The lemma shows that the prey’s distress can not stem from a self-fulfilling predatory trading
strategy if her leverage capacity, a, is large enough. If the prey has enough dry powder, she
does not “automatically” fall into distress, because her trades support the price sufficiently.
If the prey has little dry powder, i.e. a low, the prey’s distress is not self-fulfilling as long as

the hedgers’ demand curve is not too steep, i.e. if the price is not too responsive to trades.

The prey’s problem. The predators’ strategy implies that it is too costly for the prey
to stay in the market: holding more that X in a bid to push the price above py and avoid
distress is infinitely costly for the prey. As a result, the prey’s problem is to maximize the
proceeds of liquidating her holdings. Taking predators’ strategy as given, the prey’s problem
is:

max BL — b [po — B (X — X1, — ab)] + X [D L (X _ 5)]

z} n+1 5

The prey’s liquidation problem involves a simple trade-off between liquidating at time 0 at
po—pf (X Xt ) or at time 1 at (on average) D — BnH (X' — %) Of course, the prey’s
trade moves the price. If she starts selling from time 0, she will push the price below her
distress threshold po. At time 1, however, the average price depends on the prey’s position
only through predators’ strategy, i.e. X in this case. This is because trades impact the price
permanentlym Since the prey exactly offsets her time 0 position, X} = X!, + a2}, at t = 1,
her time 0 trade has no effect on the equilibrium price at time 1. It is optimal for the prey

to be fully leveraged under the following condition:

Lemma 33 (prey’s optimal liquidation strategy) The prey’s best response to predators’ con-
jectured strategy is vy = X — X', if B < Bp, with Bp = -D;,fl)(l.
n —1

n+2 _
n X

When § > (F, the prey’s trade is -~ o _ﬁo + 2(n+1)

amount (if nil Dopo 4 (n+1)X 1X1 ) or starts hquldatmg her position. It is easy to see

==X —2 X1 ie. the prey either buys a small

18This can be seen from equation ([3.28)) in the appendix.
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that this leads to a price below py. This strategy, combined with the predators’ conjectured
strategy, cannot form an equilibrium: the predators would have an incentive to deviate and
sell a bit less while keeping the price below pg, because their benefit would be unchangedm
Similarly, there cannot be an equilibrium in which the strategies are such that the prey holds
less than X, the predators more than equation ([3.13]), and the price is less than or equal to
Po- In this case, the prey would have an incentive, and enough financial slack, to deviate
and outbid predators in order to stay in the market. Hence, the only possible predatory
equilibrium strategies are those given by equations -. From Lemma |32 and ,
the relevant parameter space for these strategies is § € }0, Ba A Br [ I show in the appendix
that in the special case where X%, = 0, B < 4, so that the relevant interval is 8 € ]0, 8].

Equilibrium. In the conjectured equilibrium strategy, the prey is fully leveraged and has
no interest in holding less than X (since 8 < r). Hence it is enough to analyze predators’
trade-off to determine the equilibrium conditions. Using the same notations as before, and

the results of the preliminary analysis, I get the trade-off faced by a predator:

n+1 = ; ;
To— <Xi1— Z :L‘f)—xo)]

Vi=2,..n, mz}XEil + 6
Zo

j=2.j#i
n 7 1\ 2
<_ Ej:Q,j;éi Ty — 556)
+5 (n ‘I‘ 1)2 Po>Po
. 2
()(11 _ an ) -ZL’j _ CL’Z>
- j=2,j#1 "0 0
+ﬁ n2 IpoSﬁo (3'14)

; 1 n R
s.t. Vj # 1, Io_n—lle—i_n—i-l(ﬂ X)}

The first line of the maximand shows that, at time 0, the predator faces a quadratic cost,
16 ”TH (xf))Q. The second line represents the benefit from deviating from the predatory attack.
Since other predators’ trades exert negative pressure on the price, 2?22’ ki xé is different
from zero. If the predator joins the attack, he will, however, benefit from the firesale and
the reduced competition in liquidity provision at time 1. Thus a predator “trades-off” the
negative price pressure exerted by other predators at time 0, Z?:Q, i x{), against the future
price pressure exerted by the prey in the following period. If the predator decides to buy
while other predators attack the prey, he will rescue the prey, and therefore loses the benefit

YHence, a more “continuous” constraint, in which the amount of selling would depend on the severity of
the price drop, may lead to some early liquidation for the prey.
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of the ﬁresalem The equilibrium is as follows:

Proposition 19 There exists a predatory trading equilibrium characterized by equations

BI2)-GI3) if B € [B, A Br. e |, with B, > 0.

The intuition for this result is simple. If the hedgers’ demand curve is steep enough, inducing
the prey’s distress is not too costly, hence predators engage in predatory trading against the
prey. Further, in this case, the prey’s firesale is likely to exert strongly negative price pressure,

since the hedgers have a limited risk-bearing capacity.

The following comparative static obtains:

Corollary 23 The equilibrium threshold ﬁd 1s lower when the prey is more exposed to the
risk of forced liquidation (high V) or has less cash (low B!, ).

If the prey is more constrained, the cost of the predatory trading strategy is lower, hence

the condition on S is less strict.

Since the interval [ﬁd A BF, ﬁp[ is potentially empty, there can be a concern about the
existence of this equilibrium. More generally, given that equilibria depend on the hedgers’
beliefs, both types of equilibria may coexist, reducing the predictive ability of the model. To

illustrate the results and address these concerns, I study a numerical example.

Coexistence of no-trading and predatory trading equilibria
From Proposition [I8 and [19] T get:

Proposition 20 When X°, =0,
e The no-trading equilibrium is the only equilibrium for B € ]0, min <6F’éd’énd>:| .
e [t coexists with the predatory trading equilibrium on } min <ﬁp, ﬁd, énd> , min (BF, éd, @nd> [

e Predatory trading is the only equilibrium on [min (ﬁp,éd,ﬁnd) , BF [

20T show this point formally in the proof of Proposition Observe also, that since each predator
is pivotal, there is no possibility of free-riding on the attack of other predators, especially because the
conjectured predatory trading strategies are such that the first-period price reaches exactly pg. Predatory
trading requires full coordination of the predators in the model.
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To understand further in which circumstances equilibria may coexist and when predatory
trading is the only equilibrium, I consider:
D — po

Bd_ﬁF: X f(n,a)

where the function f is given by equation (3.86|) in the appendix. The predatory trading
equilibrium is the only equilibrium on a non-empty interval if f(n,a) > 0. Since f is

monotonically increasing in a, the function implicitly defines a cutoff a* (n) such that:

f(n,a*(n)) =0

Hence the predatory trading equilibrium exists if @ < a* (n). Panel (a) of Figure 1 plots the
cutoff a* (red dotted line), and shows that the predatory trading equilibrium exists when
both the number of predators and the prey’s leverage capacity are small. Intuitively, if
there are many predators, fierce competition during the prey’s firesale will quickly erode
the benefit of predatory trading - and more quickly than it decreases the cost per predator.
Hence coordination on the predatory trading equilibria is more difficult to obtain. When
the prey has a high leverage capacity, the cost of inducing distress is high, hence predatory
trading is less likely.

The panel (a) of Figure 1 also features a second cutoff a* (n) defined as

9 (n.d* (n)) = 0,where 5, — 8, = 2P (n,0)

Since g is monotonically decreasing in a, the no-trading and predatory trading equilibria
coexist (that is, B, > B4) when a > a*(n), i.e. in the region above the full dark blue
line. Hence, it is only when the prey is very constrained in terms of leverage, and the group
of predators very concentrated that predatory trading is the only equilibrium. The model
therefore delivers a clear prediction in this case, in spite of the self-fulfilling nature of the

equilibria.

In the region defined by a < a* (n), the model produces the “net” probability of predatory
trading (i.e. excluding the region where both equilibria coexist). The following comparative
obtains:

Corollary 24 Suppose that a < a* (n) and denote q (n,a) =1— % q decreases linearly in
a, the prey’s leverage capacity.
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It is costly to engage in predatory trading against the prey if she has a lot of dry powder.
Hence the probability of predatory trading ¢ decreases in a. To understand the effect of the
number of predators, I plot ¢ in Panel (b) of Figure 1. The graph shows that the probability
decreases with n, the number of predators, and decreases faster when n is small, a non-linear

effect. This is because the benefit of predatory trading decreases as #

3.3.4 Changing liquidity and the cost of predatory trading

The cost of predatory trading is to push the asset price to the prey’s liquidation threshold
Do, while there are no other motives to trade, if only to short the asset, which has a positive
expected payoff. Hence we can define the cost of predation as the distance between the
predators’ aggregate trade Q = Y1,z and zero. To understand how the change in price
schedule affects the cost of predatory trading, it is interesting to compare the cost that
prevails when the hedgers (correctly) anticipate distress, and the cost that predators would
have to bear if the hedgers mistakenly believed that the prey will not liquidate. To make
this comparison, I fix the prey’s strategy and assume that she is fully leveraged, as it is a

feature of any predatory equilibrium 1]

Lemma 34 Suppose X} = X, and let Q¢ denote the cost of trading when hedgers anticipate
distress and Q™ when they do not. For all parameter values, predators must short less when
the hedgers anticipate distress, Q% > Q", with Q" < 0.

This result shows that it becomes cheaper for predators to push the prey into distress when
hedgers anticipate that the prey will eventually be forced to liquidate her positions. Each
unit bought by the prey pushes up the price less than an opposite order by a predator. The
asymmetric price impact reflects the hedgers’ perceptions of the different traders’ financial
strength. It depends on the prey’s financial condition being known by other traders. Al-
though this effect has not been tested yet, there is some incidental evidence in Cai (2009),
who finds that LTCM’ price impact was on average lower in the months before receiving

margin calls in September 1998 than during the crisis itself.

Another interesting implication of the change in liquidity is that the size of the prey’s

initial position has an ambiguous effect on predators’ time 0 trade, i.e. on the cost of

2IThe condition for this strategy to be optimal given that predators engage in predation would be different.
In particular the interval on which this strategy is optimal would decrease. Denoting B the threshold under
the incorrect beliefs, I show in the proof of Lemma [34] that 8¢ < Bp. I also show that 3¢ > B39, i.e. there is
a larger interval under which distress is not self-fulfilling. Because equilibrium conditions change, my result
is about the cost of predatory trading, and not the probability of predatory trading.
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predatory trading:

Corollary 25 Denote X = aX',, with a > 1. Then from equation (3.13)), the effect of a

change in the prey’s initial size on predators’ aggregate order Q% is:

Q¢ X . n L1 0R
- = —a [ —
X1, \f;-/t . n+ 1 BOX?,

diff. price impact “multiplier” < 1 collateral ef fect <0
where R =py — D.

Corollary [25| describes the impact of a small change in the prey’s position on the amount
predators must trade to push her into distress. The corollary shows that holding a large
position in the risky asset may either decrease or increase the cost of predatory trading.
Holding a large position strengthens the run effect, because the hedgers anticipate a larger
firesale in the following period, and the price has to adjust further downwards ex-ante. This
makes it easier for predators to trigger financial distress. At the same time, a larger position
means that the prey is richer and that her distress threshold is lower - see equation ((3.2)),
which makes predatory trading more costly. Interestingly, the run effect is 1, while the

collateral effect is multiplied by < 1. This is a consequence of the decrease in price

n
nt+l
impact the prey experiences in this regime. Hence the decrease in price impact reduces the

benefit of holding a large position.

3.3.5 Implications for liquidity measures

Our analysis has interesting implications for liquidity measures and liquidity proxies. First,
from the example above, it is clear that turnover cannot be used as a proxy for liquidity.
In the absence of the prey’s financial constraints, it is optimal not to trade since the more
risk-tolerant investors (the prey and the predators) initially hold the entire asset supply.
In that sense, the mere presence of the financial constraint generates “excessive” trading
volume. There is a large literature on trading volume and excess trading volume. Hetero-
geneous information (e.g. Karpoff, 1986) or career concerns (Dasgupta and Prat, 2006) can
increase trading volume, among other mechanisms. Here it is the financial constraint and
the possibility of default that leads to an increase in trading volume. Interestingly, it is
precisely when risk-aversion is high, that is when hedgers are the most unwilling to hold the

asset that they end up with some in their hands.

As shown in Lemma predators’ price impact increases and the prey’s decreases in the
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predatory trading equilibrium relative to the no-trading equilibrium. Further, the aggregate
price impact decreases in the sense that if all traders submit the same order, it pushes up
the price less when the hedgers expect a firesale than when they do not. In spite of this, one
cannot conclude that the market is more liquid. In our context, trading volume and market
depth can thus be misleading indicators of market liquidity. The only consistent measure is

the deviation of the transaction price from the risk-neutral value of the asset E (D5).

3.4 Predatory trading vs liquidity provision

I now move on to the case where the hedgers start with a long position in the risky asset,
ie. X% > 0. Strategic traders hold the remainder of the supply, and the prey has a
long initial position X!, > 0. The main effect of strictly positive endowments for the
hedgers is to introduce a trading motive between strategic traders and hedgers based on
risk-sharing. Thus the no-trading equilibrium is replaced by an equilibrium with imperfect
liquidity provision but no distress. In addition, I show that (i) the run effect increases with
the hedgers’ endowment, decreasing the cost of pushing the prey into distress for predators.
At the same time, an increase in the hedgers’ endowment increases the benefit of providing
liquidity to the hedgers. Because of these conflicting effects, an increase in the hedgers’
endowment has an ambiguous impact on the probability of predatory trading. (ii) Run and
predatory trading can be so mutually-reinforcing that predators may not have to sell in
order to induce the prey’s distress: it may be enough for them to hoard liquidity and let the

hedgers’ run decrease the price.

3.4.1 Equilibria
Liquidity provision

I conjecture that there exists an equilibrium in which all strategic traders buy the asset from
the hedgers, thereby providing them with liquidity (that is allowing them to swap the risky,

illiquid asset for the safe, liquid asset).

Proposition 21 Suppose 0 < B < Bnq. On this interval, there exists a unique (symmetric)

no-distress equilibrium given by

Vi=1,.,n, 15 = conX", (3.15)
v = XY (3.16)
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B <pB A Bra and cp, X%, < X — X1,
Equilibrium prices are:

bo = D — 5PO,nX91 > Po (317)
pr = D+e — Bpl,nXgl (3.18)

wlth; vn Z 1; Co,n > Ci,n, Pon > Pin, n(CO,n + Cl,n) < 1.

The coefficients con, Cin, Pon and pr, are given by equations (3.42)-(1.51), and the
thresholds 3 and Bra by equations ([3.56) and (3.47) in the appendiz.

The equilibrium conditions on 3 given in Proposition [21| are similar to those of Proposition
except that the thresholds ﬁn 4 and f3,4 are now evaluated for X0, > 0 The condition
conX? < X — X1, ensures that the equilibrium strategy is feasible for the prey, in spite of

her leverage constraint.

The equilibrium has two main features. First, strategic traders ration liquidity in the
market. In total, they buy an amount n (¢, + ¢1,,) X%, which is lower than the hedgers
endowment (n(co, + ¢1,,) < 1, Vn > 2). This follows from the oligopolistic nature of the
liquidity supply side of the market. Nevertheless, the liquidity rationing is not such that
the prey is distressed: the equilibrium price is above py. Second, strategic traders buy the
asset slowly, i.e. they spread their trades over both periods. Since trades move prices in
a permanent manner, a strategic trader lowers his average purchase price by splitting up
trades. However, even with limited competition, there is some pressure to buy ahead of
other strategic traders while the price is low. As a consequence, the first period trade is
higher than the second period trade: ¢y, > ¢, for all n > 2, and even more so as n

increase, as shown by Figure |1.4

While strategic traders do not engage in predatory trading for 3 < Bhq, the market is
not perfectly liquid on this parameter interval. The risky asset trades at a discount because
of imperfect competition and the ensuing rationing of liquidity provision. This discount
decreases over time because of the gradual purchases of the strategic traders, and varies as

follows:

Corollary 26 The illiquidity discount in period t is Ty = E; (D) — p; = BpinX®y > 0
(t=0,1).

221 should have written 3%, in the zero-endowment case of the previous section. I use the same notations
in this section, by a slight abuse of notation.
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o At each period, the discount is larger for a higher risk-aversion coefficient o, a higher
riskiness of the asset o, a larger hedging need X°,, a smaller number n of strategic

traders.

e The discount decreases faster when n is small.

The effect of the number of strategic traders on the speed at which the discount decreases
is illustrated by Figure 1.4, The slow adjustment of the price is typical of a “gradual
arbitrage”, as in Oehmke (2010), except that the illiquidity of the market is endogenous in
the present setting. The main driver of this phenomenon is imperfect competition. The
perfect competition case, which obtains in the limit case n — oo, offers an interesting

benchmark:

Corollary 27 When n — oo, the strategic traders’ total first period purchase converges to
X9, the hedgers endowment. Their second period total purchases converges to 0. As a
consequence, the illiquidity discount goes to 0, strategic traders’ trading profits go to 0 and

the hedgers certainty equivalent converges to the expected value of his endowment.

Hence when perfect competition among strategic traders obtains, the market becomes per-
fectly liquid.
Predatory trading

Price schedule. Suppose that the hedgers believe that the prey will be in distress at time
1, then the price schedule is:

n+1
po=D-p

1 n+1~
Xgl_BﬁXil_Fﬁ 0 Z%"’Bm(l) (3.19)
=2

Equation (3.19)) shows that the constant of the price schedule decreases when hedgers have

positive endowment. Hence I obtain the following comparative static:

Corollary 28 The run effect is stronger when hedgers have a positive endowment in the

risky asset.

The intuition is that the hedgers now have a lower marginal valuation for the asset and are

thus more eager to offload their risk ahead of the prey’s firesale.
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Equilibrium. The conjectured predatory trading equilibrium strategy is:
o = X —-X', (3.20)

, 1 R
Vi=2,..,n, z5 = X0+ X+ n <——X)} (3.21)

n—1 n+1\p

The only difference with the no-endowment case is for predators’ trade. It needs not be as
low, as can see by comparing equations (3.21)) and (3.13]). This is because the hedgers’ run

is stronger, pushing the price down further.

I now study the trade-off faced by predators. The predator’s maximization problem is
the same as except that the hedgers’ endowment affect the cost, as well as the relative
benefit of predatory trading.

Vi=2,..,n, maxE"', + 3
p

S CAEIED o e

J=2,j#i

. 2
0 n j i
(Xfl - Zj:zj;éi Lo — x0>

+6

(n 4+ 1)2 P0>Do
. N2
(X0 + X1y = g e — 2f)
+B n2 [poéﬁo (3-22)
., 1 n R
s.t. Vj 7é 2 :L’{) = m |:X91 ‘l‘Xil + n——l—l (E — X):|

By comparing the maximization problems and [3.14] one can see that the cost of preda-
tory trading will be lower (first line). This is caused by the fact that the hedgers run more
strongly when they have positive endowments. The benefit from resucing the prey (second
line) is higher, and the benefit from predatory trading too. I show in the appendix that the
trade-off faced by predators has a simple quadratic form. A predator joins the predatory
trading attack if and only if

adBQ +bs8+cg >0 (323)

where the coefficients are given by equations (3.71)-(3.73) in the appendix. I obtain the

following result.

0

Proposition 22 Denote 0 = % and a = 1, the prey’s leverage capacity. There exists an
—1 —1

equilibrium with distress given by equations (3.21))-(3.20) iff 8 € Ip, where Ip is as follows:
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e [fa > max (%29—1- é,mﬁ—i—mz), then Ip = [ﬁd/\ﬁp,ﬁp[
e [fa < min <,}29+ é,mﬁ—i—mg), then Ip = [éd,ﬁD[
e /f min <,}29 + é,mle + m2> < a < max (%29 + ,%2, mq6 + m2>, then
~ 10> 0*, then Ip = [@d A BB, N Br [
—[fO < 6%, then Ip = [@d A Bd,Bd[.
with ﬁd and édﬂ the positive roots of equation .
The equilibrium price s:

Po = Do (3.24)

(3.25)

= Dtea—-f——-

Proposition shows that the equilibrium is driven by three factors: the prey’s leverage
X0
kg are functions of n)@ . Intuitively, 6§ measures the selling pressure caused by the hedgers

capacity, a, the ratio 6§ = and the number of predators (since the coefficients my, mao,
willingness to share risk relative to that caused by the prey’s firesale. The result suggests
that predatory trading can occur in equilibrium whether 6 is large relative to a or not, i.e.

0 plays an ambiguous role. The following comparative statics confirm this observation.

3.4.2 Implications
Hedgers’ endowment and probability of predatory trading

Using the results of Proposition [22] I can calculate the probability of predation. The “gross”
probability is unadjusted for the fact that the liquidity provision equilibrium can coexist
with the predatory trading equilibrium. The “net” probability does take into account the

possible coexistence of equilibria. I obtain the following comparative statics with respect to

6.

ZNote that ¥n > 2, L < 1, and max (mg, ’%2) = my. Hence, given that a > 1, in the special case

K2

X%, =0, ie 6 =0, the equilibrium condition is 3 € {éd A Br, Br [7 as in Proposition



3.4. PREDATORY TRADING VS LIQUIDITY PROVISION 173

Corollary 29 The gross and net probabilities of predation vary as follows.

e /fa < min (%29 + ?127m10 + m2>, denote k = ejLTl and define the gross probability of
predatory trading ¢ as
B8,

qA("i’n> - Bd_

q decreases in k, i.e. § decreases with 6 on this interval.

o [f 0 is small, such that a > max (%29 + é,mﬁ + m2>, the equilibrium thresholds are
ordered as follows: énd < Bp < Bg A Bq. Hence the net probability of predation q is
given by

5nd

q(0,n,a) :1__5_1?

Then for 6 small, q increases with 6.

The effect of § on the probability of predation is non-monotonid?’] If the hedgers’ initial
positions relative to the prey’s are sufficiently large, then increasing € decreases the likeli-
hood of predatory trading. However, if @ is initial small, then increasing it may increase
the probability of predatory trading. There are two conflicting effects at work here. First,
the hedgers’ initial position determines the equilibrium illiquidity discount. A high discount
makes it easier to push the prey into distress. Second, a large endowment raises the op-
portunity cost of pushing the prey into distress. This is because predatory trading aims at
decreasing the price at which strategic traders can buy the asset. However, if the price is
already low because the hedgers have large positions to offload, there is a low incentive to

engage in predatory trading.
Runs, predatory trading, and short-selling

In Corollary , I showed that when XV is large, hedgers run more. Interestingly, the run
can be so strong that the predators may not have to short the asset to trigger the prey’s

distress.

241 checked numerically the “net” probability of predation, i.e. taking into account equilibrium overlap,
has typically the same properties as the “gross” probability.
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Corollary 30 (liquidity hoarding) The predators’ aggregate order att =0 is Q4 = >,z =

n R

o If0 =0, then VB < Br, Q% < 0, i.e. predators must short the asset to push the prey

into distress.

e [f0 >0, then if the prey has a small enough leverage capacity (a small enough), there
exists B > 0 such that for f > ", Q* > 0, i.e., it is enough for predators to hoard
liquidity to push the prey into distress.

The second part of the corollary does not state whether 3" satisfies the conditions required on
B for predatory trading to occur in equilibrium. However, it is easy to calculate the various
thresholds numerically. For instance, when # = 0.3 and a = 1.05, parameters are such that
predatory trading is the only equilibrium for g € [ﬁn 7 Ba N 5F[ as long as the number of
predators is between 2 and 8. Further, for these parameters, 8" < B4 A Br, implying that it
is sufficient for predators to restrict liquidity provision, and that they do not have to short
the asset. Therefore, when the hedgers are sufficiently risk-averse, they behave as predators’
(involuntary) accomplices. More precisely, the possibility of predatory trading induces the
hedgers to run, which in turn facilitates predatory trading. Therefore the model provides a
natural link between predatory trading and financial market runs. Contrary to models of
financial market runs (e.g. Bernardo and Welch (2004), the liquidity shock triggering the

run, i.e. the prey’s firesale, is endogenous in the model.

An interesting empirical implication of the model is that it may be misleading too look
at the trade direction (i.e. buy or sell) in order to identify predators. This implication is
in contrast to Brunnermeier and Pedersen’s model, in which predators always sell during
the predatory phase (time 0 here). Another interesting implication is that short-selling bans
may not always be effective in curbing predatory trading. In particular, when the hedgers
are sufficiently risk-averse (8 > ),), what pushes the prey into distress is that they quickly
offload their endowment and predators restrict the quantity they buy.

Price effects

Predatory trading involves a price manipulation in the first period in order to push the prey
into distress. Therefore the illiquidity discount is larger than in the no-distress case at time
0 when predators engage in predatory trading. The price effects of predatory trading at time

1 are as follows:
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Corollary 31 In the equilibrium with distress,

ory

o The illiquidity discount at t =1 is larger when the prey has a larger capacity, 53 < 0,

and when the prey has more cash or a less severe constraint V, % < 0.

e The price rebounds on average at t = 1 and the average rebound is stronger when the

prey is less exposed to forced liquidations (e.g. has more cash, or a looser constraint

l/); Eo(p1—po)

ar >0, and stronger if the prey has a smaller capacity, —-—EO(?X_”O) < 0.

If the prey has a large capacity constraint, there is a large firesale at time 1, hence a large
discount and a low price rebound, on average. When the prey is not very exposed to forced
liquidation, inducing distress requires to push the time 0 price to a very low level. Since
price impact is permanent, the time 1 price is also lower in this case. Nevertheless, the
average rebound is larger. This is because decreasing the price involves to take low or short
positions at time 0, therefore predators must buy more aggressively at time 1, leading to a

higher rebound on average.

3.5 Conclusion

I study predatory trading in a model where smart competitive investors (hedgers) under-
stand that capital-rich strategic traders may prey upon a financially constrained competitor.
I show that the hedgers’ reactions to the possibility of predatory trading can make predation
cheaper. This reaction manifests itself through a change in market liquidity, which allows
predators to move prices more easily than the prey and increases downward pressure on the
price. An important determinant of predatory trading is the hedgers’ risk-bearing capacity,
because it determines their ability to take the other side of predatory trades and eventu-
ally to absorb firesales without causing large market disruptions, and this determines the

profitability of predatory trading.

An interesting research avenue is to study the systemic risk created by predatory trading
between traders with different levels of capital. Given the mechanisms at work with one prey,
one can imagine that the mere prospect of a cascade of failures could trigger a liquidity dry-
up which in turn would facilitate predatory trading on multiple preys. At the same time,
the possibility of becoming a prey as a result of future market disruptions may limit the
willingness of traders with intermediate capital to engage in predation. Hence introducing
spillovers from one prey to the other in the analysis should lead to interesting coordination

problems. This is left for future research.
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3.6 Proofs

The following proofs are given in the case where the hedgers’ endowment is X%, > 0. Section
of this appendix contains additional derivations related to the special case where the
hedgers have no endowment (X°, = 0). In my derivations of the equilibrium, I use Lemma
2 in Fardeau (2011). (chapter 1 of this dissertation)

3.6.1 Time-1 subgame equilibrium and price schedules

Lemma 28]
Proof. I solve the model backwards. Given the CARA-normal framework of the model,

it is convenient to work with certainty equivalents to solve the hedgers’ problem.

Date 1. From the viewpoint of date 1, the first innovation €; is known, hence E; (ﬁg) =

D + ¢; and the hedgers’ maximisation problem is

1
CEy = max BY —a{p1 + X7 (D +¢€) — 56 (XIC)2 ,with 8 = ac? (3.26)

Ty

The hedgers’ demand at ¢t = 1 is thus X = W. Inverting the demand curve and

imposing market-clearing,

Vt=0,1, S=X+> X/ (3.27)

J=1

yields the price schedule faced by strategic traders:
pr=D+e —f (S—ZX{)
j=1

Using X} = X7 | + ] gives:

p1=D+€1—5<S—ZXg>+5Zx{ (3.28)
j=1 =1

There are two states of the world at ¢ = 1, with and without distress. If there is distress, the
prey must liquidate her entire portfolio, i.e. X] = 0, which implies x; = —X{}. Otherwise,

the prey is free to choose her position.
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- First case: no distress (nd). A strategic trader’s value function is defined as

Vi=1,..,n, J™ = maxFE, [Bé —zip + Xfﬁg]

st.pp = D+e—f (S—ZX&) +BY ]
j=1 j=1

Plugging the constraint in the maximand gives:

S—zn:Xg—zn:x{—xil ,

Vi=1,.n, J" =max B+ X! (D +¢) + ¢
Ty 7j=1 jF#i

where, Vj =1,....n, Xg has been determined in the previous period. Taking the first-order

condition, solving for its zero and rearranging terms, we get:
Vi=1,..n zi+> 2]=5-> X] (3.29)
Jj=1 J=1

Collecting the n equations and using matrix notation gives

(I+1).x; = (S— ixg’) 1,

where 1 is a (n,n) matrix of 1’s, x; = (21, ...,27) and 1 is a vector of 1’s. The lines and
columns of the matrix A = I +1 are linearly independent. Thus the matrix is invertible with
inverse A~! and multiplying on both sides from the left by A=! gives the unique equilibrium
in the subgame:

S - Z;L:l Xé

Plugging this quantity into the strategic trader’s value function Jf’”d gives

(5- sy, x3)

(n+1)°

JiM = Bl 4+ X (D +e)+ 8 (3.31)

The strategic trader’s value function is the expected payoff on his date 0 positions in the

: : o s-yrx3)’ :
riskfree and risky assets, plus the continuation payoff 5 ((2731—711)20) Using equations (3.26])
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and (3.30)), the hedgers’ certainty equivalent is:

n+1 2(n+1)? (3:32)

A 2
g X S—ZT.L: X/
CEfd:Bg—ng(DnLa—ﬁ—Zj_l 0>+6< = 0>

- Second case: prey is in distress (d).

In this case, X{ = 0, hence ] = —X|}. Given that X{ = 0, the problem of a predator is

Vi=2,..n, Jf’d = max F (Bé —aip + Xﬂ%)
!

st.pm=D+¢€ — <S—ZX{>
i=2

Repeating the same steps as above, I get the unique equilibrium in the subgame:

v = —X; (3.33)

, S—S" X!
Vi=2,..n, i = 522X (3.34)

n

Strategic trader’s value function and the hedgers’ certainty equivalent are given by:

(5 -5, x3)

n2

S - 2?22 Xé
n

Vi=2,..,n, J* = B+ X (D+e)+p

w

35)

V]

(
szma)

go

.36)

CE! = B§+X§(D+el—5 + 8

Lemma
Proof. Date 0. I now solve for the hedgers’ demand at date 0, depending on the
hedgers’ beliefs about the state at ¢t = 1.

- First case: The hedgers believe that the prey will be solvent at ¢ = 0. The hedgers’
maximisation problem at t = 0, using B = BY, — 2§py and equation (3.32), is

N 2
S—y" X (S—Z;?:lx(g)
maXE —exp—a | —aSpo+ X§ | D+ — p—=="2 ) +
TP ore 0( R Ty

Y
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where €; is random. Using the projection theorem for normals, the problem simplifies to

maximising the hedgers’ date-0 certainty equivalent:

= 5 (X§)" (337)

N 2
E_EZLE§>+5QS_Z$1X@ 18
2(n+1)* 22

CEy = max —x{po+X§ (D - p
Zo

From the first-order condition I get the hedgers’ demand function at ¢t = 0:

S—3" X}
D — pT=E0

g

X =

Inverting the demand, imposing market-clearing (equation (3.27))):
2 ~

n+ g_ Z Xé]
j=1

nd
=D —
Po ﬁn—i—l

Using the accounting identity:

S=X" +> X7, (3.38)

j=1

gives the date-0 price functional when the hedgers anticipate no distress:

n

" n+2 n+2 ;
pid = D—p 1X91 + B > (3.39)
j=1

With XY, = 0, equation (3.39)) corresponds to equation (3.5)) given in the text.

- Second case: Suppose that the hedgers believe the prey will be in distress at t = 1. Using
equation (3.36]), solving for the hedgers’ date 0-maximisation problem and using equation

(13-38), T get:

n

d n+1_, - j 1 - j 1
=D — XY 4+ E + A= E - X
Py 5 LB Ty 571 < Ty 0

Jj=1

Strategic traders’ identities are public information, hence, using the dynamics of asset hold-
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ings, Xg = X', + z}, this equation can be rewritten as:

1 n+1~
X0y = X1y 4 B—— > a+ Py (3.40)

j=2

n+1
py=D-3

Setting X°, = 0 gives equation (3.6) in the text. Lemma follows immediately from
equations (3.39) and (3.40) and arguments given in the text. m

3.6.2 Liquidity provision equilibrium

Lemma [37]
Proof. Suppose that the hedgers believe that the prey will not be distressed. Since the
hegders are rational, their beliefs must be correct in equilibrium. I now determine under

which condition strategic traders’ actions are consistent with the hedgers’ beliefs.

At date 0, a strategic trader’s problem is:

N2

. i,nd i i i ~ (S_ Zy:l Xé)
Vi=1,...,n, J;"° = maxFEy |B', —xypo+ X5 (D+é)+ 5 5
) (n+1)

n -+ 2 n+2 e— n -+ 2
topp? = D— XY ! )
s.t. py Bn—l—l _1+5n+1;x0+5n+1%
Bé"‘X&Po

)4
X; < X

IN

The second constraint corresponds to Assumption 1 (marked-to-market wealth constraint),
the third constraint to Assumption 2 (leverage constraint). I first derive the equilibrium
that would prevail in the absence of these two financial constraints, and then derive under

which conditions this equilibrium holds in the presence of the constraints.

Ignoring the second and third constraints, plugging the first constraint into the maximand

and using equation (3.38)) gives

. N2
<X91 - 2?767, Y — xf))
(n+ 1)

in i n+2 ~ i
Ji d:mg}fol—i—ﬂ n+1x0 (Xol —Zx{)—x()) +
o i
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with £ | = B | + X', D. From the first-order condition, I get:

n

n2+3nz ]_n2—|—3n 0

Vie{l,.,n}, 2t + ———= Y = X0 3.41
{ } 0 (n+1)2 s 0 (n+1>2 1 ( )

Solving this system of n equations with n unknowns, I get the unique equilibrium in this
subgame (in absence of constraints)

n?+3n
= XY = ¢p X0 3.42
W An? 4 3n+ 2 1T Onta (3.42)

o i
Vi=1,..,n,

From equation (3.30)), I find the date 1 equilibrium trade:

n+2

= X0 =, X 3.43
nd+4n2+3n4+2° 1 Cln—1 ( )

. i
Vi=1,..,n, x]

After some simple algebra, I obtain the equilibrium prices:

p = D—8 (n+2° o =D — Bpon X" (3.44)
0 nd+4n2 +3n+2" 7! Ot '
n—+2 0 0
P11 = D + €1 — B Xfl =D + €1 — 6/)1,an1 (345)

n3+4n? +3n+2

Further, using (3.42)) and (3.43)), I compute the payoff (skipping two lines of algebra):

T = B 4 B (X9 (3.46)
(n?>+3n+1)(n+2)°
(n® + 4n2 + 3n + 2)°

with m, =

Let us now consider the problem with the financial constraints. I conjecture that the
equilibrium trade is given by equation (3.42)). An obvious condition on parameters is that

In the presence of the financial constraints, one must check for two types of deviations.
First, the prey may opt for a voluntary liquidation. The prey being risk-neutral, it is easy

to show that she will never voluntarily liquidate, therefore I skip the proof.

Second, a strategic trader may turn predator and exploit the prey’s constraints to trigger

a forced liquidationﬁ. Doing so affects strategic traders’ continuation payoff, which becomes

25Note that since the equilibrium is unique in the absence of financial constraints, this is the only deviation
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(5-552X8)"

n2

Let’s compute the payoff from exploiting the prey’s financial constraints for predator i:

n2

N 2
n J
. . 2 <S - Z =2 XO)
J(z),nd,dev IIlEiiX Eil + ﬁ n+ o ( ZX]) J
o
st.Vj#4, xh = conX?,
Po < Do

where ¢ € {2,...,n}. Using (3.38)), this problem can be rewritten as

, 2
0 1 i
[X—1 + X2 - Z;‘L:Q,j;éi T — T

n+2 0
max,; [ +1x0 X7 Z zh —ah| + 8 >
J=Lj#1
st.Vj#i, x) = conX",
Do < Do

Note that in the second constraint, pg depends on the strategy of predator i and on the
postulated strategy of other strategic traders, Vj # i, ZUO conX?,. I first determine under
which condition a predatory deviation is costly, i.e. under which condition the Lagrangian

of the second (price) constraint is strictly positive.

Let’s first ignore the constraint py < py and solve for the zero of the first-order condition.

I get:

idev n® + 5n* 4+ 4n3 — 10n? — 11n — 2 0 n+1

T — —
0 o3z _n—1

Xl
(n3+2n2 —n —1) (n®+4n2 + 3n + 2) -1

As a consequence,

n+2 Zn: j] 0 1
n+1 =
nn 7'L4 n3 n2 T
with H; = (ret2) (' 5m 802 +6n+3) and Hy = 22— This, in turn, implies that

(n+1)(n34+2n2—n—1)(n3+4n2+3n+2) n3+2n2—n—1

one must check for.
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po < Do ift

R

> Bg = ,with R = pg — D 3.47
6_/861 H1X91+H2X11 W1 Po ( )

Therefore, I will now focus on the parameter space 8 < Bnq.

On this interval, pushing the prey into distress requires for a predator to set:

nd
0

Do = Do

That is, predator i must choose 25" such that

n+2 n+2 w— ; n+2 4
D — XO § J i,dev
Bn—I—l 1+6n+1j1#ix0+6n+1x0

= Do

where Vj # i, xé = o, X",. Rearranging the terms, I get:

xiydev_n—FlR 2(n?+3n+1) _,
bdev

i 3.48
n+2p nd+4n2+3n+2° ! (348)

This achieves the proof of Lemma [31] =

Proposition

Proof. Building on Lemma [31] I calculate the new continuation payoff of the strategic
traders.

n 2
, + 3n n+1R
X0 4+ x' — i — x!1 i xo o 3.49
-t AS ;xo _1+n3—|—4n2+3n+2 T on+2p (349)

Therefore, using equations (3.48) and (3.49)), and developping and rearranging terms, preda-
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tor @ gets the following payoff from pushing the prey into distress:

. , +3)? 2
Jz,nd,dev _ EZ_ + (n Xg
0 ! 6(n3+4n2+3n+2)2( )
1 2 2(n+3)
— (x! X' x°
b L”ﬂ (X2)"+ n(nd+4n2+3n+2)" ! _1}
2(n*+5n* +8n*+6n+3) ., 2(n+1) ,
- St e X
n(n+2)(n?+4n? + 3n + 2) n?(n+2)
(n+1)(n*+2n?>—n—1) R?
n2 (n + 2)° B

(3.50)

Hence, predator i prefers buying over preying iff Jo" > Ji %" Using equations (3.46)
and ((3.50)), it is equivalent to:

Anaf3® + bpaf + Cna 0 (3.51)
where a,g = A (X2))% = Ao (X1))° = A X1, X0, (3.52)
(3.53)
(3.54)

v

bua = R[MX2 4+ XX <0 3.53
Coa = AR’ >0 3.54
. _ nt 4741602 410n-5 1 _ 2(n+3) _2(n+5n3+8n2+6n+3) B
with Ay = &34_;%3,,112)2 ;A2 = 3 A = n(n3+4n2+3n+2)’ Ay = n(n+2)(n3+4n2+3n+2)’ As =
n n3 ’I’L27TL*
ZQ((";;%, Ag = ( H)Eﬂ(:;)z 1>. Note that for all k =1, ...,6,, for all n > 2, A\ > 0.
The discriminant of the LHS of inequality (3.51)) is

A,y = R? [Al (X)) + Ay (X1,)" + Agxilxﬂl} (3.55)

. 4(3n%4-39n54+104n%+170n3+125n2436n+4
with Al = )\?1 — 4)‘1)‘6 = ( W2 (nr 22 (S An 31 2)” ) > 0, A2 = /\5 -+ 4/\6>\2 > 0,

Az = 2025 + 4X6 3 > 0. Hence for all n > 2, A,; > 0, which guarantees that there are

always two real roots, (1, 52. Since the sign of b,q and c,4 is known, the sign of equation
(3.51)) depends on the sign of a,,.

0
X 1

Using 6 = &7+, I rewrite equation (3.52) as
tng = (X1))? M0 — As0 — Ao

The discriminant of the equation in parenthesis is A, = /\g + 44X A3 > 0. Since Ay > 0 and
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—MXo < 0, there is a positive and a negative root. The positive root is given by

~ A +VA,
0=———
2)\
and since 6 > 0, the sign of a,4 is striclty negative iff € [0, 9_[ and positive iff § > 6.

I can now determine the equilibrium:

o If 0 < 0 < 6, the no distress equilibrium exists iff 8 < 8y A Bpq, with §; = —buatvnd

2G4

o If > 0, the no distress equilibrium exists iff 3 < 1 A Bng o 8 > B2 A Bng, With
/82 — —bni+v And.

264

X0

Using equations (3.52)-(3.54), equation (3.55)), and the change of variable § = L1+, the
-1

roots are given by

N|=

|R| (A4 + A5) — [A1607 + A30 + A,]

o X4 2 (A162 — N\gf — \y) =B, (3.56)
% X4 2 (A162 — A3 — \y) (3.57)

I now show that in the second case (6 > ), the second root, B, does not satisfy the

parameter restriction 8 < Bnq, where f3,q is given by equation (3.47)).

Since the denominator of f, is strictly positive when @ > 0, By — Boa < 0 is, after

rearranging terms, equivalent to:
(AaHy —2X1) 0% + (A\sHy + Ay Ha +2)3) 0 + (AsHy + 2Xo) + (H10 + Hy) U2 < 0

where Uy = A,0% + As0 + A,. Since for all n > 2, \yH; — 2)\; > 0 and since all other
coefficients are also positive, this condition is never satisfied for any 8 > 0, hence for any
6 > 0. Hence B > P

As a result, the necessary and sufficient condition for the existence of the no distress

equilibrium is S <8 A Brg. ™

Corollaries [26] and
Proof. The results follow directly from calculations in the proof of Proposition [ ]
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3.6.3 Predatory trading equilibrium and comparative statics

I conjecture that the predators’ equilibrium predatory trade is

1

. R
Vj =2, @)= —— [X91+Xi1+nil <E—X)} (3.58)

Using equation (3.34]), this implies that their date-1 trade is

~ 1 - R
Vi=2,.. = X —-= 3.99
] ) , 1, xl 7”L-|—1( ) ( )

which leads to the following price:

I assume that the hedgers believe that the prey will be distressed. I first determine condi-
tions under which the prey’s conjectured strategy is optimal given the predators’ conjectured

strategy.

Lemma [33
Proof. The prey’s problem. The predators’ conjectured strategy implies the following

first-period price (as a function of the prey’s trade):
po=po— B [X — X1, — ] (3.60)

Since the predators’ strategy is constructed so that the prey can not outbid predators,
the prey’s problem given predators’ trade is to maximise the proceeds of liquidation. Hence

the prey’s maximisation problem is:

max By [BL, —agpo — 21p1 + X1Ds] (3.61)
Zo
st. X = 0
Do = ﬁoZD—ﬁ[X—Xil_x(ﬂ
B - R
= D __F (x=Z=
b Ta n+1 Ié]

Plugging the first and last two constraints into the maximand, this problem can be rewritten
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as:

max,1 Bl — g [po — B [X — X1 — )] + X [D_ﬁ%ﬂ {)‘(_ EH

s.t. x < X-X1

Writing the Lagrangian of the problem and solving for the zero of the first-order condition

gives:

J_) M T2 [ X - X1 i B < fBr
0 X otherwise,

where G = — (3.62)

= A necessary condition for the conjectured strategy to be a Nash equilibrium is 5 < (g.

Lemma [32]

Proof. The predators’ problem. The predators’ conjectured strategy is con-
structed assuming that predation is costly and that predators behave symmetrically. IL.e.,
the conjectured strategy is such that predators choose a quantity leading to pd = py, with
zy=X - X1,

A necessary condition for this conjectured strategy to be a Nash equilibrium is that the

Lagrangian of the first constraint in the following problem is zero.

\ 2
n j
R FORE| S <S_Zj=2X0>
max,s (g - (S — ZX@) — X | +8 3
j=2
s.t. Po S Po (363)
X! - X
The problem can be rewritten as
N 2
0 1 n J

In+1 LI _ <X71+X71 _Zj:2x0>

7 XO Xl _ J _ X
H;%XB% — ( 1T AL j;%) + 5 2

s.t. po < Po
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After writing the Lagrangian of the problem and solving for the equilibrium, I get:

31'6: { ﬁ [X91+Xi1+ni+l (%-X)} if a > pOZiLnfl or 1fﬁ<Bd when a < PO(,;:;1
24n—2 2 — X
nSszgﬁQnJrz (X91 + Xi1) - MX otherwise,
N R
with By = _ (3.64)
Po,n—1 (Xgl + Xll) - an
2 —
where po -1 = _n—B_iEZ;__lén_’_Q) d, = %, and a = Xill is the prey’s spare leverage

capacity. Note that symmetry is imposed when the Lagrangian of the constraint is zero,

while it is the unique outcome when the constraint is not binding.

= A necessary condition for the conjectured strategy to be a Nash equilibrium is 8 < ;4

: PO,n—1
if a < . n

Propositions [19] and
Proof. The payoff of the conjectured strategy for predators is, using equations (|3.58|)

and (359):

; ; X2 1 n2—n+2 n?+1 R?
JoP = E 48 -—R (X% + X)) - SX |- 5—
(n+1) n—1 (n—1)(n+1) (n—1)(n+1)" B

(3.65)

Payoff from deviating: “rescuing” the prey. Predator ¢ may not join the predatory

attack and “rescue” the prey. All predators are pivotal, hence this rescue implies a change
S-372 X to S-371 X3
n? (n+1)2

in the continuation payoff from

The strategy of a deviating predator solves the following problem:

\ 2
n j
i . +1 . (S - Zj:Q XO)
JhRAer — max,, Bl r S — X=Xt +8
0 : 0|, ]z; 0 0 (n—|—1)2
. 1 R
st.Vj#4, ¥ = n_l{X01+X11+nil<E—X”
X - X

Po > Po
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Using equation (3.38)), and plugging the first and second constraints into the maximand, the

maximisation problem boils down to

id,dev i ntl 0 1 n—2R n+1 1 -
I = g [ (0 xt) - EE S -  — X
B 1 0 L nn—2)R 2n—1_ ,]°

X0 + X)) - = X — i

+ (n+1)2 n—l( —1+ —1) TL2—1 5 712—1 Lo

s.t. po > Do

Writing the Lagrangian and solving for the first-order condition (ignoring the price constraint

for now), I get the strategy of a deviating (“rescuing”) predator:

3 2
i dev n°+3n°+n+1 0 1
’ = X X
*o 2(n—1)(n3+3n2+2n+1)( ERREY
n(n®+3n? —n+3) - nmn-2)(n*+3n*+n+1) R

X _ — (3.66
2(n?2—=1)(n*+3n2+2n+1) 2(n2—1)(n3+3n2+2n+1)6( )

It is easy albeit algebraically tedious to check that 8 < 34 implies that py > Py, so that the

Lagrangian of the price constraint is always zero.

To compute the payoff of the rescue for predator ¢, it is convenient to calculate the

following quantities:

n—+1 L _ _ R
- <X91 + X1, - Zx%) — X =2 (X0 + XL)) — X - ug (3.67)
j=2
o (n+1)(n3+3n2+3n+1) o n343n245n—1 o (n—2)(n3+3n2+3n+1>
where 21 = (1) (3 13n2 42t 1)’ “2 = -0 (nd13n242nt1)’ <3 = 20n—1)(nP+3n212ntl)" and
X% =3 xé > R
- = 0 1
= : — 2 (X0 + X)) - X - zgg (3.68)
Wlth Z/ - n3+3n2+3n+1 Z/ o 3n4+7n3+3n2_3n_2 Z/ o 7’L(?’L—2)(TL3+3?’L2+3')’L+1)
177 2(n2-1)(n34+3n242n+1)7 “2 7 2(n—1)(n+1)%(n3+3n2+2n+1)" 73 7 2(n—1)(n+1)?(n34+3n2+4+2n+1)"

From equations (3.66))-(3.68)), skipping some algebra, the payoff of rescuing the prey is:

JoP = B lun X2+ wa (X° + X1)) —wy (X0 + X1) X]
2
—R[wy (X%, + X)) —ws X] + wﬁ% (3.69)
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n1049n°4+43n84114n" +155n54-98n° +41n* 4+-50n34-28n2 —15n+4 _ (n+1)* _
4(n—1)2(n+1)*(n3+3n2+2n+1)> » W2 = 4n(n1)?(n3+3n242n+1)’ Ws =
n949n°+23n4424n3+7n% +n—1 (n—2)(n+1)3 nz(n—Q)(n5+9n4+23n3+25n2+10n+4)
2(n—1)2(n3+3n2+2n+1)% 2(n—1)2(n3+3n2+2n+1)’ 2(n+1)(n—1)2(n3+3n2+2n+1)%>
n(n72)2(n+1)2<n4+4n3+4n2+3n+1)
4(n—1)2(n343n2+2n+1)>

with w; =

wy =

Wy =

6:

The conjectured predatory trades form a Nash equilibrium iff Vi = 2, ..., n, Joi’d > Jé’d’dev.

From equations (3.65)) and ({3.69)), this is equivalent to

agB? +bgB+cg > 0 (3.70)
with ag = e X2 — ey (X0, + X1 )° 4 es X (X°, + X)) (3.71)

by = —Rles (X% +X!)) —esX] (3.72)

cg = —egh? (3.73)

and261 = ﬁ — Wy, €3 = W, €3 = W3, €4 = ﬁ — Wi, €5 = ’_‘21;(’;;21)2 — Ws, €5 =

4 3 3 2 3
e — n 42— n°+n°+9n (3.74)
2(n—=1)"(n®+3n2+2n+1)

n? —4An™ + 24n5 + 79n5 4+ 56n* + 14n3 — 12n%2 — 10n — 4 3 75)
es = .
’ 2(n—1)%(n+1)° (n® +3n2 + 2n + 1)°

It is clear that ¢y < 0. Let us now study the signs of by and ay.

Sign of by

e X0 +Xxt
by >0 k> —, where K = —+_——1

3.76
o % (3.76)

9 7 6 5 4 3 2
. ' -3 > es _ n’—4n'+24n°+79n°4+56n"+14n°—12n"—10n—4
Further, from equations (3.74)-(3.75), Vn > 2, & (n-+1)% (N3 +3n242n+1) (n?+3n34n?+3n) and
% <]
eq —

Sign of aq

X0, +x!

—x—, I rewrite equation (3.71)) as:

Using the variable k =
aq = X* [e1 — e2K” + €3K]

Forn =2 ¢e; <0, ey >0, e3 >0. When n > 2, all coefficients are strictly positive. Thus,
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e If n = 2, there are two positive roots, k; = 532_—625 and kg = %g, where § = €3 +4eqe;.

e If n > 2, there is a positive and a negative roots, with x; < 0 and ko > 0.

Hence, a; > 0 &
® K€ |k, ke, ifn=2

o 1k €]0,kyf, if n>2.

Discriminant

The discriminant of equation ([3.70)) is:

Ag = R [ry (X% +X1)" 415X (X0, + X1)) + 15X
ie., Ay = R?*X? [er + rok + 7“3] (3.77)

with 7, = €3 — degeq, 79 = deges — 2esey, T3 = eg + deger. Vno > 2, ry > 0, and ry > 0.

Further, r3 < 0 for n = 2 and r3 > 0 for n > 2.@

Hence if n = 2, the equation r;k? + 79k + r3 has two solutions:

— VA
ke = MQOJ
27"1
iy — /By
/ig = % <0,Where Ad:T§—4T1T3
T

If n > 2, then all coefficients r; being strictly positive, Ap > 0 for any . Hence,

o If n =2 then A; <0 for k € [O,fi‘f[. If kK > k¢~ 0.1, then Ay > 0.

o If n>2 then Ay > 0.

Equilibrium
The equilibrium is determined by the sign of equation (3.70)) and the parameter restric-

tions B and f34, given by equations (3.62) and (3.64]), respectively.

26For the sake of brevity, I did not reproduce the analytical expression of the coefficients r;. I check the
signs numerically for n = 2 to n = 150.
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When A, > 0, equation (3.70) has two real roots given by
V Ad — bd

= Y—_¢ ¢ 3.78
8, 5o (3.78)
bg + Vg
ﬁd,z T (3.79)
. . . . X0, +x1,
It is easy to see that if ag > 0, fs < 0, and if ag < 0, By > @d > 0. Using Kk = —%—,
equations (3.78) and (3.79) and (3.71))-(3.73), the roots can be rewritten as:
1
|\R| Z2 — (esk — e€5)
= — 3.80
ﬁd X 2 (61 — 6252 -+ 63/?) ( )
1
R| Z2 —eb
By [B|_Zi + (e —eb) (3.81)

- X 2 (61 — 62%2 + 63/@)

where Z,, = r1k% + 1ok + 73.
I first study the sign of equation (3.70) independently of the parameter restrictions.

If n > 2, Ay > 0, hence the equation has two real roots. From the signs of ag and by,
there are two thresholds for s in this case: k9 and i—j Since for all n > 2, ko > 1 and 2—2 <1,

it is clear that ko > 2. Then the sign of equation (3.70) is as follows:

o If ke [O,Z—Z[,ad>0,bd<0,cd<0,henceﬁg<O,ﬁd>0andad52+bdﬁ+cd20<:)
8>3,

o If [z—i,lig [, ag > 0,by >0, cy <0, then 5y <0, éd > 0 and ag32+bgB+cg >0 & 5 > ﬁd,

o If kK > Ky, then ag < 0, by <0, and ¢ < 0 and agB? +byB+c;>0< B € [éd,@m[

When n = 2, there are four thresholds k¢, x1, z—i and ko, in increasing order. For k > 2—3,

the analysis is similar to the case where n > 2. For £ < 22, the intervals are as follows:

o If ke [0, /411[, ag < 0,b3 <0, cq <0, and Ay < 0, hence ay/3% + by + ¢4 < 0 and there

is no predatory trading equilibrium.

o If Kk € [/ﬁl, K1 [, then Ay > 0, but since ag < 0, by < 0, ¢4 < 0, there are two negative
roots, and therefore, there is no predatory trading equilibrium. This case can be

grouped with the previous one.
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oHﬁE[mfﬂJMM%>%Lm<OJu<OMﬂAd>Qﬂmmﬁ2<aéd>0mﬁ
agf?+bgB+cqg >0 3> B, Thus this case can be grouped with the one in which

K> 8,
e4

= The n = 2 case is thus the same as the n > 2 case, except for k < k.

I now determine the intervals of the predatory trading equilibrium, taking into account
the parameter restrictions 8r and (34, given by equations (3.62) and (3.78]), respectively.

Position of g relative to By

From equations (3.62)) and (3.78):

Ba > Br & a =m0 +my (3.82)

n(n+1)32

n*+3n34+n24+n42
n4+4n3—n2+4

and my = Sy

with my =

Note that ms = 1 when n = 2 and my < 1 when n > 2.
=1If0=0 (ie X° =0), By > Br < a > msy, which is always true since a > 1.
= Proposition [19| follows from this remark and the analysis below.

Intervals of the predatory trading equilibrium

The analysis of equation (3.70) gives necessary and sufficient conditions in terms of the
variable x, whereas the parameter restrictions for fr and [, are expressed in terms of 6.
Noting thaﬂ:

041
N a

(3.83)

K

I rewrite all the conditions in terms of a and 6.

The thresholds in terms of x are x; (for n = 2 only), & and k2. Hence using equation
(3.83)), the corresponding thresholds in terms of a are, in increasing order, %10 + L apy P

k1 es
1 1
and K—QQ + 5—2

0

2TUsing the definition of & (3.76]) and the following notations: 6 = ﬁfl, a=-X
~1
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I now compare these thresholds to the condition (3.82)). For all n > 2, 28 > may > my,

Hil > msg > my. Therefore, Vn > 2,

z—§9+2—§>m19+m2
%19+%1>m1(9—0—m2

Further, %29 + H—12 > m160 + msy is equivalent to

m
f>0 =—-=

w1

Since Vn > 2, mgy > %2 > myq, * > 0. Hence, combining the equilibrium conditions and the

parameter restrictions yields, Vn > 2
o If a > max (é@%—é,mlﬁ%—mg), then Ip = [@d/\ﬁp,ﬁp[
e If a < min (%29+%2,m19+m2>, then Ip = [gd/\Bd,gdz/\Bd[
e [f min (H—IQQ + %2,77119 + m2> < a < max (%20 + é,mﬂ + m2>, then
— 100 >0, then Ip = |8, A Br, 8, A Br .
~If 0 < 6%, then Ip — [@d A Bd,Bd[.

If n = 2, there is an additional case: if a > %16 + Nll, there is no predatory trading

equilibrium.

In the second case, a < min (%20 + é,mlﬁ + mg), it is possible to refine the bound-
aries of the interval Ip and show that it is non-empty, thereby proving the existence of the

equilibrium in this case.
Existence conditions

I first show that ﬁd < 4. This case is interesting for a < min <%26 + L om0+ mg),

Ko

hence the interval I consider is k > k9. Using (3.80)) and (3.64)), and rearranging terms, I get

 _ A 92 (k)
bomh =% (Pon-16 — dn) (€1 — €2k + e3k) 50

with g2 (k) = (pon_1k — dy) Z2 + Bik* + Byk — Bs (3.85)
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where Vn > 2, B; = 262—p07n_1€4 < 0, B; = €5p07n_1+dn64—2€3 < 0, B3 = 2¢; +dn€5 > 0@

The denominator of equation (3.84) is negative when k > ky, thus 8 iy Bq < 0 iff
g2 (k) > 0. To determine the sign of go, I first study its first derivative:

/

1 Z
9o (K) = pon12Z2 + (pom-1k — dn) =% + 2B,k + By
Zg

The first term of the derivative is positive for any x > 0. The second term is also positive,
dn
PO,n—1
being positive for any n > 2). The third term, however, is negative, because B; and Bs are

because Vn > 2, < ko and Z,; = 2rmKk+ 19 > 0 for any Kk > Ky > 0 (r; and ry

negative. I will show that Vk > ko, ¢4 (k) > 0. To show this, it is enough to show that
1
Pon—14i + 2Bk + By > 0.

Since Z, = rik? + rok + 13 (see equation (3.80))), the following holds for any k > ky:

Zn Z 7“152 + roko + r3

and therefore pg,,—1vV/Zi. > pon—1/T1K + r2K2 + 13, which implies that

Pon—1V Ly + 281k + By > popn—1 V/T1K2 + rokg + 73+ 2Bik + By

Given that Vn > 2, pg,,—14/r1 = —2B;, the function on the RHS of the inequality is increasing
in k. Hence for & > Ko, po.n_1VZe+2B1k+ By > pon_1\/T1K3 + ok + r3+2B1ky+ By. The
right-hand side of the inequality is positive for all n > 2, hence Vk > ko, Vn > 2, g5 (k) > 0

and g5 is increasing on this interval. As a result, one can minor this function by g, (k2), with
Vn > 2, go (ko) > 0.

Hence Vk > ko, éd < Ba.

Using a similar reasoning, one can show that ﬁd 5 > B4 when k > ko. From equations
(3-81) and (3.64), 8,, < B4 is equivalent to hy (k) > 0, with

ho (k) = = (pon—1 — dn) \/ Zy, + B1k* + Bak — Bs

The function — (po,—1 — dn) V/Z, is always negative, as well as Bjx* + Bak — Bs. Thus
VI€>/€Q, édQ >Bd' |

28For the remainder of the proof, I rely again on calculations for the coefficients which are functions of n.
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Corollary
Proof. Suppose that a < min <H—129 + %2, mq6 + m2>, and consider p (k) =1—¢ (k) =

From equations (3.80]) and (3.64)), we can write

sl

(pon1ts = ) (22 = (ear = 5))

2 (61 — 62%2 + 63/'{)

p(k) =

Hence the first derivative w.r.t. s, after regrouping terms, is

v (k) = (€1 — eak? + e3k) (poZi + (po — dy) (2r16 +12)) — (e3 — 2e2k) (pok — dy,) 27,
- 1
277

+ (espo + ead,, — 2e4pok) (61 — eok? + egff) + (2e9k — e3) (—e4p0m2 (espo + eqdy,) K — dne5)

It is enough to show that p is increasing when x > k. I start by developing and rearranging
terms of the numerator in the first line. Using that Z,, = rik% + rok + 13, I get after a few
calculations that the numerator is equal to Hik* + Hok® + H3k? + Hyk + Hs, with

Hy = earipo; Hy = 2eapory — 21r1daes + 116300
Hs = 3rseapo — 2radyes + 3ripoer + espore; Hy = 2ropoer — raespo — 4radpes — eirid,

Hs = 2riesd, — eyrad,
Now consider the second line in p and rearrange terms. This gives: Hgk? — Hrk + Hg, with
Hg = e3 (espo + eady) + eseapo; Hr = 2ese1p0 + 2eadyes; Hy = ey (espo + eadn) + dyeses
Hence the sign of p’ is the same as the sign of
b = Hix* + Hyr® + Hyr? + Hyr + Hs + 273 (Hor® — Hzk + Hg)

Calculating the coefficients H;, which are functions of n, we find that H,, Hy, H3, Hg and
Hyg are positive for any n > 2. However, for n > 2, H, is negative, H; is positive and Hj
becomes negative for n > 4. Given the signs of the coefficients, to show that p’ is positive
for kK > Ko, it is enough to show H3k?+ Hyrx+ Hs > 0 and Hgk? — Hyk + Hg on this interval.

First, consider Hsx? + Hyx + Hs > 0. Since Hs > 0, it is increasing for x > _2HT437 which

calculations show is smaller than x,. Further, I find that for any n > 2, Hj (ﬁ2)2 + Hyko +
Hs > 0. Next, consider Hgk? — H7k + Hg and apply the same steps. Hg is positive and

the function peaks in 2HT767 which I find is smaller than ks for n > 2. Further, I find that
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Hgr? — Hyk + Hg > 0. As a result, p is positive for k > ks, hence § is decreasing on its

interval.
|
Corollary

Proof. I start with 8 > 0:

R _
4> X0 4xt o4 (2 _x)>
RI>0 & X+ ,1+n+1 3 >0
n n |R| -

With a small enough, X%, + (1 — -25a) X!, > 0. Hence,

n B

1>0 o g>p"=
o2 F2p n+1X% + (1-25a) X1,

If & = 0, we need to prove that 3" > Br. Using the expression for 8z from Lemma ﬁ we
get:
n+1 <n—i—2 n+1 2(n+1) _ 2(n+1)
p— a —

Bh > Br = a < & < a
n n n n n

Since a > 1, this inequality is always satisfied. m

Corollary
Proof. Using Proposition 22, we get:

B oo IR _ R 8 o
n+1 n+1 n+1 n+1

Eo(pr —po) =D — po —

Thus Ey (p1 —po) >0 n|R|—BX >0 & < @. Sincefs < B = (n+2))‘(71|(1%71|+1)x11’ and

Br < @ & X!, < X, we have Ey(py) > po. Clearly, Ey (p; — po) increases with —R—

and decreases with X1 ,.

__ BX+IR|

=1 - Hence I'y is decreasing in X and [R|.

The illiquidity discount at time 1, I'; =
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3.6.4 Additional derivations for the no trading case

Proposition
Proof. From Proposition the driver of the equilibrium is the position of a relative
to max (mg, é) and min (mg, é)

If X% =0, then § = 0, and the equilibrium condition simplifies as follows:

e Since Vn > 2, my > %2 and since %2 < 1 < a, the case a < min (mg, - > does not

exist.

e Further, Vn > 2,ms > 1, hence the case min (mQ, é) < a < max <m2, ) does not

exist either.

The only remaining case is thus a > max (mg, é) = my. Since ’}Q < mg < 1 for all

n > 2, the condition on a is always satisfied. Hence if # = 0, the equilibrium condition for
the equilibrium with predatory trading is § € [ﬁ g Br, Br [ [

Proposition

Proof. The equilibrium with distress occurs on a non-empty interval iff §, < fp. Using

equations (3.80) and -

R
— U2q a a) — 2 a
with f (n,a) = (4= Y20) (v/Tsa = 50) — 216 (3.86)
26a (U1 — Usga)
Similarly, using equations (3.80)) and (3.56)), I get:
|B|
By=B. = <Y (n,a)
A2 (VY30 — V5a) — Y6 (VA2 — A
with g (n,a) = 22 (/%50 = 950) = @704 ( 5) (3.87)
276a/\2
The no-trading and predatory trading equilibria coexist iff g (n,a) > 0. =
Lemma [34]
Proof. We can recover Q¢ from equation (3.13)): Q? = nLHE — n_+1X + X!,. Using py¢
from Lemma Pyt (Q", X) =py & QU= Z—E% — X + X!, Thus
1 R 1 -
nd > d = s X
VA (n+1)(n+2) ~ n+1
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The left-hand side is strictly negative, while the right-hand side is strictly positive. Hence
Q™ < Q?. Further, note that since X > X!, Q" < 0.

To understand this impact of the change in price schedule on the equilibrium conditions,
I redo the analysis of Lemma [33| based on the no-distress price schedule, following identical
steps. The prey’s problem is

_ n+2 , - 15} - R
max Bll—x})[po—ﬁnJrl(X—Xll—xé)]+X§{D—H—H(X—Eﬂ

1,15 1
aco,arogX—X71

I write the Lagrangian of the problem and solve for the zero of the first-order condition

(assuming the Lagrangian multiplier is 0). T get:

pdo_n B 1/n+l
o n+2

2(n+2) B 2 X_Xil)

Hence the constraint on the prey’s position is not binding if 2(n12) % + % (Z—I;X' - X il) <

X — X!, which is equivalent to 3 < Br = %. In the proof of Lemma I show
-1
R

n n
nt2 y_ntl 1l
n X n X*l

that fr = hence Br > fp.

Similarly, one can predict how the condition for ruling out self-fulfilling distress would
change. Since predators have less price impact when the price schedule is pg?, it will harder,
conditional on distress, to trigger it, thus there should be a larger interval on which predatory

trading is not self-fulfilling. In other words, Bd > (% m
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N No predatory trading (PT)
. equilibrium

PTandNT"~-.‘~__
coexist T T T e e a e

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29

n

(a) Equilibria with or without distress

(b) “Net” probability of predatory trading

Figure 3.1: Coexistence of equilibria and “net” probability of predatory trading as a function
of the number of predators n, and the prey’s leverage capacity, a = Y)i(_ In Panel (b), a
1

varies from 1 (S1) to 1.07 (S7). The calculations assume that [ is uniformly distributed
between 0 and Sp.
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Figure 3.2: Equilibrium trades and speed of convergence of the price towards the funda-
mental value of the asset as a function of the number of strategic traders in the no-distress

equilibrium.
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