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Abstract

Chapter 1 studies semiparametric estimation of partially linear single index mod-
els with a monotone link function. Our estimator is an extension of the score-
type estimator developed by Balabdaoui, Groeneboom, and Hendrickx (2019)
for monotone single index models, which profiles out the unknown link function
by isotonic regression. We show that our estimator for the finite-dimensional
components is tuning-parameter-free, \/n-consistent, and asymptotically normal.
Furthermore, by introducing a single smoothing parameter, we propose an asymp-

totically efficient estimator for the finite-dimensional components.

Chapter 2 proposes an empirical likelihood inference method for monotone index
models. We construct the empirical likelihood function based on the modified
score function of a monotone index model, where the monotone link function is
estimated by isotonic regression. It is shown that the empirical likelihood ratio
statistic converges to a weighted chi-squared distribution. We suggest inference
procedures based on an adjusted empirical likelihood statistic that is asymp-
totically pivotal, and a bootstrap calibration with recentering. A Monte-Carlo

simulation study illustrates the usefulness of the proposed inference methods.

The models in Chapter 1 and 2 can be regarded as special cases of the framework
analyzed in Chapter 3, which studies a general semiparametric estimator, where
the associated moment condition contains a nuisance monotone function esti-
mated by isotonic regression. We show that the properties of the isotonic estima-
tor satisfy the framework of Newey (1994). As a result, the proposed estimator is
\/n-consistent, asymptotically normally distributed, and tuning-parameter-free.
Furthermore, in a number of relevant cases, the estimator is efficient. The esti-
mator generalizes the estimation methods of existing semiparametric models with
monotone nuisance functions. We also apply the estimator to the case of inverse
probability weighting, where the propensity scores are assumed to be monotone
increasing. Simulations show that the proposed estimator has desired properties.
Furthermore, we establish the asymptotic validity of the bootstrap, which ensures

that the estimator is tuning-parameter-free in both estimation and inference.
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Chapter 1

Score estimation of monotone

partially linear index model

1.1 Introduction

This paper is concerned with the monotone partially linear single index (PLSI)

model

Y = X/BU + ’l/)o(Z/Oéo) + €, E[€|X, Z] = 0, (11)

where Y € R is a response variable, X € X C R¥ and Z € Z C R? are
covariates, € € R is an error term, ag and [y are finite dimensional parameters,
and ¥ : R — R is an unknown monotone increasing function. For identification,
we assume that Z does not contain a constant and ag belongs to the d-dimensional

unit sphere S;_1 = {a € R?: ||a|| = 1}.

Since a seminal work by Carroll et al. (1997), the model (1.1) (without the
monotonicity assumption about 1) has been studied by many authors, including
Xia, Tong and Li (1999), Yu and Ruppert (2002), Xia and Hérdle (2006), Wang
et al. (2010), and Ma and Zhu (2013), among others. The model (1.1) is very
flexible. If g is known, it becomes a partially linear model. If 5y = 0, it becomes
a single index model. See, e.g., Wang et al. (2010) for a review on these models.
Estimation of the model (1.1) typically requires some nonparametric smoothing

method to evaluate the unknown function )y, which involves tuning parameters,



such as bandwidth and series length parameters.

In this paper, we consider the situation where 1)y is known to be monotone.
Instead of assuming certain degree of smoothness as in the above cited papers,
we impose a shape restriction on vy, and propose a +/n-consistent estimator
for the parameters (g, fp) that is free from tuning parameters. Furthermore,
we establish the asymptotic validity of a bootstrap inference method based the

proposed estimator, which is also free from tuning parameters.

A natural approach to incorporate monotonicity into nonparametric estimation is
to employ the isotonic regression technique (see, e.g., Groeneboom and Jongbloed,
2014, for a review). For example, one may consider the least square estimation
for the model (1.1), say min, g[mingem > 5 1Yi — X8 + ¥(Zla)}?], where M
the set of monotone increasing functions. In this case, we can apply the isotonic
regression technique for each («, ), and then minimize the concentrated criterion
function with respect to («, 3). However, because of lack of smoothness of the
isotonic regression estimator for 1, it is not clear whether such a profile least
square estimator for (ag,Sy) will be y/n-consistent or asymptotically normal.
This point was clarified by Balabdaoui, Groeneboom and Hendrickx (2019) (BGH
hereafter) and Groeneboom and Hendrickx (2018) for single index (and current

status) models.

For this problem, BGH and Groeneboom and Hendrickx (2018) developed a novel
score estimation approach for single index models, say Y = 1(Z’cag) + €. Their
basic idea is to construct a feasible score equation > i | Zi{Y; — o (Zla)} = 0
where 1), is estimated by isotonic regression for given . Then the estimator for
ay is obtained by the solution of the feasible score equation. BGH showed that
their score estimator for ag is \/n-consistent and asymptotically normal. Further-
more, BGH proposed an asymptotically efficient estimator for ag by evaluating
an optimal score equation. Groeneboom and Hendrickx (2018) and Groeneboom
and Hendrickx (2017) studied the score-type estimator for current status models

and its bootstrap validity, respectively.

In this paper, we extend the score estimation approach developed by BGH and
Groeneboom and Hendrickx (2018) to the monotone PLSI model in (1.1). We

10



show that the proposed score-type estimator for («g, 3) is y/n-consistent and
asymptotically normal. Also, by estimating nonparametrically the efficient score
function, we derive an asymptotically efficient estimator for (g, 5y) whose asymp-
totic variance coincides with the efficient variance matrix in Carroll et al. (1997).
Finally, we establish the validity of a bootstrap inference method based on the
score-type estimator. Similar to the existing papers on (not necessarily mono-
tone) PLSI models cited above, the extension from single index or current status
models to the PLSI model is not a trivial task. In particular, the presence of linear
indices both inside and outside the nonparametric monotone function complicates

the theoretical development.

This paper complements the literature on score-type estimation for semipara-
metric models with isotonic nuisance parameter estimates. Groeneboom and
Hendrickx (2018) and BGH argued that score-type estimation and monotone
least square estimation are not equivalent methods; they showed theoretically
and numerically that the score-type estimator behaves at least as well as (or even
better than) the monotone least square in single index models. The present pa-
per shows analogous advantages continue to hold in PLSI models. Huang (2002),
Cheng (2009), and Yu (2014) studied asymptotic properties of the monotone least
square estimator, but it was unclear whether the score-type estimator could also
achieve the y/n-convergence rate and semiparametric efficiency. Our paper fills

this gap.

Furthermore, the results in this paper can be considered as extensions of the ones
for monotone partially linear models (Huang, 2002, and Cheng, 2009). However,
since the partially linear model does not involve unknown parameters (i.e., ap)
in the argument of the unknown function 1)y, the theoretical development is very

different from ours.

This paper is organized as follows. In Section 2, we introduce our score-type
estimator for the model (1.1) and present its asymptotic properties. We also
propose an asymptotically efficient estimator for (g, 5y) and bootstrap inference
method. Section 3 presents some Monte-Carlo simulation evidence to illustrate

the finite sample performance of our estimators and bootstrap method.

11



1.2 Main results

1.2.1 Estimation method

Let us first introduce our estimator for the PLSI model in (1.1). In particular, we
extend the score estimation approach by BGH to estimate the parameters (g, o)
n (1.1). Consider a parameterization S from a subset of R4 to S;_; such that
for each o in a neighborhood of agy on S;_;, there exists a unique v € R?!

satisfying a = S(7).! Then the reparameterized model (1.1) is written as
Y:X/50+¢0(Z/S(70))+67 E[€|X7 Z] = 0.

To motivate our estimation approach, we tentatively assume that 1y is known.

In this case, the population score equation for 0y = (5),7;)" is

X S )
s KJ(%)’Z%(Z'S(%))){Y — X'Bo = %o(Z'S())}| = 0, (1.2)

where 1)y, is the derivative of ¢y and J(7y) is the Jacobian of S(vy). Thus, it is natu-
ral to construct an estimator of 6y by taking an empirical counterpart of (1.2) and
inserting estimators for ¢ and )y. However, when we estimate vy by the isotonic
regression method, the resulting estimator of 1)y is typically discontinuous and it
is not clear how to evaluate the derivative ¢, without introducing smoothing pa-
rameters. To address this issue, we follow the idea in BGH and Groeneboom and

Hendrickx (2018) and focus on the following modified population score equation

2| (3, ) - X% = w(zseu)}| =0 (13)

'Examples of such parametrization are the spherical coordinate system S : [0,7]%"2 x

[0,27] = Sgq—1 with

S(v) =(cos(71),sin(71) cos(v2), sin(y1) sin(y2) cos(vs),
oysin(yy) - - - sin(yg_2) cos(vg_1),sin(y1) - - - sin(yg_2) sin(y1_2))’,

and the half sphere S : {y € [0,1]71 : ||y|| < 1} — S4—1 with

S(V) = (717'-'57(171’\/1 —’)/12 — _7371)/.

12



Since the error term € is orthogonal to any function of (X, Z) under Ee| X, Z] = 0,
(1.3) is also a valid score equation, and we construct an estimator for 6, based

on this equation.

!/

In particular, for each 6 = (5’,~')’, we estimate the monotone function 1, by the

least squares
a i . 1 a / ! 2
Vnp = arg min ;:1 {Yi — Xi8 —v(ZiS(v))}",

where M is the set of monotone increasing functions defined on R. The function
@ng can be obtained by isotonic regression (see, e.g., Groeneboom and Jongbloed,
2014, for a review). Then our estimator § = (3',4')’ of 6 is given by the zero-

crossing root of the score function?

n

00 =230 (0 J - X8 = dZSOY (1

n = \J(7)

and «p is estimated by & = S(¥). The reason for the definition based on the
zero-crossing is due to the fact that zﬂng is a discrete function taking finite differ-
ent values. Thus, we might be unable to solve ¢,(0) = 0 exactly.®> As n — oo,
the zero-crossing solution should become an exact solution. In practice, we can
minimize the square sum of the right hand side of (1.4) to obtain a good approx-

imation of the zero-crossing.

Remark 1.1. [Technical intuition for the difference between the score estima-
tion and least square approaches] Our discussion is based on Groeneboom and
Hendrickx (2018, pp. 1419-1420). Let I',(#) be some objective function for # and
['(0) is its population counterpart. The M-estimator is defined as a maximizer of
I',.(0). The \/n-consistency of the estimator is typically derived from a quadratic

expansion I'(0) — T'(6y) < —c||@ — 6p||? for some ¢ > 0 in a neighborhood of 6,

2We say that 6* is a zero-crossing of a real-valued function ¢ : © — R if each open neigh-
borhood of 6* contains points 61,02 € © such that ((61)((f2) < 0. This definition can be
extended to a vector of functions, where a zero-crossing vector has each of its component to be
a zero-crossing in the corresponding dimension.

3Similar to other estimators by BGH or Groeneboom and Hendrickx (2018), our zero-
crossing estimator  may not be unique. Indeed there are many flat parts in ¢,,(0), and the
intersection of ¢, (6) and zero could be an interval. In this case, any point on this interval will
satisfy the results in Theorems 1.1 and 1.3 below.

13



combined with the approximation to the objective function
T (0) =Tn(6) = T(6) =T (60)+O0y(n""2(|6=6o||)+0, (|10 —b0[[*) +Op(n "), (1.5)

uniformly over a shrinking neighborhood of 6,. However, when we apply this
argument to the (profile) least square objective function 37" {V; — X/f —
Uno(ZIS(7))}2, it seems to have an extra term of order O,(n~2/3) in (1.5) due
to discontinuity of 772719 in @ (although there is no rigorous proof). If there is such
an extra term, we expect that the least square estimator for 6 will not achieve
v/n-consistency.? On the other hand, it turns out that our score (or Z-) estimat-
ing equation ¢,(f) can be approximated by ¢,(0) = ¢'(6y)(0 — 0y) + O,(n"/?)
uniformly over a shrinking neighborhood of 6y, where ¢'(6y) is the derivative of
the population counterpart of ¢,,(0) displayed in (1.3). In short, the difference be-

tween the score estimation and least square approaches is due to different orders

of the remainders in the Z- and M-estimation approaches in this setup.

Remark 1.2. [Comparison with smoothing approach] Let us take Xia and Hardle
(2006) as an example for the conventional smoothing approach to estimate the
PLSI model (without monotonicity on 1) and compare with our estimation ap-
proach. A common feature is that both methods estimate the nonparametric
function 1)y with fixed #, and then optimize or solve for 6 in a two step or recur-
sive strategy. The main difference is that we use the isotonic regression to esti-
mate the monotone function 1y, but Xia and Héardle (2006) employ a weighted
local linear regression to estimate 1)y for each fixed #. Our score-type estimation
method does not require any tuning parameter to estimate 1), while a smoothing
parameter is innate in Xia and Hérdle (2006). The technical arguments are very
different as well. Our consistency and asymptotic normality proofs below heavily
rely on properties of the monotone function class and associated empirical pro-
cesses. On the other hand, the argument in Xia and Hérdle (2006) is to show how
the linear regression for 6, averages out the estimation errors from the local linear
regression for ¢y based on the U-statistic theory to achieve the \/n-consistency

of their estimator for 6.

4We note that even for single index models, the convergence rate and asymptotic distribu-
tion of the least square estimator, argmin, {minweM %Z?zl{Yi - l/J(ZZ{S(’}/))}Q}, is an open
problem.

14



1.2.2 Asymptotic properties of estimator

We now investigate asymptotic properties of the estimator 0. Let I be the k x k
identity matrix, ||-|| be the Euclidean norm, B(ag, A) = {a : ||a — ap|]| < A} be a

ball around aq of radius A, and

T, — Ip 0 | V.. - r — E[X|2'S(7)]

0 ) 2~ BlZ2]28()]
v = E[X|2'S(20)]

‘/.:E,Z,d)/ =
{z = E[Z]2"S(70)]}46(2'S())

We impose the following assumptions.

Assumption.

A1 The spaces X and Z are convexr with non-empty interiors, and satisfy X C

B(0,R) and Z C B(0,R) for some R > 0.

A2 There exists Ky > 0 such that |o(u)| < Ko for allu € {Za: 2z € Z,a €
Sa1}

A3 There exists 69 > 0 such that the function Yg(u) = Yo p(u) = E[Y —
X'B|Z'a = wu] is monotone increasing on 1, = {Za,z € Z} for each

0 € B(0o, 5).

A4 For W =X or Z, the mapping u — E[W|Z'a = u] defined on I, is bounded

and has a finite total variation.

A5 There exist cg > 0 and My > 0 such that E[|Y — X'B|™|Z = z] < m!M§" ?cy
for all integers m > 2, each B satisfying (5',7') € B(6y,00) and almost

every z € Z (according to the true distribution).

A6 Cov|[(fo — B)YX 4+ Z'(S(10) — S(7)), (Bo — B)' X + ¢o(Z"S(7))|Z'S(v)] # 0
almost surely for each 6 # 6.

A7 B = TOfo,ZV;mb,dPo(x, 2)T4 and Bp = Tof%7Z7w/1/;7z7¢,dPo(x,z)Té are

non-singular.
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Al and A2, which are similar to the assumptions Al and A2 in BGH, impose
boundedness on the support of covariates and the monotone function vy. These
conditions are used to control the entropy of the function classes that characterize
(1.4). We note that Xia and Hardle (2006) and Wang et al. (2010) imposed similar
conditions. A3, which is an adaptation of BGH’s A3, requires monotonicity of
1y in a neighborhood of 6y. This assumption is used to establish the consistency
of the estimator 1,s(2'S(7)) for each 6 € B(fy, dy). For example, A3 is satisfied
with 1o(u) = u?, ag = S(y) = (27Y/2,272), and Z,, Z, ~ U[1,2], which are
independent of X.> A4 is imposed to control the entropy of function classes to
achieve the y/n-convergence rate. This assumption can be derived from BGH’s A4
and A5. A5 is a modified version of BGH’s A6. This assumption is introduced to
show that 06%’1(%0}(,60)8;27 Uno(2'S(7)) = O,(logn), which is used to obtain an entropy
result associated with the y/n-convergence rate.® A6 and A7 are to ensure the
consistency and existence of limiting variances of the simple score and efficient

score estimators, respectively. A6 is related to BGH’s A7 after taking expansion

of S(70) — S(7y) around v = .

Under these assumptions, the asymptotic properties of the simple estimator 0 are

presented as follows.

Theorem 1.1. Suppose Assumptions A1-A7 hold true. Then 0 exists with prob-

SMore precisely, take dp small enough so that elements of a = (ay, as) = S(v) satisfying
(8',7") € B(by, do) are always positive. Then we have I, = [a1 4+ ag, 201 +2a2]. If o < g (the
case of a1 > a is analyzed in the same manner), the computation of ¢, g(u) is split into four
cases (i) a1 +as < u < 201 +ag, (i) 201 +as < u < ag + 2a, (iil) ag + 202 < u < 2071 + 20,
and (iv) u = a3 + a2 or u = 2a; + 2ae. For (i), a direct calculation yields

u—ag

/ U2+ 27205 (u - man) P — E[XT(B — fo).

U—op —ag Jq

aq

Ya,p(u) =

By taking derivative, we obtain Pop() _ 32 4 O(]|ae — apl]). For (ii), (iii), and (iv), similar

du
arguments also imply dw‘yiﬁ(") = 3u? + O(]|a — ap||). Therefore, by taking Jp small enough, we

obtain dw“d‘iﬁ(u) > 0 for all u € I, so A3 is satisfied.

SFor example, for given 3 satisfying (8',7')" € B(6o,d0) and z € Z, we can show that Wz =
Y — X'B satisfies E[|[Ws|™|Z = 2] < m!M" 2¢; for all integers m > 2 when the conditional
density function of Wg|Z takes the form of fy, z(w[z) = h(w719275’z)exp{ﬂié,zwf(ﬁlyg’z) -
1927_’}3723(6(191@2))}). Here, 1,3, is the conditional mean (may vary with 8 and z), U2, is
a conditional dispersion parameter (may vary with 8 and z), ¢ is a real valued function with
a strictly positive first derivative on an open interval, B is a real valued function, and h is a
normalizing function. This can be shown by adapting Balabdaoui, Durot and Jankowski (2019,
Proposition 9.2) for the conditional case.
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ability approaching one, 6% 6, and

~

Vin(f — 60) 5 N(0,11),

where 11 = B YT,XT{(B™!), ¥ = Var(Vx ze), and Vxz is V., evaluated at
(x,2) =(X,Z2).

This theorem says that our score-type estimator 6 for the monotone PLSI model
is y/n-consistent and asymptotically normal without any tuning parameter.” The
asymptotic variance II can be estimated by (i) replacing Py with the empirical
measure P,, (ii) replacing 7o with its estimator 4, (iii) replacing {, with Q%hﬁ in
(1.7) below, (iv) replacing e with the residuals based on our estimator, and (v)
replacing the conditional expectations with kernel estimators.® Our result can be
considered as an extension of BGH for the monotone PLSI model. Technically a
major difference from BGH is the treatment on the mapping ,(+), which involves
an additional term from the linear component X' (i.e., the second term of (A.1)
in Appendix). Most entropy results in our proof are modified to accommodate

this additional term.

We note that the estimator 6 is derived from the modified population score equa-
tion in (1.3) instead of the original one in (1.2). Consequently, the asymptotic
variance IT of 6 is not the efficient variance for the PLSI model. If we allow one

tuning parameter, we can evaluate the efficient score function in (1.2) as

1 — X

5nh<0) = E Z

) {Y; — X{B = n(Z/S(7))},  (16)
i=1 J(’Y)/Zﬂ%h,e(ZZ{S(V))

where

Wong(u) = %/K (“ - x) Ao (), (1.7)

"Due to discontinuity in 1[%9, we can only guarantee the existence of 0 with probability ap-
proaching one. Similar to other zero-crossing estimators using isotonic regression, its existence
for a given sample size is an open question.

8For example, the conditional expectation u(z) = E[X|2'S(y)] in V, . and V. , 4 can be
estimated by

27}_1 K (Z;S(’V);Z,S(’?)) X;
T P " Sl
n SH)—2'S(%)
S K (ZEREEE))

where K is a kernel function (e.g., Gaussian and Epanechnikov) and b is a bandwidth.
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is an estimator for the derivative of ¢y (defined in A3) with a kernel function
K and bandwidth h. Let 8 = (£,3) be the zero-crossing of (1.6).° For this

estimator, we add the following assumptions.

Assumption.

A8 Yy(Z'a) is twice continuously differentiable on I, = {Z'a,z € Z} for each

0 € B(6y, 6).

A9 K(-) is a symmetric twice differentiable kernel function with compact support

[—1,1]. Furthermore, h < n='/7.

A8 is an additional condition to control the entropy for classes of functions to
achieve the y/n-consistency of 6. A9 contains assumptions for the kernel function
K and bandwidth h to evaluate 1/, , in (1.7). The condition & = n~V/7 is also
imposed in BGH.

The asymptotic properties of the estimator 6 are presented as follows.

Theorem 1.2. Suppose Assumptions A1-A9 hold true. Then 0 exists with prob-

ability approaching one, 0 5 0y, and
Vil — o) % N(0,T1g),

where g = B;TOZT(;(B;)’, Y = Var(Vx zy€), and Vx zy is Vi . evaluated
at (z,2) = (X, Z).

If we additionally assume Var(e| X, Z) = Var(e) = o2 (i.e., the error term € is ho-

moskedastic), then ¥ can be written as ¥ = o2 [V, , V! ., dPy(x, z). Therefore,

7Z7w,
the asymptotic variance becomes Iy = Bgl, which coincides with the efficient
variance matrix derived in Carroll et al. (1997) and Xia and Héardle (2006). The

asymptotic variance I1g can be estimated in the same manner as II.

9Similar to é, the zero-crossing estimator 6 may not be unique. If the intersection of &, ()
and zero is an interval, any point on this interval satisfies the result in Theorem 1.2.
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1.2.3 Bootstrap inference

One advantage of the proposed estimator 0 is that it is free from tuning pa-
rameters, such as bandwidths and series lengths. On the other hand, since its
asymptotic variance II involves conditional means, inference using estimation of
IT requires some smoothing method. To obtain an inference procedure which is
free from tuning parameters, we propose a bootstrap method to approximate the
distribution of the score-type estimator §. Groeneboom and Hendrickx (2017)
established the bootstrap validity of their score estimator for the parametric part

in a current status model. We extend their result to the monotone PLSI model.

Let 6* be the bootstrap counterpart of 6 defined in Section 1.2.1 based on re-
samples from the empirical distribution of {Y;, X;, Z;}",. The validity of the

bootstrap approximation is obtained as follows.

Theorem 1.3. Suppose Assumptions A1-A7 hold true. Then

sup  [P*{v/n(0" - 0) <t} — Ro{v/n(f — bo) <t} 5 0,

teRk+d—1

where P* is the bootstrap distribution conditional on the data.
The bootstrap confidence interval and standard error can be obtained by this

result. Note that computation of 0* and the resulting bootstrap inference are

free from tuning parameters.

1.3 Monte-Carlo Simulations

In this section, we conduct a Monte-Carlo simulation study to illustrate the finite

sample performance of the proposed estimators.
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1.3.1 Simple score and efficient score estimators

We consider the following partial linear model:

Y = XBo+ ¢o(Z'ap) + e,

do(u) = u®,  By=1,  af=(1,1)/vV2~(0.7071,0.7071),

where X ~ N(0,1) and € ~ N(0,1). For Z, we consider two data generating
processes: (i) Z ~ U[1,2]* (in Table 1.1) and (ii) Z ~ N(0,Iy) with the 2 x 2
identity matrix (in Table 1.2). The sample sizes are n = 100, 500, and 1000.
The number of Monte Carlo replications is 1000. Tables 1.1 and 1.2 present the
Monte Carlo averages (fig, fla, , fla,) and variances (63,62 ,02,) (multiplied by n)

of the estimates (3, a1, &) and (83, @, ds) for Cases (i) and (ii), respectively.

In the tables, SSE is the simple score estimator obtained by solving the zero-
crossing of (1.4), and ESE is the efficient score estimator obtained by solving
the zero-crossing of (1.6). SSE_L and ESE_L are the Lagrange versions of SSE
and ESE suggested by BGH and Groeneboom (2018).1° All these methods are
implemented by the Hooke-Jeeves algorithm to search a minimizer of the sum of
squared score components. In the reported simulation results, we follow BGH and
use the true values as starting values. Preliminary simulation suggests that the
results are not sensitive to local changes for the starting values. For comparison,
we include monotone least square methods (LSE in the tables). We also include
the smoothing method by Xia and Hérdle (2006) into our comparison (S_LSE in
the tables). Xia and Hérdle (2006) showed that the optimal bandwidth for their
methods is of order n='/5. BGH showed that the optimal bandwidth for their

17 and suggested to use h = #n~Y7, where 7

efficient estimator is of order n~
is the range of Z'«, as bandwidth. Here we follow BGH’s practice. We choose

n~Y7 as bandwidth for ESE and #n~/® for S_LSE.

The theoretical asymptotic variances are calculated for SSE, ESE, and S_LSE.

OMore precisely, the estimator SSE_L is obtained by a zero-crossing of

¢L(9) = %Z?:l XZ{Y’-L —Xi/ﬁ—q&na(?z{a)}
n %(1 —a’a) E?:l Xz{}/z _Xl/ﬁ_wna(Z{Oé)} s

and ESE_L is defined analogously.
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Both ESE and S_LSE achieve semiparametric efficiency and therefore they should
have the same limit. The asymptotic variance of LSE is unknown in the literature
(see, Balabdaoui, Durot and Jankowski, 2019, for a detail). It can be shown that
for both settings, Z ~ UJ1,2]* and Z ~ N(0,1;), we have E[X|2'a] = 0 and
E[Z|Za] = ¥2Z'a(1,1). The asymptotic variances of (8,a&) and (B,a) (the
estimators without reparameterization) can be obtained with Lemma 7 in BGH
and numerical integral. In particular, we have /n{ (5, &) — (8, %)’} KN N(0,V)
and /n{(f, &) — (B),ap)'} KA N(0,Vg), where

1 0 0 1 0 0
Case (i) : V=10 0.0324 —0.0324 |, Ve=1 0 00315 —0.0315
0 —0.0324 0.0324 0 —0.0315 0.0315
1 0 0 1 0 0
Case (i) : V=1 0 0.0555 —0.0555 |, Ve=1 0 0018 —0.0185
0 —0.0555 0.0555 0 —0.0185 0.0185

Tables 1.1 and 1.2 show that the estimation biases are reasonably small for the
both estimators even for n = 100. For the single index part (&; and d&s), ESE
performs better than SSE in terms of efficiency, which is in accordance with the
implication of Theorems 1.1 and 1.2. As the sample size increases, SSE_L and
ESE_L become almost identical to SSE and ESE, respectively. LSE performs
differently in two cases. In Table 1.2, LSE performs better than SSE but worse
than ESE. In Table 1.1, LSE performs worse than SSE.

In general, all the variances of SSE and ESE are approaching to their theoretical
limits. It seems that the approaching rates are faster in Case (i) than those in
Case (ii). S_LSE is approaching the limit in Case (i), but stays away from the
limit in Case (ii). Note that Case (ii) violates the assumption that the support
of Z is compact required in both Xia and Hérdle (2006) and our estimators.
Therefore, some irregular behaviors of those estimators might be expected in
Case (ii). Nevertheless, SSE and ESE seem to be more stable even if the support

of Z is not compact.

21




Table 1.1: Monte-Carlo simulation results for Case (i) Z ~ U|[1, 2]?

~2

~2

Methods n i3 oy flovs 62 o o
100 0.9982 0.7068 0.7068 1.3401 0.0415 0.0416
500 0.9982 0.7068 0.7073 1.0277 0.0364 0.0364
S5E 1000 1.0002 0.7069 0.7073 1.1306 0.0322 0.0322
00 1 0.7071 0.7071 1 0.0324 0.0324
100 0.9984 0.7067 0.7069 1.3743 0.0404 0.0404
500 0.9983 0.7068 0.7073 1.0252  0.0360 0.0359
BSE 1000 1.0001 0.7069 0.7073 1.1310 0.0319 0.0319
00 1 0.7071 0.7071 1 0.0315 0.0315
100 0.9982 0.7072 0.7064 1.3425 0.0420 0.0421
SSE_L 500 0.9982 0.7068 0.7073 1.0296 0.0363 0.0363
1000 1.0002 0.7069 0.7073 1.1288 0.0323 0.0323
00 1 0.7071 0.7071 1 0.0324 0.0324
100 0.9982 0.7070 0.7066 1.3502 0.0408 0.0410
ESE.L 500 0.9982 0.7069 0.7072 1.0262 0.0361 0.0360
1000 1.0001 0.7069 0.7073 1.1336 0.0318 0.0318
00 1 0.7071 0.7071 1 0.0315 0.0315
100 0.9972 0.7074 0.7058 1.3967 0.0703 0.0699
LSE 500 0.9984 0.7067 0.7073 1.0330 0.0754 0.0752
1000 1.0002 0.7069 0.7072 1.1253 0.0740 0.0739

00 1 0.7071 0.7071 n/a n/a n/a
100 1.0022 0.7071 0.7065 1.2891 0.0441 0.0443
S_LSE 500 1.0005 0.7069 0.7072 1.2213 0.0362 0.0361
1000 1.0023 0.7069 0.7072 1.2053 0.0348 0.0348
00 1 0.7071 0.7071 1 0.0315 0.0315
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Table 1.2: Monte-Carlo simulation results for Case (ii) Z ~ N(0, 1)

Methods n [ oy o, 62 o2 52

[£38 a2

100 0.9981 0.7035 0.7075 1.3620 0.2310 0.2301
500 1.0001 0.7065 0.7074 1.1481 0.1087 0.1086

SF 1000 0.9998 0.7079 0.7062 1.0532 0.0932 0.0937
00 1 0.7071 0.7071 1 0.0555 0.0555

100 0.9988 0.7049 0.7080 1.4422 0.0943 0.0940

ESE 500 1.0000 0.7069 0.7072 1.1333 0.0356 0.0355

1000 0.9999 0.7075 0.7067 1.0531 0.0309 0.0310

00 1 0.7071 0.7071 1 0.0185 0.0185

100 0.9981 0.7037 0.7072 1.3625 0.2352 0.2347

SSE_L 500 1.0000 0.7065 0.7074 1.1467 0.1090 0.1091
1000 0.9998 0.7079 0.7062 1.0548 0.0936 0.0941

00 1 0.7071 0.7071 1 0.0555 0.0555

100 0.9974 0.7054 0.7074 1.4086 0.0967 0.0973

ESE_L 500 1.0000 0.7070 0.7071 1.1357 0.0355 0.0355
1000 0.9999 0.7075 0.7066 1.0589 0.0310 0.0311

00 1 0.7071 0.7071 1 0.0185 0.0185

100 0.9978 0.7063 0.7061 1.3306 0.1269 0.1281
LSE 500 1.0001 0.7071 0.7069 1.1441 0.0815 0.0815
1000 0.9998 0.7077 0.7064 1.0595 0.0726 0.0729
00 1 0.7071 0.7071 n/a n/a n/a
100 1.0052 0.7058 0.7034 6.2528 0.3584 0.3599
S_LSE 500 0.9972 0.7067 0.7065 7.0103 0.3560 0.3589
1000 1.0022 0.7069 0.7068 6.9869 0.3878 0.3878
00 1 0.7071 0.7071 1 0.0185 0.0185

1.3.2 Bootstrap

As mentioned in Section 1.2.3, the purpose of our bootstrap method is to obtain
an inference method that is free of tuning parameters. Therefore, we focus on

SSE here, since ESE requires at least one tuning parameter. Since the results are
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analogous, we only consider Case (ii) above. Most notations in Table 1.3 are as
defined in the previous subsection. Results for SSE are replicated from Table 1.2.
SSE_b is the bootstrap counterpart of the estimator by SSE, and the number of
the bootstrap replications is 500.

Table 1.3 shows that as the sample size increases, the distribution of SSE_b ap-
proaches to that of SSE, which is in accordance with the implication of Theorem

1.3.

Table 1.3: Monte-Carlo simulation results for bootstrap counterparts

Methods n g fla, [l o3 o2, o2,
100 0.9982 0.7068 0.7068 1.3401 0.0415 0.0416
SSE 500 0.9982 0.7068 0.7073 1.0277 0.0364 0.0364
1000 1.0002 0.7069 0.7073 1.1306 0.0322 0.0322
100 1.0599 0.7078 0.7059 1.2614 0.0488 0.0507
SSE_b 500 0.9729 0.6970 0.7170 1.0354 0.0286 0.0270

1000 0.9952 0.7092 0.7049 1.1236  0.0359 0.0364

Overall, the Monte-Carlo simulation results are encouraging to support our esti-

mation strategy.
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Chapter 2

Empirical likelihood inference for

monotone index model

2.1 Introduction

Single index models are widely used in statistics since they compromise inter-
pretability of index coefficients in the parametric part and flexibility of regression
modeling in the nonparametric part (see, ch. 8 of Li and Racine, 2007, for a
review). Many estimation methods have been proposed for single index models,
such as the semiparametric least squares estimator (Hérdle, Hall and Ichimura,
1993; Ichimura, 1993), M-estimator (Klein and Spady, 1993), binary threshold
choice model (Matzkin, 1992), and average derivative estimator (Powell, Stock
and Stoker, 1989). Although these estimation methods have desirable theoret-
ical properties under certain regularity conditions, they typically require some
nonparametric smoothing method to evaluate the unknown link function, which
involves tuning parameters, such as bandwidth and series length parameters, and

the optimal choices of them are substantial (theoretical and practical) problems.

The monotone single index model, in which monotonicity is imposed on the link
function, has been studied in recent years. Balabdaoui, Durot and Jankowski
(2019) showed that the least square estimator of a monotone single index model
generally converges at the cube root rate, but its asymptotic distribution is still

unknown. The main difficulty for deriving the asymptotic distribution of the least
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square estimator arises from the non-differentiability of the objective function; in
a monotone single index model, the link function, which is an infinite-dimensional
nuisance parameter, is generally estimated by a nonparametric approach such as
isotonic regression, while the index part is parametrically modeled as a linear
combination of the covariates. Then the derivative of the objective function with
respect to the index coefficients is intractable due to the non-smoothness of the

estimated nuisance parameter.

To overcome this issue, Groeneboom and Hendrickx (2018) developed a score-
type estimator for the current status model, which is a special case of mono-
tone single index models. Their approach is based on the estimating equation
which is the same as the first-order condition of the least square estimator ex-
cept that it ignores the derivative of the estimated link function. They proved
\/n-consistency and asymptotic normality of their estimator without any tun-
ing parameter. Their result was extended to general monotone single index
models by Balabdaoui, Groeneboom and Hendrickx (2019), where they derived
\/n-consistency and asymptotic normality for the parametric component and an

n'/3/logn convergence rate for the nonparametric estimator of the link function.

Although the score estimation approach is remarkable, the main drawback is
that it requires smoothing parameters to estimate the asymptotic variance to
implement hypothesis testing and interval estimation. Because the estimating
function in the score-type approach is dependent on the estimated link function,
some conditional expectation is involved in the asymptotic variance. Besides, the
partial derivative of the link function is also included in the asymptotic variance
even though the estimated link function is not smooth. Therefore, smoothing
methods, such as the kernel smoothing, are employed to estimate such quantities,
which require us to select multiple smoothing parameters and make statistical

inference cumbersome.

To address this problem, we propose an empirical likelihood inference method
based on the score-type approach for monotone index models. We show that
the empirical likelihood statistic based on the estimating equation of Balabdaoui,
Groeneboom and Hendrickx (2019) converges in distribution to the weighted chi-

squared distribution. Even in our empirical likelihood approach, the conditional
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expectation as mentioned above appears in the asymptotic distribution. To cir-
cumvent selection of smoothing parameters, we adapt the bootstrap calibration
method proposed by Hjort, McKeague and van Keilegom (2009) to our con-
text. Because of the estimating equation with the estimated nuisance parameter
plugged-in, a classical naive bootstrap method is not asymptotically valid. Hjort,
McKeague and van Keilegom (2009) provided a modified bootstrap method by re-
centering and reweighting to deal with such a situation. Combining the empirical
likelihood and modified bootstrap methods, our approach provides a simple and
theoretically justified method for statistical inference in monotone single index

models.

The remainder of this paper is organized as follows. Section 2 presents our basic
setup, methodology, and theoretical results. In Section 3, we conduct a Monte-
Carlo simulation study to illustrate the proposed method. All proofs are con-

tained in the appendix.

2.2 Main result

We closely follow the setup and notation of Balabdaoui, Groeneboom and Hen-

drickx (2019) (hereafter BGH). Consider the monotone index model

Y = ¢o(X'ag) -6,  Ele|X] =0, (2.1)

where Y is a scalar response variable, X is a d-dimensional vector of covariates,
€ is an error term, « is a k-dimensional vector of parameters, and ¢y : R — R
is an unknown monotone increasing function. For identification, we assume that
ap belongs to the d-dimensional unit sphere Sy_; = {a € R? : ||af] = 1}. We
are interested in conducting statistical inference (i.e., interval estimation and

hypothesis testing) on «q based on the empirical likelihood approach.

Let S : R¥™! — S, ; be a parameterization such that for each a in a neighbor-
hood of ap on S, 1, there exists a unique € R4! which satisfies a = S(3).

To motivate the score-type approach of BGH, we tentatively assume that )y is
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known. The population score equation for the least square estimation of 3y is

B 3080 X 5" (X'S(B){Y — o(X'S(60))}] = 0, (2:2)

where w(()l) is the derivative of 1y and J(53) is the Jacobian of S(5). Thus, it
is natural to construct an estimator of 5, by taking an empirical counterpart
of (2.2) and inserting estimators for wél) and 1)9. However, when we estimate
1o by the isotonic regression method, the resulting estimator of ¢ is typically
discontinuous and it is not clear how to evaluate the derivative wél) without
introducing smoothing parameters. To address this issue, BGH and Groeneboom

and Hendrickx (2018) considered the modified population score equation

E[J(B0) X{Y = ¢o(X'S(50))}] = 0. (2.3)

In particular, for point estimation of ay, BGH proposed to solve the following

score-type equation

n

S BBy XY~ X)) = 0. (2.4

=1

with respect to ﬁ , and estimate oy by & = S(B), where for given f3, zﬂg is obtained

by the isotonic regression
¥p = arg min ;1{ i~ (XSO (2.5)

and M is the set of monotone increasing functions defined on R.

In this paper, we employ the score-type equation in (2.3) as a moment function

and propose the following empirical likelihood statistic

((Bo) = —2 max ZlOg<”pi) s.t. Zpi =1, Zpiﬁi(ﬁo) =0, (2.6)
i=1 i=1

{pi}i:l i=1

where

3:(8) = J(B) X{Y; — ds(XIS(B))}
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By the Lagrange multiplier argument, its dual form is obtained as

((Bo) =2 ) log(1+ Nai(5)), (2.7)

=1

where the Lagrange multiplier A solves

I~ G

-3 & = 0. (2.8)
nA= 1+ Ngi(Bo)

In practice, we use the dual representation in (2.7) to implement statistical in-

ference. To study the asymptotic properties of the empirical likelihood statistic

¢(Bo), we impose the following assumptions. Let ||-|| be the Euclidean norm and

B(ag, A) = {a : ||la — ag|] < A} be a ball around ay of radius A.

Assumption.

A1 {Y;, X;}7, is an iid sample generated by (2.1). The support X of X is convex
with a nonempty interior, and X C B(0, R) for some R > 0. The Lebesque
density of X has a bounded derivative on X. There exist positive constants
c and C such that E[|Y|™|X = x| < em!C™2 for all integers m > 2 and

almost every v € X.

A2 1y is monotone increasing and there exists Ko > 0 such that |¢o(u)| < Ky

for allu € {z'ap : x € X}.

These assumptions are adaptations of Assumptions A1-A6 in BGH. Compared to
BGH, our assumptions are simpler because we do not need to control the behavior
of the score function outside the true parameter ag = S(f5y). Assumption Al is
on the distribution form of the data. The support condition in A1 may be relaxed
by assuming X to follow a sub-Gaussian distribution. The moment condition in
A1, which is analogous to BGH’s A6, is required to guarantee maxj<;<, |Yi| =
O,(logn) to control the entropy of a class of score functions. Assumption A2 is on
the true link function 3. Compared to BGH which considers point estimation,

we only need to impose boundedness, which is a mild requirement.

Under these assumptions, our main result is presented as follows.
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Theorem 2.1. Under Assumptions A1-A2, it holds
((Bo) > Z'V7'Z,

where Z ~ N(0,%) with X = J(5o) E[e(X —E[X|X'S(8)]) (X —E[X|X'S(50)])]I(50)
and V = J(Bo) E[2 X X'|J(5).

Remark 2.1. This theorem says that the empirical likelihood statistic ¢(/)
is not asymptotically pivotal and converges to a weighted chi-squared distribu-
tion le%,l 4+ -+ wd—lxidfh where wy, ..., wq_; are the eigenvalues of ¥~V
and x3,,...,x74_1 are independent x7 random variables. This lack of asymp-
totic pivotalness is caused by the mismatch in the asymptotic variance ¥ of
the score function \/%E S Gi(Bo) and the limit V of the sample variance V =
% Y1 Gi(50)3i(Bo)- In the literature of empirical likelihood, weighted chi-squared
limiting distributions often emerge when the score (or moment) functions involve
estimated nuisance parameters (e.g., Qin and Jing, 2001; Xue and Zhu, 2006;
Hjort, McKeague, and van Keilegom, 2009).

Remark 2.2. One way to conduct statistical inference based on ¢(fy) is to esti-
mate the critical values of wyx3, + -+ 4 wa—1x} 4_, based on some estimators of
Y and V. Based on (B.3), V is consistently estimated by V. On the other hand,

Y can be estimated by

n

A 1 R R .
2= J(ﬂo)lg > X — m(XIS(B)) HXi — m(X(S(50)) }(Bo),
i=1
where ¢; =Y, — @Z;ﬁo(X{S(BO)) and 7(-) is a nonparametric estimator of m(-) =
E[X|X'S(By) = -]. An alternative way for statistical inference is to adjust the
empirical likelihood statistic () to recover the asymptotic pivotalness. Based

on Rao and Scott (1981) (see also Xue and Zhu, 2006), the above theorem implies

B d—1 d o
éA(BO) - trace(i—1‘7) 6(60) — Xd-1- (29)

Then the confidence region of oy = S(fy) can be obtained by {S(8) : £a(8) < qu},
where ¢, is the (1 — a)-th quantile of the x?_, distribution.

Remark 2.3. A drawback of the asymptotic inference method presented in the

previous remark is that it requires a selection of a tuning parameter to implement
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the nonparametric estimator 7m(-). In order to obtain an inference procedure
which is free from tuning parameters, we adapt the bootstrap method of Hjort,

McKeague, and van Keilegom (2009) as follows.

1. Based on the original sample {Y;, X;}"_,, compute § as in (2.4), and then

compute

2. Draw {Y;*, X;}, from the original sample {Y;, X;}? ; with equal weights.

1

Then compute
R 1< . R R
My(B) =~ > JB) XY, —v3(X;"S(8))},
i=1

where ¢ = arg mingen 31 {Y — 0(X7S(8))}

3. The bootstrap counterpart of (/) is given by
0 = n{M;(B) = Mo (B)}VHM; () — M (5)}- (2.10)

Under the additional assumptions A3-A5 in the appendix, the validity of this

bootstrap approximation is obtained as follows.

Theorem 2.2. Under Assumptions A1-A5, it holds

sup | P*{¢* < t} — Po{£(Bo) <t} = 0,

t>0

where P* 1is the bootstrap distribution conditional on the data.

2.3 Monte-Carlo Simulation

We conduct a Monte-Carlo simulation study to investigate the finite sample per-

formance of the proposed inference methods. We consider the following data
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generation process:

Y = yo(X'a) +e tolu)=u?, ag=(1,1,1)/V3
e ~ N(0,1), X ~ N(0,I3),

where I3 is the 3 x 3 identity matrix. We consider sample sizes n = 100, 500, 1000.
The number of Monte Carlo replications is 1000. We consider two testing methods
discussed in Remarks 2 and 3. For the adjusted statistic in (2.9), we estimate
m(-) = E[X|X'S(8y) = -] by the Nadaraya-Watson estimator, and choose the
bandwidths based on the expected Kullback-Leibler cross-validation (Hurvich,
Simonoff and Tsai, 1998). To test the null hypothesis Hy : g = (1,1,1)'/+/3, we
calculate the test statistic (2.9) and compare it with the 95 percentile of the x2_,
distribution. For the bootstrap-calibrated test statistic (2.10), we compute B as
in BGH (the computer code is available at Groeneboom’s website), and generate

499 bootstrap samples, and calculate the bootstrap counterpart £* in (2.10).

Table 2.1 presents the rejection frequencies of the above empirical likelihood tests
for the null Hy : ap = (1,1,1)'/v/3 when the true values of agy are (N) o =
(1,1,1)/4/3, (A1) ap = (1.03,1,1)'/v/1.032 + 2, (A2) ap = (1.05,1,1)'/v/1.052 + 2,
and (A3) ap = (1.10,1,1)'/4/1.102 + 2. (N) is for the size properties, and (A1)-

(A3) are to evaluate power properties.

)

The column “&;” reports the Monte Carlos averages and standard deviations of
the first element of the BGH estimator &. It shows that the mean is close to the
truth, ag; = 1/ V/3 ~ 0.577, while the standard deviation becomes smaller with
the sample size. From the columns (N), we can see that both the adjusted and
bootstrap empirical likelihood tests have reasonable size properties. Both tests
become powerful as the sample size increases and the true values of oy are more

distinct from the null values (i.e., from Al to A3). Also, we find that overall the

bootstrap test rejects slightly more often than the adjusted test.
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Table 2.1: Rejection frequencies (in percentage %)

~

Adjusted Bootstrap a1

N Al A2 A3 N Al A2 A3 mean s.d.
100 4.7 49 6.1 87 81 83 9.0 139 0.577 0.0528
500 4.2 7.5 159 51.1 6.6 10.0 18.1 53.3 0.576  0.0166
1000 7.4 14.8 31.5 86.1 5.6 182 34.9 87.8 0.577 0.0113

Overall, our Monte-Carlo simulation results are encouraging.

2.4 Conclusion of Chapter 1 and Chapter 2

In Chapter 1 and 2, we study the estimation and inference methods of the mono-
tone partially linear index model and the monotone single index model. In the
following Chapter 3, we will study a general Z-estimator with plug-in isotonic
estimators, which can encompass the estimation methods of the models in the

first two chapters as special cases.
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Chapter 3

Semiparametric estimation with

plug-in isotonic estimators

3.1 Introduction

This paper is concerned with the following semiparametric estimation problem.

Suppose we have a moment condition

Elm(Z, B, po(-))] = 0, (3.1)

where Z is a random vector defined on a probability space (€2, B,Py) , and 3y €
B C R* is a real-valued parameter of interest. py(+) is a monotone increasing
nuisance function, which is the conditional mean of some function of data and
Bo- (3.1) can be an unconditional moment restriction or the first-order condition
of a maximization problem. Let {Z;}?, be independent realizations of Z. An
estimator B can be solved from the sample moment condition of (3.1), with a
plugged-in p(-):

LS (2, 8,60)) = 0 32

i=1

where p(-) is an isotonic estimator of py(-).
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3.1.1 Isotonic estimator

Suppose that the conditional expectation F(Y|X) = po(X) is monotone increas-
ing. For an ii.d random sample {Y;, X;}" ,, the isotonic estimator is the mini-

mizer of the sum of squared errors:

where M is the class of monotone increasing function. The minimizer can be cal-
culated with Pool Adjacent Violators Algorithm (Barlow et al., 1972), or equiv-
alently by solving the greatest convex minorant of the cumulative sum diagram
{(0,0), (1,50, V) i = ln} See Ayer et al. (1955), Barlow et al. (1972),
and the textbook of Groeneboom and Jongbloed (2014) for details.

3.1.2 DMotivation and challenges

Without the monotonicity assumption about py(-), the model (3.1) and its plug-
in estimator based on (3.2) have been extensively studied, where py(-) is usually
estimated by smoothing nonparametric methods such as sieve estimator or kernel
estimator. See, e.g., van der Vaart (1991), Newey (1994), Andrews (1994), Ai and
Chen (2003), and Chernozhukov et al. (2018), among others. Our interest in the
case, where po(+) is monotone increasing and estimated by isotonic estimation, is

motivated by the following reasons.

First, monotonicity is a natural shape restriction which can be justified in many
applications in social science, economic studies, and medical research. Well-
known examples in economics are that the demand function is usually monotone
decreasing, and the supply function and utility functions are often monotone
increasing. Furthermore, many functions derived from CDF functions inherit the

monotonicity from the latter. For example, in a binary choice model

1 ifX/60>€

Y = (3.3)

0 if X'By<e
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We can express the conditional expectation Py(X) = E(Y|X) = P(Y =1|X) =
F.(X'By), where F.(-) is the CDF of €. If we assume ¢ ~ N(0, 1), (3.3) becomes
a probit model; if we assume ¢ ~ Logistic(0,1), (3.3) becomes a logit model. If
we don’t impose any distributional assumptions on ¢, we can express (3.3) with
a semiparametric model Y = F.(X'f3y) + v, with a nonparametric link function

F.(+). It is monotone increasing by the nature of CDF.

Second, the well-known benefits of isotonic estimation make it a special type
of nonparametric method: (i) the isotonic estimator is a tuning-parameter-free
nonparametric estimator, (ii) isotonic estimation imposes minimal assumptions
on the smoothness of the true function. All these features will be inherited by

the corresponding semiparametric estimator.

Third, as a nonparametric estimator, the isotonic estimator has some drawbacks:
(i) the isotonic estimator has a comparatively slower convergence rate of n='/3
, while other nonparametric estimators can achieve better rates under moderate
smoothness conditions; (ii) the isotonic estimator is a discrete estimator, which
imposes problems in many applications. Interestingly, these drawbacks can be-
come merits in the semiparametric estimator with isotonic plug-in estimator: the
discrete feature is associated with the tuning-parameter-free property; the low
convergence rate is associated with a smaller bias, and this small bias combined
with monotonicity leads to a nice performance in the second stage semiparametric
estimator. In contrast, a plug-in kernel estimator with optimally chosen band-

width might lead to inefficiency in the semiparametric estimator. (Bickel and

Ritov, 2003).

A challenge of making inference of 3 based on (3.2) is the discreteness of the
isotonic estimator p(-), which could make the traditional inference procedure
(see, e.g., Newey and McFadden, 1994) inapplicable. Particularly in the case
where the estimator p(-) depends on (3, (3.2) no longer has a continuous total
derivative w.r.t [ even if m(Z, 8, po(+)) is differentiable w.r.t. . Since 3 and
p(+) usually have to be estimated simultaneously in this case, the framework of
Chen et al. (2003) cannot be applied here either. The recent developments in the
monotone single index model provide us with tools for dealing with this problem.

Groeneboom and Hendrickx (2018), Balabdaoui, Groeneboom, and Hendrickx
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(2019) (BGH hereafter), and Balabdaoui and Groeneboom (2020) developed a
novel score-type approach for the monotone single index model. In this paper,
we generalize their methods to the framework of the model (3.1). We show that
under mild conditions, the semiparametric estimator B with a plug-in isotonic
estimator satisfies the framework of Newey (1994), and the associated sample
moment function is within a distance of o,(n~'/2) from its Neyman-orthogonalized
sample moment function. As a result, the proposed estimator is y/n-consistent,

asymptotically normally distributed, and has many other desirable properties.

3.1.3 Examples and literature

We give examples of semiparametric models, which can be estimated with the
procedure described in (3.1) and (3.2). If no monotonicity assumption is imposed
on nuisance functions, these models have been extensively studied in the litera-
ture. See, e.g., Engle et al. (1986), Robinson (1988), and Stock (1991) for the
partially linear model; Stoker (1986), Hall (1989), and Hérdle, Hall, and Ichimura
(1993) for the single index model; Carroll et al. (1997), Xia and Hérdle (2006),
and Wang et al. (2010) for the partially linear index model; Robins and Rot-
nitzky (1995), Hahn (1998), Hirano et al. (2003), Bang and Robins (2005), and
Imbens and Rubin (2015) for the inverse probability weighted (IPW) model and

the augmented IPW estimators (AIPW) models, to name a few.

With monotonicity assumptions on nuisance functions, some results have been
obtained for individual cases of semiparametric models in the past decades, in-

cluding Example 1 to Example 3 below.

Example 1: Monotone partially linear model.
Y = DB+ po(X) +¢ with E[e|X, D] =0. (3.4)
For monotone increasing po(X), Huang (2002) estimated f, with the monotone

least square method. If we set po(X) = ¢+ Z?Zl m?(X7), where X7 is the j-th

element of the k-dimensional vector X, we have the monotone additive partially
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linear model, studied in Cheng (2009) and Yu (2014).

Alternatively, 5y can be estimated by solving the problem (3.1), with the moment

condition

E[m(Z,8,p(-))] = E[D(Y — D — p(X))] = 0. (3.5)

As illustrated in Chernozhukov et al. (2018), the simple plug-in method based on
(3.5) could fail sometimes since this moment function is not Neyman-orthogonalized.
In Section 3.2.1, we will show that if po(-) is monotone increasing and estimated
with isotonic regression, the estimator 3 based on (3.5) is v/n-consistent and has
the same asymptotic variance as that in Robinson (1988). We do not need to

orthogonalize (3.5).

Example 2: Monotone single index model
Y =po(X'5y) +¢ with E[e|X] = 0. (3.6)

In this example and the next example, py(-) is a monotone increasing link func-
tion of its index. If Y is a binary random variable taking values in {0, 1}, this
model can be derived from (3.3), and py(-) is by nature monotone increasing. This
model was studied by Cosslett (1983, 1987), Matzkin (1992), Klein and Spady
(1993), and Cosslett (2007), among others. For continuously distributed Y, if
the parameter [, is the main interest, Han (1987) and Sherman (1993) showed
its consistency and \/n—normality respectively. If monotone increasing po(X)
is estimated with isotonic regression, Balabdaoui, Durot, and Jankowski (2019)
studied (3.6) with the monotone least square method. Groeneboom and Hen-
drickx (2018), BGH, and Balabdaoui and Groeneboom (2020) estimated (3, and

po(+) by solving a score-type sample moment function! of:

BIX{Y —p(X'8)}] = 0. (3.7)

They showed that solving (3.7) can simultaneously estimate 3y and py(-), at n~'/2-

!Groeneboom and Hendrickx (2018) estimated the current status model by solving a profile
maximum likelihood estimator. The score function of their log-likelihood function takes a
similar form of (3.7).
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rate and n~'/3-rate respectively. Note that (3.7) can be regarded as an individual

case of the model (3.1) with m(z, 8,p(-)) =z {y — p(2’B)}.

Example 3: Monotone partially linear index model

Y:Dlﬁo +p0(X/Oéo)+€, E[€|D,X] :O

Here we let Z = (Y, D, X), and 6 = (¢/, ') € ©. This model combines the
features of the model (3.4) and the model (3.6). For monotone increasing po(-),
Xu and Otsu (2020) extended BGH’s approach and showed that a score-type

estimator, based on the moment condition

E [(ﬁ?) Y — D'~ p(X'a)}| =0,

can achieve the y/n-consistency and asymptotically normality for 6,. Their

method can also be regarded as an individual case of the model (3.1) with

m(z,0,p(-) = (9){y — d'B — p(a’a)}.

Example 4: IPW and AIPW with monotone increasing propensity

scores

Here we let Z = (Y, T, X), where T is a binary random variable indicating the
treatment status. The propensity score is defined as py(X) := E(T|X) = P(T =
1/X). Examples of IPW are:

(a) Missing At Random Model (MAR): Among the triple (Y, 7, X), only Z =
(T, X,T-Y) is observed. Under unconfoundedness and overlapping assumptions,
we are interested in E(Y) = E(%) = [By. We can estimate [y by solving the

problem (3.1), with the moment condition.

Y.T

Elm(Z,8,p(-))] = E(m —B) =0.

(b) Average Treatment Effect Model (ATE): the triple Z = (Y, T, X) is observed,
where Y takes its values from a random vector (Y'(1),Y(0)): we have Y =Y (1)
if only if ' =1, and Y = Y(0) if only if 7" = 0. Under unconfoundedness and
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overlapping assumptions, we have the average treatment effect 5y = F (Z% —

YUT))  We can estimate (o by solving the problem (3.1), with the moment

1—-po(X)/"

condition

Elm(Z,5.p()) = P - e

X px) =0

Example of AIPW:

(¢) Doubly robust MAR: in addition to the setting in (a), we also know E(Y|X) =

1o(X). Under unconfoundedness and overlapping assumptions, we have the con-
L. . . T—po(X .

ditional expectation E(Y|X) = E(p?:()T() - p(ﬁ‘}g) Lpo(X)) = Bo. We can estimate

Bo by solving the problem (3.1), with the moment condition.

Elm(Z,6,p0)] = EG s = R0(0) =5 =0. (9

Here we need to plug-in the estimators of both p(-) and ¥(-).

IPW and AIPW with monotone increasing propensity scores have rarely been
studied. The only exceptions we found are Qin et al. (2019) and Yuan et al.
(2021). They apply the monotone single index model to estimate the propensity
score p(X) = m(X'a) of an AIPW model, then plug p(-) and another estimator
of ¢y(-) into the sample counterpart of (3.8). Their asymptotic results depend
on the consistent estimations of both py(-) and vy(-), which are different from
our settings. Another different but related paper is Westling et al. (2019). They
studied a continuous version of AIPW, where the monotonicity is imposed on the
relation between the continuous dose of treatments and the outcomes, instead
of on the propensity score. To the best of our knowledge, there is no paper
estimating the IPW model with a plug-in isotonic estimator of the propensity
score. In the following Section 3.2.2, we show that our method can give us a

tuning-parameter free, y/n-consistent, and asymptotically normal TPW estimator.

3.1.4 Contribution and structure of the paper

The main contributions of this chapter are:

1. We develop a tuning-parameter-free semiparametric estimator of (3.1). It
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generalizes existing semiparametric models with monotone nuisance func-
tions, including those discussed in Chapter 1 and Chapter 2. Furthermore,
we show its potential applicability by applying it to the case of IPW with

monotone increasing propensity score.

. We show that the sample moment function of the proposed estimator with a
plug-in isotonic estimator is within a distance of o,(n~'/2) from its Neyman-
orthogonalized sample moment function. Therefore, \/n-consistency is guar-
anteed in many cases, without the need for estimating and adding the cor-
rection term. As a result, the tuning-parameter-free benefit is twofold: we
save the effort to choose tuning parameters to estimate both the monotone

nuisance function and the correction term.

. We show this estimator is efficient in the case po(x) is a function of a scalar
x. The semiparametric efficiency here is w.r.t. the unconditional moment
condition (3.1). With x being a multi-dimensional vector, the estimator is
\/n-consistent under different structures combining monotonicity and multi-

dimensional covariates.

. Monte-Carlo simulation results show that the proposed method is attrac-
tive: (i) while it is more robust against misspecification than parametric
plug-in estimators commonly adopted in applied work, it has similar per-
formance to the latter under correct specifications; (ii) compared to meth-
ods with other nonparametric plug-in estimators, the proposed estimator

requires minimum smoothness conditions on nuisance functions.

. We develop a bootstrap method to ensure that our semiparametric estima-

tor is tuning-parameter-free in both estimation and inference.

This paper is organized as follows. In Section 2, we present the basic setup

and study the theoretical properties of the proposed estimator. In Section 3,

we discuss different possibilities of allowing multi-dimensional covariates in a

monotone nuisance function, as well as the theoretical properties of the relevant

estimators. In Section 4, we discuss the bootstrap inference. In Section 5, we

perform Monte-Carlo simulation studies to illustrate the proposed method. All

the proofs are presented in the appendix.
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3.2 Z-estimation with a plug-in isotonic estima-

tor

We try to develop a general theory for Z-estimation with its plug-in nuisance
parameter estimated by isotonic estimation. Let (Y, X) be a sub-vector of random
vector Z. To show the idea clearly, we first let X be a random scalar in this
section. In Section 3.3, we will allow X to be multi-dimensional covariates. Now

we have (3.1) and
E(Y|X) = po(X), (3.9)

where po(-) is a monotone increasing function in X. Condition (3.9) is needed to
implement isotonic estimation since it is a method for the conditional mean. We
are interested in estimating the parameter 5y. To illustrate the idea clearly, we
focus on the just-identified case, where dim(f) = dim(m). All the results can be

extended to over-identified moment conditions with standard GMM procedures.

First, we extend (3.2) around fy, then around py(-). In the following part, for

dg(@z and 89( zl_obydgﬁoz)

any differentiable function g(0, z), we denote

9g(00,2)
00

|o=0o

and

n

—12 E P 5

n

== E;m(Zi, Bo, B(-)) + 0p(5 = Bo)

:%Z (ZosBos po( X ZD Zi. Bo) (H(X,) — pol(X,)

+ -~ ZO Po(X:))* + 0 (B = By)

== ;m@i,ﬁo,po(&)) + 1+ 11+ 0,(3 = Bo). (3.10)

D(z, 3) is the functional derivative of m(z, 8, p(x)) w.r.t. p(-).? y/n-consistency of
A requires both I and IT to converge at least at n=/2rate. If ||p—po|| = o,(n~/4),

2Note that D here is a function of z and 3. It should be differentiated from the random
variable D in the examples discussed in the introduction.
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we have II = o,(n~'/2). Many nonparametric estimators can achieve this rate
with properly chosen tuning parameters. For isotonic estimator p(-), we usually

have

16— ol = Op((log n)*n2/%) = 0,(n™"%). (3.11)

(See, e.g., Theorem 9.2 and Lemma 5.15 in van de Geer, S., 2000). The condition

is satisfied without involving any tuning parameter.

We can decompose [ into
1< .
= Z D(Zi, o) (p(X:) = po(X3))

= Z { (20 60) 0X5) = p(X0) ~ [ Dz o) (5a) = o) dpo@:,z)}
" / Dz, Bo)(5() — pol))dPo(z, 2)

=111+ 1V.

The condition 711 = o0,(n"1/2) is often referred to as stochastic continuity. The
condition IV = 0 (or = 0,(n~%/2)), is referred to as Neyman (Near-) orthogonality.
If we have both stochastic continuity and Neyman (Near-) orthogonality, solving
the moment condition (3.2) with plug-in p(-) will not depend on the estimation
of the nuisance function py(-). In the following sub-section, we discuss the link
between Neyman orthogonality (see, e.g., Chernozhukov et al., 2018) and the

plug-in isotonic estimator.

3.2.1 Properties of the plug-in isotonic estimator

Definition 1. [Neyman orthogonality] Let 7' be a convex set, and 7,, C T be a
nuisance realization set for p(-). We say the moment function m satisfy Neyman

orthogonality condition if we have E[m(Z, By, po(X))] = 0 and

EID(Z, 5o)(p(X) = po(X))] =0, forallpeT,

If m does not satisfy Neyman orthogonality condition, B obtained by solving its

corresponding sample moment function (3.2) might suffer from some issues. In
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some cases, it is even no longer y/n-consistent. The following is an example in

Chernozhukov et al. (2018).

Example 1 continued: The partially linear model

Y=Dp+p(X)+U E[UX,D]=0

implies the moment condition F [D(Y — DS — p(X))] = 0. But its moment
function m(Z, 8, p(-)) = D(Y — DS — p(X)) is not Neyman orthogonal, since

om(Z, Bo, po(-))

E| ap

(p(X) —po(X))] = E[D(p(X) — po(X))] # 0 in general

Now we do not assume the monotonicity of py(-), and let p(-) be an arbitrary

estimator. In this case, the plug-in estimator obtained by choosing B , such that
1< N
o Z D;(Y; — Dif — p(X;)) = 0, (3.12)
i=1

can fail to be /n-consistent. Let us rearrange (3.12)

~

V(B = Bo)

(3 D87 S DY~ Dy )

= (30 DY = 3 Dy(Y = Dif = mo(X,) + () — PX)
= (% Z D?)_I% Z D;i(Us + po(X3) — p(X5))

1 n

= (% ZZI D?)_I% ZZI D,U; + (% ZZI D?)_lﬁ Z D;(po(X;) — p(X3)).

=1

\/Lﬁ Yy Di(po(X;) — p(X;)) might explode since it is an average of n terms that

do not have zero mean.

To fix this problem, people usually want to orthogonalize m, i.e., transform m
into m?, such that

1. E[m°(Z, Bo, po(X))] = 0 still holds, and

2. E[D°(Z, 8o)(p(X) — po(X))] = 0 for all p € T,.
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In general, people obtain orthogonalized moment function by subtracting from
m(Z, Bo, po) its projection on the linear space of its derivatives w.r.t po(-). For

example, if m is a just-identified moment condition, then

m®(Z,8,p) = (1a,, — GP(G;GP)_IG;)m<Zaﬁap)7

where G, is the functional derivative of m(Z, 8,p) w.r.t p. In our setting (3.9),
where po(X) is a conditional mean of Y, the orthogonalization can be achieved

by applying Proposition 4 of Newey (1994):
m?(Z7ﬁap) = m(Z7B7p) + E[D(Z> B)|X](Y _p<X))

We can check the two conditions for the Neyman orthogonalization. For m$:

L. E[m{(Z, fo, po(X))] = 0+ E[E[D(Z, 5) | X](Y — po(X))] = 0,

2. and

E[DI(Z, 50)(p(X) — po(X))]

8m§(Z£;Po(X)) (p(X) — po(X))]

= E[D(Z, 50)(29()() —po(X))] - E[D(Za 50)|X][(p(X) —po(X))]
= E[D(Z, 80)| X][(p(X) — po(X))] = E[D(Z, 0)| X][(p(X) — po(X))]
=0.

= |

The equality in Condition 1 and the third equality in Condition 2 follow from the

law of iterated expectation.

In practice, we need to add an estimated correction term of E[D(Z, 3y)| X](Y —
po(X)) into our sample moment function. In Example 1, this term is E[61|\XZ] (Y;i—
D;3 — p(X;)). Then we have the same estimator as in Robinson (1988).

An interesting feature is that with the following Lemma 3.1, sample moment
function with a plug-in isotonic estimator is within a distance of 0,(n~'/2) from

its Neyman-orthogonalized sample moment function.
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Let us have the following assumptions:

A1l X is a random scalar taking value in the space X'. The space X is convex

with non-empty interiors, and satisfies X C B(0, R) for some R > 0.

A2 The true mean function E(Y|X = x) = pp(x) is monotone increasing in .

There exists K > 0 such that |py(z)| < Ko for all z € X.

A3 There exist ¢g > 0 and My > 0 such that E[|Y|"|X = 2] < m!M" ?c, for

all integers m > 2 and almost every z.

A1l and A2 impose boundedness on the monotone function py, and the support

of X. These conditions are used to control the entropy of the function classes

that characterize (3.2). A3 is to restrict the size of the tail of Y|X. With A3,

we can show that suI)){ﬁ(x) = Op(logn), which is used to obtain an entropy re-
IS

sult associated with the \/n-convergence rate in the second-stage semiparametric

estimator.

Lemma 3.1. p(-) is an isotonic estimator of the conditional mean E(Y|X). 6(X)
is a bounded function of X with a finite total variation. Under A1, A2, and A3,

we have

DAY= X)) = op(n), (3.13)

Remark 3.1. The proof in Appendix is based on techniques applied in Groene-
boom and Jongbloed (2014), Groeneboom and Hendrickx (2018), and BGH, com-
bining the properties of the isotonic estimator and entropy results for monotone

functions. Heuristically, the intuition can be explained with the OLS estimator:

1. The first-order condition of OLS estimation of Y = X[ + ¢ is that X'¢ is
equal to zero. The regression residuals € is, in other words, the projection
residual from projecting Y onto the linear space spanned by the columns
of X. We have the projection residuals on the right-hand-side, and vectors

from the projected space, X, on the left-hand. Their inner product is zero.

2. A similar case is the Lemma 3.1 with isotonic estimators. At the right-
hand side of §(X;)(Y; — p(X;)) in (3.13), we have the regression residual

of the isotonic regression, which can be regarded as the projection residual
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of projecting Y onto the space of monotone increasing functions of X. On
the left-hand-side is some function of X, which is assumed to be bounded
and with finite total variations. Any bounded function with finite total

variations can be decomposed into a sum of two monotone functions.

3. Then we have again the residuals of projecting Y onto the space of mono-
tone functions on the right-hand side and the monotone functions on the
left-hand side. It is not exactly zero because, on the right-hand, we have
residuals of projecting Y onto the space of monotone piecewise constant
function (isotonic estimator). It is not perfectly matched to the monotone
functions (but not necessarily piecewise constant) on the left-hand side.
The proof can be reduced to show what is left (the approximation error
of monotone piecewise constant functions to monotone functions, times the
residuals of isotonic estimation) converges to zero faster than n~'/2. And

the monotonicity plays a role here.

Now let us assume

A4 For all g € B, E[D(Z,3)|X] is a bounded function of X with a finite total
variation, and there exist ¢; > 0 and M; > 0 such that for each row of
D(z,B) (Dj(Z,8) with j € {1 : k}), E[|D;(Z,B)|"|X = 2] < mIM{" ¢,

for all integers m > 2 and almost every x.
we have immediately:
%Z E[D(Z, 80)|Xi](Y; — (X)) = 0p(n~"/?).
i=1
Then we add the following assumption,

A5 The first-order expansion of m(z, 3,p(:)) w.r.t p(-) at p*(-), D(z, B,p(-) —
p*(+)), is linear in p(-)—p*(-). Bspecially, D(z, 8, p(x)—p*(x)) = D(z, 8) (p(x) — p*(x)).

A5 enables us to analyze the impact of the estimation of the nuisance function
p(-), it is similar to (4.1) and (4.2) of Newey (1994). A5 will be implied by the

condition that m(z, 3, p(x)) is differentiable in p(z), for almost every x and z.
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Now we have

Proposition 3.1. (Sample moment function) Assuming A1-A5, and po(-)
is estimated with isotonic estimation and plugged into (3.2), then the semipara-
metric estimator B estimated based on this sample moment function is similar to
that estimated based on its Neyman-orthogonalized sample moment function, in

the sense that \/ﬁ(ﬁ — Bo) has the same asymptotic distribution.

Remark 3.2. This proposition shows that with isotonic plug-in estimator p(-),
the difference between the sample moment function + 37"\ m(Z, 8, p(-)) and its
orthogonalized version is 0,(n~'/2). Therefore, there is no need to orthogonalize
it for the estimation of 3y. In this sense, the sample moment function can be

regarded as “automatic” Neyman-orthogonalized.

Remark 3.3. The term “automatic” should be understood only in the context
of the estimation of fy. It does not claim that the original moment function
m(z, B8,p(+)) is Neyman-orthogonalized. In general, it is not. However, if the
monotone nuisance function is estimated with isotonic estimation, the impact of
the first-stage isotonic estimation on the moment function (multiplied by +/n)
will be asymptotically equivalent to a correction term, which would properly

orthogonalize the original moment function.

Example 1 Continued: Let p(X) is an isotonic estimator of E[Y — Dj|X]
and assume E[D|X] is a bounded function of X with a finite total variation. We
have by Lemma 3.2 (A modified version Lemma 3.1 in the following Section 3.2.3,
which can be applied to the case that p(-) depends on f3.)

1< -
- ZDi(Yz‘ — DB —p(X;)) =0
i=1

:>% Z(Dz — E[Di| X)) (Y; — Di3 — p(X;)) = 0,(n"Y?).

=1
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Then we have

V(B — Bo)

= (30— EID|X0)D) <= (D, = EIDIX(¥i = Dif — X)) + 0y(1)
= (-3 0(D = EIDIXD) ™ 5= 3 (D = EIDIX: + 0,(1)

n

+ (% Z(Di - E[DilXi])Di)‘I% Z(Di — E[D;| X)) (po(X;) — p(X2))-

Now under mild conditions, we have \/Lﬁ St (D — E[D:i|Xi]) (po(Xs) — p(X3)) =
Op(l) and %Z?:l(Dl — E[DZ|XZ]>DZ ﬁ) E[(DZ — E[DZ|X1]>2] Then we have \/ﬁ—
consistent (. Also, v/n(53 — Bo) N N(0,62E(D — E[D|X])™?).

Remark 3.4. Huang (2012) showed the same asymptotic variance for the par-
tially linear model with monotone nuisance function, with the monotone least
square method. Here we revisit it from a different angle: we highlight the re-
lation between isotonic plug-in estimator and Neyman orthogonalization. We
start from an unorthogonalized moment function (3.12) and achieve the same
result as in Robinson (1988), without adding the estimated correction term
E[52|\X,](Y; — D;3—p(X;)). Therefore, the benefit of the isotonic plug-in estima-
tor in terms of tuning-parameter-free is doubled: an isotonic plug-in estimator
will save us not only one tuning parameter for estimating the nuisance function
p(+) but also other tuning parameters for estimating the nonparametric part in

—

the correction term (E[D;|X;] in this case).

3.2.2 Efficiency and the plug-in isotonic estimator

The correction term E[D(Z, B)| X](Y —po(X)) is also associated with efficiency.
As illustrated in Proposition 4 of Newey (1994), for unconditional moment con-
dition E[m(Z, B,p(X))] = 0, where po(X) = E(Y|X) for some sub-vector Y, the

efficient influence function v is:

OE[m(Z, Bo, p(X))]

5 17" [m(Z, Bo, po(X)) + B[D(Z, 5o)| X)(Y — po(X))] -

P(Z2) = —|
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If we could show for an isotonic plug-in estimator p(-)

n

Z [m(Zu Bo, po(:)) + E[D(Z, Bo)| Xi] (yi — po(xi))] + Op(”_1/2)7

1=1

1

n

1 & .
i=1
we could show the efficiency. Let’s assume the following assumptions:

A6 There are b(z) > 0 and D(z, g) that (i) ||m(z, 8,p) —m(z, B,p0) — D(z, 8,p—
po)ll < b(2)llp = pol s (ii) E[b(Z)] = 0p(n'/*(logn)~?), for all 5 € B, where
B is compact.

AT There are €, b(z), b(z) > 0 and p(-) with ||p|| > 0. Such that (i) for all 5 € B,
m(’z?ﬁ?p[)) Is continuous at B and m(’z?ﬁapO) < b(Z), (H) Hm(’z7ﬁ>p) -

m(z, B, o)l < b(z)(Ilp — poll)*.
A8 E{m(z, B,po)} = 0 has a unique solution on B at [.

A9 For g € interior(*8), (i) there are ¢ > 0 and a neighborhood A" of [y
such that for all |[p — po|| < &, m(z, B, p) is differentiable in 8 on A7 (ii)
Mg = —E{%fo(x))} is nonsingular; (iii) E[||m(z, 3,p)||?] < oo; (iv)
Assumption A7 is satisfied with m(z, 8, p) equaling to each row of %f’m.
A6 is an adaption of Newey‘s Assumption 5.1. This assumption requires that the
high order term from a linear approximation is small. Combining (ii) in A6 and
(3.11), we have I in (3.10) converging to zero faster than n='/2. A7, A8, and
A9 are adapted from Assumption 5.4, 5.5, and 5.6 in Newey (1994). They are
general conditions for the consistency and asymptotical normality for the method

of moment.

Let us define
M(Z) = E[D(Z, Bo)|X](Y — po(X)).

Then we have

Theorem 3.1. (Efficiency) Assuming A1-A9, for unconditional moment con-
dition Elm(Z, Bo,po(X))] = 0, p(:) is an isotonic estimator of the conditional
mean E(Y|X) = po(X).
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Then (3 obtained by solving the sample moment condition (3.2) is \/n-consistent
and efficient, with
V(B = po) % N(O.V),

where

V = M;'E[{m(Z, By, po) + M(Z)H{m(z, Bo, po) + M(Z)} M.

The proof is in Appendix. It is based on a combination of techniques in Newey
(1994), Hirano, Imbens, and Ridder (2000, 2003), Groeneboom and Jongbloed
(2014), Groeneboom and Hendrickx (2018), and BGH.

We can apply Theorem 3.1 to the IPW model by using the isotonic regression to

estimate the propensity score.

Example 4 (b) continued: For the ATE model, we have m(Z,3,p(:)) =

Y.T Y- (1-T) _

po(X) 1-p(X)

B. The po(x) is the propensity score
po(r) = E[T|X =z] = Pr(T =1|X = x).

Let p(+) is the isotonic estimator of the propensity score. We are interested in the

plug-in estimator B :

n

B =

S|

Vi Yi-(1-T)
{ﬁ<Xi> T X)) } (3.14)

=1

Here we assume

C1 TL(Y(1),Y(0))|X, unconfoundedness.

C2 (i) The support X of X is convex and compact; (ii) the density of X is
bounded from 0 on X.

C3 (i) E(Y(0)?) < oo and E(Y(1)?) < oo; (ii) po(z) :== E(Y(0)|X = z) and
pi(x) := E(Y(1)|X = z) are continuously differentiable for all x € X.

C4 The true propensity score po(x) satisfies: (i) po(-) is continuous and monotone
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increasing; (ii) there exist positive numbers p and p, such that 1 > p >

po(z) >p>0foral xzeX.

And we have

Corollary 3.1. Suppose Assumptions C1-C4 hold. The average treatment effect
estimator (3 is obtained by (3.14). Then B By, and

V(B — Bo) % N(0,9),

where Q = Var(E[Y (1))=Y (0)]| X)+E[Var(Y (1)|X) /po(X)|+E[ Var(Y (0)| X)/(1—
po(X))]. B reaches the semiparametric efficiency bound.

3.2.3 The case that p(-) depends on

The isotonic estimator p(-) can depend on [ in some cases, as we have seen
in the partially linear model. We use the notation pg(-) to represent such an
estimator. In this case, we might have a problem of finding a root for (3.2).
Since the isotonic estimator pg(-) is a step function, changes in § might also
cause discontinuous changes of pg(-). Groeneboom and Hendrickx (2018) and
BGH tried to solve this problem with a so-called zero-crossing root, a technique
dealing with discrete score-type functions. Then they found that it is non-trivial
to show the existence of zero-crossing root in finite samples. Balabdaoui and
Groeneboom (2020) proposed another method. They replaced the zero-crossing
root of a score function with the minimizer of its L?-norm. They showed that this
minimizer has the same properties as the zero-crossing root for the single index

model. We extend their methods to the general case of the method of moments.

Let ps(X) be an isotonic estimator of the conditional mean E[T(Z, 5)|X], where
T is a known function of data Z and the given parameter 5. Let ps(-) be the
isotonic estimator of pg(-). Note pg,(-) = po(-). An example of this case can be
the partially linear model, where T(Z,3) =Y — X3. A feasible version of the

plug-in estimator of § w.r.t (3.2) can be

2

, (3.15)

A~

g = argmﬁin

1 n
i=1
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where || - || is the Euclidean norm. To implement our method, we need to assume
the monotonicity holding in a neighbor of the true value ;. Let A1’ be the same

as Al, and we modify Assumptions A2 and A3:

A2’ There exists dy > 0 such that for each g € B(by,d), E(T(Z,8)|X = x) =
pp(x) is monotone increasing in z and differentiable in §. There exists

Ko > 0 such that [py(z)| < K, for all z € X.

A3’ There exist ¢g > 0 and My > 0 such that E[|T(Z, 8)|™| X = x] < m!Mj" ?cq

for all integers m > 2 and almost every = and g € B(5y, dp)-

We have

Lemma 3.2. For fized 3, ps(X) is an isotonic estimator of the conditional mean
E(T(Z,0)|X). §(X) is a bounded function of X with a finite total variation.
Under A1’ - A3’ we have 137" §(X;)(T(Z, B) — ps(X)) = o,(n="/2).

To show the results of Lemma 3.2, we do not need to solve the root of a discrete

moment function. Therefore, the proof is similar to that of Lemma 3.1.

Similarly, let A4’ and A5’ be the same as A4 and A5, then we have

Proposition 3.2. (Sample moment function) Assuming A1’ - A5’, and
po(+) is estimated with isotonic estimation and plugged into the moment condition
m(Z,3,p(-)). Then the semiparametric estimator 3 estimated based on (3.15) is
similar to that estimated based on the minimizer of the L*-norm of its Neyman-
orthogonalized sample moment function, in the sense that \/H(B — Bo) has the

same asymptotic distribution.

Now let (i) A6’ be the same as A6; (ii) A7 to A9’ are modified versions of A7
to A9, where all the conditions in A7 to A9 satisfied with m(z, 8, p) equaling to

m(z,ﬁ,pg) :

A6’ Thereare b(z) > 0and D(z, g) that (i) ||m(z, 8, pg)—m(z, B, po)—D(z, B, psg—
)| < b(z)||p5—po||2; (ii) E[b(2)] = op(n1/6(log n)~2), for all B € B, where

B is compact.
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A7 Therearee, b(z), b(z) > 0and p(-) with ||p|| > 0. Such that (i) for all g € B,
m(z, B,pp) is continuous at S and m(z, B,pg) < b(z); (ii) ||m(z, B,p) —

m(z, 8,ps)l| < b(z)(Ilp — psl|)*,
A8 E{m(z,0,ps)} = 0 has a unique solution on B at f.

A9’ For § € interior(8), (i) there are € > 0 and a neighborhood .4 of f, such
that for all ||p — pol| < e, and m(z, 3, p) is differentiable in S on A47; (ii)
My = —B { OO | s nonsingular; (i) Elljm(Z, 8, ps) ] < oo

ag
(iv) Assumption A7 is satisfied with m(z, 5, ps) equaling to each row of
dm(Z,8,pg)
g -

Theorem 3.2. (Efficiency) Assuming A1’ - A9, 3 obtained by (3.15) is /n-

consistent and efficient.

3.3 Multi-dimensional X

The isotonic function is always a mapping from R to R. In order to have wide
applicability, the model should be able to deal with multivariate covariates. In
this section, we consider two different ways to combine the plug-in isotonic esti-
mator with multivariate covariates X: the monotone single index model and the

monotone additive model.

3.3.1 Plug-in monotone single index Model
For a k,-dimensional data sample X, Al can be modified to

A1” X is a random vector taking value in the space X C R¥«. The space X is

convex with non-empty interiors, and satisfies X C B(0, R) for some R > 0.

We model the conditional mean function with E(Y'|X) = po(X) = Fy(X'ap). For

identification, ay is a k,-dimensional vector normalized with ||ag|| = 1.> We have

3In the estimation, the constraint ||ag|| = 1 can be dealt with reparameterization or the
augmented Lagrange method by Balabdaoui and Groeneboom (2020). In this section, we
study our model without discussing those technical details. See BGH and Balabdaoui and
Groeneboom (2020) for more details.
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ag € Sk, 1, the unit (k, — 1)-dimensional sphere.

In this case, we need to estimate both py and «q in the first step, then plug them

into (3.2).

To estimate Fy and «g, we can apply the method of BGH. For a fixed «

n

~ 1
L = arg min — Z{Y; — F(Xa)}?, (3.16)

FeMn <
i=1

where M is the set of monotone increasing functions defined on R. Then, F, (u)

can be solved with isotonic regression on the data points {u;}", = {X/a}l,.

Then & can be estimated by minimizing the square sum of a score function. For
example, the simple score estimator in Balabdaoui and Groeneboom (2020) and

BGH is given by solving

1 « .
& = argmin||— § XY, — E (X))} (3.17)
e n
=1

Balabdaoui and Groeneboom (2020) and BGH showed that under certain assump-
. 2
tions, & is a y/n-consistent estimator for «p, and F [F&(X{d) — FO(X’on)] =

Op((logn)?n=%/3). We also include those assumptions in our framework.

We can also allow F depend on 3, as we did in Section 3.2.3. In this case, we

should replace Y; in (3.16) by T'(Z;, B)

~ . . 1 a / 2

Fo 5 = arg min ~ ;{T%, B) — F(X[a)}?, (3.18)
where T'(Z;, () is differentiable in 8. In the second step, we replace (3.17) with

. 1 — R
v, B) = in||— Zi, B, Fu g(X1a))| .
(@, ) argrg}ﬁn\!nzm( B, Fap(Xia))]

i=1

Let kg be the dimension of 5 and the moment condition m. To implement isotonic
estimation to the link function Fj, we need that the monotonicity holds in the

neighbors of the true values ap and 3y. We denote 6 = (o/, ') € © = S, xR*.

25



For fixed 6, we define Fy(u) = F,p5(u) = E(T(Z,0)|d’X = u). Let Fy(-) =
Fy(-'ar), and Fo(-) = Fy,(-'ap). The assumption A2 is adapted to the current

setting:

A2” There exists dg > 0 that for each 0 € B(6y,dp), the true mean function
u— E[T(Z, )| X' a = u] is monotone increasing in u and differentiable in

6. There exists Ky > 0 such that |Fy(-)| < K, for all z € X.

Now let A3” be the same as A3’. We have

Lemma 3.3. For fired 0 € B(0y,0), Fy(-) is obtained by solving (3.18). 8(u) is
a bounded function of u with a finite total variation. Under A17-A3”, we have

LN 6(Xa)(T(Z:, B) — Fy( X)) = 0,(n~1/?).
A4 is modified to

A4” For all @ € ©, u — E[D(Z,5)|X'a = u] is a bounded function of u with
a finite total variation. There exist ¢; > 0 and M; > 0 such that for each
row of D(Z,8) (D;(Z.8) with j € {1 : ks}), ED;(Z,A)I"X = a] <

m!M{"2c, for all integers m > 2 and almost every z.
Let A5” be the same as A5’. A6” to A7’ are modified versions of A6 to AT:

A6” Thereareb(z) > 0and D(z, g) that (i) ||m(z, 8, Fp)—m(z, B, Fy)—D(z, 5, Fy—
F)|| < b(2)||Fy— Fol|% (i) E[b(Z)] = 0,(n'/5(logn)~2), for all § € O, where
© is compact.

AT’ There are €, b(z), b(z) > 0 and F(-) with ||F|| > 0. Such that (i) for all €
©, m(z, 5, Fy) is continuous at 6 and m(z, 8, Fp) < b(z); (ii) ||m(z, B, F) —
m(z, B, Fo)|l < b(2)(||F — Fyl|)".

m(z, B, Fp)
ml('Z) ﬁa FO)

Let my(z, 5, Fp) = z (T(z,5) — Fy(2’)) and m*(z, B, Fy) =
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Furthermore, we define

M, =~ {[D(Z ) ~ E(D(Z, B0 Xan){X — BIX|X'aoly F" (X'a0) }

~E {am Z, ﬁO’FO Xi2o)) | Bip(z, &)!X'ao]—&T(aZB’ﬁO) }
E{d Z 607F90>}’ (319)
M(Z) = E(D(Z, 50)| X' o) (T (Z, Bo) — Fo(X'an)), (3.20)

and denote M, ; as M, corresponding to the moment function m;. Then we have

the modified A8 and A9:

A8” E{m*(z, B, Fy)} = 0 has a unique solution on © at 6.

A9” For 0 € interior(©), (i) there are ¢ > 0 and a neighborhood .4 of 3, such
that for all ||F' — Fo|| < e, m(z, 5, F') is differentiable in 8 on A7; (ii) My
is nonsingular; (iii) M, has rank k, — 1, and My has rank k, + kg — 1 (iv)

E|||m*(Z, B, Fp)||’] < oo; (v) Assumption A7 is satisfied with m(z,3,p)

equaling to each row of %_

Note 5 in A9” (i) is only about the second argument in m, since T'(z, 8) is assumed

to be differentiable in 5. Then we have

Theorem 3.3. Suppose Assumptions A17-A9” hold, then

V(@ — ag) 5 N(0,Va) and v/n(B — o) 5 N(0, V).

where

Vi = Mz E[{m(Z, Bo, po) + A(Z) + M(Z){m(z, fo,po) + A(Z) + M(Z)}| M3,
Vo = My E{mi(Z, Bo, po) + B1(Z) + Mi(Z)}{m1(Z, Bo, po) + Bi(Z) + My(Z)} M, ,,

where M, is the Moore-Penrose inverse of Mo, and A, By, and M, are defined

in Appendix C.9.
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Example 2 continued: The simple score estimator (SSE) for the monotone
single index model of BGH can be regarded as an individual case of the es-
timator in Theorem 3.3, where m(Z, o, Fo(X'ap)) = mi(Z, Bo, Fo(X'ag)) =
XA{Y — Fy(X'ap)}. Here [y is absent from the model, thus B;(Z) = 0. We

have

T(Z,5o0) =Y,
D(Z, po) =
E(D(Z, 5o)| X o) = —E(X|X ),
M(Z) = M(Z) = —E(X|X'ap){Y — Fo(X'ap) }, and

M, =M,, =—E {[X — B(X|X'ap)][X — E(X\X/ao)]’Fg”(X’ao)} .

Plugging these values into the formula of V,, we can see it is the same as the

asymptotical variance of SSE in BGH.

3.3.2 Plug-in monotone additive model

We can also model the conditional mean function with an additive structure.
First we introduce some notations here. k is the dimension of the vector z;.
For j = 1,2,..., k, mé() is a strict monotone increasing function of a scalar xf
We use :Ef to represent the j-th element of the observation i, with 7 = 1,..., k,

and i = 1, ...,n; we use boldfaced x; to represent the k-dimensional vector of the

2

7 7,7‘ * 1,

observation i, x; = {z}, x x%}: we use the boldfaced x7 to represent the vector
of all the j-row of our n x k matrix of covariates, x/ = {xl,x2, @3} and the
boldfaced y = {y1, ¥2, ..., yn}'. We use the capitals Y,X{ X, and X/ to represent
the corresponding random variable or vectors. A slightly confusing notation is:

we use X7 (non-bold typeface) to represent the j-th element of the k-dimensional

random vector X, without specifying the index of the observation it belongs to.

The plug-in nuisance function is a conditional mean function of some random

scalar, Y;, say. It takes the form of

E(Yi|X)) = ¢+ my(X}) + ..mi(XF). (3.21)
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Without loss of generality, we assume each m% is supported on [0, 1]. To identify

each my, we add the normalizing condition

1
/ mi(2?)dz? =0 for j =1,2,..., k. (3.22)
0

The least square estimator of 3.21 can be defined as the minimizer of

n
arg min
cERl,{mj}§:1€M0 i=1

k
Y, —c— Z mf(Xg')] : (3.23)

where M denotes the class of monotone increasing function satisfying (3.22). We
use {m’ ()}5:1 to denote the estimator from (3.23). Its asymptotic properties were

discussed by Mammen and Yu (2007). Cheng (2009) and Yu (2014) extended their

k

results to the partially linear monotone additive model. The estimator {m’(-)} i1

can be obtained with backfitting, an iterative procedure that updates each time
a single sub-function with isotonic estimation while treating other sub-functions
as fixed. See Mammen and Yu (2007) for a literature review of backfitting. The

procedure is described here:

For a fixed sample {y;,x;}! ;. To solve the problem (3.23), we can first solve the

following problem
n k
. o )2
min Z;(yz 2 ) (3.24)
1= J=

where G is a n X k matrix of real numbers gf , and each of its column, g7, being

an isotonic vector w.r.t to the ordered x’/. For example, if k = 3 and n = 3, we

have
1 .2 .3 1 .2 3
n ry x7 Xy g1 91 91
_ _ 1 .2 .3 ; — 1,2 3
Y = Y2 , X = Ty Ty Xy s and the estimator G = 95 95 G5
1 .2 .3 1 .2 3
Y3 T3 T3 I3 93 93 J3

If z3 > x] > x3, then the isotonic estimator g' should satisfy g3 > g{ > gi. Given
G solving the problem (3.24), the value of the estimated monotone function m at

the point 2] can be assigned with 1(z]) = g/ — g/, where g/= 1 3" | ¢/ that is
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needed for the normalization, and the estimated constant is ¢ = Zle g’. Since
there is a one-to-one relationship between ¢/ and z7, we can rewrite g/ = ¢7(27),

i.e, ¢’(+) is a monotone function defined on x7.

Let gfr}() denote the backfitting estimator of ¢/ (-) updated at the r-th round of
the iteration. In the j-th step of the round r. We see that gfﬂ() is obtained by
regressing

{¥i=ghy (X)) — =gl (X)) = () — g (XD}

on {X7} | with the isotonic regression. In each round and each step, we repeat
this type of isotonic regression recursively for r = 1,2, ... and j = 1, ..., k. After
some stopping condition is satisfied, we can normalize these backfitting estimators

and obtain ¢ and m.

Now we incorporate this method into the estimation of the nuisance function of
the model (3.1). As in Section 3.2.3, we can also allow the estimation of the

additive monotone nuisance function to depend on 3, i.e., we can replace Y; by

T(Z:, ).

Without loss of generality, A1” can be modified to
A1®) X is a random vector taking value in the space [0, 1]*.
and A2 is modified to

A2®) There exists dp > 0 and Ky > 0 that the mean function E[T(Z;, 8)|X; =
z;] = pg(x;) is a sum of £ monotone increasing functions mgs(+), i.e., ps(z;) =

cs + Z§=1 mjﬁ(:cf) each 8 € B(a, d).

Let A3® be the same as A3’. Similarly, we have

Lemma 3.4. For fized 3, ps(X;) = ¢és +Z?:1 ms(X7) is an additive isotonic es-
timator of the conditional mean E(T(Z;, 5)|X;). 6(X) is a bounded function of X
with a finite total variation. Under A1® - A3 we have 1 37" | 6(X;)(T(Z;, B)—
pa(Xi)) = op(n~17%).
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The proof is in Appendix. It is based on Theorem 2 of Mammen and Yu (2007),
which states that for a given sample of size n, the backfitting estimator of the
problem (3.24) will converge to the least square estimator of this problem, with

r growing to oo.

Now let (i) A4®) to A9® are the same as A4’ to A9". We use py to denote pg,,
po(x;) = co + 2521 mi(27). And we define

My = - { Ol

M(Z;) = E(D(Z, Bo)| Xi)(T(Zi, Bo) — po(Xi)).

+ E[D(Z, ﬂo)]X]%ﬁ’ﬁo)} , and

Theorem 3.4. Assuming A1) - A9 for unconditional moment condition
EIm(Z, Bo,po(X))] = 0, pg() is an additive isotonic estimator of the conditional
mean E(T(Zi, B)|X) = ps(X:) = 5+ ), mfy(X]).

Then (3 obtained by (3.15) is \/n-consistent and
V(B = Bo) % N(0, V),

where V = Mz E{m(Z, B, po) + M(Z)}{m(z, Bo, po) + M(Z)}|M;".

Example 1 continued: If we apply Theorem 3.4 to the partially linear mono-

tone additive model

Yi = Difo + po(X;) +¢
k . .
= Difo+ Y mj(X])+e with E[z|X, D] =0.

j=1

we can choose m(Z, By, Fo(X'ag)) = D; {Y; — BoD; — Z?Zl m%(Xf)} For sim-
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plicity we set D; € R! then we have

(Zzaﬁo) =Y — BODu
(21760) =
E(D(Z;, Bo)| Xi) = —E(D;] X3),
Om(Zi, fo, po(Xi)) _
op —Di,
8T(Z1750) I oY
—ap Db

Ms = E[D(D — E(D|X))] = E [(D - E(D|X))?] ,
k . .
M (Z;) = —E(D;| X;) {Y — BoD; — ng(xg)} .
j=1
Then V = ¢2E[(D; — E[D;|X;])?]~!. This variance is larger than that achieved in

Cheng (2009), which is ¢2E[(D; — Z?Zl E[D;|X7])?]7, because he assumed the

pairwise independence of X;. We do not have this assumption.

3.4 Bootstrap inference

An advantage of the proposed estimator B is tuning-parameter-free. However,
since B is a semiparametric estimator, its asymptotic variance involves conditional
means. The estimation of variances might still require some smoothing methods.
To obtain an estimator that is free from tuning parameters in both estimation
and inference, we propose a bootstrap method to approximate the asymptotic

distribution of B .

Groeneboom and Hendrickx (2017) showed the bootstrap validity of the single
index parameter in the current status model. We generalize their result to the

model (3.1).

The bootstrap procedure is:

1. {Z;}1, is a resample with replacement from {Z;} .

2. p*(+) is an isotonic estimator w.r.t. {Z} .
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3. B solves £, m(Z;,B.5"()) = 0 (or argmin| |25, m(Z{, 8.55())] | ).

Theorem 3.5. Let B* be the bootstrap counterpart ofB in Theorem 3.1, 3.2 or
3.3, which are estimated based on resamples from the empirical distribution of

{Z;}1,. Suppose the corresponding assumptions for these theorems hold. Then

sup [P*{v/n(B* — B) < t} — Po{v/n(B — Bo) < t}| B0,

teRk

where P* is the bootstrap distribution conditional on the data.

3.5 Monte-Carlo Simulations

In this section, we conduct four Monte-Carlo simulations for the proposed esti-

madtors.

3.5.1 Efficiency for IPW model with single covariates

We use two numerical results to show evidence that MAR model and ATE model
with univariate propensity score can achieve the semi-parametric efficiency bound.
This is in accordance with Corollary 3.1. We also show the bootstrap validity

under each setting.

3.5.1.1 Missing at random model

Example 4 (a) continued: The associated moment condition for the MAR

model is

E[m(Z, Bo,po(-))] = E(p— -

Assuming that po(+) is a monotone increasing function, we are interested in the

asymptotic properties of the plug-in estimator B :

B =

S|

— yi - ti
; (%)’

3>
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where p(+) is the isotonic estimator of the propensity score
po(z) = E[T|X =2 = Pr(T =1|X =x).

The semi-parametric bound for the estimate /3 is Q = Var(E[Y | X])+E[Var(Y'|X) /po(X)].
(See, e.g., Section 4.1 of Hirano, Imbens, and Ridder, 2000.)

We set X = 0.15+ 0.7, Z and v are independently uniformly distributed on
[0,1], and

Y =2X +¢,
e~ N(0,1),
0 f X <v
T = )
1 ifX>v

In this setting, we have
Bo = /E(Y|X)dP(X) =F(2X)=2x05=1.
The efficient variance is

Q = Var(E[Y|X]) + E[Var(Y | X)/po(X)] = Var(2X) + E[1/po(X)]

0.7 0851 1

The Monte-Carlo simulation results are in Table 3.1:

Table 3.1: MAR model

~ ~ Dk

n fip n- g n fi5  n-03

100 0.9966 2.9991 100  1.2044 1.3656
1000 0.9959 2.8373 1000  0.9879 2.8921
2000 0.9972 2.7514 2000 1.0721 2.4442
5000  0.9981 2.6845 5000 1.0259 2.4274
10000 0.9987 2.6625 10000 1.0233 2.6815

00 1 2.63 00 1 2.63
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The left panel of Table 3.1 shows the simulation results based on 5000 Monte-
Carlo replications. The sample sizes are n = 100, 1000, 2000, 5000 and 10000.
We present the Monte Carlo averages fig, and variances 63 (multiplied by n) of
the estimates of 3;,. We can see with the sample size growing, both jig and &%

are converging to their theoretical limit.

In the right panel, we present the corresponding simulation results based on 5000
bootstrap samples, across the same set of sample sizes. fi; and variances &%* are
defined similarly. Since all the bootstrap samples are originated from one Monte-
Carlo sample, the pattern of biases and variances looks less stable than those in
the left panel, as expected. Nevertheless, {5 and &é* are still converging to their

theoretical limit.

3.5.1.2 Average treatment effect model

Example 4 (b) continued: The efficient asymptotical variance for ATE model
is Q = Var(E[Y (1) — Y(0)]|X) + E[Var(Y(1)|X)/po(X) + E[Var(Y (0)|X)/(1 —
po(X))]. (See, e.g., Section 4.2 of Hirano, Imbens, and Ridder, 2000.)

We set X = 0.15 4+ 0.7Z, Z and v are independently uniformly distributed on
[0,1], and

0 if X <v
T = ,
1 if X>v
Y =05T+2X + ¢,

e~ N(0,1).

The average treatment effect

By = 0.5.
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The efficient variance

Qy = Var(E[Y (1) — Y (0)]|X) + E[Var(Y (1)|X) /po(X)] + E[Var(Y (0)|X)/(1 - po(X))]

= Var(0.5) + E[1/po(X)] + E[1/(1 — po(X))]

0.85 11 0.85 1 1
+/0.15 x 0.7 x_'_/(),lg) 1—20.7 v

R 2 X 247 =494

The Monte-Carlo simulation results are in Table 3.2:

Table 3.2: ATE model

A ~2%

n fi3 n~0%> n 5 n-og

100 0.4242 6.0707 100 0.6692 2.9584
1000  0.4846 5.3859 1000  0.4794 5.8949
2000  0.4900 5.2478 2000 0.5702 5.2076
5000  0.4943 4.9404 5000 0.5013 4.8445
10000 0.4964 4.9492 10000 0.4920 5.3305

oo 0.5 4.94 oo 0.5 4.94

All the simulation settings are similar to those of Table 3.1. In general, Monte-
Carlo averages and variances for both original and bootstrap samples converge

to their theoretical limits.

Table 3.3: Bootstrap coverage rates

n 90% CI  95% CI

100 0.852 0.913
1000 0.885 0.942
2000 0.878 0.940
2000 0.893 0.947

00 0.90 0.95

Table 3.3 shows the bootstrap coverage rates. We draw 2000 Monte-Carlo sim-

ulations, and for each simulation we draw 500 bootstrap samples. The coverage
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rates are calculated with these 2000 sets of confidence intervals for both 90% and
95% confidence levels. From Table 3.3, we see clear trends that the bootstrap
coverage rates are converging to their theoretical limits. Overall, the simulation
outcomes for MAR, ATE, and bootstrap are in accordance with our theoretical

results in the previous section.

3.5.2 Comparison with parametric plug-in estimators

3.5.2.1 With correctly specified parametric models

Here we compare the performances of two average treatment effect estimators,
whose propensity scores are estimated with probit estimation and isotonic esti-

mation. We consider the following setting:

Y=Xv%+T-06 +e,

0 if Xag<v
, (3.25)

1 if X'ay>v

T —

where X " U [~1,1]3. € and v are independently distributed standard nor-
mal random variables. Under this setting, we have Pr(T = 1|X = z) =
po(z) = ®(2'ap), where @ is the CDF of the standard normal distribution.
o = (1,1,1)/v/3, By = 0.5 and v, = (0.1,0.2,0.3). The propensity score is
correctly specified in a probit estimation. We are interested in the average treat-

ment effect (.

Table 3.4: ATE of the model (3.25) with plug-in probit and isotonic estimators

probit normalized probit isotonic

n g n-63 n-MSE g n- 6[25 n-MSE g n-63 n-MSE

100 0.5018 5.9972 5.9975 0.5045 5.7167 5.7187 0.4823 5.8732 5.9047
1000 0.5025 5.2794  5.2855 0.5025 4.9949 5.0010 0.4956 5.0885 5.1081
2000 0.4996 5.4129 5.4133 0.4997 5.0820 5.0822 0.4951 5.1846 5.2330
5000  0.5004 5.4781 5.4788 0.5006 5.2139 5.2154 0.4982 5.2466 5.2634
10000 0.5002 5.3383 5.3388 0.5004 5.0288 5.0303 0.4987 5.0643 5.0807
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Table 3.4 shows the simulation results based on 5000 Monte-Carlo replications.
The sample sizes are n = 100, 1000, 2000, 5000, and 10000. The variances
and MSE’s are scaled with n. In the left panel and the right panel, the ATE
estimators 3 are calculated with (3.14), where the inversed propensity weights

are not normalized. In the middle panel, we normalize the weights to unity, i.e.,

s I YT (g~ L) Y (=T (g~ 1T
6_”2{15()@/(;13@@) 1—p(X;) /<Zl—]§(Xi)>}'

i=1 i=1

From Table 3.4, we can see that the ATE with isotonic plug-in estimators (the
right panel) outperforms the ATE with correctly specified parametric plug-in
estimators without normalization (the left panel), in every sample size. If we
normalize the parametrically estimated propensity scores, the probit models per-
form better, as pointed out by Imbens (2004). With the sample size growing,
the performance of the ATE with isotonic plug-in estimators are converging to
those with correctly specified parametric plug-in estimators with normalization
(the middle panel). With n = 10000, they are very close to each other. We can
conclude that our semiparametric method performs similarly to the parametric

method under the correct model specification.

3.5.2.2 Robustness

Compared to the popular choice of parametric models for propensity scores, such
as the binary probit model or logit model, the proposed semiparametric estimator

is robust to the model specification. Considering the following setting:

Y=Xv%+T By+e (3.26)

with Pr(T = 1|X = z) = 2°/10 4+ 0.5, (3.27)

where ¢ ~ N(0,1) and is independent from X and T, v = 1, and S, = 0.5.
X ~ U[-1.5,1.5]. Figure 3.1 compares the function (3.27), the CDF of the

standard normal distribution and the logistic function.
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Figure 3.1: Normal CDF, logistic function, and the DGP (3.27)

normal

------ logistic

08
|

----------- our DGP

06
1

04

The dotted black line is the DGP (3.27). The solid red line is the CDF of standard normal,

y = ®(a+ x). The dashed blue line is the logistic function, Pr(T' = 1|X = z) = %.

In this figure for both parametric models, @ = 0 and b = 1. Three lines intersect at [0,1/2].

The idea of (3.27) is to find a monotone increasing function, which cannot be well
approximated by the common choices of parametric models, such as the probit
model or the logit model. The function (3.27) is convex for z > 0 and concave
for x < 0. If we use Pr(T' =1|X =1z) = % to approximate this function,

we have an almost linear fitted line. See Figure 3.2

Figure 3.2: The function (3.27) fitted with logistic function

1.0

"""""" true

— logisticitted

Pr
04 06
1

00
1

The dotted black line is the DGP (3.27). The dashed blue line is fitted with the logistic

exp(a+bx)

fun(:',tlon7 Yy = m.

While this line roughly fits the quasi-linear part of the function (3.27) (the part
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around zero), the difference becomes large for |z| > 1.2. If the outcome y has
large values far from zero, as the case in (3.26), we might have large estimation

bias. Table 3.5 confirms this conjecture.

Table 3.5: ATE estimated with logistic and isotonic plug-in estimator

logistic isotonic

n i3 n-65 n-MSE i3 n-65 n-MSE

1000 0.5930 5.6958 14.3380 0.4735 5.0426 5.7442
2000 0.6044 5.6533 27.4569 0.4824 4.8256 5.4446
5000 0.6153 5.5104 71.9331 0.4886 4.6304 5.2748

Table 3.5 shows the simulation results based on 5000 Monte-Carlo replications.
The sample sizes are n = 1000, 2000, and 5000. The variances and MSE’s are
scaled with n. In the left panel, the propensity score is estimated with the logistic
function Pr(T'=1|X =z) = %; in the right panel, the propensity score
is estimated with the isotonic estimation. We can see that the misspecified logit
model cannot lead to satisfying estimators, and it presents stable biases and

growing MSE’s. The right panel with isotonic plug-in estimators does not suffer

from this issue and have stable performances across different sample sizes.

3.5.3 Comparison with other non-parametric plug-in es-

timators: smoothness conditions

\/n—consistency and efficiency can also be achieved with series or kernel plug-in
estimators. However, tuning parameters should be carefully chosen, such that
the high-order residual term and bias term disappear at fast rates. Moreover, the
smoothness conditions for the nuisance function can sometimes be demanding.

For ATE estimators, Hirano, Imbens, and Ridder (2003) require that

po(x) is continuously differentiable of order s > 7.
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Compared to our assumption:

Po(x) is monotone increasing.

We even do not need continuity. Let’s consider

Y=X-7%+T-5+e¢,

po(z) =Pr(T=1|X =2)=0140.8 x 1(z > —1), (3.28)

0.5.
X ~ U[—1.5,1.5]. We see from (3.28) that po(z) is a step probability function

where ¢ ~ N(0,1) and independent from X and T, 79 = 1, and 5y

with a jump point at —1. Figure 3.3 describe pg(x) and curves fitted with series

estimator and isotonic estimator.

Figure 3.3: The function (3.28) fitted with series estimators and isotonic estima-
tors

———

Pr

true

isotonic

series

true

isotonic

series

The sample size n = 1000. The black dotted lines are the function (3.28). The blue dashed
lines are series estimators. The red lines are isotonic estimators. In the left panel the series

length £ = 3. In the right panel the series length k = 6.

We see that series estimators cannot fit the discrete function (3.28) very well,
while isotonic estimators do good jobs.* The results are collected in Table 3.6.
It compares ATE estimates with series and isotonic plug-in estimators based on
5000 Monte Carlo replications. The sample sizes are n = 100, 1000, 2000, 5000,

and 10000. The MSE’s are scaled with n. Series estimations are conducted with

4We acknowledge that parametric sigmoid-CDF-type link functions, such as Gaussian and
Logistic functions, can also approximate the step function (3.28) well if the scale of the sigmoid
shrinks to 0. However, we would like to point out that (i) in this subsection, we mainly focus
on the comparison with non-parametric plug-in estimator; (ii) the parametric models might no
longer work well if there are multiple jump points.

71




different series lengths ranging from 3 to 6.

Table 3.6: ATE estimated with series and isotonic plug-in estimator

series

isotonic

length 3 4 5 6 -

n g n-MSE ig n-MSE iig n-MSE g n-MSE fig n-MSE
100 0.01 488.48 0.57  100.40 0.56 89.05 0.46  258.53 0.29 22.09
1000 -0.35 1637.11 0.43 72.82 0.44 73.97 0.42  229.40 0.42 19.28
2000 -0.49 3341.69 0.43 67.86 0.44 69.87 0.41 198.41 0.44 19.68
5000 -0.64 8470.42 0.43 82.86 0.45 68.90 0.37  241.87 0.46 20.59

10000 -0.73  17814.28 0.43 112.95 0.45 76.43 0.35  384.80 0.47 21.07

We can see that estimates with the series length 4 and 5 perform comparatively
well, but their MSE’s are still considerably larger than those with isotonic plug-
in estimators, and the biases of them seem not to shrink with the sample size
growing. In comparison, the estimates with isotonic plug-in estimators in the
right panel perform the best: MSE’s are much lower, and with the sample size
growing, biases are shrinking towards zero. Overall, Table 3.6 highlights two
merits of the proposed method: (i) it saves us the bother of selecting the tuning
parameter that delivers the best result; (ii) its performances remain stable and

well in the case of non-smooth monotone nuisance functions.

3.6 Application

Since the work of LaLonde (1986), National Supported Work (NSW) data and
its different variations were analyzed by many authors, including Dehejia and
Wahba (1999, 2002), Smith and Todd (2005), and Dehejia (2005). We follow the
setting in Dehejia and Wahba (1999) (hereafter, DW). The data is downloaded
from the website of Rajeev Dehejia (http://users.nber.org/ rdehejia/).

3.6.1 Data description

The dataset is a combination of observations from NSW and two other datasets,

Panel Study of Income Dynamics (PSID) and the Current Population Survey
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(CPS). In the NSW dataset, the treatment was randomly assigned, and thus the
ATE estimator calculated from the NSW dataset can be regarded as unbiased
and serve as a benchmark. Since no observation in PSID and CPS was treated,
the dataset, which combines the treated observations from NSW and the observa-
tions from PSID and CPS, can be regarded as a non-experimental dataset. The
comparison of estimators from the NSW dataset and this combined dataset can

be used to evaluate the non-experimental methods.

DW presents estimators from combinations of the NSW treated group and dif-
ferent subsets of PSID and CPS. In our application, we use the PSID-2 as the

control group, which is the second row of Table 3 in DW.

3.6.2 Estimation results

We choose the same set of covariates for the subset PSID-2 as DW. The details
are in the description under DW’s Table 3. Given these covariates, we estimate
ATE and ATT with plug-in logistic estimators and isotonic estimators. In Table

3.7, we compare these four estimators with those obtained by DW for the same

dataset.
Table 3.7: NSW-PSID2 estimation
Method Propensity score B se(B)
NWS random (benchmark) — 1,794 633
DW’s stratifying estimator logistic 2,220 1,768
DW’s matching estimator logistic 1,455 2,303
IPW ATE estimator logistic 1,888 2,175
IPW ATE estimator isotonic 1,841 1,723
IPW ATT estimator logistic 1,870 1,149
IPW ATT estimator isotonic 1,802 1,496

The first three rows are from DW’s Table 3. The last four rows are from our calculations. The

standard errors are calculated with bootstrap.

All the estimators from non-experimental data have comparatively large standard
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deviations. This is in line with the results of other authors analyzing this dataset.
Compared to other non-experimental estimators, the ATE and ATT estimators
with isotonic plug-in estimators seem to be closer to the benchmark estimator
in the first row. While the standard deviation of the ATT estimator with the
isotonic plug-in estimator is larger than its counterpart with the logistic plug-in
estimator, the standard deviation of the ATE estimator with the isotonic plug-in
estimator is smaller than its counterpart. Overall, the application results support

our estimation strategy.

3.7 Conclusion

We study a general framework of semiparametric estimation with plug-in isotonic
estimators. We show that the proposed estimator is y/n-consistent and asymptot-
ically normal. In the univariate case, the estimator is efficient. It generalizes the
estimation methods of existing semiparametric models with monotone nuisance
functions in the literature. Furthermore, we apply the estimator to the case of
inverse probability weighting for ATE models, where the propensity scores are
assumed to be monotone increasing. In this setting, the monotonicity assump-
tion is a natural implication of the binary selection model and characterize many

parametric models widely adopted in applied work.

We show that while the proposed estimator has a similar performance to meth-
ods with parametric plug-in estimators under correct specifications, it is more
robust against misspecification than the latter. Compared to methods with other
nonparametric plug-in estimators, the newly proposed method requires minimum
smoothness conditions on nuisance functions. Finally, we establish the asymptotic
validity of the bootstrap, which ensures that the estimator is tuning-parameter-

free in both estimation and inference.
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Appendix A

Proofs for Chapter 1

A.1 Proof of Theorem 1.1

Notation: We use the following notation. Let ||Gy||r = sup;cr [v/n(Pn — Fo) f],

|| - ||B.p, be the Bernstein norm under a measure P,

Hg(e, F, || - ||B,p) = logNy(e, F. || - llg,p,):

be the entropy of the e-bracketing number of the function class F under ||-||g p,,

and

1)
Jn<5):Jn(5,f,||-||B,p0)=/ 1+ Hoe F o[- llmm ) de.
0

A.1.1 Proof of existence and consistency

For fixed o and f (7 is also fixed by the uniqueness of reparameterization S(-), so

is 0). Let ¢p(u) = E[Y — X'f|Z'a = u|, which can be written as (by Ele|Z] = 0)

Yolu) = Elo(Z'a0)|Z'a = u] + (b — BYE[X|Za=u].  (A)

A similar argument to Theorem 5 of BGH implies that 6 exists with probability
approaching one. We now show the consistency of 6. Since 6 = 6, is estimated

in a compact set, there exists a subsequence {énk}keN of {én}neN almost surely
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converging to some point 6* = (5%, 4*). By Proposition 4 in BGH combined

with 6, 3 0*, we have

/ [0, (5()) — - (28(1) ) dPo(2) 0.

Also by Proposition 9 in supplementary material of BGH (hereafter BGH-supp),

the zero-crossing 6 becomes a root of the continuous limiting function, i.e.,
N p *

x
as k — oo, where ¢(0) = [ {y—a'B—1y(2'S(7)) }dPy(z,y, 2), and the
J(7)'z
equality follows from the definition of zero-crossing and the continuity of ().

Then we have

0 = (B—6")¢0")
— (00— 9*)// x 'Bo + 1o (2'S(10)) — 2'B* Py (2., 2)
Iz —{Elo(Z'S(v0))|2"S(v")] + (Bo — B*) E[X|2"S(v)]}

_ | B l / z — B[X|#'S(y")] (Bo — B*){x — E[X|z'S(v*)]} dPy(z, z)
" —7* I(v*){z = BlZ|'S(v)]} +1o('S(70)) — Eltho(Z' a0)|'S(v")] ’
= E[Cov[(Bo — B")'X + (vo — ") I(v")'Z, (Bo — B*)' X + 10(Z'S(70))| Z2'S(v*)]]

= E[Cov[(Bo —B")'X + Z'(S(v0) = S(v")) + 0o(v0 =7, (Bo — B*)' X +10(2'S(70))12'S(v")]]

= E[Cov[(Bo—B")'X + Z'(S(70) —S(v")), (Bo = B")'X +10(Z'S(%))|Z'S(v")]] + o(v0 =77,

where the second equality follows from (A.1), the third equality follows from

the law of iterated expectations, the fifth equality follows from an expansion of
S(70) around 7y = 74, and the last equality follows from A1l. Therefore, by A6,
0 = (6 — 6*)'¢(0%) holds true only if #* = 6y, and the consistency of 0 follows.

A.1.2 Proof of asymptotic normality

The proof is split into several steps.
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Step 1: Derive a decomposition of ¢,(6)

For each 0 = (f',~')', let u; = 2/S(y) and {u%g}?zl be the subsequence of {u;}!,
representing all the jump points of ¥,e(-). By the construction of 1ng(+) (see,
Lemmas 2.1 and 2.3 in Groeneboom and Jongbloed, 2014), we have >, 7" A 1{yz
/8 — hno(u;)} = 0 for each j = 1,..., k, which means

njy1—1

ng STy — 2l — duolw)} =0, (A.2)

Z’Vl]

for any weights {mj}?zl. As in BGH, we define for W = X or Z,

EW|Z'S(y) = un,]  if vo(u) > thno(un,) for all u € (un,, un,,,)
EnoWu] = E,g[W|2'S(7)] = EW|Z'S(v) = 3] if g(u) = 1/3”9(5) for some s € (un;, un, ;)

EW|Z'S(y) = un;,,] if g(u) < @ang(unj) for all u € (up;, Un,,, ),
(A.3)

for u € [upn,, un,,,) with j =1,... k (if j = k, set u,,,, = max u,,). By (A.2),
it holds

[ EualW1800Hy — B — 655G 5) =0, (A

for W = X and Z. Thus, ¢,(f) can be decomposed as

A~ ~

¢A®==7}/wa—xﬁ—¢wW$%hWA%%@
T [ ViY== 050 P a2

= T,(I+1I), (A.5)
k 0
where T), = ,
0 I3
ee _ (e EXESE L. [ EIXIZSG)) - B ylXISG)
o\ ammzrs@) )T\ BZIESG)] - B, 5l2128(4)]
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Step 2: Show IT = o,(n""/2) + 0,(0 — ;)
Note that the term /I can be decomposed as

1= [Vt = o8- 0,80 - R)(ev. 2

+ / Vitaly — 28 —vy(<'S(3))}dPo(x, y, ) + / Vira{$a(8(3)) = $,4(='S(3)}dPo(z,y, 2)
= Il + 11, + L.

First, we consider I1,. Note that Lemma 13 of BGH-supp and Lemma A.1 imply
the following (A.6) and (A.7), with probability approaching one:

~ C
H(e, ool M1)€ = (A.6)

for some C; > 0, where F, = (Cylogn) ' F, with some Cy > 0 and F, is defined

in (A.29) below. Also, there exists a constant C5 > 0 such that
1fl5.p0 < Ca(logn)n='72, (A7)

for all f € ]:"a. Let §,, = C3(log n)n*1/3 and 11, ; be the j-th component of I/,.
For any positive constants A and v, there exist positive constants K7, By, and

B,, such that K = K;logn and

P{|IT,| > An/%} = P {ufa,j\ > An 2, sup supldue(2)] < K} oY
0B(60,50) 2€ 2 2

IA
ESIAN

P {HGnHa > A, sup  sup [h(2)] < K} +
0€B(00,00) 2€2

El|Gnllz.  |supgesgy,5) SuUP:ez [Pno(2)] < K]

< +2

= A 2
—_BG.ll, | [Boal2)] < K] + 2

- nll £ sup  Sup [¥ne(2)| = 5
AC5logn Fa 9€B(0,00) 2€Z ’ 2

1 In(0n) v

< —J,(0,) [ 1 -

~  ACylogn ( )( * \/55%)+2
log n 1/2 ¢1 (Sn + 231/25711/2

< o +2B,261%) [ 1 : 5
1 B v

< oen)¥2n16 (14 P2\ ¥

N A( ogn)”n + (log n)3/2 ™ 9

INERZ
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for all n large enough, where the first equality follows from Lemma 8 in BGH-
supp, the first inequality follows from the definition of F, (in (A.29)), the second
inequality follows from the Markov inequality, the second equality follows from
the definition of F,, the first wave inequality (<) follows from van der Vaart and
Wellner (1996, Lemma 3.4.3) and the definition of d,,, the second wave inequality
follows from (A.6) and Equation (.2) in BGH-supp, the third wave inequality

follows from 9, < 5,1/ 2 and the definition of 0y,. Therefore,

11, = o,(n~/?). (A.8)

Next, we consider I,. Note that (see Lemma 17 in BGH-supp)

%E[lpo(Z'aoﬂZ/a = 2'a] ={z; — E[Z;|Z'a = 2|}y (2 ap), (A.9)

a=ag

for j =1,...,d. Using an expansion around 4 = 7o with (A.9) and E[¢(Z'S(7))]2'S(v0)] =
Yo(2'S(70)), we have

Eho(Z'S(70))|2'S(9)] = ¥0(2"S(70))+(¥—70)" I () {z—E[Z]|2'S(70) ]} (2'S(70)) +0 (¥ —70)-
(A.10)

Then we have

m = [vi { (B0 — B {a — BIX|S()]) } e
" | +0(S(00)) — Blo(Za0) (3]

_ /foi (Bo — B){z — E[X]'S(9)]} dPy(x. %)
—(¥ =)' I(0){z — E[Z]2'S(70)]}15(2'S(70)) + 0p(¥ — 70)

T — Z'S / 3 —
A ( e ) ARz 2) ( . ) +op(5 ~ )
J(0){z — E[Z|2'S(70)]}40(2'S(70)) ¥ =

= 0,(0— ), (A.11)

where the first equality follows from E[e| X, Z] = 0 and (A.1), the second equality
follows from (A.10), and the last equality comes from [V} dPy(z, 2) = 0,(1) and
boundedness of the functions z—E[X |2'S(7y0)] and J(70)'{{z—E[Z]2'S(70)]}¥,(z'S(0)) }-

Finally, we consider II.. Since E[W|2'S(v)] has totally bounded derivative for
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W = X and Z by A4, there exists Cy > 0 such that
|E[W|Z'S(y) = u] = Eno[WI|Z'S(7) = u] < Coltbg(u) — Pnp(u)], (A.12)

for each 6 € B(6y, o) and u € 1. By this, we obtain

L) = | / V= (65(S(3)) — ,(ZS(3)}dPo(z, 2)|
S / (al=S()) = 0,553 PdFi(2)
— 0,((log)*n 2/3> 0p(n2), (A.13)

uniformly in 6 € B(6y, dy), where the second equality follows from Proposition 4

in BGH. Combining (A.8), (A.11), and (A.13), we conclude that

IT = 0,(n™Y?) + 0,(0 — 6)).

Step 3: Decompose [

The term [ can be decomposed as

= Vi - a8 - (SR 2)
[ Vi = B - )N~ Ro)(o,2)
+ [ Vi ((#8(0) — DaZSGNBu(wyz) (A9
= I+ I+ L.

In the following steps, we show that

T.l, = —Tp / Vi Vi dPo(, 2)T5(0 — 00) + 0,(0 — 6y), (A.15)

T, = T) / Vool — 20 — bo(2/S(0) }(Py — Po)(x,7, 2)
o,(0 — ) + 0p(n~Y/2), (A.16)
I, = o,(n7'?). (A.17)

80



Step 4: Show (A.15)

JE G L VY
+n(S(0)) — Blbo(Z'a0)|8(3)

- v (80— B = BIX[=S()]} -
~(3 = 20) 30 {z = EIZ18(0) Wh('S(20)) + 0p(7 = 70)

8- Bo
’AY_’YO

— —/VLZV;Z’¢,dPO(:c,z)T6 ( ) + 0,(% = Y0),

where the the first equality follows from E[e|X,Z] = 0 and (A.1), and some
rearrangement, the second equality follows from (A.10), and the last equality
follows from the definition of V; ., and the fact that for W = X or Z, we have
EW|Z'S(%)] — EIW|2'S(v0)] = Op(¥ — 7). Now, (A.15) follows by

T, =T = Op('AY - ’YO)- (A.19)

Step 5: Show (A.16)

Decompose

T = To [ Vigty =o' = 05GP — P02
= (=) [ Vi — 2B - G5B — Ri)(w.12)
4Ty [ Ve 5 dal2S(00)) — G5(S(3) (P — P32
+Ty [V = Vo)l = ' = vu(Z500)}d (P — Fo)(2.1:2)

+%/wa—f%—MWSWMﬂM—HML%@
= (T, — To)[m + Tolyo + Tolps

T / Vaa{y — 2o — o(2S(30) }d(Bs — Po) (2., 2).
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First, consider I;. Note that Lemma 13 BGH-supp and Lemma A.2 imply the
following (A.20) and (A.21):

C
Hp(e, For, || - |5,m,) < ?1, (A.20)

for some Cy > 0, where F;; is defined in (A.31). Also, there exists a constant
(5 > 0 such that
1fll5,p, < Co, (A.21)

for all f € Fp1. Let Iy ; be the j-th component of Ij;. For any A > 0, there

exists a positive constant C' such that

_ 1 1 Jn(C2) C
P{|Iij| > An"?} < —E[||G,, S Ju(Co) [1+ =) <=

{| bl,]| > An }— A [|| ||.7:bl] ~ A ( 2) + \/5022 ~p
for all n large enough, where the first inequality follows from the definition of Fy;
and the Markov inequality, the first wave inequality follows from van der Vaart
and Wellner (1996, Lemma 3.4.3), and the second wave inequality follows from

(A.20), (A.21), and Equation (.2) in BGH. Thus, we have

Iy = O,(n~'?). (A.22)

Next, consider [s. Let Ip; be the j-th component of ;. For any positive

constants A, v, and 7, there exist positive constants C’, C3, Cy, and C5 such that
_ 1
P{| 1| > An~'/?} < T ElGall7 1B + 5 S

1 Cs(1+n'/?) v
< —C,nt/? A Sl A z A
~ ACM7 (1 V/n(C'n)3/2 Cs 2’ (A.23)

(CTIAN

1 J,(C'
< Licm) (1 " (—Z)c) ;

for all n large enough, where the event B, is defined in Lemma A.3. The first in-
equality follows from Lemma A.3, the definition of Fp» in (A.33), and the Markov
inequality, the first wave inequality follows from van der Vaart and Wellner (1996,
Lemma 3.4.2) and Lemma A.3 (by choosing C’ and 7 as therein), C5 is a con-
stant envelope of Fps, and the second wave inequality follows from Lemma A.3

and Equation (.2) in BGH-supp. Since we can choose 1 arbitrarily small, it holds

Iy = 0,(n~1?). (A.24)
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Finally, consider 3. This is similar to the case of I; but with one difference,
Vi, = Vi = 0p(1). Therefore we can use the same methods as for I, to find a
upper bound of the Le-norm (as we did in the proof of Lemma A.3 and (A.23).)

Thus, we have

Iys = 0,(n~'/%). (A.25)

Combining (A.22), (A.24), and (A.25) with (A.19), we obtain (A.16).

Step 6: Show (A.17)

Decompose

I = /‘Gfﬁz{wé(%g(ﬁ))—lﬁné(Z'S(@))}dPo(x,y,Z)

+ [ VEE(0(8(3) = D,alS)YAP, — Po)(w,.2)
= I+ Lo,

For 1.1, the law of iterated expectation yields

B X — E[X]|Z'S(¥)] s 1y D orega |
In.=FE|E A Z'S(9) | {vs(Z'S(7)) — ¥,,4(Z'S(4))} | = 0.
Z — B[Z|Z'S(7)]

A.26)
Now consider I. For any positive constants A and v, there exist positive con-

stants C7, Cy, and C” such that

IN

P{|Ls| > An~Y/2} g

o Cy(log n)3/2n711/2
“ig 12,172 [ 4
- logn) %, + NG +

C
< —lognn 0+ 2 <,

for all n large enough and 71, = C’(logn)n~'/3, where the first inequality follows
by Lemma A.4 and a similar argument to (A.23), and the second inequality follows

from the definition of 7,. Thus, we have I, = 0,(n~'/?), and obtain (A.17).
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Step 7: Conclusion

From Steps 1-6, we obtain

Y / V..V wdPo(e, )T — 6,)

+TO / V;c,z{y - 95/50 - w0(2/8(70>}d<]£bn - Pg)(l‘, Y, Z) + Op<n71/2) + Op(é - 90)

With B defined in A7, the central limit theorem implies

Vil —00) = VABTy [ Veuly — a6~ oS 00) (B, — R)(2.3.
+o,(1+v/n(f — 6y)) (A.27)
—  N(0,II).

A.1.3 Lemmas

In this subsection, we use the following notations:

Mprk = {monotone non-decreasing functions on [—R, R] and bounded by K},
Grr = {9:9(2) =ve(d'2),2 € Z,(¥,0) € Mgk x B(0, )},
Driy = {d:d(2) = g1(2) — 92(2), (91.92) € Grc, |ld(2)l|p, < v},

Hrxo = {h:h(7,2) =79d(2) — dao(2), (di,ds) € Dhye,, (7,2) € R x Z}.(A.28)

A.1.3.1 Lemma for /],

Let W; be the j-th component of X or Z. Then decompose

{EW;]S(7)] JWi1ZS(H)Hy — 28 — 0,5(2'S(3))}
= {E[W,]2'S(*)] JWi 'S Hy — 28}
—{EW;|'S(4)] — E, 5[W;12'S(A)]},5(#'S(%))

= di(2){y — 2B} — do(2).

— En’
— En
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Let

Fo=Af:fla,y,2) = di(2){y — 28} — da(2), (,9,2) € X x Rx Z}, (A.29)

be a function class of the integrand of 11,. To control the term I1,, we use the

following lemma.

Lemma A.1. For some K' ~logn and positive constant v, it holds
fa - HRK”U?
with probability approaching one.

Proof. We use the following facts.

a) By A4, E[W,|2'S(7)] is a bounded function with a finite total variation.

b) Emé[WHz’S(‘y)] is a discrete version of E[W;|2'S(7)] takes finite different

values from it, so it is also bounded and has a finite total variation.

c¢) By Lemma 8 in BGH-supp, maxy g g, 5,) SUP.cz 14, 5(2'S(3))| = O,(logn).
Thus, there exists K = Kjlogn such that iné € Mgk with probability

approaching to 1.

d) By Proposition 4 in BGH and (A.12), ||E[W;|2'S(¥)] — En7é[Wj|z’S(ﬁ)]||2 <

C4(log n)n*1/3 for some C; > 0.

e) The addition or multiplication of two functions with finite total variations

is a function with a finite total variation.

Then by Jordan’s decomposition and a), b), d), and e), there exist a positive
constant C larger than twice the bound of E[W;|2’'S(%)] and v; = Cy(logn)n=*/3
such that

di(-) € Drego » (A.30)

with probability approaching 1. Additionally, ¢) and d) imply ds(-) € Drgr, with
K' = Kylogn for a large enough constant K, > 0 and v = Cy(logn)?n~'/3 for
some Cy > 0. Now, since v; < v and Cy < K, setting § = y— /3 in the definition
of Hprr, in (A.28) yields the conclusion. O
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A.1.3.2 Lemma for [

Let W; (and w;) be the j-th component of X or Z (z or 2), § = y — zf3 as in

Lemma A.1, and

Fon = {f : flwj,y,2) = {w;=BW;|Z'SH)HI—vs(¢'S()}, (wj,y.2) € WixRxZ},
(A.31)
be a function class of the j-th component of the integrand of I;. To control the

term [, we use the following lemma.

Lemma A.2. For some positive constants C' and v, it holds
Fu1 C Hrew,

with probability approaching 1.

Proof. We use the following facts.

a) w; is bounded by [—R, R].

b) By A4, E[W;|2'S(¥)] is a function bounded by [—R, R] and has a finite total

variation.
c) By Al, A3, and (A.1), ¢, is a bounded monotone function.

Let di(2'S(7)) = E[W;[z'S(7)] and dy(2'S(7)) = E[W;[2'S(3)]¢4(2'S(7)). Any

function in F3; can be expressed as

{w; — EW;1'S(A)]Hy — 2’8 — va(+'S(3)}
= wiy — '8 = Yy(Z'S(A)} + di(Z'S(9))(y — 'B) — da(2'S(4)). (A.32)

By b) and c), we have
dl() S DRCOUl?

for Cy defined in (A.30), which is larger than twice the bound of E[W;|2'S(7)],

and some vy, which is larger than the Lo-norm of a constant function R (the
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upper bound in A1) on a compact support. Additionally, we have

dQ() € DRCN)27

for some positive constants C; and v,. Therefore, by setting § = y — /3 in the

definition of Hpg, in (A.28), the second and third terms in (A.32) satisfy

d (2'S(9))(y — 2'B) — d2(#'S(%)) € Hrcyo-

With similar steps we have:
wily — 2B = 4('S(4)} € Hroy,

for some positive constants C} and v}. By choosing C' > max(C1,C,) and v >

max(vq,v}]), the conclusion follows. O

A.1.3.3 Lemma for [,
Let

Fr2 = {f [ (wy, w, 2) ={w; — E[W;]2'S()Ha'Bo — /B + vo(2'S(70) — vs(2'S(4)}

, (wy,x,2) € Wy X XXZ}, (A.33)
be a function class of the integrand of I ;, the j-th component of Ij;. To control
the term I3, we use the following lemma.

Lemma A.3.

For any positive constant n, we define the event B, as

B, = { sup 2By — 2B + Yo (2'S(70)) — a('S(H))] < 77} :

z,2€X x Z,0€B(00,50)

1. For some C' > 0, it holds Hg(e, Fpa, || - ||p,) < g

2. For any positive constants v and 1, it holds P(B,) > 1 — 5 for all n large

enough.
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3. In case of the event B,, there exists C" > 0 such that || f||o < C'n for all
f € Fuo.

Proof. Both E[W;|2'S()] and vo(2'S(7y0)) — ¢4(2'S(¥)) are bounded functions
with finite total variations. Thus, they should have entropy of order % for some
Cy > 0. Also, both w; and ('8 — 2 B) are bounded. Thus, they should have
entropy of order % for some Cy > 0 (see, Example 19.7 in van der Vaart, 2000).
Combining these results, the statement (1) follows. The consistency of 6 and

Lemma 19 of BGH-supp imply the statement (2). The statement (3) follows
from the definition of Fps. O

A.1.3.4 Lemma for .,
Let
Feo = {f : fw;,2) = {w;— EW;|Z'SA)IHs(2'S(4) = ,p('S(9)}, (wy,2) € Wyx 2},

be a function class of the integrand of I, ;, the j-th component of /.. To control

the term [, we use the following lemma.

Lemma A .4.

1. For some C > 0, it holds Hp(e, Fo,|| - ||p,) < % with probability ap-

£

proaching 1.

2. There exists a C' > 0 such that ||f||p, < C'(logn)n='/3 for all f € F.

Proof. We use the following facts.

a) w; is bounded by [—R, R].

b) By A4, E[W;|2'S(¥)] is a function bounded by [—R, R] and has a finite total

variation.

c) By Al, A3, and (A.1), ¥ is a bounded monotone function.
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d) By Lemma 8 in BGH-supp, sup,cz |@/A)né(z’8(&))| = Oy(logn). Therefore
there exists K = Kj logn such that T;né € Mgk with probability approach-
ing to 1.

So, in the case that 'Q;né € Mpgxk:

1) {¥s(2'S(7)) — @/A)né(z’S(ﬁ))} is bounded by K + R with a finite variation.

2) EIW;|2'S(){vy(#'S(%)) — &né(z’S(&))} is bounded by R(K + R) with a

Cilogn
€

finite variation, and the function class has an entropy of order for

some C7 > 0.

3) From Lemma 10 of BGH-supp (by taking w; as § in that lemma) and 1)
above, the function class of w;{;(2'S(5)) — %, 4(2'S(7))} has an entropy of

Calogn

order for some Cy > 0.

From 2) and 3), the conclusion follows. O

A.2 Proof of Theorem 1.2

Existence and consistency of 6 can be shown similarly as in Appendix A.1.1. The

rest of the proof is split into several steps.

Step 1: Derive a decomposition of &, (6)

In the same spirit of Step 1 of Appendix A.1.2, we introduce a piecewise constant

function ppg. Let {un,}5_; be all the jump points of the monotone LSE Unp (10).
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We define for u € [uy,;, un,,) (if j =k, set u,,,, = max u,,)

(W u) = pno(W|Z'S(v))

Similar to (A.12), we have for each 6 € B(6y, dp)

Similar to (A.4), we have

for W = X and Z. Thus, &,,(6) can be decomposed as

E[X|Z'S(y) = up,]  if Pg(u) > Uno(uy,) for all u € (up,, tn,,,),
Po(X|u) = E[X|Z'S(y) = 5] if g (u) = 1hng(s) for some s € (un;, un,,, ),
E[X|Z'S(v) = un,,,] if o(u) < Yno(un,) for all u € (up,, un,,,),
E[Z|Z'S(7) = un,|¥p(un,) if Yy (u) > Vg (up,) for all u € (un,, Un,,, ),
pno(Zlu) = S E[Z|Z'S(7) = s]y(s) if g (u) = 1hng(s) for some s € (up;,un,,, ),

B[Z|Z'S(Y) = un,, J¥p(tn,,y)  if Po(u) < Upp(un,) for all u € (un,, tn,,,).

|E[Z|1Z'S(v) = ultbp(u) = pus(Z|u)| < Coltb(u) = thno(u)|- (A.34)

[ 2uasWIES Ny = 26— d,5(5(3))}Ba,y.2) =0,

fnh(9~> =T, / ‘/]gf;zzh,qp/{y - SL’/B - ané(Z/S(?)}d]P)n(aj, Y, Z)

T, / VES {y — 2 — §,5(ZS(3) AP (2,9, 2)

=T,(I" + I1"),

0 J&

I O
where T, = , and
)I

T,z
VI,nh,d;’

V207

T,z
VII,n

z — E[X|2'S(7)] _—
2 1Q/~ Q[ ~ 1y~ ) Ingy —
207, 5(Z'S(3)) — BZ]2/S()vy('S(%)) [
z — E[X|2'S(70)]
[z — E[Z]2S(0) ('S () |
E[X|Z'S(3)] - p,, 5(X]Z'S(7)) |
E[Z|2S()5(2'S() — 5, 4(Z17'S(H))

Note: T, and V}7;, are redefined for 6 in Appendix A.2.
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Step 2: Show 17 = 0,(n~"/?) + 0,(6 — 6))
Decompose

18 = [ Visty -5 - b8P - P)(a.v. 2
+ [ Virdy - a8 - w5 G) NP .. 2)
+ [ VS5 ~ a2 VPl

= IIF 4+ 117 + 117

First, we consider ITF. By A8, 1,(2'S(¥)) is uniformly bounded with a bounded
total variation. Therefore, E[Z|2'S(7)]¢y(2'S(7)) is also uniformly bounded with
a bounded total variation, and all the arguments in Step 2 of Appendix A.1.2 can
be applied to show ITF = o,(n=1/?).

Next, we consider II)7. For the redefined V;75 , we still have [ V7% dPy(z,2) =
0p(1) and boundedness of the functions z — E[X|z'S(7)] and

J(v0)'{{z — E[Z]Z'S(70)]}¥y(2'S(70))}. Thus the same argument as in in Step 2
of Appendix A.1.2 yields ITF = 0,(8 — 6;).

Finally, we consider IT®. By (A.12) and (A.34), the same argument in Step 2
of Appendix A.1.2 implies I1Z = 0,(n"/?). Combining these results, we obtain
ITP = 0,(n"'2) + 0,(6 — 6,).

Step 3: Decompose I”
Note that

I = T [V ly 25— b5 Pz,
— [ Vil - 28 - 0s(z8(3)}dRy(a. v, 2
+ [ Vinoty = a5 — SN} — P32

= [ Vi A0s(5(3) — 6,55}, 2)
= IF+IF+ 1P
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In the following steps, we show that

T,I° = -T, / Voo Vi dPo(2, 2)TH(0 — 0p) + 0,(0 — 0p),  (A.35)
TP = To [ Veear{y = 2'60 — o(S(0)}(Bs ~ R)(a,1:2)

+0,(6 — 6p) + 0,(n"1?), (A.36)

IF = o,(n7?). (A.37)

Step 4: Show (A.35)

Decompose
- / Viuly = 2'B = 05(<'S(3)}dPo(2, y, 2)

+/ ( ~ 5 O 5 ) {y—a:'[;’—wé(z’S(:y)}dPo(a:,y,z)
2 ,5(28(7) — U5('S(7))]

= 15+ 15
By a similar argument as in (A.18), we have

[51 = —{ /‘/;7z7¢/‘/¥7z’¢/dpo(l'7 Z)}Tol(é — 90) + op(é - 90)

and

15 = — {/ ( ) ’ ) V}c”z,wdpo(x,z)} T3 (0—60)+0,(6—6p).
AW g(Z'S(7)) — 5(2'S(7))}

From @Z};hﬁ(z'S(i)) —P5(2'S(7)) = 0p(1), V., v = Op(1), and the compact sup-
ports of z and z, it holds I%, = 0,(f — 6). Thus, we obtain (A.35).
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Step 5: Show (A.36)

Decompose

T.JE = T, / VEE Ay — 2B — 05('S(5) (B — Po)(a,3, %)

+Tn/( o ){yw Ga('SG) B, — Po) (., 2)
{4, 5(ZS(7)) — ¥5(#S()))

= T.IE + T,I5.
By similar steps as in Step 5 of Appendix A.1.2 combined with A8, we can derive
Ty =T / Vi e {y—2' Bo—1b0 ('S (70) Yd(Pn—Po) (, y, 2) 0, (0—60) +0,(n~'/?).

By Lemma 23 in BGH-supp, the analysis for T}, 1 is similar to the one for I3 in
Step 5 of Appendix A.1.2. Therefore, we have T, I% = o0,(n"'/2), and (A.36) is

obtained.

Step 6: Show (A.37)

Decompose

1F = [ Vi o AvslES0) — b8 NP, 2
+ [ Vi C56) — B8 EINE, — o))

= I5+15
For T4, note that
15 = [ Vig AvslES0) — b5 NPy,

+ / ( A N ] ) {03(S(9) — $,5('S(3)) }dPo(x,y, 2)
{1, (ZS()) — UH(=S(3)}

0 A~
- /( Z\u{ [ K (452) di,(x) - L(u)} ){%(“)@Dné(u)}df’o(“)y

(A.38)
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where the last equality follows from a similar argument in (A.26), a change of
variables u = 2'S(%), and the definition of lznhﬁ(u)' We know E[Z|u] = O(1) and
[{Ws(u) = b, 5(u)}2dPy(u) = O,((logn)*n~2/3) by Proposition 4 in BGH. Also
note that

= e (M) it — sty + - K(”;””)dw(x)—wg(u)
+

P (55 o) = v
(A.39)

where the second equality follows from integration by parts and A9. With small h,
o [ K (M55) ((2) =thg(x))da ~ 4 (d,q(u) —vg(w)). And j [ K (%52) dg(e) -
¥5(u) is a typical bias term of a kernel estimator, which is of order h? by A9.

Plugging (A.39) into (A.38), the Cauchy-Schwarz inequality and A9 imply

15 = Oy((logn)*n ") - 0, (n"7) + Oy((logm)n ™) - Oy (n7) = 0, (/%)
(A.40)

For I%, A8 and Lemma 23 in BGH-supp imply that both z@%h’é(z’S(i)) and
E[Z]2'S(9)]5(2'S(7)) are bounded with finite total variation. By a similar ar-
gument to Step 6 of Appendix A.1.2, we have I5 = 0,(n/?). Combined with
(A.40), we obtain (A.37).

Step 7: Conclusion

From Steps 1-6 above, we obtain

0 = gnhw)
= _TO/‘/:E,va"/;,z,w’dp()(x?Z)Té(é_00)

+To / Vi {y = @'Bo — Yo(2'S(30) (B — Po) (2,9, ) + 0p(8 — o) + 0, (n~1/?).
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With Bpg defined in A7, the central limit theorem implies

V(@ —6,) = nBp'Ty / Vazwr{y — 2 Bo — 1o (2'S(0) }d(Pr, — FPo)(2,y, 2)
+op(1 + \/ﬁ(é —6o))

A.3 Proof of Theorem 1.3

Here we adapt the relevant proof in Groeneboom and Hendrickx (2017) (hereafter
GH) to the monotone partially linear single index model. Let ¢} (-) be the score

function in the bootstrap sample. By definition (1.4),

6.0 = [ (i Jlo =8 = . 5G MaBo12),

)=

where P, is the empirical measure. Suppose

Cb;:(é*) = —B(é* —00) +To / V;:,z{y —a'fy — %(Z/S(%)}d(ﬁpn —Pn)(z,y,2) (A.41)

1o / Vx’z{y - l’/ﬁo - wO(Z/S(’yO)}d(Pn - Po)($, Y, Z) + opy <n71/2 + (é* - 60))
where Py is defined in p. 3450 of GH. Then with ¢*(6*) = 0 and (A.27), we have

V(0 =) = nB™'T, / Ve o{y — 280 — Yo (2'S(0) }d(B — P) (9, 2)
+opy, (1 + /(0" — 65))
—  N(0,1I),

and the conclusion follows by Theorem 1.1.

It remains to prove (A.41). Similarly to Proposition 4 in BGH and (6.21) in GH,

we can obtain the L2-rate as

oup. [ (0252~ ¥o(SC) a2, 2) = Oy (07),
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> — E[Z|S(3)] e

v ( v~ BIX|/S(")] ) v ( BIX|2'S(3)] - B, 4[X|2'S(7")]

where E* ,[W|u] is similarly defined as in (A.3). With similar arguments in Steps

1 and 2 in Section A.1.2, we can show that

~

o,(67) =T, / Vi dy—a'B" =4 5. (/S(3))}dPu (2, y, 2) +op,, (n™ 2+ (6" —60)).
(A.42)
For the first term of (A.42),

7 [ Vs =5 = g (IS},
= T [ Vidy— a8 - 6 (5GP,
AT [ Vi = '8 = . (5GP 0.,

= T +TII

T I* is the bootstrap version of T,,1, in (A.16). Therefore, with a similar argu-

ments in Step 5 of Section A.1.2, we have

T =T, / Vi — /By — do(#'S(10)}d(Bo — Po)(2, 1, 2) + 0y, (% + (67 — 6)).

(A.43)

T*II* is actually the first item of (A.5), T,I, evaluated at 6*. It can be decom-
posed as in (A.14). With similar argument from Step 3 to Step 6 in Section A.1.2,

we have

T = —T, / VooV prdPo(, 2)TH(0" — 65)
1o / V. {y — 2'Bo — ¥o(2'S(70) }d(Pr, — Po)(z,y, 2) + OP(n*l/2 + (é* —60))

= —B(0"—60) + Tp / Va:{y = 2'Bo — o (2'S(10) }d(Pr, — Po)(2,y, 2) (A.44)

+0Py, (n71/2 + (é* - 90))7

where the last equality follows from the definition of B and the fact that any
item of order op(n=2 4 (§* — 6,)) will be of order op,, (n=/2 + (§* — 6)).

Combining (A.42), (A.43), and (A.44), we have (A.41).
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Appendix B

Proofs for Chapter 2

B.1 Proof of Theorem 2.1

Here we denote go; = §:(50), So = S(5), and Jo = J(Bo).

Note that (i) X has a bounded support (by Assumption Al), (ii) max|Y;| =
O,(logn) (by Assumption A2 and Lemma 7.1 of Balabdaoui, Durot and Jankowski,
2019), and

(i) sup,ecxr Wﬁo ('Sp)| = O,(logn) by Lemma 8 of the supplementary material
of BGH (hereafter BGH-supp). Combining these results, it holds

max |§o;| = Op(logn). (B.1)

1<i<n

Thus, an expansion of (2.8) around A\ = 0 using the same argument in Owen

(1991, proof of Theorem 2) based on (B.1) implies

—1
A_lnAA/ 1"A —-1/2
A= [; ;:1 901‘901‘] - ;:1 Goi + 0p(n"17). (B.2)

97



A second-order expansion of (2.7) around A = 0 using (B.2) yields

A+ 0,(1)

((Bo) = 2N goi— N [nggsi
=1 =1
-1

/
1 . I~ ., 1 .
= |\ = Z goi | | Z QOiQOi] <— Z gOi) + 0p(1).
(ﬁ i=1 ) [n =1 \/ﬁ i=1
Then it is enough for the conclusion to show that
1 - A Ap D / 2 !
— iJo; — V = J Ele” X X' Jo, B.3
0 ;go Yoi ToEle 1Jo (B.3)

% D> doi 4 N(0,3). (B.4)

We first show (B.3). Decompose

1 - NN / 1 - / / 1 - / 7 ! /
n ;gm’gm’ = J [E ;:1 G?XiXi Jo + Ty n ;{wO(XiS()) — P, (XiSO)}2XiXi] Jo
+Jt 3zn: {0(X!S0) — s (X!So)}Y X, X! | T (B.5)

oniﬂez 02450 Bo \ <20 i<%i | Jo- .

By the law of large numbers, the first term of (B.5) converges to V'; by Proposition
4 of BGH and Assumption Al, the second term converges to zero; by p.23 of
BGH-supp and Assumption Al, the third term converges to zero. Combining

these results, we obtain (B.3).

We now show (B.4). Let P, be the empirical measure of {X;,Y;}* |, Py be the

true measure of (X,Y’), and

E[X|2'So] = E[X|X'Sy = u] evaluated at u = 2'Sy.
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Decompose

S i = 3 [ oy DS
— 3, [ o= ELXIS My — b 500}, )
+3, [ (BIX 1050 — Bale'So)} o — s a'S0) B,

11, / Eo(#'So)y — d (2/S0) }dPo(y, )

= Jo(I+II+1I1),
where
( R
E[X|2'Sy = Tis,] if ¢o(u) > g, (u) for all u € (7, 7i41),
Ey(u) = < E[X|2'Sy = $] if 1ho(s) = 1bg, (s) for some s € (1, 7141), (B-6)
EIX|2'Sy = Tiv1s,] if ¢o(u) < U (u) for all u € (73, Tig1),

\

and 7,5, is the sequence of jump points of 1[150. By the definition of E,(2'Sy), it
holds 711 =0 (see, (C.10) in BGH-supp).

For 11, decompose

= / (EIX2/So] — Ea(2/So)} {y — D ('So) }d(P — Po)(y, )
+ [{BRIS) — Bu(w'SHy — ¥ (a'S0)}dR(1,2)
n / {EIX|2'So] — Bo(2'So) Hiso (2/S0) — vol('S0) }dPo(y, z)

= II,+1I,+1II,. (B.7)

The same argument as in pp. 19-20 of BGH-supp guarantees I, = op(n_l/ 2) and
I, = 0,(n"/?). For II., using (C.11) of BGH-supp and Proposition 4 of BGH,

we have

ML < / (93n('S0) — bo(a'So) P dPo(y, @)

= Op((logn)*n~?%) = 0,(n~"/2),
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for some C' > 0. Therefore, we obtain
IT = o,(n~"?). (B.8)
For I, decompose

I - / {2 — B[X|2/So]Hy — vo(2/So) }dPu(y, )

+ [ = BXIS}Hun(w'S0) — 6 (50)}dPa (v 2)
I, + 1.

From pp. 21-22 of BGH-supp, we can show that I, = o,(n~/2). Therefore,

% Z goi = Jo /{:c — E[X|2'So]Hy — to(2'Se) YdP,(y, z) + 0,(n~'/?)

1 & . ~
= Ip> > (X0 - BIXIX[Sil}e + o,(n /), (B.9)
=1

and the central limit theorem implies (B.4). Therefore, the conclusion is obtained.

B.2 Proof of Theorem 2.2

Based on Hjort, McKeague and van Keilegom (2009), it is sufficient for the con-

clusion to show that

X'1Jo, (B.10)

(E[X
f{M*<B> M,(B)} % N(0,3), (B.11)

where B is obtained by solving (2.4). For the validity of bootstrap, we add the

following assumptions.

A3 There exists dp > 0 such that the mapping u — F[Y|X'a = u| is monotone

increasing on I, = {z'a, z € Z} for each o € B(w, o).

A4 For all 8 # B, with S(8) € B(aw, dp), Cov[(Bo—8)'T(B)' X, 1ho(S(Bo)' X)|S(8)' X | #

0 almost surely.
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A5 JoE[g (X' ag)Var(X|X'ao)Jo is non-singular.

By BGH, it can be shown that under A1-A5, 3 is consistent and \/ﬁ(ﬁ — Bo) is
asymptotically normal. Let ¢3(u) = E[Y|X'S(8) = u]. For (B.10), note that

— ~

Vo= J(B) [ ZX{EHr%(XS(B)) Da(XiS(6 ))}QX’] J(B) + 0,(1)

n

— {Jo+ o1 {% > XX+ op<1>} {30+ 0, (1)},

i=1

where the first equality follows from ¢o(2'S(8o)) — ¢5(2’ S(B)) = 0,(8 — Bo) for
almost every = (by p. 26 and Lemma 17 of BGH-supp) and the consistency
of B ; the second equality follows from a combination of Proposition 4 of BGH,
Assumption Al and A3, p.23 of BGH-supp, and the consistency of B . Thus, by

the law of large numbers, we obtain (B.10).

We now prove (B.11). Note that M*(8) — M,(5) = M*(5) by (2.4). Let B, be
the empirical measure of the bootstrap resample. Decompose
Mi(5) = 3O [~ BOSG)Hy — 93('S(3) B,
B [{B(X10S(5) ~ B('S()Hy - 03(a'S(3))} B,
HGY [ By - b6,

= "+ I +III, (B.12)

where E(-) is defined similarly to (B.6) with respect to Qﬂ; Again, we have
I11* = 0 by the definition of E*(-). For II*, similar to (B.8) and p. 3481 of
Groeneboom and Hendrickx (2017) (GH hereafter), we have IT* = op,, (n"1/2),
where Py, is defined in p. 3450 of GH.
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For I'*, decompose

I = 3G [{o - BXISG)Hy - GySE)dE, - P
HIGY [ o~ BEOS(3) Hy - d5(a'S(3) P,
HIGY [~ BXIS(E)}(05(S(5) — 93('S(3)} P
= I+ L+
For I, (2.4) and pp. 19-20 of BGH-supp combined with § — By = O,(n~"/2)
imply

A

i = IB) / 2{y — 5(«'S(3))}dP,
33y / (B(X|Z'S(B)) — En(@'S(B)}Hy — &5(='S(3)) )P,

= Op(n_l/Q)-
For I*, (6.21) in GH and pp. 21-22 of BGH-supp yield

I = 36) [{a - BIXISE)H05(S(5) ~ I5('S(3) P
HGY [ - BXISED}H{5(S(5) — v3(a'S(3)} P,

= op(n_l/ 2.
Finally, for I, we have

I; = J(B),/{ﬁ — E(X2'So) Hy — Tﬁo(xlgo)}d(@)n —P,) +op, (n_l/Q + (B — Bo))

= 30 [{o - BOOIS0))ed B, — B + o (0,

where the first equality follows from a similar argument to (6.25) in GH, and the
second equality follows from a rearrangement and B — By = O0,(n~1/?). Combining

these results, we have
M; () = Ma(5) = 3(3Y [{ = B(XI'So)}ed(B, — Bu) + o (),

Comparing this and (B.9), the central limit theorem yields (B.11). Therefore,

the conclusion follows.
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Appendix C

Proofs for Chapter 3

C.1 Proof of Lemma 3.1

The proof here is based on the supplementary material of BGH (hereafter BGH-
supp). Similar techniques can also be found in Groeneboom & Jongbloed (2014)
and Groeneboom & Hendrickx (2018).

Let {xn 1 be the subsequence of {z;}"; representing all the jump points of
p(+). By the construction of p(-) (see, e.g., Lemmas 2.1 and 2.3 in Groeneboom
and Jongbloed, 2014), we have Zn“” 1{% p(x;)} = 0 for each j = 1,... k,

which implies
njy1—1

ij Z {y; — } =0, (C.1)

for any weights {m;}*_,. (See also Barlow and Brunk, 1972). We define the step
function &, (x):

§(n,) if po(w) > p(y,) for all x € (2, 7n,,,)

on(z) = 6(s) if po(s) = p(s) for some s € (2,,,7p,.,) -

0(2n,,,) if po(z) < P(ay,) for all z € (2, 2p,,,)

\

for v € [z, 2n,,,) with j =1,... &k (if j =k, set x,,,, = max x,,). By (C.1), it
holds
/5 x)}dP,(z) =0,
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Thus, we have

— [16(2) = By - Pl ©2)

By assumption, d(x) is a bounded function with a finite total variation, so is

dn(x). Therefore, by a similar argument as in pp. 18-20 of BGH-supp, we have
[16(z) =8, ()] (y—p(x))dP,(2) = 0,(n~1/%). We see that (C.2) can be decomposed

as:

=l +11+1I1.

By Lemma 21 in BGH-supp, both §(x) — 0,,(x) are bounded functions with finite
total variations. With similar arguments in Groeneboom and Jongbloed (2014)

we have some Cy > 0, with all z € X

6(x) = ()| < Colpo(x) — p(a)]. (C.3)

For I, let us define the following function classes

Mgk = {monotone increasing functions on [—R, R| and bounded by K},
Gr = {9:9(x) =p(r),z € X,p € Mrk},
Driy = {d:d(2) = gi(z) — 02(2), (91,92) € G, [1d(@)], < 0},

Hrro = {h:h(y,z) =ydi(z) —dao(z), (di,ds) € D2ye,, 2 € Z}. (C4)
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And we have the integrand of [

=[0(z) = on(@)ly — [0(x) — 0n(2)]p(x). (C.5)

Let

Fo={f:f(z) =[0(z) = ou(2)ly — [6(2) — dn(@)]p(), 2 € Z}.

We note:

(i) By Lemma 21 in BGH-supp, [0(z) — 0,(x)] is a bounded function of = with

finite total variation.

(ii) By Assumption A3, we can show sup,cy [p(z)| = O,(logn) (See, e.g., Lemma
7.1 in Balabdaoui, Durot, and Jankowski, 2019). Therefore, there exists K; > 0,

such that p(z) € Gr(x,10gn) With probability approaching one.

(iii) By (3.11) and (C.3), we have ||§(z) — 0, (2)|]s < Ci(logn)n~'/3, for some
C7 > 0. Thus, there exists a positive constant C5 that is larger than twice the

bound of §(z), and v; = C;(logn)n~Y/3, such that [§(z) — 6,(z)] € Dreye, -

(iv) By (ii), a similar argument of (iii), (3.11), and Jensen’s inequality, we have
[6(x) — 6,(2)]p(x) € Dr(Ky10gn)es for a large enough constant Ko > 0 and vy, =

Cs(logn)?n~'/3 for some Cy > 0, with probability approaching one.

We choose K = max{Cy, Kylogn} and v = max{v;,v2}. Now we have (C.5)€

HRKU'

Define ||G,||7 = supsez |[v/n(Pn — Fo) f|. Let Ny(e, F, || - ||) be the e-bracketing

number of the function class F under the norm || - ||, and
HB<€7]:a || : ||> = IOgNH(5,]:, || ' ||)

be the entropy of Ny(e, F,|| - ||), and

é
o8, 11 1) =/ VI Hye, F ][ e
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Let || - || s,p, be the Bernstein norm under a measure Fy. In this section, we use

Jn(8) to denote J, (3, F, || - ||.p) -

By similar arguments in Lemma 13 of BGH-supp (In our case we can ignore the

single-index coefficients), we have, with probability approaching one:

- C.
HB(€7*F&7 || : HB,P0> S ?37 (06)
for some C3 > 0, where F, = (Cylogn)~tF, with some Cy > 0. Also, there exists

a constant C5 > 0 such that
1f115.p, < Cs(logn)n~ /2, (C.7)

for all f, € F,, with probability approaching one. We use & to denote the event
that both (C.6) and (C.7) happen, and we have lim P(&) = 1.

n—00

Let d, = Cs(logn)n~'/% and I; be the j-th component of I. For any positive
constants A and v, there exist positive constants By, and By, for all n large

enough, such that

P{|I;| > An™'?} < P{|I;| > An"'/2, &} + P(&°)
v
< P{Gllz > A6} + 2
. EliGuls, 18] v
- A 2
. C4logn 1%
= ZERR)Glls, \éﬂ .
Cylogn
<
()
1/2 1/2
A \/_52 2
1 B v
< - 3/2,,-1/6 by v
S A(logn) n (1+(logn)3/2)+2
S v (C.8)

The second inequality follows from the definition of F,; The third inequality
follows from the Markov inequality, the first equality follows from the definition

of F,, the first wave inequality (<) comes from Lemma 3.4.3 of van der Vaart
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and Wellner (1996) and the definition of §,, the second wave inequality comes
from (C.6) and Equation (.2) in BGH-supp, the third wave inequality follows

from ¢, < 5,1/ 2 and the definition of §,,. Therefore,

I =o,(n""?). (C.9)

For 11, we have by the law of iterated expectation.

11 = / 5(@) — 6,(2)](y — po(a))dPy(2) = 0.

For 111, we have

111 = / 6(2) — 5.(2)) (o) — P(2)) AP (2)
< / (bol) — () *dPo(2)

= 0,((log)*n*%) = o,(n""/%),

Where the first wave inequality follows from (C.3), the second equality follows
from (3.11).

Combining the rates for I, I1, and 11, the conclusion follows.

C.2 Proof of Proposition 3.1

Under A1-A4 and Lemma 3.1, we have 3"  E[D(Z, )| X:|(Y; — p(X;)) =

0,(n~Y/2). Then we have

> (e 65()) = 0 (.10)

- D> {m(z8,5()) + EID(Z, Bo)| Xi)(Yi = H(Xi))} = 0,(n 7).

(C.11)
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Let /3 be the solution of (C.10), and 3 be the solution of
1< . .
= {mlz.8.0()) + E[D(Z, Bo)| Xi)(Y; — H(X:))} = 0.
i=1

Then by (C.11), the difference of \/n(5 — fo) and /n(3 — Bo) is 0,(1).

C.3 Proof of Theorem 3.1

The proof is a combination of the techniques for isotonic regression applied
in Groeneboom and Hendrickx (2018) and BGH, and the framework of Newey
(1994).

Let u =y — po(x) and M(z) = d(z)u. We verify Assumptions 5.1-5.6 of Newey
(1994).

Step 1: Verify Assumption 5.1 of Newey (1994).

Assumption 5.1 (Newey, 1994): (i) There is a function D(z,p) that is linear in p
such that for all p with ||p — po|| small enough,

/m(z,p) — m(z,po) — D(z,p — po)|| < b(2)|lp — pol|*;

(i) E(b(Z))/nllp — pol[* = 0.
(i) is a restatement of A6 (i). (ii) can be derived by A6(ii) and the fact

16 = ol = Op((logn)*n™>/?).

(See, e.g., Theorem 9.2 and Lemma 5.15 in van de Geer, S., 2000).

Step 2: Verify Assumption 5.2 of Newey (1994).

Assumption 5.2 (Newey, 1994): L5~ D(z, p(z)—po(z))— [ D(z, p(z)—po(z))dPo(z) =

op(n_l/Q).
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By A5, we have

> DA, ) — mola) - / Dz, fo, () — po())dPo(2)
— [ DGz A)aola) — DB, ~ o)) (C.12

let
Fo={f: f(2) = D(z, Bo)(po(x) — p(2)), = € X}.

To avoid heavy notations, we re-define some constant terms in this subsection,
such as A;, C;, K;, ,,, and v, etc.. They are not related to those constants with

the same names in other sections.

By similar arguments as in Section C.1, for some C,Cy > 0, we have

pg([)ﬁ) - 15(93) S IDR(Cllogn)(Canl/B 1Ogn)7 (0.13)

with probability approaching one.

By Theorem 2.7.5 in van der Vaart and Wellner (1996) and Lemma 11 in BGH-
supp, with R, C,v > 0, we have

A

HB(‘C:)DRCU) H : HPO) < T’

for some A > 0. Now we define
HE, = {h: h(z) = D(z, Bo)d(x), d(-) € Drcw, = € Z}.

Now we let D(z, ;) € RL. This is just to simplify the notation of the following
proof, i.e., the following steps hold for any D,(z, 8y) with j € {1 : k}, the j-th
row of D(z, ().
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Let (dL, dU) to be any e-bracket of the function class Drg,, and

v | Do) ) i D, o) > 0

D(z, By)dY(z) if D(z,By) <0

and

D(z, 8y)dY (z) if D(z,By) >0

hY = :
D(z, Bo)d"(x) if D(z,By) <0

We see that (hL, hU) is a bracket of h, its size is

/Z[hU(z)—hL( ] dPy (= /Dzﬁo (dV(z) — d"(x))* dPy(z)
= [ BIDGale] (@)~ d4(@)° deao)

_ 2
—A1€,

for some A; > 0. The last equality follows from Assumption A4 and the definition

of e-bracket. Now for some A > 0, we have

C
Hy(e, Mg || llr) < — (C.14)

Now we switch to Bernstein norm since we do not want to put a bound on

D(z, ). By the definition of Bernstein norm

121155, = 2P0 [exp(|h]) — || = 1]

—2/2 — |h|FdPy(2)

where the second equality follows by the extension of the natural exponential
function. Now we try to bound the Bernstein norm of “ —, where H is some

positive number we choose in the following steps to achieve a finite upper bound.
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Il =2 Zm k"D 2, Bo)d(x) By 2)

<9 / Z e ID (e, o) ()] B 2)
SQiiMk!M{C_ch/M(l’)FCﬂPO(Z)

HE Kl
2 < (2M,C)F? )
=1 Z ez A |d(z)[*dPo(2)
k=2
2

:2i

<2M1(J>k_26 2
1
H2 &\ H

The second inequality follows from Assumption A4 and the fact d(-) € Dgcy,

[\J
\_/
N

where ¢; and M, are the same constants in Assumption A4. (different from the
capital C; defined before (C.13)) The third equality follows from the definition

of v in Dgrey. The last equality follows by choosing H = 4M,C. Now we have

h

||E||B,Po <

E (C.15)

Now we set C' = Cylogn, v = Con™3logn
©)
b C H Clogn)(an 1/310gn)
and let H = 4M,C1logn, then we have for some C3 > 0,

]:—b = f{_l]:b.

Combined with (C.14) and (C.15), we have with probability approaching one

~ C!
HB(eafln || ' HB,PO) S ?3 (016)

for some C5 > 0, and

and || f||p.p, < Can™"/?, (C.17)
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for all fb € ]:"b, for some Cy > 0.

We use &7 to denote the event described in (C.16) and (C.17), and use S to denote
the value of (C.12). Let 6, = Cyn~'/3. Now For any A, > 0.

P{|S] > Agn™?} < P{|S| > Am™V2 &) + P(&Y)
< P{[Gulls, > 42,6} + 5
. Em@ﬂ? 4l v
s ZErElGl 161+
s e (1 ) 45
< loin(an +2B}/%51/?) (1 L +\2/§§;5’1“/2> +3
< %(logn)?’/%’fl/6 (1 + (logBW) + g
< % ~1/6p, +g
< (C.18)

Each steps are similar to those of (C.8). Thus, we have [ D(z, o) (po(z)—p(x))d(P,—
Py)(2) = 0,(n"1/?), and Newey’s Assumption 5.2 is satisfied.

Assumption 5.3 (Newey, 1994):
J Dz p() = po(a))dBo(z) = & iy M=) + 0p(n ). !

We have

/ D(z. fo, 5(x) — po(a))dPo (2 / D(z, Bo)(p(x) — po())dPo ()

The first equality follows from A5. In the last equality, we set E(D(Z,5o)|X =

x) =0(x).

IThis is a simplified version of Assumption 5.3, which is mentioned in p.1366 in Newey
(1994).
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Therefore, by plugging in M(z) = (x)u

| DGito) ~ (el ——ZM
— [ 3@)o(e) - pla))dBo(a ——Zé (i = po(X0))

- / 5(2) (5(x) — po(e))dBo(x) — / 5(@)(y — () + () — po(e))dPA(2)
- / 8(2)(y — p(e))dPu(z) + / ~5(2)(p(x) — po(a))d(Pa — Po)(x)

—I+1I (C.19)

By Lemma 3.1, we have I = o,(n~1/2).

For II, by A4 and a similar argument as in p. 23 of BGH-supp, we have I] =
0,(n~Y/2). Thus, Newey’s Assumption 5.3 is satisfied.

Newey’s Assumptions 5.4 to 5.6 are adapted as A7 to A9 in this paper. Then
the consistency can be proved by similar arguments as in Lemma 5.2 of Newey

(1994). Finally, we have by Lemma 5.3 of Newey (1994)
V(B = o) 5 N(0. V),
where
V = Mg E[{m(Z, Bo, po) + M(Z)H{m(z, Bo, po) + M(Z)}| M ",

The efficiency is proved according to Proposition 4 of Newey (1994) (See also his
Theorem 2.1).

C.4 Proof of Corollary 3.1

Let us check A1 to A9 of Theorem 3.1 for m(Z, By, p(+)) = pz/(')T() f(;O )T() Bo-

C2 directly implies Al; C4 implies A2; A3 is satisfied by the fact that T" €
{0,1}. (Y in A3 is T" in Corollary 3.1). For A4, we have for the ATE model
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E[D(Z,8)|X] = —(&&) 4 _#0@) ) 1t 4 hounded function of X with finite total

po(z)  1—po(x)
variation by C2 and C3.

A5 is satisfied since we have D(z, 8, p(x)—po(z)) = ( e +1 y (1) ) (p(x) — po(x)) .

po(z)? * (1=po(x))?

AG-A9 is satisfied by the same arguments in pp.26-33 of Hirano, Imbens, and
Ridder (2000).

Therefore, we have all the assumptions for Theorem 3.1 satisfied. The asymptotic
variance matrix {2 can be obtained in the same way as pp.34-35 of Hirano, Imbens,

and Ridder (2000).

C.5 Proof of Lemma 3.2.

The additional complication caused by the possible dependence of p(-) on /5 does
not affect this lemma. The proof is similar to that for Lemma 3.1 in Appendix

C.1, with Y replaced by T'(Z, ).

C.6 Proof of Proposition 3.2.

The proof is similar to that of Proposition 3.1 in Appendix C.2.

C.7 Proof of Theorem 3.2

Here we might not be able to solve the sample moment condition (3.2)

LSz 8.5a(0) =0,

i=1

as we did in Theorem 3.1, since changing  might change the left-hand side
discretely.
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Now for 3 € B(Bo, 0y), we have

%immﬁ,ﬁﬁ(m

. Z {m(Ze, B.pa(X)) + D(Z, B(B3(X:) — ps(Xo)]} + 0, (n~7?)

1 i {m(Z:, ,ps(X0)) + D(Z, B)[(s(X:) — pal(X:)]}

+= ZE (Z, B X)(T(Zi, B) = (X)) + 0,(n” %)

-2 Z {m(Z:, 8.p5(X0)) + D(Z.5)[(p5(X:) — pa(Xo)]} + 0p(n %)

+= Z{E (Z,B)|X)(T(Zi, B) = ps(X) + E(D(Z, B)| X:)[(9s(X:) — ps(X)]}
_ = Z {m(Z;, B,ps(X;)) + E(D(Z, B)|X:)(T(Z;, B) — ps(Xi))}

+ Z (D(Z. B)| X)) (Ps(Xe) — ps(X)] + 0,(n~2)

=— Z {m(Z;, B,ps(X3)) + E(D(Z, B)|X:)(T(Zi, B) — ps(X;))} + o,(n~1?).

The first equality follows from A5’ and A6’. The second equality follows from

Lemma 3.2. The third equality and the fourth equality are some rearrangements.
The last equality is by %Z?:ﬂD(Z’ B) — E(D(Z, 8)|X:)|[(ps(Xi) — ps(Xy)] =
0,(n~Y/2), which can be proved by A4’ and similar arguments in p.23 BGH-supp.

By (C.20) and the definition of 3 in (3.15), we have

1 ¢ ;
1= > m(Zi, B.55(X)|
1=1

P R
:l%fHﬁ E m(Z;, B, ps(Xs))|
=1

<inf |53 (2. .p5(X0) + E(D(Z. 8)X)(T(Z0: B) = po(X0)} + op(n )
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The leading term in the last expression,
1 n
= _{ml(Z:, 8,ps(X2)) + E(D(Z, B)|X:)(T(Z:, B) — ps(X))}
i=1

does not depend on the discrete estimator p(-). It is a smooth moment function

of 8. Thus, under A9’, with n large enough, we have

inf H% Z {m(Zi, 8,ps(X.)) + E(D(Z, B)|Xi)(T(Zs, B) — ps(Xi)) 1 || = 0,

and by (C.20) we have

15> mlZ 65X = oyl 2). (c.21)

Let

2 {am(zi’ o ")y pin(z, ﬁo)\Xi]—aT(gg o } ,

Mg=—-E { om(Z, goﬂ’p‘)(X)) + E[D(Z, B)|X] —GT%ZB’BO) } , and

M(Z;) = E(D(Z, 50)|Xz‘>(T(Zz‘a Bo) — po(Xi)).

Note we also have
dm(Z, 3, pg)
Ms=—-F | —— "7,
B ( dﬁ |5*50 Y

since

dm(Z, B,ps)
dﬁ B=Bo
~ im (Gm(Z, Bo, o) B — Bo L om(Z, Bo, po) ps(X) — po(X)
B—Bo ole] B — Bo dp B — 5o
_ 8m(Z, 50,2?0)
B

+oul5 =)

+ D(Z, Bo)ps, (X), (C.22)

d(ps())

where pj; (z) = =5 Its existence is by A2".
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Then

dm(Z, B,
E ( m( dﬁﬁ pﬁ) |5=50)

am(27507p0)
E( o5

8771(27507170)
E( o5
(377%(2750,]?0)

95

- D(Z, Bl <X>)

)+ B {B D2 )X, ()}

I
&5

) +F (E(D(Z, B0)|X)

where the third equality follows from the definition of ps(X) and Law of iterated

expectation: from definition ps(X) = E [T'(z, 5)| X], we have E [T'(z, B) — ps(X)| X] =
oT (=

0, then E ( T(z,f0) |X> E (), (X)|X).

Now we have

n

op(n) = 3 (7, 5,55(X)
=1

= % Z m(Zi, B,95(X.)) + op(n~?)
+ % >~ E(D(Z. o)l X)(T(Zi, ) = p5(X0)

= —Mn,b’(B — @0) + % Zm(Zl, 60,]53()(1)) + Op(n—l/Q)
=1

+= ZE (Z, Bo)| Xi)(T(Zi, Bo) — (X)) + 0p(3 — fo)

- _MB(B - 50) + % Z m(Zz, ﬂo,po(Xi)) + op(n_l/Q)

i=1

+ ZE (Zi, B0)| Xi)(T(Zi, o) = po(X3)) + 0,8 = fio)

= —M3(3 - Bo) + { Zm Z;, Bo, po(X ))"’M(Zz)}

+0p(n' % + (6~ Bo))- (C.23)

The first equality follows from (C.21). The second equality follows from Lemma
3.2. The third equality follows from the expansion around Sy and the definition of
M,, 5. The fourth equality follows from M,, 3 — Mgz = 0,(1) and similar arguments
in Step 1 and 2 of Appendix C.3. The last equality follows from the definition of
M(Z).
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With Assumption A7’ and A8, the consistency of 3 can be proved by similar

arguments as in Lemma 5.2 of Newey (1994).

Finally, we have

V(B = o) = M3 == 3 (i o (X)) + M(Z)) + 0,1
< N(0, ), (C.24)
where I := MB_IVar {m(Z, Bo,po(X)) + M(Z)} Mﬂ_l. Note ]\45_1{771(Z,~7 Bo, po(X;))+

M (Z;)} is the efficient influence function. (See pp.1357-1361 of Newey, 1994).

Thus, II is the efficient variance matrix.

C.8 Proof of Lemma 3.3

The proof is similar to that on pp. 18-20 of BGH-supp and that for Lemma 3.1.
We replace E(X|S(5)'X) and Y; in BGH-supp with §(X'«) and T'(Z;, §) in our
setting.

C.9 Proof of Theorem 3.3

Now the nuisance function F’ 5,5(7'a) depends on & and 3. By a similar argument

to (C.21), we have

1 — foa R _
|Iﬁzm(2i,B,Fd,g(X£a))|| = 0,(n7?).

=1

With Assumption A7” and A8”, the consistency of § can be proved by similar

arguments as in Lemma 5.2 of Newey (1994).
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Let us define

Blfa] = BLX'a = u],
- > { PHEA O s g1z, i T ana

8m(Z> Bo, Fo(X'a)) oT(Z, ﬁo)}
ap op '

Ms=—E { + E[D(Z, B0)| X ]

We have

= =3 { (et B By 5(X1)) + E(D(Zi o) | XIG)(T (22, ) = Fr (X)) } + oyl /)
= —My5(8 — Bo) + Zlmz@,ﬁo,Fo(Xao»wp( 24 (B - Bo)

i Z{ (Zi, Bo)(F, 5( X&) — Fo(Xjn)) + E(D(Z;, Bo)| Xi6)(T(Zi, o) — F 5(Xic ))}
= —Mgs(5 — Bo) + ZmZﬂﬁo,Fw

T Z{ (Zis o) = E(D(Zi, o) | X[6)](F (X10) — Fo(Xao)) }

+ = ZE (Zi, Bo)| Xj0o) (T(Zi, o) — Fo(X[a)) + op(n™ " + (B — Bo)).

The second equality follows from Lemma 3.3. The third equality follows from
extending m(Z;, B, F, 5(X[&))+E(D(Z;, 80)| X/&)T(Z;, 3) around By and Fy, and

some rearrangements. The last equality follows from M,, 3 — Mg = 0,(1) and

n Z D(Z;, Bo)| Xj o) — E(D(Zs, o)1 X[ &) (T(Zs, Bo) — Fo) = 0p(n~"7?),

which can be shown by a similar argument about (C.20) in pp.21-22 of BGH-supp.
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The second term in the last equality of (C.25) can be rewritten into:

—Z{ (22 Bo) = B(D(Z:, 50)| X)) (i 5(X/4) — FolXlaw)) }
=—Z{ (Z1,B) — E(D(Ze, Bo)| X16))(F, 5(X18) — F 5(Xa) }

L Z{ (2 60) — E(D(Z, )| XI))(F, 5(X0) — Fo(Xa)}

I, = 0,(n~Y/?) by a similar argument about (C.22) in p.23 of BGH-supp.

For I1,,, we have by Lemma 17 of BGH-supp.

0

1
aT.éjFa(X/a/) = {.’L‘j — E[Xj|X,OéO = l’/ao]}Féﬁ) (l’/Oé()),

a=ap

= {%‘ - E[Xj|X,040 = xlao]}Fo(l)(x,Om) + Op(B — Bo),

where «; and x; are j-th elements of o and x. Then we can extend /1, around

Qp:

11, = % > {021, 80) — E(D(Ze, Bo) | XI@{X; — E[X|X{aoly' F " (Xlaw) + Op(B — o) } (&~ )

= =3 {ID(Zi,5) — BD(Z, o) Xia){X = BIXI X aol]} " (Xla) } (@ = a0) + 0y — ao)
= E{[D(Z. o) = E(D(Z, B0)| X a0)[{X — EIX|X a0l F{” (X'a0) } (& — @) + 0,(a — o).

(C.26)

The second equality follows from 3 — By = 0p(1) The last equality follows from
& —ap = 0p(1) and E(D(Z;, Bo)|X]&) — E(D(Z;, Bo)| X} ow) = 0p(1). Now let us
define

M(Z) = E(D(Z, Bo)| X' ao)(T(Z, By) — Fo(X'ap))
M,=—E {[D(Z, Bo) — E(D(Z, Bo)| X aw)]{X — E[X\X'ao]}’pg”(xfao)} .
(C.27)
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Combining (C.26) and (C.27) with (C.25), we have

1< A )
Ezm(Zuﬁ’Fd,@(X{a))
i=1

1
= —Mp(B — o) — Ma(d — ag) + - Zm(?«’uﬁo, Fp)

1 n
= STMZ) + 0,02+ (B = o) + (@ — ). (C.28)

i=1
Combining the fact E [m(Z, Bo, Fo)] = 0 and E [M(Z)] = 0 with the assumptions
A37, A4”, and A9”, we have L 3" m(z;, fo, Fo) + 2 30 M(Z;) = Op(n1/2).
Then (C.25) and (C.28) imply & — ag = O,(n~2) and 3 — By = O,(n~/?).

Besides, from (C.28) we can see that & — oy and B — By are asymptotically linear.

Thus, we can rewrite the first term in the last row into:
— M, (& — ay) Z A(Z n=1/2),

with F [A(Z;)] = 0. Similarly, we can rewrite
—M;(B — fo) = ZB ) + 0p(n™"?),

with F [B(Z;)] = 0.
Now we can rewrite (C.28) to obtain asymptotical expressions of & and A.

Note that given 3, & is solved with the & = argmin||2 3" | X/{T(Z;,8) —

F,(X!a)}||%. Tt corresponds to the moment condition

mi(Z, 3, F(X'a)) := X {T(Z,8) — F(X'a)} .

We can express /n(& — ag) by replacing m in (C.28) by my. Then we have

Vi@ — ap) = M;l\/lﬁ > (2 fonan) + B1(2) + M)
_M}\FZ [X — E(X|X'a0)] {T(Zi,ﬁo) (ggﬁ())(ﬁ Bo) — Fo(X Oéo)},

where M, i, By, and M, are M,, B, and M corresponding to the moment
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function m,. M, is the Moore-Penrose inverse of M, ;.

Combining with (C.28), we have
Vn(é — ag) 5 N(0, V) and vr(B — Bo) % N(0, Va),
where

Vo = My E{mi(Z, o, po) + Bi(Z) + Mi(Z)}{m1(Z, Bo, po) + B1(Z) + My (Z)} M, ,,

Vs = Mz E[{m(Z, Bo, po) + A(Z) + M(Z)H{m(z, Bo. po) + A(Z) + M(Z)}|M5".

C.10 Proof of Lemma 3.4

Let’s implement the iteration procedure described in p. 184 of Mammen and
Yu (2007) and stop at r-th round and j-th elements. In the last step, we actu-
ally apply isotonic regression to regress T'(Z;, ) — g[lr](Xil) — e — g[r] X7 —

gfjll}(Xﬁl) [r 1](X’“) Y; on X7, and the last sub-function updated in the
iteration is gm (X7). We can replace the Y; in Lemma 3.1 with Y;, and replace X;
in Lemma 3.1 with X7/. §(X) is assumed to be a bounded function with a finite

variation of X. Since X7 is an element of X;, ¢ is also a bounded function of X7

as well. Therefore, all the arguments in the proof of Lemma 3.1 still hold. We

have
—Z(S T(Zi, 8) = ghy(X]) = oo = gl (X7 = gl (XT) — g2 (XTT) — gfoy (X))
= 0,(n"1/?). (C.29)

By Theorem 2 of Mammen and Yu (2007), with » — oo, the backfitting estimator

{q r]( ) j—1 is converging to the least square isotonic estimator of the problem

(3:24), {¢’ ()=,

lim g[r]( y=¢'()forall j=1,.. k (C.30)

r—00

in a fixed sample. As mentioned in Section 3.3.2, the least square estimator of

the problem (3.23) is obtained by normalizing {g’(-)}¥_,. Therefore, we have
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c+zmﬂ (X7) :Z J(X9). (C.31)

7j=1
Combining (C.29), (C.30), and (C.31), we have

% Z (X)) (T(Z;, B) — ¢ — Z ! (X7)) = o,(n~1?).

C.11 Proof of Theorem 3.4

The following proof is mostly similar to that in Appendix C.7. The only difference
is that we need to bind the L?-norm of the additive monotone nuisance function,

as discussed in Mammen and Yu (2007).

Now the nuisance function ps(X) depends on 3. By a similar argument to (C.21)

we have

1 < 5 _
123 mi(Z B.55(XD]| = o,(n ™).
=1

Then

n12) Zm . B.03(X0)
1 Z{ 2. 0.95(X0)) + E(D(Ze, fo)l X)(T(Z2. ) = p5(X)) | + 0y *7)
= Mop(B— )+~ Z (21, o, ol(X0)) + 0~ 2 + (B = i)
+1 Z{ (20 o) (05(X0) — (X)) + E(D(Ze, B X (T (2 o) — p5(X))}
= —Mj(5 - Bo) + Zm 2i, Bos o)
. %Z {ID(2.,80) — E(D(Zs, 5ol X))(55(X0) — po(X))}
+ 1 ZE (22 60) | X)(T(Ze, o) — po( X)) + 0, (™72 + (B — i)

= —Mjs(B — o) + Z{m Zi, Bos po(X2)) + M(Z:)} + 0,(n ™2 + (5 — o).
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The second equality follows from Lemma 3.4. The third equality follows from
the expansion around (3, and the definition of M, 3. The fourth equality follows
from M, 3 — Mz = 0,(1). The last equality follows from the similar arguments
in p.187 of Mammen and Yu (2007) (see also Theorem 9.2 in van de Geer, 2000)
and Step 1 and 2 of Appendix C.3.

With A7®) and A8®), the consistency of B can be similarly proved as in Lemma
5.2 in Newey (1994).

Finally, we have

\/_<6 60) ﬂ \/—Z{m Z’wﬁ()?p()( )) (Zl)} +Op(1)

2 N(0,V).

C.12 Proof of Theorem 3.5

The proof is based on Groeneboom and Hendrickx (2017) (hereafter GH). Here
we prove the counterpart for Theorem 3.2. It can be easily adapted to the settings

of Theorem 3.1 and Theorem 3.3 by changing the relevant notations.

Let Z* is the bootstrap sample of the data. B* and p*(-) are the corresponding
estimators for the parameter and the nuisance monotone function. By similar

arguments to (C.20) and (C.21), we have

||—Zm B, 93 (X)) = op, (n72), (C.32)

where Py, is defined in p. 3450 of GH. Let

« om(Z} BO, 0 O{E|D(Z}, Bo)|X}|T(Z7, Bo
M 5 = Z{ po(X7)) {E[D( )| X7 ( )}}, 1
_ 6“l(27507p0< )) 6{E[[ (275(])"(]1 (ZvﬁO)}
M,B——E{ 93 + }
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Step 1: Show

n

Mo~ o) = &3 (2 o lX0)) + MUZDY + 0, (072 4 (5 ).
. (C.33)

By extending (C.32) we have

+= ZE (2, Bo)| X )T(ZF, B7) = 9. (X7))

=M ) 5 Yz 75 (X)) + o)
+— ZE (Z, B XI)T(Z], o) = 5. (X)) + 0p,, (5" = fo)
:_MB<3*_50>+%§ (o po(X5)) + o, (0™

+ = ZE Z5, Bo)| X NT(Z} Bo) — po( X)) + 0py, (B° — Bo)

= —M;(6 - Bo) + Z{m s B0, po(X7)) + M(Z0)} + opy, (02 4 (B = Bo)).

All steps are similar to what we have in (C.23). In the fourth equality, we use

My 5 — Mg = 0,(1), and the conditional bootstrapped Ly-result:

—Z{pﬁ* ) — po(X7)}? = Opy ((log n)*n ™) = op, (n™1%). (C.34)

See (6.21) in GH and Proposition 4 in BGH. Now we have shown (C.33). The
consistency follows from Assumption A7’, A8, and C.34.

Step 2: Rearrangement
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(C.33) can be rearranged to

n n

Mps(B* — Bo) = { Zmzwﬁo,po( i)~ izm(Ziaﬁoypo(Xi))}_'_{;ZM(Z;)_:LZM(Zi)
i=1

i=1 i=1

+- _Z {m(Zis Bo, po(X3) + M(Zi)} + 0py, (0712 + (B = fio). (C-35)

Then we could subtract (C.23) from (C.35) and get

MB { Zm 5y Bo,po(XS)) — %Zm(Zmﬁo,po(Xi))}
+ {EZM@) - EZM@}

+ OP]M((B* - 50) + n_1/2)7

Note the bootstrap mean E*[m(Z}, o, po(X]))] = = 31, m(Z;, Bo, po(X;)) and
E*[M(Z})] = 3%, M(Z;). Then we have by CLT

V(B = B) % N(0,11),

where II is defined in (C.24).
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