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Abstract

This thesis comprises two chapters that study the statistical inference problems for two types of choice

models, namely, the discrete voter model and the Bradley-Terry models, respectively.

In Chapter 1, we consider a discrete-time voter model process on a set of nodes, each being in one
of two states, either O or 1. In each time step, each node adopts the state of a randomly sampled
neighbour according to sampling probabilities, referred to as node interaction parameters. We study
the maximum likelihood estimation of the node interaction parameters from observed node states for a
given number of realizations of the voter model process. We present parameter estimation error bounds
by interpreting the observation data as being generated according to an extended voter process that
consists of cycles, each corresponding to a realization of the voter model process until absorption to a
consensus state. We present new bounds for all moments and a probability tail bound for consensus
time. We also present a sampling complexity lower bound for parameter estimation within a prescribed

error tolerance for the class of locally stable estimators.

In Chapter 2, we study the popular methods for inference of the Bradley-Terry model parameters,
namely the gradient descent and MM algorithm, for maximum likelihood estimation and maximum
a posteriori probability estimation. This class of models includes the Bradley-Terry model of paired
comparisons, the Rao-Kupper model of paired comparisons allowing for tie outcomes, the Luce choice
model, and the Plackett-Luce ranking model. We propose a simple modification of the classical
gradient descent and MM algorithm with a parameter rescaling performed at each iteration step that
avoids the observed slow convergence issue that we found in our previous work (Vojnovic et al. [2020]).
We study the convergence rates of accelerated gradient descent and MM Algorithms for Bradley-Terry
models. We also produce some experimental results using synthetic and real-world data to show that

significant efficiency gains can be obtained by our new proposed method.
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Introduction

Choice models are mathematical and statistical models that provide a framework for studying indi-
vidual decision-making and understanding how individuals make choices based on different factors,
such as their preferences, beliefs, and information. These models are widely used in various fields.
For example, companies use choice models in marketing to understand consumers’ decision-making
process when facing several options. By applying choice models, companies can better understand how
different factors, such as price, quality, and branding, affect consumers’ preferences and ultimately
influence their purchase decisions. Similarly, in psychology, choice models are used to understand
how individuals make choices based on their beliefs, values, and emotions. By understanding how
individuals make choices, psychologists can develop interventions that help people make better deci-
sions and improve their overall well-being. In social networks, choice models are used to understand
how individuals interact and make choices to adopt opinions from their neighbors in a network. These
models provide insights into how ideas and information spread among individuals and how individuals’
opinions are influenced by their neighbors. Additionally, in online gaming, choice models can be used
to provide rankings of players. These models consider various factors, such as player skills, strategies,
and performance, to provide a fair and accurate ranking of players. This information is helpful for

matchmaking, tournament organization, and player evaluation.

The voter model is an instance of choice models used to understand how entities make choices
when updating their opinions. The voter model process focuses on the spread of opinions within a
population, where entities make choices to update their opinions based on the observed opinions that
are chosen by other entities. The concept of the voter model, introduced in Holley and Liggett [1975],
represents a continuous-time Markov process where each individual is in one of two possible states,
either state 0 or 1. In this model, individuals adopt the state of a randomly sampled neighbor at random
time instances through independent Poisson processes associated with individuals or links connecting
them. The voter model is classified as an interacting particle system (Liggett [1985]). In Granovsky
and Madras [1995], the noisy voter model was proposed as an extension of the classic voter model by
including spontaneous flipping of states from 0 to 1, and vice versa, for each node. The discrete-time
voter model is similar to the continuous-time model, except that node states are updated synchronously
at discrete time steps. The discrete-time voter model has been studied under different assumptions

about which nodes update their states at discrete time points, such as those presented in Nakata et al.



[1999], Hassin and Peleg [2001], and Cooper and Rivera [2016]. Studies of dynamics and learning in
social and economic networks have been pursued from different perspectives, including dynamical
systems, stochastic processes, and statistical perspectives, e.g. see Jackson [2008], Kolaczyk [2009],
and Easley and Kleinberg [2010]. The key research questions include understanding the long-run
behavior of the underlying random dynamical system, time to convergence to a consensus state when
such a limit behavior arises, and statistical inference of model parameters from observed data, e.g.

inferring node interaction rate parameters from observed node states over time.

The Bradley-Terry model and its generalizations are choice models used for evaluating choice
preferences based on ranking scores computed by observed data from various comparison outcomes.
The Bradley-Terry model (Bradley and Terry [1952]), introduced by Bradley and Terry in 1952,
considers paired comparisons with win-lose outcomes and provides a way to estimate the relative
strength of players in a game. Other generalizations of Bradley-Terry models, such as the Rao-
Kupper model (Rao and Kupper [1967]) for win-lose-draw outcomes, the Luce choice model (Luce
[1959]) for choices from comparison sets, the Plackett-Luce ranking model for full ranking outcomes
(Plackett [1975]), as well as group comparisons (Huang et al. [2006b, 2008]) have also been developed.
Assigning ranking scores to items based on observed comparison data is a problem that arises in
many applications, including information search, social opinion aggregation, electronic commerce,
and online gaming platforms. Recently, ranking models have also been applied to evaluate machine
learning algorithms. The key problem is to efficiently compute ranking scores that accurately reflect
the strength of skills, relevancies, or preferences and to predict ranking outcomes using the estimated

parameters of a statistical model of ranking outcomes.

The outline of this thesis will be as follows. This thesis comprises two chapters that study the
statistical inference problems for the discrete voter model processes and Bradley-Terry models,

respectively.

In Chapter 1, we consider a discrete-time voter model process on a set of nodes, each being in one
of two states, either O or 1. In each time step, each node adopts the state of a randomly sampled
neighbor according to sampling probabilities, referred to as node interaction parameters. A detailed
introduction of the voter model and its related work will be given in Chapter 1.1. The key contributions
from us to this chapter are summarised as follows. We study the maximum likelihood estimation of

the node interaction parameters from observed node states for a given number of realizations of the



voter model process. In Chapter 1.4, we present parameter estimation error bounds by interpreting
the observation data as being generated according to an extended voter process that consists of cycles,
each corresponding to a realization of the voter model process until absorption to a consensus state.
We also present a sampling complexity lower bound for parameter estimation within a prescribed error
tolerance for the class of locally stable estimators. To obtain these results, the consensus time of a
voter model process plays an important role. We present new bounds for all moments and a probability

tail bound for consensus time in Chapter 1.3. Proofs and additional results are included in Chapter 1.5.

In Chapter 2, we study popular methods for inference of the Bradley-Terry model parameters, namely
the gradient descent and MM algorithm, for maximum likelihood estimation and maximum a posteriori
probability estimation. This class of models includes the Bradley-Terry model of paired comparisons,
the Rao-Kupper model of paired comparisons allowing for tie outcomes, the Luce choice model, and
the Plackett-Luce ranking model. A more detailed discussion of the Bradley-Terry model and its
related work will be included in Chapter 2.1. A summary of our prior results from Vojnovic et al.
[2020] will be given in Chapter 2.3. The main contributions from us to this chapter are as follows. In
Chapter 2.4, we propose a simple modification of the classical gradient descent and MM algorithm
with a parameter rescaling performed at each iteration step that avoids the observed slow convergence
issue that we found in our previous work (Vojnovic et al. [2020]). We study the convergence rates of
accelerated gradient descent and MM algorithms for Bradley-Terry models. In Chapter 2.5, we also
provide some experimental results using synthetic and real-world data to demonstrate the identified
slow convergence issue of the classic gradient descent and MM algorithm and show that significant
efficiency gains can be obtained by our newly proposed method. Proofs and additional results are

included in Chapter 2.7.
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Chapter 1

Dynamics and Inference for Voter Model

Processes

1.1 Introduction

The mathematical models known as interacting particle systems have been studied in different academic
disciplines, with a canonical application to modeling opinion formation in social networks, where
individuals interact pairwise and update their state in a way depending on their previous states Aldous
[2013]. Models of opinion formation in social networks, e.g. DeGroot [1974], were introduced to
study how consensus is reached in a network where individuals update their opinions based on their
personal preferences and observed opinions of their neighbors. Threshold models of collective behavior
Granovetter [1978] assume individuals update their opinions according to a threshold rule, with an
individual adopting a new state only if the number of its neighbors who adopted this state exceeds a

threshold value.

In this chapter, we consider the classic interacting particle system known as the voter model. The voter
model was introduced in Holley and Liggett [1975] as a continuous-time Markov process, under which
each individual is in one of two possible states, either 0 or 1. In this model, each individual adopts
the state of a randomly sampled neighbor at random time instances according to independent Poisson
processes associated with individuals or links connecting them. This voter model is an instance of
an interacting particle system Liggett [1985]. A noisy voter model was introduced in Granovsky and

Madras [1995], which is obtained from the classic voter model by adding spontaneous flipping of
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states from 0 to 1, and 1 to 0, to each node. The discrete-time voter model is defined analogously to
the continuous-time voter model, but with node states updated synchronously at discrete time steps.
The discrete-time voter model was studied under different assumptions about which nodes update
their states at discrete time points, e.g. Nakata et al. [1999], Hassin and Peleg [2001], and Cooper and
Rivera [2016]. This model is particularly useful for understanding discrete changes in opinions and
behaviors within a population. It finds applications in fields like social science, political science, and
sociology, aiding in the study of the evolution of discrete opinions and behaviors among interacting
agents. The discrete voter model captures the essence of opinion shifts while considering the granular
nature of decision-making, making it a valuable tool for analyzing various societal and behavioral

phenomena.

Studies of dynamics and learning in social and economic networks have been pursued from different
perspectives, including dynamical systems, stochastic processes, and statistical perspectives, e.g. see
Jackson [2008], Kolaczyk [2009], and Easley and Kleinberg [2010]. The key research questions
include understanding the long-run behavior of the underlying random dynamical system, time to
convergence to a consensus state when such a limit behavior arises, and statistical inference of model
parameters from observed data, e.g. inferring node interaction rate parameters from observed node

states over time.

We study dynamics and inference for the discrete-time voter model, defined as a Markov chain { X }+>0
with state space {0, 1}", where X represents states of nodes at time ¢, updated such that node states

X471 are independent conditional on X}, with marginal distributions
X1 | Xi ~ Ber(a, X;) fort > 0andu € {1,...,n} (1.1.1)

where a,| is the u-th row of a stochastic matrix A, the initial state X is assumed to have distribution
w, and Ber(p) denotes Bernoulli distribution with mean p. A matrix is said to be a stochastic matrix if
it has real, non-negative elements and all row sums equal to 1. Intuitively, a, , is the probability of

node u sampling node v in a time step.

The voter model can be equivalently defined as a random linear dynamical system with Xg ~ p and

Xt+1 = Zt+1Xt, fort¢ > 0 (112)

12



where Z1, Z, . . . are independent and identically distributed (i.i.d.) n x n random stochastic matrices,

with elements of value 0 or 1, and E[Z;] = A.

The voter model has C' = {0, 1} as absorbing states and all other states are transient. Statistical
inference for the voter model asks to estimate parameter A from m > 1 independent sample paths
of the voter model process. For the analysis of parameter estimation, it is convenient to consider an
extended voter process that consists of cycles, each of which corresponding to a realization of the
voter model process with initial state sampled according to given initial state distribution and ending at

hitting a consensus state. Such an extended voter process is defined as

X1 = Zen Xelx,¢oy + Ser1lix,ecy (1.1.3)

where & is an i.i.d. sequence of random vectors taking values in {0, 1}" according to distribution .

The voter model defined by (1.1.1) and equivalently by (1.1.2) is defined such that all nodes update
their states in every time step. We will also consider an asynchronous discrete-time voter model under

which in each time step exactly one node updates its state. The asynchronous voter model dynamics is

defined by
Xiv1a | X ~Ber(a) Xp)ifu=T;and Xyy1, = Xz ifu € {1,...,n}\ {I;} (1.1.4)

where I; are i.i.d. random variables according to uniform distribution on {1, ..., n}. The asynchronous
discrete-time voter model also obeys the random linear dynamical system recursive equation (1.1.2)
but with Z1, Zs, ... being i.i.d. n X n random stochastic matrices with elements of value 0 or 1 such
that E[Z; | I; = u] = eqa, + > vty eve, where e,, denotes the n-dimensional standard basis vector,

with the w-th element equal to 1 and other elements equal to 0.

The discrete-time €e-noisy voter model is defined by Xy ~ u, and
Xiv1.a | X¢ ~ Ber(f(a, X;)) fort > 0andu € {1,...,n} (1.1.5)

where f is some given function f : [0,1] — [¢,1 — €], and € € [0, 1/2]. Under certain conditions on
fand 0 < € < 1/2, the e-noisy voter model is an ergodic stochastic process. This is important for
statistical inference of the model parameters as they can be inferred from a single, sufficiently long

random realization of the stochastic process. This is in contrast to the voter model which requires
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several realizations of the voter model process for inference of the model parameters.

A special case of an e-noisy voter model is the linear e-noisy voter model defined by taking f(z) =
€ + (1 — 2¢)z. Note that the linear e-noisy voter model corresponds to the voter model when € = 0.

For the linear e-noisy voter model, we have

Xiv1 = D(Qi4+1) Zi41 Xt + Ry (1.1.6)

where (Q¢, R;) is an i.i.d. sequence of n dimensional vectors with independent elements with
distribution P[(Q¢u, Rtw) = (g,7)] = p(g,r) with p(0,0) = p(0,1) = € and p(1,0) = 1 — 2,
forall u € {1,...,n}, and D(x) denoting diagonal matrix with diagonal elements x. The random
linear dynamical system (1.1.6) can be seen as a randomly perturbed version of the random linear
dynamical system (1.1.2). The role of this perturbation is significant, making an absorbing Markov

chain to an ergodic Markov chain.

Statistical inference for the voter model process is a challenging task because the number of informative
node interactions for parameter estimation vanish as node states converge to a consensus state. For
a node interaction to be informative for the estimation, it is necessary that the node has neighbors
with mixed states—having some neighbors in state 0 and some in state 1. For example, consider
asynchronous discrete-time voter model, where at each time step a single, random node observes the
state of a randomly picked neighbor and updates its state, with node interactions restricted to a path
connecting n nodes. Assume that initially £ nodes on one end of the path are in state 1 and other
nodes are in state 0. Then, we can show that the expected number of nodes participating in at least one
informative interaction until absorption to a consensus state is k(log(n/k) + ©(1)) when k = o(n),
we show this in Section 1.5.17. For the given voter model instance, typically, informative interactions
will be observed only for a small fraction of nodes in each realization of the voter model process. In
general, for the voter model inference, both the matrix of pairwise interaction rates A and the initial

state distribution p play an important role.

We present new results on statistical inference for the voter model. This is achieved by using a
framework that allows to study inference for absorbing stochastic processes, by learning from several
realizations of the underlying stochastic process. This is different from existing work on statistical
inference for stationary autoregressive stochastic processes, akin to the aforementioned e-noisy voter

model. In order to study statistical inference for absorbing stochastic processes, we need certain

14



properties of the hitting time of an absorbing state. Specifically, for the voter model, we need bounds
on the expected value and a probability tail bound of consensus time. We present new results for the
latter two properties of the consensus time, which may be of general interest. Before summarizing our

contributions in some more detail, we review related work.

1.1.1 Related work

Prior work on voter models is mostly concerned with dynamics of voter processes on graphs, studying
properties such as hitting probabilities and time to reach an absorbing state. Several seminal works
studied voter model in continuous time, where interactions between vertices occur at events triggered
by independent Poisson processes associated with vertices or edges, e.g. Cox [1989b], Liggett [1985],
Oliveira [2012]. The discrete-time voter model was first studied in Nakata et al. [1999] and Hassin and
Peleg [2001] under assumption that A is a stochastic matrix such that a,,,, > 0 if and only if a,, > 0
and the support of A corresponds to the adjacency matrix of a nonbipartite graph. Hassin and Peleg
[2001] found a precise characterization of the hitting probabilities of absorbing states, showing that
lims oo P[X; = 1] = 1 — limy_,oo P[X; = 0] = 7" z, for any initial state 2, where 7 is the stationary

distribution of A, i.e. a unique distribution 7 satisfying 7' = 7" A.

The consensus time of voter model process was studied in previous work under various assumptions.
In an early work, Cox [1989b] studied coalescing random walks and voter model consensus time
on a torus. Most of works studied voter model process with node interactions defined by a graph
G = (V, E) where V is the set of vertices and E is the set of edges. In Hassin and Peleg [2001],
using duality between voter model process and coalescing random walks, it was shown that the
expected consensus time is O(m(G) log(n)), where m(G) is the worst-case expected meeting time
of two random walks on graph G. It’s worth noting that the meeting time naturally serves as a clear
lower bound for coalescing time, hence also a lower bound on the consensus time. Kanade et al.
[2019] showed that m(G) = O((ndmax/P(G)) log(dmax)), for a lazy random walk, where dpax is
the maximum node degree and ®(G) is graph conductance. This lazy random walk, in each time
step remains at the current vertex with probability 1/2 and otherwise moves to a randomly chosen
neighbor. Combined with the result in Hassin and Peleg [2001], this implies the expected consensus
time bound O((ndmyax)/®(G)). Berenbrink et al. [2016] studied a voter model process where in each
time step, every vertex copies the state of a randomly selected neighbor with probability 1/2, and,

otherwise, does not change its state (corresponding to the previously defined lazy random walk). In
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this setting, they showed that the expected consensus time is O((d(V')/dmin)/®(G)), where dpin is
the minimum node degree and d(V") is the sum of node degrees. Our bound on the expected consensus
time is competitive to the best previously known bound up to at most a logarithmic factor in n. Aldous
and Fill [2002], Cooper et al. [2010] showed that if the states of vertices are initially distinct, the voter
model process takes ©(n) expected steps to reach consensus on many classes of expander graphs
with n vertices. Cooper et al. [2013] established bounds on the expected consensus time for the voter
model process on general connected graphs that depend on an eigenvalue gap of the transition matrix
of random walk on the graph and the variance of the degree sequence. Cooper and Rivera [2016]
showed that the expected consensus time is O(1/W 4) where U 4 is a property of A (we discuss in
Section 1.3.2). Oliveira and Peres [2019] established various results on hitting times of lazy random
walks on graphs. Unlike to the aforementioned previous work, which found bounds on the expected
consensus bound or bounds that hold with a constant probability, our results allow us to derive high

probability bounds.

The problem of inferring node interaction parameters from observed node states was studied in an
early work by Netrapalli and Sanghavi [2012] for classic epidemic models, and more recently by
Pouget-Abadie and Horel [2015a] for independent cascade model and some stationary voter model
processes, as well as by Gomez-Rodriguez et al. [2016] for some continuous-time network diffusion
processes. None of these works considered statistical inference for an absorbing voter model process.
A recent line of work studied statistical estimation for sparse autoregressive processes, including vector
autoregressive processes Basu and Michailidis [2015], Hall et al. [2019, 2016], Zhu et al. [2017], Zhu
and Pan [2020], sparse Bernoulli autoregressive processes Pandit et al. [2019], Mark et al. [2019],
Katselis et al. [2019], and network Poisson processes Mark et al. [2019]. These works established
convergence rates for the parameter estimation problem. All these works are concerned with stationary
autoregressive processes and thus do not apply to inference of absorbing stochastic processes, such as
the voter model we study. Our work provides a framework to study statistical inference for absorbing
stochastic processes, which may be of independent interest for autoregressive stochastic processes.
Another related work is on identification of discrete-time linear dynamical systems with random noise,
e.g. recent works by Simchowitz et al. [2018] and Jedra and Proutiere [2019]. We present a new lower
bound on the sampling complexity for estimation of voter model parameters by studying the random

linear dynamical system that governs the evolution of the voter model process.
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1.1.2 Summary of our contributions

We show an upper bound on the expected consensus time

1 1
0
< —
E”[r] < o log (277*)

where 7* = min{m, : v = 1,...,n}, 7 is the stationary distribution of A, and ® 4 is a parameter
of A. The upper bound is tight in the sense that there exist voter model instances that have the
expected consensus time matching the upper bound up to a poly-logarithmic factor in n. The upper
bound is obtained by a Lyapunov function analysis and follows from the exponential moment bound
E[e?™] < 1/(27*) that holds for any # such that (1 — ®4)e? < 1. This exponential moment bound
allows us to bound the consensus time with high probability. Specifically, for any § € (0,1], 7 <
(log(1/(27*)) + log(1/d))/Pa with probability at least 1 — . In particular, this implies a high
probability bound, 7 < (log(1/(27*)) + log(n))/® 4, which holds with probability at least 1 — 1/n.
Moreover, by using the aforementioned exponential moment bound, we can bound any moment of
consensus time. These results are instrumental for the voter model inference problem, and may also be

of independent interest.

We developed a methodology for establishing statistical estimation error bounds for absorbing stochas-
tic processes. This is based on using the framework for analysis of M -estimators with decomposable
regularizers from high-dimensional statistics along with bounds on the expected length of cycles and
probability tail bounds for the length of cycles. To obtain these results, we leverage our bounds on the
expected consensus time and probability tail bounds for the consensus time, and use probability tail

bounds for some super-martingale sequences.

We show that the parameter estimation error of a voter model with parameter A due to statistical

estimation errors, measured by squared Frobenious norm, is

O S 1
a2(1/® ) Amin (E[ X0 X ])2 M

with high probability, for sufficiently large number m. Here s is an upper bound on the support of
the voter model parameter A, Amin (E[X0X, ]) is the smallest eigenvalue of the correlation matrix of
the extended voter process with respect to stationary distribution, and o > 0 is a lower bound for any

non-zero element of A.

17



We also present a lower bound on the sampling complexity for statistical inference of the voter model
parameters, using the framework of locally stable estimators. Roughly speaking, for the voter model
with parameter A with every element in its support of value at least o > 0, to have the Frobenious
norm of the parameter estimation error bounded by €, with probability at least 1 — 9, the number of

voter model process realizations, m, must satisfy, for every sufficiently small € > 0,

1 1
2E0[7 A (E [X0Xg ) log <2.45) ‘

o
m > —
~ 16 ¢

1.1.3 Organization of the chapter

In Section 1.2 we provide additional definitions for model formulation and some mathematical
background for the analysis in the model. Section 1.3 contains our main results on the consensus time
of the voter model process. Specifically, this includes the exponential moment bound in Theorem 1.3.1
from which we derive a bound on the expected consensus time in Corollary 1.3.2, a bound on any
moment of consensus time in Corollary 1.3.3, and a probability tail bound for a sum of independent
consensus times in Theorem 1.3.2. Section 1.4 contains our results on statistical estimation, with an
upper bound provided in Theorem 1.4.2 and a lower bound in Theorem 1.4.3. Section 1.5 contains

missing proofs and some further results.

1.2 Preliminaries

In this section we provide additional details for the model formulation and then provide some back-

ground definitions and results that we use in the rest of the chapter.

1.2.1 Model formulation

The voter model is defined as a Markov chain {X; };>¢ on the state space X = {0, 1}" with initial

state Xy with distribution p and the state transitions defined by
Xt+1 == Zt+1Xt, for ¢ > 0 (121)

where Z1, Zs, ... is an i.i.d. random sequence of stochastic matrices taking values in {0, 1}"*™ with
independent rows. We can interpret X, ,, as the state of vertex v € V := {1,...,n} at time ¢, which

takes value O or 1.
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The system (1.2.1) is a time-variant linear dynamical system with random i.i.d. linear transformations

as defined above.

We use the notation

A =E[Z4).

We assume that A is an aperiodic, irreducible transition matrix. Under these assumptions, A has a
stationary distribution 7 which is unique, given as the solution of global balance equations 7' = 7' A.
We denote with a;r the u-th row of matrix A. Note that a, can be interpreted as a probability
distribution according to which vertex w initiates pairwise interactions. Any two vertices u and v are

said to be neighbors if a,,, > 0, i.e. if the two vertices interact with a positive probability.

For the voter model, there are two absorbing states C' = {0, 1}, and all other states are transient. Let
Co = {0} and C; = {1}, hence C' = Cy U C;. We refer to either of the two absorbing states as a
consensus state. Let 7 denote the hitting time of a consensus state, we refer to as the consensus time,
which is defined by

T=min{t > 1: X; € C}.

In our analysis, we consider the extended voter process { X, }+cz defined by cycles of individual voter
model process realizations. Let {7} };cz be a point process defined as follows. Let T; be the time at
which the i-th voter model process is in its initial state, and let S; = 71541 — ;. We assume that X; for
T; <t < T;41, correspond to the states of the ¢-th voter model process until reaching a consensus state,
excluding its final consensus state. Note that, indeed, S; = 7;, where 7; is the consensus time of the
t-th voter model process. In some parts of our analysis, we will also consider the alternative definition
of the extended voter process which includes the final states of individual voter model processes. In

this case, S; = 7; + 1. The stationary distributions of the two extended voter processes are different.

We denote with P[A] the probability of an event A conditional on time 0 being a point, i.e. {Tp = 0}.
We denote with P[A] the probability of event A under stationary distribution, where 0 is an arbitrary
time. In the framework of stationary point processes, the two distributions are referred to as the
Palm distribution and stationary distribution, respectively. By the Palm inversion formula, for any

measurable function f : X — R,

E0 [ /(X))
EO[S1]

E[f(Xo)] = (1.2.2)
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We will also use the following notation in our analysis of parameter estimation. Let {Xt(Z)}tZO’
¢t =1,...,m be independent voter model processes, each with initial state distribution u. Let 7; denote
the consensus time of voter model process ¢. With a slight abuse of notation, we will sometimes write

X, in lieu of X and 7 in lieu of 7.

1.2.2 Markov chains background

In this section we present some definitions and results from Markov chain theory that we use in our

analysis.

Let {X;}+>0 be a time homogeneous Markov chain on a state space (X, ). Let P(z, A), z € X,
A € & denote the transition probability and let P denote the corresponding operators on measurable
functions mapping X to R. Let P,(x, ) denote the transition probabilities at time . We define the

following conditions:

(A1) Minorization condition. There exist S € £, € > 0, and a probability measure v on (X, £) such
that
P(z,A) > ev(A)

forallz € Sand A € €.

(A2) Drift condition. There exist a measurable function V' : X — [1, 00) and constants A < 1 and

K < oo satisfying

AV(z) ifxgS
K ifzeS.

PV (z):=E[V(X1)| Xo=12] <

(A3) Strong aperiodicity condition. There exists € > 0 such that ev(S) > €.

We say that a measurable function V' : X — [1, 00) is a drift function for P with respect to S, with

constants A < 1 and K < oo, if it satisfies (A2).

For any given set S C &, let us define the hitting time

T7¢ =min{t > 0: X; € S}.

We say that the set S is an atom if P(x,-) = P(y,-) for all x,y € S. In this case, we may assume
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e=1land P(z,) =v(:)forallz € S.

By Theorem 1.1 in Baxendale [2005], under (A1)-(A3), { X }+>0 has a unique stationary distribution
7 and Ex [V (X)] < oo. Moreover, there exists p < 1 depending only on ¢, €, A and K such that

whenever p < v < 1, there exists M < oo depending only on 7, €, €, and K such that

sup |E.[g(Xy)] — Ex[g(X0)]| < MV (z)y'
lg|<V

forall x € X and t > 0, where the supremum is over all measurable functions g : X — R satisfying
lg(x)| < V(x) forall z € X. If g is restricted to functions satisfying |g(z)| < 1 for all z € X, then
we have the standard geometric ergodicity condition ||P;(z, ) — 7||7y < MV (x)y* where || - ||7v
denotes the total variation distance. The Markov chain is said to be (M, p)-geometrically ergodic if

|| Pe(z, ) — ||y < Mpt for some M < oo and p < 1.

The following is a key lemma (e.g. Lemma 2.2 and Theorem 3.1 Lund and Tweedie [1996], Proposi-

tion 4.1 Baxendale [2005]) that we will use in our analysis of consensus time.

Lemma 1.2.1. Let {X;}:>0 be a Markov chain on (X, E) with transition kernel P, and let C € £.
Suppose that V : X — [1,00) is a measurable function that satisfies PV (x) < AV (z) forall z ¢ C,
for a fixed A\ < 1. Then, forall x € X,

E;[A\77C] <V (x).

The lemma can be established by some Lyapunov drift arguments.

1.2.3 Miscellaneous definitions

We use different definitions of norms. For every z € R, ||z||, denotes the L, norm, ||z||, =

T € R™™ || X||p.q is defined as

(|z1|P 4 - - - + |zn|P)/P. For every matrix X = (z1,...,x,)

1Xpg = (o]l + .+ llzalB)'7.
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In particular, ||X || is the sum of absolute values of elements of X. || X||o denotes the number of

non-zero elements in X, i.e. the support of X. The Frobenius norm || X || is defined as

| X|F = [|X]|22 =

1.3 Consensus time

In this section we show our results on consensus time of the voter model process.

1.3.1 Consensus time bounds

For any vector a € R", let us define

Vo) =a"z(1 —a"z).

For the voter model with parameter A, V;, (X;) is the variance of X4, conditional on X;. Intuitively,
we may interpret V,, (X;) as a measure of diversity of states of neighbors of vertex u. Note that

Va, (Xt) = 0if and only if all neighbors of vertex u are in the same state (either 0 or 1).

Lemma 1.3.1. For every x € {0,1}" and t € Z, function V; satisfies the following expected drift

equation:

EVa (Xepr) — Va(X0) | Xp = 2] = — 3 w2V (&) + E*[Vi (X0)]lpnecry.
u=1

We can interpret the term ."'_, w2V, (x) as a weighted sum of variances of Bernoulli distributions

T

with parameters a,,

z, associated with vertex neighborhood sets. The weights are equal to the squares
of the elements of the stationary distribution 7. By taking expectation on both sides in the equation in
Lemma 1.3.1 with respect to the stationary distribution, under assumption that 4(C') = 0, and applying

Palm inversion formula (1.2.2), we get

EN B o lxecy) 1
lxoeer) = —opT T T BE T
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Hence, we have

moE[Va, (Xo)] = E° [V (Xo)]. (1.3.1)

M=

(E°r] +1)

u=1

From (1.3.1), we can observe that the expected consensus time is fully determined by the expected
variance of vertex states with respect to the stationary distribution measured by >-"'_; w2E[V,, (Xo)]
and the variance of the initial state measured by E°[V,;(Xj)]. Intuitively, the smaller the value of

n_ | T2E[Va, (X0)], the larger the expected consensus time.

The following is a key property of A in our analysis of consensus time

Py)p=min{ —FV——"—=-":
A= { 7zl —nTx)

x€{0,1}" z ¢ C} . (1.3.2)
Note that 0 < & 4 < 1. The inequality ® 4 > 0 can be shown by contradiction as follows. Suppose
® 4 = 0, which is equivalent to a, 2(1 — a, ) = 0 for all u € V. We can then partition V into two
non-empty sets S and V' \ S such that each u has support of a,, fully contained in either S or V'\ S.
This implies that A has a block structure, which contradicts the assumption that A is irreducible and

aperiodic. The inequality ® 4 < 1 follows from

ZT&' Tr(l—alz) < Zﬂ'u(l z(1—a,x)
u=1

(i e ( (> ))

= 7'z(l-7'x)

IN

where the first inequality is by non-negativity of the summation terms and 7, € [0, 1] forall u € V,
the second inequality is by concavity of = — x(1 — z), and the equation is by the global balance

equations 7' = 7' A.
By Lemma 1.3.1 and definition of ® 4, we have the following corollary.

Corollary 1.3.1. Forallx € {0,1}" andt € Z,

E[Vr(Xet1) = Va(Xp) | Xo = 2] < —PaVr(2) + EO[VW(XO)]I{:EEC}-
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We next present a bound on the exponential moment of consensus time.

Theorem 1.3.1. For any x € {0,1}" such that = ¢ C, and any 6 € R such that (1 — ® 4)e? < 1,

Eg[e(%'] < : Vﬂ(x) ]
miN;e{o,1}"\C Vr(2)

Proof. The theorem follows from the general result for Markov chains satisfying the Lyapunov drift
condition stated in Lemma 1.2.1. Recall that C' = {0, 1}. Let V(z) := Vz(x)/ min.co,13m ¢ Vr(2)-
Using Corollary 1.3.1, V' (z) is a drift function with respect to C, with constants A = 1 — ®4 and
K = E°[V(Xy)]. By Lemma 1.2.1, we have E,[(1 — ®4)~"] < V/(x). Combining with the condition

(1 — ®4)e? <1, the claim of the theorem follows. O

We have the following upper bound for the expected consensus time.

Corollary 1.3.2. For every x € {0,1}" such that x ¢ C,

where 7" = min{m, :v=1,...,n}.

Proof. By Theorem 1.3.1, taking 6 such that (1 — ®4)e’ = 1, and Jensen’s inequality, we have

1
i1 (o )
log (1—‘1),4) minyefo,1}m\C VTI'(Z)
The corollary follows from the last inequality and combining with the following facts (a) V(z) < 1/4
forall z € {0,1}", (b) Vx(2) > 7*(1 —7*) > 7* /2, forall z € {0,1}" \ C, and (c) 1/log(1/(1 —
D)) <1/Pa4. O

From (1.3.1), we obtain
4E° [V (X))

~1.
I3

= [1] >

By Corollary 1.3.2, E9[7] < log(1/(27*))/® . Hence, if ®4 = Q(||r||3) and E°[V:(X,)] = (1),
the upper bound is tight within a factor logarithmic in 1/7*. For instance, for the complete graph case,

i.e. when ay, = 0and a,, = 1/(n — 1) for all u # v, we have ®4 = (1/n)(1 + o(1)) (we show
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this in Section 1.3.2). In this case, we have the upper bound E°[7] = O(n log(n)), which is within a

factor logarithmic in n of the lower bound E°[7] = Q(n).
In fact, from Theorem 1.3.1, we have the following bound for any moment of the consensus time.

Corollary 1.3.3. For every x € {0,1}" such that x ¢ C and k > 0,

1/kN\* 1 1
<5 () s
2 \e (I>A7T*

Proof. The proof follows readily from Theorem 1.3.1 and the the elementary fact that for any non-

negative random variable X, for any k& > 0 and 6 > 0, E[X*] < (k/(ef))*E[efX]. O

The bound for the first moment of consensus time in Corollary 1.3.2 is better than that in Corollary 1.3.3

in having a logarithmic dependence on 1/7* instead of linear dependence on this parameter.

By using the bound on the exponential moment of consensus time in Theorem 1.3.1, we can obtain a
bound on the tail probability of the consensus time. This allows us to derive bounds on the consensus
time that hold with high probability. We will next state a more general result that applies to the sum of
consensus times of m > 1 independent voter model processes. We will use this more general result for

the parameter estimation in Section 1.4.

Theorem 1.3.2. For m > 1 independent voter model processes with parameter A and independent

initial states according to distribution p, for any a > 0,

EO [V (Xo)] - ) m
- ((minze{o,l}n\c Vﬂ(z)> (1—2a4) > : (1.3.3)

m
po lz T, > ma

i=1

Proof. By Chernoff’s bound, for any 6 > 0,

< efmaGEO [60 Z:’;l T,L':|

m
pY lz T > ma

i=1

efmaGEO [eeTl]m'
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Let 0" = —log(1 — ®4). By Theorem 1.3.1, we have

E0[69*71 S : EO[VW(XO)] )
min, e, 13m0 Va(2)

Hence, (1.3.3) follows. O

From Theorem 1.3.2, for any 0 € (0, 1], with probability at least 1 — ¢,

1 Zm: < (108 EO [V (X0)] N 1 log <1> 1
— T S - — )
m = min o 13\ ¢ Va(2) m 0 log ( 1 )

1-® 4

From the last statement, we have the following corollary.

Corollary 1.3.4. For m > 1 independent voter model processes with parameter A and independent

initial states with distribution p, for any § € (0, 1], with probability at least 1 — 4,

lf: -<1<lo ( 1 >+110 <1>>
mizln_@A &\ or m 8\5))

The corollary implies us a high probability bound for consensus time, O((1/® 4)(log(1/7*)+log(n))),

which holds with probability at least 1 — 1/n¢, for any constant ¢ > 0.

Asynchronous discrete-time voter model Similar results hold for the asynchronous discrete-time

voter model. An analogous lemma to Lemma 1.2.1 holds which is given as follows.

Lemma 1.3.2. For every x € {0,1}" and t € Z, function V; satisfies the following expected drift

equation:

The statements in Corollary 1.3.2 and Theorem 1.3.2 hold true for asynchronous discrete-time voter
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model by replacing ® 4 with ®’, where

u—1 ngle’)

with V/(2) := 2,(1 — a} ) + (1 — z,)a, .

It is readily observed that n@% > &4 and it follows that the statements in Corollary 1.3.2 and
Theorem 1.3.2 remain to hold true for asynchronous discrete-time voter model by replacing ® 4 with
® 4 /n. The factor 1/n occurs because under asynchronous discrete-time voter model, at each time
step, exactly one node updates its state, which is in contrast to the voter model under which all nodes

update their states.

1.3.2 Discussion and comparison with previously-known consensus time bounds

We discuss the value of parameter ® 4 and expected consensus time for some node interaction matrices

A and compare with the best previously-known consensus time bounds.

We will discuss node interaction probabilities that can be defined by a graph, as common in the
literature on voter model processes and random walks on graphs. Let G = (V, F) be a connected
graph where V is the set of |V | = n vertices and F is the set of edges. Let d,, denote the degree of
vertex v, defined as the number edges incident to vertex v. For any set S C V,let d(S) = >, cg du»
and let d,,(.S) denote the number edges incident to v and S. Let dyy;,, denote the minimum degree of a

vertex in G. Graph GG may contain self-loops, i.e. an edge connecting a vertex with itself.

We represent any given vector x € {0,1}" by the set $ = {v € V : z,, = 1}, and we will use the
notation S¢ := V' \ S. Note that a vector « € {0, 1}" defines a graph partition, i.e. partition of the set

of vertices into two components, S and S€.

We will compare ¢4 and bonds on the expected consensus time with some functions of graph

conductance. Conductance ®(G) of graph G is defined as

_ - |E(S, 89
o(G) = o mm{d(S).d(5)] (1.3.5)

where F(S, S¢) is the set of edges connecting S and S¢. Let L be the normalized Laplacian matrix of
graph G, definedas L = I — D~Y2AD~/2 where D is the diagonal matrix with diagonal elements

corresponding to vertex degrees. Let Ao be the second smallest eigenvalue of L. By Cheeger’s
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inequality, for any connected graph G,

X2/2 < B(G) < V2. (1.3.6)

We first consider node interactions such that in each time step, every vertex copies the state of a
randomly chosen neighbor with probability 1/2, where graph G has no self-loops. For example, this
case was studied in Berenbrink et al. [2016] and Kanade et al. [2019], and is commonly referred to as

lazy random walk. The node interaction matrix A has elements

11

1
Q= §|{u:v} + E@I{(U’U)EE}7 foru,v € V. (1.3.7)

It can be readily checked that m, = d,,/d(V') for v € V, and we also have

- 1 . Zuev(dul{ues} + du(S))(dul{ueSC} + dU(SC))
= - min .
4 scv:0<|S|<n d(S)d(S°)

Dy

Lemma 1.3.3. Assume that node interaction matrix A is according to (1.3.7). Then, we have

1
— < 2 .
b4 7 dpin (I)(G)

Together with Corollary 1.3.2, Lemma 1.3.3 implies E[7] = O(((d(V)/dmin)/®(G)) log(n)), which

is within a logarithmic factor in n to the expected consensus time bound in Berenbrink et al. [2016].

For comparing with the expected consensus time bound in Cooper and Rivera [2016], E°[7] < 64/ 4,

we consider ¥ 4 which is defined as U 4 = 7*U 4 with

U, = min Bl h=1 T (0 — 201 Zuwo)|]
A z€{0,1}"\C min{r'z,1 — 7'z} )

Lemma 1.3.4. For node interaction matrix A according to (1.3.7), we have

Uy < O(G).
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From Lemmas 1.3.3 and 1.3.4, we have

Lemma 1.3.5. For node interaction matrix A according to (1.3.7), we have

1 1
— < 2—.
by T Uy

The last lemma, together with Corollary 1.3.2, implies that our bound on the expected consensus time

is at most a logarithmic factor in n to the expected consensus time bound in Cooper and Rivera [2016].

We also considered another type of node interactions, where in each time step, each node copies the

state of a node from its neighborhood set which includes the node itself, i.e. we consider A defined as

1
Ay = II{(U7U)€E}’ for u,v € V. (1.3.8)

It is readily checked that 7, = d,,/d(V), for v € V, and

. ’EZ(Sv SC)|
o |Ex(S, 59 13.
AT scviog)s|<n d(S)d(5¢) (=

where (S, S¢) is the set of paths consisting of two edges connecting S and .S¢. Equation (1.3.9) can

be shown as follows. Note that

du(S)
Z malz(l—a)z) = = (1 - = )
ueVv ueV d(V)?  dy dy
1

= Ty g du(S)d(5°)

= I v, I w,u
d(v)zvgsgcgu jeryl{(waer)

1 C
= W\Eﬂﬁs )|

-

and w'z(1 — 7'z) = d(S)d(S°)/d(V)?. We will assume that every node in G has a self-loop. The
node interaction matrix A in this case can be interpreted to correspond to a lazy random walk that has a
higher probability of remaining at a vertex for smaller degree vertices. In other words, a higher-degree

vertex has a higher probability of adopting the state of a neighbor.

Lemma 1.3.6. Assume that node interaction matrix A is according to (1.3.8) and every node in G has
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a self-loop. Then, we have

1
— <
Dy~

Together with Corollary 1.3.2, Lemma 1.3.6 implies E°[7] = O((d(V')/®(G)) log(n)). By the same

arguments as in the proof of Lemma 1.3.4, we have the following lemma.

Lemma 1.3.7. Assume that node interaction matrix A is according to (1.3.8). Then, we have

@A <29(G).

From Lemmas 1.3.6 and 1.3.7, we have the following lemma.

Lemma 1.3.8. Assume that node interaction matrix A is according to (1.3.8) and every node in G has

a self-loop. Then, we have

Together with Corollary 1.3.2, Lemma 1.3.8 implies that our bound on the expected consensus time is

at most a O (dmin log(n)) factor of the expected consensus time bound in Cooper and Rivera [2016].

For the asynchronous discrete-time voter model with A according to (1.3.8), we have

E%r] < 1 log ( V) )

- @14 2dmin
where
', — l min Zues,vesc (du + dv)|{(u,u)eE}
A n Scv:0<|S|<n d(S)d(SC) .

From Cooper and Rivera [2016], E°[7] < 64/W 4 where

0o 2w |E(S, 5%
AT 0 d(V) scvio<|s|<n min{d(S), d(S¢)}

From the above relations, we have the following lemma.
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Lemma 1.3.9. For the asynchronous discrete-time voter model with A according to (1.3.8), we have

1 1

The last lemma implies that our bound on the expected consensus time is within a logarithmic factor in
n to the expected consensus time bound in Cooper and Rivera [2016].

We next provide explicit characterizations of ® 4 and bounds on the expected consensus time, from
Corollary 1.3.2, for node interactions such that a,, , = 1/d,, for (u,v) € E, for the case of a complete

graph and a cycle. Note that it holds

. |Ea(S, S9)|
Oy = 12242, 5 )] 1.3.10
A7 scviosisi<n d(S)d(Se) (1.3.10)

where F (.S, S€) is the set of paths with two edges connecting .S and S°.

Complete graph K,, Let G be the complete graph with n vertices. Then, for any S C V,

[E2(S5,59) = [S|(n—S])(n—2)
d(S)

1S](n 1)
d(s%) = (n—|S])(n - 1).

Using this in (1.3.10), we have

n—2 1
dy=—""=—(1+0(1)).
= e = L el)
Combining with 7* = 1/n, and Corollary 1.3.2, we have

E[7] < nlog(n)(1 4+ o(1)).

Cycle C,, Let G be the cycle with n > 3 nodes. Then, for any .S C V, we have

d(S) = 2|S] and d(S°) = 2(n — |S]).
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Conditional on |S/|, the smallest value of |E2(S,S¢)| is achieved when vertices in S are adja-
cent. In this case, we distinguish two cases. First, if |[S| = n — 1, then, |E»(S,S¢)| = 2, and

|Ea (S, S9)|/(d(S)d(S¢)) = 1/(2(n — 1)). Second, if |S| < n — 1, then |E2(S, S¢)| = 4, and thus

| E2(S, 59 1

d(S)d(S) — [S|(n—1S])’

The minimum over |S| is achieved for |S| = n/2 if n is even, otherwise, it is achieved for (n — 1)/2.

For n even, ® 4 = 4/n? and, otherwise, ® 4 = 4/(n? — 1). Therefore, we have

By = 4%(1 +o(1)).

Combining with 7* = 1/n, and Corollary 1.3.2, we have

E%r] < in2 log(n)(1+ o(1)).

1.4 Parameter estimation

In this section we first show an upper bound for the parameter estimation error, using a maximum
likelihood estimator with a regulaizer, for the voter model parameter A* from observed node states
over time for m > 1 independent voter model process realizations with parameter A* and independent
initial states according to distribution p. We then show a lower bound for the parameter estimation

error for the class of locally stable estimators.

1.4.1 Parameter estimation error upper bound

Let A — L(A; X)) denote a loss function of the voter model for given observation data X, where X
are observed node states for m independent voter model process realizations with parameter A* and

initial state distribution g,
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We define estimator A as a minimizer of the loss function L(A;X),ie
A in{L(A4; X 1.4.1
€ arg min{L£(4; X)} (L4.1)

where O is some given set of parameters.

Specifically, we will consider the loss function £(A; X) defined as the sum of the negative log-

likelihood function and a regularizer defined as
L(A;X)=—0(A;X) + Anl|Al11 (1.4.2)

where ¢(A) is the log-likelihood function and \,,, > 0 is the regularization parameter. Let A = A— A
denote the parameter estimation error. As common in statistical inference theory, we will measure the

parameter estimation error by the Frobenious norm ||Al|f.

The log-likelihood function can be expressed as

(A x) =% <log<u<Xo”>> S HXE ) XE“)) (1.4.3)
=1

where H (p, q) is the cross-entropy between two Bernoulli distributions with mean values p and ¢, i.e.

H(p,q) = —(plog(q) + (1 — p)log(1 — q)).

Let us define

Toi={tef{0,....7}: 0<a] X <1},

Intuitively, T;, ; is the set of time steps at which the state of the ¢-th voter model process is such that
vertex u has a pair of neighbors in different states. Note that having such mixed neighborhood sets
is necessary for the parameter estimation, as otherwise, no useful information can be gained from

observed vertex states for the parameter estimation.

For our analysis we will consider the gradient vector V/(A; X) and the Hessian matrix V2¢(4; X) of

the log-likelihood function. The gradient vector V/(A; X) has elements given as follows

(4) (4)
0 X — X1 (0)
-3 % (X x

7’Ul

i=1t€T, TXtZ 1- QIXt( g
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The Hessian matrix V2/(A; X) has elements given as follows

62

) (4) (4) (z)
e — w , X X X
Bau,uﬁauw ;tezﬂ;l Pul t+1)
where
Y. 1-Y,
(X Y) =
Pl = e Y i —arx
and
9?2 ,
— J(A; X)) =0, if .
aau,vaau’,w ( ’ ) R 75 B

(1.4.4)

(1.4.5)

For bounding the parameter estimation error, we use the framework for analysis of M-estimators with

decomposable regularizers from high-dimensional statistics, e.g. Negahban et al. [2012c], Wainwright

[2019]. The parameter estimator defined by (1.4.1) with the loss function (1.4.2) is an instance of an

M-estimator with a decomposable regularizer.

For any set S C V2 and A € R™ ", let Ag be the n x n matrix with support restricted to S, i.e. Ag is
such that (Ag)yp = @y if (u,v) € S and (Ag)u = 0if (u,v) € S¢ = V2\ S. For any set S C V2,

let

C(S; A7) == {A [|Aseliy < 3||As1 + 4l Agell11}-

When the support of A* is contained in .S, we have ||A%c||1,1 = 0.

For a given positive integer s, let S* be a minimizer of ||A%.||1,1 over S C V such that |S| < s. Let

C* := C(S*; A*).

For any differentiable loss function £ : R™*™ +— R, we define the first-order Taylor error as

E(A) = LA+ A) — L(A") = VL(A") Tvee(A)

where vec(A) denotes the vector defined by stacking the rows of matrix A.

A key concept in the framework of M -estimators is that of restricted strongly convex functions which

is defined as follows.

Definition 1.4.1. (Restricted Strong Convexity (RSC)) A loss function L satisfies restricted strong
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convexity relative to A* and S C V? with curvature k > 0 and tolerance v if. for all A € C(S; A*),

E(A) = KlA[[F — 2.

The following bound on the parameter estimation error follows from the framework of M-estimators

with decomposable regularizers (e.g. Theorem 1 in Negahban et al. [2012c]).

Theorem 1.4.1. Assume that the loss function L(A; X) in (1.4.2) has the regularization parameter
A, Such that

Am > 2||VL(AY)|| o (1.4.6)

and, for some S C V2, the negative log-likelihood function —{(A; X) satisfies the RSC condition
relative to A* and S with curvature k > 0 and tolerance 72. Then, we have

Am

o .

n * )\m 2 1 *
JA — A*||% < 9[S] () + (272 +4]|A CHM)
K m

To bound the parameter estimation error for the voter model, we need to show (1) that condition (1.4.6)
holds for the extended voter model with a given probability and (2) that the negative log-likelihood

function satisfies the RSC condition with a given probability.

We first show a lemma that allows us to set the regularization parameter A, such that condition in

(1.4.6) holds with high probability.

Lemma 1.4.1. Forany 6 € (0, 1], and any m > 1 independent realizations of the voter model process

with parameter A* and initial distribution i, with probability at least 1 — 0,

. 11
IVE(A") |00 < ﬂaﬁ\/ﬁcn,a,w* (m) (1.4.7)

1 1 2n? 4n?
Cn,577r* (m)2 = (log (27(*> + E log <6>> 10g <5> .

where

The proof of the lemma bounds the probability that ||V{(A*)||o exceeds a fixed value with the sum
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of probabilities of two events. One of these events is a deviation event for the sum of a bounded-
difference martingale sequence defined by the sequence of gradients of the log-likelihood function
over a fixed horizon time; which we bound by using Azuma-Hoeffding’s inequality. The other event is
the probability that the sum of consensus times of m independent voter model processes exceeds the
value of the fixed horizon time; which we bound by using the probability tail bound for the sum of

consensus times in Theorem 1.3.2.

Note that the bound on ||V/(A*)||« in Lemma 1.4.1 involves the term /m/® 4«. In view of the bound
on the expected consensus time in Corollary 1.3.2, we may intuitively think of the term /m/® 4« as
an upper bound on the square-root of the expected number of observed time steps of the extended voter
model process, i.e. /mEY[7]. Note also that the bound (1.4.7) in Lemma 1.4.1 remains to hold by

replacing ¢, 5 = (m) with ¢, 5 -« (1), in which case the right-hand side in (1.4.7) scales with m as \/m.
We can lower bound the first-order Taylor error function as follows.

Lemma 1.4.2. Assume that A* and A* + A with A = (Aq, ..., A,) T have a common support. Then,

we have

E(A) > h(A; X)

where

[ay

Ti—

3 (arx®)’

=0 u=1

=%

=1

~+

By Lemma 1.4.2, in order to show that the first-order Taylor error function £(A) satisfies the RSC
condition in Definition 1.4.1, it suffices to show that the RSC condition holds for function A(A; X).

We first show that the RSC condition holds for the expected value of h(A; X) for any fixed value of A.

Lemma 1.4.3. Forany A = (Aq,...,A,)T, we have
E°[R(A; X)) > [ Al[E
for any k1 > 0 such that

k1 < mEO[T])\min(E[XOXOT])'

The correlation matrix E[ XX | is with respect to the stationary distribution of the extended voter
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process that does not include final consensus states of individual voter processes. The smallest
eigenvalue Apin (E[X0 X, ]) plays an important role in Lemma 1.4.3 and the results that follow. Note

that by the Palm inversion formula (1.2.2),
1 T—1
Amin(E[X0 X ]) = E(TT]A“““ (EO lz XtXtTD . (1.4.8)
t=0

From (1.4.8), it can be readily observed that

1

Amin (E[X0X( ]) > E0[7]

Amin (E°[X0 X |). (1.4.9)

If the initial state distribution p is of product-form with Bernoulli (p) marginal distributions, with

0 < p < 1, then Apin (E°[X0 X, ]) = p(1 — p), and we have

-
)‘min(E[XOXO D 2 p(l - p) EO[T] :
This bound is not tight. Tighter bounds can be obtained by analysis of the spectrum of the stationary cor-

relation matrix E[XOX(;r | by using the Lyapunov matrix equation, which we discuss in Section 1.5.14.

For example, for the complete graph case, when a,,,, = 0 and a,,, = 1/(n — 1) for all u # v, we have

n

Auin (E[X0Xg ]) = p(1 = P) o

(14 o0(1)).

We next show that for any fixed value A, h(A; X) satisfies the RSC condition in Definition 1.4.1 with

a prescribed probability, provided that the number of observations m is sufficiently large.

Lemma 1.4.4. For a voter model process with parameter A* and initial distribution u, for any
§ € (0,1/2], any S C V2 such that |S| < s for some positive integer s, and any A € C(S, A*),
h(A; X) satisfies the RSC condition relative to A* and S, with curvature k = k1/2 and tolerance

~v = 0, with probability at least 1 — §, under condition

s? 1
Z T
(I)A* EO [T]Z)\min(E[XoXO

Csqe(m) =8 <log (2717*> + %log <§>> log ((25) .
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We next show that A(A; X) satisfies the RSC condition in Definition 1.4.1 for every A € C* with

certain probability.

Lemma 1.4.5. For a voter model process with parameter A* and initial distribution u, function
h(A; X) satisfies the RSC condition relative to A* and S*, for every A € C* with probability at least
1—4/n,

h(A; X) > K|A]% — ~? forall A € C*

where k' = k1/8 and v = \/k1/8||A%||1,1//s, provided that

. log(1/(27%))(a + 1) log(n) + (a + 1)?log(n)?
m > my = 0132 (I)A* EO[T]Q)\min(E[XOXJ])Q (1410)

and
1

(P 4+E°[7])* Amin (E[ X0 X{ )

m > my = con®(1/7%) (1.4.11)

where
. log(1/(27*)) + log(n)
(@ 4<EO[7]) Amin (E[X0 X[ ])

for some constants cy, cy > 0.

The proof of Lemma 1.4.5 relies on some set covering arguments to bound the probability of events
indexed with A, which takes values in the infinite set C*. These covering arguments require stronger
conditions on the number of voter model realizations m than in Lemma 1.4.4, which shows that the

RSC condition holds in probability, for any fixed value A.

Consider the case when the voter model process has the stationary distribution 7 of A* such that 7*
is lower bounded by a polynomial in 1/n. Then, a sufficient condition for (1.4.10) is that for some

constant ¢ > 0,

> 1 sin? log(n)?

= "EO[7] Amnin (E[X0 X ])* (®a-EO[r])3

We next present our main theorem that provides a bound on the parameter estimation error.

Theorem 1.4.2. Consider the voter model process with parameter A* with support size s. Assume that
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A is a minimizer of the loss function L(A; X)) defined by (1.4.2) with the regularization parameter

Cn, r*
A = 2V2—2" /m,
m \fa T)A* m

and conditions (1.4.10) and (1.4.11) hold. Then, for some constant ¢ > 0, with probability at least

1—-5/n,
2
SCp B 0 (1.4.12)
a2(® 4-EO 7)) 2 Amin (E[Xo X )2 m h

A - A*[p <ec

where

cfm* = (log <271r*> + log <2n3>) log (4n3> .

Theorem 1.4.2 gives us a bound on the parameter estimation error in (1.4.12) that holds with high
probability under sufficient conditions (1.4.10) and (1.4.11) for consistency of the estimator. For any
initial distribution z and parameter A* such that E°[7] is equal to 1/® 4+ up to a poly-logarithmic
factor in n, the term ® 4+E°[7] contributes only poly-logarithmic factors in (1.4.12). In the case when

the product ® 4+E°[7] is poly-logarithmic in n, for asymptotically large m,

R . B 4
A-a|z=0 > .
m” ||F <042)\mjn(E[X(]X(;r])2>

1.4.2 Sampling complexity lower bound

In this section, we show a lower bound on the sampling complexity for the parameter estimation of the
voter model. This lower bound is derived using the framework of locally stable estimators Jedra and
Proutiere [2019]. Intuitively, a locally stable estimator of a parameter is robust to small perturbations

of the true parameter value.

To make a precise definition, let B(A*, ) be the ball with centre point A* and radius r, i.e. B(A*,r) =
{A €0 :||A*—Al|lp <r}, where © is some set of parameter values. Let P 4[-] denote the probability
distribution under a statistical model with parameter A. The notion of locally stable estimators is

defined as follows.

Definition 1.4.2. An estimator A is said to be (¢, 8)-locally stable in A* with parameters € > 0 and
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0 € (0,1), if there exists a finite mg such that for all m > mg and A € B(A*, 3¢),

PAlll[A—A|lp <€ >1-04.

Roughly speaking, for any locally stable estimator in A*, a given bound on the parameter estimation
error holds in probability with respect to any parameter A that is in a neighborhood of A*. In our

setting, we let © be the set of n x n substochastic matrices.

The following theorem gives a lower bound on the sampling complexity for the class of locally stable

estimators.

Theorem 1.4.3. Assume that A* is a stochastic matrix such that each element in its support has value
at least o > 0. Let q1 be the eigenvector corresponding to the smallest eigenvalue of the correlation

matrix E[XOXOT | of the extended voter process with parameter A* and initial state distribution [u.

Then, for any (¢, §)-locally stable estimator in A*, such that § € (0,1) and e € (0, min{1/(2|q{ 1|), a/4}),
it holds

MEO [ Aumin (E[X0 X7 ]) > % 1 log (215) | (14.13)

Moreover, (1.4.13) holds under stronger condition € € (0, min{1/(2/n), a/4}).

The proof of the theorem follows similar arguments as in the proof of a sampling complexity lower
bound for linear discrete-time dynamical systems with additive Gaussian noise Jedra and Proutiere
[2019]. The extended voter process requires us to study a different discrete-time random dynamical
system, and addressing certain technical points that arise due to Bernoulli random variables and

constraints on the node interaction parameters.

The result in Theorem 1.4.3 shows us that the upper bound in Theorem 1.4.2 is tight with respect to
the relation between || A — A*|| and m for small estimation error case. If § is polynomial in 1/n and

€2 < min{1/n,a?}/16, then from (1.4.13) we have

m62 =

¢ (EO[T])\min(E[XOXJ D log(")> '
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1.5 Proofs and additional results

1.5.1 Mathematical background

1.5.1.1 KL divergence bounds

Let p and ¢ be two distributions on X" such that p(z) = 0 for all z € & such that ¢(x) = 0. The KL

divergence between p and q is defined by

KL o) = X plo)tos (2.

= q(z)

The total variation distance between p and q is defined by

500 = 5 3 o) — a(a).

reX

The Pinsker’s inequality is

KL(p || q) > 26(p, q)*.

2 it follows

Because (X, [P(x) — q(2)])* > [Ip — 4

1
KL(p [l ¢) > 5llp — all*.

(1.5.1)

(1.5.2)

Let a > 0 be a constant such that ¢(x) > « for all z € & such that ¢(z) > 0. Then, we have the

following upper bound for the KL divergence:

1
KL(p || q) < EHP—QHZ-
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The proof is easy and is provided here for completeness:

KL(p|lq) = Xz( o (ffi)
= IGX%(:WOQ(%) <W + 1> log (W + 1)
< -l

where the first inequality follows by the fact that log(x 4+ 1) < « for all z > —1 and the last inequality

follows by the definition of «.

Suppose that p and g are two Bernoulli distributions with parameters p and g, respectively. With a
slight abuse of notation, let KL(p || ¢) denote the KL divergence between p and g. Using Pinsker’s

inequality (1.5.1) and 6(p, q) = 3(|p — q| + |p — 4|) = |p — |, we have the lower bound
KL(p || ) = 2(p — a)*. (1.5.4)
Using (1.5.3), under a < ¢ < 1 — «, we have the upper bound

2
KLp|l9) < ~(F—0)* (15.5)

1.5.1.2 Concentration of measure inequalities

Theorem 1.5.1 (Azuma-Hoeffding). Assume Xy, X1, ... is a martingale sequence such that | X; —

Xi—1| < ¢; almost surely. Then, for all positive integers N and all € > 0,

2
P Xy —Xo>¢] <exp <_2€]\/2>

i=16

with an identical bound for the other tail.
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1.5.1.3 Covering and metric entropy
Let (M, p) be a metric space, where M is asetand p : M x M — R is a metric.

An e-covering of M in metric p is a collection of points {1, ...,z } C M such that for every x € M,

p(x,z;) < e forsomei € {1,..., k}.

The e-covering number, denoted as N (e, M, p), is the cardinality of the smallest e-covering of M in
metric p. In other words, N (e, M, p) is the minimum number of balls with radius € under metric p

required to cover M.

Let Bys(x, €, p) be the closed ball with center x and radius e under metric p, i.e.

By(z,e,p) ={y € M : p(z,y) < €}.
Then,
N(e,M,p) =min{k € N:3zy,... 25 : M C U Bys(zi,€e,p)}.
The metric entropy is defined as the logarithm of the covering number, i.e. log(N (e, M, p)).

The dyadic entropy number e;,(M, p) is defined as
ex(M, p) = inf{e > 0: N(e, M, p) <2871},

Note that €; (M, p) < € if and only if log(N (¢, M, p)) < k.

Let M = R? and let B,(r) be the closed ball with center 0 and radius r under metric /,. By Raskutti
etal. [2011], for every ¢ € (0,1] and p € [1, co] such that p > ¢, there exists a constant ¢, , such that
1\ /(1/q¢=1/p)

log(N (e, By (1), ) < cypr”/ 79 (7

€

log(d), forall € € (0,7/9).

In particular, for ¢ = 1 and p = 2, for some constant ¢ > 0,

2
log(N (e, By (r), &) < ¢ <r> log(d), forall € € (0, 7). (1.5.6)

€

In the following lemma we provide a bound on the metric entropy for a certain metric p that is of

interest for our parameter estimation problem. A similar lemma was stated in Pandit et al. [2019]
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(Lemma A.8) without a proof. Our lemma shows that parameters c¢; and cg in the lemma are not
constants but depend on matrix X. This has significant implications on required conditions when

applying the lemma to the parameter estimation problem.

Lemma 1.5.1. Let X be a real T x n matrix with each column having {> norm bounded by \/T.
Let B1(r) = {A € R - ||Al|; < r}yand p(A, A') = 1/VT||X(A — A)T||p. Then, there exist

constant ¢ > 0 such that the metric entropy of B1(r) in p is bounded as

log(N (e, B1(r),p)) < c1 <:)2log(n), forall e € (0, car]
where ¢ = comax(X)?/T and ¢ = omax(X)/VT.
Proof. For any real k x n matrix M and real n X n matrix D with & > n, we have
IMD||p < [[M|[[| D] = omax(M)||D||r

where o, (M) denotes the largest singular value of M.

Hence, we have

L/VTIIX(A = A)F < (0max(X) V)| A = A'[[p.

Let p/ (A, A") = (0max(X)/VT)||A — A'||p, and N (e, By(r), p') be the minimum number of balls

with radius e under metric p’ to cover By (r), and € = v/T'¢/0max(X). Then, we have

N(G, By (T)v p)

IN

N(ev By (T)v P/)
= N(E/, Bl (7’), fg)

< €C1(£)2 log(n)

for all € € (0, cor). The first inequality comes from the fact that p’ balls take up less space than p balls,

so it would take more of them to do the covering, and the second inequality comes from (1.5.6). [J

1.5.2 Proof of Lemma 1.2.1

Lemma 1.2.1 is a known result. We provide a proof for the sake of completeness.
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We claim that for every t > O and x ¢ C,

t
V(@) > N B[V (X))l rpsty] + Y A *Pafre = 5. (1.5.7)
s=1

We will prove this by induction on ¢. Base case ¢ = 0 trivially holds. For the induction step, assume

that (1.5.7) holds for ¢, and we are going to prove that it then holds for ¢ + 1. For any = ¢ C,

Eo[V (X0 resn)]

> AN E[PV(Xeg1) rosny]

= ANEV(Xip1) [ resy]

= 7! (EI[V(Xt+1)|{Tc>t+1}] +Eq [V(Xtﬂ)l{Tc:t“}])

A B[V (X))l rosiiy] + AT Pofro =t + 1]

v

where the first inequality is by the drift condition and the last inequality is because V' (x) > 1 for all
e X.

Now, use the last inequality to obtain that (1.5.7) holds for ¢ + 1. It follows that
¢
V(z) > AN "Pylre > ]+ > A Py[re = s].

s=1

By letting ¢ goes to infinity, we have

V(z) > i A" °Plre = s] = Eg[A7T7C).
s=1

1.5.3 Proof of Lemma 1.3.1
We first consider the case when = € {0, 1}" such that = ¢ C. Note that
E[Vr(Xet1) — Va(Xe) | Xy = 2
= WTE[XH_l ’ Xt = IL’]

—rle — (E[(n" Xe1)? | Xp = 2] — (7 2)?)

—(E[(n " X131)? | Xy = 2] — (7' 2)?) (1.5.8)
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where the last equation is by the fact that 7| X; is a martingale.

Let

Dy(x) = diag(aj (1 —aj z),...,a) z(1 — a, x)).
Note that

El(r " Xe1)? | Xy = 2]
= 7 E[Xp1 X, | Xp = a2l
= 7 (AE[X: X, | Xy = z]AT + E[DA(X}) | Xy = a|)m
= n'zz' 7+ Da(z)T

= (n'2)?+ 7" Dy(z)m.

Plugging the derived identity in (1.5.8), we obtain

E[Vi (Xer1) — Va(Xe) | Xo = 2] = = 3 72Vi, (a).
u=1

Now, consider the case when x € C. Then, V;(x) = 0, and we have
E[V (Xer1) — Va(X0) | Xy = a] = E°[V (X0)):
Hence, we have shown that

E[Vr(Xiy1) — Va(Xy) | Xy = 7]
= =Y oV, (@) + E° [V (Xo)]lfzecy-
u=1
1.5.4 Proof of Lemma 1.3.2

We first consider the case when x € {0, 1}" such that = ¢ C. In this case, we have

E[Vr(Xi41) — Va(Xe) | Xi = 2]

= 7 EX¢1 | Xp=a] -7 EXen X\ | Xe=alr -7 o+ 7 2z’ T
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Now, note

1 1
E[Xt+1 | Xt = .73] = EAJ: + (]. - > xX.

n

Hence, 7 "E[X;,1 | X; = 2] = 7| 2. It follows

E[Vr(Xi1) = Va(Xo) | Xy = 2] = =7 "E[Xe1 Xy | Xo = a)m 7wz .

For u # v, we have
1 + 1 T 2
EXtr1uXit10 | Xo = 2] = —a 22 + —zya, 2+ (1 — — | 242,
n n n
and
1+ 1
E[Xt+1,uXt+1,u ’ Xt = 1’] = Eaum + 11— E Loy

In a matrix notation, we have

EXi1 X, | X = 2] = —(Az)z " + %x(Aa:)T + (1 - Z) zx’ + %DA(@“)

1
n
where D 4(z) is the diagonal matrix with diagonal elements

(Da(@))uu = zu(l — a;—w) +(1— xu)aql—$~
It follows that

1 n
T EXi Xy | Xp =aln =7"ax 7+ - PR ACHIE ay ) + (1 —z,)a, )

u=1
and, hence,
n

12 (2u(1 — a) ) + (1 — x,)a, x).
u=1

ElVr(Xiq1) — Va(Xy) | Xy = 2] = —

S

For the case when x € C, we have

E[Vy (Xi1) — Va(X0) | X = 2] = E°[Vy (Xo)].
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1.5.5 Proof of Lemma 1.3.3

It is can be readily checked that 7, = d,,/d(V'), foru € V.

Next, note
]' C

Xy%hu—dm::@Wﬁxwmwgwmawm%m+@w»
ue

L (Zd Y du(5)>

uesSe
dmll’l
= FE 9.

It follows

Suev Pl —ala) _ dun |E(S,5)
Te(—rTz) 2 d(8)d(S)
dmin |E(S, S|
~  2d(V) min{d(S),d(S°)}

Hence, we have

1.5.6 Proof of Lemma 1.3.4

Note that

Elln" (I~ Z)zf] < Z [

Zzwxv]

ultu(l —a w) +(1- wu)(azx)]

n

2T
u=1
z_: z_: Ty Qg Uxu - xv)

where the inequality is by Jensen’s inequality. For A according to (1.3.8), we have

n n 1 .
Zzﬂ'uauvxu 1—.’177)) = W|E(S7S )|

u=1v=1
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and

. 1 . c
min{r ' z,1 — 7' z} = aw) min{d(95),d(5°)}.

Hence, it follows

Uy < O(G).

1.5.7 Proof of Lemma 1.3.6

For every S C V, we have

|B2(S,59) = D dul(S)du(S°)

ueV

= Y du(S)du(S9) + 3 du(S)du(S°)

ueS*e u€eS

> > du(S) + D du(S)

ueSe uesS
= 2|E(S,59)

where the inequality holds by the fact that d,,(S) > 1 when u € S, , for any set S C V, because each

vertex in GG has a self-loop.

Thus, we have

3 wlafelt —al) = Tl Ea(S. 5 = g (S, 57
Combining with
rTa(l—xTa) = (jgigfc) < dé/) min{d(S), d(5°)},
and (1.3.5) and (1.3.9), we have
q)lA < ;d(V)q)(lG).

1.5.8 Proof of Lemma 1.4.1

By the union bound, for any A > 0,

0

Oay

PO V(A% X)||oo > A] < n? max P° l (A% X)

(u,v)eV?2

2|
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Fix u,v € V. Let us define

(2) (@)
yO [ Xw 1= Xw ) pa |
t a*TXt(i)l 1 a*TX(i)l t=1v {0<ar TX Y, <1}

u

Note that
8 m Ti i
po H oA X)| > A] = pO lZZY}” > Al (1.5.9)
Quv i=1t=1
For0 < s <>, 7, let us define
k-1 k
Y, —yW® w1 , for ZTZ' <s< Znandk € [m]
=i T i=1 i=1
where >%_, 7, = 0, and
m
Y, =Y™ =0, fors>> 7.
i=1
From (1.5.9), for any T" > 0,
P T m
P A5 X)| = A <P I Y = A +P D n>T.
Bauﬂ, t=1 i=1
For every t > 0, we have
E[Y; | Fi—1] = 0.

Hence, Y7, Y5, . .. is a martingale difference sequence. For all ¢ > 1, |Y;| < 1/«, with probability 1.

Hence, we can apply Azuma-Hoeffding’s inequality (Theorem 1.5.1) to obtain

T a2 2
P lZYt > A| <20, (1.5.10)
t=1
By Theorem 1.3.2, we have
m
po [Z 7 >T| <e ™ (1.5.11)
=1

for any

1 1
T>m(l .
2 (5re) o)

Let 0 € (0, 1]. We require that the right-hand sides of the inequalities in (1.5.10) and (1.5.11) are less
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than or equal to §/(2n?). This yields

2
A> \[Q\Fl log (4?)
«@

1 1 2n? 1
r=m (l"g (557 * e (5)) .

Hence, with probability at least 1 — 6,

196 e < L2 ¢<11>7\/ (108 (52 ) + 1o () 1o (15-).

1.5.9 Proof of Lemma 1.4.2

and

By a limited Taylor expansion, for some A € [0, 1],

E(A) = vec(A) TV (—L(A* + A\A))vec(A).

By the properties of the Hessian matrix of the negative log-likelihood function, (1.4.4) and (1.4.5), we

have
o R ) )
aau,vaau,w (_E(A’ X)) > Zzzl ; Xt,’UXt,’wI{O<aIXt(i><1}.
Note that
vec(A)TV2(—L(A; X))vec(A)
n n n m 7;—1
(4) y(4)
35 9555 SEVI0 5 ECER MRV P9
u=1lv=1w=1 i=1 t=0
m 7,—1 n o) 9
- Z Z (A“ X ) I{O<aIXt(”<1}'
=1 t=0 u=1
Hence,
vec(A) TV (—0(A; X)) vec(A) > h(A, A; X)
where

m 7i—1 n

N2
h(A, A X) = Z Z Z (AIXt( )) |{0<a§X§")<1}'

i=1 t=0 u=1
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For A= A"+ XA = (1 - M\)A* + A(A" + A), since A* and A* + A have the same support, we have
the following properties. If aIXt(i) = 0, then AIXt(i) = 0 because aZTXt(i) =0 1If aIXt(i) =1,
then again A} Xt(i) = 0 because aZTle(i) = 1. It thus follows that for any A with the same support as

A*, we have
m 7i—1 n 9

(A, A X) = h(A;X) =3 3 > (arx(”)

i=1 t=0 u=1
1.5.10 Proof of Lemma 1.4.3

We consider

E%h(A; X)] = mEY[7] i E

u=1

(AIXO)? .

The following relations hold
n

Z(AI$)2 = i:pTAuAIx

u=1 u=1
= o' (znj Ay, ) @
= xTA?FZAlx
= (Az,Azx)
= tr((Az)"Ax)
= tr(z' ATAz)
= tr(zz' ATA).

Hence, we have

u

(ATXO)Z} — t(E[XoXJ]ATA)

> Anin(E[XoXq ))I|AlIZ-

It follows that E°[h(A; X)] > k1||A[|3, for every k1 > 0 such that

k1 < mE°[7] Amin (E[X0X{ ]).-
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1.5.11 Proof of Lemma 1.4.4
We first show a concentration bound for random variable h(A; X) in the following lemma.

Lemma 1.5.2. For a voter model process with parameter A*, for any 6 € (0,1/2] and A > 0, with

probability at least 1 — 9,
|7(A; X) — E[R(A; X)]| < el All

=230 m oz (512 + L1os (2)) ot s (2),

where

Proof. Recall that

Let us define, if 0 < s < Y7 75,

k—1 k
X, = X(k)zk_1 for Zn <s< Zn and k € [m]
Ti

T Lai=1 i=1 i=1

where 3°0_; 7; = 0 and, otherwise, if s > > 7,

Now, we can write
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Let Y, = 3"_ (Al X;)2. Forany T > 0, we have

PO [[A(A; X) — E[R(A; X)]| > e[| All}]
[7T-1 n -1 n
< PUID D (A X)?-E [ZZ A, Xi) 1 > el|AlF| + P°
LI t=0 u=1 =0 u=1 i=1
-1 T-1 m
= p° s—EO [ZYS >e|AlR]| +PO DY n>T
=1
< P Z|Y |>EHA||F]+P0 om>T
=1

where the last inequality follows from the following basic relations

T

= Z(YS_

s=1

e

T
<D Y-
s=1

Let us define

Z ’Y — E | and (SGt Gt - Gt—l-

We have E[G; | Fi—1] = Gi—1 + E[|Y: —E[Y]| | Fi=1] > Gi—1 forall t € {1,...,T}. Hence,
Go,G1, . .., Gr is a super-martingale sequence. Moreover, we have
n
Y = Z(AIXS)Q
u=1
n
< D AR
u=1
< ||A”%,1
< s|AlE
where the first inequality follows from A, ; X ; < |A, 4| foralli = 1,...,n, the second inequality

iﬂ' >T]

follows from the fact -7, [|Au[1? < (X2, [|Aul1)? = ||AH%1 and the last inequality follows from

the assumption that A has sparsity s, and, hence, ||A[|11 < v/s[|Al]2,2.

It follows that |6Gy| = |Y; — E[Y3]] < 2s||A||% forall t € {1,...,T}, almost surely.
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By applying Azuma-Hoeffding’s inequality, we obtain

2
— € _
S e 8Ts?,

T
PlGr—Go>¢=P [ZIYS—E[YL]I > el All%
s=1

Hence, P [Gr — G > €] < §/2, for

€> Qﬁﬁsﬂlog <§>

From Theorem 1.3.2, we also have P [>°1" 7 > T'] < 4/2, for any

1 1 2 1
T> m<10g<2ﬂ*> + Elog (5>) B

Hence, it follows that with probability at least 1 — &,

[h(A; X) — E[h(A; X)]| < el AllF

where

=20 m (o2 (512) + 10w (2)) gt s (2)

O

From Lemma 1.5.2, it follows that with probability at least 1 — 4, h(A; X) > E[h(A; X)] — €| |A]|%.
Combining with Lemma 1.4.3, with probability at least 1 — 6, h(A; X) > (k1 —€)||A[|%. Hence, with
probability at least 1 — &, h(A; X) > (k1/2)||A||%, provided that k1 /2 > €, which is equivalent to

> 52 1
— Oy EO[7]2)\][11111(E[X0X0T])2

Cspr(m) =8 (log (;%) + %log <§>> log (?) .

m s, (M).

where
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1.5.12 Proof of Lemma 1.4.5

The proof of the lemma is based on using the concepts of covering and metric entropy which we

discussed in Appendix 1.5.1.3. With a slight abuse of notation, in the proof, we assume

xim o x M T

y < —1

X =", xW

T1—10° "

The proof follows similar steps as that of Lemma A.6 in Pandit et al. [2019]. The main difference in

our case is that X does not have fixed dimensions, which requires additional technical steps.

We separately consider three different cases: (a) ||Al|z = r, (b) ||A||F > 7, and (¢) ||A||F < 7, for

value of r defined as

1 *
r=ZslAseellu g oy (1.5.12)
Case 1: ||A||p =r Forevery A € C*, we have

A1 = [|As-

11+ [|Ag=ell11

IN

4[| Ag«|[1,1 + 4][AGwe|]1,1

A(Vs||AllF + [[Ageel1,1)-

IA

Hence, for any r > 0, C* N 9Bs(r) C Bi(r') where

= A4(ry/s + || Abee

1,1)- (1.5.13)

Note that under (1.5.12), 4/s < 7' /r < 8y/s.

By the triangle inequality, for all A, A’ € R™*™,

‘\/h(A;X) - \/h(A’;X)’ <VTp(A,A')

where

p(A,A) = jTHX(A — ATl
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Because it holds (a — b)? > a?/2 — b? for all a, b > 0, it follows that for all A, A’ € R™ ™,

h(A; X) > Zh(A; X) — Tp(A, A2

| =

Let N be an re-cover of C* N 0By(r). Fix an arbitrary A € C* N 9Bz (r), and let A” be such that
A" € N and p(A, A") < re. Then, note

h(A; X) > %h(A”;X) —T(re)® > = min h(A'; X) — T(re)?.

A’eN

N

It follows that
1
inf R(A; X) > = min h(A; X) — T(re)>. 1.5.14
AeC*lrglaBz(r) (& )_2?6111\1/ (4 X) (re) ( )

Let €2 = (x1/8)/T. It then follows

po inf  h(A;X) < éwﬂ

AEC*NIBy(r) A€

<P [mi%h(A;X) < %WQ : (1.5.15)

For any matrix X with the number of rows 7" such that 7" < T, for some fixed 7™, we can bound |N|
by a fixed value N*, which we show next. Recall that for any r > 0, C* N 9Bz(r) C By(r'), where 1/
is defined in (1.5.13). Hence, we can bound | V|, the covering number of C* N 9Bz (), by the covering
number of By (r'). From Lemma 1.5.1, 7' /r < 8,/s and €2 = (x1/8)/T, we have

2
/
ci1| =) log(n 3 1
|N| <e 1<TE) g(n) < 68 sclTHl log(n)

)

where ¢; = comax(X)?/T for some constant ¢ > 0, under condition re < cor’ with c3 =

O'maX(X)/\/T. Since opax(X)? < nT and 7’ /r > 4,/s, we have
IN| < N* = S hysnlos(®) (1.5.16)

under conditions

. Omax(X)? 1
= < = >
Cl {T ~ T } and CQ { oy = 1288} .
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From (1.5.15), we have

1
po inf  h(AX) < cryr?
LeC*lgaBg(r) (A X) = g

IN

E [IuAeN{h(A;X)g(m/Q)ﬂ}|C1I(Jz} +Elee] + E%[l g

1
< N* max PY [h(A;X) < WQ} + PY[C¢] 4 PY[CY).
Ai|A]|p=r 2

The probability of the event C{ can be bounded as follows. By Corollary 1.3.4, for any ¢’ € (0, 1],
Pr[C{] = Pr[T > T*] < ¢', when

T >m (log (2717*> + log (;)) (;4* : (1.5.17)

We next upper bound the probability of the event C'S. First, note

IXT X1,

Umax(X)Q = )\max(XTX) > n

where the last inequality holds by the basic fact that for any real n X n matrix M,

N (M) > 1" M1 e 21 My
max .

- 171 n
Hence, we have
n
PO[Cg] <P° HXTXHLl < 12&9H1:| . (1.5.18)
Note that
m Tz‘fl . T
XX, = 1Tx®Ox® 1.
; t
i=1 t=0

By the Palm inversion formula and definition of x;, we have

T—1
EfXTX|[1] = mE° [Z 1TXtXtT1]
t=0
= mE°[r]1TE[X X, |1
> mE[7)Amin (E[ X0 Xq )1

= MNK1.
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To bound (1.5.18), we use Chebyshev’s inequality: for any random variable X with expected value p

and variance o2, Pr[|X — pu| > ko] < 1/k?, for any k > 0. By Chebyshev’s inequality, we have

PUIX X[y <2] < —
’ (—x)?

for every 0 < x < ju1, where v and o2 are the expected value and variance of || X " X |1 1, respectively.
Let o7 be the variance of random variable Y = 37 1T X; X; "1 and ¢; = 1/(1 — 1/(128s))2. It

follows

PO X TX |t < —ky| < e
I 11 1288/11 - Csn2/<;%
C 0-%
*n2mEO[7)2 \uin (E[ X0 X )2
Next, we bound o7 as follows
2 1 1
2 0y-2 4p07_2 4

where the last inequality is by Corollary 1.3.3.

Putting the pieces together, we have Pr[C$§] < 1/n, under condition

1
(@ 4+E°[7])* Amin (E[X0 X )2

m > cen®(1/7%) (1.5.19)

By Lemma 1.4.4, for any § € (0, 1] and A, Pr[h(A; X) < (x1/2)||A]|%] < 6 provided that

2 log(1/(27*)) + log(2/4)
T 4B Amin (E[X0 X )2

Let T* be defined by equality in (1.5.17) and ' = 1/n. From (1.5.16), we have N* = n® where

log(1/(27*)) + log(n)
(®4<EO[7]) Amin (E[X0 X )

a = snc8>

Take § = 2/n%"1. Then, we have

1
N* max P° h(A;X)§§mr2 <

p
Adf|Al[p=r n
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provided that
- g42108(1/(27))(a + 1) log(n) + (a + 1) log(n)*
- D 4+ EO[7]2 A min (E[ X0 X ])2 '

(1.5.20)

We have shown that the RSC condition holds with at least probability 1 —4/n, for all A € C*N9Bay(r),
with curvature /8 and tolerance 0, under conditions (1.5.19) and (1.5.20). Condition (1.5.20) is

stronger than condition (1.5.19) when

o1 A st 1
E'lr]=0 ( n ((I)A*EO[T])/\min(E[XoXOT])> '

Case 2: ||Al|p > r Lett = ||A]|p/r. Assume that the RSC condition holds for every A’ €

C* N 0Ba(r) with curvature x1 /8 and tolerance 0. Note that, for A € C* N Ba(r),
2 ol o 1 2
h(A; X) =t*h(A/t; X) >t g = gmHAHF.
Hence, the RSC condition holds on C* N By(r) with curvature ; /8 and tolerance 0.
Case3: ||Al|r <r Lety” = (k1/8)r2 = (k1/8)||A%.|[3,1/5. In this case, we have
h(A; X) > 0> (k1/8)[|Al[F — 7.
Hence, the RSC condition holds with curvature «; /8 and tolerance (r1/8)||A%.[3 /.

1.5.13 Proof of Theorem 1.4.2

The proof follows from Theorem 1.4.1 and Lemmas 1.4.1, 1.4.2 and 1.4.5, which we show as follows.

From Lemma 1.4.1, with probability at least 1 — 1/n,

11
2[[VE(A ) loo < Am = 2\/55 Cpme /M.

Vear

From Lemma 1.4.2 and Lemma 1.4.5, the negative log-likelihood function satisfies the RSC condition
relative to A* and S that is the support of A* with curvature x’ = x1/8, and tolerance 2> = 0 with

probability at least 1 — 4/n, under conditions (1.4.10) and (1.4.11).
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Recall that 1 = mE®[7] Amin (E[X0X{ ]). It follows that

Am
— = max

7 {EO[T]AM(E[XOXJ )

}2\[04 Dy Ny \/>

Combining the above facts with Theorem 1.4.1, with probability at least 1 — 5/n,

sc? . 1
2 T2y 7o Par —
(@ A+EO[7])* Amin (E[ X0 X( ])

||A — A*||% < 4608
which completes the proof.

1.5.14 Stationary correlation matrices

We consider the stationary correlation matrix M of the extended voter model (1.1.3) defined by
M = E[X0X, .

The stationary correlation matrix exists which follows from the Palm inversion formula (1.2.2) as

E%[7] < oo.

In this section we present analysis for the extended voter model that includes final consensus states of
individual voter model processes. The stationary correlation matrix of this process, denoted as M, is
related to the stationary correlation matrix, M’, for the extended voter model that does not include
final consensus states of individual voter model processes as follows

%), T EYX)

.
B0+ 1 E0r] 117", (1.5.21)

M =

This follows by the Palm inversion formula and the fact P°[ X, = 1] = 7 "E°[X{]. Indeed,
T
E[r)+1)M = E° [Z XX, ]
=0

T—1
= E lz X X,

t=0
= E°[r M +PO[X, =1]11"

+E% X, X]]

= E%r)M' + 7 E0[ X1,
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By Weyl’s inequalities and the fact that eigenvalues of 11" are either of value 0 or n, the eigenvalues
of M and M’ are related as follows
7T E%[X]

(M) + —p,

el Ai(M') < XN(M) < il E0[7]

B+ 1) A0 <

1.5.14.1 Lyapunov matrix equation

The stationary correlation matrix satisfies the Lyapunov matrix equation stated in the following lemma.
The Lyapunov matrix equation plays an important role for stability of linear dynamical systems Gajic

and Qureshi [1995], Barnett and Storey [1970].

Lemma 1.5.3. For the extended voter model with parameter A and initial state distribution (i such

that the process is ergodic, the following Lyapunov matrix equation holds
M=AMA" +Q (1.5.22)

where

EOXo X ] — (u(C1) + (1 — u(C)7 TE*[Xo | Xo ¢ C)11T
(1= (0B +1

Q = E[D(V(Xo))] +
and D(V (x)) is the diagonal matrix with diagonal elements V,, ().

Proof. The following equations hold

E[Xt+1X,Ii_1] = E[Xt+1X;-1I{Xt¢C}]

+EY[ X0 X, [P[X; € C]

EXen1 X lixecy] = ElZea XX/ Z] )

_E[Zt—‘rlXtXt—th——r‘,-ll{XtEO}]
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ElZen1Xe X, Z)1] = E[E[ZeaXe(ZnXe) | X¢]]

= AE[X.X,]AT + E[D(V(X}))]

and

ElZer1 Xe X, Z/ 1 lix,ecy) = 11TPIX, € C1).

Putting the pieces together, we have

E[XoX)] = AE[XoX(]A" +E[D(V(Xo))]

+(E°[Xo Xy ] — p1117)P[X, € C]
where p; := P[Xy € C; | X € (], from which the statement of the lemma follows. O

By multiplying both sides in equation (1.5.22) with 7" and 7 from left and right respectively, we

obtain the following corollary.

Corollary 1.5.1. The following equation holds

(1= n(C) 2_: Va, (Xo)]

= E'Va(Xo)l + u(C1) = n(C)E"[x " Xo).

If 4(C) = 0, then the last expression boils down to
7]+ 1) Z T2E[Va, (Xo)] = E°[VR(Xo)]

which asserted in (1.3.1).

The necessary and sufficient condition for the Lyapunov matrix equation (1.5.22) to have a unique

solution M for any positive semi-definite matrix ( is that no two eigenvalues of A have product equal
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to 1,i.e. A\j(A)\j(A) # 1foralli,j = 1,...,n. Furthermore, it is known that p(A) < 1, where p(A)
is the spectral radius of A, holds if and only if for any positive definite @), (1.5.22) has a a positive

definite solution M.

The Lyapunov matrix equation of the voter model is such that () is a positive semi-definite matrix as

stated in the following lemma.

Lemma 1.54. Q in (1.5.22) is a positive semi-definite matrix, with eigenvalue 0 associated with

eigenvector T.

Proof. Multiply both sides of equation (1.5.22) with 7 from the left and 7 from the right. Note that
7T AMA 7 = 7" M. It follows that 7T Qm = 0, which shows that  is an eigenvector of Q with

eigenvalue 0. U

1.5.14.2 Product-form Bernoulli initial state distribution

We consider the spectrum of matrix () for initial state distribution p that has product-form with

Bernoulli (p) marginal distributions, with 0 < p < 1. Note that

1-(1-p""

EO[X(] | Xo ¢ C] = l—pn—(l—p)n

pl.

Under the given assumptions on distribution u, ) is an n X n off-diagonal constant matrix with

quu = E[Va, (X0)] and g, » = —a, for u # v, where

- p(1—p)
S Ry s =B (1.5.23)

In order to localize eigenvalues of (), we will use the following lemma.

Lemma 1.5.5 (Gendreau [1986]). Let S be an nxn off-diagonal constant matrix such that s; j = d;+a,

fori = jands;; = a, fori # j, where dy,da, ..., dy, and o are given real numbers with o > 0. Let
e1 < -+ < ey be distinct values in {dy, . ..,d,}, and n; be the number of occurrences of e;. Then S
has

1. one eigenvalue in (e;,e;11) fori = 1,...,m — 1 and one eigenvalue in (e,, ), all with

multiplicity 1;

2. each e; such that n; > 1 is an eigenvalue of multiplicity n; — 1.
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By Lemma 1.5.4 and Lemma 1.5.5, matrix () in (1.5.22) has eigenvalue 0 and all other eigenvalues
larger than or equal to min,, E[V,, (Xo)] + a > 0. Hence, the smallest positive eigenvalue \2(Q) of
(Q satisfies

X2(Q) = min E[V,, (Xo)] +a > 0. (1.5.24)

1.5.14.3 Bounding smallest eigenvalue of the stationary correlation matrix

Let R(S, z) denote the Rayleigh quotient, R(S, x) = (2" Sz)/x " x, for some matrix S. Note that

E[(7 Xo)?
R(M;TF) — [(||7r||20> ]

Note that
X(Q)= min R(Q,z).

z:x#£0,m T z=0

We claim that
(M) > min{R(M: 1), A2(Q)}.

To show this, we decompose any vector z € R™ into orthogonal components x = v + z for some

v € Rand z € R" such that 7" z = 0. We have the following relations

' Mz
z'w
(yr 4+ 2) T M (ym + 2)
(ym+2)T(ym + 2)
(ym +2)T My + 2)
YrTo+2T2
VrTMr+ 2" Mz
Vrlo+2T2
VaTrR(M;m) + 2" 222(Q)
a?rlm+272
min{R(M;7), \2(Q)}.

R(M,z) =

v

v

v

From this it follows that the smallest eigenvalue Ay (M) of M statisfies A1 (M) = ming., .o R(M,x) >
min{ R(M; 7), \a(Q)}.
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It readily follows from (1.1.3) that the Rayleigh quotient R(M; 7) can be lower bounded as follows

1 E°[(w " Xo)?]
(1= p(C)E[TI+1 ||

R(M;m) >

For the case when p is a product-form distribution with Bernoulli (p) marginal distributions, we have

E%[(n " X0)°] = p* + p(1 — p)l|7||*.

Hence, R(M;7) > p(1 — p+ p/||x||*)/(E°[7] + 1). By combining with (1.5.24), we have

_ 1
p(l p+p||7"||2) ,minE[Vau(Xo)] + p(l _p) } .

AL(M) Zmin{ EOf7] + 1 uev EO[r] + 1

1.5.14.4 Complete graph example

We consider the case when a,,,, = 0 and a,,, = 1/(n — 1) for all u # v, and when the initial state
distribution p is the product-form with Bernoulli (p) marginal distributions. Because of the symmetry,
My, = a and my, , = b, for all u # v, for some a and b. Note

(AMA"),, =

au7zav7j mZ7j
1

n n

=17

n n
= aE au,iav,ﬁbg § (i Oy, j
=1

i=1 j#i

n n o n
= (CL - b) Z Qi Qg + bz Z Oy, Gy j -
=1

i=1j=1

It follows

T 1 n—2
(AMA" )y = (a—b) <n_1|{u=v} + m'{u;ﬁv} +o.

Hence, we have

(M —AMAT),, =
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Now, we have M — AM AT = @Q, and Q has diagonal elements of value E[V;, (X()] and off-diagonal

elements of value —«, where « is given in (1.5.23). It follows that

“oh= (7:%_—12)2 (1-pr—(1 jp)”)EO[T] TPt
and
EVay (o) = (1= - ) (@ = D)
Note that
a—b= m’é})h—]p)(wo(l))
and
ElVar (Xo)] = p(1 = p) o7 (1 0(1).

From Lemma 1.5.5, it follows that \; (M) = a — b. Hence,

A(M) = p(1 —p) (1+0(1)).

n
E0fr]+1
The smallest eigenvalue of the correlation matrix K with respect to the stationary distribution of an
extended voter process that includes final consensus states of individual voter model processes, A1 (K),
such that K has constant diagonal elements and constant non-diagonal elements, \; (/) is related
to the smallest eigenvalue of the correlation matrix K’ with respect to stationary distribution of the

extended voter process that does not include final consensus states, A1 (K"'), as follows:

A (K) Eol7] (K, (1.5.25)

SE 1

This easily follows from (1.5.21) and the fact that the smallest eigenvalue of a matrix with constant

diagonal elements (say equal «) and constant non-diagonal elements (say equal to 3) is equal to o — 3.

For the complete graph case considered in this section, from (1.5.25) and E°[7]/(E°[7] 4+ 1) = 1+ 0(1),
the correlation matrix M’ with respect to stationary distribution of the extended voter process that does

not include final consensus states of individual voter model processes is

A (M) =p(1—p) (1+0(1)).

_n
EO[r] +1
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1.5.15 Linear c-noisy voter model

In this section we consider the linear e-voter model defined as the linear discrete-time dynamical

system (1.1.6). Let A° := (1 — 2¢) A.

Lemma 1.5.6. For any linear e-voter model with parameters A and 0 < ¢ < 1/2, the expected values

of vertex states satisfy

1

Proof. From (1.1.6), we have
E[Xt—H] = E[Qt+1Zt+1Xt] + E[Rt] = (1 — 26)AE[X¢] + €l.

Hence,

(I — (1 —2¢6)A)E[Xp] = el.

Since p((1 —2€)A) = 1 — 2e < 1, we have
E[Xo] = (I — (1 —2¢)A) e,

Now, note

(I—(1-20)A)""1 = i(l — 2¢)'A'1
=0

= > (1-2)1
=0
1

—1.
2e
Hence, it holds E[X] = (1/2)1. O

Lemma 1.5.7. For any linear e-voter model with parameters A and 0 < ¢ < 1/2, the following

Lyapunov matrix equation holds

M = AMAT + Q@
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where

E[M] = E[XoX, ]

and

Q° =E[D(VE(X0))] + €T +¢e(1 — )11,

Proof. From (1.1.6), we have

Xen X = (D(Qu+1)Zi1Xe + R)(D(Qui1) Zeia Xy + Ry)
= (D(Qe1)Ziy1 Xt + R)(D(Qr41) Zera Xi) T + R))
= D(Qu+1)Zt1 XX, (D(Qu41)Zi1) " + D(Qus1)Ze1 Xo R)

+(D(Qu41)Ze1 X R)) T + RR/ .

Now, note
E(D(Qi+1) Zi+1Xt + R)(D(Qu41) Z1 Xe) T + R)))]
= AE[X; X ]A°T + E[D(VE(Xy))).
(D(Qt+1)Zt+1XtR;r)u,v = Qt+1,u Z Zt+1,u,th,th,v
E[(D(Qes1) Ze1 Xe Ry Y] = €(1 = 2€)ag E[X]lfyz0y
E[D(Qi11)Zi11 X R ] = eD(AE[X])(11" — 1)
and

E[R:R]] = e((1—e)I +€117).
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Putting the pieces together, we have

Q° = E[D(V(Xo))] +
+e(D(AE[Xo)) (11T — 1) + (117 — I)D(A°E[Xy)))

+e(1 —e)l + 2117,

Since, by Lemma 1.5.6, E[X] = (1/2)1, we have

e(D(AE[Xo))(117 —T) + (117 — I)D(AE[X0])) + e((1 — )T + €11 7)
= €(1-2)(117 —I)+€e(1 — ) + €117

= El+¢e(1—-e11'.

Lemma 1.5.8. For any linear e-voter model with parameters A and 0 < € < 1/2, we have

1

)\min(E[XoXOT]) > m

(min E[Vog, (Xo)] + ) > €.

Proof. Let M and Q€ be defined as in Lemma 1.5.7. It is known that (see, e.g. Yasuda and Hirai
[1979]),

1 €
)\min(M) > m)\mm(Q )

Note that Q¢ is a matrix with constant off-diagonal elements equal to o := ¢(1 — ¢) and diagonal

elements equal to

E[Vae (Xo)] + € + a.

By Lemma 1.5.5, it follows
Amin (Q°) = min E[Voe (Xo)] + €.
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1.5.16 Proof of Theorem 1.4.3

The proof follows similar steps as that for linear dynamical systems with additive Gaussian noise Jedra
and Proutiere [2019]. The differences lie in steps that are needed to resolve technical points that arise

due to Bernoulli random variables and underlying constraints on the model parameter.

For any substochastic n x n matrix A4, zg,...,z; € {0,1}", and ¢t > 0, let us define
pa(xo, ..., x¢) :=Pa[Xo =mo, ..., X = 4]
and, for any x,y € {0,1}",

pa(y | z) =PalXi1 =y | Xy = z].

Let A* be an n X n stochastic matrix and A be an n X n substochastic matrix such that A # A*. The

log-likelihood ratio of the observed voter model process states, under parameters A* and A, is given by

<pA* (x5, ,XS’))
pa(xi?,. . xD)

L(X) :ilog

i=1

For every t > 1, we have

pas(zo, ..., o) = p(wo)pa (w1 | 20) - - - pa (¢ | Te-1).

Now, note

T—1
0 10)] = e [S2ED [iog (2 CEe [ X0
EA LX) = mEs. [ZOE o (2 =) 'ft”

T—1 n T
= mEY. [Z > KL(a; ' Xt || auTXt)] :
t=0 u=1

For every u € V, let S, denote the support of a,, Xy, = {z € {0,1}" : 0 < 3 g, ¥j < |Sul}, and
A, ={aeRY} | Y0 1ay, =1,ay > /2, forallw € S,}. Then, for every x € X, and a,, € A},

we have /2 < z'a, <1 —a/2.
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If X; € X, and a,, € A}, we have

* 4 *
KL(a: "X, || ay ' Xy) < a(auTXt —a, ' X;)?
4 * *
= aXtT(% —ay)(al —ay) ' X,
In the remainder of the proof, we assume that A is such that a,, € A} forall u € {1,...,n}. It follows
4 [T—1 n T
EO%[L(X)] < m—E%. > (ay Xy — auTXt)Q]
« Lt=0 u=1
4 [T—1 n
= maEO N Z Z E% X (au* — au)(al — au)TXt]l
Lt=0 u=1
4 rr—1
= m—E% | XWX,
o Lt=0

where W := (A* — A)T(A* — A).
By the elementary properties of the trace of a matrix, we have

T—1 T—1
EY- lz x/ WXt] = tr (WEO* lz X, x; D .
t=0

t=0

Hence, it holds

E%-[L(X)] < mgtr (WEO . [Tz_l XtXtTD .

t=0

By the Palm inversion formula (1.2.2), we have

7—1
E%- lz bod ] = EY [T]E 4+ [ X0 X, |.
t=0

It follows that
4
E%[L(X)] < amED*[T]tr(WEA* [(XoXq ). (1.5.26)

Let F,, denote the o-algebra of observations from m independent realizations of the voter model

process with parameter A* and initial state distribution p. By the data processing inequality, we have

E%[L(X)] > sup KL(P%.[E]|l P4[E]). (1.5.27)
EeFm
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Assume in addition that A satisfies 2e < [|A — A*||r < 3¢, and assume that m > my. Let E be the

JF.m-measurable event defined as

E={|ld—4r < e}
Since the algorithm is (¢, ¢)-locally stable, we have

Paf[]A—A*||p <€ >1-0

and

PAl[[A— A*||p <] <PA[||A—Al|lp > ¢ < 6.
Hence, it follows

KL(P%.(E) || P4(E)) > KL(1 —§ || §) > log (215> : (1.5.28)

Combining (1.5.26), (1.5.27) and (1.5.28), it follows that for any (¢, §)-locally stable estimator in A*,
for all substochastic matrices A such that (a) 2¢ < ||A — A*||r < 3¢ and (b) a,, > /2 for every
(u,v) in the support of A*, and m > my, we have

1
mEQ. [t (WEa-[XoX]]) > %log (245) (1.5.29)

where, recall,

W= (A" —A)T (A" — A).
We need to show that there exists a substochastic matrix A that minimizes the left-hand side of

inequality (1.5.29) under the given constraints.

Let Ea«[X0X, ] = QAQT be the eigenvalue decomposition of the correlation matrix E 4+ [ XX ],
with eigenvalues A\; < --- < \,, and eigenvectors QQ = (qi, - . ., ¢n). Hence, we have E 4+ [XOXJ] =

Yo )\iqiq; . Finding A that minimizes the left-hand side of the inequality (1.5.29) corresponds to
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finding A that is a solution of the following optimization problem:

minimize tr(W 7. \pquq, )
subjectto W = (A* — A)T(A* — A)

2e < \/tr(W) < 3e
@y, > /2 for every (u,v) in the support of A*

A is a substochastic matrix.

By taking W = 4¢2q1 ¢, , we have
tr(WE - [XoXg |) = 42\,

and

1A — A%||p = \/tr(W) = 2e.

We need to show that there exists a matrix A that satisfies the constraints of the above optimization
problem. To show this, let A be such that for some fixed v € {1,...,n}, a} = a, for all v # u, and
ay, 18 given by

a,, — a, = 2€q. (1.5.30)

For such a matrix A, we have W = (a! — a,)(a} — a,) ', and clearly W = 4¢2q1q{ . Note that

14" = Allr = [lag, — aull2 = 2¢.

From (1.5.30), we have
ap1=1-2¢q 1.

Hence, A is a substochastic matrix, if and only if,

2¢|q) 1] < 1.

By Cauchy-Schwartz inequality |¢{ 1| < ||1||2]|q1|]2 = /7. Hence, if € < 1/(2y/n), then A is a

substochastic matrix.
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From (1.5.30), for every (u,v) which is in the support of A%, i.e. a;; , > 0, it must hold
U — 26q10 > /2.

Since [q1 4| < 1forall v, a,,, > a for all (u, v) in the support of A*, we have that the above condition

holds if e < a/4.

1.5.17 Asynchronous voter model on a path

We consider the asynchronous voter model process on a path of two or more vertices, where at each
time step one vertex, chosen uniformly at random, updates its state. We assume that initial node states
are such that k vertices on one end of the path are in state 1 and other vertices are in state 0. For any
such initial state, at every time step, there are at most two vertices with a mixed neighborhood set. If
such two vertices exist, they reside on the boundary separating the state-1 vertices from state-0 vertices.
Note that an informative interaction for the parameter estimation problem occurs only when one of

these boundary vertices samples a neighbour. See Figure 1.1 for an illustration.

o0~ -~ —0000— - 00
(A

1 k n

Figure 1.1: A path example: initial state is such that k leftmost vertices are in state 1 and the remaining
n — k rightmost vertices are in state 0. Each vertex samples a neighbour equiprobably.

The expected number of vertices that perform at least one informative interaction until the voter model

process hits a consensus state can be characterized as asserted in the following proposition.

Proposition 1.5.1. Consider the voter model on a path with n > 2 vertices such that each vertex
samples a neighbor with equal probabilities, with initial states such that k vertices on one end of the
path are in state 1 and other vertices are in state 0. Then, the number of vertices N that participate in

at least one informative interaction has the expected value

n

E[N] = klog (k) + (n—k)log (H_ZH) +O(1).

75



Note that if k/n = o(1), then

E[N] = k <1og (Z) + @(1)) .

On the other hand, if k is a fixed constant, then

E[N] = O(log(n)).

This makes precise the intuition that only a small fraction of vertices will participate in at least one
informative interaction if a small fraction of vertices on one end of the path are in state 1 and other

vertices are in state 0, for asymptotically large n.

In the remainder of this section, we prove the proposition. Let I; denote the vertex activated at time
step t. Let p, denotes the probability with which vertex v samples vertex v + 1. Then, 1 — p,, is
the probability of vertex u sampling vertex uw — 1. Here p = (p1,po,...,pn) are parameters such
that p,, € (0,1) foru = 1,2,...,n. In the proposition, we consider the case p; = 1, p,, = 0, and

pu=1/2,foru e {1,...,n}\ {1,n}.
If vertex w is active at time step ¢, then the state of u is according to
(1 =p1)z1 + prae ifu=1

PXipiu=1| Xy =2 = (1 = pu)Tu—1 + PuZut1 ifl <u<mn,

(1 = pn)Tn-1+ pnn ifu=n,

and the states of other vertices remain unchanged.

Given observed node states until absorption to a consensus state, we want to estimate the values of
parameters pi, . . ., p,. We consider this parameter estimation problem for the initial state such that

Xou=1forue{l,... .k} and Xo, =0foru e {k+1,...,n}, forsomek € {1,...,n—1}.

Under given condition on the initial state, the system dynamics is fully described by Y; defined as

the number of vertices in state 1 at time step ¢. Note that {Y; };>¢ is a Markov chain with state space
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{0,...,n}, initial state Yy = k and the transition probabilities:

1
PYiri=y+1|Yi=y] = 5(1 = py+1)o<y<n}
1
P[Yt =y—1 ‘ Y, = y] = ﬁpy|{0<y<n}
1 1
P[Yt+1 =Y \ Y, = y] = 1- 5(1 _py+1)|{0<y<n} - Epy|{0<y<n}'

This Markov chain has two absorbing states 0 and n.

The Markov chain {Y;}+>( has a jump point at time step ¢ if, and only if, (a) vertex Y; is active and
this vertex samples vertex Y; + 1 or (b) vertex Y; + 1 is active and this vertex samples vertex Y;. We
refer to each jump point of Y as a useful interaction as only at a jump point we can observe outcome
of a Bernoulli experiment of which vertex is sampled by the active node, with parameter in a strict

interior of (0, 1).

If at time step t, the active vertex is I; = Y, then this vertex sampled vertex Y; 4 1 if we observe
Y11 — Y: = —1, otherwise this vertex sampled vertex Y; — 1 if we observe Y;;; — Y; = 0. If at
time step ¢, the active vertex is [y = Y41 + 1, then this vertex sampled vertex Y; if we observe

Y11 — Y; = 1 and otherwise this vertex sampled Y; + 2 if we observe ;1 — Y; = 0.

We next consider the probability that a given vertex has at least one informative interaction before Y
gets absorbed in either state O or 1. This is of interest because the maximum likelihood estimate of p,,

is well defined only if at least one informative interaction is performed for vertex w.

Let h,, be the probability that vertex u has at least one informative interaction given that Y started at

initial state Yy = y. We want to compute the values of i, j for1 <u <nand1 <k < n.

Case k < u Vertex u has at least one informative interaction if, and only if, there exists a time
step ¢ such that I; = u and Y; = u — 1. Let Y be a Markov chain with state space {1,2,...,u} and

transition probabilities for vertices 0 < v < u — 1 corresponding to those of Y and by definition

. - 1
PYirn=ul|Y,=u—-1] = -
- - 1
P[n+1:u—2|YVt:u—1] = ;puq
o - 1 1
PYisi=u—1|Yi=u—1 = 1—=—=p,1
n o n
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and

PYii1=u|Y; =u]=1.

The value of h,, . corresponds to the probability of Markov chain Y hitting state v by starting from
state k. We have boundary conditions h, o = 0 and h,, = 1. By the first-step analysis of Markov

chains, for 0 < y < u,

hoyy = %pyhuvy—l + %(1 — Py+1)huy+1 + <1 - %py - %(1 - py+1)> oy
where we abuse the notation by assuming that p,, = 0. We can write
Py + 1 = pys1)huy = Pyhuy—1 + (1 = pyt1)huy+1, for0 <y < u.
Now, this can be equivalently written as
(1 = pys1) (huya1 — huy) = Py(huy — huy—1), for0 <y < wu.
Let 0y, := hyy+1 — hu,y. Then, note
_ Py D1

T Ou,
YT = pyrn) (1= pa) °

where 0,0 = hy,1. Since hyy = 6y y—1 + -+ dy0 and hy,, = 1, we have

u—1
Pz P1
1+ (5,0:1.
( ;(1— 1—172)) h

Pz+1)"'(

Hence, we have

1+ k] perpl

= Z_i a Pz+1.)” a Pz)7 for1 < k < w. (1531)
1+ u— Pzl
z=1 (1=pz41)--(1—p2)

hu,k
For the special when all the transition probabilities of Y of values in (0, 1) are equal to 1/2, we have

2k
hur = ,forl <k <u. (1.5.32)
’ 2u—1

Case k£ > u In this case, vertex u has at least one informative interaction if, and only, if there exits a

time step ¢ such that I; = v and Y; = u. Let Y be a Markov chain with state space {u — 1,u,...,n}
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and transition probabilities for vertices u < v < n corresponding to those of Y and by definition

- - 1
Pl —u+1[Yimu = (1= pus)
- ~ 1
PYii=u-1[Yi=u] =
- ~ 1 1
PYiri=u|Yi=u] = 1-—(1—put1) ——
n n

and

PYini=u—1|Yi=u—1 =1

The value of h,, j, corresponds to Y hitting state u — 1 by starting from state k. We have boundary

conditions A, ,—1 = 1 and h,,, = 0. By same arguments as before, foru — 1 <y <n,

1 1 1 1
hoyy = ﬁpyhuvy—l + 5(1 — Py+1)huy+1 + <1 - Epy - ﬁ(l - py+1)> o,y

where we abuse the notation by assuming p,, = 1.

Again, it follows
(L = py+1) (Puys1 = huy) = py(huy — huy-1), foru —1 <y <n

and
1 *py+1) s (1 - pu+1)

Ouy = ( Ouu—1, foru—1<y<n.

Since hyy = —(duy + duy+1 + -+ + dun—1) and hy_1, = 1, we obtain

n—1 Pz Du
Po g = = Z_:fll_p“l);z(.l_;f““) , foru <k < n. (1.5.33)

2=t (1=pz41)-(1=pu+1)

In particular, when all the transition probabilities of Y~ of values in (0, 1) are equal to 1/2, we have

2(n — k) .
hiy = ——————, fi k . 1.5.34
k n— i)+ 1 ori<k<mn ( )
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Case k = i In this case, we have

1 1 1 1
hig = — + —(1— pro)h -~ —(1- h
Rk =+ n( Pr1) ke kg1 + ( - n( pk+1)> ke k

Hence,
L+ (1 = prs1) g ot
2 — Prt1

hiege = (1.5.35)

In particular, when all the transition probabilities of Y of values in (0, 1) are equal to 1/2, we have

2 (n—k)
hik = 5 (1 + 2(n—k:)+1) . (1.5.36)

We next discuss the results of the above analysis for the special case when the transition probabilities
of Y of value in (0, 1) are equal to 1/2. From (1.5.31), we observe that vertex n has at least one
informative interaction with probability

2n§

n—1n’

hn,k =

For large n, we have h,, ;, ~ k/n. It follows that vertex n has a diminishing probability of having

at least one informative interaction provided that k/n = o(1). For instance, if k is a constant, then
hn i = ©(1/n).

Let N be the number of vertices with at least one informative interaction. We have
n
=2 huk
u=1

Note the following elementary identity

=Y

:1

2H2n — H,)

S

and note that

"o
=2 5 =Sl

i=1



We first compute

> hup = 2k Z
u=k+1 u=k+1 2u—1
= 2k(S, — Sk)
= k(2H2n — Hy, — 2Hy, + Hk)

= klog(n/k)(1+o(1)).

Then, we compute

hug = 20—k —
u=1 u=1 2(n — )
n—1 1

= 2n—k) Z 20+ 1

= 2(n-— )( Tnk)

= 2(n—Fk)(Sn — Sn-k+1)

= (n— k)(2Han — Hy — 2Hy( 1) + Hy_ 1)

= (n—k)log(n/(n—k+1))(1+0(1)).

It follows that

E[N] = klog (Z) —i—(n—k)log( )+@(1).

n
n—k+1
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Chapter 2

Accelerated MM Algorithms for Inference

of Ranking Scores from Comparison Data

2.1 Introduction

Rank aggregation is an important task that arises in a wide-range of applications, including recom-
mender systems, information retrieval, online gaming, sports competitions, and evaluation of machine
learning algorithms. Given a set of items, rank aggregation aims to infer ranking scores of items or an
ordering of items based on observed data containing partial orderings of items. A typical scenario is
that of paired comparisons, where observations consist of information about which item is preferred in
a pairwise comparison. For example, player A defeats player B in a game, product A is preferred over
product B by a user, and machine learning algorithm A outperforms machine learning algorithm B
in an evaluation. In such scenarios, a common goal is not only to compute an aggregate ranking of
items, but also to compute ranking scores, which represent strengths of individual items. Such ranking
scores are used for predicting outcomes of future ranking outcomes, such as predicting outcomes of
matches in online games and sport contests, and predicting preferences of users in product shopping
or movie watching scenarios, among others. Note that, importantly, observations are not restricted to
paired comparisons, but may also include other types of comparison data, such as choice (e.g., product
A chosen from a set of two or more products) or full ranking (e.g., a ranking list of players or teams

participating in a competition).

In this chapter, our goals are twofold. First, we aim to shed light on the efficiency of one of the most
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popular iterative optimization methods for inferring ranking scores, namely the MM algorithm, where
ranking scores correspond to parameter estimates of popular Bradley-Terry family of models. Second,
we propose an accelerated MM algorithm that resolves a slow convergence issue found to hold for a

classic MM algorithm.

2.1.1 Related work

Statistical models of ranking data play an important role in a wide range of applications, including
learning to rank in information retrieval (Burges et al. [2006], Li [2011]), skill rating in sport games
(Elo [1978a]), online gaming platforms (Herbrich et al. [2006]), and evaluation of machine learning

algorithms by comparing them with each other (Balduzzi et al. [2018]).

A common class of statistical models of ranking data are generalized Bradley-Terry models, which
accommodate paired comparisons with win-lose outcomes (Zermelo [1929], Bradley and Terry [1952],
Bradley [1954]), paired comparisons with win-lose-draw outcomes (Rao and Kupper [1967]), choices
from comparison sets of two or more items, e.g., Luce choice model (Luce [1959]), full ranking
outcomes for comparison sets of two or more items, e.g., Plackett-Luce ranking model (Plackett
[1975]), as well as group comparisons (Huang et al. [2006b, 2008]). These models can be derived from
suitably defined latent variable models, where items are associated with independent latent performance
random variables, which is in the spirit of the well-known Thurstone model of comparative judgment

(Thurstone [1927b]).

Statistical models of ranking data play an important role in applications. The Bradley-Terry model of
paired comparisons underlies the design of the Elo rating system, used for rating skills of chess players
Elo [1978a]. Extensions to team competitions and tie outcomes were implemented in popular online
gaming platforms, e.g. TrueSkill rating system Herbrich et al. [2006]. The generalized Bradley-Terry
type of models have been used for estimation of relevance of items in information retrieval applications,
e.g. learning to rank Burges et al. [2006], Li [2011]. Statistical models of paired comparisons are used

in timely applications such as evaluation of reinforcement learning algorithms Balduzzi et al. [2018].

An iterative optimization algorithm for the maximum likelihood (ML) parameter estimation (MLE)
of the Bradley-Terry model has been known since the original work of Zermelo [1929]. Lange et al.
[2000] showed that this algorithm belongs to the class of MM optimization algorithms. Here MM refers

to either minorize-maximization or majorize-minimization, depending on whether the optimization

83



problem is maximization or minimization of an objective function. Lange [2016] provided a book on
MM algorithms and Hunter and Lange [2004] provided a tutorial. Mairal [2015] established some

convergence results for incremental MM algorithms.

In a seminal paper, Hunter [2004] derived MM algorithms for generalized Bradley-Terry models as
well as sufficient conditions for their convergence to ML estimators using the framework of MM
optimization algorithms. For the Bradley-Terry model of paired comparisons, a necessary and sufficient
condition for the existence of a ML estimator is that the directed graph whose vertices correspond to
items and edges represent outcomes of paired comparisons is connected. In other words, the set of
items cannot be partitioned in two sets such that none of the items in one partition won against an item

in other partition.

A Bayesian inference method for generalized Bradley-Terry models was proposed by Caron and Doucet
[2012a], showing that classical MM algorithms can be reinterpreted as special instances of Expectation-
Maximization (EM) algorithms associated with suitably defined latent variables and proposed some
original extensions. This amounts to MM algorithms for maximum a posteriori probability (MAP)
parameter estimation, for a specific family of prior distributions. This prior distribution is a product-
form distribution with Gamma(«, ) marginal distributions, where o > 1 is the shape parameter and
B > 0is the rate parameter. Importantly, unlike to the ML estimation, the MAP estimate is always

guaranteed to exist, for any given observation data.

Algorithms for fitting Bradley-Terry model parameters are implemented in open source software
packages, including BradleyTerry2 (Turner and Firth [2012]), BradleyTerryScalable (Kaye and Firth
[2020]), and Choix (Maystre [2018]). The first package uses a Fisher scoring algorithm (a second-order
optimization method), while the latter two use MM algorithms (a first-order optimization method).
First-order methods are generally preferred over second-order methods for fitting high-dimensional
models using large training datasets. Our focus in this chapter is on first-order optimization methods,

specifically, gradient descent and MM algorithms.

Recent research on statistical models of paired comparisons focused on characterization of the accuracy
of parameter estimators and development of new, scalable parameter estimation methods, e.g., Guiver
and Snelson [2009], Wauthier et al. [2013], Hajek et al. [2014b], Rajkumar and Agarwal [2014], Chen
and Suh [2015], Shah et al. [2016], Khetan and Oh [2016a], Vojnovic and Yun [2016b], Borkar et al.
[2016], Negahban et al. [2017], Chen et al. [2019], Han et al. [2020], Wang et al. [2020], Hendrickx
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et al. [2020], Ruijian Han and Chen [2022], Li et al. [2022]. Note that the question about statistical
estimation accuracy and computation complexity tradeoff is out of the scope of our chapter, and this
was studied in the above cited papers. The focus of our work is on convergence properties of first-order
iterative optimization methods for parameter estimation of Bradley-Terry models. Here “first-order”
refers to optimization methods that are restricted to value oracle access to gradients of the optimization
objective function, thus not allowing access to second-order properties such as values of the Hessian
matrix. Specifically, we are interested in convergence properties of first-order methods for ML and
MAP estimation objectives. It is noteworthy that some recently proposed algorithms show empirically
faster convergence rate than MM, e.g., Negahban et al. [2017], Maystre and Grossglauser [2015a],
Agarwal et al. [2018], but it is hard to apply them for the MAP estimation objective. We thus restrict
our attention to MM and gradient descent algorithms which are able to solve both MLE and MAP

optimization problems.

While conditions for convergence of MM algorithms for generalized Bradley-Terry models are well
understood, to the best of our knowledge, not much is known about their convergence rates for either
ML or MAP estimation. In Vojnovic et al. [2020], we closed this gap by providing tight characteri-
zations of convergence rates. We presented the tight characterizations of the rate of convergence of
gradient descent and MM algorithms for ML and MAP estimation for generalized Bradley-Terry mod-
els. Our results showed that both gradient descent and MM algorithms have linear convergence with
convergence rates differing only in constant factors. An iterative optimization algorithm that has linear
convergence is generally considered to be fast in the space of first-order optimization algorithms, and
many first-order algorithms cannot guarantee a linear convergence. For example, standard stochastic
gradient descent algorithm is known to have sub-linear convergence, see, e.g., Bubeck [2015]. We
provided explicit bounds on convergence rates that provide insights into which properties of observed

comparison data play a key role for the rate of convergence.

Specifically, we showed that the rate of convergence critically depends on certain properties of the
matrix of counts of item pair co-occurrences, M, in input comparison data. We found that two key
properties are: (a) maximum number of paired comparisons per item (denoted as d(M)) and (b) the
algebraic connectivity of matrix M (denoted as a(M)). Intuitively, a(IM) quantifies how well is the
graph of paired comparisons connected. Here a(M) is the Fiedler value (eigenvalue), see Fiedler
[1973], defined as the second smallest eigenvalue of the Laplacian matrix Ly = Dy — M, where

D\ is the diagonal matrix with diagonal elements equal to the row sums of M. The Fiedler value of a
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matrix of paired comparison counts is known to play a key role in determining the MLE accuracy, e.g.,
Hajek et al. [2014b], Shah et al. [2016], Khetan and Oh [2016c¢], Vojnovic and Yun [2016b], Negahban
et al. [2017]. These works characterized the number of samples needed to estimate the true parameter
value within a statistical estimation error tolerance. This is different from the problem of characterizing
the number of iterations needed for an iterative optimization algorithm to compute a ML or a MAP

parameter estimate satisfying an error tolerance condition, which is studied in this chapter.

Our results in Vojnovic et al. [2020] revealed the following facts about convergence time, defined as the
number of iterations that an iterative optimization algorithm takes to reach the value of the underlying

objective function within a given error tolerance parameter € > 0 of the optimum value.

For the ML objective, we showed that the convergence time satisfies

™ = 0 <ZE1\1\2 log (1)) (2.1.1)

which reveals that the rate of convergence critically depends on the connectivity of the graph of paired

comparisons in observed data.

For the MAP estimation, we showed that the convergence time satisfies

TMAP — O <(d(5M) + 1) log (1)) (2.1.2)

where, recall, 5 > 0 is the rate parameter of the Gamma prior distribution. This bound is shown to be
tight for some input data instances. We observed that the convergence time for the MAP estimation
problem can be arbitrarily large for small enough value of /3, where small values of 3 correspond to

less informative prior distributions.

From the convergence time results in Vojnovic et al. [2020], we identifed a slow rate of convergence
issue for gradient descent and MM algorithms for the MAP estimation problem. While the MAP
estimation alleviates the issue of the non-existence of a ML estimator when the graph of paired
comparisons is disconnected, it can have a much slower convergence than ML when the graph of
paired comparisons is connected. Perhaps surprisingly, the rate of convergence has a discontinuity at
B = 0, in the sense that for & = 1 and 8 = 0, the MM algorithm for the MAP estimation corresponds
to the classic MM algorithm for ML estimation, and in this case, the convergence bound (2.1.1) holds,

while for the MAP estimation, the convergence time grows arbitrarily large as 8 approaches 0 from

86



above.

In the present chapter, we extend our prior work Vojnovic et al. [2020] by proposing new accelerated
algorithms and establishing their theoretical guarantees (Section 2.4) as well as demonstrating their

efficiency through numerical evaluations (Section 2.5).

2.1.2 Summary of our contributions for this chapter

We propose an acceleration method for the MAP estimation objective that has convergence time

150 (on {245,250 o))

This acceleration method resolves the slow convergence issue of classic MM algorithm for the MAP

bounded as follows

estimation for generalized Bradley-Terry models. This accelerated method does not have a discontinuity
at 5 = 0 with respect to the rate of convergence: as 3 approaches 0 from above, the convergence
time bound corresponds to that of the MM algorithm for ML estimation. The acceleration method
normalizes the parameter vector estimate in each iteration of the gradient descent or MM algorithm
using a transformation that ensures (a) that the value of the objective function is non decreasing along
the sequence of parameter estimates and (b) that the objective function satisfies certain smoothness and
strong convexity properties that ensure high convergence rate. This amounts to a slight modification of
the classical MM algorithm to resolve the slow convergence issue. This acceleration method is derived
by using a theoretical framework that may be of general interest. This framework can be applied to
other statistical models of ranking data and prior distributions for Bayesian inference of parameters of

these models.

We present numerical evaluation of the convergence time of different iterative optimization algorithms
using input data comparisons from a collection of real-world datasets. These results demonstrate the
extent of the slow convergence issue of the existing MM algorithm for MAP estimation and show

significant speed ups achieved by our accelerated MM algorithm.

Our theoretical results are established by using the framework of convex optimization analysis and
spectral theory of matrices. In particular, the convergence rate bounds are obtained by using concepts
of smooth and strongly convex functions. We derive accelerated iterative optimization algorithms based
on a general approach that may be of independent interest. This approach transforms the parameter

estimator in each iteration so that certain conditions are preserved for the gradient vector and the

87



Hessian matrix of the objective function. For generalized Bradley-Terry models, this transformation

turns out to be simple, yielding practical algorithms.

2.1.3 Organization of the chapter

In Section 2.2, we present problem formulation and some background material. We summarise our
prior results in Vojnovic et al. [2020] on characterization of convergence rates of gradient descent
and MM algorithms in Section 2.3; for simplicity of exposition, we focus only on the Bradley-Terry
model of paired comparisons. Section 2.4 presents our accelerated algorithms for MAP estimation.
Section 2.5 contains our numerical results. We conclude in Section 2.6. Section 2.7 contains all our

proofs, additional discussions, and extensions to generalized Bradley-Terry models.

2.2 Problem formulation

According to the Bradley-Terry model of paired comparisons with win-lose outcomes, each comparison
of items ¢ and j has an independent outcome: either ¢ wins against j (¢ > 7) or j wins against ¢ (j > ).

The distribution of outcomes is given by

0;
Prfi = j] = 2.2.1
i-al=5 7, 22.1)
where 0 = (01,05,...,0,)" € R is the parameter vector. The Bradley-Terry model of paired

comparisons was studied by many, e.g., Ford [1957], Dykstra, Jr. [1956, 1960], Simons and Yao [1999]

and is covered by classic books on categorical data analysis, e.g., Agresti [2002].

We will sometimes use the parametrization 6; = e when it is simpler to express an equation or when
we want to make a connection with the literature using this parametrization. Using parameterization

w = (w1, ws,...,w,) " €R™, we have

et

All our convergence results are for the model with parameter w. The Bradley-Terry type models for
paired comparisons with ties, choice, and full ranking outcomes, we refer to as generalized Bradley-
Terry models, are defined in Section 2.7.8. Our results apply to all these different models. In the main

body of this chapter, we focus only on the Bradley-Terry model for paired comparisons in order to
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keep the presentation simple.

Maximum likelihood estimation The maximum likelihood parameter estimation problem corre-

sponds to finding w* that solves the following optimisation problem:

max o(w) (2.2.2)
where /(w) is the log-likelihood function,
Uw) = > dij (w; —log (e + 7)) 22.3)

i=1 j#i
with d; ; denoting the number of observed paired comparisons such that 7 >~ j.

The maximum likelihood optimisation problem (2.2.2) is a convex optimization problem. Note,
however, that the objective function is not a strictly concave function as adding a common constant to

each element of the parameter vector keeps the value of the objective function unchanged.

MAP estimation problem An alternative objective is obtained by using a Bayesian inference
framework, which amounts to finding a maximum a posteriori estimate of the parameter vector under a
given prior distribution. We consider the Bayesian method introduced by Caron and Doucet [2012a],
which assumes the prior distribution to be of product-form with marginal distributions such that
0;(= €“) has a Gamma(c, 3) distribution where o > 1 is the shape parameter and 5 > 0 is the
rate parameter. Note that o and 3 affect the scale of the parameter vector as with respect to the
Gamma(a, (3) prior distribution, ; has the expected value and the mode equal to o/ and (o« — 1) /8,
respectively. For any fixed o > 1, the density of Gamma(c, 3) distribution becomes more flat as
[ approaches zero which corresponds to a less informative prior. According to the assumed prior
distribution, ;' ; §; ~ Gamma(na, 5) and, hence, the mode of > ;" 6; is (na — 1)/5. We can

interpret the mode of >, 6; as the scale of the parameter vector.

The log-a posteriori probability function can be written as

p(w) = L(w) + Lo(w) (2.2.4)

where / is the log-likelihood function in (2.2.3) and ¢y is the log-likelihood of the prior distribution
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given by
lo(w) = Z (o — 1wy — Be¥i). (2.2.5)

Note that for « = 1 and 8 = 0, the log-a posteriori probability function corresponds to the log-
likelihood function. For these values of parameters « and 3, MAP and ML estimation problems are

equivalent.

MM algorithms The MM algorithm for minimizing a function f is defined by minimizing a surrogate

function that majorizes f.

A surrogate function g(x;y) is said to be a majorant function of f if f(x) < g(x;y) and f(x) =

g(x;x) for all x and y. The MM algorithm is defined by the iterative updates:
x) = argmin 9(x; x(t)). (2.2.6)
X

For maximizing a function f, we can analogously define the MM algorithm as minimization of
a surrogate function g that minorizes function f. Majorization surrogate functions are used for
minimization of convex functions, and minorization surrogate functions are used for maximization of

concave functions.

The classic MM algorithm for the Bradley-Terry model of paired comparisons uses the following

minorization function of ¢(x):

n
U(x;y) ZZﬁ X;¥), (2.2.7)
i=1 j7#i
where
e*i + e , .
Lij(xsy) = dij (ml T i v log (¥ +€%) + 1> :

It is easy to observe that £(x;y) is a minorization surrogate function of ¢(x) by noting that log(x) <
x — 1 and that equality holds if, and only if, x = 1, which is used to break log(e™ 4 e7) terms in the

log-likelihood function.

The classic MM algorithm for the ML parameter estimation of the Bradley-Terry model of paired

comparisons (Ford [1957], Hunter [2004]), is defined by the following iterative updates, for i =
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1,2,....n,
(t+1) ?:1 di,
7=1 g 16
i J
Following Caron and Doucet [2012a], the MM algorithm for the MAP parameter estimation of the
Bradley-Terry model of paired comparisons is derived for the minorant surrogate function p of function

pin (2.2.4), defined as
p(x;y) = L(x;y) + lo(x)

where £(x;y) is the minorant surrogate function of the log-likelihood function (2.2.7) and ¢ is the

prior log-likelihood function (2.2.5).

The iterative updates of the MM algorithm are defined by, for: = 1,2,...,n,

glt+1) — &7 L+ 20z dig

= L
ﬁ + Zj;ﬁi agt)+;(t)
i J

(2.2.9)

Note that this iterative optimization algorithm corresponds to the classic MM algorithm for ML

estimation (2.2.8) when o = 1 and 5 = 0.

We also consider gradient descent algorithm with constant step size n > 0, which has iterative updates

as

x (1) — () _ an(X(t)). (2.2.10)

Our goal in this chapter is to summarise the rate of convergence of gradient descent and MM algorithms
for generalized Bradley-Terry models that we derived in our previous work and then propose new
accelerated algorithms to avoid the observed slow convergence issue for MAP estimation. It is natural
to consider gradient descent algorithms as they belong to the class of first-order optimization methods
(not requiring second-order quantities such as Hessian of the objective function or its approximations).
Intuitively, the rate of convergence of an iterative algorithm quantifies how fast the value of the

objective function converges to the optimum value with the number of iterations.

For an iterative optimization method for minimizing function f, which outputs a sequence of points

x(0 x(M . we say that there is an a-improvement with respect to f at time step t if
FEY) = f(x*) < (1= a)(F(x1Y) = f(x*))
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where x* is a minimizer of f. An iterative optimization method is said to have linear convergence if
there exist positive constants o and tg such that the method yields an a-improvement at each time step

t > to.
Background on convex analysis We define some basic concepts from convex analysis that we will
use throughout the chapter.

Function f : R™ — R is -strongly convex on X if it satisfies the following subgradient inequality, for

allx,y € X:
) = F¥) S V)T (x—y) = Slix -yl

f is y-strongly convex on X if, and only if, f(x) — Z||x||? is convex on X

Function f is u-smooth on X if its gradient V f is p-Lipschitz on X, i.e., forall x,y € X,

IVF(x) = VI < pllx =yl

For any p-smooth function f on X', we also have that, for all x,y € X,

160 = £(9) = VI (x =)l < Dllx - vl 2211

A proof of the last claim can be found in Lemma 3.4 in Bubeck [2015].

Function f satisfies the Polyak-Lojasiewicz inequality on X' (Polyak [1963]) if there exists v > 0 such

that forall x € X,
1
J6) = F6) < VI GOIP (2.2.12)

where x* is a minimizer of f. When the PL inequality holds on X for a specific value of v, we say
that v-PL inequality holds on X. If f is «-strongly convex on X, then f satisfies the v-PL inequality
on X.

2.3 Prior results on convergence rates

In this section, we summarise our prior results on the rate of convergence for gradient descent and
MM algorithms for ML and MAP estimation for the Bradley-Terry model of paired comparisons

from Vojnovic et al. [2020]. We first show some general convergence theorems that hold for any
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strongly convex and smooth function f, which characterize the rate of convergence in terms of the
strong-convexity and smoothness parameters of f, and a parameter of the surrogate function used
to define the MM algorithm. These results are then used to derive convergence rate bounds for the

Bradley-Terry model.

The results of this section can be extended to other instances of generalized Bradley-Terry models,
including the Rao-Kupper model of paired comparisons with tie outcomes, the Luce choice model, and
the Plackett-Luce ranking model. These extensions are established by following the same main steps
as for the Bradley-Terry model of paired comparisons. The differences lie in the characterization of
the strong-convexity and smoothness parameters. The resulting characterizations of the convergence
rates that are equivalent to those for the Bradley-Terry model of paired comparisons up to constant

factors. We provide details in Section 2.7.8.

2.3.1 General convergence theorems

We first present a well-known result on the convergence rate of a gradient descent algorithm, for the
reader’s convenience. A result of this type can be found in Nesterov [2013] and a simple proof can be

found in Chapter 9.3 of Boyd and Vandenberghe [2004].

Theorem 2.3.1 (gradient descent). Assume f is a convex y-smooth function on X, satisfying the y-PL
inequality on X, C X, x* € X, is a minimizer of f, and x(®) 1 x(t+1) g according to the gradient

descent algorithm (2.2.10) with step size n = 1/p.
Then, if xV) € X, and x(t+1) ¢ X, there is an vy / i-improvement with respect to [ at time step t.
Proof of Theorem 2.3.1 is provided in Section 2.7.10.1.

Note that if there exists tg > 0 such that x®) ¢ A, for all t > t¢, then Theorem 2.3.1 implies a
linear convergence rate with rate /4. Such a to indeed exists as it can be shown that |[x(*) — x*|| is

non-increasing in ¢ and is decreasing for every ¢ such that ||V f(x(®))]|| # 0.

We next present a result in Vojnovic et al. [2020] which shows that the MM algorithm also has linear
convergence, for any smooth and strongly convex function f that has a surrogate function g satisfying

a certain condition.

Theorem 2.3.2 (MM). Assume f is a convex p-smooth function on X,, satisfying the v-PL inequality

on X, C X, x* € &, is a minimizer of f and x® 5 x(tHD) g according to the MM algorithm
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(2.2.6). Let g be a majorant surrogate function of f such that for some 6 > 0,

0
gxy) = £(x) < S| lx — I forallx.y € .

Then, if xY) € X, and x) — ﬁVf(x(t)) € X, there is ay/(p + 0)-improvement with respect to f

at time step t.

From Theorems 2.3.1 and 2.3.2, we observe that the MM algorithm has the same rate of convergence
bound as the gradient descent algorithm except for the smoothness parameter p being enlarged for
value 6. If & < cp, for a constant ¢ > 0, then the MM algorithm has the same rate of convergence

bound as the gradient descent algorithm up to a constant factor.

2.3.2 Maximum likelihood estimation

We consider the rate of convergence for the ML parameter estimation for the Bradley-Terry model of
paired comparisons. This estimation problem amounts to finding a parameter vector that minimizes
the negative log-likelihood function, with the log-likelihood function given in (2.2.3). Recall that M
denotes the matrix of counts of item-pair co-occurrences and Lyps denotes the corresponding Laplacian

matrix. For any positive semidefinite matrix A, we let A;(A) denote the i-th smallest eigenvalue of A.

Lemma 2.3.1. For any w > 0, the negative log-likelihood function for the Bradley-Terry model
of paired comparisons is ~y-strongly convex on W,o = W, N {w € R" : w'1l = 0}, where

We ={w € R" : ||W]||oo < w}, and p-smooth on R™ with
1
v = cwr2(Lim) and p = Z)\H(LM)

where c,, = 1/(e™* + e*)2,

By Lemma 2.3.1, the smoothness parameter p is proportional to the largest eigenvalue of the Laplacian
matrix Lpg. By the Gershgorin circle theorem, e.g., Theorem 7.2.1 in Golub and Loan [2013], we have
An(Lm) < 2d(M). Thus, we can take 1 = d(IM) /2. We will express all our convergence time results
in terms of d(M) instead of A, (Lng). This is a tight characterization up to constant factors. When
M is a graph adjacency matrix, then A, (Lny) > d(M) + 1 by Grone et al. [1990]. In the context of
paired comparisons, d(IM) has an intuitive interpretation as the maximum number of observed paired

comparisons per item.
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The following lemma will be useful for showing that a function f satisfies the y-PL inequality if it

satisfies a y-strong convexity condition.

Lemma 2.3.2. Assume that X is a convex set such that f is ~y-strongly convex on Xy = X N {x € R :

x'1 = 0}, and that for all c € Rand x € X,
(CD) f(Ile(x)) = f(x) and
(C2) Vf(Il(x)) = Vf(x)

where

II.(x) =x+cl.

Then, f satisfies the v-PL inequality on X.

Since the negative log-likelihood function of the Bradley-Terry model of paired comparisons satisfies
conditions (C1) and (C2) of Lemma 2.3.2, combining with Lemma 2.3.1, we observe that it satisfies the
~-PL inequality on W,, with v = ¢,,a(M). Furthermore, by Lemma 2.3.1, the negative log-likelihood
function is pu-smooth on R™ with ;o = d(M) /2. Combining these facts with Theorem 2.3.1, we have

the following corollary:

Corollary 2.3.1 (gradient descent). Assume that w* is the maximum likelihood parameter estimate in
W, = {w: R": ||W]|oo < w}, for some w > 0, and w') — w1 is according to gradient descent

algorithm with step size n = 2/d(M).
Then, if wY) € W,,, there is an oM -improvement at time step t where

a(M)
d(M)’

AOM,w = 2¢,,

The result in Corollary 2.3.1 implies a linear convergence with the rate of convergence bound 1 —

2¢,a(M)/d(M). Hence, we have the following convergence time bound:

70 (00 10e(2)). 20

We next consider the classic MM algorithm for the ML estimation problem, which uses the surrogate

function in (2.2.7). This surrogate function satisfies the following property:
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Lemma 2.3.3. Foranyw > 0, forall x,y € [—w,w|", {(x;y) — {(x) > —%”X — y||* where

1
6 = e*d(M).

By Theorem 2.3.2 and Lemmas 2.3.1, 2.3.2, and 2.3.3, we have the following corollary:

Corollary 2.3.2 (MM). Assume that w* is the maximum likelihood parameter estimate in W,, = {w :

R : ||[W]|oo < wl, for some w > 0, and that w® — w1 is according to the MM algorithm.

Then, if w) € W,,, there is an oM -improvement with respect at time step t where

, a(M)
“d(M)

oMW = 2¢

and c, = 1/[(e™* + e¥)?(1 + €2*)].

From Corollaries 2.3.1 and 2.3.2, we observe that both gradient descent and MM algorithms have the
rate of convergence bound of the form 1 — ca(M)/d(IM) for some constant ¢ > 0. The only difference
is the value of constant c. Hence, both gradient descent and MM algorithm have a linear convergence,

and the convergence time bound (2.3.1).

2.3.3 Maximum a posteriori probability estimation

We next consider the maximum a posteriori probability estimation problem. We first note that the

negative log-a posteriori probability function has the following properties.

Lemma 2.3.4. The negative log-a posteriori probability function for the Bradley-Terry model of
paired comparisons and the prior distribution Gamma(c, () is ~y-strongly convex and p-smooth on

We ={w € R" : ||W]||oo < w} with

1
y=e“Band p = Z)\H(LM) + Y.

Note that the strong convexity parameter -y is proportional to 5 while as shown in Lemma 2.3.1, for the
ML objective +y is proportional to A\o(IM). This has important implications on the rate of convergence

which we discuss next.
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By Theorem 2.3.1 and Lemma 2.3.4, we have the following corollary:

Corollary 2.3.3 (gradient descent). Assume W is the maximum a posteriori parameter estimate in
W, = {w € R" : ||W||oo < w}, for some w > 0, and w') s wt*1) is according to gradient descent

algorithm (2.2.10) with step size n = 2/(d(M) + 2e%).
Then, if wt) e W, there is an an ., -improvement where

2evp

M = J(M) + 2¢95°

The result in Corollary 2.3.3 implies a linear convergence with the convergence time bound

T=0 ((1 + d(ﬁM)> log (i)) . (2.3.2)

This bound can be arbitrarily large by taking parameter 3 to be small enough.

We next consider the MM algorithm. First, note that since p(x;y) — p(x) = £(x;y) — £(x), by

Lemma 2.3.3, we have
Lemma 2.3.5. Forallx,y € [—w,w]", p(x;y) — p(x) > —%HX — y||? where § = Se**d(M).
By Theorem 2.3.2 and Lemmas 2.3.4 and 2.3.5, we have the following corollary:

Corollary 2.3.4 (MM). Assume w* is the maximum a posteriori parameter estimate in W,, = {w €

R : ||[W]|oo < wl, for some w > 0, and w' s w1 is according to the MM algorithm.

Then, if w) € W,,, there is an oM -improvement at time step t where

2e~%g
1+ e2)d(M) + 2evf3

aMWJuﬂ = (

From Corollaries 2.3.3 and 2.3.4, we observe that both gradient descent algorithm and MM algorithm
have the rate of convergence bound 1 — Q(3/(8 + d(M))), and hence both have linear convergence

and both have the convergence time bound (2.3.2).

Note that Corollaries 2.3.1 to 2.3.4 rely on the radius parameter w. For the gradient descent algorithm,
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Figure 2.1: Simple illustrative example: number of iterations until convergence versus parameter (3.
Note that (a) the smaller the value of 3, the slower the convergence for MAP and (b) the MM algorithm
for MAP can be slower for several orders of magnitude than for ML.

w(®) € W, forallt > 0, given w(®) = 0 and w = ||W*||oo + ||W*||2. This holds because || w) —w* ||,
is non-increasing in ¢ and [|[w®|| < [|[W* oo + W) — W*||loo < [[W*[loo + [[W®) — w*||2. For
the MM algorithm, however, it seems hard to establish such theoretical bound for a sufficiently large
radius. Instead, we empirically examine the radius w for several different scenarios in Section 2.5. In

all our experimental results, consistently, the radius w is bounded and is scaled with ||w*|| .

2.3.4 A simple illustrative numerical example

We illustrate the rate of convergence for a simple example, using randomly generated observations of
paired comparisons. This allows us to demonstrate how the number of iterations grows as the value of
parameter 3 becomes smaller, and how the number of iterations is affected by the value of parameter

w. Later, in Section 2.5, we provide further validation by using real-world datasets.

Our example is for an instance with 10 items with each distinct pair of items compared 10 times and the
input data generated according to the Bradley-Terry model of paired comparisons with the parameter
vector such that a half of items have parameter value —w and the other half of items have parameter
value w, for a parameter w > (. We define the convergence time 7' to be the smallest integer ¢ such

that ||w® — w{t=1]||o, < &, for a fixed parameter £ > 0. In our experiments, we set & = 0.0001.

The results in Figure 2.1, obtained for w = 1/2, demonstrate that the MM algorithm for the MAP
estimation problem with 8 > 0 can be much slower than the MM algorithm for the ML estimation

problem.

We further evaluate the convergence time of gradient descent and MM algorithms for different values

of parameter w, for each distinct pair of items compared 100 times. The numerical results in Figure 2.2
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Figure 2.2: Number of iterations versus /3 for gradient descent and MM algorithms, for different values
of w.

show the number of iterations versus the value of parameter (5 for gradient descent and MM algorithms,
for different values of parameter w. We observe that for small enough value of w, convergence times
of gradient descent and MM algorithms are nearly identical. Both algorithms have the convergence
time that increases with decreasing the value of /3 for strictly positive values of 3. We also observe a
discontinuity in convergence time, for 5 = 0 (MLE case) being smaller than for some small positive

value of 3 (MAP case).

The discontinuity at 3 = 0 originates from the fact that the log-likelihood function has infinitely many
solutions for 8 = 0, but has a unique solution whenever 5 > 0. Consider a simple illustrative example:
f(x1,12) = (1 — 1)? + ¢(xz2 — 1)?, for a parameter ¢ > 0. Then, the gradient descent converges to
the unique solution (1, 1) slowly when ¢ is close to 0. When ¢ = 0, however, we just need to find the

minimum point of (z; — 1)? which can be solved in a few iterations.

2.4 Accelerated MAP inference

In this section, we present a new accelerated algorithm for gradient descent and MM algorithms for
MAP estimation. The key element is a transformation of the parameter vector estimate in each iteration
of an iterative optimization algorithm that (a) ensures monotonic improvement of the optimization
objective along the sequence of parameter vector estimates and (b) ensures certain second-order

properties of the objective function hold along the sequence of parameter vector estimates.

We first introduce transformed versions of gradient descent and MM algorithms. Given a mapping

IT: R™ — R™, we define the II-transformed gradient descent algorithm by

xtD = 11(x® — pf(x®)). (2.4.1)
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Similarly, we define the II-transformed MM algorithm by the iteration:

x#D = TI(arg min g(x;x®)). (24.2)

Importantly, function f and mapping II have to satisfy certain conditions in order to provide a

convergence rate guarantee, which we discuss in the following section.

2.4.1 General convergence theorems

Assume that f and IT satisfy the following conditions, for a convex set X’ that contains optimum point

x*, and a vector d € R":
(F1) fis p-smooth on X;

(F2) f satisfies the v-PL inequality on

Xo=XN{xeR":Vf(x)'d=0} (2.4.3)

and
P1) f(II(x)) < f(x) forall x € R™;
(P2) TI(x) € X when II(x) € X.

Condition (F1) is a standard smoothness condition imposed on X. Condition (F2) is a standard ~-PL
condition imposed on the subset of points in X’ at which the gradient of the function f is orthogonal
to vector d. Condition (P1) means that applying II to a point cannot increase the value of function
f. This condition is crucial to ensure a monotonic improvement of the objective function value when
transformation II is applied to an iterative optimization method. Condition (P2) is satisfied when at any
[I-transformed point, the gradient of f is orthogonal to vector d. This condition is crucial to ensure

certain second-order properties hold when II is applied to an iterative optimization method.
We have the following two theorems.

Theorem 2.4.1 (Gradient descent). Assume that f satisfies (F1) and (F2), 11 satisfies (P1), and

n=1/u. Let x® 5 x(t+1) pe according to the 11-transformed gradient descent algorithm (2.4.1).

Then, if x), x(D) e X, there is an v/ u-improvement with respect to f at time step t.

100



The theorem establishes the same rate of convergence as for the gradient descent algorithm in The-
orem 2.3.1 but with the strong convexity condition restricted to points at which the gradient of f is

orthogonal to vector d.

Theorem 2.4.2 (MM). Assume that | satisfies (F1) and (F2), 11 satisfies (P1), and g is a majorant
surrogate function of f such that g(x;y) — f(x) < %HX —y|[2 Let x® s x*V) be according to

the 11-transformed MM algorithm (2.4.2).
Then, if x), xtD € Xy, there is an v/ (v + 6)-improvement with respect to f at time step t.

The last theorem establishes the same rate of convergence as for classic MM algorithm in Theorem 2.3.2,
but with a strong convexity condition imposed only at the points at which the gradient of f is orthogonal

to vector d.

We next present a lemma which will be instrumental in showing that the PL condition in (F1) holds for

the MAP estimation problem.

Lemma 2.4.1. Assume f is a convex, twice-differentiable function. Let X be a convex set, Xy be

defined by (2.4.3) for a given vector d, and x* € Xy be a minimizer of f.
If for some positive semidefinite matrix A x,
(A1) V2f(x) = Ay forallx € X, and

(A2) u"Ayv = 0 for all u, v such that
u= (I-Pqy)zandv =Pgqz, forz € R"

where

1
Pg=I-—_dd"
[d][?

then, f satisfies the ~v-PL inequality on Xy for all v < ~yy with

. xTAXx
min —_—
xeRM\{0}:dTx=0 ||x[|?

Note that P4 is the projection matrix onto the space orthogonal to vector d. The value of g is

maximized when vector d is the eigenvector corresponding to the smallest eigenvalue of A y. In this
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case, 7o is the second smallest eigenvalue of A y.

2.4.2 Convergence rate for the Bradley-Terry model

In this section, we apply the framework developed in the previous section to characterize the conver-
gence rate for the MAP parameter estimation of the Bradley-Terry model of paired comparisons. The
MAP parameter estimation problem amounts to finding a parameter vector that maximizes the log-a

posteriori probability function p defined in (2.2.4). Let the transformation II be defined as

II(x) =x+c¢(x)1 (2.4.4)

where

c(x) = log (ag 1n> —log <z": em") : (2.4.5)
i=1

We next show that f and II satisfy conditions (F1), (F2), (P1), and (P2) for the direction vector d = 1.
This will allow us to apply Theorems 2.4.1 and 2.4.2 to characterize the rate of convergence for

II-transformed gradient descent and MM algorithms.

We first show that f satisfies conditions (F1) and (F2) for the set W,, = {w € R" : ||W]||e < w}.
Condition (F1) holds because, in Lemma 2.3.4, we have already shown that f is y-smooth on W,,
with y = d(M)/2 + e“ 3. Condition (F2) can be shown to hold by Lemma 2.4.1 as follows. Note that
we have V2(f(w)) = Ay, for all w € W,,, where Ay, = c, Ly + e “SL. The assumptions of
Lemma 2.4.1 hold: (A1) holds because Ay, is a positive semidefinite matrix, and (A2) holds because

T

u' Lyrv = 0 (which follows from Lyyl = 0)and u'Iv = u'v = 0 (u and v are orthogonal). Since

7o is the smallest eigenvalue of A y on the subspace orthogonal to vector 1, we have
Y0 = cwA2(Lm) + 7.

Hence, by Lemma 2.4.1, it follows that f satisfies condition (F2) with v = ¢, A2 (L) + e 0.

We next show that 11, defined in (2.4.4), satisfies conditions (P1) and (P2). These two conditions are

shown to hold in the following lemma.

Lemma 2.4.2. Forall w € R",

p(II(w)) = p(w) (2.4.6)
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and

Vp(II(w)) "1 =0. (2.4.7)

From Theorem 2.4.1, we have the following corollary.

Corollary 2.4.1 (Gradient descent). Assume that w®) — w1 is according to the T-transformed
gradient descent (2.4.1) for the negative log-a posteriori probability function of the Bradley-Terry
model of paired comparisons, with product-form prior distribution such that et ~ Gamma («, ),

a>1land B> 0,andn = 2/(||M||ec + 2¢“f).

Then, there is an aw , g-improvement with respect to p at time step t where

N ~ 2cpa(M) + 2743
M@l ™ (M) + 269

and c,, = 1/(e™% + )2
From Theorem 2.4.2, we have the following corollary.

Corollary 2.4.2 (MM). Assume that iterates are according to the ll-transformed MM (2.4.1) for the
negative log-a posteriori probability function of the Bradley-Terry model of paired comparisons, with

product-form prior distribution such that eV ~ Gamma («, 5), « > 1 and 8 > 0.

Then, there is an o, g-improvement with respect to p at time step t where

N _ 2c,a(M) +2e7%p
M= (15 e29)d(M) + 298

and c, = 1/(e™¥ + e¥)2.

Proof. Proof Condition (F1) holds for —p because we have already shown that —p is p-smooth
with g = d(M)/2 + e¥B on W,, and § = €**d(M)/2. Condition (F2) holds by Lemma 2.4.1
with v = ¢,a(M) + e~ . Conditions (P1) and (P2) hold by (2.4.6) and (2.4.7) in Lemma 2.4.2,

respectively. O

Note that in the limit of small 3, the convergence rate bounds in Corollaries 2.4.1 and 2.4.2 correspond
to the bounds for the ML estimation in Corollaries 2.3.1 and 2.3.2, respectively. From Corollar-

ies 2.4.1 and 2.4.2, it follows that for accelerated gradient descent and accelerated MM algorithms, the
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Algorithm 1 Accelerated MM algorithm

1: Initialization: €, 6, PV
2: while ||0 — 6P™Y||c > € do

3: OPreY «— 0
4: fori=1,2,...ndo
0[—1"1‘ . dL,
5: g = % > standard MM
B+Zj;ti 6,165
6: end for
7: fori=1,2,...,ndo
et?emp _1 .
8: i = < —temp "5 1 > rescaling
Zj:l ej P8
9: end for

10: end while

convergence time satisfies

=

=

-0 (o 35,200} un 1))

For the Bradley-Terry model of paired comparisons with parametrization § = (6, ...,6,)", where
0; = eViforv = 1,2,...,n, the transformation II given by (2.4.4) is equivalent to a rescaling as
shown in a procedural form in Algorithm 1. This algorithm first performs the standard MM update
in Eq. (2.2.9), which is followed by rescaling the resulting intermediate parameter vector such that
the parameter vector # at every iteration satisfies Y ;- §; = ¢ where ¢ = n(a — 1)/f. This can
be interpreted as fixing the scale of parameters to a carefully chosen scale that is dependent on the
choice of the prior distribution. Note that the scaling factor ¢ cannot be arbitrarily fixed while still
preserving good convergence properties. In particular, selecting the scale ¢ = 1 can result in undesired

convergence properties. We demonstrate this in Section 2.5 by numerical examples.

It turns out that the rescaling in Algorithm 1 is roughly of the same order as the random rescaling
suggested in Caron and Doucet [2012a]. Therein, the authors suggested using independent identically
distributed random rescaling factors across different iteration steps with distribution Gamma(na, 3).
This ensures the distribution of >_;* ; #; to remain invariant across different iterations, equal to
Gamma(na, ). The mode of this rescaling factor is (naw — 1)/8. This bears a similarity with the
rescaling in Algorithm 1, in particular, with respect to the dependence on parameter 8. Our results show
that it suffices to use a simple deterministic rescaling factor to ensure linear convergence. Moreover,
using a different rescaling than the one used in Algorithm 1 can result in a lack or slow convergence,

which is shown by numerical experiments in Section 2.5.
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Figure 2.3: The illustrative example revisited: accelerated MM resolves the convergence issue for
MAP estimation: it has faster or equal convergence than for ML estimation.

Our numerical example revisited We ran the accelerated MM algorithm for our numerical example
and obtained the results shown in Figure 2.3. By comparing with the corresponding results obtained by
the MM algorithm with no acceleration, shown in Figure 2.1, we observe that the acceleration resolves

the slow convergence issue and that it can yield a significant reduction of the convergence time.

2.5 Numerical results

In this section we present evaluation of convergence times of gradient descent and MM algorithms
for different generalized Bradley-Terry models for a collection of real-world datasets. Our goal
is to provide empirical validation of some of the hypotheses derived from our theoretical analysis.
Overall, our numerical results validate that (a) the convergence of the MM algorithm for MAP
estimation can be much slower than for ML estimation, (b) MM algorithm for MAP estimation
has convergence time that increases as parameter 3 of the prior distribution decreases, and (c) a
significant reduction of the convergence time can be achieved by the accelerated MM algorithm
defined in Section 2.4. The code and datasets for reproducing our experiments are available online at:

https://github.com/GDMMBT/AcceleratedBradleyTerry.

2.5.1 Datasets

We consider three datasets, which vary in the type of data, size and sparsity. The three datasets are

described as follows.

GIFGIF This dataset contains user evaluations of digital images by paired comparisons with respect

to different metrics, such as amusement, content, and happiness. The dataset was collected through an
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online web service by the MIT Media Lab as part of the PlacePulse project Rich et al. [2018]. This
service presents a user with a pair of images and asks to select one that better expresses a given metric,
or select none. The dataset contains 1,048,576 observations and covers 17 metrics. We used this
dataset to evaluate convergence of MM algorithms for the Bradley-Terry model of paired comparisons.

We did this for each of the three aforementioned metrics.

Chess This dataset contains game-by-game results for 65,030 matches among 8,631 chess players.
The dataset was used in a Kaggle chess ratings competition Sonas [2010]. Each observation contains
information for a match between two players including unique identifiers of the two players, informa-
tion about which one of the two players played with white figures, and the result of the match, which
is either win, loss, or draw. This dataset has a large degree of sparsity. We used this dataset to evaluate

convergence of the Rao-Kupper model of paired comparisons with ties.

NASCAR This dataset contains auto racing competition results. Each observation is for an auto race,
consisting of a ranking of drivers in increasing order of their race finish times. The dataset is available
from a web page maintained by Hunter [2003]. This dataset was previously used for evaluation of
MM algorithms for the Plackett-Luce ranking model by Hunter [2004] and more recently by Caron
and Doucet [2012a]. We used this dataset to evaluate convergence times of MM algorithms for the

Plackett-Luce ranking model.

Table 2.1: Dataset properties.

Dataset | m | n [dM) ] aM) |
GIFGIF: A (full) 161,584 | 6,123 83 0
GIFGIF: C (full) 108,126 | 6,122 56 0
GIFGIF: H (full) 225,695 | 6,124 153 0

GIFGIF: A (sample) 702 252 15 0.671
GIFGIF: C (sample) 734 256 28 0.569
GIFGIF: H (sample) 1040 251 23 1.357

Chess (full) 65,030 | 8,631 155 0
Chess (sample) 13,181 985 135 1.773
NASCAR 64,596 83 1,507 | 39.338

We summarise some key statistics for each dataset in Table 2.1. We use the shorthand notation GIFGIF:
A, GIFGIF: C, and GIFGIF: H to denote datasets for metrics amusement, contempt, and happiness,
respectively. For full GIFGIF and Chess datasets, we can split the items into two groups such that
at least one item in one group is not compared with any item in the other group, i.e., the algebraic

connectivity a(M) of matrix M is zero. In this case, there exists no ML estimate, while an MAP
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estimate always exists. In order to consider cases when an MLE exists, we consider sampled datasets
by restricting to the set of items such that the algebraic connectivity for this subset of items is strictly

positive. This subsampling was done by selecting the largest connected component of items.

2.5.2 Experimental results

We evaluated the convergence time defined as the number of iterations that an algorithm takes until a
convergence criteria is satisfied. We use the standard convergence criteria based on the difference of
successive parameter vector estimates. Specifically, the convergence time 7' is defined as the smallest
integer ¢ > 0 such that ||w(®) — w(t=D ||, < ¢, for fixed value of parameter & > 0, with initial value
w(©) = 0. In our experiments, we used 10~* as the default value for parameter . For NASCAR
dataset, we also present results for several other values of £ to demonstrate how the convergence time
changes. In our experiments, we also evaluated the convergence time measured in real processor time
units. We noted that they validate all the observations derived from the convergence times measured in

the number of iterations, and hence we do not further discuss them.

In our experiments we varied the value of parameter 5 and, unless specified otherwise, we set the
value of parameter « such that & — 1 = /3. This corresponds to fixing the mode of the Gamma prior

marginal distributions to value 1. Note that the case 5 = 0 corresponds to ML estimation.

Before discussing numerical convergence time results, we first show results validating that the MM
algorithm converges and that this convergence is linear. This is shown in Figure 2.4 for GIFGIF A
dataset for three different values of parameter 5. For space reasons, we only include results for this
dataset. We observe that in all cases the log-a posteriori probability monotonically increases with the
number of iterations, thus validating convergence. We also observe that the gap between the maximum
log-a posteriori probability and the log-a posteriori probability decreases with the number of iterations
in a linear fashion for sufficiently large number of iterations, when plotted using the logarithmic scale

for the y axis, thus validating linear convergence.

We next discuss our numerical results for convergence time evaluated for the MM algorithm and
accelerated MM algorithm for different datasets and choice of parameters. Our numerical results are

shown in Table 2.2.

For GIFGIF datasets, we observe that the convergence time increases as the value of parameter /3

decreases for 5 > 0. For the values of 3 considered, this increase can be for as much as two orders
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Figure 2.4: Convergence of the MM algorithm with the input GIFGIF A training dataset for different
values of parameter 3: (top) log-a posteriori probability versus the number of iterations, and (bottom)
the difference between the maximum log-a posteriori probability and the log a-posteriori probability
versus the number of iterations. The maximum a posteriori probability is approximated by taking the
parameter vector w* output by the MM algorithm after a large number of iterations. The plots in the
top row indicate that the algorithm converges. The plots in the bottom row indicate linear convergence.
From the plots, we also observe that the convergence is slower for smaller values of parameter 5.

of magnitude. When the ML estimate exists (for sampled data), we observe that the MM algorithm
for ML estimation converges much faster than the MM algorithm for MAP estimation for sufficiently
small values of parameter 3. We also observe that a significant reduction of the convergence time can
be achieved by the accelerated MM algorithm. This reduction can be for as much as order 10% of
the convergence time of the MM algorithm without acceleration. These empirical results validate our

theoretical results.
For Chess datasets, all the observations derived by using the GIFGIF datasets remain to hold.

For NASCAR dataset, we show results for different values of parameter £, including the default
value of 10~%. Again, all the observations made for GIFGIF and Chess datasets remain to hold. It is
noteworthy that the MM algorithm for ML estimation converges much faster than for MAP estimation
for sufficiently small values of parameter 5. This is especially pronounced for smaller values of £. For
the cases considered, this can be for as much as three orders of magnitude. Similarly, the accelerated
MM algorithm converges much faster than the classical MM algorithm. We also compare the quality

of estimates obtained from the classical MM algorithm and the accelerated MM algorithm through a
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toy simulation, which is included in Section 2.7.9 due to space constraints.
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Figure 2.5: The log-a posteriori probability versus the number of iterations for the MM algorithm with
normalization such that ;' ; e®# = 1 at each iteration, using GIFGIF A (sample) as input dataset,
for different values of 3. The results indicate that the log-a posteriori probability is not guaranteed to
monotonically increase with the number of iterations.

Table 2.2: Number of iterations for the MM algorithm and accelerated MM algorithm (AccMM).

’ Dataset | Algorithm | =0 [ 0.01 | 0.1 | 1 [10 |
GIFGIF: A (full) A(I:\gll\\/l/IM nonl—\gii];:tant ggg 32 ‘712 }g
GIFGIF: C (full) A(lz\fll\\/[/IM nonl-\g:i}itant gi 19530 gg g
GIFGIF: H (full) Acl:\(/:lll\\/[/IM nonl-\g)lgiljtant },(1)42147‘ igg 251; ?515
GIFGIF: A (sample) Ai\gllt/l/IM 145 ?gg 18717 ;g ;
GIFGIF: C (sample) Ai\c/:[llt/[/[M 130 ??T 1758l 22 g
GIFGIF: H (sample) Aiﬁ\fM 210 lii364 27327 ;2 2
Chess (full) Ai\gll\\/[/IM nonl—\gylililgtant gzgéz ggé 14193 ;g
Chess (sample) MM 21 o o v |1

AccMM 117 93 48 | 16
NASCAR . i\g}:/[/[M 11 61915 91711 ? (8) 160
NASCAR (£ = 1079) Ai‘fﬁfM H 1’155 ’ 2’?4? ’ 11025 176
NASCAR (¢ = 107) Ai‘jﬁfM v 2’1376 ? 3’1262 ’ 11547 283
NASCAR (¢ = 10~%) Ai\gxM > 4’322 ’ 5’25 :M 21681 ??

We next discuss the importance of carefully changing the scale of the parameter vector in each iteration,

as done in our accelerated MM algorithm, Algorithm 1, as otherwise the monotonic convergence may

not be guaranteed or the convergence may be slow. To demonstrate this, we examine the alternative
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Table 2.3: Number of iterations for the MM algorithm with normalization such that ;" ; e = 1in
each iteration.

y Dataset | Algorithm | 3=0]001 ] 0.1 | 1 | 10 \
GIFGIF: A (sample) MM norm 141 136 | 125 | 154 | No convergence
GIFGIF: C (sample) MM norm | 128 130 | 144 | 350 | No convergence
GIFGIF: H (sample) MM norm 205 203 | 184 | 124 | No convergence

change of scale such that the parameter vector w in each iteration satisfies Y ;" ; "’ = 1. We present
the results for the GIFGIF (sample) datasets. From Figure 2.5, we observe that the algorithm does not
guarantee a monotonic increase of the a posteriori probability with the number of iterations, which
is unlike to our accelerated MM algorithm for which this always holds. In Table 2.3, we show the
same quantities as in Table 2.2 but for the MM algorithm with the alternative change of scale under
consideration. We observe that our acceleration method can converge much faster, and that there
are cases for which the alternative change of scale results in no convergence within a bound on the

maximum number of iterations.
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Figure 2.6: Euclidean distance between the MM algorithm parameter vector estimator and the true pa-
rameter vector versus the number of iterations, for GIFGIF:A (Sample) dataset. The results demonstrate
that the distance monotonically decreases with the number of iterations.

Finally, we demonstrate that the distance between the parameter vector estimator of the MM algorithm
and the true parameter vector decreases with the number of iterations. We show this in Figure 2.6 for
different values of parameter 5 and GIFGIF:A (sample) dataset. We also verified that the monotonicity

holds for other values of parameter 3 and other datasets, which is not shown for space reasons.

2.6 Further discussion

We have shown that for generalized Bradley-Terry models, gradient descent and MM algorithms for the

ML estimation problem have a linear convergence with the convergence time bound O(d(M)/a(M)),
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Table 2.4: Parameters d(IM) and a(M) when M is the adjacency matrix of a graph G with n vertices.

[ ¢ [dn ] a(M) | s |
complete || n—1 n o(1)
star n—1 1 O(n)
circuit 2 2 (1 — cos (%)) ~ 4%5 o(n?)
path 2 2 (1 — cos (27”)) ~ Z—i o(n?)

where d(M) is the maximum number of observed comparisons per item and a(M) is the algebraic
connectivity of the matrix M of the observed counts of item-pair co-occurrences. We have also
shown that for generalized Bradley-Terry models, gradient descent and MM algorithms for the MAP
estimation problem, with the prior product-form distribution with Gamma(c, 3) marginal distributions,
the convergence time is also linear but with the convergence time bound O(d(M)/3). This bound
is shown to be tight. Our results identify a slow convergence issue for gradient descent and MM
algorithms for the MAP estimation problem, which occurs for small values of parameter 3. The small
values of parameter 3 correspond to more vague prior distributions. Our results identify a discontinuity
of the convergence time at («, ) = (1,0), which corresponds to ML estimation. The proposed
acceleration method for the MAP estimation problem resolves the slow convergence issue, and yields a
convergence time that is bounded by the best of what can be achieved for the ML and MAP estimation

problems.

Our results provide insights into how the observed comparison data affect the rate of convergence
of gradient descent and MM algorithms. The two key parameters affecting the rate of convergence
are d(M) and a(M). For illustration purposes, in Table 2.4 we show values of d(M) and a(M) for
examples of matrix M with 0-1 valued entries, which correspond to graph adjacency matrices. We
observe that when each distinct pair is compared the same number of times, i.e. for the complete
graph case, the convergence time is 7" = O(log(1/¢)). For other cases, the convergence time is

T = O(nclog(1/e)), for some ¢ > 1.

We further consider the case of random design matrices where each distinct pair of items is either
compared once or not compared at all, and this is according to independent Bernoulli random variables
with parameter p across all distinct pairs of items. In other words, the item pair co-occurrence is
according to the Erdos-Rényi random graph G, ;, and M is its adjacency matrix. d(M) corresponds
to the maximum degree of G, , which has been extensively studied, with precise results obtained

for different scalings of p with n. In particular, by Bollobds [2001] (Corollary 3.4), d(M) = pn +
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O(y/pnlog(n)) with probability 1 — 1/n provided that p = w(log(n)?/n). The algebraic connectivity
for Erdos-Rényi graphs has been studied as well. By Coja-Oghlan [2007] (Theorem 1.3), a(M) =
pn + O(y/pnlog(n)) with probability 1 — o(1), provided that p = w(log(n)?/n). Intuitively, if the
expected degree np is large enough, d(M)/a(M) = O(1).

We can derive an upper bound for the convergence time, which depends only on some simple properties
of the graph associated with matrix M. Let A be the adjacency matrix of a graph G’ which has edge
(4,7) if, and only if, m; ; > 0. Let r = m/m where @ = max; j m; j and m = min{m; ; : m; ; > 0}.
Let d(n) be the maximum degree and D(n) be the diameter of G. Then, for both gradient descent and

MM algorithms for the ML estimation, we have the convergence time bound (shown in Section 2.7.7):
T = O(rd(n)D(n)nlog(1/e)). (2.6.1)

This implies that T = O(rn3log(1/¢)) for every connected graph G, which follows by trivial facts
d(n) < nand D(n) < n. The bound in (2.6.1) follows from the lower bound on the algebraic

connectivity of a Laplacian matrix A2(La) > 4/(nD(n)), see Theorem 3.4 in Merris [1994].

2.7 Proofs and additional results

2.7.1 Comparison of Theorem 2.3.2 with Proposition 2.7 in Mairal [2015]

Theorem 2.7.1 (Proposition 2.7 in Mairal [2015]). Suppose that f is a strongly convex function on X,
and xX* is a minimizer of f and that it holds x* € X.,. Assume that g is a first-order surrogate function
of f on X, with parameter 119 > 0. Let x"+Y) be the output of the MM algorithm for input x. Then,

ifx(t) € X, and x(t+1) ¢ Xy, then we have

FD) = f(x) < e(f(xY) = f(x))

where
£, ify > 2po
c= v
1- g lffy < 2:“’0
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Proof. Proof If g is a first-order surrogate function on X, with parameter 1, then
Ho
1) < F(2) + B2~y

where X' = arg ming g(z';y).

From this, it follows that

()
< mzin{f(z>+’;°|!z—x*ll2}
2
< argég]{f(aX*Jr(l—a)XHm;HX—X*HQ}
CL2
< min {af<x*>+<1—a>f<x>+”” Hx—X*HQ}

a€l0,1] 2

where the last inequality is by convexity of f.

We have established the following inequality

FO) = Fx")
CL2
< min {(1 —a)(F(0) — SOx)) + “°2|x—x*u2}.

a€[0,1]

By assumption that f is «y-strongly convex on X, and x € X, we have

It follows that

a€l0,1]

It remains only to note that
Moa2
min <1 —a+ =c.
a€l0,1] y

113



The rate of convergence bound derived from Theorem 2.3.2 can be tighter than the rate of convergence

bound derived from Theorem 2.7.1.

To show this consider the Bradley-Terry model for which we have shown in Lemma 2.3.3 that the
surrogate function £ of the log-likelihood function ¢ satisfies condition of Theorem 2.3.2 on [—w, w]™

with § = £e2“d(M). It also holds that surrogate function £ is also a first-order surrogate function of ¢

1
2
on [—w,w]" with y19 = 3€?*d(M). Hence in this case, we have § = .

The convergence rate bound of Theorem 2.3.2 is tighter than the convergence rate bound of Theo-
rem 2.7.1 if and only if ;149 < 4pg. Since § = g, this is equivalent to < 3. Since by Lemma 2.3.1

we can take y = 1d(M), the latter condition reads as
1< 3e”
which indeed holds true.

2.7.2 Surrogate function (2.2.7) for the Bradley-Terry model is a first-order surrogate

function

We show that the surrogate function £ of the log-likelihood function ¢ of the Bradley-Terry model,

given by (2.2.7), is a first-order surrogate function on X,, = [—w, w|" with yip = 2e**d(M).
We need to show that the error function h(x;y) = £(x) — £(x;y) is a pp-smooth function on A,,.

By a straightforward calculus, we note
V2h(x;y) = V2(x) + D(x,y)

where D(x,y) is a diagonal matrix with diagonal elements
e’
du = Z muhj 7€yu + eyj .
JFu
We can take

po = max max{|A(V2h(x;y)), Aa(V2h(x;y))}-

x,yE€X,

For any A = B 4+ D where B is an x n matrix and D is a n x n diagonal matrix with diagonal
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elements dy, ds, ..., d,, we have
A1 (B) + min dy, < Ai(A) < A\ (B) + max d,.
It thus follows that

b < max max{l (V)
X,yE€Xo

+mindy|, A (V20(x)) + max dy|}.

Now note that for all x,y € &,

1AM < X (T2() < M (T2()) = 0

and

1 1

56_2” m&anuJ < mgn dy < max dy < iegwd(M).

JEU
‘We have
1
An(V2(x)) + max d,,| = max d, < §e2wd(M)
u u

and

I (V21() + mjn
= (Al(v2€<X)) + n/bin du)l)\1(v2€(x))+minu dy>0

+(=A (V%)) — min du )|y, (v26(x))+min, d, <0

IN

m&n duly; (V20(x))+ming du >0

—A1 (v2€(x)) I)\l(VQE(x))erinu du<0

IN

§€2wd(M) Ix1 (V26(x))+ming du>0
1
+§d(M) Ix (v20(x)) +ming du<0

1
§€2wd(M).

IN
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2.7.3 Proof of Theorem 2.4.1

Since f(II(x)) < f(x) forall x € R™,

FEED) = pa® — v (1))
< fx® -V ).

By the same steps as those in the proof of Theorem 2.3.1, we can show that

F =V f(x") - fx)

< (1—2)@@@>—f@ﬂ»

Hence, it follows that

IN
N
—

I

|2
~——
~~
kh
~—~
o
N
|
kﬁ
~—~
b
\j

2.7.4 Proof of Lemma 2.4.1

By a limited Taylor expansion, for any x,y € R™, we have

F¥) = f(x) + V) (y —x)

2.7.1)
+% mingepo,1)(y — x)'V2f(ay + (1 — a)x)(y — x).

Let
u=(I-Pq)(y—x)andv = Py(y - x)
where
1
Pya=1- HdHQddT.

Notice that

(i) u+v=y—x,and

(i1) u and v are orthogonal, i.e., u'v=0.
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From now on, assume that x and y are such that x,y € Ay and y = x*.

By definition of X, we have d ' V f(x) = 0, which together with u + v = x* — x, implies

Vix)T(x* —x)=Vf(x) v. (2.7.2)

Now, note that for any a € [0, 1], we have the following relations:

(x* —x)" V2 flax* + (1 — a)x)(x* — x)

= (u4v)' Vf(ax* + (1 — a)x)(u +v)

—
S
N

> (u+v) Ax(u+v)
()
> VTAXv
TA
> [ min T2 v
ydTy=0 ||yl
> A|lvIP?

where (a) is by assumption (A1) and (b) is by assumption that A y is a positive semidefinite matrix

and (A2). Hence, we have shown that, for all a € [0, 1],

(x* —x)"V2f(ax* 4+ (1 — a)x)(x* — x) > ~||v|]%. (2.7.3)

Next, note that

1
V)TV + S

v

min (Vf(x)Tz + ;’y|\z\|2>

zeR™

1 2
—gllvf(X)H :

Y

Combining with (2.7.1)-(2.7.3), we obtain

f(x) — F(x) < 217|er<><>1\2.
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2.7.5 Proof of Lemma 2.4.2

Proof of (2.4.6) Since ¢/(w) = ¢(II(w)) for all w € R", we have that p(II(w)) > p(w) is equivalent
to Lo(I(w)) = £o(w).

Now, note

to(Il(w)) — £o(w)
= lo(w+c(w)l) — lo(w)
= (0 Dne(w) — B 3 e 4 530 v
i=1 i=1

- o(E) gzt

Y
o

where the last inequality holds by the factx — 1 +¢e™* > 0 forall x € R.

Proof of (2.4.7) Indeed, Vp(w) = V{(w) 4 V{o(w). It is readily checked that V/(w) 1 = 0 for
all w € R™. We next show that V/o(TI(w)) "1 = 0 for all w € R".

Note that
0

8w,~

l(w)=a—1—pev fori=1,2,...,n.

Hence,

Vip(w) 1= (a—1)n— an:ewi.

i=1

Now, by definition of the mapping II given by (2.4.4) and (2.4.5), for all w € R",

Vi(II(w)) 1 = (a — 1)n — Be™) zn: e = 0.
=1
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2.7.6 Proof of Lemma 2.7.1

Let ¢; ; be the number of paired comparisons in the input data with tie outcome for items 7 and j. Note

that ¢; ; = t; ;. The log-likelihood function can be written as follows:

ZZd,J — log(e" + 0e"7))

i=1 j;éz
+5 Z D i (wi + w; — log(e™ + ™)
i=1 j#i

—log(fe®i + e®i) + log(H? — 1)) .

Let Ji, ; be the number of paired comparisons of items ¢ and j such that ¢ > j, i.e., Ji,j =d;; +ti;.

By a straightforward calculus, we can write

ZZd,J — log(e™ + fe"7))

=1 j#i

1 n
+§ Zti»j log(02 — 1).
=1

Now, we note when i # j,

82
)
- fevieWi - fevieWi

T (ewi - gevi)2 T (Gewi 1 e )2

and
0? 0?
5z (L) = =3 5 (tw),
¢ J#
For any i # j, it indeed holds
fe'iehi < 1
(ewi + fewi)2 = 4°

Hence, when ¢ # j,
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It follows that 1Lng = VZ(—¢(w)) for all w € R™. Hence,
1
x| V2(—f(w))x < 5An(L) for all x € R™.

This implies that —¢ is a 3\, (Ln)-smooth function on R™.
On the other hand, we can show that for all w € [—w, w]",

feWVieWs 0

(ewi +96wj)2 — (ee—w +ew)2 :

= Ch-
This can be noted as follows. Let z = fe®i /(e™i + He™). Note that

fevieWi
(ewi + 9€wj)2 = Z(]‘ - Z)

and that z € Q := [1/(1 + 0e*),1/(1 + fe~2)]. The function z(1 — 2) is convex and thus achieves
its minimum value over the interval {2 at one of its boundary points. It can be readily checked that the

minimum is achieved at z* = 1/(1 + §e*¥), which yields 2*(1 — z*) = cp
Hence, when ¢ # j,

o2 o
(—ﬁ(w)) < —ng(dm‘ + dj,i) < —cgumi ;.

8wi8wj
It follows that V2(—¢(w)) = cg L. From this, we have that for all w € [~w,w]|” and x € X,
XTVQ(—E(W))X > C97w)\2(LM)

where X = {x € R" : ||x||cc < wandx'1 = 0}. This implies that —¢ is cg ,Ao(Ln)-strongly

convex on X.

2.7.7 Derivation of the convergence time bound (2.6.1)

First note that
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where the inequalities hold elementwise. From this, it follows that Lyg = mLa and mLa > Ly,

where recall A is the adjacency matrix induced by matrix M. Now, note
d(M) = M| < md(n)
and
a(M) = \a(Lng) > mAz(Lia)

where d(n) is the maximum degree of a node in graph G.

Hence, we have
rd(n)
A2(La)

<

By Theorem 3.4 in Merris [1994], for any graph G with adjacency matrix A and diameter D(n),
Xo(La) > 4/(nD(n)).

It thus follows that

< —rd(n)D(n)n

e

which implies the convergence time bound 7" = O(rd(n)D(n)nlog(1/€)).

2.7.8 Generalized Bradley-Terry models

In this section, we discuss how the results for Bradley-Terry model of paired comparisons can be
extended to other instances of generalized Bradley-Terry models. In particular, we show this for
the Rao-Kupper model of paired comparisons with tie outcomes, the Luce choice model and the

Plackett-Luce ranking model.

We discuss only the characterization of the strong-convexity and smoothness parameters as the
convergence rate bounds for gradient descent and MM algorithms follow similarly as in Section 2.3.1,
from Theorems 2.3.1 and 2.3.2, respectively. Similarly, the rate of convergence bounds for accelerated
gradient descent and MM algorithms follow readily, similarly to as in Section 2.4.1, from Theorem:s,

2.4.1 and 2.4.2, respectively.
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2.7.8.1 Model definitions

Bradley-Terry model of paired comparisons According to the Bradley-Terry model, each paired
comparison of items ¢ and j has two possible outcomes: either ¢ wins against j (¢ > j) or j wins

against 7 (j > 7). The distribution of the outcomes is given by

e
Prli s il —
r[i > 7] eWi + W
where w = (w1, w, ..., w,) € R™are model parameters.

Rao-Kupper model of paired comparisons with ties The Rao-Kupper model is such that each
paired comparison of items ¢ and j has three possible outcomes: either i > j or j > i or ¢ = j (tie).

The model is defined by the probability distribution of outcomes that is given by

eWi
Pr[i > j] = =
and )
W oW
Prfi = j] = (ewi -1(-0961”11))((;61”61‘ i evs)
where w = (w1, wa, . .. ,wn)—r € R™ and 6 > 1 are model parameters.

The larger the value of parameter 6, the more mass is put on the tie outcome. For the value of parameter

0 = 1, the model corresponds to the Bradley-Terry model for paired comparisons.

Luce choice model The Luce choice model is a natural generalization of the Bradley-Terry model
of paired comparisons to comparison sets of two or more items. For any given comparison set
S C N =/{1,2,...,n} of two or more items, the outcome is a choice of one item i € S (an event we

denote as ¢ >~ S) which occurs with probability

e
Prli= 8] =———
> jes €
where w = (w1, ws, ..., w,) € R, are model parameters.

We will use the following definitions and notation. Let 7" be the set of ordered sequences of two or
more items from N such that for each y = (y1,v2,...,yx) € T, y1 is an arbitrary item and o, . . . , Y

are sorted in lexicographical order. We can interpret each y = (y1,y2,...,yx) € T as a choice of item
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y1 from the set of items {y1, y2, ..., yr }. According to the Luce’s choice model, the probability of
outcome ¥ is given by

e%v1

PrlY = (y1,92,. .-, k)] = SR
J€Y

We denote with d,, the number of observed outcomes y in the input data. For each y € T', let |y| denote

the number of items in y.

Plackett-Luce ranking model The Plackett-Luce ranking model is a model of full rankings: for each
comparison set of items S C N = {1,2,...,n}, the set of possible outcomes contains all possible

permutations of items in .S. The distribution over possible outcomes is defined as follows. Let 7" be the

set of all possible permutations of subsets of two or more items from N. Eachy = (y1,y2,...,yx) € T
corresponds to a permutation of the set of items S = {y1, y2, . . ., Y }. The probability of outcome y
is given by

Pr[Y = (y1,y2,-- -, k)]

ewyl ewy2 ewyk—l
et i g et j—k—1€ "
where w = (w1, ws, ..., w,) € R™are model parameters.

The model has an intuitive explanation as a sampling of items without replacement proportional to
the item weights . The Plackett-Luce ranking model corresponds to the Bradley-Terry model of
paired comparisons when the comparison sets consist of two items. We denote with d,, the number of

observed outcomes ¥ in the input data.

In this section, we discuss how the results for Bradley-Terry model of paired comparisons can be
extended to other instances of generalized Bradley-Terry models. In particular, we show this for
the Rao-Kupper model of paired comparisons with tie outcomes, the Luce choice model and the

Plackett-Luce ranking model.
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2.7.8.2 Rao-Kupper model

The probability distribution of outcomes according to the Rao-Kupper model is defined in Sec-

tion 2.7.8.1. The log-likelihood function can be written as
n —
Uw) = Z Z d; j (w; —log(e™ 4 0e*7))
i=1 j#i

1 n
+§ i:ZItZ‘,j 10g(¢92 -1)

where Ji, ; 1s the number of observed paired comparisons of items ¢ and j such that either 7 wins against
J or there is a tie outcome, and ¢; ; is the number of observed paired comparisons of items 7 and j with

tie outcomes.

Lemma 2.7.1. The negative log-likelihood function for the Rao-Kupper model of paired comparisons
with parameter 0 > 1 is ~y-strongly convex on W,, = {w € R" : ||W||oo < wandw'1 = 0} and

w-smooth on R™ with

1
7 = cowAe(Ln) and pp = 5 An (L)
where cp,, = 0/(0e™* + )%
Proof of Lemma 2.7.1 is provided in Section 2.7.6.

A surrogate minorant function for the log-likelihood function of the Rao-Kupper model is given as

follows:

Ux3y)
- - evi + fe®i , .
= Z : 4di,j (ZL‘Z — 76% G — log(eyl + 96y]) + 1)
1=1 j#i
+§ Zti’j log(Q — 1).

=1
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The MM algorithm is defined by, fori =1,2,...,n,

w{™ = log (Z Ji,j) -

J#i
dij 0d;i
10g Z( () w® + w® () ’
j#i \e%i +fe i e i + feWi

Lemma 2.7.2. Forallx,y € [—w,w]™, {(x;y) — {(x) > —g||x —y||? where

§ = e*d(M).

2.7.8.3 Luce choice model

The probability distribution of outcomes according to the Luce choice model is defined in Sec-

tion 2.7.8.1. The log-likelihood function can be written as:

lw) = Z dy (wyl —log (Z ewj)) .
yeT Jjey

Lemma 2.7.3. The negative log-likelihood function for the Luce choice model with comparison sets of

size k > 2 is y-strongly convex and p-smooth on W,, = {w € R" : ||W||ooc <w and w'1 = 0} with
Y= Cw,k/\Q(LM) and p = dw,k)\n(LM>
where

1/(e7 +e¥)?, ifk =2

Cwk =
1/((k—2)e* +2)?, ifk>2

and

do— 1
R T (k= 2)e~2 +2)2°

Note that for every fixed w > 0, (a) ¢, /d,, i, is decreasing in k, (b) 1/edv < Cok/duw i < 1/e*, and

(c) 1/ is the limit value of c,, 1. /d,, . as k goes to infinity.
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A minorant surrogate function for the log-likelihood function of the Luce choice model is given by

(x;y) = Zdy (azyl — giyzzj — log (Ze%) + 1) )
j€y

yeT Jj€y

The MM algorithm iteration can be written as: fori =1,2,...,n,

w§t+1) = log (Zdylim)

yeT
1
—log [ Y dylicy———
yeT ey e’

where o dyli=y, is the number of observed comparisons in which item ¢ is the chosen item.

Lemma 2.74. Forallx,y € [—w,w]", {(x;y) — {(x) > —%HX — y||? where

1 w
5= mez d(M).

2.7.8.4 Plackett-Luce ranking model

The probability distribution of outcomes according to the Plackett-Luce ranking model is defined in

Section 2.7.8.1. The log-likelihood function can be written as follows:

ly|—1 [yl
(w)=> dy Y (wyT — log (Z ewyj)) .

yeT r=1

Lemma 2.7.5. The negative log-likelihood function for the Plackett-Luce ranking model with com-
parison sets of size k > 2 is y-strongly convex and p-smooth on W,, = {w € R" : ||W||sc <
wandw'1 = 0} with

v = Gupro(Lm) and pu = dyy g An (L)
where

1 ~ 1
ok = ?6_4‘“ and d,, j, = (2 — k) et
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Proof of Lemma 2.7.5 is provided in Section 2.7.10.6.

Note that for fixed values of w and k, Lemma 2.7.5 implies the convergence time log(d(M)/a(M)).
Note, however, that for fixed w > 0, ¢, 1/ Jw,k decreases to 0 with k and is of the order 1/ k2. This
is because in the derivation of parameters ¢,, ,, and Jw,k we use (conservative) deterministic bounds.
Following Hajek et al. [2014b], one can derive bounds for v and p that hold with high probability,
which are such that ¢, ;, and Jw’ & scale with k in the same way.

The log-likelihood function of the Plackett-Luce ranking model admits the following minorization

function:

Ux3y)
lyl—1 Zlyl = |yl
_ _ J=r _ Yy,
= Zdy Z Ty, Elyl i) log Ze +1].
yeT r=1 j=r j=r

The MM algorithm is given by: fori =1,2,...,n,

t+1
wl( ) _ log (Zdy|iesl,|y|_1(y))

yeT
|y|71 1
— log Zdy Z IiGSr,|y|(y) ol w®
yeT r=1 ij:re Y5

where So5(y) = {Yas Yat1,- - Ub}-

Lemma 2.7.6. Forallx,y € [—w,w]™, {(x;y) — {(x) > —g||x —y||? where

1
5= 5e%d(M).

2.7.9 Additional numerical results
GD v.s. MM

Numerical results presented in Table 2.7 validate the following observations derived from our theo-
retical results: (a) the convergence time increases by decreasing the value of parameter 3 for 8 > 0,
which can be for a substantial amount, and (b) there is a discontinuity in the convergence time being

much smaller for 5 = 0 (MLE case) than for a small value 8 > 0.
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Table 2.5: Number of iterations until e-convergence for gradient descent (GD) and MM algorithms.
‘n/a’ indicates cases when a ML estimate does not exist.

Dataset | Algo. | B=0] 0.01 | 1 [10]
GD | n/a | 14965 [ 43246
MM n/a 572 70 | 16
GD | n/a | 12,745299 | 33
MM n/a 733 49 | 13
GD | n/a |26512]792 |77
MM | n/a | 1,127 | 98 |21
GD | 516 | 1,914 | 83 | 12
MM | 145 | 854 | 26 | 7
GD | 769 | 2,055 | 121 ] 18
MM | 130 694 | 39 | 9
GD | 434 | 2,452 100 | 25
MM | 216 | 1234 | 38 | 8
GD | n/a | 36,598 | 725 | 64
MM n/a 2,217 | 113 | 33
GD | 529 552 [ 314 |57
MM | 121 122 | 74 | 19
GD | 291 | 1,518 [ 140 | 30
MM | 11 695 | 58 | 10

GIFGIF: A (full)

GIFGIF: C (full)

GIFGIF: H (full)

GIFGIF: A (sample)

GIFGIF: C (sample)

GIFGIF: H (sample)

Chess (full)

Chess (sample)

NASCAR

The comparison of the quality of obtained estimates from MM and AccMM.

In order to demonstrate that our accelerated algorithm also guarantees the quality of the obtained
estimates, I conducted a toy simulation as follows: I considered a scenario with 6 items, where
each distinct pair of items was compared 5 times. The input data was generated according to the
Bradley-Terry model of paired comparisons with the parameter vector w, such that a half of the items

have parameters w, and the other half have parameters —w. We choose w = 1/2.

We defined the convergence time (T) as the smallest integer ¢ such that ||w'-w®~ 1| < 107, and
Ww* represents the estimated parameter vector obtained from either the MM algorithm or the AccMM
algorithm. The results on the number of iterations for the MM algorithm and the accelerated MM
algorithm (AccMM) are summarized in Table 1. It can be observed that the number of iterations
increases as the value of 3 decreases. Additionally, Table 2 presents the results of || W* — w||% for
MM and AccMM algorithms for different values of «. It is evident that AccMM is much faster than
MM when 3 becomes smaller. We also observed that || W* — w||% for AccMM is slightly larger than

that for MM for different 5 values. This might suggest that the quality of the estimates obtained
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Table 2.6: The convergence time (T) for the MM algorithm and accelerated MM algorithm (AccMM).

[ Algorithm | 3=0]01] 1 [10 ]
MM 15 [67]35]7
AccMM 15 |13 ] 7

Table 2.7: ||&* — wl|% for the MM algorithm and accelerated MM algorithm (AccMM).

[Algorithm | g=0 | 01 [ 1 [ 10 |
MM 1593867 [ 1.601168 | 1.572034 | 1.506924
AccMM 1.621299 | 1.573552 | 1.506955

from the MM algorithm is slightly better than those from the AccMM algorithm, but the difference is
negligible. I repeated the simulation with different values of w, and all gave me similar results to Table

2. Sometimes, |W* — w||% for AccMM is even slightly larger than MM, but again, the difference is

negligible. Hence, this might suggest that the quality of estimates obtained from MM and AccMM is
not significantly different. In this scenario, our AccMM algorithm is superior because it converges

faster than MM while providing similar quality of estimates compared to the MM algorithm.

2.7.10 Background proofs for Chapter 2.3 and Chapter 2.7.8
2.7.10.1 Proof of Theorem 2.3.1
Let x’ be the output of the gradient descent iteration update for input x with step size 7.

If x € Xy and x’ € X, then

fx) = f(x7)
fx=nVfx) - f(x%)

2
(1= 2yn + yun®) (f(x) — f(x*))

< F) = nllVFIP + BRIV I - 7o)
= 769~ ) = (n= 57} 9 0P
< 16 - )~ 2y (0= 5?) (P00 - )

where the first inequality is by the assumption that f is p-smooth on X, and the second inequality is
by the assumption that f satisfies the y-PL inequality on X’,. Taking = 1/, which minimizes the

above bound, establishes the claim of the theorem.
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2.7.10.2 Proof of Theorem 2.3.2

Let x’ be the output of the MM algorithm iteration update for input x.

By the facts f(x’) < g(x’;x) and g(x’;x) < g(z; x) for all z, for any > 0,

IN

IN

g(x =0V [f(x);x) — f(x)
fx=nVf(x) - f(x")
+9(x =V f(x);x) — f(x = nVf(x)).

Now, by the same arguments as in the proof of Theorem 2.3.1, if x € X, and x — nV f(x) € X}, we

have

fx=nVf(x)) - f(x)

< (1 =2yn +yun?)(f(x) — f(x¥)).

Next,if x € &, and x — nV f(x) € &},

IN

IA

9(x =V f(x);x) = f(x =nVf(x))
DIV
o’y (f(x) = f(x*))

where the first inequality is by the smoothness condition on the majorant surrogate function and the

second inequality is by the assumption that f satisfies the PL inequality with parameter v on X,.

Putting the pieces together, we have

<

f) = F(x7)
(1= 29m+ 9+ 0)r) (F(x) = F(x")).

Taking n = 1/(+d) (which minimizes the factor involving 7 in the last inequality) yields the asserted
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result.

2.7.10.3 Proof of Lemma 2.3.1

The Hessian of the negative log-likelihood function has the following elements:

My e, if i =
VA (lw))yy = | A ’ 2.7.4)
Wie™"J p - .
— i j (G TV if i 7 j.
We will show that for all 7 # 7,
82
G, (—l(w)) < —cym; jforallw € [—w,w]" (2.7.5)
and
1 0? n
——m;j < ————(—¢(w)) for all w € R™. (2.7.6)

4" = ow; 8wj

From (2.7.5), we have V2(—£(w)) = ¢, L for all w € [—w, w]™. Hence, for all w € [—w, w]|™ and
xe X,

x [ V2(—0(w)x > codo(Lnv) |||
where X = {x € R" : x" 1 = 0}. This shows that —¢ is c,,\a(Lng)-strongly convex on X'

From (2.7.6), we have %LM = V2(—{(w)) for all w € R™. Hence, for all x € R",

x ! V2 (=6(w)x < 2 A (L) I

N

This shows that —¢ is A, (Liv)-smooth on R™.

It remains to show that (2.7.5) and (2.7.6) hold. For (2.7.5), we need to show that ¢, < z;x;/(z; +x]~)2
for all x € [—w,w]". Note that z;z;/(z; + x;)* = 2(1 — z) where z := z;/(x; + ;). Note that
z€Q:i=[ev/(e“+eY),l—e /(e +ev)| forall x € [~w,w|™. The function z(1 — z)
achieves its minimum over the interval €2 at a boundary of €. Thus, it holds min,cq z(1 — z) = ¢,,.

For (2.7.6), we can immediately note that for all w € R™,

_

W;W; w; wy
- 1 < -
(wi +wj)2 w; + w; w; + W;j 4
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2.7.10.4 Proof of Lemma 2.3.3

Let y be an arbitrary vector in [—w,w]™. Let r(x;y) = £(x;y) — ¢(x) for x € [~w,w]™. Then, we
have
r(y;y) =0,Vxr(y;y) =0, and
Vir(xy) = V3(—{(x)) + A

(2.7.7)

where A is an x n diagonal matrix with diagonal elements

e’ 15
Aii = —Zmi,jm 2 —5¢” (Moo
JEL
Since V2(—£(x)) is a positive semi-definite matrix and A is a diagonal matrix, for all x,y € [—w,w]"
and w € [—w, w]", we have
2w

T (&
x ' Vir(wiy)x > —HMHoo7||X||2 = —0|x[|*.

By limited Taylor expansion, for all x € [—w, w]",

(x;y)
> r(y;y)+ (x—y) Var(yiy)

4o nin (<= y) T VEr(ax+ (1= a)y;y)(x - y)
= ;Orgn(jgl(x —y) Vir(ax+(1—a)y)(x—y;y)
> 2yl

By the definition of r(x;y), we have /(x;y) — £(x) > —%Hx —yl%

2.7.10.5 Proof of Lemma 2.3.4

We consider the log-a posteriori probability function p(w) = ¢(w) + £o(w) + const where / is the
log-likelihood function given by (2.2.3) and ¢; is the prior log-likelihood function given by (2.2.5).
Note that V2(—/{o(w)) is a diagonal matrix with diagonal elements equal to 3e®, fori = 1,2,...,n.

It can be readily shown that for w € W,

1
colivm + e 7B, = VZ(—p(w)) =< 1L + BT, (2.7.8)
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From (2.7.8), for all w € W, and x € R",
x V2 (—p(w))x > Ai(e7BL)|[x||* = e [x]]*.

Hence, —p is e~% -strongly convex on W,,.

Similarly, from (2.7.8), for all w € W,,, and x € R",

1
x! V2 (—p(w))x < An (T + ¢ BLy) x|

< ()\n(iLM) + /\n(ewﬁln))HXHQ

= (GA(Tan) + Bl

Hence, —p is pi-smooth on W, with p = 1\, (L) + e¥5.

2.7.10.6 Proof of Lemma 2.7.5

It can be easily shown that for all w € [—w,w]™, S C N such that |S| > 2, and u,v € S such that

u # v, we have

e eWu el e

< < —.
1S]2 7 (Ejese™)? ~ ISI?

4w

Combining with (2.7.4), we have

82
BB, )
Wy Wy
B ;dy (Z;g ) ;s )2 1U7U€{Z/17y27~~-7yk}
. _

IN

—4w

2 Zdwlu,ve{y17y2»~~-yyk}
yeT
674w
= ——5 Myu-

k2 ’

(&

IN

From this it follows that for all x € R” such that x'1 = 0,

—4w

x V2 (—l(w))x > &

= Ao (Lovt)| x| |2 (2.7.9)
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Similarly, we have

82
m(—e(w))
wuwv
> —Zd Z lewyﬂ 2 e R
yeT =1
> 4w
= Z —l+1 .

From this it follows that for all x,

x VA (t(w))x < e (2 1) A (L) (2710
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