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Abstract

In this thesis, we study the distributional properties of functionals of the Brownian motion.
The thesis starts with an analysis of the occupation time process of Brownian motion in
which the joint Laplace transforms of the occupation time processes in different regions and
their driving Brownian motion are computed for different starting points using martingale
methodology. The corresponding joint density functions are also derived. A version of the
Brownian motion, called the interrupted Brownian motion is introduced in the next chapter
where the paths of the Brownian motion within a certain band are eliminated. Some distri-
butional properties of the interrupted Brownian motion are derived using the perturbation
method. The study of the local time at a certain level of the Brownian motion is then inves-
tigated using the Feynman-Kac formulas to derive the joint Laplace transforms of the local
time evaluated at the first inverse time local time of the Brownian motion. We repeat the
procedure for a compound Poisson process with drift. This thesis is concluded with a discus-
sion on hitting and exit times of other diffusion using symmetry methods. In particular, we
look at a diffusion related to Nicholson’s integral and another diffusion by conditioning on

the Brownian motion.
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Chapter 1

Introduction

In this thesis, as the title suggested, we investigate the distributional properties of a version of
the Brownian motion, which we call the interrupted Brownian motion. Before going into the
details, let us consider a continuous, adapted process W = {W;, ¢t > 0} defined on a filtered
probability space (2, F,F,P) and taking values in the space (R, B) where F = {F;, ¢t > 0} is
the filtration generated by W and B = B(R) denotes the Borel o-algebra on R.

Definition 1.0.1. Standard Brownian Motion.
The process W starting from 0 is called a standard one-dimensional Brownian motion if it

satisfies one of the following equivalent properties:

I Forany 0 =ty < t1 < ... < t, < oo and n > 1, the increments of W, defined as
{Wy, = We,_, 1, are independent and Wy, — Wy, , is distributed as N(0,t; — ti—1).

II. W is a Gaussian process such that E(W;) = 0 and cov(Ws, W) = E(WsWy)=min(s,t)
fors,t € Ry.
III. The processes {Wy, Fy; t > 0} and {X? —t, Fy; t > 0} are local martingales.
A2

1V. The process {e/\Wt_ >t Fi; t >0} is a local martingale for any fived A € R.

. 2
V. The process {eZAWt+%t, Fi; t > 0} is a local martingale for any fired A € R and i € C

denotes the square root of —1.

Definition 1.0.2. Brownian Motion with Drift.



An adapted, continuous process X = {Xy = pt + oWy; t > 0} is called a Brownian motion

with drift p € R and diffusion coefficient o € R.

For more details, see Karatzas and Shreve (1991), Revuz and Yor (1991), Borodin and Salmi-
nen (2002) and Jeanblanc et al. (2009). Louis Bachelier presented the Bachelier model in
his PhD thesis ”Théorie de la Spéculation” which uses an arithmetic Brownian motion to
model the dynamics of stock prices to study the theory of the valuation of financial options.
Bachelier (1900) assumes that stock price S = {S;, t > 0} follow an arithmetic Brownian
motion defined as

St =x+ ut + oW,

where = € R is the starting point, x4 € R is the drift (or growth rate), o € Ry is the volatility
and W is the Brownian motion as defined in Definition 1.0.1. In the paper Samuelson (2015)
in 1965, building on the model introduced by Louis Bachelier, Paul Samuelson introduced
the geometric Brownian motion (or economic Brownian motion) with the following stochastic
differential equation (SDE):

dS; = pSidt + oS dWry, (1.1)

in place of the arithmetic Brownian motion on the grounds that stock prices should only take

non-negative values.

Definition 1.0.3. Black € Scholes Model.
In 19783, Fischer Black and Myron Scholes developed the famous Black € Scholes model

dSt = ,uStdt + UStth,
dBt = TBtdt,
with the following assumptions:
1. The risk free interest rate r € R is constant.

II. The stock price process S = {S;, t > 0} follows the geometric Brownian motion with

SDE (1.1).

1II. Short positions are allowed.



1V. The stock pays no dividends.
V. Only European options are considered.
VI. Market is frictionless.

VII. Unlimited credit is allowed.

where B = {By, B > 0} is the money market account.

See Black and Scholes (1973) and Merton (1973) for more details. The pricing of deriva-
tive securities which hinges around the Black-Scholes model is closely related to the studies
concerning the problems of finding the distributions of measurable functionals of Brownian
motion such as the maximum and minimum functionals. The distribution of the running
maximum Brownian motion is well explored by Karatzas and Shreve (1991) which gives the
results

2(2b —a) _(v-a?

Po [W; € da, M; € db] = ———2 =5 daab,
2mt3

for M = {M,, t > 0} the running maximum of the Brownian motion defined as

M; = sup Ws.
0<s<t

The law of the running minimum m = {m;, t > 0} of the Brownian motion can be deduced
by

my:= inf Wy=— sup (—W,)=— sup Bs,
0<s<t 0<s<t 0<s<t

where B = {B;y = —W;, t > 0} is again a Brownian motion. See Jeanblanc et al. (2009)
for more details. The distribution of the running maximum and minimum of the Brownian
motion is widely used in the pricing of some path dependent options, such as the barrier
option and the lookback option. The barrier options are a type of path dependent options

which can be divided in to two classes:

e Knock-out barrier option: The option is eliminated, or ”knocked-out” when the a pre-

determined barrier is reached.

e Knock-in barrier option: The option comes into play, or ”knocked-in” when the pre-

determined barrier is reached.

10



For more details regarding the pricing of Barrier option in the discrete time setting, see
P Wilmott and Howison (1993), Chesney et al. (1995), Pliska (1997), Zhang (1997), Wilmott
(1998) and Musiela and Rutkowski (2006). For pricing of this option in continuous time
setting, see Rubinstein (1991), Rich (1994), Heynen and Kat (1995), Carr and Chou (1997),
Baldi et al. (1999), Andersen et al. (2000), Linetsky (2004a), Suchanecki (2004), Jeanblanc
et al. (2009).

A lookback option is a type of option with path dependency feature whose payoff depends
not only on the value of the underlying stock price at maturity but on the optimal value
over the life of the option. More details on the pricing of a lookback option can be found in
Goldman et al. (1979a), Goldman et al. (1979b), Conze (1991), He et al. (1998), Shreve et al.
(2004), Musiela and Rutkowski (2006) and Jeanblanc et al. (2009).

Let us look at a type of option with path dependency structure, the a-quantile option for

€ [0, 1], first introduced by Miura (1992) which motivated the main part of the studies in
this thesis. For a fixed strike price K > 0, the a-quantile option can be seen as an extension
of the barrier option (see Broadie and Detemple (2004)) where as an a-quantile option with
floating strike can serve as the extension of a lookback option (see Cai (2011)). The payoff of
this option depends on the a-quantile of the underlying process X = {X;, t > 0} as defined

in Definition 1.0.2 is given as

t
M(a,t) = inf{z : / Uix,<oyds > at}, (1.2)
0

which is the smallest level, or barrier such that the underlying process spends a fraction of

time exceeding o below that level. The quantity
t
/ I¢py(Xs)ds = meas{0 < s <t : X, € B}, te Ry,
0

is known as the occupation time of the process X, a Brownian motion with drift for every fixed
Borel set B € B(R) and meas denotes the Lebesgue measure. The occupation time process
has received much attention in the study of ruin problems for general diffusion processes
where the ruin probabilities can be expressed in terms of the occupation time processes.

The event of ruin was first introduced as the first time the surplus process of an insurance

11



company dips below zero for the first time. However, many have observed that this definition
of ruin can be a bit conservative as even when the surplus drops below zero, most companies
can still endure a small period of negative surplus and cam quickly recover to a positive
surplus level. This leads to the discussion which encourages the distinction between ruin and
bankruptcy as in Dassios and Wu (2008) who introduced the concept of Parisian ruin, which
is a type of ruin that occurs only when the surplus process stays below the pre-determined
ruin level for a continuous time interval of some length. For a surplus process in continuous

time X = {Xt, t> 0}
Ny

Xt:x—i-ct—ZY;,
i=0

for z € Ry, ¢ a constant rate for premium payment, N; ~ Poisson(A) for A € Ry and
Y;, :=1,2,... are independent and identically distributed claim sizes which are independent

of Ny, the authors defined the excursions

g =sup{s <t : sign(X,)sign(X;) < 0},

dX =inf{s >t : sign(X,)sign(X;) < 0},

where sign(x) is the sign function. The Parisian ruin in the finite horizon is defined as the

event {73 <t} where for d € Ry, 7¥ is given as
T3 =inf{t >0 Lyy,<op(t—gi') > d}.

Landriault et al. (2010) extended the study of Parisian ruin in an insurance risk model with
underlying spectrally negative Lévy process of bounded variation. The authors proved that
the Parisian ruin with exponential implementation clock with mean % can be obtained in

terms of the occupation time process of X, given as
P [Tj( < oo} =1—-E [e_”lfooo H{Xsso}ds] ,

where X here is a spectrally negative Lévy process. For more details on Parisian determin-
istic delays, see Landriault et al. (2011), Loeffen et al. (2013), Czarna et al. (2014), Wong
and Cheung (2015), Czarna et al. (2017) and Loeffen et al. (2018). The extension of Parisian

deterministic delay to Parisian stochastic delay is explored by Landriault et al. (2014), Baur-

12



doux et al. (2016), Albrecher and Ivanovs (2017) and Frostig and Keren-Pinhasik (2020). In a
model analysed by Kyprianou and Loeffen (2010), the occupation time process is considered
for X = {X;, t > 0}, a spectrally negative Lévy process and U = {U;, t > 0} a refracted
Lévy process in (b, 00) described by

t
Ut = Xt — (5/ ]1{U5>b}d37 t Z 0.
0

Then, X can be thought of as a Lévy insurance risk process with dividend policy at rate
6 > 0 whenever the process goes above the barrier level b > 0. In Chapter 2 of this thesis, we
take X = {X, t > 0} to be a Brownian motion as defined in Definition 1.0.1 and we modify

this model to study the process

T

-
X, — a1V, — azZQ) =X, - 041/0 ]l{_a<XS<a}ds — ozg/o H{XS<_a}d8, 0<a; <ag <o,

where we have the following occupation time processes of the Brownian motion X with

different barriers for a > 0: ,
Zt(l) = /0 1{X5>a}ds

t

Vi :/ L{_a<x,<a}ds (1.3)
0
t

215(2):/0 ]1{X5<7a}d37

and 7 is defined as the right-continuous inverse of the occupation time Zt(l):
— O
T:=inf{t: Z,’ = z}. (1.4)

This model can be considered as an insurance risk process with penalising rates a; and as
for 0 < a1 < ag < oo such that when the process is penalised at the lower rate a; when it is
in the region between —a and a, and at a higher rate as when the process falls beyond the
barrier —a, until the process stabalizes in the sense that the process spends a predetermined
proportion of time above the level a (this is when 7 comes into play). For negative rates ay

and a9, the company is forced to have an influx at rates a; and «g instead. We can then

13



consider a flip of the process —X where we study

* *

X, — (51‘/7* — BQZ,,(_}F) =Y.« — 51/ ]l{—a<X5<a}d3 — (52/ 1{X>a}d8> 0< 51 < (52,
0 0

where

" :=inf{t >0 : Zt(2) = z}.

The intuition remains the same as the case for X but now we have the company paying
dividends or investing at rates d; and 2 according to the region the process is in, until the

first time the process stays below the level —a for an amount z of time.

With this in mind, we derive the distributional properties of the occupation time processes
defined in (1.3) evaluated at the stopping time 7 given in (1.4) by extending the martingale
methodology as seen in Dassios and Embrechts (1989), Dassios and Jang (2003) and Dassios
and Jang (2005). We derive the joint Laplace transforms for these quantities at different

starting points and proceed to obtain the respective density functions.

Our results of the occupation time process also find application in structural credit risk
modelling. The study of credit risk is the investigation surrounding the potential loss arising
from possible default of counterparty. There are two main classes of credit risk models, which
are the structural model and the reduced form method. The structural credit models were
first developed by Merton (1974) following the argument of Black and Scholes (1973) in option
pricing in order to study default behaviour. The Black & Cox model proposed in Black and
Cox (1976) is based on a default time of the form :

T=inf{t >0 : V, < B(t)}

where V' = {V}, t > 0} is the value process of the firm and B(t) is a predetermined time-
dependent default barrier. In Mukhopadhyay and Makarov (2019), a structural credit risk
model based on the occupation time of the underlying process is studied. The default of the

firm happens at time 7 where 7 is given as
t
T=inf{t >0 : / Liv,<B(s)}ds > v},
0

14



for V and B(s) as defined in Black and Cox (1976) and v > 0 is some predetermined threshold

level.

As mentioned, a large part of this thesis is motivated by the path dependent option called the
a-quantile option introduced by Miura (1992). For an underlying process X = {X;, t > 0},

its a-quantile M (a,t) is given in (1.2) for 0 < a < 1. It follows that

a—0

lim M (a,t) = Oi<nf<t Xs a.s.
<s<

lim M(a,t) = sup X; a.s.
a—1 0<s<t

The distribution of the a-quantile of a process has been studied by many, including Yor
(1995) who investigated the connection between the arc-sine law and the distribution of the
a-quantile of a a Brownian motion. Dassios (1995) proved the remarkable identity in law for

X = {X;, t > 0} using Feynman-Kac method detailed in Kac (1951):

M, )Y sup XO+  if  X©O), (1.5)
0<s<at 0<s<(1-a)t

d
where @ denotes equality in distribution and X 3(2) is an independent copy of X 5(1). Dassios

(1996b) then obtained a similar representation of (1.5) for a joint distribution of a-quantile
and the process X, a process with stationary and independent increments with paths in
DJ0,00). Dassios (1996a) later investigated the identity (1.5) for a renewal reward process

X = {X;, t >0} given as

SNy, N, =1,2,...,
A& _ =1 "7

0, N, =0,

for the renewal process N = {IV;, t > 0} defined as

n
Ny = sup{n : » T;<t},
=1

nGZg

where the sequence of pairs of independent and identically distributed random variables

{(T},Y:), 1 =1,2,...} taking vales in Ry x R. Embrechts et al. (1995) provided two different

15



proofs of the identity (1.5) for a Brownian motion with drift. The first proof uses the following
identity in law:

t
d)
/ Lix,>0yds @ sup {s : sup X, = X},
0 0<s<t u<s

where as the second proof follows an extension of Bertoin (1991) rearrangement of the posi-
tive and negative excursions of a Brownian motion with drift. Bertoin et al. (1997) extended
the identity (1.5) for renewal reward processes using a predictable transformation and for

chains with exchangable increments using an optional transformation.

The pricing of this option in the Black-Scholes model as detailed in Definition 1.0.3 is ex-
plored by Akahori (1995) and Dassios (1995) who derived the explicit expression of the price
of a-quantile call option by applying the risk neutral precedure as detailed in Harrison and
Pliska (1981). For more literature on the pricing of an a-quantile option, see Linetsky (1999),
Hugonnier (1999), Pechtl (1999), Fusai (2000), Fusai and Tagliani (2001) and Davydov and
Linetsky (2002). For pricing approaches beyond the Black-Scholes model, see Sun Leung and
Kwok (2007) who obtained the pricing formula for a-quantile option from the distribution
functions of occupation times under the constant elasticity of variance process, Cai et al.
(2010) who derived the solutions to the pricing problem under Kou’s double exponential
jump diffusion model and Cai (2011) for a Laplace transform based pricing solution under a

hyperexponential jump diffusion model.

Inspired by the a-quantile option, the study in Chapter 3 is motivated by the double quantile
option of the underlying process which is a path dependent option that is the smallest level,
or barrier such that the fraction of time spent by the process above that level or below the
negative part of that level in the time period [0, ¢] exceeds the amount « for 0 < o < 1. More

formally, we define

t t
M(Oé,t) = lIlf{.fL' c R+ . / H{Wszm}ds +/ ]]_{ng_m}ds > Oét},
0 0

where W = {W;, t > 0} is the Brownian motion as detailed in Definition 1.0.1. The struc-
ture of this option has prompted the study of the joint distribution of the occupation time
process of W above a predetermined barrier a and below the barrier —a for any a € Ry. To

do this, we introduce a version of the Brownian motion which we only consider the paths

16



of the Brownian motion above a and below —a by joining them. We call this process the
Interrupted Brownian Motion. As we will see later, the interrupted Brownian motion is a
continuous version of the Brownian motion by construction. The main body of Chapter 3
focuses on the construction and derivation of the distributional properties of the interrupted
Brownian motion. We derive the stochastic differential equation of the interrupted Brownian
motion with the help of Doob’s h-transform and obtain some distributional properties of the
interrupted Brownian motion using the extended martingale methodology as seen in Das-
sios and Embrechts (1989), Dassios and Jang (2003) and Dassios (2005). In the last part of
this chapter, we derive the Laplace transform of the maximum height of the excursion of an
interrupted Brownian motion with exponential time using the perturbed Brownian motion

introduced by Dassios and Wu (2008).

In Chapter 4, we look at the stochastic process L* = {L¥, (t,z) € [0,00) x R} taking values
in [0,00) which describes the amount of time spent by a continuous time stochastic process
X = {Xy, t > 0} in the neighbourhood of a point € E for E the state space of the stochastic

process X. The Lebesgue measure of the time spent at the level x can be derived using

t
th = / H{stx}ds.
0

However, this does not make sense for when X is a Brownian motion, for example, as we have
meas{0 <t < oo : Wi(w) =z} =0, for P —a.e., w € 0,

With E = R, this is not helpful as it does not tell us how much time the Brownian motion
has spent in the neighbourhood of the point x € R. In order to provide a meaningful
interpretation for this measure of time, Paul Lévy in Lévy (1940) first introduced the notion
of local time of Brownian motion by defining the following random field for ¢ € [0,00) and
r €R,

1
Ly = imeas{() <s<t: |[Ws—x| <€}

He showed that the limit below almost surely exists for all t > 0

1
z =1 _ < < N s — < .
: 161&)1 26meas{O <s<t: |Ws—z| <e}, (1.6)

17



and this is called the mesure du voisinage or “measure of the time spent by the Brownian
path in the vicinity of the point 2”. LY shall be referred to as the local time from here on-
wards. Interested readers can refer to Lévy (1940), Ito and McKean (1974a), Balkema (1991),
Balkema and Chung (1991), Karatzas and Shreve (1991), Chung and Durrett (2008), and
Jeanblanc et al. (2009). The introduction of the Brownian local time finds many applications
in terms of the development of the theory of stochastic calculus. In particular, the local time

process is crucial in the generalisation of the celebrated It6 rule for convex functions.

Definition 1.0.4. Ité6 Process.
Let w = {p, t > 0} and 0 = {oy, t > 0} be two predictable processes. If the following

integrability conditions hold for all t > 0:

t
P[/ ]u5|ds<oo] =1,
0
t
IP’[/ U§d5<oo]:1.
0

Then X = {Xt, t > 0} is called an Ité process which satisfies
t t
Xt:x+/;zsds+/ade57 t>0,x € R,
0 0

where W is as defined in Definition 1.0.1.

Theorem 1.0.5. For a function f € CY2(Ry x R,R) and X an Ité process as in Definition

1.0.4, the process {f(t, X;), t > 0} is a continuous semi-martingale given as

t t t 02
x) = 10.x0) + [ HEE sy [0 Ry, o 0 [ETEE) 4 x,)

s

where (X) is the predictable quadratic variation of X. See Revuz and Yor (1991) for a proof

on the invariance of semi-martingale under “smooth” transformation.
Remark 1.0.6. For a function f € C2(R, xR, R) satisfying the partial differential equation:

of 10%f

o T2z Y
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the process {f(t,Wy), t > 0} is a local martingale for W a Brownian motion.

See for example 1t6 (1944) and Kunita and Watanabe (1967). The It6 rule plays an important
role as it acts as the foundation to stochastic calculus, but as we can see from the definition
above, It0 rule requires the existence of the second derivative for the formula to make sense.
The local time process finds application in the generalisation of the It6 rule for convex function

f : R — R which are not necessarily twice differentiable. The generalised Ito rule is given as

(e 9]

t
F(X0) = F(Xo) + /0 D™ f(X.)dX, + / Lru(dr),  0<t<oo

—00

for every Xg € R, D]? as the left derivative of f, u to be taken as the second derivative
measure in the distribution sense and L” is the local time process as given in (1.6). For
more details, see Chung et al. (1990), Revuz and Yor (1991), Karatzas and Shreve (1991),
Kallenberg (1997), Rogers and Williams (2000b) and Borodin and Salminen (2002).

Besides contributing to the generalised It6 rule, the local time process also plays a significant
part in mathematical finance. Leblanc (1997) made use of the definition of local time to

derive the Dupire’s formula for local volatility which states that

1K20‘2(T7 K) _ 8TC(K, 1;) + TKaKC(K7 T)7
2 aKKC(Ka T)

where Or (resp. Ox) is the partial derivative operator with respect to the maturity (resp.
the strike), C(K,T) =E [e_TT(ST — K)Jr] is the price of the European call for any maturity
T € [0,00) and any strike price K € Ry for S = {S;, ¢t > 0} the price process, r € R
the instantaneous risk free rate and o (7, K) the dispersion of S. In the Black-Scholes model
defined in Definition 1.0.3, the instant volatility o; is assumed to be deterministic. Here, the
local volatility term has a dependence on time is therefore a function of time represented as
0%(T,K) and 0 is the partial derivative operator. The Dupire’s formula is well used as it
serves as a direct method to deduce the local volatility function from the prices of call op-
tions in the market. For early works of local volatility model, see more details regarding the
derivation of the Dupire formula, see Dupire et al. (1994) for the continuous case and Derman
and Kani (1994) for the discrete case. Further details of the derivations of the Dupire’s for-
mula can be found in Buraschi and Dumas (2001), Esser and Schlag (2002), Gatheral (2004),
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Derman and Miller (2016) and Itkin (2020).

Another established application of the local time process is the pricing of a knock-out BOOST
option studied by Leblanc (1997) which is an option that pays at maturity, for the amount
of time when the underlying price process stays above a level b € R, until the time when
the price process touches level a € R4 for the first time, for positive levels a and b such that
b < a. The local time process is also being employed in the form of the Ito-Tanaka formula
for the pricing of a special type of contingent claim which is known as a passport option.
This option gives its holder the right to engage in an optimal trading strategy of choice. For
a finite horizon model, let S = {S;, 0 <t < T} be the price process, {g,;0 <t < T} be the
predictable strategy, r € R, be the deterministic interest rate and (@) = {ng)’ 0<t<T}
be the gains from the trade process. The payoff of a passport option with expiry time 7" € R

is defined as

max{y{", 0}.

Following the arguments in Harrison and Pliska (1981), the price of the passport option can
be determined using

—r(T-t)g @
max e max , .
lgt| <K ’ {wT }

For more details on pricing a passport option, see Hyer et al. (1997) who applied the pricing
partial differential approach to derive the pricing formula for passport option, Andersen et al.
(1998) who employed a change of measure method for the derivation of a pricing formula for
a passport option, Shreve and Vecer (1998) who made use of probabilistic methods to price
this option and Andersen et al. (1998) who utilized the concepts of local time process and

Skorokhod lemma in deriving the price of a passport option.

In Chapter 4, we employ the methods in Borodin (1994) and Karatzas and Shreve (1991)
to investigate the joint distribution of the local times of a Brownian motion with drift at 2
distinct levels evaluated at the first hitting time of level 0 of the driving Brownian motion.
Using the results obtained, we proceed to compute the joint distribution of the local times at
the 2 levels evaluated at right inverse of the local time of the driving process at 0. We then
continue to compute the same quantity for a compound Poisson process with drift at different

starting points. Our results find applications in counterparty credit risk management con-
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cerning the Accumulator option. We compute the expected exposure of this derivative using
the density function derived. The accumulator option is a derivative with high path depen-
dency which is popular among investors with appetite for high risk. The accumulator option
is settled periodically thought its term, and this option with a knock-out feature, vanishes if
the underlying price process reaches above a pre-determined barrier. If the underlying price
process lies inside the knock-out barrier and the strike price, then the buyer of this option
”accumulates” the stock at the strike price. Otherwise, the buyer is met with the obligation
to purchase the stock at the strike price with some gearing ratio g (this is usually set to 2).

The payoff (P;) on observation day t¢;, i € N4 of the accumulator derivative is then:

0, if maxp<s<t; Ss > b,
Pz’ = Q(Stz — K), if maxo<s<t; SS < b, Ss > K,
gQ(Sti — K), if maxo<s<t; Ss<b, S < K,

where b is the knock-out barrier level, K is the strike price, @ is the purchase quantity and
g the gearing ratio. See Lam et al. (2009) and Bonollo et al. (2017) for more details. We
conclude the chapter by following the argument of Bonollo et al. (2017) to use our local time

results to estimate the counterparty credit risk relating to the accumulator option.

In Chapter 5, we look at the role of symmetry methods in obtaining the solutions to some
differential equations. There are many tools for obtaining solutions to differential equations,
for example if the differential equation is separable:

9% = (@),

then the differential equation can be easily solved by separating the dependent and indepen-

dent variables to the form:

9(y)dy = f(x)dz. (1.7)

A closer inspection reveals that the underlying method allowing the separation technique to
be possible is the presence of a Lie group symmetry. Indeed, the solution of the separable

differential equation involves integrating both sides of equation (1.7) which gives us the
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Figure 1.1: Symmetries of the unit circle.

solution of the form

y:h(x,c), (18)

where ¢ € R is the integration constant. This constant of integration is exactly the adjustable
parameter of a continuous transformation that takes each solution curve (1.8) into another.
The theory of Lie group symmetry, is a topic developed by Marius Sophus Lie in Lie (1970).
The theory of Lie group symmetry has then received a lot of attention and has been exten-
sively studied by many, see Bluman and Kumei (1989), Stephani (1989), Olver (1993), Hydon
and Hydon (2000), Starrett (2007) to name a few. The development of Lie group symmetry
has profound influence in, but not limited to the fields of pure and applied Mathematics,
Physics and Engineering. In particular, the Lie group symmetry can be applied in vast areas
of studies, such as algebraic topology, differential geometry, invariant theory, bifurcation the-
ory, numerical analysis, control theory, classical mechanics, quantum mechanics, relativity,
continuum mechanics and many others. Before moving on to the application of Lie group
symmetry, we provide some important definitions surrounding this topic. According to Mar-
tin (2012), a symmetry of a geometrical object involves a transformation ¢ for ¢ in the set
of transformation, such that i maps the object to itself. The object is said to be invariant
under transformation. For example, a circle has two different types of symmetries: rotation
symmetry about the origin and reflection symmetry in the diagonals. See Figure 1.1 for more

details.
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Extending this notion of symmetry to the symmetry of ordinary differential equation, we list

some important definitions for the one-parameter Lie group of transformation.

Definition 1.0.7. One-Parameter Lie Group of Transformation.

On the Euclidean plane, let x = (z,y) and & = (Z,7) be some points on the plane. For e € C,

the transformation

Fe:x— f(x,e),

such that

= f(z,y,€);  §=gxye6),
1s the one-parameter group of transformation with parameter €, if the following hold:

1. T'g gives the identity transformation, i.e.
flz,y,0)=2;  g(z,y,0) =y.
1I. T is closed under composition. This means that for e1,eq € C,

F€2F61 = F62+61a

i.e.

:E* = f(fi,g,&) = f(xvyael +62); y* = f('i‘vgaé) = f('xay?El +62)-

III. T-1 gives the inverse transformation:

r/l=r._.

1V. Each & can be represented as a Taylor series in €.

Example 1.0.8. For the following ordinary differential equation:

dy
A
dx ’

we know the solution is of the form y = C for C € R. There are a few valid symmetries avail-

able for this differential equation. One possible symmetry for this is translational symmetry
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in the x-direction, giving us

(#,9) = (z + € y).

We can spot that this is a trivial symmetry since every solution is mapped to itself. Another

symmetry is to perform the transformation in the y-direction. This gives us

(#,9) = (z,y + o).

This is no longer trivial as under this transformation, the solution curve is mapped from
y=C toy = C+ e, and we can easily see that this solution curve satisfies the original

differential equation.

As we discussed, it is straightforward to solve a differential equation which is separable, i.e.
of the form in (1.7). However, this is not the case in many differential equations that we

encounter, for example an ordinary differential equation of the form

% = w(,y),

can be quite complicated to solve depending on the form of w. This is when canonical

coordinates come in handy.

Definition 1.0.9. Canonical Coordinates.

Any coordinates (r(x,y), s(x,y)) satisfying

&z, y)re +n(z,y)ry =0,

§(x,y)se +n(x,y)sy = 1,

and

TSy — TySz 7# 0,

is called the canonical coordinates, where (§,m) is the tangent vector at (x,y) to the curve,
Ty = 8%7“(:5, Y), ry = a%r(x,y) and similarly defined for s, and s,. The canonical coordinates

can be obtained using the method of characteristics such that

dx dy
E(x,y)  n(z,y)
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d
The ODE of the form & _ w(x,y) can then be transformed to its canonical coordinates:

dx

ds sy +w(x,y)s,

dr 1o+ w(x,y)ry
In canonical coordinates r(z,y), s(x,y), a differential equation becomes separable, which we
can manage. We summarise this paragraph by giving the steps to solve a first-order ordinary

differential equation using symmetry methods:
I. When the given differential equation

dy

% = W(.’E,y),

is not separable, identity the form of Lie symmetry of the solutions using ansatz which

satisfies the linearized symmetry condition:
Ny + (77y - gw)w(x7y) - gyWQ(xay) = Eww(x,y) + nwy(% y)-

II. Make use of the canonical coordinates to transform the original differential equation
to a separable differential equation. The canonical coordinates r(x,y), s(z,y) can be
identified from &(x,y) and n(z,y), the solutions to the linearized symmetry condition

using method of characteristics.

III. Substitute the canonical coordinates obtained in the previous step into the differential

equation for (r, s):
ds  sg + w(z,y)sy
dr 1y +w(x,y)ry

IV. Solve this differential equation in terms of the canonical coordinates.

V. Obtain the solution of the original differential equation by using the inverse relation

x = (z(r,s)) and y = y(r, s).

We use the symmetry method for differential equation to obtain a diffusion that links to
the Nicholson’s integral. The Nicholson’s integral, introduced by J.W.Nicholson in Nicholson

(1910) and Nicholson (1911) is the generalized version for the case of Bessel functions of the
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well known relationship between cosine and sine:
cos?(x) + sin®(x) = 1.

For J,(x) and Y, (x) Bessel functions of order n of the first and second kinds, respectively,

the Nicholson’s integral is given as
8 o
J(x) + Y2(x) = / Ko(22 sinh(t)) cosh(2nt)dt,
™ Jo

where Ky(x) is the modified Bessel function of the second kind, sinh(x) and cosh(x) are the
hyperbolic sine and cosine functions respectively. The Nicholson’s integral is proved Watson
(1922) for = € C4 using Hardy’s theory of generalised integrals developed by Hardy (1903)

and Cauchy’s integral theorem which states that

/C f(2)dz =0,

for f : U — C a holomorphic function with U C C and C is a smooth closed curve in U.
Dixon and Ferrar (1930) proved the Nicholson’s integral using a transformation following the
method in Nicholson (1910) for all values of n if R(z) > 0 and when x is purely imaginary for
R(n) < 2. Durand (1975) extended the result for Nicholson’s integral for general Gegenbauer
and Legendre functions. The functions, C’ia) () and Df\a) (x), the Gegenbauer functions of

the first and second kind solves the differential equation of the form

2

d d
(1-— xz)d—m’z — (2a+ l)xﬁ + AA +2a)y =0,

for arbitrary o and A and z € C. The generalisation for Gegenbauer functions obtained by

Durand (1975) reads

(1= a?)" ([l @] + D @)
IF'2a—1)I'(n+ 1)I'(A + 20 + n)
C(a+n)PT(n+2a—-1)I'A—n+1)

00 1
: / D\ (a® + (1 - ?)2)CN 2 (2)(22 — 1)°Udz,
1

— 272a72n+3 —iTQ

for RO\ —n+1) > 0 and R(a) > 0. For P,(z) and Q,(z), the Legendre function of the first
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and second kind, the Legendre differential equation is

d? d
(1— xz)d—x’g - 2:6% +nn+1)y=0,

where n is the degree of the Legendre function. The generalisations for ordinary Legendre

functions derived by Durand (1975) for —1 < x < 1 is

4 4 [ 1
PA@)+ 5QH0) =75 [ Qulet+ (1002 o

We end the chapter by constructing a conditioned Brownian motion and we proceed to find
the Laplace transform of its first exit time as well as density function with the help of the

symmetry methods for differential equation established.
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Chapter 2

Occupation Times of Brownian

Motion

2.1 Introduction

The Bachelier model presented by Louis Bachelier in his PhD thesis is an option pricing
model which marks the birth of modern mathematical finance. His results received attention
after Chicago Mercantile Exchange (CME) and Intercontinental Exchange (ICE) decided to
adopt the Bachelier model to model oil and natural gas options after the price of the oil
future dropped to negative for the first time in history due to the lack of demand owing to
the spread of Covid-19. In 1973, Black and Scholes developed the much celebrated Black
& Scholes model (see Black and Scholes (1973), Merton (1973)) for the problems of pricing
derivative securities which are closely related to the the problems of finding the distributions
of measurable functional of Brownian motion such as the first passage time, maximum and
minimum functionals. The distribution of the maximum and minimum of Brownian motion
is well explored and widely used in the pricing of certain path dependent options such as the
barrier option and lookback option. For more details regarding the pricing of Barrier option,
see Rich (1994), Kunitomo and Ikeda (1992), and Goldman et al. (1979a), Goldman et al.
(1979b) and Conze (1991) for lookback options.

Consider X = {X;, t > 0} a Brownian motion as given in Definition 1.0.1. The occupation
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time of X is a well studied functional defined as
t
I'y(B) ::/ 1p(Xs)ds =meas{0 < s <t: X, e B}, 0<t<o0,
0

for every fixed Borel set B € B(R) and meas denotes Lebesgue measure. The occupation
time of Brownian motion measures the amount of time up till a deterministic time ¢ that
the Brownian motion stays in the set B. The resulting process I'(B) = {I'«(B), t > 0}
is adapted and continuous. For more details regarding the Brownian occupation time, see
Karatzas and Shreve (1991) and Borodin and Salminen (2002). For occupation time for more
general diffusion processes, see Pitman and Yor (2003). The study of the occupation time
process finds applications in the pricing of the a-quantile option first introduced by Miura
(1992) and the pricing of this option is investigated using Feynman-Kac formula by Akahori
(1995) who derived the explicit form of the distribution function of the occupation time of
a Brownian motion and Dassios (1995) who showed the identity in law between the sum of

max and min of independent Brownian motions and the Brownian quantiles.

The occupation time process also received attention in the study of in the study of ruin prob-
lems for general diffusion processes where the ruin probabilities can be expressed in terms of
the occupation times. The idea of Parisian ruin introduced by Dassios and Wu (2008), is a
special type of ruin that takes into consideration that companies may be able to withstand
some periods of negative surplus before experiencing bankruptcy. This concept is extended
to an insurance risk model with underlying spectrally negative Lévy process of bounded vari-

ation in Landriault et al. (2010) and to an omega risk process in Li and Zhou (2013).

In this chapter, we study the occupation time of the Brownian path over different regions.

We define the following occupation times for a pre-determined level a € Ry:

t
Zt(l):/ Lix,>a)ds,
0
t
Vi :/ :H‘{*(Z<Xs<(l}d87 (2.1)
0

t
7 = /O Lix,<ayds,
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and let us define 7 as the right-continuous inverse of the occupation time Zt(l) for z € Ry:
s .7
T:=inf{t: Z,’ =z}, (2.2)

using the usual convention inf(()) = co. We continue to derive the joint Laplace transform
and joint density function of the occupation time processes in the region above the level a,
between the levels —a and a and their driving Brownian motion evaluated at 7. Our results

can be applied to the study of insurance risk models which will be discussed later.

2.2 Preliminaries

Let an adapted stochastic process X = {X; : t > 0} defined on a filtered probability space
(Q, F,{F:},P) be a Markov process (with continuous paths) taking values in measurable
space (F, ). For simplicity, we take E = R and £ = B the Borel o-algebra on R. Then, the
infinitesimal generator of X applied to a function f : R — R is defined as the operator A

such that:

Af(z) = tim 22 XD = J(@)

, Vr € R,
tl0 t

where E; [-] = E [-|Fo] = E [-|Xo = z] by the Markov property. This relation holds for every
f in a suitable subclass of the space C2(R) of real-valued, twice continuously differentiable
functions on R. From the theory of Markov processes in Dynkin (1965). The infinitesimal
generator A applied to function f is a second order differential operator given by

of(x) 0%f (x)

Af@) =b() T 4 Do) T,

for suitable Borel-measureable functions b,a : R — R. For X a Brownian motion with
b(x) = 0 and a(z) = 1, we see that X is a standard one-dimensional Brownian motion
introduced in Definition 1.0.1. This process can be defined as a linear diffusion on R and for

any f € CZ(R), the infinitesimal generator of X is given by

Af(z) = %am f(@).
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Remark 2.2.1. A simple application of Ité formula implies that

F(X0) - /0 AF(Xy)ds,

is a martingale. This gives us an approach to identify martingale candidates of the form
f(Xy) by solving
Af =0,

subject to some boundary conditions.

2.3 Construction

In order to find a martingale of the form
f(Xt7 W? Zt(l)v Zt(2))7

for X,V,ZWM, Z? as defined in (2.1), we use the martingale approach discussed in Remark
2.2.1. Consider a function f : R* — R such that its domain X is a subset of R* that contains
a nonempty open set. The infinitesimal generator A acting on the function f in its domain

is such that

af(.’I},’U,Zl,ZQ) af($7v721722) af($7v7Z1732)
Af(z,v,21,20) = ]l{:v>a}a—zl + 1{—a<x<a}T + ]l{ac<—a}a—22
19 f(x, 0,21, 22)
2 0z2
2
3f1(95é1;,121722) + %3 fl(ﬂg;)ézhzz)’ r>a,
e an(zg}’l;thQ) _|_ %82‘)“2(27;]2721722)’ —a<z< a/v
8f3(xéi;,2zl,22) + %a2f3(;g:2,z1,22)’ r < —a.
(2.3)
Trying a solution of the following form
filx,v,21,29) = e~ Pv = P2z e fi(x); 1=1,2,3 (2.4)
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for By, 82,7 € Cy. We solve Af = 0, which gives us the following ordinary differential

equations:
0=7fi(z) + 3/ (2), x> a,
0=—Bifo(x) + 3 f5(2), —a <z <a, (2.5)
= —Bafs(x) + 5 3 (x), z < —a.

Solving the differential equations gives

filz) = Ay cos(\/ﬂx) + As sin(\/ﬂm),
fo(x) = B1eV2T 4 Boe Ve, (2.6)
fa(x) =Ce 2Bz

where Ai, As, By, B2, C € R are some constants to be determined subject the boundary

conditions for the functions f; € C?(R),i = 1,2, 3:

f1(CL) :fQ(a)7
1@ = fi(a),

(2.7)
fo(=a) = f3(—a),
| B-a) = ()
Following Remark 2.2.1, we obtain martingales of the form
[i(X0, Vi, 20, 22 = e=hVie 820 2 (X)) i=1,2,3 (2.8)
where the functions f;(z) are derived as
o V2B — V2
f1<[1;‘) = < 2510«_|_e 3\/% \/%—i_\/%) Bl COS(\/Q’}/[JI—CL])
_ W V261 — /2 V2B
+ <ema — 3V Tg n ng> Nz LB, sin(y/27[z — a]),
(2.9)
- V201 — V20,
— B.eV2Bi Bye 2v/2B1a 2B1
il = B3 VB VR)
_ 2v/201
_ B~V «%(m)( v )
fa(z) = Bie c V261 + V2B
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Note that we could have obtained the same equations more easily by having

fi(z) = Avcos(y/ 2w = a]) + Arsin(y/2lz ),
fa(x) = Bie 2B 4 Boe™ 2ﬁ1x,

f3(x) = Cev?Peletal,

with the same boundary conditions as above.

Remark 2.3.1. Substituting (2.6) into (2.7), we obtain an under-determined system of equa-
tions with 5 parameters and 4 equations. Setting the free variable to an arbitrary value (say

1) as we have in Appendiz 2.9.1, we can obtain the rest of the required parameters.

2.4 Distributional Properties

In this section, we explore the relationship between V, Z() and X evaluated at time 7
by deriving first the joint density of V and Z® from the inversion of the double Laplace
transform. We then derive the joint density of V, Z(® and X at time 7 by inverting the
triple Laplace transform. We look at the three different cases when we have the starting
point Xy = = to be below the level —a, above the level a and finally between the levels —a

and a.

25 Casel: Xo=z< —a

We look at the first case where the starting point Xg is below the level —a.

2.5.1 Joint distribution of V, and Zg)

Lemma 2.5.1. For 51,82 € C4 and the first hitting time T defined as

7 :=inf{t: Zt(l) =z}, (2.10)
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(2)

for z € Ry, the joint Laplace transform of V. and Zy"’ can be derived as

E, [6*51 Vr 67/32 7z }

\/562 251a6\/2ﬁ2(a+z) /oo 1 /22,81(1 _ hZ(,@l» —5v22B1h(B1) /
=24/ — e 2° exp| —s
™ 0 v

o

(1 — e~4v201a) 1h(B1) + VB2 \ﬁh(ﬂl) + \/@
(2.11)
where the function h(B1) is
h(By) = 1+ e V2 cosh(2a/251) (2.12)
YVl T e-W2Ba  sinh(2av208;)’ :
and cosh(z) = % is the hyperbolic cosine function and sinh(x) = 61«726—1 is the hyperbolic
sine function.
Proof. The proof is in the appendix (2.9.1). O
Theorem 2.5.2. The joint density of V and Z@ evaluated at T is
P [VT e dm,Z® e dy]
k
/ / 1, fT ii <5% [t +v2(a+ a:)]) (_1)121+2k+l
= e
21/ y3 (—a—z) e L(k+ 1)k! I
Z T(1+ 2k +1+7) . [(1+k‘+l+]’)(4a)+s\/§+m+ﬁ—a]2
: xp | —
5 V2rm TR T(1 4 2k + 1)1 4m
(I+k+i+j)datsyz+a+ J5—a
*Datopyi dtds
vm
with the conditions
2 t
2a>0, a4 2EVETOEDEL

V2

where Dy (z) is a parabolic cylinder function.

Proof. There are two steps to this proof. The first step is to consider inverting the Laplace
transform in (2.11) with respect to the parameter 32. Letting EE; denote the inverse Laplace

transform operator with respect to By, we want to compute
_ _ _ (2)
;! (Ex [6 BLVr —B2Zy ]) (¥).
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For any 8 > 0, the following inverse Laplace transform holds

L*l

< 1 _ sv2281(1-h2(81))
B

L = n (VBB -2G0) . @

Using a change of variable of the form £+ \/B1h(51) as the argument of the inverse Laplace

gives

L5' (Fi |8+ VBih(B)] ) () = emYPH v, (ws@m - hzwmy) S Cal

where the function F} is defined as

1 _ svZe811-h2(51))
Fl(f]f) = ;6 T .

We can add the term eVP2V2(ate) — o=vB2V2(=a=2) 4 the inversion and proceed as follows:

£t (VB (8)) ()

= eIy (i s Bz (1~ (50l ~ VE—a ) )y > VE(-a - 2)

— o~ VBh(B)ly+V2(ata) (21\/ sv22B1(1 — h2(B1)[y + V2(a + x)])> Lo va(—a )}
(2.15)

where the function Fy is defined as

V2 1 _sV2281(1-h(81))
F ) = F Z,U+ 2/8 h /81 = ¢ z4++/2B1h(B1)
0 = Al VIR =g
with the condition v/2(—a — z) > 0. We then take into account the square root term by
considering:
;! (BWD) )
S S BaUe - B VA AR CE B
N (>V3(-a-2)) (2.16)

Iy <2¢\/sx@ﬁ1(1 — (B[t + V2(a + mm) dt,

where the function F3 is defined as

Fy(z) = e V222 by (g).
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Therefore, we have that

£5) (B [V e 2] )
00 o=35% o=sV22BLh(B) o~V 2Bra, /5T
- m/o eV2Pie — e=8V2Hie
. <exp <_S¢m<1 : h2(ﬁ1))> VPRt ) s
5 VBih(B1) + VB2 | VBih(B1) + VB2

o0 0 ,—28%2 —s\/2zB1h 261a
_ V2 / / e 35% e—sV22BIh(BL) ﬁ\ﬁw 5 o~ VAR V(o))
7T\/3/>3 0 ema_e 3v2B1a

Iy <22‘\/3\/§51(1 — h2(B)[t + V2(a + x)])) Liys a(—a—s)y dtds,

(2.17)

where in the first equality we exchange the order of inverse Laplace transform and integration.
Recall that the inverse Laplace transform of a function F' is given as the Bromwich integral:
1 c+ioco

— S F(s)ds,

2mi c—100

where ¢ € R is chosen such that it is greater than the real parts of all the possible singularities
of F(s) on the complex plane.
The next step is to invert expression (2.17) with respect to 1 in order to obtain the joint

density function. Using the following inversion

V2(sy/zta+tz)+t 4/28 cosh(2a\/ﬁ)
r-l Le_ : \7§+ - siih(2aﬁ) : I 2 T V251
A\ 22 sinh(2a+/2B7)

2
Io —2\/\[ +\fa+x]smh%) (m) (2.18)

. (sﬁ[t+f(a+x)]) l l
- o [ 14201 421,24, 0,
Qﬁg T+ 1)l CSm | L+ 2l 12t 2a

[\

V2(syz+a+z)+t
\/§ 9

with the conditions
V2(svz+a+az)+t
V2

2a > 0, 2a + > 0,
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where the function es,, is such that for ¢t > 0,v > 0,vt+z>0and vt +x+ 2z > 0,

o0 k

-1
® ¢S v,t,x, 2 E S +kv+ktx+z+kt
y(,ua s Uy by ) ( ) y(# k) k: 9 k)a

k=0
0o ( +k;) _(Vt+z4+2kt)2 bt st 2t
v e v vt + z
o si(u, vtz =2 D <>7
tlu ) kzo V2ry'tET (v)k! e VY
Du) 28 e H, () = e
° (T = 2 e 4 n| —= ] =€ 4Hep(T),
\/§>

(2)
where He is the modified Hermite function. We can invert E, [e‘ﬁlvfe_fB?ZT ] twice with

respect to B2 and (1 respectively to compute the joint density. O

2.5.2 Joint distribution of V,, Z\* and X,

Lemma 2.5.3. For (1, 2,& € C4 and the first hitting time T as defined in (2.10), the joint
2)

Laplace transform of V., Z$ and X, can be derived as

E, [e—ﬁlvfe—ﬁzz@ e—g[XT—a]}

_ dgemVPrae/Tlern) /oB; K5 9(—/7)

H(E, Br, B2)
\/ﬁ[fb(ﬁhﬁQ b exp (_8\/2 281(1 — h%(531)) > (2.19)
V2B1h(B1) + V282

H(&, B, B2) \/27r/
¢~ SVIBA() VT VT (ate) S

Hi(51, Ba)

)

where the functions h, H, Hy and Hy are such that

1+ e 4V2ha
L PN - 7

H(E, By, B2) = EH1(B1, B2) — /281 H2(B1, B2),
Hi(B1,582) =eV?Pe(/28, + ) + e 3V /2B — \/25s),
Hy(Br,B2) = eV?%(\/2B1 + \/22) —e—?’“ﬂ“(wm —V/2B,).

Proof. From (2.37), we can see that the expression for the triple Laplace transform is derived
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in terms of the double Laplace transform (2.11):
Eiﬂ |:6_B1V76_62Z‘£2)e_g[X‘rfa}]

_ Agem VPP PRl aBy 8 B(-EV7)

H(ga Bla ﬁ2)
VI [V T2 + /) — T (/3 — \/3)| B, e e

H(§7 /817 62)

Substituting the expression derived for the double Laplace transform (2.11), we can derive

the expression for the triple Laplace transform. O

Theorem 2.5.4. The joint density of V., Zg) and X; can be obtained as

P [VT cdp, 7@ ¢ dm, X, € dy}

T

1.2

0 9,738 (at2)2  (2k+1)2(20)2
= ——0(y — sV2z)e”  2zm 2k 4+ 1)%(2a)? — ple 2p ds
_ 1.2 00
e 2" ® _(ata)? _ o V2r(atw) (—v2mr)*
— Sy — s\/g)/ ez e e Vm —
L | >
- [SP(Q k2 4k, 2a, —2a + v/2ms + 2ka)
+5p(2 + k, 2+ k, 2a,2a + V2ms + 2ka)} drds,
where the function S is such that fort > 0,v > 0,vt 4+ z > 0:
0o F( k;) _ (vt+z+2kt)? ok
N v+ke 1y vt + z + 2kt
Sy, v, t,z) =2% 1<>
ol ) kzzo V2ry'tET (v)k! a VY

Proof. We focus on the first term of (2.19), which we define as g1 (&, 81, B2).

91(&, B, B2)
I GO GE ETRAR L {G Ve
H(E, B, Ba)
_ Age VPRt 95 S 3(—67) | 1 (2.20)
Hy(B1, B2) £ — 261 (%)
_ /00 dge VI Blotn) \[af e e teVE 1 o
0 V2 H (1, B2) g—\/ﬂ(%)
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We will proceed to invert g(&, 81, f2) with respect to &, B2 and finally 31. The inversion with

respect to £ gives us

g [T e g as | )
0 V3Rt (v, ) ~ V2B ()

V21 Hy (1, B2)

—&€s/z V2B1+v2B2h(B
. 0 fe—V2B1a,v2B2(a+1) Qﬁle—%SQ eSVE /28 (—m 5271))
+ L ds | (y)
0

VarH (51, B2) - VB ()

B ®© g~ Qﬂara+m 2ﬁ62 €5
= 51</0 “Vzds | (y)

o fe— 251ae\/%(a+x) 2616—%32
— - Oy — d
/0 V2 H, (81, B2) = avz)ds
[T g VT VB G)
0 V21 Hy (B, B2) V2B1h(B1) + V282

V/2B1+/2B2h(B1)
\/T( 281 h(ﬂl)‘F\/ﬁ)(y s\/E)

€ Liy>syzyds,

(2.21)

where §(x) is the Dirac Delta function. We then proceed with the inversion with respect to

Bo:

. 00 fo—35° e—V2B1a \/%aﬂ:m -
, ( / g = A ) ()

+£_1 /oo 46_%526_ 251@6\/%(a+x)(251)]1{y>8\/5}\/m_i_ \/%h(ﬁl)
A2\ Jo V21 Hy (1, Ba) V2B1h(B1) + V262

V/2B1+/2B2h(B1)
et el st) (m).

Exchanging the order of integration and inversion gives:

/0@4eés2e— FoyaB by sy7) E_l( /PRt ><
0

2o \@(eﬂa_e—3 2B1a) JBh(B) + VP
[o8) —1s2 _ a
+ / dem2" e VIRA28)  LosvmhlB)  amnsny-sva)
0 m \@(6%&—6_3 2Bla)
eV2B2(atx) V281 [1-h? (8] (y—sV/3)
w \VEnGy Ve T ) mds
_1lg2 a
n  dem2% eV (261) 4 VB[l — h2(61)] NVIBTR(B) s3]
0 o {y>sv/z} V2(eV2Pia — o—32Bia)
eV2B2(atx) V281 [1-h2 (B)](y—sVZ)
L \ A T mE e e | m)ds.
1 1 2
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Finally, we can obtain the inversion with respect to 2 is obtained as:

(ata)?

/ < e 3 e VOB Sy —s\/7) e
0 NeTs V2(eV2Bia — ¢=3V2Bay /rm

- R S VR Y

0 Nor V2(evV2Bia _ ¢=3V2Bia) 1)

e VBB (ata) o SLhZ (Br)m oy fe <h(51)\/517 - (a ha m)) ds

ds

V2m
% fo— 352 o 26111(2/81) h(ﬁl)emh(ﬁﬂ[y—&/a o te*%e_\/mh(ﬁl)[”ﬁ(“'m)}
+
/0 V2 V2(evV2Pia — ¢=3V2B1a) / 2V mm3

Io <22\/\f2[3\[ — yB1(1 = P2(B))[t + V2(a + 1’)}) L 3(ata)y Ly>syzydtds

* 44 e VP08 B[ — WE(B)]e PN 10 g VERAI et
+
/0 V2 V2(eV2Pia — ¢=3V2B1a) /0

2V mm3

t+v2(a+ ) : _
.<—\/§[s z—y]ﬂm_h?(ﬂl))) h (24&@ Z_Wl(l_hQ(B”)[Hﬁ(a””)

]l{t>*\/§(a+x)}]l{y>3\/g}dtd$'
We then proceed to invert with respect to 81 using the following relationships for a > 0:

(2k+1)2(20)2

Z (k12202 —ple =,

F)

1 V261
A <2 Sinh(2a\/ﬂ)> (P) =

-1 Brh(By)e~2sVPimh(Br) o0
. sinh(2av/25;)

A

Sp(2+k,2+ k,2a,—2a + vV2ms + 2ka)

e

=0
0 k
Z 4k' Sp(2 4 k,2 + k, 2a, 2a + V/2ms + 2ka),

k=

_|_
[e=]

where the function S is such that for ¢ > 0, > 0, vt + z > 0:

2 T(v+k)e” (VHZ‘I/M)Q vt + z + 2kt
Syt ) =2 1<>
vl ) ;0 V2ry'tET (v)k! o VY
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and we use the following relationship:

23 e2V2Bia VBl (atatsyEoy)]
-1 1—6 tanh(24/281a)
A\ sinh(2+/2B1a)

I( o Vﬁ[sﬁynwﬂ(amn]))@

sinh(y/2[12a) V2
2k (2.22)
C& VRIsvE -l + Valat o) |
_g::o a V2 T(k+ 1)k!

V2 —
esp<1+2k,1+2k:,2a,—2a, tv2atatsyz y)>.

V2

We can then finally obtain that

e o (ﬁ‘l (91(& B1. 52)) () (m)) (@)

b 26_5 s? (ate)? 9 9 _ (2k+1)%(20)2
= \/273 —sV2z)e  2m Z[(Qk +1)*(2a)” — ple 2 ds
0 mm o
_ 1.2 00
o0 33 o (a :1;)2 ﬁ"’(“""“‘) — 2 k
- / C 8y - sv/z) / e~ Bme e vm 3 (=v2mr)”
0 V2w 0 Py k!
5,2+ k,2 + k, 2a, —2a + V2ms + 2ka)drds
00 7l82 00 2 Var(ate) 2oL (— k
(atz) 2
— ( — s\/g)/ e~ e e vm Z ( mr)
0o V2 0 prt k!

- 5,(2+ K, 2+ k, 2a, 2a + V2ms + 2ka)drds

0026—58 _ﬁ
/ / 7sz tem i Lo (o) (2:23)dbds
| Ve

t2

te am {t>7\/§(a+x)}(224)dtd8’
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where (2.23) is such that

1 V2 > _ (2k+1)2(20)2
= 2k + 1)%(2a)2 —p)e” 2
e 2 (k170 )
k
(_ YT ) ) ?
e 2
o> T(k + 1)k!
k=0 (k +1)k! (2.23)
Nes, 1+2k,1+2k,2a,—2a,t+ﬁ(a+x+5\f_y)
V2
tes, L4214 2k, 20,20, IT V2@t T EsVE ) ) |
V2
and (2.24) is such that
1
(1) [t+V2(a+2)\* V2 & o o _ @kt1)?(20)?
- (2 +1)2(2a)" ~ pe”
4\ V2[svz -y VPP ,;0

_ <_ Vgl ara)] > ek

S v

|
] T(2+ k)k!

(2.24)

t4+ /2 _
-esp<2—|—2k,2—|—2k,2a,0, tV2atatsyz y)>,

V2

with * denoting convolution. We repeat the same steps to compute the inversion of the second

term of (2.19) to finally obtain the joint density. O

2.6 Case 2: Xo=x>a

We have looked at the case when we start in state 3 by setting Xg = & < —a. In this section,

we will look at the case when we start in state 1 by having Xo =z > a.
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2.6.1 Joint distribution of V, and ZP)

Lemma 2.6.1. For 1,2 € Cy and the first hitting time T as defined in (2.10), the joint

Laplace transform of V. and Zg) can be derived as

E, [6—51 Vi g=B2 VA }

—a)2 [e%¢) K2
_ 2 e / 2 o~ VEVIBINGD) o [ sz | 2DL [L=r*B)] | .
VT 0 V2B1h(B1) + V22
x—a
+ er ,
(%)
(2.25)
where erf is the error function defined as
2 / o
erf(z) = — e " dt,
&=
and h(f1) is as previously defined (2.12).
Proof. The proof of this Lemma is included in the Appendix (2.9.2). O

Theorem 2.6.2. The joint density of V and Z? at T can be derived as

IP’[VT € dm,Z? ¢ dy]

+2

_(z—a)? a) $2 —2s [s\/z .
\/Zt Tty —— ism | 1,2a,0, — V2z,—1/ st dtd
\/ﬁ/ / e e Wi . 18 < a, +s Z, S f) S
/ / _ma) e e ? + sv2 >dtds
/772

+erf( 22 )ot)s(m).

where the functions is,, and es,, are defined as

r—a _ﬁ
"Veste” WH(t)espy <0 0,2a,0, \f

v+2l

NE

isy(v,t,r,z,x) = ol esy(1+v+2l,1+U+2l,t,r,z),

Fv+1+
(=2)"

~

[e=]

Mg

esy(u,v,t,x,2) = sy(u+k,v+kt,x + 2z +kt),

k!

B
Il

0
_ (wttz+2k)?

= T(v+k)e 1y vt + z + 2kt
S (u7 U? t’ Z) = 2U u Du+1 <> )
Y k;zo V2ryt T2 (v)k! VY
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with the conditions

t

t
\/§+3\/2z>0, da + — 4+ sv2z > 0.

V2

2a > 0,

Proof. The proof of this theorem can be divided into two steps. Inverting (2.25) with respect

to B2 and using Fubini’s theorem gives

£} (5[]

2 _@a? [0 o _ggroa oo sE
—e 52 e S e \/ﬂe sV2z 2B1 (61)
VT 0

261 [1 = h*(B1)] —1 r—a
- exp <_5\/§ [\/ﬂh(ﬁﬂ " \/%1> ds> (y) + L, <erf< Nor >> (y)
= 2t [Tt
0

_ -1
=L,

N
a1 B 261 [1 = h*(61)] LAY
o (eXp ( v [mwl) v m])) s+ (S22 )51 () )

The inversion in the first term can be derived by first noticing that
_ 261 [1— h2(B1)]
L7 exp [ —sv22 Yy
Pa ( ( [\/251h(51)+\/252 (@)

_ 261 [1— h2(61)]
=Lt — )
2 (‘”‘p ( v [mwn VB )) v
e Considering a change of variable of the form g = v/31h(51)++/ 52, the inversion becomes

5" (exp (—sﬁ [251 —— D) W)

_ 12
,Cgl (exp (—5\/2 [2B1 [1 ﬂh (ﬁl)]]) - 1) (y) +[rgl (1) (y)

_ \/ VAL = WG] (wsﬁ(zﬁnu - hmmy) +6(y).

Y

We then use the following steps:

where I;(z) is the modified Bessel function of the first kind and §(x) is the Dirac delta

function.

In the second equality, we used the theory of residues and the concept of a distribution.

44



The function §(y) is an infinite spike centered at y = 0, such that its total mass is 1

and the inverse Laplace transform of 1 which can be written in the integral form as

c+100

W) =g [ s = sin(py) _ ),

270 Jo—ioo p—oo  TY

using complex analysis, since the function 1 has no poles we can take ¢ = 0 for conve-

nience.

e Using the following relationship:

It L1 (F(7)) (4) = f(y). where F(y)= /0 T Wiy, Ry) >0

then ﬁ;l (Flay+B)) = ée_%f (%) , a>0.
We can add the terms with 51 in

o B 261 [1 — h*(B1)]

=5 (eXp ( N VBhE) + )) o
— 5" (F(V/Bin(B) +8)) )

= e VARG \/ PEERIEZ P, (a0 fovEeai - 12l ) + 60

e Using the following relationship,

It £ (F(7)) (y) = f(y). where F(y) = /0 T Wiy, Riy) >0,

Te 4y f(z)dx.

then £ (F(v3)) () = m

We can then add the square root in to obtained the desired inverse Laplace transfor-
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mation with respect to 5o

1 261 [1 — h?(B1)]
£ (eXp ( Ve [rhwl) h

00 2
te dy e VBih(B1)t

)) (v)
1
-7
| N =/E2B)L = (], <22~¢s¢z<zﬁl>u - h2<ﬁmt) - a(t)

dt.

Therefore, the inversion with respect to Sy for the double Laplace transform is given as

G5 (5[ )

2 _eea? [ o _gse oo mBh(G)
= ¢ 2= e e Ve R

VT 0

L

261 [1—R? _
721 (eXP ( 5v22 [\/%][1(51) f%l)) (y)ds +erf<$\/£>ﬁﬁ21(l)(y)
/ / (@-a)? a)z .2 _25% _S@Mcosh(&l\/ﬁ) 2 \/ﬁ—cosh@a\/ﬁ)

sinh(2a+/281 )te 4y€ sinh(2a/2871)

WT
| f\/;@@l)[i — @], <22. JvEes h2(ﬁl)]t> dtds

\/Zte 1y e 1 sinh(2a/2871) V2

42 \/TCOSh(ZCM/231> [L-FS\/E]

S a) e e 2 d(t)dtds

AN
+erf< \/Tz(l)d(y),

where the function h() is as defined earlier. We can now proceed to the second part of the

proof where we invert the expression with respect to ;. Therefore, using Fubini’s theorem,
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we have that the joint density can be obtained as

(2)
;! (cg; (. [ePVe227]) () (m)
/ / R e L s = 1(ﬁmm _ Py osh(2e /B,
e e CVazte WL e i

V2zte 4y £B1 sinh(2a+/2871) e sinh(2a+/281)

"V

\/sﬁ(?ﬂl)[i - hQ(ﬁl)]Il (21‘\/3\/2(2&)[1 _ h2(51)]t>) (m)dtds
, . 2 B cosh(2a+/281) [ ¢ sv/22
\/U / / FE e R A e o)L (6 e ﬁ]> e

wat( 22 )5 1) ()

T—a 2 — 2 t
/ / ~a e B e iyz\/ﬁism <1,2a,0, —= + V22, — st\/?) dtds
M ! ﬂ
\/T / / _(z—a)* a) 26725 + S\/%) dtds
v

sat( 22 )5<y>6<m>,

where the functions is,, and es,, are defined as

r—a _ﬁ
VZte Wo(t)esm, (O 0, 2a, 0, \f

xv+2l

oo
isy(v,t,r,z,x) = Z mesy(l +v+20,1+v+ 2t z2),

—
Il
o

esy(u,v,t,x,2) =

WE
=
ol

sy(u+k,v+kt,x+ 2+ kt),

iy
o

_ (vt+z+2kt)2

oo
F(v+k)e 1y vt + z + 2kt
sy(u,v,t,z) =2 - Dy <> ,
Y kZ:O VeryteD(w)kl " VY

with the conditions

t t
2a > 0, — +5V22 >0, da + — 4+ sv2z > 0.
V2 V2
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2.6.2 Joint distribution of V_, Zg) and X,

Lemma 2.6.3. For (51, 32,& € Ry and the first hitting time T as defined in (2.10), the joint

Laplace transform of V., Zﬁz) and X, can be derived as

E.’L’ [6_61‘/7 e_ﬁQZ'g) e_f[XT_a]:|

1 (z—a)?

oo 1 @—a)? [ z z—a
=z / —2 o 2V 36 s 4 — 2 / e e 2V38 T2 s
VT 0 VT 0

V261 +v/2B2h(B1)
2 VG, et / = A
V2B14+v262h(61)
Vi VIR VB ° (2.26)
VIV 51) N
2 V2Bt v )6_7@;;9 / o520~ 25052 L~ 5V 2/ 2BTh(B1)
0

T V2B1+v/2B2h(B1
VT — Vap e

-exp( S\ﬁ[ 261 [1 = 1*(B1)] ])ds

V2B1h(B1) + V282
where h(B1) is as defined in (2.12).
Proof. We have from (2.25), that the double Laplace transform is

E, [6—51 Vi g=B2 VAS) }

_ 2 _(ﬁgg)z & —sv/22+/2B1h(B1) o Qﬁl [1 - hQ(/BI)]
v A exP( 2 [mhwmm o
—|—erf<a7 _ a).
\V2z

Substituting this into (2.39), we can easily obtain the desired expression for the triple Laplace

transform. O
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Theorem 2.6.4. The joint density of V., 29) and X, 1s given as

P [VT € dp, Z? € dm, X, € dy}

9gZ=a

= Le (o /00 _825( - 8\/>)5(m) [6283\6/_2% +e S\/ﬂ] d(p)ds
f

\/ﬁ/ / te 4tfn [ (y—sx/ﬂ)—l} {—; sp (2a)
*isp<02a0\[+8\/§ \/<\/%—y)\2>}dtds
\/7/ / te if [G(y—s 22)—1] _\/i\/\ﬁ(sfz—y)

. ¢
.[f(p)*zs,,<1 24,0, f+sf Y, — \/<s 22—y)ﬂ>]}dtds

k
OOO atds 17 1% [e(y ~ sv/22) — 1} 3(t) - ki;o <*2 {% *;"/% - yD

[<k+1><4a)+%+s@—yr

Tkl 42" z (D) +
; VI T (k4 2)1! H’“”(

J5tsV2z—y
VP

2
t
(k+142)(4a)+ f+sx/ 2z y]

irk+l+2 % " (k+1+2)(da) + J5 +5v2z —y
- €r+2 )
V2rp ST (k + 2)1) VP

with the conditions

t
2a > 0, — +s5V2z—y >0,
V2 Y

where He is the modified Hermite function, 6(t) the Dirac delta function and 6(x) the Heav-

iside step function.

Proof. There are three steps to this proof. First, we look at the inversion of the triple Laplace

transform with respect to &.
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(2)
Lgl <Em [e—ﬂlvTe—ﬁQZTQ e_g[XT—a]}) (y)
r—a 2 o0 Z r—a
_ 521 <\1f€_(2z)/ 8_52625\/;625@615) (y)
m 0

T—a 2 o0 Z x—a
+£§—1< 1 e<22>/ 6526_25\/;625@(18) (y)
\/7? 0
/oa-V2B1+v282h(B1)
2 25 (zfa)2 o0 _9.x—a
+ ﬁgl ( V2B1h(B1)+v/2B2 )622/0 6—52673\/2z 3 2s (Z/)

V2z ds
7T 97, V2BV 2B2h(B1)
fé 261 V2B1h(B1)++/2B2

57 VIBL+3Bh(51) .
! (2 20 @ﬂﬂjiﬁ ¢ <2>2/ e o~ sVZEVIBIR(BL)
™ V2B1++v/282h(B1)
V& — VOB S 0
261 [1— h2(61)]
cexp | —sV/2z ds
( [\/25 1(Br) + V2B ) (2.27)
= Le‘ (l;a)z /OO 6_82625%5(3/ — 8\/%)(13
VT 0
1 _(it—a)2 /OO _g2 —2sE
_|_ —e 2z e e \/E(; 22 dS
v : .
+7\ﬁ\/2ﬁ 1+ V2062 h(ﬂl) _e—a)?
V2B1h( 51) + \/2ﬁ2

NEENCUCA Y.
F\/ﬁh(ﬁl”\/ﬂ( ﬁ)H(y — 5V/22)ds

o0
./e
0

B 7\/*\/25 1+ V25h(B1) _Goo? /OO =52, 25552 = s\/2e\/2Bih(B1)
0

VZBh(Br) + V2B
mm 26y [1— h*(By)]
. V28182827 oxp | —
e ep( Sr[\/ﬁh([ﬁwﬂ/ﬂ o

where we have used the following inversions:

o (6*25\/55) (y) =0 (y - 25\@) — 8y — 5v/22),

—2s\ﬁg \/2B1++/2B2h(B1)
-1 . F—( 5V/22)
L ( NoTih \/ﬁﬂ/ﬁh(m)) () = VA by — sv22),
L V2B1h(61)+/2B2
. 1 _ TR
Le ( ~ Jog Gy | W)= 1
L 2B1h(61)+/2B2
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for 6(x) is the Dirac delta function and é(z) is the Heaviside step function defined as

[1+sgn(x)],

l\.’)\»—t

O(x) =

where sgn(x) is the sign function defined as

-1, x <0,
sign(x) = q 0, z =0,
1, x>0

We can then proceed to invert the expression in (2.27) with respect to 2. We consider a

change of variable of the form 8 = \/B1h(f1) + /B2 and define

where for £(vy) > 0,

Using the following inversions,

£ (Flay + 8) () = le-%f (3)- @>0

ze 4yf x,

-1
L, (F(V7) (y) 2\/@

and Fubini’s thereom, we can obtain the inversion with respect to Sy for the triple Laplace
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transform:

£ (2 5 [ ) ) o

= 5 /00o - 5(y —S\F)[ ﬁ+e‘23%3}£/;;(1) (m)ds

2 T—a 2 o0 —Q2gX—a
i £6_7< = / e~ 7B VEL msVEWIBIB) 98, 11 — p2(5)] |:9(y ~ sv22) — 1}
0

_1 1 (y—s@) 261 [1-h2(81)]
& (v h<5>+r> YRR ] (m)ds
1

(z— a 2 0 z—a
\/25 h(1)e = / e e 25 Vs eW—sV22)V2B1h(B1) [0( —sV2z) — 1}
0

(y \/T> 261 [1-h2(81)]
Lol e\ V2 VBih(BD+VB2 (m)ds

1 _@-o? /oo _ g2 9gt—a _9gt—a
=—e 2 e o(y—s 226m[65@+6 S\/ﬂ}ds
= (" sty - svEam)

A A e e RS

. [G(y —sV2z) — 1} Iy (21\/\/5 (8 2z — y) Bi[l — h2(51)]t> dtds

251h(B1) / / [+ ] et oI [y o) 1]
\/\f - S\/7) B1[1 — h2(51)] I (22\/\@ (S\/gi y) B[l — h2(51)]t> ditds

281h 2 (s
\/7 ﬁl / / [ e LN C G [0y — 5v/22) — 1] 6(t)dtds.
(2.28)
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Finally, the joint density can be obtained by inverting (2.28) with respect to ;.

5 (25 (£ (Bs [eVre s el ] ) () (m) ) ()
1 (z—a)? —2s5-a

_ 2 2529 1
= — z — z z
\Fe 2 /0 e ¥ o(y —sv2z)d(m) {e V2 fe V2 } Ly (1)(p)ds

+2

/OO /OO 67[S+L\/727:]2t6_m [H(y —sV2z) — 1] Egll (e(y_%_sm)mh(ﬁl)

+\/7r2m3
BL— R (B (zz\/f w3z )ﬁl[l—hml)]))(p)dtds

z—a 2
+ L dtds e S+E} te 1 |6 y—svV2z)—1
Vim
(\/ﬂh ﬁl —sv/22)v/2B1h(B1)

¢f y—s 2z)tm1—h (8] ( \/f (sv2 - )@1[1h2<ﬁ1>1>)<>

ﬁ/ / [s+22] 55 [ 6y — sv/22) ~ 1] 601
251 (V2B(By)e 3 ENVEINED) ().

This can be computed as:

1 (a:ga>2 > 25 oY) 2522 2552 a1y 0V d
e E (y - 5v22) <m>{e +e | L5 () (p)ds

 VrPm / / 22)_1}
-<2sp(2a)>>kzsp<0 2a0\[+$\/£ \/( 2z—y>\;§>dtds
dtdse +:\C/£] te 42 Oy — sv2z) —1 V2 M
\/WT
[é(\/ﬁzeém(gl)])*isl,(lQaO[—i—Sr Y, — \/<\/2>—y>\%)

\/7T/ / Vi s [H(y—s 22«)—1} 5(1)
+ 5v/2z — y) dtds,

te = [G(y -

_

- escsy <2a, 2a, 2a

’\ﬁ
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where the functions s, s and escs are such that

V2 & (2k+1)2¢2
syt) = ——5 > (2k+1)* —y)e o,
VTY? 15
v+2l

Fv+1+1

(=2)*
k!

MS

isy(v,t,r, z,x) = esy(1+v+21,1+U+217t77“72’)7

=0

Mg

esy(u,v,t,x,2) = sy(u+k,v+kt,x + 2z + kt),
k=0

_ (vttz+2k)?

o0
I'(v+ ke 1y vt + z + 2kt
Sy(u7vat7z):2v E o Du+1 < > )
oV 2yt 2T (v)k! VY

1 1
escsy(u,v,t,2) = Zesy(l, 2t,—u—v,z)— Zesy(l, 2,t,u+wv,z),

1 1
+ Zesy(l, 2,t,—u+wv,z)— Zesy(l, 2, t,u—wv,z),

with the conditions

+svV2z—y>0.
NG Y

2a > 0,

2.7 Case 3: —a< Xog=z<a

We have looked at the cases where Xg = z < —a (we start in state 3) and Xg =z > a (we
start in state 1). We now look at the case where —a < Xy = 2 < a when we start in state 2.

This is the most complicated case out of the three.
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2.7.1 Joint distribution of V, and ZP)

Lemma 2.7.1. For 1,52 € Cy and the first hitting time T as defined in (2.10), the joint

Laplace transform of V. and Zg) can be derived as
E, [6—51VT€—ﬁ22$2>}

—n2 —
o[]S [y BR oo ay)

- e sinh(2a/28) | V2[/Bih(Br) + VA

L we;rﬁﬂ%ﬁﬁ@%e”@*ﬁwﬂ[ﬁMM&ﬂmmm+ﬂﬂ&q@
Vor Jo sinh(2a+/201) V2[V/Bih(B1) + /B

_svz| 28 0-n26)) | —V2Bi[sv/zh(B1)]
e 35% [\/mwm\/@} € <2sinh([a+x]\/ﬁ)> ds

cL
V2r Jo sinh(2a+/201)

(2.29)
where the functions sinh(x) and cosh(x) are the hyperbolic sine and cosine functions respec-

tively and the function h(B1) is as defined in (2.12).

Proof. With the starting point —a < Xg = x < a, applying the optional stopping theorem
to the martingales f;( X3, V4, Zt(l), Zt@)) with a bounded stopping time 7 A t gives

CUR A
E e_BIVT/\te_ﬂQZT/\te TMfl( T/\t)

(2) (1)
0= $:| — o B1Vo=B225" 74 f2(Xo).
Taking limits for ¢ — oo gives us

E, [PV 0% fi(X,)] = (o)

B, [PV 220 1 (X)| = e o),

We proceed using the same steps as in the previous section. With the change of variable of
the form w = /2v, multiplying both sides with ﬁ% and integrating with respect to w over

the range of w, the right hand side of the expressions gives

o i 1

/0 e fQ(l')mdw

B e ) —%Z B —2v/2B1a \/ﬁ \/%) 251(2:| ;
_/0 e [Ble (B e V35 T %, w2+§2dw
V2pB1(2a+zx) m \/%:| T 622 (_g\/g) .

_ 261z
‘Bde e V25 + v2Bs

55



Now, computing the left hand side of the expression with w = /27 gives

= —B1Vr ,—B2 2
/0 E, [e B1Vz o2 fl(XT)} el

_ Bli ( VIBia | -3v/2Ba V201 = V263 V252> [efﬁlvfe—ﬁzzﬁ”e—ﬂxr—a]}

V2B1 + V28>
VIBia _ ,-3y2Fia V201 — V252 BV a2 ®
+B12§2\/ﬁ< NI E, [e e }
_p T V2Bia 73ﬂa\/2/8 — V202 B1Vs 5222 —[Xr—al
Bl%Qﬂ(e ) §

Equating the 2 expressions and making the triple Laplace transform the subject gives

E, [6751% 522(2) €[Xr*a]}

= 2 emx—l /00 e 25 V3 g

5 25, ZQ /,831,22 {91(51,@) Vor Jo

26e™ V2B1 (2a+) /26 /252 1 Ooef%szefséﬁds
91(B1,B2) V2B + V232 V2r Jo

g?(ﬁlvﬂ?) —B1V; *B2Z7(—2) }
2 gl(ﬁlaﬁ?) [ c ] '

(2.30)

where the functions g1 and go are defined as

[(Br. By) = VT 4 o~3VEFa Y20 — V2P

V2B1 + 282
_ V2Bia _3\/ma\/ﬁ V282
g2(B2, f2) =€ NG

Looking at the expression in (2.30), we can say that there exists a £* > 0 such that when
the denominator goes to 0 at £*, the numerator goes to 0 at the same point for the triple
Laplace transform exists and not to be identically 0, when the denominator goes to 0 at
& = &*, we should have that the numerator goes to 0 at the same point. The value of £* can

be determined by setting

. 92(B1,B2)  2B1[1 — h*(B1)]
C =V B B~ VB (/31)+\/%+ V2Bih(B).

The double Laplace transform can be obtained directly by setting the numerator to 0 at

& O
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2.7.2 Joint distribution of V_, Zg) and X,

Lemma 2.7.2. For (1, 32,£ € Ry and the first hitting time T as defined in (2.10), the joint

(2)

Laplace transform of V., Zy” and X can be derived as

ELB [e_ﬁlvT €_ﬁ225'2> e_g[XT _a}]

_ 1 2 V21w B P NE
€ VIR 0151, B) m/ creTTd
1 2 ge~V2Pi(2a+a) V251 — V25, 1 Ooe*%SQ e~ 5VZ g g
- W;ﬁ&éi’éj 91(B1, B2) V281 + V282 V2r Jo
/792 ﬁl 52 é 2 S‘r 7\;@2(42&%} e_‘/ﬂ[s‘/gh(ﬁl)]
\/ﬁﬁgi? 91(B1, B2) \/ﬁ/ c e sinh(2av/251)
2231 cosh([a + x]/2B1)  2B1h(B1)2sinh([a + x]/261) , }
. — 2 sinh 2 d
[ VAW (B) 1 V) VAl B + B ool ralvasy s

Proof. From (2.29), we have

E, [6*51 Vv 67/32 7z }

2
A [Tt o [Gan] ko) Ve 25|
\/27r sinh(2a+/2531) V2[V/Bih(B1) + /B2]
—h2 — sz .
L% e (B o) VRN o + V2 o,
v2m Jo sinh(2a+/20:) V2[VBIh(Br) + VP
2
I | Bl Ly YN
— s 2 sinh 2 d
+\/27T/0 e sinh(2av/251) (Sm o Bl)) S (2.31)
Substituting this into (2.30) gives us the desired triple Laplace transform. O

Remark 2.7.3. We can derive the joint densities using the same steps as in the previous

cases.

2.8 Concluding Remarks

In this chapter, we derived and discussed in details the joint Laplace transform and the joint
density functions of the Brownian occupation time processes under three different cases. Our
results find applications in the study of insurance risk models. This is discussed in Chapter

1.
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2.9 Appendix

2.9.1 Proof of Lemma 2.5.1

We provide some steps to obtain the expression in Lemma 2.5.1.

Proof. With the starting point Xo = & < —a (ie starting in state 3), applying the optional
stopping theorem to the martingales f;( Xy, V4, Zt(l), Zt(Q)), i =1,2,3 derived with a bounded

stopping time 7 At gives
A (2) (1)
E [e‘ﬁlvﬂ’f 223, e’ TMfl(XT/\t)\Xo = :c} = Vo e=P225" 1% f3(Xo), (2.32)

where E; -] = E [/|Xo = z]. Taking limits for ¢ — oo and recalling from the definition of 7
that Zp) = z gives
(2) (1)
Ex |:6_B1V76_/BQZ7—2 e'YZTl fl(XT):| = fS(,fL')7

E [e—ﬁlvre—b’ng)f (x )} R (2.33)
@ (X7 e 7% f3(x).

We proceed by using a change of variable of the form w = /27 and multiplying both sides
with ﬁw and integrating with respect to w from 0 to co. Using Schwinger parametrisation,

the right hand side of the expression gives

/Oo 6_72f3(x)71 dw = Bje V2Pragv2Ba(ate) _2v26 261 ~ e u_ VT
0 2+¢2 V281 +v282 Jo 2 2+u
(2.34)

Setting t = /5 + u and %82 = £2t2 gives

/oooe_vzfs() 1 §2dw = Bje VPraV2Ba(ate) 2251 E3p(—€vz), (2.35)

v
V2B +v2P; €€

where ® is the CDF of a standard Normal distribution. Letting w = /27 and applying

Fubini’s theorem on the left hand side gives

F [ Ve 2 1
/0 E, |:€ € fl( )} 2 1 52 dw
— Ez |:6—,81V7—e—ﬂ2Z7(_2)e—g[XT—a]:| ( V2B1a +e —3v2F1a VAP1 — V4p2 V 2/8 V 2/6 ) B 7T

V2B1 + V252
BV B2 (1 _ -e1X-a)\] (Ve _ -3vEFa V2P — V252 \/25 ks
e ) o T
2.36
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Equating the expressions on the LHS and RHS then gives
E, [e—ﬁlvf ~B228 —£[XH]]

_AgemVPPaeyPRlata) a8y 5 0(—¢y/2)

(57 517/82)
VIBL [V (V3B + VIF) — e VIR (2] — \/2p) | By [en Ve e s

H(&, 1, f2) (27 37)

where the function H is such that

H(E B, o) = [ VIRO(\J2By + /2B) + e VI /281 — /25,)|
28 [V (\/2By + /282) — eI 28 - /2By)|

Looking at the expression in (2.37), we can say that there exists a £* > 0 such that when
the denominator to go to zero at £*, the numerator goes to 0 at the same point for the triple
Laplace transform to exist and not be identically 0. The value of £* can be determined from

the denominator by setting H (€, 81, f2) = 0 and this gives

261 (
V281 h(B1) + V252

= — h*(B1)) + /281 h(B1),

where the function h(31) is as defined in (2.12) Setting the numerator to 0 at £&* and notice
that with s =t — £y/z, we have

2 2z [ 1 1,2 1 1.2
39(—¢yz) =3 / el = / e 2t e Vs, 2.3
GV =t ) V Vo s (239

gives the joint Laplace transform

E, [6—61\4 6—6229)}
_l _gf*
4¢*e —V2B1a,v2B2( a+x 25 \/7[00 52 s&'VzZ g

V2B [V (\2B; + \/2Bs) — e ® wm —V25)]

Y V2B1(1 — h2(8y)) 1
- \/%/o ‘ exp( N B h () + By ) VP — —iE
e—5V22B1h(B1) o— 251(16\/%(%-9:)\/6»

VBLh(B1) + /B2

ds.
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2.9.2 Proof of Lemma 2.6.1

We now provide the steps to obtain the expression for the double Laplace transform in Lemma

2.6.1.

Proof. With the starting point Xg = x > a, applying the optional stopping theorem to the

1 2
. 2)

martingales f;(X:, Vi, Z, , + =1,2,3 with a bounded stopping time 7 At gives

(2)
E |emfVonne BN I i (X o) X

0= l‘} = e_BIVOe_fB?ZémeVZél)fl (Xo)-

Taking limits for ¢ — oo gives us

E, [ Ve i 200 fi(X,)] = o)
B, [e MV e 22 1 (X0)] = e fu(a).

We proceed using the same steps as in the previous section. With the change of variable of

the form w = /27, multiplying both sides with and integrating with respect to w over

2+£2

the range of w, the right hand side of the expression gives

[o.¢] s 1
/0 e ’yfl(x)mdw
_ [T e Ve | —3y2Bra V201 — \/2f32> B
/0 e w2—|—£2< +e NI NI Bj cos(w[x — a])dw

P %Bra _ —sﬂam V%)F ‘ _
_|_/0 e F e <e NG VLTS FBlsm(w[x al)dw.

The integrals can be computed as follows:

e The first integral with cosine function
oo L2 1
/0 e‘?zm cos(w[z — a))dw

= Emg [ (@—a erfc(

with the conditions

L) ety [Ze+ L2,



where erfc(z) is the complementary error function defined as
erfe(z) =1 — erf(2).

e Using partial fraction, the second integral with sine function

/OO e*%z ! ! sin(w[z — a])dw
0 w? +E2 2y

W, 1 :
—/0 e 2 msm(w[x—a])dw

with the conditions

Therefore, RHS of the expression becomes

o 1
/e’yfl()ngé-Q

= {e (o= a)erfc<\/>§— >+e T “erfc(
V22

<\/ﬂa+ _3vama V201 — V%)B

=)
\/ﬂ+¢%

T oer xr — a (zar Tr—a
+[2§2 f(m) R efC<\[§ )]

.<6\/ﬁa_ —3v2B1 aV2B1 — \/%> /25, By

V281 + V28>
+<€m e mww) V2B gggei€ et erfc(\[“ )

Now, computing the left hand side of the expression with w = 4/2v and Fubini’s theorem, we
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have

F 5 [ Ve~ !
/0 E, [6 e f1(Xr)} mdw

—E, |:€_51V7—€—ﬁ2Z7<-2>/ {( ViFa 3v2ma V201 — V2B
0

NI \/%) By cos(w[X; —al)

+<e\/ﬁa_ *SMa\/ﬁ \/ﬁ) \/T

V281 + V252
_ Vs —p22? ( J3Bra | .—3v3Bra V2P — \/%> E[XT_a]]
o [ ‘ < e v ) Pae
B1Vr ~3222) ( /2Bra _ 73\/ﬁa\/ﬂ \/%>
#E | ( Vrrrvan) VAE (1

Let us define the following functions to simplify our calculations:

o) - 1+ e—4V2Pia _ cosh(2a+/2)
1) = e—4v2Bia sinh(2a+/2B1)’
— 281a 73\/ﬂam \/ﬁ)
g1(B1, B2) = ( te V281 + V282

1
- el By sin(w[X; — a])} de}

E[X-— a]> 252] _

m4_m{\/ﬁh B1) + 252}( 2/31“—6_3\/ﬁ“>,

o 2B1a __ —SMam \/%)
g2(B1, B2) = (6 NN

e [V V)] (T e

Equating the expressions for LHS and RHS gives

E, [e—ﬁlvfe—é‘zz&)e_f[xf—a]} (Ql(ﬁl,ﬁg) - \/?gz(ﬂb&))

+E, [ ~B1Vr =225 )} ﬁgz(ﬁl 2)

S 1 G “erfc<\/>§— > [91 B, B2) — \/?92(51,52)}

+ \/?gz(ﬂhﬁﬂﬂ"f( \/2—a>

£

% 28 e “erfC<\/7§+ > [91 B, B2) + m%(ﬁh@)]-
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Making the triple Laplace transform the subject gives

E, [e71Vrem P el

1
591(51,52) V2B192(B1, B2)
- [16552 (- “)erf0<\/7€— > £91(B1, P2) — 25192(51,52)] (2.39)

*625 Slo= a)el"f0<\/75+ ) £91(B1, B2) + 25192@1752)}

283192(B1, 52)erf< \/@) - E, [ —Avr _52252)} 25192(51,ﬁ2)] .

Looking at the expression in (2.39), we can say that there exists a £* > 0 such that when the
denominator goes to 0 at £*, the numerator goes to 0 at the same point for the triple Laplace
transform to exist and not to be identically 0. The value of £* can be determined by setting

the denominator to 0.

0=E&"91(B1,B2) — v/2B192(51, B2),

a5, 92001, 02) (B1,B2)
91(B1, B2)

— /2B M+\/% [V2B1 + V2B:h(51)] ( V2hia _ e—3x/ﬁa)
) T V2BIh(B1) + V2B (eV2Pha — em8v2he)

_ 2B 712

Notice that with s =¢ — [ff + £ } we can derive

— z—a)2 o0
erfc<\/7§+ z a> = i6_5526_(:”_“)5@_( = / 6_826728(
VT 0

The double Laplace transform can then be obtained by setting the numerator to be 0 at

€*. O

Gf/%z)ds
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Chapter 3

Interrupted Brownian Motion

3.1 Introduction

A path dependent option is an option, as the name suggests, whose payoff is determined by
the path history of the underlying asset price either throughout the whole or part of the life
of the option. Path dependent options have received much attention in the recent years due
to their innovative structure which can be designed to allow for different payoff outcomes in
order to accommodate different risk profiles. Barrier option is a path dependent option whose
payoff depends on the price of the underlying asset breaching a predetermined barrier level.
The option then either comes into existence or vanishes prior to expiration, depending on the
type or structure of the barrier option. Barrier options are widely used because they allow
the buyers to incorporate their views on the movement of the asset price in the structure of
the options. For example, a buyer who is concerned about possible sharp increase in asset
price can invest in a knock-out barrier option as it can protect the buyer from unlimited lia-
bilities when there is a rise in the underlying asset price. For more results on barrier options
in discrete time setting, see P Wilmott and Howison (1993), Chesney et al. (1995), Pliska
(1997), Zhang (1997), Wilmott (1998) and Musiela and Rutkowski (2006). For continuous
time setting, see Rubinstein (1991), Rich (1994), Heynen and Kat (1995), Carr and Chou
(1997), Baldi et al. (1999), Andersen et al. (2000), Linetsky (2004a) and Suchanecki (2004)
and Jeanblanc et al. (2009).

Another type of option with path dependency structure is the lookback option whose payoff
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is related to the optimal value of the price of the underlying asset (either the maximum or
the minimum ) over certain period or the life of the option. Lookback options are attractive
because they help to minimize regrets by lowering the uncertainty on the optimal timing
on entering into or exiting from the market. This option is therefore particularly popular
among buyers with some market movements anticipation during the life of the option but not
knowing the exact time of these occurrences. Early works on lookback options can be found
in Goldman et al. (1979a), Goldman et al. (1979b) and Conze (1991). More results can be
found in He et al. (1998), Shreve et al. (2004), Musiela and Rutkowski (2006) and Jeanblanc
et al. (2009).

An Asian option is a type of path dependent option in which the average of the underlying
asset price over some duration of the life of the option is used to determine its payoff. This
option is desired by many as the Asian option is usually cheaper than European or American
option and its averaging structure helps to reduce price manipulation of the underlying asset
close to the maturity period. For more results on Asian options, see Geman and Yor (1992),
Yor (1995), Dufresne (2005), Schroder (2000), Donati-Martin et al. (2001), Geman and Yor
(2001), Schroder (2001), Carr and Schroder (2004), Dufresne (2000), Linetsky (2004b) and
Jeanblanc et al. (2009).

We now look at a special option with path dependency structure, the a-quantile option for
0 < a < 1. The study of the a-quantile option revolves around the a-quantile of the process

W = {Ws, 0 <s <t} which is defined as

t
M(a,t) = inf{x : / Iix,<a)ds > at},
0

for o € R, u € R and Wy = ut + 0 B; where B = {By, t > 0} is a one-dimensional Brownian
motion starting from 0 as in Definition 1.0.1. The a-quantile option first introduced by Miura
(1992) and the pricing of this option is investigated using Feynman-Kac formula by Akahori
(1995) who derived the explicit form of the distribution function of the occupation time of

a Brownian motion and Dassios (1995) who showed the identity in law between the sum of
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maximum and minimum of independent Brownian motions and the Brownian quantiles:

d
M(a,t) @ sup Ws(l) + inf WS(Q),
0<s<at 0<s<(1-a)t
d
where @ denotes equality in distribution and W2 is an independent copy of Wl(l). More
results on the alpha-quantile of a Brownian motion can be found in Embrechts et al. (1995),

Yor (1995), Takacs (1996), Fusai (2000), Dassios (2005), Detemple (2005) and Jeanblanc
et al. (2009).

In this chapter, we will focus on the double-quantile option which we have to consider for

0<a<l:
t

t
M(a,t) = inf{x : / Liw, >z} ds +/ Lw,<—azyds > at}.
0 0
This leads us to the study of the distribution of occupation times of the Brownian motion
above a predetermined level x and below the level —x for any z € RT. We proceed by
introducing a new version of the Brownian motion which we call the Interrupted Brownian
motion. It is the continuous version of a Brownian motion where we eliminate the paths of

the Brownian motion within the band from —x to x and join the remaining paths.

The main focus of this chapter is the construction of the interrupted Brownian motion using
an reflected Brownian motion. We derive the stochastic differential equation (SDE) of the
interrupted Brownian motion and compare this to the SDEs of some well-known processes.
We then obtain some distributional properties of the interrupted Brownian motion such as
the joint Laplace transform at a deterministic time ¢ of the reflected Brownian motion and
the number of interruption as well as the probability generating function using the definition
of the infinitesimal generator and the extension of the martingale methodology developed
by Dassios and Embrechts (1989) and Dassios and Jang (2003). We also look at the some
distributional properties of the interrupted Brownian at the first passage time. In the last part
of this chapter, we employ a new process, called the perturbed Brownian motion introduced
by Dassios and Wu (2011) in order to study the excursion of the interrupted Brownian
motion. We then derive the Laplace transform of the maximum height of the excursion of an

interrupted Brownian motion with exponential time.
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3.2 Connection

In this section, we look at the connection of the interrupted Brownian motion with other
variants of Brownian motion by deriving the stochastic differential equations, (SDE) of the
processes. The main ingredient for this section is the well known Doob’s h-transform discussed

in Doob (1957).

Theorem 3.2.1. Let X = {X;, t > 0} be a 1-dimensional diffusion starting at Xg = x with
SDE of the form
dXt = /L(Xt)dt + O'(Xt)th,

with infinitesimal generator applied to a function f € D(A)

Af(tv x) = (t, :IZ) + :U’(m)

0 0 1 0?
8—‘: a—i(t, x) + 502(x)8—x“£(t,a:), (3.1)

and the function h(t,x) is a positive harmonic function. Then, referring to Williams (1974)

and Doob (1957), we can define the probability measure P* as follows:

EX(Z) = B, (h(X0) Z) =

h(z)

for Z a Fi-measurable random variable. The new measure P* is the Doob’s h-transform of
P. Under this measure P*, the process {Xy, t > 0} is a Markov process with infinitesimal

generator A* for a bounded and measurable function f of the form:
A*f = h L A(RE).
From (3.1), it follows that the infinitesimal generator under P* applied to a function f €

D(A*) can be derived as:

0'2 T 2
A f(t2) = ) + (,u(m) 4@ ah(t,@) A ) + 20—2@)296";(75,9;). (3.2)

3.2.1 SDE: Brownian Bridge

In order to construct a Brownian bridge, W (57 = {Wt(BT)), 0 <t < T} from z to y for every
y € R, we have to condition on its starting and ending points. We consider the transition

probability density for a Brownian motion such that given Wy = x, the probability density
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for Wr_y, where T is fixed, is given by:

1 _ w-=)?
h(t7 z, y) = me 2(T—t) |
T —

Therefore, using (3.2) with 4 = 0 and o = 1, we can deduce that the infinitesimal generator

of the conditioned process is

A" f(t,x)
_ AU ()

hl(t,.’E

Oh1\ 0O 1
8t+ u($)+(7}(lff)(9;>£+2a(x)
_of o(x) y—x _% of 1 0% f
—+<M(x)+ R 27r(T—t)6 ( )>8:v+20(x)3$2
(u=0,0=1) 8f+<y—1:) 8f+182f

o’f
0z?

T—t)ox 2022
The dynamics of the Brownian bridge for ¢ € [0, 7] is then of the form

(Br)
o y—W
aw B = %dt +dW,. (3.3)

For more properties of Brownian bridge, see for example Pitman (1999) and Vervaat (1979).

3.2.2 SDE: Brownian Meander

For a Brownian meander, W(Me) = {Wt(Me)), 0 <t < T}, we condition on a Brownian
motion to stay positive until 7. This is equivalent to conditioning on the event that the
first time the Brownian motion reaches zero is after the period [0,7]. Therefore, we use the

function h(t,z) for Brownian meander of the following form:

h(t,x) = - fro(x)ds

[e.o] T ZQ

= e 2sds
T—t V2ms3

ot (W) |
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Using the Doob’s h-transform in Theorem 3.2.1, the conditioned process has the infinitesimal

generator as follwos:

Af(t,
A ft,5) = 50
_of 1 9 T of 10%f
Sy Vi
2T—t)

and the dynamics of a Brownian meander is:

e 2 1
awMe) = dt+dW;.  (3.4)
2m(T — t) we 1 NERE
Xp 2(T—1) T\ e

For more properties of Brownian meander, see for example Durrett and Iglehart (1977),

Pitman (1999).

3.2.3 SDE: Brownian Excursion

For the Brownian excursion W (%) = {Wt(Em), 0 <t < T}, we condition on the event of

hitting 0 at time 7 and not before. We choose the function h to be the first hitting time

density such that

T __a?

h(t,$) = me 2(T-1)
T _

The infinitesimal generator of the conditioned process is:

A" f(t,x)

_A(fh)(t, @)

(n=0,0=1) Of 1 x of 10°f
T (x_T—t) or 2027

Therefore, we can obtain the SDE for a Brownian excursion,

(Ez)
(Bz) _ W
dw " = (W}Ew) - ) dt + dW,. (3.6)

For more properties of Brownian excursion, see for example Durrett and Iglehart (1977),
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Pitman (1999) and Vervaat (1979).

3.3 Construction of Interrupted Brownian Motion

3.3.1 Definition

We present the formal definition of an interrupted Brownian motion.

Definition 3.3.1. Interrupted Brownian Motion

The interrupted Brownian motion can be constructed by defining it as
(_1)NtXt) (37)

where

o {Ny, t > 0}, number of interruption is a renewal process defined by the sequence of

arrival time process (1o, 11, ...) such that the time of the n-th arrival is

n

T,=> L7,

=1

()

T . . . . .
where L; ’ is the occupation time process of a Brownian motion defined as

@ _ "
L; _/0 L0y 48

for T =inf{s <t: By = —2a} for B a standard Brownian motion.
o {Xy, t >0} is a reflected Brownian motion with reflecting barrier at 0.

From this definition, it is clear that the interrupted Brownian motion is a continuous
version of the Brownian motion whose paths within a specified interval have been eliminated.
This is further presented by Figures 3.1 and 3.2, which show the construction of an interrupted
Brownian motion with the standard Brownian motion. This is done by discarding the negative
negative excursions and adjusting the time scale to provide appropriate representation of the

bahviour of the interrupted Brownian motion.
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Figure 3.1: Standard Brownian Motion with Renewal.
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Figure 3.2: Interrupted Brownian Motion.

3.3.2 SDE: Interrupted Brownian Motion

In this subsection, we provide, in details, the derivation of the SDE of an interrupted Brownian

motion. Let us define the occupation time process as follows:

Iy == meas{0 < s < t; W, > 0},
. (3.8)
= A 1{W5>0}d8.
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Let us now introduce the right-continuous inverses of the occupation time {I';.(t), ¢t > 0} as
I~ Y7) =inf{t > 0; Ty > 7}; 0<7< 0. (3.9)
The interrupted Brownian motion is then given as
Wr-1(my|T < T(7-24). (3.10)
From Karatzas and Shreve (1991), it is known that the time changed process
Wrog; >0, (3.11)

is a continuous Markov process. If f is a locally integrable function such that the support
of f is an interval which contains the origin, then from Bertoin (1999), we have that the

generator of the process Wr-1 is such that

of

Afta) = 5

(t>$) + 77(75’ x); z >0, (3‘12)

such that

lim f'(t,z) = 0.
ﬁgf(,w)

For further reference, we direct readers to McKean (1963), Ito and McKean (1974b) and
Jeanblanc et al. (2009). In order to take into account the condition for the interrupted

Brownian motion, we use Doob’s h-transform where h is the function such that

h(r,z) =1+ e3a e2Ga0? erfc(\/% + \5@)) — erfc<\/”;7>. (3.13)

Therefore, we have that

oh 1 &« —_
T,T) = —e2a e2a)”erfc

%( 2a (ﬁ V2(2a)

(3.14)
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With 7 = T — t, the infinitesimal generator A* for the conditioned process is then given as

A f(t,x)
of 19%f
= E(t’ x) + 5@(@@ (3.15)
1 L 5Ge7 L It |
" s 5 R ere| s + Vit 9 (t,2)
—(t,x
z Tt | |
1+ e e22a)? erfe 2?4 + \/zT(zj — erfc L ox
VAD vy

for x € Ry and with the condition

lim f'(z) =

x0

The dynamics of the interrupted Brownian motion, ¥ = {Y;, 0 <t < T} is then given as

v, T—t
1 =t 3202 VTt
= e2a e2(29)° erfc
2a V2 T t) f(2a

Y 1=t Y; VT—t \ Y,
14 e e2a2 erfc<\/2T ) + (2)> erfc(\/m>

dY; = dt + dW,. (3.16)

Long Term Behavior

In this part, we investigate the long term behaviour of the interrupted Brownian motion.

Using the SDE derived in (3.16), we see that as T' — oo, the drift term becomes

Lo e30a? erfe SRV

lim 2 (\ﬁ \[(Qa))

T 1 4 et 62(2“>2 erfc(r + f\g )> - erfc<f>
1

C 2a+z

The long term dynamics of the interrupted Brownian motion is

dY; =

dt + dWy; Y; > 0.
% 1 Y, + t t

We can see that as T" — o0, the process behaves like a Bessel process staying above the level

2a.
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3.3.3 Infinitesimal Generator

We use the martingale approach discussed in Remark 2.2.1 to find a martingale of the form
f(Xta Wt7 t)a

where {X;, t > 0} is a reflected Brownian motion and the process W = {W;, t > 0} is given

as
t
W, = / e P5gNee 71X s,
0

The infinitesimal generator of the process {(Xy,t), t > 0} acting on a function f, : RZ — R

belonging to its domain is given by:

Of, 10%f,
Afule.t) = Gt (@) + 550

(z,t); x> 0.

We then extend this process by adding one other component, the process {W;, ¢ > 0} so
that the infinitesimal generator of the process {(X;, Wi, t), t > 0} acting on a function

fn: Ri — R belonging to its domain is given by:

Ofn 19 fn

Afn(xv w, t) = E(l’v w, t) + 6—Bt0n€—ym%(x’ w, t) + 5 Hx2 ($7 w, t)' (317)
Let us assume that f, takes the following form:
falz,w,t) =w + e P (2). (3.18)

Substituting (3.18) into (3.17) and setting it to 0, we have to solve the second-order linear

non-homogeneous differential equation of the form:
1
— Bfale) + 0" () =0, (3.19)

where f//(x) is the second derivative with respect to z of f,,(x). The solution to (3.19) is the
sum of the particular solution of the form e~7* and the complementary solution which can

be obtained by solving the homogeneous differntial equation:

1

S @) = Bfalz) =0.
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We can obtain that f,(z) as:

92 2 ,—yx
fn(z) = b + Cpe Ve

- m Pl (3.20)

where we have also ensured that f,, as defined above is bounded. In order to derive a condition
satisfied by the function f,,(z) for the interrupted Brownian motion, we start by restricting a
standard Brownian motion to only run above level —2a where a > 0 with interruption levels
at 0 and —2a. By imposing some differentiability conditions and by forcing this Brownian
motion to start afresh at the level 0 when it hits the level —2a, we can establish a condition
for the function f,(z). We then include N; by recording the number of times the process

restarts. With this, we can deduce that the condition that f,(z) has to satisfy is

fn+1(0) = _2afr/L(0) + fn(o) (3‘21)

Solving the function (3.20) subject to the condition (3.21), we can obtain f,(z):

20™ _ 1+ 2@’7 - — V28
Folz) = ey — TSV V2B (3.22)
(V28— )(W2B + ) 9 —1-20y25
Therefore, from (3.18), we see that fn, (X, Wi, t) is a martingale:
th (Xt7 Wt’ t)
=W, +e P fn, (X)) (3.23)

= Wete (wﬁ—fmmm T T 20y '

3.4 Distributional Properties

In this section, we derive the joint Laplace transform of (N¢, X;), the probability generating

function (IV¢, X;) and the probability generating function of V;.
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3.4.1 Joint Laplace Transform of E(§Nte™t)

Theorem 3.4.1. For |#] < 1 and v € Cy, the joint Laplace transform of E (GN’fe_VXt) 18
obtained as:

o) 2No ,—vx 2No _
/ e~ (9Noe=7%5) ds = 20°Noe 2070 (1 4 2ay — 0)
0 28 —~2

(28 = 7*)(0 — 1 — 2a+/2B)

e~V (3.24)

Proof. From (3.23), we can easily deduce that W; +e %0t fn, (X;) is a martingale, therefore,
using property of martingales, we have that:

E(W:) +E (770" £, (X1)) = 0" i, (X0).

Taking limits ¢ — oo on both sides and using Dominated Convergence Theorem (DCT), we
have
. . —BtyN T No
tlggoE(Wt) + tlggo}E (6 AT (Xt)> N tlggoe T (Xo)

Jlim E(Wy) = 0% fiy, (Xo).

The second term goes to 0 as ¢ — oo because || < 1 and the function f, is bounded by

construction. Following from the previous equation and with the aid of Fubini’s theorem,
(3.24) follows.

3.4.2 Probability Generating Function of (V;, X;)
Theorem 3.4.2. For |0| <1 and v € C4, we can obtain the joint expectation of Ny and Xy
as:

E (M%)

52N (0-D% _ (9-1)a 0—1
= e

HZNO ty? t x
8a2 2 2 e 1T —
e Sy + 01 + 5 € e erfe | v

2
PR S O O S U 229
O NN T A 12T 60— 14 2an

62No (9 — 1) O _ (0-1)a (0 — 1)Vt x
—————%e 82 e 2 erfc — ,
0 — 1+ 2ay 2a\/2 V2t
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where erfc(x) is the complementary error function defined as

erfe(x) = ;7? /OO e dt.

Proof. From (3.24), the joint Laplace transform of (N, X;), we can invert with respect to [

to obtain E (HNSe_VXS). We can do this term by term:

e For the first term:

E_l

202Ngef'yx
all

g 12
o) (= 320

e For the second term, we invert the Laplace transform to get:

1 202N (1 + 2ary — 0) 7
(e T e M

2 (0-1)%t  (9p-D)zx 1

= —e T TN 4 2o e (0 - 1)

. §2No % — E_i 9—1+
9 —1+2ay ¢ T\ m) | 2 7Y (3.27)

N 92No L \/?Jr T 6—1
———¢€ e’ eric = — ay — ——
0 — 1+ 2avy V2 V2t K 2

02No(§ — 1) =1* (-1 ((0 -Vt oz >
7 oTRa2 e za erfe — .
0 — 1+ 2ay 2a\/2 V2t

The details on inverting this Laplace transform are included in the Appendix 3.6. Combining

(3.26) and (3.27), we have that the inversion with respect to 8 of (3.24) is (3.25).
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3.4.3 Joint Distribution of N, and X,

Theorem 3.4.3. For [0] <1 and 14 be the indicator function, we have:

E [0™1(x.cay)]

_ 02N0(9—1) (0-1)%¢ 7(9_1)(2+y) |:2—6ch<(0_1)ﬁ— X >:|

(& 8a2 (& 2a

(3.28)

—— ~ JeTe 2 Ve 2

Moo 1) 2 o, (%E-E), [erf( y (-9 ﬁ)

cr(C - )]

where erfc(z) is as defined earlier and erf, the error function is given as:

erflz) = \/27? /090 e dt.

Proof. With the expectation as defined in (3.25), we can derive the joint distribution of
N¢, the number of interruptions and X;, the reflected Brownian motion by inverting the
expectation with respect to v. We can do this term by term as before but with respect to ~

this time to obtain the joint distribution of Ny and X;:

e For the first term:

(0-1)? —1a

v 2ay+0—1
) (3.29)
I R )
a
e For the second term:
G2No 1,2 t T
Lo ——e T e erf - — —
v ( 2 IR eric | vy 92 \/ﬂ (y)
(3.30)
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e For the third term

2 t x 1 0—1
-1 2Ny 2L Yy v s - -
£y (0 ¢ elate (7 2 + m) [2 0 — 1+2a7}> (v)

B §2No 6_(L+L>2

— 2t 2t
V2t
(3.31)
ONo(9—1) 2 o, (=-F), y (G -9vt
_ VY e me Ve 2 erf — =4
2a V2t V2
+erf<(9_1)\/g— e ﬂ .
2a+/2 V2t
e For the forth term
2No(f — 1) (-1 ~1)z —
60— 1+ 2ay 2a\/2 V2t
3.32
62No( — 1) = (1) O—-1vt =z (3.32)
=2 TR e m Herfe - .
2a 2072 V2t
Combining (3.29), (3.30), (3.31) and (3.32), we can obtain (3.28).
O

3.4.4 Probability Generating Function of N,

Theorem 3.4.4. For |0| < 1, the probability generating function of N can be obtain as

E(0™) = G, (0)

T B 3.33
_ §2No erf(fft) | §2Nog G -2y [Q—erf0<(92 \%\/E_ \/9527)]’ (3.33)
a

where erf(x) and erfc(x) are as defined earlier.

Proof. From equation (3.24), we have that

o0 202Nog—® 202No(1 4+ 2av — 0
/ e PR (QNSewaS) ds = ¢ -+ 5 (1+2ay ) e V2B,
0 28— (28 =%)(0 — 1 — 2a/253)
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If we take limits v — 0, we can obtain the following expression:

X e (aNey . 207N 20*No(1 — ) /3B
/0 e E(@ )ds— % +(25)(9—1—2a\/ﬁ)6 .

This is the Laplace transform of the E(#™*). We can then obtain the probability generating

function by inverting the Laplace transform with respect to § to obtain (3.33).

O]

Remark 3.4.5. We can also obtain the probability generating function for Ny in (3.33) from
(3.28) by integrating over the range of y.

Corollary 3.4.6. Given the probability generating function of Ny as above, we can derive

the P(Ny = n) using the following formula:

where G%?(e) is the n-th derivative of G, (0). This gives us probability of the n numbers of

interruptions that the process had undergone.

Corollary 3.4.7. Using the definition of a probability generating function, we have that

Gn,(0) = E(eNt) = Z P, (n)0",

where Py, is the probability mass function of Ny. By setting § = —1, we observe that
E(-1M) =P(N; =0) = P(N; = 1) + P(N; = 2) — P(N; = 3) + ...

= P(Ny = even) — P(Ny = odd).

This shows us that when we choose the value of 8 to be 8 = —1, we obtain a sequence with
alternating signs and this gives us information about the sign of the interrupted Brownian

motion.
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3.4.5 Distribution of First Passage Time of Interrupted Brownian Motion

We want to find the first hitting time of the level b € R, of the interrupted Brownian motion

before the first interruption occurs. Let us define the following hitting times:

Ty c=1inf{t >0 : Y; > b},
Tp = inf{t >0 : W; > b}, (3.34)
T_qp :=1inf{t >0 : Wy ¢ (—a,b)},

where {Y;, ¢ > 0} is the interrupted Brownian motion and {W;, ¢ > 0} is the standard
Brownian motion. Let us also define the occupation times of the standard Brownian motion

to be .
F?_ 3:/ H{Wszo}ds,
0

t
F£c1762) :_/0 Lie) <w,<cy}ds-

where ¢; and co are non-negative constants.

Theorem 3.4.8. The density of the first passage time of the level b > 0 of the interrupted

Brownian motion can be derived as

Py 7y € dy]
(z + a)rcy(1,0,0,a)dy; —a<z<0, (3.35)
ssy(z,b)dy + a - ssy(b— x,b) * ¢y (1,,0, a)dy; 0<z<hb,
where
t
o f(t)yxg(t) = [ f(s)g(t— s)dsis the convolution of functions f and g.
0
° — 2  (b—a+2kb)2
o ssy(x,b) = Z b=+ 2kb kb el

k=—0o0 \%
_ (2b(k+j—D+b)?

) X 2(~ 1)k & Mo~ (e W kit
o 7cy(1,0,0,a) 222 ik+1) Z(l)l<l Z( )mylk < j]>

2




where Dy,(x) is the parabolic cylinder function of order n.

Proof. Since the events {7, < 7_,} and {W;_, , = b} are equivalent, we then have
Py [7y > t]
= ]P’x[lj:.g >t, T < T_g

=P, [ > ¢ W, , =1

T— —a,b

From Borodin and Salminen (2002), it is given that

P00 >t W, =10]
(z + a)rcy (1,0 —r,0,7 + a)dy, —a<z<r,

ssy(x —r,b—r)dy + (r +a) -ssy(b—xz,b—1r) *rc,(1,b—r,0,7 + a)dy, r<z<b.

Setting r = 0 gives the desired result. O

3.4.6 Joint Distribution of First Passage Time and Counter

We look at another approach to compute the first passage time of the interrupted Brownian
motion in this subsection. This approach gives us an additional piece of information, the

distribution of the counter N. Let us define the first hitting time 7 to be:

T=inf{t : Y, =~}, (3.36)

where v is a positive, attainable level.

Theorem 3.4.9. The joint distribution of the first passage time T and the counter N is given
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as:

_ 2yt —Dty—a)?
4y

=9N°§i (—1)k ié(_1y<7>§i(_&)jigﬂypg <kjj>

%
k=0 <ﬁ) =0 j=0
Wk+j—1)+vy—=z
“ Dy NG
= k o0 - RyCetiDyta)? ,
(=1)* (R o= (=1)e Kt
+0N027kz(71) Z k '
k=0 (12%9) 1=0 : =0 V2mylTe J
D 29k+j—-D+v+z
o VY (3.37)

[2y(k+j—1)+y—x]?

+9NO§:—1);12'“:(_”1(/;)%(—1)1\@/—2%1_& (k;rj>

2

[2y (ks —1) 2]
4y

—"N“E_:_Ufili(_”l@)i(_l)j;;yl_w (k;rj>

2

where Dy,(x) is the parabolic cylinder function of order n.

Proof. We have from (3.12) that the infinitesimal generator of an interrupted Brownian mo-

tion has the following form:

Ofn(x,t) n 182fn(x,t)'
ot 2 0x%

Afn(x7t) = T > 0,

with the following condition:

fnt1(0) = —2af;,(0) + fn(0). (3.38)

Using a solution of the form

falw t) = e fu(a) = 70" f (@),
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we have that

flz) = CreV?P® 4 Che VP2,

Substituting the f(x) obtained into condition (3.38), we have

2&\/26 _ 1

Cy = 9—1702
2028 :
e 1

We see that for boundedness of C and Cs, we need 6 # 1. Therefore, f(x) is such that

2a+/28
a_l +1

2av/208 -1
f(z) = < 51 ) CoeV2P 4 Che= V2P,
0

We then conclude that
e PN F(X),

is a martingale. Using Doob’s optional stopping theorem, we have that

Ee [e7970% (X Lra| +Ee [e50% f(X0)Lppary| = € 2O0% f(Xo)
E, 7,6’7'0N7— — HNO @
g ) F()

2Bz — V2P |
Q”émH) ot e P10 R, [efmoN]

Cbe\/ﬁ’)’ —+ Cze_m'y

N [ Z\_/ﬁ cosh (v/2Bz) — sinh (v/25z) =E, [6*570]\”] .
h (v/287) — sinh (v/287y) |

We have included in the condition || < 1 in our calculations. We can then obtain the desired

result (3.37) using Borodin and Salminen (2002) with the following conditions:

# 0; v > 05 x <7; T > —.
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3.5 Perturbation Method

3.5.1 Formulation of Problem

We would like to study the excursions of the interrupted Brownian motion by first studying
the excursions of a Brownian motion. However, due to the properties of paths of Brownian
motion, the Brownian motion has an infinite number of very small excursions which make
studying the excursion results very difficult. Therefore, in an attempt to overcome this issue,
we introduce a new process, the perturbed Brownian motion, X (), where ¢ > 0. Let X be

a standard Brownian motion starting from Xy = 0. Define a sequence of stopping times as

follows:
0'1_76 =0
Jffﬁ =inf{t >0y, : X4 =¢}
0y = inf{t > af’e : Xy =0}
one=inf{t >0, : X; =€}
Opile = inf{t > Ope @ Xt = 0},
where n =1,2,.... Let us now define the perturbed Brownian motion as follows

X — ¢ - <t<of

Figure 3.3: Brownian motion X; (before perturbation).
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)

Figure 3.4: Perturbed Brownian motion Xt(6

The process Xt(e) can be thought of as a Brownian motion with the level 0 as a boundary
and the process jumps to the other side of the boundary whenever the boundary is hit. We
can see that the process Xt(e) has alternating positive and negative excursions with length of

each excursion being greater than 0, making 0 an irregular point.

Let t be the new clock for the interrupted Brownian motion. This clock only accumulates
time when the path of the Brownian motion is above the level 0 before the event of hitting

the level —a happens. We define the following quantities:
) Yt(e) be the perturbed interrupted Brownian motion

oI :=meas{0 < s <t : Y;(E) > 0} be the occupation time of Yt(e) in the interval

(0, 00).

Fgel be the left inverse of Iy such that the jumps as {0, — o}, k € N}

(6 _ — +
Tok = Okt1e  Okye

o 7, :=inf{t>0: X{=—a—¢}

3.5.2 Laplace Transform of Maximum Height of Excursion

Theorem 3.5.1. The Laplace transform of the maximum height of excursion of the inter-

rupted Brownian motion with exponential time ep where €9 ~ exp(f) for 8 > 0 and ey is
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independent of the Brownian motion can be derived as

oo (o )|
o (57) -0 (5 r)]

where the function ¥ (x) is the logarithmic derivative of the Gamma function known as the

(3.39)

_ 4
V204l

Digamma function. It is defined as

o= (e Y

Proof. Using the definition of interrupted Brownian motion, we can rewrite the expression in

terms of the perturbed Brownian motion.

E [exp (—q max Y;)]
s€[0,eq]

00
=limE — - 1 _ o1, — .
Eg% [exp ( qse[O,Fe}:leaXF - 5+Fe916> 1; >Rz 7-( A <Ce<Dh_1 T, ]1} {"n+1,e<7'ae}]

‘E97 €

With tower property, we have

E

o0
exp <_q : max 5+I‘®915> Z]l{z 7_5 ) cep<_ 170 k} {Un+1 <T—a— E}]
n=1
=E — B 1
exp( q [Oamax . s+oI,e> () S <eo<poy 16N} {an+16<T,a 6}] ‘ am]

s€l0Tgle—ToL ]
o
2B
n=1 n+l,e n,e

eg—,€
= Z E []‘{T—a—e>o;7.‘—,e} fl (Z Té;?;’ €>] ’
n=1 k=1

(3.40)
where the function f; can be derived as using the strong Markov property of Brownian motion

to be:
fi(t,e) = Ec

exp (—q max BS) H{®g<t+70}l{t<®6}ﬂ{70<7ae}]

s€[0,7y ]

—ot —9B,-
=e¢ " E. {e 0 ]]-{Beg>0}]]‘{7'0<7'—a—s}:| ’
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where By = max,e(o, Bs. Substituting the expression for f into (3.40), we can derive

E

o0
ex max X, - 1 o L -
p( 1 ezt —rot ] S+F‘991’€> Z:I {2262 ! élg<@€<2k 17 ,IZ} {Un+1,e<7_a—€}]
0:€ =

(Bg* €

Erpro (Z% )
e —9 ’7'( qB7'7

Using tower property again, we derive

E — 1 n—

P ( 1 sG[O,F;r:l?XF;gf N S+F‘B915> Z ! To <eo<Yio, 7'0 % {0n+1 e<T—a- ‘}]
9] _

— -0 Zn:l e) _qB7'7

= Z E [H{TGE>U$,5}6 k=1 To’k Eg (& 0 ﬂ{§®0>0}ﬂ{7—0_<7—7a75}
n=1

_SR, [Py 1

- Z € € 0 {Eee >0} {T0_<T7a76}
n=1

—oyptiy ék]

- E |:E |:]l{7'a5—0;,e>mt5—0;,e}ﬂ{7'ae>a;75} ]:077,5:|

0 —
—qBT_ —0 n—1 _(€)
- Z]Ee |:e 0 1{B®9>0}1{70<Ta5}:| E |:1{7a5>0n,5}6 Zk:l TO'k:| ]P) [T—Q—E > T:_]

I
IS

P[T,a,6>7'5+]

We can compute the following;:

E |:e—67071| _ 6_6\/%

Finally, the double Laplace transform can be obtained as

E, [e—qBTO 6_670—} :/ qe_qxsmh([x — €]v/20) .
z€[€,00) smh(a;\/@)
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Substituting these quantities into the expectation (3.41) gives us the

E [exp <—q max Ys>]
86[0,@9}

= 1. E - - I[ n— n
61_r>% [exp ( qse[O,Fg:l?XF 91_ ] s+Fe91,e> Z {2252 117(52<@9<Zk 17'0 k} {Un+1 e<T—a—c}
—qe __ 1,—qy —qu V20)
. e qe fﬁ e Wdy — fze fe,00) Sinh(zv/20) dx
e—0 at2e _ ,—ev/20
a+e

et [ () - 2o (3)|

where the function ¢ (x) is the logarithmic derivative of the Gamma function known as the

Digamma function. O

3.5.3 Density of Maximum height of Excursion

Remark 3.5.2. We can obtain the density of the maximum height of excursion of the inter-
rupted Brownian motion by inverting the Laplace transform in (3.39) with respect to q. We

need to invert the following Laplace transform with respect to q:

NESRCI

Using results from integral transform, the inverse Laplace transform with respect to q can be

-1

q
! (@Jri

obtained as

P [ max Y, € ds}

u€l0,ep]

)2

2
1 1 2v2
_(1 N > 6_28@ ds

:,/20_1_% 32 —25v/20
11 1 9e-20v20 | 0p 2V
TR VAL VAt I\l _ewvm) T

Remark 3.5.3. We can further invert with respect to 0 to recover the original clock.
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Therefore, we have that

P [max Y, € dp]

u€l0,s]
2
E_l i 1 o 1 26_25@ 20 625\/@ ( )
P\ V2l vag 1\ 12V b

T V252 2a? | 7D a2

_ 2\1/5 ([\/% _ ml& 027 erfc<£>] x5, (4,2, 2, —2s)> dp,

1 1 [ 1 e 6rf0(r@) "

where the function s,(4,2,2s,—2s) is defined as

sp(4,2,2s,—2s)

_ (2s44ks)>

722531“(24—1{:)6 v <2s+4ks>
Z \ompT2k O\ VB )

3.6 Appendix

We provide now the rest of the proof for in Theorem 3.4.2. We want to invert the Laplace

transform of (3.27) with respect to 8. Considering only the required terms, we have:

-1 292N0(1 + 20/’}/ — 9) e*\/ﬁx
“s ((25 —72)(0 — 1 — 2a+/2B) ) (t)
(3.42)

— 262No(1 4 2ay — 0) L5 e Vi ().
7\ (28 —7%)(0 — 1 — 2a+/28)

We then follow the steps:

e Using the definition of inverse Laplace transform, the desired inversion can be expressed

as 1 c+ico 8t e*\/ﬁz
M0 5mi ) © @0 - 1-200) " 249

where ¢ is a constant to be determined.

e We determine the poles 3, = (f1, f2) present and establish the contour, C' to be used
for the expression in (3.42). Here, it is easy to see that we require a keyhole contour

due to the presence of branch cut.
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With the singularities, we choose the constant ¢ in the limits of the integration such

that the contour C' contains all the poles. We therefore need ¢ > max(f1, 52).
Define the function g(3) to be

90) = 5 A0 =1~ 2av25)

Since the function g(3) is analytic everywhere except at the poles, according to Residue

Theorem, we have that

7

1 ( ePte—V2Bz

2
(28— )(0—1- 2am>> 4P = 2, es 90) (344)

211 C

where C' is a keyhole contour and ; for ¢ = 1,2 are the poles such that

2
/61:%7
5 0% —20+1
2= 55 -

8a?

Computing the residues at the poles enables us to express (3.44) as

1 ePte—V2Bz
i f, ((% e 2am>> v

(3.45)
2 1 02 -20+1 0—1 0—1
—eTle™® = Lo s temm® _
i 2ay) ¢ T A (g1

By Cauchy’s Theorem, the contour integral on the LHS of (3.45) can be broken down

fcgmdﬁ:(7€1+£2+7i3+}504+7405+f06)g(ﬁ)dﬁ,

where C;,7=1,...,6 form a closed path of C.

to

Then, by the Bromwich Inversion formula, we have that the inverse Laplace transform,
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f(t) can be evaluated using

f(t) = - 740 9(B)dp

T 2mi

‘ 6 1 st o—V2Bz (3.46)
— Ra}g}lraojé 2mi %Cj (e (Qﬂ — 72)(0 ol 20,\/%) g,

where R is the radius of the big circular contours Cy and Cg centred around (0,0),
whereas r is the radius of the small circular contour Cy4 centered around (0,0). What

is left to do is to compute the contour integrals in (3.46) for contours Cj,j =2,...,6.

Using the parametrisation § = Re** for different values of z accordingly, the Estimation

Lemma tells us that

I e dg =0
im =0,
R—oo Jo, \ (28 —2)(0 — 1 — 2a+/2D) (3.47)
lim ?{ dg =0.
R—oo Jo, \ (28 —~2)(0 — 1 — 2a+/2D)
Computing contour Cj using the parametrisation 3 = re’® gives
I ?{ e Ve B =0 (3.48)
im =0. .
r—=0 Jo, \ (28 —~2)(0 — 1 — 2a+/20)

We now compute the contour C's where 5 takes values from —R to —r.

eﬁte—\/ﬁm p B r e—yte—im\/ﬂ p
723 ((25 -0 —-1- 2am)> b= /R ((21/ +93)(0 - 1- 2@’6\/@)) v
(3.49)

Computing contour Cs where 5 takes values from —r to —R gives us

eﬁte—\/ﬁx R e—yteix\/@
1, ((25 —AE-1- 2am>> a = | <<2y -1+ 2az\/@>> w
(3.50)
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e Adding §,, in (3.49) and ¢ in (3.50) gives

eﬁte—\/ﬁx p \/750
t a0 1) 9 4 @ ><9 1 20y2)
* 2je Yt 0—1 )
- /0 2 +~2 (6—1)%+8aZy - (1:\/@) dy
o et 2ai+/2y
B /0 2y +2 (60— 1)+ 8a2y o8 (x@) dy.

The integrals can be computed with the help of Weierstrass test and a change of variable.

e From (3.46), we know that the inverse Laplace transform is

1 c+ioco e—mx
_ At dp
20 Jeioo (2/6 - 72)(9 —1-2ay 2B)

1 , ° 1 5 e V20
= 5 9095 = Régﬁﬁojz; omi }éj (6 26— %) —1— 2a\/%)>

- 90 (%c 7£~5><5t (28 - w)e —rlz—z F))

92_29+1t _6-1 —1

2
_ Tt vz iz
= 2 _— a? 2a

€t e 2(60 — 1 —2avy) teos ¢ 4a27 —(0—1)2

0—1 t2 t x t T
_ -y O R 7 Lt
e [6 erfc(” 2 m) ‘ erfe(’y\[z*m)]

(3.51)
-1 =02 [ (9-1 (60— 1)Vt x)
—|— 8a2 2a f -
Y 1€ [e erc( NG T
e (B0, 2]
2a\/2 V2t

a t T t T
_ 2 1T arf \/>_ + TTarfe \/>_+_
@D ¢ [ ¢ e (7 2 ﬁ) veer (7 2 \/ﬁ)]

(0-1)? — —z 0 — 1)\t
—|—¢ge 8al2 : |:02 1e<62;> erfC<( )\/—i- x >
a

2a\/2 V2t
+0 — 16_(95;)zerfc ((9 -Vt oz >] 7
2a 2a+/2 V2t
where ¢ = 1 = L

(0—1)2—4a242 (0—1—2av)(0—1+2a7) "
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e From (3.42), we can finally express the inverse Laplace transform as

Efl ( 292ND(1 + 2ay — 9) e_m:C) (t)

7\ (28 —2)(0 — 1 - 2a\/2B)
_\/ﬁx
_ 202]\70 1_*_2@#}/—0 ﬁ_l € t
( L5 (28 —~2)(6 — 1 — 2a+/2B) ©
2 —1)2¢ A !
:_e%e_7z92N0+292N06(98“12 6_(92;) ( _1)m

.52
62N0 12 (3 g )

LG SN DO LA B Ll S
0 — 14 2ay V2 V2t 2 7

+ HQNO % N f \/?4_ X 0 —1
———¢ 2 erfc —+—| |lay— ——
6 — 14 2ay TV 2 V2t 7 2

62No(h —1) ©-v*  (o-1= <(«9 -1Vt oz )
———— "¢ 82 e 22 erfc — .
0 — 1+ 2ary 2a\/2 V2t
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Chapter 4

Local Time Process

4.1 Introduction

In this chapter, we study the stochastic process {I'f : a € R,¢ > 0} which characterises the
amount of time spent by a continuous time stochastic process X = {X; : ¢ > 0} in the
neighbourhood of a point x € F where F is the state space of the stochastic process. The

Lebesgue measure of the time spent at the level x can be derived using
t
th = / ]l{XS:x}dS.
0
However, this does not make sense for X a Brownian motion as we have
meas{0 <t < oo; Wi(w) =z} =0, for P —a.e., w € Q.

This is not helpful as it does not tell us how much time the Brownian motion has spent in
the neighbourhood of the point x € R. In order to provide a meaningful interpretation for

this measure of time, Paul Lévy introduced the random field for ¢t € [0,00) and x € R,
LY =lim lmeans.{O <s <t |Ws—zx| <€},
el0 2¢ - -

which is called the mesure du voisinage or “measure of the time spent by the Brownian path
in the vicinity of the point z”. L{ shall be referred to as the local time from here onwards.

Interested readers can refer to Lévy (1940), Ito and McKean (1974a), Karatzas and Shreve
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(1991), Chung and Durrett (2008), and Jeanblanc et al. (2009).

The introduction of the local time process gained a lot of attention, with rapid develop-
ment in both theory and applications in many fields such as stochastic integration, excursion
and stochastic differential equation. In particular, the local time process is also taken as a

tool to generalise It6 rule for convex functions. It is well known that the celebrated Ito rule

f(Xy) = f(Xo) /f dMs+/f s)dBs + = /f”

for f : R — R a function in C? and X = {X;, 0 <t < co} a continuous semimartingale with
decomposition

Xy = Xo+ M; + By,

for M a continuous local martingale and B a continuous adapted process. See for example
It6 (1944) and Kunita and Watanabe (1967). The It6 rule plays an important role as it is
the key to the world of stochastic calculus but as we can see from the definition above, It6
rule requires the existence of the second derivative for the formula to make sense.

The local time process comes in for the generalisation of the It6 rule for convex function

f : R — R which are not necessarily twice differentiable. The generalised It6 rule is given as

[e.e]

[(Xt) = f(Xo) Jr/0 D™ f(X5)dXs +/ Ly(z)p(dx); 0<t< oo,

—00

for every Xg € R, DJ? as the left derivative of f, u to be taken as the second derivative
measure in the distribution sense and L is the local time process as defined earlier. For
more details, see Chung et al. (1990), Revuz and Yor (1991), Karatzas and Shreve (1991),
Kallenberg (1997), Rogers and Williams (2000b) and Borodin and Salminen (2002).

Besides contributing to the generalised It6 rule, the local time process also plays a significant
part in mathematical finance. Leblanc (1997) made use of the definition of local time to

derive the Dupire’s formula for local volatility which states that

OrC(K,T) + rKogC(K,T)

K2 oX(T,K) =
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where C(K,T) = E [e_TT(ST_K)+] is the price of the European call for any maturity 7' €
[0,00) and any strike price K € Ry, ¢%(T,K) is the local volatility and 9 is the partial
derivative operator. The Dupire’s formula is well used as it serves as a direct method to

deduce the local volatility function from the prices of call options in the market.

Another established application of the local time process is the pricing of a knock-out BOOST
option studied by Leblanc (1997) which is an option that pays at maturity, for the amount
of time when the underlying price process stays above a level b € R, until the time when
the price process touches level a € R, for the first time, for positive levels a and b such that
b < a. The local time process is also being employed in the form of the It6-Tanaka formula
which is an extention of the Tanaka’s formula. The Ito-Tanaka formula develop for formula
for {f(X:), t > 0} as a semi-martingale for the function f which is the difference of two

convex functions and {X;, ¢ > 0} is a continuous semi-martingale. Then,

1

F00) = $50) + [ D F(Xax, + 5 [ L pda).

In particular, {f(X;), ¢ > 0} is again a semi-martingale. The It6-Tanaka formula is used
for the pricing of a special type of contingent claim which is known as a passport option,
see Shreve and Vecer (1998). This option gives its holder the right to engage in an optimal
trading strategy of choice.

The study in this chapter is motivated by the the computation of the expected exposure of
the Accumulator option which is a path-dependent option. We look at the distribution of
the local times of a Brownian motion with drift evaluated at the first time its local time at
0 exceeds some amount [ € Ry. We employ the techniques in Karatzas and Shreve (1991)
to first compute the joint Laplace transform of local times at the first time the Brownian
motion with drift hits 0. We then proceed to compute the same quantity for a compound
Poisson process with drift at different starting points. We finish this chapter with some
concluding remarks on the application of our results in the setting of counterparty credit risk

management.
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4.2 Brownian Motion

In this section, we focus on the local time of the Brownian motion at some level a € R.

4.2.1 Construction

We follow the same construction as in Karatzas and Shreve (1991) to derive the distributions
of Brownian local time at one or several points. The procedure is outlined as follows: in the
interest of studying the Brownian local time, we first consider the elastic Brownian motion

W* = {Wy, 0 <t < oo} which is defined as

W, i<,
W =

0; ift > €.

where 0 denotes the cemetery state and £ is called the lifetime of the elastic Brownian motion

such that there exists 1 < i < n where
¢:=inf{t >0 : L\ > R},

and R, Rs,..., R, are independent and exponentially distributed random variables with
parameters 71,72, . .., ¥, respectively on a probability space (', F',P') and ¢ and W* are
defined on the enlarged probability space (Q*, F*,P*) = (A x ', FQF',P xP’) . The elastic
Brownian motion can then be seen as the original Brownian motion conditioned to stop at
time &, the first time the local times at any of the n distinct levels a1, as, ..., a, € R exceeds
the corresponding level R;. Using the description of the elastic Brownian motion W* as

defined earlier, it is known that

) =53 | [ gt 0l
0

. (4.1)
=E, {/ g(Wy)e e Jo© B(Wo)ds - Zzllet(ai)dt} )
0

where g : R — R, k£ : R — [0,00) are piecewise continuous functions and o € Ry is a
constant. With this and some appropriate functions g and k, we can use this to compute the
joint distribution of the Brownian local times at levels a;. For more details regarding elastic

Brownian motion, see Karatzas and Shreve (1991) and Grebenkov (2006).
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4.2.2 Brownian Motion with Drift

Consider the process W) = {Wt(” ), t > 0}, a Brownian motion with drift defined as
W = ut + oW,

with p € R the drift, o € R the dispersion coefficient and W = {W,, ¢t > 0} the standard
Brownian motion defined in (1.0.1). We let X = {X;, t > 0} to be the process W) with a

reflecting boundary b > 0. We want to derive the expression for 1 <1 < n,
E [e_ iz 'ViLFO(l)(ai):| ’ (4.2)

for positive coefficients v;, n distinct levels a; such that 0 < a1 < ... < a, < b and the inverse
local time of X defined as

To(l) = inf{t >0 : Ly(0) = I}, (4.3)

where L¢(0) is the local time process of X at 0. The quantity in (4.2) is of interest as it finds
applications in the field of counterparty credit risk which is further discussed in Subsection

4.2.3.

Construction

In the effort to derive (4.2), we first compute for € > 0,
fle) = E. [e* 2t "/iLTO(ai)] , (4.4)
where we have 0 < a; < ... < a, < b and the first hitting time of the level 0 of X defined as
To :=inf{t >0 : X; =0}. (4.5)

Using the expression (4.1) from the elastic Brownian motion and following the construction
in Karatzas and Shreve (1991), we see that the expectation (4.4) can be derived by first

finding a function on [0, b] such that it is bounded, continuous and satisfies the conditions for
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fait) = f'(ai=) = vif(ai) (4.6)
f0)=1 (4.7)
f'(b) =0, (4.8)

where the first condition (4.6) is for the elasticity condition for the Local time process to
make sense at levels a; and the third condition (4.8) corresponds to the reflection boundary

at level b. We see that the function f has to be of the form
2

2
flx) = %Cie_a%m + D;,

for C; and D; some deterministic constants, in each of the interval (a;,a;41] for 0 < i <mn
where a,11 = b.

We can then compute the expression (4.4) by deriving

2
f(e) = Ec [6_ Liz il (e | — %Coef%e + Dy,

for some constants Cp and Dy to be determined using (4.6), (4.7) and (4.8). We solve the
above system for the case when n = 2 in order to find the distribution of the Brownian local

times at levels a1 and as for 0 < a1 < as < b,

E. [6771LT0(a1)67'y2LT0 (a2)

We follow the aforementioned steps with n = 2.

Lemma 4.2.1. For positive parameters 1,72, two levels ai,as such that 0 < a; < a2 < b

and stopping time Ty defined in (4.5), the joint Laplace transform of the Brownian local times
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at levels a1 and as, evaluated at Ty can be derived as

E, |:6_'71LT0 (01)6_72LT0(C"2):|

*%“1
2v2e o
+m
—2‘%0,2 o2 —g‘%aQ g&al ’Y
O'2< 2 2e o el —e o
—5e
=—|e o2 —1)
_2p _2p
H ) ’ 2¢ 02‘1172£(e 2% _q
al o —5ai
26 o2 - fylj (6 o2 - 1) 7] m 20
2

Proof. When n = 2, we have that condition (4.6) gives us for 1 <i <2

2 2 2 2
—2C5e” 2T 4 20 e 20T = ’Yz‘%ci—w_?gai +viDi—1

2 2 2p
_201875 (a1+€) 2Cye” “p(ai—e)  _ Y ‘f*Coef pe LN 1 Do
=

2 2 :
_2026_175(“2"'6) + 2016_675(&2_6) = VQ%Cle_TSGQ +72D1.

The condition in (4.7) gives
2

T Co+ Dy = 1,
1

and condition (4.8) gives
_2uy
—2Ce 2" = 0.
With the continuity of f, we have that for 1 <14 < 2,

0.2 2

T o? | o,
—Ci1e @27+ Dy = —Cie 27 + D
p u

2 2
%200 (e_a%al — 1) - %26_75“101 +1 =D

2 _ 2
%016 o292 4 D = Ds.

Substituting Cs = 0 into (4.9), we have that,

2 2 2 2
—92Ce 02 (1279 4 90 e o8 (0279 = 72%01677%2 +72D1

2 2 2
2C e a2 (@279 = 72%016_75&2 + 72D

2
2 Cy (e‘*‘ﬁ‘” _ 1) 1

2 2 2 °
2 o227 _ ’YQLQ (efﬁa? - ef%al)
m

Ci =7
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(4.10)

(4.11)

(4.12)



From (4.9) and (4.10), we have that

2 2 ? 2
—2C e 2 1F) | 90peT ot (M) = o %006_75’“ + Do

2p 2

2
2670—2(a1+€)72%200 (eioigal - 1) + 2670—*2”(a1+5)72

2 2 2
¢ o2 (@27 _ Yo L <6_7‘2La2 - 6_75‘“>
"

—2ug,
2vze o2 +
72u,a 2 72Ma 72Ma ’71
2e o2 2772% e 022 _¢ o2

Using the expressions derived, we can derive that the joint Laplace transform of the Brownian

local times at levels a1 and as up till the first time the process the level 0 as

0 = B, [enimenewta )

2 2

= 10()67 ELAEE Dy
1

_%a
2v0e o
Tz o2 (B Bar)
0_2 2 2e o —v2 e @ —e o
—*ke
= — (e o2 — 1) + 1
_2u _2p
H 2 2e chal'ygﬁ(e 2™
e 2™ o (=520 _ r
€ _’7/14 € - o o _2n, 2 2, 2,
2¢ o2 2772"7 e 022 ¢ o 1)
O

Theorem 4.2.2. For positive parameters a1, az, positive levels a1, as where a; < as < 0o and

the right inverse of the local time of X at 0 as defined in (4.3), the joint Laplace transform
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of the Brownian local times at levels a1 and as evaluated at T'o(l) can be computed as

E (e*’YlLFO(l) (al)e*'Y?LFo(l)(EQ)>

_2p
—4le_ 02!
2n 2
o2 (. 752 _
= exp 3 3 1 eXp 2
_2p _Eu 2 K
2e 02a1 2e ;Zal’yg et (6 0'2(11 — 1)
2 72ua _’Yl_ 72Ma 2 —2u 72“11 ’
B (e B 71) 2e o2 2—72%(e EU2_ o 1)

Proof. The proof can be obtained by considering the independent excursions as we have with
a Brownian motion with drift starting from € > 0 with a reflecting boundary at b > 0 until the
first time the process reaches 0. This tells us that we can derive the joint Laplace transform
of the Brownian local times at levels a1 and ag evaluated at the right inverse of the Brownian
local time at 0 from the joint Laplace transform of the same quantities evaluated at the first
time the process reaches level 0. We observe the process until we accumulate an amount of [
on the Brownian local clock at the level 0. We need to cross this level for [ times, this is the
same as having | many excursions that starts from e¢ > 0 that is being reflected at level b and
stopped at the first time the process gets to 0.

1
E (ef'erO(l)(a1)ef'yerO(z)(a2)) — lim <E€ |:e_'YlLT0(a1)€_’Y2LTO(a2):| ‘) ]

e—0

Substituting our results from Lemma (4.2.1), we have that

E (e—%LFoa)(al)e—wLFom(aQ))

—_ €_2l00
_2p,
2y9e 021
gﬁa 2 —g&a —ZEU, +’y1

2e o2 2—72"7(5 0292 _¢" 52 1)

=exp | —2I =
_ i _ s
5 2 o 172‘7—2 e o211
2 2% o (emorm 1) - -
g I —%%ag 52 ( Fag —g%al)
2e o Y27—|e o —e o
2p
—dle 02"
2n 2

o2 - 291 _

2] a1
= exp exp

_2p 2 2 [ 2
2¢ 021 2e :ZQI’YQ n (6 291 1)
2n - ’Yl - 2n 2p 2n 123
ﬁ(e’ﬁ‘”fo 26*72“2,72L(e oz, 72“1)
o
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O

Theorem 4.2.3. The joint distribution of the Brownian local times at positive levels a1 and

ay evaluated at T'o(l) as defined in (4.3) can be obtained as

fLFO(l>(a1),LFO(l)(a2) (Zlﬂ ZQ)

2, 2w, 24,
4le” o2"! dzie o2 le 5272
2 2 2 2
u _2u _2u
)BT | B
= exp
(ﬁ(e—%‘m 1) 21 22
o
2l ay 2y —5az
2z1e o2 2z1€ o2 2e o2
exp | — 2 2 €xXp exp 2 3
(w2 )\ e
2, _2p
4z 2% e o2 *2 4le” oZN
J1 1 22’2 J1 21 22’1 N
o2 [ —2has —2a; o2 [ —2a
? 0'2 e 0'2 ? [ 0'2 —1

where J is the Bessel function of the first kind.

Proof. The joint density can be obtained by inverting

E (e—vlLrom(a1)e—72Lro<l)<a2))
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derived in Theorem (4.2.2) with respect to v; and 2. Inverting wrt 7, gives us

7
-2
= exp 5
o2 [ —=5a1
- le 1
u( 7
2
—4le 021
)
[ ()
—1
L3 | exp 2 NET (21)
2¢ o271 — = 2¢e o2 o
7 2\ p) P) P)
ﬁ(e_?%alfl) 26_;%“2*’72£(6_;%a276_;%a1)
2 2
2p
4le o2t
2n 2
o2 (T2 _2p
-2l {u (e v 1)} , 4le” 2™
= exp (—1) Ji | 2i 21
2 3 2 2
g T,z 1 21 o2 24,
m € 7 e o? -1
— 24, 1
2e o2 2e 027y
€Xp | 41 1 - 2p 2p M
‘f (6772‘“ 1) 2e 2% —72%2 <6772 2 e’7a1>

Taking only the term with s and invert the Laplace transform with respect to -9, we have

2p

— 24
L1 [ exp |- 2ze = 7 (22)
72 p — 2L, 2 _ 2, — 2, 2
2e 277 — % (e 27 —e o2
m
_2p _2p
4z1e 2T 5272
2 2 2
2216 o2 {%G e ”2”)}
_ —1
=exp | — o o Lo [exp | — o (z2)
2 —=5a —=5a v —=5a
= (e 5292 e 29 2¢ o272
H o/ _2, o, 72
ol (T 5292 7 529
1
2, _2p
4z1e UQale .22
2 2
o HED)
z1e o . I3
=exp | — 3 P '(_Z)
a2 <€—%G2 _ e-:‘ﬁﬂﬁ) 22
m
_2p _2p 2
2¢” o2 J |2 4z 2 Me 2™
exp Z9 1 1 zZ9
2 _2p _2p 2 2
z <€ 2% _¢ aQal) o2 (,—hay _ e—d—‘gm
H H
Combining these expressions, we can finally obtain the required density. O
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4.2.3 Application and Concluding Remarks

In response to the Financial Crisis in 2007-2009 which exhibited the event where more than
60% of losses in default came from the exposure to the credit quality of the counterparty in-
stead of the actual default, the Basel Committee on Banking Supervision (BCBS) strength-
ened its management of counterparty credit risk by including an additional counterparty
credit valuation adjustment (CVA) capital charge on top of the traditional default capital
charge. For this chapter, we focus on the Over The Counter (OTC) derivatives, which can be
traded in the forms of options, futures, forwards, swaps and many more. It is well known that
these derivatives have different types of risks associated to them, and in particular, we look at
counterparty credit risk of derivatives, which depends on market condition and counterparty
behaviour. The definition of counterparty credit risk detailed by the BCBS in Basel (2004)

reads:

Definition 4.2.4. Counterparty credit risk is the risk that the counterparty to a transaction

could default before the final settlement of the transaction’s cash flows.

Basel (2004) provided two approaches for the computation of banks capital requirements:
A Standardized Approach and an Internal Model Approach. The details on Standardized

Counterparty Credit Risk Approach can be found in Committee et al. (2014) which gives:

Counterparty Credit Capital Charge = EAD - RW - 8%,

where RW is the risk weight and 8% is to reflect the obligation in Pillar 1 of Basel and EAD

is the exposure at default computed as:

EAD = 1.4 (RC+PFE),

for RC the replacement cost and PFE the potential future exposure.
The Internal Model Approach is detailed in Basel III (2011) and Committee et al. (2016) to

present banks with the freedom to model internally the EAD for the OTC derivatives. Let
T € Ry be the maturity date, time grid 0 < ¢t; < ta < ... <ty =T for N € N;. The
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Expected Positive Exposure (EPE) is defined as
| X

EPE := — 21 EE, - A,
n—=

where EFE, is the expected exposure of the derivative and A, = t, — t,_1. For an equally

spaced time grid, the EPE becomes
| N
EPE = — Z; EE,.
n=

We follow Bonollo et al. (2017) who utilize the Brownian local time to evaluate the coun-
terparty credit for the Accumulator derivative. The accumulator derivative is a instrument

with the payoff P; on observation day ¢;, ¢ € N4 given as

0, if maxgp<s<t; Ss > b,
Pz' = Q(Stz — K), if maxo<s<t; SS < b, Ss > K,
gQ(Sti — K), if maxo<s<t; Ss < b, S5 < K,

where b is the knock-out barrier level, K is the strike price, @) is the purchase quantity and
g the gearing ratio. See Lam et al. (2009) and Bonollo et al. (2017) for more details. We

extend their model and consider that the payoff of the derivative is computed at:
Io(l) =inf{t >0 : L(0) =1}.

For ease of computation, we set Q = 1,9 = 2 and assume that the barrier b is reflective.

Then the payoff of the derivative is
oo
| tr @l = K) =20 =) Ja.
which tells us the fair value on day t¢;, ¢ € N can be obtained as

Vi = (00 [ @l(e - )y 20K ~2)1Jds )
0
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Setting » = 0 and using Fubini’s Theorem, the fair value is

V= / VE [Leo @)] [z - K4 — 20K — ), Jde,
0

and the expectation can be obtained using the density derived in Theorem (4.2.3). The

expected exposure of the derivative can then be obtained as
EE=E][V].

We are aware that it might not be realistic to set » = 0. This procedure can be easily
extended to the case when r # 0. We can derive for positive parameters «, 1, Y2 , two levels

ay,az € R such that 0 < a; < ag < b for b € R and stopping time Tj as defined in (4.5)

_ (a1) _ (ag)
E€ e—ozToe 'YILTO e ’72LTO

This is left as future research.

4.3 Compound Poisson Process with Drift

In this section, we look at the claim surplus process and the distribution of its number of
downcrossing for some deterministic level a. A risk reserve process, U = {U;, ¢t > 0} defined

as

Ny
Uy =u+dt—Y &,

i=1
where u is the initial reserve, ¢ is the premium rate, {N;, ¢ > 0} is a Poisson process with
intensity A € Ry and {&;, ¢ > 1} is a sequence of independent and identically distributed
random variables which are independent of N and & ~ F for some law F' with no atoms
at zero. This process is most commonly used to describe the risk process of an insurance
company in the time interval [0, 00) which receives premiums continuously at a constant rate
0 from the policyholders and pays an amount of & when a claim happens. We take the
constant § to be positive. The main quantity of interest of the study of the risk process
revolves around computing the probability of ruin which is the event when the reserve U
drops below zero, indicating that the sum of the claims that the company has to pay out is

more than the initial reserve and premium that the company is receiving. The probability of
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ultimate ruin, denoted by ¥ (u) is defined as
Y(u) =P [%IZIEUt<OU0:u:| .

For computing purposes, it is more convenient the aggregate loss process X = {X;, ¢t > 0}

defined as N
t

Xp=u—U;=)» &—6t. (4.13)
=1

A Lévy process is a process Z = {Z;, t > 0} defined on probability space (2, F, P) with
paths P—almost surely right continuous with left limits, P [Zy = 0] = 1 and has independent
and stationary increments. The distribution of a Lévy process Z can be uniquely determined

by its characteristic exponent ¥(#) for # € R
E [ewzt] — ()

The Lévy Khintchine formula for Lévy processes guarantees the existence of a Lévy triplet
(a,0,1I) where a € R,0 > 0 and IT a measure concentrated on R\{0} with [ (1Az?)II(dz) <

oo such that for 8 € R

T(0) = iab + 30202 - /(ewz — 1 =0yl <1y)(dz).
R

With this formula, we can see that the loss process X can also be seen as a Lévy process with
Lévy triplet (a,o,1I) with a = p,0 = 0 and II(dy) = AF(dy). We will refer to Kyprianou

(2014) for the computations in this section.

4.3.1 Local Time at One Level

We are interested in computing the Laplace transform of the number of downcrossing of a

level a € R4 until the first time the local time at 0 exceeds an amount [.

Eeg |:€_BNFO © i| 9
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where ey is an exponential random variable with parameter § > 0, N; = #{X; = a} and
I'p(1) is such that
To() =inf{t >0 : N =1}. (4.14)

We will compute this for the case when the starting point Xy = x is below a, at a and above

a. Let us define the following stopping times:

To:=inf{t >0 : X, =0} =inf{t >0 : X, <0} =T, (4.15)

.l i=inf{t >0 : X; > a}. (4.16)

Theorem 4.3.1. For f € Ry and Ty as defined in (4.15), we can compute

( (0) (0) P W)
W) (a—z) -8 _ WO (a—z) w0 (a) .
W(O)(a) +e (1 W(O)(a) ) s (17 W(O)(O))’ O <z < a,
w(0) ()
B w(0) (0)
B [e—ﬁNTO] _ vO@ . r=a
T 1—e—8 (17 W(o)(0)> ) )
w(0) (a)
il
-B W) (a) .
R (1_W<°)<0>) ’ v
\ w0 (a)

The function W@ : R, — R is the g-scaled function for ¢ > 0 such that it is the unique

function satisfying
o 1
—Byy7(a) -
e "W\ (z)dx = ,
/ D= 5@ =
for all > sup{y : ¥ (y) = q} where 1) is the Laplace exponent of X.

Proof. For the case when 0 < z < a, using Ty and 7, as defined in (4.15) and (4.16), we have

E, | = B [Lig, ooy | 4 Bx [Lp pye |

=P, [Ty < 7] + By [T ogye V0]
Let us define for Y = {Y; = - X;, t > 0}

Tog=mf{t>0:Y; <z —a}, (4.17)

T

i =inf{t>0:Y; >z} (4.18)
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Conditioning with respect to the filtration at time 7", the expression in E, [6_6 o To] becomes

From Kyprianou (2014), we have that for a spectrally negative Lévy process X; = ut — Sy

with any x < a and ¢ > 0

+ W@ (z)

Bo |e™ Ngory | =

(4.19)

where the function W is the scale function given for compound Poisson process with rate

A > 0 and exponential jump distribution with parameter 6 > 0

1 A A
Wi(z) = = _ o (=5
(z) 5(1+M6A[1 e 5 ]>

Putting everything together, we have that for 0 <z < a

E, [e7PN0] =g [7 < 7] + ¢ 7B [PV | (1P [ < 7))

= By [FF <75 + ¢ PR, [G—BNTO} (1 -P,, [ < %(;])

W) (1 . W“<—>> B, [0 ]

WO (a) WO (a)
_gw©®(0
WOon oy WO R
(0) o (0) B wo )
WO (a) WO@) )1 —es (1- 750

The expression Py_, (7.5 < 75 ] can be obtained from (4.19) and E, [e‘ﬁNTO] is calculated in

the next part.
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For the case when x = a, we can compute using similar reasoning that

Eo [e70] = Bu L oy ™0 | + o (1 cpye V0]
- —BN.
= B [Lgy <] + B L gy 0]
- _BN.
= e ﬁEO |:]]_{T:a<7_0+}i| +Ea |::H'{T;><T07}e B TO] s

with
Fhi=inf{t >0 : Y; > a},

7o =inf{t >0 : Y; <0}.

The expression becomes
Eq [e770] = 7By [1nt ooy | + Ba [1gs gy eV00]
Conditioning with respect to the filtration at time 7,7, we can compute

]Ea [E_BNT0:| = S_BEO ﬂ{%;_<7:0_} + Ea ]]‘{T;<TO_}6_6NTO:|

= R [1 +E, |E, []1 i<y PN |

Fo <7y }]

[E—

= By List oy | + B [T cryBx [0 |

_ i [ _ —_BNs. 1]
LT S N P A |

= e PR, Lrarny| t ¢ "Eq [eiﬁNTO] Eo []l{ﬂ;d‘j}—

— PR [7F < 7] + € PR, [P0 By [7 < 7]

Some rearranging gives

_ o - W0
E |:67ﬁNToi| e € /BIP;) [T;_ < 7—0 ]+ (4é9) ¢ W(O)(a)( ) (4 20)
a _ e 2= _ w©)(0)\ " )
1 € ]P)D[TO<TG'] 1—613(1_W<07)Ea))

For the case when x > a, conditioning on the filtration with respect to time T,, we can
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compute
B[] = o i

-5, [om [

= ¢ PR, [e_ﬁNTO}

_gW©(0)
_ € WO (a)
=e’ DO
— w0
where the last equality is obtained from (4.20). O

Remark 4.3.2. For 0 < x < a, Nt, can be viewed as the product of a Bernoulli random vari-
able with success probability p1 and an independent Geometric random variable with support

on the set {1,2,...} and success probability ps where py and pa are given as

WO (q -z
o =1 (a—2))
W) (a)
_ WO
D2 = W (a)
Proof. We can compute
WO (g—z) n=0
IP N _ _ W(O)(a) ) )
T [ TO n] W(O)(O) 1 W(O)(af:r) 1 W<0)(0) n—1 ) > 1
WO (a) ( T WO ) ( - W<0><a>> ’ et

where A > 0 is the rate of the compound Poisson process and « > 0 is the parameter of the

exponential jump distribution. From there, we can easily identify the distribution of Ng,. [
Theorem 4.3.3. For 8 € Cy, ey an independent exponential variable with parameter 6 > 0

and To(l) as defined in (4.14), we have

[9(07A757u7a7ﬁ)]l3 0<x<a,

=B w0 (0
w0 (a)

Ee, [e_BNF(J”)} = 1—e=8 (1_ W(°><0)> ’ e

w0 (a)

o8 w(0) (0
B w (9 (a)

1—e8 (1= W9 ; T8
L w(0) (a)
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where the function g is given as

9(0. 7,6, p,a, B)
o8 w0 (0)
L—e™? 10 W) (0)
B l-e7? (1—X(O)<(Z;) 1+ #5% B Ore~(h=3)a ] N e o (@)
- (0) 5 _ _ A _ w©(0))’
W©)(a) S(us =N O+p—3] 1- 6(1— W(Q)Eag)

f07’6’—|—u—§>0.

Proof. From Theorem (4.3.1), we computed

( 0 e P W<0)(0>
W) (g—2z) 1—e B w(0) (a)
w0 (a) B 1_w<0)(o>
W(O)(a)
—s w0y
+e P WO ; O<x<a
1—e—8 (1_ ngiw)) ’ ’
—BN- w a
E, [e B To} = WO (a)
w O (a) . r=a
(0) ) b
—e—B(1-W
l1—e (1 W(O)(a))
B w0 (0
_ 0) (a
e P W (a) ; T > a.
1—e—8(1- W0
w0 (a)

This tells us the number of times we have crossed the level a > 0 in this particular excursion
starting from Xy = x until the first time the processes goes below 0. As we can see from the
expression in Theorem (4.3.1), the Laplace transform of N7, depends on the position of the
starting point. Therefore, assuming that the starting point Xy = z follows an exponential

distribution with parameter 6 > 0, we have

l

Ee, [efﬂro(l)} = (Eeg [e*ﬁNTODl = </OO E,. {eiﬁNTO} 969‘de> .
0

since the excursions are independent. Using the results in Theorem (4.3.1), for 0 < z < a,

we have ) \
o -0z _ — AR - 7(,ufi)(af:1:) —0x
W(a — x)0e 5<1+M5—/\[1 e 3 ])06
A (Mg
_ 1+ mg —0x __ Ore” 5) e—(9+ll—§)1’
5 3(id — N)
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Therefore, for 0 < z < a, we have

E., [e—m(z)}

= (/000 E, [efﬁNTO} 969xdx>l

B WO
be? W(O)<<a)> ©)(0)
- 0 _2gW©(0
_ () [T A et ]+ e
N (0) 5 — _ 2 _ W () (0
W (a) S(us =NO+n—-3)] 1-e 6(1— W(O)Eag)

4.3.2 Local Times at Two Levels

We are interested in computing the Laplace transform of the numbers of downcrossing of two
level a1,a2 € Ry such that 0 < a1 < ag < oo until the first time the local time at 0 exceeds
an amount [ > 0:

_ (a1) _ (a2)
e PNrow ¢ P2V | |

E

€o

where ey is an exponential random variable with parameter 6 > 0, Nt(al) = #{X: = a1},
Nt(a2) = #{X; = ag} and I'y(l) is as defined in (4.14). Let us define as in the case for one
level

To==inf{t>0 : X; =0} =inf{t >0 : X; <0} =T,

. i=1inf{t > 0; X; > a}.

We will compute this for the case when x > a1, x = a1 and 0 < x < a; with the exponential

jump distribution rate, 6 = 1 for simplicity.
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Theorem 4.3.4. For 81,082 € C, 0 < a1 < az < oo and d =1, we can derive

. (a1) _ (ag)
E, [e ey }

WO (a—z)
W) (a)
(a1) (ag) (ag—ay)
—_B1N, N, _ —Ba N,
+Eq, {e PNz, =Pl e [0 E_z[e B2z, ] 7, (2)dz; 0<z<a,
— s w0
- W(O)(al) . —
-B N(a2 ay) ’ = al’
1—e— 51 (f__o(sz_al) +f8(a2—a1)>E_z |:e o fY,. (z)dz
(ag—ay) (a1) (ag)
_ —BaN _BNYD _g,N, .
e ﬁlEx—al |:6 2T, :|Ea1 |:€ 1T € 27Ty :| ) zr > ai,
\
where
(ag—ay)
E_, |:e_ﬁ2NTo2 ' :|
e _WO©
5 WO ey . z € (=00, —(az — a1))
e (10w Y ’ ’
w0 (ag—ay)
={ WO r—ar+2)
W) (az—ay)
o —py_ WO
B ~ WOas—a1+2) WO (ag—ay) . — —
+e (1 W(O)(a2fa1) 1—e—B2 1_M 3 z G( ((12 a1)70)7
W) (ag—ay)

and the density fy; is given as
P, [V, € d7]
A W (0) _ W) __x _
P ~ 1| (1 = g1y _ (h=Nar _ 1| (1 = ¢~ 21
MR <[W(a1) } (=) [W(al)e ( ‘ > ’

and the function W (x) is such that

W)= [l + u)\ (1- e—(“—Q)x)} O=Dq 4 MiA (1 - te).

Proof. We start with the case when x > a;. Conditioning with respect to the filtration at

time 7., and using the strong Markov property, we can derive
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x To e

|:e_BlN(al) _62N¥(1)2):|
_ (a1) _ (ag)
—E, {Ew [6 e IFTH
al

(a2)
—p2N (=) _ (a1) _ (a2)
=e¢ ME, [e Ta1 Ry, [e BiNgy ™ =B N, }

)

(ag—ay) (a1) (ag)
_ —B2N, —B1N, —B2N,
=e ﬂlEx,al |:6 PaNr, ]Eal |:6 BNz, e BN, ]

(ag—ay)
where E;_q, [e_BQNTOQ 1 ] can be obtained from Theorem (4.3.1). In order to compute the

joint Laplace transform, we have to compute when = = aq,

I —

(a1) (a2) (a1) (a2)
. —BINY BNy —BINGY BNy
= Eq, [e 0 e 0 H{To<rj1} +E,, |e o e 0 ]1{7;1<T0}

— _6 N(al) _B N(“Q)
—° ﬁlEal [1{T0<TJ'1}} + Eq, [Eal [e Fo e o ]l{T;rl<To}|]:T;_1

_ (a1) _ (ag) _ (ag—ay)
= eiﬁlEO [%(;E < 7‘:0_] + Eal |:6 BlNTO e 52NT0 :| Ea1 |:]]-{T;L1 <TO}6751EXT+ —ai |:€ ﬁgNTO :|:| )
aq

by conditioning with respect to the filtration at time 7';“1 and strong Markov property. We

have from the calculations for the local time at one level that

w©(0)
“+ _ =] _
EO [Tal < To } - W(O) ((Ll) .
The joint Laplace transform then becomes
—p1 WO (0)
_ (a1) _ (ag) e ©
E,, e V0 o= flr’ ] = W) - (4.21)

_ N(a2_a1)
1 —E,g [H{T$<To}e_ﬁlEXT+ Ca [e B2Nr,
ay
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What is left to do is to compute the expectation in the denominator.

_ _ﬁ N(‘l2*‘11>
Eal |:]l{7'a+1<TO}e ’BIEXT(;Ll—al I:e 287y :|:|

(ag—aq)
= e_ﬁlEO |:]1{7~_— o E—Y_F, |:€_/82NTO2 ! :|:|

<T,
0 ay 0

0 _pyNLe2=aD)
:e_ﬂl/ E_, [e 2Ty ]fyf(z)dz

—0o0

_(a2_a1) 0 (ag—aq)
— e P </ +/ ) E_, |:652NT02 ' :| fyv.(2)dz.
—00 —(az—a1)

The density of Y%(; can be computed by referring to Kyprianou (2014)

P, [V, € dz]
= / P, [YT e€dz, Y, € dy]
0

ey, (W@W(a ) - W@ W —y)
= [ e yd( W(a) )dy

_ M W) / g A A -ay)
=5¢ W(a)dz Oe 1+(5,u—)\ 5M—)\€ 5 dy

)\lu )% /a —uy )\ )\ _( _2 —
_ 2P oz 1 _ p—%5)(z—y)
56 Oe dz +5M—/\ 5M—>\€ 5 dy

_ e Ha1
= \uet?dz <1 + A ) [ W) — 1} Tme™

w—XN) |W(ay) "
- Aue“zdzu Y [me_(ﬂ—)\)al B 1] 1—§—Ml
—sete 2 (g 1 0= = [y 1 (=)

for § =1, z = 0 and a = a;. We can compute the expectation using the results with one

level by having —z instead of x as the starting point, and as — a; instead of a as the crossing
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level. ( :
Efz |:€_IBQNTO2 ! :|

o268, _ W
wOaz—ay) _. z € (—o0,—(az —ay))
1—e—B2 1_M ’ ’ 2 Y
W) (ay—ay)

—2p, W@ (0)
w (©) (a2—ai1+2) _ ¢ ° W(O)(azfal)
WO (az—a1) l—eBa(1—_ WD
w0 (ag—ay)

0)
—2By _ WH(0)
¢ WO ap—ap

+1 P (1 W(O)(O) ), z e (—(a2 — al),o).
—e _

w0 (ag—ay)

Putting everything together gives us

_ 7& N(“Q*“l)
B [1{7;1<T0}6 BlEXm*fm [6 o ”

_(a2_a1) 0 (ag—aq)
= 6_61 </ +/ ) Eiz |:e_ﬂ2NT02 ! :| fYT(Z)dZ
—00 —(az—a1)

—By —2 W) (0)
e Pie ﬁ2W(0)(a2—a1) A\

. WOW0 N g A
1—e P (1 — W<0)(a2—a1)) K

(g 1 0= =y =1 0-e)

o265 _ W (0)

1— w0 (ay—ay)
(0)
N 1—e—F2 (lfw(‘:)vT;ELl)) 1— e*,u(agfal) ef(uf)\)(agfal) _ ef,u,(azfal) u)\e’fjl
WO (agy — ay) w— A w— A w— A

(e~ 0= =[aaye 1] 0).

Substituting this into (4.21) gives us the expression of the joint Laplace transform when

Tr = aj.
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Finally, let us look at the case when 0 < z < a;.

I a—

-8 nla1) -5 N(@2)
H{To<7’,j1}:| +]E£B |:€ 1 Ty e 2 To 1{7’;1<T0}

[ (a1) (ag)
efﬁlNTO 67B2NTO ]].

_ (a1) _ (ag)
=E, [e Oz P2

[ _ N(”’l) _ N(a2)
=P, [T() <T;§] + E, |E, |:e B To e B2 Ty 1{T$<TD}“FTJ1

W(O)(a_aj) i _6 N(“l) _B N(‘ZQ) _ _ﬁ N(“Q*‘ll)
:W+Eal e "HTy P2y E,; ]1{7_;1<T0}6 ﬁlEXle—al e 20T, ,

by conditioning on the filtration at time 7';1 and the last equality comes from the case when

. 751N(a1> 7,82N(a2) .
x > a1. The expression for E,, |e To e To | is the case that we have computed for

x = a1 so let us focus on the last expectation. Defining Z; = Y; + a1 — x gives

(ag—ay)
_ —B2 N,
E, |:IL{TJ'1<T0}6 BlEXT+ —ay |:@ B2 N, :|:|
ay
(ag—ay)
_ B —B2N,
=€ 1]E0 |::H-{T(;i_l<T_z}EXT(;_x+z—a1 |:e o :|:|

_ _ N(a2_a1)
=€ 51]]3[11_z |:H{7-0<7-a+1 E—Z;_O, [6 B2 Ty

0 gy NLe2-a1)
:e_ﬁl/ E_, [e 2Ty ]fZT(z)dz

—00
_(a2_al) 0 _ (ag—ay)
=e A / +/ E_, [e PNz, ] fz.(2)dz.
—00 —(az—a1)
We can then proceed using the same steps as described for the case when = = a;. O

Remark 4.3.5. We can compute the joint Laplace transform of the same quantity at time
To(1) as defined in (4.14) with an exponentially distributed starting point with parameter § > 0
by setting

l
(a1) (ag) (a1) (ag)
B1N; Ba N, Np, B2 Ny,
Eee € ol € ? Fo(l):| - (Eeg |:6 A 0 e 20Ty :|>

a a l
= (/OO E, [e_ﬂlN;OI)e_’BzN(TOQ)} Qe_gxdx> .
0

The reasoning behind this is that for the joint Laplace transform computed in Theorem (4.3.4),

(4.22)

we have an excursion starting from Xy = x and stopping the first time the process goes below
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the level 0. Since each of these excursions are independent of each other, by assuming the
starting point, we can use (4.22) to derive the joint Laplace transform evaluated at the time
when we have passed the level 0 for | many times by having | many excursions of the same
kind. The exponential assumption for the starting point is important as we replicate the
excursion for I many times, which mean that the starting point for each of these excursion

may vary.
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Chapter 5

Hitting and Exit Times for Other

Diffusions

5.1 Introduction

5.1.1 Introduction

Let X = {X;, t > 0} be a one-dimensional Brownian motion starting in x and is defined on
a filtered probability space (2, F, (F:),P,) taking values in (R, B). Given a bounded open

space D C R, define the first exit time from D as
mp:=inf{t >0 : X; ¢ D}.
For x € R, consider the function f defined as
f(@) =E, ¥ ], (5.1)

where 5 € C, is the killing rate. Following Peskir and Shiryaev (2006), we see that the

function f is the solution to the Dirichlet problem:

Af =Bf; in D,

flap =1,
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where Jp is the boundary of D and A is the infinitesimal operator defined as

_ o B [f(Xo)] = f(=)
Af(z) = 1t1¢n(r)1 ; ,

forx € Rand f : R — R. It is well known that, from Dynkin (1965) that for X continuous,

the infinitesimal generator A has the differential form:

Af() = Bf(z) + 12

This differential form of the infinitesimal generator forms a bridge that connects the proba-
bility and analysis as our task of finding the expectation in (5.1) resolves around solving the

differential equation presented in the Dirichlet problem.

There are many tools for obtaining solutions to differential equations, for example if the differ-
ential equation is separable, then the differential equation can be easily solved by separating
the dependent and independent variables. A closer inspection reveals that the underlying
method allowing the separation technique to be possible is the presence of a Lie group sym-
metry. The theory of Lie group symmetry, developed by Marius Sophus Lie is a topic that
has been extensively studied by many, see for example Lie (1970), Bluman and Kumei (1989),
Stephani (1989), Olver (1993), Hydon and Hydon (2000), Starrett (2007) to name a few.

The development of Lie group symmetry has a significant impact in, but not limited to the
fields of pure and applied Mathematics, Physics and Engineering. The Lie group symmetry
finds applications in vast areas of studies, such as algebraic topology, differential geometry,
invariant theory, bifurcation theory, numerical analysis, control theory, classical mechanics,
quantum mechanics, relativity, continuum mechanics and others. The steps to apply Lie
group symmetry will be detailed in the next chapter. We also discuss the diffusion that links
to the Nicholson’s integral. Finally, we construct a conditioned Brownian motion and find
the Laplace transform of its first exit time as well as its density function.

Before moving on to the application of Lie group symmetry, we provide some important

definitions surrounding this topic.
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5.1.2 Preliminaries/Definitions

Definition 5.1.1. One-Parameter Lie Group of Transformation.
On the Euclidean plane, let x = (z,y) and & = (,7) be some points on the plane. Fore € C,
the transformation

Te:x— f(x,e),

such that

&= f(z,y,e), g=g@ye),
1s the one-parameter group of transformation with parameter €, if the following hold:
1. Ty gives the identity transformation, i.e.
f(w7y70):xv g($7y70):y
1. T is closed under composition. This means that for e1,eo € C,
r

€2F€1 == F62+617

i.e.

*

€ :f('%agv(s) :f(xvya€1+€2)v y* :f(j}ayvé) :f(x7y>€1+62)

III. T gives the inverse transformation:

r’l=r_.

IV. Each X can be represented as a Taylor series in €.

Definition 5.1.2. Orbits of Solutions.
Under the transformation I' as defined in Definition 5.1.1, for a suitable choice of €, the orbit

through a point (x,y) is the set of all points that (x,y) can be mapped to. This means that
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the points on the orbit through (x,y) can be represented as

('@a y) = (i’(.ﬁ, Y, 6)7 @(xa Y, 6))

Definition 5.1.3. Tangent Vector and Tangent Vector Field.
For a one-parameter group of transformation I' as defined in Definition 5.1.1 for e € C such

that

&= f(x,y,e), g =g(z,y,e).

According to Property (IV) of Definition 5.1.1, expanding (Z,7) about the identity gives

&=+ e€(z,y) + O(e),

i=y+en(z,y)+O(),
such that A )
=G aen=7
(&,1m) is called the tangent vector at (x,y) to the curve described by the transformed points

(Z,9), and it is the tangent vector field of the one-parameter Lie group of transformation T'.

Definition 5.1.4. Infinitesimal Generator.
The infinitesimal generator of the Lie group transformation is given by

0 0

Definition 5.1.5. Symmetry Condition.
The symmetry condition for a first order ordinary differential equation (ODE) is the condition
required to make sure that any transformation maps the set of solution curve of a differential

equation to another solution curve that also satisfies the original equation. Consider a first
order ODE of the form

d
= w(ay).
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where w is an arbitrary function of x and y. Then the symmetry condition for ODE is

dj d
dz = w(Z,79), when % =w(z,y).
Using the total derivative operator D, defined by
dv 0 dy 0 dy 0 0 , 0 ”
p,=%0 W0 dy 0, 0, yl iyl
dr dxr  dz Oy dm@y’+ ax+y8y+y3’
we have that with y' = w(x,y) that
dy Dy U +w(T, Y)Y A oA
9 _ Duh _ et o)y _ s ) (53)

di D& &y +w(z,y)dy

Definition 5.1.6. Linearized Symmetry Condition.
The Lie symmetries of

d
ﬁ = w(z,y),

can be represented by

&=z +ef(z,y) + O(?), (5.4)

§=y+en(z,y) +O0(?),
and we note that we can obtain linearized form of & and § when ignoring terms of order €
and higher. In order to obtained a linearized form of the symmetry condition in Definition

5.1.5, we substitute (5.4) into (5.3) to obtain

w(z,y) + €lne + w(z,y)ny] + O(€?)
1+ €lé + w(z,y)&y] + O(e?)

= w(z + & + O(e%),y + en + O(e?)).

Ignoring terms of order € and higher and equating the terms or order O(e) gives us the

linearized symmetry condition for first order ODE:

e + (1y — &e)w(@,y) — Eu(@,y) = Ewe(z,y) + nwy(z,y).

Definition 5.1.7. Canonical Coordinates.
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Any coordinates (r(x,y), s(x,y)) satisfying

&(@,y)re + n(z, y)ry =0, (5.5)

E(x,y)se +n(x,y)sy = 1,
and

T3Sy — TySe 7 0,

is called the canonical coordinates. The canonical coordinates can be obtained from (5.5) by

using the method of characteristics such that

de dy s
Eay)  nlzy)

d
The ODE of the form d—y = w(z,y) can then be transformed to its canonical coordinates:
x

ds sz +w(x,y)sy

dr o+ w(z,y)ry (5:6)
5.2 Construction
Lemma 5.2.1. Consider a general first order differential equation of the form
J'(x) = ¢*(2) + p(z) =: w(z,9), (5.7)
for some function p: R — R such that
plw) = —b3(x) - V(z) — 26. (5.8)
Then, its reduced form in terms of canonical coordinates (r,s) = (r(x,g),s(x,g)) can be

obtained as

ds 1

%_73#—@&7

where we define ¥ as
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Proof. For the ODE (5.7), we take symmetries of the form as defined in (5.4)

P =+ e(z,9) + O(), (5.9)

§g=g+en(z,g)+O().

With w := w(x, g), this gives us the linearized symmetry condition as defined in Definition
(5.1.6):
e+ (g — &)w — Egu? = &wy + Ny, (5.10)

where w, and w, can be computed from (5.7) by treating g(x) as g:

we = p'(x) = —=2b(x)V (2) — b"(x),

(5.11)
wg = 2¢g(x).
Substituting (5.11) in (5.10), we have
N + (15 — &)[9% (@) + p(2)] — &lg?(x) + p(x)]* = &' (z) + n(29())." (5.12)

In order to solve the above system for & and 7, we consider the symmetry tangent vector of

the form:
§(x, 9) = alz), (5.13)
n(z, g) = ~(x) + r(x)g(x),
The left hand side of (5.12) then becomes
[k(z) — o (2)]g”(x) + K/ (2)g(z) + 7 (2) + [K(z) — o (2)]p(x), (5.14)

and the right hand side of (5.12)

26(2)g” (x) + 2v(x)g + o(z)p' (z),

'Note: Equation (5.12) has 2 dependent variables £ and 7, therefore we have infinitely many solutions.
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giving us the following:

5(a) _—

K (2) = 27(z), (5.15)
0z, g) = —5a/(x) — o/ (x)g(),

o (x) + 4 (x)p(x) + 2a(z)p'(z) =0.

We can now find the canonical coordinates as defined in Definition 5.1.7. Let (r,s) =

(r(x,g),s(z,qg)) be the canonical coordinates such that

Then, under this new coordinates, the tangent vector at this point is such that

dr ds
- = - =1. 5.16
de e=0 07 de e=0 ( )

This means that we need the conditions Ar = 0 and As = 1 to be satisfied, where A is the
infinitesimal generator as defined in Definition 5.1.4. This gives us the condition as defined
in (5.5):

§(x, g)ra +n(z,9)rg =0,

(5.17)
5(1‘,9)890 + 77(~Ta9)5g =1
Substituting (5.13) and (5.15) into (5.17), we get
1 1
5= / de, r= 50/(.%) + a(x)g(x). (5.18)

With these, the original ODE (5.7) can be reduced in terms of the canonical coordinates as
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given in (5.6):

ds sy + w(z, g)sg
dr 7y +w(z, g)ry

1
- ja(z)a(e) + o (z)a(z)g(x) + g2 (x)a?(z) + p(w)a?(z)
1
- gA()a? (@) + o (v)a(x)g(@) + j[o ()] — flo/ (@) + 30" (x)a(e) + p(r)a?(z)
1
r? + 50 (z)a(z) — glo/ ()] + p(z)a?(z)
1
TRy
(5.19)
0

With the simplified result from Lemma 5.2.1, we are ready to solve the original problem (5.7)

for different cases.

Remark 5.2.2. The original problem as specified in (5.7) corresponds to a non-linear Riccati
equation, which can be converted to a second order linear ordinary differential equation. This
correspondence means that the Riccati equation can be solved by obtaining quadrature, when
a particular solution is known. This section aims to provide another method to obtain the

solution via the Lie group theory.

Theorem 5.2.3. For an ODE of the form in (5.7) given as

g (x) = g*(x) + p(z) =t w(z,g),

the solution can be obtained as

1 1 Lo -
a(x)(fa(x)dm 2 _5 ) o
gta) = § Yol st e ) her

,\/Ttanh([ a(zc)yzlm 03] ) ; ¥ <0,

\

where a(x) is the solution to

o (x) + 4d (2)p(x) + 2a(z)p (z) = 0, (5.20)
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p(x) satisfies
p(x) = =b*(z) = ¥/(2) - 28,

and tanh(zx) is the hyperbolic tangent function.

Proof. From Lemma 5.2.1, we see that the solving the differential equation (5.7) is equivalent

to solving
ds 1

ar 2+
where 1 = 1o/ (z)a(z) — 3o/ (z)]? + p(x)a*(z). We will do this for 3 cases.
Case 1: 1) = 0. The differential equation in (5.19) becomes

ds _ 1
dr 12’
This can be solved directly to obtain
§=—+ Cc1,
,

where c; is an integrating constant. Using

1 1,
s = / mdm, r=ga () + a(x)g(z),

as derived in (5.18), we see that

/ L dr = L +c
alz) 3o/ (z) + a(z)g(z) "

Then the solution to the original differential equation can be derived as

1 1 1,
g(x) = o) (f ﬁdm o e (a:)) . (5.21)

Case 2: 1) > 0. The equation (5.19) can be written as

ds 1

NG
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So, we have

tan—1 (L>
5= — VU o

Vo

where ¢y is an integrating constant. Using (5.18), we can derive

( / a(lx)dl’ _ 02) V7 = tan-! (;a'u) T/%(m)g(x)> |

_ Viian ([ e = e V) — 3o'(2)

which gives us

5.22
o(z) e (522)
Case 3: 1 < 0. With the differential equation in (5.19), we can solve it to obtain
-1 r
. tomb () e
Vv
r
(5 = c)(-v/0) = tan (1)
V=1
where ¢3 is an integrating constant. Using (5.18), we have that
1 3¢/ (z) + a(2)g()
tanh /d:v — 03} <— —1,/1>> = 2 ,
(L sl (v =
which gives us the solution to the original differential equation
v/ —1 tanh ([f ﬁdm - c3) < — \/—1/))> — 1d/(2)
g(z) =
a(z) (5.23)
—+/—1 tanh ([f ﬁdaj — c3) \/—1/)> — 1d/(z)
B a(z) '
O]

We have seen the use of Lie algebra in solving differential equations above. We will now

explore this method for diffusion theory to help us identify martingales.

Theorem 5.2.4. For X = {X;; t > 0} a standard Brownian motion, we can derive a
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martingale of the form

efﬁtf(x) PR UCON

where h(z) is given as
(
| @ (fuldm - éa’(l‘)) de + J b(z)da; v=0,

ﬁtan( [f ﬁdz—@] ﬂ) —%o/(x)

a(z)

hz)=4q [ dx + [ b(z)dz; W >0,

— v/~ tan i dz—c —¥)—39(
g FenUstgteal V) 400 gy <o

where a(x) is the solution to (5.20).

Proof. We use the martingale approach discussed in Remark 2.2.1 to derive the required

martingale. For a diffusion X = {X;; ¢t > 0} with stochastic differential equation given as
dX; = b(Xy)dt + o(X¢)dWry; Xo =z, (5.24)

where W = {W,, t > 0} is a standard Brownian motion defined in Definition 1.0.1, b : R — R
and o : R — R, are functions of class C! and C? and representing the drift and dispersion

coefficients respectively so that

is bounded and % is non-integrable at +o0o. Then the stochastic differential equation (5.24)
admits a unique and strong solution.
Let the state space of X be either non-negative real half-line or the real line. The infinitesimal
generator of the process (¢, X;) acting on a function f: Ry x R — R belonging to its domain
is given by

of(x,t)

Af(z,t) = T + b(x)

Of(x,t) | 1 % f(w,t)

Ox 2 0z2 (5.25)

where b is a function such that b : R — R. Let us assume now that the function f(z,t) takes

the form of

f(z,t) =e P f(a), (5.26)
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where f: R — R. As in Remark 2.2.1, substituting (5.26) into (5.25) and setting it to 0, it

is easy to obtain

~ B1@) 4 bw) (@) + 55 () = 0. (5.27)
A transformation of the form f(z) = e"(*) gives us
/ 1 / 1 " _
= () () + 5 (W (@))? — S (x) =0.

We observe that this is a non-linear second order differential equation, which can then be

easily transformed into the form of the differential equation in (5.7) given as
g'(x) = g*(x) = bV*(2) — V() - 26.

From Theorem 5.2.3, we see that the solutions to this differential equation are given as (5.21),

(5.22) and (5.23). From this, we can easily revert the transformations applied to retrieve h(x).

7 (s~ 1@ et oo o

a(z)

ﬁtan( [f ﬁdw—@] ﬂ)—%

o)

hz) =< | O g+ [ ba)da; b >0,

—+/=% tan oy de—cs|V=0) -5/ (@
[ h([fa(z;é) WD o by w<o,

with a(z) satisfying equation (5.20). O

Finally, we see that we need the expression for a(z) in Lemma 5.2.1, Theorems 5.2.3 and
5.2.4. We have derived in (5.15) that «(z) has to satisfy the third order differential equation
(5.20)

o" (&) + 40/ (2)p(x) + 2a(x)p (x) = 0.

Therefore, in order to obtain a solution for a(x), we have to solve this differential equation.
Following van Hoeij (2007), let K be a differential field of characteristic 0 which is a field

equipped with a derivation operator 0 such that

L =a,0"+ an_ 10"+ ...+ @10+ ao.
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When a,, # 0 and L(y) = 0, we say that L is a homogeneous linear differential equation of
order n with coefficients in K. Let K[0] be ring formed by a set of differential operators over
K and Ckg =: {x € K : 0(z) = 0} be the field of constants. For L € K0, if we have a third

order linear differential equation of the form:

L(y) = y""(x) 4 a2y (x) + ar¢/ (=) + aoy(z), (5.28)

then this can be reduced to a second order linear differential equation taking the form

Lo(y) = 4" (x) + b1y (x) + boy(x), (5.29)
where
as bll —ai + Qb%
b = — b = -
1 3 3 0 4 )

provided that L is the symmetric square of Ls. For more details on derivation, see Singer
(1985) and van Hoeij (2007). Comparing (5.20) to (5.28), the coefficients ag,a; and ag are

such that
az(z) = 0; ai(z) = 4p(z); ao(z) = 2p'(z), (5.30)

and this tells us that if L(a) defined as
L(a) := o(z) + 4o/ (x)p(x) + 2a(2)p (2) =0,

is a symmetric square of a second order operator Lo, then we can reduce a(x) to the following

second order differential equation:

La(y) = y"(z) + [-b*(z) — V' (z) — 28]y(z) = 0. (5.31)

where b(z) represents the drift component in (5.25). With this, we can see that if {y1,y2} is
the basis of the solution space for La(y) = 0, then {y?,y3,y1y2} is the basis of the solution
space for L(y) = 0. This gives a way to simplify our third order differential equation for a(x)

and what we need to do is to check that L is the symmetric square of Lo. Following the proof
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of Singer (1985), we see that L is the symmetric square of Ls if and only if
4bobr + 2b6 = ayp, (5.32)

is satisfied, where ag,bp and b; are coefficients in (5.28) and (5.29). In our case for the
coefficients as defined in (5.30), we can see that we have by = 0 and by = p(z) and therefore

condition (5.32) is satisfied.

5.3 Nicholson’s Integral

Let us consider a one-dimensional diffusion process X = {X;, t > 0} defined on the filtered

probability space (Q, F,F,P) with infinitesimal generator on C?(R,) given as:

Ax = ég + 1872
X7 20x " 2002
where b is an arbitrary constant. For b = 1_22"‘ with a € (0,1), this coincides with the

infinitesimal generator of a Bessel process of dimension 2(1 — ). See Borodin and Salminen
(2002) and Jeanblanc et al. (2009) for a more detailed investigation of the Bessel process.
The infinitesimal generator of the process (¢, X;) acting on a bounded function f : Ri - R

is given by:

Af(e ) = 0D 4 4y pan
St bosy) 10

ot r Or 2 0x?
Comparing (5.33) to (5.25), we see the the drift term b(z) becomes

(5.33)

b(z) = —

where b is an arbitrary constant. As derived in (5.31), we know we have to consider the

following second order ordinary differential equation to obtain the values for a(x):

() + [1(2) — V(@) — 2Bly(x) = 0 -
2 5.34
V@) + (~ 2~ 55— 28) ) =0,

72
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Rearranging equation (5.34) gives us

ﬁy@y+@(—;>+1>w%w+(—mm%49—wmm:0.

We can easily see that this is of the form of a transformed Bessel differential equation proposed

by Bowman (2012) given as :
2%y () + (2p + Dy () + (P2 + s*)y(z) =0,

with p = —%, > = —2B,7r =1 and s2 = —(b(b+ 1)). The basis of the solution space to this

differential equation is {y1(z),y2(z)} where yi(x) and y2(x) are such that

y1(x) = \/:EJ\/@ (—z\/%:n) ,
ya(z) = \/EY\/@ <—Z\/ﬁ$> ;

where J,(z) and Y,,(z) are the Bessel functions of the first and second kinds. As derived
earlier, the third order differential for a(z) in (5.20) has {y?(z),y3(x),y1(x)ya(x)} as the
basis of the solution space where y?(x),y3(z) and yi(z)y2(z) given as :
x J? —iy/20x) ,

\/(b+3)? ( pa)

xﬁagHﬂ%% (5.35)

xJ@§@MmyWE§Hﬁmy

We will now explore the connection of this diffusion X with the Nicholson’s Integral. The

famous Nicholson’s integral is given as
ﬁ@+ﬁ@:i/zmmmwmmmmﬁ
™ Jo

where sinh(z) and cosh(z) are the hyperbolic sine and cosine functions respectively and Ky(x)
is the modified Bessel function of the second kind. The Nicholson’s integral has been proven
by many, such as Watson (1922) using Hardy’s theory of generalized integrals and integration

over contours in the complex plane, and Dixon and Ferrar (1930) using a transformation.
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In an attempt to prove the Nicholson’s integral, Wilkins Jr (1948) considered the following

differential equation:
229" (2) + 32" (2) + (1 — 4n? +42)y/ (2) + 42y(2) = 0. (5.36)

This is equation (3) of the paper. By setting

y(z) = 1alx),
N (5.37)
n =b+ %

We see that equation (5.36) of the paper can be transformed into our equation for a(x) in
(5.20). Using chain rule, we can derive the expressions for y/(z),y”(z) and "/ (x) in terms of

a(z). For y/(x), we have

, d
V(D)= Sy(2)
_ %%a(x) (5.38)
1 1,
— (—gﬂa(x) + e (a:)) . \/127,8
Similarly, for y”(z), we obtain
1" -1 2 2 / 1 "
y'(z) = 25 <563a(a:) L (x) + el (x)) . (5.39)
Finally for y"(2), we have
" —1 ] 1 " 3 " 6 / 6
y() =55 \/12*5 (xa (2) - 0" (@) + —5/(2) - lea(x)) . (5.40)

Substituting (5.37), (5.38), (5.39) and (5.40) into (5.36) and rearranging the terms, we obtain

o (@) + 4< ————— 25) o (z) + 2<2b2 4 2b>a(x) 0. (5.41)

3 3
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Comparing this to our original equation for a(z) in (5.20):
o(z) + 4p(x)d/ (z) + 2p'(x) () = 0,

we see that p(x) is such that

b
This tells us that b(z) = ——, which is the same as the drift term of our diffusion X. This
T
means that we can use what we derived earlier for the diffusion to solve the Nicholson’s
integral using the method proposed by Wilkins Jr (1948). Then, if we set z = —iy/28z, we

- i
have z = NCRE then

- \/;Za<\/;*ﬁz) (5.42)
o)

Using values of a(z) derived in (5.35), we have that

2
P )
y(z) = YQ(H%P(Z), (5.43)
e Y )

as given in the paper. In addition, following the argument in the paper, we have that for

2

A=7", B=Aand C =0, we can obtain

y(z) = AJ?

) (5.44)

2 .
(b+%)2(z) + BY rJr%)z(z) +CJ TH‘%)Z(Z) Y (b+%)2(z)
T

) <J (b+%)2(z) Y (b+§)2(z)> +0,

which completes the proof of the Nicholson integral.
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5.4 Conditioned Brownian Motion with Drift

Let us consider a one-dimensional Brownian motion X = {X;, ¢t > 0} with drift parameter
1 € Ry, scale parameter ¢ = 1. Since this is a time-homogeneous Markov process, then

according to Karatzas and Shreve (1991), X has an infinitesimal generator A that satisfies

o 1 0?
_‘_,

A=y T 502

With the assumption that h* is a C? function on the domain Ry, we can perform Doob’s

h-transform as detailed in Theorem (3.2.1), where the function h is obtained as
h*(x) = 1+ be™ 212,

As detailed in the Theorem (3.2.1), the conditioned process {X;, t > 0} is a diffusion on R4

and has drift term of the form

1 9n* 1 —be
h*(z) 0z P be-2na”

[+

and the infinitesimal generator A* of the conditioned process is given as

1 —be 2 9 f (x) 1821"(:::)
1+ be 20T Iz 2 0z2

A*f(z) = p
for a function f € D(A*) where D(A) is
D(A") = {f € C*(R,)}.

It is well established from Tkeda and Watanabe (1989) that the operator (A*, D(A*)) generates
a unique family of (strongly Markovian) measures {P}; z € R} on the space (C, B(C4) with
C; = C([0,00),R4) such that

F(X0) — F(Xo) — /0 AF(X.)ds, (5.45)

is a martingale under P for every f € D(A*). Note that Cy = C([0,00),R;) denotes the

family of continuous functions from the time set [0, 00) into the state space 4, and the symbol
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B(C5) denotes the Borel o-algebra on C4, i.e. the smallest o-algebra containing all Borel
cylinder subsets of C'y. Note also that (X, t) is again Markovian with infinitesimal generator

A** such that

gty = D 4 g,

for a function h(z,t) € D(A*), i.e. f(x,-) has a continuous first derivative for each = and
f(-,t) is in the domain of A* for each t. We then have for our conditioned process an

infinitesimal generator given as

Of(e,t) | 1—be M Of (1) 18 (1)

AT f(2,1) = ot tu 1+ be 20 Py 2 0x2

(5.46)

for f(z,t) € D(A*). Following our construction, a quick comparison between (5.25) and
(5.46) tells us that the drift terms b(x) becomes

1 — be2u

b(z) = Mm, (5.47)

and in order to obtain a form of martingale, we can consider

1 — be 2

1

fl@) +3

- Bf(x) +p

From (5.31), we know we have to solve the following differential equation to obtain the

solutions for a(x):

y'(x) 4+ [~b%(x) — V' (z) — 2B]y(z) = 0

" o (1 — be=21e)?2 4pube 21T
_ _ —9 =
y (x)+[ Wb M be i) ﬁ_ y(z) =0
y"(x) + [(1+beuzl“)2 (1 — 2ube T 4 e 4 4/;6672““) — 28| y(x) =0 (5.49)
_u o 2 T
y”(xH[(Hbew'“'(”be H) 28| y(@) =0

y"(z) + (—p* = 28)y(z) = 0.

We can easily solve equation (5.49) by realizing that its solution is proportional to e¥*. So,
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letting y(x) = €7* and substituting into equation (5.49), we have
2

d €T\ 2 T
5 () = (42 +28)e 550)

Ve = (1 +26)e7,

we obtain that v = y/p? + 28 or v = —y/pu? + 28 and hence,
e\/,u2+2,6’x,

y(x) = (5.51)
e~ VHiH25z,

Then, from our arguments earlier, equation (5.20) has solutions y%, yg and y1yo.

eZw/uQJrZ/J’x’
a(r) =< e 2V M2+25$, (5.52)
eVHIH20z | o=/ 12420z — 1

From (5.19), with b(z) as derived in (5.47) and «(z) as obtained in (5.52),

b= 5a(w)ala) - o @) +pa)a?(2)
= o (@a(@) ~ JW @] + [-8() V() - 26] a*(a)
2 ! (5.53)
= Ja(@a(@) - W@ + (~p* - 268) a*(@)
= —a®C3,

where Cs is an arbitrary constant.

5.4.1 First Exit Time

Consider the conditioned process X = {X;, t > 0} defined on the filtered probability space
(Q, F, F:,P), starting at = for x € Ry under the associated probability P, with E, as cor-
responding the expectation operator. Let Tp be the first exit time of X from D defined
as

Tp=inf{t >0 : X; ¢ D}, (5.54)
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where D is an open, bounded domain. We are interested in finding the Laplace transform of

the first exit time Tp given as

fla) == E, [e_ﬁTD} , (5.55)

for z € D. Then following Peskir and Shiryaev (2006) or Karatzas and Shreve (1991), we
have that for D and Tp as defined earlier, f is the solution of the Dirichlet problem:
Af —Bf =0; in D,
(5.56)
f=1 on dD.
Theorem 5.4.1. For 8 € C;, mi,ma € Ry such that 0 < m; < x < mg and the domain

D = (m1,mg), the Laplace transform of Tp can be obtained as

E,. {efBTD}

—p(my—x) b+ e2Hm Sinh(M(mg —1)))
b+ e ginh(y/p2 + 2B(mg — my))
pmo—) b €¥™2 sinh(y/p? + 2B(x — my)) |
b+ e sinh(y/p2 + 26(ma — my))

where sinh(x) is the hyperbolic sine function.

+e

Proof. For D = (my, ms) and the stopping times T,,, and T,,, defined as

Ty, =inf{t >0 : Xy =m},
T, =1nf{t >0 : X; = ma},

and since the first exit time of the process {Xy, t > 0} from the interval D = (mj,m2) can

be computed as

Tp = Ty, A Ty = min (T, , Ty )

then we see that the Laplace transform of the first exit time can be split into 2 cases

E, [G*BTD} =E, [efﬁTml :H'{Tml <Tm2}i| +E; [efﬁng :H.{Tm2<Tml}] .

For the first expectation on the right hand side, using the same reasoning as in Karatzas and
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Shreve (1991), we have that

E, |e #Tm L1, <Tm,} | = f(@),

with the boundary conditions

f(ml) =1,
(5.57)
f(m2) =0,
whereas the second term can be computed by
Ew eilBTmZ ]l{ng <Tm1 }:| = f(a?),
with the boundary conditions
f(m2) =1,
(5.58)
fm1) =0,

where f(x) is the solution to (5.48). In order to derive f(x), we follow the same steps as in
Theorem 5.2.4. From equation (5.53) and Theorem (5.2.3), we see that Cy # 0 corresponds

to the case when ¢ < 0 which gives us

" —v=Btanh ([ [ yde - es] V=0 ~ Ja' (@)
9(x) = ’
a(x)

and h(x) of the form

o) — / —v=gtanh ([ [ Tsdz — ] V=0) - 3o/(a)

a(z)

dx + /b(x)dac,
and we can derive f(x) using the expressions for ¢ in (5.53), a(z) in (5.52) and b(z) in (5.47)

fla)= e
b=/ 1?+28)x . elut/ 12 +28)x
+ ;
bt e 2 1 2B (b + c2ue)

where C7 and Cs are arbitrary constants to be determined using the boundary conditions

=]

(5.57) and (5.58). For the first expectation E, [e_BTml ]l{Tm1<Tm2}} = f(=x) with the following
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boundary conditions, we can determine

flm1) =1,
f(mZ) =0,
1 =C e(n—=Vu2+28)my C e(n+Vu2+28)my
b e Vi 2B(brenm)’
0 =C e(r—Vu2+28)mg +C etV u2+28)mo
= 1 b+62”’m2 2 /M2+2B(b+62“'m2) )
C; = e Hmig u2+2pmy b4e2rm1
= 1—e—2Vn2+2B(mg—m1)’

Cy = —\/u2 +2BC e 2V 1*+20ms,

Then, for 0 < m1 < x < mo, we can derive

E,; |:6_5Tm1 :H'{Tml <Tiny }}
=f

(x) (5.59)

e—;t(ml_m) b 4 e2rm Sinh(\/M(mQ — .TU)))
b+ e2ux s,imh(\/;ﬁ2ﬁ(m2 —my))

For the second expectation E, [e_’BTW LT, <Tm1}} = f(x) with the appropriate boundary

conditions, we have

[ f(mQ) = 17
flm) =0,
4
1 =C e(r=Vu2+28)my C etV u2+28)mo
- 1 b+€2'u’m2 + 2 2 2pum
V2 +26(b+e2m2)
0 =C b=V u2+28)my +C etV u2+28)my
L U e 221 2B(bte2m)
C; = e Hm2e u2+2Bmo bf-e2rm2
— e—2Vn2+28(m1—ma)

Cy = —\/p2 + 280 e 2VH+20m
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Then for 0 < m; < x < meo, we can derive

E; e_ﬁTmz ﬂ{Tm2 <Tom, }}

I (5.60)
— o H(m2—x) b+ eZrm2 sinh(\/m@c —my))
b+ e Sinh(\/M(mQ ") .

The expression for the Laplace transform of the first exit time can then be obtained from

(5.59) and (5.60)

E, [e*’BTD}

=E, [6_6Tm1 ]]'{Tm1<Tm2}:| + E,; [e‘ﬁng ]l{Tm2 <Tm1}:|
_ ulmi— b € sinh(y/p2 + 28(ma — x))) (5.61)
b+ e sinh(y/u? +28(ma —m))
o nlma—a) b+ eZhma sinh(\/M(:E —my)) .
b+ e sinh(y/p? +28(my — m1))

O]

With the expression of the Laplace transform of the first exit time, we can easily invert the

Laplace transform to obtain its density.

Theorem 5.4.2. Fort >0, p € Ry and 0 < my < x < mg, the density function of the first

exit time can be derived as

P, [TD S dt]

T be 2 o3t i T —my + 2k(mg — my) = <x—m1+2k2<2n2—m1>>2 "
B 1+ be—2ne ort3

k=—o00

" e,u(mg—a:) 1+ bei2ﬂm2 —u2t Z mo — X + 2k(m2 — ml) e_(m2—ac+2k2(tm2—m1))2 dt
1+ be 2 ot3

k=—o00

Proof. From (5.61), we have

e R bt e sinh(y/u? +28(ms — x)))
b+ e2ne sinh“/;ﬁQﬁ(m2 —my))

+ e—u(mg_x) b+ e2mm2 sinh(\/m(x — ml)) .

b+ e2ne sinh(\/;WQﬁ(m2 —myq))
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We want to invert this with respect to 5. Using Borodin and Salminen (2002), we know that

; a <b.

-1 smh(a\/ i b—a -|- 2]<:b (b—n.-;tka)Q
B\ sinh(by/273

Then, we can easily derive that for 0 < m; < x < ma,

B

)

-1 ( sinh(y/p? + 26(mg — x))) > e Z x —mq + 2k(mg — ml)ei(zfm1+2k2(trn27ml))2

sinh(v/}2 + 2B(mz — m1)) Ml 2mt?
_y ( sinh(y/p® + 2B(z — my)) 2 my — & + 2k(mg —my) _ (mp=at2kimy—my)?
c; : Z ¢ : '
sinh(y/32 + 28(ma — ma)) M 2mtd

Therefore, we can derive that

P, [Tp € di]

_9 [e%s) )
R T = M e
€ mt

k=—o00

+ eplm2=2) dt.

1+ be_QWnQ —u2t Z mo — T + Qk(mg — ml) _ (m2*$+2k2(tm2*m1))2
e — e
1+ b€_2“x 27t3

k=—o00
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