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Abstract

With advancements in technology, the collection and storage of high-dimensional data
have become increasingly common, necessitating tools to analyze such data effectively.
Recovering the latent structure has gained popularity as an approach to dimensionality
reduction, as the latent processes typically have lower dimensionality, making them easier
to analyze and interpret. This thesis explores methods for uncovering the latent structure in
high-dimensional data across three domains.

Chapter 2 proposes a novel estimation method for the blind source separation model, as
introduced in Bachoc et al. (2020). The new method leverages eigenanalysis of a positive
definite matrix constructed from multiple normalized spatial local covariance matrices,
enabling the handling of moderately high-dimensional random fields. The consistency of the
estimated mixing matrix is established with explicit error rates, even under slowly decaying
eigen-gaps.

Chapter 3 examines the factor model framework for time series Lam and Yao (2012a),
with a focus on estimating the number of latent factors. Traditional methods struggle with
varying factor strengths, limiting their applicability. To address this, a non-parametric
hypothesis testing procedure is proposed, capable of identifying the correct number of factors
even when factor strengths differ. The proof on significance level of the test is provided,
and its effectiveness is demonstrated through comparisons with existing methods on both
simulated and real-world datasets.

Chapter 4 addresses the challenge of electricity load forecasting, starting with General-
ized Additive Models (GAM) provided by Electricité de France. The residuals from GAM

forecasts is analyzed and modeled to uncover its latent structure, which not only simplify



the modeling process but also enhance GAM estimations. Two approaches are explored:
latent segmentation using TS-PCA Chang, Guo, and Yao (2018a) and Matrix Time Series
Decorrelation Han et al. (2023), and dimensionality reduction with factor models using the
procedure developed in Chapter 3. Applied to national and regional electricity load data in

France, both methods enhance forecast accuracy, as measured by Root Mean Squared Error

(RMSE).
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Chapter 1

Introduction

1.1 Background

In the era of rapid technological advancement, data collection and storage have become more
convenient and widespread, leading to the prevalence of high-dimensional datasets across
various industries. High-dimensional data, defined as having a large number of features
compared to the number of observations, has brought new challenges for analysis, including
issues of over-parameterization, multicollinearity, and heavy computational burden. Tra-
ditional statistical methods, which rely on the assumption of a small number of variables
relative to observations, often struggle in tasks such as model fitting and forecasting under
these conditions. To address these challenges, many dimension reduction techniques have
emerged as powerful tools for finding the lower-dimensional subspace that contains all useful
information of the original dataset. Among these, recovering latent structures has gained
growing attention as an effective approach, as latent structures typically encapsulate the
underlying dynamics of the data in a lower-dimensional representation, enhancing both inter-
pretability and computational efficiency. Latent structure analysis can be viewed as a specific
form of finding a low-dimensional subspace, but with a strong focus on interpretability and
uncovering hidden relationships.

Latent structures represent the hidden processes or variables that drives the observed

data. These structures are analyzed based the assumption that high-dimensional observations



2 Introduction

are generated by a small number of underlying factors or components. Initially introduced
in the context of psychology and social sciences for understanding the potentially existing
unobservable traits, latent structure models have since evolved to address challenges in areas
such as biology, meteorology, and finance. Their development has been driven by the need to
uncover meaningful patterns in noisy or redundant data, providing insights that are otherwise
obscured in high-dimensional spaces.

The use of latent structures offers several advantages. By reducing the dimensionality
of the observed data, these models alleviate computational constraints and improve the
efficiency of further analysis. However, these methods are not without limitations. The
assumption of a well-defined latent structure may not hold in all scenarios, particularly in
datasets with nonlinearity or highly complex relationships. Furthermore, the estimation
of latent components can be sensitive to model specifications and parameter choices, such
as factor strength in factor models, or may require prior knowledge of the dataset. For
instance, in finance, the widely used three-factor model proposed by Fama and French (1993)
assumes prior knowledge of market, size, and value factors as latent variables driving stock
returns, which might not generalize to other domains. Balancing the trade-offs between
interpretability, model complexity, and computational feasibility remains a critical challenge

in the application of latent structure models.

1.2 Structure of Thesis

This thesis is structured as follows: Chapter 2 introduces a method for estimating latent
structures in high-dimensional spatial data. Chapter 3 focuses on latent structure estimation
in high-dimensional time series, with an emphasis on developing an estimator for the number
of latent variables. Chapter 4 demonstrates the application of latent structure analysis to the

real-world problem of electricity load forecasting.
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1.3 Contribution of Each Chapter

The contribution of each chapter in this thesis can be summarized as follows:

Chapter 2 (Blind Source Separation Over Space) proposed a new estimation method
for the blind source separation model of Bachoc et al. (2020). The new estimation is based on
an eigenanalysis of a positive definite matrix defined in terms of multiple normalized spatial
local covariance matrices, and, therefore, can handle moderately high-dimensional random
fields. The consistency of the estimated mixing matrix is established with explicit error rates
even when the eigen-gap decays to zero slowly. The proposed method is illustrated via both
simulation and a real data example.

Chapter 3 (Permutation Tests for Identifying Number of Factors for High-Dimensional
Time Series) presents a non-parametric testing method for determining the number of factors
in high-dimensional time series, developed from the factor model proposed by Lam and Yao
(2012a). Our introduced estimator utilizes permutation testing to identify the number of fac-
tors without relying on assumptions about the underlying factor structure. Unlike traditional
ratio-based estimators, our method demonstrates robustness across various factor strength
levels and is consistent in its estimation, even when the number of variables p exceeds the
number of observations n. Our method is shown to effectively control Type I error and
provides reliable estimates in both low and high-dimensional settings. Through theoretical
analysis and empirical validation, we demonstrate the advantages of our proposed estimator
over existing methods, particularly in scenarios with varying factor strengths. This work
contributes to the literature by offering a more flexible, robust, and interpretable approach to
factor identification in high-dimensional time series data.

Chapter 4 (Electricity Load Forecasting by Factor Models, TS-PCA and Matrix TS
Models) demonstrates the integration of latent structure analysis tools, such as factor models,
into a real-world application of electricity load forecasting. By analyzing residual series
from Generalized Additive Models (GAM), we show how latent structure methodologies
can improve predictive accuracy through dimensionality reduction. Additionally, we propose
model-stacking procedures that combine factor models, time-series principal component

analysis (TS-PCA), and dynamic Kalman filters, capturing both global latent structures
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and local temporal dependencies. Applied to national and regional electricity load datasets
in France, these methods enhance forecast accuracy, providing a practical framework for

utilizing latent structure analysis in high-dimensional data projects.



Chapter 2

Blind Source Separation Over Space

2.1 Introduction

Blind source separation is an effective way to reduce the complexity in modeling p-variant
spatial data (Nordhausen et al. (2015), Bachoc et al. (2020)). Spatial data, denoted as
X (s), refers to multivariate measurements collected at specific spatial locations sy, ..., S,,
where each location s lies in a d-dimensional space. For example, consider soil sampling
in a mining field: if we randomly select points on a two-dimensional map and measure
the concentrations of 10 elements (such as iron and aluminum) at each point, then X (s)
constitutes 10-dimensional spatial data, with the spatial locations s € R.

The approach of blind source separation can be viewed as a version of independent
component analysis (Hyvarinen, Karhunen, and Oja (2001)) for multivariate spatial random
fields. It is used to learn the underlying independent spatial signals or processes that,
when mixed, produce the complex observed data. As spatial data typically exhibit both
spatial dependence and inter-variable correlations, recovering these latent components would
reduce the complexity and dimensionality of the data, which could enhance computational
efficiency in modeling and prediction. Besides, it has the potential of isolating distinct spatial
phenomena, which could be interpreted separately. Further, it also helps filtering out the
noise or redundant information. In general, blind source separation on spatial data makes it

easier to uncover, interpret, and utilize the inherent spatial structures within the data.



6 Blind Source Separation Over Space

Though only the second moment properties are concerned, the challenge is to un-correlate
p spatial random fields at the same location as well as across different locations. Note that
the standard principal component analysis does not capture spatial correlations, as it only
diagonalizes the covariance matrix (at the same location). Nordhausen et al. (2015) introduced

a so-called local covariance matrix, defined as

n
MUY= Y Flons)X ()X ()
i,j=1

to represent the dependence across different locations. Unlike conventional covariance
matrices, which compute covariances using all available observations, a local covariance
matrix is constructed by first selecting a subset of observations based on spatial proximity.
This approach leverages the natural tendency of spatial data—where nearby measurements
are typically more similar—to capture the most relevant covariance structure. By focusing on
local neighborhoods, we can reduce computational costs and minimize the impact of noise
from distant, less correlated data.

Kernel functions f(s;,s;) serve as a mechanism to select observations based on spatial
distance among observations. Kernel choice is central in spatial blind source separation
because it determines how local covariance matrices are computed, which in turn influences
the separation of latent components. In Nordhausen et al. (2015), they employed the ball
kernel defined as fj,(s; —s;) = 1(||s; —s|| < h), which iwhich includes only those observation
pairs that are within a specified distance 4. This selective filtering includes only pairs of
observations within a fixed distance. The only parameter /4 should be chosen to match
the scale at which significant spatial correlation exists. Another common type of kernel is
called ring kernel, given by f(s) = 1(h; < ||s|| < hy), with inner radius /; and outer radius
hy. It selectively weights pairs whose separation falls within a specific range, potentially
highlighting intermediate-range interactions. Apart from these 2 basic kernels, there are other
more complicated kernels, such as the squared exponential kernel, which provides a smooth
decay in weight with distance, allowing every pair of points to contribute. The choice and

tuning of the kernel function directly affect how local spatial correlations are quantified.
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Furthermore, Nordhausen et al. (2015) proposed to estimate the mixing matrix, defined
in (2.1) in Section 2.2.1 below, in the blind source separation decomposition based on a
generalized eigenanalysis, which can be viewed as an extension of the principal component
analysis as it diagonalizes a local covariance matrix in addition to the standard covariance
matrix. To overcome the drawback of using the information from only one local covariance
matrix, Bachoc et al. (2020) proposed to use multiple local covariance matrices in the
estimation (see (2.5) in Section 2.2.2). The method of Bachoc et al. (2020) has a clear
advantage in incorporating the spatial dependence information over different ranges. It is
in the spirit of JADE (joint approximate diagonalization of eigenmatrices) in non-spatial
contexts. See Chapter 11 of Hyvarinen, Karhunen, and Oja (2001) and the references
within. Its estimation is based on a nonlinear optimization with p? parameters. Hence it is
compute-intensive and cannot cope with very large p.

Inspired by Bachoc et al. (2020), we propose a new method also based on multiple
(normalized) local covariance matrices for estimating the mixing matrix. Different from
Bachoc et al. (2020), the new method is computationally efficient as it boils down to an
eigenanalysis of a positive definite matrix which is a matrix function of multiple normalized
spatial local covariance matrices. Therefore it can handle the cases with the dimension of
random fields in the order of a few thousands on an ordinary personal computer. While
the basic idea resembles that of Chang, Guo, and Yao (2018b) which dealt with multiple
time series, the spatial random fields concerned are sampled irregularly and non-unilaterally,
and the spatial correlations spread in all directions. Furthermore, we incorporate the pre-
whitening in our search for the mixing matrix. This implies estimating the covariance matrix
of the process, which is assumed to be an identity matrix in Chang, Guo, and Yao (2018b).
The normalized spatial local covariance matrix, defined in (2.10) below, is a modified version
of the spatial local covariance matrix in Nordhausen et al. (2015), and is introduced to
facilitate the effect of the pre-whitening. All these entail completely different theoretical
exploration; leading to the asymptotic results under the similar setting of Bachoc et al. (2020)
but allowing the dimension of the random field to diverge together with the number of the

observed locations, which is assumed to be fixed in Bachoc et al. (2020).
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The efficiency gain in computing of the proposed method is due to adding together the
information from different normalized local covariance matrices. However, rather than adding
covariance matrices directly such as in TDSEP (Ziehe and Miiller (1998)), each term in the
sum of (2.9) in Section 2.2.3 below is the product of a normalized local covariance matrix
and its transpose, which, therefore, is non-negative definite matrix. This avoids the possible
cancellation of the information from different normalized local covariance matrices. Note
covariance matrices are not non-negative definite, and adding them together directly may
leads to volatile performance due to information cancellation; see Table 1 of Ziehe and Miiller
(1998). Although the sample fourth moments occur in (2.9) in order to avoid the information
cancellation, our goal is decorrelaton across space via diagonalizing multiple normalized
local covariance matrices. Indeed the way to use the fourth moments and the purpose of using
them are radically different from those of FOBI (forth-order blind identification) algorithms.
See Chapter 11 of Hyvarinen, Karhunen, and Oja (2001) and the references within.

Another new contribution of this chapter concerns the eigen-gap in the eigenanalysis
for estimating the mixing matrix. In order to identify a consistent estimator for the mixing
matrix, the standard condition is to assume that the minimum pairwise absolute difference
among the eigenvalues remains positive. See Assumptions 8 and 9 of Bachoc et al. (2020).
The similar conditions have been imposed in the literature in order to identify factor loading
spaces in factor models in Lam and Yao (2012b). However this condition is invalid under the
setting concerned in this chapter when the dimension of random field p diverges to infinity,
as the maximum order of the eigen-gap is p~'. We show that the identification of the mixing
matrix is still possible when p — oo at the rate p = o(nl/ 3). See Theorem 2.3.2 and Remark
2 in Section 2.3.

The rest of the chapter is organized as follows. We present the spatial blind source
separation model and the new estimation method in Section 2.2. The asymptotic properties
are developed in Section 2.3. Numerical illustration with both simulated data and a real data
set is presented in Section 2.4. All the technical proofs are given in the Appendix A.1-A.2.

The R-package BSSoverSpace, available in the CRAN project, implements the methods

proposed in this chapter.
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2.2 Setting and Methodology

2.2.1 Model

We adopt the spatial blind source separation model of Bachoc et al. (2020). More precisely,
let X (s) = {Xi(s), - ,X,(s)} " be a p-variate random field defined on s € . C R%, and X (s)

admits the representation
X(s) = QZ(s) = Q{Zi(5), . Zp(s)} 2.1)

where Z;(s),---,Z,(s) are p independent latent random fields, and Q is a p x p invertible
constant matrix and is called the mixing matrix. Furthermore, Bachoc et al. (2020) assumes

that for any s,u € .,
EZ(s) = uo, Var{Z(s)} =1, Cov{Z(s),Z(u)} =H(s—u), (2.2)

where Ly is an unknown constant vector, 1, denotes the p x p identity matrix, H(-)isa p x p
diagonal matrix

H(S - I/t) - dlag{Kl (S - I/l), Tt 7Kp(s - I/l)}’
i.e. Cov{Z(s),Z;j(u)} = Ki(s —u) if i = j, and O otherwise. Let u = Qpip. Under (2.1) and

(2.2), X (-) is a weakly stationary process as

EX(s)=p, Var{X(s)}=QQ", Cov{X(s),X(u)} =QH(s—u)Q". (2.3)

2.2.2 The Existing Methods

Let X(s1),--,X(s,) be available observations. Put

X(si) =X (si) —

S| =

n]X(Sj)7 Z(Si)ZZ(Si)—%iZ(sj), i=1,--,n.

J
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Then the spatial local covariance matrix of Nordhausen et al. (2015) is defined as

n

() = Y Flsi—s)R )X (s) .4)

where f(-) is a kernel function such as the ring kernel f(s) = 1(h; < ||s]| < hp) for some
constants 0 < ij < hy < oo, and 1(+) denotes the indicator function. To recover the mixing
matrix €, Bachoc et al. (2020) proposed to estimate the unmixing matrix (i.e. the inverse of

the mixing matrix) C=Q ! = (y,---,%,) " by

I e arg max Z Z{]/JTM (1Y% (2.5)
TM(fo)TT=1p i= 1j=
where fy(s) =1(s=0), and f1,-- -, fi are appropriately specified kernels. This is a nonlinear

optimization problems with p? variables, which Bachoc et al. (2020) adopted the algorithm
of Clarkson (1988) to solve. When k = 1, the objective function contains only one kernel
function. Then the above optimization can be solved based on a generalized eigenanalysis;
see Nordhausen et al. (2015) and Bachoc et al. (2020), though the estimation based on a

single kernel requires the prior knowledge on which kernel to use for a given problem.

2.2.3 The New Method

We now propose a new method to estimate the mixing matrix using multiple kernels but

based on a single eigenanalysis. To this end, we define, for any given k kernel function

Ji()s s S,

1& 1 ot
N:E[_Z{_ Y falsi—sp)Z(s)Z(s;) }{ th si—sj)Z(si)Z(sj) " } ]v (2.6)

k=n= =1

1& 1 ¢ s |
W:E[;Z{;Z:‘,lfh(sz'—s]) X(si)X(s;) '}z

p— ﬁ‘
—_
~

s,->X<si>X<sj>T>:—1/2}T],

S

X
.
1=
=

:.
<,
Il
-
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where £ = Var{X(s)} = QQ'. Then N and W are p x p non-negative definite matrices.

Furthermore, N is a diagonal matrix, as its (i, j)-th element, for i # j, is

1 k p n N
nTk Z Z Z fh(sil _Sjl)fh(slz S]z)E{Z (SH) <S]1)Z (slz)Z (sz)} =0,
h=1{0=11iy,i2,j1,j2=1
which is guaranteed by the fact that the components of Z(-) are the p independent random
fields. Since Q is a p x p full rank matrix, we can rewrite Q = VoAqUq, where Vg and Ug
are two p X p orthogonal matrices, and Agq is a diagonal matrix. Then X~ 1/2 =VaAg VQ

Combining this and (2.1), we have
W = VoUoNUQ Vg 2.7)

i.e. the columns of Uy = VqUq are the p orthonormal eigenvectors of matrix W with the
diagonal elements of N as the corresponding eigenvalues. As 12y = VQAQVg VaoUqg = Q,
this paves the way to identifying mixing matrix Q. We summarize the finding in the

proposition below.

Proposition 2.2.1. Under the condition (2.2), the mixing matrix Q defined in (2.1) is of the
form 12Uy, where the columns of Uw are the p orthonormal eigenvectors of matrix W.
Moreover, those p eigenvectors are identifiable, upto the sign changes, if the p diagonal

elements of N are distinct from each other.

Note that the sign changes of any columns of Uy will not change the independence of
the components of Z(-) in (2.1), as Z(s) = Uy, X~ '/?X (s). By Proposition 2.2.1, we define an

estimator for the mixing matrix as
Q=3120y, (2.8)

where £ =n"1Y, < anX (s;))X (s j)T, and the columns of Uy are the p orthonormal eigenvec-

tors of matrix

k
W= % Y MM (fi)" 2.9)
h=1
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In the above expression, M(f;,) is a normalized local covariance matrix defined as

n

M) =1 Y Flsi—s)E PR (5% (s) T2 2.10

This estimation procedure is implemented in Algorithm 1 below. In comparison to the
local covariance matrix (2.4), we replace X (-) by its standardized version £~1/2X(-). This

effectively pre-whitens the data in our search for the mixing matrix.

Algorithm 1: Eigenanalysis approach for BSS over space
Input: X(s1),---, X(sp) and f1(-),-- , fi(")-
(i) Compute X (s;) = X (s;) — % =1 X(s;) and Y=n"! Yi<j<nX(s)X(s;)".
(ii) Compute W in (2.9).
(iii) Compute eigenvalues Ay and eigenvectors Uy of matrix W.
(iv) Compute Q= UVEi_]/z.
Output: Z(s;) = Q 'X(s;),i=1,--- ,n.

Remark 1. The proposed new method makes use of the normalized 4th moments of the
observations while the methods of Bachoc et al. (2020) and Nordhausen et al. (2015) only
depend on the 2nd moments. However the 4th moments occur only in the matrix products
M(fi,)M(f3)" in defining W in (2.9), and each of those products is a non-negative definite
matrix. We add together those non-negative definite matrices, instead of M(f;,) (as suggested
in Ziehe and Miiller (1998)), to avoid the information cancellation from different M (fn)- See
also Chang, Guo, and Yao (2018b). Note that both our way of using the fourth moments and
our purpose of using them are radically different from those of FOBI (Hyvarinen, Karhunen,
and Oja (2001, Chapter 11)).

For example, W in (2.6) is a p X p matrix with the (I,m)-th element

n

P
E [% Z Z fh(Si _Sj)fh(sc _Sd)Zl(Si)Zm(sc)Zv(sj)Zv(Sd) y
nok ;== ij.cd=1

while a FOBI algorithm would use instead a p? x p? quadricovariance matrix with the

elements being the fourth order cumulants (Ferréol, Albera, and Chevalier (2005)). Our goal
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is to avoid information cancellation while diagonalizing different local covariance matrices.

FOBI is to diagonalize a quadricovariance matrix.

2.3 Asymptotic Properties

We consider the asymptotic behavior of the estimator Q when n — oo and p either remaining
fixed or p = o(n). Since Q' X (s) = Q' QZ(s), we will focus on ['q = Q' Q. We introduce

some regularity assumptions first.

Assumption 2.3.1. In model (2.1), Z(-),--- ,Z,(-) are p independent and strictly stationary
random fields on R4, and assumption (2.2) holds. Furthermore, Z(-) is sub-Gaussian in the

sense that there exists a constant Co > 0 independent of p for which

sup  B2{E|Zi(s)/P}P < G, @.11)
B>1,1<i<p
Moreover, for any unit vector (aj,---,a,)| € R" and 1 < 0 < p, Y a;Z(s;) is sub-

Gaussian.

Assumption 2.3.2. There exist positive constants A, . and A (independent of n and p) such
that forany 1 <i+# j<nandn> 2,
(k is fixed),

si—sj|l > A, and fors,uc R4, 1 <{<pand1 <h<k

|Cov{Zy(s+u),Ze(s)} < A/(1+ [|ul|F%), (2.12)
()] < A/(14|s]|“T ). (2.13)

Assumption 2.3.3. Let A| > --- > A, > 0 be the diagonal elements of matrix N defined in
(2.6), arranged in the descending order. There exist integers 0 = pg < p1 < -+ < pm = p for
which

limsup max [A,, ,+1—A,| =0, and (2.14)
liminf min |4, —A4,4+1|=C1 >0, (2.15)

n—oo 1<i<m
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where m > 2 is a fixed integer, and C| is a constant independent of p.

Assumptions 2.3.1 and 2.3.2 are essentially the same as Assumptions 1-7 of Bachoc et al.
(2020), though we impose only the sub-Gaussianality instead of requiring Z(-) to be normally
distributed. In addition, our setting allows p to diverge together with n. Assumption 2.3.3
is required for distinguishing the columns of the mixing matrix Q from each other. Those
p columns are completely identifiable when p is fixed and m = p. Then condition (2.14)
vanishes, and (2.15) ensures that the p diagonal elements of matrix N are distinct from each
other (see Proposition 2.2.1). The similar conditions (i.e. with p fixed) were imposed in
Bachoc et al. (2020): see Assumptions 8 and 9 therein. Note that condition (2.15) cannot
hold when m = p — . When p — o together with n, (2.14) and (2.15) ensure that the
estimated mixing matrix Q transforms X () into m independent subvectors; see Theorem
2.3.1 below. Recalling the definition of N in (2.6), we can see that the choice of kernels
should satisfy Assumption 2.3.3. This is the same for Bachoc et al. (2020).

Without the loss of generality, we assume that the p components of Z(-) are arranged in
the order such that the diagonal elements of matrix N in (2.6) are in the descending order.
This simplifies the presentation of Theorem 2.3.1 substantially.

Write W = ﬂvl/{wﬁJ as its spectral decomposition, i.e.
AW = diag(lw,la' o 7AW,]7>7

where Aw 1 > --- > Aw,, > 0 are the eigenvalues of W and the columns of the orthogonal

matrix Uy are the corresponding eigenvectors. Consequently,
[o=0"'0=0,2""%. (2.16)

Corollary 2.3.1 below shows that Qo= IA"Q N I,, when p is finite and m = p in

Assumption 2.3.3. To state a more general result first, put g; = p; — p;—1 fori=1,--- ;m (see
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Assumption 2.3.1), and

fg,n fQ.,lm
Q'0=Tg= , (2.17)

l—‘Q,ml 1—‘Q,mm

where submatrix I'q ;; is of the size g; x g;.

Theorem 2.3.1. Let Assumptions 2.3.1-2.3.3 hold. As n — o and p = o(n), it holds that

ITaill = 14+ 0,{n" 2p 2}, T quillmin = 14+ 0,{n " 2p?} 1<i<m, (2.18)

Tl = 0p{n"/?p'/?}, 1<i#j<m, and (2.19)
|Aw = All = 0p(n~12p!12), (2.20)
where A = diag(A1,--- ,A,), and A; are specified in Assumption 2.3.3.

Theorem 2.3.1 implies that f‘Q’i : 50 for any i # j. Hence the transformed process
Q'X(-) = TaZ(-) can only be divided into the m asymptotically independent random
fields of dimensions g, -, g, respectively. This is due to the lack of separation of the
corresponding eigenvalues within each of those m groups; see (2.14). On the other hand,
Theorem 2.3.1 still holds, under some additional conditions, if the components of Z(-) within
each of those m groups are not independent with each other. Then this is in the spirit of the
so-called multidimensional independent component analysis of Cardoso (1998). In practice,
one needs to identify the m latent groups among the p components of ¢ (+), which can be
carried out by adapting the procedures in Section 2.2 of Chang, Guo, and Yao (2018b). By
(2.20), AW will indicate how those eigenvalues are different from each other; see Assumption
2.3.3.

Note that Theorem 2.3.1 holds when either p is fixed and finite, or p/n — 0 as n — oo.
When p is fixed and m = p in Assumption 2.3.3, all lA“Q’,- ;j reduces to a scale and g; = 1. Then

Corollary 2.3.1 below follows from Theorem 2.3.1 immediately.



16 Blind Source Separation Over Space

Corollary 2.3.1. Let Assumptions 2.3.1-2.3.3 hold with m = p, and p be a fixed integer. Then
L,—Q7'Q| = 0,(n" /).

as n — oo,

A key condition in Corollary 2.3.1 for identifying all the columns of the mixing matrix is
that the eigengap defined as

remains bounded away from 0, which is implied by (2.15) when p = m is fixed. This condition
cannot be fulfilled when p diverges (together with n). To appreciate the performance of the
proposed procedure when p is large in relation to n, we present Theorem 2.3.2 below which
indicates that the mixing matrix can still be estimated consistently but at much slower rates
when the eigengap vy, decays to 0 provided p diverges to o not too fast; see Remark 2

below.
Assumption 2.3.4. limsup, ., vghn~1/2p!/2 =0.

Theorem 2.3.2. Let Assumptions 2.3.1, 2.3.2 and 2.3.4 hold. Denote by Yo ;; the (i, j)-th

entry of matrix fg. Then as n,p — oo, it holds that

Yoij = Op(n™'P2p vyl j—il™") for 1<izj<p, and  (222)
?Q,ii = 1+0p(”_1PV§a%+”_1/2P1/2) for i=1,---,p. (2.23)

Moreover, (2.20) still holds.

Remark 2. Note that A1 — 4, > (p — 1)vgap, and, therefore, veap = O( p~1). Thus it follows

from Assumption 2.3.4 that p = o(nl/ 3), 1.e. in order to fully identify the mixing matrix, p

1/3

cannot be too large in the sense that p/n'/> — 0.
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2.4 Numerical Illustration

2.4.1 Simulation

We illustrate the finite sample properties of the proposed method by simulation. We set
the dimension of random fields at p =3 and 50, and the sample size n (i.e. the number of
locations) between 100 to 2000. The coordinates of those n locations are drawn independently
from U (0,50)2. Both Gaussian and non-Gaussian random fields are used. Also included
in the simulation is the method of Bachoc et al. (2020). For each setting, we replicate the
simulation 1000 times.

The p-variate random fields X (-) are generated according to (2.1) in which Z; (-), -+ ,Z, ()
are p independent random fields with either N(0, 1) or ¢5 marginal distributions, and the

Matern correlation function

p(s) =27 (k)" (s/9)"Bx(s/9),

where k > 0 is the shape parameter, ¢ > 0 is the range parameter, I'(+) is the Gamma function,
and By is the modified Bessel function of the second kind of order k. We set different values
of (x,¢) for different Z;. More precisely k’s are drawn independently from U (0,6), and ¢’s
are drawn independently from U (0,2). The mixing matrix Q in (2.1) is set to be the p X p
identity matrix.

To measure the accuracy of the estimation for €, we define

(Ei<ipd?)'?  (Li<icpdd)'?

2 {
2p(\/ﬁ—1)j_zl maxi<i<p|dij| = maxi<i<pl|d;il

A

D(Q.0) =

20,
where d;; is the (i, j)-th element of matrix Q~'Q. As

p2 < max Jayl /(Y 43)' P <1

1<i<p
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it holds that D(Q,Q) € [0,1], and D(Q,Q) = 0 if & is a column permutation and/or column
sign changes of Q.
We set k= 101in (2.9), and

Iu(s) =1(en1 < |Is]] < cp), h=1,---,10, (2.24)

where 0 = cp < ¢| < - < c19 = o are specified such that for each h = 1,---, 10, {(s;,s;) :
1<i<j<n,cp_1 <l|si—sj|| <cp} contains the 10% of the total pairs (s;,5;), 1 <i< j<n.

The boxplots of D(€, Q) obtained in the 1000 replications are presented in Figures 2.1—
2.4. Estimations by the method of Bachoc et al. (2020) are computed using the R-function
sbss, provided in R-package SpatialBSS. In addition to the multiple kernel estimation, we
also compute the estimates with a single kernel, using each of the 10 kernels in (2.24),

For computing the multiple kernel method of Bachoc et al. (2020), we set the maximum
number of iterations at 2000. By using a single kernel, the method of Bachoc et al. (2020)
leads to almost identical estimates as those obtained by the proposed method (with the same
single kernel). Therefore we omit the detailed results.

Figures 2.1 — 2.4 and Tables 2.1 — 2.4 indicate clearly that both the methods with multiple
kernels outperform most of those with a single kernel, and the proposed method outperforms
the multiple kernel method of Bachoc et al. (2020) especially when p is large (i.e. p = 50).

The proposed method with multiple kernels performs about the same as that with the best
single kernel (i.e. Kernel 1 fj(-)). The accuracy of estimation improves with the increase
in the number of observations n, which can be seen as a decrease in D(Q,Q) in Figures
2.1-2.4. Among all single kernel methods, those using kernel f; perform the best, as those
estimations include the 10% nearest locations. Indeed the Matern correlation is the strongest
at the smallest distance. On the other hand, the performances for the Gaussian and the
non-Gaussian random fields are about the same. See Figures 2.1 & 2.2, and Figures 2.3 &
2.4.

The iterative algorithm for implementing the multiple kernel method of Bachoc et al.

(2020) is to solve a nonlinear optimization problem with p? parameters. When p = 50, it
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failed to converge within the 2000 iterations in some of the 1000 simulation replications.

The numbers of failures with n =100, 500, 1000 and 2000 are, respectively, 3,1,2 and 1 for

the Gaussian random fields, and 6, 3,3 and 1 for the non-Gaussian random fields. We only

include the results from the converged replications in the figures.

n=100
0.6- h
| | | | | | |
0.4 [ 1| 1 1 I | 1| 1 1 ]
0.2- [ ] L ] ] ] L ] ] 1 ]
Kernel 1 Kernel 2 Kernel 3 Kernel 4 Kernel 5 Kernel 6 Kernel 7 Kernel 8 Kernel 9 Kernel 10 Multiple Kernel
n=500
os I I | | | l | | !
0.4- [ ]| ] | I 1 ] I | | 1 ]
0.2- L ] L | [ ] [ ] [ ] L | L 1 | ] L |
0 0.0- . ! ! | ! ! ! ! ! ! ,
) Kernel 1 Kernel 2 Kernel 3 Kernel 4 Kernel 5 Kernel 6 Kernel 7 Kernel 8 Kernel 9 Kernel 10 Multiple Kernel B new
Q
o n=1000 & original
0.6- . l l | |
0.41 | 1 ] | | | ] | ] |
0.2- [ ] 1 I ] ] | ] I ]
0.0- . ! I f ! ! ! T ! ! .
Kernel 1 Kernel 2 Kernel 3 Kernel 4 Kernel 5 Kernel 6 Kernel 7 Kernel 8 Kernel 9 Kernel 10 Multiple Kernel
n=2000
0.6- ‘ | I | .
N R RN R BN
2" [ | L 1
0.0- , ! ! ! ! I ! ! ! ! ;
Kernel 1 Kernel 2 Kernel 3 Kernel 4 Kernel 5 Kernel 6 Kernel 7 Kernel 8 Kernel 9 Kernel 10 Multiple Kernel

kernel

Fig. 2.1 Boxplots of D(Q, Q) for the proposed method using the 10 kernels (new) in (2.24),

or each of those 10 kernels (Kernel 1, - - -,

Kernel 10), and the method of Bachoc et al. (2020)

using the 10 kernels (original) in a simulation with 1000 replications for the Gaussian random
fields. The number of observations »n is 100, 500, 1000 or 2000 (from top to bottom), and the

dimension of random fields is p = 3.

Kernel 1 2 3 4 5 6 7 8 9 10 Multiple(new) Multiple(original)
n=100 0.0814 0.2284 0.2707 0.2584 0.2594 0.2617 0.2542 0.2688 0.2619 0.2517 0.0933 0.1298
n=500 0.0248 0.1437 0.2019 0.2051 0.2042 0.1873 0.1830 0.1926 0.2076 0.2071 0.0327 0.0444
n=1000 0.0189 0.1124 0.1992 0.1782 0.1800 0.1746 0.1862 0.1803 0.1823 0.1887 0.0233 0.0324
n=2000 0.0164 0.1194 0.1870 0.1631 0.1686 0.1746 0.1533 0.1761 0.1701 0.1845 0.0204 0.0260

Table 2.1 Median of D(Q,Q) from the

proposed method using the 10 single kernels, or

multiple kernel(including all 10 ring kernels), and the method of Bachoc et al. (2020). using
the multiple kernel (multiple original) in a simulation with 1000 replications for the Gaussian
random fields. The number of observations n is 100, 500, 1000 or 2000 , and the dimension

of random fields is p = 3.
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Fig. 2.2 Boxplots of D(Q, fZ) for the proposed method using the 10 kernels (new) in (2.24),
or each of those 10 kernels (Kernel 1, - - -, Kernel 10), and the method of Bachoc et al. (2020)
using the 10 kernels (original) in a simulation with 1000 replications for the non-Gaussian
random fields. The number of observations # is 100, 500, 1000 or 2000 (from top to bottom),
and the dimension of random fields is p = 3.

Kernel 1 2 3 4 5 6 7 8 9 10 Multiple(new) Multiple(original)
n=100 0.0837 0.2377 0.2656 0.2579 0.2676 0.2664 0.2478 0.2503 0.2440 0.2531 0.0915 0.1194
n=500 0.0244 0.1526 0.2028 0.2001 0.2052 0.1998 0.1923 0.1964 0.2028 0.2107 0.0284 0.0424
n=1000 0.0178 0.1096 0.1767 0.1943 0.1868 0.1812 0.1741 0.1627 0.1885 0.1911 0.0215 0.0326
n=2000 0.0165 0.1230 0.1907 0.1765 0.1676 0.1663 0.1652 0.1625 0.1742 0.1818 0.0194 0.0293

Table 2.2 Median of D(Q,Q) from the proposed method using the 10 single kernels, or
multiple kernel(including all 10 ring kernels), and the method of Bachoc et al. (2020). using
the multiple kernel (multiple original) in a simulation with 1000 replications for the non-
Gaussian random fields. The number of observations » is 100, 500, 1000 or 2000 , and the
dimension of random fields is p = 3.



2.4 Numerical Illustration 21
n=100
0.30-
0.25- % % % 1 1 1 % % % % %+
0.20- ! ! | H
0.15- : : : v ; v : ; v ; v
Kernel 1 Kernel 2 Kernel 3 Kernel 4 Kernel 5 Kernel 6 Kernel 7 Kernel 8 Kernel 9 Kernel 10 Multiple Kernel
n=500
0.30- +
0.20- % H
o 0.15- : : : : : : : v v ? —
§ Kernel 1 Kernel 2 Kernel 3 Kernel 4 Kernel 5 Kernel 6 Kernel 7 Kernel 8 Kernel 9 Kernel 10 Multiple Kernel £5 new
Qm‘ n=1000 B3 original
0.30-
0.251 # $ % % % % % 1 % +
0.15- : : : : : : : v v ] .
Kernel 1 Kernel 2 Kernel 3 Kernel 4 Kernel 5 Kernel 6 Kernel 7 Kernel 8 Kernel 9 Kernel 10 Multiple Kernel
n=2000
0.30-
0.25- % ¥ % % t ! ! %E _%_ E
0.20- % I i S 1 %
0.15- : : : v ; v : ; ; ; v
Kernel 1 Kernel 2 Kernel 3 Kernel 4 Kernel 5 Kernel 6 Kernel 7 Kernel 8 Kernel 9 Kernel 10 Multiple Kernel
kernel

Fig. 2.3 Boxplots of D(Q, ) for the proposed method using the 10 kernels (new) in (2.24),
or each of those 10 kernels (Kernel 1, - - -, Kernel 10), and the method of Bachoc et al. (2020)
using the 10 kernels (original) in a simulation with 1000 replications for the Gaussian random
fields. The number of observations # is 100, 500, 1000 or 2000 (from top to bottom), and the
dimension of random fields is p = 50.

Kernel 1 2 3 4 5 6 7 8 9 10 Multiple(new) Multiple(original)
n=100 0.2337 0.2404 0.2433 0.2438 0.2442 0.2442 0.2418 0.2408 0.2405 0.2394 0.2308 0.2339
n=500 0.2295 0.2348 0.2375 0.2378 0.2373 0.2377 0.2356 0.2356 0.2355 0.2369 0.2153 0.2276
n=1000 0.2247 0.2300 0.2326 0.2343 0.2331 0.2323 0.2313 0.2313 0.2321 0.2346 0.2059 0.2228
n=2000 0.2207 0.2254 0.2285 0.2303 0.2293 0.2288 0.2275 0.2275 0.2286 0.2310 0.1993 0.2184

Table 2.3 Median of D(Q,Q) from the proposed method using the 10 single kernels, or
multiple kernel(including all 10 ring kernels), and the method of Bachoc et al. (2020). using
the multiple kernel (multiple original) in a simulation with 1000 replications for the Gaussian
random fields. The number of observations » is 100, 500, 1000 or 2000 , and the dimension
of random fields is p = 50.
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Fig. 2.4 Boxplots of D(Q, ) for the proposed method using the 10 kernels (new) in (2.24),
or each of those 10 kernels (Kernel 1, - - -, Kernel 10), and the method of Bachoc et al. (2020)
using the 10 kernels (original) in a simulation with 1000 replications for the non-Gaussian
random fields. The number of observations # is 100, 500, 1000 or 2000 (from top to bottom),
and the dimension of random fields is p = 50.

Kernel 1 2 3 4 5 6 7 8 9 10 Multiple(new) Multiple(original)
n=100 0.2332 0.2391 0.2425 0.2429 0.2425 0.2425 0.2417 0.2393 0.2390 0.2383 0.2295 0.2336
n=500 0.2292 0.2331 0.2363 0.2374 0.2369 0.2369 0.2359 0.2348 0.2352 0.2372 0.2143 0.2278
n=1000 0.2250 0.2305 0.2324 0.2338 0.2338 0.2327 0.2317 0.2312 0.2328 0.2341 0.2059 0.2228
n=2000 0.2203 0.2249 0.2281 0.2296 0.2292 0.2281 0.2269 0.2277 0.2288 0.2303 0.1990 0.2172

Table 2.4 Median of D(Q,Q) from the proposed method using the 10 single kernels, or
multiple kernel(including all 10 ring kernels), and the method of Bachoc et al. (2020). using
the multiple kernel (multiple original) in a simulation with 1000 replications for the non-
Gaussian random fields. The number of observations » is 100, 500, 1000 or 2000 , and the
dimension of random fields is p = 50.

The estimated eigengaps for the proposed method for the Gaussian random fields are

presented in Figures 2.5 and 2.6. As n increases, the eigengap also increases. Under low-

dimensional setting p = 3, the estimates based on single kernel f; entail the largest eigengaps

and the smallest estimation errors D(Q, Q) (see also Theorem 2.3.2). However when p = 50,

using the multiple kernels leads to the largest eigengaps and the smallest estimation errors.
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The patterns with the non-Gaussian random fields are similar and not reported here to save

space.
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Fig. 2.5 Boxplots of the estimated eigengaps of the proposed method using the 10 kernels
(Multiple kernels) in (2.24), or each of those 10 kernels (Kernel 1, - --, Kernel 10) for the
Gaussian random fields. Number of observations # is set at 100, 500, 1000 and 2000, the
dimension of random fields is p = 3.
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Fig. 2.6 Boxplots of the estimated eigengaps of the proposed method using the 10 kernels
(Multiple kernels) in (2.24), or each of those 10 kernels (Kernel 1, ---, Kernel 10) for the
Gaussian random fields. Number of observations 7 is set at 100, 500, 1000 and 2000, the
dimension of random fields is p = 50.
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2.4.2 A Real Data Example

We apply the proposed method to the moss data from the Kola project in the R package
StatDa (See P. Filzmoser and M. P. Filzmoser (2015)). The data consists of chemical
elements discovered in terrestrial moss at the 594 locations in northern Europe; see the map
in Fig.D.1 of Bachoc et al. (2020). More information on the data is presented in Reimann
et al. (2011). Following the lead of Nordhausen et al. (2015) and Bachoc et al. (2020),
we apply the so-called isometric-log-ratio transformation to the 31 compositional chemical
elements in the data. The transformed data are used in our analysis with n = 594 and p = 30.
We standardize the data first such that the sample mean is 0 and the sample variance is 3.

We apply the proposed estimation method with 10 kernels specified as in (2.24). The
scores of the first six independent components (IC), corresponding to the six largest eigenval-
ues of W (see Table 2.5), are plotted in Figure 2.8; showing some interesting spatial patterns.
For example, the 1st IC can be viewed as a contrast between the locations in the west and
those in the east, and the 2nd IC is that between the north and the south. To check if the
proposed estimation method has effectively removed the correlation between components, we
visualized the correlation matrix of the original dataset and the processed dataset, presented in
Figure 2.9. As the figure shows, the correlation matrix on the right is blank for non-diagonal
elements, suggesting that there are no correlation between any two different components.
On the left, the pairwise correlation is easily observable among almost any two different
components. This figure clearly displayed the ability of our proposed method to remove
dependence among components.

Figure 2.10 displays the absolute correlation coefficients between the first twelve ICs and
those obtained in Nordhausen et al. (2015) which was referred as ‘gold standard’ by Bachoc
et al. (2020). While the ICs derived from the two methods differ from each other, the two
sets of ICs correlate with each other significantly. For example the correlation between the
1st IC derived from our new method and the 2nd IC obtained in Nordhausen et al. (2015) is
0.92. Note that the ‘gold standard’estimation was obtained using the kernel specified with
the relevant subject knowledge. In contrast our estimation is based on the multiple kernels

defined generically in (2.24).
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i 1 2 3 4 5 6

A

Ai | 1136.50 877.59 44421 161.34 126.16 81.13
Table 2.5 The six largest eigenvalues of W (with k = 10) for the real data example.
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Fig. 2.7 The estimated eigengaps A; = i,-_l — A fori= 7,---,30 on real data example from
proposed method with multiple kernel.

The six largest eigenvalues of W are listed in Table 2.5. The eigengaps A; = /Al,-,l — i,-
fori="7,---,30 are plotted in Figure 2.7. It is clear that the eigengaps among the 13 largest
eigenvalues are large. Based on Theorem 2.3.1, we have

. - I I
O lQ=Tq=[ > 2], (2.25)

fQ,ba f‘Q.,bb
where I 4, is a 12 x 12 matrix satisfying ||['q 4 — I12|| = O,(n~'/?p'/?). Theorem 2.3.1
also shows that ||T'q .|| = 0,(n12p'/2), |Fqpall = Op(n='/2p'/2) and ||[Taum| =1+
0, (n_l/ 2 pl/ 2). Thus, we are reasonably confident that the estimated first 12 ICs are reliable.
Moreover, we rewrite Q' Q as

TwE0y = Q70 = (2.26)
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2.4 Numerical Illustration

6.62 and 1r(Q Q) = 8.89 by calculating.

(Qaa>
Thus, the major variation of the 30 variables are largely reflected by the 12 largest ICs.

where Q,, is a 12 x 12 matrix. We gain tr

B'.o-.o- .

Pl

Fig. 2.8 The scores of the first six independent components over the 594 observation locations.



28 Blind Source Separation Over Space

CrAMIDONPIOCNOTDONDDO

SS2328582555555555599599S89S82 CamTnonnTNRIROEe28 AR RYRNERS

—~ = 1 [SRCRCRCRORORSRORORORONORORORONORO RO RO NG [SRSRORORSRORONG]

Vi @ o oo D oejo<fo[-[-|[I] ' = @ @ T T TETEEEEEESESEEEEEEEEEESEEEEEEEESES
V2@ . c1 @ !
i@ 08 Ic2
V4 @0 o 0ce000 LX) ) 3 °
V5 ° ° c4 08
V6 0e@® o o-°0000 0000 *0 06 IC.5 .0
V7 @ o IC6 o
\% e o C X000 0 Ic7 ® 08
Vo Ic.8 )
Vio @0 0@ ® ®eece o ° 04 Ic.9o ) -
Vit e ° ° IC.10 o
V12 e 0 00000 ® 02 IC.11 [ ]
V13 00 2000 EY ) IC.12 o .
V14 0000 0 -0 00 IC.13 [ )
V15 o @ 00° 00 ° 0 IC.14 o
V16 ° IC.15 ° 0
V17 ® ° 1C.16 ..
Vit 00 :0:0 - @ O 0000 00000 o e o2 =T
vig 0:0 0 0:0000 00:-00 ° c.18 ® 02
V20 ° o o o 00 ° 018 ..
V21 o @cle 0°0 c00c@0 o @ 4 G5 S
V22 0°® © 0°0000 00:°00 00 Co2 ° 0.4
V23 L) IC.23 [
V24 @ ° @ o 06 IC.24 ®
V25 ® IC.25 ) o8
V26 @ '@ o IC.26 )
V27 0R0 00 o Ic.27 [ ]
V28 0 o 0 08 16.28 ® 08
V29 0 0 ° (] IC.29 o
V30 o @ o eocc0000 0000 [ ] IC.30 @

Fig. 2.9 Correlation Matrix between 30 components over 594 observation locations. The
unprocessed data is on the left, and the BSS Over Space processed data is on the right.
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Fig. 2.10 The absolute correlation coefficients between the first 12 independent components
derived from the proposed method (New) and those obtained in Nordhausen et al. (2015)
(Original).
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Supplementary Material

We provide the proofs of Theorems 1-2 in Appendix A.1. We also provide an additional

example for simulations in Appendix A.2.






Chapter 3

Permutation Tests for Identifying
Number of Factors for High-Dimensional

Time Series

3.1 Introduction

With the technological advancements over the past decade, high-dimensional time series data
have become increasingly important and accessible. This type of data is now prevalent across
various industries, including finance, climate science, biology, and many others. Given the
high dimensionality p, traditional multivariate methods may not be suitable for analyzing such
large-scale data. When p is large, the number of parameters required by traditional tools, such
as vector autoregressive models, can grow on the order of p?. As a result, dimension reduction
becomes essential. To address this challenge, numerous methods have been developed, which
can be broadly classified into two categories: summarizing and extracting. An example of
a summarizing method is the Principal Component Analysis (PCA) method, proposed by
Wold, Esbensen, and Geladi (1987). PCA reduces dimensionality by transforming the data
and identifying the first few principal components that capture the majority of the variability

within the dataset. While summarizing methods like PCA effectively compress the data and
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reduce its dimensionality, the interpretability of the resulting components can be challenging,
as these components may not have a clear or direct interpretation.

On the other hand, the second class of dimension reduction methods is based on the idea
that the variation across p variables can be modeled by a smaller set of underlying variables.
These methods assume the existence of a latent structure and reduce the dimensionality
of the data by uncovering this low-rank structure. A typical approach in this category is
factor modeling, where the p observed variables are assumed to be linear combinations of
unobserved latent components, referred to as factors. For instance, in finance, Fama and
French (1993) introduced a three-factor model for asset pricing, and subsequently, other asset
pricing models with different numbers of factors have been proposed, such as the five-factor
model introduced by Fama and French (2015). Other examples of factor modeling can be
found in psychology (e.g. personality tests) and genetics research.

While many factor models determine the number of factors based on prior knowledge
(e.g. the three-factor model in Fama and French (1993)), there are situations where little is
known about the underlying latent structure, and the true number of factors must be identified
solely from the observations. In such cases, various methods have been developed. Bai and
Ng (2002) proposed a model selection approach, where the number of factors is estimated by
solving an optimization problem, incorporating penalty terms to prevent overfitting. Another
frequently used approach involves examining the rank of the factor loading matrix, which
captures the linear relationship between factors and observed variables. For instance, Lam
and Yao (2012a) introduced a ratio-based estimator for determining the number of factors,
which is derived through eigenanalysis of a nonnegative definite matrix.

In this chapter, to address the limitations of ratio-based estimators, we introduce a new
estimator based on the concept of permutation testing. Our approach follows the factor model
framework proposed by Lam and Yao (2012a).

The remainder of the chapter is organized as follows: Section 3.2 provides a detailed
description of the factor model and introduces the concept behind our proposed estimator.
Section 3.3 explains the Permutation Testing procedure and discusses its significance level.

Section 3.4 presents simulation results that demonstrate the advantages of our estimator over
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the ratio-based estimator proposed by Lam and Yao (2012a) across five different settings.
Section 3.5 presents an analysis of real data using our proposed estimator. Finally, Section

3.6 concludes the chapter and outlines potential directions for future research.

3.2 Factor Model Theoretical Framework

3.2.1 Introduction to Factor Model

Let y;,t > 1, be a p x 1 time series. In factor model, it is assumed that y; consists of 2
components: a dynamic time series x; with lower dimension, which is called the factors, and

a static component &, which is seen as noise. More precisely, we assume:

yr = A Xt + & , (31)
(px1)  (PXN)(rx1)  (px1)

where x; represents the latent factor time series with dimension r, and r denotes the number
of latent factors, which is also unknown, and is independent of p and n. A represents the
unknown factor loading matrix, and & ~ WN(L,X,) is a vector white-noise process with
no temporal correlation. Under this model, the dynamics of y; is driven by that of the latent
process x; with much smaller dimension, i.e. r < p. In such case, the decomposition of y,
using factor model can be seen as an effective dimension reduction procedure.

In model (3.1), we could only observe y;, and there is no information on how changes
in factors x; are reflected on observation y;, which is described in the factor loading matrix
A. The extent of influence from factors to observation via factor loading matrix is called
factor strength. A factor is typically considered "strong" if the norm of its corresponding
factor loading vector in factor loading matrix A is large, which means the factor explains
a significant portion of the variance of the observed data. Conversely, a "weak" factor has
a smaller factor loading, and thus, its contribution to the overall variance is minimal. The
strength of a factor is quantified by its loading matrix. We define factor strength in the

following way:

Definition 3.2.1. Factor Strength:
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Leta=<aifa= 0(a) and a = O(a), assume that for A = (ay,...,a,),

la;|3=p'=% j=1,...,r,

where §; € [0,1] is a measure of strength of factor x; j.

If the factor loading vector has a large magnitude, meaning that 8; = 0, the corresponding
factor x; ; will have the strongest influence on y; via factor loading matrix A, and we call x; ;
strong factor. When &; > 0, we call the corresponding x; ; as weak factor. The smaller §;
indicates the stronger factor strength of x; ;. The key to understanding factor strength is the
relative comparison of factors’ contributions. Though by definition, a factor x; ; is not strong
unless ; = 0, yet it is not necessarily "weak" in an absolute sense. Whether it is weak or not
depends on the specific context and the magnitude of the §; relative to other factors. § >0
suggests that the factor contributes less compared to a factor with 8 = 0. However, it still
could explain some portion of the variance in the data.

For the factor loading matrix A, there exists another challenge related to identifiability.
On the right-hand side of model (3.1), the pair (A, x;) can be replaced by (AH,H 'x;) for
any invertible matrix H, while y; remains unchanged. Since x; is not observable, the factor
loading matrix A is not uniquely identifiable. To overcome this issue, one common approach
is to estimate the r—dimensional linear space . (A) spanned by columns of A, which is
uniquely defined. For any invertible matrix H, we have .# (A) = .# (AH). Based on this,

we may set the following assumption on factor loading matrix A:
Assumption 3.2.1. Factor loading matrix A has rank r, and AT A =1,.

Assumption 3.2.1 can be satisfied easily. If the rank of A is not r, model 3.1 would be
expressed in a different v/, where r’ # r instead. The second part of Assumption 3.2.1 is for
the uniqueness of the factor loading matrix and factor components. Since the pair (A, x;) can
be replaced by (AH,H™'x;) for any invertible matrix H, we can always find an H, such that
(AH)" (AH) = I,.. Thus, having Assumption 3.2.1, we could obtain a unique factor loading

matrix A, therefore defining a unique factor process x; as well.
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3.2.2 Estimating Factor Loading Matrix A and Number of Factors r

Our objective is to identify the number of latent factors r. The main idea is to utilize the
information from decomposing the covariance matrix of Y via eigenanalysis. First, the

following assumptions are made:
Assumption 3.2.2. x; is weakly stationary.
Assumption 3.2.3. Cov(x;, &) = 0 for any k > 0.

Assumption 3.2.2 on factors x; is common among literature for factor modeling on time
series, and Assumption 3.2.3 assumes that future noise has no correlation to factors at current

time ¢. Define the covariance matrix for y;, x;, & in model (3.1) in the following form:

Zy(k) = COV()’H-k;)’t), zx(k) = COV(XH-k,Xt),

Yie(k) = Cov(xiip, &)

(3.2)

From (3.2) and factor model (3.1) above, we could build connection among covariance

matrices of observation y;, the latent factors x; and noise & as:

E(k) = AL () AT + AT, (k), k> 1. (3.3)

To gather information from covariance matrix of Y over multiple lags (up to predeter-
mined lag m), we would need to prevent cancellation of information among them, thus we

introduce the following non-negative square matrix:
m
M=Y (k)" m>1. (3.4)
k=1

Further, define matrix B to be an p x (p — r) orthogonal matrix that, combining columns
of the factor loading matrix A and columns of B would create a p x p orthogonal matrix.
Hence, B'B = I, ,and A'TB=0. Following from (3.2) and the definition of matrix B, we

could reach the result that:
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(AT +AZ (k)] "B

||M§ I M§

(AT +Z(k)]"ATB

I
e

(3.5)

Note that matrix B is orthogonal, therefore MB = 0 implies columns of B can be seen as
eigenvectors of M corresponding to zero-eigenvalues. Since matrix B has (p — r) columns,
we could argue that M has r non-zero eigenvalues, which matches the number of columns

for matrix A. Therefore, we could reach the following conclusion:

Eigenvectors of M, which corresponds to non-zero eigenvalues, can be taken as
columns of factor loading matrix A. The uniquely defined linear space .# (A) is

spanned by eigenvectors of M which corresponds to non-zero eigenvalues.

Note that k = 0 is not included in equation (3.3). Because at k = 0, Cov(&.,&) =

Var(g&) # 0, and we would have the following result instead:
T, (k) = AL (k)AT + A (k) + Cov(g 14, &),

which would make MB = 0. Consequently, equation (3.5) would be invalid, which is not
desirable.
To estimate the number of factors r, we perform eigendecomposition on sample version

of M:

(3.6)
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With the eigenanalysis approach, the most direct way of estimating number of factors r
would be to count the number of non-zero eigenvalues of M. However, due to randomness
within M, the zero eigenvalues of M might not be exactly O in M. To overcome this issue,
one popular approach is to list out all estimated eigenvalues of M in the descending order,
and find the position where the estimated eigenvalues is significantly closer to O than the
previous eigenvalue. Based on this idea, some methods for estimating number of factors have

been proposed. For example, Lam and Yao (2012a) proposed a ratio-based estimator:

A

. . A
PRatiol = argmin ——, (3.8)
1<i<R A

whered; > ... > ij are eigenvalues from M, and r < R < p is a pre-specified constant.
They look for the minimum of ratios of eigenvalues to identify the first zero eigenvalue.
This method has a strong performance in general, yet when factors are weak and factor
strength level varies (; # 8;,i # j), the factor loading matrix A carries only limited amount
of information about factors x;, it might not be able to provide good estimations consistently.

To be more specific, for their proposed estimator in (3.8) to perform, Lam and Yao
(2012a) sets the condition of §; = § for all j € (1,...,r), which means all r factors have

same strength. In the case of multiple factor strength levels, they updated the factor model as

ve=Ax+& =AY + A 1 g, (3.9)

where xt(l) consists of 7 factors of same strength & (U, and xt(z) consists of r, factors of same

strength & (2). Based on this model, they proposed a two-step ratio test. The estimation

procedure is described as:

1. Use 7rario1 to obtain an estimation on number of factors 7; and corresponding factor

loading matrix A ;.

2. Perform the ratio-based estimation again on y; = y; — A 1A1Ty, to obtain another esti-

mation on number of factors 75.

3. The two-step estimation on the total number of factors 7rgsip2 = 71 + 2.
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The two-step approach is suitable for the case where factors have two factor strength levels.
However, choosing between the one-step and two-step method requires prior knowledge. If
there is only one factor strength level and we used the two-step method, while 7, shall be 0,
the minimum output from a ratio-based estimator is 1, thus 7g4io> Will overestimate the true
number of factors. We conclude that, the one step estimator 7gqjo1 could only work if ; = &
forall j € (1,...,r), while the 2 step estimator 7gus;,p only works if i, j € (1,...,r)s.t.8; #
0j,i # J.

The prior knowledge required on factor strength to select the better model is not ob-
servable. We propose a new method which does not require knowledge on factor strength.
Define:

= (vi,...,vp), (3.10)

where (vy,...,V,) are eigenvectors of M in descending order of corresponding eigenvalues.
Since matrix I' includes all eigenvectors of M, it can be seen as a combination of the
factor loading matrix A and matrix B, as eigenvectors corresponding to non-zero and zero

eigenvalues are included. Further, define:

z=TTy,. (3.11)

Ignoring the error term, using I" as the factor loading matrix to recover the factors would
give us a vector time series z; with p components, where both factors and noise are included.
Since only the first r eigenvalues of M are non-zero, the first r columns of I could be seen
as an approximation to the factor loading matrix A. Therefore, we would expect the first r
components of z; to display serial dependence, and the remaining p — r components to be
white noise. Hence, the estimation on number of factors r becomes the estimation of the
number of components in z; with serial dependence. To test for serial dependence of a time

series, we introduce a non-parametric permutation testing procedure in the next session.
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3.3 Permutation Testing for Serial Dependence in Time

Series

When testing for serial dependence in time series, one common tool is the hypothesis test.
Let Z = (Z,...,Z,) be a univariate time series, we define the null and alternative hypotheses

as:
* Hy: Z is white noise, with no serial dependence.
* Hy: Z is not white noise, and has serial dependence.

In hypothesis testing, we aim to reject the null hypothesis Hy in favor of the alternative
hypothesis Hy, thereby proving the existence of serial dependence within the tested series,
if there is sufficient evidence. Based on this concept, numerous parametric tests have been
developed. Some prevalent examples include the work by Box and Pierce (1970) and Ljung
and Box (1978). Under null hypothesis, the test statistic for these parametric tests follows a
chi-squared distribution. However, these tests typically rely on conditions involving finite
moments to construct a valid distribution for the test statistic. A common assumption is finite
variance, £ (xz) < oo, as discussed in Box and Pierce (1970) and McLeod (1978). Further,
Fisher and Gallagher (2012) introduced a weighted Portmanteau statistic, which, under the
assumption E (x3) < oo, converges to a standard normal distribution after standardization, in
addition to the chi-squared distribution result under finite variance. These assumptions are
crucial for interpreting the test results and determining the significance level.

In contrast, we propose a non-parametric method that uses an empirical distribution
derived from a large number of permutations, making it non-parametric and free from
reliance on these moment conditions. This flexibility ensures that our test is robust and can
be applied in situations where the assumptions of traditional parametric methods may not
hold, offering valid inference without the need for finite moment assumptions. Thus, the
permutation test provides a more universally applicable and robust alternative to traditional

serial dependence tests.
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3.3.1 Permutation Testing Framework

Permutation testing is a well-known non-parametric method that is relatively easy to imple-
ment. The core idea is to generate new series from the observed series Z,,; via permuting
the observations Z,,s = Z1,...,Z,, and apply a test statistic 7(-) on each of the permuted
series. This generates an empirical distribution of the test statistic, from which the p-value
is calculated. There have been related studies applying permutation testing to time series
data. For example, Romano and Tirlea (2022) proposed a permutation testing procedure and
derived the permutation distribution under their framework. In our work, we simplify this
setting by focusing on the non-parametric aspects of permutation testing and demonstrate
that our proposed procedure can control the Type I error (i.e., the probability of incorrectly
rejecting the null hypothesis) at the desired level o.

The goal is to test whether the observed series is white noise. One commonly adopted

measure for checking serial dependence is the autocorrelation:

_ Cov(Ziix,Zi)  E((Zi — ) (Zisk — Mrik)]
Pr = - 2 )
Var(Z;) E(Z: — 1)

(3.12)

where k is the lag k for p to be computed on. i, is the population mean for Z;, and ;¢ is
the population mean for Z; ;. The sample autocorrelation is defined as:
(2 —2)(Z i~ 2)

_ 12
5, = == t . Z=-Y 7z, (3.13)
P Y (Z—2) Z

where Py is the sample correlation at lag k, n is the total number of observation, and Z is the
sample mean. Based on sample autocorrelation, the hypothesis for testing serial dependence

18 defined as follows:

Ho:pr=0 forallk>1, wvs. Hp:3k>1s.t.p#0. (3.14)

Next, we introduce the idea of permutation testing for the above hypothesis. First, we

define :
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Definition 3.3.1. Permutation Function
Let w be a permutation function defined on R". For a time series Z = (Z,...,Z,) , there
exists at most n! unique permutations, denoted by (wy,...,wn). Denote the permuted series

by Zy; = (Zyy,(1)s -+ s Zuwi(n) ), Where i € (1,...,n!).

The permutation testing procedure is as follows: Given a time series Z = (Zy,...,Z,), let
T(-) be a test statistic, w be the permutation function defined above. For each i € (1,...,n!),
let Z,, = (Zwl.(l), . 7Zw,-(n)) represent a permuted series based on Z. We then calculate the
test statistic for each of the n! permuted series, which gives a sequence of test statistics

T(Zy,),...,T(Zy, ). The p-value of the test is defined as:

YU {T(Z,,) > T(Z)}
n!

p= , pelo,1]. (3.15)

The p-value is the proportion of the permuted series where its test statistic is as extreme
as, or more extreme than the test statistic of the observed series Z. By comparing p-value
with the pre-determined significance level o, we decide whether to reject or fail to reject
Hp. The test statistic we choose is the weighted Ljung-Box test statistic from Fisher and

Gallagher (2012), defined as:

—k+1 pf
m n—k’

o m
T(Z)=n(n+2) ) (3.16)
k=1
where Py, is the sample autocorrelation of the observed series Z at lag k, and m is the maximal
lag we are interested in.
To perform a permutation test, it is essential to verify that the observed series is exchange-

able under the null hypothesis. Exchangeability is defined as follows:

Definition 3.3.2. Exchangeability of Random Variables

A sequence of random variables (Z,,...,Z,) is said to be exchangeable if the joint
distribution of (Z,,...,Z,) is equal to the joint distribution of any random permutation
W,'(Zl, NN ,Zn).'

(Z1- . Z) L (WilZi,. .., Zy)),
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where i€ (1,...,n!).

If the observed series to be tested satisfies exchangeability under Hy, then the significance
level (i.e., probability of rejecting Hy when Hj is true, also known as Type I Error) can be
controlled at a pre-determined level . To fulfill this requirement, we make the following

assumption:

Assumption 3.3.1. Under Hy, the variables (Zy,...,Z,) within the observed series Z, are

independent and identically distributed, and Z is exchangeable.

Naturally, we would prefer to deplete all possible permutations of Z and perform n!
permutations. However, n! is often too large, and calculating the test statistic for all n!
permuted series will be computationally expensive. In practice, when n! is too large, we are
limited to perform only a smaller number of permutations L, where L < n!. The corresponding

p-value p for having L permuted series is defined as:

Definition 3.3.3. p-value with the number of permutation smaller than n!:
For a seriesZ = (Zy,...,Zy), let T(-) be a test statistic, let w be the permutation function,
and Z,,; be a permutation on Z, where j € 1,...,L and L <n!. Define the function pr

satisfying:
14Yh T, 2 T(2)} |

h — 1]

Note that for p;, the denominator and the numerator include an additional "+17". his is
because the observation itself is treated as one of the permutations. When using a limited
number of permutations, n! is typically very large, making it unlikely that any permuted

series will be identical to the observed series within the L permutations.

3.3.2 Significance Level for the Permutation Test

The significance level of a hypothesis test refers to the probability of committing a Type I
Error, which occurs when we reject the null hypothesis Hy while it is actually true. Ideally,
given a pre-determined significance level a € [0, 1], the hypothesis testing procedure should

control the probability of making a Type I Error at . In this section, we show that under
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the null hypothesis Hy, the proposed permutation testing procedure for detecting serial

dependence within a single time series controls the significance level at the specified level o.

Theorem 3.3.1. Significance Level of Permutation Test
Let Assumption 3.3.1 hold. For any significance level o € [0, 1], the proposed permutation

testing procedure controls probability of committing Type I Error at the desired level Q.

When the size of observed series n is large, it’s computationally difficult to use all n!
possible permutations for the test. Thus it’s necessary to study by scenario, where 1) we
use all n! permutation of the observed series, and 2) we use L < n! permutations of the
observed series. In the following sections, we will show that the proposed permutation

testing procedure controls type I error at the desired significance level for both scenarios.

3.3.2.1 Significance Level of Permutation Testing Using n! Permuted Series

In this section, we provide a proof for the significance level of the proposed permutation
testing procedure when using all possible permutations of the observed series Z. The main
idea of the proof is to construct the empirical distribution of the selected test statistic and
evaluate the probability of committing a Type I Error using this constructed empirical

distribution. To begin, we define the permutation distribution for any test statistic as follows:

Definition 3.3.4. Permutation Distribution
Let T : R" — R be a test statistic on the series Z = (Z1,...,2Zy), let wy,...,wy be the
n! permutations of the observed series. Define the permutation distribution of test statistic
t € Rto be:
. 1 & .
F)==Y HT(Zw) <1}, F():R—[0,1].
n!
i=1
The permutation distribution F7(¢) is constructed based on the empirical distribution of

the test statistic, conditional on the observed series Z = (Z,...,Z,), and has the following

properties:

1. F(t) is non-decreasing and right continuous w.r.t test statistic 7.

A

2. 1limy,_o F (1) = 0.
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3. limy e F(f) = 1.

Therefore, F'(¢) can be seen as a probability distribution function, and we may define its

inverse as

where a € [0, 1] is the pre-specified significance level. Based on the permutation distribution

we have constructed above, we could proceed to prove the following lemma:

Lemma 3.3.1. Significance Level of Permutation Testing (with n! permuted series)
For a permutation test using n! permuted series, the probability of committing a type |

error (falsely rejecting Hy) is less than or equal to the significance level o:
P(Rejecting Hy|Hy True, Z1,...,7Z,) < .

Proof. Given that Hy is true, committing a Type I Error is equivalent to rejecting the null
hypothesis Hy, which which occurs when the p-value from permutation testing is below the
significance level . Under the condition that the series Z = (Zy,...,Z,) is fully observed,
the test statistic 7'(-) for all n! permuted series of Z should follow a uniform distribution.

Based on this conclusion, we have:

P(Re jecting Hy|Ho True) = P(p < o|Ho, Z1,. .., Zy)

- IP’(% Z 1{T(Z,,) > T(2)} < a|Hy,Z,....Zy)
n! =~

=P(1-F(T(2)) < a|Ho, Z1, .-, Zy)
=P(F(T(2)) > | — a|Ho, Zy,...,Zy)
<o

P(Rejecting Hy|Hyp True) < c.

Under the condition that the test statistic is uniform, using the properties of empirical

distribution, we could derive that the probability for 7' (Z) to be larger than or equal to the (1 —
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o )-th quantile of the empirical distribution is less or equal to o, and under Exchangeability
Assumption 3.3.1, T(Z) follows F unconditionally on Zi,...,Z,, thus we could draw that

condition and finish the proof. [

3.3.2.2 Significance Level of Permutation Testing Using Less Than ! Permuted Series

In this sub-section, we discuss the case where we did not deplete all possible permutation

of Z to perform permutation test (i.e., use L < n! permuted series). For the observed series

Z=(Z,...,Z,), define permutation distribution when using less than n! permuted series as:
1 & .
= z;HT(ZW,) <1}, F(t):R—1[0,1]. (3.17)

Let significant permuted series to be those permuted series with test statistic larger than
that of the observed series (i.e. T(Z,,) > T(Z)). Define the function for finding number of

significant permuted series among all permuted series to be:

= iﬂ{T(Zwl-) >T(Z)}, (3.18)
i—=1

and the function when using less than n! permutations to be:
L
Z T (Zy;) > T(Z)}, (3.19)

where g7(Z) : R" — (1,...,L), and ¢(Z) : R" — (1,...,n!). The function ¢ and g, gives
the number of significant permuted series. Under Hj, we may derive the distribution of ¢, as

shown in the following proposition:

Lemma 3.3.2. Distribution of q under H

Given an observed series Z = (Z,,...,Zy), under Hy, for any integer g € (1,...,n!),

P(g(Z2) =g) = —-. (3.20)
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Lemma 3.3.2 shows that, the probability of finding exactly g significant permuted series
is a constant, regardless of the value that g takes. Hence we can say that ¢(Z) is uniformly
distributed on [1,n!].

For Lemma 3.3.2 to hold, we need to introduce an assumption on uniqueness of the test

statistic in permuted series.

Assumption 3.3.2. Uniqueness of Test Statistic
Let T (-) be any sample-autocorrelation-based test statistics, For any pair of different permu-

tations on the observed time series:

T(Zy) #T(Zy,), ihe(l,...n), i#h,

This uniqueness assumption ensures that the test statistic for different permuted series
will be distinct, meaning no two distinct permuted series will have identical test statistics.
This assumption is likely to hold for any test statistic based on the sample autocorrelation py,
because permuting the series changes its autocorrelation structure, thereby altering py. The
numerator of Py, as given in (3.13) directly links to the temporal ordering of the series. When
the series is permuted, the values at time ¢ no longer interact with those at time 7 + kin the
same way, leading to different values for p;. Therefore, Assumption 3.3.2 is likely to hold.

Now, we are ready to prove Lemma 3.3.2:
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Proof. Write out LHS of equation (3.20) using all permuted series of the observed series:

Pa) =) =Py Falzn) = aan
_ %ip(q(zwi) —¢) (3.22)
- %:lm{q@w,-) ~ ) (323)
_ %E(; 1{q(Zy,) = g}) (3.24)
= %E@l ﬂ{h"il UTw(Z0) 2 TZ) =g})  (329)

To evaluate the RHS of the last line from above, it’s important to construct an interpreta-

tion towards the following part:

n!

E(g]l{

KT (wa(Zw;)) 2 T(Zw)} = 8})- (3.26)
= h=1

To start with, consider the inner indicator function

n!
Y KT (wi(Zw,) > T(Zy,)} =g (3.27)

h=1
In equation 3.27, Z,,.,i € (1,...,n!) is a permuted series from the observed series Z,
and wy(Zy,),h € (1,...,n!) is a permutation of the permuted series Z,,, and we refer to

them as twice-permuted series. LHS of equation 3.27 counts the number of significant
twice-permuted series, which is defined as T'(wy,(Z,,)) > T (Z,,). Therefore, equation 3.27

i

can be interpreted as follows:

For each of the permuted series Z,,,,i € (1,...,n!), the number of significant
twice-permuted series wy(Z,,),h € (1,...,n!), comparing to Z,,, is equal to g,

where g € (1,...,n!).
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Equation 3.27 described an event for a permuted series Z,,, with a pre-determined integer
g, and equation 3.26 evaluates the expected number of occurrence of such an event among
all possible permuted series Z,,,,i € (1,...,n!). If we can show that equation 3.26 equals 1,
then we would have proved Lemma 3.3.2.

For the permuted series and the twice-permuted series from it, under exchangeability
Assumption 3.3.1, we have that:

wi(Zy,) = Zy,,h,i € (1,...,n!).

This result indicates that, the series after 2 permutations wy(Z,,) is equivalent to directly
performing the second permutation on the observed series Z, and therefore a twice-permuted
series Z,,, = w;(Z,,;) and the series Z,, can be seen as 2 series within one set of possible
permutations A,i € (1,...,n!) on the observed series Z.

Then, following Assumption 3.3.2 on uniqueness of test statistic for permuted series, we
could argue that, for a sequence of permutations n! on the observed series Z, if we order the

test statistics of all permuted series in descending order, we could obtain the following series:

)

where

Now, consider a permuted series Z,,.,i € (1,...,n!) that, g of n! permuted series have test
statistic as large or larger than 7'(Z,,). The question of finding out how many Z,,.s would
satisfy the condition of having exactly g series more significant than themselves, is equivalent
to finding a position in the sequence 3.28 and inserting 7'(Z,, ) so that there are g series on its
left. Under Assumption 3.3.2, since each different permuted series has different test statistic,
there will only be only one position to insert 7'(Z,, ), for any pre-specified g. Since in (3.28),
any T(Zy,,),i € (1,...,n!) is strictly larger or smaller than others, there will only be one

permuted series that satisfies the condition of having g other permuted series in front of itself.
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To express this conclusion in mathematical language, we write that

S LT (wa(Zy)) > T(Z)} =8} = 1. (3.29)
h=1

For example, let g = 2, which means we are looking for a permuted series Z,,,i €
(1,...,n!) such that there are exactly 2 series with larger test statistic. Among all possible
permutations, there will exist only one unique permutation i satisfying this condition. Now,

using this conclusion, we may proceed with the proof:

Pla(z) =) = E(L 1L HT(n(Z)) 2 T (7)) =8))

_ %E&lﬂ{ hzl T (Zu,) > T(Z)} = 8})

]

The main objective of this subsection is to discuss the significance level of our proposed
permutation testing procedure when only a limited number of permutations is available. To

this end, we introduce the following lemma:

Lemma 3.3.3. Level of significance for Permutation Testing ( Using Less Than n! permuted
series)

Given a series Z =7,,...,Zy,, under Hy, for a permutation test with limited L < n! series
available, the probability of committing a Type I Error (falsely rejecting Hy) is less than or

equal to the significance level o:

P(Type I Error) < a.
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Based on the definitions and lemmas introduced earlier, we are ready to prove Lemma

3.3.3:

Proof. Under Hy, we have that

P(Rejecting Hy) = P(pr < )

_p 1-1-2?:1 ]]-{T(ZWJ‘) ZT<Z)} <a
=P 1+L <)

= }P’(i KT (Zy,) >T(Z)} <a(l+L)—1)
j=1

= Y B(Y 1T (2) 2 T(2)} < (1 +L) — 1]g(2) = 8) < P(q(2) = 8)

g=1 j=1
The last line can be evaluated as two parts separately. The latter part P(¢(Z) = g) has

been shown in Lemma 3.3.2 that, under Hy, equals to % The remaining part, which is

L
P() UT(Zy) 2T(2)} < a(l+L)—1]¢(2) = ),
j=1
can be better understand by explaining it explicitly. Under the limited permuted series setting,
for each of the permuted series Zw;, j € 1,...,L, the probability of it being significant follows
a Bernoulli distribution:

1{T (Zy,) > T(Z)} ~ Bernoulli(p — %).

Further, we impose the condition that out of all n! = n! possible series, there will be g
significant series. Then within the limited permuted series Zw;, j € 1,..., L, the conditional
probability of having the number of significant series less than or equal to o(1+L) — 1,
which is the threshold for rejecting Hy, can be seen as sum of Bernoulli random variables,

which follows a Binomial distribution:

L
Y. 1{T(Z,;,) > T(Z)} ~ Binom(n=L,p = ).
j=1
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Proceeding the proof by using the expression of Binomial distribution instead, we have:

n! L
P(PL(Z1s- . Zn) < 0) = Y P(Y W{T(Zy,) >T(Z2)} < a(1+L)—1]g(Z) = g) x P(q(Z) =
g=1 j=1

n!
=Y PX<a(l+L)—1)x —
g=1

z ilcz
(

k=0 g=1 n!
1+L)~1

- Z) ()2 EEra-Ly
) k n!g:1 n! n!

Here, if we set x = %, then from the perspective of Riemann Sum Approximation, we

could obtain the following substitution:

l'ixk(l - / (1 —x)tKdx.
nt o=

g)
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Thus,

R
+
=
L

P(pL(Z1,...,Z,) < a) =

2
T o
=
> <O
\

(by Riemann Sum Approximation) ~

5=3
=
.
=l
> O
L

Beta(zi =k+1,0=L—k+1)

=~
Il
o

(k+1)I(L—k+1)

(by Properties of Beta Function) = I(L+2)
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=

]

Following Lemma 3.3.1 and Lemma 3.3.3, it is sufficient to prove Theorem 3.3.1. There-
fore, we have shown that whether using all n! permuted series or L < n! permuted series,
our proposed testing procedure controls the probability of committing Type I Error below .
Note that the proof does not rely on properties of the test statistic 7'(-), thus we could say
that, the significance level of our proposed permutation testing can be controlled by using

any test statistic.
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3.3.3 Identify Number of Factors using Permutation Tests

Using the permutation testing procedure described in the previous section, we test for serial
dependence across all p components of z;, resulting in a sequence of p-values: pi,...,p).
By comparing each p-value against the pre-specified significance level o, we decide whether
a component of z; exhibits serial dependence. Based on the number of rejections, we then
develop our estimator for the number of factors.

This process involves testing p hypotheses simultaneously, which is known as a multiple
testing procedure. If we were to use a single hypothesis testing procedure, the probability
of committing at least one Type I Error across p trials would be p x o, which exceeds the
desired significance level a. To control the probability of Type I Error in a multiple testing
procedure, we use the concept of False Discovery Rate (FDR), introduced by Benjamini and
Hochberg (1995). The FDR is defined as the expected proportion of rejected null hypotheses

that are incorrectly rejected. The process is carried out as follows:

Let p(1) < p) < -.. < p(p) be the ordered sequence of p-values pj, ..., pp, and
H (i) be the null hypothesis of corresponding P()- Let g be the largest i for which
P < %a. Then reject all H(i),i =1,...,q.

Applying this multiple testing procedure would control the False Discovery Rate at
level . Define oppr = 1%06, and compare the sequence of p-values with arpg to identify
the number of components in z; with serial components, which gives our estimation of
the number of factors. Note that the sequence of p-values from our proposed method is
monotonically increasing. Therefore, we can begin the comparison from pj, and stop when
we find the first p; > aFpg to conclude that # = i — 1. Hence, our proposed estimator for

number of factors is:

Fpr = argmin{pi L pi > OCFDR}—I, (3.30)
1<i<R

where r < R < p is a constant. We usually choose R = p/2 in practice.
The property of monotonic increase for the sequence of p-values originates from the

way it was constructed. When constructing z; from (3.11), the columns of I were arranged



54 Permutation Tests for Identifying Number of Factors for High-Dimensional Time Series

in descending order of corresponding eigenvalues ?Ati of M. A larger QAL,- indicates higher
likelihood that the i-th component in z; is a factor, which also suggests a higher probability
of serial dependence for the i-th component, leading to smaller p;. Therefore, following the
monotonically decreasing order of ii, pi should be monotonically increasing.

However, there are two exceptions within the sequence of p;’s that might break the natural
ordering, which we refer to as Spurious Correlation and Outliers. Spurious correlation
occurs when a white noise series shows a significant result in the test for serial dependence,
making the p-value from the test lower than expected. Outliers refer to those series that
should have serial dependence but do not yield a significant result from the test, making
the p-value higher than expected. Both cases break the monotonic increasing order of the
sequence of p;’s from the permutation test and affect the estimation process. For the sequence
of p-values py,..., p, from permutation test, We designed the following rules to identify

Spurious Correlation and Outliers from the sequence of p-values:

* Spurious Correlation: For j € 1,...,p, call p; Spurious Correlation if p; < ¢, while

pj-1>0oand pjiq > Q.
* Outliers: For j € 1,...,p, call p; an Outlier if p; > a, while p; | < o and pj i, < .

For our estimator, outliers in the first » components will significantly influence our
estimation, as the monotonic increasing trend of p-values will be interrupted. In contrast,
spurious correlation is of less concern because it typically affects components that are
supposed to be white noise, which would not appear in the first » components and, therefore,
are usually not included in the estimation process. To eliminate the influence of spurious
correlation and outliers, we use the following steps to process outliers without affecting our

estimator:

1. Identify and remove results due to Spurious Correlation to get the sequence of p-values

2. Identify outliers from py,..., p, using the definition above.
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3. Record the amount and position of all outliers, then remove these outliers from the

sequence of p-values to get an updated sequence.

4. Apply multiple testing procedure on updated sequence, and use (3.30) to obtain an

estimator r’.

5. If position of the outlier < (1:’ + #outliers), this outlier should be included. Define

these outliers as important outliers.

6. The estimator after outlier processing is: #=r' + #important outliers.

When dealing with outliers, we need to check their position before deciding how to
handle them. Outliers are supposed to be significant results, meaning that the corresponding
component in the series should have serial dependence. In such cases, simply removing
outliers from the sequence of p-values would cause the estimator to underestimate the true
number of factors. In practice, some observations at the end of the sequence of p-values
might be mistakenly identified as outliers due to randomness. Therefore, we classify outliers
that appear at the front of the sequence as important outliers and include these outliers
when estimating the number of factors.

The identification of spurious correlations and outliers is critical for improving the
accuracy of our estimation. By systematically flagging these anomalies, we can reduce the
impact of random noise and ensure that only components with genuine serial dependence
are retained, thereby improving the overall estimation of the number of factors. Moreover,
the criteria for detecting these issues are set very strictly as a precaution for very rare cases.
This strictness minimizes the risk of false identification, thus preserving the robustness and

reliability of our estimation procedure.

3.4 Simulations

To demonstrate the performance of our proposed estimator, we report results from Monte

Carlo simulations. Under model (3.1), we designed 5 different simulation settings, where
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strength of factors varies. In all settings, we set true number of factors r = 9, number of ob-
servations n € (400,900, 1600,2500,3600), and number of variates p € (1/n,0.1n,n). Each
factor x; j, j € 1,...,r is generated from an AR(1) process, with autoregressive coefficients
randomly drawn from the interval [—0.95,—0.4] U[0.4,0.95], and have independent N(0, 1)
innovations. Elements of the factor loading matrix A are randomly drawn from N(0, 1), and
components of & are independently drawn from N(0, 1). The maximal lag takes value within
me (1,2,3).

For each setting, we repeat the process for 200 iterations. For our proposed estimator,
we set the number of permutations L = 2000, and we use only the first R = max(20, p/4)
columns of z; to estimate r. The significance level is set at @ = 0.01. For comparison, we
also present results from the one-step and two-step ratio-based estimators proposed in Lam
and Yao (2012a). We denote our proposed estimator as 7pr, and the ratio-based estimators as
FRatio1 and Fraion.

The selection of the parameter R plays an important role in the effectiveness of our factor
estimation approach. The number of factors r is typically much smaller than the total number
of variates p, thus R should be large enough to capture the relevant structure but not too large
to render the dimension reduction ineffective. A common choice for R is p/2 which balances
capturing the factor structure while avoiding overfitting. However, R should not be too small,
as this could lead to missing important factors. Experimenting with different values of R can
help ensure that the estimated number of factors r remains stable and reliable.

The choice of the number of permutations L is crucial for the accuracy and validity of the
permutation test. Ideally, L should be as large as possible, with n! permutations providing
the most thorough empirical distribution for the test statistic. However, n! is often too large
to compute practically, especially for larger sample sizes. When L is too small, the empirical
distribution generated from the permutations may not adequately represent the true null
distribution, leading to invalid results. The appropriate value of L depends on the desired
precision of the p-value. If a very low p-value is required, a larger L is necessary to ensure

that the approximation 1/L is sufficiently precise. Empirically, L = 2000 is often sufficient to
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obtain reliable p-values, such as those at the 0.05 significance level, providing a reasonable
trade-off between computational efficiency and precision.

The details for each setting are described as follows:

¢ Setting 1 (1 factor strength level): 0;,...,09 = 0.
* Setting 2 (2 factor strength levels): 6;,...,8, =0.5, 0s5,...,8 = 0.
o Setting 3 (3 factor strength levels): 6;,...,05 =0.7,04,...,06 =0.3, 87,...,8 = 0.

* Setting 4 (r factor strength levels, § ~ Unif[0,0.9]): Each factor strength &y, ...,
are randomly drawn from ~ Unif|0,0.9] at the beginning, and the same set of factor

strength is used throughout each iteration in Setting 4.

* Setting 5 (r factor strength levels, § ~ Unif[0,0.5]): Each factor strength Jy, ..., 09
are randomly drawn from ~ Unif[0,0.5], which means that factor strength is stronger
than in Setting 4, and the same set of factor strength is used throughout each iteration

in Setting 5.

The first two settings are designed to fit the model of the two ratio-based estimators.
Setting 1 has one factor strength level, where 7r.si1 should perform very well, and Setting
2 has two factor strength levels, where 7r.i2 should perform well. Setting 3 challenges
both ratio-based estimators, and Settings 4 and 5 are more extreme, where all factors have
different strengths. The range of factor strengths in Setting 4 is wider than in Setting 5, and
Setting 5 has stronger factors by limiting the factor strength to § ~ Unif[0,0.5]. Below, we
report the simulation results by presenting the estimation accuracy via the relative frequency
7 = r, and the consistency of estimation via the mean and standard deviation of the estimators
from 200 iterations.

The relative frequency of 7# = r is reported in Figure 3.1-3.5. Table 3.1-3.5 reports
the means and standard deviations of estimators under different settings. These tables
demonstrate the consistency of estimations within each setting. Overall, our proposed

estimator 7py shows strong consistency (low opr) within each setting, and is robust across
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different settings. In terms of estimation accuracy, Figure 3.1-3.5 shows that 7#pr performs
well when either p = \/n or m = 1. When p > \/n and m > 1, if n increases, #pr seems to
converge towards r X m. Considering that m is a parameter we choose, we could always
choose m = 1 to obtain good estimates using 7pr.

In all figures (Figure 3.1-3.5), we observe that for 7pr, m = 1 does not always provide
the best estimation. The optimal value of m depends on the generating process of the factors.
Since the factors were generated using an AR(1) model, autocorrelation at lag 2 will also
appear. Given that our proposed method relies directly on testing autocorrelation, it is
reasonable to expect that m = 2 could provide additional information on serial dependence
for 7pr. However, as m exceeds the optimal value, additional noise is introduced, which
leads to a slight deterioration in the performance of 7p7.

For 7rario1, the estimator performs nearly perfectly in Setting 1, which was intentionally
designed to achieve this result. As shown in Figures 3.1-3.5, 7g4io1 demonstrates improve-
ment as p increases. This phenomenon, often referred to as the "Blessing of Dimensions",
is discussed in Lam and Yao (2012a). However, in other settings where multiple factor
strength levels are present, 7grqio1 tends to underestimate the true number of factors r. Its
inconsistency is evident from the high standard deviation, which significantly undermines
the reliability of its estimation.

Tratio2 generally exhibits unstable estimations. Setting 2 was designed to highlight the
advantages of 7'guio2, but as shown in Figure 3.2, it only performs well when m > 1 and
p > +/n. In other setting and scenarios, #guio> produces highly volatile estimations. As
observed in Tables 3.1-3.5, the mean estimation is sometimes significantly different from
the true value of r, and the standard deviation can be quite high. Unlike 7g4io1, which
consistently underestimates r in Setting 2-5, the direction of mis-estimation for 7g4,2 1S not
consistent. In Setting 1, 7g.rio2 always overestimates r, which can be explained. Recall that
TRatio2 takes an additional step based on the residuals of 7'g4,1. Since there is only one factor
level in Setting 1, 7g4io1 Would have already identified all estimators, leaving 7, dominated

by randomness. Given that minimum value for ratio-based estimators is 1, the estimation
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from second step will always be equal to or greater than 1. Therefore 7g4io2 Will overestimate
r when all factors have the same strength J.

Selecting the optimal estimator between 7'gyio1 and Frariop Would require prior knowledge
of the number of factor strength levels, which is unobservable. In contrast, our proposed
estimator7pr is robust across any number of factor strength levels, and at m = 1, 7pr is able

to consistently provide accurate estimations.
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Fig. 3.1 Relative frequency estimates for 7 = r in the simulation with 200 replications for
Setting 1, where r =9 and 6;,...,8 = 0.
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Fig. 3.2 Relative frequency estimates for 7 = r in the simulation with 200 replications for
Setting 2, where r = 9 and factors have 2 strength levels: J;,...,04 =0.5, 6s,...,09 = 0.
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Fig. 3.3 Relative frequency estimates for 7# = r in the simulation with 200 replications for
Setting 3, where r =9 and 6y,...,03 = 0.7, 04,...,06 = 0.3, 67,...,09 = 0.
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Fig. 3.4 Relative frequency estimates for 7 = r in the simulation with 200 replications for

Setting 4, where r =9 and ~ Unif[0,0.9].
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Fig. 3.5 Relative frequency estimates for 7 = r in the simulation with 200 replications for

Setting 5, where r = 9 and ~ Unif|0,0.5].
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Estimator | m p n=400 n=900 n=1600 n=2500 n=3600
p=vn | 8.84(0.97) 9.14(0.72) 9.19(0.79) 9.19(0.63) 9.3(0.72)
m=1 | p=0.1n | 8.91(1.13) 9.17(1) 9.28(0.98) 9.37(0.99) 9.37(0.93)
p=n 8.77(0.76) 8.95(0.97) 9.07(0.65) 9.07(0.72) 9.13(0.89)
p=vn | 8.92(0.44) 9(0.1) 9(0) 9.03(0.17) 9.02(0.12)
Ppr m=2 | p=0.1n | 8.98(0.28) 9.02(0.26) 9.04(0.18) 9.07(0.45) 9.15(0.51)
p=n 10.05(1.25)  12.06(1.71)  13.67(1.96)  14.67(1.64)  15.55(1.49)
p=vn | 8.96(0.29) 9.02(0.12) 9.02(0.14) 9.01(0.1) 9.02(0.14)
m=3 | p=0.1n | 8.98(0.54) 9.13(0.37) 9.3(0.72) 9.69(1.24) 9.98(1.61)
p=n 12.89(3.53)  20.25(5.55) 24.18(4.44) 26.02(2.89)  26.5(1.71)

Estimator | m p n=400 n=900 n=1600 n=2500 n=3600
p=vn | 8.99(0.07) 9(0) 9(0) 9(0) 9(0)

m=1 | p=0.1n 9(0) 9(0) 9(0) 9(0) 9(0)

p=n 9(0) 90 9(0) 9(0) 9(0)

p=vn | 8.36(1.94) 9(0) 9(0) 9(0) 9(0)

PRatiol m=2 | p=0.1n | 8.93(0.75) 9(0) 9(0) 9(0) 9(0)
p=n 9(0) 9(0) 9(0) 9(0) 9(0)

p=vn | 7.86(2.59) 8.8(1.25) 8.96(0.57) 9(0) 9(0)

m=3 | p=0.1n | 8.51(1.86) 8.96(0.57) 9(0) 9(0) 9(0)

p=n 8.96(0.57) 9(0) 9(0) 9(0) 9(0)

Estimator | m p n=400 n=900 n=1600 n=2500 n=3600

p=vn | 1858(1.12)  21.31(3.3) 25(5.13) 26.73(8.46)  30.06(9.75)
m=1 | p=0.1n | 23.02(6.58) 31.5(18) 31.32(29.94) 30.52(39.16) 34.44(52.88)

p=n | 11.22(11.87) 10.47(1.12) 10.62(1.94) 10.73(2.81) 10.48(0.98)
p=vn 17.2(3.57) 21.58(3.2)  23.42(6.42) 26.32(8.12) 28.58(10.66)
PRatioo | m=2 | p=0.1n | 23.12(6.62) 27.8(18.22) 36.02(32.41) 32.38(40.88) 28.31(47.11)

p=n 11.19(9.55) 10.49(0.97) 10.57(0.88)  10.62(0.84)  10.65(1.03)
p=vn | 16.72(3.92) 21.87(3.34) 24.41(5.81) 26.4(8.41) 29.18(10.49)
m=3 | p=0.1n | 21.79(7.58) 26.55(17.56) 32.18(30.19) 32.98(40.57) 29.47(45.91)
p=n 10.54(0.9) 10.67(0.94) 10.81(0.97) 10.87(1.15)  11.05(1.22)

Table 3.1 Means and standard deviations (in parentheses) for 7pr, Prario1 and Frarioz in the
simulation with 200 replications for Setting 1, where r =9 and 9y,...,09 = 0.
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Estimator | m p n=400 n=900 n=1600 n=2500 n=3600

p=vn 8.88(0.8) 9.11(0.72) 9.22(0.64) 9.24(0.69) 9.37(0.84)

m=1 | p=0.1n | 9.12(0.83) 9.32(0.74) 9.43(0.85) 9.4(1.04) 9.27(0.77)

p=n 9.01(0.63) 9.09(0.68) 9.13(0.63) 9.07(0.56) 9.23(0.9)

p=vn | 8.87(0.51) 9.01(0.12) 9.01(0.1) 9.01(0.07) 9.02(0.14)

Ppr m=2 | p=0.1n | 9.01(0.32) 9.15(0.46) 9.23(0.59) 9.32(0.86) 9.52(1.12)

p=n 12.22(2.64) | 14.62(2.37) | 15.91(1.95) 16.3(1.7) 16.82(1.67)

p=vn | 8.95(0.55) 9.09(0.39) 9.07(0.27) 9.04(0.22) 9.04(0.32)

m=3 | p=0.1n | 9.14(0.55) 9.52(1.03) 10.32(1.63) 10.8(2.01) 12.03(2.39)

p=n 17.72(4.95) | 23.96(3.6) | 26.32(2.16) | 26.9(1.25) | 27.04(1.06)

Estimator | m p n=400 n=900 n=1600 n=2500 n=3600
p=vn | 7.85(2.34) 8.68(1.42) 8.95(0.54) 8.96(0.57) 9(0)

m=1 | p=0.1n | 8.2(2.11) 8.87(0.9) 8.9(0.74) 8.92(0.56) 8.92(0.56)

p=n 6.81(2.43) 7.42(1.93) 7.46(1.95) 7.7(1.88) 7.58(1.92)

p=vn | 4.86(3.26) 6.5(3.14) 6.86(3.07) 7.62(2.49) 7.47(2.53)

PRatior | m=2 | p=0.In | 5.14(2.99) 5.42(2.8) 5.68(2.56) 5.64(2.74) 6.3(2.95)
p=n 5.38(3.22) 5.94(3.7) 6.74(3.82) 6.17(3.11) 5.89(2.7)

p=vn 4.4(3.06) 5.42(3.1) 6.02(3.08) 6.57(2.95) 6.56(2.93)

m=3 | p=0.1n | 4.38(2.92) 4.43(2.92) 5.04(2.54) 5.31(2.33) 5.43(1.91)

p=n 4.26(1.9) 4.86(2.05) 5.1(2.47) 5.42(3.2) 5.53(3.09)

Estimator | m p n=400 n=900 n=1600 n=2500 n=3600

p=vn | 16.11(4.56) | 20.23(4.92) | 24.18(5.93) | 27.06(7.67) | 26.46(11.44)

m=1 | p=0.1n | 21.07(7.87) | 28.84(18.16) | 33.04(29.76) | 33.9(42.78) | 26.68(43.93)

p=n 9.56(1.13) 10.11(3.27) | 9.88(0.95) 9.91(0.89) 9.91(1.07)

p=vn | 11.3(441) 14.85(6.7) 18.05(8.82) | 21.06(10.89) | 21.66(12.65)

PRatio | m=2 | p=0.1n | 11.64(6.26) | 13.39(12.07) | 12.36(13.89) | 12.35(13.94) | 16.45(30.8)

p=n | 10.37(13.62) | 9.91(2.27) 10.27(2.57) | 9.81(2.12) 9.62(1.91)

p=vn | 10.41(3.64) 12.2(5.75) 15.06(8.35) | 16.39(10.18) | 18.54(12.3)

m=3 | p=0.1n | 11.04(5.87) | 11.26(8.37) | 11.86(13.18) | 12.34(18.11) | 11.6(19.1)

p=n 8.79(0.81) 9.04(1.21) 9.21(1.63) 9.48(2.36) 9.51(2.36)

Table 3.2 Means and standard deviations (in parentheses) for 7'pr, Prario1 and Frarion 1n the
simulation with 200 replications for Setting 2, where r = 9 and factors have 2 strength levels:

O1,.-.,04=0.5,08s,...,8 =0.
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Estimator | m p n=400 n=900 n=1600 n=2500 n=3600
p=vn | 8.86(0.89) | 9.1(0.66) 9.15(0.52) 9.19(0.49) 9.22(0.65)

m=1 | p=0.1n | 9.05(0.92) | 9.33(0.77) | 9.23(0.85) 9.38(1.04) 9.41(0.93)

p=n 9.06(0.61) | 9.16(0.7) 9.14(0.74) 9.2(0.8) 9.16(0.87)

p=vn | 8.67(0.7) | 9.09(0.34) | 9.08(0.32) 9.07(0.31) 9.07(0.33)

fpr m=2 | p=0.1n | 9.18(0.96) | 10.24(1.39) | 10.67(1.44) | 11.15(1.44) | 11.34(1.33)
p=n 12.16(2.6) | 13.77(2.6) | 15.29(2.03) | 15.87(2.21) 16.5(2.34)

p=vn | 8.78(0.74) | 9.19(0.58) | 9.23(0.57) 9.19(0.56) 9.2(0.54)

m=3 | p=0.1n | 9.34(0.98) | 10.85(1.83) | 12.38(2.28) | 14.08(3.06) 15.8(3.88)

p=n | 17.89(3.84) | 22.25(2.64) | 24.02(2.36) | 24.75(2.75) | 25.58(2.41)

Estimator | m p n=400 n=900 n=1600 n=2500 n=3600
p=vn | 6.7(2.87) | 7.66(2.55) | 8.32(1.92) 8.3(2.06) 8.8(1.12)

m=1 | p=0.1n | 6.22(3.11) | 6.9(2.85) 7.5(2.43) 7.44(2.36) 7.54(2.31)

p=n 4.76(2.3) 5.36(1.9) 5.42(2.19) 5.44(1.97) 5.7(1.93)

p=vn | 4.86(2.93) | 5.7(2.93) 5.36(3.15) 5.88(2.94) 5.92(2.87)

PRatiol m=2 | p=0.1n | 3.97(2.8) 4.7(2.6) 4.8(2.54) 4.72(2.29) 4.66(2.35)
p=n 3.73(1.78) | 3.61(1.7) 4.07(2.13) 4.28(2.13) 4.77(2.62)

p=v/n | 3.48(2.59) | 4.7(2.95) 5.22(2.92) 4.81(3.01) 5.38(3.08)

m=3 | p=0.1n | 3.9(2.46) 4.4(2.5) 4.34(2.3) 4.41(2.3) 4.52(2.27)

p=n 3.24(1.8) | 3.55(1.73) | 3.73(1.76) 3.8(1.66) 3.87(1.68)

Estimator | m p n=400 n=900 n=1600 n=2500 n=3600
p=vn | 13.53(5.29) | 17.98(6.6) | 21.3(7.73) | 24.12(10.02) | 28(11.14)
m=1 | p=0.1n | 15.04(8.85) | 19.26(16.5) | 23.75(26.08) | 27.94(39.66) | 22.48(39.59)

p=n 7.92(3.04) | 8.22(1.52) 8.3(1.63) 8.31(1.58) 8.56(1.42)
p=vn | 10.13(3.9) | 11.94(5.72) | 12.89(7.27) | 13.52(8.68) | 14.27(10.21)

PRatioz | m=2 | p=0.1n | 8.97(3.95) | 9.58(5.28) | 9.32(5.65) 9.02(1.45) 8.89(0.75)
p=n 7.2(1.65) | 7.28(1.57) | 7.68(1.81) 7.46(1.82) 8(2.18)
p=vn | 8.87(2.42) | 9.93(3.81) | 11.01(5.59) | 11.49(6.77) | 13.47(10.11)

m=3 | p=0.1n | 8.82(3.38) | 9.24(4.32) | 8.78(0.84) 9.07(2.4) 10.6(17.54)

p=n 6.88(1.45) | 7.11(1.49) 7.22(1.6) 7(1.55) 7.16(1.44)

Table 3.3 Means and standard deviations (in parentheses) for 7pr, 7rario1 and Frasio2 in the sim-
ulation with 200 replications for Setting 3, where r = 9 and deltay,...,8;=0.7, 84,...,0¢ =

0.3,8,...,8 =0.
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Estimator | m p n=400 n=900 n=1600 n=2500 n=3600
p=v/n | 8.68(1.09) 9.2(0.59) 9.22(0.67) 9.31(0.9) 9.28(0.79)

m=1 | p=0.1n | 9.12(0.74) | 9.29(0.88) 9.3(0.9) 9.42(0.93) 9.3(0.76)

p=n 9.15(0.89) 9.2(0.73) 9.05(0.61) 9.23(1.03) 9.3(0.95)

p=vn | 8.65(0.8) 9.07(0.6) 9.23(0.65) 9.23(0.56) 9.16(0.43)

Ppr m=2 | p=0.In | 9.04(0.9) 9.97(1.19) 10.47(1.26) 10.9(1.51) 11.32(1.54)

p=n 11.7(2.32) | 13.33(2.58) | 14.32(2.39) | 15.01(2.08) | 15.79(1.74)

p=vn | 8.48(0.84) 9.18(0.7) 9.43(0.69) 9.44(0.77) 9.51(0.88)

m=3 | p=0.1n | 9.23(1.11) | 10.81(1.86) | 12.18(2.39) | 13.21(2.61) | 15.42(3.44)

p=n 16.3(2.86) | 20.66(1.94) | 22.8(2.02) 23.58(2.2) | 24.11(1.96)

Estimator | m p n=400 n=900 n=1600 n=2500 n=3600
p=vn | 5.04(3.25) | 5.96(3.34) 6.62(3.23) 7.08(3.05) 7.52(2.78)

m=1 | p=0.1n | 4.12(3.09) | 4.86(3.19) 5.04(3.16) 4.77(3.12) 4.61(3.17)

p=n 2.44(1.75) | 3.25(2.19) 2.79(2.12) 2.95(2.1) 2.74(2.07)

p=v/n | 3.88(2.76) 4.3(2.93) 4.62(2.97) 4.5(3) 4.89(3.12)

PRatiol m=2 | p=0.1n | 3.22(2.53) | 3.15(2.29) 2.92(2) 2.98(1.95) 2.74(1.87)
p=n 2.27(1.35) 2.3(1.41) 2.2(1.46) 2.11(1.18) 2.02(1.2)

p=vn | 3.18(2.28) | 3.74(2.72) 3.99(2.92) 4.24(2.92) 4.04(2.79)

m=3 | p=0.1n | 2.78(2.18) | 2.73(1.92) 2.72(1.91) 2.9(1.77) 2.71(1.9)

p=n 2.23(1.28) | 2.18(1.18) 2.15(1.28) 2.09(1.21) 2.08(1.3)

Estimator | m p n=400 n=900 n=1600 n=2500 n=3600
p=vn | 11.15(5.67) | 13.79(6.94) | 16.77(8.87) | 19.66(10.77) | 22.22(12.72)

m=1 | p=0.1n | 9.95(6.84) | 13.08(13.32) | 13.12(16.21) | 13.83(23.96) | 11.61(21.33)

p=n 5.76(2.08) | 6.26(1.95) 6.26(2.17) 6.29(1.96) 6.17(2.01)

p=vn | 9.26(4.02) 9.93(4.5) 10.37(5.03) | 11.27(7.14) | 12.96(9.48)

PRatica | m=2 | p=0.1n | 8.25(3.93) 8.09(1.5) 8.16(1.47) 8.64(9.05) 7.93(1.55)
p=n 5.73(1.84) | 5.94(1.79) 6.06(1.78) 5.82(1.75) 5.71(1.69)

p=vn | 7.86(2.92) | 9.35(3.71) 10.05(4.56) | 10.47(5.78) | 10.38(6.21)

m=3 | p=0.1n | 7.82(3.01) | 7.78(1.81) 7.86(1.72) 8.07(1.5) 7.92(1.62)

p=n 5.74(1.78) | 5.92(1.74) 5.8(1.79) 5.91(1.77) 5.77(1.87)

Table 3.4 Means and standard deviations (in parentheses) for 7pr, 7rario1 and 7rarion 1n the
simulation with 200 replications for Setting 4, where r =9 and ~ Unif[0,0.9].
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Estimator | m p n=400 n=900 n=1600 n=2500 n=3600
p=vn | 8.8(1.04) 9.07(0.57) | 9.23(0.58) | 9.28(0.79) 9.28(0.9)

m=1 | p=0.1n | 9.06(1.05) 9.3(0.96) 9.36(1.1) 9.24(0.61) 9.34(0.85)

p=n 8.98(0.61) | 9.19(0.78) | 9.11(0.86) | 9.16(0.84) 9.08(0.44)

p=vn | 8.88(0.49) 9.01(0.2) 9.01(0.07) 9.01(0.1) 9.02(0.28)

Ppr m=2 | p=0.1n | 9.04(0.51) 9.01(0.1) 9.04(0.2) 9.08(0.27) 9.11(0.32)
p=n | 10.11(1.52) | 12.1(3.09) | 14.01(2.98) | 15.2(2.89) 16(2.51)

p=vn | 8.93(0.46) | 9.03(0.23) 9.01(0.1) 9.02(0.14) 9.02(0.14)

m=3 | p=0.1n | 9.05(0.36) | 9.26(0.66) 9.74(1.1) 10.53(1.61) | 11.95(2.29)

p=n 16.31(5) 25.44(3.53) | 26.82(1.62) | 27.08(0.65) 27(0.57)

Estimator | m p n=400 n=900 n=1600 n=2500 n=3600
p=vn | 8.31(2.09) 9(0) 9(0) 9(0) 9(0)
m=1 | p=0.1n | 8.71(1.39) 9(0) 9(0) 8.99(0.07) 9(0)

p=n 8.62(1.59) | 8.76(1.23) | 8.98(0.22) 8.96(0.57) 8.96(0.57)

p=vn | 6.43(3.23) | 7.82(2.58) | 8.45(1.84) | 8.62(1.61) 8.71(1.37)

PRatiol m=2 | p=0.1n | 6.46(3.23) | 7.48(2.71) | 7.34(2.95) | 7.06(3.01) 7.32(2.82)
p=n 4.68(3.13) 4.66(3) 4.96(2.92) | 4.78(2.91) 4.8(2.81)

p=vn | 5.03(3.33) | 7.12(3.05) | 7.56(2.82) 8.01(2.4) 8.31(2.06)

m=3 | p=0.1n | 4.93(3.4) 6.84(3.07) | 6.61(3.07) | 6.69(3.11) 6.18(3.19)

p=n 3.83(2.7) 4.34(2.95) | 4.32(2.67) | 4.21(2.72) 3.81(2.61)

Estimator | m p n=400 n=900 n=1600 n=2500 n=3600

p=vn | 17.45(3.4) | 21.8(2.85) |23.76(6.07) | 25.95(8.96) | 28.36(10.59)

m=1 | p=0.1n | 23.14(6.82) | 29.73(18.62) | 31.8(28.83) | 35.18(42.87) | 31.5(49.34)

p=n | 10.25(0.93) | 10.36(0.84) | 10.42(0.77) | 10.45(0.84) | 10.49(0.86)

p=vn | 13.71(4.92) | 18.82(6.12) | 22.15(7.35) | 25.39(9.05) | 27.52(11.27)

PRatioz | m=2 | p=0.1n | 16.94(8.77) | 22.88(17.72) | 24(26.07) | 23.05(33.26) | 17.87(31.62)

p=n 9.28(1.11) 9.16(0.5) 9.2(0.57) 9.3(1.96) 9.13(0.48)

p=vn | 11.66(4.48) | 17.26(6.66) | 20.24(8.3) | 21.75(10.19) | 25.04(12.17)

m=3 | p=0.1n | 13.23(7.41) | 20.23(16.64) | 18.5(22.78) | 20.69(31.36) | 16.22(29.8)

p=n 9.12(0.53) | 9.13(0.44) | 9.09(0.41) | 9.07(0.39) 9.05(0.26)

Table 3.5 Means and standard deviations (in parentheses) for 7pr, Prario1 and Frarion in the
simulation with 200 replications for Setting 5, where r = 9 and ~ Unif[0,0.5].

Although the estimator 7 may not always provide a precise estimate of the true number

of factors r, it can still be useful depending on the direction of the estimation error. In factor
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models, if 7 # r, overestimation 7 > r is generally preferred over underestimation 7 < r.
When 7 > r, all factors have been identified, and the additional (# — r) factors are effectively
noise. While the inclusion of this extra noise may lower the quality of the estimation, it
ensures that no information about the latent factors is lost. Conversely, if 7# < r, we would be
missing information from unidentified factors, which is undesirable. Thus, when choosing
between two estimators that perform equally in terms of estimation accuracy, we would prefer
the one that consistently overestimates rather than underestimates. Under this principle, if
7 =r+1 1s deemed an acceptable estimate, we can re-evaluate the performance of both 7pr
and the ratio-based estimators from a different perspective. Below, we present the results for

the relative frequency of P(# € (r,r+ 1)) and 7 = r for setting 4 at m = 1.

Estimator p n=400 n=900 n=1600 n=2500 n=3600
p=v/n | 0.76(0.66) | 0.96(0.81) | 0.96(0.84) | 0.94(0.79) | 0.94(0.79)
Ppr p=0.1n | 0.92(0.8) | 0.92(0.76) | 0.95(0.82) | 0.92(0.76) | 0.95(0.81)
p=n | 0.87(0.81) | 0.92(0.84) | 0.94(0.92) | 0.95(0.91) | 0.94(0.86)
p=v/n | 0.24(0.24) | 0.42(0.42) | 0.56(0.56) | 0.62(0.62) | 0.69(0.69)

PRatiol p=0.1n | 0.17(0.17) | 0.22(0.22) | 0.24(0.24) | 0.23(0.23) | 0.2(0.2)

p=n 0(0) 0.01(0.01) 0(0) 0(0) 0(0)

p=v/n | 0.19(0.19) | 0.38(0.37) | 0.34(0.32) | 0.4(0.34) | 0.35(0.26)
Pratioco | p=0.1n | 0.37(0.36) | 0.48(0.42) | 0.54(0.48) | 0.52(0.45) | 0.48(0.42)
p=n 0.1(0.1) | 0.12(0.11) | 0.21(0.2) | 0.14(0.14) | 0.14(0.14)

Table 3.6 Relative frequency estimates for P(# € (r,r+ 1)) and P(# = r) (in parentheses) for
PpT, PRatiol and Prarip2 in the simulation with 200 replications for Setting 4, where r = 9 and
0 =(0.8,0.7,0.3,0.4,0.9,0.5,0.6,0.2,0).

From Table 3.6, we observe that by relaxing our criterion to accept 7 € (r,r + 1), the
relative frequency for 7pr shows significant improvement, reaching a satisfactory level. This
adjustment allows for a broader range of acceptable estimates, acknowledging that slight

overestimation of the number of factors, 7 = r + 1, still retains the essential factors. Overall,
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this approach highlights the effectiveness of 7pr under less stringent criteria and suggests
that it provides a more reliable estimation compared to other methods under these conditions.

To summarize, our proposed estimator demonstrates strong performance, especially
when p < \/n or m = 1, where it consistently provides accurate estimates. It outperforms
ratio-based estimators in terms of both consistency and robustness, p articularly in settings
with multiple factor strength levels, where the ratio-based estimators struggle to capture the
true number of factors. 7py exhibits greater stability in the face of varying factor structures,
making it more adaptable to different scenarios.

Furthermore, when we relax our standard to consider 7# = r+ 1 as an acceptable estimate,
our proposed estimator shows considerable improvement.This flexibility allows it to better
handle the inherent variability in the estimation process, especially in cases where slight
overestimation is more beneficial than underestimation, ensuring no factors are missed. Thus,
our method not only outperforms existing ratio-based approaches but also proves to be more
versatile under varying conditions, especially when dealing with complex factor structures

and when slight overestimation is acceptable.

3.5 Real Data Example

In this section, we apply our proposed method to the log-transformed daily returns of 480
stocks from the S&P 500 index, covering the period from 2013-01-01 to 2023-11-30. The

log return R; of a selected stock is defined as:

R, = log(-L), (3.31)
Pr—1

where p; is the closing price of the stock on day 7. Log transformation is a common
preprocessing technique for time series data, offering benefits such as variance stabilization
and linearization of trends. It requires the data to exclude zeros or negative values, which
is not a limitation in our case, as the price of a stock p; < 0 occurs only in very extreme

situations for daily stock returns.
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The dataset consists of n = 2748 observations and p = 480 variables, representing 480
stocks selected from the SP 500 index based on the completeness and reliability of their
records. These stocks were chosen to ensure a comprehensive and high-quality dataset
for analysis. We present estimations from three different methods: 7pr, 7rurio1 and Frario2,
across different maximal lags m = (1,2,3,4,5). These estimations are evaluated to assess
the accuracy and robustness of each method under varying lag structures, providing a
comprehensive comparison of the performance of each estimator in capturing the number of

factors.

m=1 m=2 m=3 m=4 m=5

Ratio Test 7ruriot 1 1 1 1 1
Ratio Test Frurion 2 2 2 2 2
Permutation Test 7pr 6 7 7 9 8
Table 3.7 Estimation on r for Real Data, maximal lag m = (1,2,3,4,5) for both estimators.

Table 3.7 presents the estimation results from all three estimators across different values
of m. We observe that both 7guir1 and Fraiop Temain invariant as m changes, yet both
are consistently lower than 7py for any m. The stable estimation from 7ggio2 suggests
the presence of weak factors, as the estimator is not sensitive to the change in lag. The
relationship 7pr > Frarioa > Tratio1 further emphasizes that the strength of factors varies
significantly, with 7py capturing more factors than the ratio-based estimators. These findings
strongly suggest that the ratio-based estimators tend to underestimate the true number of
factors in this setting, as they fail to account for weaker but still significant factors that 7pr

identifies more effectively.
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p-value Smaller than agpg?

1 0.00000 TRUE
2 0.00050 TRUE
3 0.00000 TRUE
4 0.00000 TRUE
5 0.00000 TRUE
6 0.00030 TRUE
7 0.52024 FALSE
8 0.00050 TRUE
9 046227  FALSE (outlier)
10 0.00000 TRUE
11 0.00000 TRUE
12 0.01799 FALSE

Table 3.8 First 10 p-values from permutation testing procedure on Real Data at m = 1,
orpr = 0.000625.

To better understand how our estimator 7py is derived, we can examine the intermediate
steps involved. As an example, we listed out the first 12 p-values from the permutation
testing at m = 1 in table 3.8. Here we identify pg as an outlier because both p1g < arpgr
and p1; < arpr. However, pg is not considered a significant outlier. Given that 7p7 = 6 and
6+ 1 <9, it indicates that pg does not fall within the range of important outliers. p7 is not
considered as an outlier because pg and pg are not significant at the same time. Consequently,
the estimator ignores this outlier and concludes that 7pr = 6.

In contrast, for the ratio-based estimators, with 7r4sio1 = 1 and 7rarip2 = 2 across all lags,
we observe that each step of these estimators identifies only one factor. This result suggests
the existence of multiple levels of factor strength. To further illustrate this, we present the

first 10 eigenvalues /"{,-s and their ratios l,:q / ?AL,- from each step of the estimation process:
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index

A

Aiv1 /A

—_—

O o0 N O W B~ W

10

0.0000474
0.0000059
0.0000010
0.0000009
0.0000006
0.0000004
0.0000004
0.0000002
0.0000002
0.0000002

0.1238725
0.1634941
0.9265492
0.6227170
0.7877621
0.9287467
0.5896377
0.9848705
0.9277768
0.9313042

Table 3.9 First 10 eigenvalues 7AL,-0f M and their ratios at m = 1 for Pratiol on Real Data.

index

A

Aivt /i

[

O o0 9 N L B W

10

0.0000057
0.0000009
0.0000008
0.0000006
0.0000004
0.0000004
0.0000002
0.0000002
0.0000002
0.0000002

0.1618048
0.9190688
0.6506619
0.7887723
0.9271086
0.5924685
0.9651012
0.9383784
0.9393057
0.8524536

Table 3.10 First 10 eigenvalues A; of M and their ratios at m = 1 for the second step of Fratio2

on Real Data.

In both Table 3.9 and Table 3.10, the ratio A;11/A; reaches its minimum at i = 1, suggest-

ing that each step identifies only one significant factor. If there were only one factor, or if
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all factors had the same strength &, #guio2 Would be dominated by randomness. However,
since Fryrion provides consistent results across m = (1,2,3,4,5), we can conclude that in this
real dataset, there are at least two distinct factor strength J; # §;, and each 6 has at least one
correaponding factor, indicating r > 2.

When comparing the ratio-based estimators with our proposed estimator in Table 3.7, we
observe that 7pr consistently produces significantly higher estimates. While the ratio-based
estimators suggest the presence of two factors, our method identifies four additional factors.
To validate whether these extra components are indeed valid factors, we recover them using
equation (3.11) and present their autocorrelation and partial autocorrelation functions to

demonstrate the presence of serial dependence.

ACF of 3rd component in zt ACF of 4th componentin zt
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Fig. 3.6 Autocorrelation of 3,; to 6,;, component of z; at m = 1 on real data.
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Fig. 3.7 Partial Autocorrelation of 3,; to 6,;, component of z; at m = 1 with real data.

From Figures 3.6 and 3.7, we observe that both the autocorrelation and partial autocor-

relation of the 3,; to 6,;, components in z; exhibit clear serial dependence. Based on this

observation, these components should also be considered as factors. Therefore, we conclude

that 7pr does not overestimate the true number of factors, which suggests that the ratio-based

estimators are underestimating true r.

In conclusion, the application of our proposed estimator 7p7 to real data demonstrates

its robustness and accuracy in identifying the true number of factors, particularly when

compared to ratio-based estimators. While 7p7 captures a broader range of factors and shows

consistency across various lags, the ratio-based estimators tend to underestimate the true

number of factors, especially when factor strengths vary. The validation of the additional

factors identified by 7p7 through autocorrelation and partial autocorrelation further confirms

the reliability of our method in real-world settings.
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3.6 Conclusion and Further Discussion

To summarize, under the assumption of exchangeability, we have introduced a non-parametric
testing method for determining the number of factors in high-dimensional time series. The
proposed procedure is applicable up to the m-th order autocorrelation when p < \/n, and
it demonstrates strong performance at m = 1 for any value of p. A notable advantage
of our method is its robustness across varying levels of factor strength, coupled with its
consistency in estimation. Additionally, we have demonstrated that the proposed estimator
effectively controls Type I error at the desired significance level, ensuring reliable inference
in high-dimensional settings.

There are several open questions concerning the proposed method. First, the power
of the test has not been fully addressed. The power of a hypothesis test is defined as
P(Reject Hy|Hy true), and ideally, we would aim for a power of 1. While we have demon-
strated that the significance level of our proposed test is independent of the choice of test
statistic, the power of the test is directly influenced by it. Another key observation pertains to
the behavior of our proposed estimator, #pr, when m > 1 and p > /n. From Tables 3.1-3.5,
we note that when p > \/ﬁ, 7pr tends to overestimate the number of factors, with the degree
of overestimation varying across different settings.

The numerical values suggest that as n and p increase, 7pr appears to approach m x
r. One possible explanation for this behavior is that when p increases faster than \/n,
the sample autocovariance matrix f‘.y(k) becomes an inconsistent estimator for the true
covariance matrix X, (k), leading to inconsistent estimates of the eigenvalues i in M. Several
studies in random matrix theory have shown that the empirical covariance matrix may not
be a reliable estimator of the population covariance matrix when p is large. If a more
consistent estimator for X, (k) were used, the performance of our proposed estimator would
likely improve at higher lags. For example, Bickel and Levina (2008) proposed a method
for regularizing the covariance matrix via hard thresholding, which is consistent when
log(p)/n— 0. Nevertheless, covariance is typically captured adequately by lower lags, which

allows our proposed estimator to provide reliable estimates despite the high dimensionality.



Chapter 4

Electricity Load Forecasting by Factor
Models, TS-PCA and Matrix TS Models

4.1 Introduction

Electricity load forecasting is the process of predicting electricity consumption at a specific
place over a defined timeframe. Typical forecasting horizons are categorized as long-term,
mid-term, short-term, and ultra-short-term, corresponding to annual, monthly, daily, and
hourly predictions, respectively (Nti et al. (2020)). Long-term and mid-term forecasts guide
infrastructure planning, while short-term forecasts support load management within energy
systems. Accurate electricity load predictions help optimize energy generation and allocation
to meet demand, minimizing waste and preventing shortages that could destabilize the grid.

In short-term electricity load prediction, various modeling approaches have been studied,
including traditional statistical models, time series models, and machine learning techniques.
Regression models, one of the most widely used traditional statistical methods, are commonly
applied to long-term predictions (Kuster, Rezgui, and Mourshed (2017)) but can also be
effective for short-term forecasts. Specifically, generalized linear models (GLMs) are fre-
quently used for their simplicity and interpretability, making them popular in the industry. For
instance, the French energy company EDF (Pierrot and Goude (2011)), employs a specific
GLM variant called the Generalized Additive Model proposed by Hastie and Tibshirani
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(1987), which models electricity load as an additive combination of functions of dependent
variables. In this model, variables with nonlinear relationships are modeled using smooth
functions. However, the selection of variables to smooth and the choice of smooth functions
are not automated, as they depend on prior knowledge or exploratory data analysis.

Time series models, such as Autoregressive Integrated Moving Average (ARIMA), are
popular in short-term load forecasting. With the increasing availability of high-resolution
electricity load data, aided by the widespread use of smart meters, these models can now
provide more precise forecasts. However, as time series models predict future value based on
past observations solely, they do not incorporate dependent variables, such as temperature
and seasonal factors, into the modeling process, making them relatively less sensitive to
changes in dependent variables.

Recently, neural-network-based models, including Long Short-Term Memory (LSTM)
and transformer-based models (Wang et al. (2022)) have been introduced to electricity load
forecasting. These deep learning models are capable of modeling nonlinear relationships, yet
challenges remain, such as the gradient vanishing issue, which, despite being mitigated in
LSTM, still poses problems in deep time series modeling.

Beside the classification of methods by model, there are other methods from different
perspectives. For instance, probabilistic quantile forecasting by Xu et al. (2020) predicts
a range of potential values with a given confidence level instead of a single estimate. Hi-
erarchical modeling integrates regional forecasts into national-level predictions, offering a
more structured forecasting approach (Brégere and Huard (2022), Antoniadis, Gaucher, and
Goude (2023)) .

Considering that EDF has been using Generalized Additive Model (GAM) as its operating
model for the time being, in order to further enhance the model’s forecasting performance, a
hybrid approach that combines different modeling techniques appears most suitable. Building
on GAM as a foundation, Cho et al. (2013) proposed a method that models the residuals of
GAM as a curve to capture short-term dependencies that GAM might overlook. Similarly,
J. d. Vilmarest et al. (2023) and Obst, De Vilmarest, and Goude (2021) developed a state-

space model that incorporates the smoothed variables from GAM, allowing for adaptive load
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estimation. These approaches use GAM as the first step in a model-stacking process, with
additional methods layered on to enhance predictive accuracy. Likewise, we are interested in
adding time series analysis towards the forecasting of electricity load.

To examine the necessity of adding time series analysis to the modeling of electricity
load data, we conduct some exploratory analysis on the national-level electricity load data.
Given the resolution of the dataset, we have 48 observations within one day’s time, and we
refer to these 48 half-hour intervals as "time of day" (tod for short), where tod = 0 refers
to 00 : 00 ~ 00 : 30, and tod = 47 refers to 23 : 30 ~ 00 : 00 within a day. With the given
resolution of data, we were able to find clear intra-day pattern, as well as weekly pattern at
the same time interval of the day. In Figure 4.1, a clear intra-day pattern is visible across
each day within the selected week. Additionally, Figure 4.2 illustrates that different times of
the day exhibit varying median values and inter-quartile ranges, highlighting unique load

patterns at specific intervals within a single day.
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Fig. 4.1 France national electricity load (in MW) from 2023/09/23 to 2023/09/30.
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Fig. 4.2 Boxplot of France national electricity load (in MW) at different time of day, from
2023/01/01 to 2023/09/30.

Traditional time series approaches predict the electricity load for day ¢ + 1 using past
observations in chronological order. However, significant intra-day fluctuations make it
challenging to efficiently capture patterns that are unique to different times of the day. It
would be beneficial to perform data decomposition, such that the series can be break down
and modeled by several simpler models, reducing complexity and improving forecasting
performance. One straightforward solution is to break the univariate series into 48 sub time
series by the half-hour interval, and model each of the 48 half-hour intervals independently.
Yet, this approach overlooks interactions between different times of day. Treating the 48
univariate time series as a 48-variate vector time series and applying VAR models could
address these interactions, but the model’s complexity increases with the high dimensionality,
limiting its performance.

Within the framework of model stacking, we propose two time series modeling ap-
proaches to address the high dimensionality of the dataset. Our method involves modeling
the residuals from GAM and reshaping the residual data to preserve its interactive structure.
We propose to reduce the dimension of the reshaped residual data using factor model (Lam
and Yao (2012a)) and principal component analysis for time series data (Chang, Guo, and

Yao (2018a)). Both methods target the latent structure of the residual data, and find a linear
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transformation that recovers the latent process. The factor model assumes the presence
of a lower-dimensional latent process, achieving dimension reduction by recovering this
latent structure. PCA for time series, although also assumes the existence of latent structure,
further assumes that there is a latent segmentation of components, and the groups after
segmentation are independent of each other, allowing separate modeling without the need of
considering cross dependence between groups. In the context of electricity load forecasting,
both approaches demonstrate significant improvements over the baseline GAM forecasts.
The rest of the chapter is organized as follow: Section 4.2 describes the French electricity
load dataset provided by EDF. In Section 4.3, we present the Generalized Additive Model
(GAM) used by EDF and examine the residual information left by the GAM model. Section
4.4 introduces the framework of our proposed method and other methods used for comparison.
In Section 4.5, we present a numerical analysis of the forecasts produced by different models.
Finally, Section 4.6 concludes with our findings on the modeling process, along with remarks

and directions for future research.

4.2 Description of the Dataset

The dataset gathered electricity consumption in France, both at national level and regional
level (12 metropolitan regions only). The electricity load data is collected at half-hour
resolution for 3865 days, ranging from March 2013 to October 2023. Inside the dataset, we
define electricity load as the independent variable, and the rest as the dependent variables.
These dependent variables can be classified into 3 categories: calendar data, electricity load
data, and meteorological data. Calendar data includes basic time variables (date, month
and year, etc.), categorical variables (weekday type, time of day, etc.), and dummy variables
(for holiday, summer, etc.). Meteorological data consists of variables such as temperature,
wind intensity, and nebulosity, sourced from the World Meteorological Organization (WMO).
The electricity load data, as the dependent variable, also includes lagged versions of itself

(with 1-day and 7-day lags) and is measured in megawatts (MW). A complete list of variables
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is provided in Appendix B. Both meteorological and electricity load data are available at the

national and regional levels, enabling modeling at both scales.

4.3 Prediction Model

4.3.1 The Generalized Additive Models Framework

Generalized Additive Model (GAM) is a type of Generalized Linear Models, which models

the independent variable as a sum of smooth non-parametric functions of the dependent

(1)

variables. Given observations y; and covariates x; ,x,(z), where y; is the electricity load at
time ¢, xt(]) = (xt( 11), e ,xt( 21 )T and xt(z) = (xt(zl), e ,xt(zd)z)T are dependent variables at time 7.
d; represents the dependent variables with linear relation to y;, d> represents the dependent

variables with nonlinear relation to y;. GAM model has the form:

d dy
v=Pot+ Y. B} + Y £ +e, & ~N(0,0?), 4.1)
i=1 =1

where f is the intercept, and & is a i.i.d. random variable following normal distribution. f;

(

are the coefficients for the linear terms x,l), and f;(-) are smooth functions for non-linear

terms x,(z). Unlike GLM, which assume that the dependent variables have a linear relationship

with the independent, GAM is suitable for modeling nonlinear relationships. The smooth
(2)

function transforms nonlinear relationships between x,~’ and y;, allowing model (4.1) to

(2)

become linear. Each x, i

have its own smooth function, which is a flexible, non-parametric
way to model the nonlinear relationship. One common type of smooth functions used in
GAMs is called splines, which is a piece-wise polynomial function defined by a set of basis
functions and knots. The basis functions are combined linearly with coefficients, which are
estimated during the model fitting process. For model (4.1), We selected thin plate splines,
which is particularly powerful for multi-dimensional smooths.

By choosing smooth functions to be splines, we could estimate GAM as a GLM via

regression with penalty, in which we aim to minimize the following objective function:
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n dl d2 dz
LB =Y 0i—Bo— Y B = Y A6+ L A Sif @)
t=1 i=1 j=1 j=1

where Ay, ..., Ay, is called smoothing parameter, and S; is the penalty matrix for the j-th
smoothing term depending on the spline. A4; controls the balance between model fitness
and smoothness, where A; = 0 leads to an unpenalized fit, and A; — oo leads to a straight
line estimate for fj(-). This problem can be solved via Restricted Maximum Likelihood

(REML). This method involves both the linear and smooth components xt(l), xl(z)

because
REML estimates the variance components (i.e., the smoothing parameters) while adjusting
for the uncertainty in the fixed effects (which include both linear terms and smooth terms).
We use the R-package mgcv, which has this method implemented for GAM modeling. More

details regarding REML and other sommthing functions can be found in Wood (2017).

4.3.2 Model Specifications for Predicting Electricity Load

The objective is to predict the electricity load for the next day. Based on observations from
Figure 4.1 and 4.2, we see that the electricity load y;; at tod = i,i € [0,...,47] on day ¢
is influenced not only by y; ;_1, but also by the load at the same rod one day prior, y; 1 ;.
Following this insight, we could perform data decomposition by reshaping the univariate
series y; (dimension 185520 x 1) into a 48-variate vector time series with n = 3865, where
each variate represents daily observations at the same time of day over the entire period. This
decomposition enables individual modeling for each time of day. Accordingly, we split the
dependent variables into 48 subgroups and fit a separate GAM for each time of day, using
the following model:
7

Vi = Z mjﬂday_type_weekZZj + f(temperaturet,i)
j=1

+ f(Time; ;) + f (nebulosity; ;) +kLaay type jfi—1
+ lﬂperiod_holidgy,:l + f(Load_dl) + f(LOCId_d7>

+ 8t’j (43)
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where 1 is the indicator function, and the variables are:

y1.i: electricity load on day ¢ at tod = i of the day.
* day_type_week: Day of the week (factor with levels at 0-6) on day ¢.
* temperature: Weighted temperature on day ¢ at tod = i.

* Time: Mark the ordering of all 185520 observations by time, with 2013-03-02 00:00:00
labelled as 1, and 2023-09-30 23:30:00 labelled as 185520.

* nebulosity: Describing the cloudiness on day ¢ at fod = i, ranges between 19.38 and

99.33.
* day_type_jf: Binary variable on day 7, 1 on bank holidays, else 0.

* period_holiday: Binary variable on day ¢, 1 on French national holidays (in all regions),

else 0.

* Load_dI: Electricity load at fod = i from 1 day ago.

Load_d7: Electricity load at tod = i from 7 days ago.

The selection of variables and smoothing function are recommended by the EDF team
based on their past studies. The dataset is split into training data and testing data by year. The
training data, covering March 2013 to December 2022, with 7,4, = 172416 observations,
is used to train the selected models. The testing data, spanning January 2023 to September
2023, includes n.;; = 13104 observations. To forecast the electricity load for day 7 + 1,
predictions are first generated from each of the 48 individual GAMs. These predictions are

then combined into a single vector ﬁfflM , ordered chronologically by time of day.

4.3.3 Residuals of GAM Estimations

In this section, we evaluate the effectiveness of model (4.3) by analyzing the model residual.

The residual series €74 = y, — y94M represents the error of GAM forecast, where y, is the
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actual national-level electricity load in the testing data, and %4 is the forecast generated

by the GAM model for the testing period. If model (4.3) has fully captured the dynamics

of y;, then €M should behave as a random variable following N(0,6?), not carrying any

useful information. To check whether any information remains in the residuals, we use

. . . GAM
Quantile-Quantile plots to compare the standardized ¢

against the standard normal
distribution N(0,1). A Q-Q plot visualizes how closely the residual data aligns with N(0, 1)

by comparing the quantiles of the residuals with those of the standard normal distribution.

Quantiles of Residuals (Standardized)

[ I I I 1
-4 2 0 2 4

Theoretical Quantiles of N(0,1)

Fig. 4.3 Q-Q plot of £€4M from test data against N(0,1).

In Q-Q plot, if the two distributions are similar, then the points should fall on the diagonal
line y = x. However, as shown in Figure 4.3, the points did not align on the y = x line,

indicating a significant deviation from N(0, 1). Further, the S-shaped pattern suggests that

£9M is more skewed and has heavier tail. This result confirms that €A™ does not follow a

normal distribution, implying that the GAM model in 4.3 did not fully capture the relationship

between y; and x;.

A

To investigate the potential presence of information within €A™ from a time series

perspective, we reshape £7AM

into 48 residual sub-time series by time of day (fod), and test
for significant autocorrelation within each series using the Ljung-Box test. The Ljung-Box

test is commonly used in time series modeling, and it tests whether any autocorrelations
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up to a specified lag is significantly different from zero. The null hypothesis Hy states that
all autocorrelations up to a given lag k are zero, indicating that the data is independently
distributed (no serial correlation). The alternative hypothesis H; states that at least one of the
autocorrelations at lags 1 to k is non-zero, meaning that there is some autocorrelation present
in the time series. We set k = 7, and plot the 48 p-values from the Ljung-Box test for all 48

residual sub-series below:
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Fig. 4.4 The p-values of 48 residual sub-series £°4

Ljung-Box testis setat k = 7.

M from Ljung-Box test. Maximum lag for
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Fig. 4.5 ACF plot of 3 residual sub-series at selected tod.

Based on Figure 4.4, we observe that all p-values are significantly lower than the common
critical value p = 0.05, indicating the existence of autocorrelation in each residual sub-series.
To further investigate the pattern of serial correlation, we selected three specific time of day
tod and presented their ACF plots in Figure 4.5. The wave-like pattern in all three ACF
plots strongly indicates the presence of seasonality within each selected series. This result
indicates confirms the existence of time series information within €A™, which implies that
model (4.3) is insufficient to capture time series related characteristics effectively.

Additionally, we are interested in exploring the cross-correlation among all 48 residual

sub-series. The cross-correlation at lag k for any pair of time series z; and z; is defined as:

COV(Zij t—|—k)
pi (k) = ————=, (4.4)
o GZ,‘ GZj
where the approximate critical value of p; ;(k) at a 95% confidence interval is i%. We

calculated pairwise cross-correlation for all 48 residual sub-series, with maximum lag k =7,

which allows us to analyze 15 lags in total (k € [—7,...,0,...,7]). The cross correlation at
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any lag k is considered significant if |p; (k)| > \1/'2—9%. Below we present a heat map showing

the number of significant lags for each pair of residual sub-series.
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Fig. 4.6 Heat map on number of significant lags for each pair of time series.

Based on Figure 4.6, the lowest number of significant lags across all pairs of residual
sub-series is 7, suggesting that every pair of the 48 residual sub-series exhibits significant
cross-correlation in at least half of the selected lags. Out of 48 x 47/2 = 1128 pairs, 645
pairs have all 15 lags identified as significant, accounting for more than half of the total pairs.
This finding indicates a strong cross-correlation among the residual sub-series, restating the

need to model the residual series £°4M to capture these dependencies effectively.

4.4 Residual Fitting with Time Series Analysis

In this section, we propose several time-series based methods for modeling the residual
series €M Our objective is to model and predict €74, and use it to refine the electricity

load forecast via j; = yoAM 4-€6AM We name this 2-step prediction procedure as residual
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stacking model. In practice, the EDF team has implemented a similar approach, where they
developed another model based on dynamic Kalman Filter, stacking on the outcome from
GAM. We refer to this model as the benchmark model, and will introduce more details in
section 4.4.5.

When forecasting electricity load for the next day y,, time series methods did not use

information from x; to predict the future residual gGAM

1 - During the residual modeling

etGAM series, we model the 48-variate sub-series

process, rather than using the univariate
instead. A natural choice for multivariate time series modeling would be the vector autore-
gressive (VAR) model. However, with the high-dimensionality and limited observations in
the training dataset, over-parameterization in VAR model becomes a concern. VAR model
requires p +k x p? parameters, where p is number of variables, and & is the lag. If p = 48
and k = 2, then the model requires 48 + 2 x 482 = 4656 parameters, while the training set
contains only n;,4;,;, = 3592 observations, making the model insufficiently supported. To

overcome the over-parameterization issue, we propose 2 models for multivariate time series

modeling on the residual vector time series.

4.4.1 Principal Component Analysis for Vector Time Series

The first method we introduce is Principal Component Analysis for Vector Time Series
(TS-PCA), developed by Chang, Guo, and Yao (2018a). This approach applies principal
component analysis to high-dimensional time series data, segmenting it into smaller, un-
correlated groups. This segmentation allows each group to be modeled independently, thus
alleviating the over-parameterization issue by reducing p in p + k x p*. The method starts
by transforming the original vector time series via performing an eigenanalysis on a posi-
tive definite matrix derived from the series’ cross-correlation matrix, effectively grouping

components based on their correlations.
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4.4.1.1 Theoretical Framework for TS-PCA

Given y; is a p X 1 weakly stationary time series, TS-PCA assumes that y; has a latent

segmentation, which can be represented as
ye = Axi, (4.5)

where the transformation matrix A is an unknown p X p matrix, and the transformed series x;
is a p x 1 unobservable weakly stationary time series, and its p components can be segmented

into g groups of sub-series, denoted as:

(1)
Xt = 9 (46)
(9)

Xt
where each group of sub-series x,(l) is both contemporaneously and serially uncorrelated with

the others; that is, for any i # j, Cov(x,(i),x(j)) =O0forallt,s €1,...,n. TS-PCA estimates

the transformed series x; in 2 steps:

1. Let X,(k) = Cov(yr4,y:) be the autocovariance matrix of y, at lag k. Define W, =
220:0 T, (k)Z,(k) ", where ko is the maximum lag considered for autocovariance matri-
ces. To proceed, perform eigenanalysis on VT/y and let I'y be the orthogonal matrix with

columns being eigenvectors of Wy,

2. The matrix I'y is a column permutation of the transformation matrix A, and z; = 1"yT vt
serves as an approximation to the transformed series x;. The components of z; can be
segmented into g groups of uncorrelated sub-series, allowing for independent modeling

of each group.

Note that I'y only estimates the true transformation matrix A up to columns, thus z
might be different from the true transformed series x;. This discrepancy does not affect our

objective, as we ultimately aim to estimate y; 1 = Ax; 1 = I'yz;1. For further details, please

refer to Chang, Guo, and Yao (2018a).
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4.4.1.2 Identifying Sub-groups in z;

The segmentation of components in the estimated transformed series z;, is based on evaluating
the pairwise cross correlations among the 48 components at different time lags. Then, we
connect all correlated components and put them in the same group, based on pairwise cross
correlation in equation (4.4). Using ccf, we compute cross-correlation between z;; and z;; at
any given lag k, denote as p; j(k) for simplicity.

To determine whether two components z;; and 7, are cross-correlated, we conduct the

following hypothesis test to check whether the cross-correlation for all selected lags are zero:
Hj, pr(k) :0,f0rallk: —k(),...,k(), “4.7)

where ky is pre-specified as the maximum lag in testing cross correlation. If Hy is rejected
for a pair (i, j), we conclude that (z;, zj,) is a connected pair and should be grouped to the
same sub-group.

To test the significance of pairwise cross-correlations, Chang, Guo, and Yao (2018a)

proposed a measure called Maximum Cross-Correlation (MCC), which is defined as:

n '7 ) = i.j 5 4.8
La(i, j) |g{r‘1§;§0\9,1(k)! (4.8)

where p; j(k) is the cross correlation defined in (4.4). To determine the significance of MCC,
we could either compare L, (i, j) with a predetermined threshold value &, where L, (i,j) > h
indicates significant cross correlation, or use the ratio-based method proposed in Chang, Guo,

and Yao (2018a), which is detailed as:

1. Compute MCC for all pg = p(p —1)/2 pairs to get a sequence of L,. Rank this

sequence by ordering L, (i, j) in descending order Ly > -+ > L.

2. Define the following ratio for the ranked L values:

R = arglgljaS);OLj/LjH, (4.9)
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and reject Hy in (4.7) for all pairs corresponding to L; > --- > I R

To better explain the idea of this ratio-based approach, we could assume that there are
only ¢ connected pairs among all pg = p X (p — 1) pairs. Hence, the ¢ + 1-th pair would be
insignificant, and L. ; should be very close to 0, while L. is not, resulting in a large value
for L./Lc41 = oo. As ¢+ 2-th pair is also insignificant, L., > would be close to zero as well,
and the ratio then drops. Thus the ratio is maxed at ¢, which justifies the above method.

After identifying significantly correlated pairs, groups are created via merging any
connected pairs. For instance, if both (z1,,22,) and (z2,,23,) are significantly correlated,
we then merge 21,22, and z3; into a single group. Starting with each component as a
separate group, we iteratively combines groups until all connected pairs are in the same
group. A VAR model can then be applied to each of the g groups to generate predictions
241 = (fl(i)l, . ,21(:{)1), and the final forecast is obtained as y;, 1 = I'yZ41.

In ideal situation, this grouping process would mitigates the over-parameterization issue
by transforming it into several smaller, uncorrelated sub-series, allowing easier analysis and
forecasting. Yet if the underlying latent structure is not well-balanced (e.g. a very large group
and several much smaller group), this method contributes less effectively in reducing the
number of parameters.

To address this, we propose a new grouping method called trimmed grouping, which
sets an upper limit s on the size of each of the g groups. Based on the same hypothesis test
in (4.7), this approach ensures that no group exceeds the specified size limit significantly,

balancing the group sizes to ensure the reduce in complexity of the model.

1. Calculate L,(i, j) for all pairs of components. Filter those with significant values (e.g.

larger than the threshold £).

2. For each component, record all other components with significant correlation in

descending order of L, (i, j). This yields p initial groups.

3. Starting with the first group, if its size exceeds g, select the g most correlated compo-

nents, record these and remove them from the remaining p — 1 groups.
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4. For the next group, remove any components that were previously selected, then choose
the g most correlated components from the remaining, and remove these from the other

p — 2 groups. Repeat until all p components have been assigned.

5. For any groups containing only one component, merge them into existing groups if

they have a significant correlation with other components.

This procedure limits the maximum group size to approximately g, by initially keeping
only the most significant g pairs in each group and removing less significant components.
Although the final group sizes may slightly exceed g due to the last merging step, this excess is
minimal and should not impact the effectiveness of the trimmed grouping method in reducing
parameter counts within the VAR models, thereby ensuring an efficient segmentation that
reduces parameter requirements.

The prediction process then follows the same steps as in the previous methods: a VAR
model is applied to each of the g groups to predict 2? 11> and 91 =T'y% 1. We perform the

GAM

TS-PCA transformation and segmentation on the 48-variate residual series €°”", and use

GAM

the predicted value for refining y; 75"

4.4.2 Factor Model with Permutation Testing

Another time-series model for reducing the number of parameters in VAR models is the
factor model. Factor modeling is particularly effective for high-dimensional multivariate
time series, serving as a powerful dimension-reduction tool. This model assumes that the
observed multivariate series is driven by a lower-dimensional latent structure and can be

formulated as:

Yt = AX[ + &, (410)

where x; is the latent process with dimension r x 1, A is the factor loading matrix with
dimension p X r, and & is noise. It is assumed that the number of latent factors r is much
smaller than the dimension of the observed multivariate series p. This assumption enables us

to describe the serial dependence in y; using a much lower-dimensional latent process x;.
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To estimate the factor loading matrix A and recover the latent process x;, we apply a
similar approach to TS-PCA by defining a non-negative definite matrix based on the summed

lagged autocovariance matrices and then perform eigenanalysis.

1. Let X,(k) = Cov(y;+k,y:) be the autocovariance matrix of y, at lag k. Define M =
Ziozl T, (k)Z,(k) ", where ko is the maximum lag used for autocovariance matrices.
Perform eigenanalysis on M, the sample estimate of M, and let I' be the orthogonal

matrix whose columns are the eigenvectors of M.

2. The matrix I' is a column permutation of the factor loading matrix A, and z; = 'y,
is a p x 1 series that can be seen as a combination of the latent series x; and random

noise, containing r factor components and p — r noise components.

3. The estimate of the factor loading matrix consists of the first » columns in I', denoted

as A = ..

The key part in factor model is the estimation on number of factors r, which cannot be
observed directly. Various methods have been proposed for this purpose, including the ratio
test from Lam and Yao (2012a). Their approach estimates 7 based on the ratio of ordered
eigenvalues from M:

PRatio = argminiprl/i,-. 4.11)
1<i<p

The intuition behind ratio test is, eigenvectors associated with factors will have non-zero
eigenvalues, and those associated with white noise will have zero eigenvalues. Since there are
r factors, we should have r non-zero eigenvalues and p — r zero eigenvalues. As eigenvalues
come with a natural descending order, the ratio A,;;/A, shall be zero. In practice, the
estimated "zero" eigenvalues are slightly greater than zero, so the ratio A/, will
generally be larger than A, | /A,. Therefore, by finding the smallest ratio, we can estimate 7.

The ratio test method works effectively when all factors have similar strengths, where
factor strength refers to the magnitude of influence each latent factor exerts on the observed
data. However, in real-world applications, factors often have varying strengths. To address

this, Lam and Yao (2012a) developed a 2-step ratio test. This method first estimates a factor
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loading matrix A using ratio test, then perform the estimation again on y; =y, — AlAlTy,
to obtain a new factor loading matrix Az, as well as the total number of factors 7 = 7| + 7.
However, this approach is only capable of handling 2 different factor strength levels. To
handle a broader range of factor strength levels, we developed a new non-parametric method
for estimating r, which works well under varying factor strengths.

Given the transformed vector time series z; = 214, ...,2p, We are interested in testing the

following hypothesis for each component of z;:
* Hy: z;; is white noise, with no serial dependence.
* Hy: z;; is not white noise, and has serial dependence.

To test this hypothesis, we permute the series z;, multiple times, and apply a test statistic
on all permuted series. We calculate the p-value of the test via finding the percentile of test

statistic from the original series within the sequence of test statistics from permutations.

Y0 HT (2wy0) 2 T(2)}

. . pelol, (4.12)

p=

where w; is a permutation functionon 1,...,n, and 2, ; = (Zwl-(l),tv s D))
The choice of test statistic 7(-) does not affect the outcome of the test, as the calculation
of p-value does not rely on the theoretical distribution of the selected test statistics. Typically,

T (-) will be based on sample autocorrelation of the series, which is defined as:

n—k(, _ = _ = n
B = Yoot (2 —2) @k Z)’ s 1 Y (4.13)
n

Z;lzl (Zt - Z) i=1

where Py is the sample correlation at lag k, n is the total number of observation, and 7 is
the sample mean. To obtain the most accurate empirical distribution, we need to perform n!
permutations on z;. This would quickly becomes computationally intensive for any n > 10.
Instead, a good approximation to the empirical distribution can be achieved with only a few

thousand permutations. It can be shown that, even with a limited number of permutations,
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the significance level of permutation testing can be controlled at the desired level, namely:
IP(Rejecting Hy|H) true, z1,...,2,) < O. (4.14)

This testing procedure remains effective even with varying factor strengths, enhancing its
capability to estimate r accurately in real-world data.The methodologies of the factor model
and TS-PCA may appear similar, as both employ eigenanalysis on a summed covariance
matrix over multiple lags. However, the underlying assumptions differ between the two
models. TS-PCA assumes that y; can be transformed into several smaller, uncorrelated groups
of sub-series, where factor model assumes the existence of a lower-dimensional latent process
that drives the observed series. Both methods address the issue of over-parameterization, but

the choice of method depends on prior knowledge of the dataset.

4.4.3 Simultaneous Decorrelation of Matrix Time Series (Regional

Data)

For regional data, we fit separate GAMs for each of the 12 regions to predict regional
electricity load. The residuals from these 12 regions then form 12 separate 48-variate time
series, which we reshape into a matrix time series of dimension 12 x 48, in order to capture
the dynamics across the 12 region. An intuitive approach for modeling this matrix time series
is the Matrix Autoregressive (MAR) model, an extension of the Vector Autoregressive (VAR)
model for matrix-valued series.

The MAR model requires fewer parameters than the VAR model, specifically (m x n+
k(m?+n?) v.s. (p+k x p?) x 12). The MAR model imposed a shared structure across the
matrix time series, which leads to fewer autoregressive parameters compared to having VAR
models for vectorized series. The reduction is significant because the number of parameters
in the MAR model depends on 122 instead of 482, which is a substantial reduction. Although
there is no over-parameterization, we may still explore the underlying structure of this
residual matrix time series. In Han et al. (2023), they proposed a bilinear transformation

method to simplify the modeling and forecasting of high-dimensional matrix time series.
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This transformation addresses the challenges of modeling matrix time series with large
dimensions by reducing cross-correlations between matrix elements.

Similar to TS-PCA, the core idea is to transform the matrix time series into a set of
uncorrelated sub matrix series through a bilinear transformation. This method allows for
more efficient modeling by decoupling the original series into smaller subseries that can
be modeled independently. The paper by Han et al. (2023) demonstrates that this approach
reduces model complexity while preserving the integrity of the data’s linear dynamics,
making it easier to forecast. Moreover, the transformed matrix time series provides superior
forecasting performance, even when the true dynamics deviate from the assumptions.

Given any p x g matrix time series ¥; =Y, ; ;, wherei€ 1,...,p, j€1,...,q, we look for

a bilinear transformation that can lead to the following segmentation:

Y, =BX,A', (4.15)

where A and B are unknown constant matrix with dimension p X p and g x g. The transformed

matrix time series X; is unobservable with the structure:

X1 Xe1p2 o Xeine
Xi21 Xi22 0 Xion,

Xt: 1< bt . y=lte , (416)
Xt7nr71 Xtanrvz e Xf,flr,}’lc

where each X;, i) is a sub matrix series with dimension p; X g;, n, and n. are number of
groups in row and columns, and Y.} p; = p, ¥ ¢; = q. All sub matrix series are uncorrelated
with any other sub matrix series across all time lags. By modeling each sub matrix series
independently via MAR model, the modeling process shall be more efficient.

The estimation for A and B follows a similar procedure to factor models and TS-PCA,
where we perform eigenanalysis on non-negative definite matrices that are constructed from

aggregating covariance matrices over multiple time lags:
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1. Standardize Y; by estimating the row-wise and column-wise covariance matrices:

vy, =P YY"
nxp tz‘ b Y X qtz‘ o
where
1/2 1/2
y, =0 gex ATz, (4.17)

such that A* and B* are orthogonal.

2. Define cross covariance matrices V(1) and V(@ that capture correlation between rows

and columns:

A(1)71/2 -1/2

(1) LS Y
Veii=(Zy )—k Z Y kEi jYiXy

kii,j n—
~(2 (02 71/2 T 1/2
Vk(,i,)j - (Zy n Z YiikEi Y Z( g ’

where E; ; is a unit matrix that extracts the element in the (i, j)-th position, and k is the

lag.

3. To estimate A* and B*, construct the following non-negative definite matrices:

R 1 2oy s

W(l):—2 ZZ k7i7j(vk,i,j)—r’

9 ~
A

-
kl])
1

4" k=kyi=1]

4. Perform eigenanalysis on W and W, and eigenvectors corresponding to these

matrices are the columns of A* and B*.

Once A* and B* are estimated, we can then estimate the transformed matrix series X; via

%, =BT (EP) 12y, M) 1/24 (4.18)
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This transformed matrix series X, can be segmented into uncorrelated sub matrix series, and
each sub matrix can then be modeled independently. The segmentation of columns of X; is

proceeded by the following steps:

1. Define Z; as the matrix series obtained by applying the column transformation matrix

A* to the standardized original matrix series:

Z, =Y,(EW)12A, (4.19)

2. Similar to equation (4.8), compute the maximum cross-correlation for each pair of

columns in Z;,:
COV(ZH—k il 2t )
thst] 7.]7m
pim(k)= max | |. (4.20)
1<i, j<p,|k|<ko GZM'J ) O-Z[L]',m

Here, Z; ; ; denotes element in the i-th row and /-th column of matrix series Z;. This
equation finds the maximum cross correlation between column / and m across all time

lags within the range —ko, . .., ko.

3. Once all significant pairs are identified, iteratively merge connected columns into the

same block until all connected pairs are grouped together.

4. For row segmentation, use @52))—1/ ’B* to replace <§§/1)>—1/ 2A* in the first step, and

repeat the remaining steps.

With X; segmented into n, row groups and n, column groups, we obtain n, X n. blocks
of sub-matrix series. For each block, we fit a MAR model to make predictions atz 4 1. By
merging predictions from all blocks we could obtain X, |, then following equation (4.17),

we obtain the final prediction Yt+1.

4.4.4 Long Short Term Memory

Long Short-Term Memory (LSTM) networks, first introduced in (Hochreiter (1997)), is a
specific type of recurrent neural network (RNN), which is designed to handle sequential data

and long-range dependencies. Compared to traditional RNNs, LSTMs have longer memory,



98 Electricity Load Forecasting by Factor Models, TS-PCA and Matrix TS Models

making them particularly suitable for time series forecasting tasks with extended temporal
dependencies.

The LSTM architecture includes three main components within its memory cell structure:
the input gate, the forget gate, and the output gate. These gates modulate the flow of informa-
tion through the network, selectively deciding which information to retain or discard. This
gating mechanism enables LSTMs to capture both short-term and long-term dependencies in
data. In this setup, let the input be y;, input gate i, output gate o, forget gate f, memory cell c,

and W and U represent the weight matrices for each gate respectively.

* Input Gate: Controls the extent to which new information enters the memory cell.

it = freru Wiye + Uihy—1 + b;), 4.21)

where frery() = max(x,0) is the ReLU activation function.

» Forget Gate: Determines what proportion of past information in the memory cell is

retained.

fr = freru Weys +Ushi—1 +by) (4.22)

* Output Gate: Controls how much of the memory cell’s content influences the current
output.

Oy = fReLU(Wayt +Uohi—1 + bo) (4.23)

* Memory Cell: Carries information across time steps. ¢; takes the initial value of 0, and
will be updated at each step via adding or removing information through the 3 gates

above. We first generate a candidate memroy state

Et = tanh(ch[ + Ucht—l + bc), (424)

where tanh() is the hyperbolic tangent function limiting the range of ¢; between [—1, 1].

Then we update the memory cell ¢; by combining the input gate i; and the forget gate
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f; with é&;:

=l 1+i O, (4.25)
where © is the element-wise product.

* Hidden State: Short-term memory of the network, complementing the long-term
memory represented by the memory cell state. &, takes the initial value of 0, and is
updated based on the updated memory cell and the output gate, making it a filtered

version of the memory cell that emphasizes important information at each time step.

hy = o; ®tanh(c;) (4.26)

Although LSTMs are known for its ability to handle complex, nonlinear relationships in
time series data, they require a substantial number of parameters, demanding a significant
amount of observations to train effectively. The number of parameters for a single LSTM

layer is calculated as follows:

Total Parameters = 4 x hidden units x (input dim + hidden units) +4 x hidden units,

where hidden units is the number of neurons in the LSTM layer, input dim is the number of
input features to the LSTM layer, and the number 4 represents the four gates in an LSTM. In

our case, we take the 48-variate residual data £°4¥

as input and predict égrAlM . A single 50
neuron layer would have 19800 parameters, which is far more than the size of training data.
However, studies including Canatar, Bordelon, and Pehlevan (2021) have shown that, having
more parameters than training samples in neural network based models can surprisingly
lead to an acceptable generalization, which differs from traditional statistical models. Thus,
despite serious over-parameterization, we added LSTM to fit and predict residual series

étGAM )
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4.4.5 Benchmark: Dynamic Kalman Filter

Instead of using GAM prediction as the final forecast, the EDF team developed a two-step
method to refine the estimation, where they implemented a method named dynamic Kalman
filter. The Kalman filter, first introduced in Kalman (1960), is designed to estimate the
state of a dynamic system from a sequence of noisy measurements within the framework of
state-space models.

A state-space model is a theoretical framework that describes the behavior of dynamic
systems over time. It represents the system’s internal states and how these states evolve.
Both Kalman filter and state-space model are widely used in control systems, navigation,
signal processing, and time series analysis. The main purpose of the Kalman filter is to
predict the future state of a system while correcting the current state estimation based on
new incoming measurements, even if these measurements are noisy. Connecting GAM with
Kalman filter combines the flexibility of GAM for capturing nonlinear relationships with the
dynamic capabilities of the Kalman filter to handle uncertainties and time-varying behaviors
in electricity load forecasting. To link both methods, we follow the setting used in Obst,
De Vilmarest, and Goude (2021), J. d. Vilmarest et al. (2023), where we employ the Kalman

filter to adaptively estimate and update a vector 6; such that:

Elylx] =6, f(x), (4.27)
and f(x) is defined as:
0
flx) = ,
T e
where xt(l) = (xt(_‘ll), e ,xt(’ld)l)T and f (xt(z)) = (fi (xt(?l)), o S (xt(?d)z))T. For simplicity, we fix

the nonlinear smoothing functions f(-) obtained from training dataset, and assume that the
linear components evolve independently.
To apply Kalman filter on GAM, we transform GAM from a multivariate linear system

into the following Gaussian state-space model:
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9[+1 = 61‘ +wr, Wy~ N(07Q)a (428)

ye=8f(x)+v, v ~N(0,02), (4.29)

Equations 4.28 and 4.29 set up a state-space model for Kalman filtering. In this context,
the Kalman filter is used to estimate the latent state 6; of the system. These equations model
the state transitions and observations, where the transition matrix is influenced by the process
noise covariance matrix Q, and the measurement noise is captured by 2. They transform

the GAM model into a recursive state-space model to account for noise and uncertainty in

the system’s behavior. Here Q = : , where Q1, 0, are for linear state variables xt(l)
0 O
and nonlinear state variables x,(z) respectively. v; is the measurement noise representing the
variance of observation, and sz is the space noise variance.
To adaptively estimate 6;, we can use the recursive formula of Kalman filter, assuming

the prior distribution of 6; ~ N (él,Pl), where P; € R4*? d = d, + d, is positive definite.

Then at each time ¢ € 1,...,n, we predict:

A

By |x1..091..0-1] = 6, f(x), (4.30)

where ét and P, are update recursively with:

A _ A P f(x) AT

641 = 9t+f(xz)TPtf(Xt)+Gv2 ()’t 91‘ f(xt)), (4.31)
o Ptf(xt)f(xl)TPt

Pt-H =F - f(xt)TP[f(xz)‘f’sz +Q (4.32)

Equations 4.31 and 4.32 describe the recursive updates for the Kalman filter. Equation
4.31 updates the estimate of the state 6;, while Equation 4.32 updates the covariance matrix
P;, both of which evolve over time. These updates allow the Kalman filter to refine the

state estimate by incorporating new observations and reducing uncertainty. In this setting,
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both Q and o, are are unknown. The term dynamic in dynamic Kalman filter refers to a
specific setting, where Q # 0, indicating a non-constant state vector, and similarly, o, not
being constant as well. This allows the system’s behavior to vary over time, which may be
casued by external disturbances, changing conditions, or unmodeled dynamics. A dynamic
Kalman filter estimates Q with an online manner, improving the filter’s ability to track the
state accurately under different noise conditions and adjust to time-varying system behavior.

To be more specific, dynamic Kalman filter initializes Q(0) = 0 and updates its diagonal
elements iteratively by adjusting one entry at a time. For each potential adjustment, we
choose the change that maximizes the likelihood through a grid search over a predefined set
of values. In our setting, we use {21 ,—30 < j <0} as the candidate of parameter for grid
search updates.

The estimation of Q and o, are conducted through an iterative greedy procedure imple-
mented in the R-package viking (J. d. Vilmarest and Wintenberger (2024)). By estimating
these parameters adaptively, the dynamic Kalman filter is able to handle time-varying or
uncertain system behavior, and can improve the accuracy and reliability of state estimates

over time, which is crucial especially during times such as the COVID-19 pandemic period.

4.5 Performance Analysis

With the numerous methods introduced in the previous section, we now turn to evaluating
each method’s performance in forecasting electricity load. To compare the quality of forecast

from each method, we use the root mean square error (RMSE) as our evaluation metric:

e
RMSE = ;Z(y,-_y,-)Z. (4.33)
i=1

Among the methods introduced in section 4.4, all except the Dynamic Kalman Filter

predict the residual £24M from GAM. We compute the final load forecast by

~  ~GAM , AGAM
Yer1 = Vi1 TELT
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and calculate the RMSE to compare forecast accuracy.

When predicting GAM residuals at national level, we treat the input as a 48-variate time
series. For regional-level predictions, we can either treat each of the 12 regions separately,
using approaches such as the Factor Model or TS-PCA, or reshape the data into a matrix
time series to apply Simultaneous Decorrelation of Matrix Time Series. Alternatively, we
can vectorize the matrix time series, and use methods from national level predictions as well.
In the following sections, we present the prediction RMSE for each of these approaches.

For predictions, we use a common time series forecasting technique called One-Step-
Ahead prediction. This approach predicts the time series value at the next time point using
all data available up to the current time. At time ¢, we use all observations up to ¢ to train
the selected model, and the model predicts only one future time point # + 1. As new data
becomes available with each time step, it is added to the training dataset to generate the
next one-step-ahead prediction. This method avoids the compounding errors that occur in
multi-step ahead time series forecasting.

While using all available data allows one to capture long term trends and provides more
observations for model fitting, it also intensifies computational burden. Additionally, if
seasonality or other patterns change over time, older data may no longer be relevant and
could degrade forecast accuracy. To address this, we also experimented with training models
on more recent data only, selected via sliding window approach. In this method, we set a
fixed window length for the training data, which moves forward as new data arrives, ensuring

that the model always trains on the most recent and relevant information.

4.5.1 Prediction on National Level

In this section, we focus on predicting electricity load data at the national level. The national
electricity data is reshaped into a 48-variate time series based on the time of day. We use six
different methods for making predictions on this 48-variate time series: univariate AR model,
vector AR model, TS-PCA, Factor Model, LSTM, and dynamic Kalman filter. The first 5

éGAM

models predicts the residual series 77" based on residuals of GAM forecasts, refining the

GAM output by capturing additional time-dependent structures within the residuals. The
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dynamic Kalman filter, in contrast, bypasses the residual correction approach, aiming to
directly estimate y;,1 by adaptively incorporating new information from new observations.
This array of models provides a comprehensive comparison, allowing us to evaluate their
relative strengths in enhancing GAM estimations. In the sections that follow, we will analyze

the prediction accuracy of each method.

4.5.1.1 Model Specifications

In the univariate AR model, we treat the 48-variate residual series as 48 independent time
series, fitting a separate AR model for each and predicting the value at t + 1 for each
series. The lag for each univariate AR model is automatically selected based on the Akaike
Information Criterion (AIC). The VAR model, in contrast, models the entire residual series
as a single multivariate process, capturing the interactions across all 48 time slots. Like the
univariate AR model, the lag of the VAR model is also automatically chosen using AIC.

For TS-PCA model, we present two prediction results under different grouping settings:
the default ratio-based grouping approach originally proposed in Chang, Guo, and Yao
(2018a), and the proposed trimmed grouping approach in section 4.4.1. We set the threshold
for identifying significant cross-correlation at 0.08, which is the first quartile of maximum
cross-correlation values across all pairs, and cap the group size at 10.

Likewise, for factor model, we also present two prediction results, using different ap-
proach for estimating number of factors. The first approach is the ratio-test based approach
described in Lam and Yao (2012a), and the second being permutation testing approach
described in section 4.4.2, which is a more flexible alternative when factor strength varies.
We set maximum lag m = 1 for both methods, and number of permutation to be 2000.

In the construction of the LSTM model, we constructed a 3-layer LSTM, each layer
consisting of 50 cells. The training procedure involves running the model for 200 epochs
with a batch size of 128. We used the ReLLU (rectified linear unit) activation function for
the gating mechanisms in LSTM cells. The use of ReLLU facilitates faster convergence and

allows the model to better capture complex temporal patterns. The LSTM model takes the
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48-variate residual series as input, and predicts its value at # 4 1. The timestep we select is 7,
which allows us to incorporate one week of data into each training iteration.

For dynamic Kalman filter, we process any nonlinear variables using thin plate regression
splines, as inherited from GAM. The iterative estimation of process noise covariance matrix

Q starts from a zero matrix, and space noise variance G starts from 1.

4.5.1.2 Prediction Performance Comparison

Table 4.1 displays the RMSE of predictions from each method, providing a clear comparison
of forecast quality. All methods achieve lower RMSEs than GAM, indicating that each
method enhances prediction accuracy over the test period. Among the 10 settings, we use
univariate AR and VAR as the benchmark model for time series models. The dynamic
Kalman filter we used is a simplified version of the operating model used by EDF. Overall,
the factor model stands out with the lowest RMSE, surpassing both time series benchmark
models and the EDF operational model. Both AR models showed moderate improvement
relative to GAM. VAR performs well, mostly contributed by its ability to capture interactions
among the different variates. Notably, despite the excessive number of parameters in the
VAR model relative to the sample size, it still achieves a reasonable performance, which is

somewhat surprising given the issue of over-parameterization.
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Data Method RMSE

1 | All Time | Raw Residual from GAM 1537
2 | All Time | Dynamic Kalman Filter 1205
3 | All Time | Uni-AR 1310
4 | All Time | VAR 1270
5 | All Time | TS-PCA (Ratio-Based) 1359
6 | All Time | TS-PCA (Trimmed Grouping) 1301
7 | All Time | Factor Model (1-Step Ratio) 1340
8 | All Time | Factor Model (2-Step Ratio) 1237
9 | All Time | Factor Model (Permutation Testing) | 1197
10 | All Time | LSTM 1351

Table 4.1 RMSE of predictions from each listed methods using all historical data as training
data. Predictions are made from January 2023 to September 2023. All models except
dynamic Kalman filter are trained and used following the One-Step-Ahead approach.

As shown, the TS-PCA method did not outperform VAR, yet the proposed trimmed
grouping approach has better performance than the default ratio-based TS-PCA. For all
listed factor models, the only difference in model specification is the approach for estimating
number of factors. The RMSE results suggest that the permutation testing approach for
identifying the number of factors 7 has the best performance overall. Further details about
TS-PCA and factor models will be discussed in the next section.

For the LSTM model, the less-accurate performance is expected due to model complexity,
highlighted by its parameter count. As stated earlier, we used a 3-layer LSTM. The first layer,
which takes 48 input features and has 50 neurons, requires 4 x 50 x (48 +50) +4 x 50 =
19800 parameters, and the second and third layer requires 4 x 50 x (50 +50) 4+ 4 x 50 =
20200 parameters. Additionally, the output layer has 50 x 48 + 48 = 2448. Summing
up parameters from each layer, the LSTM model has a total of 62648 parameters, which
far exceeds the number of observations. Despite this over-parameterization, the LSTM’s
performance demonstrates its ability to handle complex data and learn effectively even with

a large number of parameters.
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While RMSE gives a measure of accuracy for forecasts from different methods, it does
not provide sufficient evidence to tell if one model is statistically better than another. To
better compare forecasting quality, we employ the Diebold-Mariano (DM) test proposed
by Diebold and Mariano (2002). The DM test is designed to check if the difference in
forecasts from two different models is statistically significant. It tests the null hypothesis that,
given two forecasts from two distinct methods y;, and y; ;, the population mean of the loss
differential series d; = g(e;;) — g(ej,) is 0. Here g(-) is the loss function, g(e;;) = g(yr, i)
and g(€j;) = g(y1,y}) are prediction errors. In Diebold and Mariano (2002), they constructed
a parametric test, with the test statistic designed as follow:

si= 4 (4.34)

27£,(0)
T

where d is the sample mean loss differential. f;(0) is an estimation of f;(0), which is the
spectral density of the loss differential at frequency 0. The test statistic S| follows a standard
normal distribution N(0, 1).

The DM test is robust, allowing forecast errors to be non-Gaussian, have nonzero mean,
and exhibit both serial and contemporaneous correlation, making it applicable across a wide
range of scenarios. We apply the DM test on the proposed methods using the R function
dm.test, which is a modified DM Test proposed in Harvey, Leybourne, and Newbold (1997).

Below we present our findings in Table 4.2:

Method 1 Method 2 Test Statistic S; | p-value
GAM Dynamic KF 19.13 0.00
GAM Factor Model (Permutation Testing) 31.63 0.00

Dynamic KF | Factor Model (Permutation Testing) 0.44 0.66

Table 4.2 p-value of DM test on selected methods, based on national electricity load data.
Method 1 generates y;;, and Method 2 generates ; ;.

Table 4.2 shows that both the dynamic Kalman filter and the Factor Model with Permuta-

tion Testing yield forecasts that are statistically different from those of GAM, and positive
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test statistic S indicating that the errors from GAM forecasts are larger. This suggests that
both the dynamic Kalman filter and the Factor Model with Permutation Testing improve
forecast accuracy based on GAM. However, when comparing the dynamic Kalman filter to
the factor model with permutation testing, the DM test does not reject the null hypothesis,
indicating insufficient evidence to conclude that the forecasts from the factor model with
permutation testing are statistically better than those from the dynamic Kalman filter. Thus,
while both methods outperform GAM, their relative performance difference is not statistically
significant based on the DM test results.

The dataset contains 10 years’ electricity consumption, and there might be changes in
electricity consumption patterns. If such changes exist, using all historical data could reduce
model credibility. To address this, we experimented with training models on more recent data,
selected through the sliding window approach discussed earlier. In Table 4.3, we compare
the prediction performance of selected methods when trained on the full dataset versus only
recent data. This comparison allows us to evaluate whether focusing on more relevant, recent
data improves forecast accuracy, as well as inspecting the presence of evolving electrycity

consumption patterns.

Training Data Set

Method
All Time Sliding Window(2Y)
1 Uni-AR 1310 1320
2 VAR 1270 5451
3 TS-PCA (Ratio-Based) 1359 1369
4 TS-PCA (Trimmed Grouping) 1301 1347
5 Factor Model (1-Step Ratio) 1340 1308
6 Factor Model (2-Step Ratio) 1237 1301
7 Factor Model (Permutation Testing) 1197 1286

Table 4.3 RMSE of predictions from each listed methods using sliding window with length =
2 years as training data. Predictions are made from January 2023 to September 2023. All
models are trained and used following the One-Step-Ahead approach.
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Based on RMSEs in Table 4.3, we discover that using more recent data does not improve,
but rather weakens the predictions, possibly due to reduced number of observations. In
VAR models, there is a notable increase in RMSE, highlighting the negative impact of
over-parameterization when training data is limited. This suggests either there is no change
in pattern, or there are multiple changes in both training data sets. The relative performance
ranking among all methods remains roughly the same, except that VAR gets worse by a larger
margin. Such result may also support the effectiveness of factor models with permutation
testing. LSTM is not included in this comparison, as it is well-suited for capturing both
long-term and short-term dependencies, and the issue of over-parameterization will only get
worse with limited observations.

To further compare the characteristics of each method, we breakdown the prediction from
selected methods (dynamic Kalman filter, TS-PCA with trimmed grouping, Factor Model
with Permutation Testing, LSTM) by month of year and time of day, and we present the

results in Figure 4.7 and 4.8:
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Fig. 4.7 RMSE of predictions from each model by time of day.
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Fig. 4.8 RMSE of predictions from each model by month of year.

Figure 4.7 presents the average RMSE of different methods for each time of day. The
average is calculated based on 273 predictions. We observe a similar pattern across all
methods: RMSE tends to be higher during morning hours (from tod=12 to 20), and lowest
during late night (tod>44 and tod<10). The Factor Model performs particularly well in the
first half of the day, while the dynamic Kalman filter excels in the second half of the day.

Similarly, Figure 4.8 plots the average RMSE of different methods for each month of the
year.Based on our observations, summer months (June to September) appear more predictable
than winter months (January to March). When examining each method individually, either
the dynamic Kalman filter or the Factor Model consistently performs best across different

months.

4.5.1.3 Details in Factor Models: Estimating 7

In this section, we further investigate the prediction from factor models. Recall that factor
models assume the existence of underlying latent structure, and the key is to estimate the
number of factors within the latent structure. Following the One-Step-Ahead prediction

approach, we generated 273 estimations for 7 over the testing period, corresponding to each
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prediction step. Figure 4.9 plots the 273 estimations in time order, allowing us to observe

any trends or fluctuations in the estimated number of factors over time.
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Fig. 4.9 Estimation of 7 from all 3 methods on both training datasets.

From Figure 4.9, we observe that permutation testing generally provides higher 7, with
estimated values varying within a small interval of 6 to 8 with the all time training dataset.
Given that the permutation testing approach achieves a lower RMSE, we can infer that the true
number of factors is likely closer to 7pr, while the ratio-test based methods under-estimates
true r. This discrepancy in estimation from the two ratio test estimators is likely due to
varying factor strengths. The issue of underestimation of 7 from ratio tests is probably caused
by the varying factor strength of the underlying latent process. If each factor has a different
strength 0; # §;, i # j, the ratio test may fail, as it only identifies factors with same factor
strength at each step.

Assuming that the underlying latent structure is invariant over time, we may search for
the true number of factors by testing a sequence of candidate 7 values, and look for the one
that yields the lowest RMSE. Below, we present our findings for the optimal 7 based on this

RMSE-minimization search.
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Fig. 4.10 Prediction RMSE with fixing 7 € 1,...,20. The black/red/blue lines represent
the RMSE from TS-PCA/ Dynamic Kalman Filter/ Factor Model with Permutation Testing
respectively.

In Figure 4.10, we observe lowest RMSE=1161 at # = 10. The three dotted line represents
the RMSE from TS-PCA/dynamic Kalman filter/Factor Model with Permutation Testing, and
we can see that any 7 > 7 gives better RMSE than the best porforming Permutation Testing
(RMSE=1197). As the true r should result in lowest RMSE, the figure suggests that r might

vary between 8 and 17.

4.5.1.4 Details in TS-PCA

In this section, we present the details of TS-PCA in predicting electricity load on national
level. Recall that our objective for deploying TS-PCA and factor model is to reduce the
number of parameters required for VAR modeling on the residual series. TS-PCA helps
via segmenting data into smaller groups, and reduce inter-group cross correlation through a
linear transformation. Below, we present the maximum cross-correlation in (4.8) between
components of the vectorized residual series from national data, before and after applying
the TS-PCA linear transformation. This comparison illustrates the effectiveness of TS-PCA

in simplifying the structure and parameter requirements of the VAR models.
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Fig. 4.11 Heatmap of Maximum Cross Correlation among 48 tod for all-time residual data
(left), and TS-PCA transformed data (right). MCC < cv as "low", cv < MCC < 2 X cv as
high, and MCC > 2 x cv as "very high". cv = 0.033.

Here in Figure 4.11, we classified the numerical values of MCC into 3 levels: low,
high and very high, which corresponds with their relationship with the critical value. The
critical value is set at 1.96/1/n = 0.033, which is the 95% confidence level for sample cross-
correlation of two time series, as commonly used in statistical analysis. The heatmap on
the right in Figure 4.11, representing the TS-PCA transformed residual series, shows lower
MCC values across all component pairs, indicating reduced inter-component dependencies.
This figure also helps explain why a simple VAR model can still perform reasonably well, as
many pairs retained significant correlations, even though the TS-PCA transformation reduces
cross-correlation overall.

Next, we examine the segmentation of transformed variates in the TS-PCA model. In
Table 4.1, we present 2 different grouping approach on the transformed series z; = l"yT v;. The
Ratio-Based approach was originally proposed in Chang, Guo, and Yao (2018a), and the
trimmed grouping method is proposed in section 4.4.1.2. As Table 4.1 shows, the Ratio-Based
method is not as good as the trimmed grouping method. Below we compare the segmentation

result of the Ratio-Based method, threshold grouping method, and our proposed trimmed

grouping method. Threshold is set at 0.08, as stated in model specification section.



114 Electricity Load Forecasting by Factor Models, TS-PCA and Matrix TS Models

Method Number of Groups | Largest Group Size
Ratio-Based Grouping 47 2
Threshold Grouping 12 36
Trimmed Grouping 18 14

Table 4.4 Comparison of grouping result from different approach in grouping the components
of 3t

From Table 4.4, we see that the segmentation of 47 groups from the Ratio-Based method
is very similar to the univariate AR model setting, where we have 48 groups (each component
modeled independently). In contrast, when applying a hard threshold to determine the
significance of pairwise cross-correlation, the number of groups decreases, although still
resulting in groups of unbalanced sizes. Below we present the RMSE of two methods with
manually controlled threshold value, allowing us to evaluate the impact of group size balance

on prediction accuracy:
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Fig. 4.12 Comparison of RMSE between thresold grouping method and trimmed grouping
method.

In Figure 4.12, we discover that the proposed trimmed grouping method does not out-

perform the thresold grouping method. More specifically, when the threshold is low, the
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threshold grouping method performs significantly better; when the threshold is high, both
methods yield similar results. With a low threshold, the threshold grouping method com-
bines all components into one large group, making the segmentation identical to the VAR
model. As observed from the plot, the RMSE is nearly the same to RMSE from VAR in
Table 4.1. Conversely, with a high threshold, none of the pairwise correlation is significant
enough to be grouped together, thus the segmentation will be similar to the univariate-AR
like segmentation from ratio-based grouping. The RMSE of both methods in Figure 4.12 is
indeed similar to RMSE of the threshold grouping TS-PCA in Table 4.1. This comparison
highlights the sensitivity of the grouping methods to the choice of threshold, as well as the
difference between different methods.

The primary motivation for using TS-PCA is to address the over-parameterization issue
encountered in VAR modeling. When training on the all-time dataset, the VAR model
achieves a reasonable RMSE despite slight over-parameterization. However, if the number
of observations is further reduced, the performance of the VAR model deteriorates, and
the problem of imbalanced segmentation with the default thresholding method in TS-PCA
becomes more obvious. To illustrate this issue, we reduce the training data to 730 observations
using the sliding-window approach and generate predictions using the One-Step-Ahead
method. Below, we present the RMSE results for TS-PCA under both the trimmed grouping
and threshold grouping methods, using a range of threshold values. For the trimmed grouping
method, we set an upper limit of s = 10 for group size, allowing us to assess how balanced

grouping affects prediction performance in a reduced data setting.

Threshold 0.01 | 0.05 | 0.09 0.13 | 0.17 | 0.21 | 0.25 | 0.29 | 0.33

Trimmed Grouping | 1357 | 1355 | 1339 | 1379 | 1371 | 1364 | 1369 | 1369 | 1370
Threshold Grouping | 6438 | 6438 | 13493 | 15196 | 1372 | 1364 | 1368 | 1369 | 1370

Table 4.5 Comparison of RMSE from different approach in grouping the components of z,
training data is selected via sliding window, window length is 2 years.

In Table 4.5, we found that when threshold is low, threshold grouping has extremely high

RMSE, showing similar behavior to VAR model in Table 4.3 under limited observations.
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This issue is alleviated with increasing threshold, preventing variables from being grouped
together. On the other hand, TS-PCA with trimmed grouping showed stable performance all
time, validating its robustness against less-appropriate threshold value and limited sample
size. The optimal choice of group size should depends on the number of observations. Since
we use AR/VAR models to make prediction for each segmented group, we need to be careful
in selecting the upper limit s for groups to ensure that in the VAR model, s+ k x 5% < nps.
This condition helps maintain a balance between capturing interactions within groups and

avoiding over-parameterization, especially when number of observations are limited

4.5.2 Prediction on Regional Level

In this section, we focus on predicting electricity load at the regional level. The 12 metropoli-
tan regions have the same independent and dependent variables as the national data, enabling
us to apply the methods from Table 4.1 to each region individually. However, treating the
regions separately would have missed the interactions among them.

To process regional data from all 12 regions at the same time, we first fit a separate GAM
model for each region, obtaining a regional residual vector time series with a dimension
of p = 48 for each of the 12 regions. We then combine all 12 regional residual series and
reshape these residual data into a 12 x 48 matrix time series with 3865 observations. To
model and predict residuals as matrix time series, we use MAR models as benchmark, and
Matrix Time Series Decorrelation from Section 4.4.3 as the more efficient model that reduces
model complexity. Additionally, we also vectorized the 12 x 48 matrix time series into a
p =576 vector and used VAR, TS-PCA, and factor models for predicting the residual series
as well.

The performance of each method is evaluated using RMSE. For methods that model
each region separately, this forecasting and evaluation process is identical to the national
level forecasting evaluation, where we add the forecast residual from proposed models back
to GAM estimates, and compute the RMSE between estimate and actual electricity load.
For methods applied to the matrix residual series and the vectorized matrix residual series,

predictions require an additional step. Once forecasting are generated, we identify the region
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where each forecasting corresponds to, reconstruct each region-specific residual series, and
then calculate RMSE for each region separately. The only exception is for dynamic Kalman
filter, which applies on regions separately and directly predicts the regional electricity load

instead.

4.5.2.1 Prediction Performance Comparison

Here we present the predictions from selected methods on each region separately. Table 4.6
illustrates the RMSE of predictions from each method. The first two methods, MAR model
and Matrix Time Series Decorrelation, are applied directly on the 12 x 18 variate residual
matrix time series, and they are marked with (m). The subsequent TS-PCA and VAR model
are based on vectorized residual matrix time series, maked with (v), and the rest are modeled
for each region separately, marked with (r). We also ranked the performance of each method
within every region, and the rank of summation on RMSE over 12 regions. We present the

results in Table 4.7.

Method Rl R2 R3 R4 R5 R6 R7 R8 RY RI0 RI1 RI2 Sum

Mat-Decorr(m) 486 174 156 129 397 529 491 282 321 260 245 214 3684
MAR(m) 532 184 159 138 412 539 504 272 336 272 268 219 3835
TS-PCA(v) 493 178 148 129 412 553 519 307 317 271 247 221 3795
VAR(v) 486 175 158 133 401 541 494 281 323 265 243 215 3715
Factor_perm(r) 621 192 154 129 500 663 524 314 362 267 248 217 4191
Factor_fixed(r) 556 191 144 124 453 560 555 298 335 280 276 216 3988
DKF(r) 449 164 137 115 388 500 398 255 293 228 203 202 3332
GAM(r) 489 175 162 135 406 551 494 282 327 266 243 217 3747

Table 4.6 RMSE of prediction on 12 regions’ electricity load prediction from different
methods.
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Method Avg Rank Sum Rank

Mat-Decorr(m) 2.92 2
MAR(m) 5.88 6
TS-PCA(v) 5.21 5
VAR(v) 3.67 3
Factor_perm(r) 6.62 8
Factor_fixed(r) 6.00 7
DKF(r) 1.00 1
GAM(r) 4.71 4

Table 4.7 Average ranking and ranking of summed RMSE over 12 regions’ electricity load
prediction from different methods.

From Table 4.6 and 4.7, we see that dynamic Kalman filter has the best performance
in summed RMSE over all regions. The basic GAM prediction is only about 12.5% less
accurate than dynamic Kalman filter, which is a smaller gap than on the national level (25.5%
less accurate). The only 2 methods that showed improvement based on GAM is the Matrix
Time Series Decorrelation, and the vectorized VAR model. The simple MAR model, despite
not having the over-parameterization issue, did not perform well. On the other hand, we tried
factor model with 2 different settings: using permutation testing to identify the number of
factors 7 or inherit 7 from national level. As the table showed, both factor models did not
perform well, although inheriting 7 from national data performs slightly better. This result
suggests that the estimated 7 from permutation testing method was less accurate on regional
data, which could be caused by more noisy observations.

Matrix TS Decorrelation segmented the transformed series into several smaller groups,
both row-wise (1 group of 7) and column-wise (1 group of 4, 3 groups of 2), and has shown
improvement over GAM, while outperforming the MAR model as well. We believe that this
enhancement comes from the bilinear transformation that led to efficient decorrelation of the
regional residual matrix series. We vectorized the 12 x 48 residual series, and plotted the

heatmap based on MCC before and after matrix TS decorrelation:
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Fig. 4.13 Heatmap of Maximum Cross Correlation among vectorized 12 x 48 variates
for all-time residual residual data (left), and Matrix TS Decorrelation transformed data
(right).MCC < cv as "low", cv < MCC < 2 x cv as high, and MCC > 2 x cv as "very high".
cv =0.033.

In Figure 4.13, we observe that MCC has significantly decreased after the bilinear
transformation. This reduction justifies the improvement, as unnecessary connection among

less-related components are no longer included in the model, reducing noise overall.

4.6 Conclusion

In this section, we attempted to enhance the performance of electricity load forecasts from
Generalized Additive Model (GAM). We examined the residual series EZGAM from GAM, and
has found significance in autocorrelation within each component, as well as cross correlation

among the components. To extract the information remained in residual time series £74¥,

we proposed to recover the residual series’ latent structure, and make predictions EZGfIM using
multivariate time series models based on the latent process. Then, forecast on electricity load
are corrected using predicted residual via ;4| = )ﬁlM + EﬁﬁM .

Evaluation has been performed based on the corrected electricity load prediction, using
RMSE as the measure. We apply the methods mentioned above on electricity load data in
France, and compared RMSE of predictions from multivariate time series models, operating

model from EDF, and other miscellaneous methods such as Long Short Term Memory.
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On national level forecasting, factor model recovered the underlying latent structure of
residual series from residuals, and the proposed permutation testing procedure was able to
estimate the number of factors better than the ratio test proposed by Lam and Yao (2012a).
Factor model with permutation testing outperformed both the time series benchmark model
VAR, as well as the EDF operating model dynamic Kalman filter in RMSE. As for TS-
PCA, facing challenges due to the strong cross-correlation among components of €54¥ did
not find a clear latent segmentation among transformed components. To address this, we
introduced a new method for segmenting the components of the vector residual time series
into smaller groups with more balanced sizes, which helped alleviate the segmentation issue.
This balanced grouping approach enhances TS-PCA’s ability to manage cross-correlations
effectively, improving its applicability in scenarios with complex dependencies.

For regional-level forecasting, the matrix time series decorrelation method—an adaptation
of TS-PCA for matrix time series—identified a latent segmentation within the regional
matrix residual series. This method enhanced GAM predictions and outperformed the MAR
benchmark model. In contrast, the factor model with permutation testing, applied separately
to each region, did not improve the GAM predictions. Furthermore, the number of factors
identified in the national-level data did not translate effectively to regional data. Since the
permutation testing procedure is designed to handle factors of varying strengths, this outcome
suggests that the regional residual series may lack a distinct latent structure at the regional
level, making factor models less beneficial in this context.

To summarize the characteristics of various methods on electricity load forecasting, while
the GAM framework provides a robust baseline for electricity load forecasting, it has room
for improvement because it does not fully capture the time-varying features of the data.
Simple time series methods, such as the vector autoregressive (VAR) model, also fall short
as they require more parameters than the available number of observations can support.
Similarly, although machine learning approaches like LSTM hold potential for improving
forecasts through their ability to model complex nonlinear relationships, they too suffer from
the issue of over-parameterization. On the other hand, considering the time series nature

of electricity load data, incorporating time-related models should be able to significantly
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enhance forecast quality. For instance, compared to the static Kalman filter, the dynamic
Kalman filter adapts more promptly to changes in the data, leading to better performance.
In a similar vein, our proposed method effectively links GAM with time series techniques
through dimension reduction and data segmentation, thereby overcoming the limitations
associated with high-dimensional parameterization encountered by traditional time series
methods and neural-network based methods, while capturing essential temporal dynamics.
For future work, further investigation into alternative time series approaches for modeling
the residual data obtained after applying TS-PCA or factor models may offer additional
potential for improvement. Specifically, these residuals can be handled by other time series
methods, potentially capturing further hidden structures. Moreover, while the variable
selection process was carried out by the EDF team, an alternative strategy might involve
directly utilizing all available variables when applying TS-PCA or factor models, thereby
revealing new relationships that were previously overlooked. For instance, incorporating
new variables—such as electricity price—could enhance forecast accuracy by integrating
market dynamics into the model. Finally, a deeper focus on regional load forecasting is
warranted. A more detailed examination of the latent structure of the regional matrix residual
series could uncover additional insights into inter-regional dependencies, thereby refining our
understanding of regional load patterns. Additionally, treating the regional data as a network
with 12 nodes and developing network-based time series models, such as the Generalized
Network Autoregressive (GNAR) model proposed by Knight et al. (2019), could offer a fresh
perspective on capturing spatial and temporal interactions, ultimately leading to improved

forecast performance.
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Supplementary Materials for Chapter 2

A.1 Some Useful Lemmas

Co which is defined in Assumption Al and A which is defined in Assumption A2 are two
important notations in our proofs. Without loss of generality, we assume that Cp < A. It
means that

sup  BVHE|Zi(s)[PHV/P <A (A1)

B=1,1<i<p
Thus, any fixed moment of Z,(s) can be bounded by a constant only depending on A.

Let Z be the p x n matrix with (Z;(s1),--,Zi(s,)) = Z' as its i-th row.

Lemma A.1.1. Let Assumptions 2.3.1 and 2.3.2 hold, and p = o(n). Then there exists Apqyx
depending only on A such that

max Ay < Apgx < oo. (A.2)
1<g<p

Proof. Forany g=1,---,p, (2.6) implies that

1 P 1 & - -
Ag = k Z ZE[Z Z fh(si_sj)zg(si)zu(sj)]z (A.3)
h=lu=1 "ij=1
1 1 & U SN SN . o,
= % Y E[; Y Falsi—s))Zo(s)Zu(s))]” + a ZE[; Y filsi—57)Zg(s5)Z,(s5)])°
h=luzg i j=1 =1 =
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We consider the first part u # g for each A,

ZE th _SJ )Z( )]

u?ég i,j=1
= ; Z Fu(si =) fu(s; = 7 E[Zg(51) Zu(5 ) Zg (57) Zu(s5)]
utg " i jij=1

n pog
u#g " ijij=1

< Zl i A A A A
S B B T sy T =l T =97 T sy = 57197

The last inequality is from (2.12) and (2.13). This, together with p = o(n) and ||s; — 5| > A
foralln >2and 1 <i+# j <n,implies that

- Z ZE Z Fi(si— 1) Zg(5:)Zu(s)]* = O(A*n ™ p) = o(1). (A.4)
=lu#g i,j=1
Thus we only need to consider E[1 ¥* i1 fu(si— 51)Zg(51)Z(s5;)]?. Since Z8 = (Zg(s1), -+ , Zg(sn))

and
(Zg(51),++ 5 Zg(s0)) = Z8 [y — 0™ ). (A.5)

We can rewrite it as E (L Z8[l, — ™ 1yun] Ty[ly — 1 1xn] (Z8) T)2, where Tj, is a n x n matrix
with the (i, j)th entry fi,(si —s;)/2+ fa(s; — s;)/2. Note that 1Z8[1, — n~11,.,] Ty [I, —
n",4,](Z8)7 is a quadratic form and Z,(s) is a sub-Gaussian process. (2.13) implies that
| T|| < C, where C only depends on A. These, together with (2.12), imply that there exists a

positive constant C; depending only on A such that

:TH

1 k
Y E
k&

i 5j)Ze(si) ~g(sj)]z <C.

This, together with (A.3)- (A.4), implies that 7Lg < 2@1, for any 1 < g < p. We complete the
proof. [
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Lemma A.1.2. Let Assumptions Al and A2 hold. For any n X n non-random symmetric

max fOY‘

which
1
max_var[~ Z 0iiZy(s1)Zu(s;)] < Cl|1Q|IPn~ (A.6)

I<gu<p =1
Here Q;j is the (i, j)—th entry of Q.

Proof. When g # u, from the independence between Zy(s;) and Z,(s;) we have

var|[— Z QijZ, (s;)]

7J1

-2
= n Z Qi j1 Oinh E[Zg (51, ) Zu(5y ) Zg (5iy) Zu(5,)]
i1,J1,i2,72=1
n
2
= n Z Qiljl Qizsz[Zg(sil)Zg(siz)]E[Zu(sjl )Zu(sjz)]
i1,J1502,2=1
A A
< n2 Qi1 0i i
isJ1 E’jz—l MR 4 Hsi1 —Sip Hd—i—oc 1+ Hsjl —Shp Hd+oc

< Clo|Pn .

The first inequality is from (2.12) and (2.13). The second inequality is from ||s; —s;|| > A for
alln >2and 1 <i# j <n. When g = u, we note that % i i1 QijZg(si)Zg(s) is a quadratic

form and Z, (s) is a sub-Gaussian process. This completes the proof. [

Lemma A.1.3. Letr Assumptions Al and A2 hold, and p = o(n). Then there exists a positive

constant Cy depending only on A such that

lim P(n 1|Z|]> < Cx) = 1. (A7)
n—soo
Proof. For any fixed 1 x n unit vector x = (x1,-- - ,x,), we denote xZ ' by z(x) = (zl(x), e ,zp(x)>.

Since Z(-),---,Zp(-) are independent, the elements of z(x) are independent. (2.12) implies

that max <<, Ez? (x) < C4 where Cy only depends on A.

p
xZ'Zx" = Y [ (x) — EZ5(x +2Ez, — EZ;(x)] + pCa.

j=1

TM@
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By the sub-Gaussian property of Z(s), we can conclude that for any fixed 1 x p unit vector x

and any ¢ > 0O there exists C’AJ depending only on A and ¢ such that
P(InZT | > Can(n+p)) < cexp(~S(n+p)). (A8)

As we know, the unit Euclidean sphere §"~! consists of all n-dimensional unit vectors x.
Unfortunately the cardinality of S"~! is uncountable cardinal number. We can’t use (A.8)
to derive an upper bound of ||Z||? directly. Thus we introduce a method based on nets to
control ||Z||2. The basic idea is as follows. We define a subset of S"~! as S, satisfying
max g1 Minyes, [|[x — y|| < €. S is a so-called net of $"~! and the cardinality of S¢ is
bounded by (1 +2¢e~!)". Thus we can control maxycs, ||Zy || in probability by (A.8).
Finally, we can control the difference between maxyes, || Zy " || and max g1 [|Zx"|.

Let S be a subset of $”~!. For any x € §*!, there exists & € S¢ such that || —x| < €.

This, together with (A.8) and |Se| < (1+2&~1)", implies that
P(;nsax 1zz"))? > C’A71(n—|—p)> < ¢Sy p|exp(—=5n—5p) < c5"exp(—5n—5p). (A.9)
XE31/2
Then if || Zx" || = ||Z||, there exists & € S such that
1Zz" || > [1zx " || = 1Z2(E =) 'l = 1Z]| - el|zll = (1 - &) |1Z].
Lete=1/2,
1Z||> < 4 max ||zz"|]%.
X S1/2
This, together with (A.9), implies that

P(HZH2 > 4Cy (n+p)> <cl|S2|lexp(=5n—5p) < c5S"exp(—=5n—S5Sp).  (A.10)

Then (A.7) is implied by (A.10) and p = o(n). O
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Definition A.1.1.
. 1 k 1 X N T
N=2dA{- X falsi=s)Z(s)Z(s,) }{ Y flsi—s)Z()Z6)T} . A
=1 "ij=1 =1

Lemma A.1.4. Let Assumptions Al and A2 hold, and p = o(n). Let Mg, be the (g,u)-th

entry of N — N. There exists a positive constant C; depending only on A such that

max EM <C1n . (A.12)

1<gu<p

Proof. Since N is diagonal, when g # u,

it

ﬁle

PP RO IS WISt

nij=1

»M—‘

Divide the term on the RHS of the above equation into three terms: (i)ii = g, (i1)ii = u

and (iii) & # g,u. We control each term as follows. When ii = g,

E(L Y filsi—5))Z(s0)7 z isi =) Zu(s0)Ze(s)] ) =0.

i,j=1 =1

var< Z fn(si Z Tn(si (50)Zg(s )])

711 711

— (LY s Y filsi— ) s,>zg(s,->])2
i,j=1 ,] 1

= FE (n_4 Z Tn(siy = 85) fu(Siy = S 15) fun(si5 — 83) fu(Siy — S 1,)

il 7i27i37i47j1 7j27j37j4:1
Zelsi 2o a5 253 2500 Zelsi 25120251

D VI | e e e
1 + Hsiv _Sjv||d+a 1 + ||Sj2 _sj4Hd+a

i1,02,13,i4,]1,J2,J3,j4=1 v=1

C]Vl*l,

IN

EZY(s)

IN
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where C; only depends on A. The first inequality is from (2.12)-(2.13) and the independence
between Z,(-) and Z,(-). The second inequality is from (2.11), Cop <A and |[|s; —s;|| > A for
alln>2and 1 <i+# j<n.

Thus we can control
Z Tu(si—7)Zy(5i)Z, Z Jn(si = 57)Zu(51)Zg(s5))-
i,j=1 lj 1
When ii = u, we can repeat the above method to control
Z Ju(si—$))Zg(si1)Z, Z Jn(si = 51)Zu(51)Zu(s5))-
i,j=1 lj 1

Let’s consider the third term

Y Y filsi— )20 Zals)) Y folsi—55)Zalsi)Za(s7).
atgu ij=1 hj=1
We can rewrite it as
) i il 57250 Zals9) 2 (57

1 & 8
- Y fulsi—sj)fu(s;=57) Y, Za(sj)Za(s;).
j.j=1 Fg,u
Recalling (A.5) and (A.6), we define Q = (I, —n~'1,,5,)H(I, — n~'1,x,). Although Q is
(

random, we can find that Q is independent of Z,(s) and Z,(s). It’s easy to see

I
e

E Y. 0Z(s)Zs)

=1
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var Z Ql] Z Ql,] )]2

nij=1 nij=1

- % Z E(Qi.j0; 7)EZs(51)Zg(57)|E[Zu(5 1) Zu(s7)]
i,j,0,j=1

IN

1 ¢ P 1/2 A A
— E
n2 . Z Q ) 1+ (Si _ S;)d—ka 1+ (SJ _ Sf)d—ka

IA
o

n
2 2
=—=FE
Z: n2 HQHF?

where C, only depends on A and the first inequality is from (2.12). The second inequality is
from |[|s; —s;|| > A forall n > 2 and 1 <i# j <n. Recalling the definition of Q, we can

rewrite it as
1 _ _ _ _
0= ;(ln —n llnxn)vh(ln —n llnxn)ZI&_uZ—g,—u(In —n llnxn)VhT(ln —n 11n><n)7
where V;, has the (i, j)th entry f,(s; —s;) and Z_, _, is a (p —2) X n matrix without Z# and
Z". Then
~ 1
2 T2
1OIIF < [IVal* || LomiZg -l <Gl -Z" Z] 7,

where C; only depends on A and the last inequality is from (2.13). Moreover,
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1 1
E|-Z"Z||; = E||-ZZ" |7

= EZ —122 (s1)Z,

g.u=1 i=
v 2 & 1N 52/ 12
= E Z [n_ ZZg(Si)Zu(Si)] —|—EZ[n_ ZZg(S,‘)]
I<g#u<p  i=1 g=1 =1
n )4
— Y 0 Y B Z)EZs)Zs )+ Yt Y EIZ2(s)Z2(s))
1<g#u<p i,j=1 g=1 i,j=1
P
< n? 2+ Y EZX(s)
D N A
S C4P,

where Cy only depends on A. The first inequality is from (2.12). The second equation is from
(2.11), Co <A, p=o(n) and ||s; —s;|| > Aforalln > 2 and 1 <i# j < n. Then we can

conclude that

where Cs only depends on A. From p = o(n),

Thus we control the third term and prove (A.12) for g # u. When g = u, the proof is

similar. O]

Definition A.1.2. Let J; and J be two subsets of {1,--- ,p}. Let Ny, j, be the sub-matrix of
N consisting of the rows with the indices in Jy and the columns with the indices in J,. Write

Ny =Ny gy
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Lemma A.1.5. Under the conditions of Lemma A.1.3 and J NJ, = 0, we define the event
B, = {n!Z|2 < Ca}.

Then there exists a positive constant C, depending only on A, ¢ and v such that
p(uzv,l LI > Cn (] + ) ‘BZ> < (M52 exp(—5| v —5|hlv).  (A.13)

Here v > 0 can be finite or tending to infinite.

Proof. Since k is finite, it’s sufficient to prove (A.13) on
n2Zy (L =1 L) Vil — 0 L) Z T Z(L = 0™ L)V (=17 M) Z),

where Z;, is a sub-matrix of Z with ith row if and only if i € J;. V}, is a n X n matrix with the

(i, j)th entry fi,(s; —s;). We define Vi, = (I, — 0™ Ly ) Vi (I — 1 ).

ANYAVAV A
= ZyVWZ;Zp V) Z) 4+ 25, VhZ, 23,V Z),)

+  Zynz; 2V, z), (A.14)
where J is the complementary set of J; UJ,. At first we deal with Zj, VhZJTlZ 7 VhTZJTZ.

5 5T oT5T2
|ZnVihZ1, Z1 V), Z,, ||
= ||212VhZJTIZ,1 V,Iz}lzf1 thjlzjl V,IZ,T2 I

= ||ZpHp1Z,,

where

Hyg, = VhZ), Z3,Vy) 25, 23,V 2, Z V)
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is a n X n symmetric matrix with rank |/;| at most. Since J; NJ, = 0, Hj, j, and ZJT2 are

independent. Moreover, under the event By = {n~!(|Z||> < Cy},
1 || < 1Vall*1121Z0 1P < VAl N2 7)) < ([Vall*n®C.
It follows that
lim P(|Hy, | < n°CaBz) =1, (A.15)

where C4 only depends on A. Now we recall the rank of Hj,j, is not larger than |J;|. For

given Hj, j,, we can do eigen-decomposition on it as follows.
T
Hy jy = Up gy Ang Uy g, (A.16)

where Uy, j, is a n x |J;| matrix and Ay, j, is a |J1| x |J;| diagonal matrix. UJJI Ung, =1y,

Then
1Z1, V421, 21,V Z N < N\ ZUng |1 A |-

Since ||Aj, | can be controlled by (A.15), we only need to consider ||Z;, Uy ,||>. Let
Y =Z;,Up, be a |Jp| x |J1| matrix with the (i, j)th entry Y;;. The independence between the
rows of Z;, implies the independence between the rows of Y.
For any fixed 1 x |J;| unit vector x = (x,--- ,x|;,|), we define x¥ " as ¥ (x) = (y1(x), - V| (X))
Then the elements of Y (x) are independent.

/2| /2|

¥ Yxt =Y i) —Evi(o)]+ Y Eyi(x).
= ]
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Yx' = Z,Up, Jle and U, Jle is an unit vector independent of Z;,. By the sub-Gaussian

property of Z(s), we have
T & ~
xY Tyx' Z — Ey5(x)] + [2[Ca 2,

where Cy 5 only depends on A. Moreover, we can also deal with ZL 2‘1 [y G(x)—E y? (x)] with
the sub-Gaussian property of Z(s). Thus, for any fixed 1 x |J;| unit vector x, any ¢ > 0 and

v > 0, there exists C4 3 depending only on A, ¢ and v such that

P(IRYTI? > Cagv(li |+ Wal)| Bz ) < cexp(=5k1|v—S|alv). (A.17)

As we know, the unit Euclidean sphere SV1/~! consists of all |J;|-dimensional unit vectors
x. Unfortunately, the cardinality of S /111 are uncountable cardinal number. We can’t use
(A.17) to conclude the upper bound of ||Y||? directly. Thus we use the method based on Nets
to control ||Y||2. Let Se be a subset of S¥1/=1. For any x € §¥1/~1| there exists & € S¢ such

that ||¥ — x|| < €. Then if ||V x such that

e > x| =y E=x) "= Y] —ellY] = (1 =&)Y
Lete =1/2,
1Y <4 max |yz"|.
X812

This, together with (A.17) and [Se| < (1+2&~")V1l, implies that

P(HYHZ > 4Cy 3v(|1| + |J2|)]BZ) < c5V1lexp(=5|J1 [y — 5|2 ). (A.18)
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Recalling (A.15), one can conclude that for any ¢ > 0, there exists C4 4 only depending on A

and ¢ such that

P20, W23, 21, Z3,|* > 4Ca avn™ (11| + V)| Bz

< e5Vilexp(=5[J1[v—5|h|v). (A.19)

Others term in (A.14) can be controlled by the same method. This completes the proof. [l

Lemma A.1.6. Under Assumptions 2.3.1-2.3.3 and p = o(n),
< — 1/2
18, — Aill = 0p(n~24;"2), (A.20)

where J; ={j € Z : pi_1 < j < pi}, Ai =diag(Ap, 41, ,Ap,), and A; are specified in
Assumption 2.3.3.

Proof. We divide N J, into two terms: (1) the diagonal term N 7.4 and (i1) the off-diagonal
term Nj, ,. Lemma A.1.4 ensures ||N}. ; — A|| = OP(n*I/zq:/z). Thus we only need to show
Ny, |l = OP(n_l/qu.l/z). If ¢; is finite, Lemma A.1.4 can also ensure it. So we only need to
consider the case ¢; tends to infinity.

We can rewrite N;, , and control ||V}, || with the following idea.

. Vit Vi2 Viir O 0 Vio
NJ,~,0 = = + =D1+V071.
Vor Voo 0 Vp Vor 0

Each block is a ¢;/2 x ¢;/2 matrix. Note that Vj, = VZT1 and the norm of the second term V,,
(off-diagonal block) can be controlled by ||Vi2||. Moreover, we can control ||Vi, || by Lemmas

A.1.3 and A.1.5. In details, Lemma A.1.5 implies that

P(HVOJ 12> Con~lg;

BZ> < (552 4 59/ exp(—5quv). (A21)
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For the first term, we can repeat the step on Vi and V»; to get a new matrix with

off-diagonal blocks as follows:

0 0 Vv
V072 _ dlag[ 11,12 7 22,12 ] .
Vit 0 Vot 0
Lemma A.1.5 implies that
P<||V072H2 > Covng; /2‘BZ> < 2¢(5%1* 4 59/%) exp(—5giv/2). (A.22)

Repeat the steps, we can find that V,, ; has 2/~1 diagonal blocks and each diagonal block has

two 27 /¢q; x 27/ ¢, off-diagonal blocks. Lemma A.1.5 implies that
P(HVOJHZ > 21_jC2vn_1q,-‘BZ> < 2 1e(5270 4 52 Y exp(—Sgv x 217F). (A23)

We divide it into jy matrices: Ny, , = 25021 V, j, 25071 < g; and jo = O(logg;). For different
j, we choose different v to control (A.23). When logq; = 0(2'~/¢;), we choose v = 1. It

follows that

P([IVo,lI? > 2! Con g,

Bz) <2/ 1e(52 79 452 4y exp(—5g; x 2'77) = o(log ' ).
(A.24)

Otherwise, we choose v = q?/ > log~! ¢;. It follows that

P(HVo,jﬂz > Congilog 2 g;

BZ> (A.25)

IN

—j 4/5 _ —
P(IVo I >2'~ICoq}*n~ gilog™" q1|Bz )

< 2j_1c(527jq" + 5271"1") exp(—5qi9/5 log g x 2"y =o(log ™! ¢;).
(A.24)-(A.25) and || N} || < 25021 | Vo, ;|| imply that

P(||NJ,.,0|| > 5c;/2n—1/zq;/2\32) —o(1). (A.26)
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Lemma A.1.3 implies that lim, .. P(Bz) = 1. This, together with (A.26) and ||N}. ; — A|| =

OP(n’l/zqil/z), completes the proof.

]
Lemma A.1.7. Under Assumptions 2.3.1-2.3.2 and p = o(n),
1QTEIQ— 1, || = 0,(n~/2p!/?). (A.27)
Proof. Since X (sj) = QZ(s}),
o'rlo-1,= Q'n' Y X(s)X(s))'17'Q-1,
1<j<n
= Y Zs)ZGsp) '] e
1<j<n
It suffices to prove
In™" Y, Z(s)Z(s)" ~1pll = Op(n~'2p!12).
1<j<n
Following the proof of Lemma A.1.6, one can verify the above equation. [

A.2 Proofs of Theorems

Recalling (A.11), write N =TATT asits spectral decomposition, i.e.
/A\‘ = diag(/il; T ;ﬂ\’p)v

where Ay > --- > ?Lp > (0 are the eigenvalues of N , and the columns of the orthogonal matrix

T are the corresponding eigenvectors. Recalling the definition of w in (2.9)-(2.10), we can
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find that
1 & .
h=1
k n
_ 12 lz 1/2X( )X( TZ 1/2}
khl ni=
l 3 )BT V2R (5)R () TE12
" Z: n(si—sj) 277X (si)X (s) Z7 }

= 1/292{ th si—s;)Z(s)Z(s;) 1 QTEIQ
i,j=1
{l Y filsi—s)Z(s)2(s) T} TQTE 12

ni,j:l

= 1/292{ th Si—Sj) sl)Z(s]) }(QTE_]Q—IP)
h=1 lj 1
{ th s;))Z(s )Z(sj)T}TQTiflﬂ+§—1/zgﬁgrif1/2_
i,j=1

Let £-1/2Q = ‘7919179 where \79‘7& = ﬁgﬁg =1, and /719 is a diagonal matrix. Then

P= VoUolATTULV] + kz I/ZQZ{ Z Fulsi—s)Z(s1)Z(s;)T}
i,j=1
0803~ 1)0a{+ ¥, filsi—s)Z(s)2(s) T} @782
1] 1
+VQ(}IQ —Ip)ﬁQFlFTUg‘?& —i—‘//\'g/igﬁgf‘/if—rﬁg(/ig _IP)‘/}S;—'

It follows that

UgVawVoUq= TAL +— UQAQUQZ{ Z Fulsi—s)Z(s1)Z(s;) T}
h=1 l] 1

U5 (A3 —1,) UQ{ th i—55)Z(si)Z(s, }UQA'QUQ
i,j=1

+ﬁ£—|2— (XQ _Ip)UQFAF + U\g/igﬁgf/if—rﬁg (/ig — Ip)ﬁg.
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Then
1UG Vg Wala —TAT || = Of || Aa — L[] (1+ || Aa])*}. (A.28)

(A.27) implies that |[Ag — I, || = 0, (n~1/2p'/2) and || Ag|| = 0,(1).
Recalling $120 = VQ/):QU\Q,

1O~ 2Q = Uy VoUa | < ||UpVa (Ao —1,)Uq|| = 0,(n~'/2p'/?). (A.29)

(A.29) implies that the leading term of fQ = ﬁvyf’l/ 2Q is 17‘;\79(79 (A.28) implies
that ﬁJE_I/ZQ is close to I'T.

Thus, the asymptotic properties of [T is the key point. We will prove the following
theorem for T and 1.

Put g; = p;i — pi—1 fori=1,--- ;m (see Assumption 2.3.3), and

L= ... ... ... ], A =diag(Ay,--,Ay), (A.30)

where submatrix fi j 1s of the size g; X g, and Ajisa qi % gqi diagonal matrix.

Theorem A.2.1. Let Assumptions 2.3.1-2.3.1 hold. As n — o and p = o(n), it holds that

T3]l = 0p{n V2 (gi+q))* +n7'p}, 1<i#j<m, and (A31)

|Ai=Aill = 0p (0™ 2, +07"p), 1 <i<m, (A32)

where A; = diag(A,, | +1,--,Ap,), and A; are specified in Assumption2.3.3.
(A.28), (A.29), (A.27) and Theorem A.2.1 can conclude Theorem 2.3.1. Thus, we now

need to prove Theorem A.2.1.

Proof of Theorem A.2.1. (2.15) and (A.2) show that m is bounded. LetJ; ={j € 2 : p;_1 <

J < pi}. Atfirst we prove (A.32). We only need to prove it when i = 1 and other cases can be
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concluded by a permutation. Define Ji be the complementary set of J;, then we can rewrite

det(A1, — N) = 0 as follows.

Ay =N =Ny e

0 = det(Al, — N) = det R X
—Nyeg, AMp—p, — Ny

(A.33)

Lemmas A.1.3 and A.1.5 conclude HNJIch | =0,(n"12p'/2) = 0,(1). Lemmas A.1.3-A.1.6

and the Assumption 2.3.3 imply that there exists a positive constant Cy such that
Lim P([| 41— p, — Ny lmin > Cn) =1 (A.34)
forany 1 </ < p;. Lemma A.1.6 also implies that
Tim P2, = Cov/2 < 180, lnin < 91| < 2 +Cy/2) = 1. (A35)

If A € (Ay, —Cn/2,A1 +Cy/2) is a solution of (A.33), it is also (with probability 1) a

solution of
0 = det (M,,l — Ny, = Ny g Ay, — Npe) ™ R Jl> . (A.36)
Lemma A.1.5 and (A.34) imply that
185, ¢ ATy, = Nje) ™ Nye gy | = Op(n ™' p). (A.37)
Let ﬁ,l > 2> 7Lp1 be the eigenvalues of ZAVJI, (A.36)-(A.37) conclude that

A=A =0,n""p) (A.38)

for any 1 <[ < py. This, together with (A.20), concludes (A.32).
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Now we consider (A.31). We only need to prove it when j = 1 and i > 1. Other cases

can be concluded by a permutation. From N=TATT and (A.30), we can find that

Yo Ny T Iy A
=N = (A.39)
Y Ny, T - LA

Define Uy = NJIJI’ Upp = Nll,Jf9 Uy = Njfvll and Uy = ]AVJICJf. Slmllarly, define f;rl =
(le, . FT ) . Then we can rewrite (A.39) as

U111?11+U121?21 _ 1?11/:\1 ' (A40)
Uxil'1 + Ul A

1A =T (A — M1, + 4T
Then the second line of (A.40) is equivalent to
(Uzo — Mly—p )21 = Toi (A = Mi1,) — Uni Ty
Recal that (A.34), Uxy — M11,—p, is invertible with probability 1 as n tends to infinity.
D1 = (U — Mlp—p,) ' To1 (A1 = Mily,) — (Unp — Mdp—p,) U T

(2.14)-(2.15) and Lemmas A.1.3-A.1.6 imply that | A; — 11,, || = 0,(1) and || (Uza — 11 Lp—p,) | =
O,(1). Then (A11,—p, — Usz) ~'Uai Ty is the leading term of T51. Moreover, ||| = O(1).

Thus we only need to consider (A11,—,, — Uy)~'Uy . We rewrite (MIp—p, — Uy)~! as

-1
My, =Ny, - —Ny, 7, Voo o Vo

= Milp—p, — U22>_1 =
_NJsz )pl]pm —NJme Ve -+ Vam
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(2.14)-(2.15) and Lemma A.1.6 ensure ||(A1,, — Ny, ;) ~!|| = 0,(1) for 2 <i < m. Lemma
A.1.5 ensures ||}, ;|| = O,(n='/?p!/2) = 0,(1) for 2 < i#t < m. Since m is finite, we
can find ||V;i|| = 0,(1) and ||Vi|| = O, (n~'/?p!/?) for 2 < i+t < m. Recall that ||N}. ;,|| =
O,(n~"%(q1 +¢;)"/?) for 2 < i < m and

Voo o0 Vo Ny, g,
(MIp—p, — Up) U =
Ve -+ Vim Ny, Ji

It follows that ||V, | = Op(n="/2(q1 +¢1)"/2) and || £, Vieli, 1 || = Opl(n~"p).
We complete the proof of (A.31).

Now we prove Theorem 2.3.2. By the same idea, we give the following result for N.

Theorem A.2.2. Let Assumptions 2.3.1, 2.3.2 and 2.3.4 hold. Denote by ¥;; the (i, j)-th entry
of matrix Tin (A.30). Then as n,p — oo, it holds that

[ij=0p(n vghlj—il™") for 1<i#j<p, and (A.41)
Li=14+0,(n"'vg2) fori=1,---,p. (A.42)

Moreover,
A=Al = 0p(n2p'/2). (A43)

Proof of Theorem A.2.2. Following the proof of Lemma A.1.6, one can verify that Hi —N| =
O, (n~1/2p!/2). This, together with A4, implies (A.43).
From NT = fﬁ, we can find that

TA—NT=(N-N)T. (A.44)
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(A.44) implies that
AN p AN
Fij(lj —Ai) = Z ML, (A.45)

where M is defined in Lemma A.1.4. The Assumption 2.3.4 and |A — N|| = 0, (n~"/2p1/2)

can control (i i — Ai). Then we can divide the right hand of the above equation into two part.

P ~ ~ ~

ZMisrsj = ZMistj+Miijj- (A.46)
s=1 s#£j

(A.12) implies that E|Mijfjj|2 < E|M;j|*> < Cin!. Thus we only need to consider the

order of Zs#jM,-sfsj. Define v = max<;<,max | Zs#jMisfst Then for any j # i, (A.45)

implies that

T < (|i— jlveap — 1A = NI) " (v+ M)

and
Y M| < Y My T
s#j s#j
< Z|Mis|(|s_j|vgap_||)L_N||)_1(V+|MSJ'|)
S#]
< v Y IMil(Is— jlveap — 1A =N+ Y [Mis] Mg |(|s — jlveap — 1A = N|) 7.
SE] sF£]

The Assumption 2.3.4, A —N|| = 0,(n""/?p'/?) and (A.12) conclude that

. n —1 -1
;j \Mis|(|s — jlvgap — [|A = NI||) ™ = O(Vgaplogplg%p |Mis]) = 0,(1)

and

Y [Misl M| (|s = jlvgap — |A = N|) ' = 0, (n~"7?).
57
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This, together with the definition of v, implies that v = op(n_l/ 2).
|Fij‘ < (‘i_ﬂ"gap — 1A _NH)_I [017(”_1/2) + |Min-
This, together with (A.12), concludes (A.41).

i=1-Y T2 >1-Y (li— jlveap — A =NI) 20+ Mij)? = 1+ 0p(n " ve2).
J#i J#i

We complete the proof. 0

(A.28) and (A.27) imply that
ITTUg Vg WValUol — 4| = 0,(n~1/2p1/?).

This and Theorem A.2.2 can conclude the asymptotic properties of (7‘; ‘79179?. Then we
can prove Theorem 2.3.2 by (A.29) and Theorem A.2.2.

A.3 An Additional Example for Numerical Results

In this section, we further present the usefulness of Multiple Ring Kernels by constructing
a special example. In this example, Ring Kernel 1 is no longer the best single kernel. We
achieve this goal by generating latent fields in a mixing way. To generate data, we split the
map of sample locations into 10 rows according to their y coordinates, and all rows have
equal width. For each row, let the sample points within be independent from adjacent rows.
In order to achieve this, for each of the p latent fields, we generate 3 independent candidate
random fields using same set of coordinates and covariance function parameters. The process
for generating each candidate random field is the same as described before. The coordinates
belong to the 1%,4" 7" and 10"" row would take values from the first candidate random field,
those belong to the ond 5th gth row would take values from the second candidate random
field, and the rest of the sample points will take values from the third candidate random field.

In this way, the samples from most adjacent rows are independent to each other, and the
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effectiveness of Ring Kernel 1 is weakened.

We performed simulation using latent random fields constructed from the method above.
Dimension of latent field p = 3. The sample size, sampling method of coordinates, setting
of mixing matrix, and use of matern covariance function is identical to the description of
simulation setting in numerical illustration section. The boxplot of D(Q, ) obtained from

1000 replications is presented in figure, and median of D(Q, fZ) is presented in table.

As the Figure shows, kernel 1 is no longer the best-performing single kernel, while
multiple kernel remains very close to the best single kernel, and outperforming most other
single kernels. Yet as sample size increases, D(€2, fl) did not improve, which might due to

the artificial nature of this special example. More detailed data is presented in Table A.1.

ol o o o e o e o e

Kernel 7 Kernel 8 Kerel 10 Multiple K

zi?é%#L#ﬁ%.f.% %,L

0o —— —— | I = I
I3 Kernel 1 Kernel 2 Kernel 3 Kernel 4 Kernel 5 Kernel 6 Kernel 7 Kernel 8 KPFH =l 10 Muitiple Ke ew
8
3
al 1000 - original

.

0.6- L

" V_L\ r—L\ ,_L V_T_\

0.2- [ 1 |

Kernel 1 Kernel 2 Kernel 3 Kernel 4 Kernel 5 Kernel 6 Kernel 7 Kemel 10 Multiplé Ke
2000
.
0.6- ~ °
[
0.4- |
02 [ ] 1
[ 1 | 1 [ 1 I I_'_l |
0.0- f f ! .

Kernel 1 Kernel 2 Kernel 3 Kernel 4 Kernel 5 Kernel 6 Kernel 7 Kernel 8 Kemel 10 Multiple Ker

Fig. A.1 Boxplots of D(Q,Q) for the proposed method using the 10 single kernels, or
multiple kernel(including all 10 ring kernels), and the method of Bachol et el. using the
multiple kernel (original) in a simulation with 1000 replications for the mix Gaussian random
fields. The number of observations » is 100, 500, 1000 or 2000 (from top to bottom), and
the dimension of random fields is p = 3. Latent field is generated in a mixing approach as
described.



A.3 An Additional Example for Numerical Results

149

Kernel 1 2 3 4 5 6 7 8 9 10 Multiple Multiple Original
n=100 0.2642 0.2218 0.2718 0.2098 0.2583 0.2663 0.2710 0.2448 0.2510 0.2462  0.2123 0.2242
n=500 0.2218 0.1739 0.1583 0.1335 0.2614 0.1974 0.2489 0.1642 0.2582 0.2348  0.1480 0.1045
n=1000 0.2091 0.1712 0.1627 0.1452 0.2500 0.1813 0.2463 0.1544 0.2638 0.2346  0.1535 0.8800
n=2000 0.2190 0.1763 0.1548 0.1474 0.2455 0.1807 0.2703 0.1590 0.2631 0.2442  0.1506 0.0752

Table A.1 Median of D(Q, Q) from the proposed method using the 10 single kernels, or
multiple kernel(including all 10 ring kernels), and the method of Bachol et el. using the

multiple kernel (original) in a simulation with 1000 replications for the mixed random fields.

The number of observations # is 100, 500, 1000 or 2000 , and the dimension of random fields

s p=3.






Appendix B

List of Variables in Dataset for Chapter 4

B.1 Name of 12 Metropolitan Regions:

[a——

. Auvergne-Rhone-Alpes

2. Bourgogne-Franche-Comté
3. Bretagne

4. Centre-Val de Loire

5. Grand Est

6. Hauts-de-France

7. {le-de-France

8. Normandie

9. Nouvelle-Aquitaine

10. Occitanie

11. Provence-Alpes-Cote d’ Azur (PACA)

12. Pays de la Loire
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List of Variables in Dataset for Chapter 4

B.2 List of National Level Variables:

Category

Variables

Calendar

date, Date, tod, month, year, toy, day_type_jf, day_type_ljf,
day_type_vijf, day_type_week, day_type_week_jf,
day_type_hc, period_hour_changed, period_holiday,
period_holiday_zone_a, period_holiday_zone_b,
period_holiday_zone_c, period_christmas, period_summer,
day_type_week_period_hour_changed,
day_type_week_jf_period_holiday, week_number

Electricity Load(MW)

Load, Load_d1, Load_d7, Wind_power, Solar_power, Day Validity

Meteorological

temperature, temperature_lisse_990, temperature_lisse_950,
wind, nebulosity, wind_by_wind_power_weights.x,

nebulosity_by_solar_power_weights.x

Table B.1 Classification of Variables by Category, National Level

B.3 List of Region-Specific Variables:

Category

Variables for Each Region

Electricity Load (MW) Load,yegion)-L0ad region)—d1, Load yegion)d7

Meteorological

1€MPErature yegion), 1€MPErature rogioy)_lisse_990,

1eMPerature yegion) _Llisse_950, Wind_power ;ogion),

WINd region)> SOLAr_pOWer rogion)» N€LULOSILY (region)

Table B.2 Region-Specific Variables by Category
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