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Abstract

Many combinatorial problems can be formulated as “can we transform configu-
ration 1 into configuration 2 if certain transformations are allowed?” In order to
study such questions, we introduce a so-called transformation graph. This graph
has the set of all possible configurations as its vertex set, and there is an edge
between two configurations if one configuration can be obtained from the other
by one of the allowed transformations. Then a question like “can we go from one
configuration to another one” becomes a question about connectivity properties

of transformation graphs.

In this thesis, we study the following types of transformation graphs in particular:

Labelled Token Graphs: Here configurations are arrangements of labelled tokens
on a given graph, and we can go from one arrangement to another one by moving
one token at a time along an edge of the given graph. We classify all cases when
labelled token graphs are connected, and classify all pairs of arrangements that are
in the same component. We also look at the problem how hard it is to determine

the length of the shortest path between two arrangements.

Strong k-Colour Graphs: For this transformation graph, the configurations are the
proper vertex-colourings of a given graph with k£ colours, in which all k£ colours
are actually used. We call such a colouring a strong k-colouring. We study the
problem when we can transform any strong k-colouring into any other one by

recolouring one vertex at a time, always maintaining a strong k-colouring. For



certain classes of graphs, we can completely determine when the transformation

graph of strong k-colourings is connected.



Acknowledgements

This thesis would not have been possible without the guidance and help of several
individuals who in one way or another contributed and extended their valuable

assistance in the preparation and completion of this study.

First, I would like to thank my first and second supervisors, Professor Jan van den
Heuvel and Professor Graham Brightwell (Department of Mathematics, London
School of Economics and Political Science, United Kingdom), whose encourage-

ment and assistance helped me to complete this study.

Professor Mark Ellingham, Professor Ralph McKenzie, and Professor Michael D.
Plummer (Department of Mathematics, Vanderbilt University, United States),

who supported me through my Master’s degree.

Associate Professor Wanida Hemakul and Assistant Professor Chariya Uiyyasathian
(Department of Mathematics, Chulalongkorn University, Thailand), who offered
constant support and guidance, and are the people who made it possible for me

to study in both the US and UK. I will always owe them a huge debt of gratitude.

Mr Somsak Anansuvanchai, Ms Tassanee Arayatragullikit, Mr Banchar Arnonki-
jpanich, Assistant Professor Vannee Netsinghanart, Mr Somkiat Panoi, Associate
Professor Tiang Poomsa-ard, and Mr Jirayuth Wathveerapong (Department of
Mathematics, Khon Kaen University, Thailand), who were a big influence on me
during my first degree, and I will always be grateful to them for their advice and

encouragement.



Mr Som Prangnakhon, Mr Suthep Prasong, Ms Kobkue Ratchakit, and Mr Manote
Ratchakit (Nangrong School, Buriram, Thailand), who encouraged my interest in
Mathematics and English through their excellent teaching, fostering in me the

desire to pursue both to a higher level.

Development and Promotion of Science and Technology Talents Project (DPST),
Higher Education Strategic Scholarships for Frontier Research Network (SFR),
and The Royal Thai Government, who have supported me throughout my studies,
and without their assistance, it would not have been possible for me to have gone

as far as I have in my academic career.

Jorge, Ahmad, Yavor, Pa Van, P’Noi, all my friends in London and Leeds, and
friends at Old Siam, Thai Cottage, Thai Square, Manorom, The Cos Bar, and
The Bok Bar, who made my time in the UK unforgettable. Thank you for your

support and friendship.

P’Mee, P’Phong, P’Noi, P’Jang, P'Top, P’Aekk, and all my friends at Siam Cui-
sine and Siam Cafe, who helped and advised me in personal and professional

matters. Thank you for making my time in the US so enjoyable.

Noi, Joe, Yok, Saaw, Nui, Palm, and David, who are my best friends forever.

Thank you for always being there, and for always making me smile. (7))

Ming and Oomimm, I will never forget the time we spent together and the happi-

ness that brought me.
Jeck Heng and Sim Muay, who have always given me good advice.

Finally, I would like to thank the people I love the most, Tia, Maa, Ree, Mart,
and Pen, whose support and love have guided me through the good times and the

bad. There are no seconds in the day in which I don’t love you.



Contents

Abstract
Acknowledgements
Contents

1 Introduction
1.1 Preliminaries . . . . . . . . . .
1.2 Outline of the Thesis . . . . . . . . . . . . . ..

2 Labelled Token Graphs
2.1 Literature . . . . . . ..o
2.2 Main Results on Connectivity of Labelled Token Graphs . . . . ..
2.3 Proof of Theorem 2.2 . . . . . . . . ... ... . ... ........
2.4 Proof of Theorem 2.3 . . . . . . .. .. .. ... ..

3 Miscellaneous Results on Labelled Token Graphs
3.1 Complexity of Finding Shortest Paths in Labelled Token Graphs . .
3.2 Connectivity of Labelled Token Graphs and Forbidden Minors . . .

4 Strong k-Colour Graphs
4.1 Literature . . . . . . . . ...
4.2  General Results on Connectivity of Strong k-Colour Graphs .
4.3 The Strong k-Colour Graph of Paths . . . . .. .. ... ... ...
4.4  The Strong k-Colour Graph of Cycles . . . . . ... ... ... ...
4.5 The Strong 3-Colour Graph of Trees . . . . . ... ... ... ...
4.6 Discussion . . . .. ..

Bibliography

A Appendix

19
21
23
28
42

50
50
o7

63
65
66
71
76
83
86

87

91



CHAPTER 1

Introduction

The primary focus of this thesis is to study “Transformation Graphs”. But what
are they? And why should we study them? It might be good to start the thesis
by answering these two questions. We may answer the first question by using the

following definition.

Let O be a collection of objects and T a collection of transformations, where each
transformation changes one object into another object. The transformation graph
has O as its vertex set, and there is an edge between two objects if one object can

be obtained from the other by some transformation from 7.

With the definition above, it may not be that clear what transformation graphs

really are. So here we give some examples of transformation graphs.

The graph TG(v,e)

Let G(v,e) be the class of all graphs with v vertices and e edges. Define the
graph T'G (v, e) to be the graph having G(v, e) as its vertex set, and two vertices
are adjacent if one vertex can be obtained from the other by adding an edge and

deleting another edge.

The (A, n)-Graph

Let G(A, n) be the class of all graphs with n vertices, and with maximum degree A.
Define the (A, n)-Graph to be the graph having G(A, n) as its vertex set, and two
vertices are adjacent if one vertex can be obtained from the other by either adding

or deleting an edge.



We can see that these two examples have the vertex sets coming from the class of
graphs with some specific properties. However, there are some other transforma-

tion graphs, getting the vertex sets from different ways, e.g., Token Graphs.

Token Graphs (FABILA-MONROY ET AL. [11])

For a graph G and positive integer k, let the token graph Fy(G) be the graph
whose vertices are k-subsets of V(G), and two k-subsets are adjacent in Fi(G) if
their symmetric difference (the set of vertices which are in either of the sets but

not in both sets) is a pair of adjacent vertices in G.

We have extended the study of Fabila-Monroy et al. by generalising the problem
to any number of tokens. Additionally, tokens can be identical or different. For

more details, see Labelled Token Graphs in Chapter 2.

Next, we will answer the second question, “why should we study transformation
graphs?”. A possible answer is the following. In some problems, we cannot solve
them directly, or they are not easy to be solved directly, but when we transform

them to other problems, they might be solved easier.

The 15-puzzle is a sliding puzzle that consists of 15 squares numbered from 1
to 15 that are placed in a 4 x 4 box leaving one position out of the 16 empty. The
object of the puzzle is to reposition the squares from a given arrangement into the
configuration # shown in Figure 1.1 by making sliding moves that use the empty

space.

Example 1.1
Let o and 8 be the two configurations of the 15-puzzle problem, which are shown

in Figure 1.1. Is it possible to reach § from a7

This question can be easily answered by using labelled token graphs, and the

answer will be “NO”. See the arguments at the end of Chapter 2.
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FiGurE 1.1: Configurations « and (8 of the 15-Puzzle

1.1 Preliminaries

In this section we present some mathematical terminology and notation, which
are used in this thesis. Most of them will be standard and can be found in any

textbook on graph theory, such as [10] and [27].

Basic Concepts in Graph Theory

A graph G is defined by two finite sets V' (G) and E(G), where an element of V' (G)
is called a vertez, and an element of E(G) is called an edge. Each edge is a two-
element subset of V(G). An edge between vertices u and v is denoted by uv. The
degree of a vertex v in G, denoted by dg(v), is the number of edges of G incident
with v. We omit the subscript G when it is clear from the context. The numbers

of vertices and edges in G are denoted by n(G) and e(G), respectively.

A walk on n vertices is a sequence vy, vs, ..., v, of vertices where any two con-
secutive vertices are adjacent. A path on n vertices, denoted by P,, is a walk

with n vertices such that the vertices are all different. The size and the length

10



of P, are n and n — 1, respectively. A cycle on n vertices, denoted by C,, is a
sequence vy, Vo, . . ., Un, Unt1, Where any two consecutive vertices are adjacent, and

the vertices are all different except v1 = v,11.

The distance between two vertices in a graph is the length of a shortest path

connecting them.

A graph is connected if for any two vertices there is a path between them. A
subgraph of a graph G is a graph H such that V(H) C V(G) and E(H) C E(G).
A spanning subgraph of G is a subgraph with vertex set V' (G). An induced subgraph
of a graph GG is a graph H such that for any pair of vertices x and y of H, xy is an
edge of H if and only if zy is an edge of G. A component is a maximal connected

subgraph.

A vertex cut of a graph G is a set of vertices S such that G'\\\S has more components
than G, where G\ S denotes the graph obtained after deleting the vertices in 5,
together with the edges incident with these vertices. If S = {v} is a vertex cut,
we call v a cut-vertex. An edge e is a cut-edge of G if G\{e} (the graph obtained

after deleting the edge e) has more components than G.
A block is a maximal connected subgraph without cut-vertices.

A graph is k-connected if it has at least k 4+ 1 vertices and there is no vertex cut
with k£ — 1 or fewer vertices. Here is a theorem about k-connected graphs, which

can be found in any textbook of graph theory.

Theorem 1.2 (GLOBAL VERSION OF MENGER’S THEOREM)
A graph G with n(G) > k + 1 is k-connected if and only if for every u,v € V(G)

there exist k internally disjoint paths from u to v.

11



The graph Cartesian product GLH of graphs G and H is the graph such that
V(GOH) = {(u,v) : w € V(G) and v € V(H)}, and two vertices (uy,v;) and
(ug,v9) are adjacent in GUH if and only if either u; = wuy and vy is adjacent
with v9 in H, or v; = vy and w; is adjacent with us in G. A grid graph is the

graph Cartesian product of two paths.

A complete graph is a graph where any two vertices are adjacent. We denote a
complete graph with n vertices by K,. A bipartite graph is a graph without odd
cycles. For a bipartite graph, we can partition the vertices into two sets X and Y
such that every edge has one end vertex in X and one in Y. A complete bipartite
graph has an edge from every vertex in X to every vertex in Y. We denote the
complete bipartite graph with p vertices in X and g vertices in Y by K, ,. A planar
graph is a graph that can be drawn on the plane such that its edges intersect only
at their endpoints. A tree is a connected graph with no cycles. And the graph 6,

is the graph shown in Figure 1.2.

Vs Vs
V2 U3

FIGURE 1.2: The graph 6

Permutation Groups

A permutation of a set is a bijection from that set onto itself. The set of all
permutations of any given set S forms a group, with composition of functions as
product and the identity as identity element. This group is the symmetric group
of S. A transposition is a permutation which exchanges two elements and keeps
all others fixed. Note that every permutation can be written as a product of
transpositions. A permutation is odd if it can be written as a product of an odd

12



number of transpositions; otherwise, it is an even permutation. Since bijections
have inverses, so do permutations. The inverse of a permutation «, denoted

1

by a~!, is the permutation such that a(x) = y if and only if a=(y) = x for any

elements z,y.

Complexity and Algorithms

In this thesis we need a number of concepts from algorithmic complexity theory.
The formal definitions of these concepts would be beyond the scope of this thesis.
In this section we give some informal descriptions only; more formal definitions

can be found in any textbook such as [9] and [14].

The time complexity of an algorithm quantifies the amount of time taken by the
algorithm to run as a function of the length of the string representing the input.
The time complexity of an algorithm is commonly expressed using big O notation,

which is defined as the following.

For functions f,g : ZT — R, we say that f(n) = O(g(n)) (pronounced f(n) is
big O g(n)) if there are constants N > 1 and C' > 0 such that for all n > N we
have |f(n)] < C|g(n)|. For example, if the time required by an algorithm on all

inputs of size n is at most 7n? + 5n, its time complexity is said to be O(n?).

An algorithm is said to be of polynomial time if its running time is upper bounded
by a polynomial expression in the size of the inputs for the algorithm, i.e., if the

time complexity is O(n*) for some constant k, where n is the size of the inputs.

A decision problem is a problem whose output is a single Boolean value: YES or

NO.

Let A and B be two decision problems. A reduction from A to B is a function f
which transforms inputs of A to equivalent inputs of B. That is given an input x

13



to the problem A, f will produce an input f(z) to the problem B, such that x
is a “YES” input of A if and only if f(x) is a “YES” input of B. This reduction
can be used to define complexity classes on a set of problems. Intuitively, if a
problem A is reducible to a problem B, then an algorithm for solving B efficiently
(if it existed) could also be used as a subroutine to solve A efficiently provided the
reduction can be done efficiently as well. Thus solving A cannot be harder than

solving B.

The set P is the set of decision problems that can be solved in polynomial time,
and the set NP is the set of decision problems with the following properties: if
the answer is “YES”, then there is a certificate of that yes-answer which can be
checked in polynomial time. A problem is NP-hard if a polynomial-time algorithm
for the problem would imply a polynomial-time algorithm for every problem in NP.

A problem is NP-complete if it is both NP-hard and an element of NP.

Note that to prove a problem is NP-complete, all we need to do are:
(1) showing that the problem is in NP,
(2) reducing a known NP-complete problem to it, and

(3) showing that the reduction is a polynomial-time computable function.

To give some examples of NP-complete problems, we define a Boolean formula to
be an expression written using only AND, OR, NOT, variables, and parentheses;
e.g., (aVvbVve)A((anb)V (cAd)). A literal is either a variable or its negation.
A Boolean formula is in conjunctive normal form if it is a conjunction (AND) of
several clauses, each of which is a disjunction (OR) of one or more literals; e.g.,

(avbVve)AbVe)A(avd) AlaVbVd).
—_———

clause

The following are NP-complete problems.

14



SAT
Input: A Boolean formula;

Question: Is there a truth assignment for the variables which satisfies the formula?

3-SAT
Input: A Boolean formula which is in conjunctive normal form with 3 literals per
clause;

Question: Is there a truth assignment for the variables which satisfies the formula?

3-Ezact-Cover
Input: A set U = {u;}{"; and a collection S = {s;}2, of 3-element subsets of U;
Question: Is there a subcollection S’ C S such that every element in U occurs in

exactly one member of S’?

The complement of a decision problem is the decision problem, which results from
replacing the problem by the negation of that problem. For example, one impor-
tant problem is to consider if a number is a prime number. Its complement is to

ask if a number is a composite number (a number which is not prime).

A decision problem is a member of coNP if and only if its complement is in NP.

Each coNP-complete problem is the complement of an NP-complete problem.

A decision problem is in PSPACE if it can be solved by an algorithm using poly-
nomial storage space. A decision problem is PSPACE-complete if it is in PSPACE,
and every problem in PSPACE can be reduced to it in polynomial time.

Minors

Let G be a graph. A wvertex-deletion of G means removing a vertex from the

vertex set of G and removing all edges incident to it. An edge-deletion of G means

15



removing an edge from the edge set of G. An edge-contraction of an edge uv means
replacing the vertices v and v by a new vertex w, then joining w to all vertices
that were adjacent to u or v, and finally replacing any multiple edges which arise

by a single edge.

A graph H is a minor of a graph G if H can be obtained from G by a sequence
of vertex-deletions, edge-deletions, and edge-contractions. Note that in the defini-

tion, we allow a sequence of length zero, so every graph is a minor of itself.

In this thesis, it is common to assume that all graphs are connected. Then if H
is a minor of a connected graph GG, H can be obtained from G by a sequence of
edge-deletions and edge-contractions only (since a vertex-deletion can be obtained

by an edge-contraction and some edge-deletions in a connected graph).

Orderings

A relation < on a set X is a quasi-ordering if it is reflexive (z < x for all z € X)
and transitive (if x < y and y < z, then z < z for all z,y,z € X). And <
is a well-quasi-ordering if it is a quasi-ordering, and for any infinite sequence of
elements zg, x1, T2, ... from X, there are two indices ¢ < j such that z; < z;. Note

that sometimes we use x > y to denote y < z, and y < x to denote y < x and

y# .

A quasi-ordering is without infinite descent if there are no infinite strictly decreas-
ing sequences x1 > Ty > x3 > ---. An antichain A C X is a subset such that no

two elements in A are comparable.

Let P be a property defined on elements of a set X. We say that P is closed under
a quasi-ordering < (or <-closed ) if for every two elements z,y € X we have that

if x has property P and y < z, then y also has property P.

16



Let < be a well-quasi-ordering on a set X, and P a <-closed property on X.
Then an element z € X is said to be P-forbidden if it is a minimal element in X

under <, which does not have property P.

Labelled Token Graphs

Let G be a graph, and ky, ko, . . ., k, positive integers for some p € Z*. We assume
we have ki + ko + - -+ + k, labelled tokens, where there are k; tokens with label 7,
fori=1,2,...,p. A token configuration is an arrangement of all these tokens on

the vertices of G such that no two tokens are placed on the same vertex.

The labelled token graph of G with a multiset of tokens (kq, ko, ..., k,) is the graph
whose vertices correspond to all possible different token configurations, and two
token configurations are adjacent if one token configuration can be reached from
the other by moving one token along an edge of G. We denote the labelled token
graph by T(G; (k1, ks, ..., kp)).

Strong k-Colour Graphs

For a positive integer k, a k-vertex-colouring of a graph G is a function f : V/(G) —
{1,2,...,k}. A colouring is proper if adjacent vertices have different labels. A
graph is k-colourable if it has a proper k-vertex-colouring. The smallest number

of colours needed to colour a graph is called its chromatic number.

The strong k-colour graph of a graph G and integer k, denoted by Si(G), is the
graph that has the proper k-vertex-colourings of GG using exactly k colours as its
vertices, and two such colourings are joined by an edge if they differ in the colour

on one vertex only.

17



1.2 Outline of the Thesis

In Chapter 2, we work on labelled token graphs, and we prove two main theorems.
The first theorem gives sufficient and necessary conditions of labelled token graphs
being disconnected. The other main result tells exactly the situation whether two
given token configurations are in the same component of a labelled token graph

or not.

Chapter 3 contains some miscellaneous results on labelled token graphs. We first
consider the computational hardness of finding the shortest path between two
token configurations in labelled token graphs. Then we propose another way to
prove being disconnected of labelled token graphs by considering whether a given
graph contains certain forbidden minors or not, and we prove that the number of

these forbidden minors is finite for all the numbers of tokens.

In the last chapter, we study strong k-colour graphs. We give some general results
and characterise when strong k-colour graphs are connected for some classes of

graphs.

In the appendix, we talk about the graph 6, again because it is the only 2-connected
non-bipartite graph so that not all its labelled token graphs are connected. We
show the components of labelled token graphs of 6y in a compact form, which will

be described later.

The results in Chapter 2 are joint work with Professor Graham Brightwell and
Professor Jan van den Heuvel, whilst the results in Chapter 3 are joint work with
Professor Jan van den Heuvel. Chapter 4 can be found in [25], and we are preparing

publication of the results from Chapters 2 and 3 in [4] and [26], respectively.

18



CHAPTER 2

Labelled Token Graphs

There are many problems and games, concerned with moving objects around.
Examples are puzzle games, transportation, manufacturing, scheduling, control
flow and management of memory in computing systems. These problems have

been extensively studied.

Let G be a graph, and ky, ks, . .., k, positive integers for some positive integer p.
We have a number of classes of tokens, say k; tokens with label 1, ky tokens
with label 2, etc. Tokens with the same label are indistinguishable. A token
configuration is an arrangement of all tokens on vertices of GG such that no two
tokens are placed on the same vertex. We use Greek letters a, f3,...for token
configurations, and we denote by a(v) =t that in the token configuration «, the
vertex v contains a token with label . A vertex which does not contain any token

is said to be unoccupied, and we sometimes say that it contains an empty token,

denoted by ¢.

The labelled token graph of G with a multiset of tokens (ky,ks,...,k,) is the
graph whose vertices correspond to token configurations, and two token config-
urations are adjacent if one token configuration can be reached from the other
by moving one token along an edge of G. We denote the labelled token graph
as T(G; (k1, ks, ...,ky)), and we always assume that ky > ky > --- > k,. For
convenience purposes, when the tokens are all different (ky = ks =--- =k, = 1),

we will denote T'(G; (K1, ka, ..., ky)) as T(G; p).

19



To calculate the number of vertices in T(G; (ky, ko, ..., k,)) of a given graph G
and positive integers ki, ko, ..., kp, let K = ki + ko 4+ --- + k,. We assume that
k <n(G) — 1 to avoid trivial cases. Then

n(G)!
((G) — k)it - el

n(T(G; (k1, ko, ..., kp))) =

When all tokens are different, we have that

n(G)!

n(T(G;p)) = G =

Next, we calculate the number of edges in labelled token graphs. Here we consider
only the case that all tokens are different. For general cases, we cannot find a

similar formula easily. Since moving a token along each edge of GG represents

(®)(n(G)-2)!
(@) =2)—(p—1

i edges in T(G; p), we have that

(T (Gip) = () |
With only one token, the resulting labelled token graph is isomorphic to G, i.e.,

T(G;1) = G.

When there are n(G) — 1 different tokens, a token configuration is a bijective
mapping f : {01,112, o ,Un(G)} —{1,2,...,n(G) — 1,¢}. Thus we may consider
a token configuration as a permutation of the set of tokens. As standard, we

1

denote the inverse of a permutation o by o=, and use the same notation for the

type of token configurations in this paragraph.
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2.1 Literature

In this thesis we use the term “token” as a description for a moveable object.
Other literatures looking at similar problems use terms such as agent, pebble,
bean, robot, or vehicle to describe the moveable object. Some papers consider
problems in which the tokens are all different [1, 18, 28|, whilst others consider
problems where all tokens are the same [11]. We study problems in which tokens
can be identical or distinct, which can be also seen in [13, 16]. And the rules of
moving tokens in those studies may be the same or different. For example, in
[1, 11, 16, 18, 28], a token can be moved from one vertex to one of its unoccupied

neighbours.

Wilson [28] generalised the classic problem, the 15-Puzzle, on 2-connected graphs

with n vertices and n — 1 different tokens.

Theorem 2.1 (WILSON [28])

Let G be a 2-connected graph, which is not a cycle or the graph 0y. Then the
token graph T(G;n(G) — 1) is connected, unless G is bipartite. In the latter case,
T(G;n(G) —1) has exactly two components, and token configurations o and 3 are
in the same component if and only if they have unoccupied vertices at even distance
in G and afB~1 is an even permutation, or they have unoccupied vertices at odd
distance in G and o~ is an odd permutation. The labelled token graph T(6y;6)

has siz components.

Kornhauser et al. [18] followed on from Wilson’s study by generalising the problem
for all graphs and any number of tokens. They also presented a polynomial time
algorithm and gave O(n?®) upper and lower bounds for deciding the reachability of

any two token configurations.
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Auletta et al. [1] also studied on the reachability of any two token configurations,

but focused on trees. They gave a linear decision algorithm for those cases.

Goraly and Hassin [16] studied problems where tokens can be identical or dis-
tinct, as described earlier. They proved that the reachability of any two token

configurations can be decided in linear time.

Fabila-Monroy et al. [11] introduced the word “Token Graph”, which we use in
this thesis although they only consider the case that all tokens are identical. They
gave tight lower and upper bounds on the diameter, and tight lower bounds on
the connectivity of their token graphs. They also gave some results on cliques,

chromatic numbers, and Hamiltonian paths of their token graphs.

Fujita et al. [13] generalised the problems of moving tokens by defining a move
to be an exchange of two tokens with distinct labels on the two endvertices of a
common edge (where an unoccupied vertex is supposed to have an empty token).

They studied connectivity properties of such token graphs.

Wu and Grumbach [29] studied on motion planning on directed graphs (graphs
whose every edge has a direction from one vertex to the other). Their objective is
to move a special token (called robot) from a source vertex to another destination
vertex while the other tokens are considered as just obstacles. They proved that
this problem on acyclic (without any directed cycles) strongly connected directed
graphs can be decided in time O(nm), where n and m are the numbers of vertices
and edges, respectively. And it can be decided in time O(n?*m) on any directed

graphs.
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2.2 Main Results on Connectivity of Labelled

Token Graphs

One of our main results is showing and proving sufficient and necessary conditions
of being disconnected of labelled token graphs. If p = 1, then the tokens are all
the same. Thus the labelled token graph is disconnected if and only if the original
graph is disconnected. So we always assume that p > 2. Under that assumption,
if n(G) = 2, the labelled token graph is disconnected. Hence we also assume that

n(G) > 3.

Let G be a connected graph. A separating path of size one in G is a cut-vertex. A
separating path of size two in G is a cut-edge P = v;v5 such that both components
of G — vivy have at least two vertices. A separating path of size [ > 3 in G is
an induced path P = vjvy...v_jv; such that G\{vs, vs,...,v;_1} has exactly two
components, one contains v; and the other contains v;, and each of which has at
least two vertices. When a separating path P is of size at least two, we say that G

has two P-components (the components described above).

Theorem 2.2
Let G be a graph with n(G) > 3, and ky > ky > - -+ > k, positive integers for some
integer p > 2. Then T(G; (k1, ks, ..., ky)) is disconnected if and only if at least

one of the following conditions holds:

1. G is disconnected;
2. ki + ko4 -+ ky =n(G);
3. G is a path;

4. G is a cycle with p =2 and ke > 2, or G is a cycle with p > 3;

23



5. G is the graph 6y (shown in Figure 2.1), and (ky,ka,...,ky,) is one of the
following: (2,2,2), (2,2,1,1), (2,1,1,1,1), or (1,1,1,1,1,1);

6. G is a 2-connected bipartite graph other than a cycle, ky + ko + -+ + k, =
n(G)—1, and ky = ky =--- =k, =1 (tokens are all different);

7. G is a connected graph with connectivity 1 other than a path, containing a

separating path of size n(G) — (k1 +ka+ -+ + kp).

F1GURE 2.1: The graph 6

The other main result answers whether two given token configurations o and (8
are in the same component of the labelled token graph or not. We can see that «
and [ are in the same component if and only if on each component G; of G,
alg, (the token configuration on G; induced by «) is reachable from f|g,. Hence
without loss of generality, we can again assume that G is connected. Next, if
ki+ko+---+k, = n(G), different token configurations are in different components

of the labelled token graph. So we also suppose that ky +ky+---+k, < n(G)—1.

According to the graph 6y in Figure 2.1, a token configuration « of 6y is standard
if vy is unoccupied in «, and it is (s,t)-standard if it is standard and the tokens s
and t are placed on the vertices vg and vs, respectively. We call the cycle vivovzv4v0
on 0y as the lower 5-cycle, the cycle vivgvavsv as the upper 5-cycle, and the cycle

V1U2U3V4V5Vg as the outside 6-cycle.

Let G be a connected graph with connectivity 1, n(G) — (k1 + ko + -+ + k,) =
[ > 2, and P, P, ..., P, all the separating paths of size [ in G. For each i =
1,2,...,m, let G;; and G;5 be the two P;-components of G. Given a token
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configuration «, let a; be a token configuration obtained from a by moving some

tokens (if necessary) to make all the vertices on P; unoccupied.

Let G be a connected graph with connectivity 1, n(G) — (ky + ko +---+ k) =1,
and B a block in GG. Then B contains at least one cut-vertex of GG. Let vg be one of
these cut-vertices. Given a token configuration a, let o, be a token configuration

obtained from « by moving some tokens (if necessary) to make vp unoccupied.

We denote the multiset of all the tokens used in a token configuration a by 7(«).

For example, if « is any of the token configurations in Figure 2.4, then 7(a) =

{1,1,2,2,3,3} = (2,2,2).

Theorem 2.3

Let G be a connected graph with n(G) > 3, k1 > ko > --- >k, positive integers
for some integer p > 2, and ky + ko + --- + k, < n(G) — 1. Then two token
configurations a and 3 are in the same component of T'(G; (kyi, ks, ..., kp)) if and

only if at least one of the following conditions holds:

1. T(G; (k1, ko, ..., ky)) is connected;

2. G is a path, and the orders of tokens on G of o and 3 are the same;

3. G is a cycle, and the cyclic orders of tokens on G of a and [ are the same;
4. G is the graph 6y, and

(a) (ki,ka, ... k) = (2,2,2) or (2,2,1,1), and for any (1,1)-standard to-
ken configurations o and 8" which can be reached from o and (3, respec-
tively, we have that o and B’ are in the same group from the following

two groups:
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Group ay: (1,1)-standard token configurations of which the cyclic order
of tokens on the lower 5-cycle is (2,2,s,t), where s,t € {3,4}. ILe.,

token configurations which have the following forms:
1 1 1 1 1 1 1 1
2 S 2 2 t 2 s 1
Group ay: (1,1)-standard token configurations of which the cyclic order
of tokens on the lower 5-cycle is (2,s,2,t), where s,t € {3,4},
(b) (k1,ka,... ky) =(2,1,1,1,1), and for any (1,1)-standard token config-

urations o and ' which can be reached from o and (3, respectively, we
have o and B' are in the same group from the following three groups:
Group by: (1,1)-standard token configurations of which the cyclic order
of tokens on the lower 5-cycle is (2,3,4,5) or (2,5,4,3);

Group by: (1,1)-standard token configurations of which the cyclic order
of tokens on the lower 5-cycle is (2,4,3,5) or (2,5,3,4);

Group bs: (1,1)-standard token configurations of which the cyclic order
of tokens on the lower 5-cycle is (2,3,5,4) or (2,4,5,3);

(c) (ki,ka,... ky) = (1,1,1,1,1,1), and for any (1,6)-standard token con-
figurations o and ' which can be reached from o and 3, respectively,
we have o' and B’ are in the same group from the following sixz groups:
Group c,: (1,6)-standard token configurations of which the cyclic order
of tokens on the lower 5-cycle is (2,3,4,5);

Group cy: (1,6)-standard token configurations of which the cyclic order
of tokens on the lower 5-cycle is (2,5,4,3);
Group cy: (1,6)-standard token configurations of which the cyclic order
of tokens on the lower 5-cycle is (2,4,3,5);
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Group cy: (1,6)-standard token configurations of which the cyclic order
of tokens on the lower 5-cycle is (2,5,3,4);
Group cs: (1,6)-standard token configurations of which the cyclic order
of tokens on the lower 5-cycle is (2,3,5,4);
Group cg: (1,6)-standard token configurations of which the cyclic order

of tokens on the lower 5-cycle is (2,4,5,3).

5. G is a 2-connected bipartite graph other than a cycle, there are n(G) — 1

different tokens, and one of the following holds:

(a) o and B have their unoccupied vertices at even distance in G, and oS~

1S an even permutation;

(b) « and B have their unoccupied vertices at odd distance in G, and a3~!

18 an odd permutation.

6. G is a connected graph with connectivity 1 other than a path, n(G)— (ki1 +ko+
ot k) =1>2, P, Py, ..., P, are all the separating paths of size | in G,

and 7(ai|a,,) = T(Bila,,) and T(ailg,,) = 7(Bilg.,) for alli=1,2,... ,m.

7. G is a connected graph with connectivity 1 other than a path, n(G) — (k; +
ko +---+ky) =1, for each block B in G, T(aw,|5) = 7(Bus|B), and at least

one of the following conditions holds:

(a) T(B;7(ay,|B)) is connected;

(b) B is a cycle, and the cyclic orders of tokens of | and B,,|p are the

same;

(¢) B is the graph 0y, and o, |p and By, | satisfy 4(a), 4(b), or 4(c) above;

(d) B is a 2-connected bipartite graph other than a cycle, there are n(B)—1

1

different tokens in cu,|p and By, |p, and ay,|p - (Bugls) ™" is an even

permutation.
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2.3 Proof of Theorem 2.2

In some figures which follow, we add a subscript to a label to see how the tokens
are moved; however, tokens with the same label (but with different subscripts)

should be interpreted as being indistinguishable.

Let a be any token configuration of a graph G, and v; and vy vertices on G.
Let 8 be a token configuration of G such that f(vi) = a(vy), B(ve) = a(vy),
and S(v) = a(v) for all v # vy, ve. We say that tokens a(v;) and a(vy) can be
improperly swapped in « if there is a sequence of moves to get 5 from . We call
such a swap an improperly empty-token swap when we improperly swap a token
with an empty token. Note that if the tokens are all different, an improper swap

of two tokens is just swapping the positions of them.

In Figure 2.2, we can see that in « the tokens 2 and 3 can be improperly swapped

by moving the tokens on the cycle until we get the token configuration f.

1, 1o
1, 3 1, 2

FIGURE 2.2: Token configurations « and /3

Lemma 2.4
Let G be a connected graph, and ky, ko, ..., k, positive integers for some integer p.
Then T(G; (k1, ko, ..., ky)) is connected if and only if any two tokens in any token

configuration can be improperly swapped.

Proof. If the labelled token graph is connected, then any two tokens in any token
configuration can be improperly swapped since improper swap is a special case

of transformation from one token configuration to another one in the labelled
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token graph. On the other hand, we suppose that any two tokens in any token
configuration can be improperly swapped. Given any two token configurations «
and 3, we can assume that the sets of all unoccupied vertices in « and S are the
same (otherwise, we move some tokens in  to get another token configuration
which we want and then call it §). Then J is reachable from « by a sequence of

improper swaps of two tokens. O

Since we can improperly swap two tokens by doing three consecutive improperly

empty-token swaps, we get the following lemma.

Lemma 2.5
Let G be a connected graph, and ki, ks, ..., k, positive integers for some integer p.
Then T(G; (k1 ka, ..., ky)) is connected if and only if any token and any empty

token in any token configuration can be improperly empty-token swapped.

The following Properties are easily proved by using Lemma 2.4.

Proposition 2.6
Let p < q, and k; <; for alli. If T(G;(ly,ls,...,1,)) is connected, then the token

graph T(G; (kyi, ka, . .., kp)) is connected.

Proposition 2.7

For each v = 1,2,...,p, we refine k; as a summation of positive integers, say
ki = kix + kio + -+ + ki, for some positive integer n;. Let (I1,la,...,1,) be
the non-increasing reordering of (ki1, k12, kings - kp1,kpas oo kpn,), where
q =m+ng+---+n,. IfT(G;(l1,la,...,1,)) is connected, then T'(G; (k1, k2, . .., kp))

18 connected.
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Proposition 2.8
Let H be a connected graph, which contains a subgraph G. If T(G; (k1, ks, ..., kp))

is connected, then T(H; (ky, ks, ..., ky)) is connected.

Lemma 2.9
Let G be a cycle. Then T(G; (ky,ka, ..., ky)) is connected if and only if p =1, or
ifp=2k <n(G)—2, and ky = 1.

Next, we consider the graph 6y. According to Figure 2.1, we call v; and vy middle
vertices of 6y. Applying an operation U (respectively, L) on a standard token
configuration « is making 5 moves of the tokens on the upper (respectively, lower)
5-cycle anti-clockwise to get another standard token configuration (see Figure 2.3

for examples).
1, 1 1o 2, 1, 1 1, 1
Lol B8l
31 3 31 32 31 39 21 31
FI1GURE 2.3: Operations U and L

On a standard token configuration, making 6 moves of the tokens on the outside
6-cycle anti-clockwise can be replaced by using the operation U and then L. Thus
two standard token configurations are in the same component of the labelled token
graph if and only if one configuration can be obtained from the other by a finite

sequence of operations U and L.

Lemma 2.10
The labelled token graphs T'(0y; (2,2,2)), T(0o;(2,2,1,1)), T'(6o; (2,1,1,1,1)), and
T(0o;(1,1,1,1,1,1)) are all disconnected.
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Proof. By Proposition 2.7, if T'(0y; (2, 2, 2)) is disconnected, then the other labelled
token graphs are also disconnected. So it suffices to show that T'(6y; (2,2,2)) is

disconnected. Note that every token configuration in 7'(y; (2, 2,2)) has a path to

6!

some standard token configuration. There are 555

= 90 standard token configu-

rations in total, which are shown in Figures 2.4 and 2.5.

1 1 1 1 2 2 2 2 3 3 3 3
LL uLuLL LL uLuLL LL
Gy TS S Sy
2 3 3l2 3l1 1l3 1l2 le
L L L L L L
1l1 1 1 2 2 2 2 3 3 3 3
& S & Sy S
2 2 3,3 3,3 1,1 1,1 2. 2
IlU3 IlUZ 2lu1 2lU3 3lUZ 3lu1
S & Sy
2 2 33 33 1 1 1 1 2 2
L L L L L L
1l3 ILZ ZLI 2l3 3l2 3l1
S S G =Gl <> L e A <l
1 2 1 3 2.3 2 1 31 3,2
3lu2 2lu3 1lU3 SLUI Zlul Iluz

3 2 1 3 2 1
1,2 1,3 2,3 2,1 3,1 3,2
Ul Ul Ul uL

«—
-«
-«
c
=
«—
<
=
-«

LN}
w
w
b
w
~
~
w
~
b
LN}
~

P
P
P
&
D
2

wf
~
L)
~
=
B!
[o%
LN}
L)
!
~
w

«—
-«—
-«—
-
-«—
«—
-«—
-

N
w
N
bt
1
~
~
w
~
o
b
~

9
J
o
2
S
9

I 5 5 8 5 ¥
A O
1 2 1 3 2 3 2 1 3 1 3 2
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FIGURE 2.4: The 60 standard token configurations of Group a; in T'(G; (2, 2, 2))

We can see that standard token configurations in the same figure are in the same

component since they are joined by a path which can be generated by the given
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FIGURE 2.5: The 30 standard token configurations of Group ag in T'(G; (2,2, 2))

operations. Thus 7'(6y; (2,2,2)) has at most 2 components. As described previ-
ously, two standard token configurations are in the same component if and only
if one can be obtained from the other by using operations U and L only. How-
ever, by applying the operations U and L to each standard token configuration in
Figures 2.4 and 2.5, we always get another token configuration in the same figure.

Therefore, T'(6y; (2,2, 2)) is not connected and has 2 components. O

By considering all the standard token configurations, we find that T'(6y; (2,2,1,1))
has 2 components, T'(6y; (2,1,1,1,1)) has 3 components, and T(0y; (1,1,1,1,1,1))

has 6 components. The last case was already proved by Wilson [28].

Lemma 2.11

The labelled token graph T (6o; (3,1,1,1)) is connected.

Proof. We prove by using Lemma 2.4. Let {11, 15,13,2,3,4} be the multiset of

tokens, and « any token configuration in 7'(6y; (3,1,1,1)).
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First, we show that a token 1 can be improperly swapped with a token different
from 1. The following are the steps to improperly swap the tokens 1; and 2. For

other pairs, we can do in a similar way.
Step 1: Move tokens so that 3 occupies vy.

Step 2: Move tokens on the 6-cycle until 4 is on a middle vertex, and the other

middle vertex is unoccupied. Then move 3 to this vertex.

Step 3: Move tokens on the 5-cycle which 2 is on until 1 and 2 are on the middle

vertices, so we now have that 1, 15, 13, and 2 are on the same 5-cycle.
Step 4: Improperly swap 1; and 2.

Step 5: Move all the tokens we moved in the previous steps backward to make 3

and 4 go back to their initial positions.

Next, we show that any two tokens i,j € {2,3,4} can be improperly swapped.
Here we show only that the tokens 2 and 3 can be improperly swapped. For other
pairs, we can so do in a similar way. Let a(v,) = 11, a(v,) = 2, and a(v,) = 3 for
some x,y,z € {0,1,...,6}. We first improperly swap 1; and 2. Note that now 1,
may or may not be on v,. We then improperly swap the token 1 occupying v,

with 3. Finally, we improperly swap the token 1 occupying v, with 2. O]

Lemma 2.12

The labelled token graph T(0y; (1,1,1,1,1)) is connected.

Proof. We prove by using Lemma 2.4. Let a be any token configuration in
T(0o;(1,1,1,1,1)), and ¢; and ¢y tokens in a. We first move some tokens to
make t; occupy vg. Then rotate the tokens on the outer cycle until there is an

unoccupied vertex, which is adjacent to ¢y, to, and another unoccupied vertex. We
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now can easily swap t; and t,. Then move all the tokens we moved in the previous
steps backward until we get the token configuration, which is the same as a except

that t; and ¢, are swapped. O]

We now have all the lemmas which we need for the case G is the graph 6,. Next,

we consider 2-connected graphs, and finally just connected graphs.

Lemma 2.13
Let G be a 2-connected graph different from a cycle or the graph 6y, ki +ko+-- -+
k, <n(G)—1, and ky > 2. Then T'(G; (k1, ks, ..., ky)) is connected.

Proof. 1t is enough to show the case ky + ko + -+ + k, = n(G) — 1 only. By
Theorem 2.1, we only have to consider the case that G is bipartite, and we have
that T'(G; (k1, k2, . . ., kp)) has at most two components. Let o and 3 be any token
configurations in T'(G; (k1, k2, ...,ky)). By considering all tokens are different,
let o/ and ' be token configurations in T(G;n(G) — 1) induced by « and f3,

respectively.

Case 1: o and S’ have their unoccupied vertices at odd distance.

If o/(8)~! is an odd permutation, we are done. Suppose this is not the case. Let ay
be the same token configuration as a except that the tokens 1; and 1, are swapped.
Thus ap and § are in the same component of T'(G; (ky, k2, ..., kp)). Then we are

done since a and «q are the same token configuration in T'(G; (k1, ko, ..., kp)).

Case 2: o/ and (' have their unoccupied vertices at even distance.

Similar to Case 1, if /()" is an even permutation, then we are done. Otherwise,
let ag be the same token configuration as a except that the tokens 1; and 1, are

swapped. O
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Lemma 2.14
Let G be a 2-connected graph different from a cycle. If k < n(G)—2, then T(G; k)

18 connected.

Proof. By Lemma 2.12, we have that T'(0y; (1,1,1,1,1)) = T'(0y; 5) is connected.

Then, by Proposition 2.6, we are done if GG is the graph 6,. Now we suppose that G

is not §y. By Lemma 2.13, T(G;( 2,1,...,1)) is connected. Then T'(G; k) is also
—_——

n(G) — 2 terms
connected by Proposition 2.6. O

Lemma 2.15
Let H be a 2-connected graph, and G the graph obtained from H by adding one

vertex, which is connected to a vertex of H. Then T(G;n(G) — 2) is connected.

Proof. Let uv be the added edge, where d(u) = 1 and d(v) > 2, and « any token
configuration in T'(G;n(G) — 2).

Case 1: The graph H is a cycle.

We may assume that in « all tokens are on the cycle (otherwise, we can move some
tokens to get it since G is connected). It is enough to show that any two consec-
utive tokens on the cycle can be swapped. Suppose we want to swap consecutive
tokens t; and t,. Then we move the tokens on the cycle until v is unoccupied and
is between t; and t5. Note that u is now unoccupied. Then we can easily swap t;

and ty by moving through the vertex w.

Case 2: The graph H is not a cycle.

By Lemma 2.14, T(H;n(H) — 2) is connected. Thus any two tokens in «|y can be
swapped. Since H is 2-connected, dy(v) > 2. Let x and y be neighbors of v in H.

Since G is connected, we may assume that v and = are the two unoccupied vertices
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in . We can see that the tokens on v and on y can be swapped by moving through

the vertex . Hence any two tokens in a can be swapped, so we are done. O

Lemma 2.16
Let Gy and Go be 2-connected graphs containing a vertex vy and ve, respectively,

and G the graph resulting from combining G1 and Gy by identifying the vertices v,
and ve. Then T(G;n(G) — 2) is connected.

Proof. Let u; be a vertex in G; which is adjacent to vy, and us a vertex in Gy
which is adjacent to vy. Let v be the vertex in G, which results from identifying
the vertices v; and v,. Thus v is adjacent to u; and us in G. Let Hy; and Hy
be the subgraphs of G induced by V(G1) U {us} and V(G2) U {u;}, respectively.
By Lemma 2.15, T(Hy;n(H;) — 2) and T'(H;n(Hsz) — 2) are connected. Let «
be any token configuration in T(G;n(G) — 2). We can assume that v and wu
are unoccupied in «; otherwise, we can move some tokens in « to get another
token configuration such that v and u; are unoccupied. Since T'(Hy;n(Hy) —2) is
connected, any two tokens on the vertices of H; in v can be swapped. Also, since
T(Hy;n(Hy) — 2) is connected, any two tokens on the vertices of Hy in « can be
swapped. Since H; and H, share the token on wus, any two tokens in « can be

swapped. O]

The block-cutvertex graph of a connected graph G, denoted by be(G), is the graph
whose vertices are the blocks and cut-vertices of G, and the edges of be(G) join
cut-vertices with those blocks to which they belong. An endblock of G is a block,
which is of degree 1 in be(G). Thus every endblock contains only one cut-vertex

of G.

Lemma 2.17

Let G be a connected graph with connectivity 1, and [ a positive integer. If G does
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not contain a separating path of size l, then there exists an endblock B in G such
that G\(V(B)\{vg}) is connected and does not contain a separating path of size l,

where vy is the cut-vertex of G in B.

Proof. Let By be any endblock in G. Take an endblock B of maximum distance
from By in be(G). Thus G\(V(B)\{vp}) is connected, where vp is the cut-vertex
of G in B. Suppose for a contradiction that G\(V(B)\{vp}) has a separating
path P of size [. Since GG has no separating path of size [, vg is an interior vertex
of P. Then there are two P-components. One component contains By, and the
other contains another endblock, which is farther from By than B is. This is a

contradiction. O

We call an endblock B according to Lemma 2.17, a good endblock.

Proof of Theorem 2.2. (<) It is easy to see that if G is disconnected, k; +
ky 4+ ---+ k, = n(G), or G is a path, then T(G; (k1, ko, ..., k,)) is disconnected.
By Lemmas 2.9, 2.10, and Theorem 2.1, we are done when the fourth, fifth, or

sixth condition holds.

Next, we suppose that G is a connected graph with connectivity 1, other than
a path, n(G) — (ky + ka+---+ k,) =1 > 1, and G contains a separating path
P =wvwvy...v. If I =1, let G;* be any component of G\v;, and G; and G5 the
subgraphs of G induced by V(G;*)U{v;} and V(G)\V(G1"), respectively. If [ > 2,
let G; and G5 be the two P-components of G such that G; contains v; and Gy

contains v;.

We prove the labelled token graph is disconnected by showing that there are two

token configurations, which are in different components of T(G; (k1, ka, ..., kp)).

Case 1: n(Gy) > k.
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Let a be a token configuration such that vy, vs, ..., v; are all unoccupied, and all
the tokens with label 1 are in G;\v;. Let u be a vertex such that a(u) =1, and v
a vertex in Gy\v;. Thus a(v) = ¢ for some ¢ # 1. Let 8 be the same token
configuration as « except that f(u) = ¢ and S(v) = 1. Since the token 1 on u
in o cannot be moved to the vertex v (it can go as far as to v;), 5 is not reachable

from «a.

Case 2: n(Gy) < k.

Let a be a token configuration such that vy, v, ..., v; are all unoccupied, and each
vertex in Gp\v; contains a token 1. Let u € V(G1)\{v1} (so a(u) = 1), and v
a vertex in Gy\v; such that a(v) = ¢ for some ¢ # 1. Let § be the same token
configuration as « except that f(u) = c and 5(v) = 1. Since the token ¢ on v in «
cannot be moved to the vertex u (it can go as far as to v1), 8 is not reachable

from a.

(=) We prove necessity by contrapositive. Suppose that all the conditions 1-7 do
not hold. Thus G is connected, ki + ko +---+k, < n(G)—1, and G is not a path.
Lemma 2.9 completes the proof when G is a cycle. If GG is the graph 6y, we have
T(0o;(3,1,1,1)) and T'(Ay; (1,1,1,1,1)) are connected by Lemmas 2.11 and 2.12.
For the other numbers of tokens, we are done by Properties 2.6 and 2.7. If G is a

2-connected graph, then we are done by Theorem 2.1 and Lemmas 2.13 and 2.14.

We now suppose that G is a connected graph with connectivity 1, which does not
contain a separating path of size [, where | = n(G) — (k1 + ko + - - - + k). Since G
has connectivity 1, G' contains a separating path of size 1. Thus [ > 2. We will
prove that T'(G;n(G) —1) is connected by induction on the number of blocks in G,

and then we will have T(G; (ky, k2, . .., k,)) is connected by Proposition 2.7.

Base Step: There are two blocks in G.
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Since G is not a path, G has to be a graph in Lemma 2.15 or 2.16. Then
T(G;n(G) — 2) is connected. Since | > 2, T(G;n(G) — 1) is also connected.

Induction Step: There are m > 3 blocks in G.

Let B be a good endblock in G and H the subgraph of G induced by [V (G)\V (B)]U
{vg}, where vp is the cut-vertex of G in B. By Lemma 2.17, we have that H is
connected and has no separating path of size [. It is easy to see that H has

m — 1 > 2 blocks, so H has connectivity 1. Then by the induction hypothesis,
T(H;n(H) —1) is connected.

Let vz be a vertex of H which is adjacent to vp, and B’ the subgraph of G induced
by V(B)U{v}. By Lemma 2.15, T'(B’; n(B’) —2) is connected, so T(G;n(B') —2)

is connected by Proposition 2.8.

Case 1: n(H) <.

Then n(G)—1 = (n(H)+n(B')—2)—1 < (I+n(B')—2)—1 = n(B’")—2. Therefore,

T(G;n(G) — 1) is connected by Proposition 2.6.

Case 2: n(H) > 1+ 1.

We claim that H is not a path. Indeed, if H is the path vivy---vi11 - v, for
some m > | + 1, then vyvs---v;41 is a separating path of size [ in GG, which is a

contradiction.

If dy(vg) > 2, choose u = vg, * = vz, and y another neighbour of v in H.
Otherwise, let u be the vertex nearest to vp in H such that dy(u) > 3 (u exists
since H is not a path). Then there is only one path from u to vg, and it is of size
less than [ since G does not contain a separating path of size [. Then let z and y

be neighbours of v in H which are farther from vg than u is.

39



Let a be any token configuration in 7(G;n(G) — I). We can assume that in «,
there are n(B’) — 2 tokens on B’ such that v and v}y are unoccupied, and there
are n(H) — 1 > 1 tokens on H such that x and the vertices on the path from u
to vp are all unoccupied while the vertex y is occupied. Otherwise, we can always
move some tokens to get a token configuration with such properties from « since G
is connected. Since T'(B’;n(B’) —2) and T(H;n(H) — l) are connected, any two
tokens on B’ and any two tokens on H can be improperly swapped in a. So we
need to show only that in « there is a token on B’ and a token on H which can

be swapped.

Let t1 be the token which occupies y, and t, the token on B’ which is on a neighbour
of vg. We now can improperly swap the tokens ¢; and ¢, by moving through the

vertex x. This completes the proof of Theorem 2.2. n

We go back to Lemma 2.14 now. The proof of this lemma as previously given uses
the result of Theorem 2.1, which was proved by using algebraic methods. Here we

give another proof, using graph theoretical methods only.

Another Proof of Lemma 2.14. We prove the lemma by using Lemma 2.5.
Let G be a 2-connected graph different from a cycle, o any token configuration
with at most n(G) — 2 different tokens, v any unoccupied vertex in «, and u any
occupied vertex in «, say u contains a token ¢t. We will show that in «, the tokens ¢

and ¢ (the empty token on v) can be improperly empty-token swapped.

Since G is 2-connected, there are two internally disjoint paths P, and P, between u
and v. If one of these two paths does not contain any token, then we can easily
move t from u to v, so we are done. Suppose this is not the case. Since k < n(G)—2,
there is an unoccupied vertex w such that w # v. Let s; and s, be the tokens

which are nearest to v on P; and P, respectively.
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Case 1: There is a vertex of GG which is not on P, U P,.

Subcase 1.1: The vertex w is not on P, U Ps.

Take a path P, from w to some vertex z on P; U P,. Let y be the vertex on P,

which is adjacent to z. Then do the following (if necessary),

(1) move the tokens on P,, forward to w to make y unoccupied,

(2) move the tokens on P; U P, in anticlockwise direction until ¢ is at z,
(3) move ¢t from x to y along P,,

(4) move the tokens on P; U P, in anticlockwise direction until x is between the

tokens s; and so,
(5) move t from y back to x along P,,

(6) move the tokens on P; U P, in clockwise direction until they are at their

destination positions,

(7) move the tokens which we moved in (1) back to their initial positions.

Subcase 1.2: The vertex w is on P; U P,, but there is another vertex z which is

not on P, U Ps.

We can suppose that the vertices which are not on P, U P, are all occupied by
tokens. Otherwise, we are done by Subcase 1.1. Take a path P, from z to some
vertex x on Py U P,. Let s be the token on P, which is the nearest to  but not

on x. To use Subcase 1.1, we will move s to the vertex w.
We do the following (if necessary),

(1) move the tokens on P; U P, in anticlockwise direction until the free space on w

arrives at x,
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(2) move s to x along P,,
(3) move the tokens on P; U P, in clockwise direction until s arrives at w.

Now we can use Subcase 1.1 to move ¢ from u to v, and then we move the token s

back to its initial position.

Case 2: All vertices are on P, U Ps.

Since G is not a cycle, there exists a chord zy on P;U P, for some x,y € V(G). We
move the tokens on P; U P, in anticlockwise direction until the token ¢ arrives at x
or the empty token ¢ (on v initially) arrives at y. At the time of arrival, we may
assume that ¢ is on a vertex 2y, and ¢ is on a vertex z. If 2y = x and 2, = y, we
can easily move t from x to y along the chord, and then move the tokens on P, U P,
in clockwise direction until we get the wanted token configuration. Otherwise, we
can find two internally disjoint paths P| and Pj from z; to z3 such that there is
another vertex which is not on P/ U P;. By Case 1, we can move ¢ from 2; to zo.
Finally, we move the tokens on P; U P, in clockwise direction until ¢ arrives at v,

and the other tokens are back to their initial positions. O

2.4 Proof of Theorem 2.3

Note that in this section, we use some terminology and notation from the previous
section. According to the graph 6, in Figure 2.1, we denote a token configuration a
of 00 which has Oé(Ui) =1; for all i = O, ]_, ce 76, by [to, t1,12,t3,14, 15, tﬁ] For exam-

ple, if «v is the top left token configuration in Figure 2.4, then a = [2, ¢, 2,3, 3, 1, 1].

Let G be a connected graph with connectivity 1, n(G) — (ky + ko +---+ k) =1,

and vp a cut-vertex of a block B in G. Given a token configuration «, we can
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see that even though «,,, is not unique, 7(c,,|g) is unique. This means tokens in

T(owg| ) can be moved to vertices in B only. We get the following lemma.

Lemma 2.18
Let G be a connected graph with connectivity 1, n(G) — (k1 + ko +---+ k,) = 1,
and a and B token configurations of G. Then « is reachable from 3 if and only if

Oy | B is Teachable from fB,,|p for every block B in G.

Proof of Theorem 2.3. (<) It is easy to see that a and  are in the same

component of T'(G; (k1, ks, .. ., kp)) if one of the first three conditions holds.

Suppose that G is the graph 0, and (kq, ka, ..., k,) = (2,2,2). We have proved that
T (6p;(2,2,2)) is not connected and has 2 components. One component contains 60
standard token configurations, shown in Figure 2.4 (and some other token configu-
rations). We can see that all the (1,1)-standard token configurations of which the
cyclic order of tokens on the lower 5-cycle is (2,2, 3, 3) are in this component. The
other component contains 30 standard token configurations, shown in Figure 2.5
(and some other token configurations), and all the (1,1)-standard token configu-
rations of which the cyclic order of tokens on the lower 5-cycle is (2, 3,2, 3) are in
this component. Thus, if o/ and " are in the same group (stated in 4(a) in the

theorem), then a and [ are in the same component of T'(6y; (2,2, 2)).

Next, we suppose that (ki, ks, ..., k,) = (2,2,1,1). We relabel the two tokens
with label 3 in all standard token configurations in Figure 2.4 into two possible
ways, say using labels 3 and 4. Then we get two copies of Figure 2.4. One copy
contains the standard token configuration [2,¢,2,3,4,1,1|, and the other con-
tains [2,¢,2,4,3,1,1]. We do a similar relabelling in Figure 2.5, so we get two
copies of Figure 2.5. One copy contains [2, ¢, 3,2,4,1, 1], and the other contains

2,6,4,2,3,1,1]. Next, we prove that the standard token configurations from the
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two copies of Figure 2.4 are in the same component of T'(0y; (2,2,1,1)) by show-
ing a path from [2,¢,2,3,4,1,1] to [2,¢,2,4,3,1,1]. This path can be obtained
by the following sequence of operations: L,L,U,L,U, L, U, L, U U, L, L, UU,U.
Similarly, we give a path from [2,¢,3,2,4,1,1] to [2,¢,4,2,3,1,1] to show that
the standard token configurations from the two copies of Figure 2.5 are in the
same component. This path can be obtained by the following sequence of op-
erations: L, U, L, L, U, L, U, L,U,U,L,U,L,L,L,U,U,U,L,U,U,U. Thus we have
two groups of standard token configurations in T'(6; (2, 2, 1, 1)) such that standard
token configurations which are in the same group are in the same component of
T(00;(2,2,1,1)). We can see that one group, called Group A;, contains all the
(1,1)-standard token configurations of which the cyclic order of tokens on the lower
5-cycle is (2,2,3,4) or (2,2,4,3). And the other group, called Group As, contains
all the (1,1)-standard token configurations of which the cyclic order of tokens on
the lower 5-cycle is (2,3,2,4) or (2,4,2,3). Hence, if o/ and ' are in the same
group (stated in 4(a) in the theorem), then o and /3 are in the same component

of T(6y; (2,2,1,1)).

Now we suppose that (ki,ks,...,k,) = (2,1,1,1,1). Then we relabel the two
tokens with label 2 in all standard token configurations in Group A; into two
possible ways, say using labels 2 and 5. So we get two copies of standard token
configurations from Group A, called Groups By and By, and two copies of stan-
dard token configurations from Group A,, called Groups Bj and BY. Without loss
of generality, we suppose that Group B} contains |2, ¢, 4,5, 3,1, 1], and Group Bj
contains [5, ¢, 4,2,3,1,1]. Then we show that there are three groups of standard
token configurations in 7'(0y; (2, 1,1, 1, 1)) such that standard token configurations
in the same group are in the same component. For this, it suffices to show a path
from [2,¢,4,5,3,1,1] to [5,¢,4,2,3,1, 1], obtained by the sequence of operations:

LvU L LU LU LUULLUULLLUUULLLUUUL,LUUU,L,
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L,L. Then we use Bs to denote the group formed from the combination of Bj
and BY. Again, if o and §’ are in the same group (stated in 4(b) in the theorem),

then a and [ are in the same component of T'(6y; (2,1,1,1,1)).

We next suppose that (ki,ks,...,k,) = (1,1,1,1,1,1). By relabelling the two
tokens with label 1 in all standard token configurations in Groups Bj, Bs, and Bj
into two possible ways, say using labels 1 and 6, we get two copies of standard
token configurations from each group. So we now have six groups of standard
token configurations such that standard token configurations in the same group
are in the same component of T(fy; (1,1,1,1,1,1)). Similarly, if o/ and p’ are
in the same group (stated in 4(c) in the theorem), then o and § are in the same

component of T'(6y; (1,1,1,1,1,1)). Thus we are now done when G is the graph 6.

When G is a 2-connected bipartite graph other than a cycle and there are n(G)—1

different tokens, we are done by Theorem 2.1.

Next, we suppose that G is a connected graph with connectivity 1, other than a
path, n(G) — (k1 + ke +---+ ky,) =1 > 2, P, P5,..., P, are all the separating
paths of size [ in G, and 7(ailq,,) = 7(Bile,,) and T(aila,,) = 7(Bilq,,) for all
1=1,2,...,m. We prove that o and S are in the same component of the labelled

token graph by induction on the number of separating paths of size [ in G.

Base Step: There is only one separating path P, = vy 1v12...v1, of size [ in G.

Let G11 and G;2 be the two P-components of G. If G7; or G is a path, then
it has to be a path of length 2; otherwise, there are at least two separating paths
of size [ in G. Let G}, and G, be the subgraphs of G induced by V(Gy:) U
{vi2,v13, -, v} and V(Gi2) U {v11,v19,...,v1-1}, respectively. Then G,
and G}, do not contain a separating path of size [, T(aule;,) = 7(bile;,), and

T(ailar,) = 7(Biley ). If Giy is a path of length 2, then there is only one token on
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oz1|G/171 and /31|G'1,1’ SO oz1|G/171 = 61|G’171~ Obviously, oz1|G/1,1 is reachable from 51|G/1’1.
Suppose G is not a path, so G, is not a path. Since [ > 2, G | cannot be a
cycle, the graph 6, or a 2-connected bipartite graph. Since G ; does not contain
a separating path of size [, its labelled token graph is connected by Theorem 2.2.
Thus al\gfm is reachable from 51\0/1’1. Similarly, a1|G/1,2 is reachable from ﬁ1|G/1’2.

We can conclude that «a; is reachable from S, so « is reachable from f.

Induction Step: There are m > 2 separating paths of size [ in G.

Foreachi=1,2,...,mlet P, = v;1v;2...v;;, Gi1 and G, 5 the two P;-components,
and G}, and G}, the subgraphs of G induced by V(Gi1) U {vi2,vi3,. .., vy} and
V(G;2)U{vi1,vi2,...,vi 11}, respectively. Then there exists a separating path P,
for some j such that one of G, and G’, does not contain a separating path of
size [. Without loss of generality, we may assume that j = 1 and G’ ; does not
contain a separating path of size [. By the same arguments used in the base step,

we can have that a;|g, | is reachable from $;]¢: .

Let H be the subgraphs of G induced by V(G)\(V(G11)\{v11}). Thus there are
m — 1 separating paths of size [ in H. By the induction hypothesis, we have
that ay|y is reachable from [|y. We can conclude that oy is reachable from S,

so « is reachable from f.

Finally, we suppose that the condition 7 of the theorem holds. By using the
previous cases, we can conclude that o,,|p is reachable from f,,|p for every

block B in GG. Hence « is reachable from 5 by Lemma 2.18.

(=) We prove necessity by contrapositive. Suppose that all the conditions 1-7 do
not hold. We then show that o and § are in different components of the labelled

token graph. It is easy to get the result if G is a path or a cycle.
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First, we suppose G is the graph 6,. Since T'(G; (k1, ks, ..., k;)) is not connected,
(k1, ko, ... ky) 1s (2,2,2), (2,2,1,1), (2,1,1,1,1), or (1,1,1,1,1,1) by Theorem 2.2.
As we described previously, two standard token configurations are in the same
component if and only if one configuration can be obtained from the other by a
finite sequence of operations U and L only. By applying the operations U and L
to each standard token configuration in each group (the groups we constructed
previously such as Groups A; and As), we always get another token configuration
in the same group. Thus, if o and 4" are in different groups (the groups we stated
in the condition 4 of the theorem such as Groups a; and as), then « and [ are in

different components of the labelled token graph.
When G is 2-connected, we are done by Theorem 2.1 and Lemmas 2.13 and 2.14.

Next, we suppose that G is a connected graph with connectivity 1, other than
a path, n(G) — (ky + ko + --- + k,) = | > 2, and there is a separating path
Py = v11v12...v1; such that 7(aq|q,,) # 7(Bila,) or T(aula,) # T(Bile.)-
Without loss of generality, we may assume that 7(ci|q,,) # 7(81]g,,). Hence
there is a token ¢ which appears in a;|g, , more often than in |, ,. To get £
from oy, we need to move at least one token ¢ on GG1; in oy into some vertex
in V(G12)\{vi;}. This is impossible because of the separating path P, so (; is
not reachable from «y. Hence o and S are in different components of the labelled

token graph.

Finally, we suppose that GG is a connected graph with connectivity 1, other than a
path, n(G) — (k1 + ko +---+k,) = 1, and there is a block B such that 7(a,,|s) #

T(Bvy|B) or it does not satisfy any cases in the condition 7.

Case 1: 7(ay,|B) # 7(Bus|B)-

47



Then there is a token ¢ which appears in a,,|p more often than in §,,|s. To
get B,, from a,,, we need to move at least one token ¢ on B in «,, into some
vertex in V(G)\V(B), which is impossible. Hence f3,, is not reachable from a,,

so a and f are in different components

Case 2: None of the cases 7(a), 7(b), 7(c), or 7(d) holds.

We may assume that 7(a,,|5) = 7(Suy|B); otherwise, we are done by Case 1. If B
is a path, it has to be of length 2 since it is a block. Then there is only one token
in |, so T(B; T(ay,|p)) is connected. This contradicts the assumption that B
does not satisfy any cases in the condition 7. Thus B is a block different from a
path. By using the previous cases, we can conclude that «,,|p is not reachable

from B,,|p. Thus a is not reachable from g by Lemma 2.18. O]

Now, we go back to Example 1.1. According to Figure 1.1, is it possible to reach (8
from a? To get the answer, we first transform the 15-Puzzle to the grid graph
P, x Py. Then we get the corresponding token configurations o’ and 8’ of o and 3,

respectively, shown in Figure 2.6.

Y

o
L)

[
co——
1 (
=L L

L)

- N

L L]
;d L

16—3t—32—9 —I—H1+—12
14—35—1315 13—34—135

FIGURE 2.6: Corresponding token configurations o and 3’

We can see that o/ and 3 have empty spaces at distance zero, and o/(8')~! =

(1 2)(34)(56)(7 8)(910)(9 11)(9 12)(13 14)(13 15) is an odd permutation. By
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Theorem 2.3, since P, X P, is a 2-connected bipartite graph different from a cycle,
o/ and " are in different components of the labelled token graph. Thus we cannot

go from « to .
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CHAPTER 3

Miscellaneous Results on

Labelled Token Graphs

3.1 Complexity of Finding Shortest Paths in La-

belled Token Graphs

In this section, we consider the computational hardness of finding the shortest

path between any two token configurations in labelled token graphs.

Goldreich [15] proved that the problem of finding the shortest path between two
token configurations in labelled token graphs such that all the tokens are different

is NP-hard by reducing 3-Exact-Cover to it.

Papadimitriou et al. [21] proved that the problem of finding the shortest sequence
of moves to move the special token from one vertex to another vertex is NP-hard
(the other tokens are considered as just obstacles). They proved by reducing from

the problem 3-SAT in which each literal occurs at most twice.

We now introduce the following problem, which is called the Shortest-Token-Move-

Sequence (STMS) problem:

Input: A connected graph G, a multiset of tokens (k1, ko, ..., k,), two token con-

figurations « and (3, and a positive integer N;
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Question: Is there a path of length at most N from « to § in the labelled token

graph T(G; (ky, ka, ..., kp))?

Theorem 3.1
Restricted to the case that the multiset of tokens is (k) (i.e., all tokens are the

same), the problem STMS is in P.

Proof. Given two token configurations o and 8 of k identical tokens on G, let
U = {u1,us,...,ur} be the set of vertices containing a token in «, and V =
{v1,v9,..., v} be the one in B. We form a complete bipartite graph Ky with
the parts U and V. We define the weight of each edge u;v; to be the length
of a shortest path from u; to v; in G. It is well-known that a perfect matching
with minimum weight can be found in polynomial time (for instance, using the
Hungarian method; see, e.g., Schrijver [24]). Let M be such a minimum-weight

perfect matching.

Without loss of generality, we may assume that M = {ujvy, ugva, ..., upvg}. For
each i, let P; be the path corresponding to the edge w;v;, w; the weight of u;v;,
and W the total weight in M. It is obvious that to get § from «, we need at
least W steps. Next, we show that we can find a path from « to § in the labelled

token graph of length exactly W by induction on the total weight W.

Base Step: W = 0.

Then U =V, so a and S are the same token configuration. Thus there is of course

a path of length 0 from « to 8 in the labelled token graph.

Induction Step: W > 1.

Then there is an edge in M having non-zero weight. Without loss of generality,

we may assume that the edge ujv; has weight w; > 0 (i.e., uy # v1).

51



Case 1: V(P)NU = {u}.

Then we move the token from u; along P; to v;. Let o’ be the token configuration
we just got and M’ the perfect matching obtained from M which corresponds to o
and . We can see that M’ has minimum weight in this new situation (otherwise,
M is not a minimum weight perfect matching), and the total weight of M’ is
W — w;. By the induction hypothesis, there is a path of length W — w; in the
labelled token graph from o’ to 8. Combining the paths from « to o/ and from o/

to (3 gives us the wanted path of length W.

Case 2: [V(P) NUN\{u1} # o.

Without loss of generality, we may assume that us is the vertex in [V (P )NU]\{u1 }
nearest to v;. Note that the path from u; to us along P; and the path P, have the
vertex us in common only. Otherwise, there are paths from u; to v and from us

to vy that give another perfect matching having smaller weight than M.

Subcase 2.1: uy # vy.

Then we define the new paths P and Py, as follows. Let Pjs be the path formed
by going from w; along P; to us and then continue along P, to vy (since the
path from u; to us along P; and the path P intersect only at ug, Pjo is a path),
while P,y is just the path from wus along P; to vy. It is clear that the sum of the
lengths of Py, and P is the same as the sum for P, and P,. We now form a new
perfect matching with the minimum weight by removing the edges u,v; and uqvs
and adding the edges uyvy and wqvy, corresponding to the paths Pjs and Py,
respectively. We can see that us is the only vertex in V(Py) NU. Since uy # vy,
the edge uyv; has non-zero weight. Then we just follow the steps in Case 1 by

moving the token from us along P to vy.

Subcase 2.2: uy; = vy.
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Thus uy # ve. Again, if V(P) NU = {us}, we are done by following the steps
in Case 1. If it is not the case, then we follow the steps in Case 2. We may
assume that wug is the vertex in [V(Py) N U]|\{uz} nearest to vy. Then P; cannot
contain u; or us; otherwise, we can find another perfect matching having smaller
weight than M. If uz # vy, we are done using Subcase 2.1. Otherwise, we
continue with us. We keep doing this until we get some [ € {1,2,...,k} such
that V(P) NU = {w} and u; # v,. This must happen since U is finite. Then
we finish the proof by following the steps in Case 1 (move the token from w; to v

along F)). O

Recall that Goldreich [15] proved STMS is NP-complete for the case Wilson con-
sidered (i.e., the tokens are all different). So somewhere between all tokens the
same and all tokens different, the problem switches from being in P to being NP-
complete. The following theorem shows that it happens as soon as not all tokens
are identical. We prove this by applying the ideas of the proof of Theorem 1 of
Papadimitriou et al. [21] by reducing from the problem 3-SAT. In their proof, they
only move the unique special token from one vertex to the destination vertex and
do not mind where the other tokens are at the end. In our proof, at the end we

need to move the other tokens to their destinations as well.

Theorem 3.2
Restricted to the case that there is one special token and the other tokens are all

tdentical, the problem STMS is NP-complete.

Proof. Recall that Kornhauser et al. [18] proved that the problem to decide if
there is a path between any two token configurations, is decidable in polynomial
time. They also showed that at most O((n(G))?) moves are needed between any

two reachable token configurations. This shows that STMS is in NP.
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To prove that the problem STMS is NP-hard, we use a reduction from 3-SAT.
Given an instance of a 3-SAT Boolean formula which is in conjunctive normal
form, we construct a graph G, token configurations o and 3, and choose a num-

ber N as follows (see Figures 3.1 and 3.2 for an example).

The graph G consists of p variable gadgets (the cycles on the left), where p is the
number of variables in the formula, ¢ clause gadgets (the vertices on the right),
where ¢ is the number of clauses in the formula, a destination vertex (the rightmost

vertex) called vy, and some paths starting from vertices on variable gadgets.

Let M be the maximum number of occurrence of any literal in the formula. For
each variable z, we form a variable gadget by two paths corresponding to each
variable and its negated form, called P, and P;. The path P, contains vertices
x1,To, ..., Ty which separate the path into M + 1 parts, each of length 3r, where
r = c(p + q) for some positive integer ¢ so that 2r* > 5Mrp + 3rp + 5rq + 3r
(c is large enough). Similarly, the path P; contains vertices Ty, Zs, ..., Ty which
separate the path into M + 1 parts, each of length 3r. Since M is the maximum
number of the number of occurrence of each literal in the formula, x and Z occur
in at most M clauses. For each appearance of x in the clauses, we form a path of
length 27 from a vertex in {Z1, Zs, . . ., Zps} to the corresponding clause gadget. For
each vertex in {Zy, Ts, ..., 2y} which does not have a path to any clause gadget,
we construct a path of length r from it to a new vertex. We create M paths
starting from the vertices on P; so that they are mutually disjoint. Similarly, we

form M disjoint paths starting from the vertices on P,.

We construct token configurations a and 3 of G' corresponding to the given for-
mula in similar way as the example shown in Figures 3.1 and 3.2 (this example

corresponds to the formula (x VyVZ)A(ZVyVz) AT V7YV z)), and choose
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N =5Mrp+ 3rp + 5rq + 3r. Note that the special token has label ¢, and all the

other tokens are identical.

O A vertex without a token

® A vertex with a token

------- A path of length I, filled with tokens except for the vertex of degree one
--------------------- A path of length 2r, filled with tokens except for the middle vertex

A path of length 3r with no tokens at interior vertices

FIGURE 3.1: Starting token configuration « of G, corresponding to the formula
(xVyvVZ)A(@VyVz)A(TVYVz)

Now, we claim that the formula is satisfiable if and only if we can reach § from «
within V steps. First, we suppose that the formula is satisfiable. We will show
that within N steps, we can move the token t from the vertex v; to the vertex wvs,
passing through all the variable gadgets and the clause gadgets, and finally move

the other tokens to their final positions.

Consider a variable x, and suppose x is set to be “true” in a feasible assignment.
We will move the token ¢ through the variable gadget of x along the path P,.
We need r steps for each token on P, to be cleared out by pushing the tokens to

the end of the r-length paths or to the middle of the 2r-length paths. Note that
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@) A vertex without a token

® A vertex with a token

------- A path of length Ir, filled with tokens except for the vertex of degree three
--------------------- A path of length 2r, filled with tokens except for the vertex of degree three

A path of length 3r with no tokens at interior vertices

FIGURE 3.2: Final token configuration 8 of GG, corresponding to the formula
(xVyVZ)AN(ZTVyVz)A(TVYVz)
any other way requires at least 3r steps. If x is “false”, we do the same via the

path Px.

Next, we will move t through each clause gadget occupied by a token initially.
Since every clause is satisfied, at least one of the three 2r-length paths connected
to each clause gadget has the middle vertex still unoccupied. Then we can move
the token on each clause gadget off in r steps by pushing the tokens to the middle
on this path, and then ¢ can pass that clause gadget. Hence we can bring the
token ¢ from vy to vy in [Mrp + (M + 1)(3r)p] + [rq + (¢ + 1)(3r)] steps, and we
need rq—+ Mrp steps to move the other tokens to their final destinations. Therefore,

we can get § from « in exactly N steps.

Conversely, suppose that for every choice of the variables to be true or false, at
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least one of the clauses is not satisfied. In the step of moving the token on this
clause gadget off from the route of ¢, we need at least 2r steps because the middle
vertices of all the three 2r-length paths ending at that clause gadget are no longer
empty. Thus the total number of steps to get § from « is more than N steps.
Note that to let the token ¢ make a short cut along a path packed with tokens, we

need at least 2r2 > N steps.

Since the reduction from the given instance of a 3-SAT Boolean formula to the
graph G, token configurations « and 3, and integer N can be done in polynomial

time, we can conclude that STMS is NP-hard, and therefore is NP-complete. [J

Corollary 3.3
The problem STMS remains NP-complete for any other multiset of tokens which

does not restrict the total number of tokens and allow at least two types of tokens.

3.2 Connectivity of Labelled Token Graphs and

Forbidden Minors

In this section, we give another way to consider whether the labelled token graph
of a given graph G with a multiset of tokens (ky, k2, ...,kp) is disconnected by
considering the existence of some forbidden minors. The details can be found in

the following theorem.

Theorem 3.4
For each multiset of tokens (ki,ka, ..., k), there exists a finite collection of con-
nected graphs Hy, Ho, ..., H,, such that for each connected graph G with n(G) >

k1+k2+"'—|—]€p we have
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T(G; (k1, ks, ..., kp)) is disconnected < G has none of Hy, Hs, ..., H, as a minor.

As a consequence, for each multiset (ky, ks, ..., k,), there exists a polynomial time
algorithm (in n(G)) to decide if the labelled token graph of a given graph is dis-

connected.

Below, we give some theorems which will be used in the proof of Theorem 3.4.

They are well-known and can be found, e.g., in [10].

Proposition 3.5
A relation < is a well-quasi-ordering on a set X if and only if it is a quasi-ordering

without infinite descent and without infinite antichains on elements of X.

Theorem 3.6 (ROBERTSON & SEYMOUR [23])

The minor ordering is well-quasi-ordered on the class of finite graphs.

Proposition 3.7
Let < be a well-quasi-ordering on a set X, and P a <-closed property on elements

of X. Then the set of P-forbidden elements is finite.

By Proposition 3.5 and Theorem 3.6, we can see that the minor ordering is a quasi-
ordering without infinite descent and without infinite antichains on finite graphs.
Since the class of finite connected graphs is a subset of the class of finite graphs,
there is neither infinite descent nor infinite antichains on connected graphs under
minor ordering. Hence the minor ordering is well-quasi-ordered on the class of
finite connected graphs as well. Combining this result with Proposition 3.7 gives

the following corollary.

Corollary 3.8

If P is a minor-closed property on connected graphs, then the set of P-forbidden
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minors is finite.

For example, let P be the property of being planar on connected graphs. It is
easy to see that P is minor-closed. Hence there are a finite number of P-forbidden
minors. According to Wagner’s theorem, the P-forbidden minors are the complete

graph K5 and the complete bipartite graph K3 3.

Theorem 3.9 (ROBERTSON & SEYMOUR [22])
Given a fized graph H, there exists a polynomial time algorithm to decide if a given

graph has H as a minor or not.

Corollary 3.10
If P is a minor-closed property on connected graphs, then there exists a polynomial

time algorithm to decide whether a given graph has property P.

Proof of Theorem 3.4. To prove the theorem, it suffices to show that the prop-
erty of being disconnected of labelled token graphs on connected graphs is closed
under minor ordering. We then use Corollary 3.10 to complete the rest of the

proof.

Let (ki,ka,...,k,) be a multiset of tokens, G a connected graph, H a connected
minor of G, and k < n(H) < n(G), where k = ky + ky + --- + k,. Suppose
T(G; (k1 ko, ..., kp)) is disconnected. We will show that T'(H; (ki, ko, ..., kp)) is

disconnected by showing the following.

Claim 1: The graph H can be obtained from G by a sequence of edge contractions

first and then edge deletions.

For each X € V(H), let the branch set of X, Vx, be the set of vertices of G, which

are contracted to X. Note that the subgraph of G induced by Vx is connected
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for all X € V(H), and for all Y, Z € V(H), YZ € E(H) if and only if there are
y € Vy,z € Vz such that yz € E(G). Now let U = V(G)\ Uxey @ Vx- Choose
v € U such that v is adjacent to some vertex in some branch set. Then we add v
to one of these branch sets and keep doing this process until U is empty. We can
do this because G is connected and U is finite. Then we can obtain the graph H
from G by first contracting all edges in each subgraph induced by each branch set,
and then removing all edges which do not appear in H. Note that since G and H
are connected, each operation in the sequence to obtain H transforms a connected

graph to a connected graph.

Claim 2: Assume F' is a connected graph containing an edge uwv, k < n(F),
and T'(F; (ky, ks, ..., ky)) is disconnected. Then T'(F/uv; (ky, ko, ..., ky)) is dis-

connected.

Note that F'/uv is connected. Let o and § be token configurations of F', which are
in different components of T'(F; (ki, ks, ..., k,)). We may assume that in both «
and (8 there is at most one vertex of u and v occupied by a token. Otherwise,
since F'is connected and k < n(F'), we can move some tokens in « (in 3) to obtain
another token configuration of F' in which there is at most one vertex of v and v

with a token on it.

Let o/ and 3’ be the token configurations of F'/uv induced by a and 3, respectively.
Then if there is a path from o to ' in T(F/uv; (ki ks, ..., k,)), we can also
construct a path from « to § in T'(F; (k1, ko, ..., kp,)), which is a contradiction.

Hence T'(F/uv; (ki, ks, ..., k,)) is disconnected.

Claim 3: Assume F'is a connected graph containing an edge e, F'—e is connected,
k <n(F),and T'(F; (ky1, ka, ..., kp)) is disconnected. Then T'(F—e; (k1, ko, ..., kp))

is disconnected.
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Note that each token configuration of F'is a token configuration of F' — e. Since
T(F; (ky, ko, ..., ky)) is disconnected, we can find token configurations o and
of F which are in different components of T'(F; (k1, ka2, ..., kp)). Then they are in
different components of T'(F — e; (ky, k2, ..., kp)). Hence T(F —e; (k1, ko, ..., kp))

is disconnected. O

Next, we give some examples of P-forbidden minors, where P is the property of

being disconnected of labelled token graphs on connected graphs.

Example 3.11

If the multiset of tokens is (1, 1), then there are two P-forbidden minors:

AN S

If the multiset of tokens is (1,1, 1), then there are five P-forbidden minors:

< T 0

1 ..

If the multiset of tokens is (2, 1), then there are four P-forbidden minors:

Gt
N W
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For the case the multiset of tokens is (1,1,1,1), the following graphs are P-
forbidden minors, but we are not sure yet if this is the complete list of P-forbidden

minors.

<
<X

N o
[ — X
P <
— . P

— 1 . ..




CHAPTER 4

Strong k-Colour Graphs

For a positive integer k and a graph G, the k-colour graph of G (introduced by
Cereceda et al. [5]) is the graph that has the proper k-vertex-colourings of G as
its vertices, and two vertices are joined by an edge if they differ in colour on only

one vertex of G. We denote the k-colour graph of G by Cy(G).

We now introduce a subgraph of Cy(G), the strong k-colour graph of G, denoted
by Si(G). Its vertex set contains only proper k-colourings in which all & colours

actually appear, and we call such a colouring a strong k-colouring.

Questions regarding the connectivity of a k-colour graph have applications in re-
assignment problems of the channels used in cellular networks; see, e.g., [2, 17].
For some applications, it is required that all channels in a range are actually used.

Such a labelling is sometimes called a °

‘no-hole” or “consecutive” labelling; see,
e.g., [12, 19]. In terms of colourings, this corresponds to a strong k-colouring. And
asking questions about the possibility to reassign channels in a cellular network

can be done in such a way that all available channels are actually used. These

problems can be expressed in finding paths in strong k-colour graphs.

Questions related to the connectivity of a k-colour graph have been studied exten-
sively: [5, 6, 8, 20]. In this note we initiate similar research on the connectivity
of strong k-colour graphs: Given a positive integer k and a graph G, is Sk(G)

connected? As an example, in Figures 4.1 and 4.2, we show the strong 3-colour
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graphs of the paths with 4 and 5 vertices, respectively. One is not connected while

the other is connected.

‘ 1232 H 1231 H 3231 ‘
‘ 1323 H 1321 H 2321 ‘
‘ 2131 H 2132 H 3132 ‘
‘ 2313 H 2312 H 1312 ‘
‘ 3212 H 3213 H 1213 ‘
‘ 3121 H 3123 H 2123 ‘

FIGURE 4.1: The strong colour graph S3(Py)

32123 H 32121 i 32131

13123 ‘ 12123

‘ 32313 H 12313 H 12323

31312 21312
23123 ‘ 13121 ‘
31212 | 31213
|
‘ 31232 H 21232 ‘
‘ 31231 H 21231 M 2323 H 13231 H 13232
23121 23131 H 23132 H 1313') l 12132
FIGURE 4.2: The strong colour graph Ss(Ps)
We usually use lower case Greek letters «, 3,7, ... to denote specific colourings,
and lower case Latin a,b,c,... to denote specific colours. And to avoid trivial

cases, we will always assume that k is greater than or equal to the chromatic

number of G, and the number of vertices of G is at least k + 1.
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4.1 Literature

The following are known results on k-colour graphs. We make them our goal to
study on strong k-colour graphs. However, this thesis contains only some first

results on strong k-colour graphs

Cereceda et al. [5] gave some results on the connectivity of k-colour graphs such
as if G is a graph with chromatic number k € {2, 3}, then Ci(G) is not connected.
On the other hand, they gave some graphs with chromatic number k£ > 4 for
which C(G) is not connected, and some k-chromatic graphs for which Cy(G) is

connected.

In [6], they characterised the bipartite graphs for which C3(G) is connected. They
also proved that the problem to decide the connectedness of the 3-colour graph of

a bipartite graph is coNP-complete

In [7], they considered the problem of finding a path between two vertex 3-
colourings in 3-colour graphs. They proved that it needs polynomial time to
decide whether there is a path between them or not. They also showed that if a

path exists, the algorithm uses O(n?) steps.

Bonsma and Cereceda [3] proved that the problem to decide whether there is a
path between two vertex k-colourings in k-colour graphs is PSPACE-complete for
all k& > 4. They also proved that the problem remains PSPACE-complete for
some specific graphs and the number k such as planar graphs with 4 < k <6, or

bipartite planar graphs with k = 4.
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4.2 General Results on Connectivity of Strong

k-Colour Graphs

For all £k > 2 and m,n > 1, let a be a strong k-vertex-colouring of a complete
bipartite graph K, ,. Each colour that appears in one part of the partition cannot
be used in the other part. Now we choose one colour from each part and recolour
the graph by swapping these two colours on each vertex coloured with one of these
colours. Let 8 be the resulting colouring, so 3 is strong as well. It is easy to see
that there is no path in Sy(K,,,) from a to 5. Thus Si(K,,,) is not connected

for all £ > 2 and m,n > 1. This gives the following lemma.

Lemma 4.1
Let G be a connected, k-colourable graph such that S,(G) is connected, with k > 2.
Then |V(G)| > k+ 1, and G does not contain a complete bipartite graph as a

spanning subgraph.

Theorem 4.2
Let G be a connected, k-colourable graph such that Sk(G) is connected, with k > 2.

Suppose the graph G* is obtained from G by adding a new vertex v* and joining it

to j vertices in V(G), with 1 < j <k —2. Then Si(G*) is connected.

We will show in the next section that the strong 3-colour graph of the n-vertex
path, S3(FP,), is connected if and only if n > 5. Now we add a new vertex and
join it to the first and the last vertex of the path, forming to an (n + 1)-vertex
cycle. We will show in Section 4.4 that the strong 3-colour graph of the n-vertex
cycle, S3(C,,), is not connected for all n. This example shows that the restriction

7 < k — 2 of Theorem 4.2 is optimal.
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Proof of Theorem 4.2. Let o* and B* be strong k-colourings of G*. We show
that there always exists a walk in Si(G*) from o* to 5*. We say that a colouring

of G* is good if all k colours appear on V (G).

First, we suppose that a* and g* are good. By ignoring the vertex v*, let a and (8
be the strong k-colourings of G obtained from a* and *, respectively. Since Si(G)
is connected, there is a path from a to 8 in Si(G). We just follow the recolouring
steps of that path to form a walk from a* to 5* in Si(G*). The only extra steps
happen when we want to recolour a neighbour u of v* to the same colour as v*.
Since dg+(v*) = 7 < k — 2, we can always recolour v* to a colour different from
any of the colours appearing in its neighbourhood and its current colour. After
recolouring v*, we can recolour u, and continue the walk. This walk in Si(G*)
finishes in a colouring in which the vertices in V(G) have the same colour as they
have in 8*. If necessary, we can do one recolouring of v* to its colour in J*,

completing the walk in S,(G*) from a* to g*.

If o* is not good, then below we show that we can always find a path in Si(G*)
from o* to some good colouring (and if necessary, we do the same for 5*). Together

with the method described in the previous paragraph, this completes the proof.

So we now assume that in a* every vertex of GG has received one of k — 1 colours
while v* has the remaining colour. Let W be the set of vertices in V(G) that do
not have a unique colour in G for the colouring a*. Since |V(G)| > k+ 1, W is

not empty.

Case 1: There is a vertex w € W not adjacent to v*.

By the definition of W, there is a vertex w’ € W such that w and w’ have the
same colour in a*. Then we recolour w to the same colour as v*. The resulting

colouring is good.
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Case 2: All vertices in W are adjacent to v*.

Additionally, define U = N(v*)\W. and X = V(G)\ N(v*). Note that all vertices

in X have a unique colour in o*.

Subcase 2.1: There is a vertex x € X which is not adjacent to some vertex

we W.

Again, there is a vertex w’ € W such that w and w’ have the same colour in o*.
Then we first recolour w to the same colour as x, and then recolour x to the same

colour as v*. Again, this gives a good colouring.

Subcase 2.2: Every vertex in X is adjacent to every vertex in W.

By Lemma 4.1, U is not empty (otherwise, the pair (X, W) would form the parts
of a spanning complete bipartite subgraph of G). Suppose there is some vertex
u € U which is not adjacent to some vertex w € W and not adjacent to some
vertex * € X. Then we can recolour w to the colour of u (this is possible since
there is another vertex w’ € W with the same colour as w). Then recolour u to
the same colour as z, and finally x to the same colour as v*. It is easy to check

that the remaining colouring is good.

So we are left with the case that each vertex in U is adjacent to every vertex in W
or to every vertex in X. Let Uy, be the set of vertices in U which are adjacent to
every vertex in W, and Ux = U \ Uy. Then the pair (X U Uy, W U Ux) forms
the parts of a spanning complete bipartite subgraph of G. This case is impossible

by Lemma 4.1. ]

Theorem 4.3

Let G be a connected k-colourable graph so that Sp(G) is connected, with k > 2.
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Let v be a vertez of G with neighbourhood N(v). Suppose the graph G* is obtained
from G by adding a new vertex v* and joining v* to the vertices in N* for some

N*C N(v), N* # @&. Then Sp(G*) is connected.

Proof. Let a* and (* be strong k-colourings of G*. We show that there always
exists a walk in Sx(G*) from a* to 8*. We say that a colouring of G* is good if v

and v* are labelled with the same colour.

First suppose that a* and g* are good. By ignoring the vertex v*, let a and 3 be
the strong k-colourings of G obtained from o* and /*, respectively. Since Si(G)
is connected, there is a path from a to 8 in Si(G). We just follow the recolouring
steps of that path to form a walk from a* to f* in S,(G*). The only extra step
happens when we recolour v. In the next step we immediately recolour v* to the
same colour as v just received. It is easy to check that all these recolourings are

allowed and give a walk in Sx(G*) from a* to §*, completing the proof.

Assume that o* is not good. Below we show that we always can find a path in
Sk(G*) from a* to some good colouring (and if necessary, we do the same for §*).
Together with the method described in the previous paragraph, this completes the

proof.

If there is a vertex u € V(G) \ {v} with the same colour as v*, then we just

recolour v* to the same colour as v. This gives a good colouring.

So we now suppose that in a* every vertex of G has received one of k — 1 colours
while v* has the remaining colour. Remind that v and v* received different colours
in a*. Let W be the set of vertices in V(G) that did not receive a unique colour

in G for the colouring a*. Since |V(G)| > k + 1, W is not empty.
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Case 1: There is a vertex w € W not adjacent to v*.

By the definition of W, there is a vertex w’ € W such that w and w’ have the
same colour in a*. Hence we can recolour w to the same colour as v*, and then

recolour v* to the same colour as v. The resulting colouring is good.

Case 2: All vertices in W are adjacent to v*.

Additionally, define U = N(v*)\W. and X = V(G)\ N(v*). Note that all vertices

in X have a unique colour in o*.

Subcase 2.1: There is a vertex € X which is not adjacent to some vertex

we W.

Again, there is a vertex w’ € W such that w and w’ have the same colour in o*.
Then we first recolour w to the same colour as x. Then recolour x to the same
colour as v*, and finally recolour v* to the same colour as v. Again, this gives a

good colouring.

Subcase 2.2: Every vertex in X is adjacent to every vertex in WW.

By Lemma 4.1, U is not empty (otherwise, the pair (X, W) would form the parts
of a spanning complete bipartite subgraph of G). Suppose there is some vertex
u € U that is not adjacent to some vertex w € W and not adjacent to some vertex
x € X. Then we can recolour w to the colour of u (this is possible since there is
another vertex w’ € W with the same colour as w). Then recolour u to the same
colour as z, x to the same colour as v*, and finally recolour v* to the same colour

as v. It is easy to check that the remaining colouring is good.

So we are left with the case that each vertex in U is adjacent to every vertex in W

or to every vertex in X. Let Uy, be the set of vertices in U which are adjacent to
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every vertex in W, and Ux = U \ Uy. Then the pair (X U Uy, W U Ux) forms
the parts of a spanning complete bipartite subgraph of G. This case is impossible

by Lemma 4.1. N

It is easy to see that in a normal colour graph Ci(G), there always is a path from
any proper k-vertex-colouring to some strong k-vertex-colouring. This gives the

following lemma.

Lemma 4.4

If Sk(G) is connected, then Ci(G) is also connected.

4.3 The Strong k-Colour Graph of Paths

In this section, we prove that the strong k-colour graph of a path with n vertices,

Sk(P,), is connected if and only if £ >3, n > 5, and n > k + 1.

First, suppose we colour a path P,, n > 2, with two colours. It is easy to see that
there are only two strong 2-vertex-colourings of P,, and they are not adjacent in

So(P,). Thus Sy(P,) is not connected for all n > 2.

For k = 3, we have already seen in Figures 4.1 and 4.2 that S3(P;) is not con-
nected, but S3(Ps) is connected. It is somewhat more work to show that Sy(Ps)

is connected.

Proposition 4.5

The strong colour graph S4(Ps) is connected.

Proof. In any strong 4-colouring of Pj, there are only two vertices with the same
colour. Let a be a strong 4-colouring of P5 = vyvs...v5. We call a an a-standard
colouring if a(vy) = a(vs) = a.
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ab cda

—o—9o oo
V1 Vs

FIGURE 4.3: An a-standard colouring

We will prove the proposition by showing the following three steps.

Step 1: There is a path from (a,b, ¢, d, a) to any other a-standard colouring,.

We will first show that there is a path from (a,b,c,d, a) to (a,c,b,d,a):

abcda abcecdbd adcdbd adcabd
cdcabd cdbabd cdbac adbac
adbdc acbdec acbda

By symmetry, there is a path from (a,b, ¢, d, a) to (a,b,d,c,a) as well.

Now we consider a-standard colourings as permutations of {b,¢c,d}. Note that
all these permutations can be generated by the transpositions (b,¢) and (c,d).
Therefore, since we can find a path from (a,b,c,d,a) to (a,c,b,d,a), and from
(a,b,c,d,a) to (a,b,d,c,a), there is a path from (a,b,c,d,a) to any other a-

standard colouring.

Step 2: There is a path between any two types of standard colourings.

First, here is a path from an a-standard colouring « to an «(vs)-standard colour-

ing:

abcda cbcda cbada cbadec

r——0—0—9 —>  0—0—0—0—90 —>  0—0—0—0—0 —  0—0—0—0—0

Next, a path from an a-standard colouring « to an «(wvy)-standard colouring :
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abcda dbcda dbecba dacba

dacbd bacbd bacad bdcad
bdcabd

By symmetry, there is also a path from an a-standard colouring « to an a(vy)-

standard colouring.

Step 3: Each strong 4-colouring has a path to some standard colouring.

Let a be a strong 4-colouring of Ps. Then « has one of the following forms:

The first form already is an a-standard colouring; for the second and the third
ones we just recolour the vertex vy to d; while for the fourth and the sixth ones we
just recolour the vertex vs to b. Finally, for the fifth form the following is a path

to a b-standard colouring:

bacad bdcad bdcabd

It is straightforward to see that appropriate renaming of the colours and sequence
of the paths in Steps 1-3 will transform any strong 4-colouring of Ps into any

other strong 4-colouring. O]

We extend the last result by showing that Si(Pg11) is connected, for all k& > 4.

Proposition 4.6

For all k > 4, Sk(Pyy1) is connected.
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Proof. We prove by induction on k. We have already shown the proposition is

true for k = 4.

Let a and B be strong k-colourings of P11 = v1vs ... Vg4, for some k > 5. We can
assume that in «, the vertex vy, has a unique colour. Otherwise, there is another
vertex v; such that a(v;) = a(vgy1). Then just recolour v; to a colour different
from o (vgy1). Without loss of generality, we may assume that this unique colour

on Vg1 In v iS a.

If the vertex vgy; is the only vertex coloured a in [ as well, then we can just
remove v;41. Let o and ' be the strong k-colourings of P, = vivy. .. v, obtained
from « and 3, respectively. By the induction hypothesis, Si_1(P) is connected.
Then there is a path from o to f" in Sy_1(Py). Using the same steps on Py gives

a path from « to f in Sk(Pgi1).

We now assume that in 5, vgyq is not coloured a, or it is not the only vertex

coloured a. We distinguish 4 cases.

Case 1: In 3, vy is coloured a, but there is a second vertex v; coloured a as

well.

Then we just recolour v; to another colour different from a. Thus vy is now the

only vertex coloured a. We are done by the paragraph above.

Case 2: In (3, vp,1 and some other vertex v; have the same colour b # a, while

a third vertex v; is coloured a.

Subcase 2.1: vy and v; are not adjacent.

Then we just recolour vy to a, and we are back to Case 1.
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Subcase 2.2: vy and v; are adjacent, i.e., j = k.

We call a colouring of Sy(Py11) good if we can recolour v; to a colour which is not

in {B(vk-1), B(vr) = a, B(vks1) = b}

Note that § is good when & > 6, or k = 5 and @ # 2. If 8 is good, we can
recolour v; to the colour f(v;) for some I ¢ {i — 1,4,i + 1,k — 1,k, k + 1}, to
obtain the strong k-colouring v. Let § be the strong k-colouring of Py, obtained
from ~ by swapping the colours of v; and v,. By ignoring the vertex v, 1, we can
consider v and ¢ as strong (k — 1)-colourings of Py. Since Si_1(Fy) is connected,
there is a path between these two colourings. We then apply this path to a path

in Si(Pyy1) from v to 0.

Next, we will form a path from 0 to a colouring in which vertex vy, is the only
vertex coloured a, and then we will have a path from [ to this colouring. So we
are done by Case 1. In ¢, we first recolour v; to B(vgs+1) = b and then recolour
Ug+1 to a. Finally, we recolour the vertex v; (which is previously coloured a) to

another colour.

We now suppose that S is not good, i.e., kK = 5 and ¢ = 2. Then here is a path

from S to a colouring in which vg,; is the only vertex coloured a.

cbdeabd cadeabd cadedbd cabedbd
cabeda cebeda

Case 3: In (3, v; and v; are coloured a for some 7,5 # k + 1.

Without loss of generality, we may assume that v; is not adjacent to vg,;. Then

we recolour v; to B(vg11), and we are back to Case 2.
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Case 4: In (3, v; and v; have the same colour b # a, a third vertex v, is coloured a,

for some i, 5,0 # k + 1.

Without loss of generality, we may assume that v; is not adjacent to vg,;. Then

we recolour v; to B(vg11), and we are back to Case 2. O

By combining these propositions, we get the promised result on the strong colour

graph of paths.

Theorem 4.7
The strong colour graph Sy(P,) is connected if and only if k > 3, n > 5 and

n>k+1.

Proof. We already have seen that S3(P;) and S3(P,), n > 3, are not connected,
while S5(Ps) and Sk (Px11), k > 4, are connected. Applying Theorem 4.2 completes

the proof. O

4.4 The Strong k-Colour Graph of Cycles

In this section we want to show that the strong k-colour graph of a cycle with n
vertices, Si(C),), is connected if and only if & > 4, n > 6 and n > k + 1. Before

we prove the theorem, we give some propositions, which will be used in the proof.

To orient a cycle means to orient each edge on the cycle so that a directed cycle
is obtained. If C'is a cycle, then by 8 we denote the cycle with one of the two

possible orientations. Given a 3-colouring « using colours {1,2,3}, the weight of
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an edge e = uwv oriented from u to v is

w(@ha) = 4 0 if a(u)a(v) € {12, 23, 31};
-1, if a(u)a(v) c {21’ 32, 13}.

The weight W(B, «) of an oriented cycle ' is the sum of the weights of its oriented

edges.

Proposition 4.8 (CERECEDA ET AL. [5])
Let a be a 3-colouring of a graph G that contains a cycle C. If W(?, a) # 0, then

Ck(G) is not connected.

Proposition 4.9

For alln > 3, S3(C,,) is not connected.

Proof. By Lemmas 4.4 and 4.8, it is enough to find a strong 3-colouring o with
W(C’_:“ a) # 0. If n = 3/ for some positive integer ¢, the pattern 1,2,3,1,2,3,...,1,2,3
provides a 3-colouring « of C,, with W(Cﬁ, a) =n # 0. For n = 4, it is easy to
see that S5(Cy) is the graph with 12 isolated vertices. If n = 3¢+ 1 > 4, then
we use the pattern 1,2,3,1,2,3,...,1,2,3,2, which gives W(C—>’n,oz) =n—4 # 0.
Finally, if n = 3¢ + 2 > 5, we use the pattern 1,2,3,1,2,3,....,1,2,3,1,2, so we get

W(Ch,a) =n—2#0. 0

Proposition 4.10

The strong colour graph S4(Cs) is not connected.

Proof. For any strong 4-colouring of the 5-cycle Cj, there are only two vertices hav-
ing the same colour. Thus each strong 4-vertex-colouring of C5 can be recoloured

only on these two vertices, and each of these two vertices can be recoloured to only
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one new colour (since the two different colours of their neighbours are forbidden).

This means each colouring has degree two in Sy(Cj).

Straightforward counting shows that S;(C5) has 120 vertices. But each colouring
in S4(C5) is contained in a cycle of length 20. To see this, we start with some

strong 4-colouring of C'5 and then recolour :

abacd abdcd abdcbd acdcbd
acdalbd dcdabd dcbabd dcbac
dabac dabdc babdc bacdc
bacda bdcda bdcba cdcba
cdabda cdabdd cbabdbd cbacd
abacd
IR

By symmetry, we immediately get that S,(Cjs) is a disjoint union of six copies

of Uy, so it is not connected. O

Proposition 4.11

The strong colour graph Ss(Cs) is connected.

Proof. In any strong 5-colouring of the 6-cycle Cy, there are only two vertices
having the same colour. Let a be a strong 5-colouring of Cg = v1vs ... v5v6v1. We

call « an a-standard colouring if a(vy) = a(v3) = a.

abacde
Uwfj

FIGURE 4.4: An a-standard colouring

We will prove the proposition by showing the following three steps.
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Step 1: There is a path from (a, b, a,c,d, e) to any other a-standard colourings.

First, we will show that there is a path from (a,b,a,c,d,e) to (a,c,a,b,d,e):

abacde abecde abecdc abebdec
L T S T N e T N
acebdec acebde acabde

e T e T e

By symmetry, there is also a path from (a,b,a,c,d,e) to (a,e,a,c,d,b).

Next, we show that there is a path from (a, b, a,c,d,e) to (a,d,a,c,b,e):

abacde abecde abecdbd adecdbd
L T ST T e T e
adeceb adbceb adbcec adbaec
LT T ST T ST T e
bdbacec bdeacec bdeabdc adeabdc
L T s T e T e
adecbdec adecbe adachbe

e T s e T e

Now we consider a-standard colourings as permutations of {b, ¢, d, e}. Note that all
these permutations can be generated by the transpositions (b, ¢), (b,d) and (b, e).
Therefore, since we can find a path from (a,b,a,c,d,e) to (a,c,a,b,d, e), from
(a,b,a,c,d,e) to (a,e, a,c,d,b), and from (a,b,a,c,d,e) to (a,d,a,c,b,e), there is

a path from (e, a,e,b,c,d) to any other a-standard colourings.

Step 2: There is a path between any two types of standard colourings.

First, here is a path from an a-standard colouring « to an a(vs)-standard colour-

ing:

abacde abdcde abdcace dbdcace
T T ST T e T e
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Next, a path from an a-standard colouring a to an a(v,)-standard colouring :

abacde cbacde cbaede cbaeda
LT T ST T ST T e
cbceceda

ISR~

By symmetry, there is also a path from an a-standard colouring « to an «(vg)-

standard colouring.

And finally, a path from an a-standard colouring a to an a(vs)-standard colouring :

abacde dbacde dbacbe dcacbe
T T ST T ST T e
dcadbde bcadbde bcadae becbdae

e T s e o s e o e

Step 3: Each colouring has a path to some standard colouring.

Let a be a strong 5-colouring of Cs. Then a has one of the following forms:

abacde abcade abcdaece bacade bacdae
ISR IR IR IR IR
bacdea bcadae bcadea becdaea

The first form is already an a-standard colouring. For the second and the third
forms, we just recolour vertex v; to ¢, and for the seventh and eight forms, we just
recolour vertex vy to b. For all the remaining colourings, we can find a path of

length two to some standard colouring. We will leave checking that to the reader.

It is straightforward to see that appropriate renaming of the colours and sequence
of the paths in Steps 1-3 will transform any strong 5-colouring of Py into any

other strong 5-colouring. O
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Theorem 4.12
The strong colour graph Si(C,) is connected if and only if k > 4, n > 6, and

n>k+1.

Proof. We already have seen that S3(C,,), n > 3 and 54(Cj) are disconnected. By
Theorems 4.2 and 4.7 we can obtain that Si(C,,) is connected for all k > 4, n > 6,
and n > k+ 2. Since S5(Cp) is connected, all that is left to prove is that Sg(Cky1)

is connected for all k > 6.

Let £ > 6 and let a and 8 be strong k-colourings of Cyy1 = v1vs...vx11v1. In «,
there will be a vertex, say vy, which has an unique colour, say colour a. We say
that a strong k-colouring of Cj; is good if vy is the only vertex in Cy, which is

coloured a. Thus « is good.

If 3 is good as well, then remove v;, and let o and /' be the strong (k—1)-colourings
of P, obtained from « and [, respectively. Since £ > 6, by Proposition 4.6 there
is a path in Sx_1(P) from o to 5. Using the same steps gives a path from « to

in Ck+1.

So suppose that 3 is not good. As we colour the k + 1 vertices of Cy,q with k
colours, there are only two vertices having the same colour. We distinguish five

cases.

Case 1: In 3, v; is coloured a, but there is a second vertex v; coloured a as well.

Then just recolour v; to another colour. The resulting colouring is good, and we

are done by the paragraph above.
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Case 2: In 3, v; and some other vertex v; have the same colour b # a, while a

third vertex v; with j # 2,k + 1 is coloured a.

Then we first recolour vy to a, and then recolour v; to another colour. Again, this

gives a good colouring, so we are done.

Case 3: In 3, v; and some other vertex v; have the same colour b # a, while a

third vertex v; with j € {2,k + 1} is coloured a.

Without loss of generality, we may assume that j =k + 1.

Subcase 3.1: We have 7 > 5.

Now first recolour vertex v; to colour 3(vs), then recolour vz to f(vgi1) = @, Vg1
to (vy), vg to B(v1) = b, v1 to a, and finally recolour vz to some colour different

from a. It is easy to check that the remaining colouring is good.

Subcase 3.2: We have i € {3,4}.

Recall that j = k+ 1 > 7. Now first recolour vertex v; to colour (vg), then
recolour vg to B(v1) = b. Now vy and vg have the same colour b, so we are back to

Subcase 3.1.

Case 4: In /3, v; has a unique colour b # a, while there are two vertices v; and v,

coloured a.

Subcase 4.1: We have {i,j} = {2,k + 1}.

Now first recolour vertex vy to 3(v4), and then recolour vy to 5(v1) = b. Then we

are back to Subcase 3.2.

Subcase 4.2: We have {i,j} # {2,k + 1}.

Without loss of generality, we may assume that ¢ # 2, k+1. Then we can recolour v;
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to B(v1) = b. This means that v; and v; have the same colour b # a, so we are

back to Case 2 or 3.

Case 5: In (3, v; has a unique colour b # a, there is a unique vertex v; coloured a,

and two vertices v; and v, have the same colour ¢ # a, b.

Subcase 5.1: We have {j, ¢} = {2,k + 1}.

Since k + 1 > 7, we must have ¢ # 3 or ¢ # k. Without loss of generality, assume

that ¢ # 3. Then recolour vy to 5(v;) = a. This brings us back to Case 4.

Subcase 5.2: We have {j, ¢} # {2,k + 1}.

Without loss of generality, assume that j # 2,k + 1. Then we can recolour v; to
B(v1) = b. This means that v; and v; have the same colour b # a, and then we

are back to Case 2 or 3. O]

4.5 The Strong 3-Colour Graph of Trees

The aim of this section is to classify the trees T' for which the strong 3-colour

graph S3(T) is connected.

For this we need to consider some special trees. First, in Section 4.2 we saw
that the strong k-colour graph of a complete bipartite graph is not connected, so

S3(K1,n) is disconnected for all n > 2.

For n > 1 and p,q > 2, let I, ¥,, and ®,, be the graphs sketched in Figure 4.5,

respectively.
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r1 X2 XT3 V1 U2 Un, U1 Uy Uyp

L

Ty X5 Tg

W1 W2 Wy

FIGURE 4.5: The graphs I, ¥,,, and ®,,

It is straightforward to check that in any strong 3-colouring of ¥,, we cannot
recolour the vertex vy to another colour so that the resulting 3-colouring is strong

again. Hence the strong colour graph S3(W¥,,) is disconnected for all n > 1.

Proposition 4.13

The strong 3-colour graph Ss(I) is connected.

Proof. Let a be a strong 3-colouring of the graph I, with vertex set {x1, zo, ..., x4}
as shown in Figure 4.5. We call a an (a,b)-colouring if a(zs) = a and a(z5) = b.
Easy counting shows that for fixed a and b, there are 15 (a,b)-colourings (there
are 2 choices for each of the other 4 vertices, but one of the resulting 16 3-colourings
is not strong). As there are 6 choices for a pair (a,b) from 3 colours, there are a

total of 90 strong 3-colourings of I.

We will prove the proposition by combining the following two steps.

Step 1: For given a and b, there is a path containing all (a, b)-colourings.

babd bac bac cac cac ba c
*—o—o *—o—o *—o—o *—o—o *—o—o * —o—o
—_— —_— —_— —_— —_— —_—
*—o—o *—o—o *—o—o *—o—o *—o—o *—o—o
cba cba aba aba abec abc
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*—o—o *—o—o *—o—o *—o—o *—o—o *—o—o
— — — — — —

*—eo—o *—eo—o *—eo—o *—o—o *—o—o *—eo—o
cbe cbec cba cba cbece cbec

babd cab cab

*—o—o *—o—o *—o—o

— —
*—o—o *—o—o *—o—o
abc abc aba

Step 2: There is a path containing at least one strong 3-colouring from each

type of colourings.

cba cba cba aba aca achb
*—o—o *—o—o *—o—o *—o—o *—o—o *—o—o
— —_— —_— —_— —_— —_—
*—o—o *—o—o *—o—o *—o—o *—o—o *—o—o
bebd babd cab cab cab cab
achbh achb achb becbd babd ba c
*—o—o *—o—o *—o—o *—o—o *—o—o *—o—o
—_— —_— —_— —_— —_ —_—
*—o—o *—o—o *—o—o *—o—o *—o—o *—o—o
cac cbe abc abc abc abc
bac bac
*—o—o *—o—o
—_—
* —o—o *—o—o
aba aca

These two steps, together with appropriate renaming of the colours, will give all
that is needed to transform any strong 3-colouring of I into any other strong

3-colouring. O

Theorem 4.14
Let T be a tree. Then S3(T) is connected if and only if T contains Ps or I as a

subgraph.
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Proof. Since S5(P5) and S3(I) are connected, one direction is immediately proved

by using Theorem 4.2.

For the other direction, suppose that T" does not contain Ps, nor /. Since P; is a
path with 4 edges, the longest path in 7" can have length at most 3. Thus 7" has to
be one of the following : Ky, P, K1 ,,, m > 2, or ¥,,, n > 1. Note that 7" cannot be
®, , for all p,q > 2; otherwise, it would contain I as a subgraph. Since K; and P,
have fewer than 3 vertices, T' cannot be one of these two graphs. We already saw
that S3(K4,,), m > 2, and S3(¥,), n > 1, are disconnected. Therefore, we can

conclude that S3(7) is not connected. O

4.6 Discussion

We have already seen in Lemma 4.4 that if the strong colour graph Si(G) is
connected for some G and k, then so is the normal colour graph Cy(G). In general,
the reverse direction is not true. For instance, for all m,n > 2, for the complete
bipartite graphs K,,, we have that for k& > 3, Cx(K,,,) is connected, whereas
Sk (Kpm,n) is not connected. In fact, we have already seen that if G has a complete
bipartite graph as a spanning subgraph, then Si(G) is never connected. For k > 3
it is not hard to construct other graphs apart from complete bipartite graphs that
have this property, but all examples we know of have a fairly special structure
(for instance, see the trees U, in Figure 4.5). This makes us raise the following

question.

Question 4.15
Is it possible to completely describe a class of graphs H so that if G does not
contain a graph from H as a spanning subgraph, then Cy(G) is connected if and

only if Sk(G) is connected ?
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APPENDIX A

Appendix

According to Theorem 2.2 we have that the graph 6, (which is shown in Figure A.1)
is the only 2-connected non-bipartite graph for which not all its labelled token
graphs are connected. Additionally, it is claimed that its labelled token graph is
disconnected when the multiset of tokens is one of the following: (2,2,2), (2,2,1,1),
(2,1,1,1,1), or (1,1,1,1,1,1). To justify this claim we give more detail about how
the labelled token graphs of 6, look like.

FiGURE A.1: The graph 6

A token configuration of y, using the vertex names in Figure A.1, is said to
be standard if the vertex v; is unoccupied. Performing an operation U (respec-
tively, L) on a standard token configuration is taking 5 moves of the tokens on the
upper (respectively, lower) 5-cycle anti-clockwise to get another standard token

configuration (see Figure A.2 for examples).

1 1 1 2 1 1 1 1
Crprtlaps Loty
3 3 3 3 3 3 2 3
FIGURE A.2: Operations U and L
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We can see that every token configuration has a path to some standard token
configuration in the labelled token graph. Thus to see the structure of the labelled
token graphs of 6y, we need to consider standard token configurations only. Here
we classify all the standard token configurations of 6, into some groups such that
standard token configurations are in the same group if and only if they are in the

same component of the labelled token graph.

Sometimes we put a dashed box around a standard token configuration in two
figures from the same group to denote that these two standard token configurations

are in fact the same.
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The Structure of T'(6y; (2,2,2))

The following are the two groups of standard token configurations in the labelled

token graph T'(0o; (2,2,2)).

2 3 302 1 2
b 3 ' b v
1] 1 1 3

2 2 3 3 3 3 1 1 1. 1 2 2
1l3 ILZ ZLUI 2l3 3l2 3l1
AR < G =GR < S <= G <
1l3 IlLZ ZLLI ZLL.? 3l2 3lLI
G G o G
G & &G & & &
l oL l oL l oL l oL l oL l oL

2 3 3 2 3 1 ] 3 1 2 2 1
B oL e
2 3 3 2 3 1 1l 3 1 2 2 1
&G eee
A =
IlU3 ILUZ 2lu1 Zlu3 3lUZ 3lu1

] 2 ] 3 2 3 2 1 3 1 3 2
gl <> S > S~ G <> (L <+

P
9
-
D
)
D

FIGURE A.3: Group 1 in T'(6p;(2,2,2))
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@@@@@
@@@@@
@@@@@
@@@@@
@@@@@

~ N5 o N, o SO ~_, ™ N
—> —> —> —>
~ o ~ on ~ ~ ~ o ~ N

FIGURE A.4: Group 2 in T'(6p; (2,2,2))
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The Structure of T'(6y;(2,2,1,1))

The following are the two groups of standard token configurations in the labelled

token graph T'(0o; (2,2,1,1)).

S R e N e =

""""" Fooow b
1 ] 1 ] 2 2 2 2 3 4 3
=gl = G < G G = =
' b | v b '
1 4 1 2 2 1 2 3 3 2 3 1
G S &y & &
2 2 4 3 3 4 1 1 1 1 2 2
1l4 1l2 2lL1 2lL3 3l2 3l1
=g =g < A =
' | I v | '
4 2 2 3 1 4 3 1 2 1 1 2
gl < G < G G = cl =4
l oL l l oL l oL l oL l oL
& & G & G &
| | I I | '
& & & e e e
3 1 2 1 ]I 2 4 2 2 4 1 4
& d e
gl = G < G =G = G = o
' | I | | '
1 2 1 4 2 3 2 1 4 1 4 2

$
P
D
D
2
D

FIGURE A.5: Part 1 of Group A4; in T'(6p; (2,2,1,1))
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@@@@@f@@@@@
@@@@@é@@@@@
@ (== e =y
@ G CGRGRRGE G CRN G 6)
@@@@@i@@@@@
@ G G CE G (R GRR GG 6:

FIGURE A.6: Part 2 of Group A7 in T'(6p; (2,2,1,1))
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FIGURE A.7: Group As in T'(0y;(2,2,1,1))
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The following are the three groups of standard token configurations in the labelled

The Structure of T'(0y; (2,1,1,1,1))

token graph T'(0o; (2,1,1,1,1)).

@@@@@i@@@@@
@@@@@i@@@@@
@@@O@:@@@@Q
@@@O@i@@@@@
@@@@@i@@@@@
”@I@%@“h@% e

1

3

FIGURE A.8: Part 1 of Group Bj in T'(6p; (2,1,1,1,1))
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@@@@@i@@@@@
@@@@@i@@@@@

@ O R G CRIC BSOS GG
@ Gttt g

@@@@@i@@@@@
@@@@@i@@@@@

FIGURE A.9: Part 2 of Group By in T'(6p; (2,1,1,1,1))
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FIGURE A.10: Part 1 of Group By in T'(0y;(2,1,1,1,1))
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FIGURE A.11: Part 2 of Group By in T'(0y;(2,1,1,1,1))
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FIGURE A.12: Part 1 of Group Bs in T'(0y;(2,1,1,1,1))
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FIGURE A.13: Part 2 of Group Bs in T'(0y;(2,1,1,1,1))
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The Structure of T'(6y; (1,1,1,1,1,1))

The following are the six groups of standard token configurations in the labelled

token graph T'(0o; (1,1,1,1,1,1)).
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FIGURE A.14: Part 1 of Group C; in T'(6p;(1,1,1,1,1,1))
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FIGURE A.15: Part 2 of Group C; in T'(0y; (1,1,1,1,1,1))
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FIGURE A.16: Part 1 of Group Cs in T'(0y; (1,1,1,1,1,1))

106



@@@@@i@@@@@

@ GG OB OO CRCRCRC!
e e
@ IGRCRCRCR GG CRORC!

@@@@@i@@@@@
@@@@@i@@@@@

FIGURE A.17: Part 2 of Group Cs in T'(0y; (1,1,1,1,1,1))
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FIGURE A.18: Part 1 of Group C5 in T'(0y; (1,1,1,1,1,1))
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FIGURE A.19: Part 2 of Group C5 in T'(6y; (1,1,1,1,1,1))
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FIGURE A.20: Part 1 of Group Cy in T'(0y; (1,1,1,1,1,1))
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FIGURE A.21: Part 2 of Group Cy in T'(0y; (1,1,1,1,1,1))
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FIGURE A.22: Part 1 of Group C5 in T'(0y; (1,1,1,1,1,1))
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FIGURE A.23: Part 2 of Group C5 in T'(0y; (1,1,1,1,1,1))

113



U.L.U,U

FIGURE A.24: Part 1 of Group Cg in T'(0y; (1,1,1,1,1,1))

114



FIGURE A.25: Part 2 of Group Cg in T'(0g; (1,1,1,1,1,1))
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